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Abstract

The theme of this thesis revolves around three important manifestations of light, namely its
corpuscular, wave and electromagnetic nature. Our goal is to exploit these principles to analyze,
design and build imaging modalities by developing new signal processing and algorithmic tools,
based in particular on sampling and sparsity concepts.

First, we introduce a new sampling scheme calledariable pulse width which is based on the
“nite rate of innovation (FRI) sampling paradigm. This new framework enables us to sample
and perfectly reconstruct weighted sums of Lorentzians; perfect reconstruction from sampled
signals is guaranteed by a set of theorems. Weighted sums of Lorentzians provide an interesting
parametric model to describe signals that can be naturally represented by a sum of pulses. For
instance, extensive experiments have shown that it is a particularly suitable model to tackle the
problem of electrocardiogram compression.

Second, we return to the context of light and study its re”ection, which is based on the
corpuscular model of light. More precisely, we propose to use our FRI-based model to repre-
sent bidirectional re”ectance distribution functions. Such functions are naturally de“ned on the
sphere, which is also a motivation to generalize our sampling framework to the spherical domain.
We develop dedicatedight domesto acquire re”ectance functions and use the measurements ob-
tained to demonstrate the usefulness and versatility of our model. In particular, we concentrate
on the representation of specularities, which are sharp and bright components generated by the
direct re”ection of light on surfaces.

Third, we explore the wave nature of light through Lippmann photography, a century-old
photography technique that acquires the entire spectrum of visible light via the phenomenon
of interference. This fascinating process captures interferences patterns created by the exposed
scene inside the depth of a photosensitive plate. Following development, the colors of the original
scene can be reproduced by illuminating the plate with a neutral light source. After interacting
inside the plate, the illuminating light is re”ected back and its spectrum corresponds to that of
the exposed scene. Based on the original theory by Gabriel Lippmann, who won the 1908 Nobel
Prize for this invention, we propose a mathematical model which precisely explains the technique.
More importantly, we demonstrate that the spectrum reproduction su ers from a number of
distortions due to the “nite thickness of the plate and the choice of re”ector. In addition to
describing these artifacts, we propose an algorithm to invert them, essentially recovering the
original spectrum of the exposed scene.

Next, the wave nature of light is further generalized to the electromagnetic theory, which
we invoke to leverage the concept of polarization of light. We also return to the topic of the
representation of re’ectance functions and focus this time on the separation of the specular
component from the other re”ections. We exploit the fact that the polarization of light is
preserved in specular re”ections and investigate camera designs with polarizing micro-“lters
with di erent orientations placed just in front of the camera sensor; the di erent polarizations of
the “lters create a mosaic image, from which we propose to extract the specular component. We
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viii Abstract

apply our demosaicing method to several scenes and additionally demonstrate that our approach
improves photometric stereo.

Finally, we delve into the problem of retrieving the phase information of a signal from the
magnitude of its Fourier transform. We assume the original signal to be sparse; this is a natural
assumption in many applications, such as X-ray crystallography, speckle imaging and blind
channel estimation. We propose an algorithm that resolves the phase retrieval problem for
sparse signals in three stages: “rst, we exploit the “nite rate of innovation sampling theory to
super-resolve the auto-correlation function of a sparse signal from a limited nhumber of samples;
second, we design a greedy algorithm that identi“es the locations of a sparse solution given the
super-resolved auto-correlation function; third, we recover the amplitudes of the atoms given
their locations and the measured auto-correlation function. Unlike traditional approaches that
recover a discrete approximation of the underlying signal, our algorithm estimates the signal on
a continuous domain, which makes it the “rst of its kind.

The concluding chapter outlines several avenues for future research, like new optical devices
such as displays and digital cameras, inspired by the topic of Lippmann photography.

Keywords: Color, electrocardiogram, “nite rate of innovation, Hilbert transform, hyper-
spectral imaging, interference, inverse problem, Lippmann, phase retrieval, photography, polar-
izing “Iter, pulse compression methods, re”ectance function, sampling, signal denoising, sparsity,
spectral analysis, specularity, spherical harmonics, standing wave, variable width, X-ray crystal-

lography.



Resume

Le theme de cette tteése searticule autour de trois manifestations importantes de la lumerea’
savoir sa nature corpusculaire, ondulatoire etelectromagrétique. Notre objectif est deexploiter
ces principes pour analyser, concevoir et construire des modalis deimagerie eeEloppant de
nouveaux outils de traitement du signal et des algorithmes, bas$ notamment sur les concepts
d«echantillonnage et de parcimonie.

Premirement, nous introduisons un nouveau schima d€chantillonnage appe€ variable pulse
width, qui est bag sur le paradigme de kchantillonnagea taux deinnovation “ni (FRI, pour “nite
rate of innovation). Ce nouveau concept permet dachantillonner et de reconstruire parfaitement
des sommes ponelfees de Lorentziens; la reconstruction parfaite a partir de signaux échantillon-
nes est garantie par un ensemble de #orémes. Les sommes pondées de Lorentziens pgsentent
un mockle paramétrique interessant pour dcrire des signaux qui peuvent etre naturellement
represengs par une somme deimpulsions. Par exemple, nombre deegnces ont monté queil
seagit deun moctle particulierement approprié pour seattaquer au prob€me de la compression de
signaux cardiaques.

Deuxiemement, nous revenons sur le tme de la lumére etétudions le principe de €"exion,
bast sur le modle corpusculaire de la lumére. Plus précisfment, nous proposons deutiliser notre
modele d€échantillonage bag sur la theorie FRI pour repésenter les fonctions de distribution
de la re"ectance bidirectionnelle. De telles fonctions sont naturellement d“nies sur un domaine
sphérique, ce qui est aussi une motivation pour ghéraliser notre technique déchantillonnage aux
signaux dé“nis sur la sphére. Nous @&veloppons deslomes de lumére dediés pour acqlérir des
fonctions de r”ectance et utilisons les don&es obtenues pour dmontrer leutilit'e et la polyvalence
de notre mockle. En particulier, nous nous concentrons sur la re@Sentation des spcularites,
qui sont des composantes e Ees et brillantes grérées par la ré"exion directe de la lumiere sur
les surfaces.

Troisiemement, nous explorons la nature ondulatoire de la lun@fe grace a la photographie
Lippmann, une technique de photographie plus que centenaire qui capte le.ensemble du spectre
de la lumere visible par le biais du phénomeéne deinterérence. Ce processus fascinant gge
des motifs deinterferences ceés par la seene exposa lsinterieur de la profondeur deune plaque
photosensible. Apes dtveloppement, les couleurs de la s&@ne originale peuveatre reproduites
en éclairant la plaque avec une source de lurefe neutre. Suite a son interactiona lsinterieur
de la plaque, la lumire est €€chie et son spectre corresponda’celui de la s€ne exposte.
Basé sur la théorie originale de Gabriel Lippmann, qui a remporg le prix Nobel en 1908 pour
cette invention, nous proposons un modle matematique qui décrit precissment le pro@&dé. Plus
important encore, nous c¢montrons que la reproduction du spectre sou re de plusieurs distorsions
duesa lsepaisseur “nie de la plaque et au choix du &"ecteur. En plus de décrire ces artefacts,
nous proposonsgalement un algorithme pour les inverser, retrouvant ainsi le spectre original de
la s@@ne exposte.

