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Abstract

An infinite elastic band is compressed along its unbounded direction, giving rise
to a continuous family of homogeneous configurations that is parameterized by the
compression rate § < 1 (f = 1 when there is no compression). It is assumed that,
for some critical value Sy, the compression force as a function of § has a strict local
extremum and that the linearized equation around the corresponding homogeneous
configuration is strongly elliptic.

Under these conditions, there are nearby localized deformations that are asymp-
totically homogeneous. When the compression force reaches a strict local maximum
at [y, they describe localized thickening and they occur for values of ( slightly
smaller than fy. Since the material is supposed to be hyperelastic, homogeneous
and isotropic, the localized deformations are not due to localized imperfections.

The method follows the one developed by A. Mielke in [13] for an elastic band
under traction: interpretation of the nonlinear elliptic system as an infinite dimen-
sional dynamical system in which the unbounded direction plays the role of time,
its reduction to a center manifold and the existence of an homoclinic solution to the
reduced finite dimensional problem. The main difference lies in the fact that Ag-
mon’s condition does not hold anymore and therefore the linearized problem cannot
be analyzed as in Mielke’s work.
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1 Introduction

We consider an elastic band that is isotropic and homogeneous, and that fills Q = (0,1) xR
when no force acts on it (natural configuration). Its deformations ¢ = (¢1, ¢3) : Q@ — R?
satisfy the equilibrium equation

div (%V;w(p)) —OonQ, (1)

where W is the density of elastic energy, which is a function of the deformation gradient
F = V¢ (a (2 x 2)-matrix). We assume that the boundary {0} x R remains globally
invariant under the considered deformations, there is no tangential force acting on {0} xR
and no force at all acting on the boundary {1} x R. This can be written

$1(0,1) = 0, AW (7(0,1)) = 0,
(2)

S (Vo(L,1) =0, FZL(Vé(1,1) =0,

for all ¢t € R. We shall use x for the first variable and use t for the second one. In this
work, t is a spatial variable; indeed we are only interested in elastostatic. However we use
the notation ¢ because we shall consider (1) as a dynamical system with respect to ¢, in
which z is a “mute” variable.

We are looking for solutions ¢ such that ¢(-,¢) € W2(0,1) for all ¢ € R and the map
t — ¢(-,t) is C? for the W22(0, 1) topology. In particular, ¢ € C*(Q) and we can therefore
restrict ourselves to the case det(V¢) > 0 on Q and W smooth over a neighborhood of
V(). For every fixed t € R, (1) is understood to hold in W22(0,1).

As well known, the compression force
L ow
0 8F22

P(¢) =~ (Vo)dx (3)

is independent of ¢ for every solution ¢ to (1) and (2) that is not necessarily defined for
all ¢, but at least on some rectangle (0,1) x (t1, ) with ¢; < t5. Indeed, integrate

ax{ggw}w{gg(w}

over (0,1) X (s1,82) with t; < s1 < 89 < ta. By (2),

L ow L ow
0—/ / 8t{8F22 ng(x,t))}dxdt: i aFZQ(ng(x,sQ))dx— i aFQQ(ngS(x, s1))dx.

By isotropy, W(F) depends only on the singular values vi(F) > vy(F) of F, that is,
W(F) = W (F),s(F)) for some function W : {(p1, pt2) € R : py > pg > 0} — R,
which we assume to be C* on { (1, 2) € R* : piy > pg > 0}. We recall that the singular
values of F' are the square roots of the eigenvalues of F'F'.

Instead of considering traction as A. Mielke in Chapter 10 in [13], we assume that (posi-
tive) compression along the ¢ axis gives rise to homogeneous deformations (that is, their
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derivatives are constant over €2). Like him, our aim is to study localized solutions, that
is, solutions ¢ such that

lim ||v¢(7t) - V¢E('7 t)||W1’2(071) = 0’

[t|—o0

where ¢. = (¢ 1, ¢ 2) is an homogeneous deformation near some particular homogeneous
deformation ¢y around which the analysis is carried out. We follow the method in [13]:
formulation as a dynamical system with respect to ¢, reduction to a center manifold,
rescaling of the reduced equation and persistence of the homoclinic solution of the rescaled
reduced equation. The main new difficulties lie in the study of the linearized problem
around ¢p; indeed, Agmon’s condition (see e.g. [18]) fails, as it can be checked easily
with the help of Mielke-Sprenger variational criterium (see Theorem 5.1 in [15] and [7, §]
for further developments). The absence of t-periodic eigenmodes and the derivation of
spectral estimates need therefore another approach.

Compression of finite rectangular elastic bands and three dimensional cylinders is consid-
ered in many papers (see e.g. [17, 5, 16, 9] and their references). In [5], the rectangular
elastic band is subjected to compression along an axis of symmetry. The surface com-
pression at the ends has no tangential component, whereas the lateral surfaces (parallel
to the axis) are stress-free. A solution is called of barreling type if it is axisymmetric,
and of buckling type otherwise. Under appropriate conditions, to every compression rate
A € (0,1] corresponds an homogeneous deformation x,. For A near 1, x, is a weak lo-
cal energy minimizer, but x, becomes unstable at some critical value A. € (0,1). In
some cases, the associated instability corresponds to buckling and there is a critical value
X € (0,1) such that all instabilities of buckling type occur above A and all instabilities
of barreling type occur below . The complementing condition [1, 6, 18] fails at A and
Agmon’s condition can fail if A < .

