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A B S T R A C T   

Watertable fluctuations are a characteristic feature of coastal unconfined aquifers. They interact with the vadose 
zone creating a dynamic effective porosity, for which a new (empirical) expression is proposed based on a 
dimensionless parameter related to the fluctuation frequency. After comparing with both experimental data and 
numerical simulations, the new expression is implemented into a modified Boussinesq equation, allowing for 
examination of the effects of the dynamic effective porosity on watertable fluctuations. The dispersion relation 
arising from the modified Boussinesq equation predicts laboratory experimental data accurately, highlighting the 
importance of the dynamic effective porosity in modeling watertable fluctuations in coastal unconfined aquifers. 
This in turn confirms the applicability of the real-valued expression of the dynamic effective porosity. An 
outcome is that the phase lag between the total moisture (above the watertable) and watertable height measured 
in laboratory experiments using vertical soil columns (1D systems) can be ignored when predicting watertable 
fluctuations in coastal unconfined aquifers (2D systems). The dynamic effective porosity is always smaller than 
the soil porosity, and so by comparison there is a reduction in vertical water exchange between the saturated and 
vadose zones. Consequently, watertable waves can propagate further landward without standing wave behaviors.   

1. Introduction 

As a transition zone between the ocean and land, coastal unconfined 
aquifers respond to interactions between terrestrial fresh groundwater 
and seawater. Due to oceanic oscillations (e.g., tides or waves), water 
flows into or out of the aquifer periodically, which directly affects a 
range of groundwater-dependent processes including sediment mobili-
zation, seawater intrusion, submarine groundwater discharge, solute 
transport and chemical loading to the ocean (e.g., Parlange et al., 1984; 
Li et al., 1999; Moore, 2010; Xin et al., 2010; Bakhtyar et al., 2011; 
Werner et al., 2013; Robinson et al., 2018; Wallace et al., 2020). 
Watertable fluctuations induced by oceanic oscillations are an important 
signal for quantifying these processes, and their prediction is a long-
standing topic (e.g., Philip, 1973; Smiles & Stokes, 1976; Parlange et al., 

1984). Such fluctuations have been investigated by field measurements 
(e.g., Nielsen et al., 1990; Raubenheimer et al., 1999; Robinson et al., 
2006; Heiss & Michael, 2014; Trglavcnik et al., 2018), laboratory ex-
periments (e.g., Cartwright et al., 2004; Robinson & Li, 2004; Shoush-
tari et al., 2016, 2017), numerical simulations (e.g., Li et al., 1997; 
Cartwright et al., 2006; Shoushtari et al., 2015; Brakenhoff et al., 2019) 
and analytical solutions (e.g., Parlange & Brutsaert, 1987; Barry et al., 
1996; Nielsen et al., 1997; Li et al., 2000a,b; Teo et al., 2003; Song et al., 
2007; Kong et al., 2013, 2015). Among these, analytical solutions based 
on the 1D Boussinesq equation describe watertable fluctuations and give 
results that are easily computed, present explicit relations between pa-
rameters that impact watertable fluctuations, and can be used as 
benchmarks for numerical simulations. 

As described below, laboratory experiments aimed at quantifying 
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watertable fluctuations consider “coastal aquifers” with freshwater only, 
i.e., density variations due to saltwater are ignored. This simplifies the 
flow problem and permits unambiguous interpretation of the experi-
mental data using fully analytical approaches. This type of experiment is 
considered in this work. Despite its potential to be misleading, we refer 
to this type of experimental setup as a coastal aquifer, as is commonly 
done in the literature. 

The Dupuit-Forchheimer-based Boussinesq equation describes 
groundwater flow in the saturated zone (Bear, 2012). It is amenable to 
analytical investigations, and so is used to reveal mechanisms that in-
fluence watertable wave propagation (e.g., Nielsen, 1990; Li et al., 
2000a; Teo et al., 2003; Jeng et al., 2005a). To examine the effects of 
vertical flow on watertable fluctuations, Liu and Wen (1997) and Niel-
sen et al. (1997) proposed a Boussinesq equation based on different 
approximation methods. However, all these investigations ignore un-
saturated flow that arises when the watertable rises and falls, which 
affects predictions of watertable fluctuations (e.g., Gillham, 1984; Kong 
et al., 2016b; Luo et al., 2018). To improve such predictions, modifi-
cations to the Boussinesq equation are used. An early step in this di-
rection was taken by Parlange and Brutsaert (1987), who presented a 
Boussinesq equation that included vertical exchange between the satu-
rated and vadose zones. Barry et al. (1996) presented an approximate 
analytical solution that considered the effect of this exchange on 
watertable fluctuations for the case of a periodic boundary condition. 
Following the method of Parlange and Brutsaert (1987), Jeng et al. 
(2005b) further improved the Boussinesq model by proposing a 
higher-order capillarity correction. These modifications were all based 
on the 1D Boussinesq equation (horizontal flow only) without explicit 
consideration of vertical flow (although the effect of the unsaturated 
zone was considered indirectly). The combined effects of unsaturated 
and vertical flows were investigated by Li et al. (2000b) and Shoushtari 
et al. (2016), who extended the Boussinesq model proposed by Nielsen 
et al. (1997). Recently, Kong et al. (2013, 2015) developed two types of 
Boussinesq equation involving horizontal unsaturated flow under the 
assumption of a hydrostatic vertical pressure distribution, accounting 
for both short (Kong et al., 2013) and long (Kong et al., 2015) period 
watertable fluctuations. 

