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To the loving memory of my mother.
For you planted in me, amongst other things,
the fruitful seed of curiosity
and the unquenchable thirst for understanding.



The mathematician’s patterns, like the painter’s or the poet’s must be beautiful;

the ideas, like the colours or the words must fit together in a harmonious way.

Beauty is the first test: there is no permanent place in this world for ugly mathematics.
— G.H. Hardy
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Abstract

Since the birth of Information Theory, researchers have defined and exploited various infor-
mation measures, as well as endowed them with operational meanings. Some were born as
a “solution to a problem”, like Shannon’s Entropy and Mutual Information. Others were the
fruit of generalisation and the mathematical genius of bright minds like Rényi, Csizsar and
Sibson, but started being used in practical problems only later on. These powerful objects
allow us to manipulate probabilities intuitively and seem always to be somehow connected to
concrete settings in communication, coding or estimation theory. A common theme is: take a
problem in one of these areas, try to control (i.e., upper or lower-bound) the expected value of
some function of interest (often, probabilities of error) and, with enough work, an information
measure appears as a fundamental limit of the problem.
The most striking example of this is in Shannon’s seminal paper in 1948: his purpose was
to characterise the smallest possible expected length of a uniquely decodable encoding that
compresses the realisations of a random variable. As he brilliantly proved, the smallest
expected length one can hope for is the Entropy of the random variable. In establishing this
connection, another quantity needed to be implicitly controlled: the Kraft’s sum of the code.
Seemingly unrelated before, these three objects joined forces in harmony to provide a beautiful
and fundamental result. But why are they even related? The answer seems to be: duality.
Duality is an abstract notion commonly used in linear algebra and functional analysis. It has
been expanded and generalised over the years and several incarnations have been discovered
throughout mathematics. Still, its essence remained the same: "given a mathematical object
one can associate to it a “dual” object that helps one to understand the properties of the
object one started with" (Gowers et al., 2010). One particular instance of this involves vector
spaces: given two vector spaces and a “duality pairing” (e.g., a bilinear mapping defined on
the Cartesian product of these two spaces), one can jump from one space to the other (its
dual) through Legendre-Fenchel-like transforms. In the most common settings in Information
Theory, the two spaces and the pairing are, respectively:

1) the space of (probability) measures defined on X’;

2) the space of bounded functions defined on X’;

3) the Lebesgue integral of the function (e.g., the expected value of the function if the

measure is a probability measure).

Once these are set, Legendre-Fenchel-like transforms allow us to connect

a) afunctional acting on the space described in Item 1);

b) afunctional acting on the space described in Item 2);
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and the anchor point is
¢) the (expected) value described in Item 3).
These three pieces (Items a), b) and c)) represent the actors of many of the results provided
in Information Theory. Once they are found, one usually bounds the functional described
in Item b) and obtains a bound connecting the expected value (i.e., the pairing, cf. Item c))
and the functional of measures (e.g., an information measure, cf. Item a)).
Going back to Shannon’s result, fixing a random variable (and thus, a probability measure)
and selecting the function to be the length of a code:
al) the functional a) is the Shannon’s Entropy of the source;
b2) the functional b) is the Kraft’s sum of the code, i.e., the dual of Shannon’s Entropy;
c3) the pairing c) is the expected length of the code.
We explore this connection and this pattern throughout the thesis. We will see how it can
be found in notable results like Coding Theorems for one-to-one (not necessarily uniquely
decodable) codes, Campbell’s Coding Theorem, Arikan’s Guessing Theorem, Fano-like and
Transportation-Cost Inequalities and so on. Moreover, unearthing the pattern allows us to
generalise it to other information measures and apply the technique in a variety of fields,
including:
¢ Learning Theory;
¢ Estimation Theory;
* Hypothesis Testing.
In particular, we provide results connecting expectations of the same function with two
different measures to a divergence between these two measures. This allows us to generalise
Transportation-Cost inequalities to divergences other than the Kullback-Leiber’s. It will also
enable us to retrieve many results in the literature connecting the expected generalisation
error of learning algorithms to divergences and to generalise them to virtually any information
measure.
As a particular case, we also consider probabilities of the same event under different probability
measures. This allows us to generalise concentration of measure to functions of random
variables that depend on the random variables themselves and, in turn, bound the probability
of having a large generalisation error in supervised learning settings. Other applications can
be found in lower-bounding the Bayesian risk in estimation procedures and analysing the
error probability in hypothesis testing frameworks.



Abstract

Sin dalla nascita della Teoria dell'Informazione, i ricercatori hanno definito ed utilizzato varie
misure di informazione dotandole inoltre di significati operativi. Alcune di esse sono nate
come “soluzione ad un problema”, come I'Entropia di Shannon e la Mutua Informazione. Altre
sono invece state il frutto della generalizzazione e del genio matematico di menti brillanti
come Rényi, Csizszar e Sibson ma sono state utilizzate in problemi pratici solo pilu tardi.
Questi potenti strumenti ci permettono di manipolare le probabilita in maniera intuitiva e
sembrano essere, in qualche modo, sempre connessi ad ambiti concreti come la teoria della
comunicazione, della codifica o della stima di parametri. Un tema ricorrente é il seguente:
considera un problema in una di queste aree, prova a controllare (i.e., limitando superiormente
o inferiormente) il valore di atteso di una specifica funzione di interesse (spesso, probabilita di
errore) e, lavorando abbastanza, una misura di informazione sembra sempre apparire come
limite fondamentale del problema.
Lesempio pilt lampante di cio € nell'influente lavoro di Shannon del 1948: il suo obiettivo
era quello di caratterizzare la minima lunghezza attesa possibile di un codice unicamente
decifrabile che comprime le realizzazioni di una variabile casuale. Come ha brillantemente
dimostrato, la minima lunghezza attesa a cui si puo ambire ¢ 'Entropia della variabile casuale.
Nello stabilire tale connessione fu implicitamente necessario controllare un’altra quantita:
la somma di Kraft del codice. Questi tre oggetti, alla prima apparenza non correlati tra loro,
hanno unito le forze in armonia regalandoci un elegante e fondamentale risultato. Ma perche
tali oggetti sono correlati? La risposta sembra essere: dualita. La Dualita & una nozione astratta
comunemente utilizzata in algebra lineare ed analisi funzionale. E stata generalizzata ed
espansa negli anni e ne sono state individuate diverse istanze in vari ambiti della matematica.
La sua essenza, pero, € rimasta la stessa: "dato un oggetto matematico e possibile associare ad
esso un oggetto “duale” che aiuta a comprendere le proprieta dell’ oggetto di partenza" (Gowers
et al., 2010). Una particolare istanza di questo fenomeno riguarda spazi vettoriali: dati due
spazi vettoriali ed un “accoppiamento di dualitd” (e.g., una funzione bilineare definita sul
prodotto Cartesiano di questi due spazi), € possibile saltare da uno spazio all’altro (il suo
duale) tramite trasformate simili a quella di Legendre-Fenchel. Negli ambiti pilt comuni della
Teoria dell'Informazione, questi due spazi ed il relativo accoppiamento sono, rispettivamente:

1) lo spazio delle misure (di probabilita) definite su &’;

2) lo spazio di funzioni limitate definite su X;

3) l'integrale secondo Lebesgue della funzione (e.g,, il valore atteso della funzione se la

misura & una misura di probabilita).
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Una volta che questi elementi sono fissati, trasformate simili a quella di Legendre-Fenchel ci
permettono di connettere:
a) un funzionale che agisce sullo spazio descritto al punto 1);
b) un funzionale che agisce sullo spazio descritto al punto 2);
ed il punto di connessione &
c¢) il valore atteso descritto al punto 3).
Questi tre elementi (Punti a), b), and c)) rappresentano gli ingredienti di molti dei risultati
dimostrati in Teoria dell'Informazione. Una volta individuati, si procede tipicamente limitando
il funzionale descritto al punto b) e si puo cosi ottenere un risultato che connette il valore
atteso (i.e., 'accoppiamento, cf. punto c)) ed il funzionale che agisce su misure (e.g., una
misura di informazione, cf. punto a)). Ritornando al risultato di Shannon, fissata una variabile
casuale (e quindi, una misura di probabilita) e selezionando come funzione la lunghezza del
codice:
al) il funzionale a) & 'Entropia di Shannon della sorgente;
b2) il funzionale b) & la somma di Kraft del codice, i.e., il duale dell’Entropia di Shannon;
c3) l'accoppiamento c) e il valore atteso della lunghezza del codice.
Questo pattern e questa connessione verranno esplorati piu1 volte in questa tesi. Vedremo come
questo schema possa essere ritrovato in risultati noti come Teoremi di Codifica per codici uno-
ad-uno (non necessariamente unicamente decifrabili), il Teorema di Codifica di Campbell, il
Teorema sul Guessing di Arikan, disuguaglianze simili a quella di Fano e del Trasporto-Costo e
cosi via. Inoltre, portando alla luce questo pattern ci permette di generalizzarlo ad altre misure
di informazione e di applicare la tecnica ad una varieta di ambiti, tra cui:
¢ Teoria dell’Apprendimento Automatico;
¢ Teoria delle Stime;
¢ Test d’'Ipotesi.
In particolare, fornirmeno risultati che connettono i valori attesi della stessa funzione rispetto
a due misure differenti ed una divergenza tra queste due misure. Questo ci permette di
generalizzare le disuguaglianze del Trasporto-Costo a divergenze diverse da quella di Kullback-
Leibler. Ci permettera inoltre di recuperare molti dei risultati presenti in letteratura e che
connettono il valore atteso dell’errore di generalizzazione di un algoritmo di apprendimento a
divergenza e di generalizzarli a quasi tutte le misure di informazione.
Come caso particolare, considereremo anche le probabilita di uno stesso evento rispetto a
misure di probabilita diverse. Questo ci permettera di generalizzare risultati di concentrazione
delle misure a funzioni di variabili casuali che dipendono dalle variabili casuali stesse €, di
conseguenza, limitare la probabilita che I'errore di generalizzazione sia grande in ambiti
di apprendimento supervisionato. Altre applicazioni possono essere trovate nel limitare
inferiormente il rischio Bayesiano in procedure di stima dei parametri e nell’analisi della
probabilita di errore in ambiti di test d’ipotesi.

viii
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Introduction

Duality is an important general theme
that has manifestations in almost every
area of mathematics.

(Gowers et al., 2010, Part III:
Mathematical Concepts - 19. Duality)

Duality is an abstract notion that comes in various shapes and forms. This thesis explores
several notions of duality and their important roles in Information Theory. They will all stem
from a duality pairing i.e., a bilinear mapping between objects belonging to two (different)
spaces. Once the pairing is set, it is possible to jump from one space to the other through
Legendre-Fenchel-like transforms. This statement represents the central intuition behind this
thesis and will allow us to interpret (old and new) results differently.

Since the birth of the field, a common theme in Information Theory has been the connection
between expected values of functions and information measures. The most striking example
of this can be found in the groundbreaking work of Shannon, in which he connected the
smallest possible expected length of a uniquely-decodable code (i.e., the expected value of a
function) to what is now known as “Shannon’s Entropy” (i.e., the information measure). One
object (the function) lives in a space, while the other (the information measure) acts on the
corresponding “dual” space. The thread connecting these two spaces is the “duality pairing”.
Given a measure p and a function f, a natural pairing is given by the Lebesgue integral:

(W, ) =p(f) =ffd,u.

If the measure p is a probability measure, the pairing is simply the expected value of f under
u. Thus, duality allows us to jump from the space of functions to the space of measures, and
the connecting thread will be the expected value. It represents a simple yet essential object:
probabilities of events themselves can be seen as expected values of indicator functions. The
abundance of its presence in Information and Probability Theory implies that these fields
have implicitly leaned on duality itself.

Other, almost omnipresent, objects in Information Theory are information measures. Most
of their power comes from convexity and, in a way, from the connection between Duality
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and Convexity. Indeed, given a function ¢ : X — R one can compute its Legendre-Fenchel
transform. This leads us to a function y* acting on the “dual” space of X’ (which we will often
denote as X'*):

w* (w) =sup{y, ) —w(f) with pe X*. (1)
feXx

The object that we retrieve, ¥*, is guaranteed to be convex (and lower semi-continuous with a

suitable topology). If v itself is convex, then Equation (1) is guaranteed to be well-defined,

and one has by the Fenchel-Moreau Theorem that (y*)*

*\ %
)

= ¢ (in reality, one must be a bit
more careful. In some cases the domain of (¢*)* can be much larger than domain of 1. The

property holds nonetheless on the intersection of the spaces). This implies that:
() = @) () =supv, /) —y* ). 2
v

Hence, one can find the function ¥ of which y* is the Legendre-Fenchel dual (through Equa-
tion (2)) and vice versa.

Consider now divergences. Let us fix the second measure and see them as functionals acting
on the first measure, i.e.,

D(lw: PX) —R. 3)

One has that (for the objects of interest to us and in Information Theory) D(:| ) is convex. The
considerations just above essentially imply that they possess a representation of this form:

DWW =wj;(v) =sup(v, f) = yu(f). @
f

Many of these characterisations have been established in the literature at some point or an-
other (Varadhan, 1984; Anantharam, 2017; Broniatowski and Keziou, 2010). As we will see
throughout this thesis, they have been quite fruitful in providing different results in various
fields.

Sometimes, however, this connection has gone unnoticed. Part of the contributions of this
document consists in unearthing this connection. The journey will take us from Shannon’s
Coding Theorem to Transportation-Cost Inequalities and Learning Theory. In the more classi-
cal results, the assumptions (or parts of the proof) often consisted in implicitly bounding the
dual of the information measure of interest. This crucial step led then to a result connecting
the duality pairing (e.g., (f,v) and thus, the expected value of some function f) to the infor-
mation measure (e.g., w* (v), a divergence or entropy).

Other times, duality appears in disguise. For instance, some information measures are (trans-
formations of) norms. For these divergences, the “dual” that we will consider (and bound, in
some cases) will be the dual norm.

The essence, however, remains the same: the “dual norm” is defined on the “dual space” which
is determined by the pairing. This represents a different way of jumping from functions to
measures.

These abstract and intuitive statements will become more precise as the chapters evolve.

2
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Multiple examples from the classical (and not so classical) Information Theory literature will
be framed in this setting. Moreover, these very same tools will be used to derive new results,
which will then be applied to a variety of settings, including:

* Learning Theory;
* Estimation Theory;
* Hypothesis Testing.

Organisation of the Thesis
This thesis is organised as follows:

* in Chapter 1 we will explore the basic objects and results that will be needed throughout
the thesis:

- Function Spaces (Banach and Orlicz Spaces, cf. Section 1.1 and Section 1.3);

— Duality (Legendre-Fenchel Duality and Dual Norms, cf. Section 1.2);

- Divergences (Kullback-Leibler’s, Rényi’s and ¢-Divergences, cf. Section 1.4).

¢ in Chapter 2 the various notions of duality introduced in Chapter 1 will be instantiated
to information measures. We will take a close look at the variational representations
that stem from this duality for:

— the Kullback-Leibler Divergence (cf. Section 2.1.1) (i.e., the celebrated Donsker-
Varadhan representation of the Kullback-Leibler Divergence);

- Shannon’s Entropy (cf. Section 2.1.2) and, as an immediate application, we will
recover Shannon’s Converse Coding Theorem as well as some results on one-to-one
codes (cf. Section 2.1.3);

- Rényi’s entropy (cf. Section 2.2.1) with a variational representation that echoes the
one provided for Rényi’s divergences (cf. Section 2.2.4). As applications of this we
will recover Campbell’s coding theorem (cf. Section 2.2.2) and Arikan’s Guessing
Theorem (cf. Section 2.2.3);

— @-Divergences for strongly convex function(al)s ¢ (cf. Section 2.3).

Most of these variational representations will then find further applications in the
subsequent chapters;

* in Chapter 3 we will use the results presented in Chapter 2 to connect the expected value
of a function f under a measure y with the expected value of f but under a different
measure v. As a consequence, various information measures will appear in the analysis.
When f is chosen to be the indicator function of an event E (cf. Section 3.1), we are
essentially connecting p(E) with v(E) and some divergence D(ul|v).

The bounds provided will involve:

— very general objects, like Luxemburg and Amemiya norms of the Radon-Nikodym
derivative and of the indicator function 1y (cf. Section 3.1.1);

— Rényi’s information measures, i.e., Renyi’s Divergences, Sibson’s ¢-Mutual Infor-
mation and, in particular, Maximal Leakage (cf. Section 3.1.2);
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- other divergences, like the Hellinger—p divergences and, in particular, the y?
divergence (cf. Section 3.1.3).
When the function f is general (not set to be the indicator function), we will look at
the problem of bounding the difference of the expectations of f with respect to the
two measures p and v (cf. Section 3.2). Once again, duality will play an essential role
in the results provided and will yield interesting applications in transportation-cost
inequalities as well (cf. Section 3.2.1). Some immediate applications of these results
in Hypothesis Testing frameworks are then considered in Section 3.3; The problems
considered in Chapter 3 are of particular interest when p is a joint measure and v is the
corresponding product of the marginals, as we will see in the subsequent chapters.
¢ They can be used in a Supervised Learning Theory framework (cf. Chapter 4) to provide
bounds on:
- the expected value of the generalisation error (cf. Section 4.2) via a variety of
information measures;
— the probability of having a large generalisation error (cf. Section 4.3) via a variety
of information measures.
In particular, the problem of bounding the probability of having a large generalisation
error can be seen as the problem of providing concentration bounds for a function of
random variables when the function is not independent of the random variables;
* they can be used in a Bayesian Estimation framework (cf. Chapter 5) to provide lower
bounds on the risk in estimation procedures that hold for general classes of estimators
and that involve a variety of information measures.

Related Work

Following the same structure of the previous section, we will now provide the main references
that are connected to (or inspired) this Thesis. The main inspiration for the employment of
the duality between function spaces and measure spaces was drawn from the pedagogical
proof of Kantorovich-Rubenstein’s duality formula in (Villani, 2003, Chapter 1). Other signifi-
cant sources of inspiration were also the book on Large Deviation by Varadhan (in particular,
Section 10), the book on Measure-Theoretic probability (Pollard, 2001) and the monograph
by Raginsky and Sason for the connection drawn among the Kullback-Leibler Divergence,
log-Sobolev inequalities and the concentration of measure phenomenon (as well as Section
3.4 therein, where the link between Transportation-Cost inequalities and concentration is
highlighted). Other meaningful resources were (Raginsky, 2016; Rassoul-Agha and Seppaéléi-
nen, 2015; Sason and Verdd, 2016). A document which is similar in spirit to this one is the
thesis defended by Liu. Moreover,

* as for the variational representations presented in Chapter 2 and used in this document:
— the variational representation for the Kullback-Leibler divergence dates back

to (Varadhan, 1984, Section 10);
— the variational representation for Rényi’s divergences has appeared multiple times
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in the literature (Atar et al., 2013; Anantharam, 2017; Birrell et al., 2021);

- the variational representation for ¢-Divergences in explicit closed-form has ap-
peared in (Broniatowski and Keziou, 2010). Other meaningful references are (Nguyen
et al., 2008; Ruderman et al., 2012; Sason, 2018a);

* bounds of a similar flavour to the ones proposed in Chapter 3 have appeared in the litera-
ture in the past. For instance, the bounds regarding the Kullback-Leibler Divergence date
back to (Arutjunjan, 1968). They have also often re-appeared due to the Data-Processing
Inequality (Polyanskiy et al., 2010) or proven independently using the convexity of the
Divergence (Bassily et al., 2018). For the bounds regarding Rényi-Divergences, the one
instance we could find is in (Polyanskiy and Verdd, 2010). The problem of bounding the
difference of expectations of the same functions with two different measures arises in
several contexts: analysis of Bias in Models (Russo and Zou, 2016; Gourgoulias et al.,
2020), uncertainty in Markov processes (Birrell and Rey-Bellet, 2020), generalisation
error (cf. the next bullet-point), etc.

* the connection between the expected generalisation error in learning and information
measures started in (Russo and Zou, 2016) and evolved in (Xu and Raginsky, 2017c;
Asadi et al., 2018; Bassily et al., 2018; Pensia et al., 2018; Bu et al., 2020; Steinke and
Zakynthinou, 2020). A link has been drawn with other objects as well, like Wasserstein
distances (Lopez and Jog, 2018; Wang et al., 2019; Rodriguez-Gélvez et al., 2021);

* the connection between the Bayesian Risk in estimation procedures and information
measures can be mainly found in the line of work started in (Duchi and Wainwright,
2013; Zhang et al., 2013) and then elaborated on in (Xu and Raginsky, 2017a).












|} Preliminaries

1.1 Banach Spaces

Definition 1 (L” spaces, (Berberian, 1974, Def. 39.1)). Let (Q, F, ) be a o -finite measure
space, where Q) denotes the underlying space, F represents the o -field and 1 a o —finite measure.
Given 1 < p < oo one can consider the space LP (Q, F, ) of the equivalence class of all functions
f:Q — R that are measurable with respect to (F, 1) and such that

fQIf(x)I”d;u(x) < oo. (1.1)

Two functions are equivalent if they are equal i-a.e.

The space of functions L”(Q, F, u) can be shown to be a vector space, i.e,, it is closed with
respect to addition and scalar multiplication. Moreover, one can endow these spaces with a
natural norm that completes them, rendering them complete vector spaces or Banach spaces.
Definition 2 (L” norm, (Berberian, 1974, Def. 39.1)). Let1 < p < oo and consider the space
LP(Q, F, ). Given f € LP(Q, F, 1) one can define the following

”f”LP(Q,]-",,u) = (fg |f(x)|pd/.l(X)) . (1.2)

Conventionally, one would shorten the notation || f H woFp o || f || 7y Whenever the mea-
sure is clear from the context. However, given that we will mostly keep the space fixed but will
constantly change measures, we will shorten || f[| ., 7, to || f[| 15, It is possible to show
that given p = 1 the functional |-l »( is actually a norm on LP(Q, F, ). In particular, for
every given p = 1, the L —norm completes the space (meaning that, given a Cauchy sequence
(f) with respect to the metric induced by the L” —norm in LP (Q, F, ), then f; — f and
f e LP(Q,F, ). More precisely, let us consider the following definition:

Definition 3 (Banach Spaces). A Banach Space is a vector space endowed with a norm, and
that is complete with respect to that norm, i.e., complete in the metric induced by the norm.
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Then, one can show the following result:
Theorem 1 ((Berberian, 1974, Thm. 39.9)). Let1 < p < oo. The space LP (Q, F, 1) endowed with
the LP norm |||l 1r @, F, wisa Banach Space, i.e. a complete normed vector space.

1.2 Duality

As informally stated in the Introduction, our primary purpose will be to move from function
spaces to measure spaces. In particular, what we will be seeking is a notion of duality between
two vector spaces X,). In the general but classical sense this means that there exists a
bilinear function (-,-) : X x ) — R. Once the bilinear function is set (and, in the case of spaces
of functions and measures, the bilinear mapping will typically be the Lebesgue integral of
the function with respect to the measure), then the topology that one would seek on X is
the so-called weak topology o (&X', )). Le., the coarsest topology under which the mappings
{x — (x,y): y € Y} are continuous. For the other direction, one would similarly consider the
weak topology o(),X) on ).

A common assumption is to require that, for each non-zero element x € X" there exists an
element y € ) such that (x, y) # 0. Likewise, for each non-zero y € ) one asks for the existence
of an x € X such that (x, y) # 0. When this assumption is satisfied, the topologies o (&X', )) and
o (Y, X) can be shown to be Hausdorff (Rassoul-Agha and Seppdldinen, 2015, Chapter 4).

Often, we will consider duality in the algebraic (topological) sense: given a vector space X, the
dual of X, denoted with X'* will be the space of (continuous/bounded) linear functionals on
X. In this case one has the natural duality pairing (x, x*) = x*(x) and the topologies o (X, X'*)
and o (X'*, X) are generally called, respectively, the weak and weak™ topology (Rassoul-Agha
and Seppdldinen, 2015, Chapter 4).

Given a pairing between two vector spaces A and ) and a norm on /X, one can also define a
norm on ) as follows:

Definition 4. Given a norm | -|| : X — R*, the dual norm | - || : ) — R" can be defined as
follows: letye Y
lyllx = sup Kx,»I. (1.3)
xeX:||x|<1

If Y = X* (the space of bounded linear functionals defined on X) and (x, y) denotes the
natural pairing y(x), then X* equipped with |-|| . is a Banach space (regardless of whether X
itself is Banach) (Kreyszig, 2007, Section 2.10).

It is easy to see that various spaces of functions are vector spaces and they can be rendered
Banach spaces with various norms. Moreover, there is a natural duality between spaces of
functions and spaces of measures. Indeed, let (X, F) be a measurable space. Denote with
M(X) the space of signed (Radon) measures on &'. Given a function f : X — R in some space

10
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Y of functions and a measure p, one can consider the duality pairing:

() (M), )) — R (1.4)
() — f fdu. (1.5)

In particular, M(X) can be put in separating duality with: (Rassoul-Agha and Seppéldinen,
2015, Example 4.3)

* B(X), the space of bounded measurable and real-valued functions on X’;
e Cp(X), the space of continuous and bounded real-valued functions on &, if X’ is metric.

These considerations can also be explored further considering topological vector spaces and
the corresponding topological duals. For instance, one can leverage Riesz-Kakutani-Markov-
like theorems to analyse the topological dual of a variety of spaces of functions (Dunford
and Schwartz, 1988, Table IV.A). In general, the topological duals of vector spaces of func-
tions (satisfying a variety of properties) are spaces of measure (again, satisfying a variety of
properties).
Example 1. Assume that X is a normal topological space. Consider the space B(X) of bounded
real-valued (or complex-valued) functions of X with the sup-norm, i.e., given a function
f €B(X) then

| £l =sup1f ol (1.6)

xeX

There exists an isometric isomorphism between B(X)* and ba(X) the space of bounded and
finitely additive signed measures defined on X when endowed with the total variation norm (Dun-
ford and Schwartz, 1988, Theorem IV.5.1). Hence, given an element h* € B(X)*, there exists a
measure u € ba(X) such that

h* (f) :ffdu, with f € B(X). (1.7)

Example 2. When X is a locally compact Hausdorff space, one can then consider more restricted
sets of functions like C;(X) or Cy(X) respectively, continuous functions with compact support
and continuous functions vanishing at infinity. In this case there is an (isometric) isomorphism
between the topological dual of said space and the space of signed Radon Measures defined on
X (Folland, 2013, Chapter 7).

Notice that C.(X) c Cy(X) < Cp(X) < B(X).

In the spirit of the discussion just above and of Example 1, one can generally see measures as
linear functionals acting on spaces of functions. We can thus denote any Lebesgue integral
J fdu as the functional p acting on f i.e., u(f). While different from the usual notation, this
approach allows us to the use of the common notation E for the expectation operator. One of
the upsides of using u(f) rather than E,[f] is that one does not have to denote constantly (e.g.,
with a subscript E,,) the measure with respect to which one is integrating. Moreover, it relieves
us from using different notations when we integrate with respect to probability measures

11
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(Ey[]) and other types of measures (/ -1). We will thus adopt what is known in the literature
as “de Finetti notation” (Pollard, 2001, Section 1.4) as the benefits outweigh the discomfort
of facing a different-from-usual notation. With a slight abuse we will also denote with u(E)
the measure under p of a (measurable) set E. Indeed, given the natural bijection between a
set E and the corresponding indicator function 1, with y(E) one can unambiguously denote
©(1g), maintaining a consistent notation that matches (to some extent) the one present in the
literature.

Throughout this document we will mostly ignore the topological aspects. Thus, we will only
consider the weak topology in both directions (whenever they are needed) unless otherwise
specified. Now that we have characterised the spaces of interest, we will formally define one
of the tools that allows us to relate functionals defined over one space to functionals defined
over the dual: the Legendre-Fenchel transform (Fenchel, 1949). We follow the approach and
notation in (Villani, 2003, Section 1.1.6).

Definition 5 (Legendre-Fenchel transform). Let X' be a normed vector space and v : X —
R U {+o00} be a functional over X. The Legendre-Fenchel transform of v is the functional w*
defined on the topological dual X* of X by the formula:

P (x™) = sup (x*, x) —y(x), (1.8)
xeX

where (x*, x) denotes the natural pairing between a space and its topological dual i.e.,
(x*, x) = x* (x).

Remark 1. The definition of Legendre-Fenchel transform can be expressed more generally
starting from a pairing between two spaces X and ) that puts them in separating duality.
Essentially, giveny : X — R one can constructy™ : )) — R like in Equation (1.8) without)) being
necessarily the topological or algebraic dual of X as long as (X,))) are in duality (Rassoul-Agha
and Seppidildiinen, 2015, Definition 4.9). Most of the properties of Legendre-Fenchel transform
(convexity, lower semi-continuity, etc. still hold (Rassoul-Agha and Seppdildinen, 2015, Chapter
4)). One can even consider more general notions of Legendre-Fenchel duality and of convexity
itself, focusing on pairings that are not necessarily bilinear (Villani, 2003, Section 2.4.1).

Given v, ¢* is guaranteed to be convex and lower-semi continuous with respect to the weak*
topology and (y*)* will be the lower-semi continuous convex-hull of ¢ (with respect to the
corresponding weak topology) if ¢ # —oo everywhere. Otherwise (y*)* = —co (Gossez et al.,
1976, page 187). The transform has an interesting property when considering convex and
lower semi-continuous functions, as described in the following and important result:
Theorem 2 (Fenchel-Moreau Theorem, (Rassoul-Agha and Seppéldinen, 2015, Chapter 4)).
Let X be a vector space and v : X — R U {+o0} a functional not identically equal to co. Then,
(w*)* =y ifand only ify is convex and lower semi-continuous.

Another fundamental result in the area is the following:

12
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Lemma 1 ((Dembo and Zeitouni, 2009, Lemma 4.5.8)). Let X be a locally convex Hausdorff
topological vector space and let y : X — (—oo,00] be a convex lower semi-continuous function.
Let

¢(A) =sup{A, x) — ¥ (x). (1.9)
xeX

One has that v is the Legendre-Fenchel transform of ¢ and thus

w(x) = sup (A, x) —p(A). (1.10)
AeX*

Remark 2. One of the purposes of Legendre-Fenchel duality (in this document) is to link a func-
tional acting on a space to a functional acting on the corresponding dual space. Switching the
focus slightly to optimisation problems, a similar connection was already established through
Lagrange Duality. Indeed, following again the notation in (Villani, 2003, Theorem 1.9) one has
that given two convex functions acting on a normed vector space E, under suitable assumptions

the following holds:
inf(© + Z) = max (-0* (—z*) - E*(z%)), (1.11)

E z*eE*

where E* is the topological dual of E and ®*,Z* represent the Legendre-Fenchel dual of; respec-
tively, © and E. The result is a consequence of the Hahn-Banach Theorem.

One can see this result (typically known as Fenchel-Rockafellar or simply Fenchel Duality) as a
generalisation of Lagrange Duality. Indeed, a specific instance of Equation (1.11) can be found
in statements like (Luenberger, 1997, Theorem 8.6.1), connecting constrained minimisation
problems to maximisation problems over a dual space. One way of obtaining (Luenberger, 1997,
Theorem 8.6.1) from Equation (1.11) comes from incorporating the constraints (characterising a
convex set C) into the objective function, and thus selecting Z to be the indicator function of the
set of constraints C (a function which is 0 on C and +oco elsewhere). One can thus see Lagrange
Duality (as well as statements on linear programming) as a consequence of Fenchel Duality with
an appropriate choice of functions (Bot et al., 2006). This characterises a bit more explicitly the
underlying geometry which might be hard to grasp from results as general as Equation (1.11).

1.3 Orlicz Spaces

The most commonly studied Banach function spaces are the L spaces with p > 1. However,
it is possible to consider even more general function spaces. The family that we will often
consider in this document is the family of Orlicz spaces. Orlicz spaces are defined starting
from a family of convex functions known as Young functions (or, sometimes, Orlicz functions).
Definition 6 (Young Function, (M.M. Rao, 1991, Chapter 3)). Lety :R — R* be a function that
satisfies the following list of properties:

* jtis convex;
e itiseven, i.e., w(x) =w(—Xx);
* ¥(0)=0;

13
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fY oo
then v is called a Young or Orlicz function.

Let (Q, F, 1) be a measure space and denote with L (u) the space of all the F-measurable and
real-valued functions on Q. Given a Young/Orlicz function ¥, one can define the following
functional

Iy : L°(w) — [0, +o0] (1.12)
fﬁfgw(lfl)du. (1.13)

Definition 7 ((M.M. Rao, 1991, Definition 5)). Lety be a Young function. Let (Q,F, ) be a
measure space and consider the functional I, as defined in Equation (1.13). An Orlicz space
can be defined to be the following set:

Ly(w ={f e L°(W: Iy (Af) < +o0 for some A > 0}. (1.14)

Given a Young function v, one can define the corresponding complementary function to v in
the sense of Young (M.M. Rao, 1991, Section 1.3):

Definition 8. Given a Young functiony : [0 +oo) =R, the complementary function toy in
the sense of Young, denoted as vy, : R — R can be deﬁned as follows:

Yy (x) =sup{Alx| —y(A): A = 0}. (1.15)

The complementary function ¥, is also a Young function and satisfies, by definition, the
so-called Young’s inequality:

xysy@+yy(, x,yeR. (1.16)

— IXI IJ’I

wzth +1=1.

