TYPE II BLOW UP SOLUTIONS WITH OPTIMAL STABILITY
PROPERTIES FOR THE CRITICAL FOCUSSING NONLINEAR WAVE
EQUATION ON R3*!

STEFANO BURZIO, JOACHIM KRIEGER

ABsTRACT. We show that the finite time type II blow up solutions for the energy
critical nonlinear wave equation

Ou=—u

on R3*! constructed in [26], [25] are stable along a co-dimension one Lipschitz
manifold of data perturbations in a suitable topology, provided the scaling pa-
rameter A(f) = t~'7 is sufficiently close to the self-similar rate, i. e. v > 0
is sufficiently small. This result is qualitatively optimal in light of the result of
[23]. The paper builds on the analysis of [19].

1. INTRODUCTION
The critical focussing nonlinear wave equation on R3*! given by
Ou=—u,0=—0%+ 4, (1.1)

has received a lot of attention recently as a key model for a critical nonlinear wave
equation displaying interesting type II dynamics, the latter referring to energy class
Shatah-Struwe type solutions u(z, x) which have a priori bounded H' norm on their
life-span 1, i. e. with the property

sup || Vyu(t,-)| 2 < co. (1.2)
rel *

Throughout the paper, we shall be interested exclusively in the case of radial so-
lutions. In that case, a rather complete abstract classification theory for type II
dynamics in terms of the ground state

1
2, 1
(1+55)°
has been developed in [11], see the discussion in [19]. On the other hand, the first
‘non-trivial® type II dynamics, were constructed explicitely in [24], [26], [25], [5],
[7] . As far as finite time type II blow up solutions are concerned, the issue of their
stability properties has been shrouded in some mystery. The fact that there is a

continuum of blow up rates in the works [26], [25], seemed to suggest that these
solutions, and maybe also their analogues for critical Wave Maps and other models,

W(x) =
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such as in [27], [28], are intrinsically less stable than *generic type Il blow ups’, and
that the requirement of optimal stability of some sort may in fact single out a more
or less unique blow up dynamics for type II solutions. An example of ’optimally
stable’ type II blow up was exhibited in the context of the 4 + 1-dimensional critical
NLW in the work [14], see also the brief historical comments in [19]. Note that the
linearisation of (1.1) around the ground state W has a unique unstable eigenmode
¢4, and in accordance with this, [14] exhibits a co-dimensional one manifold of
data perturbations of W (in the 4 4+ 1-dimensional context) resulting in the stable
blow up.

In this article we show that the solutions constructed in [26], [25], corresponding
to A(¢) = t~'=" and with v > 0 small enough are also optimally stable in a suitable
sense. However, due to the fact that these solutions are only of finite regularity,
and in effect experience a shock along the light cone centered at the singularity, an
appreciation of our result requires carefully reviewing the nature of them.

1.1. The type II blow up solutions of [26], [25]. Solutions of (1.1) are divided
into those of type 11, satisfying (1.2), as well as solutions of type I which violate this
condition. The celebrated result in [11] provides a general criterion characterising
abstract radial type II solutions in terms of the ground states +W(x). In particular,
assuming that u(t, x) is a type II solution of (1.1) which is radial and develops a
singularity at time # = T, then near 7', we can write
N
u(t,x) = Z KWy (x) + €(t, x), Wa(x) = pE: W(Ax), (1.3)
j=1
where €(t, x) can be extended continuously as an energy class solutions past the sin-
gularity t = T, kj = +1,lim;,7 (T —1)A;(t) = +00, and lim,, 7 ‘ log(jﬁg’ = 400,
provided j # k.
We note here that this appears the only result for a non-integrable PDE where this
kind of a continuous in time solution resolution has been proved.
We also observe that the solutions in [26], [25], [7] appear to be the only known
finite time type II blow up solutions for (1.1), all with N = 1, and that in fact solu-
tions of the form (1.3) with N > 2 are not known at this time (and might not exist).

We now detail briefly these specific blow up solutions. Let v > 0, but otherwise
arbitrary, and denote A(¢) = t~!~.

Theorem 1.1. ([26], [25]) There is ty > 0 and a radial solution u,(t, x) of the form
uy (1, x) = Wy (x) +n(2, x),

where the term' 1(t,-) € H'*27,n,(1,-) € H:~ for any t € (0, 1], and we have the
asymptotic vanishing relation

lim [|Vean|” + —n°]dx = 0.

t—0 |x|<t 6

IThe notation H*~ means in any H', s’ < s.



STABLE TYPE II SOLUTIONS 3

The correction term n satisfies n|{‘ A<y €EC % while it is only of regularity H'*3~
across the light cone. In fact, there is a splitting n(t, x) = n.(t, x) + €(t, x), with
(here N may be picked arbitrarily large, depending on the number of steps used to
construct 1)

et et + et s <

and such that using the new variables R = A(t)r, r = |x| a = %, there is an
expansion near a = 1 of the form

Ne(t,x) = 2)2 Z Z 1(a, 1) logR)kR1 -l (1.4)

=0 0<k<k(l)

and such that

s

Il
—_

() ‘
efar) = gy (t.a) + D (1= DT> gD (1.a) (log(1 — a))’. (1.5)
j=0

(0

o (ta), qul.) (t,a) are of class C*, while the exponents [3(i)

Here the coefficients q
are of the form

B = X (2= =) + X (2~ 3w~ 3)

keK; kekK!

for suitable finite sets of positive integers K;, K. In particular, (i) > % The
sums in (1.4), (1.5) are absolutely convergent, and the most singular terms in (1.5)
are of the form

(1— a)% log(1 — a).

We observe that a similar asymptotic expansion as in (1.4), (1.5) near a = 1 may
also be inferred for the error €(z, x), and thus the singularity of n(z, x) is indeed
confined exactly to the forward light cone |x| = ¢ centered in the singularity, see
[25]. However, the methods for determining 7,(z, x) and €(t, x) differ importantly.
The first is in fact obtained by approximating the wave equation by a finite number
of elliptic equations approximating the wave equation in a suitable sense, while the
second quantity is obtained as solution of a wave equation via a suitable parametrix
method. Both of these techniques will play an important role in this paper. We
shall see next that the limited regularity and more precisely the shock across the
light cone entails a certain rigidity for such solutions, which will be reflected in
terms of the stability properties of this kind of blow up.

1.2. The effect of symmetries on the solutions of Theorem 1.1. In the sequel,
we shall assume 0 < v « 1. Restricting to the radial setting, the symmetry group
acting on solutions of (1.1) is restricted to time translations as well as scaling trans-
formations u(t, x) — /ﬁu(/lt, Ax), and it is then natural to subject the special so-
lutions u,(t, x) to such transformations. Let us consider the effect on the principal
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singular term, which is of the schematic form

(A/(l;)_(t)t)z ‘Rlog(1+R?)-(1—a)**3 log(1—a), a = ;, R=a(t)r, A1) =17

Calling this term 77, (f, x), we find by simple inspection that for 7' # 0
Mp(t.) =l = T.-) € Hy
and this is in effect optimal, i. e. the preceding difference is in no H; . for any
s = 1 + 3. This is of course simply due to the fact that time translating u, will
shift the forward light cone on which the solution experiences a shock, and so
the difference will be no smoother than u,. The same phenomenon occurs for the
difference
np(t,x) — /l%np(/lt, Ax), 1 # 1.
What we shall intend in this article is to consider smooth perturbations of the
solutions u, (¢, x), i. e. consider the evolution corresponding to the initial data on
the time slice t = £,

uy[to] + (€. €1), uy[to] = (uy(to,-), Sy (t0,)),

3 1 . . .
where (e, &) € H2T(R?) x H2*(R?), in a way made more precise in the sequel,
see section 1.5. In particular, we see that the differences

Mv[lo — T] — u,,[to], uy,,l[l‘o], —My[lo], T+0,1+1,

are not of this form, since 1 + % < %—i— for v « 1. In Figure 1 below we have
plotted the leading behavior of the function u,(f, x), the shock along the forward
light cone generated from the origin is evident. Moreover, in Figure 2 one can see
that the difference u,[f) — T| — u,[to] manifest cusp type singularities at |x| = o
and |x| =1 — T.

Figure 1. Graph of u, (¢, x) fort > 0 and v = 0.1.
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— wylty, X)
wlto—T,x)
8 — wlty—T,x) —ulty, x)

FiGure 2. Graphs of initial data withv = 0.1, 79 = 2,and T = 1.

This reveals that the role of the symmetries in describing the evolutions of the

data
I/tv[l‘()] + (E(), 61), (EQ, E]) S H%+(R3) X H%+(R3), (1.6)

is not a priori clear, and in fact, we shall show that the blow up corresponding to
(a certain subclass of) such data perturbations takes place in the same space-time
location and with the same scaling law, which may sound paradoxical at first, but
is explained by the role of the topology of the data.
In fact, what our main result shall reveal, and what is also borne out by the re-
sult [24], while the abstract general classification theory by Duyckaerts-Kenig-
Merle takes place in the largest possible space H' in which the problem (1.1) is
well-posed, an understanding of the precise possible dynamics (involving blow up
speeds, stability properties, etc) rely crucially on finer topological properties of the
data in spaces more restrictive than H'. It is conceivable that such considerations
have much broader applicability for certain nonlinear hyperbolic problems.

1.3. Conditional stability of type II solutions. Before stating the main theorem
of this paper about stability properties of the solutions in Theorem 1.1 with v « 1,
we place it briefly into a broader context. It is intuitively clear that when analysing
the stability of any of the type II solutions in (1.3) with N = 1, say, the linearisation
of the equation (1.1) around W, and thence the operator?

L= —5W"R), W(R) := ———, (1.7)

2Tt arises by passing from radial u(x) = v(R) to Rv(R), R = |x|
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will play a pivotal role. This operator, when restricted to functions on [0, ) with
Dirichlet condition at R = 0, has a simple negative eigenvalue &; < O (the subscript
d referring to 'discrete spectrum’), and a corresponding L?-normalized positive
ground state ¢, with

Lba = &adas

see [24], [26]. This mode will cause exponential growth for the linearised flow
¢"VL and only a co-dimension one condition will ensure that the forward flow will
remain bounded. That a corresponding center-stable manifold may be constructed
for perturbations of type II solutions for the nonlinear problem (1.1) was first shown
in the context of the special solution u(t, x) = W(x) and perturbations in a topology
which is significantly stronger than H'! in [24], and later in vastly larger generality
(for perturbations of only regularity H') in [23]. Here we let u(t, x) be a general
solution of regularity H', which may be obtained as limit of a sequence of smooth
solutions. We shall refer to such solutions as ’Shatah-Struwe solutions’.

Theorem 1.2. ([23]) Let
u(t, x) = Wy (x) + v(t, x) (1.8)
be a type II blow up solution on I x R> for (1.1), such that

sup |Veov(t, )] 2 <6« 1
rel *

for some sufficiently small 5 > 0, where as usual I denotes the maximal life span
of the Shatah-Struwe solution u. Also, assume that ty € I. Then there exists
a co-dimension one Lipschitz manifold ¥ in a small neighbourhood of the data
(u(to, ), ur(to,-)) € T in the energy topology H'(R?) x L*(R?) and such that ini-
tial data (uo, ul) € X result in a type I solution, while initial data

(uo, M]) € 35\2,

where B; = H'(R)x L*(R?) is a sufficiently small ball centred at (u(to, ), ur(t0,-)),
either lead to blow up in finite time, or solutions scattering to zero, depending on
the ’side of ¥’ these data are chosen from.

Note that by contrast to the result in [24] which precisely describes the dynamics

of the perturbed solutions but at the expense of a much more restrictive class of
perturbations, there is no description of the perturbed solutions in the preceding
theorem other than the assertion that the solutions are of type II.
The question we shall now address is whether the specific dynamics of the solutions
in Theorem 1.1 are preserved for a suitable class of perturbations, essentially as in
(1.6). Note that such perturbations only constitute a very small subset of the surface
¥ in the preceding theorem, as evidenced by the fact that if St denotes re-scaling
by A and time-tranlsation by T, then if (7, 1) # (0, 1), any two data pairs

u,[to] + (60,61), (ST,/WV) [to] + (f(l)’fi)

. 3 1 3 1 . ..
with (€, e) € H2T x H2T, (€], €;) € H>™ x H2" will be distinct.
We aim now to understand the evolution of a certain class of data u,[to] + (eo, el),
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with 7y as in Theorem 1.1, backward in time. Precisely stating the conditions on the
perturbation (60, 61) requires certain technical preliminaries involving the spectral
theory and representation associated to £, mostly developed in [26].

1.4. Spectral theory associated with the linearisation £. Here we quote from
[26], specifically Lemma 4. 2 as well as Proposition 4. 3 in loc. cit. Let £ be given
by (1.7), restricted to L*((0, o0), with domain

Dom(L) = {f € L*((0,0) : f, f € AC([0,R])VR > 0, £(0) = 0, f" € L*((0,0)}
Then L is self-adjoint with this domain, and its spectrum consists of

spec(£) = {&a} v [0, 0),

with &; < 0 the unique negative eigenvalue of £ and associated L2-normalized and
positive ground state ¢4(R). There is a resonance at zero given by the function

R? R?
¢o(R) = R(1 — ?)(1 + ?)77, Lo =0.

The latter is simply a reflection of the scaling invariance of the problem.
Importantly, the operator £ induces a ’distorted Fourier transform’ ¥ (f) = f
which allows for a nice Fourier representation in terms of generalised eigenfunc-
tions ¢(R, £). We have the following

Proposition 1.3. ([26]) For each z € C, one can define a basis of generalised
eigenfunctions

(X}
$(R.z) = ¢o(R) + R~ > (R*2)/¢;(R*) (1.9)
j=1
given by an absolutely convergent sum, with ¢ ;(u) holomorphic on the complex

numbers with Reu > —1/2, and satisfying bounds

ol |

¢j(u)| < = |uluy~z.
4001 < 5=

Denoting the Jost solutions f+ (R, &) which satisfy Lf+ = &fy aswellas f+(R,&) ~

1
etRE? gs R — 400, there is a representation

$(R.&) = > a+(€)f+(R.€).
+

with ay () — 1 as é — 0as well as ’ai(f)‘ S f_% as & — oo. Further, there is a
Sfunction p(£) € C* ((O, OO)) with the asymptotic behaviour

f_%, 0<éxl,
p(é) ~ {fé, £ 1,
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as well as symbol behaviour with respect to differentiation, and such that defining
F() (&) = f(&) ;== lim fquf R)dR, & >

b+
fl&) = J ba(R

the map f — £ is an isometry from L(ZJR to L*({£4} U RY, p), and we have

~ H ~
7(R) = Flea)sa(® + fim | o® &) 1) de
the limits being in the suitable L*-sense.

We also observe the following estimate describing classical H},-norms in terms
of the distorted Fourier transform, and which follows by a simple interpolation
argument:

Lemma 1.4. Assume s = 0. Then we have
Hf !HY (R4) H<§> f ||L2 + |§d

When passing from the standard coordinates r = |x|,¢ to the new ones R =
Alt)r, T = Sfo A(s) ds, the time derivative will be replaced by a dilation type opera-

tor of essentially the form o, + %R(?R, and translation to the Fourier variables will
require expressing the operator Rog in terms of the distorted Fourier transform.
Specifically, we need to understand how Rdg acts on x4, x(£) for a function

0

2(R) = xada(R) + f (E)B(R.E() de.

0
The precise result here comes also from [26]:

Theorem 1.5. ([26] We have the identity

(RaR)f(fd) - J?A(fd)
( (Ron)/(€) )_(ﬂ”@( () >

where the matrix operators A, K on the right are given by

~ 0 0 Kaa Kac
ﬂ _ , , 7( _ dd dc ) ,
(o —25@—%—%) <7(cd Kee
and the individual components of K are given by Kyg = —%, Kac(€) = Kq(€) a

smooth function rapidly decaying toward & = +0,

Kief = - | " KuE) 1 (©)p(e) de.

0
and finally, K. is a Calderon-Zygmund type operator given by a kernel

Kolé.n) = éf(_—”;F@, ).
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where the function F (-, -) is of regularity at least C? on (0, 0) x (0, c0), and satisfies
the bounds

£+, E+n<l,
F(&, s 1 1
.| {@+nr%1+E2—n4Y“ E+n=1
1, E+n<l,
0:F (€, + |0, F (&, b 3 1 1

M
+

dakrem| + o FEm < JETT T n
j—i;=2| e DI+ et ) {(§+Tl)2(1+‘§2—772‘)]va E+n

Here N can be chosen arbitrarily (with the implicit constant depending on N ).