Note that a solution of (1) and (2) can be extended to (—1, 1) xR by axial symmetry (that
is, by anti-symmetry for ¢; and by symmetry for ¢s), giving a deformation of barreling
type on the (unbounded) strip (—1,1) x R. Hence a part of the analysis in [5] can be
carried out in our present context. However, since the kind of instability we consider (that
is, the pressure reaches a local extremum) is not explicitly mentioned in [5], we prefer to
check directly the complementing condition for the linearized problem around ¢y.

The boundary conditions (2) allow us to deal with a center manifold of dimension 3.
Thanks to the existence of an invariant, the final differential equation is two-dimensional,
autonomous and, as a consequence, totally integrable, like the one obtained by A. Mielke
in [13]. Non-integrable higher order ordinary differential equations describing localized
patterns of elastic materials have attracted much attention in recent years (see e.g. [4,
3, 10, 11, 2]). It would be nice to get examples in elasticity in which a center-manifold
reduction leads to such non-integrable equations.

2 Statement of the problem

We assume the existence of an homogeneous deformation of the form ¢o(x,t) = (o, Bot)
with 0 < By < ag. We also suppose that the matrix Cy := 9?°W (Vo) /0?F is strongly



elliptic:
Colé1 ® &,6 @ &) >0 for all &, & € R*\{0}.

Considering nearby homogeneous deformations of the form

o g+ a b
oo (5 LN g )l <<

(where a, b, ¢, d are constant), we get
(aot+a)*+0*++(Bo+d)* = {1 (Vo) Y +{ra(Ve)}?, (ao+a) (Bot+d)—be = 11 (V)ra(Ve),
and therefore
(Vo) =ap+a+ 0@+ b+ +d), (Vo) =08 +d+0(a®+b*+c+d).
This gives
W (1 (Vo) 12(Vo)) = W(ag, Bo) + Wi, Bo)a + Wa(ag, Bo)d + O(a? + b* + % + d°).

Hence such an homogeneous configuration satisfies W1 (v, p) = 0 and the corresponding
compression force on any cross-section is equal to —Ws(«ay, (o), which is assumed to be
positive.

Under the non-degeneracy hypothesis Wii(ag, 5y) # 0, there is locally near (g, 3) a
family of such configurations given by o = A(3) > 5 with A(5y) = v,

Wi (A(H), B)

WA(A(B), B) = 0 and A(f) = —- "o

for all 3 near (3, (4)

the compression force being

P(B) = =W3(A(B), B) > 0. (5)
We shall see below that, as a consequence of strong ellipticity, A’(5y) > 0 (see Figure 1).

We assume that there is an instability at (ag, 5p) in the sense that

, , W2
0="P (50) = —W21A (50) — Wa = W—lz — Wa (6)
11

and
0 # 73”(50) = (W12/W11)3W111 — 3(W12/W11)2W112 + 3(Wia/Wi1)Wiae — W, (7)

where the derivatives of W are taken at (ag, 5y) (see Figure 2).

Since
26bc + ap(b? + ¢2)

2(ag — 57)

n(Ve) =ap+a+ + O(|a]* + |b* + |c? + [d]?)

and
2apbe + Bo(b? + ¢2)

2(ag — 55)

4

(Vo) = fo +d +O0(laf’ + [b]* + |c’ + |d]),




Bo

Figure 1: o = A(fS).

Bo 1

Figure 2: Here P" () < 0.
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we get as in [13]

W(n(Vo),1u(Ve)) = W(ao, By) + Wi(ao, Bo)a + Wa(ww, Bo)d
+3 <r1a2 + 7r9b? + 1r3c® + r4d2> + rsbe + rgad
+O(|al® + [b]* + [e]* + [d]?)

with 71 = Wiy (aw, Bo), ra = Was(w, o), 76 = Wia(aw, Bo),
_ aoWi(ao, Bo) — BoWalawo, Bo)  —FoWalao, Bo)

ag — B3 ag — 63

To = T3

and

BoWi(aw, Bo) — coWa(aw, o) _ —aoWa(aw, Bo)
ol — TR

Strong ellipticity of the linearized problem at ¢ is equivalent to

1,79, 73,74 >0 and |rs + r¢| < \/T17r4 + /T3

(see [12] or Section 10.2 in [13]), which is assumed. Thanks to (5), we have Wy (ay, Bo)

r5 > 79 and, thanks to (6), 72 = ryry. Therefore (9) is equivalent to
r,T9,13,74 >0, 1o =713, 15+ 216 <1y <1rsand rg = —/riry <0.

As a consequence A’(5y) > 0.

9)

<0,

The following theorem is our main result. Its proof will be given in the remaining sections.

Theorem 1. Fixz k > 2. Under the above hypotheses, for all small € > 0, there exist

Be > 0 and a solution ¢p. = (¢e1, de2) of (1) and (2), such that

1. ¢c(-,t) € W22(0,1) for all t € R and the map t — ¢.(-,t) is C* for the W22(0,1)

topology,
for every fized t € R, (1) holds in W*2(0,1),

K7te* < |B. — Bo| < Ké?,
im0 VO (-, 1) = diag(A(Be), Be) in WH(0,1),

K'e® < supyep [|Voe(-, t) — diag(A(Be), B llwr20,1) < Ke?,

®e1(1,0) > A(Be) exactly when P"(By) < 0 (localized thickening),

© RS v

Be < Bo exactly when P"(5y) < 0,

where K > 0 independent of €.

limyyj o0 €V K|V (-, 1) — diag(A(Be), Be)lwr21) = 0 (localized deformation),

Gea(x, —t) = Pe1(x,t) and Peo(x, —t) = —pea(x,t) (symmetry or “reversibility”),



As an example, consider W given by

W(a, ) = a(a) + a(3) + b(a)3)
with ' > 0 and a”,0” > 0. For fixed 0 < [y < ap, we assume that b'(apfy) < 0 and
a' (o) + Bob' (a0 fo) = 0, so that
Wa(ao, Bo) = a/(ﬁo) + @ob/(&oﬁo) < a’(ao) + 50b/(&050) = Wi(ao, o) = 0.