Example 3. Lety(x) = 7

with p = 1, y is a Young function and ¢, (y) =

An Orlicz space can be endowed with several norms that render it a Banach Space (Hudzik
and Maligranda, 2000): the Luxemburg norm

”f”LW) =inf{o >0:I,(fl0o) <1} :inf{a>0:,u(w(|?f|)) < 1}, (1.17)
the Orlicz norm
”f”Lg(uJ = sup{’ffgdu' g€ Lys (W), Iyx () = 1}, (1.18)

and the Amemiya norm

(tf)+1 (elfD) +1
||f||LA(m_mf% ggM. (1.19)
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It can also be shown that the Amemiya norm is equivalent to the Orlicz norm in the following
sense:
Theorem 3 ((Hudzik and Maligranda, 2000, Theorem 1)). Let v be a Young function and
f € Ly () then

||f”L$(ﬂ) = ”f”Lg(,u)' (1.20)

We will thus mostly ignore Orlicz norms henceforth.

Orlicz spaces are quite general spaces of functions. Indeed:

Example 4. Lety(x) = |x|P and let (Q, F, 1) be a measure space. y is a Young function, Ly (1)
is an Orlicz space, |- ”Lﬁ(,u) is the L? -norm and Ly, (1) = LP ().

They also allow us to nicely characterise spaces of random variables according to the behaviour
of their “tail”:

Example 5. Lety(x) = e —1 then, given a measure space (Q), F, 1) one can define on (Q, F)
the Orlicz space Ly (u). Given a random variable X defined on this space then || X lyp is the
so-called sub-Gaussian norm i.e.,

. X?
IIXIILlLV(H)=1nf{a>0:p(exp(?))52}. (1.21)

Thus, Ly (u) represents the set of all sub-gaussian random variables with respect to y (Vershynin,
2018, Definition 2.5.6).

Given a functional and the corresponding Young’s dual, one can prove the so-called generalised
Holder’s inequality.

Lemma 2. Lety be an Orlicz function and v, denote its complementary function. For every
couple of random variable U,V respectively defined over (Qy, Fu, Pu), (Qv, Fv,Py), given a
coupling Pyv (UV) one has that:

PuvUV) < WUl ey IV, py)- (1.22)
vy

Given that we could not find a proof of this result in the literature we will now provide one:

Proof. For every o, t >0 we have that:

PWUV)="Pyy (ag%Vt) (1.23)
@ o |U| N
= ?PUV (1//(7) +wy(|V|t)) (1.24)
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Where (a) follows from Young's inequality. Choosing o = U] ;. o, One retrieves
v(Puy

1O L5 py) U
PuvUV) < ——Pyy (W(L) +yy (VD) (1.25)
t 1Ty
() 1+Py (v (Vi)
< Ul py) V(”;Y ), (1.26)

where (b) follows from the definition of Luxemburg norm, i.e., Py (1,1/ (lU [T L (Pu))) <1.
Taking the infimum with respect to ¢ in Equation (1.26) gives us Equation (1.22) by definition

of Amemiya norm. O

Remark 3. Withy (1) = % as well as with y,(t) = |t|P, leading respectively to w3 (t*) = |[;|q

and 3 (t*) = t*|4 (pp;ql) with % + % =1, one recovers the classical Holder’s inequality:
PuvUV) = Ullpppyy - 1 VIiiLapy) - (1.27)

Remark 4. An alternative approach to a generalised Holder's inequality comes from Definition 4.
Indeed, given a pairing (x, y), by definition of Dual norm one has that

1K, < lxl- |yl - (1.28)

Indeed, for any z € X such that || z|| <1

Kz, < sup  Kw,pl=|yl,. (1.29)
1

weX:|lwl|<

X

Selecting z = o then leads to Equation (1.28). It is well-known that the dual norm with
respect to the LP (1) -norm is the L9 (u) -norm with % + % =1, when the pairing is selected to be
(f,g)=[f-gdu, with f € LP(u) and g € L9(u) (Dunford and Schwartz, 1988, Theorem IV.8.1),
thus recovering Héolder's inequality. More details on this are given in Section 1.3.1.

Similarly, fix an Orlicz function v and select the same pairing. Consider the %, -Luxemburg
norm according to Equation (1.17). The y-Orlicz norm, by definition (cf. Equation (1.18)), can
be seen as the dual norm (according to Definition 4) of the v}, - Luxemburg norm. Indeed, let g €
Ly« () such that I,» (g) < 1 then, since I+ (§) = u(v'y (1g1)) =1, it follows from Equation (1.17)
that || f || =1 With some additional technical steps one can thus show that:

vy

129 = sup{'ffgdﬂ‘ 18 € Lyx (W), Iy (8) < 1} (1.30)

= sup{'ffgdu‘ 18 € Lyx (), ||g||L5/* w S 1}. (1.31)

Then, by Theorem 3, one has that the v -Amemiya norm is equivalent to the y -Orlicz norm and
thus, represents the dual norm of the yy, -Luxemburg norm in the sense of Definition 4. Lemma 2
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would then follow from the reasoning made at the beginning of this remark i.e., from Equa-
tion (1.28).

1.3.1 Holder’s inequality Duality

A central tool throughout this document will also be the classical Holder’s' inequality. Given
the theme of this thesis, it is only fair to dedicate a section to this result and show how it is
connected to the rest of this document (other than from a technical standpoint).

Theorem 4. Let (X, F, 1) be a measure space and let a, 5 € [1,+o0] with é +% =l.Letf:X—-R

and g : X — R be measurable functions, then

nA el = £l e I8l ey - (1.32)

One interpretation of Holder’s inequality comes from the notion of dual norms as defined
in Definition 4. In particular, given a measure p, two spaces X, ) and a norm on & then the
functional

(X xY)-R (1.33)
(f,8)—ulfg (1.34)

represents a bilinear mapping, i.e., a duality pairing. Once the duality pairing is set then, from
the definition of dual norm (cf. Definition 4), one has that:

ue) <171 -lell, 135

Setting X’ = L%(u) with 1 < @ < +oo then one has that )) can be set to be X'* (the algebraic
dual of X) and it is possible to show that ) = X'* = P (1) with g = % (cf. (Dunford and
Schwartz, 1988, Theorem IV.8.1)).The corresponding dual norm, in the sense of Definition 4, is
the LP (u)-norm. This immediately provides that, given f, g then:

p( el = fllag 18l - (1.36)

These observations show a first connection between Hélder’s inequality and “duality” when
the duality pairing is fixed to be u(fg) and the dual space is defined to be the algebraic (or
topological) dual in the classical functional analysis sense.

Another approach that allows us to establish a more direct link between Holder’s inequality
and (Legendre-Fenchel) duality, comes from Orlicz spaces and the corresponding norms.
Indeed, we have seen that given v, (x) = %
Ly, (@) = L%(u) is an Orlicz space. Moreover, the Luxemburg norm Lf,,a (1) corresponds to the

one has that 14 is an Orlicz function and that

classical L*(u)—norm. Given ¥4, the corresponding Young'’s complementary function is given

I The result is usually attributed to Holder (Holder, 1889). It has been, however, discovered one year before
by Rogers. An historical treatise of the inequality is proposed in (Maligranda, 1998), where Maligranda advances
the name Holder-Roger’s inequality.
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by ¥a3 (X) = yp(x) = % with f = -%;. The function v is also an Orlicz function and thus
implicitly defines a function space Ly,,. Hence, one can see Holder’s inequality as a Corollary
of Lemma 2 with the choice of functions just described (cf. Remark 3). It is, however, instructive
to go through the steps. Please notice that in this case the Legendre-Fenchel transform of y 4
i.e, ¥}, matches with the Young’s complementary function, .} . Let us assume that both f
and g are positive-valued functions. One has that, given the bilinearity of the duality pairing,
forevery t,0 > 0:

u(fg) = % (g . (tg)) (1.37)
< %,u(u/a (g) +1//;(tg)). (1.38)

Then, setting o = || f || W leads us to the following:
Va

1+ yp(ig)
p(r ey =l int + (1.39)
=170z, 0 18025, g0 (1.40)

Then one can see that Equation (1.32) follows from Equation (1.40) either by going through
the computations and finding the two infima involved in the Luxemburg and Amemiya norms
or by following the considerations in Remark 3 along with Theorem 3. Indeed, given the
equality between the Amemiya Norm and the Orlicz Norm, one can see the definition of the
Orlicz Norm as an instance of Definition 4 and, thus, see the Amemiya norm as the dual
norm with respect to the Luxemburg norm induced by yq. Given that |||z, is actually
equal to ||l za (g (cf. (M.M. Rao, 1991, Page 5)), then it is known that the dual norm is the LP(u)
with § = -%; and the result follows from a contextualisation of Definition 4. What is worth
mentioning in particular is the step depicted in Equation (1.38): it explicitly shows the role
of duality in proving such an inequality. Surprisingly, Holder’s inequality can also be proved
with an approach that mimics the one presented so far, although the equivalence between
the approaches is not entirely clear. In particular, starting again from Legendre-Fenchel
transforms, one can prove the following:

A AT
u(fg) < inf —u(f )+7p(gﬁ). (1.41)

It is easy to see that Equation (1.41) is actually a convex function in A, the infimum is attained

1
atA= (%) " and leads to Equation (1.32). Although slightly different from Equation (1.38),
even in the formulation in Equation (1.41) the pattern remains similar: one starts from a
duality-pairing, uses then Young’s inequality (stemming from Legendre-Fenchel transforms or
Young’s complementary functions) and applies an additional minimisation step (reminiscent
of the Minkowski Functional/ Gauge Function (V.I. Bogachev, 2017, Definition 1.4.4)) to achieve

norm-like objects.
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1.4 Divergences

1.4 Divergences

Ever since the birth of Information Theory, information measures and divergences have played
a pivotal role in providing the fundamental results of the field. They represent an intuitive and
powerful tool to manipulate, compare and understand probability measures. From the very
beginning, Shannon described in 1948 the fundamental limits of lossless compression through
the notion of “Entropy” of a source and the fundamental limits of communication through
the “Mutual Information”. Throughout the years, more and more information measures have
been defined, discovered and exploited to provide results of a similar flavour:

* The Kullback-Leibler divergence (also implicitly used in Shannon’s work) (Shannon,
1948; Kullback and Leibler, 1951);

* Rényi’s Entropy, used by Campbell to provide yet another fundamental result in lossless
compression although with a different characterisation (Rényi, 1960; Campbell, 1965);

* Rényi’s Divergences (Rényi, 1960);

* @p-Divergences (Morimoto, 1963; Csiszar, 1963; Ali and Silvey, 1966; Csiszar, 1967,
1972a);

* etc.

Each of these objects has found applications in a variety of fields, ranging from Hypothesis
Testing and Statistics (Shannon, 1951; Chernoff, 1952; Ben-Bassat and Raviv, 1978; Liese and
Vajda, 2006; Zhang et al., 2013; van Erven and Harremoés, 2014; Xu and Raginsky, 2017a,b;
Tomamichel and Hayashi, 2018; Lapidoth and Pfister, 2018; Sason and Verdd, 2018; Esposito
and Gastpar, 2021; Esposito et al., 2021b), Coding (Shannon, 1948; Campbell, 1965; Csiszar,
1995; Polyanskiy and Verdd, 2010), Concentration of Measure (Varadhan, 1984; Raginsky and
Sason, 2014), Guessing (Arikan, 1996; Sason, 2018b; Graczyk and Sason, 2021) and so on and
so forth.

1.4.1 Kullback-Leibler Divergence

Arguably the largest building-block of Information Theory, the Kullback-Leibler Divergence
can be defined as follows:

Definition 9. Let (X, F) be a measurable space and u,v two probability measures in P(X). The
Kullback-Leibler divergence between v and | is defined as follows

{gevon(3) = on(3p) v

+o0 else.

D) = (1.42)

Remark 5. The Kullback-Leibler divergence is finite if and only if v < u and flog(f) € L' (u),
with f = g—; (Varadhan, 1984, Lemma 10.1). If the absolute continuity constraint does not hold,
then it is set to be +oco. However, it can also be equal to +oo if the probability measures are
absolutely continuous with respect to each other e.g., if v is the Cauchy measure and 4 is the
Gaussian measure, then v < p but D(v||p) = +00.
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Whenever one has that v is a joint probability measure between two random variables X, Y
(Pxy) and p represents the corresponding product of the marginals (PxPy) it goes by the
name of “Mutual Information” (between X and Y):

I(X;Y) = D(Pxy 'PxPy). (1.43)

The Kullback-Leibler divergence/Mutual Information is strongly connected to the concen-
tration of measure phenomenon (Varadhan, 1984; Dembo and Zeitouni, 2009; Raginsky and
Sason, 2014), hypothesis testing problems (Cover and Thomas, 2006), and is routinely applied
when characterising the communication capabilities of a stochastic channel (Shannon, 1948),
the generalisation error of a learning algorithm (Xu and Raginsky, 2017c; Bassily et al., 2018),
lower-bounding the risk in a Bayesian Setting (Xu and Raginsky, 2017a) and so on and so forth.

1.4.2 -Divergences

A straightforward generalisation of the Kullback Leibler-Divergence can be obtained by con-
sidering a generic convex function ¢ : R* — R, usually with the additional constraint that
(1) =0.

Definition 10. Let (Q,F,P), (Q,F, Q) be two probability spaces. Let ¢ :R* — R be a convex
function such that ¢(1) = 0. Consider a measure y such that P < u and Q < u. Denoting with
p, q the densities of the measures with respect to u, the @-Divergence of P from Q is defined as
follows:

Dy (PIQ) =/q<p(§) du. (1.44)

Despite the fact that the definition uses p and the densities with respect to this measure, it
is possible to show that ¢-divergences are actually independent of the dominating measure
(Liese and Vajda, 2006). Indeed, when absolute continuity between P, Q holds, i.e. P «< Q we
retrieve the following (Liese and Vajda, 2006, Equation (26)):

apP

D,(PIQ) = Q((p(%)) =f<p(E)dQ. (1.45)

Denoting with Fx the Sigma-field generated from the random variable X the ¢-Mutual Infor-
mation, a generalisation of Shannon’s Mutual Information, can be defined as follows:
Definition 11. Let X and Y be two random variables jointly distributed according to Pxy
over the measurable space (X x Y, Fxy). Let (X,Fx,Px), YV, Fy,Py) be the corresponding
probability spaces induced by the marginals. Let ¢ : R* — R be a convex function such that
@(1) = 0. The p—Mutual Information between X and Y is defined as:

I,(X,Y) = Dy(Pxy | PxPy). (1.46)
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If Pxy < Px Py, one has that:

dpP ap
1y(X,Y) =PxPy ((’o(dPX)gy)) :f(p(dpx)gy)dpxpy. (1.47)

It is possible to see that if ¢ satisfies ¢ (1) = 0 and it is strictly convex at 1, then I, (X, Y) = 0 if
and onlyif X and Y are independent (Liese and Vajda, 2006, Equation (34)). This generalization
includes a large family of divergences, including:

e Kullback-Leibler divergence, with ¢(¢) = tlog(?);
 Total Variation distance, with ¢(t) = %It —1J;

* Hellinger distance, with ¢(f) = WVit-1%

e Pearson y2-divergence, with ¢ () = (t — 1)?;

* E,-divergence, with ¢(f) = max{0,z -y}, y=1.

1.4.3 Rényi’s a-Divergences and Sibson’s a-Mutual Information

Introduced by Rényi as a generalisation of Shannon Entropy and the Kullback Leibler-divergence
(cf. (Rényi, 1960)), Rényi’s a-entropy and divergence have found many applications rang-
ing from hypothesis testing to guessing and several other statistical inference and coding
problems (van Erven and Harremoés, 2014; Verdd, 2015). Indeed, it has several operational
interpretations (e.g., in hypothesis testing, and as the cut-off rate in block coding (Csiszar,
1995; van Erven and Harremoés, 2014)). It can be defined as follows (van Erven and Harremogs,
2014):

Definition 12. Let (Q, F,P),(Q,F, Q) be two probability spaces. Let a > 0 be a positive real
number different from 1. Consider a measure u such that P < y and Q < u and denote with
b, q the densities of P, Q with respect to u. The a-Divergence of P from Q is defined as follows:

1
a—1

Dy (P|Q) = log f piqt%dp. (1.48)

Remark 6. The definition is independent of the chosen measure . It is indeed possible to

1-
show that [ p*q'~%du = f(%) adP, and that whenever P < Q or 0 < a < 1, we have
[p*qi%du= f(%)adQ (van Erven and Harremoés, 2014).

It can be proved that if « > 1 and P « O then D, (P| Q) = co. The behaviour of the measure
for a € {0,1,00} can be defined by continuity. In general, one has that D; (P||Q) = D(P|| Q)
but if D(P||Q) = oo or there exists > 1 such that Dg(P|Q) < oo then limg; Do (PIIQ) =
D(P|lQ)(van Erven and Harremoés, 2014, Theorem 5). It is important to notice that Rényi’s
a—Divergences do not belong to the family of ¢p—Divergences, however they are connected
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them through a one-to-one mapping linking them to Hellinger Integrals :

1
a—1

Dq(PIIQ) =

log (Ho(P119Q)). (1.49)

For an extensive treatment of Rényi’s a-divergences and their properties we refer the reader
to (van Erven and Harremoés, 2014). Starting from Rényi’s Divergence and the geometric
averaging that it involves, Sibson built the notion of Information Radius (Sibson, 1969):
Definition 13. Let (uy,..., t,) be a family of probability measures and (w, ..., wy) be a set of
weights s.t. w; 20 fori=1,...,n and such that}.’"_, w; > 0. Let & = 1, the information radius
of order « is defined as:

. 1
min
vy wip @ —1

log| " wjexp((@—1)Dg(ilv)|.
i

Suppose now that we have two random variables X, Y jointly distributed according to Pxy. It
is possible to generalise Definition 13 and see that the information radius is a special case of
the following quantity (Verdd, 2015):

Io(X,Y) :HQlinDa(PXY”PXQY)- (1.50)

I,(X,Y) represents a generalisation of Shannon’s Mutual Information and possesses many
interesting properties (Verdd, 2015). Indeed, lim,_.; [4(X, Y) = I(X; Y). On the other hand
when a — oo, we get:

Pxy({x,Y})
I.(X,Y)=logPy| su — | =L(X-Y),
> 87 patms0 Px (G Py (YD)
where £ (X—Y) denotes the Maximal Leakage from X to Y, a recently defined information
measure with an operational meaning in the context of privacy and security (Issa et al., 2020).
More details on Maximal Leakage will be provided in a subsequent section. To conclude, let us
list some of the properties of I:

Proposition 1 ((Verdd, 2015, Theorem 4)).

1. Data Processing Inequality: given a > 0, I4(X, Z) < min{l,(X,Y), I, (Y, Z)} if the Markov
Chain X — Y — Z holds;

I,(X,Y) = 0 with equality iff X and Y are independent;

Letay = ap then Iy, (X,Y) < 1,,(X,Y);

Leta € (0,1) U (1,00), for a given Py, ﬁ exp (“T_llw (X,Y)) is convex in Py|x;

I,(X,Y) <minflog| X|,log| Y1},

U I

2please notice that with Hellinger integral between two absolutely continuous measure v <« g we denote
S (Z—;)a du (cf. Definition 19). Another similar family of divergences which are linked to Rényi’s Divergences are
the Hellinger Divergences (cf. (Sason and Verdd, 2016, page 5976, item 5))) which are slightly different from what
we consider in this document.
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For a more extensive treatment of Sibson’s a¢-MI we refer the reader to (Verdq, 2015).

Maximal Leakage

A dependence measure of particular interest to us, belonging to the family of Sibson’s Mutual
Information, is the Maximal Leakage, denoted by £ (X—Y). It was introduced as a way of
measuring the leakage of information from X to Y and defined as follows:

Definition 14 ((Issa et al., 2020, Definition 1)). Given a joint distribution Pxy on finite alpha-
bets X and ), the maximal leakage from X to Y is defined as:

PyoU =0}

LE=1= U_;L_II;_UIOg maxyey Py ({u})’ (15D
where U and U take values in the same finite, but arbitrary, alphabet.
It is shown in (Issa et al., 2020, Theorem 1) that, for finite alphabets:

L(X—Y)=log)  max Pyix(ylx. (1.52)

yey xeX:Px(x)>0

If X and Y have a jointly continuous pdf f(x, y), one gets (Issa et al., 2020, Corollary 4):

L(X—Y)=Ilog sup frix(yIx)dy. (1.53)
R x: fx (x)>0

One can also show that £ (X—Y) = I, (X; Y), i.e.,, Maximal Leakage corresponds to the Sibson’s
Mutual Information of order infinity. This allows the measure to retain the properties listed in
Proposition Proposition 1. A conditional version of this information measure has also been
presented in (Issa et al., 2020):
Definition 15 (Conditional Maximal Leakage). Given a joint distribution Pxyz on alphabets
X,Y, and Z, define:

LX—Y|Z)= sup PHAU =U(Y, 2)})

log = , (1.54)
U:U-X-Y|Z PAU=U(2)})

where U takes value in an arbitrary finite alphabet and we consider U, U to be the optimal
estimators of U given (Y, Z) and Z, respectively.

It is shown in (Issa et al., 2020) that for discrete random variables X, Y, Z:

L(X—Y|Z)=log max Z max Pyxz(ylxz),

z:P7(2)>0 Y Xx:Px|7(x12)>0

and that
LX—=Y,2)<LX-=Y)+L(X—=Z]Y). (1.55)
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¥4 Duality and Divergences

2.1 Introduction

Throughout this document we will look at information measures as functionals acting over
the space of signed (or probability) measures. One can look at divergences (Kullback-Leibler,
Rényi or ¢— Divergences) from various angles. In this document, we will generally fix the
second measure and look at them as functionals acting on the first measure. Le., take any
convex function ¢ and any probability measure p, one can consider the ¢—Divergence as a
functional

iy ( (dV))

Once this perspective is undertaken, it is clear that one can try and understand whether u/z
has a variational representation on a space of functions

Yh(v) = Dylip) = supv(f) — (i (f).
f

Under suitable additional assumptions, one can then use Lemma 1 and see, for instance,
(wﬁ)* as the Legendre-Fenchel dual of D, and thus say that for f € M(X)* (for some space of
measures M (X)):

WD* ()= sup v(f)—Dy(vlw).
veM(X)

A similar route can be undertaken whenever one restricts themselves to measures that are
absolutely continuous with respect to each other. In particular, fix a measure p and consider
the corresponding space M (X, u) = {ve M(X):v < u}. One can then identify (the quotient
space of) M (X, u) with L' (u) (the space of measurable functions with L' () —norm) via the
Radon-Nikodym theorem. This is because given y and f € L' (u) one can always construct a
new measure v through the relationship dv = fdu and vice versa. Thus, given y, to each such
function f corresponds a measure v and to each measure v < p a function f, € L'(u) can be

25



Chapter 2. Duality and Divergences

associated. One can then see divergences, with the second measure fixed to be p, as (convex)
functionals acting on L' (u), i.e.,

((p (ﬂ)) whenever v < p

U
Dy(vliw = dp
+00 else.

In this case one can show that, for a given convex functional ¢, u € M(X) and v € M(X, u),
denoting with h = g—; € L' (),

yi(h) = sup v(f) - ()
feL>w

and

WD ()= sup u(fg) -y
geL! ()

These relationships hold (cf. (Ruderman et al., 2012)), as it is well-known that the dual space

of L (w) is equal to L*°(u). The dual of L*°(u) however, can be much larger than M (X, u) and
involve finitely additive measures (Dunford and Schwartz, 1988, Theorem IV.8.16).

More generally, one could try and find the largest dual pair of spaces (A, B) such that B includes
a class of functions of interest or, alternatively, such that A includes a class of measures of
interest and then characterise a divergence acting on .4 through a variational representation
acting on 5 and vice versa (cf. (Broniatowski and Keziou, 2010, Section 2)).

2.1.1 Kullback-Leibler Divergence

As stated in Section 1.4.1, the classical approach would be to see the Kullback-Leibler Diver-
gence as a mapping

D:PX)xP(X)—R

oo )
) d#

i.e., as a mapping that takes as an input two (probability) measures and provides as an output
a positive real number (possibly +o00). This number should somehow quantify how “distant”
the two measures are. Following the framework described in Section 2.1 we will fix the
second measure y and see the Kullback-Leibler divergence as a (convex) functional of the first
measure. Ie., assume that we have a probability measure u € P(X) defined on a measurable
space (X, F), one can see the Kullback-Leibler divergence as follows:

D:MX)—R" 2.1)

dv dv)

v—>,u(d—'ulogd—u (2.2)
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where one assumes (in congruence with the literature) that given v, u, D(v| 1) = +ooif v & u or
ifve M(X)\ M (X). We can now leverage the underlying duality principle between measures
and functionals. In particular, we will consider the well-known variational representation for
the Kullback-Leibler Divergence, known as the Donsker-Varadhan Representation, originally
stated ! in (Varadhan, 1984, Section 10):

Theorem 5 ((Rassoul-Agha and Seppéldinen, 2015, Theorem 5.6)). Let X’ be a metric space and
let ue My (X). For a given v e M(X) one has that

D(vllp) = sup v(f)—logf efdu= sup v(f)—logu(exp(f)). (2.3)
feCp(X) X feCy(X)

More generally, one can also state the following:
Theorem 6 ((Rassoul-Agha and Seppildinen, 2015, Theorem 5.4)). Let (X, F) be a measurable
space and let u € M (X). For a given v € M(X) one has that

D(vllw) = sup v(f)—logu(exp(f)), (2.4)
feB(X)

where B(X) denotes the space of bounded measurable functions f : X — R.

One thus has that the Kullback-Leibler Divergence D(:||u) is the Legendre-Fenchel dual of the
log-moment generating function and in particular, one can also have that given f € B(X)

log(u(exp(f))) = sup v(f)—Dvlw, (2.5)

VEB(X)*
with the assumption that D(v||y) = +oco if v ¢ M;(X) (Dembo and Zeitouni, 2009, Lemma
6.2.13). These considerations, although seemingly trivial, represent the tools that allow us
to jump form divergences to functions and connect these quantities via inequalities. As
an example, let us immediately recover a well-known result from the literature, starting
from Equation (2.3). Let f = a1 with a > 0, for some measurable set E. Given any probability

1The variational formulation given in (Varadhan, 1984, Equation 10.1) takes an equivalent but different and
interesting perspective: it sees the Kullback-Leibler Divergence D(v||y) as the smallest constant defined as follows:

Dvlw =inf{c:v(f) < c+log(ulexp(f))), f € B(X)}.

Hence, the smallest functional wﬁ(v), veP(X)suchthatv(f) =(v,f)=pu ( f Z—Z) satisfies Young’s inequality:

v(if) =W, Y =yu(NH+ wﬁ (), with y,(f) =log(u(exp(f))).
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measure v (such that v < p and that E is measurable with respect to v) we have that:

Dl = v(f)—log(u(exp(f))) (2.6)
=av(E) —log(u(exp(alg))) 2.7)
=av(E)— log(e“u(E) +1-pu(E)) (2.8)
=v(E)log(1/u(E)) —log(2 — u(E)), (2.9)

where the last steps follows from setting @ = log(1/(E)). Re-arranging we recover the following

result:
- D(v|lw) +1log2 — u(E)) - D) +1

V(E) = < .

log(1/u(E)) log(1/u(E))
Remark 7. Clearly, one can try to optimise the inequality with respect to «, providing the best
bound one can obtain through this family of f’s and this technique, on v(E). The corresponding
minimisation problem is, however, not trivial. One could also naturally consider general linear
transformations of the form f = Al g + B with A > 0. However, it is easy to see that this does not
provide any extra leverage in this specific setting. Indeed, the corresponding inequality would be

(2.10)

D) = Av(E) + B —log(e P u(E) + 1 — u(E))eP) 2.11)
= AW(E) + f— B —log(e w(E) + (1 — u(E))). (2.12)

This simple Fano-like inequality allows us to immediately relate probabilities of an event
measured through different measures and the divergence between these measures. Instances
of this have appeared repeatedly in the literature and have been proven in a variety of ways
(e.g., (Nishiyama and Sason, 2020, Section 3.4)). They found application in learning the-
ory (Bassily et al., 2018), hypothesis testing and (“weak”) converse bounds in coding set-
tings (Polyanskiy et al., 2010). Moreover, it captures the essence of this document and allows
us to connect through an inequality a divergence (in this case, the Kullback-Leibler diver-
gence, y,,) the expectation of a function (here, v(A11g)) and the Legendre-Fenchel dual of the
divergence evaluated at said function (1//; (A1lg) = log(u(exp(A1lEg))). In this particular case
one can characterise Wﬁ (A1 g) completely. In other settings that we will encounter, such an
explicit characterisation will not be accessible and an upper-bound on the Wﬁ will be assumed.
Throughout the exposition we will use these very same tools with different functionals of
measures and re-derive some fundamental results of information theory as well as derive new
results.

2.1.2 Shannon’s Entropy and Shannon’s Coding Theorem

The approach mentioned in the previous section is powerful and quite general. Moreover,
it does not simply apply to divergences (with a measure fixed) but also to other convex
functionals of measures, e.g., entropies. Let us consider, for instance, Shannon’s Entropy. Let
us step aside from the standard notation here as well, in order to highlight the fact that we
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consider entropies as functionals acting over measures rather than functionals over random
variables. Moreover, in this and the following section we will always consider the existence of
a dominating measure 2.

Definition 16. Let P be a probability measure defined over a measurable space (X, F). Assume
that there exists a measure ¢ such that P <« & and denote the corresponding density with p. The
Shannon Entropy of P (in bits) is given by*:

H(P):—fplog2 (p)dé. (2.13)

Given the Shannon Entropy, one can compute its “dual”. For simplicity let us restrict ourselves
to discrete probability measures (and, thus, select ¢ to be the counting measure which, in turn,
implies that p is the probability mass function associated to P). One has that:

Lemma 3. Let H be the Shannon Entropy as defined in Definition 16 and let P be a probability
measure that is absolutely continuous with respect to the counting measure. One has that:

HP)= inf 1 2f() _ ) 2.14
P) felz?m ogZ; Pf) (2.14)

Proof. There are multiple ways to recover Equation (2.14). If one is dealing with discrete
objects and assuming that | X'| = n, one possibility is to go through the fact that H(P) =log(n)—
D(PIlU), where U is the uniform measure over a set of n points. Using then Equation (2.3) it is
possible to recover Equation (2.14). Indeed, given a discrete probability measure P:

—H(P)+logn=D(P|U) (2.15)
=supP(f) —logl (exp(f)) (2.16)
f
1

=supP(f) —log(—Zexp(f(x))). 2.17)

f n°x

Thus, one has that
1
H(P)=-supP(f) —log(;Zexp(f(x))) —logn (2.18)
f X

= n}f log (Z exp(f(x))) -PU. (2.19)

Yet another technique that makes use of the variational characterisation of the Kullback-
Leibler Divergence follows from interpreting the Shannon entropy H(P) as —D(P|¢), where

2Defining Shannon’s and Rényi's entropy for general spaces is not a trivial task and often requires elaborated
definitions leveraging partitions or the notion of “information dimension” (Rényi, 1959; Wu and Verdd, 2010;
Smieja and Tabor, 2014).

3In order to be precise, one should bring the dominating measure ¢ in the notation used for the Shannon
entropy, since the quantity depends on ¢. However, given that the dominating measure will always be clear from
the context or stated explicitly, we will adopt a simpler notation that resembles the original notation more.
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¢ is the dominating measure (cf. Definition 16). This approach clearly works well with both
discrete and continuous objects, but not necessarily with more general measures. O

Remark 8. The infimal representation in Equation (2.19) can be seen as the “concave conjugate”
of Shannon’s Entropy. Indeed, given a function v, the concave conjugate of v, denoted with v 4,
can be defined as follows (Rockafellar, 1970, Page 308):

Y (f) =ir!}fu(f)—1//(,u). (2.20)
Moreover, if v is concave one also has that

1//(,u)=ir]}f,u(f)—1//*(f). 2.21)
One can also easily see that (Rockafellar, 1970, Page 308)

V() == (/). (2.22)

In the case of Shannon entropy one has that setting w(1) = H(u) then v, (f) = Hx(f) =
—logY¥ 2~/ which in turn implies that (—y)* (= f) = (- H)* (- f) =log Y., 2~/™® . Hence,

~-Hw = SI}pu(f) - (=H)*(f) (2.23)

=sup u(f) —log)_2/W (2.24)
f X

which then leads us to the following variational representation:
H(w) = in}flogZ 219 _ ). (2.25)
X
Substituting f with — f in Equation (2.25) one obtains

H(w = ir;f,u(f) - (—logZZ_f(")) = i?f,u(f) — Hy(f). (2.26)
X

In particular, let us assume that P is defined over the finite set X'. Simply using Equation (2.14)
one can easily recover Shannon’s converse of the source coding theorem. Let us set the stage for
such a result. Denote with D the target alphabet. Our purpose is to “compress” the realisations
of a random variable taking values in X (and whose probability measure is P) using only
symbols from D (with the assumption that |D| < |X'| hence, “compressing” the realisations of
the random variable).

Definition 17. A source code is a mapping C : X — DX+ from the source alphabet X to the
Kleene-star operator over D, DX+ i.e., the set of all finite-length strings that can be generated by
concatenating arbitrary elements of D, allowing the use of the same element multiple times as
well as the empty string.
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2.1 Introduction

Given x € X, C(x) represents the code-word corresponding to x and we will denote with
I(x) = |C(x)| the length of C(x). Moreover, for a given probability measure P we can define the
expected length of a code C as P(I) = }_ ycx p(x)(x), with p denoting the point mass function
associated to P. Let |D| = 2. Shannon’s source coding theorem states the following:
Theorem 7. LetC: X — DX« pea binary code (i.e., such that |D| =2). Letl: X — N be the
function representing the length of the code, i.e., [(x) = |C(x)|.