Ensuite, la nature ondulatoire de la lumiere est gnéraliste a la theorie électromagrétique,



X Resumé

gue nous invoquons pour tirer parti du concept de polarisation de la lumgre. Nous revenons
egalement sur le sujet de la repésentation des fonctions de ©”ectance et nous focalisons cette fois
sur la $&paration de la composante spculaire des autres ©"exions. Nous exploitons le fait que la
polarisation de la lumire est psenge lors de ©"exions speculaires etétudions la conception de
caméras avec des micro“ltres polarisants ayant di érentes orientations pla&es juste devant le cap-
teur de la caméra; les di ‘erentes polarisations des “Itres c€ent une image en mos&jue, a partir
de laquelle nous proposons deextraire la composante spéculaire. Nous appliquons notretindde
de dématricagea plusieurs senes et gdmontrons entre autres que notre approche asdiore le
procédé stéreo photométrique.

Finalement, nous nous penchons sur le probEme de lsextraction de lsinformation de phase
deun signala partir de la magnitude de sa transfornée de Fourier. Nous supposons que le signal
mesuré est parcimonieux; ceest une hypotbse Baliste dans de nombreuses applications, telles
que la cristallographie aux rayons X, lsimagerie a granularig et leestimation aveugle de canal.
Nous proposons un algorithme qui €sout le probEme deextraction de phase pour les sighaux
parcimonieux en trois étapes : premérement, nous exploitons la théorie de lechantillonnage a
taux deinnovation “ni pour améliorer la r" esolution de la fonction deauto-coriélation du signal
mesuré a partir deun nombre limit'e d€chantillons; deuxémement, nous estimons les positions
deune solution parcimonieuse compte tenu de la fonction deauto-corilatiora super résolution;
troisemement, nous calculons les amplitudes des atomes a partir de leur position et de la fonc-
tion deauto-correlation mesurée. Contrairement aux approches traditionnelles qui fournissent une
approximation discete du signal sous-jacent, notre algorithme estime le signal sur un domaine
continu, ce qui en fait le premier du genre.

Le chapitre de conclusionevoque plusieurs pistes pour de futures recherches, comme de nou-
veaux dispositifs optiques tels que degcrans et des appareils photo numériques, insp@s par le
sujet de la photographie Lippmann.

Mots-ClI” es : Couleur, électrocardiogramme, taux deinnovation “ni, transform’ee de Hilbert,
imagerie hyperspectrale, interérence, probEme inverse, Lippmann, extraction de phase, photo-
graphie, “ltre polarisant, méthodes de compression deimpulsions, fonction de ©”ectanceethan-
tilonnage, débruitage, parcimonie, analyse spectrale, spculari#, harmoniques splériques, ondes
stationnaires, largeur variable, cristallographie aux rayons X.
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Chapter 1

Introduction

Newton thought that light was made up of particles, but then
it was discovered that it behaves like a wave. Later, however
(in the beginning of the twentieth century), it was found that
light did indeed sometimes behave like a particle. [...] Now
we have given up. We say: eIt is like neither.Z

The Feynman Lectures on Physics
Richard Feynman

1.1 A photographic perspective on light

Since the dawn of civilization, people have tried to understand and explain light. In ancient
Greece for example, Pythagoras believed that vision was due to light rays emitted from the
eye and illuminating objects. Even though light seems a very familiar concept, it took several
centuries for physicists and scientists to establish sound theories that fully characterize and
explain the principles and laws that govern the propagation of light and its interaction with
matter. In fact, a number of theories can explain di erent phenomena.

Light plays a central role in this thesis. Before diving into the theoretical details, we brie"y
review its main properties from a photographic perspective: to do so, let us have a closer look
at Figure 1.1, which summarizes some of the e ects and interactions that light can have in a
scene. In vacuum, light propagates in straight lines. However, when traveling in di erent media
or interacting with objects, light can be subject to various optical phenomena. The most obvious
e ect in Figure 1.1 is the re”ection of light, embodied by the mountain that appears inverted

1
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Figure 1.1: Mount Rundle and Vermilion Lakes near Ban , AB in Canada. This photograph is

a composite of images that have been taken with a circular polarizing “lter having two di erent
orientations. The three theories of light can be observed in this single picture: the corpuscular
theory can describe among other things the re”ection of light on the objects of the scene. The
wave theory is highlighted by the soap bubbles, whose thin layer creates interferences. The
electromagnetic nature of light is embodied by the polarizing “lter that almost fully suppresses
the re”ection from the surface of the lake on the left side of the image.

in the lake of the foreground. More generally, all the light reaching the camera has undergone
some re”ection of some sort as there are no light sources directly visible in the scene: the sun for
instance is already hidden behind the surrounding mountains. A facet of light that usually goes
hand in hand with re”ection is absorption. Light is rarely fully re"ected by materials; instead,

a certain amount ends up being absorbed by it. This is the reason why the trees appear much
darker than the snow in the scene: the trees absorb some of the light and use it to create energy
via photosynthesis. On the other hand, almost all the light that hits snow patches is re"ected.

Refraction is another important aspect of light: when light traverses di erent media, it can
undergo changes of direction if the indices of refraction of these media are di erent. It can be
observed for instance by looking through a glass of water. In Figure 1.1, refraction occurs at the
interface between air and the lake.

Another optical phenomenon of interest isinterference, which relies on the wave nature of
light and occurs when several waves interact with each other. Water interferences can be created
by throwing two stones into a still lake. The resulting waves either add up constructively or
destructively, producing peaks and valleys on the surface of the water. The same happens with
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(a) Corpuscular theory (b) Wave theory (c) Electromagnetic theory

Figure 1.2: lllustration of the three theories regarding the nature of light used in this thesis.

light, the dierence is that light waves have extremely short wavelengths, which makes them
more complicated to observe. A relatively easy way to indirectly visualize interference is with
soap bubbles, which are made of a very thin “Im of soap. The light re’ects back and forth at
the interface between the soap and air and interferes with itself; this results in intriguing colors
that depend on the thickness of the “Im, as showcased in Figure 1.1.

Lastly, we are interested inpolarization. This phenomenon is based on the intuition that light
traveling through space has an orientation. Using a polarizing “Iter, light can be “ltered and
selected according to its di erent orientations. For example, the photograph in Figure 1.1 has
been realized with a polarizing “Iter in front of the camera. The di erence between the left-hand
side and the right-hand side is that the “Iter has been rotated by 90 degrees. As a result, the
re”ection from the surface of the lake is either preserved or diminished.

There are more properties that are not covered in this dissertation: for instance, the light
can bescattered by objects; this is what happens in the sky and the clouds.

1.2 Understanding light

Now that we are familiar with the main properties of light, let us dive deeper into the mathematics
behind them. We begin our journey by reviewing the main theories that model the di erent
aspects of light; we explain here a few essential ideas from each of these theories and provide
the necessary background for the later chapters. In order to illustrate these concepts, we pick a
familiar light source,our sun,that will follow us throughout this introductory chapter.

1.2.1 Corpuscular theory

Chronologically, the “rst rigorous theory of light dates back to the 16th century and is directly
in"uenced by the mechanical philosophy, a scienti“c movement that aimed at explaining the world
with mechanical and deterministic principles. The “rst mathematical model was introduced by
Descartes, who proposed theorpuscular theory in his famous Discours de la Méthode [50]. The
corpuscular theory postulates that light is made of tiny particles that travel in straight lines
and interact with the objects of a scene the same way a ball would interact when it hits other



4 Introduction

Quantity Expression Unit
Flux (A) J Is=W
Irradiance E(X) = ‘SA(’(% W/m ?
Radiosity B (x) = g,gfgg) W/m?2
Intensity ~ 1( )= ¢ W/sr
Radiance L(x, )= cosd;% W/m 2sr

Table 1.1: Basic radiometric quantities

objects. The theory can explain physical phenomena such as re”ection and refraction and was
the predominant doctrine in the seventeenth century, being notably supported by Newton [132].
In the corpuscular model, if we know the geometry of a scene and the position and intensity
of the light sources, we can precisely compute how light is scattered in space by simulating
a very large number of light particles bouncing in the environment. This is exactly what is
done in rendering engines, which employ algorithms such asy tracing to compute synthetic
images [146]. To do so, we also need to precisely measure light; this is the scienceaafiometry.