When a — a(a) is an affine function of a? in a neighborhood of a = 1, W is smooth in
a neighborhood of the identity. In such a case, the hypothesis that €2 corresponds to the
natural configuration leads to

Wi(1,1) = d'(1) + b/(1) = 0 and Wa(1,1) = a/(1) + (1) = 0.
Moreover
ry = a"(ap) + ﬁgb"(aoﬁo), ry=a"(B) + Oégb"(aoﬁo), re = b (o) + cofob” (o),

g =T3 = ﬁo(aé - ﬁg)_1|W2(0zo,5o)|, T's = ao(aé - ﬁg)_1|W2(Oéo,ﬁo)|-
Equation (9) is fulfilled if b” (o) and a’(y) are small enough with respect to |b'(apo)|,

and if a”(ag) and a”(By) are chosen appropriately. All these conditions can be satisfied
with ap > 1 and apfy < 1. Condition (7) can be fulfilled by chosen carefully a”(ay),

a” (Bp) and b (apfp).

3 Formulation around ¢, as a dynamical system

Let
apr + uy(z, t)
t) = 1
where |uq|, |uz| << 1 and (ug) := fol ug(x,t)dz = 0. Writing ' = — and " = —, we have

dx dt

| ag+u(x,t) vi(x,t)
vt = (Lt i) (1)
with 41 = vy, ¥ = (vg) and Uy = vo — (v9).

Substituting (10) and (11) into (1) and (2), and using (8), the equilibrium equations
become

’111:’01

u2:U2—<U2>

. on (0,1) xR
'Ulz_:_;u/l’_%vé+gl (7) )
- T " rs5+r /!

Uy = — Uy — R0 + g2

u; = 0 and rouf + 1501 + g3 = 0 on {0} x R,
riuy + revy + g4 = 0 and roulh, + 1501 + g3 =0 on {1} x R,

[ (u2) =0,



where g1, g2 = O(|ug|+|ug|+|v[+[vz ) O(|uf |+ |up|+|v1[+]va]), 91, 92 are linear with respect
to (u}, uf, v}, o) (for any “rozen” (i}, tp vy, va))s and g, gs = O {2+ |uh 2-+]vr [+ funf?).
Note that v does not appear explicitly in (12).

The symmetry of (1) and (2) with respect to the Ox axis leads to the reversibility of (12)
with respect to (uy, ug, v1,v9) — (u1, —ug2, —v1,v2). In particular, g; and g4 are invariant
under this symmetry, whereas the signs of g, and g3 are changed.

To simplify the boundary conditions, we set

T2 T4

! !

D1 = T'sUy + 1oy + T_g?n P2 = TeUy + 14Uz + T—94>
5 6

so that (12) becomes

( -1 rs,,/
U = --p1 — 2uy + fi

Us %pQ - i@z) — ) + Bu (1) + fo
P = —:—ipé + f3

P2 _p2
P2 = —3ph+ = Fuy + fa

T2

on (0,1) x R,

up =0 and (r3 —r2)uy +rsp; =0 on {0} x R,
p2=0and (r; —r3)ub+r5p1 =0 on {1} x R,

. (ug) =0,

where fi, f» = O([ui[* + [u3)? + [pa]* + [p2]?), f3, fo = O(uf] + |uz| + [Pi] + [P5))O(Jui| +
|ub| + |p1| + |p2|) and fs, f3 are linear with respect to (u},u},p},ps) (for any “frozen”
(ullau/27p17p2))'

Now (13) is reversible with respect to
(w1, uz, p1,p2) — (U1, —uz, —p1, p2) 1= R(u1, uz, p1, pa). (14)

Let Z be the real Hilbert space
Z ={z = (u1,uz,p1,p2) : u1,us € Wl’Q(Oa 1), p1,p2 € LZ((), 1), u1(0) = 0, (ug) = 0}.
We define in Z the operator £ by

1
pPT Rt
—(p2 — (p2) — 2 (u) — ua(1))
__T6 )
T4p2 2_.2
TE=T3 1

_Ts.l 4 T5TT3
T2p1+ —

Lz

the domain of which being

D(L) = {Z = (w1, ug, p1,p2) © ur,up € W22(0,1), pr,pa € WH(0,1), (us) = 0,
u; = 0 and r5p; + (r5 —r2)ub =0 at x = 0,

py =0 and rspy + (rs —ri)ub =0 at x = 1}.



We endow Z and D(L) with the norms of the Sobolev spaces that appear in their defini-
tions (the norm ||z|| pz) so defined is equivalent to the norm ||z||z +||£z]|z). The problem
is to solve

Z2=Lz+ f(2), (15)

where f = (f1, f2, f3, f1) is well defined and smooth as a map from some neighborhood of
the origin in D(L) to Z.