If the code satisfies Kraft's Inequality, i.e.,

Y 27wy, (2.27)
xeX

then
P = HP). (2.28)

Clearly, Shannon’s source-coding theorem is a statement connecting a concave functional
H(P) to the expected value of a function / under P with certain assumptions on said function
(that relate to desirable properties of the code). Consequently, following our discussion from
the previous section, one should be able to retrieve Equation (2.28) from Equation (2.14) and,
indeed, that is the case.

Proof. Setting then f = —[ in Lemma 3 and re-arranging, one retrieves

Y lx)px) = H(P) - log, Y 27!, (2.29)
X X

Using now the assumption that ", 27/®¥ < 1 one has that —log, Y, 27/ > 0 and the statement
of the theorem follows:
P()= H(P)-log,Y 27! > H(P). (2.30)
X

O

Remark 9. A simple pattern to be extrapolated here comes from noticing that most of these
results are in the following form: let w be a convex (concave) functional over measures and let
w™* denote its convex (concave) dual.
If
(=)
V() <k
then .
w(f) < w - k.

In the case just above, abstracting from technical details, w(u) = H(u) represents the Shannon
entropy (a concave functional), and bounding its dual y* (1) (i.e., asking for the code to be
uniquely-decodable), one can lower-bound (1) using H(u). We will see this pattern appear
over and over in this document.

Remark 10. An intermediate approach comes from Lagrange Duality. This approach is under-
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Chapter 2. Duality and Divergences

taken, for instance, in (Cover and Thomas, 2006, Thm 5.3.1). Indeed, one can see the Shannon’s
Entropy of the probability mass function p as the solution to the problem of minimising the ex-
pected length of the code (under p, i.e. Y. p(x)1(x)) subject to having ¥, 27! < 1, cf. Remark 2.

The proofis clearly not simpler than the standard approaches one can find in introductory
books on Information Theory. Moreover, it requires relatively advanced tools like Legendre-
Fenchel transforms and Duality. However, it is instructive as it shows that even basic and
fundamental results like Shannon’s source coding theorem (connecting the expected value of
a function and a concave functional) do indeed follow from Duality. Once again, the purpose
of this work is to show that most of the results connecting a convex functional of measures
(Divergences, Entropies, etc.) to expectations of functions, follow from some form of duality.

2.1.3 Beyond unique-decodability

With an approach identical to Theorem 7, one can also retrieve known statements about
one-to-one (not necessarily uniquely decodable) codes. The codes considered usually assign
a distinct binary code-word to each outcome of the random variable X without necessarily
constraining the concatenations of the code-words to be uniquely decodable (Leung-Yan-
Cheong and Cover, 1978; Dunham, 1980). In this case, one typically has that if X’ is finite and
of size n then one can construct a bijection between X" and the set {1,...,n}. The optimal
code, assuming (without loss of generality) that the probabilities P(X = i) are non-increasing,
would be such that /(i) = [log(i)] (Alon and Orlitsky, 1994). In this case, using Lemma 3, then
one can prove the result in (Dunham, 1980) i.e.,

P(l) = H(P) —loglog(n + 1). (2.31)

Indeed, one has that:

n . n )

Y 270 = 3 2=logD] < og(n +1). (2.32)
i=1 i=1

Plugging —! and Equation (2.32) in Theorem 10 one recovers Equation (2.31). With a more
convoluted argument it is also possible to consider codes defined on a domain in bijection

with N. In particular, consider codes such that the corresponding lengths satisfy the following:

(i) = [log(i + D]. (2.33)

These codes are optimal one-to-one mappings (Leung-Yan-Cheong and Cover, 1978). This
choice of lengths is similar to the previous one with the sole exception that here we do not
assign the code-word of length 0 to i = 1. In both cases one has that, for every k € N there are
2k code-words of length k. Thus,

Y 27l = 3 2k 7k = 4o, (2.34)
i keN
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2.1 Introduction

i.e., the Kraft’s sum does not converge.

Itis nonetheless possible to provide a lower-bound in this case considering a transformation of
the length of the code. Consider, for instance, a bijection between [ and m where m(i) = a- (i)
with a > 1. In this case, using Lemma 3, one has that:

P(m)=aP(l) = HP)-log, Y 27" (2.35)
= H(P)-log, }_ 2%2~a (2.36)
keN
= H(P)-log, ) 27Dk (2.37)
keN
1
= H(P) - lng (m) . (238)

Re-writing Equation (2.38), this means that

1 1
P(l) Zsupg (H(P)—logz (m)) (2.39)

a>1

Equation (2.39) is essentially a re-interpretation of (Verriest, 1986, Theorem 1 and Remark 1).
As a last example, consider the following bijection:

n(i) = (i) + alog, (1(9). (2.40)
In this particular case one has
logzzz—n(i) zlogzzz—l(i)—ulogz(l(i)) (241)
i i

=log, Y 2kpk-alog,(k) (2.42)

keN
=log, Y 274&® (2.43)

keN
=log, ) k¢ (2.49)

keN
=log, {(a), (2.45)

where {(a) denotes the Riemann’s Zeta Function. Plugging n and Equation (2.45) in Lemma 3,
one recovers the following for every a > 1:

P(l) = H(P) — aP(log,(1) —log, ({ (a)) (2.46)
= H(P) - a(log, (P(1))) —log, ({(a)) (2.47)
= H(P) - a(log,(H(P) +1)) - log, ({(a)), (2.48)

where Equation (2.47) follows from Jensen’s inequality and Equation (2.48) follows from the
fact that, since [/ correspond to the length of the best one-to-one code then it is such that
P < H(P)+1 (i.e, it has a lower expected value than the best uniquely-decodable code
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Chapter 2. Duality and Divergences

which is guaranteed to be smaller that H(P) + 1). In particular, one has the following lower-
bound on the expected length

P(l) =z sup H(P) — alog, (H(P) + 1)) —log, (({(a)). (2.49)
a>1
Selecting a = % in Equation (2.49) one has thatlog, ({(3/2)) <log,(e) leading us to the following
lower-bound 3
P =HP) - E(logz(H(P) +1)) —log,(e), (2.50)

which is close to the Theorem in (Alon and Orlitsky, 1994). Moreover, with the technique
described in this section and the right transformation of /(i) one can recover all the lower-
bounds presented in (Leung-Yan-Cheong and Cover, 1978, Theorem 3). Notice also that while
in (Leung-Yan-Cheong and Cover, 1978) the authors transform their codes so that Kraft’s
inequality is satisfied in order to provide the lower-bound, with the approach described here
this is not necessary: having a converging Kraft’s sum is enough to reach a lower-bound on
‘P(l). Moreover, Lemma 3 does not require the function to necessarily be the length of a code,
hence one can include, for instance, a log (like in Equation (2.40)) without having to constrain
the function to be integer-valued.

2.2 Rényi’s Entropy

The same approach as before can be used to recover another source coding result, this time
due to Campbell and involving Rényi’s entropy and a different type of expected value.

2.2.1 Avariational Representation for Rényi’s Entropy

Mimicking the previous section, in order to provide Campbell’s Coding Theorem (which is a
result connecting Source Coding and Rényi’s entropy) it is necessary to provide a variational
characterisation for Hy,.

Definition 18 (Rényi’s Entropy). LetP be a probability measure defined over a measurable
space (X, F) and let a > 0. Assume that there exists a measure ¢ such that'P < & and denote the
corresponding density with p. The Rényi’s Entropy (in bits) of P is given by

1
a-—1

Hy(P)=- long prdé. (2.51)
Remark 11. Clearly this definition of Rényi’s Entropy will depend on the dominating measure
that one chooses. Selecting ¢ to be the counting measure and assuming P < & one recovers the
usual definition of Rényi’s entropy for discrete random variables (Rényi, 1960).

We will focus, like before, on discrete measures. Hence, we can re-write the Rényi entropy as

follows 1
Hq(P)=-

l a
p— ngx;(l’(x)
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2.2 Rényi’s Entropy

with p the probability mass function associated to P. Focusing on the part inside the log,
we can see the Rényi’s entropy of P as the £,-norm of the probability mass function p with
respect to the counting measure, i.e.,, Hy(P) = —2%510g, || p| ; . Leveraging this, one can thus
prove the following variational representation for Rényi’s entropy.

Lemma 4. Let p be a probability mass function defined on X. Let « > 0, and denote with
B = %5 then

- ; p_
Hy(P) = geLO(Pl)Ijgf:X_)W log||g||,s — Blog(P(g)). (2.52)

Proof. Given a > 1, for every positive function g defined on X one has that

P(g) = f gdP = f gpdé (2.53)
(]
= ”p”m@) ”g”Lﬁ({) (2.54)
=lpll,e gl oo (2.55)
=25 Ha(P) Il (2.56)

where (c) follows from Hoélder’s inequality. Equation (2.56) can be re-written as follows
l-a
(THa(P)) 2 log, P(g) —log, | g[|5- (2.57)
Multiplying both sides of Equation (2.57) by 177“ leads to:

H,(P) < -2

- (log2 P(g) —log, ||g||ﬁ) ) (2.58)

Consider now 0 < a < 1. One can achieve Equation (2.58) starting from Equation (2.53) but
using the reverse Holder’s inequality?. Given a probability mass (density) function p then
g= p”‘_l achieves equality in Equation (2.52). Indeed,

log| g |} — Blog(P(g) = log). gf - Plog ) p(x)g( (2.59)
=logY_ (p(x) @)’ - Blog ¥ p(x) p(x)*" (2.60)
X X
=log) p(x)P @V Blog) p(x)® (2.61)
=(1-plog) px)* (2.62)
=(1- ¢ JiogY_ pn)® = L 1ogY p® = HaP).  (263)
a—1 " l-«a < ¢

O

“The objects || p| ;« @ and [ gl 15 ¢ Will not denote norms but they simply represent a compact notation for the

1 1
corresponding functionals (/ p¥d¢) @ and (f gﬁdf) b
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Chapter 2. Duality and Divergences

Remark 12. Similarly to Shannon’s entropy, one can see the Rényi’s entropy (cf. Equation (2.51))
as (=D (P|&)). One can then use the variational representation for D, to reach Equation (2.52).
More details on this will be given in Section 2.2.4.

As the sketch of proofin Section 2.2.4 will show, both variational representations are a conse-
quence of Holder’s inequality which is connected to duality in a more implicit way. A discussion
on the connection between Hélder’s inequality and duality is given in Section 1.3.1 while a
discussion on Holder’s inequality and (some) information measures can be found in Section 3.A.
Once the link between these variational representations and (reverse) Holder’s inequality is
established, the proofs provided here for both Campbell’s Coding Theorem and Arikan’s Guessing
Theorem are essentially identical to their own proofs (cf. (Campbell, 1965; Arikan, 1996)). The
contribution provided in these sections has more of a conceptual nature: the idea is to provide a
framework for thinking about Information Measures, Duality and the potential applications of
such a framework.

One can now apply Lemma 4 to the setting described in (Campbell, 1965).

2.2.2 Campbell’s Coding Theorem

The setting for this Coding Theorem is identical to the one proposed by Shannon with the sole
exception that the purpose is not to provide a fundamental lower-bound on P(l) but rather
on %logP(Z’ !y with 0 < t < co. Under this framework, the price in which we incur when we
compress X using the code C is no longer measured as the expected length P(!) but through
a parametrised “loss” function. The result that Campbell provided was thus the following.
Theorem 8. Let C: X — DX+ be a binary code (i.e., such that |D| = 2) such that ¥ yex27'¥ <1,
then )

;logZP(Z”) = H1 (P). (2.64)

If t — 0™ one essentially recovers Theorem 7. Let us now prove Theorem 8 using Lemma 4.

Proof. Let g = 2! in Equation (2.52), one has that for every 0 < & < 1

==

(1-a)
ta

1 1
~log, Y 210 p(x) = Ha(P)+~log, (Z 2/5”(’”) . (2.65)
X X
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2.2 Rényi’s Entropy

Set a = 11~ (which, in turn, implies that § = —1), one has that

1
1 1- 1 B
—log, ) 2" p(x) = U=D )+ Llog, (Zz’m)ﬁ (2.66)
4 x ta ¢ m
1 —
! ma) Hy(P)-log, Y 27'W (2.67)
X
1 —
LA 9 o (2.68)
= Hﬁ P), (2.69)
where Equation (2.69) holds since (1 + t) = é and consequently lt_—a"‘ = % =1. O

Remark 13. The parameter t allows us to interpolate between the average length and the
maximum length of our code-words. Indeed, we are trying to lower-bound a norm of 2, i.e. the

quantitylog||2']| ;. p,-
Shannon’s Coding Theorem follows from Theorem 8, as one has the following:

1 thy _ 1 ¢ _ l —
hm+ ;logP(Z )= [lirg)l+ log “2 “L[(P) =log, (exp(P(log(2")))) =P (1), (2.70)

t—

while, on the right-hand side of Equation (2.64),
lim H. (P)=HP). 2.71)

t—0*  t+l

Considering the other extreme:

. 1 thy _ 13 l
i HogPe®y= i o

v log, ess;,up 2! = rnxaxl(x), (2.72)
assuming that 1(X) has full support of with respect to P and is positive. The larger t is, the
more weight we give to the larger code-words. The smaller t is, the more evenly we treat each
code-word.

Remark 14. The pattern analysed in Remark 9 appears here as well, although in a slightly
altered form. The difference lies in the fact that we are not computing the Legendre-Fenchel dual
of H, () but rather interpreting it as “norm” (¢ , -norms of the pmf) and computing its “dual
norm”. In this description we are abusing the notation as some of these objects are, in fact, not
norms (if one chooses 0 < a < 1, which is necessary in order to have < 0 and, consequently, be
able of lower-boundinglog(P(g)) in Equation (2.52)). A re-writing of the result would be:

Peh=|pl,, ||2” “4,,’ (2.73)

with a and B being Hélder’s conjugates. Taking thelog on both sides of Equation (2.73) one
reaches a Legendre-Fenchel-like transformation, where the role of the Legendre-Fenchel dual
is played by log|]2" | ¢, Once this is done, the underlying idea is essentially the same: if we

can lower-bound the “dual’, i.e. log || 2" ¢, (@gain, assuming unique-decodability and with a
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Chapter 2. Duality and Divergences

proper choice of B in terms of t), then we can lower-bound the expected value of 2" with the
Co-“norm” of p. This last object is, essentially, a logarithm away from Rényi’s entropy.

2.2.3 Arikan’s Guessing Theorem

Another immediate result that stems from Equation (2.52) is Arikan’s result connecting mo-
ments of the number of guesses and Rényi’s entropy. The setting is the following: let X be
a discrete random variable taking values in X and such that |X'| = M. The idea is that we
want to guess the value of X asking questions of the type “Is X equal to x?” (Massey, 1994).Let
G(x) represent the number of guesses required by a particular guessing strategy when X = x.
In (Arikan, 1996) the following result is proved:

Theorem 9. LetG: X — {(1,..., M} be an arbitrary guessing function and let X be distributed
according to’P. Given p >0, then:

(pHL (73))

P(GP) = (1+logM) P2 (2.74)

Proof. This result is a simple application of Lemma 4 with g =G and a = ﬁ. Indeed one

has that, given «, é =1+ p and consequently % =-pand f= —%. Plugging these quantities
in Equation (2.52) one has:

l1-«a
log) Gx)*px) = ——Ha(P) +log fegp (2.75)
X
1- 1.
=T H,(P)+=log 3. Gx)PP (2.76)
a ﬁ X=X1
1 - M —1 s
= ——Hy(P) +log Z i (2.77)
a i=1
Substituting a and applying 2©) on both sides one recovers
Ham) (M )7°
Y G p(x) zz(p T )(Z i—l) . (2.78)
X i=1

The result then follows from noticing that Zﬁ.\i L1 ~1 < (1 +log M) and the positivity of p. O

Remark 15. Once again, the idea is: given p and a = ﬁ, if we can lower-bond the dual norm

of GP we can lower-bound the expected-value of GP under P with the Rényi’s entropy of P. In
this case, assuming p > 0, the lower-bound on the dual norm was:

M -p
(Z i‘l) > (1+logM)~P. (2.79)
i=1

Remark 16. One can also utilise the same approach used for Shannon'’s Coding Theorem. Hence,
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2.2 Rényi’s Entropy

setting f = —G in Lemma 3 one recovers the following bound:

Y Gpx) = HP)-log) 27" = H(P) —log(1-2"M). (2.80)

Notice that trying to retrieve Shannon’s entropy in Equation (2.74) requires us to consider the
limit of p — 0 which leads us to the 0-th moment of G: an uninteresting quantity. On the other
hand, to provide a lower-bound on P (G) one is required to consider p = 1 in Equation (2.74),
leading us to the following result:

(Hy )

Y G)px) = (1+logM)~'2 (2.81)

Consider the following setting: p = (1/2,1/2), then M =2 and H(p) = H% (p) = 1. One has then

2 o2
;G(x)p(x) > max{ 15,2 ,1-log,(1-2 )} (2.82)
:rnax{l,l—log2 (Z)}: 1-log, (?}) ~1.42. (2.83)

Hence, the lower-bound provided by Shannon's Entropy (cf. Equation (2.80)) is larger than
the one provided by Equation (2.74). Or, more generally, for any given p = 1 setting f = —G°
in Lemma 3 one recovers the following.

Mo
Y 27" (2.84)

Z G(x)’p(x) = H(P)-log
X i=1

If p is uniform over a set of size M then H(p) =log M. Similarly, one has that:

1 M1\
H (P)= i 1og2§ i (2.85)
1+p i=1
+1 S
_p log, M = (2.86)
+1 a
= 27" og, M™% =log, M. (2.87)
Hence,
2(”’% ®) _ 2(plog, M) _ prp. (2.88)

The corresponding lower-bound would then be

p P
Y Gx)Ppx) = ( MM- ) > ( M ) (2.89)
X it 1+log, M

39



Chapter 2. Duality and Divergences

while with Shannon Entropy one retrieves the following

M 2.90
Plotting the behaviour of Equation (2.90) and Equation (2.89), one can see that the lower-
bound provided by Equation (2.90) is larger than the one provided by Equation (2.89) only if
p=land M <9 orifp =2 and M = 2. With p = 3 then the lower-bound given by Rényi’s Entropy
is always larger (cf. Figures 2.1a, 2.1b, 2.1c). Considering other probability mass functions p

Y G(x)Pp(x) zlog(
X

could lead to more interesting results stemming from Lemma 3.

2.2.4 Rényi’s Divergence Variational Representation

Using the tools developed so far, one can also provide an alternative proof of Rényi’s Variational
Representation that stems from Hélder’s inequality (and thus, as argued in Appendix 1.3.1,
from Legendre-Fenchel Duality). When trying to prove such a characterisation for Rényi’s
Divergences the literature points to different directions: Birrell et al. as well as Atar et al. use an
ad-hoc approach to show the expression, while Anantharam uses a variational representation
connecting the Kullback-Leibler and Rényi’s Divergence. However, none of them uses explicitly
the same type of duality we have considered so far.In order to prove this result via Hélder’s
inequality one has to look at a seemingly different but strongly related object: Hellinger
integrals. Formally,

Definition 19. Let (Q, F, ), (Q, F,v) be two probability spaces and assume thatv <« y. Let
a > 0, the Hellinger Integral of order a between v and 1 is defined as follows

Ha(ulv) ((dv)a) (2.91)
V) = —_— . .
Remark 17. H,(:||w) is clearly a convex functional for a = 1 while it is concave for 0 < @ < 1.
One could say that H, is a @ -divergence with ¢(x) = x%, relaxing the assumption that ¢(1) = 0.
It is easy to see that the Hellinger Integral of order «a is nothing but the (a-th power of the)

a
L*(u)-norm of the Radon-Nikodym derivative between v and y, i.e., Hy (ul|v) = | Z—; .
*(u

One can show the following Holder-like inequality for every f : X — R* and every v <« u
(cf. Section 3.A):

==

f fdvs(Ha(v||u))3c( f fﬁd,u) : (2.92)

While, if @ < 1 one retrieves the following:

1

f fdvz(Ha(vll,U))‘l’( f fﬁd,u)ﬁ. (2.93)

In both equations § = 2% denotes the Holder's conjugate of a. Starting from Equation (2.92)
and Equation (2.93) one can then retrieve the so-called Rényi’s variational representation:
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—— Renyi Entropy Bound
—— Shannon Entropy Bound
54 —— Upper Bound

Lower Bound on E[G(X)3],

2 3 4 5 6

Size of the support M

7 8 9 10

(a) The picture shows the behaviour of Equation (2.89) and Equation (2.90) with

p =1 and as a function of M.

—— Renyi Entropy Bound
4.5 4 —— Shannon Entropy Bound
—— Upper Bound
4.0
X
Q
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S 255
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(b) The picture shows the behaviour of Equation (2.89) and Equation (2.90) with

p =2 and as a function of M.

12 4 —— Renyi Entropy Bound
—— Shannon Entropy Bound
—— Upper Bound

10 1

Lower Bound on E[G(X)?],

2.0 2.2 2.4
Size of the support M

2.6

2.8 3.0

(c) The picture shows the behaviour of Equation (2.89) and Equation (2.90) with

p =3 and as a function of M.

Figure 2.1: Comparisons of the lower-bound on the p-th moment of the Guessing strategy G
via Equations Equation (2.89) and and Equation (2.90). The values of the sums Zﬁ‘i n ~Land

Zﬁ.":[ 1 2~ are computed numerically for each M.
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Lemma5. Leta € R™\{0,1} then one has that:

Dol = sup ——log f e(“‘“gdv—log( f eg“dp). (2.94)
geB(X) @ —1

We will gloss over some technical details in order to highlight the connection between Equa-
tion (2.92), Equation (2.93) and Equation (2.94). One can find several technical proofs
of Lemma 5 in the literature (Atar et al., 2013; Anantharam, 2017; Birrell et al., 2021).

Proof. Let g € B(X) be an arbitrary function and let a > 1. Setting f = ¢/*~V8 in Equa-
tion (2.92) one recovers the following for every v < p

1

f V8 gy < (Hy(vll) 7 ( f e(“_l)gﬁdp) " (2.95)
Applying the natural logarithm on both sides of Equation (2.95) and dividing by ﬁ gives us
! logfe(“_l)gdv <1 log Hy (V) + ! log (f e(“_l)gﬁdu). (2.96)

a-1 T ala-1) “ pla—-1)

Now, using the fact that f(a — 1) = a and that Dy (v|y) = ﬁ log H, (v|lu) one retrieves

1
a—1

1 1
logf el V8 gy < aDa(vll,u) + alog (f eg“dp), (2.97)

or, re-arranging, one obtains that that for every g € B(X):

1 1 a—1 1 a
EDa(V”ﬂ) > ) logfe( 8y — Elog (f e8 d,u). (2.98)
For the case of a < 1 the proof follows from Equation (2.93) and the same steps as for a > 1
with the main difference that dividing on both sides by ﬁ leads to an inversion of the
inequality with respect to Equation (2.93) (which allows us to maintain the same variational
representation for all values of a). Moreover, if v « p and g—; € L%(u) then setting g =log (Z—Z)
gives us equality in Equation (2.94). O

Remark 18. In (Atar et al., 2013; Anantharam, 2017) the variational representation is actually
on the space of probability measures, i.e., given a function g € B(X) then, ifa € R\{0,1}

1 1 1
1 @Dgdy=inf -1 f “Cdu+—D , 2.99
a—1 ogfe v ,uE/glll(X)a’ °8) ¢ H a a (V) ( )
as well as ) ) )
—lo fe“gd = su lo fe(“_”gdv——D wlw. (2.100)
p g u ve/\/lRX)a_l g o 19

These two expressions are equivalent (Anantharam, 2017, Section 4) and can also be proven
using the same approach undertaken for Lemma 5. Indeed, for Equation (2.99), again using
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2.3 A Variational Representation for ¢-Divergences

Hélder’s inequality:
1 1 dv
(@-1)8 7., — (a-Dg= "
a_llogfe av a_llogfe d,udu (2.101)
1 1 dv\*
< 1 (@=DP8 gy + 1 f(—) d 2.102
Bla—-1) ogfe K ala-1) °8 du K ( )
1 1
=—1 “du+—D ) 2.103
" ogfe p aVIlw ( )

where the last steps follows as, given a, f = ;%5. Equality follows as one generally has a one-to-
one mapping between the function achieving the supremum (or infimum) in the variational
representation and the measures at play. In this case, one has that fora given g, dp= e 8dv.
Normalising p so that it is a probability measure and plugging it in Equation (2.103) achieves
the equality.

Remark 19. Glossing over technical details, writing the Rényi’s entropy Hy (P) as —Dq (PI(¢),
one has that, for every a and function f :

Ha(P) = —Dg(P|&) < —Blog f e VI gP +log f el de. (2.104)

Assuming that ¢ is the counting measure and setting f = ﬁ log(g), then one has that for every
positive, bounded and measurable function g:

Hy(P) = —Dg(P|§) < —ﬁlog[ gdP +1ogfgﬁ dé (2.105)
=—plogP(g) +log(Z g(x)ﬁ) (2.106)
=log||g||, - BlogP(g), (2.107)

thus recovering Lemma 4.

Remark 20. Interpreting Hy as a norm one can actually retrieve Equation (2.92) from the
simple fact that the dual (in the sense of Definition 4) of the Lo (u) -norm || - || ey is simply the
Lg(w)-norm|| - ”Lﬁ(#), with é +% =1.

2.3 A Variational Representation for ¢-Divergences

So far we have explored some applications of the variational representations for a variety of
objects (Shannon’s entropy, Rényi’s entropy). It is possible to provide such a representation
even for the general class of ¢-Divergences. The resulting expression will be important for a
variety of settings considered throughout this document. Moreover, analysing the proof will
provide insights on how the dual of a ¢-Divergence depends on the dual of ¢ itself. This is why
it will be re-derived even though it has appeared in the literature before (Nguyen et al., 2008;
Broniatowski and Keziou, 2010). In order to characterise such a variational representation,
some clarifications on the considered spaces are in order. In particular, let F(X') be an arbitrary
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Chapter 2. Duality and Divergences

family of real-valued functions defined on &X'. Denote (F(X) u B(X)) the linear span of F(X) U
B(X). Then one can define the sets:

Mf(X) :{ve/\/ll(?():flfldv<oof0rf€F(X)},

and

MEx) = {VEM(X) :flfldlvl <ooforf€F(X)}.

Here |v| denotes the total variation of the finite signed measure v. If F = B(X’) then /\/lf X) =
M;(X) and MF(X) = M(X). Denote with 7 the weakest topology on MF (X) such that all
mappings v — v(f) are continuous when f € (F(X) U B(X)) and with 7, the weakest topology
on (F(X) u Bj) such that all mappings f — v(f) are continuous when v € Mp(X). One can
show the following result

Proposition 2 ((Broniatowski and Keziou, 2010, Proposition 2.1)). The space M (X) equipped
with the T p-topology and the space (F(X) U B(X)) equipped with the Ty are locally convex
topological vector spaces and are the topological dual of the other.

Dy (-llw) = @ () is thus a convex and lower semi-continuous mapping with respect to 7 (Bronia-
towski and Keziou, 2010, Proposition 2.2) and it is possible to characterise its Legendre-Fenchel
dual as follows

d
V() = Dyl * () =supffdv—ftp(d—:)dy:fqo*(f)du. (2.108)

In order to prove this result we need an intermediate result on convex functions:

Lemma 6 ((Broniatowski and Keziou, 2010)). Let ¢ be a differentiable function over A, then
@ (@' (x) = x¢'(x) —p(x), VX €A, (2.109)
moreover, if ¢ is strictly convex then

o @ =x(¢) " W -0 (@) ®). (2.110)

We can now state the variational representation for ¢-Divergences bridging us between the
two spaces ME(X) and (F(X) U B(X)). For the additional technical condition required on ¢
(i.e, guaranteeing the uniqueness of the dual optimal solution the reader is referred to (Bronia-
towski and Keziou, 2010)).

Theorem 10 ((Broniatowski and Keziou, 2010, Proposition 4.2 and Theorem 4.3)). Let ¢ be a
strictly convex functional and let € M(X). One has that for every v e MY (X):

Dy(viiw = sup V() — @™ (), (2.111)
FEFX)UBX))

where ¢* denotes the Legendre-Fenchel dual of ¢. Moreover, one has that for a given f €
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2.3 A Variational Representation for ¢-Divergences

(F(X)uB(&X)):

pp*(fN= sup v(f)=Dy(viw. 2.112)
ve MF(X)

Proof. Glossing over technical details, starting from Young’s Product Inequality we have that
for every measure v < u and function f

av. ( dv)
—=< +p|l—|. 2.113
f an=Y HN+e dp ( )
Integrating on both sides with respect to u and taking the supremum with respect to v leads to

d
Sgpffdv—fw(at)d%fw*(f)du (2.114)

Moreover, it is possible to see that, under suitable assumptions over ¢, given a function f, the
measure ¥ achieving the supremum is actually equal to dv = (¢") ! (f)du. Indeed, for every f

ffdf/—D(p(ffllp)=ffdf/—f(p(Z—Z)du (2.115)
=ff(w’)_l(f)du—fqo(((p’)‘l(f))du (2.116)

= f (F@ D=9 (@H () du (2.117)

=f(p*(f)dp, (2.118)

where Equation (2.118) follows from Equation (2.110). Similarly, one can show that, for a given
measure v, the function that achieves the supermum is f =¢’ (Z—l‘;). O

Several applications of this result will be explored in the following chapters.
Remark 21. Such a variational representation does not allow us to recover the Donsker-
Varadhan characterisation of the Kullback-Leibler divergence. Indeed, it is well-known that
Dy (vlw) = D(vIi) if p(x) = xlog(x). However, instatiating Equation (2.111) to ¢(x) = xlog(x)
leads to the following (also well-known) variational representation for the Kullback-Leibler
Divergence:

D|w) :s?pv(f)—u(exp(f)+1). (2.119)

It is also known that for a given function f:
Dl zv(f) —logulexp(f)) = v(f) — plexp(f) + 1), (2.120)

where the first inequality follows from Equation (2.3) and the second from the fact that x — 1 =
log(x) for all x > 0. Thus, trying to achieve a variational representation for the Kullback-
Leibler Divergence starting from Equation (2.111) leads to a (point-wise) worse expression
when compared to Donsker-Varadhan's representation (when one is working with probability
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Chapter 2. Duality and Divergences

measures, which for the purposes of Information Theory/Learning Theory/Concentration of
Measure, is often the case). This is not specific to the Kullback-Leibler Divergence (Ruderman
etal., 2012), indeed, let us fix ¢ and denote with v, (v) our ¢-Divergence D (v| ), one has that,
for a given f the following two variational representations can be defined:

w,’f*(f)= sup v(f)—wuv) (2.121)
veP(X)

V()= sup v(f) -y (2.122)
veM(X)

Clearly, since P(X) c M(X) one has that for a given f, wR*(f) <y*(f). Thus, for a given
veP(X) and a given f,

Dyl = v(f) =y R () 2v()) - (. (2.123)
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8] Independence Vs Dependence

In this chapter' we will consider applications of the results presented so far. The purpose is
to relate, through divergences, expected values of the same functions but with two different
probability measures. We will start with probabilities of events (i.e., expectations of indicator
functions).

Let us consider a measurable space (Q2, F) with the two measures p and v defined on it. Let
E € F, we will consider bounds of the following form:

(B) <9(, E) @(dv) (3.1)
v(E) < JE) - —, .
for some functionals 3, @. E represents some “undesirable” event (e.g., large [generalisation,
cf. Section 4.3] error), whose measure under u is known and whose measure under v we wish
to bound. The function g—; denotes the Radon-Nikodym derivative of v with respect to u

(assuming it exists). The quantity @ (g—;) is often going to be a function of some divergence
between v and p (e.g., Kullback-Leibler, Rényi’s a—Divergence, etc.). Of particular interest in
concrete applications is the case where Q = X’ x ), v = Pxy (a joint measure), and u = PxPy
(the corresponding product of the marginals). This allows us to bound the likelihood of
E € X xY when two random variables X and Y are dependent as a function of the likelihood of
Ewhen X and Y are independent (a setting that is typically much easier to analyse). The reason
why we are trying to bound ratios of probabilities as opposed to, say, differences, will become
much more clear when considering applications of the results we provide in this chapter.
The main idea is to generalise concentration of measures results to settings where (some)
random variables are not independent. For instance, if E = {%Zi X)) -Px(f(X)) = 17} it
is possible to control the probability of such an event using a variety of inequalities and
under a variety of assumptions (e.g., Azuma-Hoeffding’s Inequality (Hoeffding, 1963; Azuma,
1967), McDiarmid’s inequality (McDiarmid, 1989), etc.). One common assumption is that

1 The content of this chapter until Section 3.1.4 has appeared in the IEEE Transactions on Information Theory
2021, Volume: 67, Issue: 8 (Esposito et al., 2021a). Part of Section Section 3.1.5 has been presented at the
International Symposium on Information Theory 2021 (Esposito et al., 2021b).
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the function f is independent of the sequence X”. While reasonable, said assumption limits
the applicability of these inequalities in a variety of settings: hypothesis testing when the
hypothesis is chosen looking at the data, analysis of the generalisation error of a learning
algorithm, etc. In these settings, the idea is that f itself is a random variable and it is the
outcome of some algorithm executed over X" i.e., f = Y = g(X") (e.g., data visualisation
procedures to formulate the hypothesis, supervised learning algorithms, etc.). Hence, we
typically know how to upper-bound Px Py (E) and we would like to use this bound to derive
results on Pxy (E). Having a result in the shape of Equation (3.1) for opportune ¥ and @ would
allow us to generalise these inequalities (McDiarmid’s, Hoeffding’s, etc.) to settings where the
function f is not independent of the random variables. In particular, we need

1. 9(PxPy,E) < PxPy(E);
2. o) =1.