1.5. Description of the data perturbation in terms of the distorted Fourier
transform. In the sequel, we shall mainly describe functions f(R) in terms of

~ ~

their distorted Fourier transform f(£), f(&;). In particular, we shall describe the
precise class of data perturbations (€, €;) via properties of their distorted Fourier
transforms: for a pair of functions (xo(£), x1(£)), which will represent the contin-
uous spectral part® of Rep, and in a more roundabout way the continuous spectral
part of Re| (R), we introduce the following norm:

[Gro. 1) 5 = o, + [ s,
= (@2 min{ropet 1} g p + [0 06

(1.10)

Here 1 » 6p > 0 is a small constant held fixed throughout, and the constant 7 g is

defined via
o0
To0 = J s~V ds.
i1

0

This norm is in fact exactly the same as the one used in [19]. We easily observe
that

&0l 5, + & x5 Srap G0 205,

as well as

| Crow )

Hg_éoxOHLfif(O<§<l) St

3Recall that R = A()r, where for now A(z) = =7,
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and so we find, setting* (P.&)( So (R, &)x0(€)p(&) dé, we have

H/YRSCTO,O(PCEO R) "Hi+250

1
S HXRgCT(),() ¢(R’ -f)XO (f)p(é‘:) df“ §+260
0 HdzR

+ Denecn | R DR o,

CTOO ||<§>4x0 HLI (e<1) +H<§>4+6OX0 )“Lflp(.f>1)'

We have used here that ¢(R,£) us uniformly bounded, which follows from the
preceding proposition. Then we have

[ x0@p@)] 1y ey < I 50O 2 ey

3
H<§>4 +50xO(§) ‘|L§p(§>1) < ||<f>1+50x0||L3§(§>1),

where we have used the asymptotics for p from the preceding proposition, and so
we in fact have
‘L\/RSCTO,O (PCEO)(R) HH%+250 Sto0 Hx()“§1' (1.11)

dR

Thus the ’physical data’ corresponding to the distorted Fourier variable in S is
3

actually of regularity H i): To reconstruct the full perturbation €y, we also need to
prescribe the discrete spectral part xg 4, and then set

0

&o(r) = R1%(R) = R [xo.au(R) + f @SR EpE) de]. (L12)

0
where R = A(ty)r and A(¢) = ¢+,

The relation of the second Fourier variable x;(£) and ¢ is a bit more compli-
cated, see [19], due to the fact that here all of xo, x4, X1, X1 4 are involved. This is
due to the fact that the description of the perturbed solution u(z, x) shall actually
be in terms of the new variables’ R = A(f)r, T = Sfo A(s) ds, which mix time and
space. Specifically, consider a function

&(T.R) = xq(1)¢a(R) + jooo xX(1,6)$(R, §)p(&) dé, € = Re.

Then we obtain the relation

_Rf (0 + ’I(RaR — 1)) A= 2.

“4The notation P. means projection onto continuous spectral part, i. e. projecting away the discrete
spectral part which is the multiple of ¢,.
5Actually, we shall be more specific later, and in fact introduce slightly perturbed A to

get the right description.

yives Trire
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Xd

Introducing the notation x := ( . ) and passing to the Fourier variables by using

Theorem 1.5, we find

_ 7"(361) _ x(1. - )Kx(T,- T)==(T
( (00 Re) ) 7 Deale) AR B0 = 30

where we have introduced the important dilation type operator

D 0 /l.?l A 0 0
=0y + —A, = /
N

More explicitly, we have

R
_¢(E€t) ity = X1+ Br(70.0)KeeXo + By (0.0) Keaoa (1.13)

R
—(¢a, z€z>’,:,0 = x1a + Bv(70.0) Kaaxoa + Bv(70,0) KacXo (1.14)

where we have set x; = (0 — %(2555 +3+ p/;((—‘?)f))x(r, f)’T:TOO, as well as x1g =

0-x4(7) |T:TOO, and as before we use

o0
T00 = J s~V ds,

Io
which thus corresponds to the new time variable with respect to the scaling law
A(t) = 717 evaluated at initial time t = f.

For future reference, we note that we shall sometimes use the notation D, =

Or — 4(2£0: + 3 + %) when this operator acts on scalar functions x(t, ¢), while

it acts on vector valued functions x via the above formula.

Finally, the relations (1.12) in conjunction with (1.13), (1.14) give the translation
from the data quadruple (xo,x1) € S, (x4, X14) € R? to a data pair (€, &)|=, =
(€0, €1). An argument analogous to the one used to establish (1.11) implies then

1126
H2O

that ¢, € ioc

2. THE MAIN THEOREM AND OUTLINE OF THE PROOF

2.1. The main theorem. We shall now consider what happens to the evolution of
the perturbed data u,[fy], with u, as in Theorem 1.1. In light of Theorem 1.2, we
only expect such perturbations to yield a type II dynamics (backwards in time, i.
e. for t < ty), provided we impose a suitable co-dimension one condition on the
perturbation imposed. That this is indeed all that is required follows from

Theorem 2.1. Assume 0 < v < 1, and assume ty = to(v) > 0 is sufficiently small,
so that the solutions u,(t, x) in Theorem 1.1 exist on (0,19] xR3. Let 5y = §;(v) > 0
be small enough, and let Bs, < S x R be the 81-vicinity of ((0, 0),0) eS xR
where S is the Banach space defined as the completion of Cy(0,00) x CF(0,00)
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with respect to the norm (1.10).
Then there is a Lipschitz functiony : Bs, — R, such that for any triple ((xo, X1), x0d) €
Bs,, the quadruple

((x0, x1), (X0 X14) ) X1 = ¥1(X0, X1, X04)

3 1
. . . 5 +200 5 +200 .
2 3 2 3
determines a data perturbation pair (€, €1) € H .\ (R*) x H ;5 (R%) via

(1.12), (1.13), (1.14), and such that the perturbed initial data
uy[to] + (€0, €1) 2.1)

lead to a solution ii(t, x) on (0,t] x R3 admitting the description

(1, x) = Wy (x) + e(t.x), (e(t. )@)€ Hy' " x HE

loc

where the parameter }(t) equals A(t) asymptotically

In particular, the blow up phenomenon described in Theorem 1.1 is stable under a
suitable co-dimension one class of data perturbations.

Remark 2.1. We could have replaced A by A in the preceding theorem and included
the arising modification in the error term €(z, x). The formulation of the theorem
emphasises part of the proof strategy, which shall indeed consist in a (very slight)
modification of the scaling law A(¢) = t~'~ to force two important vanishing con-
ditions. It is this part which is indeed analogous to the usual 'modulation method’.

2.2. Outline of the proof. The proof will consist of two stages, the first replacing

the blow up solution u, (7, x) by a two parameter family ug,‘pﬁl of approximate

blow up solutions, where the parameters y;,y, will depend on the perturbation

(€0, €1) and thus on the original data set (xo, x1, Xo4), and the second stage will

involve completing the approximate solution ug,'[%l to an exact one of the form

appron + €(t,),

whose data at time ¢ = £y will coincide with u, [79] + (€, €1 ) at time t = £y, provided
we restrict the data to a suitable dilate of the light cone r < Cty. In fact, we do
not care about what happens outside of the light cone, as our solutions will remain
regular there for simple a priori non-concentration of energy reasons, exactly as in
[26].

Explaining the reason for introducing u%}%}c necessitates outlining the strategy for
controlling the error term €(¢, x), which will be done via Fourier methods, exactly
as was done in [19].

The method of [19]. Assume we intend to construct a solution of the form
u(t,x) = u,(t,x) + €(t,x), with u, as in Theorem 1.1. Recall that u, consists
of a bulk part Wy(,(x) with A(f) = '~ and an error part. Passing to the new
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variables R = A(f)r,7 = Stoo A(s) ds, one derives the following equation for the
variable €(t, R) := Re(t, r), see also [26], [25]:
(0r + AU 'ROR)*& — By(7)(0r + A" 'ROR)E + L&
= A2(7)RN(g) + (A1 HE B, () = A1) (1),
where the operator L is given by
L=—0%—5W"R)

2.2)

and we have
A (1)

RN(e) = 5(uy — 1g)2 + RN (uy, &), uo = Wy(p)(x) = (1 + Q0w E
T

~

RN (uy, &) = R(u, + %)5 — RS — 5u’%

4

To solve this equation inside the forward light cone centered at the origin, one
translates it to the Fourier side, 1. e. one writes

(0. R) = ulroa(R) + [ " xn.E)0(R E)0(€) d, 23

see Prop. 1.3. Taking advantage of Theorem 1.5, and using simple algebraic ma-
nipulations, see (2.3) in [19], one derives the following equation system in terms

of the Fourier coefficients
xq(T
stne) - (26) )

(D7 + By(1)D: + £)x(1,€) = R(1, x) + (7, €), (2.4)

where we have

R(1,2)(€) = (= 4B,()KDex— LTI +[AK]+ K +6,790x) (€) 2:5)

with B, (1) = %, and we set f = < ];f > where

f(5.6) = F (A (0)[S(y — 1ig)2 + RN (. 8)]) (€)
fa(r) = (A72(7) [S(Mj - ué):ﬂf + RN (uy,8)|, a(R)).
Also D; denotes the key operator

0 O
D = 0r + By(1)A, ﬂz(o ﬂc>

(2.6)

and we have

v 52

while K is as in Theorem 1.5.
As initial data for the problem (2.4), we shall of course use

x(r0) = < ole) > . Do) = < a®) ) @.7)
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where the components x ; (£), xos shall be freely described (within the constraints
of Theorem 2.1), while the last component x4 shall be determined via a suitable
Lipschitz function in terms of the first three components. This is again due to
the exponential growth of the component x,;(7) due to the unstable mode. The
method of solution of (2.4) uses an iterative scheme, beginning with the zeroth
iterate solving

(02 + 4D, +a(r8) = 0. xe0) = (ot ). Dextew) = (118 ).
.8

This can be solved explicitly as in Lemma 2.1 in [19], which we quote here:

Lemma 2.2. The equation (2.8) is solved for the continuous spectral part x(1, &)
via the following parametrix:

A2 (1) p%(;zz((.;))f) 1 T (1)
S et K J oy

2.9)

(1) p%(/éz((:g)g) sin [/l(‘r)fé :0 A7 () du] 2(7)
T 1 1 X1{53 )
A (10)  p3(€) ¢ (7o)

Moreover, writing x, = ( xj(()df) >, X = ( xfédf) > and picking to » 1 suffi-

ciently large, there is cg = 1 + O(Tal) aswell as yg = —|§d|% + O(Tal) such that
if we impose the co-dimension one condition

X1d = YdXod, (2.10)

then the discrete spectral part of x(t, &) admits for any k > 0 the representation

1
xa(7) = (14 Oc(x7 ™)) e kil )¢y

One also has fori > 1

. ; 1
(—00)'xa(r) = (1+ OK(T_IEK(T_TO)))\fd\ie_wzh_m)cdxocz

This co-dimension one condition will have to be slightly modified in nonlinear
ways for the higher iterates, but to leading order remains the same throughout and
is responsible for the co-dimension one condition of Theorem 2.1.

There are, however, two additional vanishing conditions in the work [19], im-
posed on the continuous spectral parts xo1(£), and which arise due to the need to

bound the nonlinear terms in N(u,, ) in (5.7). These conditions arise when bound-
ing @ upon expressing £(7, R) as in (2.3) and inserting the parametrix (2.9) for
the continuous spectral parts. This is the content of Prop. 3.1 in [19]:
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Proposition 2.3. Assume the data (xo, x1) € (&)~ 7000+ L?lg x (&)™ > _6O§0+60L¢21§‘
Furthermore, assume that we have the vanishing relations
1
foo p2(£)x0(¢)
0 &
at time T = 1. Assume that x(t,€) is given by (2.9). Then the function® P.€(t,R)
represented by the Fourier coefficients x(,&) via

PR - | " B(R.E)x(r.£)p(&) d

cos[vroé?] dé = 0, fo M sin[vro£?]dé = 0. (2.11)
. 3

I

satisfies
P.&(t,R) = & (1,R) + &(7,R),
where we have
& (7, R)
5t

HEZ(T, R)HL;% < TH (<§>%+260é:%760x(),<§:>%+2605760X1)HL§$

Here 69 > 0 is the small constant used to define S in (1.10).

HLZ% < H (<§>%+260§%760x0, <§>%+250§760xl) HL{ZM

We note here that the growth of & (7, R) is precisely due to the growth of the
‘resonant part’ of £, i. e. a multiple of the resonance ¢o(R), see the discussion

preceding Prop. 1.3. We also observe that the expressions cos[vroé %], sin[vtoé %]
can alternatively be written as

cosfa(rojé! |

70

o0 0

A7 1(s) ds], sin[A(ro)é? J A71(s) ds],

70

upon noting that in terms of the variable 7 € [7¢, 20), we have (abuse of notation)
A(t) = c(v)T 17", As the parametrix in (2.9) is valid for arbitrary 1, we see that
the generalisation of the vanishing conditions (2.11) to more general A(f) ~ ¢t~
as t — oo becomes (again upon passing to the new time variable 7 = Sfo A(s)ds)

Joo pi(f)fo(f) COS[/l(T())f% JOO /lil(s) ds] dé = 0,

OOO ) & O‘; (2.12)
[ ©01(8) Goraro)e? | arasja o

0 §Z To

The key for proving Theorem 2.1 shall be to get rid of these two conditions on
the continuous spectral part of the data, and thence reduce things to the unique
condition involving the discrete spectral part.

To achieve this, we shall pass from the splitting u(t, x) = u,(t,x) + €(t,x) to a
slightly modified one

u(t, x) = ulLTh (6, x) + €1, x), 2.13)

Here P, denotes the projection onto the continuous spectral part
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where
UHTEN (1 x) = Wa, (%) + 7(2.%)

will be an approximate solution built analogously to u, (7, x) (as in Theorem 1.1),
but where the bulk part Wa, .0 (x) is now scaled according to

tko v
+ vy logt- )t_l_v, ko = [Nv_l], (2.14)

ko
<tk V> <tkov>
for some N » 1, and this is clearly asymptotically equal to A(¢): lim,_,q b ZZ)(I) =

1. As we shall want to match the data (2.1) at time ¢t = fy, at least in the forward
light cone, we impose for some C > 1 the condition

’171772(t>: ( + -

XréCtouv[tO] + (507 61) Xr<CtouL(1)[/71p7r/1213c[t0] + (Eo, El) (2.15)

on the data (€y, €;) = €[fy] of the 'new perturbation’ € at t = .
We note that the proper re-scaled variables to describe € are now given by

o0
Tyiyr += J /l)’m’z(s) ds, Ri’mfz = /171,72 (l‘)r, (2.16)
t

In analogy to (1.12), (1.13), (1.14), we can then determine (xéy“yz), x(yl’”)) as well

1
(riv2)  (r172)
as (xo, "7, x,, "), such that

mwmm<@dwnmwm+L§W%wmwm@m

(2.1 7)
R —
V1,72 EI)L to g'}’l v2) ﬁ (r1,72) (Ty] ,y2)|

(y1:72)
) Keex,
Y152

_7'(

=1y

+ B (2y,) |,y KeaXoa
(2.18)

—{as Ryiya_ >‘t Y= (71 72) +B(71 72)(771,)’2)‘t t()q( dx()’l 72)

1,72
(r1:72) (r1:y2)
+ ﬁ (TVIJ’Z) ‘t:tg(](dcxo >
(2.19)
and we use the notation g7 = 722, where the A,, ,, indicates differentiation
Y172

with respect to the new time variable 7, ,.