Radiometry

Radiometry is of interest here as it allows us to precisely quantify how light is transported,
re"ected and scattered in a scene. In this section, we assume that light consists of particles,,
photons,with position x and direction of motion *; unless speci‘ed otherwise, is measured
with respect to the surface normal of the object hit by the photon. We brie”y review below a
few important radiometric quantities. These quantities are also summarized in Table 1.1.

Flux The radiant "ux or radiant power ( A) is the total amount of energy passing through
a surface or spaceA per unit time and its unit of measurement is the Watt (W) or Joule per
second (J/s). Note that the term ¢"uxe is not only reserved to radiometry and is used to describe
various other physical quantities such as thevolumetric "ux in "uid dynamics. In fact, we can
make the analogy between photons passing through a surface and water "owing in a pipe.

The "ux of the sun is the total energy carried by the photons it emits every second and is
called the solar luminosity. Its value is estimated at 3.8- 10°° W [199].

Radiant intensity Given a pointwise light source, we can compute itgadiant intensity | ( ),
which is measured on the unit sphere and corresponds to the angular density of its emitted
power [146]. For instance, computed over the entire unit sphere, the radiant intensity is simply
/4 . More generally, we can calculate it in terms of "ux along any di erential cone of directions
as

: d
()= I|m0—— qa
The quantity d is called asolid angleand is the 3-dimensional generalization of a planar angle;

it is de“ned as a surface on the unit sphere and its unit is thesteradian (sr). Conversely, the

1As it is standard notation in computer graphics, we use for this quantity. This should not be confused
with  (non-bold), which represents the angular frequency in the context of wave optics.
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cast by a circular object illuminated with a point light source. However, to his stupefaction,
experiments showed that the now famoudPoisson spotwas indeed real.

We now brie”y describe the basic concepts regarding the wave nature of light. For more
details, we direct the reader to [35, 145, 160, 167].

The wave equation

An optical wave can be mathematically described by the real scalar functioru(r ,t), which is a
function of position r =[X,y,z] and time t. The optical wave u(r, t) satis“es the wave equation:

.1 2y
?usgﬁ:o, (1.1)

where c is the speed of light in the medium, and ? is the Laplacian operator with respect to
the position.

Monochromatic waves

A monochromatic waveu(r,t) represents an optical wave that is composed of a single frequency:
u(r,t)=a(r)cos((r)+t ), (1.2)

where a(r) denotes the amplitude, ( r) the phase and the angular frequency (in rad/s).
Additionally, we denote the wavenumberk = /c , which represents the spatial frequency. It is
often convenient to express optical waves in a complex form (or phasor notation):

Ur,t)= a(r)é Odt = ur)et

whereU(r)=a(r)d ) is called the complex amplitudeand characterizes the spatial variation
of the wave. Clearly, we have
u(r,t) = Re{U (r,1)}.

The Helmoltz equation If we substitute the expression for the monochromatic wave into the
wave equation (1.1), we obtain theHelmoltz equation

( 2+ K)U(r)=0.

Plane waves A plane waveis a wave whose wavefronts are planar and perpendicular to its
direction of propagation k; for U(r,t) to satisfy the wave equation, we needk = k. The
complex amplitude of a plane wave is given by

U(r) = AeSik 1,

whereA = Agé ¢ is called thecomplex envelope The wavefronts of a plane wave describe in“nite
parallel planes that are separated by a distance called the wavelengthand which relates to the
frequency and the wavenumber via the following relation:

_2 _2c

k
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Figure 1.5: Newtones double prism experiment: white collimated light enters the “rst prism in
the bottom left. The white light is dispersed and decomposed into the colors of the spectrum as
it exits the prism. The spectrum is then focused with a convex lens and recombined into white
light by the prism in the top right. Simulation created with the computer graphics software
Blender [33] and the physically based renderer LuxCoreRender [107].

Each wavelength has an associated color, ranging from around 400 nm for violet to 700 nm for
red. The decomposition of visible light into colors according to their wavelength is called the
spectrum Interestingly, the term spectrum was coined by Isaac Newton, a strong advocate of the
corpuscular theory, who “rst discovered it with his famous crucial experiment [133], reproduced
in Figure 1.5. In this experiment, he created a spectrum by decomposing white light with a
prism. He also showed that white light can be recreated by passing the spectrum through a
second prism? This experiment is a beautiful illustration of Fourier analysis, in which signals
are studied and analyzed from their spectral representation.

Spherical waves Other typical functions that satisfy the wave equation include spherical waves,
whose complex amplitude is given by:

A . -
U(r) = _ eS]krSc,
(r) rSc

where r S ¢ is the distance from the centerc of the sphere.

2Newtonss crucial experiment has also been replicated on the cover of [190].
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Polychromatic waves

A polychromatic wave u(r ,t) can be thought of as a superposition integral of several monochro-
matic waves (1.2):

u(r,t) a(r, )cos((r, )+t )d

0

Re U, )eétd
0

whereU(r, )=a(r, )d () isthe complex amplitude for frequency . As in the monochro-
matic case, we can express a polychromatic wave as a complex function, which is given by

u(r,t) = u(r, et d, (1.3)
0

Expression (1.3) is also known assabores analytic signal Additionally,

u(r,t) = M g, )+t )+eSj((r Ct) g
0 2
-1 j t 1 Sit
—ZOU(r,)e'd+20U(r,)e d
— 1 it 1 0 ~ it
=5 U, )etd +5 U(rS)ed.
$

0

Sinceu(r,t) is real, U must be conjugate symmetric; that is,U(r,S )= U (r, ). Therefore,

u(r,t) = u(r, et d,

NI =

S

which means that the spectrum is nothing but (twice) the Fourier transform of the wave u(r, t):
Ui, )=2 u(r,t)esit dt.

$

The pulsed plane wave. The analogue to the monochromatic plane wave for polychromatic
light is called the pulsed plane waveit consists of the superposition of plane waves traveling in
the same direction and is given by

u(r,t) = u(r, )etd
0

= A()eSIkO) rdt g,
0

where A( ) is the complex amplitude of the component with frequency .

Intensity of optical waves

It is not possible to physically measure or observe the quantityu(r,t) directly. What we can
observe however is theoptical intensity, which is proportional to the time-averaged squared
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1.3 Thesis outline and main contributions

In this thesis, we revisit the aforementioned di erent manifestations of light with a signal pro-
cessing perspective and introduce tools, sampling schemes, algorithms and analyses based on the
various facets of light. An important signal processing concept we regularly rely on isampling
Notwithstanding quantum theory and microscopic e ects, our world is described by continuous
guantities. However, computers think and work with values that are discrete in time and am-
plitude. Therefore, we need a way to convert a continuous signal to discrete values. Ideally,
it is desirable not to lose information or distort the signals in the process: this is precisely the
role of sampling theorems, which provide conditions and theoretical guarantees regarding the
perfect reconstruction of sampled signals. The most famous sampling theorem is to due to Shan-
non [165, 166], Nyquist [136], Edmund and John Whittaker [195, 196], and Kotelnikov [96]: it
describes the su cient sampling rate such that a bandlimited continuous signal can be sampled
and perfectly reconstructed. In this dissertation, we explore and propose sampling theorems for
the case when the signals of interest are not bandlimited.