Then one could achieve, for cases when Pxy = Px Py the following expression which would
indeed characterise a generalisation of these inequalities:

dPxy
dPxPy

Pxy(E) =d(PxPy,E)-® ( ) =3(PxPy,E)- @) = PxPy(E). (3.2)

3.1 Ratio of Probabilities

In this section, we present our main results. First, we prove three general bounds on the
probability of an event E under a joint distribution Pxy with respect to its probability under
the product of the marginals, using Luxemburg, Amemiya norms and ¢—mutual Information.
We subsequently derive several interesting corollaries that employ common information mea-
sures such as Rényi’s a—Divergences, Sibson’s ¢ —Mutual Information and Maximal Leakage
(cf. Section 3.1.2), Hellinger divergences and Hellinger Squared Distance (cf. Section 3.1.3).

3.1.1 General Results

Our first main bound employs the Luxemburg (cf. Equation (1.17)) and the Amemiya norm
(cf. Equation (1.19)).

Theorem 11. Let (X x Y, F,Pxy), (X x YV, F,PxPy) be two probability spaces and assume that
Pxy < PxPy. Given E € F and two Orlicz functions ¢, v:

dPxy

G (Py)
Y
_ 1 H dPxy (3.4)
1 (;) dPxPy |14, Py ’ '
Px(Ey) LL (Py) % Ls* (Py)

Y
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3.1 Ratio of Probabilities

where 1 is the indicator function, and foreach y € ), Ey := {x: (x, y) € E} (i.e., the “fiber” of E
with respect to y), and ¢, and yy, ¢! are, respectively, the Young complementary functions of
¢ and v and the generalised inverse of .

Proof.
dP
Pxy(E)=PxPy (1115 dPX);;y) (3.5)
dPXY
=Py (PX (]]-{XEEy} APxPy )) (3.6)
(a) dPxy
<Py (||IL{X6EY}||L5(7>X) aAPxPy | ia o )) 3.7)
sy X
(b) dPxy
<1 —_— ) 3.8
< ” ” {XEEy}”Lé(’PX) L5 (Py) H dPxPy LA (Py) (3.8)
°y

(Py)
Y

where (a) and (b) follow from Lemma 2, i.e., generalised Holder’s inequality. Moreover, one
has the following for every o > 0 and every y € Y

1g, 1

which, together with the non-decreasability of ¢, implies that

1
> —. 1
o _1( ; ) (3.10)
¢ \PxE)
Consequently, one has that
. Ig, 1
”]l{XEEy} ”Lg(px) = mf{U >0: fC(7) = 1} = ﬁ, (3.11)
Px(E))

-1 1 . . 1 . . .
where ¢ (m) = inf {0’ >0:¢(0) > m} is the generalised inverse of ¢ evaluated at
1

Px(E))* H
Remark 22. The expression stated in Equation (3.3) is symmetric with respect to the norms,
meaning that one can invert the roles of the Radon-Nikodym and of the indicator function(s)
and obtain a bound of the following form:

(3.12)

H dPxy
dPxPy

Pxy(E) < “ ||]l{XeEy} ”L?(Px) L4 (Py)

LE (Px)
% LE (Py)
vy

Moreover, similarly to Equation (3.4) one can compute the Amemiya norm of 1 xcg, for every
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y €Y. Indeed, giveny€ ) and E, = X

1+ [¢(tTxeg,)dPx

| Tixer, || APy = inf . (3.13)

1+c(t)Px(E
= infM (3.14)

>0 r
1
By T6()

_ N PX(Ey)

=Px(E,) }g(t)‘ — (3.15)

=Px(Ey)(c}) ™" ( (3.16)

7)X(Ey) ) ’

Before investigating special cases of the above theorem (yielding explicit bounds in terms of
known information measures), leveraging the reasoning in Remark 22, we prove a second
result that is in the desired form of Equation (3.1) and employs the Luxemburg norm of the
Radon-Nikodym Derivative.

Theorem 12. Let (O, F) be a measurable space and consider two measures (1 and v on this
space, such thatv < u. Given E € F and an Orlicz functiony:

V(E) <p(B) - (y3) ™ (i) ' dv (3.17)
= Y H(E) dﬂ LL* W ’ .
vy
where fort =0, w‘l (f):=inf{s=0:y(s) > 1}
Proof. Lety?, denote the Young's complementary function of v (cf. Equation (1.15)).
V(E) ,u(]l dv) 3.18)
= E— *
ap
@ dv
< W Lellpagy - |5 (3.19)
Ly d,u L @
Yy
(b) -1 1 dv
= wE) - (v (—) — (3.20)
( Y) H(E) d,u L;* ()
Y

where (a) follows from the generalised Holder’s inequality, and (b) follows from the considera-
tions in Remark 22. O

One can then immediately derive the following Corollary of Theorem 12, setting Q = X" x ),
v ="Pxy and u =PxPy, i.e., setting u to be a joint measure and v the corresponding product
of the marginals defined over suitable measurable spaces:

Corollary 1. Let (X x Y, F,Pxy), (X x YV, F,PxPy) be two probability spaces and assume that
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Pxy < PxPy. Given E € F and an Orlicz function y:

1 ) H dPxy
PxPy(E) )| dPxPy

, (3.21)

Pxy(E) <PxPy(E)-(y%) ™" (
L;; (PxPy)

where for t =0, w1 (1) :=inf{s = 0:y(s) > 1}

Remark 23. With respect to Equation (3.1) we have that 9(t) = t(w;‘,)_l(llt) and @ (1) =
I tIILi* )"

Rem;rk 24. Similarly to Theorem 11, Theorem 12 and Corollary 1 are symmetric in the sense

that one can exchange the roles of w and ;. For instance, in Corollary 1, if one considers the
Luxemburg norm ||-|| 1L (P Py) and as its dual norm the Amemiya norm |-|| L:;* (PxPy) then one
Y

achieves the following bound:

. dp
Pxy(E) <PxPy(E)- (w}* as

. 1
3.22
) (PXPY (E) ) H dPxPy (5.22)

Ly (PxPy)

Moreover, whenever y3* = vy, one retrieves a bound involving only the Young function y
and its generalised inverse (similarly to Equation (3.21), where one only considers %, and its
generalised inverse):

1 ) ” dPxy
PxPy(E) ) || dPxPy

Pxy(E) <PxPy(E)-y! ( (3.23)

L{,‘,(’PX,Py)

Theorem 13. Let ¢ : [0,+00) — R be a convex function such that ¢(1) = 0, and assume ¢
is non-decreasing on [0, +o0). Suppose also that ¢ admits a generalized inverse, defined as
¢~ '(y) =inf{t = 0: ¢(t) > y}. Consider the measurable space (Z, F), and two measures . and v
defined on the space. Given an event E € F, we have that if v < i

Dyl + (1~ ,u(E))(p*(o))

3.24
i (3.24)

v(E) sp(E) -} (
where ¢* is the Legendre-Fenchel dual of ¢. Moreover, if ¢* (0) < 0, the bound simplifies to

D(p(VII,U)) (3.25)

E) < u(E) - ‘1(
V(E) = ulE)-¢@ u(B)

Proof. Let A > 0. Given a measurable event E one can set f = A1 in Equation (2.111) which
leads us to the following:

Dy (VI z/lfllgdv—f(p*(/l]lg)d,u (3.26)
:M(E)—(f (p*(/l)du+f (p*(O)dp) (3.27)

E E°
= AV(E) — wE)g™* (A) — (E)p™ (0), (3.28)
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meaning that for every 1 >0

D E)o* (A ESe* (0
) < w (VI + pu( )(p)L( )+ p(E )™ (0) (3.29)
Do VIm+RE)Q* ()
p*(A)
= u(E)- HLE) - . (3.30)

Dy (Vi) +1(E€) ™ (0)

Denoting with ¢ = i8]

and with 9(1) = ¢* (1)
and choosing A = 9/~ (1‘)*_1 (c)) gives us

Dy (vIlp) + H(E€)p™* (0)
v(E)su(E)-(p‘l( ¢ MH(LI;) L (3.31)

Indeed, let us denote 9% 1 (¢) = ¢, then

c+90 (D) c+td ) -9* (1)

- 3.32
971 (1) 971 532
+ i*(t) (3.33)

971 (1) '
=9 =90 (=0 1(0), (3.34)

where Equation (3.32) follows from Equation (2.110) and Equation (3.34) follows from the fact
that 9* (1‘)*_1 (¢)) = ¢ and from the convexity of ¢. In case the function ¢ is not invertible then,
considering the generalised inverse 9* Y(¢) = inf{t: 9% () > ¢} one has that 9* (9* *(¢)) > ¢
and the argument still follow with an inequality sign in Equation (3.34). O

Then, like before, one can set Z = X x ), v ="Pxy and u = Px Py and prove the following:
Theorem 14. Let ¢ : [0,+00) — R be a convex function such that ¢(1) = 0, and assume @
is non-decreasing on [0,+00). Suppose also that ¢ admits a generalized inverse, defined as
(,0_1 (y) =inf{t = 0: (t) > y}. Consider the measurable space (X x ), F), and the two measures
Pxy and Px'Py defined on the space. Given an event E € F, we have that if Pxy < PxPy

Pxy (E) <PxPy (E) <p‘1(1“’(X’ Y”“‘PXpY(E))w*(O))
XY =FXFY : ’

3.35
Px Py (E) (8:35)

where ¢* is the Legendre-Fenchel dual of ¢. Moreover, if * (0) < 0, the bound simplifies to

(3.36)

I,(X,Y
Pxy(E)<PxPy(E)-@! (M)

Px Py (E)

Remark 25. The proof that has been presented for Theorem 13 is not the shortest nor the most
simple one. It does however explicitly highlight how Equation (3.24) follows from Legendre-
Fenchel duality. Moreover, it sets the stage for a similar proof in a subsequent section. A simpler
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proof can be found in Section 3.B.

3.1.2 Rényi’s Information Measures

While Theorem 11, Theorem 12 and Corollary 1 are quite general, computing the Luxemburg or
the Amemiya norm can be difficult for most functions. Moreover, our purpose is to retrieve, on
the right-hand side of Pxy (E) some function of PxPy (E) and an information measure. With
this drive, we will now compute some specific instances of these results for certain choices of ¢
and v or ¢, that allow us to retrieve well-known objects in information theory. The first result
we derive is a specific instance of Theorem 11 but it will still be quite general. In particular, it
will depend on four parameters a, a’, 8, §'. Different choices of these parameters give rise to
bounds involving different Rényi information measures.

Theorem 15. Let (X x Y, F,Pxy), (X x YV, F,PxPy) be two probability spaces, and assume
that Pxy < PxPy. GivenE€ F andy€ ), let E, = {x: (x,y) € E}, i.e. the “fibers” of E with
respect to y. Then,

dPXY
Pxy(E) = “ 11ey | sy Lﬁ’(PXfH Hm wrol o, (3.37)
1 dPXY
= | Px (Ey)? M= 3.38
” X( Y) Lﬁ/(P)() H dPXPY sz(fPX) La’(Py) ( )

o -1,1_1_,1
where B,a, B',a’ are such that 1 = ctTE-wtE

Remark 26. A proof of this result follows from Theorem 11 choosing ¢(t) = % andy(t) = %

with B,B' = 1 or by choosing ¢(t) = Itlﬁ and y(t) = Itlﬂ’. With the second choice the link
between Equation (3.4) and Equation (3.38) is quite clear as

1

1
———— =Px(E))". (3.39)
— 1
< (thEﬁ)

A direct proof can be derived using the classical Hélder'’s inequality twice (similarly to the proof
of Theorem 11): once for Px and once for Py.

Remark 27. It is clear from the proof that one can similarly bound Pxy (g) (instead of Pxy (1g))
for any positive function g : X x Y — R* that is Px Py —integrable via Fubini’s Theorem. The
shape of the bound, however, becomes more complex as one in general does not have that gf = g
for every B = 1. A more thorough discussion on Theorem 15 and expansions of this can be found
in Section 3.1.5.

Choosing a’ = a and thus ' = § in Theorem 15, one recovers the following:

Corollary 2. Given E € F and a > 1, we have that:

a—1 _1
Pxy(E) < (PxPy(E) T exp “TDa (PxyIPxPy)|.
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This result can, in fact, be proven in several alternative ways:

¢ via the data processing inequality for Dg;

¢ via Corollary 1 with ¢ (#) = %;

e via Theorem 14 with f, (¢) = (t* — 1)/ (@ — 1) (which gives a bound in terms of Hellinger
divergences that are in one-to-one mapping with Rényi’s a—divergences (Sason and
Verdd, 2016, Equation (80));

* setting v = Pxy, p = PxPy and g = log(1g) (essentially, setting g = 0 over E and -oco
outside of E) in Lemma 5.

Remark 28. With respect to Equation (3.1) we again have thatv = Pxy and u="PxPy butin
this case d(t) = t\/P and @ (v/ 1) does involve a divergence. In particular, @ (t) = (Px Py (t"‘))% .

Notice that Corollary 2 is essentially ignoring the fact that Px Py is a product measure, which
is fundamental in order to achieve Theorem 11 and Theorem 15. In the case of Corollary 2,
this property is not required and indeed one can show a “more general” version that applies
to any pair of measures v and p defined on (Q, F) and such that v « u (e.g., as a Corollary
of Theorem 12 with w;(x) = x%).

Corollary 3. Given E € F and a > 1, we have that:

a—1 - 1
V(E) < (uE)T exp (“TDa(vnu)).

Starting from Theorem 15 and considering the limit as @’ — 1, which implies ' — +o00, we
retrieve a bound in terms of Sibson mutual information:

Corollary 4. Given E € F, we have that:

1/p

dPXY @
E) < E : ”“((—) )) 3.40
Pxy(E) < GS%SyupPX( Y) Py (PX dPx Py (3.40)
1/
a—-1
= (esssupPX(Ey) -exp (TIQ(X, Y)), (3.41)
P}’

where 1,(X,Y) is the Sibson mutual information of order a, (Verdui, 2015). Moreover, a and f3
are such thaté + % =1.

Remark 29. An in-depth study of a—Mutual Information can be found in (Verdii, 2015), where
a slightly different notation is used. For reference, we can restate Equation (3.40) in the notation
of (Verdii, 2015) to obtain:

1B
Pxy(E) =

esssup Px(Ey)

Py

a
‘Ep, [[E;D’;‘ [(d;;f ) ‘Y] ] : (3.42)
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Given that a and f are Hélder’s conjugates, the bound in Equation (3.41) can be rewritten as:

Pxy (E) < exp (% (Ia (X,Y) +logesssupPx(Ey)

y

A property of Sibson’s a—Mutual Information is that it is non-decreasing with respect to
a (Verdq, 2015). Considering the right hand side of Equation (3.43) we have that, for a; < a»:
a) — 1 a — 1

I(X] (X; Y) =
a1 a2

Iag (X) Y); (343)

thus, choosing a smaller « yields a better dependence on I, (X, Y) in the bound; but given

that % = “;1 < “;;1 = i and logess supp, Px(Ey) <0, the second term increases for smaller
values of a. This leads to a trade-off between the two quantities. Interesting applications of
this result find applications in a variety of fields as we will see in subsequent chapters. In such
applications, X is typically a random vector of length n and Px (E,) is exponentially decaying

with the number of samples for every y, leading us to bounds of the following form:
1
Pxy (E) <exp 5 (I.(X, V) -2nn?)|, (3.44)

for some fixed value of 7 assumed to be small. Thus, as long as, given n I (X,Y) < 2m]2, then
we can guarantee exponential concentration even if X and Y depend on each other. One
can also start from Corollary 4 and consider the limit of @ — +oc0, which implies f — 1. This
leads to a bound in terms of Sibson’s mutual information of order infinity, also known in the
literature as Maximal Leakage (Issa et al., 2020):

Corollary 5. Given E € F, we have that:

Pxy (E) < |esssupPx(Ey) |exp (L(X—Y)). (3.45)

Py

Unfortunately, taking the limit of @ — 1 in Corollary 2 or Corollary 4 in order to recover a
bound involving the Kullback-Leibler Divergence or Mutual Information leads to a vacuous
bound:

Pxy(E) = 1. (3.46)

3.1.3 Other divergences

As Hellinger divergences are of independent interest, and include important objects, like
the y?—divergence, we restate the bound explicitly in terms of Hellinger divergences. Recall
that Hellinger divergences can be characterized by ¢, (f) = (t? —1)/(p —1) with p € (0,1) U
(1, +00)(Sason and Verdq, 2016, Equation (53)). Theorem 14 can, however, only be applied
to p € (1,+00), as ¢, () is convex but non-increasing for p € (0,1). Let H, (X, Y) denote the
Hellinger divergence of Pxy from PxPy and with a slight abuse of notation let )(2 X, V)
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denote y?(Pxy | PxPy). We can now state the following.
Corollary 6. Let EC X x Y and let p € (1, +00) then Iy, (X,Y) = Hp(X,Y) and

Pxy(E) < PXPY(E)%1 ((p—DHHX, V) + 1)”’”. (3.47)

In particular, for p = 2, we have

Pxr(E) 1/ ({2(X, Y) + DPx Py (E) (3.48)
<vexp (L (X—Y))PxPy(E). (3.49)

Equation (3.49) follows from the fact that )(2 (X,Y)<=exp(L(X—Y))—1 (cf. (Issa and Gastpar,
2018)). In the family of Hellinger’s Divergences, other than the well-known y? divergence, one
can also find the famous Hellinger Squared Distance. The main characteristic of this infor-
mation measure is the fact that it is always guaranteed to be bounded. This is fundamentally
different with respect to most of the information-measures presented so far, for which it is
easy to find examples that render them equal to +oco. In order to provide such a result with
the tools presented in the previous section one needs the following extra assumption (which
holds in most of the settings of interest to us): Pxy (E) = PxPy (E). The reason for this is clear
from the proof of the following result.

Corollary 7. Let E € F and assume that Pxy (E) = Px Py (E), we have that:

Pxy(E)—PxPy(E) < H(X;Y) +2H(X;Y)VPx Py (E), (3.50)

where H2(X;Y) denotes H2(Pxy | PxPy).

Proof. Let ¢(t) = (vt —1)*. We have that 1,(X,Y) = H*(Pxy|PxPy) = H*(X;Y), i.e., the
squared Hellinger Distance of the joint from the product of the marginals. Moreover, ¢(t) is
strictly increasing and invertible when restricted to [1, +o0) and (p_l () =t+1+2V1. Equa-
tion (3.50) then follows from Theorem 14 as stated in Equation (3.36). In particular: starting
from Equation (3.195) we have that the inverse of ¢ is applied to an inequality of the form

PxPy(E) =
[+1,00), we recover Equation (3.50) after some algebraic manipulations. O

c=¢ (%) Given that 22EL > 1 by assumption and, using the invertibility of ¢ on

Example 1. Independent case Suppose that X and Y are independent, one has that H(X;Y) =
H?(X;Y) = 0 and for every event E one has that Corollary 7 recovers

PxPy(E)=Pxy(E) <PxPy(E). (3.51)

Example 2. Strongly dependent case Suppose X =Y ~U([n]) and let E ={(x,y) € [n] x [n]|x =
¥}, then

1

1
1- —) —. (3.52)
n

1
1=Pxy(E)<1——— +2 —7

n3/2
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Thus, the bound is asymptotically tight even in case there is a strong dependence.

3.1.4 Tightness

We illustrate the bound by first giving three examples where Inequality (3.45) is met with
equality for varying scenarios of dependence: X is independent from Y, X and Y are equal,
and X and Y are related but not equal.

Example 1*. Independent case Suppose that E is such that Px(Ey) = c forally € Y. In that
case we have that, if X and Y are independent:

c=Py(Px(Ey) =Pxy(E) <c. (3.53)

Example 2*. Strongly dependent case Suppose X =Y ~U([n)) then we have that L(X—Y) =
logn and if E = {(x, y) € [n] x [n]|x = y} then,

1
lszy(E)S;-nzl. (3.54)

Example 3*. Suppose (X,Y) is a doubly-symmetric binary source with parameter p for some
p<1/2. LetE={(x,y): x=y}. Then,

1
1-p=Pxy(B)<Z@A-pN=1-p. (3.55)

The above examples show that when the worst-case behavior (i.e., max, Px(Ey)) matches
with the average-case behavior (i.e., Py (Px(E))) = Px Py (E)), Corollary 5 represents a gen-
eralisation of the classical concentration of measure inequalities to adaptive settings. This
is typically the case in learning scenarios of interest, where we generalise Hoeffding’s and
McDiarmid’s inequalities to settings where the function of a sequence of random variables X"
(whose concentration around the mean one is trying to prove) can depend on the sequence
XM tself.

Moreover, the following proposition shows that the bound is tight in the following strong
sense: if we want to bound the ratio Pxy (E)/(esssupp, Px(E))) as a function of Py|x only
(i.e., independently of Px and E), then exp(L (X—Y)) is the best bound one could get:
Proposition 3. Given finite alphabets X and ), and a fixed conditional distribution Py,|x, then
there exists Px and E such that (3.45) is met with equality. That is,

Pxy (E)

sup suplo =L(X-Y). (3.56)
EQXI:y ’Pf gesssuppy Px(Ey)

Proof. Define a function g: ) — X such that g(y) € argmax .  Py|x(y|x), and let X; € X be
the image of g. Now, let Px be the uniform distribution over Xy, and E = {(x, y) : x = g(y)}.
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Then, for any y € ),

1
Ey={g(»} = Px(Ey) = ——. (3.57)
| Xl
So we get
Pxy(B)= ). Pxr(xy) (3.58)
(x,y)EE
=Y Y Px@)Pyix(ylx) (3.59)
yeY x€E,
=Y Px(gPyix(ylgy) (3.60)
yey
1
=—— Y maxPyx(ylx), (3.61)
|Xg| yey X
where the last equality follows from Equation (3.57) and the definition of g. O

3.1.5 Sibson’s a-Mutual Information and its functional inequalities

A more extensive discussion can be built around Theorem 15. This type of inequalities can
be easily extended to more than two random variables and different ranges of parameters
a, B and so on. These choices can lead us to different (or new) information measures whose
operational meaning can be immediately deduced by the functional inequality one starts from.
Or, inverting the order, one can define (starting from an approach similar to Equation (1.50)) a
family of information measures and endow them with an operational meaning deriving from
the corresponding functional inequality. The behaviour described in Theorem 15 contains
all the possible nested norms for two random variables with parameters a,a’ > 1. If one
considers two random variables but a < 1, the following result can be easily proven.
Theorem 16. Let X,Y be two random variables whose joint measure is Pxy and the corre-
sponding marginals are given by Px and Py. For every g: X xY — R* one has that

2 & L < (( dPxy \*
Pxr(g) =P! (P; (gﬁ))-P; (P;; ((W)gy) )) (3.62)

1,1 _7_1,1 /
wherea+ﬁ—1—a,+ﬁ,anda,a<1.

Now, if 0 < @ < 1 then one has that § < 0 while if @ < 0, then 0 < f < 1. With @’ — 1~ (which
implies f’ — —oo) then one can provide a result involving:

e theregular I (X,Y),if0<a<1;

¢ an unfamiliar object, if @ < 0. This object, to the best of our knowledge, has not appeared
before in the literature and can be defined to be an extension of Sibson’s I, to negative
values of a (cf. (Esposito et al., 2022, Definition 3)).
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More formally,
Corollary 8. Consider the same setting as in Theorem 16, that is: let X,Y be two random

variables whose joint measure is Pxy and the corresponding marginals are given by Px and
a=1

Py. Forevery g: X xY —R" and for every a < 1 and f = “_~ one has that

Pxy(g) = es%inf(P)‘; (gﬂ)) -exp (sign(a) . “T_lla X,7)]. (3.63)

Remark 30. Corollary 8 holds for every non-negative function g. However, given 0 < a < 1,
which in turn implies B < 0, an issue for null functions arises. Indeed, if there exists an x such
that Px({x}) > 0 and, for every y with Py ({y}) > 0, one has g(x,y) = 0, then a trivial lower-
bound of 0 on Pxy (g) is derived. Indeed for such x, g(x,y)? = 0P = co for every y rendering

1
essinfp, (77)’3 (gﬁ )) = 0. This prevents us from setting g = 1 and, thus, from recovering a bound

that involves probabilities if0 < a < 1.

Whenever a < 0 (which implies 0 < 8 < 1), one can consider functions that are null on spaces
of non-zero measure and provide the following lower-bound. This bound connects the proba-
bility of any event E with respect to the joint measure Pxy and the corresponding product of
the marginals PxPy:

Corollary 9. Let X,Y be two random variables and consider the probability spaces (X x
Y, F,Pxy) and (X x Y, F,PxPy). Let E € F and, given y € Y, denote with E;, = {x: (x, y) € E},
then, for every a <0

. 1 a—-1
Pxvy (E) sz}nPX(Ey)ﬂ - exp (—Tla(X, Y)) (3.64)
1
=exp (E (log(m}nPX(Ey)) —I,(X, Y))) . (3.65)
Taking the limit of « — —oo which implies B — 1 one recovers the following:

Py (E) = minPx (E)) exp(~I oo (X, V) (3.66)

= myinPX(Ey) exp(—L(X—Y)). (3.67)

Remark 31. The case when a — —oo is, in a way, symmetric to @ — oo as, essentially:

Pxy (E)

— — — 4 —_— N —
exp(—I_ (X, Y)) =exp(-L(X—Y)) < min, Px (E) (3.68)
as opposed to
_ Pxy(E)
exp(lo(X,Y)) =exp(L(X—Y)) = max, PX(Ey)' (3.69)

Similarly, one could obtain a result involving D, with a <0 from Theorem 16, settinga = a'.
This result is also, in a way, symmetric to Corollary 2. Indeed, if & — oo, Corollary 2 boils down
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to:

Pxy (E)
Px Py (E)

Pxy(F
< exp (Do (Pxy IPxPy)) = sup xor )

P —— 3.70
F PxPy(F) (5.70)

for any given event E, while an equivalent result obtained from from Theorem 16 when consid-
ering a — —oo would boil down to:

Pxy (E)
Px Py (E)

Pxy (F)

e — 3.71
Px Py (F) G.7D)

= exp (D-oo(Pxy I'PxPy)) = iII}f

for any event E.

Let us compare, through Table 3.1, Corollary 8, Corollary 9 and a straight-forward generalisa-
tion of Corollary 4 that we will now state for reference:

Corollary 10. Consider the same setting as in Theorem 16, that is: let X,Y be two random
variables whose joint measure is Pxy and the corresponding marginals are given by Px and

Py. Foreveryg:X xY — R* and for every a > 1 and f = °=L one has that

a

1 -1
Pxy(g) <esssup (79)’2 (gﬁ)) -exp (aTla X, Y)) . (3.72)
Py

Differently from I, with a > 0, I with @ < 0 is strongly connected to converse/negative
results. For instance, it can find applications in estimation procedures that lower-bounds
the Bayesian Risk. In these settings, one often has a non-negative loss function ¢(:,) that
measures how far a parameter is from its estimation. The purpose is often to lower-bound the
minimum expected value of this loss where the minimum is over all the possible estimators
of the parameter. In such a framework Corollary 8 can be useful, as we will see in a following
Chapter. However, Corollary 10 can also be immediately employed in such a setting with a
simple trick (cf. Section 5.3).

Table 3.1: Behaviour of the bounds expressed in Corollary 8, Corollary 9, Corollary 10 and Corol-
lary 4

Behaviour of the Bound Pxy(g) § hg(g) - h(I.(X,Y))

Range of «

a<0=0<p<1

0<a<l= <0

a>1= f>1

Information-Measure h(1Iy)

Multiplicative Term hg(g)

Multiplicat. Term hg(1g)
Inequality
References

exp((l-a)/a-I,(X,Y))

1

min, P} (8(X, ")
1

miny, (Px(E,))?

Pxv(8) = hp(g)-h(Io(X,Y))
Corollary 8 and Corollary 9

exp((@—1D/a-I4(X,Y))

1
min, Py (g(X,))
cannot be provided

Pxy(g) = hp(g)-h(I(X,Y))
Corollary 8

exp((@—1)/a-I4(X,Y))

1
max, Py (g(X,)F)
1
maxy (Px (Ey)) B

Pxy(g) < hp(g)-h(I(X,Y))
Corollary 10 and Corollary 4

60




3.1 Ratio of Probabilities

A general approach that can be undertaken is to start from results like Theorem 16, carefully
choose the parameters and then, looking closely at the functional of the Radon-Nikodym
derivative that appears, draw a connection to well-known information measures. In particular,
when @’ — 1 and a < 0 in Theorem 16, one retrieves Corollary 8, where I, can be defined as
follows:

In(X,Y) = _%?/XDa(PXY”PXQY)- (3.73)

Once the link with known information measures is established, one can show a sequence of
information-measure-like properties that such an object satisfies (cf. (Esposito et al., 2022,
Theorem 3)).

A similar perspective can be undertaken with Theorem 15 but generalised to three random
variables instead. In this case, the choice of parameters grows (as well as the number of
orderings that one can use in defining the nested norms) and can lead to a variety of objects.
Theorem 17. Let X, Y, Z be three random variables whose joint measure is Pxy z. Let Pz be the
marginal with respect to Z of Pxy z and assume the existence of the conditional measures Px, z
and Py\z. Assuming that Pxy 7 < Py|zPx|zPz, forevery g : X x ) x Z — R* one has that:

_ H dPxyz
8" (Py) dP7zPy|zPxz

)

Pxvz (g) = ” ”g”Lﬁ(P)qz)

LF'(p
Pyiz) L*(Px\z) LY (Pyi2) L (Py)
3.

1 1 1 1 1 1 o
wherea+3:?+F:7+W:1anda,a,a >1.

Setting a” = a and letting @ — 1 (which, in turn, imply " = f and  — oo) one then recovers
on the right-hand side of Equation (3.74) a form of conditional Sibson’s a —Mutual Information
Ig 12 (X, Y|Z) that has appeared in (Tomamichel and Hayashi, 2018, Section IV.C.2) and that
corresponds to the following information measure

DX, Y12) = glinDa(nyzllszwzpmz). (3.75)
Y|Z
The associated functional inequality is then the following:
Corollary 11. Under the same setting as in Theorem 17 one has that:
a-1

Pxyz(@ <P, (esssupPX|z(g)) -exp(TI(f 2(x,Y12)|. (3.76)

Priz

Choosing a different factorisation of the product measures in Theorem 17 one can obtain a
result that is analogous to Corollary 11 (but that involves a different information measure):

Corollary 12. Under the same setting as in Theorem 17 one has that:
a-=1

@ -1
Pxyz(g) < (eSSSUP (PYIZPXIZ(g))) -exp (%If(X,YlZ) . (3.77)

Pz
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This time the information measure considered corresponds to the following (cf. (Esposito
etal., 2021b, Definition 4)):

12(X,Y)2) = HéinDa(PXYZHPX\ZPwZQz)- (3.78)
A

Different factorisations can be chosen in Theorem 17 (cf. Equation (3.76), Equation (3.77))
which lead to different minimisations (respectively, Equation (3.75), Equation (3.78)) and thus
to different information measures. These information measures will have similar proper-
ties (Esposito et al., 2021b).

The main idea, much like with Shannon’s conditional Mutual Information, is to estimate how
far the joint probability measure is from one that formalises the Markov Chain X - Z-Y. In
the case of Sibson’s a—Mutual Information, this is done using Rényi’s Divergences followed
by a minimisation step (cf. Equation (3.75), Equation (3.78)). These objects will share similar
properties while possessing some unique characteristics.

In particular, the one defined in Equation (3.75) is an asymmetric information measure and has
the property that taking the limit of @ — co one retrieves conditional Maximal Leakage (Issa
etal., 2020, Definition and Theorem 6):

M (x,v|2) —— L(X~Y|2). (3.79)

The conditional IZ defined in Equation (3.78), differently from Equation (3.75), is symmetric
and can be connected to the strong data-processing coefficient of the Hellinger integral
(cf. (Esposito et al., 2021b, Theorem 4)).

To conclude, let us reiterate the pattern analysed in this section:

1. each of these objects has a nested-norm structure that stems from D, and the family of
measures one is minimising over (e.g., minimising over Q 7 leads to an L, (Pz)—norm in
the information measure and an L, (Pz)—norm in the corresponding dual-norm);

2. the nested-norm structure can be easily connected to functional inequalities similar
to Theorem 17 via multiple application of Holder’s inequality;

3. the inequalities allow us, in turn, to connect the information-measure to a variety of
settings (lower-bounds on the Bayesian Risk in estimation procedures, cf. Chapter 5,
Hypothesis Testing problems (Esposito et al., 2021b, Section IV), etc.).