At this stage, we can succinctly formulate the key technical steps required to
complete the proof of Theorem 2.1.

e Show that given xy, X1, Xoq as in the statement of Theorem 2.1, there are
unique choices of y1,vy2, X14 such that the Fourier variables

(yiv2) _(riy2) _(risv2) _(v1:y2)
X0 » X »Xoa X1
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satisfy the vanishing relations

1 (r1>72)
© p2(& 3 T
fo wcos[ﬁ(%’n)(n})gzj /l(yll,yz)(s) ds] df =0,
) f(; . o (2.20)
fo ’M Sl (r0)EF | A1 (9)ds]de = 0.

as well as condition (2.10).
e Using the splitting

u(t,x) = ulpr2 (1, x) + &(1, %),

pass to the Fourier representation

o0
Ry, 5, € = xﬁzyl’n)de(Rywz) + fo X(YWZ)(771,yzaf)¢(R71,729f)P(f) dé,

and use the analog of (2.4) to construct a solution

(y1:72)
5(71,72)(7_’ £) = )(Cdyl 7)2 (1)
x\Y72 (T, é:)

‘closely matching’ the initial conditions x(()yl1 ”), x(()yllt’i”). In fact, the method

from [19] furnishes such a solution with data

(y1.72) i Ax()’l 2y2)

X
£(«ylnyz)(~,-yl,y2,§)|,:,0 = ( x(()y"%(f) + Axo;’ll,yz)(é:) )

(y1:y2) (y1:72)
X4 + Ax]d )

DTE(”%)(T , ’§)|7 :<
Y172 =19 xiyl,yz)(é_-) n Axg)’m’z)(f)

o Translating things back to the original perturbation in terms of the old
Fourier variables xy(£), x1(£), Xod, X14, show that we have found an initial
data pair corresponding to Fourier variables

x0(€) + axo(€), x1(€) + Ax1(€), Xoa + AXoa, X1a + AX14,

where the corrections Axo(€) etc are small and depend in Lipschitz con-
tinuous fashion on the original data xq etc, with small Lipschitz constant.

3. CONSTRUCTION OF A TWO PARAMETER FAMILY OF APPROXIMATE BLOW UP SOLUTIONS

Here we construct the approximate blow up solutions ug;'ngl which replace the
previous u, (7, x), see the decomposition (2.13). The idea behind the construction
is to closely mimic the steps in section 2 of [25], which in turn follows closely the
steps in section 2 of [26]. in particular, to describe the successive corrections in the

construction, we shall rely on the same algebras of functions as in [25].
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In the sequel, we shall work mostly with respect to the scaling parameter A, , (f)
given by (2.14). To simplify the notation, we shall henceforth set

/l(t) = )'71,72 (t)’ R:= /171,72 (t)r’ Rop = /IO,O(Z)’" (3.1

Theorem 3.1. Let v > 0, 1y = 19(v) > O sufficiently small, and y,, < 1. Also, let
N » 1, ko = [Nv71], ks = [§Nv~!]. Then there exists an approximate solution
Uapprox = ut(l;y,;i(),xfor Ou = —u’ of the form (putting A(t) := Ay, (1) for simplicity)

c

()2

such that the corresponding error

g = AFO[WR) + =R (1 + B) 72 + 0((41) " log RR (1 + B) )],

5
€approx = OUapprox + Uapprox
is of the form

2
" €approx

= [Jy1| + ‘yz‘][O(logt(ﬁ;%(l + (1 —a)

D=

+%))

(/U)k()—l-Z

and such that the above expansions may be formally differentiated, where we use

; _r o r2) _  (n2)
the notation a = %. Furthermore, Writing gppo. = Uapprox(t, 1, Y1.2, V) we have the

v-dependence

+0(logt R+ (1-a)t))]

(12) kov 3 _R
a)’l”ap}!iiox = 0(t Az W)e

with symbol type behaviour with respect to the 0, derivatives up to order two, and

similarly for

dy, u%},‘i}m = 0(1"‘0" log 12

R
(A1)2 )

Remark 3.1. The key point here is the last part, which ensures that the y dependent

part of the solutions u%‘)’ﬁgx is smoother than the solutions themselves (they are only

of class H'*3~ regularity).

Remark 3.2. Observe from the preceding construction that e,,pr0x = 0 provided

(0.0)

¥1 = ¥2 = 0. Thus in that case the function u,,,o(, X) = u,(t, x) reproduces an

exact solution as in Theorem 1.1.

Proof. We shall obtain the functions uz(igi,’?gx by adding corrections v; to the bulk
part up := Wy(r), the latter as in the paragraph following (2.2). The precise
description of these corrections is a bit cumbersome, but in principle elementary,
as they arise by solving certain explicit ordinary differential equations.

The following definitions come directly from [25]:
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Definition 3.1. We define Q to be the algebra of continuous functions ¢ : [0, 1] —
R with the following properties:

(i) g is analytic in [0, 1) with an even expansion at 0 and with g(0) = 0.

(i1) Near a = 1 we have an expansion of the form

q —610 Z —HZCIU IOg 1 _a))

with analytic coefficients qo, g;;; if v is 1rrat10nal, then ¢;; = 0if j > 0. The B(i)
are of the form
Dk =32y —1/2) + > ((2k—1/2)v - 1/2) (3.2)
keK keK’

where K, K’ are finite sets of positive integers. Moreover, only finitely many of the
gij are nonzero.

We remark that the exponents of 1 — a in the above series all exceed % because
of v > 0. For the errors e; we introduce

Definition 3.2. @ is the space of continuous functions ¢ : [0,1) — R with the
following properties:

(i) g is analytic in [0, 1) with an even expansion at 0.

(i1) Near a = 1 we have an expansion of the form

q(a) = go(a) + Y (1 — a)’C th, )(log(1 — a))’
i=1

with analytic coefficients gy, g;;, of which only finitely many are nonzero. The (i)
are as above.

By construction, @ = Q. The family @ is obtained by applying a~!0, to the
algebra Q. The exact number of log(1 — a) factors can of course be determined,
but is irrelevant for our purposes.

The next definition is also taken from [25], except that we formulate it in terms
of the variable Ry, which is independent of vy, y>. This shall be important in
clarifying which of the corrections terms are independent of y; », and which indeed
depend on these variables.

Introduce the variables b(t) = poo(t)™", poo(t) = Aoo(t)-t, as well as by (¢), which

_ logt
will represent o ( t) oo Then
Definition 3.3. (a) S™(R S’O(log Ro0)', Q) is the class of analytic functions

v:[0,00) x [0, 1] x [0,b0] x [0,b9] — R

such that
e vis analytic as a function of Ry, b, by and v : [0, 00) x [0, bo] x [0, bg] —>
Q.
o v vanishes of order m relative to R, and R™"™v has an even Taylor expansion
at Rop = 0.
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¢ v has a convergent expansion at Rgg = +0.

oo I+i

V(RO’(), a, b, bl) = Z Z cij(a, b, bl)RSBi(IOg Ro’o)j
i=0 j=0

where the coefficients c;;(-, b) € Q and ¢;;(a, b, by) are analytic in b, b; €
[0,b0] forall 0 < a < 1.
(b) IS™(RE ,(log Ro)', Q) is the class of analytic functions w on the cone Co which
can be represented as

1 log ¢t
w(r,t) = v(Roo,a,b,b1), ve S™RE (logRoo), Q), b = , by = ,
(1) = v(Roo 1) (Rpo(logRoo)', Q) ORI

Hoo(t) =t Aoo(2).
(c) Denote by Qgmoorn the algebra of continuous functions ¢ : [0, 1] — R with the
following properties:

e g is analytic in [0, 1) with an even expansion at 0 and with ¢(0) = 0.
e Near a = 1 we have an expansion of the form

q(a) = qo(a) + Y (1 = a)f*1 Y gij(a)(log(1 — a))’
i=1 j=0

with analytic coefficients go, ¢;;. The (i) are of the form
1 1

Z ak((k_i)v_i)

keK, k=[Nv—1]

where K consist of finite sets of natural numbers and a; € N. Only finitely
many of the g;;(a) are non-zero.

Then define S m(R’&O(log R00)', Qumoorn)» IS ’"(R’(‘),O(log R00)", Qsmoorn) as in (a), (b)

above. We shall also use the notation IS™(R% ,(log Ro,)") to denote functions ana-
lytic in b, by, Ry with the indicated vanishing and decay properties.

Observe that functions in Qe are at least of regularity CN+1-3= atgq = 1,
and we can extend them past the light cone a = 1 by replacing (1 — a) by |1 —a
in the logarithmic terms.

The proof now proceeds by first building a solution u,;;» by solving suitable
elliptic problems approximating the wave equation (1.1), and finally adding a fur-
ther correction to produce the uppr0x, by solving a suitable wave equation via the
parametrix method of [26], [25]. The method here in particular makes it clear that
when y; = y» = 0 we simply reproduce the solutions if [26], [25]. To construct
the preliminary approximate solution, we use

Lemma 3.2. For any k, = [%Nv_l] = k = 1 there exist corrections vag, Vai—i
such that the approximations up_, = uy + 23]:11 Vj, Uk = Ug + 231;1 Vvj generate
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errors exi_1, e as below:

1

/li
Wk—1 € %ISZ(RO,O (log RO’Q)mk, Q) (3.3)
Moo ()
%
A
t"ejx—1 € %ISO(RO,O (log RQQ)pk,Q/) (34)
Ho,0(t)
L
A
0,0 2/p3
Vo € POERE IS (RO’O (logRoo)", Q) (3.5)
1
A
Feae % [15°(R, (log Roo)*, Q) + bIS°(Ro (log Roo)*, Q)]
Ho,0 ’
(3.6)

Here the functions voi_1, var are independent of vy 3, but not the errors exi_1, ex.
Furthermore, we may pick two more corrections Vgmootn.1, Vsmooth,2, SUch that

1

/li
0,0
571 Vsmoorth,1 € WIS 2 (RO,O, Qsmooth)a (37)
0,0
Ao
672 Vsmooth,1 € 10g IW IS 2 (RO,O’ Qsmz)oth ) ) (3 . 8)
Ao
a71 Vsmooth,2 € 00 (l§k0+4 IS 2 (Rg,oa Qsmooth)’ (39)
Ao
a)’2 Vsmooth,2 € 10g IW 1s? (R(3),O’ Qsmooth)» (3.10)
(3.11)

ke —1

such that the final error generated by Wprelim 1= g + ), i

satisfies

Vj + Za:I,Z Vsmooth,a

2 . 2 5
eprelim =1 (Duprelim + uprelim)

1

/li

0.0 0(p—1 2700

€ YllW[IS (Ry0- Q) + b*IS°(Ro,0. Q)]
1

A0
+ 72 log rm [1S°(R; . Q) + b*IS°(Ro0, Q)| + *epretims
0,0 ’

where the remaining error %,,reﬁm does not depend on vy 5 and resides in
1
2

A0

O O(Roo (log Roo)™*,Q)

2~
" €prelim €
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Proof. We follow closely the procedure in [25], section 2. The only novelty is that
1

we perturb around uy = A%(I)W(/l(t)r) as opposed to A7 (1)W (Ao (t)r), which
will generate additional error terms during the construction of the v 1 < j<
2k, — 1. We relegate these to the end of the procedure, and use the final two cor-
rections Vypuoorh,q to decimate this remaining error, leaving only €prelim.

Step 0: We put ug(z,r) = 22(1)W(R), R = A(1)r, A(t) = Ay,.,(¢). Then (with
D= % + ROR)

= a2y = 220 () @) + (2 0 ow®)]

1 1-R2./3 9 —30R], + Rg,
ey =: A2, (1) [wl e T 0] a2
(1+R 0/3) (I+R 0/3)
+ € =: t2e8 + €
where we have
1 1
A2 A2
0,0 0/p—1 0,0 0/p—1
€ € V1 IST(Ry,) + 72 logtIS™(R
ooy’ Fao) V2 o815 (Roo)

Further, importantly the constants w; > do not depend on ;. We shall then treat
€0 as a lower order error which can be neglected in the first ko stages of the iteration
process.

Step 1: Introduce the operator

2
Ly := a,% + —8R00 + 5W4(R0’0) (3.13)
“ Roo "
Then we solve
Hg,0(t)Lovi = 2e),  v1(0) = v|(0) =0 (3.14)
Introducing the conjugated operator Lo =Ry OLOR0 0° which has fundamental sys-
tem
N Roo(1 - %o/ 3)
@1(Roo) = >
(1+R2,/3)3
5 . (3.15)
N 1— 2R ot R0 0/9
$2(Roo) = >
(1+R2,/3)3

we find the following expression for v;:
2 —1(~ Hag ~ pl / /
Hoo(t)vi(t Roo) = Ry (‘Pl (Roo) fo &2(Rj o) Ro o€ (R ) dRy

Ro,0
— $2(Roo) JO &1(Ro0)R' P eg(Ro ) dR6,0>
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Then using (3.12), we infer

vi(t,r) = /lé,o(f)ﬂ&g(l) (1£1(Roo) + w2f2(Roo)) = A2 o(Dtg (1) f (Roo)
(3.16)

where further
fj(R(),o) = R(m(b]j + szR(;OI + R&g IOgR(),O (,Dlj(R(;g) + R()_,(%‘pzj(R(zé))
=: Roo(Fj(p) + p°G;(p*) logp)

where ¢, ¢>; and Fj, G; are analytic around zero, with p := Ra é. Moreover, the
coefficients of these analytic functions do not depend on vy 5.

(3.17)

Step 2: Here we analyse the error e; generated by the approximate solution
u; = ug + vi, which equals

ey =02y — 10ugvi — 10udv; — Sugv| —v3
A%(1 (3.18)
+ 52,2 WA (R) — W (o) + o
ﬂo,o(t)

Using the (3.16), we can write %e| as a sum as follows
3
l‘2€1 = Z Aj + €,
j=1
where up to sign, the terms are given by

1 5
A1 = 23D (0) ) ( Z >M352k(f)W5k(Ro,o)fk((Ro,o),
k=2

Ay = A2(0) <(t8, + t/lg’o(t)/l&é(t)z))z _ ([a, + 124,0(1) A5 (t)Z))> (o0 (1) (Roo)),

L d sk
Az =220 ) ( 2 )ﬂSBZk(t)fk(Ro,o)[Ws"(R)/l”(t ) _ W5 (Roo)],
k=1 /10’%) (I)

with D = % + Ro,00R,,- Also, € is as in Step 0. Then we can write
1
As = A5 (2] (2y = (1 4+ V)D)* = (2v = (1 +)D)] f(Roo)

) _
= /13,0([):“0,3 (t)g(Ro0)s

where the last term on the right admits an expansion like for v; in (3.16), with
coeflicients that are independent of y ».
On the other hand, the term A3 is dependent on 7y 2, and can in fact be placed in

the space
1

1
A2 A2
0,0 0/p—1 0,0 0/p—1
R + yp—————log IS (R,
Y1 lo0 (t)kO ( 0,0 ) Y2 100 (t)kO g ( 0,0 )
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We shall deal with it when we define vg,oom.q. At any rate, the error e; satisfies
(3.4) fork =1.

Step 3: Choice of second correction v,. It is in this step where the shock along

the light cone, as evidenced by the expansion (1.5), as well as the definition of

. . . 0.0 . .
Q, is introduced into ug;,fgx (whence also into ugppr)ox = u,, the solutions being

described in Theorem 1.1). The key in this step shall be to ensure that the singular
part of v, will be independent of y ;. This we can achieve since by our preceding
construction the principal part of the error e; is independent of y; . Write

2

el =e(1)—|—t_ €], €] := A3z + g.

0

Then as in [25], equation (2.32), we infer the leading behaviour of the term e]

(where we change the notation with respect to [25]), as follows:
1
tze?o(t, r) = /lé’o(t),uo_’(l) (t)(c1a + c2b) (3.19)

where we have a = 7, b = b(t) = m, and as remarked before the coefficients

c¢;j do not depend on 7y ». Also, recall

poo(t) = (oo(t) - 1).

The second correction will then be obtained by neglecting the effect of the potential
term 5W*(R), and setting

2 (Vz’,[ — Vo — %vz’,) = —t2e(1)0 (3.20)
To solve this we make the ansatz
va(t,7) = A00(1)? (19 (141 (a) + pg o (1)2()) (3.21)
In fact, proceeding exactly as in [25], section 2.5, we then infer the equations
L gi=cia, L1 gp =, (3.22)
where we set
Lg:= (1 —a*)d? + (2(B— 1)a+2a"")o, — B> +B. (3.23)

In fact, our Ao, too are exactly the A, u in [25]. To uniquely determine g2, we
impose the vanishing conditions

q;(0) = ¢3(0) = 0, j = 1,2.

As in [25], equation (2.44) one can then write (using a = ,,f;"(”,) where Roo :=
r/lo’o(l‘))
1
Aoo(r)2 -
vy = 200 @)+ aala).
Hop (t)

where now g1, g> both have even power expansions around @ = 0. In order to
ensure the necessary parity of exponents in the power series expansions around
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Ro,0 = 0 imposed by the definition of Q, we sacrifice some accuracy in the approx-
imation, relabel the preceding expression vg(t, r) (as in [25]), and then use for the
true correction v, the formula

— /1(;0(8)2 (RG o(Ro0) ™ 'q1(a) + g2(a)), (Roo) = \/IW'
0.0

Again by construction g1, g2 and thence v, do not depend on vy .