Another recurring theme is the notion of sparsity. Loosely speaking, a signal is said to
be sparse if it can be represented by a relatively small number of parameters. The particular
structure of sparsity is often used to regularize ill-posed problems. Sparse regularization is for
instance the foundation of compressed sensing [53], which enables the recovery of a sparse signal
from a small number of measurements. In the context of this thesis, we take advantage of sparsity
in several chapters.

Chapter 2,Sampling Diracs and Non-Bandlimited Shapes Before we get into the details of
light, we “rst develop new sampling results for non-bandlimited shapes. We build on the theory
of “nite rate of innovation (FRI) and provide theoretical guarantees for sampling and perfect
reconstruction for signals that can be expressed as weighted sums of Lorentzian functions; such
signals can be considered as sparse since they can be represented with few parameters. We call
this new sampling schemevariable pulse width (VPW)-FRI. The VPW-FRI framework is “rst
developed for 1D signals, and then generalized to higher dimensions and spherical signals.

In the noiseless case, perfect recovery is guaranteed by a set of theorems. In addition, we
verify that our algorithm is robust to model mismatch and noise.

Summary of Contributions in Chapter 2

€ We introduce VPW-FRI, a new model for the FRI sampling framework that enables the
use of pulses with variable width to be sampled and perfectly reconstructed.

€ We provide a noise analysis of the method.

€ We generalize VPW-FRI to higher dimensions and spherical signals.

Chapter 3,Corpuscular Theory: Acquisition of Re"ectance Functions The FRI sampling
theory is connected to the topic of light in Chapter 3, which has a more practical "avor. In this
chapter, we start by exposing the background regarding the acquisition of the re”ectance function
of materials. We then describe ourlight domes, which are devices that we built to perform such
acquisition. We then show how the FRI theory is leveraged to acquire the re’ectance function
of materials. First, we propose a technique to sample and represent specularities, which are
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narrow pulses that can be challenging to acquire. This technique does not assume the sampling
kernel,in other words the shape of the specularity,to be known a priori. Finally, we apply the
VPW-FRI theory from Chapter 2 to the problem of representating the re”"ectance function of
materials. Within this framework, we demonstrate applications in 1 and 2 dimensions, as well
as in the spherical domain, which is the natural representation of re”ectance functions.

Summary of Contributions in Chapter 3
€ We build light domesthat we exploit to sample and acquire BRDFs.
€ We apply VPW-FRI to the problem of sampling the BRDF.

€ We propose another variation of FRI when the sampling kernel is unknown and apply
it to the problem of specularity estimation.

Chapter 4,Wave Theory and Interferences: Lippmann Photography The wave nature of
light is the foundation of Chapter 4, where the theory of wave optics is combined with a signal
processing framework to analyze Lippmann photography. Lippmann (or interferential) photog-
raphy is the “rst and only analog photography method that can capture the full spectrum of

a scene in a single take. This century old technique records the colors of a scene by creating
interference patterns inside the depth of a photosensitive plate.

Lippmann photography provides a great opportunity to demonstrate several fundamental
concepts in signal processing. Conversely, a signal processing perspective enables us to shed
new light on the technique. For instance, we describe new behaviors whose explanations were
ignored by physicists to date. Furthermore, we show that the spectra generated by Lippmann
plates are in fact distorted versions of the original spectra. More interestingly, we propose
an algorithm to eliminate these artifacts and recover the original spectra. Since most of the
Lippmann plates have been captured in the early 1900s, the combination of these artworks and
our reconstruction algorithm provides a tool to look into the past with hyperspectral glasses.
Finally, we verify our model and algorithms through extensive experiments by creating our own
Lippmann photographs.

Summary of Contributions in Chapter 4

€ We propose a rigorous study of the Lippmann process and an analytical model to explain
the reproduction of colors.

€ We introduce physically accurate simulations that allow us to study the assumptions
made in the analytical model.

€ We precisely characterize the color reproduction of Lippmann plates and we report new
undocumented e ects based on the in"uence of the re”ector on the re”ected spectrum.

€ We study conditions for the inversion of the recording and rendering procedures.

€ We create our own Lippmann plates to verify the theory.
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Chapter 5,Electromagnetic Theory: Micro-Polarizer Arrays We then move one step fur-
ther and consider the electromagnetic nature of light and study the polarization phenomenon.
Depending on their nature, re”ections of polarized light on surfaces can preserve or not its po-
larization. We take advantage of this observation and study the acquisition of images using
polarizing “Iters, which provide a powerful way to separate di use and specular re’ection. Tra-
ditional methods rely on several captures and require proper alignment of the “lters. Recently,
camera manufacturers have proposed to embed polarizing micro-“lters in front of the sensor,
creating a mosaic of pixels with di erent polarizations.

In this chapter, we investigate the advantages of such camera designs. In particular, we con-
sider di erent design patterns for the “lter arrays and propose a suite of algorithms to demosaic
an image generated by such camera. This essentially allows us to separate the di use and spec-
ular components using a single image. The performance of our algorithm is then compared with
a color-based method using synthetic and real data. Finally, we demonstrate how to retrieve the
normals of a scene using the di use images estimated by our method.

Summary of Contributions in Chapter 5
€ We investigate di erent designs for cameras micro-polarizing “lter arrays.

€ We propose algorithms to separate the di use and specular components from a mosaic
of polarized pixels.

€ We demonstrate our separation technique on synthetic and real data.

€ We show that our separation technique improves the estimation of the surface normals
of a scene.

Chapter 6,Super-Resolution Phase Retrieval We close this thesis as we started it: with a
more signal processing-oriented chapter, where we leverage the FRI sampling theory to solve
the problem of phase retrieval More speci“cally, we consider the problem of phase retrieval for
sparse signals, which are de“ned as a small number of atoms with given locations and amplitudes.
This problem is also relevant in the context of light as the phase information is always lost in
imaging devices. Therefore, phase retrieval algorithms are of great interest in “elds such as X-ray
crystallography [91, 119], astronomy [73] or optical imaging [169].

Solving the phase retrieval problem is equivalent to recovering a signal from its auto-correlation
function. We describe an algorithm that tackles the problem in three steps: i) we super-resolve
the auto-correlation function of the signal from a limited number of samples by invoking the
“nite rate of innovation sampling theory ii) we design a greedy algorithm that estimates the
locations of a sparse solution given the super-resolved auto-correlation function, iii) we retrieve
the amplitudes of the atoms given their locations and the measured auto-correlation function.

Along with the algorithm, we derive its performance bound with a theoretical analysis and
propose a set of enhancements to improve its computational complexity and noise resilience.
Finally, we demonstrate the bene“ts of the proposed method via a comparison against Charge
Flipping, a notable algorithm in crystallography.
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Summary of Contributions in Chapter 6
€ We apply FRI to super-resolve the autocorrelation function of a signal.

€ We propose a greedy algorithm to recover a sparse signal from its autocorrelation func-
tion.

€ We analyze our algorithm from a theoretical point of view and through simulations.

€ We demonstrate that our solution outperforms the Charge Flipping algorithm, which is
the state-of-the-art in crystallography.






Chapter 2

Sampling Diracs and
Non-Bandlimited Shapes-

If we want to solve a problem that we have never solved be-
fore, we must leave the door to the unknown ajar.

What Do You Care What Other People Think?
Richard Feynman

2.1 Introduction

Sampling theorems provide a bridge between analog signals of the real world and their discrete
representations. In the ideal case, they allow perfect reconstruction of a continuous signal from
only a limited number of discrete samples. The most notable embodiment of this concept is
the well-known Nyquist-Shannon theorem [166]. It states that any signal that belongs to the

shift-invariant subspace of bandlimited functions can be perfectly reconstructed from a set of
uniformly spaced discrete samples, provided that the sampling frequency is at least twice the
bandwidth of the signal. While very powerful, this result falls short for many classes of signals.