One can, of course, consider different ranges of values for a,a’,a” (e.g, 0 < a <1 or a <0)
and retrieve inequalities in the opposite direction with corresponding “new” information
measures. Once again, duality (in this case, between the norms) is the key element to consider.
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3.2 Difference of Expectations

In the previous part of the chapter we tackled the problem of bounding the ratio between the
probability of an event under the joint and under (a functional of) the product of the marginals.
This led to a sequence of bounds involving a variety of norms (Luxemburg, Amemiya) and of
information measures (Sibson’s Mutual Information, Rényi’s Divergences, ¢—Divergences).
Another related and relevant question we will address, with similar tools, is the following:
given two measures g, v and a function f can we provide bounds of the following form

lw(H-viHlsov,w? (3.80)

Le., can one bound the difference of the expectations of the same function with respect to
two different measures using, for instance, a function of a divergence v, (v) = Dy, (v||u)? This
problem is not new and has appeared in a variety of forms and contexts in the literature: explo-
ration bias (Russo and Zou, 2016; Jiao et al., 2017; Issa and Gastpar, 2018), learning theory (Xu
and Raginsky, 2017c), etc. As we will see, this problem is also connected to Wasserstein Dis-
tances, Transportation-Cost Inequalities as well as with bounding the expected generalisation
error of a learning algorithm. One can, in particular, provide the following result:

Theorem 18. Let f € C.(X) and ¢ be a strictly convex function such that its Legendre-Fenchel
dual ¢* admits a generalised inverse ¢* ' (¢) = inf{s: ¢(s) = t}. Lety* : M(X) — R be the
Legendre-Fenchel dual of ¢ : C.(X) — R. If

Y(Af) < @A) forevery A >0 (3.81)

then, for every measurev such that v(f) < +oo and ¢' ~* ((p*_l(w*(v))) >0,

V() ¢ (y* (). (3.82)

Proof. By definition of the Legendre-Fenchel transform we know that for a given function f
and any given measure v:

Yy ()= sup (gV)-w(g) (3.83)
gECc(X)
= Mfv)—w(Af) = () -y (Af). (3.84)

Hence, we can say that, given f € C;(X),ve M(X)and A1 >0

YA +y*(v) - S +y*(v)

v(f) = 1 1 )

(3.85)

where in Equation (3.85) we used our assumption on v, i.e. Equation (3.81). Denoting with
¢=y*(v) and choosing A = ¢/ ! ((/)*_1 (c)) gives us that

V() <¢* ) =¢*  r ). (3.86)
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Indeed, let us denote, for simplicity, ¢* " (c) = ¢, then replacing A with ¢/ ' ((p* ! (c)) in Equa-
tion (3.85) one has

cHP@ (1) _cr1g (1) - p* ()

3.87
(pl—l (t) (pl—l (l.) ( )
L p*

C it —C(P/_di ((t)” (3.88)

DI (VR ()
= ('[)*_ (o) + W (3.89)
<¢o* T rwy, (3.90)
where Equation (3.87) follows from Equation (2.110). O

Remark 32. In most settings of interest the assumption that (/)’_1 (q)*‘l (p* (v))) > 0 is easily
satisfied. If one considers ™ (v) to be a ¢— Divergence, i.e., w* (v) = Dy (vIw), with u a probabil-
ity measure fixed before-hand, then w* (v) = 0 for everyv € P(X). Typical functions ¢ will be
of the form ¢(x) = |x|%/a with a > 1. This implies that ¢'~" ((p*_l(w*(v))) = (By* (V)& with
B =al(a—1) >0, which is clearly positive for w*(v) > 0. In general it is possible to state a
slightly less general result by adding some additional constraints on ¢ that allow us to compute
the infimum in Equation (3.85) using (Boucheron et al., 2013, Lemma 2.4).

Remark 33. The pattern we highlighted in Chapter 2 appears once again in a slightly different
form but with the same spirit. In order to provide these results, connecting the expected value of
a function with a functional of measures, one has to:

(a) use the Legendre-Fenchel transform and duality (in order to tie expected values and the
functional of measures);
(b) bound the Legendre-Fenchel dual of the divergence that we have chosen;

Thus, if we can provide a bound on v (cf. Equation (3.81)) then we can relate the expected
value of a function f under the measure v and the functional w* (v) (cf. Equation (3.82)). For
reference, in the converse of Shannon’s coding theorem (cf. Section 2.1.2) we had to bound the
dual of entropy evaluated at the function I (length of the code, e.g., assuming Kraft's inequality).
Through duality we then recovered a result connecting the expected value P (1) and the Shannon
Entropy of P.

Let us now proceed with examples with the purpose of better understanding both the assump-
tions and the implications of Theorem 18 and how it fits in the framework and the desiderata
of this chapter.

Corollary 13. Let X be a random variable over the probability space (X, F, 1) and assume X to
be a zero-mean o —sub-Gaussian random variable? with respect to .. We have that for every

2Given a zero-mean random variable X we say that it is 02 —sub-Gaussian if the following holds true for every
AeR: log(u(e? X)) < 2%
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measure v such thatv < u and such thatv(X) < +oo
v(X) <1/202D(Vv||W). (3.91)

Proof. The proof follows from Theorem 18, selecting w* (v) = D(v||u) with v € P(X). The fact
that X is 0 mean, o sub-Gaussian under yu means that for every A

A2 g2

logf e’lxdu <—, (3.92)
X 2

i.e., the assumption of sub-Gaussianity under p of X is implicitly implying a bound on the
Legendre-Fenchel dual of the Kullback-Leibler with a strictly convex function of A, ¢p(1) = #
Computing the inverse of the convex-conjugate of ¢ we can thus bound v(f) in terms of

D(v|lu). Indeed, to complete the argument, we observe that

A*2 _
¥ = 202 ¢* (0= V207t
which then establishes the claimed bound. O

Corollary 13 represents one of the simplest examples of applicability of Theorem 18. The choice
of ¥, and y; allows us to immediately retrieve a well-known result on o?—sub-Gaussian
random variables. This result lies at the foundations of most of the bounds connecting Mutual
Information and the expected generalisation error of learning algorithms like we will see
in Section 4.2.

3.2.1 Generalising Transportation-cost Inequalities
Background

The origins of Optimal Transport date back to Monge’s work in 1781. In his formulation, the
problem represented the formalisation of a very intuitive and practical issue: redistribution
(in the sense of transportation and reshaping) of some material (e.g., sand or soil) with the
minimum effort/cost. The problem, as stated by Monge, does not always admit a solution (Am-
brosio, 2003, Example 1.1.). Almost 200 years later, the problem was resurrected and rescued
from oblivion by Kantorovich, who proposed a simple but powerful relaxation of the prob-
lem (Ambrosio, 2003, Section 2). Denote with M (X)) the set of all Radon signed measures
over X and with M (X) the set of all probability measures over X. Let u, v € M;(X), consider
the set T1(u, v) of all the joint probability measures 7 € M; (X x X') with marginals equal to u
and v, i.e, such that n(- x X') = u(-) and n(X x -) = v(-). The problem advanced by Kantorovich
was the following: given p and v and a Borel function d : X x X — [0, +o0], can we find a joint
measure 7 that minimises
n(d(X,Y))?
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The coupling 7 represents a transport plan between y,v. Under mild assumptions on d,
optimal transport plans are guaranteed to exists for extremely general spaces X (Villani, 2008,
Theorem 4.1). Moroeover, any transport map induces a transport plan and a transport plan
can be seen as induced by a transport map under some additional conditions (Ambrosio,
2003, Proposition 2.1). If d itself is a metric over &, then inf; 7(d (X, Y)) represents a distance
over the space of probability measures: the larger is the quantity the more “difficult” it is
to transform y into v. In particular, given a metric d, let us denote with M, (X) the set of
probability measures p on X such that u(d (X, x9)”)/P < +o0 for some xg € X.

Definition 20 ((Villani, 2008, Def. 6.1)). Let (X, d) be a Polish space and p € [1,+00). Let
K, v € My(X), the p—Wasserstein distance between p and v is defined as

Wy, v)= inf (m(d(X, Y)P)lp.
well(y,v)

Wasserstein distances satisfy interesting properties (Raginsky and Sason, 2014, Lemma 3.4.1).
Lemma 7 ((Villani, 2008)). Let (X, d) be a Polish space we have that:

* if p=1W, isametricon M,(X);
* ifl<p<qthenWy,(u,v)<Wuu,v)Vu,ve My(X);
* W), metrizes weak convergence in M, (X).

Moreover, when connected to Kullback Leibler-divergences, in what are known in the literature
as “Transportation-cost Inequalities”, they have interesting implications in the concentration
of measure phenomenon.

Definition 21 (Transportation-Cost Inequality). Let (X, d) be a Polish space and i1 a probability
measure on X, we say that u satisfies an LP —transportation-cost inequality with constant c (or
Ty(c) in short) if for everyv < u

Wp(y, V)< v2cDW|W. (3.93)

When p =1, for instance, these inequalities are equivalent to concentration in the following
sense:

Theorem 19 ((Bobkov and Goétze, 1999, Thm 3.1)). Let u € M{(X) be a Borel probability
measure. There exists a c such that for every A € R

2
logu(exp(Af)) < (%) (3.94)

for every 1—-Lipschitz function f, if and only if u satisfies a T\ (c) inequality, i.e., for everyv <

Wi (i, v) = v/2cD(v||W). (3.95)

Example 6. Let X be a discrete space and d(x, y) = 1 xzy. We have that W (u,v) = TV (u,v), ie.,
the Total Variation distance between u,v (Raginsky and Sason, 2014, Prop. 3.4.1). In this case
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the transportation cost inequality is well-known under the name of Pinsker’s inequality and
it holds for every € M1 (X) with c = 1/4. In general, these inequalities are highly non-trivial
and hold for specific distributions (e.g., Gaussian, etc.).

Transportation-Cost Inequalities via Duality

A recurring theme in the field that lies at the intersection between Information Theory and
Optimal Transport is showing that Transportation-Cost Inequalities are equivalent to some
form of concentration of measure. One such example is Theorem 19. An in-depth review on
the topic with an information-theoretic perspective can be found in (Raginsky and Sason,
2014, Section 3.4). This type of results are generally made of two parts:

* the “if part”: if u satisfies concentration for every function in some family then the T, (c)
holds;

* the “only if” part: if u satisfies a T, (c) inequality then one has concentration for every
function in some family.

So far, Theorem 18 essentially establishes the “if part” for general functionals of measures. Let
us now establish the “only if” part and then discuss how it relates to the classical framework.
Theorem 20. Let v : M(X) — R be a functional and let f € M(X)*. If there exist a Young
function ¢ and its complementary function ¢, which admits a generalised inverse (/)’;_1 such
that for every v € F withv(f) < 4+oo one has

v <o (w), (3.96)

then
W (Af) < p(A) forevery A >0, (3.97)

wherey™* : M(X)* — R is the Legendre-Fenchel dual of y.

Proof. Given that ¢ is a Young function, one has that by (Boucheron et al., 2013, Lemma 2.4)

i A
viH) <ot (ww) :ng' (3.98)

This means that for every A > 0, every v and every v—integrable function f,

¢ = Av(f) —y(v). (3.99)
Taking the supremum with respect to v one then recovers the statement: ¢p(A) = y¢*(Af). O
In order to see how Theorem 18 and Theorem 20 represent, respectively, the “if” and “only

if” part connecting T}, (c)-like inequalities to concentration let us recover Theorem 19. In
particular, select
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e w*(v) = D(v||w) for a given u (consequently, one has that y(Af) = logu(exp(Af)),
cf. (Dembo and Zeitouni, 2009, Lemma 6.2.13));
* ¢(A) = 2 (which implies ¢* ' (k) = v2¢x);

Theorem 18 is what allows us to reach Equation (3.95) starting from Equation (3.94). Keeping
the same ¢ but inverting the roles of y and y* in Theorem 20 is what allows us to reach Equa-
tion (3.94) starting from Equation (3.95). Some extra technical steps are necessary in order to
bring in Wasserstein Distances (which will be considered in the proof just below). Given the
generality of the results we can, as an example, consider a setting similar to Theorem 19 but
involving a different divergence than the Kullback-Leibler:
Theorem 21. Let u € M;(X) and B > 1. There exists a ¢ such that for every A and every
1-Lipschitz function f

u(12r1P) < e, (3.100)

if and only if, for everyv < u

Q\—-

Wi (1, V) < (@c® Ho(vIiw) =, (3.101)
where @ = % Setting 8 = 2 we recover the following:
Wi (u,v) < \/622()(2(V||/.L) +1). (3.102)

Proof. Let ,u be a probability measure and let w*(v) = H, (vllu) with @ > 1, one has that
w(f) = ”(lfl ) (cf. Equation (2.111)). Moreover, let ¢(1) = 'CM , one has that ¢} (A*) = |/1*/c|"

with a = ﬁél. Consequently, for positive x, (/)Y (K) = (ac% 1<) a.
Let f be a function such that ||f||Ll.p <1and u(f) =0. Assume that for every v < u, Wi (u,v) <

(ac® Hy(vIw) 5. By the Kantorovich-Rubenstein dual representation of W) one has that

Wiw,v)=  sup |u(f)-v(f)|. (3.103)
Fll fllp=1

Hence, for every function f such that || | ,; » =1, u(f) =0 one can rewrite Equation (3.102) as
follows:
1 —
V() < (@c“Hoy (VW) = ¢} l(Ha(v”p))_ (3.104)

Consequently, by Theorem 20 one has that for every such f

p
A ') (P = (). (3.105)

(4 (Af)=u( 5 5

Similarly, assuming Equation (3.105) leads to Equation (3.104) for every such f via Theorem 18.
Repeating the same argument with - f one reaches the following statement:

1L(F) = V(P < (@c® Ha (V). (3.106)
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The assumption that y(f) = 0, can be dropped replacing f with f — u(f). Taking then the
supremum over all the 1-Lipschitz functions f in Equation (3.106) and using again the
Kantorovich-Rubenstein duality formula for Wasserstein Distances one reaches that for every
VLU,

Wi (1, v) < (@c®Hy (V]| 1) 7.

Drawing inspiration from Theorem 21 one can consider almost any ¢—Divergence. Some
restrictions on the possible choices of ¢ arise naturally in order to have access to both varia-
tional representations (cf. (Broniatowski and Keziou, 2010, Theorems 3.3, 3.4)). Le., to be able
to have both Equation (2.111) and Equation (2.112) and guarantee the existence of a unique
optimiser (u-a.e.).

Remark 34. In the classical T\ (c)—setting one assumes thatlog(u(exp(Af))) < (Ac)?/2 for every
f that is 1-Lipschitz and consequently recovers Equation (3.95). Considering Theorem 21
instead, in Equation (3.100) we only asking for the f—th moment of every f to be bounded.
Consider a = 2, even though it is well known that y*>(v||w) = D(v||i) (leading thus, to a worse
bound on W), in order to obtain Equation (3.102) we only need to bound the second moment
of f with respect to 1 and such a bound can exist for functions with unbounded log-moment
generating function, which are excluded from a classical T\ (c) setting (more technical details
regarding the setting will be presented in Remark 42).

Theorem 21 highlights the following approach: starting from the variational representation
of Wasserestein distances W), one understands the restriction on the family of functions that
needs to be considered (cf. Equation (3.103)). Let us denote such a family with /,. The next
step is then to fix a measure p and a functional 1//; (in Theorem 21, the choice of 1//; has fallen
on the Hellinger integral). The upper-bound that one can provide on y (A f) for f € F, charac-
terised by ¢(A) (cf. Equation (3.81), Equation (3.94) and Equation (3.100)), will determine the
shape of the T, (c)—like inequality (through ¢* et Equation (3.82), Equation (3.95) and Equa-
tion (3.101)), here denoted ¢, —inequalities for convenience. Vice versa, bounding a Wasser-
stein distance W), through a divergence Wﬁ via a ¢p—inequality (cf. Equation (3.95), Equa-
tion (3.96) and Equation (3.101)) implies a bound on v, (cf. Equation (3.94), Equation (3.97)
and Equation (3.100)) which, in turn, can imply concentration according to ¥, ¢ and F.
E.g, if, like in Theorem 19, y, is the log-moment generating function, the connection to
concentration is obvious and is characterised by ¢ for the functions in /).

In particular, with respect to classical T, (c) inequalities, one has two extra degrees of freedom:
1//; and ¢. Changing 1//; changes the divergence and takes us away from Kullback-Leibler but
it also requires us to bound a different functional (cf. Equation (3.100)).

In Theorem 21, both Wﬁ and ¢ were different with respect to the usual transportation-cost
inequalities. This additional freedom is relevant: trying to show a classical T}, (c)-like inequal-
ity for some measure y, fixing the shape of the inequality to be approximately W), (u,v) <
VkeD(v[[w) (which means, essentially, fixing ) can be impossible (as one might not have that
wu(Af) = ¢(A) for all A). This strongly depends on the concentration properties of u or the
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family of functions that we have to consider 7. Asking for the dual of the Kullback-Leibler
divergence to be bounded for every A and f € /), implies asking for all the moments of f to be
bounded as well. Theorem 21, for instance, relaxes this assumption by changing 1//; and only
requires for the f-th moment of (1f) to be bounded.

It is also possible, using such a framework, to maintain the same w; (e.g., the Kullback-Leibler
Divergence) but change ¢ and thus ask a behaviour of the log-moment generating function
which is different from Gaussian-like, like we will see in the next section.

3.2.2 Beyond Sub-Gaussianity

Consider, for instance, a 0—mean random variable such that, for a given 0 > 0 there exists a
K>0suchthatforallA>0

11 (exp (AX)) < exp (()LK)%). (3.107)

Remark 35. If0 = % and K = \%, then one is using the usual characterisation of a 0>—sub-
Gaussian random variable. One could, in principle, interpolate between lighter and heavier
tailed distributions through the parameter 0. Setting 0 = 1 one would be tempted to say
that Equation (3.107) recovers sub-Exponential random variables. However, notice that such a
bound on the moment generating function, for a sub-exponential random variable would only
hold for a restricted range of parameters A (cf. (Vershynin, 2018, Proposition 2.7.1.d))) while,
in Equation (3.107), we are asking for the bound to hold for every A > 0.

Similarly, one could consider random variables such that

,u(exp (AX)%) <exp ((AK)%). (3.108)

forallthe A < % and recover the characterisation of sub-Weibull random variables (Vladimirova
et al., 2020, Theorem 2.1), correctly interpolating between sub-Exponentials and sub-Gaussians.
However, such a characterisation would not be perfectly suitable for a ¢,—inequality (o1, a
correct generalisation of the usual Ty (c)-inequalities beyond o —sub-Gaussinaity) as we will
see in a later remark. It does, however, lend itself to a different type of inequalities that involve
the Kullback-Leibler Divergences (cf. Section 3.2.4).
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Corollary 14. Let X be a positive random variable over the probability space (X, F, 11). Assume
that u(X) = 0 and that it satisfies Equation (3.107) for every A > 0. Let (1) = (AK)#, one has
that for every measure v such thatv <

1 \1-60
D Ki=s
v(X) < (M) . (3.109)
016 —Q1-0
1
Proof. Letus set u/; (v) = D(v||w) and ¢p(1) = (AK)?. Moreover, one has that
A* = 0 1
O*(A*) = (?) (eﬁ —eﬁ) (3.110)
and that
1-9
-1 tK1-0
¢ ()= 5 - (3.111)
016 —Q1-0
The proof then follows from Theorem 18. O

Remark 36. It is easy to see that setting 0 = % and K = % in Equation (3.109) one does in-
deed recover Equation (3.91). One could provide a version of Corollary 14 that applies to
sub-Weibull random variables as characterised by Equation (3.108), however the following
additional constraint would be needed A = ¢’ - ((/)*_1 (DI ,u))) < 1/K. This allows us to select
the A that leads to the desired expression in Equation (3.86). The corresponding bound would,
however, have v (X %) on the left-hand side and could not lead to a generalisation of the usual
Transportation-Cost inequalities. A big advantage of the characterisation of sub-Gaussianity
like the one in Equation (3.107) with 8 = 2 comes from the lack of the power 2 on the left hand-
side of 3.107. This seems not to be possible considering sub-Weibull random variables with a
generic parameter 8 (Vladimirova et al., 2020, Theorem 2.1).

3.2.3 Transportation-cost inequalities with Rényi’s a-Divergences

Continuing along the lines of transportation-cost inequalities, we will now try to connect (with
a slightly less general approach) Rényi’s a—Divergences with 0 < a < 1 to concentration of
measure. This section will leverage the variational representation of the Rényi’s divergences
that stems from the Hellinger Integral, H, (cf. Lemma 5). This representation, to the best of
our knowledge, is not necessarily linked to the Legendre-Fenchel dual of D,, which prevents
us from directly using the framework described in the previous section (cf. Theorem 20). We
can, nonetheless, use similar tools in an ad-hoc fashion and tighten results like Theorem 19.
More precisely, given that Dy (v|u) < D(v|u) for 0 < a < 1, the question that we would like to
pose is the following:
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“Assuming a bound on the Wasserstein Distance through D, with 0 < @ <
1 (rather than the Kullback-Leibler Divergence), can one obtain stronger
concentration of measure properties?”
More formally, fixed a probability measure y, if we assume that for every
VLU

Wi(v, ) < ¢* " (Da(VIIW) 3.112)

can we bound log u(exp(A f)) using Equation (2.94) in a way that is different
from Equation (3.94)?

Before we start, let us quickly introduce a new object: ¢—Entropies.
Definition 22. Let X be a non-negative real-valued random variable with measure ¢ defined
over a proper probability space and let ¢ : R™ — R be a convex function, the ¢p—entropy of X is
defined as follows

Enty[X] = {(p(X) — @ (X)). (3.113)

Remark 37. Such an object is clearly always positive by Jensen's inequality, and is also con-
nected to concentration and the so-called Strong Data Processing Inequalities in Information
Theory (Raginsky, 2016).

Similarly to before, from the Kantorovich-Rubenstein’s representation of W}, assuming Equa-
tion (3.112) one can deduce that if ¢ is an Orlicz function, for every f that is 1-Lipschitz
then:

- A +D
V(P - () < b 1(Da(v||u))=i§gw. (3.114)
Consequently, for every f € F; and for every 1 >0
A)+ Dy
V() —p(f) = <P()—(Vllu)' (3.115)

A

Thus, for a given f and (assuming without loss of generality that p(f) = 0) one has that, for
everyv<< puand A >0

Daliw) = Av(f) — p(A). (3.116)

Let us now consider the measure v defined as follows

gdu

av = ,
Jgdu

(3.117)
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where g is a y—measurable and integrable function. Clearly, ¥ is a probability measure and it
is absolutely continuous with respect to u by definition. One has that

Do (V) = ! lo f(ﬂ)ad (3.118)
aWIH) = a—1 g du H .
1 g \“
=—1 ——| d 3.119
a-1 Og[(fgd,u) K ( )
1 a
= 1 Ydu- 1 . A2
a-1 ngg au a-1 ogfgdu (5-120)

Choosing g = exp(A1f) in Equation (3.117) and setting v = ¥ in Equation (3.116) one has the
following:

1
a—-1

a

logfexp(/lf)“d,u— log/exp()tf)dpz)tv(f)—<p(/1). (3.121)

a—-1
Our purpose is to provide a bound on log(u(exp(1f))) thus, re-arraning one obtains

¢ I logfexp(/lf)dus

! 1logfexp(/lf)“du—)w(f)+<p(/1). (3.122)

a a—

Let us now manipulate the right-hand side of Equation (3.122) in order to get a more meaning-
ful expression. In particular, one has that:

ai 1 logfexp()tf)“dpz ai 1 logfexp()tf)“_lexp(lf)dp (3.123)
- aillogfexp(/lf)“_1 (fexp(/lf)du) dv (3.124)
1 a-1 1
=21 logfexp()tf) dav + po logfexp(/lf)du. (3.125)

Substituting back in Equation (3.122) one obtains the following

! - logfexp()tf)“ildv—v(/lf) + (). (3.126)

logfexp(/lf)dps o

It is easy to see that the right-hand side of Equation (3.126) contains a ¢-Entropy, i.e.,

1
a—-1

log f exp(Af)* dv—v(Af) = - (v()tf) - —

= —Ent,[exp(A )@V, (3.128)

logv (exp(Af)*7 1) (3.127)

with ¢(x) = ﬁ log(x), a convex function for 0 < @ < 1. Going back to Equation (3.126), one
has that for every 1-Lipschitz function f and every A > 0:

log f exp(Af)du < —Ent,[exp(L ) D]+ p) < pA). (3.129)

Hence, one can provide a tighter-bound on the cumulant-generating function of (A f) with
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respect to a generalised version of Equation (3.94) (e.g., Theorem 20 with y(v) = D(v| w)).
Setting ¢p(1) = (%Z) and assuming that for every v <« u

Wi (v, ) < v/2¢Dq (Vi) (3.130)

(something stronger than Equation (3.95), as Dy (vly) < D(v||p) for a < 1) it is possible to
recover the following:

log(u(exp(Af))) < —Ent,[exp(Lf) @ D]+ (A1) (3.131)

i.e., an upper-bound on log(u(exp(Af))) that is potentially tighter than Equation (3.94), as
Ent,lexp(A )@ V] = 0.

3.2.4 Orlicz spaces, tails of random-variables and the Kullback-Leibler Divergence

Stepping away from the Transportation-cost inequality framework (but maintaining the same
tools), an equivalent characterisation of the sub-Weibull (and sub-Gaussian) random variables
through Luxemburg norms can lead to immediate connections with the Kullback-Leilber
Divergence. In particular, consider sub-Gaussian random variables. Given a random variable
X such that u(X) = 0, the usual requirement would be that, if there exists a K such that for
every A € R

log u(exp(AX)) < K272, (3.132)

then X is sub-Gaussian. However, an alternative (and equivalent) characterisation would be
the following (cf. (Vershynin, 2018, Proposition 2.5.2.iv))): if there exists a K such that

X2
,u(exp (F)) <2, (3.133)

then X is said to be sub-Gaussian. One can then characterise the smallest constant K such
that Equation (3.133) holds true:

X2
inf{K>0:,u(exp(ﬁ)) 52}. (3.134)
It is easy to see how Equation (3.134) represents the Luxemburg norm (cf. Equation (1.17)) of
X with y(x) = e* —1.

Remark 38. In the literature, | X || 1L () 80€S under the name of sub-Gaussian norm (Vershynin,
2018, Definition 2.5.6).

Continuing the parallel, one has that w(x) = e — 1 is indeed an Orlicz function and the
space of random variables that satisfy Equation (3.133) under u for some K is precisely the
Orlicz space Ly (u) (cf. Equation (1.14)). Given a measure y denote with M(X, ) the space of
measures on X that are absolutely continuous with respect to p and with M (X, u) the space
of probability measures on & that are absolutely continuous with respect to y. We are now
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ready to prove our result.
Theorem 22. Consider the space (X,F,u) and let v : X — R* be such that y(x) = e~ 1.
Assume that f € (Ly () N B(X)) then, for everyv € My (X, u) one has that

v(f?) = ”f”ii(m (DWW +1og2) (3.135)

Proof. Given that f € Ly (1) one has that || f || 1L < oo and, consequently
v

(1)
f2
plexp|—s—1]=2. (3.136)
”f” Ly (W)
For every v e M (u) and f € (Ly (1) N B(X)) one has by Equation (2.3):
D u) =supv(g) —logu(exp(g)) (3.137)
g
f2
=v >— | —log2. (3.138)
171y,
Meaning that
v = | f115,,.- (DWW +log2). (3.139)
O

Similarly, one can characterise a connection between sub-Weibull random variables and the
Kullback-Leilber Divergence. Indeed, consider wg(x) = exp (leé) —1, itis easy to see that 1y
is an Orlicz function for 0 < 6 < 1. Similarly to before one can consider the space Ly, (1) and
easily see that this is the space of 8-sub-Weibull random variables with finite Luxemburg norm
-1l Lk, @ (cf. (Vladimirova et al., 2020, Theorem 2.1.4)). One can then show the following:
Theorem 23. Consider the space (X,F, ), let 0 < 0 <1 and let wy : X — R* be such that
WYo(x) =exp (leé) — 1. Assume that f € (Ly, () N B(X)) then, for every v € My (X, u) one has
that .

V(i) s | £115,. DWW +1og2) (3.140)

1
Proof. The proof follows from the one of Theorem 22 with g selected to be | f| 0/ (I ”Z@ W' O
0

3.3 Application: Hypothesis Testing

An almost immediate application of the results presented in the previous sections comes from
the realm of Statistics and Hypothesis Testing. Assume the setting of binary Hypothesis Testing.
Assume we are given n iid random variables Xj,..., X,,. The idea is to infer whether X; ~ u
or X; ~ v looking at the samples Xj, ..., X;;. We will call the hypothesis that X; ~ y the null
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hypothesis Hy and the hypothesis that X; ~ v the alternative hypothesis H;. A classical setting
is the following: upon observing the n samples Xj,..., X, one can construct the empirical
distribution &, (x) = % Z;’zl 1x=x,; and then use it to pick Hy over H; or vice versa:

» if ¢, is closer to u than v with respect to the Kullback-Leibler Divergence, then Hj is
chosen;

 if ¢, is closer to v than p with respect to the Kullback-Leibler Divergence, then H is
chosen.

Given a constant ¢ = 0, the test function is then the following Y :(X{") = Lp(, 1 -D,v)>c)-
The chosen hypothesis is thus Hy, x).
Indeed,

o it D(&ullw) — D(&yllv) > ¢ then &, is closer to v than to u and we pick the hypothesis 1
which is the outcome of Y. (X");

e if DI,ll) — D(xllv) < c then ¢, is closer to p than to v and we pick the hypothesis 0
which is the outcome of Y (X").

Consider a discrete setting and denote with m and » the densities of u and v with respect to
the counting measure, then one can show that

o m(Xi))
—_— . (3.141)

1
DEnllw) = DEnllv) = glog( X,

In this case, Y .(X{") is simply the likelihood ratio test, which is known to be optimal (Cover
and Thomas, 2006, Theorem 11.7.1). The objects that one would like to control, in this setting,
are typically the type I error probability and the type II error probability:

1. the type I error probability (denoted with {) occurs whenever we pick H; but the samples
are distributed according to y;

2. the type II error probability (denoted with §) occurs whenever we pick Hy but the
samples are distributed according to v.

Hence, we can denote, in the usual notation:

{=p®"(Y) = u®"(DEnllp) = DEpllv) > c) (3.142)
§=v"1-Y)=1-v*"(Y) =1-v®*" (D&l — DEnlv) > ). (3.143)

Well-known negative results state that controlling both types of errors in an arbitrary fashion is
not possible. In particular, if one requires { to decay exponentially with the number of samples
n then it is possible to bound § away from 0. For instance, using the Total Variation distance
(and its variational representation) together with Pinsker’s inequality, it is possible to show

that:
(+621—\/%D(vllp). (3.144)
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The immediate application of our results comes from the fact that Y is clearly bounded.
Being bounded, it is possible to show a bound on its log-moment generating function through
Hoeffding’s Lemma. In particular one has that:

/12
log('u(e/l(Yc—/J(Yc))) < E — (/)(/U (3.145)

and using this in Theorem 18 with w* (v) = D(v||u) (or simply Corollary 13) one recovers that:

(M"Y =V (X)) </ gD(Vllu), (3.146)

which can be re-written as follows:

(+6=p°(X)+1-v?(Y)=1-(v*(Y)—p® (X)) =1- \/gD(vnu). (3.147)

Remark 39. It is possible to derive Equation (3.147) from Theorem 18 as Pinsker’s Inequality
is essentially just a Ty (1/4) -Inequality in the Transporation-Cost Inequality framework (Ra-
ginsky and Sason, 2014, Page 112). Setting 1//; (v) = D(v|lp) and assuming Equation (3.145)
sets Theorem 18 in the classical Transportation-Cost Inequality framework, i.e., Theorem 19.