Step 4: Here we analyse the error generated by the approximate solution u, =
up + vi + v, which is given by the expression

e = e; — €% — Sufvy — 10ujv; — 10uiv3 — Suyvy — v)
2
+ (att - arr - ;ar) (Vz - V(z))

Then according to the preceding we have

lz (61 (1)0) — €

| 1
_ Lo A2 (1) A2
€ O(Ro’é/lo’o(tﬁ,uo’g(t)) + 1 /lk°+2(t) ISO(R()’()) + yzm log 11S° (Roo)s

where the first term O(R, (l)/lo,o(t)% Hy, g(t)) is independent of y;>. The sum of the
last two terms on the right will then be deferred until the last stage, when we define
Vsmooth.a- INEXt, consider

2
t2[ — 5u‘1‘vz — 10u?v% — 10u 5u1v2 — v2 (O — O — =0p) (v2 — vg)]
r

Here the interaction terms uf J vé, i < 4, are only of the smoothness implied by

Q, but do depend on y; ; on account of u; = ug + v and the y-dependence of up.
However, writing

1 1
Uy = [uo — RS’OW(/lo,oV)] + [V1 + ﬂé’OW(/lo,or)],
and expanding out u?_j , we can place any term of the form

1
tz[u() — /léOW(/l(),()r)]ll [Vl + /l W (2o, ()r lz lg Zl =35,

and with/; > 1,13 > 1 into

1

/17
0,0 2
)/IW[IS (ROO’Q) + b IS (R(),O, Q)]
é
+ v, logt [1S°(Ry 4, Q) + 1S °(Ro0, Q)]

ﬂo,o(f)k°+2
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and so this can be placed into tzeprelim. Finally, the preceding also implies (3.6) for
k=1.

Step 5: The inductive step. Here we again follow [25], section 2.7, closely, but
need to carefully keep track of various parts of e; First consider the case of even
indices, i. e. assume ex;_7, 2 < k < k., satisfies (3.6) with k replaced by k — 1,
and more precisely, that we can decompose

1 2 3
€2k—2 = €y _o T ey o+ €5k_2> (3.24)

where we have

1
/li
2 0,0 0/p—1 _ 2700 _
t e%k—Z € W[IS (RO,O (IOgR()’())Qk I,Q) + b IS (R(),() (IOgR(),())qk I,Ql)],
1 1
A2 A2
22 0,0 0/p—1 0,0 0/p—1
t7e5,_,€y———IS (R ) + y2————— logtIS"(R ),
=2 Ho,0(1)k 00 Hoo(1)ko 00

the term e;kd being independent of y; >, while for the third term we have

1
23 Aé 2
reyp_n € ) [15° (Roon) +bIS°(Ro, Q)]
Ho.o(t)*o
1
L

+ylogr [1S°(R, 4. Q) + b*IS°(Ro. Q)]

0.0 (t)k0+2
We have verified such a structure for the case k = 2 in the preceding step. Then we
introduce the correction vy;_1 in order to improve the error eék |» exactly mirroring

Step 1 in section 2.7 of [25]. We completely forget about €3, . as it can be moved

2k—2
into the final error eprlim, while we shall deal with the intermediate term e%k_z
when introducing vgue0m.q- Returning to vor_1, and proceeding just as in Step 1,
we see that vy, will satisfy (3.3), and moreover be independent of y; . The error
esr—1 generated by the approximation ug + Z 11 v; will be mostly independent of

Y12, and satisfy (3.4), except for the cross 1nteract10n terms of vor_1 and ug, of the

5—j.J 1<

form Uy Va1

< 4. However, splitting
1 1
uy = [u() — /lé,OW(/l(),()(ﬁr)] + [ﬂé’OW(/lo,o(l‘)r)],

1
we may replace ug by up — 4;5,W(Ao,0(t)r), and then the corresponding cross in-
teractions, multiplied by >, can again be seen to be in

1

/li
0,0 2
)/IW[IS (ROO’Q) + b IS (R(),O, Q)]
é
+ v, logt [1S°(Ry 4, Q) + 1S °(Ro0, Q)]

ﬂo,o(f)k°+2
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whence these error terms may be placed into epejim and discarded.

The case of odd indices, i. e. departing from ey;_1, k < ki, is handled just the
same.

Repeating this procedure leads to the v;, 1 < j < 2k, — 1. Moreover, each of the
errors generated satisfies a decomposition analogous to (3.24), replacing (3.6) by
(3.4) for odd indices.

Step 6: Choice of vy,poma, @ = 1,2. Here we depart from the approximation
Wky—1 = U + Zfﬁ*{l vj, which generates an error ey, 1 satisfying (3.4) for
k = k,, as well as a decomposition

3

1 = D, O (3.25)
j=1

analogous to (3.24). Importantly, the first error
%
A0

WISO(RO,O (logRop)"+,Q')

2 1
t eZk*—l S
is independent of vy 7, and the last error e;k*_l may be placed into eprelim, and so it
remains to deal with the middle error which for technical reasons is still too large.
Recall that the middle error satisfies
! !
A A
0,0 _ 0,0
—kISO(Roé) T
Hoo(2)k0 ’ Ho,

22 0/p—1
te € logtIS”(R, ),
a1 ENI DT (Roo)
and in particular is C*-smooth. Then set

2 22
/~107Q(I)L0Vsmoulh,1 =1 €oky—1>

leading to

1 1

2 2
v hl E’yll—[SZ(Ro()) -l-yzAlOgﬂSz(Roo)
oot Hoo(1)*0+2 ’ Hoo(t)ko+2 ’

Then all errors generated by V00,1 by interaction with the bulk part uo, —1 can
be placed into eprelim. On the other hand, the error tzétzvsmomh,l is of the same
form as vguoorn,1- We next construct vgueom.2, proceeding in analogy to Step 3, to
improve the error generated by 6t2v smooth,1. The key here is that on the account of
the rapid temporal decay of this term, the method of [25] applied to it results in a
term of sufficient smoothness, to be acceptable for a correction depending on 71 ».
Specifically, we write the leading order term of t2(3,2v smoorh,1 10 the form

1

1
2 2
(Cl +c3 log t)£R00 + (6‘2 + c4 log I)L,
> ﬂo,o(t)k0+2 4 ’uO’O(t)koJrZ
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and then set (where the coefficients ¢ » depend on y;2)

2(~2 2 2
t (at Vsmooth,2 — ar Vsmooth,2 — ;arvsmo()th,Z)

1

12

2
= (Cl + c3log I)LROO + (Cz + cqlog t)$
’uO’O(t)koJrZ > /JO,O(t)kOJrz

Making the correct ansatz as in [25] this is solved by

/15 /1%

0,0 2/p3 0,0 2/p3
Vsmooth,2 € WIS (RO,O’ Qsmooth) + IOg tWIS (R()’()’ Qsmooth)-

The effect of this correction is that we replace the middle term in (3.25) by one in
€prelim, 1. €. our final approximate solution

Dkg—1

Uprelim ‘= Ug + Z vi+ Z Vsmooth,a
=1 a=12

generates an error eprlim as claimed in the lemma.
O

In order to complete the proof of the Theorem 3.1, we need to improve the
approximate solution obtained in the preceding lemma a bit in order to replace the
generated error epelim by one which is smoother. More precisely, we need to get
rid of the rough part of the error Zprelim. For this, we replace uprelim by

Uapprox = Uprelim + V,

where v solves the equation

o S\ — s
av + 5upre“mv + Z ( .)V uprelim = —€prelim»

2<j<5

where

2
~ i 1
Uprelim = Uprelim — Vismooth + /18’0W(/10,0(t)r) — A2 W(/l(l‘)l’), Vsmooth = Z Vsmooth,a

a=1

is the y-independent part of upelim. Also, we shall impose vanishing of v at 7 = 0.
Then itis clear that v will not depend on 1 5. The fact that such a v can be computed
with the required smoothness and bounds, provided N is chosen large enough,
follows exactly as in [26], see the discussion there after equation (3.1). Also, we
have for any 7 € (0, 7]

[Veav(®)] 3~ <277
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Then we arrive at the error

5
Duappr()x + uapprox

S5\ i s5—;
- . 5 E JyP
= Ditprelim + Mprelim + ( |V Mprelim

2<j<s M
~4
+ OV A+ SljigV
~4 4
+ 5(_Mprelim + Mprelim)v

It follows that

5\ . s ,

_ ~ —J ~5—]

€approx = €prelim — €prelim T Z < v [uprelim - uprelim]
2<j<5 J

+ 5=t At Yy (3.26)

uprelim prelim
This remaining error is easily seen to satisfy the claimed properties of the theorem.
O

4. MODULATION THEORY; DETERMINATION OF THE PARAMETERS Y1 2.

4.1. Re-scalings and the distorted Fourier transform. The discussion follow-
ing (2.16) shows that we intend to pass to a slightly altered coordinate system,
depending on the parameters vy 7, and given by

Ty Ryy
differing from the old one which corresponded to 79, Roo (and which served as
the basis for the discussion following (2.2)). We then have to reinterpret functions
given in terms of Ry as functions in terms of R,, ,,, and understand the effect of
such a change of scale on the distorted Fourier transform. Infinitesimally, this is
explained in terms of Theorem 1.5, and we state here a simple variation on this
theme:

Lemma 4.1. Assume € has the Fourier representation given by

) = [ X@OR.ple)de + xatu(R)

0
Then we have the formula

T (&(e™R)) (&) = x(€€) + k- Kix + Op s (k]xa])
where 7~(K can be written as

> * F(&,m)p(n)
(Rer) (©) = hu(@)a(ee) + [ ELD ) g,
where F, satisfies the same bounds as the function F(-,-) in Theorem 1.5, and the
function hy is of class C*(0,00) and uniformly bounded (both in & as well as k),
and satisfies symbol type bounds with respect to .
In particular, we have

|7 (& R) 5, Srou (2], + [xa])-
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and more precisely, we have
|7 (&(eR)) = (F@) ()]s, o x(x]3, + xa])-
as well as

|7 (&) |5, = (14 7o) |7 (&(R)) 5, + Kl

Proof. This is entirely analogous to the proof of Theorem 5.1 in [26]; in effect the
latter deals with the ’infinitesimal version’ of the current situation. Consider the
expression

(Ex)(n) = <j R, PEplE) dE. B(R. 7)),

where x € C°(0,0). Under the latter restriction the integral converges absolutely.
Then proceeding as in [26], see in particular Lemma 4.6 and the proof of Theorem
5.1, we get

(Ekx)(é:) =Re [aZ f fk &, 77 dﬂ,

where a. is the function occurring in Prop. 1.3. Here in order to determine the
kernel f; of the ’off-diagonal’ operator at the end, we use

77 é: fk ¢, 77)
¢ f [e 2 WH(eR) — W*(R)]o(e "R, *£)p(€) dE. $(R.7))

Then by following the argument of [26], proof of Theorem 5.1, one infers that
p(m)F(én)
f f’ T] =K <
with F, having the same asymptotic and vanishing properties as the kernel F (¢, n)

in Theorem 1.5, uniformly in « € [0, 1], say. It remains to translate the properties
of Z; to those of the re-scaling operator. Let ¥ be the operator which satisfies

—ZK@X ‘f
p(&) ()

and leaves the discrete spectral part invariant, while S,—«(€)(R) = &(£) is the
scaling operator. Then we have

(Eex)(€) = F (S ¥(8) (). + O, (K xa])-

F(¥(E) (&) =e

o

We conclude that
T(SE—KE) (&) = B¢ ((F(‘I’_I(E))) + 0\|'H§1 (K|xd|).
It follows that we can write

a. o2€ 2K
F (S &) (€) =x(e¢€) + [e*Re [ ai@)@] ' pi?(f)g)

f fel&m)x(n) dn + 0. H~ (k|xal),

— 1]x(e*¢)
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where we put
p(n)
p()

fl&n) == fil€, 2K)

This implies the claims of the lemma.
O

4.2. The effect of scaling the bulk part. Here we investigate how changing the

bulk part from /lé’OW(/lo,or) to A2 W(ar) affects the distorted Fourier transform of
the new perturbation term. Specifically, recall (2.15), which defines a new data
pair (€, €1 ), which in turn uniquely define a new quadruple of Fourier components
(x((;/1 72) x(()Zl 72) x&” 72) xgl 72) ), via (2.17), (2.18), (2.19). We can then derive the
analogue of (2.4), and try to repeat the iterative process in [19], but for this we shall
have to ensure the two key vanishing conditions (2.20), as well as the condition
(2.10). That this is indeed possible is the content of the following

Proposition 4.2. Given a fixed v € (0, vo], to € (0, 1], there is a 61 = 61(v,19) > 0
small enough such that the following holds. Given a triple of data

(x0(£), x1(€), x04) € S xR
and with
| (x0.x1) |5 + |x0a| < 61,
there is a unique pair y1 » with ‘)’1’ + b’z‘ Svito H (x0, x1)||§ and a unique parameter

X14 Satisfying |X1d’ <y ‘de‘ such that determining (e, €;) via (1.12), (1.13), (1.14),
and from there (€, €1) via (2.15) which in turn defines the quadruple of Fourier

data (x, (r1.72) x(()l/l"n),xgyl’n),xg"m), we have
) (y1.72)
©préx ) I
A= [ il ot [ (9 dslde =0
0 &d 0
i (r1:72)
Cpré)x (€
B(y1,72) :=L ; €08y, 4,(70)&? f " 72 s)ds|dé =0,
7

and the discrete spectral part (x, (ny2) xgzl ’72)) satisfies the vanishing property of

Lemma 2.2, (2.10), with respect to the scaling law A = Ay, ,. We have the precise
bound

kov

’yl/lgotg"v‘ + ”)/2 IOg Iot, ‘ < 7o 10gT0(H(x0,x1)H§ + ‘X()d‘). “4.1)

Finally, we have the bound

A A
B ] N LS
az 42

< logto - T8+ . (H(X(),X])Hg + ’)C()d’).
/12
where S 5 xi(€) = xi(=5€) is the scaling operator.
2
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Proof. The strategy shall be to first fix the discrete spectral part to (xog4, X14) While
choosing 12, and at the end finalising the choice of x; to satisfy the required
co-dimension one condition.

Observe that from our definition and the structure of um,;f,i, in particular Lem-
ma 3.2, and the end of the proof of Theorem 3.1, we can write

1
E0 = Xr<Cr [/l&ow(/lo,or) ’}’1 Y2 (/171 »r ) - Vsm()()th] + €o, (42)

as well as

1 1
€ = Xr<Cty [at [/137OW(/10,()1") - /132/],72 W(/lyl 72 r)] - atvsmooth] + €1, (4.3)

where we have introduced the notation vg,pom = Za=1,2 Vsmooth.a» the latter as in
the statement of Lemma 3.2. Also, it is implied that the expressions gets evaluated
att = ty.
We shall think of €, €; as functions of R = A,, ,,(fo)r, and we shall keep the latter
definition of R for the rest of the paper, as this is the correct variable to use for the
sequel.

Observe that setting

1) (g) ngRfReo(Roo( )) dR, 37 J(ﬁd )Ry (Roo(R)) dR

~ — /l ’ X, ’
¥ &) = -4l f (R, &)Rei (Roo(R)) dR — Ai z [y (KR 7)) €)

i .
= DBy (Keay ) E),
V1,72

and finally(recall (2.19))

) iy ~v1:72)
XY =L | ,Of ¢a(R)Re1(Roo(R)) dR — ~—== [y K%y
Y172
/.171 2 ~r1.72)
- | g
then using Lemma 4.1, we have
1. A k k
570 ~ ool <o b+ 210zt 7ol + ),

while we directly infer the bound

H7 s < b+ ot 8|l + ).