When applied to analyze watertable fluctuations in coastal uncon-
fined aquifers subjected to the archetypal case of a single-component 
boundary fluctuation, most of the aforementioned Boussinesq equa-
tion models predict an asymptotic amplitude decay rate and zero phase 
lag increase rate (standing wave behavior) of watertable waves for 
increasing dimensionless aquifer depth Γ (Γ = neωD/Ks (where ne [-] is 
the static effective porosity, ω [T− 1] is the angular frequency of the 
boundary forcing, D [L] is the mean aquifer depth and Ks [LT− 1] is the 
saturated hydraulic conductivity) (e.g., Barry et al., 1996; Liu & Wen, 
1997; Nielsen et al., 1997; Li et al., 2000a; Kong et al., 2013, 2015). 
Nevertheless, the laboratory experiments of Shoushtari et al. (2016), 
which cover a wide range of Γ in an unconfined aquifer with a vertical 
boundary, indicated an increase of both the amplitude decay rate and 
phase lag increase rate of watertable waves with increasing Γ. Shoush-
tari et al. (2016) concluded that the existing Boussinesq equations could 
not correctly reproduce the experimental results. This discrepancy be-
tween experimental data and theoretical predictions, especially for the 
phase lag increase rate, motivates further investigations on the potential 
mechanisms controlling watertable fluctuations in coastal unconfined 
aquifers. 

Soil porosity is an important parameter in quantifying water ex-
change in porous media. If the watertable fluctuates rapidly, then the 
vadose zone above the watertable will fill and drain in response. The 
fluctuation rate affects how much water drains from or imbibes into the 
vadose zone, and hence the pore space available for exchange between 
the watertable and the vadose zone is affected, i.e., in the vadose zone 
above the watertable there is a dynamic effective porosity that depends 
on the fluctuation rate. Shoushtari et al. (2016) attempted to address this 
issue by combining the complex, frequency-dependent effective porosity 

proposed by Cartwright et al. (2005) with the infinite-order Boussinesq 
equation of Nielsen et al. (1997) but, like all existing theories, this new 
theory failed to give predictions that matched their experimental results. 
Shoushtari et al. (2016) did not analyze the effects of the dynamic 
effective porosity on watertable fluctuations, and so it remains unclear 
to what extent the dynamic effective porosity affects watertable fluc-
tuations. In any case, as indicated by Hilberts and Troch (2006), the 
complex-valued expression for the dynamic effective porosity proposed 
by Cartwright et al. (2005) has limited practical use. 

This paper aims to provide new insight into the effects of the dy-
namic effective porosity on watertable fluctuations. First, the dynamic 
effective porosity is determined empirically from existing experimental 
measurements and numerical results. Then, a modified governing 
equation that considers the effects of the dynamic effective porosity is 
derived to predict watertable fluctuations. This allows exploration of the 
underlying mechanisms causing the discrepancy between experimental 
data and existing theoretical predictions for watertable fluctuations. 
Finally, conclusions are drawn. 

2. Theory 

2.1. Modified Governing Equation with the Dynamic Effective Porosity 

Following Liu & Wen (1997), for homogeneous and isotropic coastal 
unconfined aquifers (Fig. 1), flow in the saturated zone can be described 
by the continuity equation, 

∂2Φ
∂x2 +

∂2Φ
∂z2 = 0, − D < z < ζ (1)  

where Φ [L] is the hydraulic head, x [L] is the horizontal distance from 
the vertical seaward boundary, z [L] is the elevation (relative to the x- 
axis), and ζ [L] is the watertable (relative to the x-axis). 

At the watertable, 

Φ = ζ, z = ζ (2) 

The kinematic free-surface boundary satisfies 

∂ζ
∂t

−
Ks

ne

∂Φ
∂x

∂ζ
∂x

+
Ks

ne

∂Φ
∂z

= 0, z = ζ (3)  

where t [T] is time. According to Childs (1960), the effective porosity ne 
is defined as the volume of water that an unconfined aquifer releases or 
gains per unit surface area of aquifer per unit change of the watertable 
height. In previous studies (e.g., Barry et al., 1996; Nielsen et al., 1997; 
Kong et al., 2013, 2015), ne was usually treated as a soil-dependent 
constant. However, because of the unsaturated zone, experimental 
(Nielsen & Perrochet, 2000; Cartwright et al., 2005), numerical 
(Acharya et al., 2012; Pazdniakov et al., 2019) and field (Rabinovich 
et al., 2015) evidence indicates that ne is dynamic and depends on the 
porewater velocity. Therefore, the dynamic effective porosity, nt, is 
introduced to account for unsaturated zone effects during watertable 
fluctuations. 