The following lemma is crucial and is proved in an appendices A and B. Here Z is regarded
as a complex Hilbert space.

Lemma 2. The operator L satisfies the following properties:

1. The only eigenvalue on the imaginary azis is 0.

2. All values on the imaginary azis sufficiently far away from the origin are regular
and the corresponding resolvant satisfies the estimate

(L —is) Yzz = O(/|s|]) (for s € R and |s| sufficiently large). (16)

Corollary 3. The spectrum of L is discrete.

Proof. Let s € R\{0} be such that is is a regular value of £. Since the resolvant (£L—is) ™! :
7 — Z is bounded, it is also bounded as an operator from Z to D(L). Since the inclusion
D(L) C Z is compact, the resolvant (£ —is)™' : Z — Z is compact. Hence the spectrum
of (£ —is)~! is discrete with the exception of the value 0, and thus the spectra of £ — is
and £ are discrete. O

The generalized kernel of L is finite dimensional. It can be computed explicitly and it is
found to be equal to span(iy, s, ¥3) with

T 0 (r2 —r3 +rsre)a®
10 1 —r5(32% — 1) 1 0
Y = 0|’ Y2 = 675 6(r2 —r2)x Y3 = 671179 0 ’
0 0 =3re(ry —13) (2 — 1)

(17)

with Ly = 0, L1)s = b1, L1P3 = 1h. The projection I : Z — span(iy, 19, 13) is given by
Iz = (2, 1)1 + (2, p2)¢2 + (2, #3)93 with

10r6(r3 — rd)z

by = 0
e 10rg(r3 — 12) 0 ’
5rsrer? + T% — rg — 21576
0 0
3 0 3 0
¢2 7’% — TEQ) T ) ¢3 - 7’6(7’% — Tg) 0 )
0 1



and (z, ¢;) : fo dz. It commutes with £ and with R given by (14): IIL = LII
and [TR = RII. Moreover Ry =1, Ry = —1hy and Rz = 3.

Let us still denote the compression force (3) seen as a function of z by P. Then P = P(z)
is a smooth function of z for the Z topology and for z in some neighborhood of the origin
in D(L). Moreover tedious computation gives

P(2) = P(i) - 2= g 1 021, (18)

4 Reduction to a center manifold

We can apply the center-manifold theorem [14] (without parameter; see also Theorem 2.1
n [13]): problem (15) has a center manifold

3
M= {z €D(L): 2= &+ h(e), €] << 1},
=1

where £ = (£1,&,&3) € R? and h(€) = O([€]?) as € — 0. For simplicity, we shall identify
Z?Zl & € T1Z with € € R3. By definition of a center manifold, for any fixed k € N
there exists a neighborhood U C D(L) of the origin such that

1. heC* (U NILZ, D(L) N (I — H)Z)) (U might depend on k),

2. M is locally invariant, that is, through every point in M there is a solution that
stays in M as long as it remains in U,

3. every solution z : R — D(L) (defined for all #!) that stays in U lies completely in
M,

4. every solution z; : (t1,t2) — U N (I1Z) of the reduced equation in I17
2 =Lz +1f (21 + h(z))
leads to the solution z(t) := z1(¢) + h(z1(t)), t € (t1,1t2),
5. the reduced equation is reversible with respect to R|nz : [1Z — 117,

6. the compression function U NI1Z 3 z — P(z + h(z)) € R is constant along orbits
of the reduced equation.

The identification of I1Z with R? leads to the reversibility (&1, &, &3) — (&1, =&, &3).

The reduced equation is

51 =&+ m&ib + by +ai&ils + & + b + el + O([¢P),
§ =&+ a36iés + aull +as&d +os&ile Habels +dsE+ O(€]), (19)
§3 = ac&ilo + ar&ols  + i1 + &5 + o3 + c10&s + O(E)°),
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By reversibility, ¢; = ... = ¢;0 = 0. Moreover d = 0 (the computation of d and ag below is
tedious). Among the remaining constants, only the value of a4 is relevant to what follows:

37"17“27“6
R
where P”(f3y) is given in (7). Note that ag has the same sign as P” ().

The compression force is given by P = P(§) = P(f,) — T61;i;25 &+ O(J€[%) (see (18)). As
P does not depend on t,

P (Bo), (20)

g —

w=g%§%gw P(fo)) = —& + O(I¢]?) (21)

is an invariant of (19) (its sign is the same as the one of P”(3y)). As a consequence
a
0 = —&+ 56+ b+ bs5 + (a7 — )& + O(EP),

where by, by are constants. System (19) is then reduced to

{ §1 = &+ 1618 — 4208 + O(|(&1, &2, 0) %),
o= —0 + L& + (as + b2)&5 + (a5 + b3)o® — (as + a7 — 2by)0&; + O(| (&1, &2, 0) ).
(22)

If 0 /ag > 0, there is an equilibrium of the form (&,,&,) = <sgn(a6)\/20/a6, O) +0(|o*?).

By reversibility, £, = 0. Equation (22) can be written in terms of El =& — & and
=8 - =8 as

{a—é+%aé+0m&éwwwﬂf0m&§m; o
lasl\/20 [ag & + FE + (aa + 02)E5 + O(|(&1, &) + [0]O(| (&1, &)))-

For 0 < ¢ << 1, we now set o = sgn(ag)e?, s = et, gl(t) = sgn(ag)e*ni(s) and gg(t) =
sgn(ag)e3nz(s), so that (22) is transformed into

{ m =12+ €0(|(m, m2))),

23
th = /2aslm + i} + 01, me))) (>

d
where ' = T The problem is now reversible under (ny,72) — (71, —12). Note also that
s

(23) is well defined for negative € near 0 and that the right-hand side can be assumed as
(finitely) many times differentiable with respect to (11,72, €) as needed.