This setting lends itself to tighter bounds as well. Let ¢ (x) = e — 1 be the “sub-Gaussian”
Orlicz function. One can show that given a function f € Ly, (u) there exists a constant C >0
such that C|| f|| 1L () is the tightest sub-Gaussian constant of f with respect to u in the sense
that (Vershynin, 2018, Equation (2.16))

p(exp(Af)) < exp (m2 I f||i$ (H)) ,VAER. (3.148)
Thus, one has that:
p(exp(AY,)) < exp (ca2 1Y cl?, (u)) ,VAER. (3.149)
WY

Consequently, using Theorem 18, one can provide the following bound:

O (Y ) — v (Y )| < \/4Cn||YCIIiL PV, (3.150)
i

or, alternatively:

(+6= 1—\/4Cn||YC||2L DIl (3.151)
15 ()

Similarly, one could pick yg(x) = % with B > 1. This is also an Orlicz function and one can

consider the corresponding Orlicz space Ly, 5 (1) endowed with the Luxemburg norm ||-|| 1L (-
p
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Under this setting, if f € Ly, (1) is such that || f . (u <o then one has that, if 1 > 0 then
vp

HUALIP) 5
5 =40 ||f||%(m) = ). (3.152)

The function ¢(A) is also a Young function if one considers the restriction to R*. Setting
_1
o= ||f||LL W and c(B,0) = (Bo?) 71, one has that
vp

¢*(A*) = é(/l*)“c(ﬂ,a) (3.153)
with a = % and, consequently,
*x—1 ka )i
k) = 3.154
oo (C(ﬁ,a) (3154

We are thus in the setting of Theorem 18 and one can use it to show that:

H (V®nllﬂ®n) é
BY ) —vE (Y, s( “—) 3.155
™" (Ye)=vT (Yl = |a cB.0) ( )
= (@Hg W I 0 p7, (3.156)
which can then be translated in the following lower-bound:
(+621— (@Hy (V" |u®™) s 0 b7 3.157)
=1 (Hy(v®" | u®™) s il (3.158)
1-p)r
=1-exp (a_I)D(;c(\/®n||ll®n))U—'B1 (3.159)
1-p)r
—1—exp n(a_l)Da(vllu)) 9p_ (3.160)
1-p)r
—l—exp n(a_l)Da(vllp)+log( b 1)) (3.161)
1-p)»
—l—exp ”(“_I)Da(vnp)+1og(aa(1—ﬂ)é)) (3.162)
_1 1
=1 —exp [ )Da(vll,u)+log(IIYC||L5ﬁ(wa(l—,B)a)). (3.163)

3.3.1 Bounding the ratio of errors in Hypothesis Testing

So far we focused on bounding u(f) — v(f) but using the tools described in this chapter, one
could also bound u(f)/v(f) in a hypothesis testing framework. Considering the same setting
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as before but using, for instance, Equation (2.92) one has that, fora > 1:
1Bl
v(Ye) = Ho(vlip) e pu(Ye) P, (3.164)
given that Y, € {0, 1} we have that
§°=1-6<HyWIwi(h (3.165)

which, after re-arranging becomes

C% _1
ﬁ = Hy(vlp) «. (3.166)

Why is this also a negative result? Because if we assume that ¢ (the Type I error probability) is
exponentially decaying with the number of samples n with rate R, i.e.,

u®"(Y,) < exp(-nR), (3.167)

then Equation (3.164) tells us that

a—-1

vO(Y,) < exp(—n (R—Da(vll,u))). (3.168)

and since the Type II error probability § is equal to 1 — v®(Y ;) one has that

a—1

1—65exp(—n (R—Da(vll,u))). (3.169)

Re-arranging Equation (3.169), one obtains the following:

521—exp(—n“ (R—Da(vll,u))). (3.170)

What we can extrapolate from this is that: if, for a given «
R=Dq(vIw), (3.171)

then 6 will approach 1 exponentially fast. Once again, there is a trade-off between the quan-
tities here. One would be tempted to pick a as small as possible so that the condition in
Equation (3.171) is more easily satisfied. That would, however, also affect the rate of con-
vergence to 1 as the smaller « is, the smaller the multiplicative factor “T_l becomes and,
consequently, the slower the convergence to 0 of the right-hand side of Equation (3.169). The
approach presented here can be extended to Sibson’s @-Mutual Information (both condition-
als and not) and can be applied to hypothesis testing settings. As we have seen in Section 3.1.5,
to each of these information-measures one can associate a Holder’s-like inequality which will
be pivotal in introducing the information-measure in the hypothesis testing framework (like
in Equation (3.164)). This idea is explored further in (Esposito et al., 2021b).
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Appendix

3.A Holder’s inequality and information measures

Holder’s inequality represents the foundations of the variational representations for the in-
formation measures that are related to L% (-)-norms. Indeed, it is what allowed us to provide
a variational representation for Rényi’s Entropy (cf. Section 2.2.2), for the Hellinger Integral
and, in a way, for the Sibson’s a-Mutual Information (cf. Section 3.1.2). In particular, the
starting point is the pairing. Given a function f and a measure u the key step was the following
re-writing:

dv
v(g) :p(gd—“). (3.172)

If v is a generic measure that belongs to M (X, u) (space of measures on A’ that are absolutely
continuous with respect to u) then this leads to a functional inequality involving the Hellinger
Integral (cf. Definition 19) or the Hellinger Divergence of order a (Liese and Vajda, 1987,
Definition 2.10). Le,, if @ > 1 then one has that for every positive-valued function f:

v(g)

> (3.173)
L%(p) Hg”m(u)

((@=DHa Wl + 1)é = Hg (vl = HZ—:

where = %5 is the Holder’s conjugate of a. Equality is met if f = (g—;)a_l p-a.e. If ¢ <1then
Equation (3.173) holds with a reversed inequality sign.

Otherwise, if v is absolutely continuous with the counting (Lebesgue) measure and y is
selected to be the counting (Lebesgue) measure, then Holder’s inequality leads us to the
variational representation of Rényi’s Entropy (cf. Equation (2.52)), i.e.:

Ha(v) = inf log| gll?, o~ Plogv(g). (3.174)
If we instantiate Equation (3.172) to g = 1, i.e

Vv(E) = v(nEﬂ) (3.175)
ap

we can connect probabilities of the same event under different (but absolutely continuous
with respect to each other) measures. This led to the results presented in Section 3.1.2 and Sec-
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tion 3.1.5. Moreover, to conclude this discussion, we will once again underline the connec-
tion between Holder’s inequality and Legendre-Fenchel duality, recovering Equation (3.173)
(i.e., Corollary 6) from Theorem 14 for two general measures (rather than a joint and product
of marginals). For illustrative purposes we will present such a proof in detail, showing how

the various results in Section 3.1 can all be derived from the same proof technique. Given a
function g and setting f = Ag in Equation (2.111) with ¢(x) = % one has that for every 1 > 0:

B
L Ho Wi + HIED AP

v(lgl = a1 (3.176)
H, (viiw) /1_‘6
B
= (| glhy e P )j i (3.177)

where 1 + % = 1. Continuing the parallel with the proof of Theorem 14, we have that 9(1) =

* _ AP _ Ha(vipw _ g—1[gx—1[Ha(vlip) :
@©* (L) = B and that ¢ = gPp" Thus, we need to select A =9 (19 (u(lglﬂ)a))' In particular,

* () =dy) = % and thus 9* "1 (x) = (ax)« for x positive. Moreover, one has that 9' (1) =

AP~1 and, consequently, 9’ o) = zﬁ. Putting everything together we have that

/1_19/—1 (8*—1(Ha(v|lu))) (3 178)
B p(glPa '
_ HoWllp) @5

Substituting A in Equation (3.177) and using the fact that < + % =1= a= % we retrieve

B
Hy (vIip) 1 Ha (VW) at6—D

d B B B
v(lgl):u(lgl—v)su(lglﬁ) elgha P plgh (3.180)
du Hy (VW) a1
n(glh)
HyWllw) |, Ha(vlip)
IglP) IglP)
= p(|g)hy st Puls (3.181)
H,0lw a5
u(lglP)
Howip | 7+
= u(lglhH = P (3.182)
p(gl®) | Haoiw w55
u(lglP)
uaglh)
=H,WW)—— (3.183)
VI i
1 _1
= u(glP)? Hy(viipw)'# (3.184)
1 1
= u(gl?)? Hy (vl (3.185)
dv
=gl | 5=l - (3.186)
Apl pag
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_ 1x®

o in Theorem 13, i.e,,

This is equivalent to setting ¢ (x)

dv ~1(HaWvw)
(Igh = ( —)s (Ig1P)p* (—) (3.187)
v(lgl ulgldlu ndgl”e aullglP)
Ho Wi\
_ By | LtV i)
= u(lgl )( P ) (3.188)
= u(1gP)? Ho i) ® (3.189)
=gl dv (3.190)
P00 | dge | gy’ :

which represents Equation (3.173): yet another incarnation of Roger-Holder’s inequality.
Considering product measures and applying the inequality twice leads us to Theorem 15.

3.B Alternative proof of Theorem 13

In this section we will present a simpler proof of Theorem 13, hereby re-stated for reference
Theorem. Let ¢ :[0,+00) — R be a convex function such that ¢(1) = 0, and assume ¢ is non-
decreasing on [0, +00). Suppose also that ¢ admits a generalized inverse, defined as ¢~ (y) =
inf{t = 0: ¢(t) > y}. Consider the measurable space (Z,F), and two measures |1 and v defined
on the space. Given an event E € F, we have that if v

D 1 - pu(E)¢* (0
Il + (1 - wE)e ()), (3.191)

VB =p (E)"”_l( w(E)

where ¢* is the Legendre-Fenchel dual of ¢. Moreover, if ¢* (0) < 0, the bound simplifies to

D(p(vllu))

E) < u(E)- ‘1(
V(E) = ulE)-¢@ u(B)

(3.192)

Proof. Letus denote with n=v(E), m = u(E),n‘=1-v(E),m®=1-u(E). For every y = 0 we

have
@ n ¢ [n
D, (Vi) = D, (Ber(n)|Ber(m)) = m(p(a) +m (p(%) (3.193)
o n o[ n¢
= m‘P(a)*‘m (%y—qo*(y)), (3.194)

where (a) follows from the Data-Processing Inequality for ¢-divergences and (b) follows from
Young’s inequality. Choosing y = 0 in Equation (3.194) and re-arranging the terms we retrieve:

=n. (3.195)

Dyl +n°p*©) _ (n 1 (Dol + np* (0)
el e (RS

O
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Learning Theory

The primary purpose of this chapter! is to apply the results presented so far to a Learning
Theory framework. More precisely, we will bound the generalisation error of a learning
algorithm, and it can be done in two ways:

* bounding the expected generalisation error;
* bounding the probability of having a large generalisation error.

When bounding the expected value of the generalisation error, we will use the results presented
in Section 3.2. When bounding the probability of having a large generalisation error, we will
leverage the results presented in Section 3.1.

4.1 Background

This section will provide some basic background knowledge on learning algorithms and con-
cepts like the generalisation error. We are mainly interested in supervised learning, where
the algorithm learns a classifier by looking at points in a proper space and the corresponding
labels.

More formally, suppose we have an instance space Z and a hypothesis space H. The hy-
pothesis space is a set of functions that, given a data point s € Z, outputs the corresponding
label y € . Suppose we are given a training data set Z” 3 S = {z1,..., z,} made of n points
sampled in an i.i.d. fashion from some distribution P. Given some 7 € N, a learning algorithm
is a (possibly stochastic) mapping A : Z" — H that given as an input a finite sequence of
points S € Z" outputs some classifier i = A(S) € H. In the most straightforward setting, we
can think of Z as a product between the space of data points and the space of labels, i.e.,
Z =D x C and suppose that A is fed with n pairs data-label (d, c) € Z. In this work, we will
view A as a family of conditional distributions Pps and provide a stochastic analysis of its
generalisation capabilities using the information measures presented so far. The goal is to

IThe content of this chapter (excluding Section 4.2) has appeared in the IEEE Transactions on Information
Theory 2021, Volume: 67, Issue: 8 (Esposito et al., 2021a).
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generate a hypothesis /: D — C that has good performance on both the training set and newly
sampled points from &X'. To ensure said property, the concept of generalisation error was
introduced.

Definition 23. Let P be some distribution over Z. Let ¢ : H x Z — R be a loss function. The
error (or risk) of a prediction rule h with respect to P is defined as

Lp(h)=P((h,2)), (4.1)

while, given a sample S = (z1,..., zy), the empirical error of h with respect to S is defined as
1 n
Ls(h) = =) £(h,z)). 4.2)
niza

Moreover, given a learning algorithm A: Z" — H, its generalisation error with respect to S is
defined as:
gen-errp(A,S) = Lp(A(S)) — Ls(A(S)). 4.3)

The definition just stated considers general loss functions. An important instance for the case
of supervised learning is the 0-1 loss. Suppose again that Z =D x C and that # is a family of
hypotheses, i.e., functions h: D — C. Given a couple (d, ¢) € Z and a hypothesis & € H, the
0—1loss is defined as follows:

The corresponding errors become:
Lp(h) = P(Apwayze) = P(h(d) # ¢). (4.5)
and
1 n
Ls(h) = P > Lnwansc:- (4.6)
i=1

4.2 The expected generalisation error

Given a learning algorithm .4, one has that the expected generalisation error can be written
as (Xu and Raginsky, 2017c, Equation (9)):

Psu(gen-errp(A,S)) =Psu(¢(H,S) — PsPu(l(H, ), (4.7)

i.e., it represents the difference of the expectations of the same function with respect to
two different probability measures: the joint Psy and the corresponding product of the
marginals PsPp. Hence, general bounds can be provided using Theorem 18 or the well-known
Corollary 13 (cf. (Russo and Zou, 2016; Xu and Raginsky, 2017¢)). Given a convex functional ¢,
we will consider the following family of functionals over measures Wﬁ () =Dy (-llw), with p a
measure fixed beforehand. Moreover, y; denotes the Legendre-Fenchel dual of .. We will
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4.2 The expected generalisation error

assume, as above, that given a function f € C.(&X), v, (Af) < ¢(A) for some (strictly) convex
function ¢ and every 1 > 0.

In order to match the framework that is typically utilised in the Learning Theory literature, we
will work with U/;DSPH ()= D¢(~||775PH) and, following the structure of Theorem 18, one has to
assume something about yp,p, in order to provide a bound that involves w;;spH. However,
our assumptions (again, matching the literature) will involve yp, or yp,. The reason why
we can do this is the following. Given the choice of 1//; = Dy (-l|w), we typically know the
shape that v, will have. If u/; is the Kullback-Leibler Divergence, then v, (f) = logu(exp(f))
(cf. Equation (2.3)). If 1//; is a p—Divergence, then v, (f) = p(p™* (f)) (cf. Equation (2.111)). This
naturally implies that if we consider product measures, one has the following characterisation
for v:
Ve (f) = Eul@™ (M) = Ewu(f)

if y; is a p-Divergences and
exp(W ux¢ (f)) = ¢ (ulexp(f)) = E(exp(y ()
if 1//; is the Kullback-Leibler Divergence.

Consequently, since we will consider the product measure PsPg we have that, given the
structure of , an upper-bound on yp, for every h € H naturally implies an upper-bound on
vp,p,. Another important consideration is that, an assumption of the form

Yp, Al (h,Z)=Pz((h,2))) <pN)
for every h in many cases implies an assumption of the form

o)

n

=

A

with S a sequence of n iid samples distributed according to P7”. This property is some-
thing that we will informally define as the “n-sum property” of wp,, yp, and ¢. Under this
framework, we can state the following result.

Corollary 15. Let w;;SPH () = Dy (-I'PsPr) for some convex functional ¢. Assume that

A
Ypsp, AMLs(H) =P (Lp(H))) < #

forevery heH and n,A > 0. One has that

¢* ' (nDy(PsulPsPr))
. .

4.8)

gen-errp(A,S) <

Proof. Let us denote with ¢, (1) = %M one has that ¢}}(A*) = 2¢*(An) and consequently
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;;_1 (1= %(p*_l (nt). The statement then follows from Theorem 18. O

From this we can now easily recover all the bounds on the expected generalisation-error that
involve the Kullback-Leilber Divergence and that are present in the literature, for instance:

Corollary 16. Let ¢(x) = xlogx in Corollary 15, hence Dy (-|PsPp) is the Kullback-Leibler
Divergence. Assume that the loss function ¢(h, Z;) is 0 -sub-Gaussian under P for every h. We

have that
[o-27(q.
gen-errp(A,S) < w. 4.9

Proof. Since ¢(h, Z;) is o?-sub-Gaussian under P, then

242
vp,(Al(h, Z;)=Pz(€(h,2))) <

for every i, where yp, (f) =logPz(exp(f)). Moreover, one also has that

A
<N,

1
Yps EZA(((h,Zi)—PZ(ﬂ(h,Z))) p
i

Hence, vp,, yp, and ¢ satisfy the “n-sum property”. The argument then follows directly from
Corollary 15 along with the fact that %(/)*_1 (nt) =4/ 2‘77% O

Remark 40. Both Corollary 13 and Corollary 16 have appeared in the literature in a variety of
forms (Russo and Zou, 2016, Prop. 1), (Xu and Raginsky, 2017c, Lemma 1).

Remark 41. In a learning theory framework this essentially means that, for a given divergence
Dy, if we can controlyp, (Al(h, Z)) for every h (or we can controlyp,p,(Al(H, Z)), on average
with respect to Py) using a convex function ¢, such that (/)*_1 (x) is sub-linear in x, then we can
aim at a generalisation error bound that decays with n. The effective decay, though, will also
depend on the behaviour of Dy (Psy||PsPh) as a function of n.

To conclude the section and emphasise the generality of this approach, let us choose a different
divergence.
Corollary 17. Let¢(x) = %2 in Corollary 15, hence

Y2CIPsPr) +1

Vpp, ()= Dy IPsPm) = >

Assume that, given the loss function ¢ (h, Z;), there exists a constant K > 0 such that for every h
Pz (AR, Z;) - Pz (£(h, 2))*) < KA?,

then one has that

2K(x?(PsulPsPr) +1)
- .

(4.10)

gen-errp(A,S) < \/
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Proof. Giventhatys, ,, (v) = 3> (VIPsPr)+1) one has thatypyp, (f) = 1 PsPu(f?) (cf. Equa-
tion (2.111)).

Since the Z; are assumed to be iid random variables the variables ¢(h, Z;) are also iid and by
assumption one has that

2

1 & A?
Ps||A—=) (U(h,Z;))—Pz({(h,2))) = —K. (4.11)

ni n
Hence yp,, wp, and ¢ satisfy the “n-sum property”. The argument then follows from Corol-
lary 15 and by noticing that ¢p* (A*) = g—; which in turn implies that ¢* " (r) = V2K . O

Remark 42. Assuming the o2 -sub-Gaussianity of € (h, Z;) — Pz (¢(h, Z)) naturally implies a
bound on Pz (A4 (h, Z;) — Pz (£ (h, Z)))¥) for every x = 1. For instance, o2 -sub-Gaussianity
implies that in Corollary 17, Pz(A(€(h, Z;) —Pz(€(h, Z))2) < KA? holds with K = 202¢?'¢,
However, assuming that ¢ has bounded variance (for every h or on expectation with respect
to Py) is much less restrictive than assuming it is sub-Gaussian. As an example of this, sup-
pose that the loss ¢ is o2 -sub-Gaussian. One has that ¢? is sub-Exponential with parameters
(4V202,40%) (Vershynin, 2018, Lemma 2.7). This means that ¢ has a finite log-moment
generating function only for A < 1/(40?) (Vershynin, 2018, Proposition 2.7.1.v)). Consid-
ering the framework given by Theorem 18 and Corollary 16, in order to solve the infimum
in Equation (3.85) (which, in turn, provides Equation (4.9)), one needs to select \* = %
Consequently, if I(S; H) = 2%02 the bound is not valid as, for that choice of A, the log-moment
generating function of €% with respect to PsPy is actually unbounded (and, thus, cannot be
bounded by ¢(A)). However, a sub-Exponential random variable is such that all of its moments

are bounded, hence, an approach as the one suggested by Corollary 17 can be successful.

4.2.1 Recovering other known results

Other known results can be recovered, and they all hinge on creatively re-writing the generali-
sation error and use similar tools on said re-writing.

Individual Samples Mutual-Information Bound

One can re-write the generalisation error as follows

1 n
gen-errp(A,§) = — Y (Puz(0(H,Z)) - PuPz(¢(H, 2)) 4.12)
i=1
1 n
= Y (Puz((H,Z;) - PuPz(¢(H,2))). (4.13)
i=1

In Equation (4.13), the summands are once again difference of expectations of the same
function under different distribution. In order to provide a bound on each term inside the
sum, one can thus use Corollary 13, which requires us to provide (or assume) an upper-bound
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on the dual of the Kullback-Leibler Divergence evaluated at A(¢(H, Z;) — PgPz(¢(H, Z2))). If
one assumes, like before, that £(h, Z) is o2-sub-Gaussian under P for every h (which means
setting (1) = # in Corollary 13) one recovers (Bu et al., 2019, Proposition 1)

1 n
gen-errp (A, S) = . Z (Puz(W(H,Z))-PuPz((H,2))) (4.14)
i=1
1 n
_ 2 .
=— izzl(\/za I(Z,,H)). (4.15)

The main result therein (cf. (Bu et al., 2019, Theorem 2)) after the re-writing in Equation (4.13),
becomes then a corollary of Theorem 18 with ¢(x) = xlog(x), v="Pzy and =Pz Py.

Conditional Mutual-Information Bound

Another interesting re-writing comes from Steinke and Zakynthinou. The main idea is that
that one can consider a super-sample S of length 21 and take random subsets of length n
in the following way: let N denote a random sequence drawn uniformly from {0, 1}", one
can denote with Sy a sub-sequence of samples of length n selected at random from S. More
precisely, given N and S € 22, then (Sy); = S; n,+1, i.e. we see the super-sample of length
2n as a matrix with two rows of length n (regular samples of size n) and N formalises the fact
that we choose component-wise from the first or the second sample uniformly at random.
This allows us to rewrite the generalisation error as follows

gen-ertp (A, S) = Ps(Pyp5(Ls, (H) — Lg (). (4.16)

One can then use Theorem 18 for every given choice of S on Py msLs, (H)—Lg (H)) by propos-
ing different upper-bounds on the dual of D(Pyn5-511Pn 55 m15=5), (i-e., upper-bounding
l0g P3P mis=s(exp(ALg, (H) — Lg , (H)))) and recover (Steinke and Zakynthinou, 2020, The-
orem 5.1, Corollary 5.2, 5.3). In particular, assuming like in (Steinke and Zakynthinou, 2020,
Theorem 5.1) that there exists A : 22 — R such that |¢(h, zy) — £(h, z0)| < A(z;, 2) for every
heH and z;, z2 € Z one can then show that for every §

A2 1
l0gPy5-Prns=s(@xP(ALs, (H) = L, () = - sup— 3 A*(5;1,5i2) (4.17)
h i=1
A2 l
= %6(5) = ¢s(A). (4.18)
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Applying Theorem 18 then one retrives that

gen-errp (A, S) = Ps(Pyp5(Ls, (H) — Lg () (4.19)
< P3¢} (D(PynisI PrisPas) (4.20)
=Pg|inf DPrumsIPrasPing) + M) (4.21)

A>0 A
< inf LV HI +P5@5(A) (4.22)
A>0 A
I(N; H|S) + ¢p_5A)
= inf PPsd (4.23)
A>0 A
= ¢} IV HIS)) (4.24)
2Ps(c(S -
= ¢ —7)5:(5)) I(N; HI|S) (4.25)

thus recovering (Steinke and Zakynthinou, 2020, Theorem 5.1). Different bounds on YPysPus
lead to different bounds on the expected generalisation error (cf. (Steinke and Zakynthinou,
2020, Corollary 5.2,5.3, Theorem 5.4)).

4.2.2 Generalising Individual Samples and Conditional Mutual-Information

Clearly the possible combinations are numerous, however the pattern remains the same:
a bound on the Legendre-Fenchel dual v of the targeted divergence w* implies a bound
on a difference of expectations (that involve said divergence ¥*). Following the approach
undertaken in (Bu et al., 2019) and described just above, but with the general spirit that
characterises this work, one can show the following:

Corollary 18. Consider a supervised learning setting and consider the sequence of iid samples
Z" = S with Z; ~'Pz and thus S ~ P3" = Ps. Let A: 2" — ‘H be a learning algorithm mapping
sequences of samples to the space of classifiers H. Denote with Psy the joint measure induced
by Ps and the Markov Kernel induced by A on H. Assume that, given the loss function ¢ (h, Z;),
there exists a constant K > 0 such that for every h

Pz (AL (h, Z;) = Pz(l(h, Z))*) < KA?,

then one has that

1 n
gen-errp(A,S) < - Z \/ZK(XZ(Pz,.HIIPZiPH) +1). (4.26)
i=1

Similarly, one can follow the approach undertake in (Steinke and Zakynthinou, 2020) and
prove the following result:

Corollary 19. Consider a supervised learning setting and consider the sequence of iid samples
Z" = S with Z; ~'Pz and thus S ~ PJ" = Ps. Let A: 2" — ‘H be a learning algorithm mapping
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sequences of samples to the space of classifiers H. Denote with Psy the joint measure induced
by Ps and the Markov Kernel induced by A onH. Assume that there exists A : Z? — R such that
for every h € H and every zi,zy € Z one has that |¢(h, z1) — (R, 22)| < A(z1, 22), then one has
that

- 1
gen-errp(A,S) < \/4775-()(2 PunisPrnisPms)) Pz Pz, (M (21, Z2)) (; + 1), (4.27)

where N is a random variable uniformly distributed over {0,1}"* and S € Z""*? is a super-sample
of size 2n (a matrix with two rows and n columns) and such that Sy represents a regular sample
of size n defined as follows (Sn); = (S)(i,N;+1)-

Proof. Similarly to the discussion above, we will leverage the following re-writing of the
generalisation error:

gen-errp (A, §) = Ps(Pypys(Ls, (H) = Lg (). (4.28)

As before, in order to prove a bound on the expected generalisation error through (in this
case) the y2-divergence, it is necessary to provide a bound on the Legendre-Fenchel of the
y2-divergence evaluated at (ALSN(H) -Ls, (H)). Leveraging the assumptions and the setting
one can prove the following:

2
2 12
PH|§:§7’N|SZ§((M§N(H)—LsN,(H)) ):PHIS:§PN|§:§ A ;[(H, (§N),-)—€(H,(§Nr)i)) )

(4.29)

1 n
= Ps=sPnis=s A; Y (1-2N)C(H, (5:,1)) - €(H, (5i2)
i=1
(4.30)

2
1 n
< maxPys_s ((A; Y (1—=2Np{(h,(51) - £(h, (fi,z))) )
i=1
(4.31)
1 & 2
< m}?x(az Y l(h,(5;,1)) - £(h, (§i,2))) (4.32)
i=1
/12 n 2
= ;m}?x( 0(h, (5i1)) = C(h, (§i,2))) =ps(1). (4.33)
i=1

Using then Theorem 18 withyp, . (V) = x> WI'Py; 5Py 5) one can then provide the following
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bound:
gen-errp(A, S) = Ps(Pyps(Ls, (H) — Lg (H)) (4.34)
<Ps kp;_l Fa (PrumslPnsPms)) (4.35)
2
PunislPaisPms) + o)
:Pg(infx HNISW/NISTH|S (O} (4.36)
A>0 A
P> Pracl PricPend)) + oo (A
< inf s PunisllPasPs) + dps (D) 4.37)
150 A
=0} (Ps* (PrnsIPisPrs) (4.38)
APs( 2> PunislPuisPms) Psc(S)
:\/ S gN§ n1\27|s H|S) /S ’ (4.39)

where ¢(S) = max, ( "l (551)—€(h, (§l-,2)))2. To conclude, let us further upper-bound
Ps(c(S)) as follows:

n 2
Ps(c(S) = Ps (m;f‘x( 0(h,(Sip) - C(h, (S,-,z))) ) (4.40)
i=1
<Ps ( A%(Sin,8i2) + Y. AGSin, Si2)AS)1,S j,g)) (4.41)
i=1 i#j

n
=Y. PuPL W02, 2))+ Y. PPz, (0 (21, 2)) (4.42)
i=1 i#]
< 1Pz Pz, (8 (21, Z2) + n° Pz, Py, (N (21, Z)). (4.43)
This leads us to the following upper-bound on the expected generalisation error:
- AP > Pynsl PrisPris) Ps(c(S)
gen-errp(A,S) < \/ SATHNS nI\ZIIS Hs— S (4.44)
1
< \/4735(;(2 (PunisIPunisPus) Pz Pz (B3 ( 2y, Z2)) (; + 1). (4.45)
O

4.3 The probability of having a large generalisation error

4.3.1 Sibson’s ¢-Mutual Information

Consider now the learning setup as defined in Section 4.1. The following result can be used to
give a concentration bound on the generalisation error defined in Equation (4.3):

Corollary 20. Let A: Z" — H be a learning algorithm that, given a sequence S of n points,
returns a hypothesis h € H. Suppose S is sampled i.i.d according to some distribution P over Z.
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Let 0 :H x Z — R be a loss function such that ¢ (h, Z) is 0 -sub-Gaussian random variable for
everyheH. Givenne (0,1), let E={(S,h) : |[Lp(h) — Ls(h)| > n}. Fixa = 1. Then,

a-1 n?
Psu(E) <2exp|—— | 14(S, A(S)) — n—l||- (4.46)

a 20
Consequently, in order to ensure a confidence of 6 € (0,1), i.e. Psy(E) <9, it is sufficient to have

n samples where

202 a 1
n= ?(IQ(S,A(S))+log2+ a_llog(g)). (4.47)

Proof. Fixne (0,1). Let us denote with Ej, the fiber of E over h for some h e H, i.e. E, ={S:
|Lp(h) — Ls(h)| > n}. By assumption we have that ¢(h, Z) is o2-sub-Gaussian for every h. We
can thus use Hoeffding’s inequality and retrieve that for every h € H :

2
n
735 (Ep)<2- exp (—I’IZT'Z) . (4.48)

Then it follows from Corollary 4 and Inequality (4.48) that:

a—1 772 ¥
Psu(E) < exp (TIQ(S,A(S))) : (Zexp (—nﬁ))

_ 2
=2exp(“71 (Ia(S,A(S)) - n%)) (4.49)

O

Remark 43. Corollary 20 applies to the special case in which Z =D xC and ¢ is the 0-1 loss
function as defined in (4.4). Indeed, one can show that ¢ is 0 -sub-Gaussian for o = % Moreover,
in this case, we only need to assume that the samples S are independent, as the use of Hoeffding’s
inequality in the proof can be replaced by McDiarmid’s inequality (for functions with bounded
differences) (McDiarmid, 1989).

Smaller @ means that 1,(S,.A(S)) will be smaller, but it will imply a worse dependence on
log(1/6) in the sample complexity. It is worth noticing that, for fixed a, the sample complexity
dependence on log(1/6) is optimal (up to constants). In particular, consider the setup of PAC
learning with finite H with VC dimension d, e.g. assume that D = [d] and H = {0, 1P, we
have that the VC-dimension of H is d (Bassily et al., 2018; Shalev-Shwartz and Ben-David.,
2014). By (Shalev-Shwartz and Ben-David., 2014, Theorem 6.8), we know that the number
of necessary samples for learning, in the “realizable case”, satisfies n = cw, for some
constant c. Assume also that .4 is the ERM algorithm, in which case the generalisation error
and the true error are the same and I, (S,.A(S)) < log(||) = d. From Equation (4.47) for the

0-1loss we have that n = cw, where y = -%5. Hence, for a given «, the dependence on
0 is optimal. A similar reasoning could be applied to the agnostic case in order to tackle the

optimality with respect to n as well.
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4.3.2 Maximal Leakage

An interesting particular case of Corollary 4 appears when a — co. In this scenario, on the
right-hand side of Equation (3.41) one obtains Maximal Leakage (cf. Corollary 5). Maximal
Leakage enjoys a variety of properties that are of particular interest to us and we will soon
analyse them.

Remark 44. Note that, considering the other extremei.e., « — 1, one retrieves a trivial bound.
Indeed, letting « — 1 in the results presented in Section 3.1.2 leads to a trivial upper-bound of
1 on'Pxy (E). Hence, this approach does not provide bounds that exploit either the Kullback-
Leibler Divergence or the Mutual Information. Nonetheless, we will provide a comparison with
a similar result obtained for Mutual Information (that can be obtained through the Legendre-
Fenchel transform of the Kullback-Leilber Divergence, cf. Equation (2.10) and has been provided
in (Bassily et al., 2018, Theorem 8)) in Section 4.4.1.

This result is helpful for the following reasons:

* Maximal Leakage is more amenable to analysis due to its semi-closed form (e.g., it is
possible to easily compute the Maximal Leakage of noise-addition mechanisms );

* The absence of the power 71, in Equation (3.45) as compared to the right-hand side
of Equation (3.41) allows us to provide a generalisation of the classical concentration of
measure results in adaptive settings;

* A conditional version of Maximal Leakage will enable us to provide adaptive composition
results (cf. Section 4.5).

Generalisation Error Bounds

We will now explore how Corollary 5 can be applied in providing bounds on the generalisation
error of learning algorithms.
Corollary 21. Let A: Z" — H be a learning algorithm that, given a sequence S of n points,
returns a hypothesis h € H. Suppose S is sampled i.i.d according to some distribution P over Z.
Let ¢ :'H x Z — R be a loss function such that ¢(h, Z) is o2 -sub-Gaussian random variable for
everyheH. Givenn € (0,1), let E={(S, h) : |[Lp(h) — Ls(h)| > n}. Then,
n?

Psu(E)<2-exp (£ (S—A(S) - nﬁ) . (4.50)

Consequently, in order to ensure a confidence of 6 € (0,1), i.e. P(E) < 0, it is sufficient to have n

samples where
2

2 2
n= 1712 (c (S—A(S) +10g(5)). 4.51)

The proof follows from Corollary 5 and the same technique used to prove Corollary 20.
Remark 45. Similarly to Corollary 20, this bound applies to the case in which ¢ is the 0-1 loss
function witho = % Moreover, as discussed following Corollary 20, the dependence onlog(1/0)
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is optimal. Indeed, let us consider the very same example as in the previous section. Let D = [d]
and H = {0,1}P, we have that the VC-dimension of H is d. Choosing again A to be the ERM
algorithm we have that L (S—.A(S)) = d. Looking at Equation (4.51) witho = 1/2, we can see
how the lack of the a/(a — 1) term (that one can find in Equation (4.47) instead) allows us
to make a clear analogy with the VC-dimension bound stated in (Shalev-Shwartz and Ben-
David., 2014, Theorem 6.8). More precisely, from Equation (4.51) we have that n = %
while (Shalev-Shwartz and Ben-David., 2014, Theorem 6.8.3) (realizable case) tells us that
n > ¢4rloel/o) for some constant c. A similar reasoning could be applied to the agnostic case in

order to tackle the optimality with respect ton as well.

Whenever A is independent from the samples S, we have that exp (£ (S—.A(S))) = 1 and we
immediately fall back on the non-adaptive scenario:

2
Psu(E) sZ-exp(—nn—z) =PsPu(E), (4.52)
20

i.e., we recover (and, thus, generalise) Hoeffding’s inequality.