Similarly, we obtain

2
~71:72) A A

X — —x(—=
H 1 (é‘:) /10’0 1(/1(2)0

s,

< it + yalogio - 16 |[|xa 5, + %o,



STABLE TYPE II SOLUTIONS 33

as well as

‘%521,72) — xld‘ < ’711‘501} + y2logty - t/(;ov (TOHXOH§1 + ‘X()d’).

taking advantage of the structure of K., K4 as detailed in Theorem 1.5. Recall
the quantities in (2.11)

B;Jmﬁ@%@kwmﬁm@A;j”“@f@
0 £a 0 £i

and thus formulated in terms of the original data x(¢), and independent of vy ».
Then denoting by Z(yl,yz), resp. E(’yl,yg) the quantity defined like A(y1,72),
B(y1,72) in the statement of the proposition, but with xE.V"”) replaced by )7571’72),
j = 1,0, we infer after a change of variables that

sin[v7oé %] dé,

An.72) = A+0(Ineg” +yalog o 1" ol | 3, 75 o 5, + vial+75" xaal )
(4.4)

§(y1,y2) =B+ 0(!’)/1 t](;ov + y2logiy - IISOV’TO[HX()Hgl + T(;l ’deH), 4.5)

Finally, in light of (4.2), (4.3), introduce the Fourier transforms of the *bulk part
differences’

- o0 1 1
)NC(()Y1 ) (€)= f ¢(R,€)Ryr<cry [Aé,OW(/lO,O’”) - /lf,hVZW(/lyl,yzl”) B meooth] dR,
0

N 0 1
36(171,72)(5) - _’ly_ufyzjo (R, )Ry r<cyy [@[AS,OW(AO’O”)

1
- /1)2’1,)/2W(/171 ,er)] - atVsmooth] dR,

and label their contributions to the expressions A(y1,¥2), B(y1,¥2), by

~ o0 % Xy1-72) . 0
&mwwaLQE%TJQmmmw%ﬁ‘@uwM#=o
~ © 3 Xr1,72) [
Bliyrys) = fo wcos[ﬂyl,n(ro)ﬂ J L (s)ds]dé = 0.

Then the first two vanishing conditions of the proposition can be formulated as

0=A(y1,72) = A(y1,72) + A(y1,72), 0 = B(y1,72) =
and so, in light of (4.4), (4.5), we find

~

(y1,72) + B(y1,72)s

oo

Aln72) = ~A+ 0l +ya log tgdl [rol |5, 475 o5, +75 roal + xnal]).
(4.6)

E(yl,n) =—-B+ 0(|y1t(l;oy + vz logty - tgoV’To[HX()Hgl + Tal|de|]). 4.7)
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It remains to compute A (v1,72), ]_?3(71, ¥2) in terms of y; », which we now do: we
can write

1

1 1 kov k
oW (A00r) = 43,5, W (A, 5,1) = O(|y11”" + y2logto - ;™)) 0¢R0

4.8)
+O(|y1 1 + y2logto - fkov )

Further, we find after writing £¢(R, &) = L¢(R,¢) and performing integration by
parts

© 1 1 Ct
| f ¢(R, §)Xr<c,0/102 O¢(R, 0) dR| <N /léo—ol, 4.9)
0 ’ T (Crog2)N

whence we infer

@O 1 1
‘ f ¢(R’ f)Xr<CloR[/lé,0W(/lO,0r) - /17%1,)’2W( iyt ] dR|

Cto (4.10)
<N /l —‘ylto + ¥z logt - t° |+ ]y " 1y log tg - tk°V| )
Y(CroghyV
We also have the important non-degeneracy property
. . 1 1
hm R XRSCTOR[/lé,OW(/lO,O’") - ’172’1,72W(/171,72 r)]
4.11)

1
= 2/l [’)/ll‘kov + y2logty - l‘kov] + O(/l2 [’yll‘kov + ¥y logty - l‘kov] )

in the sense that the principal term on the depends linearly on y;» with non-
vanishing factor.
This is to be contrasted with the vanishing property

lim R r<croRVsmoon(R) = 0, (4.12)

which follows from Lemma 3.2, and finally, by another integration by parts ar-
gument similar to the one for the bulk term to get (4.10), and exploiting the fine
structure of Vg0, from Lemma 3.2, we get

0 1
L #(R, é‘:)RXRSCT() Vsmooth (R) |t:to dR = ’71 t](;ov + 72 log tothV‘ON (/180—1)
e
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Finally, using the precise asymptotic relation limg o & 2 p(€) = ¢ where in fact one

has ¢ = 31 , see Lemma 3.4 in [5], we infer that
Xy1.72) L
3 © Xy (E)pr(E)
B(y1,72) f Of—l cos[vroé2] dé + Oy, (bflt "+ y2logto - tk‘” )
0 7

~ lim k™! | Com X €)o(e)de
+ JO szf)yl’n)(f) [%if) —cp(é)] COS[VTog%] dé
* CJO 357 (€)p(€) (cos[vro?] — 1) dé

+Ot0(’y1t° + y2logiy - tkov )
(4.14)

2 . .
Observe that the extra term Oy, (|y1t§°V + v log o - tl(;“"| ) arises from replacing

Ay iy TO ‘f J Y1 72

by vtg. The last term on the right in the above identity is essentially quadratic and
negligible in the sequel. The second and third terms are also negligible on account
of the bounds (4.10), (4.13) from before for the Fourier transform of the bulk part
as well as vgyoorm: for the second term, we get (for suitable ¢ > 0)

* Xnm) p% (£) 1 31y, kv kov
|J0 Xy (f)[f—l — cp(€)] cos[vro£2] dé| < 5070 11" + 2 log o1,
4
while the third term becomes small upon choosing C sufficiently large:

o0
1. 1
| L 3072 (6)0(€) (coslrrogt] — 1) de]
sl Y1l + y2 log tors” |
~ 0,0 Y1 0 Y2108 1o 0

Finally, for the first term above, we have according to the earlier limiting relations
(4.11), (4.12) the key relation

lim R~ f (R EXT) (6)p(€) de

R—0

1
= 5/12 [ylto + y2logry - t° "] +0(/l§0[y1t° + y2logry - tkov] )

Combining the preceding bounds and identities for the various terms in the above

identity for E(yl, ¥2) and also recalling (4.7), we have obtained the first relation
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determining vy 2, given by

1
B=- g’lz [y122” + y2 logto - 4] + O(C_lﬂ2 vl + y2 log tor”)

+ O(b’ll‘kov + y2logty - tkov“l'() “xOH§ + T(; ‘deH) (4.15)
+ 04 (4 oo[Vlt 4 1y, logto - fkov] ),

where the first term on the right dominates all the remaining error terms, provided
the data are chosen small enough.

To derive the second equation determining y;», we recall the formula (2.18) for

571 72) , which hinges on €;. Then by combining (4.3) with (4.8), we have (using

the notation A := 2 + ROR)

Re| = Ro;[(y) + logt - tkoyyz)/lé’OR*Iqﬁ(R, 0) = Vomoorn],_,, + Rei
+ 0(/1(%),0%0%1105% 0O ey + logto - 1y2))
= city (181 + logty - 15”y2) g’ozp(R, 0)
+ ooty (O y1 + logtg - tk"”yz)/l% (A’W)(R)

+yztk°" 1/120¢(R,0) + 0(/12 tk(’" Mog 1o( Z vil) |t y1 + log 1ty - t° "y2|))
— ROV gnooin + Rey.

Using (2.18) which gives

xiy“n)(f) =2, yzf #(R,E)Re | (R) dR — /11’1 :z ‘t to(?(ccx(()yl 72))@:)

A
_ /171 ¥2 |t:t0 (chxézl’n))(f),
V1,72

and also keeping in mind the corresponding relations (1.13), (1.14), we deduce in
light of Lemma 4.1 the identity

3

4
57172)(6) ZAj+ZBj+C

J=1 J=1

where the A are the terms coming from the "bulk term’ and are given by

1 0 1
Al = _Cl(to/l)’l,yz)il/l& (1 kov'yl + log 1o - IOVVZ)J;) ¢(R, f)XRSCTo/l&o‘p(R’ 0) dR
—1 3 k v v * 3 2
Az = —ea(tody, )~ A2 (1 + Tog o - 1577:) fo B(R €)xrecroAd o(A2W)(R,0) dR,

@© 1
A3 /1207 1A, 72f $(R, é)xr<cryA] o#(R, 0) dR
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o0
Ay = —/l;}yzj;) ¢(R, f)XRsCTORatVsmooth dR,

while the terms B; arising from the perturbation are given by

% 22 Ly (r1.72)
B = —x(—=&), By = ——% I 2 i
! /10,0)“(/1%,0 h B Ay |t=l°( «Xo )€)
1
Bs = — | (Keaxgy ™) (&)

/171 52

Finally, C is the error, which is given crudely by

€ = 0o nify” +vatogno - frollls, + 75 ol + xta] + 75 o]

+ 0, (X ity + 2 log o - 1)
j

Inserting the preceding into the expression for A(y;,y2) (as in the statement of the
proposition) and proceeding as for the derivation for (4.15), as well as observing
that

0 % (y1,72) ' o0
T(;l J P (é:)(](ccx:? )(é:) Sin[/l’yl,’n (TO)gi J‘ /l;] 372 (s) ds] df

0 &
1 kov kov kov kov |2
= D(x0, x0a) + D1dg o (v11y” + y2logto - 1) + Oy (711" + y2logto - 1, |")

where D(x, xo4) is independent of y » and is bounded by |D(x0, x()d)| < ||on 5, 1

|x04|, while Dy = Dj(v) is a suitable absolute constant, we infer the following
identity:

o0
. 1 _
sin[d,, 5, (70)€2 J Aylfn(s) ds) dé
7 (4.16)
=A+ > Ej+ D(x0.x0) + F.
j=12

Here the first term on the right arises on account of (4.4), the two terms E > arise
via the contribution of the bulk terms A; — A4 (taking advantage of estimates like
(4.9)), and are of the form

1 1
bl k k 7 k
E, = 61/15’0(’)/11‘001/ + v2 log o - loov), E, = 62/1850’}/2t OV, er #0,

and finally, the error term F is of the form

F =0, (O lyihnts + y2logto - 1))
J

1
+0(glt” + yatogin - &7 ol [, + 73" s, + el + 5 o]
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Equating the expression on the left of (4.16) with 0, we infer the second equation,
analogous to (4.15):

1 1
3 ki ki 3 k
A = —61/18’0(712‘001/ + v2 IOg fo - l‘oov) — 62/18’0’)/22‘00‘/ — D()C(), X()d)

+ 04 (O il g + y2logte - 1))
;

1
+ 0(&5 o nig” + 2 logto - 1ol i[5, + 75 [ols, + [v1a] + 75" [oal])

(4.17)

On account of the easily verified bounds

A| < TOHx1H§2’ Bl s TOHXOH§1’

we then infer

1 1
3 Lk 3 k
|’yl/lé,0toov‘ + ‘)/2/18,0 log l‘ol‘OOV’ < (logto) - T()(H(X(), X1)H§ + ‘X()d‘).
Recall that throughout the preceding discussion we kept the discrete spectral parts
(x04> x14) of the initial perturbation (€], &) fixed. If instead we allow x4 to vary,
we can think of 1 7 as functions of x4, and moreover one easily checks that

3077 = w1+ 0o, + g, + [xoal + [x1alP).

with a corresponding Lipschitz bound. It follows that there is a unique choice of

x14 such that (for given xo, x1, Xog) the pair ()7(()2"72),)7%"72)) satisfies the linear
compatibility relation (2.10) with respect to the scaling parameter A = 4,, ,,.

(r1:72)
1 9

in terms of xp, xg. Specifically, one uses the fact that for the

The last bound of the proposition follows from the preceding formulas for x

as well as x(()vwz)

Fourier transform of the bulk term’ in (4.2), we have the asymptotics (4.8), (4.9)
as well as (4.13), and we get

Cty

Gl < 7 (1=%) (4.18)
CT()f§

H§1 ~ o :
O

For later purposes, we also mention the following important Lipschitz continuity
properties, which follow easily from the preceding proof:

Lemma4.3. Let (1, 72) the parameters associated with a data quadruple (X, X, ) €
S. Then using the notation from before and putting

A= G135
we have

(1 — ?’1)/13,0%”‘ +|(y2 - 7’2)/13,0 log oty | < 7o log o[ | (xo — ¥o. x1 — %) 3

[ Gro. x1) 5 x0a = Foa-

"This means the sum of the first three terms on the right.
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; 515 0,0 A0,0 N
||x(()71 y2) x(()71 ¥2) <7S 2, %0~ TS,%OXo)”gl
) A3y Ao 0,0 ~
™ B (S g = =S g, T,

2 p
< logtg - T8+ . [”(X() — X0, X1 — )71)“5 + ||(X0,X1)H§|X()d — )~50d|]-
Finally, we have the bound

‘(X%WZ) — X14) — (%576;1,72) _ JNCld)‘

< [Gro = Fo,x1 = %1) [ + o = Foal] - [ (xo. x0) 5 + [xoal]

5. ITERATIVE CONSTRUCTION OF BLOW UP SOLUTION ALMOST MATCHING THE PERTURBED
INITIAL DATA

Here we carry out the actual construction of the solution, as explained in the
paragraph following (2.20). Thus departing from perturbed data

uy[to] + (6(), 61),

where the perturbation (€, €;) is associated with a data quadruple (x,,x,) as in
(1.12), (1.13), (1.14), where x4, as well as parameters y;» have been computed
according to Proposition 4.2, in terms of the Fourier data (xo(£), x1 (&), x04), We
then pass to a different representation of the data which coincides with the preced-
ing data in a dilate of the light cone at time ¢ = #y, i. e. we have

0,0 , _
XrSCtouz(zppZox[tO] + (Ela 62) = Xr<CtoM((1)[/71p)r/égc[t0] + (fla 62)-

Then, according to Proposition 4.2, the Fourier data associated to (€;, €;) in refer-
ence to the coordinate R := A,, ,, (fo)r, satisfy the key vanishing relations

A(y1,72) = B(y1,72) =0,

these quantities being defined as in Proposition 4.2. We shall now strive to evolve
the data

W 1] + (€1,)

backwards in time from ¢ = f(, and thereby build another blow up solution with

bulk part u%};}’él(r, x) on the time slice (0, 7y] x R?.

5.1. Formulation of the perturbation problem on Fourier side. Re-iterating
that we shall work with the coordinates

o0
T:= J Ay, (8)ds, R = Ay, 4, (1), 5.1
t

we shall write the desired solution in the form

w(t, x) = ul2 (1, %) + €(1, %), €lio] = (€1, @), (5.2)
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and passing to the variable £(t, R) := Re(t, R), we derive the following equation
completely analogous to (2.2): using from now on A(7) = 4, 5,(7),

(0 + A 'ROR)*E — B(1)(0r + A 'ROR)E + L&
= A7 (1)R[Napprox(&) + €approx] + 0:(A~")& B(r) = A(1)a~ (1),
where we use the notation

RNal’PrOX(g) = 5(u3ppr0x - “g)g + RN(uapprom g),

~

~\ 4 ~
RN(””PP’OX’ ‘9) - R(””PP’"OX + R) - Ruapprox - Suappmxg’

5.3)

and ugpprox = u%‘l’fr),,x. The source term ey is precisely the one in Theorem 3.1.

Also, observe that we may and shall include cutoffs to the right hand source terms
of the form yr<c:, since we are only interested in the behaviour of the solution
inside the forward light cone emanating from the origin. Ideally we will want to
match

elto] = (€1, &),
but we shall have to deviate from this by a small error. In order to solve (5.3), we
pass to the distorted Fourier transform of £, by using the representation

(0. R) = ulroa(R) + [ " x(n.£)0(R E)0(€) de.