“The material in this chapter is the result of joint work with Adam Schole“eld, Lo’ §c Baboulaz and Martin
Vetterli. Author contributions: GB, LB and MV designed the initial research on the 1D case; GB, AS and MV
designed the extension to higher dimensions; GB performed research, ran simulations and experiments, and wrote
the chapter based on [10], which was written by himself.
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(0
1) — oy |22 T g

Figure 2.3: Sampling operation. The continuous-time signalf (t) is “ltered with the kernel
( t) and then recorded at time instantst = nT (n  Z) to obtain the discrete-time signal g[n].

Since a Dirac can be completely described by its position and amplitude, one period of the
signal f (t) has precisely 2K free parameters (K positions and K amplitudes) and a rate of
innovation of = 2K/

In what follows, we show how it is possible to reconstructf (t) from N 2K +1 samples
obtained after an ideal low pass “lter. To do this, we “rst demonstrate how we can calculate
some of the Fourier series coe cients off from its samples and then show how these Fourier
series coe cients can be used to calculate the 2Kparameters of the signal.

2.2.2 From samples to Fourier series coe cients

Although we do not have direct access to the Fourier series coe cients of (t), we can obtain a
subset of them by taking the DFT of the samples obtained from the sampling scheme depicted
in Figure 2.3, with ( t) equal to an ideal low-pass “Iter. This result was “rst shown as part
of [191, Theorem 1], and we reproduce it here in the following Lemma.

Lemma 2.1 (Vetterli, Blu and Marziliano 2002) Assume we takeN samples of a -
periodic function f , according to Figure 2.3; that is, we have

gnj= f@®), tSnT), n 01,...,NS1

Furthermore, assume
(t)= B sinc(Bt) = Bsin( Bt )/( Bt),
with T = /N and B satisfyingN =2 B/ 2 +1. De“ne the DFT of g[n] as
NS1 .
Gmj = ginje>?mN
n=0
and the Fourier series coe cients of f (t) as
1 2

S/2

F[m] = f(H)eS2im! gt

Then, F[m] = NG[m] for |m| B/ 2.

Proof. See Appendix 2.A.

2.2.3 From Fourier series coe cients to signal parameters
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When f (t) is a -periodic stream of K weighted Dirac pulses, its Fourier series coe cients are
given by
1 KS1 o
Flml= =  ge>2it«m | 2.1)
k=0

wherem Z. Thus, our problem is to calculate the parameterscs and tx from a “nite number
of Fourier series coe cients, F[m]. This is a common problem in spectral analysis, which can be
solved using, for example Pronyes method The idea is to “nd a “Iter A[m] that, when convolved
with the signal, produces a null signal; in other words,A[m] annihilates the signal F [m]:

(F Am]=0, m N. 2.2)

For this reason, Pronyes method is also referred to as thannihilating “lter method. Since F[m]
has the form given in (2.1), it is annihilated by the “lter whose z-transform is

K K
A(z)=  AlKlZ°*= (@S uz®h,
k=0 k=1

whereuy = €52t «/
Therefore, given the roots of the annihilating “Iter, we can compute the locations of the Diracs

asty = S ; L where u y is the phase ofuk. It remains to show how to “nd the annihilating
“Iter coe cients, and thus the roots. To that end, (2.2) can be rewritten in matrix form as

Sh =0, (2.3)

whereS CX* &+ s a Toeplitz matrix of rank K formed by consecutive values ofF [m] and h
is a vector containing the K +1 annihilating “lter coe cients A[k]. Observe that we need at least
2K +1 consecutive coe cients to solve the system of equations given in (2.3) and fully recover the
annihilating “Iter; the set of coe cients we choose does not necessarily need to be located around
the DC component, but the most e cient strategy is to pick F[m]form = SK S1,...,K, as
it minimizes the frequency at which the signal is sampled. In this case, the bandwidtiB of the
low-pass “Iter ( t) should be larger or equal to (X + 1)/, which represents one more sample
per unit of time than the rate of innovation of the signal.® .

Finally, we need to show how to retrieve the coe cients {ci}-, ", which, after calculating
{tk}£3?t is a simple linear problem. Taking K consecutive Fourier coe cients (or more) and
letting

]_ ]_ 1
Uo Uy o+ Uk $S1
V = ,
f = F[O] F[1] --- FIKS1] .,
andc= ¢ ¢ -+ Cks1

3The «+1Z term is due to a technicality, namely that the DC component of the Fourier series has no phase
information, and in that sense, contributes little to the reconstruction.
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Algorithm 2.1 VPW-FRI parameter estimation

Input: N 4K + 1 discrete samplesx[n] (n =0,1,...N S 1) of a VPW-FRI continuous-time
signal x(t) and K its number of pulses. §
Output: The locations, widths and amplitudes {t y, r, ck}fjl of x(t).
Compute X [m] the FFT of x[n]
Build the Toeplitz matrix S from the positive X [m] of the spectrum
DenoiseS or x[n] according to one of the strategies of Section 2.3.5
Find the annihilating “Iter coe cients by solving Sh = 0
Compute ug, the roots of h
tx = IS ; L

log Juk|

g =
Build the Vandermonde matrix V from the roots uy

Solve Ve = x, where x contains the FFT coe cients X[m] and ¢ = C the amplitudes ¢
return  {ty,rg, ck},’f:f')l

and F [m] be the Fourier series coe cients of f . Then,

K
(A F)ml=  A[JF[MS ]
=0
K KS$1 3
= (o S jdiAL Juy'®
=0 k=0
KS1 K 3
= (@Sjdd)  Ally ul=0.
k=0 =0

Note that we have restricted ourselves to positive indicesi  0). This is because, due to its
decaying nature, the VPW spectrum has acusp at m = 0, which prevents us from performing
the annihilation on both positive and negative values of the spectrum. Finding the unique “Iter
A requires at least X + 1 Fourier series coe cients corresponding to non-negative frequencies.

By Lemma 2.1, this can be achieved withN 4K + 1 samples off .
KS1

As in the case of streams of Diracs, the locationft «},. -~ can be retrieved from theK roots of
A(2z): ug = e>2it «/  Moreover, the widths {r «} k5" are given byrx = log|ukl/(2 ). Finally,

the parameters{c,}K3* and {d}K3* are retrieved by solving (2.4) with

C= c+jdo cr+jdy --- ckg1+jdks:

The estimation procedure is summarized in Algorithm 2.1. Since the algorithm requires K +1
samples to retrieve 4K parameters, it is only one sample away from the rate of innovation.

2.3.4 Sampling kernels

Although we concentrate on the ideal low-pass “Iter or Dirichlet sampling kernel, VPW signals
are fully compatible with the more general kernels presented in the FRI literature. In particular,
as outlined in Theorem 2.2, we can use any kernel that allows us to retrieve enough Fourier
series coe cients of the continuous-time signal. In [55], it is shown that this can be achieved
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with kernels that satisfy the generalized Strang-Fix conditions, such ascardinal exponential
splines [188] or sum of sinc kernels [184].

Moreover, even if the sampling kernel does not meet these conditions, we can relax the require-
ment of perfect reconstruction and achieve accurate approximations using either the correction
“Iter proposed in [34] or the framework set out in [189].

2.3.5 Denoising techniques

In practice, it is unlikely that a signal perfectly matches the VPW-FRI model. Even if this is the
case, the acquisition device might introduce some noise in the process. This justi“es the need
for a denoising block before the estimation of the parameters. Here, we review several methods
borrowed from spectral estimation theory [177] and evaluate their performance on our estimation
procedure.