4.3.3 Analysing Schemes via Maximal Leakage

A simple way of keeping the Maximal Leakage of an algorithm .4(X) bounded (and thus ensure
generalisation) is to add noise (e.g.,, ¥ = A(X) + N with A a real-valued function). The proofs
for this section can be found in Section 4.B.

Lemma 8 (Laplacian Noise). Let h: X" — R be a function such that h(x) € [a,cl,a<cVxe X".
The mechanism M (x) = h(x) + N where N ~ Lap(b) is such that:

LX-M(X)) = log(l + (4.53)

(c-a) )
ik
Similar results can be obtained by analysing different types of noise.

Lemma 9 (Gaussian Noise). Let h: X" — R be a function such thatVx e X" h(x) € [a,cl,a< c.
The mechanism M (x) = h(x) + N where N ~ N (0,02) is such that:

w—m)
Vano?)

Lemma 10 (Exponential Noise). Let h: X" — R be a function such thatVx e X" h(x) € [a, c],
¢ > 0. The mechanism M (x) = h(x) + N where N ~ Exp(A) (i.e., E[N] = (1/A) = b) is such that:

LX—M(X)) = log(l + (4.54)

(4.55)

L(X—M(X)) = log(l + (C;“)).

The addition of carefully calibrated noise to control Maximal Leakage can be used in practice
to obtain generalisation guarantees of learning algorithms. As an exact analogy to (Xu and
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Raginsky, 2017c, Corollary 4) we can state the following result, involving a noisy version of the
Empirical Risk Minimization (ERM) algorithm.
Corollary 22. Let us consider the following algorithm:

A(S) = argmin(Lg(h) + Np,), (4.56)
heH

where Ny, is exponential noise drawn independently from the input, added to the empirical
risk of each hypothesis on a given data-set S. Suppose H is countable (i.e., finite or countably
infinite), and denote with N; the noise added to the hypothesis h; with mean b;. Then, for every
ne(0,1):

IH|
Psr(gen-err(A) =n) < 2exp (Z log (1 + bi) - 2m72) . (4.57)
i=1 i

_ L1108

Choosing b; , We retrieve:

Psu(gen-err(A) =) < 2exp (-n2n? —11/n?'3)). (4.58)

This example shows how easily the Maximal Leakage bound can be used, in contrast with the
Mutual Information one. Indeed, following the proof of (Xu and Raginsky, 2017c, Corollary 4),
the Mutual Information of the same mechanism analysed here is hard to compute directly
and the quantity I(S; H) is, in the end, upper-bounded using Maximal Leakage:

[H] L,(h;
I(S; H) < Zlog(1+ “li )) (4.59)
i=1 i
IH|
< Zlog(ubl =L(S—H). (4.60)
i=1 i

Remark 46. The noisy version of the ERM algorithm does not provide the same guarantees
(with respect to the classical ERM) in terms of training error. Having a small generalisation
error means that the training and testing errors are close, but they could be large. In this case,
by adding noise, we reduce the information measure (by Data-Processing Inequality) and, as
a consequence of our bounds, the probability of having a large generalisation error is also
reduced. The addition of noise, however, can increase the training error of the new algorithm.
In particular, we will no longer choose the empirical risk minimiser (h* = argminyey Ls(h))
but some hypothesis h that minimizes Ls(h) + Ny, and whose error can be more or less close to
Ls(h*) (depending on the noise). Hence, while the generalisation error may be smaller, training
and testing errors could both get larger.

4.3.4 Other Divergences

This section presents new bounds in terms of Rényi’s a—Divergences and ¢—Divergences,
particularly Hellinger divergences. Applying Corollary 6 to a learning setting, one gets:
Corollary 23. Let A: Z" — H be a learning algorithm that, given a sequence S of n points,
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returns a hypothesis h € H. Suppose S is sampled i.i.d according to some distributionP over Z.
Let ¢ : H x Z — R be a loss function such that ¢ (h, Z) is a o2 -sub-Gaussian random variable, for
some o and for every h € H. Givenn € (0,1), let E={(S, h) : |[Lp(h) — Ls(h)| > n} and p € (1, +00).
Then,

-1 1 —1H,(S, 1 2
'PSH(E)SZPPeXp(Og((p S AS)+D) _ )
p 2po?

In particular,

1 2

Psu(E) < V2exp (5 (log(}(z(S,A(S)) 11— %)) , 4.61)
and in order to ensure a confidence of 6 € (0,1), i.e. Psy(E) <9, it is sufficient to have n samples
where

2

nz 277% (log(xz(S,A(S)) +1) +2log (?)) :

An implication of Equation (4.61), say for the 0-1 loss function, is the following: if, for a given
n,
12(S, A(S) <exp(2nn?) —1

then we can guarantee an exponential decay in the probability of having a large generalisation
error. Doing the same with Equation (3.49), one gets:

1
Psu(E) < v2exp E(ﬁ (S—A(S)) —2nn?)|. (4.62)

Given the relationship between these two measures, one has that every time
exp(£ (X—Y)) <2nn” then y*(X,Y) < exp2nn®) -1

and thus, generalisation with Maximal Leakage implies generalisation with y?. An advantage
of using y?(X, Y) is that it can be significantly smaller than £ (X—Y). Indeed:

Example 7. Let X ~ Ber(1/2) and let Y = BSC(p), with p < 1/2. Thus, Py|x=x(x) =1-p. In
this case )(Z(X, Y)=(01- 2p)2 while exp(L(X—Y)) — 1= (1-2p). It is easy to see that, since
(1-2p)<1then(1- 2p)2 can be much smaller than (1 -2p).

Nonetheless, using Maximal Leakage can be advantageous. In fact, the Maximal Leakage
L (X—Y) depends on Px only through the support. This allows us to provide bounds that
depend only loosely on the distribution over the training samples. The y?(X,Y) instead,
cannot be exactly computed unless one has access to Px. The distribution over the data Px»
can be very complicated and is typically defined on large-dimensional spaces (e.g., images,
audio recordings, etc.). In general, one only has access to (and control over) the conditional
distributions Py x» induced by the chosen learning algorithm. This can render bounds
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like Equation (4.61) difficult to use in practice, although “tighter” in theory.

Another important characteristic of Maximal Leakage is that, due to the “chain rule” it satisfies,
it composes adaptively (cf. Section 4.5). This property is not known to hold, in general, for
either ¢- or Sibson’s @-Mutual Information.

To conclude this section, let us state the generalisation error and sample complexity bounds
provided by Hellinger distance.

Corollary 24. Let A: Z" — H be a learning algorithm that, given a sequence S of n points,
returns a hypothesis h € H. Suppose S is sampled i.i.d according to some distribution P over Z.
Let 0 : H x Z — R be a loss function such that ¢(h, Z) is a 0% -sub-Gaussian random variable,
for some o and for every h € H. Givenn e (0,1), let E=1{(S,h) : |Lp(h) — Ls(h)| > n}.

2 2
Pss(E) < 2exp (—n"—) + H2(S; A(S)) + 232 H(S; A(S)) exp (—n"—) (4.63)
20'2 40-2
2
<2exp (—nz%) + H?(S; A(S) + 252 H(S; A(S)). (4.64)

and in order to ensure a confidence of 6 € (0,1), i.e. Psy(E) < 0, it is sufficient to have n samples
where

log (5—H2(S;A(S))Jlrsz(s;A(S)) )
n= a . (4.65)
4n

The main advantage of the Hellinger squared distance (similarly to the Total Variation distance)
is that it is always guaranteed to be bounded by 1. Regardless, the same reasoning that
compared Maximal Leakage to y? applies: computing H(X; Y) requires access to the marginal
distributions Px, Py and can be very complicated. Indeed, even for simple additive noise
channels, no closed-form expression is known for H(X";Y) (or even for TV(X"; Y)). In the
context of learning instead, even for simple gradient descent mechanisms(cf. (Wang et al.,
2019)), computing such measures can be very hard.

4.3.5 From Probability to Expected Value

Given the bounds on the probability of having a large generalisation error proposed so far,
one might ask how these reflect upon the expected value of the generalisation error. To give
a meaningful result some assumptions on the probability of our event E are required. In
particular, we will assume this probability to be exponentially decreasing with the number of
samples n (as it often happens in the literature). The following result is inspired by (Shalev-
Shwartz and Ben-David., 2014, p. 419) with a slightly different proof.

Lemma 11. Let X be a random variable and let X € R. Suppose that there exista=0 and b= e
such that for everyn >0 Px (X — 2| = n) < 2bexp (-n*/a?) then

Px(X-x]) =< amin{3\/logb,2\/10g2b}.
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Proof. Since | X — X| is a positive random variable one has that:

+00
Px (X —-xD) =f0 Px (X — %l =n)dn. (4.66)

One, thus, has the following:

+00
Px (X - %) =j(; Px(UX—-Xl=n)dn (4.67)
+00
< f min (1,2bexp (—nz/az)) dn (4.68)
0
v/ a*log2b +00 5y o
= d +[ 2bexp(—-n“/a®)d (4.69)
[ " v/ a?log2b P n

2bn
a2

a2 +00
<+/a?lo 2b+—f —exp(-n*la®)d (4.70)
s v a?log2b J/a*log2b P "

= a(\/log2b+ \/11—219) < amin{?)\/@,z\ /logzb}. 4.71)
0g

O

This section will focus only on Sibson’s ¢ —Mutual Information. It is possible to extend these
results also to ¢—Mutual Information. However, in order to do so, one needs explicitly choose
¢ (or a family of convex functions that satisfy Theorem 14). For instance, using the same tech-
niques and starting from Corollary 23, one can state a bound on the expected generalisation
error for p-Hellinger divergences. It is, however, unclear how to derive a result involving all
increasing and convex functions ¢.

Theorem 24. Let A: Z" — H be a learning algorithm and let I,(S, A(S)) (i.e., Sibson’s Mutual
Information of order a) be the dependence measure chosen. Suppose that the loss function
0: ZxH — R is such that ¥ h, Ps.pn(|Ls(h) — Ps(L(h))| > 1) < 2exp (—27772211) for someo >0
(e.g l(h,Z)-E[l(h,2)] is o2 -sub-Gaussian for each h), then:

802 (log(2) + 14(S, A(S)))
- .

Psy (ILs(H) — Ps(L(H))|) < ¢

Proof. The proof is a simple application of Lemma 11 and Corollary 20 with a = v/2yc?//n
1
andb:Z?_lexp(%Ia(S,A(S))). O

Remark 47. Notice that, even though we provide a concrete example (cf. Theorem 24) that
uses o -sub-Gaussianity the assumption is not strictly necessary. Lemma 11 only requires that
Px (X — X) decays exponentially fast. This can be true also for other classes of random variables,
like sub-Weibull random variables with an opportune choice of parameters (Vladimirova et al.,
2020).

102



4.3 The probability of having a large generalisation error

An important result, obtained through a different route, is the bound on the expected generali-
sation error via Mutual Information (cf. (Xu and Raginsky, 2017c, Theorem 1)). We restate it
here for ease of reference. Under the assumption that £(h, Z) is o%-sub Gaussian for each h:

2 2
[Pstr (Ls(H) ~ PsPr (L) | < |/ %I(S;A(S)). (4.72)

In the spirit of comparison, let us also state a similar bound using Theorem 24 but with ¢ — co

and using 3a+/logb as a bound on the expected value. Setting a = %, b =exp(L(S—A(S))
one retrieves the following:

|Psh (Ls(H) = Ps(LH)) | = Psp (ILs(H) — Ps(L(H))) (4.73)

2
< 3\/ z%ﬁ(S—»A(S)). (4.74)

We have seen before (cf., Section 4.4.1) that Sibsons’s a—Mutual-Information brings an ex-
ponential improvement in the dependence over § (cf. Section 4.3). However, the same
information-measure does not seem to bring any improvement in controlling the expected
generalisation error when the technique described in this section is used.

4.3.6 Some considerations

While the relationship among I, for various a’s is clear, a detailed and complete understanding
of the relationship among all the ¢-Divergences and Rényi’s a-Divergences is still lacking.
Many works are trying to address the issue (e.g., (Sason and Verdt, 2016; Harremoés and Vajda,
2010)). Restricting ourselves to y>-like divergences, a summary of our current understanding
is the following:

e [4(X,Y)=ming, Dq(PxyPxQy) < Da(Pxy I PxPy);
o I, (X,Y) < I, (X,Y) if @) < ay;
o L(X—Y)=log(y*(X,Y)+1) = L(X,Y).

A naive consideration would be the following: in this family of divergences the tightest sample-
complexity bound would be given by I, (where both 1/a =1/ =1/2). Taking «a € (1,2) will
consistently improve the dependence of the bound with respect to the information measure
term while rendering the bound closer and closer to 1 (and, thus, worsening the dependence
with respect to 6 in the sample complexity, as § will tend to +oo, cf. Equation (4.47)). The best
trade-off between these two quantities remains an open problem.

Considering Corollary 24 instead, while the dependence with respect to § and 1 seems to be
the right one, the role played by the information measure is not as clear. Finding the optimal
function ¢ in Theorem 14, for a given behaviour of Px Py (E), could also shed some light on
whether or not one should consider functions ¢ outside of the y2-like family (polynomials).
A Taylor expansion argument shows that most ¢-divergences are, in the end, y>-like, but
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while those measures blow up in some deterministic settings, others like Total Variation and
Hellinger Distance do not. This different behaviour could be key in obtaining the tightest
bound in the learning theory framework as well.

4.4 Comparison with other bounds

Table 4.4.1: Comparison between bounds.

Robust (cf. | Adaptive | Bound Sample Complexity

Lemma (cf.

16) Lemma

17)
y-Stability (Bousquet and || No No exp. decay in n fy,m xlog(%)
Elisseeff (2002))
2
e-DP (Dwork et al. (2015b)) || Yes Yes i exp (%), e<nl2 M
Mutual Information(Bassily || Yes Yes % % . %
etal. (2018))
2
Maximal Leakage Yes Yes 2-exp(L(S—Y) - 2m72) %ﬂogm
1
Sibson’s @-Mutual Informa- || Yes Unknown exp("T*1 I4(S,Y) = 2nn)) %W
tion
) log(32(S,Y)+1)+2log( 2
Xz-Dlvergence Yes Unknown 2exp(—n1]2) V21235, Y) +1 > ( 2 )
2

VC-Dim. d (Shalev-Shwartz 2-exp(log(K) —2m]2) %gz(é)
and Ben-David. (2014))

This section compares the proposed new bounds to the existing ones from the literature. A
summary is provided in Table 4.4.1, where the bound involving the Hellinger squared distance
(cf. Corollary 24) has been omitted since it has a very different shape (both in terms of the
high-probability bound and, as a byproduct, in terms of the sample complexity bound). At a
glance, from Table 4.4.1, it is easy to see that most of the information measures bounds, with
the sole exception of the Mutual Information, can have an exponential decay with the number
of samples n. This is indeed the desired behaviour with respect to n. The reason is that the
event E we consider is the event that the empirical average of some function (empirical risk)
evaluated on a sequence of iid random variables (e.g, S, the training sample) diverges from
its actual average (risk) more than some constant 7. If this function is independent from the
samples S, the decay one typically finds in the literature is exponential with the number of
samples 7 (e.g., McDiarmid’s and Hoeffding’s inequality). More detailed comparisons will
appear in the following subsections.

4.4.1 Maximal Leakage and Mutual Information

A result that connects the probability of having a large generalisation error with Mutual
Information, under the same assumptions as Corollary 20, is the following (cf. (Bassily et al.,
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2018, Theorem 8)):
I(S; A(S)) +1og2

E)<
Psu(B) = 2nn? —log2

(4.75)

Let us compare this result with Corollary 21 in terms of sample complexity. From Corollary 21,
it follows that using a sample size of

. (L(S—»A(S)) +log(2/6) ) (4.76)

2n?
yields a learner for H with accuracy i and confidence 6. Using the same reasoning with Equa-

tion (4.75), one gets:

n=

(I(S;A(S)) +log2+6 10g2)_ (4.77)

20?6
In the regime where Maximal Leakage and Mutual Information behave similarly, the reduction
in the sample complexity is exponential in 6. However, in general, £ (X—Y) = I(X;Y) and
the gap between the two information measures can be arbitrarily large. This means that, in
some settings, the two information measures could behave quite differently and, in those
cases, a comparison between Equation (4.76) and Equation (4.77) is not straightforward. The
same reasoning can be applied to the sample complexity of I, for a given « € (1, +00]: the
exponential improvement in 6 remains, although with a worse constant that multiplies the
log(1/6) term. Another source of comparison can be found from the Examples presented
in Section 3.1.4. Indeed, re-stating them for Mutual Information one obtains the following:

Example 1*. Independent case

In the same setting as in Example I*, that is X independent from Y and E is such that Px (Ey) = ¢
forallye ), from Equation (4.75) one obtains:

1 1
—log(maxy Px (E,)) “log(1/c)’

c=Pxy(E) < (4.78)

which is weaker than the bound Pxy (E) < ¢ that can be obtained from Equation (3.45).

Example 2*. Strongly Dependent Case

In the same setting as in Example 2*, thatis X = Y ~U([n]) and E = {(x, y) € [n] x [n]|x = y},
from Equation (4.75) one obtains:

1
1=Pxy(E)<1+ . (4.79)
logn

However, from Equation (3.45) one obtains:
1
lszy(E)SE'HZI. (4.80)

Thus, while the bound obtained via Mutual Information is asymptotically tight, the bound
obtained via Maximal Leakage is met with equality.

105



Chapter 4. Learning Theory

4.4.2 Maximal Leakage and Differential Privacy

This section will compare our results with the generalisation guarantees provided by differen-
tial privacy (DP). The definition of e—differential privacy (e—DP for short) is the following:
Definition 24. Let A: X" — Y be a randomised algorithm. A ise-DP if for every S €Y and
every x, X € X" that differ only in one position:

P(Ax) €S) < e P(AR) €S). (4.81)
A relationship with Maximal Leakage can be established:
Lemma 12. Let A: X" — ) be an e—DP algorithm, then
L(X—A(X)) <e-n. (4.82)
Proof. Let Y = A(X) and assume, for simplicity, that Y is a discrete random variable (the proof
for continuous Y follows from very similar arguments). Fix some & € X", V x € X" we have

that x and X differ in at most n positions and, iteratively applying the definition of Differential
Privacy, we have that P(Y = y|X = x) < e*"P(Y = y|X = X). Thus:

L(X—Y)=log Z maxP(Y =y|X =x) (4.83)
yeyxEX”
<log ) e“"P(Y =ylX=2%) (4.84)
yey
=n-e (4.85)
O

This suggests an immediate application of Corollary 21 to a learning setting. Indeed, suppose
the learning algorithm A is also e—Differentially Private, then:

exp(L (X—Y) —2nn?) < exp(en —2nn?) (4.86)

= exp(—n(2n® —e)). (4.87)

In order for the bound to be decreasing with n, we need 2n? — € > 0 leading us to € < 272,
where 7 represents the accuracy of the learning algorithm and e the privacy parameter. Thus,
for a given 17 > 0, as long as the privacy parameter is smaller than 2n?, we have guaranteed

generalisation capabilities for A with an exponentially decreasing bound. For € < 7/2, it is
shown in (Dwork et al., 2015a, Theorem 9) that

Psu(E) < 1/4exp (—-nn?/12).

It is easy to check that, for large enough n, Equation (4.87) is tighter ife < n?-23/12.
It is also possible to see that enforcing differential privacy on some algorithm A induces
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generalisation guarantees similar to those stated in Corollary 5: let A be an e—DP algorithm

such that e < logz(#, and let max, Px (E)) < y then one has that (cf. (Dwork et al., 2015a,

Theorem 11)):
Pxy(E) <3Y. (4.88)

The results that information-measures provide are qualitatively different. We do not require
the imposition of some (possibly strong) privacy criteria on the algorithm to be able to analyse
its performances. Instead, we propose a way of estimating how the probabilities we are
interested in change (when considering settings where the function depends on the samples),
measuring the dependence through information measures.

Focusing on Maximal Leakage, for instance, given an e—~DP algorithm, the bound obtained
via Equation (4.82) can be tighter than Equation (4.88) for certain values of €. Indeed, let:

1
< 0g(3//7) - log(lly),
n 2n

(4.89)

using Equation (4.88) one retrieves fixed bound of 3,/y while, with Corollary 5 and Lemma 12,
one obtains the following:

exp(L(X—Y)) -y <explog3/vy): ¥ =3VY- (4.90)

Hence, whenever the privacy parameter is lower than log(% Corollary 5 provides a bet-
ter bound. Notice that Lemma 12 can be provide a loose upper-bound on Maximal Leak-
age. Indeed, using Lemma 8, it is possible to see that for classical mechanisms that imply
e—Differential Privacy, Maximal Leakage can be much lower that € - n. For instance:
Corollary 25. Let h: X" — R be a function of sensitivity % and let N ~ Lap (%) then the
mechanism M (x) = h(x) + N is e-DP. Without loss of generality we have that |h(x)| < 1 and
thus:

LX-M(X))=log(1+€-n)<e-n. (4.91)

Moreover, the family of algorithms with bounded Maximal Leakage is not restricted to the
differentially private ones. It is easy to see, for instance, that whenever there is a deterministic
mapping, and e-DP is enforced on it, € = +0o. Trying to relax it to (e, 6)-Differential Privacy
does not help either, as one would need 6§ = 1, rendering it useless in practice. If the algorithm
has a bounded range, however, the Maximal Leakage from its input to its output is always
guaranteed to be bounded, since £ (X—Y) < min{log|X’|,log|)|}. These simple observations
allow us to also immediately retrieve another result (Dwork et al., 2015b, Theorem 9):

Pxy(E) =1V,

where v is such that Px (E)) <y for every y. Indeed, given a random variable Y with bounded
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support, £ (X—Y) <log|)| and from Corollary 5 one has that:
Pxy(E) < m}gXPX (Ey) exp (LX-=Y)<y-VI (4.92)

This shows that Corollary 5 is more general than Theorems 6 and 9 of (Dwork et al., 2015b).
To conclude the comparison let us now state Corollary 21 for functions with sensitivity?c:

2 2

Pxy(E)<2-exp (ﬁ (X—Y) - zi) . (4.93)
c’n

By contrast, (Dwork et al., 2015b, Corollary 7) states that whenever an algorithm 4: X" — Y

outputs a function H: X" — R of sensitivity ¢ (i.e.,, H=.A(X™)) and is n/(cn)-Differentally

Private then, denoting with S a random variable distributed over X" one has that:

2
Ps a5 (H(S)—Ps(H) =n) <3exp (_cz_n) . (4.94)

It is easy to see that Equation (4.93) provides a tighter bound whenever the accuracy n > nc.
Indeed:

2 2
P (H(S) - Ps(H) = n) < 2exp | L (S—H) — %) (4.95)
2 2
<2exp|Ln- 21) (4.96)
cn cen
nen—2n%)\ 2 ( n? )
=2exp|—L 1 | 4.
exp o < 3exp 5 (4.97)

We are thus asking: “when is it that the quantity on the right-hand side of Equation (4.95) is
smaller than the quantity on right-hand side of Equation (4.94)?”. Ignoring the constants in
front (respectively 2 and 3) and solving the inequality in (4.97), one finds the condition 1 > nc.

4.4.3 Sibson’s Mutual Information, Maximal Leakage and Max Information

Another tool used in the line of work started by Dwork et al. is the concept of max-information.
The definition is the following:

Definition 25 ((Dwork et al., 2015b, Definition 10)). Let X,Y be two random variables jointly
distributed according to Pxy and with marginals Px, Py. The max-information between X
and Y, is defined as follows:

IM(X, Y) :log sup PXY({(X,_)/)})

ey Px ) Py (7D (4.98)

2The definition of sensitivity selected by Dwork et al. is the following (cf. (Dwork et al., 2015b, Page 6)):
Definition. Let f: X" — R. The function f has sensitivity c if, foralli € {1,...,n}, (x1,x2,...,xp) € X" and X € X",
then

[f(x1,. 0 Xy, xp) — f(X1,...,%,...,xp)| < c.
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while, the y-approximate max-information is defined as:

[OAC’JI’?’ (X,Y) =log sup M

. (4.99)
OcxxY,Pry@>y PxPy(O)

Remark 48. Notice that the notation from (Dwork et al., 2015b) was slightly changed to avoid
confusion. IM (X,Y) does not correspond to Sibsons’s Mutual Information of order infinity, I,
but it actually corresponds to Rényi’s Do, i.e., Ioj\g(X, Y) = Do (PxyIPxPy).

The quantity Iﬂ”(x , Y) represents instead a new object related to Rényi's Do, and to Rényi’s
Differential Privacy (Mironov, 2017).

One of the main reasons that led to the definition of approximate max-information is related
to the generalisation guarantees it provides, here recalled for convenience.
Lemma 13 ((Dwork et al., 2015b, Theorem 13)). Let X be a random dataset in X" and let
A: X" — Y be such that for somey =0, XY (X, AX) = k. Let Y = A(X) then, for any event
EcX"x):

Pxy (E) < e*PxPy(E) +7. (4.100)

The result looks quite similar to Corollary 21, but the two measures, Max-Information and
Maximal Leakage, although related, can be quite different. In this section we will analyse
the connections and differences between the two measures underlining the corresponding
implications.

Lemma 14. Ié‘g(X, Y) =Dy (PxylPxPy) = 1,(X,Y) forevery a € [1, +o0].

Proof. We have that Ig‘g(x, Y) = Do (PxyIPxPy) = L(X—Y) = 1,(X,Y) for any a € [1, +00).
O

With respect to y-approximate max-information instead, one can state the following:
Lemma15. Let A: X" — ) be a randomised algorithm. Let X be a random variable distributed
over X" and let Y = A(X). Suppose X, Y are discrete random variables and denote with Pxy
the joint distribution and with Px, Py the corresponding marginals. For anyy € (0,1) and
a € (1,+00]

MY (x, AX)) < aT_lla(X,A(X)) +log($). (4.101)

Proof. Fix any y > 0. Using (Dwork et al., 2015b, Lemma 18) we have that

if PXY ({(x,y) eX x)

Pxy(xy) k})< M,y
_TXVIR T S ekl <y, then M (X, V) < k.
Pl Pry) = ¢ [) =7 then L™ (X, 1)
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Denote with Y = A(X), and with F = {(x, NEX XY PP 2 7

Pry(ny) o exp(“;lla(XvY))} then

1/a
Prix({YH)*
Pxy (X, Y} Py (Px ( Y)) Y
PXY(PX(&})PY({Y})) Y ( ( Py )

Pxy (F) < o = — =7. (4.102)

exp (L1 1(X, V) exp (L1 1(X, V)

a-1

Hence, I3 (X, A(X)) < log(w) = 21 1,(X, ) +log(L).

Taking the limit of & — co one also gets that Iﬁ”(x, AX) = L(X—Y)+log (Jl/) . O

The role of y in Equation (4.101) can lead to undesirable behaviours of y-approximate Max-
Information. The following example shows how y-approximate max-Information can be
unbounded while, in the discrete case, the Maximal Leakage between two random variables is
always guaranteed to be bounded.

Example 8. Let us fixay € (0,1). Suppose X ~ Ber(2y). We have that L (X—X) =log|X| =log2.
For they-Approximate Max-information we have: I%’Y(X , X) =log(2y —y)/y?) =log(1/y). It
can thus be arbitrarily large.

Another interesting characteristic of max-information is that, differently from differential
privacy, it can be bounded even if one has deterministic algorithms: this observation is
implied by the connection with what in the literature is known as “description length” of an
algorithm, and synthesised in the following result (Dwork et al., 2015b):

Let A: X" — ) be a randomised algorithm, for every y > 0,

Y (A n) < log(%). (4.103)

In contrast, with Sibson’s I, for every a € [1, +oo) one has that
I,(X, A(X)) = L(X—AX)) <log(|V]). (4.104)

Since y is typically small in applications, the corresponding multiplicative factors in the
bounds are (|Y|/y) and |)|, and the difference between the two quantities can be substantial.
It is also worth noticing that Equation (4.103) can be seen as a consequence of Lemma 15
and Equation (4.104). The difference between the two measures is not uniquely restricted
to deterministic mechanisms. The following is a simple example of a randomised mapping
where Maximal Leakage is smaller than y-approximate Max-Information, for small y.

Example 9. Consider X ~ Ber(1/2) and a random variable Y with support) = {0,1, e}. Consider
also the following randomised mapping: P(Y = elX =x) =& and P(Y = x| X =x) =1-¢.
That is, Y can be interpreted as passing X through a binary erasure channel with erasure
probability ¢. In this case, the Maximal Leakage is L (X—Y) =log(2 — &) (Issa et al., 2020);
while, for y-Approximate Max-Information one finds (after a series of computations) that:
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Iﬂ”(x, Y) =log2-max{(1-¢—-y)/(1-¢),A—y)/(1+E)Y); It is easy to see how for a fixed ¢ and
fory going to 0, Approximate Max-Information approacheslog?2 while Maximal Leakage is
strictly smaller.

4.5 Adaptive Data Analysis

Other than providing a generalisation of the classical bounds to adaptive settings, Maximal
Leakage can also be employed in adaptive data analysis. The model of adaptive composition
we will be considering is identical to the setting in (Dwork et al., 2015a,b; Rogers et al., 2016)
and defined as follows:

Definition 26 (Adaptive Composition). Let X be a set. Let S be a random variable over X". Let
(Ay,..., Ax) be a sequence of algorithms such thatVi:1<i<k

Ai : X" x Y1 xox Yo = Vi

Denote with Y, = A1(S), Y2 = A2(S, 1),..., Y = Ak(S, 11,..., Yi_1). The adaptive composition
of (Ay, ..., Ay) is an algorithm that takes as an input S and sequentially executes the algorithms
(Ay,..., Ax) as described by the sequence (Y;,1 <1 < k).

This level of generality allows us to formalise the behavior of a data analyst who, after viewing
the previous outcomes of the analyses performed, decides what to do next. A potential analyst
would typically execute a sequence of algorithms that are known to have a certain property
(e.g., generalise well) when used without adaptivity. The question we would like to address is
the following: is this property also maintained by the adaptive composition of the sequence?
The answer is not trivial as, for every i, the outcome of .4; depends both on S and on the
previous outputs (that depend on the data themselves). However, when this property is
guaranteed by some measure that composes adaptively itself (like differential privacy or, as
we will show soon, Maximal Leakage) then it can be preserved.

Indeed, being robust to post-processing (like every other information measure, due to the Data-
Processing Inequality), Maximal Leakage allows us to retain the generalisation guarantees it
provides, regardless of how one may manipulate the outcome of the algorithm:

Lemma 16 (Robustness to post-processing). Let X' be the sample space and let X be distributed
over X. Let) and )’ be output spaces, and consider A: X — Y andB:) — ). Then,

L(X—=BAX))) = LX—AX)).

The proofis a direct application of the data processing inequality for Maximal Leakage. The
useful implication of this result is as follows: in terms of Maximal Leakage, any generalisa-
tion guarantees provided by .4 cannot be invalidated by further processing the output of A.
Regarding adaptive composition of two algorithms, we retrieve the following:

Lemma 17 (Adaptive Composition of Maximal Leakage). Let A: X — ) be an algorithm such
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that L(X—A(X)) < k;. Let B: X x Y — Z be an algorithm such that:
forallyey, L(X—B(X,y)) < ks,

then
L(X—(AX),B(X,AX))) < ki + k».

The proof of this lemma relies crucially on the fact that Maximal Leakage depends on the
marginal Py only through its support and can be found in Section 4.A, along with the other
proofs for this section. In order to generalise the result to the adaptive composition of n
algorithms, we need to lift the property stated in Equation (1.55) to more than two random
variables.

Lemma 18. Letk =1 and X, A,..., Ay be random variables.

L(X—(Aq,..., AR)) < L(X—A)) + L (X—As|A) + ...+ L(X—Al(AL..., Ar_1)).

The proof can be found in Section 4.A. An immediate application of Lemma 18 leads us to the
following result.

Lemma 19. Consider a sequence of k = 1 algorithms: (A,, ..., Ax) where foreachl1<i<k, A;:
X x Y x...xYi_1 = Y;. Suppose that for all1 < i < k and for all (y1,..., yx-1) € V1 X ... x Vi_1,

L(X_’Ai(X»ylr---)yi—l)) S]l

Then, denoting with Ay,..., Ay the (random) outputs of the algorithms (A;, ..., Ay) when exe-
cuted as described in Definition 26:

k
L(X—(A1,...,Ap) = ,C(X—»Ak) <Y ji (4.105)
i=1

The conclusion to be drawn is straightforward: given a collection of algorithms that have
bounded Maximal Leakage (and thus good generalisations capabilities) even if the outcome of
one of them is used to inform a subsequent analysis (hence, creating multiple dependencies
on the data) the generalisation guarantees of the composition (as defined in Definition 26)
can still be maintained.

Another interesting application of Corollary 5 in adaptive settings may be the following (same
setting as in (Rogers et al., 2016)): consider the problem of bounding the probability of making
a false discovery, when the statistics to apply is selected with some data dependent algorithm
T . In this context, the classical guarantees that allow to upper-bound this probability by the
significance value no longer hold. Measuring the information leaked from the data through 7
with the Maximal Leakage we retrieve the following:

Corollary 26. Let A: X" — T be a data dependent algorithm for selecting a test statistict € T .
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Let X be a random dataset over X", Suppose that o € [0, 1] is the significance level chosen to
control the false discovery probability. Denote with E the event that A selects a statistic such
that the null hypothesis is true but its p-value is at most . Then,

P(E) < exp(L(X—A(X))) 0.