0= (0 ) e (5)
Ja

(D2 1 B)D. + £)2(1.6) = R(r.x) + f(r.6). f = ( f ) LG

Writing
we infer

combined with the initial data (which in turn obey (2.17), (2.18), (2.19))

x(m 72) x(yl,yz)
x(10,€) = x?;ll,)'z) » Dex(70,€) = x%)cfll,)’z) » 70 = 7(t0)- (5.5

0 1
where we have

R(7,2)(€) = (— 4B(O)KDex— B(0) (K2 + [AK] + K + FF>K)x) (€) (5.6)
with B(1) = (—) and

f(T 'f ( IXR<t [S(Mipprox - ”g)g + RN(”approx, Zf) + Reapprox]) ('f)
( ) <’l 2( ) [ ( approx '43)5 + RN(”approx’ E) + Reapprox:l’ ¢d(R)>

6.7
0
A

2

Also the key operator

S O

D, = 0 +B(r)A, A= <
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and we have

5
A= =20 = (5 + 75

The operator K is described in Theorem 1.5.
The main technical result of this article then furnishes a solution of (5.4), (5.5)
as follows:

Theorem 5.1. Let (x(()y"yz), xiy"”)) €S, xl(;ll’n), 1 = 0,1, be as in Proposition 4.2,

and assume ty is sufficiently small, or analogously, Ty is sufficiently large. Then
there exist corrections

(v1.72)

(y1.72)
Ade

(Axo (71772))’ (

(y1,72)
L AX )

, AX 1d
satisfying

[(ax§7) ax7)| 5 < (20 20) 5 + |t0a

’

oy ) 4 ey 72| < o) 5+ vl
and such that the (Ax(()”’”), Ax&yl’ﬂ)), (Ax(()zl’yz),Ax%"”)) depend in Lipschitz

continuous fashion on (xo, x1, Xoa) with respect to ||| + |- | with Lipschitz constant
« 1, and such that the equation (5.4) with initial data

(x(10,£), (Drx)(10.8)) = (x(()yl’n) + Ax(()y"n), xi”’n) + Ax&yl’m)

(xa(70), Orxa(T0)) = (x(()Z' 7) 4 Ax(()z,] ), x&?’n) + Ax%"”))

admits a solution x(t,&) for T > 1¢ satisfying

||(x(‘r, ), Dex(t, )H§ + |xd(T)| + |5rxd(T)| <o [ (x0, x1) |5 + |x0d

bl

3
: ~ 3+
corresponding to €(t,R) € H,, = where

0
EnR) = u(neulR) + | x(r.E)0(R Ep(e) de.
Finally, we have energy decay within the light cone:

1
lim §|V,,x6|2dx =0

t—0 |x|<t

where we recall e = R™'2.

Remark 5.1. In fact, the Fourier coefficients (Ax(()y1 ), Ax%y"m) will have a very

specific form, which makes them well-behaved with respect to re-scalings (which
hence don’t entail smoothness loss when passing to differences). This shall be
important when reverting to the original coordinates Ry at time t = #y, which
were used to specify the perturbation (xo, x) to begin with.
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5.2. The proof of Theorem 5.1. It is divided into two parts: the existence part
for the solution, which follows essentially verbatim the scheme in [19], and the
more delicate verification of Lipschitz dependence of the solution on the data
(x0, X1, x04). Here the issue is the fact that there are re-scalings involved, and the
very parametrix used to solve (5.4), as well as the source terms there, depend im-
plicitly on 7y 2, which in turn depend on (xo, x1, X04)-

5.2.1. Setup of the iteration scheme; the zeroth iterate. Proceeding in close anal-
ogy to [19], we shall obtain the final solution x(7,&) of (5.4) as the limit of a
sequence of iterates )_c(j) (1,€). To begin with, we introduce the zeroth iterate in
the following proposition. The only difference compared to [19] is the presence of
the error term e, .0, Whose dependence on ;> needs to be taken carefully into
account.

To formulate the bounds on the successive iterates, we introduce a number of
notations. First, we recall (1.10), which is used to control data sets, and we also
introduce the slightly stronger norm

(oo 20} = ol + ol o= [T+ x| o + €2 2060
(5.8)
Denote the propagator (2.9) by S (7)(xo, x1 ), and further introduce the inhomo-
geneous propagator solving the problem with source (this only involves the contin-
uous spectral part)

(D7 + B(1) D + &) x(1.€) = h(1.€), (x(10.£) = 0, Drx(10,€) = 0

by
T /12
(5.6) = | Unolhlen J 56 o
L2 [ (5.9)
2 () 02 (D) sin [ A0 547 (u) du
Ult,o) = S T T
A2(o)  p2(8) &2
Further, denote the evolution of the spectral part with inhomogeneous data
(53 + B(1)0r + ) xa(7) = ha(7), xa(10) = 0, drxa(10) = 0
and without exponential decay at infinity (for bounded 4, for example) by
x4(7) = f H(7,0)hq(0) do, (5.10)
T0

where we have (see Lemma 2.2) the bound ’H(T, 0')‘ < e~I™=1 for some ¢ > 0.
Following [19], we also introduce the somewhat complicated square-sum norms
over dyadic time intervals and given by
) A1) |46 2 \3
brelg = (Y o)t s

Nzty T
N dyadic
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and we shall also use |[y(, &) HSqr(§<l)’ y(t, §)qur(§_>l) where Lﬁf will be refined

to Lﬁf(f < 1), ng(g > 1). To define the zeroth iterate x(*), we replace the source
functions in the right-hand side of (5.4) by
( </1_2XR5TReapproxe ¢d(R)> )

T(A_ZXRSTReapprox)
and we abolish the linear term R. That is x() satisfies the equation

£)20(r8) = (4 prglemmon 20 )

2
(D7 +B(r)D- + F (1 2xr<rReappron)

Proposition 5.2. Assume the same setup as in Theorem 5.1. In particular, as be-
fore, everything depends on a basic data triple (xo(&), x1(£), Xoq) from which the
fourth component x14 and further the new Fourier components x(y' ") otc are de-

rived. There is a pair (Ax(() ), A)“c{] )) €S, satisfying the bounds

[(a%”, 235 < 77 [ (o, ) 5

and such that if we set for the continuous spectral part

0)(T’§) — ;R)_;(T,f) + S(T)( (r1.y2) + A~(0) (71 72) + Ax(o))
/\05( B T L /12(7.)
T,&) = Ul(r, 0')7"(/1 /\/RgTReappmx) (o, —/lz(o-)g) do
70

then the following conclusions hold: for high frequencies & > 1, we have

sup (— ) Ire=1x@ (8] 5, + sup (2 ||Xs>19 <O (z,8)|,
T/T()
+ Hfﬁ%ﬂ X 0) (7€) HSqr(E>l) 0 [H(Xo,xl)Hg + |xoal]-

For low frequencies & < 1, there is a decomposition

xO(1,6) + 8 () (83, A7) = a2 2xO(1,8) + 5 (1) (030 (£), axO, (£))

—~—

where the data (Ax(o)o(f), ax0)1(&)) satisfy the vanishing conditions

© 51 (&) ax®) [
f 'M cos[A(7o)&? f A~ () du] dé = 0, (5.12)
0 &4 To
f@o P2 (£)ax0), (&)
0 &
and such that we have the bound

[(50(8), a5 €) 5 + 50 (2) e 0 ),

=70

=

sin[A(1o)é foo A (u) du) dé = 0, (5.13)

70

+ Hf_%@TANx(O)(T’f)HSqr(§<1) < 75 ' {[|(xo. x1) 5 + [ixoa]
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~0)

Furthermore, letting A)?J.

,AX 50)
initial perturbation quadruples (where the component x4 is determined in terms
of the other three ones via Proposition 4.2)

, J = 1,2, be the corrections corresponding to two

(Eo’ X )’ (ZC()’ X )
we have we have

(a3 — a3, 630 — a7)5 5 75" (00 — Tt = )5 + s — T

For the discrete spectral part, setting

0) (7 .= f Hy(r, 0)2~2(0")Reapprox da(R)) dor,

we have the bound
2[|ax ()] + 0.5 (@] 5 | (x0, 1) 5 + |x0al-
We also have the difference bound

Pllaxy’ (x) = a7, ()] + [ocny” (1) = 003, (7))
< H(xo — X0, X1 — X1 H§ + ’)COd - de"

We shall then set

9 (1) := x((iyl’n)( )+ Ax( )( ),

(y1.72) (1)

where x; is the ’free evolution’ of the discrete spectral part constructed as

(y1.72) (71,72)).

in Lemma 2.2 with data (x,,""*’, x|

Remark 5.2. Observe that the formula for the continuous spectral part x(%) (z, £)

arises by adding the term S (1) (Ax(() ), Axi )) to the Duhamel type parametrix com-

ing from Lemma 2.2. The reason for such a correction term, which is already
present in [19], comes from poor low frequency bounds for the term

T A2
LO Ul(r, 0')7:(/172)(R57Reappr0x) (o W(;-_))g) do,

and more generally, for any such term occurring in the iterative scheme. The idea
then is to write this bad term (for small ¢) in the form

A>T;R)_5(T, & +S(7) (A;(\()J)O(f), A;R)J)l é),

by replacing the integral S:O by one over S:O Since the components
axg(&), ax ()
don’t necessarily satisfy the vanishing conditions (5.32), (5.13), we need to add the

corrections Ax( ) % ) . Importantly, these can be chosen to be much smaller than
the initial data X0.1 de. This procedure is explained in greater detail in [19].
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Proof. We follow the same outline of steps as for example in the proof of Prop. 8.
1in [19].

Step 1: Proof of the high frequency bound. Recall (3.26). Correspondingly, we
shall write (/I_ZXRSTReappmx) as the sum of several terms. We shall prove the
somewhat more delicate square-sum type bound, the remaining bounds being more
of the same.

The contribution of eprelim — €prelim- Write

= ’_JTU F (A 2k R<rR (€pretim — preli LIV
2i(0) = | Ul )T (A KnseR eptm = Zrim)) (3 238) 47

We need to bound Hf 10D F Observe that

E1(7. ) HSqr(.g:>1)

T 2 T T 2 T
Z)T[L U(r,0)g(o, //:2((0_)).5) do| = L V(r,0)g(o, //:2((0_))@ do, (5.14)

where we set

8=

(1)
(o) pE)
In light of Prop. 1.3, we infer the inequality

V(r,o) =

B P 2

A%(
o) pie @

and this implies

”fﬁDT“l .¢) HLZ (E>1)

! /12( +60 2 > /12 (T)
5 W H‘f 7:(/l (O-)XRSTR(eprelim - eprelim)) ( /12( HLZ L(E>1) do
Referring to the same proposition for the isometry properties of the distorted Fourier
transform, as well as Lemma 1.4, we obtain
T) .1 _ ~ 2 (1)
m ng +607:(/l 2(0-)/\/RSTR(eprelim - eprelim)) (0_, mf) |‘L3§(§>1)

42 H0F (A72(0)xrerR (eprelim — Spretim) ) (07 °) Hszp

1 ~
)76071 H/172<0-)XRSTR(eprelim - eprelim) HH1+250 .
dR

Referring to the end of Lemma 3.2, as well as the definitions preceding that lemma,
for the structure of eprelim — Eprehm, and finally also using the key bound (4.1), we
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infer the estimate

“/1 XR<TR(eprelim - Eprelim)HH'“"b
<o 2 gy ko2t -log 1o ‘z'koJrl S %- [ (0. x1 HS + | x0al]-
(5.15)
Finally integrating this over o € |79, 7], we get
T 1
D= Oy ey ST0 T () Do) +

A2(10)
In turn inserting this bound into the definition (5.11), we find

3
Hf%+1)151(7',§)HSqr(§>l) STy - [H(XO,Xl)H§ +

which is indeed better than what we need.

The contribution of the expression
5\ jrs—j 5
- j Joo_ 5=
G(T’ R) T Z < .>V [uprelim prellm] + 5( preltm + upreltm)v
2<j<s N

where we recall v, Uprelim, Uprelim, 1S described in the last part of the proof of Theo-
rem 3.1. In particular, we have the bound

HV(T’ R) HH1+260 < T%(2+V71)*2k* i
dR

with k, defined as in Theorem 3.1. Then setting

T 2 T
5(08) = [ Unolslo 35 28 do

. 2(0)

where we set

g(1.€) = F (A2 (1)xr<:RG(T. R)) (£),

we infer by a similar argument as for the preceding contribution the bound

TA(1) (1)
||§2+501) (7, ¢) HLz L(e>1) S < JO _/12(0_) ||62+60g(0-’ /12(0-)5)HL3§(§>]) do

T 32
SJ (’1 @ )75 |4 H(@)RG(0 R) | 1350 .. O
d

20 (ks0)
On the other hand, the proof of Theorem 3.1 easily implies the crude bound
|A~%(0)RG (0, R) |\H.+Z§O(RS0) < o V| (x0, x1) | l.N>1,

and so we obtain

N(AZ(TO) )%—&-60

H§z+6oz) Ea (1, &) HL2 2(0)

< T,

€1 ST [l G- x1)fg + |xoal ]

This in turn furnishes the bound

||§2+D‘r~2 7.¢) HSqr(§>1) s TﬁN ' [H (XO’XI)H§
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which is much better than what we need.

(0)

Step 2: Choice of the corrections (A)zc(o), A):cl

) ). In analogy to [19], we shall
pick these corrections in the specific form

2320(€) = oF (vreced(R,0))(€), a2 (€) = BF (xr<c:d(R,0)) (£), (5.16)

and we need to determine the parameters «, 8 in order to force the required van-

ishing conditions (5.32), (5.13) for ax(9( (&), Ax(0);(£). The latter quantities are
given by

/TO—S ” -2 /12(7'0)
ax%(&) = LO U(TO"TW:(/1 XRSTReaPPf’ox) (o, m

_— o0 22 ~
Ax(o)l(‘f) = J V(7'07 U)?'(/I_ZXRszeappmx) (0_9 %f) do + A}EO) (f),

where we recall (5.14). Thus writing Ax(0) (&) := ax(0);(¢) — A):CE-O) (é),j=0,1,
we need the following simple

Lemma 5.3. We have the bounds

o L% (0) T —(1-
, ’wmwmw | el < 710 x0)s + )

70

ES

o % N"@ L[ (11—
[ a7 s + bl

Proof. We again refer to (3.26) to split this into a number of bounds. We consider
here the contribution of

€prelim — €prelim>

the remaining terms being treated similarly. We distinguish between three fre-
quency regimes:
(i): € < 1. Here we get

|z;(\60(§)‘

o0 P /12
< §7§+78+ f (TO) ‘77(/172 (O-)XRSTR(eprelim - zprelim)) (0-, (T)

(o)

f)’dc’
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48
Referring to Lemma 3.2, we have (using the point wise bounds on ¢ (R, £) in Propo-

sition 1.3)
~ 2
‘T(/liz (O_)XRSTR(eprelim - eprelim)) (0', W(;—_))f)‘
H/l /\/R<‘r (eprellm - eprellm )HLI
s o2 TR pog pgrt 0= [ Cro. 1) + [xoal].
5.17)

—~—

Inserting this in the preceding o-integral for Ax(0)y(&), we find

ZaOo(@)] 5 6425t - (o) + o]

In turn recalling the asymptotics for the spectral density p(&) from Proposition 1.3

we obtain
Lo (&)Ex© o
| f P2ELT0(E) o a(r)et J 1 (u) du] de|
0 &4 70
1
—(1— —(1—
<7 M)l + - [ €0
—(1—
<70l o) s + ol
(ii): 1 < & < jzz (@) " Denote the contribution to ZWO under this restriction
z}?%. Again referrmg to the p-asymptotics from Proposition 1.3 an recalling

(5.9), we infer

|
N A2
Sé f ;22((:))) 70-(_))) |7—~(/l_2(0-)XRSTR(€prelim - eprelim)) (O-v /12((;-_) §)| do
sf_ETo H (x0. X1 Hs

where we have used the same asymptotics for |7:( )f as in (7). In turn, this

implies

% 0) N -(1-
‘f 01(5) cos[/l(ro)&J /171(14) du] dg] <7, (1 )[“(xo,xl)Hg + ’)Cod’
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(iii): & > /12 . Here we use that for the corresponding contribution to Ax(‘))

which we call Ax(o)oz, we have

Hfzg(\({)oz(f) HLf,f

m &) H vy do
2(0) " e 53)

00 /12 R
S J Hf% Q(TO) 7:(/1_2 (O—)XRSTR(eprelim - eprelim)) (O—a
70

()

J Hfz ( )XR<TR(eprelim - Eprelim)) (0', ) “ch!p do

o0
N J H (/1_2(0->XRSTR<eprelim - Eprelim)) (0', ) HHéR do

70

_3
<7 7 [l (o 1) 5

where we have used (5.15). We conclude by Cauchy-Schwarz that

P2 (& x(O [
[l cosfagret ) aae

~ ”fo(O)O2 HL2 ST H %0, 1) 5 + [xoal]

The contributions of the remaining terms forming e, 0. are handled similarly, as
is the second estimate of the lemma involving Ax(0);, O

We next use the same argument as in (4.14) to infer the asymptotic relations (for
C>»1l,p>» 1)

1

P2 (E)F (xr<cr¢(R,0))(
[ g

| J pz XR<CT¢(R 0)) (f) Sin[/l(TO)f% JOO /l_l(u) du] d§| ~ 70,

The preceding lemma in conjunction with these asymptotics implies that the van-
ishing relations (5.32), (5.13) will be satisfied for a, 8 in (5.16) satisfying

§) cosa(ro)é? Jw A ) du de| ~ 1,

< 7 ) (o, x1) 5 + ol

o] < 7 1) (o x) 5

Then Step 2 is concluded by observing the bounds (4.9), (4.18), as well as the
analogous bound (recalling (5.8))

H

C_T
(Croé7)N

I, s 75"

whence

305, + 18305, < 75 7 exo 205 + ol
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Step 3: Proof of the low frequency bounds. Here we control A~.x(0)(z,£) in the

low frequency regime & < 1. The choice of Ax(9), Ax(0)| at the beginning of Step
2 imply that

— 0 2t
Asx(0 (1.6) = — J; U(r,0) - T(/FZ(O')XRSUR(eappmx)) (o, //:T(a'))g) do,

and in light of the asserted bounds of the proposition, we need to control

6°Z)TA> x(

( HXE<1A>TX (7.€) Hsl (r.€) HSqr (€<1)"

TO

We show here how to bound the first quantity, the second being more of the same.
We use that

Hf 60U (.o HL2 §<1) ./1(0')’

which then implies

67 22 xO(7,€) |z
o) B 2
< 2% L TZ_)HT(/I Z(O')XRSGR(eaPPmX)) (0-’ /12((:7-)) f)HLZ; do

Then as usual we distinguish between the different parts of e, .. For example,
for the contribution of the principal part epefim — Eprelim, we get by arguing as in (i)
of the proof of the preceding lemma

A(7)

mf)“q@ do

0+ J; %|T(12(U)XRSUR(€preum — Zprelim) ) (7,

ko+1
~ 1 Ao
/18,0(7.0) T ( )

<757 ) o) 5+ o -

1
0'_k°_3/l(§,o(‘7) do - [H(XO’XI)H§ * |x04|]

This is even better than what we need, since we have omitted the weight (%)_" .