We model the noise [n] as i.i.d. additive Gaussian with zero mean and covariance matrix 21 .
Furthermore, we assume that it is introduced after sampling; that is, the noisy measurements
are

f[n]= f[n]+ [n] n=0,1,...NS 1.

We denote the noisy Toeplitz matrix built from the samplesf [n] asS. Several denoising strategies
have been introduced in the classical FRI framework and they are directly applicable to the
VPW-FRI model. We summarize and compare the main techniques below.

Cadzow

Cadzowes algorithm [37] is an iterative method that alternatively enforces rankk and a Toeplitz
structure for S. The low rank approximation is performed by computing the SVD of S and
keeping only its K largest singular values. To ensure thatS is Toeplitz, we simply average
across diagonals. In practice, the method seems to converge to a solution that satis“es both
properties, but it should be noted that this has not been proven theoretically. Furthermore,
there is no guarantee that the “nal solution is close, in any way, toS.

The matrix pencil

Another widely used technigue is the matrix pencil method [78],also known as ESPRIT [158],
which exploits the rotational invariance property of the underlying signal subspace. Unlike
Cadzow, it is a non-iterative algorithm.

Pisarenko

Pisarenkoes method [150] estimates the annihilating “lter by simply extracting the last column
of the matrix V ofthe SVD of S= U V . Indeed, the last columns ofV provide an orthogonal
basis for the nullspace ofS and in our case, the nullspace ofS is one-dimensional. Note that
Pisarenkoes method or the matrix pencil can actually be used sequentially after Cadzow.

Panes method

The last method we survey is inspired by IQML [36] and has been recently introduced to the FRI
framework by Pan in [142]. The annihilating “Iter h is found iteratively and its computation is
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of innovation to achieve perfect recovery’

Another detail needs to be taken care of in 2D. Since we reformulate the estimation of the
parameters as two 1D problems, we obtain two sets of locationg ¢} 5" and {yk} 3" but we
do not know the corresponding pairs of these recovered locations. IK is small, we can solve
this issue by combinatorial search over all the possible pairs; for each combination of locations,
we compute the amplitude of the corresponding pulses and compare the reproduced signal with
the original. We then select the pair whose reproduction corresponds (or, in the noisy case, is
closest) to the measured signal.

Unfortunately, this brute-force approach quickly becomes impractical asK gets larger. To
cope with this issue, we use the following heuristic. Instead of searching through all pairs df
pulses, we suppose that all combinations are valid, that is, we havé& 2 potential pulses. We
then compute the amplitude of each of these pulses by solving (2.4). Finally, the correct pairs of
locations are revealed by theK largest pulse amplitudes. This simple approach has no proven
correctness, but experiments have shown that it performs well in practice.

2.4.2 Radial formulation

Observe that the 2D Lorentzian pulse described in (2.10) has heavy tails along the two main
axes. Perhaps a more suitable model is given by

1 KS1 . .
Flm,nl= = oS i tkmry k) o8 -r mZen Z (2.12)
k=0

form,n Z. The di erence with (2.10) resides in the damping factor: in (2.10), the exponent is
the *-norm of the Fourier indices, while in (2.12), the 2-norm is used. As a result, the spectrum
of (2.12) does not exhibit the sharp transitions of the original representation; this corresponds
to radial pulses in the primal domain, as shown in Figure 2.10b.

The disadvantage of this representation is that its region of annihilation is not as large as in
the previous model. Such a signal can be annihilated along the DC components, that is, when
we set eitherm or n equal to zero, but also along the diagonal line de“ned asn = n. More
generally, the spectrum can be annihilated along the line de“ned asn = an or n = bm for
a,b N, as long as we have a su cient number (at least K + 1) of coe cients on that line. The
annihilation region of this signal can be seen in Figure 2.10b.

2.4.3 Anisotropic pulses

We can further generalize the 2D pulse shape and introduce anisotropy in the model by using a
di erent width parameter for each axis. For instance, the radial formulation can be rewritten as

1 KS1 ,
&2 ; S 2 2 2 2 2
F[m,n]= — CkeS—J(ka+ykn)eS Mk Metr gen
k=0

whererp,x and rpi are the respective widths along the main axes. Examples of anisotropic
pulses for both the original and radial formulations are illustrated in Figure 2.10c and 2.10d.

SRecent results [141] have shown that it is in fact possible to sample and perfectly reconstruct streams of
Diracs when sampling at the rate of innovation in 2 or more dimensions; this approach can also be generalized to
the VPW pulse shape.
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2.5 Pulses with variable width: On the sphere

Recently, FRI theory has been developed for spherical signals by Deslauriers-Gauthier and
Marziliano [51]. Building on their work, we show that the VPW framework can also be general-
ized to the spherical domain.

2.5.1 Preliminaries

We start by reviewing a few de“nitions used in spherical signal processing. We refer the interested
reader to [52, 153] for a more thorough introduction.

Functions on the sphereS? = {x R%: x =1} are usually characterized by elevation and
azimuth angles, denoted and respectively. The spherical Dirac delta is de“ned as

(, 50 0= (cos Scoso) ( S o),

where (o, o) denotes its location. A sum of weighted Diracs is then de“ned as

KS1 KS1

f(, )= afe(, )= o (v 5 ke k)
k=0 k=0

On the sphere, the spherical harmonic (SH) decomposition provides the analog to the Fourier
series expansion. As shown in [52], for the signdl(, ), it is given by®

KS1 o
fm=Nn &P m ((cos ()e>Im &,
k=0
with  =0,1,... and |m| < . Here, N , is a normalization constant, and P , denotes the

associated Legendre polynomialde“ned as

P m (cos k) =(S1)™(sin )M P (cos ),

d(cos )™
where P (-) is the Legendre polynomial. SinceP is of degree , the degree ofP ,, is at most
Sm.

2.5.2 Sampling the hemisphere

Several strategies can be employed to sample a hemisphere; the simplest oneetgiiangular
sampling i.e. uniform sampling along the azimuth and elevation angles. The drawback of
this approach is that it results in non-uniform sampling of the hemisphere, as illustrated in
Figure 2.11a: the area around the pole has a higher density than the area near the equator.

Another simple technique that leads to almost uniform sampling isspherical Fibonacci sam-
pling and can be seen in Figure 2.11b. Other strategies such as quasi-random sampling [74, 174]
can also be used in this context. In Chapter 3, we nevertheless use equiangular sampling since
in practice it allows for a faster and more natural scanning of the hemisphere.

6ln some of the spherical harmonics related literature, indices are expressed with a superscript/subscript
notation, e.g. f™. We choose to include both indices in the subscript, to avoid confusion with powers.
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Figure 2.11: Two possible sampling schemes on the hemisphere: (a) equiangular and (b)
spherical Fibonacci sampling. Each of these hemispheres contains 300 samples.

2.5.3 From samples to spherical harmonic coe cients

We de“ne the bandwidth L of a spherical signal as the smallest such thatf ,, = 0 for all L.

In [56, Theorem 3], it is proved that the SH coe cients of a spherical bandlimited function can
be exactly computed given a minimum number of equiangular samples. For completeness, we
restate this result below.

Theorem 2.3 (Driscoll and Healy 1994) Let g be the result of convolving the spherical
signalf with an ideal lowpass “lter  with bandwidth L. Assume we further sampleg at points
(n, n) where = 2 forn=0,1,...,2LS1and , = %~ forn =0,1,...,2L S 1. Then
the SH coe cients of g are given by

5—2L512L81
2

Om = oL nd(ns n)Ym(Cni n) (2.13)
n=0 n =0

whereY . ( n, o) are the SH basis functions evaluated at (, 5 )and { n12351is the unique

solution to
2LS1
nP(cos n)= 2 o,
n=0

for =0,1,...,2LS 1.