For all small |e[, the origin is an hyperbolic equilibrium of (23). Moreover, when ¢ = 0,
— /2|ag| n? — |ag/3|n? is a preserved quantity. The set

{(n1,m2) € R? 1oy < 0,15 — \/2|ag| n} — |ag/3|n; = 0}

is a closed curve that contains the origin (the only singular point of the curve) and that
crosses the semi-axis (—oo,0) x {0} transversally at 7, = —34/2/|ag| (see Figure 3). In
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T2

-

/

=N
= !

.

m = —3+/2/|ag|

Figure 3: Level sets of n3 — /2|ag| n? — |as/3|n3.

other words, (19) has an homoclinic orbit to the origin that crosses transversally the semi-
axis (—oo,0) x {0}, that is, the one-dimensional global unstable manifold crosses transver-
sally the semi-axis (—o0,0) x {0}. As the local unstable manifold depends regularly on e,
the one-dimensional global unstable manifold still crosses transversally this semi-axis for
all small € > 0. The semi-axis being invariant under the reversibility (n1,72) — (m1, —12),
problem (23) has an homoclinic orbit for all small € > 0. Going back to (1) and (2), they
correspond to localized deformations of the elastic band.

A Proof of lemma 2, part 1

This appendix establishes the first part of lemma 2. We assume 0 # s € R, and have to
show that the equation (£—is)z = 0 only admits the trivial solution in D(L£). Introducing
the independent variable £ = sz, setting us = ug + ((p2) —reu1(1))/(isry) and eliminating
p1, P2, the problem becomes

riu] +i(rs + r¢)uy — rau; =0,
rotly +i(rs + re)u) — ratis =0,
u; =0 and uy, = 0 when £ =0,

irgus + muy = 0 and irsu; + rouy = 0 when £ = s,
where " denotes d/d¢. Defining the parameters

2
R1:T_17 R5:T_57 R:r5+ r67 (24)

T T ()

which satisfy the inequalities R; > 0, R < 1 < Rj5, the problem reads

4R1a12/ + 2ZR1 (R -+ R5)u’1 — (R5 — R)2ag = O,
u; =0 and uy = 0 when £ =0,
Z(R — R5)ﬁ2 + 2R1u’1 =0 and ’iR5U1 + 77/2 = 0 when f =S.

(25)

Assuming (uq,us) is a solution, then (uy + g, us — 6_2) is also a solution. Thus if the
problem admits a nontrivial solution, then it also admits a nontrivial solution of the form

12



(u1,us) = (wy, iwy), where wy, we are real functions. It is therefore sufficient to show that
the problem

2Ryw) — (R + Rs)wh — 2w, =0,

4R1w§’ + 2R1(R + R5)w'1 — (R5 — R)2w2 = 0,

w; =0 and w) =0 when £ =0,

(Rs — R)wy + 2Ryw; = 0 and Rsw; + w)y = 0 when = s

(26)

does not admit any nontrivial real solution. Before solving this problem it is useful to
remark the following. Assume (w;,ws) is a solution to the differential equations that
satisfies the boundary conditions at & = 0. Then w(§) = wi(&) + wi(=E), w2(§) =
ws (&) —wq(—&) also constitutes a solution to the differential equations. Moreover w;(0) =
w1 (0) = 0 and wy(0) = w4H(0) = 0, which implies w1(§) = w2(¢) = 0, V. Thus any
solution to the differential equations which satisfies the boundary conditions at & = 0
possesses the parity properties wi(—¢§) = —wi(€) and wy(—E§) = wy(€). Note moreover
that, defining v(£) = Rsw;(€) + wh(§), the boundary conditions at £ = s can be written
as v(s) =+'(s) = 0. For solving problem (26) we distinguish four cases:

1. Assume R = —Rj. Defining the quantities
=y =2
1= 7= P2= —F5
vV Ry Ve

the solutions to the differential equations which satisfy the boundary conditions at
¢ = 0 are of the form

(27)

wy (&) = asinh p1§, wy(&) = beosh p€, (28)
with a,b € R. The boundary conditions at ¢ = s become

v(s) = aRs sinh p1s + bps sinh pys = 0,
7' (s8) = aRspy cosh pys + bp3 cosh pas = 0.

This system admits nontrivial solutions for a, b only if p; tanh pos = pstanh p;s,
which is impossible since s # 0 and py > p;. Indeed, setting o = p1s, p = pa/p1
and (o) = tanh po — ptanh o, the equality can be rewritten as ¢(o) = 0. We have
©(0) =0, ¢'(¢) > 0 when ¢ < 0 and ¢'(0) < 0 when ¢ > 0. In our case ¢ # 0 and
therefore (o) # 0. We conclude that the problem only admits the trivial solution.