The remaining terms in e, pro, lead to similar contributions.

Step 4: Control over the data (ax(©)(€), Ax(© 1(£)) for the free part in the low
frequency regime. In light of the low frequency bound established in the preceding
step, it suffices to establish the high-frequency bound, i. e. restrict to & > 1. Thus
in light of (1.10) we need to bound

||§1+6°Ax( + H§2+5°Ax(

||L2 (&>1) HL2£(6>1)

where (A);(\(’J)o (&), A;(\OJ)] (£)) are defined as at the beginning of Step 2. We shall

establish the desired estimate for Ax(®)y and the contribution of €prelim — Zprelim,

—~—

the remaining contributions as well as the term Ax(®); being more of the same.
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(0) ,(0)

,AX,

satisfy the required bounds. The norm &' ax(0)y(£)] (¢>1) ¢an be bounded by
d

Note that on account of the final bound of Step 2, the correction terms AX,

—~—

o0 3 N /12 (TO)

Hgl+50 J;O U(T, O') . 7:(/1 Z(O_)XRSG'R(eprelim — eprelim)) (O’, Wf) do—HL¢21§(§>1)

* (7o) - - A*(10)
< J; /1(0') ‘|§6OT(/1 Z(O')XRSO'R(eprelim - eprelim)) (0_’ /12(0_) f)"LZ£(1<§< /122(0') ) do

0 & A2(7g)

© 2(10) |y i (2 ; ()
|, T 6 nc R ) o 9

(5.18)

Then recalling parameter x = 2(1+v~1)d , the first term on the right (intermediate
frequencies) is bounded by

P AT0) | g (-2 L 2(10)
LO /1(0') ”fé 77(/1 (O-)XRSO-R(eprellm €prehm)) (0', 2 (O’) é‘:) ||L§§(l<f< :22((:)))) do
0 2
g K -2 ~ /l (TO)
S J;O (T_O) HT(/l (O->XRSO'R(eprelim - eprelim)) (0'7 mg) HLZ; do

and further recalling (5.17), this is bounded by

1
* A50(0)

< logro- 76" - [ (xo, x1) 5 + o] - J (Zye. 200 ko3t g
0 10 /13’0(7_0)

<7 1o x0) 5 + [xaall

The second term on the right of (5.18) (large frequencies) is bounded by

A2 (10)
d
2(c) 3] HL{21£(§> ;22((:))) ) o

0 /12 f . R
J;o %}|§2+%¢(’l 2(0_)/\/R$0'R(eprelim - eprelim)) (o,

0
ag _ ~
s f (_)K”/l 2(0->XRSUR(eprelim - eprelim)(ﬂ', '>HH1+250 do
70 T0 dR

(32—
s 7, (3 )[H(xo,X1)||§ + |deH,

where we have taken advantage of (5.15).

Step 5: Lipschitz continuity of the corrections (A):c(()o) (&), A):c(lo) (€)) with respect
to the original perturbations (xy, X1, Xo4). Here we prove the final assertion of the
proposition. We note that on account of our construction of (A)zcéo) (&), A)zcio) (£)) in
Step 2, their dependence on (xg, x1) comes solely through the coefficients @, 3. We
consider the first of these, the second being treated similarly. Then recall that we
have

c1(y1,72)
@ = 17

c2(y1.y2)’
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where we have introduced the functions
Lo~
_ [ e2E)axD()
¢ 1(71’7’2) == - 1
0 &1
1 ~
© p2(£)AF (Yr<crd(R,0)) (£)
o (y1,72) = T
0 &3
and we also recall the notation, introduced shortly before Lemma 5.3

T foo A2(19)

=

f 7 ) du) de.

70

cos[A(79)é

0

cos[A(r)é* f AV () dud]

70

Zx0)g(&) = . U (70, &)F (X 2 reoReapprox) (07 mg) do. (5.19)

Observe that there is dependence on ;5 via A(7) = Ay, ,,(7), 70 = S;O A(s)ds, as
well as
€approx = €approx (TO,O’ RO,07 '}’1,2)’
with Roo defined as in (3.1), and 79y = S:O s~1=vds, and we interpret Rop as a
function of 7, R, y1 2, and 7o as a function of 7,y . Then writing
Zapprox(Ta R, Y1 ,2) “= €approx (TO,O (T, Y1 ,2)’ RO,O (R, 7,71 ,2)’ Y1 ,2)’

one derives after some algebraic manipulations a relation of the form

ay_,-fevappmx = Aj(Ta yl,Z)RaREuppr()x + Bj(T, 71,2)TaTEappr0x + ayjeapprox, (520)
where the coefficients are given in terms of

A /l(),o

A
Aj(T9 71,2) = Ea’)/](_

_ Ao
— 0y,100(0r00) " - =— 0 (=),
A ) = % 700(0rToo) 0,0 o A ) (5.21)
Bi(t,y12) = v+ 8,,700(0r700) .

In light of the definition (2.14) as well as (4.1), we infer the bounds

),

|Aj(T, 71,2)’ <tk log7 +7 % logt- Ox, (H(xo, Xl)“g + ‘de
Bi(t,y12)| st log.
} J( Y1, )’ g

As for the integration kernel U (7, o), recalling (5.9), we find

‘@ij(To,O')‘
2
3 P2 (5 ) in[A(10)¢2 (7 A (u) d
<togrory AW T_F (| Aot Sf‘) o u]\
B P &
Finally, we can bound 0y,c1(y1,72). Observe the crude bounds
|Z;(\O/)o(§)| < f‘(%_)‘rng .Taz(H(xo,X])Hg + |x04 ), E<1,
[3xO0(&)] £ €612 (| (xox1) 5 + xaal) €2 1,
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which follow from (5.19), (5.9), as well as Theorem 3.1 and the bound (4.1). Again
taking advantage of the p-asymptotics from Proposition 1.3, we infer

—~

0 53 (£)Ax0) L[
\fo W%(COSWW& f A da)de
<7 7 (G, 1) 5 + [od]).

The preceding point wise bound for 0,,U (7, o) easily reveals that a similar bound

—~

is obtained when Ax(0)y(¢) in the preceding is replaced by

2(19)
7 2(0)

o0
j oy, U (t0,0)F (A_ZXRSUReapprOX)( &) do.
70
It then remains to consider the case when the operator dy, falls on the Fourier
transform
_ (7o
7:(/1 ZXRSG'Reapprox) (0—7 %f)
in (5.19), which we handle schematically as follows. Note that when é’yj falls on
A(t), we obtain a function bounded by a < 7% logt - A(7), in light of (2.14).
Further, recall (5.20) as well as (5.21) and the bounds following it, as well as
Theorem 1.5 which gives a translation of Rdg to the Fourier side. In all, we infer a
schematic relation of the form
- A (7o) :
5}/1 [77(/1 Z(O-)XRSO'Reapprox) (O-’ mf)] = Z Aj’
j=1

with the following terms on the right: writing G(c, R) = A72(0")xr<oReapprox»

2 T 2 -
Ay = o70A(0)F (G) (o /;2((0(-))) £), Ay = o RA(0) (£0¢)[F (G) (o, iz((ao)) £)]
_ ko A%(10) ok 22(1p)
Az = o 0A(0)[KTF(G)] (o, mf)’ Ay = o A0)[(005)F (G)](o, 2(0) £)

As = F (/1_2 (O-)XRsa'Rayl eapprox) s

with a similar relation for 0,, but with o replaced by o0 log o
But then performing integration by parts with respect to & or o as needed, and

recalling the point wise bounds on Ax(%)y(¢), we infer
© 4
| f U(ro,0)( ) A)) dor| sey |(xo,x1) [ + |xo] (5.23)
70 =1

Finally also recalling the structure of €0, from Theorem 3.1, we get the bound

0 1
| f U(ro,0)As| s 73 72722 (0) (5.24)
T0
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It is this last term which is dominant, of course. Combining (5.22) and the remark
following it with (5.23), (5.24), we finally obtain the bound (for j = 1,2)

—(ko+2—) .4
Bl s 7% a50(00) + O (G0, )5 + rod) 529)
A simple variation of the preceding arguments also implies the much easier bound
—(ko—1
|0y,02] < 75 %7 1og 7 - 29.0(70).- (5.26)

Combining (5.25), (5.26), and also recalling ¢; ~ 1 from the end of Step 2, we
finally obtain the desired estimate

W) + O ([0 )y + ). 527

Finally, comparing the corrections

‘é’yja‘ S T(;(

239(&) = oF (xrecrd(R.0))(©), 67°(&) = TF (vreced(R.0)) (£),

corresponding to different data quadruples X Xj, we find

[aF0 — A3

o |5, sle—al -z

s (Xlowel i =7)) -7
J

where we have used a bound at the end of Step 2 for the first inequality, and the
preceding can be bounded by

(1-)

< [rg" 7+ On ([ (xosxn)llg + [xo0al) | - ((xo = %o, 0 =31 5 + [x0a = Foal)

in light of (5.27) as well as Lemma 4.3. This is the desired Lipschitz dependence

of A):cf)o) (¢) on the data, provided the latter are chosen small enough (depending on

(0)

70), and that of AX,

(&) is similar.

This concluded the proof of the proposition for the continuous spectral part, and
we omit the much simpler routine estimates for the discrete spectral part. O

5.2.2. Setup of the iteration scheme; the higher iterates. We next add a sequence
of corrections Ax() (1, &) to the zeroth iterate in order to arrive at a solution of (5.4),
but with data differing slightly from (5.5). Specifically, we set for the first iterate

2 = O 4 Ax(D)
where
(D2 + B(1)D: + &) axV (7,8) = Rz, x) + afO(z,), (5.28)
and we recall (5.6) and further use the notation
afO(@.8) = F (72 (1) [5(gppror — 1ig)E” + RN (approx. )] (€).
811" (1) = A7 @) [l prox — 4g)EY + RN (tappron. E0). 4u(R)).
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and further, we naturally set
50 (r.R) = xO(z f B(R.)x) (1, £)p(¢) d.

For the higher corrections M( ), j = 2, defining the higher iterates, we set corre-
spondingly
(D2 + B(1)Dr + €) axl) (1,6) = Rz, ax D) + af UV (7, 8), (5.29)

and we use the definitions
Af(jil) (T ‘f) = 7‘-(/172 (T)XRST [5(M2ppr0x - ug)Ag(jil) + RN(MQPPVOX’ AE(jil))]) (é:) ’
s @)

= f 2 (T>XRST [S(Mipprox MO)AS(J b + RN(MHPI”OX’ AS )]¢d( )
where we set
2zl (z,R) = f $(R.&)axUD(1,)p(€) dé + axl) ™" (T)a(R). j = 2.
0

The fact that upon using suitable initial conditions these equations yield in fact
iterates which rapidly converge to zero in a suitable sense follows exactly as in [19],
and so we formulate the corresponding result, which is a summary of Propositions
9. 1-9. 6 and most importantly Corollary 12.2, Corollary 12.3 in [19]:

(J) (J))

Proposition 5.4. For each j > 1, there exists a pair (Ax e S, and such

that if we set up the inductive scheme (recall (5.9))

ax(r,€) =
T 2 T
f U(r, o) [R(r, axi=D) + a fU=1(7,8) (o, ; (((3) &) do (5.30)

+ 5 (1) (A%éj), A%&D)

for the continuous spectral part, while we set (recall (5.10))
8x9 () f Ha(t,0) - [Ra(r, 5597D) + 80f 0D (0, 8))(0) dor, (531)
then we obtain control over the iterates in the following precise sense: there is a
splitting
() — ) ~) )
Ax I (1,€) = DorxV(1,8) + S (1) (2%, 25))

i) L))

in which AXy, AXY satisfy the vanishing conditions
w ~J) 0
[ OO e | At ande~o (532)
0 & o
w ~J) 0
f p (mfl © sin[/l(To)f A (u) du] d = 0, (5.33)
0 é‘-‘Z 70
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and such that if we set

— T , , 2(r
Ax(j) (T, é‘-‘) = J U(T, 0') . [R(T,M(j_l)) + Af(j_l) (T,é)] (O’, ;2((0_))5) do

and introduce the quantities (with k = 2(1 +v~1)8¢)

DA : _ngg 2 ee 18395, 8) 5, + €7D, ax0(r.¢) Isqre=1y
+f§§o ) ecisenxP(@)|g, + 60 Dr2508x (5.8)|g iy

() + supT (]Ax] (1) + \&Axéj)(r)b,

(5.34)

+|| Axo ,ij +|| Axo ,ij

s s

where we recall (5.11) for the definition of H . H Sqr then we have exponential decay

1A 35 6/[|[(x0. 1) 5 + [vou]

for any given 6 > 0, provided tq is sufficiently large (or equivalently, ty is suffi-
ciently small). In particular, the series

x(1.8) = x0(1,8) + Y axli)(z,8),
j=1

converges with

SUP HfH&O x(7,€) HL2 ((E>1) + SuP HfZMOD x(7.8) HL2 (1)

T=T0
S [ o-20)5 + fxoa]

Also, for low frequencies, i. e. £ < 1, there is a decomposition

x(1,€) = x51(1,€) + S (1) (%0, X1)

such that Xy, X1 satisfy the natural analogues of (5.32), (5.33), and we have the
bounds

sup Hf 0 x(7,€) HL2 @€<n T SuP Hf 2 Dx(1,) HL2 (£<1)

T2T0
+ | &0, 1)l 5 (o, x0) 5 + |xw|-

Finally, we also have

sup Tl_|xd(‘r) — xflo)(r)| < ||(x0,x1)H§ + |x0d|.
=10
The function
u(T,R) = Uapprox(T,R) + €(T,R)
with

E(r.R) = xa()oa®) + [ " o(R.)x(r. () de
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is then the desired solution of (5.3), satisfying the properties in terms of its Fourier
transform specified in Theorem 5.1. In fact, we set

Ax172) Z ARV, ax) (11.72) Z Ax ’)\T r0r K= 0,1,
jzl1 J=1

In fact, all of the assertions in the preceding long proposition follow exactly

from the arguments in [19] (the only difference being the slightly different scal-
ing law A(7)), and this will easily establish almost all of Theorem 5.1, except its
last statement concerning the Lipschitz continuous dependence of the initial data
perturbation with respect to the initial perturbation (xo,x;). This is a somewhat
delicate point which requires a special argument, analogous to the one given for
the corresponding assertion in Proposition 5.2. We formulate this as a separate
proposition at the level of the iterative corrections:
Proposition 5.5. If (Axo ),Axgj)) (A%éj), A%ij)), Jj = 1, are as in the preceding
proposition and with respect to perturbations specified in terms of data quadruples
(X9, Xx,) respectively (X,,X,) € S, then for any given § > 0 we have the Lipschitz
bound

H(A)%(j) (J) ( ) Ax( ))Hs

_(1_)6J[H(xo — X0, X] — X1) H§ + ‘xo

I,

provided T is sufficiently large compared to 9, and
| Geos x) g + [ Gios 31) g + [-x0a| + [Fod
is sufficiently small depending on 1.