Proof. See [56].

Other sampling theorems exists for di erent sampling strategies: for example, if we choose
N samples uniformly at random on the sphere, we can retrieve the SH coe cients ofy when
N L2, with probability one [18]. Finally, remark that if we have fewer samples, the spectrum
often decays fast enough for (2.13) to yield a good approximation.
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Theorem 2.4 Let f be the sum of K continuous spherical VPW pulses as in (2.16). The
spherical harmonics coe cients f™ with m = 0,1,...,2K S 1 and || < m are sucient to
recoverf .

Proof. As in [51], we can compute

f KS1
g=—= Ci Uy, (2.17)
N, k=0
where we now have
KS1 § .
f =N c(sin i) el ek,
k=0

The roots, which can be found via the annihilating “Iter method, becomeuy = sin keSi keS2rk,
We can extract the azimuth ¢ from the phase ofuy, but the magnitude of ux depends on both

x and ry and at this point we cannot resolve the ambiguity. What we can do however is “nd
the amplitude ¢ by solving the linear system in (2.17). Furthermore, form = S 1 and 1,
we have

f e 3
gs1= >t = ghull
N,S 1 k=0

whereb, = €'« cos . Note that, since we knowf °* and u>*, we can computeh,. Moreover,

the knowledge of the azimuth  enables us to calculate

= U _ Sor,
ak—gsﬁ—s|n ke .

Finally, combining ax and b, and assumingayx is nonzero, we compute the width
1 = 1
= | + —_ 482+ 2.1
= plog S+ o g v i (218)
by keeping only the positive solution to the square root. Observe thaty is raised to the 4th power

and ay is squared. Furthermore, in the noiseless cadgboth terms are real, so the expression

under the square root is always positive. Using (2.18), we obtainy = arccos el?'l

Like [51], our method su ers from a relatively poor spectrum usage. Indeed, only a small
number of the spherical harmonics coe cients are used for the parameterse estimatiofi. In
Chapter 3, we address this shortcoming by adding a nonlinear optimization routine that uses
the entire spectrum to re“ne the VPW estimation. VPW-FRI can be used to model a wide
range of signals. In the next chapter, we see how to use it to sample and represent re’ectance
distribution functions. Another interesting example is the compression of electrocardiogram
signals, as explained below.

7In the noisy case, it is possible that b and a, are complex. To prevent negative terms in the square root,

we project them onto the real axis.
8 A better spectrum usage was proposed in [52], but we have been unable to generalize their method to VPW.
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2.6 Example: ECG compression
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tion to ensure perfect recovery. Another limitation is that the spherical case allows only radial
pulses. Nevertheless, this model is applicable to a broad range of signals, such as for example
electrocardiograms. The next chapter showcases applications of the 2D and spherical versions of
VPW-FRI to sample and represent re”ectance functions.
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2.A  Proof of Lemma 2.1

Sincef (t) is periodic, with period , it has the following Fourier series expansion:

f()= F[mpe?™
m Z
From the sampling scheme in Figure 2.3,
gn= f(t), (tSnT)
Flm] €™  Bsinc(B(tS nT))

m Z
= Fme™™  sinct)e?™ G dt
m Z s
B/ 2
- F[m]ermn/N
m=SB/ 2

This is a system ofN equations in 2B / 2 +1 unknown Fourier series coe cients F[m], which
can be inverted whenN 2B/ 2 +1. When N =2 B/ 2 +1, the system is, up to a 1/N
factor, the N x N inverse-DFT of F[m]. Therefore,

F[m]= NG[m],

for |m| B/2.

2.B  Time-domain formulae for VPW pulse

We show here the details of the derivation of the time-domain formulae for the VPW pulse. The
time-domain representation of F? (cf. (2.8)) is computed as

feo= Féme?™
m=$§
1 m m &
= - z () + (z, ()" S1
m=0 m=0

@1 1 1 .
ST 180 18zm o7
_ 1 181z0P

T (1S z(tA Sz’

wherezy () = 2/ St ¢St)  Note that (a) assumes thatr, > 0, which only holds when the
annihilating “lter is stable (i.e., when its roots are inside the unit circle).
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We can do the same reasoning for the asymmetric componeri2 of the signal, whose time-
domain representation is

fe(t)= Fé[m]e>m
m=$
=L s @omet
m=0 m=0
@) i 1 & 1
T 18z(t) T 1Sz.(1)
_ 1 2Iim{z«(}
@Sz Sz

Again, (d) only holds for ry > 0.

2.C Computation of the Cramer-Rao bound for VPW signals

Let = tg,ro,C be the vector of unknown parameters. The CRB relies on the Fisher
information matrix, which is given by (cf. [54] for more details)

(y=g _loofl) _logf [

NS1
= iz f [n]f [n] .
n=0

Note that f [n] and f [n] also depend on , but we have omitted it to simplify the notation.
Given any unbiased estimate of the parameters, the CRB provides a lower bound on the
covariance matrix of

cov() 15%().

Let our signal f = f[0],f[1],...,f[N §1] andits DFT f = F[0],F[1],...,F[N S 1]

Sincef = W f ,where W isthe DFT matrix of size N ,and we have a closed-form formula for

F[m], we choose to “rst compute the derivatives for the gradient in the frequency domain and
then perform the inverse DFT to get f [n]. If we restrict ourselves to positive m and a single
VPW pulse, we have, givenF[m] = coe>2™ (otit o)/

F [m] - éCQij e§2m (r o+t o)/
to

F [m] — éc02 m eS2m (ot o)
o






Chapter 3

Corpuscular Theory:
Acquisition of Re”ectance Functions

*

It is exciting to think that it costs nothing to create a new
particle.

Lectures on Gravitation
Richard Feynman

3.1 Introduction

We demonstrate in this chapter via four short applications how the “nite rate of innovation
(FRI) theory and the variable pulse width (VPW) model can be exploited to acquire and es-
timate the bidirectional re”ectance distribution function (BRDF), which is a high-dimensional
function that characterizes how light is re”ected by surfaces. Usually, BRDFs contain high fre-
guency components,called specularities,that are di cult to catch with classical sampling the-

ory. Moreover, their shape varies through space, which makes existing FRI models inappropriate.
The acquisition of BRDFs in the spherical domain requires dense sampling of the hemisphere, as
can be seen in [115]. More elaborate techniques propose to perform the acquisition iransform

“The material in this chapter is the result of joint work with Adam Schole“eld, Ilvan Domanit and Martin
Vetterli. Author contributions: GB, AS, ID and MV designed the extension from Chapter 2 to make it suitable
for re"ectance functions; GB performed research under the guidance of AS and MV; GB ran simulations and
experiments, and wrote the chapter based on [7, 10], which were written by himself.
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39,
i

-~ \ -
s

Figure 3.2: Vectors involved in the BRDF function: ; is the incoming light direction, 4 is
the outgoing light direction, and n is the surface normal. The vectors , and  represent the
projection of ; onto the xy-plane.

enables us to decouple the re’ectance properties of objects from the illumination.

Definition 3.1 (BRDF) The BRDF is a four-dimensional function that measures the radi-
ancel , that is re”ected from a speci“c point in a direction o =[ o, o] , given a light source
with irradiance E; coming from a direction ; =[ i, i] .

| _dlo( o) _ dLo( o)
( i 0)_ dE|( i) - |_|( i)COSid i.