Replacing ne by nt leads to the modified kinematic free-surface 
boundary condition with unsaturated zone effects included, 

∂ζ
∂t

−
Ks

nt

∂Φ
∂x

∂ζ
∂x

+
Ks

nt

∂Φ
∂z

= 0, z = ζ (4) 

For the impermeable bottom boundary (no-flow boundary), we have, 

∂Φ
∂z

= 0, z = − D (5) 

The governing model is rewritten using the following dimensionless 
parameters (Liu & Wen, 1997), 

ζ
′

=
ζ
A
, x′

=
x
L
, z′

=
z
D
, t′ =

KsD
L2nt

t, h′

=
D
D
, Φ′

=
Φ
A

(6) 
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where A [L] is the amplitude of driving wave envelope at the sea 
boundary and L =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KsDT/nt

√
[L] is the modified wave length with T [T] 

being the fluctuation period. Then, an expansion is performed using two 
small parameters, μ2 and ε, defined as (Liu & Wen, 1997), 

μ2 =

(
D
L

)2

=
ntD
KsT

, ε =
A
D

(7) 

Replacing ne by nt leads to a smaller μ2 for watertable fluctuations 
with the same period. Given that a perturbation method is used to derive 
the governing equation, a smaller μ2 leads to a smaller truncation error. 

Substituting Eqs. (6) and (7) into Eqs. (1), (2), (4) and (5) gives, 

μ2∂2Φ′

∂x′ 2 +
∂2Φ′

∂z′ 2 = 0, − h
′

< z
′

< εζ
′ (8)  

Φ′

= ζ
′

, z′

= εζ
′ (9)  

μ2
(

∂ζ
′

∂t′
− ε ∂Φ′

∂x′

∂ζ
′

∂x′

)

+
∂Φ′

∂z′ = 0, z
′

= εζ
′ (10)  

∂Φ′

∂z′ = 0, z′

= − h′ (11) 

Integrating Eq. (8) along z from − h′ to εζ
′ and using Eq. (10) yields 

the exact equation, 

∂ζ
′

∂t′
−

∂
∂x′

∫ εζ
′

− h′

∂Φ′

∂x′ dz′

= 0 (12) 

The procedures given in Liu and Wen (1997) are used to find ζ′ from 
Eq. (12), which leads to, 

∂ζ
′

∂t′
− ε ∂

∂x′

(

ζ
′ ∂ζ

′

∂x

)

− h′∂2ζ
′

∂x′2 −
1
3
μ2h′3∂4ζ

′

∂x′ 4 = 0 (13) 

The truncation error of Eq. (13) is O(μ4, μ2ε). Combining Eq. (6) with 
Eq. (13) gives the following dimensional form, 

nt
∂ζ
∂t

= Ks
∂
∂x

(

ζ
∂ζ
∂x

)

+ KsD
∂2ζ
∂x2 +

1
3
KsD3∂4ζ

∂x4 (14) 

Eq. (14) accounts for both the dynamic effective porosity (nt in the 
left side of the equation) and vertical flow effects (final term on the right 
side of the equation) on watertable fluctuations. The derivation of Eq. 
(14) is identical to that presented by Liu & Wen (1997), with the dif-
ference that unsaturated zone effects are taken into account by a 
watertable fluctuation-dependent nt (determined just below). 

2.2. Dynamic Effective Porosity during Watertable Fluctuations 

Pazdniakov et al. (2019) proposed an approximate expression to 
predict the dynamic effective porosity under seasonal or diurnal 

groundwater level fluctuations. Motivated by the results of Cartwright 
et al. (2005) and Pazdniakov et al. (2019) and assuming no truncation of 
the capillary fringe, a modified empirical expression describing the 
relation between the dynamic effective porosity and fluctuation fre-
quency is 

nt = ne

[

1 − exp

[

−

(
a
τω

)b
]]

(15a)  

with 

τω =
neHψ/Ks

1/ω =
neωHψ

Ks
(15b)  

neHψ =

∫ ∞

0
(θ − θr)dψ (15c)  

where τω [-] is a dimensionless time scale related to the watertable 
fluctuation frequency and soil properties, a [-] and b [-] are the fitting 
parameters (Section 3.1), θ [-] is the soil water content related to the 
capillary suction ψ [L], θr [-] is the residual soil water content, and Hψ 
[L] is a measure of the equivalent saturated height of the unsaturated 
zone (Parlange & Brutsaert, 1987; Cartwright et al., 2005). Physically, 
τω is the ratio of the response timescale of the unsaturated zone 
(neHψ/Ks, the minimum time needed by the unsaturated zone to fully 
respond to a boundary disturbance) to the timescale of the surface water 
level fluctuation imposed on the aquifer (1/ω). It should be noted that 
Eq. (15a) has the same functional form as that of Pazdniakov et al. 
(2019) but a with different variable τω. We will discuss Eq. (15a) in more 
detail shortly. 