To begin the sketch of the proof, we observe from the proofs of Proposition 7.1,

8.1, 9.1 in [19] that the profiles of the corrections A?cf(] ), k =0,1, are fixedup to a
multiplication parameter, and more precisely we set

23 = dOF (yrecr@(R,0)), a3 = BIF (yrecr$(R,0)),

whence the only dependence of the corrections Ax(j ) on the data Xp,1 reside in
the coefficients /), 8(). The latter, however, depend in a complex manner on
the iterative functions Ax(),Azx(/), and so we cannot get around analysing the
(Lipschitz)-dependence of the latter on xp ;. This latter task is rendered somewhat
cumbersome by the fact that in each iterative step we use a parametrix which re-

scales the ingredients (via the factors ( ) which depend on y; > whence on xp 1,
and so differentiating with respect to y; will result in a loss of smoothness. What
saves things here is the fact that the coefficients a(/), 8(/) are given by certain in-

tegrals, which are well-behaved with respect to inputs with lesser regularity, as
already seen in Step 5 of the proof of Proposition 5.2: there differentiating the term

2
9”(/1_2 (O')Reappmx) (o //112((?)) &) with respect to y; results in a term (see the term
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Aj in the list of terms preceding (5.23))

7550 (£0) [F (A2 () Reapprox) (0, S5

which is of lesser regularity with respect to &, but the corresponding contribution
to y,Ax()(£) and thence to the integral

© o} (£)0, Zxl0) s
f p (f)a”Alx o©) cos[A(7o)é2 J A (u) du] dé
0 &1 "

is then handled by integration by parts with respect to &.
The exact same type of observation applies to the higher order corrections Ax) (1,€)
as well.

To render this intuition precise, we first need to exhibit a functional framework
which will be preserved by the iterative steps and which adequately describes the y;
differentiated corrections Ax(/). To begin with, we introduce two types of norms:

Definition 5.1. Call a pair of functions (Ay(t, &), Ayq(t)) strongly bounded, pro-

vided there exist (A%(f), AP (&) € S, as well as (AYo(£), A1 (&€)) € S, the latter
satisfying the vanishing conditions (5.32), (5.33), such that if we set

2Y(1,€) = s0y(n.€) + S (1) (850(6), 231 (£))
ay(1,€) = 8y(1,€) + S (1) (430 (&), 471 (€))
then we have (recall (5.11))
+o0 > | (ay(r, 6) 25405 o
= j}g@ 2 ees183&)ls, + 170 DA E) |5 grienny
+ ngg 2 ecinseay(@m o), + 62 Detsery(n.6) g ea)

+ “ AyO’Ayl HS + “ AyO’Ayl HS + SllpT ’Ayd( )’ + |aTAyd(T)|)'

We call a pair of functions (Az(7, &), Azq(7)) weakly bounded, provided there exist

(820(€), 821 (€)) € S as well as (AZ(£), 221 (€)) € S not necessarily satisfying any

vanishing conditions, such that if we set
AzZ(1,€) = Dsrz(T€) + S (7
rz(1,€) = 8z(1,€) + S (1) (a

AZ0(€), £Z1(8)),
(€), 471 (£))

)(a
AZo
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then we have

+ 0> | (82(r,8), 2(7)) 5., =

A
oo [ sup (AT 20t (e, )]

0 =70 /1(7') HféOD AZ o f HS‘I"(5>1)]

<§>'%—L2

A
+ TEI[TS;JP(( A((TTO)))2‘5‘)“H)(g<1A>TAZ(T,§)Hs, + 60 Deor2(1.6) | 5 r)]
+ @t a%, @5 + (B, 3]s + sup T oryacy()

=19 T 0/1( )

Here the norm H . H Sor is defined just like in (5.11), except that the power 46y is

replaced by —2 + 46.

L.
loses €72 in terms

Observe that by comparison to H .

, the norm H .

A(7)

of decay for large &, and we lose a factor 79—+ o) in terms of temporal decay.

Using the preceding terminology, we can now introduce the proper norm to mea-

sure the expressions arising upon applying d,, to the corrections Axt) (1,€). Note

that the dependence on the y; results on the one hand from the parametrices
U(r,0),S (1),

as well as from the expressions eqpprox» Uapprox, Uo and A(7) in (5.7). To emphasise

Atrong S weak

that we want to measure the differences of functions, we introduce the symbol AS
for the relevant space:

Definition 5.2. We define AS as the space of pairs of functions (Ax(t, &), Axq(7))
which admit a decomposition

Ax(1,8) = (£0¢)ay(7,€) + 22(1,§), Axa(7) = 4ya(7) + £24(7)
such that Ay is strongly bounded and Az is weakly bounded, and we then set
H Ax(1,€), Axy(T HAS := inf (H(Ay(‘r, &), Aya(1)) +H(Az(7’, &), Azq(7))

where the infimum is over all decompositions into differentiated strongly bounded
and weakly bounded functions.

S strong N weak )

We use the norm |- H ¢ to measure the pair quantities (0y, ax(1,€),0, Ax(] )( )
where k = 1,2. To ach1eve this for all the corrections, we need an 1nduct1ve step
which infers the required bound for the next iterate, as well as rapid decay of these
quantities. Correspondingly we have the following two lemmas:

Lemma 5.6. Provided the (Ax(j ), Axf,j)

assuming the bounds there, we have
| @nexD (. 8), 2057 () .5
<7t k°+H AxU—D Ax(’ 1))

k=1,2.

) are constructed as in Proposition 5.4, and

+TO+H(§ axl— 1(T &), (37KAx(] D T))HA§’

N strong
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Lemma 5.7. Forany § > 0, there is T, = 74(0) large enough such that if 1o > T,
then we have

(0260 (5.8). 3,85 (2)) s 0 73 272 x0)6 11+ O (20,005 + ).

Observe that the principal contribution here arises when the operator 0,, gets
passed from one correction to the earlier one, until it arrives on the source term
eapprox- All other terms arising can be bounded by

Oy (| (x0, 1) [ + [1x0a])
The proofs of these lemmas follow very closely the arguments in [19], and we

shall only indicate the outlines:

Outline of proof of Lemma 5.6: One may assume a decomposition
(0y, axU=D(z,8), 67KAx(J l)(T))

= ((€2)209 ™ D (1,8) + 829D (1,8), 805 V(1) + 82V (1)
with, say,

+ (a0, 8257y

H(Aky(j 1) Akyl(ij 1)) S strong Y HSwmk

< (0,820 V(1,8), 0,857V (1)) 5

Now let the operator J,, fall on the expression for ax) (1,€) in Proposition 5.4,
given by the parametrix (5.30). Then if J,,_ acts on the scaling factor in

2(1)

[R(T, ﬁ(./‘l)) + Af(j_l)(T’ §)](O-’ /12(0-)

£),

as well as in
S(r )(Ax(gj),Ax( ))

defined as in (2.2), then one can incorporate the corresponding term into (g—‘c?é:)AKy(j) (1,€).
On the other hand, if J,, falls on the parametrix factors

U(r,o), V(t,70), U(1,70),

where we recall (5.14), or on one of the y,-dependent factors uspprox — Uo, uﬁ,ppmx
in Nopprox(€971) — Nypprox(€V72) (recalling (5.29)), we place the corresponding
contribution into Az(/). The required bounds follow essentially directly from the
proofs of Proposition 7.1, 8.1, 9.1, 9.6 in [19].

On the other hand, if @,, falls on AxU~" in R(z, AxU~1), and we assume that
&ykAx(jfl) = (§6§)Ay(j71), Ay(jfl) € Sstrong,

one notices that one can ’essentially’ move the operator (£0¢) past the non-local
operator R modulo better errors which can be placed into Az(/), and further to the
outside of the parametrix. The situation is slightly more delicate provided 0,, falls
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on a factor A" in afU=1) again recalling (5.29) and the definition of AfU—1.
Then writing

230 (z,R) = ax¥(1)a(R) + JOO (R, &)ax" (,£)p(¢) dé,
0

we exploit the spatial localisation forced by the cutoff yg<; in order to perform an
integration by parts, provided

8y, 03 = (£0) 8y,

Thus write

Xrecr jo B(R.€)(0) 8y (1. £)pl£) de

= —Xr<cr f Oo@f) [6(R.€)p(&)] 2y (7, €) dé,

0
and then use the bound

sup T‘IHR‘IXKCTL (%6)[8(R.E)p(&)]a) (7.€) dt] o < |4y

S stron g

Indeed, such a bound follows easily from the asymptotic expansions for ¢(R, &)
given by Prop. 1.3. If we assume

8ykAx(l) = AZ(I) € S weak

we have the weaker estimate

/l B 0
sup /l((‘i))) IR ])(R<er0 $(R.&)p(¢)s7"(x,€) d§||L;<; s a2

N weak "

Using these and arguing just as in the proof of Proposition 9.6 in [19] yields the de-
sired bound for the corresponding contribution of 0, A f =D to ax() (1,£), which
is placed in Sy eqr.

Next, consider the effect of J,, on the free term, when it falls on the source term
(A%éj ), A)%(()] )). In light of the choice of these terms, see the paragraph after the
statement of Proposition 5.5, we have

aVKA'%(()j) = (ayxal(j)>7:(/vR<CT0¢(R’ O))’ aVKA§§j) = (a%(ﬁ(j))?(XRgCTOqﬁ(R’ 0)>’

and we have

oy ~ o, L ” Pé(f)Zféj )_@) cos[A(ro)¢? f ’ A (u) du] dé,
where ‘ ’
5390 - [ vimon e do
and !

H(o€) := [R(r, axV D) + afU=(7,8)] (0. €).
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The performing integration by parts with respect to & if necessary, one checks that

| j p2 a)’KAx )

©) cos[A(zo)éd f " ) du) de

<77 [y "« Axf 1) AXE,J V) + [(6y,0xU7D, 0, Ax] V) ) 5]

, and the bound for (%,KA):CY )

N strong
This implies the required bound for J,, ARV
One then places

is similar.

S(r )(%Axé),a A“(’))

into S yeqk-
Outline of proof of Lemma 5.7. This follows in analogy to the arguments in sections

11 and 12 in [19], a key being re-iterating the iterative step leading from 0, Axl(j -

to 8,,6x” ") by differentiating (5.30).

Completion of proof of Proposition 5.5. Recalling Lemma 4.3 and also invoking
Lemma 5.7, we find

65— 30,030 - 50
_ T00+ IOgTO (ko+2 ) 1
<o [ (x0 = %o, x1 = X1)| 5 + | *0a — Xoa] 51[—1 7, /12(7'0)
/léo( 70)

Observe that the final 7, (=) arises when keeping A fixed and varying the initial
data satisfying the vanishing conditions, just as in [19], while the more complicated
2-)

expression preceding 7,
get

reflects the effect of changing y;». and so we finally

A =) A X P —(1— - - —
(30— 3, 239 — 50| 55 8970 0~ o1~ 75 + |0 — o]
This implies Proposition 5.5.

5.2.3. Proof of Theorem 5.1. This is a consequence of Proposition 5.5. Recalling
Proposition 5.2, Proposition 5.4, it suffices to set

(y1:72)

0
(Axo Ax&)’l,)’z)) _ Z(A}(()])’A}Y))

(Ax(% 72 71 72) Z J ), & Ax()( 0))

Then the correction €(7, R) is given by its Fourier coefficients

x(r.8) = 2V + ] ax (1)

j=1
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(J))

The decaying bounds over H Ax) ax

= AAjimply that (recalling (1.11))

S stron g

z@m=wmm®+£%mamﬁmaﬁﬂﬁk

for any 7 > 70, as desired. The fact that the local energy (restricted to |x| < [])
vanishes asymptotically follows from

3~ 3 €
||r6r||L5r(r<t) sAa HERHLEIR(RST) + 77| R HL?IR(Rgr)’
and invoking the Fourier representation to bound the L2-norms on the right, result-
ing in

HrerHle{r(rgt) < T%*%(Hrl),

and similarly for re;.

5.3. Translation to original coordinate system. In the preceding sections, we

have obtained a singular solution of the form (the sum of the first four terms on the

right representing ul(l’;‘p}'él given by Theorem 3.1)

ke —1

M(T,R) Z/l%(T)W(R)‘F Z VJ(TR Z Vsmootha(T R)+V(T R)+R (T R)
a=1,2

with the error term €(7, R) given by the Fourier expansion

f O (8) + ) axt) (r,6)]ole) de.

=1
At initial time T = 70, setting x(7,&) := x(0(7,&) + pIy ax(z,£), we have

from our construction

(X(To,f),@rx(To,f)) _ (x(())/l’n) + Ax(()yl 72)7 g)’m’z) + Axi%yz))’

(y1:72)

(y1:72)
d + Ax

xq(70) = x

where we recall
o0
7172 Z Z—IZA 7172 ZAX

The fact that we have added on the correction terms Axl(y"n) (¢) means that the
data

(R_IE(TO, R), O,R™! &(t0.R))

will no longer match the original data (€;,€;), and we need to precisely quantify
this correction at the level of the Fourier variables associated with the old radial
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variable R . Doing so requires recalling (2.17) - (2.19) as well as Lemma 4.1. As-
sume that our construction has replaced the data (€}, €;) in (5.2) by (€] + A€}, €2 +
A€), we have the relations

0
Raa(R) = | 0RO Epl6) de + 23 guR)
0 A A
ax{7) () = —A—I(TO)J O(R.E)RoerdR — TKectxy ™ = TKeana] 7,
0
where we recall that 4 = 4,, ,,. Recalling the relation

0,0 , _
XréCtougppzox[IO] + (e1,©) = ercmuglpﬁzc[to] + (€1, &)

for the initial data, we see that the initial data perturbation (e;, €) in (2.1) has been
replaced by

(@1 + der, @ + &) + (1 — xr<cn) - (umolio] — w2 [60]),  (5.35)

Here we may suppress the term

(1 = Xrecn) - (uipplorlto] — ulerlro])
since this will not affect the evolution in the backward light cone. In light of the fact
that the corresponding Fourier variables (xo, x;) were computed from (€, &) via
(2.17) - (2.19) with y| o = 0, we infer that the perturbed data (5.35) with the second
part suppressed correspond to Fourier variables (with respect to the physical radial
variable Ry ) given by (xp + Axg, x; + Axp) for the continuous part and x4 + Axy
for the discrete part, where we have

Axo(€) = fo #(Ro,0,€)Roo2€ (R(Rop)) dRoo,

o0
Axg = f ¢a(Ro,0)Ro0A€1 (R(Ro0)) dRo o
0

. ) )
_ Ao,0 A0,0
axy(€) = =254 (7o) f ¢(Ro,0,é)Ro00& dRoo — ——Kectrxg — ——KeatrXa
’ 0 40,0 Ao,
_1 @ 00 0.0
Axig = —Ayo(t0) | @a(Ro0)Ro0AE dRoo — ——Keerxa — ——KaeAxo
’ 0 0,0 Ao,0

Then using Lemma 4.1 we easily infer

axo(@)ls, < laxg™ 5, + |2z ™) s 70" (xo. o) + [

I,

and similarly

lax1®)5, < 771 xox0) 3 + |x0a]]
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For the discrete part of the correction, we get
0
|Ax0a| = | J ¢a(Roo)Roone (R(Roo)) dRoy
0

<75 froa] + [ ro. 1) g + ol

Finally, we observe that the discrete spectral part of €, + A€, with respect to the
radial variable Ry is completely determined in terms of (xo, x), xoz and in fact a
Lipschitz function of these. To conclude this discussion, we note that our precise
choice of A¢;, [ = 1,2, as well as Theorem 5.1 imply that the mapping

(X(), X1, X()d) — (AXO, AXy, Ade)

is Lipschitz with respect to the norm | (-, )|y + | -

, with Lipschitz constant « 1.

6. Proor oF THEOREM 2.1

This is immediate from the preceding discussion: the implicit function theorem
guarantees that the mapping

(x0, X1, X0a) — (X0 + AXo, X1 + AX1, X0 + AXoa)

is invertible on a sufficiently small open neighbourhood of the origin in S x R.
Moreover, the second discrete spectral component x4 + Axjy is then uniquely
determined as a Lipschitz function of

(xo + AXxp, X1 + AX1, Xoq + Ade).
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