2. Assume R < —1 and R # —R5. Defining the real quantities

1—RRsFA
A=) -1, pe= [ —5 (29)

the solutions to the differential equations which satisfy the boundary conditions at
¢ = 0 are of the form

wy(§) = api (R + Rs) sinh p1€ + bpa (R + Rs) sinh paf

wy(€) = —a(l 4+ RRs + A) cosh p1& — b(1 + RR5 — A) cosh ps€, (30)
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with a,b € R. The boundary conditions at ¢ = s become
v(s) = ap;(RE — 1 — A)sinh p;s + bpy(RZ — 1+ A) sinh pys = 0,
v (s) = ap}(RZ — 1 — A) cosh p1s + bp3(RZ — 1+ A) cosh pas = 0.

This system admits nontrivial solutions for a, b only if p; tanh pos = pstanh pys.
As was shown in the previous case, this inequality cannot hold and therefore the
problem only admits the trivial solution.

1+ Rs
— ./ 31
p R (31)

the solutions to the differential equations which satisfy the boundary conditions at
¢ = 0 take the form

wi(§) = (a — 2b)psinh p§ + bp*(R5 — 1)€ cosh pE,
wa(§) = [a + b(Rs5 + 1)] cosh p§ + bp(Rs — 1)¢ sinh pg,

with a,b € R. The boundary conditions at ¢ = s become

. Assume R = —1. Defining

(32)

v(s) = p(Rs + 1)[asinh ps + bp(R5 — 1)s cosh ps] = 0,
v'(s) = p*(Rs + 1)[a cosh ps + b(R5 — 1)(cosh ps + pssinh ps)| = 0.

This system admits nontrivial solutions for a, b only if sinh2ps = 2ps, which is
impossible since ps # 0. Thus the problem only admits the trivial solution.

. Assume R > —1. Define the real quantities

A=\/(1-R)(R:-1), Q=1-RR; (33)

and let « + i be that square root of (2 4+ iA)/(2R;) which lies in the first quad-
rant, i.e. with a, 3 > 0. Note the relations 2R;(a? — 3?) = Q, 4Rja3 = A and
2R;(a® + 3%) = (R5 — R). The solutions to the differential equations which satisfy
the boundary conditions at £ = 0 take the form

wy(€) = (R2 — R?)[asinh af cos BE + b cosh a sin 3¢],
’w2<§> = —2R1[(R5 — R+ 2)5@ - <R5 —R— 2>Oéb] sinh Oéé sin ﬁf (34)
+2R1[(Rs — R — 2)aa + (Rs — R + 2)8b] cosh o€ cos 3¢,

with a,b € R. Introducing the quantities

(5)=m-m ("1 w20 (5) (3)

the boundary conditions at £ = s become

S

v(s) = asinh as cos Bs + bcosh as sin 3s = 0,
v'(s) = a(acosh ascos s — [ sinh as sin 3s)
+b(asinh as sin Bs + 3 cosh as cos Bs) = 0.

This system admits nontrivial solutions for @, b only if asin 23s = 3 sinh 2avs, which
is impossible since s # 0 and «, > 0. Therefore (a, INJ) = 0 and, since the matrix
appearing in (35) is regular, (a,b) = 0. We conclude that the problem only admits
the trivial solution.
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B Proof of lemma 2, part 2

In appendix A it was shown that £ —is is injective for all s # 0. Assuming |s| > so, where
sp > 0 is chosen large enough, we now prove that for any (f,g) = (f1, f2, 91, 92) € Z, the
equation (£ —is)z = (f,g) admits a solution z € D(L). Note that the solution is unique
by injectivity. We also establish the estimate

[s|l2llz < Const [|(f,9)l|z, (36)
where the constant depends neither on |s| > so nor on (f, g). Setting
" " _ 1 _ / _ /
Uy = uy, Ty = U+ (p2) . rou ( )7 vy = b1 7”5“27 vy = D2 7”6“1’
18Ty T2 T4

and g1 = g1 — 15f}, go = g2 — 16f1, the problem becomes

( . o~
vy = isuy + fi,

Vg = 18Uy + fo,
~ O e ,
—Tuy — TeUy — 1ST5UL, — 18TV = g1 + 5[5,

—Tally — r5V) — iSTeUy — iST4Vs = Go + 16 f] (37)
u; =0 and rsv; +1mu, =0at z =0,
| 76v2 + i) = 0 and 750 +rouy =0 at x = 1.
We have to show the existence of a solution (u,v) = (uy,uUs,vi,ve) € W2(0,1) x

W22(0,1) x W2(0,1) x W2(0,1) and establish that
[allwrz) + [vllz201) < Const ’5’71 {”f”Wl’?(O,l) + Hﬁ”L?(m)} .

By linearity, we can proceed in two steps: first assume f = 0 and then g = 0.

Step 1: assume f =0

In this case g = g. Eliminating v; and vs, the problem becomes

—r ) — (r5 + 1r6)istly + res’*u; = g1,

—rotly — (r5 + 16)isU) + r48*Us = go

up=0and uy=0atx =0,

reists + muy = 0 and rsisu; +rmuy, =0at v =1,

We have to prove the existence of a solution u € W22(0,1) x W22(0,1) and show that

|l wr2e0,1) + I8] |l 20,1y < Const Elm {||9||L2(0,1) + ||5||L2(0,1)} .