To solve Eq. (15c) explicitly, the relation between θ and ψ is 
described by a modified van Genuchten model (Troch, 1993; Kong et al., 
2016b; Luo et al., 2019), 

θ = (θs − θr)Se + θr = (θs − θr)[1 + (α1ψ)n1 ]
− 1− 1/n1 + θr (16)  

where θs [-] is the saturated soil water content, Se is the effective satu-
ration, and α1 [L− 1] and n1 [-] are the parameters obtained by fitting Eq. 
(16) to measurements of the soil moisture characteristic curve. Other 
expressions (e.g., van Genuchten, 1980) can also be used to describe the 
relation between θ and ψ, but Eq. (15c) may then need to be evaluated 
numerically. Observe that the difference between Eq. (16) and the 
original van Genuchten (1980) model (VG model) is the exponent. 
Substituting Eq. (16) into Eq. (15c) gives 

Hψ =
1
α1

(17) 

By comparison, Pazdniakov et al. (2019) derived τω from the relation 
between the hydraulic conductivity and the capillary suction, whereas 
here it is derived from the relation between soil water content and 
capillary suction. In addition, τω is an approximation in Pozdniakov 

Fig. 1. Schematic diagram of an unconfined aquifer. QPNM represents the aquifer normal to the shoreline with a vertical sea boundary (QM). QP and PN are 
impermeable, and MN is the ground surface, D [L] is the mean aquifer depth, and ζ [L] is the watertable height (relative to the x-axis). 
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et al. (2019) (their Eq. 12), whereas here it is an exact expression (due to 
use of Eq. 16) related to the fluctuation period. 

2.3. Analytical Solution to the Modified Governing Equation 

Substituting Eq. (15a) into Eq. (14) gives, 

ne

[

1 − exp

[

−

(
a
τω

)b
]]

∂ζ
∂t

= Ks
∂
∂x

(

ζ
∂ζ
∂x

)

+ KsD
∂2ζ
∂x2 +

1
3

KsD3∂4ζ
∂x4 (18) 

To derive the analytical solution for the watertable, as in previous 
studies a single-component sinusoidal tide at the sea boundary is 
assumed, 

ζ(0, t) = Asin(ωt) (19) 

For ε ≪ 1 (Eq. 7), watertable fluctuations are small, and Eq. (18) can 
be linearized to (e.g., Parlange & Brutsaert, 1987; Barry et al., 1996; 
Kong et al., 2015), 

ne

[

1 − exp

[

−

(
a
τω

)b
]]

∂ζ
∂t

= KsD
∂2ζ
∂x2 +

1
3

KsD3∂4ζ
∂x4 (20)  

for which the analytical solution is (e.g., Liu and Wen, 1997; Nielsen 
et al., 1997), 

ζ = Aexp( − krDx)sin(ωt − kiDx) (21a)  

with 

kD =

̅̅̅
3
2

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
4
3

[

1 − exp

[

−

(
a
τω

)b
]]

neωD
Ks

i

√
√
√
√

√
√
√
√
√ (21b)  

where k = kr + iki is the watertable wave number with i =
̅̅̅̅̅̅̅
− 1

√
. The real 

(krD) and imaginary (kiD) parts represent the amplitude spatial decay 
rate and phase lag increase rate of the predicted watertable waves, 
respectively (Liu & Wen, 1997). 

3. Results and Discussion 

3.1. Effects of Watertable Fluctuations on Dynamic Effective Porosity: 1D 
Column Experiments 

The main reason that the dynamic effective porosity varies with 
watertable fluctuation rate is the filling/drainage of the unsaturated 

zone above the aquifer, which is rate-limited due to the water flow rate 
(e.g., Li et al., 1997; Cartwright, 2014). Cartwright et al. (2005) reported 
experiments to quantify this exchange using 1D column experiments. To 
establish the relation between dynamic effective porosity (nt) and forc-
ing fluctuation frequency (ω), the dimensionless parameter τω (Eq. 15b) 
is used. If the response time of the unsaturated zone is much longer than 
the timescale of the surface water level fluctuation (i.e., large τω), water 
in the unsaturated zone will not have sufficient time to reach equilib-
rium during watertable fluctuations. Then, the water exchange between 
the saturated and unsaturated zones must reduce, resulting in a smaller 
nt. This behavior is consistent with experimental evidence (Cartwright 
et al., 2005; Cartwright, 2014; Luo et al., 2020) and the complex (dy-
namic) effective porosity concept of Nielsen and Perrochet (2000) and 
Cartwright et al. (2005). Eq. (15a) captures this behavior since nt ap-
proaches ne for small τω, whereas it tends to zero for large τω. 

The appropriateness of the functional form of Eq. (15a) is evaluated 
by fitting it to nt obtained from experiments and numerical simulations. 
Cartwright et al. (2005) carried out 63 experiments involving three 
different soils. As can be seen from Fig. 2a, the range of nt/ne and τω for 
these experiments varies from 10− 2.5 to 10− 0.4 (two orders of magni-
tude) and 10− 2 to 103 (five orders of magnitude), respectively. As ex-
pected, nt/ne declines with increasing τω. In addition, regardless of soil 
type there is a clear relation between nt/ne and τω, which is captured by 
Eq. (15a), the parameters of which can be fitted (e.g., MATLAB© ver. 9 
function “lsqcurvefit”) giving a = 0.0335 and b = 0.4444 (Fig. 2a). In 
general, Eq. (15a) performs well although there is small deviation be-
tween Eq. (15a) and experimental data at larger τω. In short, the fitted 
values match well with the experimental values (R2 = 0.94), indicating 
that Eq. (15a) satisfactorily describes the dynamic effective porosity as it 
varies with the fluctuation frequency for different soils. 