The directions o and ; are measured with respect to the surface normah of the material
at the point of interest. The BRDF is speci‘c to the wavelength, and in practice we often use
a separate re”ectance function for each spectral band; for the sake of clarity, we focus here on a
single channel. The BRDF has the following properties and characteristics:

(1) Positivity:  The BRDF is positive.
( i 0) Ol i O-

(2) Helmholtz reciprocity: Light traveling along the same path but in the opposite direction
is re"ected in the same way.

(v 0= 0( o i)

(3) Conservation of energy:  The quantity of light re”ected must be less than or equal to
the quantity of incident light:

( i, o)cosid ; 1, o-

Remark that some of the light hitting the surface might be absorbed by the material or
refracted.
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3.2.2 BRDF acquisition

To acquire the BRDF of an object, we need to illuminate and observe it from several angles:
for each pair ( i, o), we measure the re”ected radiance. This process is often performed with
a goniophotometer,a device that takes several photographs of a material under di erent illu-
minations; for instance in [115], almost 3 million BRDF samples have been acquired for 100
di erent materials that now compose the publicly available MERL BRDF database. The high
dimensionality of BRDFs and SVBRDFs often results in huge datasets, and it motivates the
need for lower-dimensional approximations and reparametrizations.

One of the approaches to reduce the number of samples needed in BRDF acquisition while
still faithfully capturing the specularity is to extend the area illuminated by the light source.
The earliest example of extended light sources shaped the radiance of the light as a Gaussian
distribution and modeled the BRDF with a cosine and a Dirac pulse [129]. More recently, [65]
suggested acquiring spatially-varying BRDFs of an almost "at surface using dinear light source
and by only varying the inclination of the incoming light ;. Light sources can also take more
elaborate patterns, and enable BRDF acquisition in a di erent domain, such as the spherical
harmonic domain [183] or the Fourier domain [2].

It is also common to represent the incoming and outgoing light directions in the half-angle
coordinate system [159]. With this parametrization, the BRDF is speci“ed in terms of the half-
angleh and the dierenced: h =( p, h) = :]: " is the angle that is half way between
and o, whiled =( ¢4, q)Iisthe angle betweenh and ;. The advantage of this representation
is that it is independent of 4 for isotropic materials. This is the approach taken in [115] to
reduce the dataset size to three dimensions. Other simpli“cations consist of “xing the viewing
angle or projecting the vector ; onto the xy-plane, as in [112]: in Figure 3.2, this projection is
illustrated by the two components , and .

3.2.3 Light domes

While powerful, most goniophotometers do not take into account spatial variations. To address
this need, we constructed our ownlight domes Light domes consist of a combination of light
sources and an imaging device to capture slices of the SVBRDF. In our light domes, the light
sources are placed on a hemisphere surrounding the object to be analyzed and a DSLR camera
is located at the zenith. The digital camera enables us to capture the spatial variations of the
SVBRDF. We developed two "avors of light domes.

1. The “rst design consists of 58 “xed point light sources spread on the hemisphere (see
Figure 3.4a). Its conception is similar to other light domes that have been built by other
research groups [48]. The position of the camera and the object to be analyzed is “xed,
thus we give away outgoing angle information in exchange for spatial information. The
advantage of such a design is that it is fast to turn on and o the lights, making SVBRDF
acquisitions relatively quick. It also makes it possible to perform acquisitions with several
light sources on at the same time. This light dome design is also the genesis of the startup
Artmyn 2, which originated from our research group and specializes in the acquisition of
the re”ectance function of artworks.

2. Our second light dome consists of an extensible motorized arm with a light source at its
extremity (see Figure 3.4b). The arm can be rotated around the center, where a camera

2https://artmyn.com/
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respect to the surface normal. In mathematical terms,

k
(Wi, Wo)= =0 4 ks o(Wi,Wo),
|

di use

specular

where kq is the di use albedo, ks the specular albedo, and s is a function of a few arguments
that represents the shape of the specular peak. A wide range of parametric models have been
proposed to represent s [115]; one of the most "exible and accurate [134] being the Cook-
Torrance model [44], also known as themicrofacet model It is given by

F( 0.MG( i, 0,h)D(h)

s(Wi, Wo) = 42 n n )
I [o}}

where the function F is called the Fresnel factor, G is the geometry term, andD is the microfacet
distribution. While F and G are fairly constant throughout the range of values of  (except near
grazing angle, where they exhibit a particular behavior),D is the factor we are most interested

in since it describes the global shape of the specularity. Several shapes have been proposed for
D; two of the most widely used are the Beckmann [194] and the GGX [192] distributions:

1 < tan( n)?
Dgeckmanm () = T2 p X S# ,

2

n,h 4 2+tan( n)?)?’

Deex (h) =

where 4 is the angle betweenh and n, and is a roughness parameter Observe that the
microfacet distribution is 1-dimensional in these models: it depends only on tan(,).
Another popular and relatively simple model to represent specularities is due to Ward [194].
It represents specularities with elliptical-Gaussian distribution function
Ks & tan( h)2

S,Ward ( i O) = 4 2 m exp S 2

Shortly, we will investigate the use of FRI and the VPW model studied in Chapter 2 to model

S

3.3 FRI with unknown sampling kernel

Our “rst attempt at adapting the FRI sampling framework to the problem of BRDF acquisition
is based on extended light sources. We model the specularity as a Dirac pulgét) located at tg.
Since most BRDFs contain only a single specularity, we restrict ourself to a single pulse model.
The Fourier series coe cients of x(t) are simply given by
1 =«
X[m]= Zge>2t o™  m Z
As seen in Chapter 2, one of the key elements in the FRI theory is the search for an anni-

hilating “lter A such that (A X)[m] =0, m Z. For a single pulse, the annihilating “Iter
coe cients are found by solving the linear system of equations

A[OIX [m] + A[1]X [m S 1] =0,
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form=1,...,M S1andM 2. The single rootug of this “Iter satis“es
A(z) = A0] + A[L]z%" =1 8 upz®*, (3.2)

where A(z) is the z-transform of A.

Now assume thatx(t) is convolved with an unknown -periodic “lter ( t) that represents
the specularity shape combined with the shape of the light source illuminating the object. We
impose the constraint that ( t) must be symmetric (the reason for this is made clear later). Let
y(t) = ( x )(t). By the convolution theorem, the Fourier series coe cients of y(t) are given by

Yim= faul m] . m Z

where [ m] are the Fourier series coe cients of ( t).

As in (3.2), we can “nd an annihilating “Iter for Y [m] of length two: A[0] = 1 and A[1] = Svo,
where vg is the root of this new “lter. Using M 2 Fourier series coe cients, we can estimate
Vo by solving

Y1 = VoYo, (3.3)
with
Y [0] Y[1]
Y[1] Y[2]
Yo = : andy; = )
Y[M S 2] Y[M S 1]

The closest approximation ofvg in (3.3) is simply given by the orthogonal projection of y; onto
Yo:

VO:yoyl

YoYo

CoMSt o[ mSulSt (o[ mlup)
- MS2

“meo (ol mug) (ol mlug)
MEL ImS 1] [ mluystR
M2 T MU ?)

purely real

The key observation is that, since the sampling kernel is assumed to be symmetric, its Fourier
series coe cients are real. Hence the expression multiplyinglg is a real quantity, which implies
that v o = u o. In other words, the “Iter annihilating Y[m] allows us to retrieve the location
to from its root as long as the unknown “lter ( t) is symmetric.

As a “nal remark, note that even though the kernel shape is not necessary in the estimation
of the location, it is needed for the recovery of the amplitudeay: it is simply impossible to
di erentiate the contribution of the kernel ( t) from the contribution of the signal x(t) by
observingy(t) only.
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