This problem is self-adjoint and compact, and therefore existence is a consequence of
uniqueness. The issue is to check the estimate on the norms. In this order, for a solution u,
we set p(z,y) = e"*¥u(x) and observe that € W22((0,1) x (0, P)) x W2((0,1) x (0, P)),
with P = 2kn/s € [1,2] and k € N. Moreover

p

—110i 1 — (15 + 16)Oiapin — 120501 = g1€™Y

—190F iy — (75 + 76)Ofapts — 7405 f1 = go€™

1 =0 and Oyps =0 when x =0,

r602pto + 110111 = 0 and 150241 + 120142 = 0 when x = 1
pi(z, P) = py(x,0), Oopq(z, P) = Oapy(x,0) for all z € (0,1),
po(x, P) = pa(x,0), Ooua(x, P) = Oapa(z,0) for all z € (0,1).

(38)
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Hence it suffices to show

HMHW?@((O,l)x(o,P)) < Const {H9HL2(0,1) + HMHL?((O,1)x(0,P))} .

In fact, according to proposition 9.1 in Simpson and Spector [18], this inequality holds
since problem (38) is strongly elliptic and satisfies the complementing condition. We
proceed by checking this last condition, which means that if we consider the equations

" . / 2

ruf + (r5 4+ re)isuy — ras*ug =0,
" . / 2

rouly + (15 + rg)isul — rys*us =0,

then u = 0 is the only bounded solution on [0, c0) such that u;(0) = u5(0) = 0, and u = 0is
the only bounded solution on (—o0, 0] such that rgisus(0)+r1u}(0) = r5isui(0)+rouy(0) =
0 (cf. [18], section 4). Introducing the independent variable { = sz and the parameters
Ry, Rs, R defined in equation (24), the problem can be written as

4R1u'2/ + 2ZR1 (R + R5)u’1 — (R5 — R)2U2 = O,
u1(0) = u5(0) =0 or (R — Rs)uz(0) + 2R ui(0) = iR5uy(0) + u5H(0) =0

(compare with (25)). If (uj,us) is a bounded solution, then (u; + uy,us — uz) is also
a bounded solution. Thus if the problem admits a nontrivial bounded solution, then it
also admits a nontrivial bounded solution of the form (uq,us) = (wy,iws), where wy, ws
are real functions. To show that the problem satisfies the complementing condition it is
therefore sufficient to prove that w = 0 is the only bounded solution to

2Riw] — (R+ Rs)wy, — 2w, =0,
4R1w§’ + 2R1 (R + R5)w'1 — (R5 — R)2w2 = 0, (39)
w1(0) =wh(0) =0 or (R— Rs)ws(0) —2R1wi(0) = Rsw1(0) + wh(0) =0

(compare with (26)). Defining v(£§) = Rsw1(§) + wh(§), the second pair of boundary
conditions can be written as (0) = +/(0) = 0. We now distinguish four cases:

1. Assume R = —Rs, and define py, py as in (27). The solutions on [0,00) to the
differential equations satisfying the first pair of boundary conditions are expressed
n (28). Among these, only the trivial solution is bounded. The bounded solutions
on (—o0, 0] to the differential equations are

wi(§) = ae"t, wy(€) = be*, (40)
The second set of boundary conditions then becomes
7(0) = Rsa+ psb =0, +'(0) = prRsa + p3b =0,
which implies a = b = 0.

2. Assume R < —1 and R # —Rs5, and define A, py, ps as in (29). The solutions on
[0,00) to the differential equations satisfying the first pair of boundary conditions
are expressed in (30). Among these, only the trivial solution is bounded. The
bounded solutions on (—oo, 0] to the differential equations are

wi(§) = api(R+ Rs)e”* + bpa(R + Rs)er,

ws(€) = —a(l + RRs + A)eP€ — b(1+ RRs — A)er, (41)

16



The second set of boundary conditions then becomes

Y(0) = ap1(—1+ RZ — A) + bpa(—1+ R + A) =0,
Y(0) = api(=1+ RS — A) +bp3(~1 + Ry + A) =0,

which implies a = b = 0.

. Assume R = —1, and define p as in (31). The solutions on [0,00) to the differ-
ential equations satisfying the first pair of boundary conditions are expressed in
(32). Among these, only the trivial solution is bounded. The bounded solutions on
(—00, 0] to the differential equations are

wl(g) = (RS - 1)(& + bpf)pepé’ (42>
wy(€) = [a(Rs — 1) + b(3 + Rs) + b(Rs — 1)p€le.

The second set of boundary conditions then becomes

7(0) = p(Rs + D)a(Rs — 1) +20] = 0,
7(0) = p*(Rs + D)[a(Rs — 1) + b(Rs + 1)] = 0,

which implies a = b = 0.

. Assume R > —1, and consider the numbers « and [ defined below equation (33).
The solutions on [0, 00) to the differential equations satisfying the first pair of bound-
ary conditions are expressed in (34). Among these, only the trivial solution is
bounded. The bounded solutions on (—oo, 0] to the differential equations are

wy(€) = (R — R?)(acos BE + bsin 3€)e™,
wy(§) = 2R [(Rs — R — 2)aa + (Rs — R+ 2)3b] cos e (43)
+2R1[—(Rs — R+ 2)Ba + (Rs — R — 2)ab] sin BEeC.

The second set of boundary conditions then becomes

1(0) = (Rs — R)[(RZ — 1)a + 4Ryafb] = 0,
v(0) = (Rs — R)?[(Rs — 1)aa + (R + 1)8b] = 0.

The inequality 4R;a* = (Rs + 1)(1 — R) # (R + 1)? implies that the determinant
associated with the linear system for a, b is nonzero, and thus a = b = 0.