Since the ranges of nt/ne and τω obtained from experiments are 
relatively narrow, we also consider numerical model results of Pozd-
niakov et al. (2019). A total of 299 cases covering 100 random soils was 
simulated with HYDRUS 1D (Šimůnek et al., 2020). Compared with 
available experiments, these numerical simulations cover wider ranges 
of nt/ne and τω, with the former varying from 10− 3 to 100 (three orders of 
magnitude) and the latter from 10− 3 to 105 (eight orders of magnitude). 
As shown in Fig. 3b, nt/ne is equal to unity at small τω and then decreases 
rapidly with increasing τω, suggesting a frequency-dependent nt/ne. 
Again, numerical results show a clear dependence of nt/ne on τω 
although both nt/ne and τω span a broad range. For the numerical model 
results, the relation between nt/ne and τω can be approximated by Eq. 
(15a) by taking a = 0.1216 and b = 0.3642, although there is a small 

Fig. 2. (a) Experimental and fitted relations between nt/ne and τω (neωHψ/Ks). The green dashed line indicates the critical value (about 0.01) when the effective 
porosity will be significantly impacted by watertable fluctuations. (b) Fitted nt/ne versus experimental nt/ne. Experimental data are compiled from Cartwright 
et al. (2005). 
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deviation at large τω. We also plotted the fitted nt/ne versus numerical 
nt/ne (Fig. 3b). The fitted values match well with the numerical values 
(R2 = 0.98). 

Based on the experimental and numerical data, the effective porosity 
will be significantly impacted by watertable fluctuations when τω is 
larger than 0.01 (green dashed line in Figs. 2a and 3a). This gives a 
critical value to identify whether the unsaturated zone has sufficient 
time to respond to a boundary fluctuation. It is worth noting that the 
values of a and b are different for experimental and numerical results, 
which leads to a small deviation between the optimal fitting curves 
(Fig. 3a). This systematic deviation could be induced by either the ex-
periments or the simulations. On the one hand, hysteresis is ignored in 
the numerical simulations. On the other hand, there is a lack of mea-
surements for nt/ne close to 1 for experiments, which will affect the 
fitting results. In addition, a linear response of the watertable is assumed 
to determine the experimental dynamic effective porosity (Cartwright 
et al., 2005), i.e., the governing equation was linearized above under the 
assumption of a small amplitude fluctuation, which may contribute to 
the deviation. Overall, despite these uncertainties, the relation between 
the dynamic effective porosity and fluctuation frequency can be pre-
dicted with reasonable accuracy by Eq. (15a). 

The 1D sand column experiments carried out by Nielsen and Perro-
chet (2000) and Cartwright et al. (2005) indicate a phase lag between 
the total moisture (above the watertable) and watertable height during 
watertable fluctuations. In order to account for this phase lag, Cart-
wright et al. (2005) suggested a complex-valued expression to describe 
the dynamic effective porosity, where the real and imaginary parts 
respectively represent the effective porosity and phase lag. However, in 
this study, we focus on watertable fluctuations in coastal unconfined 
aquifers (2D systems) as they respond to boundary forcing with a fixed 
frequency, not the moisture content above the watertable. For this case, 
in the following section we examine the impact of Eq. (15a) in predicting 
watertable fluctuations in 2D experiments for horizontal transmission of 
watertable fluctuations forced by a single-component watertable change 
at the boundary. 

3.2. Effects of Dynamic Effective Porosity on Watertable Fluctuations: 2D 
Aquifer Experiments 

Here, an extensive set of existing 2D experimental results is used to 
examine the modified governing Eq. (18) in predicting watertable 
fluctuations. As mentioned earlier, Eq. (18) considers both the dynamic 
effective porosity and vertical flow effects. Therefore, to identify the 

respective roles of the vertical flow and dynamic effective porosity, three 
other equations based on Eq. (18) are presented: (1) Eq. (A1), A refers to 
the Appendix) without the dynamic effective porosity and vertical flow, 
(2) Eq. (A2) only with the vertical flow, and (3) Eq. (A3) only with the 
dynamic effective porosity. Following previous studies (e.g., Nielsen, 
1990; Barry et al., 1996; Li et al., 2000a; Cartwright et al., 2004; Kong 
et al., 2015), the dispersion relation linking the amplitude decay rate 
(krD) with phase lag increase rate (kiD) is adopted to characterize the 
propagation of watertable waves. A total of 122 sand flume experiments, 
covering a wide range of Γ values from 4 to 415, were reported by 
Shoushtari et al. (2016) and are used here to examine the validity of 
these predictions. The experiments were carried out in a sand flume with 
dimensions of 9 m (length) × 0.15 m (width) × 1.5 m (height). Given 
that the properties are similar, the two sands adopted in Shoushtari 
et al. (2016)’s experiments are considered to have the same VG fitting 

Fig. 3. (a) Numerical and fitted relations between nt/ne and τω (neωHψ/Ks). The green dashed line indicates the critical value (about 0.01) when the effective porosity 
will be significantly impacted by watertable fluctuations. The blue line is fitted to experimental data of Cartwright et al. (2005). (b) Fitted nt/ne versus numerical 
nt/ne. Numerical data are compiled from Pozdniakov et al. (2019). 

Fig. 4. Comparison between Eq. (16) and the VG model (van Genuchten, 1980) 
for the soil adopted in watertable fluctuation experiments conducted by 
Shoushtari et al. (2016). 
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parameters (van Genuchten, 1980). As can be seen from Fig. 4, Eq. (16) 
matches well with the VG model using the parameters listed in Table 1. 