Step 2: assume g =0

We restrict the following analysis to f € W22(0,1) x W22(0, 1) satisfying f1(0) = 0 and
(f2) = 0. Since the set of functions f considered is dense in the set of all possible functions
f, the results stay valid in the general case. Eliminating @; and @, from (37), we obtain

—ri(vy — f1)" —isrs(vy — fo) —isrevh + 57rov1 = isrs [y,
—ra(vy — fo)" —isrsv] —isrg(vi — f1)' + §°rave = isref]
vp=0and vl = flatz =0,

isrguy + mvy] = 11 f] and isrsvy + rovh = 1o fs at = 1.
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We have to prove the existence of a solution v € W2(0,1) x W22(0,1) and show that

[vllwr2,0) + I8l [v]lz20,1) < Const || f|lw120,1)-

As the problem is self-adjoint, existence for s € R\{0} is a consequence of uniqueness
for the homogeneous problem (that is, f = 0; see Part 1). It remains to show the above
estimate for any solution v.

Setting ny(z) = [ v1d€ + A and ny(z) = [ vod€ for some constant A € C to be given
below, we have to show the existence of n € W32(0,1) x W32(0,1) and k1, ke € C such
that

1! - ! 2 _ ! .
—riny —is(rs + 16)n5 + 87 = —r1f] +isKy
Vi - ! 2 _ ! -
—rony — is(r5 + 16)N) + 5°TaNe = —rofy +iske,

n=0andn, = f,atz =0,
isreny +1mm] = rif] and isrsn| +ronh = rofi at v =1,

that is, such that

—r1nf — is(rs + 1)1 + s2rom = —ri fl +isky,

—rony — is(rs + 76)1) + s*Tane = —rafs +isKy

n; =0 and sryny = ikg at £ =0,

rsnhy + isren = —ky and reny +isryn, = —ky at x = 1.

Since 72(0) = 0, we have ko = 0. Setting

= fi(1) A sty fol vpdz [T B
A= | [ wdete =m

5279

implies k; = 0, and the problem becomes

—rn —is(r5 4+ 16)15 + §°Tomn = =71 f]
—ronly — 18(r5 + 16| + $*Tame = —Tof5 (44)

np=0andn,=0at x =0,
rsnh +isrem; = 0 and ) +isrgny =0 at x = 1.

We now have to prove for any solution n € W32(0,1) x W32(0, 1) the estimate

17 llwr20,1) + [l 1wy < Const {1 fllwr2,n + 17l 20} -

In this order we set p(z,y) = e*¥n(zr), where n is a solution to (44). Observe that
p € W2((0,1) x (0, P)) x W2((0,1) x (0, P)), with P = 2kw/s € [1,2] and k € N.

Moreover

—110i 1 — (15 + 16)Oiapin — 120501 = —11 f1e'™V |

—120i p2 — (15 + 16)Oiaftr — 140312 = —72 f3e™™V |

po =0 and 011 =0 when x =0,

r6O2fto + 1101111 = 0 and r90xp1 + 15012 = 0 when x =1
pi(z, P) = py(x,0), Oopq(z, P) = Oap1(x,0) for all z € (0,1),
po(x, P) = pa(x,0), Ooua(x, P) = Oapa(z,0) for all z € (0,1).

(45)

\

Hence it suffices to show
lellwz2o,nx,p) < Const {[| fllwrz,n + [lull 2o, 0,p) } -

18



In fact, according to proposition 9.1 in Simpson and Spector [18], this inequality holds
since problem (45) is strongly elliptic and satisfies the complementing condition. We
proceed by checking this last condition, which means that if we consider the equations

) +is(rs + 16)nh — s%rem =0,
rony +is(rs + 16)N) — 8%r4me =0,

then 7 = 0 is the only bounded solution on [0, o) such that 1](0) = 72(0) = 0, and n = 0 is
the only bounded solution on (—oo, 0] such that 74is12(0)+7r117(0) = r2isn; (0)+r515(0) =
0 (cf. [18], section 4). Introducing the independent variable £ = sz and the parameters
Ry, Rs, R defined in equation (24), the problem can be written as

4R1’I]g + 22R1(R + R5)’f}i — (R5 — R)2n2 =0 s
7(0) =m2(0) =0 or (R — Rs)n2(0) + 2R1m;(0) = in1(0) + Rsn5(0) = 0.

If (m1,7m2) is a bounded solution, then (1 + 71, m2 — 72) is also a bounded solution. Thus
if the problem admits a nontrivial bounded solution, then it also admits a nontrivial
bounded solution of the form (n;,72) = (w1, iws), where wy, wy are real functions. To
show that the problem satisfies the complementing condition it is therefore sufficient to
prove that w = 0 is the only bounded solution to

2R1U)I1/ - (R -+ R5)w§ - 2w1 = O,
4R1w§’ + 2R1(R + R5)w{ — (R5 — R)2w2 =0 s (46)
wi(0) =wy(0) =0 or (R— Rs)ws(0) —2Rwi(0) = wy(0) + Rswh(0) = 0.

Defining v(&) = Rswq(§) + wh(€), the second pair of boundary conditions can be written
as 7/(0) = 7/(0) = 0.

Let w be a bounded solution on [0, c0) that satisfies the first pair of boundary conditions.
Then w’ is a bounded solution of (39) that satisfies the first pair of boundary conditions
of (39). As the trivial solution is the only bounded solution, we get w’ = 0 and w is
constant on [0, 00). Hence w = 0.

The second set of boundary conditions is dealt with in the same manner.
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