There is a small deviation between the best-fit curves for the 
experimental and numerical data of nt/ne and τω, and so two pairs of 
curves for the two pairs of best-fit a and b values are compared: one pair 
of values obtained from fitting to experimental data and another pair 
from fitting to numerical data. In general, Eq. (18) requires that both ε 
and μ2 are small. For the experiments of Shoushtari et al. (2016): ε 
changes from 0.11 to 0.15; μ2 is in the range of 0.64 to 66.08 with the 
static effective porosity, whereas it varies from 0.085 to 1.19 and 0.18 to 
3.85 for a and b values obtained from fitting to experimental and nu-
merical data, respectively (Fig. 5). Therefore, it is anticipated that 
including the dynamic effective porosity leads to a smaller truncation 
error when using Eq. (18). Even though μ2 is slightly larger than unity in 
a few experimental cases with the dynamic effective porosity included, 
we will see that Eq. (18) still performs well in predicting watertable 
fluctuations. 

Fig. 6 shows the predictions of the dispersion relations in Eqs. (A7) 
and (A8), which were derived from Eqs. (A1) and (A2), respectively. As 
expected, Eq. (A1) performs poorly whereas Eq. (A2) compares well 
with the data (Shoushtari et al., 2016). This suggests that the vertical 
flow plays an important role in affecting watertable wave propagations. 
Note that plots of krD versus kiD are independent of any specific form 
adopted for ne since such plots depend on a single dimensionless 
parameter Γ (Nielsen et al., 1997; Shoushtari et al., 2016). Therefore, the 
predicted curves from Eqs. (A1) and (A3) overlap with each other, as 
well as those from equations (A2) and (18). 

The role of Γ is further explored by examining each of krD and kiD as a 
function of neωD/K (Fig. 7) to check the applicability of the modified 
Eqs. (18) and (A3) (i.e., approximate analytical solutions of the disper-
sion relation shown in Eqs. (21b) and (A9), respectively). In contrast to 
the relation between krD and kiD (which, as mentioned, is independent 
of the functional form of ne), there are large deviations between pre-
dictions of krD and kiD as they vary with Γ from governing equations 
with or without considering dynamic effective porosity effects, 
depending on the values of a and b (Fig. 7). Moreover, these deviations 
increase for increasing Γ. Again, this emphasizes that the effective 
porosity is increasingly influenced by watertable fluctuations as Γ in-
creases. Compared to Eqs. (A1) and (A2) (i.e., approximate analytical 
solutions of the dispersion relation shown in Eqs. (A7) and (A8), 
respectively) that assume a constant effective porosity, for a given Γ, 
both krD and kiD are smaller when the dynamic effective porosity is 
considered. This is because a smaller effective porosity corresponds to 
reduced vertical water exchange and hence watertable waves can 
propagate further landward, i.e., smaller krD and kiD (Li et al., 2000b). 

Shoushtari et al. (2016) analyzed their experimental results and 
demonstrated that the existing theories were unable to predict the 
measured dispersion relation correctly (Fig. 5 in Shoushtari et al., 2016), 
even considering different factors (e.g., capillary effect, hysteresis, 
porous media deformation (Shoushtari & Cartwright, 2017)). In 
contrast, Eq. (18) predicts well the relations between krD or kiD and Γ, 
despite the fact that experimental and numerical results of the dynamic 
effective porosity do not agree (i.e., give rise to different values of a and 
b in Eq. 15a). Consistent with the experimental results, no standing 
waves occur even for large Γ when predicting watertable fluctuations 
based on Eq. (18). This is because a large Γ induces a small effective 
porosity that enhances watertable wave propagation. The success of Eq. 
(18) highlights the significant role played by dynamic effective porosity 

on watertable fluctuations, and so confirms that Eq. (15a) fitted by 
nonlinear least squares can be used to describe the relation between 
dynamic effective porosity and fluctuation frequency. Moreover, this in 
turn suggests that the phase lag between the total moisture and 
watertable height measured in laboratory experiments using vertical soil 
columns can be ignored when predicting watertable fluctuations. 

Observe that substituting the complex-valued expression for the 
dynamic effective porosity proposed by Cartwright et al. (2005) into Eq. 
(14) does not properly predict the measured dispersion relation (Fig. 8). 
Moreover, as mentioned previously, the complex-valued expression for 
the dynamic effective porosity proposed by Cartwright et al. (2005) has 
limited practical use (Hilberts & Troch, 2006). To overcome this 
shortcoming, Cartwright et al (2006) took the absolute value of the 

Table 1 
Soil properties for the watertable fluctuation experiments of Shoushtari et al. 
(2016).  

Ks (m/s) ne αa (m− 1) na α1 (m− 1) n1 Hψ (m) 

4.7 × 10− 4 0.32 1.7 9 1.63 8.27 0.61  

a αand n are the VG fitting parameters (van Genuchten, 1980) 

Fig. 5. Comparison of μ2 versus the non-dimensional aquifer depth Γ (neωD/Ks) 
for the experiments of Shoushtari et al. (2016). The values of a and b used for 
the red line and green line are based on experimental data (a = 0.0335, b =
0.4444) and numerical simulations (a = 0.1216, b = 0.3642), respectively. 

Fig. 6. Amplitude decay rate (krD) versus phase lag increase rate (kiD) of 
watertable waves obtained from experiments and different Boussinesq equa-
tions. For experiments conducted by Shoushtari et al. (2016): D = 0.92 m, Hψ =

0.61 m and Ks = 4.7 × 10− 4 m/s; For experiments conducted by Kong et al. 
(2016a): D = 0.9 m, Hψ = 0.55 m and Ks = 5 × 10− 4 m/s. 
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complex number and got reasonable outcomes when predicting 
watertable fluctuations. That is, Cartwright et al (2006) adopt a 
real-valued expression for the dynamic effective porosity, further 
showing that the phase lag between the total moisture and watertable 
height measured in laboratory experiments using vertical soil columns 
can be ignored when predicting watertable fluctuations. 

Eq. (18) with a and b from experiments (a = 0.0335 and b = 0.4444) 
performs better than the corresponding simulation-derived values in 
predicting experimental results. This is consistent with μ2 being much 
smaller for a and b when these parameters are determined from fitting to 
experimental data, thus leading to a smaller truncation error. It further 

suggests that Richards equation has some limitations in describing ex-
change between the saturated and unsaturated zones for watertables 
subjected to high-frequency fluctuations, as already shown by Shoush-
tari et al. (2016). 

3.3. Applications of the Modified Governing Equation to Predict 
Watertable Fluctuations in other Experiments 

Regardless of the values of a and b obtained from fitting to experi-
mental or numerical data, Eq. (18) captures not only the behavior of krD 
versus kiD, but also krD or kiD versus Γ for 122 experiments conducted by 

Fig. 7. Model predictions and experimental measurements of (a, c) amplitude decay rate (krD) and (b, d) phase lag increase rate (kiD) versus Γ (neωD/Ks). The values 
of a and b used for the blue lines and orange lines are based on experimental data (a = 0.0335, b = 0.4444) and numerical simulations (a = 0.1216, b = 0.3642), 
respectively. 
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Shoushtari et al. (2016). However, the dimensionless parameter Γ varies 
from 4 to 415 for these experiments. In reality, tides usually have a 
period of about 12 h. Assuming D = 20 m (typical aquifer depth ac-
cording to Zamrsky et al. (2018)), ne = 0.4 and Ks = 4 × 10− 4 m/s 
(typical properties of sand) leads to Γ = 2.9 (smaller than 4). It still 
remains unclear whether Eq. (18) can accurately predict the dispersion 
relation for watertable fluctuations with Γ < 4. Therefore, we further 
validated Eq. (18) by comparing its predictions with experiments having 
a smaller value of Γ. Kong et al. (2016a) carried out watertable fluctu-
ation experiments using a sand flume with dimensions of 30 m (length) 
× 1.5 m (height) × 1.2 m (width). The sand adopted in the experiment 
had a saturated hydraulic conductivity of 5 × 10− 4 m s− 1 and a static 
effective porosity of 0.42. For the experimental sand, Hψ was 0.55 m. 
The mean sea level was set to 0.9 m from the aquifer bottom. Three 
different water level fluctuations, with the same amplitude (0.2 m) but a 
different period (45, 60 and 120 min), were imposed on the sea 
boundary, leading to Γ = 1.76, 1.32 and 0.32, respectively. 

In accordance with the preceding section, two pairs of a and b were 
considered: a = 0.0335 and b = 0.4444, and a = 0.1216 and b = 0.3642. 
Fig. 6 displays predicted krD versus kiD curves and experimental data. As 
can be seen, the three measured points from Kong et al. (2016a) are close 
to the curve predicted by Eq. (18). In addition, the relations between krD 
or kiD and Γ are presented in Fig. 9. Consistent with high-frequency 
watertable fluctuations, the governing equation without including the 
dynamic effective porosity significantly overestimates krD and kiD for all 
three experiments with a smaller Γ. In addition, increasing Γ exacerbates 
the deviation between the analytical predictions and measurements. 
Once the dynamic effective porosity is considered, the analytical solu-
tion performs better in predicting both krD and kiD. This confirms the 
validity of Eq. (18) and highlights the crucial role played by the dynamic 
effective porosity even for low-frequency watertable fluctuations. By 

comparison, again, Eq. (18) with a and b from experiments (a = 0.0335 
and b = 0.4444) performs better in predicting measured results. 

Additionally, experimental results of Parlange et al. (1984) and 
Cartwright et al. (2003) were used to check the validity of Eq. (18). As 
can be seen from Figs. 10 and 11, predictions of Eq. (18) agree well with 
the measured watertable in both experiments. Note that since unsatu-
rated properties of the sand used in Parlange et al. (1984) were not re-
ported, the optimal value of nt/Ks in Eq. (14) was estimated to be 0.5 
s/cm. Consistent with experiments of Shoushtari et al. (2016) and Kong 
et al. (2016a), Eq. (18) with a and b from experiments (a = 0.0335 and b 
= 0.4444) performs better in predicting experimental results of 

Fig. 8. Comparison of (a) amplitude decay rate (krD) versus non-dimensional 
aquifer depth Γ (neωD/Ks) and (b) phase lag increase rate (kiD) versus non- 
dimensional aquifer depth Γ for watertable waves obtained from experiments 
and existing theory that combines Eq. (14) with the complex-valued expression 
for the dynamic effective porosity of Cartwright et al. (2005). Parameters used 
are consistent with Shoushtari et al. (2016): D = 0.92 m, Hψ = 0.61 m and Ks =

4.7 × 10− 4 m/s. 

Fig. 9. Model predictions and experimental measurements of (a) amplitude 
decay rate (krD) and (b) phase lag increase rate (kiD) versus Γ (neωD/Ks). 
Experimental data compiled from Kong et al. (2016a). 

Fig. 10. Comparison between measured watertable elevation (relative to the 
aquifer bottom, i.e., h = ζ + D, x is the distance from the boundary where the 
fluctuations were imposed) and predictions from Eq. (11). Experimental data 
were compiled from Parlange et al. (1984). Given that ne and Ks were not re-
ported for these experiments, the optimal value of nt/Ks in Eq. (14) was esti-
mated to be 0.5 s/cm based on the measured watertable at different locations. 

Z. Luo et al.                                                                                                                                                                                                                                      



Advances in Water Resources 171 (2023) 104354

9

Cartwright et al. (2003). Therefore, experimentally-determined values 
of a and b are recommended for practical use when predicting watert-
able fluctuations in coastal unconfined aquifers. 

4. Conclusions 

This study evaluated the effects of dynamic effective porosity on 
watertable fluctuations in coastal unconfined aquifers. Following 
Pazdniakov et al. (2019), we proposed a new modified expression to 
predict the dynamic effective porosity under watertable fluctuations. 
After validation against both experiments and numerical simulations, 
this expression was substituted into a modified Boussinesq equation to 
examine the effects of the dynamic effective porosity on watertable 
fluctuations. The results lead to the following conclusions:  

• A real-valued expression (equation 15) quantifying changes in the 
dynamic effective porosity due to watertable fluctuations agrees with 
experimental and numerical results in 1D systems.  

• Eq. (18), which results from replacing the static effective porosity 
with the real-valued expression of the dynamic effective porosity 
(equation 15) in the Boussinesq model of Liu and Wen (1997) leads 
to accurate predictions of watertable fluctuations in four sets of 
experimental data.  

• The above finding means that the phase lag between the total 
moisture (above the watertable) and watertable height measured in 
laboratory experiments using vertical soil columns (1D systems) has 
negligible effects when predicting watertable fluctuations in coastal 
unconfined aquifers (2D systems).  

• The modified governing equation considering the vertical flow in the 
saturated zone and dynamic effective porosity can accurately predict 
experimental dispersion relations, highlighting the importance of 
dynamic effective porosity in modeling watertable fluctuations.  

• For a given soil, the dynamic effective porosity decreases with 
increasing fluctuation frequency, leading to a decrease in vertical 
water exchange between the saturated zone and unsaturated zone 
and hence watertable waves can propagate further landward, espe-
cially for high frequency fluctuations.  

• Consistent with experimental observations, no standing waves occur 
even at a large Γ (i.e., high frequency fluctuations imposed at the 
lateral “seaward” boundary) when predicting watertable fluctua-
tions based on the modified governing equation. This is because a 
large Γ induces a small effective porosity that enhances watertable 
wave propagation. 

Because of macropores and faults, aquifers are invariably more 
complicated than the one considered here, which significantly affects 
watertable fluctuations (Geng & Michael, 2021). Moreover, the density 
difference between seawater and fresh groundwater is ignored, consis-
tent with the experimental data sets analyzed. Regardless, this study 
shows that the dynamic effective porosity plays an important role in 
modeling watertable fluctuations. Our real-valued effective porosity 
model leads to reliable predictions of watertable response, which is 
essential for reliable quantification of many groundwater-dependent 
processes in coastal unconfined aquifers. 
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Appendix 

When dynamic effective porosity and vertical flow effects are ignored, Eq. (18) reduces to, 

ne
∂ζ
∂t

= Ks
∂
∂x

(

ζ
∂ζ
∂x

)

+ KsD
∂2ζ
∂x2 (A1) 

Considering only vertical flow effects, Eq. (18) reduces to, 

ne
∂ζ
∂t

= Ks
∂
∂x

(

ζ
∂ζ
∂x

)

+ KsD
∂2ζ
∂x2 +

1
3

KsD3∂4ζ
∂x4 (A2)  

whereas if only the dynamic effective porosity effects are accounted for, Eq. (18) reduces to, 

ne

[

1 − exp

[

−

(
a
τω

)b
]]

∂ζ
∂t

= Ks
∂
∂x

(

ζ
∂ζ
∂x

)

+ KsD
∂2ζ
∂x2 (A3) 

Eqs. (A1)-(A3) are linearized as, respectively, 

ne
∂ζ
∂t

= KsD
∂2ζ
∂x2 (A4)  

ne
∂ζ
∂t

= KsD
∂2ζ
∂x2 +

1
3
KsD3∂4ζ

∂x4 (A5)  

ne

[

1 − exp

[

−

(
a
τω

)b
]]

∂ζ
∂t

= KsD
∂2ζ
∂x2 (A6) 

The corresponding dispersion relations of watertable waves from Eqs. (A4)-(A6) are, respectively (Liu and Wen, 1997; Nielsen et al., 1997), 

kD =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
neωD

Ks
i

√

(A7)  

kD =

̅̅̅
3
2
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kD =
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