If the analyst wishes to achieve a bound of § on the probability of making a false discovery in

adaptive settings, the significance level o to be used should be no higher than m.

Once again, if A is independent from X, we recover the known bound of 0.
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Appendix

4.A Properties of Maximal Leakage

In this appendix we will provide proofs for the properties of Maximal Leakage. Let us start
with the Adaptive Composition of the measure and let us recall the statement for reference:
Lemma. Let A:X — Y be an algorithm such that L(X—A(X)) < k,. Let B: X x)Y — Z be
an algorithm such that forally € Y, L(X—B(X,y)) < k. Then L(X—(A(X),B(X, A(X)))) <
ki1 +ks.

The proof of this lemma relies crucially on the fact that maximal leakage depends on the
marginal Px only through its support.

Proof. Let us denote with Rx the support of a random variable X. If we consider the second
constraint in our assumption and denoting with Z, = B(X, y), we get:

VyeY L(X—Z)) <k, < Vye) ) maxP(zy|x)<exp(ks) (4.106)
ZyERZy X€Ry
— (4.107)
YyeY ) maxP(zlx,y) <exp(ky). (4.108)
ZyeRZIY=y XERX

The last step holds, since every y generates a family of conditional distributions P(z|x)
through B and this probability is just P(z|x, y), with z = B(x, y). Using this observation in the
conditional leakage of (1.55):

L(X—Z|Y)=logmax Y  max P(zlx,)) (4.109)
yERy ZERZ\y:y xERx|y:y
<logmax ) maxP(z|x,y) (4.110)
YERy 2€RZ1y=y XE€Rx
< logmaxexp(ky) 4.111)
yERy
=k, (4.112)
leading us to the desired bound. O
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Let us now show the generalization of this property to k random variables. The statement
reads:

Lemma. Letk=1andX, Ay,..., A be random variables.

L(X—(A,..., AR)) < L(X—A) + L (X—As|AD) +... + L X—Apl(AL ..., A1) (4.113)

Proof.
L(X—(Ay,...,A) = E(X—»Ak) - E(X—»(Ak‘l,Ak)) (4.114)
sL(X—»Ak_I) +£(X—>Ak|Ak_1), (4.115)
then the result follows from recursively applying the same argument to £ (X —»Ak_l). O

4.B Examples

4.B.1 ProofofLemma8

We will now compute the value of the Maximal Leakage for an additive noise mechanism,
where the noise is a Laplace random variable. Recall the statement of Lemma 8 is:

Lemma. Leth: X" — R be a function such that h(x) € [a,c],a < ¢ Vx € X". The mechanism
M(x) = h(x) + N where N ~ Lap(b) is such that:

L(X—M(X)) =log|1+ (Cz_ba)) (4.116)
Proof. Let Y = g(X) + N, starting from Equation (1.53),
exp(L(X—»Y))=f sup fyix(ylx)dy (4.117)
R x: fx (x)>0
:/ sup fn(y—h(x)dy (4.118)
R x: fx (x)>0
1 f+°° (—Iy—h(x)l)
=— su exp| —|d (4.119)
2b \J-oo x:Px()Ic))>0 P b Y
<[ ow (5 v [ as)egp ([ ew (5
Y f_ooexp( 3 dy+ ady +2b ; exp b dy| (4.120)
—i fo ex (ﬂ dz+(c—a))+L f+ooex (ﬂ)dw) (4.121)
“20 oo TP T 2\ Pl '
L (c—a)+2f+ooex (ﬂ)dw) (4.122)
~2p o TP '
1 (c—a)
—%((C—a)+2b)—(1+ D ) (4.123)
O
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The proofs of the other additive noise mechanisms (Gaussian and Exponential) follow an

approach similar to the one just showed.

Proof of Corollary 22

Suppose the hypothesis space is countable and let k := || (could be infinite). Suppose
also that Py, (N;) = b; (cf. Xu and Raginsky (2017c)), with N; being the noise added to the
i-th hypothesis. Since the choice of the hypothesis depends only on the noisy empirical
errors, the following is a Markov Chain S — (Ls(h;)) jeqx) — (Ls(h;) + N;)jeix) — H. Then by the

data-processing inequality for Maximal Leakage:
L(S—H) = L(Lshi)ierq—Ls(hi) + Nidiei) -

Also, denoting with X; = Lg(h;) and with Y; = X; + N;:

exp(L((Xy,..., Xp)—(Y1,..., Yi) =f-~~/;;oonjlﬁ_xf(yn|xn)dy”
+00 k
:f”'f_oo “}C?X(izl_[lflvi(yz'—xi))dyn
=f...f+oomax(ﬁ ie_(yi—Xi)/bi)dyn
—oo X" \jZi bi

+00 1
— Hf_ max(b_e—(J’i_xi)/bi) dy

X i

Equation (4.129), along with Corollary 21, implies that:
Psu(gen-err(A) =) < 2exp (L (S—H) - 2m]2)
k 1
=2exp|)_ log(l + —) —2nn?|.
i=1 bi

Now, suppose that b; = itnll3

k
L(S—H) <Y log1+n'3/i)
i=1

1/3+oo 1
=n Zil.l
i=1
< n'?)-11.

We have that
Psr(gen-err = n) < 2exp(—n(2n® —11/n?'%)).

(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

(4.129)

(4.130)

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)
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5] Bayesian Risk in Estimation Proce-
dures

5.1 Introduction

In this chapter! we consider a different type of application for the results presented in Chap-
ter 3. We consider the problem of parameter estimation in a Bayesian setting. More precisely,
we propose an approach to lower-bounding the Bayesian risk leveraging a variety of informa-
tion measures. Through a sequence of tools, we can shift the focus from the Bayesian risk
itself to the computation of two objects:

1. an information measure (e.g, Sibsons’s a-Mutual Information, ¢-Mutual Information,
etc.);

2. afunctional of the probability of some event under independence (e.g., a small-ball
probability (Xu and Raginsky, 2017a));

We look at the problem through an information-theoretic lens, similarly to (Xu and Raginsky,
2017a). We thus treat the parameter to be estimated as a message sent through a channel. This
allows us to include frameworks where, in a distributed fashion, m processors observe noisy
samples of this parameter. The processors will then send a version of their observations to a
central node. The central node will then proceed to estimate the parameter.

An advantage of using this type of bounds is that one can render the functional in Item 2 (e.g,,
the small-ball probability) independent of the specific estimator. Similarly, the information
measure can also be rendered independent of the estimator via Data Processing Inequalities.
Therefore, these lower bounds can be applied to any estimation framework that matches this
one, regardless of the specific choice of the estimator.

It is important to notice that, although the problem can be interpreted as a transmission
problem, a fundamental difference is that the size of the quantised messages may not grow
with the number of samples. This might render the reconstruction of the samples impossible
but the estimation of the parameter may remain feasible (Xu and Raginsky, 2017a). Our main
focus will not be on asymptotic results but rather on finite number of samples lower-bounds.

Ipart of the content of this chapter has been presented at the International Symposium on Information Theory
2021 (Esposito and Gastpar, 2021)
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5.2 Problem Setting

Let W denote the parameter space and assume that we have access to a prior distribution over
W, Pw. Suppose that we observe W ~ Py, through the family of distributions P = {Pxjw=u :
w € W}. Given a function ¢p: X — W one can then estimate W from X ~ Pxjw via p(X) = w.
Let us denote with £: )V x W — R* a loss function, the Bayesian risk is defined as:

R =10 Py (LW, p(X0) = Inf Py (W, w)). (5.1)

Our purpose is to lower-bound R using the tools described in the previous chapters. To this
end, among other tools, we will be using a simple Markov’s inequality approach: i.e., for every
estimator ¢ and p = 0, one can do the following

P (€W, W) = p (P €W, W) = p)). (5.2)

This allows us to shift the focus from the expected value of ¢ to the probability that ¢ is larger
than some constant p. We aim at providing a lower bound on the risk R that is as independent
as possible of the specific choice of ¢. With that drive, one can use the results presented
in Chapter 3 to manipulate the probability of the event under the joint measure Py, ;. In
particular, a family of suitable results is the one involving Sibson’s a-Mutual Information, as
it naturally allows us to “substitute” P, s, (E) with a function of maxy, Pw (Ey) (that will thus
depend on ¢ only through the support of 1) and the Sibson’s Mutual Information I, (W, W).
More precisely, let us denote E = {£(W, W) < p} and with Ly (W, p) = Pw Py, (€W, W) < p),
our desideratum will be a lower-bound of the following form:

Rz®|——+ O(Pw Py, E), 5.3
(dPWPW e (PIW(PwPy, E) (5.3)
with the purpose of then rendering the right-hand side of Equation (5.3) as independent as
possible of the estimator ¢. A functional 3 of particular interest to us, is the one that leads to
(a function of) the so-called small-ball probability

Lw(p) = sup Lw(w,p) = sup Pw (€ (W, W) < p). (5.4)
weW weW

As in Chapter 3, the choice of 9 (and of @) will depend on the choice of @ and vice versa. In
the following sections, we will explore different choices of @ and © that lead to interesting
results in the field.

5.3 The lower-bounds

The very first result one can provide stems from an immediate application of Corollary 4 in
conjunction with Equation (5.2) (and that makes the %-th power of the small-ball probability

appear):
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Theorem 25. Consider the Bayesian framework described in Section 5.2. The following must
hold for everya > 1 and p > 0:

R= p(l—exp(aT_1 (Ia(W,X)+log(LW(p))))). (5.5)
Proof. We have that
. “ -1 .
Puw@W,W) < p) < (sup Pw (L(W, ) < p)) exp (“Tla(w, W)) (5.6)
wew

a—-1 o

= exp (T (Ia(W, W) +1og(LW(p)))) (5.7)
a—-1

<exp (T (Ia(W, X) +10g(LW(p)))). (5.8)

Equation (5.6) follows from Corollary 4, Equation (5.8) follows from the Data Processing
Inequality for I, and the Markov Chain W — X — Y — W. Moreover, starting from Equation (5.2)
and using Markov’s inequality one has that

R=p- Py (W, W) = p) (5.9)
=p-(1 =Py €W, W) < p)). (5.10)
The statement follows from lower bounding Equation (5.10) using Equation (5.8). O

Two remarks are in order:

* Itis important to notice that the behaviour of Equation (5.5) is fundamentally different
from (Xu and Raginsky, 2017a, Theorem 1). In (Xu and Raginsky, 2017a, Theorem 1) the
dependence is linear with respect to the Mutual Information and logarithmic in Ly (p)
while in Theorem 25 there is an exponential dependence on I, and linear in Ly (p).

e Theorem 25 introduces a new parameter « > 1 to optimise over. The presence of a leads
to a trade-off between the two quantities for a given p, I (W, X) and Ly (p): "‘T‘l I,(W,X)
will increase with @ whereas Ly (p) = will decrease with a.

Taking the limit of @ — oo in Theorem 25 allows us to get rid of the parameter a while main-
taining the same type of behaviour. This also brings in Maximal Leakage:

Corollary 27. Consider the Bayesian framework described in Section 5.2.

R=supp(l—exp(LW—X)+log(Lw(p))). (5.11)
p>0

An interesting characteristic of Corollary 27 is that £ (W— X) depends on W only through the
support. This allows us to provide, essentially for free, an even more general lower-bound on
the risk. Indeed, ignoring Ly (p) for a moment, for a fixed family of Px |, £ (W— X) has the
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same value regardless of Py (as long as the support of W remains the same). We can also
walk the same path undertaken in Chapter 3 and derive a variety of lower-bounds involving a
variety of information-measures.

Theorem 26. Consider the Bayesian framework described in Section 5.2. Let ¢ : [0, +00) — R be
an increasing convex function and suppose that the generalized inverse, defined as ¢~ (y) =
inf{t = 0: (1) > y}, exists. Then the following must hold for every p > 0 and every estimator W :

. . I,(W,W) + (1 — Ly (W, p)p* (0)
PWW(Z(W,W))zp(l—LW(W,p)-(p_l( v WA V.p09 )) (5.12)
Lw (W, p)
Moreover, if p* (0) <0, the bound simplifies to
A A NS AAT))
P €W, W) 2 p|1-Lw(W,p)- ¢! | —=—|]. (5.13)
Ly (W, p)

Proof. One has that for every function ¢ with the desired properties, given E = {¢(W, W) <
o}, Theorem 14 tells us that:

. ) 1 (ToW, W) + (1 = L (W, p)) ™ (0)
Py COW, W) < p) < Ly (W, p) - 0 1( v AT ) (5.14)
Lw (W, p)
In particular, when ¢* (0) < 0 the bound reduces to
R . NEAUAT
P €W, W) < p) < Lw(W,p)- ¢~ | T——|. (5.15)
Lw(W,p)

Rewriting Py, (€(W, W) = p) as 1="Py, i (£(W, W) < p) and combining this with Equation (5.2)
and Equation (5.14) concludes the proof. O

Remark 49. An approach closely connected to the one just proposed with ¢-Divergences is
in (Chen et al., 2016). The authors therein focused on the notion of p—informativity (cf. (Csiszdr,
1972b)) and leveraged the data processing inequality similarly to Equation (3.36). In particular,
p—informativities are more general than the o —Mutual Informations considered in this work (cf.
Definition 11) and they can potentially lead to tighter results. More precisely, ¢p-informativities
(similarly to Sibson'’s a -Mutual Information) are defined as follows:

Ip(X,Y) = iélfD(,,(nynPXQy). (5.16)
Y

Clearly I,,(X,Y) < I,(X, Y). Moreover, the authors of (Chen et al., 2016) in order to achieve lower-
bounds on the Risk for losses between 0 and 1, use the Data-Processing Inequality of fq) along
with directly inverting the resulting binary divergence (thus obtaining a tighter bound that,
however, does not always admit a closed-form expression). In this document, we were looking for
bounds that admitted a closed-form expression and that represented a generalisation of Hélder’s
inequality for general convex functions. Indeed, following the steps that lead to Theorem 14
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via Data-Processing Inequality (cf. Equation (3.194)), in order to achieve such form the binary
¢-Divergence is lower-bounded further. This naturally leads to a worse bound connecting
Pxy(E), PxPy(E) and 1,(X,Y) (with respect to (Chen et al., 2016, Theorem 3.2)) that possesses
a different shape and is easier to analyse. The technique used to provide lower-bounds on the
Bayesian risk for general non-negative losses (cf. (Chen et al., 2016, Section 4)) is, however,
different. It is unclear whether the results provided in this work are equivalent (or weaker) with
respect to those obtained in (Chen et al., 2016).

Although Theorem 26 represents a quite general result, in order to apply it to the Bayesian
Risk setting (and provide an estimator-independent lower-bound) one has to carefully select
@. In particular, one has to render the right-hand side of Equation (5.12) (or Equation (5.13))
independent of W = ¢(X). In order to do that, the following two quantities need to be rendered
independent of W:

1. The information-measure (e.g., through the data-processing inequality I, (W, W) <
I,(W, X));

2. The quantity Ly (W, p) (which can be easily upper-bounded in the following way:
Lw (W, p) < sup, Lw (@, p) = Lw (p)).

For simplicity, consider Equation (5.13) and introduce the following object

(5.17)

Ip(W, Vv))
Lw(W,p))

Gy Iy, Lw) = Lw(W,p) - ¢! (

To use the two inequalities just stated in Item 1) and Item 2), one needs that for a given choice
of ¢, Gy (Iy, Lw) is increasing in I, for a given value of Ly and vice versa. This lets us further
lower-bound Equation (5.13) and render the quantity independent of the specific choice of
¢. Hence, starting from Equation (5.1) one can provide a lower bound on the risk R that is
independent of ¢.

Let us now look at some specific choices of ¢ such that G, satisfies the desired properties and,
thus, for which a bound on the Bayesian risk can be retrieved.

Corollary 28. Consider the Bayesian framework described in Section 5.2. The following must
hold for everyp > 1 and p > 0:

p-1
p

Rzp(l—LW(p) -((p—l)Hp(W,X)H)%). (5.18)

xP-1
p-1

Proof. The statement follows from Theorem 26 with ¢(x) = (or, from Corollary 6). Hence,

for every estimator W= d(XM),

. . I,(W, W) + (1 - Ly (W, p))p*(0)
waw(w,vv)zp)sLW(W,p)-qfl( ¢ WP ) (5.19)
Lw (W, p)
<L ((p- DH,W,X)+1)7, (5.20)
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where Equation (5.20) follows from the data-processing inequality for ¢—divergences. One
thus retrieves that for every estimator W

. p1 1
Py (LW, W) = p (1 —Lw() 7 ((p—DHH (W, X) + 1)p). (5.21)
Since the right-hand side of Equation (5.21) is independent of W = ¢(X) one can use it to

lower-bound the risk R. O

Restricting the choice of ¢ to this family of polynomials one can thus state the following
lower-bound on the risk:

-l
P

< =

stupsupp(l—LW(p) ((p=DH,(W, W) +1) ) (5.22)

>0 p>1
Remark 50. Using the one-to-one mapping connecting Hellinger divergences and Rényi’s
a—Divergence, the bound above can be re-written as follows:

a- a-1
R=supsupp (1 - LW(,O)T1 -exp (—Da (PWWIIPWPW))) . (5.23)
p>0 a>1 a

Clearly, a number of results can be derived from Theorem 26. Each of them with poten-
tially interesting applications in a specific Bayesian Estimation setting. In this chapter we
will mostly focus on Sibson’s a-Mutual Information and Hellinger p—Divergences (or, es-
sentially, Rényi’s a-Divergences). In the spirit of leveraging the generality of Theorem 26,
we also provide a bound involving a novel information measure (strongly inspired by the
so-called Ey,—Divergence (cf. (Sason and Verdu, 2016, Equation (66)), (Polyanskiy et al., 2010,
Page 2314)), also known in the literature as the Hockey-stick Divergence, whose application in
this framework has been explored in (Asoodeh et al., 2021)). The information measure is the
following:

Definition 27. Let (O, F) be a measurable space and let u and v be two probability measures
defined on the space. Denote with ¢(x) = max{0,6x — vy} with§ >0 andy = 8. The function
@(x) is convex, increasing and is such that ¢(1) = 0. Assume that v < u, then one can define the
following

Eys(VIlw) = Dy (vIIW). (5.24)

Moreover, whenever Q = Pxy, v = Pxy and u = PxPy we denote (with a slight abuse of
notation) Ey 5(PxyllPxy) with Ey, s(X,Y). If6 = 1 then one recovers the usual E,—divergence.

Leveraging it, one can provide the following result in this framework:

Corollary 29. Consider the Bayesian framework described in Section 5.2. The following must
hold for every6 >0,y =6, and p > 0:

_ Eys(W, W) —yLw(p)

R=p|1
p 5

(5.25)
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Proof. Let ¢(x) = max{0,5x —y} in Theorem 26, along with the fact that ¢* (0) < 0 one has that
for every estimator W = ¢(X"),

. E, s(W,W)+vyLw (W,
wa(é(W,W))zp(l— ol )5Y wl p)) (5.26)
E, 5(W,X) +vL
zp(l— ro ()5 L4 W(p)). (5.27)

Since Equation (5.27) is independent of W = ¢(X) one can use it to lower-bound the risk R. [

One can thus retrieve the following lower-bound on the risk:

Ey5(W, W) +yLy (p)

R=sup sup p|l- (5.28)

0>06>0,y=6 :6
Remark 51. Settingé =1 in Equation (5.25) one recovers (Asoodeh et al., 2021, Remark 1). In

fact, by introducing an additional degree of freedom through the 6 parameter in Equation (5.28),
the resulting lower-bound can only be tighter than (Asoodeh et al., 2021, Remark 1).

Using these results one can provide meaningful lower-bounds on the Risk in a variety of
settings of interest, as we will see in Section 5.4.

5.4 Examples

In this section we apply the results presented in the previous section to three estimation
settings. The first two are classical settings: estimation of the mean of a Bernoulli random
variable and estimation of the mean of a Gaussian random variable with different prior
distributions over the mean. The loss function is going to be in both cases the L' —distance.
The third example shows how one can provide a meaningful lower-bound for the “Hide-and-
seek” problem presented in (Shamir, 2014).

5.4.1 Bernoulli Bias

Example 1. Suppose that W ~U([0,1]) and that for each i € [n], X;|W = w ~ Ber(w). Also,
assume that ¢ (w, w) = |lw — w|.

It is easy to see that using the sample mean estimator i.e.,, W = %Z?:l X;, one has that

1
R=s——. (5.29)

Veén

Let us now lower-bound the risk in this setting. Without making any further assumptions on
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W, we can only trivially upper-bound Ly (p) with 2p. Moreover one has that
Pxriw=w(x") = wk1 - w)"*

where k is the hamming weight of x". As per assumption, Py (w) =1if0 < w <1 and,
consequently, one has that

Pwxnexn (W) = (n+ 1)(2)(1 —w)"Fwk,

One can now proceed to analyse the Maximal Leakage in this setting.

L(W—X")= lomeuz}xPXnW:w(x”) (5.30)
~log} (Z) maxw* (1 - w)" (5.31)
k=0
no(u\(k k k n-k
loggo(k) (Z) (1 - E) (5.32)
n—-1 n
< log (2 + kgl 1/ m) (5.33)
nn
<log (2 + 7) (5.34)

Substituting Equation (5.34) in Equation (5.11) provides us with the following lower-bound on
the risk:

R=supp(l-exp(L(W—X"))Lw(p)) (5.35)
p>0

zsupp(l—(%ﬁﬂ)zp). (5.36)
p>0 2

The quantity in Equation (5.36) is a convex function of p and thus we can maximise it. In
1 and plugging it in Equation (5.36) one gets the

particular, the maximiser is p =

following:

1

8(2+/%]
which, for 7 large enough (i.e., n = 127/n = 41), can be further lower-bounded as follows

1
5\/27m'

Surprisingly, Maximal Leakage already offers a lower-bound that matches the upper-bound
up to a constant (cf. Equation (5.29)) without any extra machinery. Equation (5.37) provides a
larger lower-bound than the one provided using Mutual Information (cf. (Xu and Raginsky,

R=
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2017a, Corollary 2)) for n = 1. Moreover, the proof in (Xu and Raginsky, 2017a) needs a more
complicated setting involving a conditioning with respect to an independent copy of X" and
can only provide an asymptotic lower bound on the risk of 1/(16v/27n) (that thus, only holds
for n large enough).

On the contrary, given the closed-form expression, Maximal Leakage can be quite easy to
compute or upper-bound. Moreover, the information measure depends on Py only through
the support. This means that if one has access to an upper-bound on Ly (p) that does not
employ any knowledge of Py except for the support (e.g., if W were to be discrete, an upper-
bound of 1 over the probability mass function could suffice) the resulting lower-bound on the
risk (in this example), would apply to any W whose support is the interval [0, 1].

One can also provide a more general lower-bound involving I,,. Indeed, one has that, in this
setting:

1
a

n (n)(F(ka+l)F((n—k)a+l) 5.38)

exp(a—_lla(W,X”)) =y
a i—o\k I'na+2)

Plugging Equation (5.38) in Equation (5.5) one obtains the following lower-bound on the risk:

stupsupp(l—(Z,o)aa1 exp(a—_lla(W,X"))). (5.39)
p>0 a>1 a
The lower-bound in Equation (5.39) can clearly only improve the one provided in Equa-
tion (5.36), as L (W—X") = [(W, X"). However, differently from Equation (5.36), it does not
admit a close-form expression and needs to be computed numerically in order to assess how
far it is from the upper-bound. Similarly, one could try to employ a lower-bound that includes
Hellinger- p Divergences. The lower-bound on the risk induced by Corollary 28 is given by

p-1
p

R=supsupp(1-(20)7 - (HP(W,X”))%) . (5.40)

p>0 p>1

The expressions represented in Equation (5.40) and Equation (5.39) are extremely similar.
Moreover, for a given a > 1, one has that:

exp (QT_ILX(W,X”)) =exp (a 1 énf Dy (Pw xn ||73WQXn)) (5.41)
a—1

= exp (TDa(PWXn IIPwpxn)) (5.42)

= (Ha(W, X™)< . (5.43)

Thus, one can easily argue that Equation (5.39) will always provide a larger lower-bound
than Equation (5.40) and indeed this is confirmed in the simulations. It is also true that, for
some values of p, one can actually provide nice closed-form expressions for the lower-bound

127



Chapter 5. Bayesian Risk in Estimation Procedures

provided by Equation (5.40). Indeed, in general, one has that:

dPwx» P
(p-DH (W,X”)+1)=”— (5.44)
p p APwPxn || L, PyPyn)
L Pwixn=xn(w)\P
= _— 5.4
Z/o ( P (w) ) dw (5.45)

p
=(n+1)P" 12[ (( )wk(l—w)("_k)) dw (5.46)

PTkp+DIT((n-K)p+1)
k I'(np+2)

=(n+1)P" IZ
k=0

, (5.47)

where Equation (5.47) uses the identity relating the Beta function with the Gamma function

ie.,

1 _ _ F(X)F(V)
_ x—1 y-1 _
Beta(x, y) = L t 1-1 dt = —( y) . (5.48)

Then, with p = 2 one recovers:

n+l 4" 16v/7n
W, X +1=y?(W,X")=——— . — < . 5.49
Hoal ) X ( ) o+l (Zn) 21 ( )
n
Hence, specialising Equation (5.40) to p = 2 leads us to:
R>supp(1—\/2p()(2(W XM+ 1)) (5.50)
>0

Solving then the maximization over p and using Equation (5.49) one can conclude that:

2 1 7
>—. > .
27 2(W,XM+1_ 727n

(5.51)

Notice that Equation (5.51) also matches the upper-bound up to a constant and, similarly
to Maximal Leakage, tightens the result in (Xu and Raginsky, 2017a, Corollary 2) while not
requiring that n — oo.

Remark 52. Stirling’s approximation yields (x> (W XM +1) ~ £ when n is large. This im-
plies that, for n large, one can show that R 2, 5 F thus leadmg to a slight improvement

over Equation (5.51).

To conclude, one can apply the same steps with the E, s—Divergence. The lower-bound on
the risk in this example can thus be expressed as

E, s(W,X") +2
R=supp 1—( 10 5 pY) (5.52)
p>0
(6 — Ey5(W, X™))?
- Y’gy : . (5.53)
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—— E,,s Bound withy=3and 6=1.5
I Bound with a =2
--- Maximal Leakage Bound
--- Hellinger Bound with p=2
-= Mutual Information Bound

Lower Bound on Rg

0 10 20 30 40 50
Number of samples n

(a) The picture shows the behaviour of Equa-
tion (5.36), Equation (5.39) with a@ = 2, Equa-
tion (5.51), Equation (5.53) withy =3 and § = 1.5
and (Xu and Raginsky, 2017a, Equation (19)) as a
function of n. The values of E3 1 5(W, X™) for each
n are computed numerically. Solid lines mean that
the corresponding lower-bound is the largest.

0.07{ —— E,,p Bound

Sibson's Mutual Information Bound
2008 ' -~ Hellinger Bound

§ 0.05 b\ ----- Mutual Information Bound
‘?‘, \

3 0.04
§ 0.03

S
0.02

0.01

0 10 20 30 40 50
Number of samples n

(b) Comparison between the largest lower-bounds
one can retrieve for different information measures
in Example 1: that is between Equation (5.39), Equa-
tion (5.40), Equation (5.52) and (Xu and Raginsky,
2017a, Equation (19)). The quantities are analytically
maximized over p and numerically optimized over,
respectively, « > 1,p > 1, 6 >0, and y = §. Solid

lines mean that the corresponding lower-bound is
the largest.

The lower-bound in Equation (5.53) can be empirically seen to be the best among the ones
presented so far (thus beating Hellinger, I, and, consequently, Maximal Leakage and Mutual
Information). A direct comparison between the bounds provided here and those already
present in the literature can be seen in Figure 5.4.1a and Figure 5.4.1b. The lower-bounds are
computed as a function of the number of samples n, which we consider to be in the range
{1,...,50}. The figure shows that all the divergences we considered in this work provide a
larger (and thus, better) lower-bound on the Bayesian risk when compared with results that
stem from using Shannon’s Mutual Information (cf. (Xu and Raginsky, 2017a, Corollary 2)).
In particular, the lower-bound involving the Ey s —Mutual Information represents the largest
among the ones we consider. Given the lack of a closed-form expression for Ey s in this exam-
ple, the quantity in Equation (5.53) was computed numerically. Moreover, in order to verify
whether the behaviour (and ordering) of the lower-bounds in Figure 5.4.1a was determined
by the specific choices of the parameters p,y,0 and «, in Figure 5.4.1b the lower-bounds
on the risk have also been numerically optimised over the respective parameters p,y,9, a.
As Figure 5.4.1b shows, the lower-bound provided by E, 5 remains the best. Notice that the
lower-bound involving Mutual Information has no parameter to optimise over (other than p).
Maximal Leakage does not provide the best bound, but it possesses the interesting charac-
teristic of depending on Py only through the support, thus leading to potential applicability
in a variety of settings in which Py is not accessible. Differently, Mutual Information, the
Hellinger Divergence and the Ey s—Divergence all require to know Py . The lower-bounds on
the Risk in this Example can thus be summarised as follows:

Corollary 30. Consider the setting of Example 1 one has that

- E, 5(W, X")? - _ =2 (o —
Rzrnax{ max {('B WS( ) },max{((za b exp(a lla(W,X”))) M}}
6>0,y=6 8y6 a>1 2a a a-1)

(5.54)
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5.4.2 Gaussian prior with Gaussian noise (and absolute error)

Another classical and interesting setting is given by the following example:
Example 2. Assume that W ~ N(0, O'W) and that fori € [n], X; = W + Z; where Z; ~ ~ N(0,02).
Assume also that the loss is s.t. ¢(w, W) = |w — w|.

Using the sample mean estimator one has that:

02

_ (5.55)
2
1+ noy,/o?

Moreover, given that ¢(w, W) = |w — | it is also possible to show that:

2
Lw(p) S py|——- (5.56)
O'WTL'

In this setting, £ (W —X") is infinite. However, I, (W, X™) is finite for every a < +oo. One can

thus provide a lower-bound on the Risk, resorting to I, via Equation (5.5). Given that the
empirical mean is a sufficient statistic for ¥ in this case, one has that:

n 2
Io(W,X") = Iy ( Z ) = —log(l + an‘;—w) (5.57)

1
"nf
These considerations imply that :

a-1

a-1 2 | “
R=supmaxp|1-exp —Ia(W,X”)) o= (5.58)
a>1 p>0 a owT
a-1
o2\ 2
=supmaxp [1—-|p|(1+an—|—5— (5.59)
a>1 p>0 \ o oW
X
1 g \P o2\ 2
=sup —_— 1+ an—-|— , (5.60)
a>1 B+ F+1 o oy
remembering that § = _%;. Stepping away from Sibson’s @-Mutual Information one can look
at Hellinger p- D1vergences and E, 5 once again. In particular, one has that for p > 1:
1+ ‘(’7—%;) ’
Hy W, X) = ——1 . (5.61)

2
1+@2-p)p¥
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Thus, the family of bounds provided by Corollary 28 can be expressed as follows

p-1
g 1
2 S
R= supmax p 1- _L H, (W, X™ (5.62)
o> 2
p>1 \/ 270,
1 ) L
p o p
2p [1+%)
= supmag(p 1- p (5.63)
p>1 P> \/2710%4, 1+Q2-pp¥
1
p o2 \P 2p q
1 qg \1 2 (1 + U_VZV)
=sup —1 D p R (5.64)
p>1 411G+ Vero?, | 1+ e-pp2e
where g represents the Holder’s conjugate with respect to p, i.e., g = %.
In particular, setting p = 3/2 one obtains:
Hzpp(W, X) = (5.65)
leading us to a lower bound on the Bayesian risk given by:
81v2n
(5.66)

Similarly to the previous example, one has that Equation (5.66) matches the upper-bound
up to a constant factor, and provides a strengthening of the bounds obtained in (Xu and
Raginsky, 20174, Corollary 1). Repeating the analysis with the E, s—Divergence, one obtains
the following:

n 2py
(Ey,é(wr X ) + >

\ 20,7

R=supp|l- (5.67)
p>0 9]
\/202,7 (6 By s(W, XM)°
= ) (5.68)
8y6

Like in Example 1, one can numerically evaluate Equation (5.68) and compare it with Equa-
tion (5.60), Equation (5.66) and (Xu and Raginsky, 2017a, Equation (16)). Figure 5.4.1a and Fig-
ure 5.4.1b show the resulting lower-bounds as a function of the number of samples n. One
can observe similar behaviors when comparing with the results from previous example: the
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0.200
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(a) Setting: Example 2 with U%/V =1 and ¢% = 2. (b) Comparison between the largest lower-bounds
The picture shows the behaviour of Equation (5.60) one can retrieve for different information measures

with a¢ = 2, Equation (5.66), Equation (5.68) with in Example 2: that is between, Equation (5.60), Equa-
Y =2 and 6 = 1.5 and (Xu and Raginsky, 2017a, tion (5.64), Equation (5.68) with § = 1.5, and (Xu and
Equation (16)) as a function of n. The values of Raginsky, 2017a, Equation (16)). The quantities are

Ez15(W,X™) for each n are computed numeri- numerically optimised over, respectively, y = 1, p > 1
cally. Solid lines mean that the corresponding lower- and a > 1. The numerical optimisation over the pa-
bound is the largest. rameter 9§ is not carried out for computational rea-

sons. Solid lines mean that the corresponding lower-
bound is the largest.

bounds retrieved through the H,— and E, s—Divergences are both able to improve on the
lower-bound relying on Shannon’s Mutual Information. Once again, E, s, (cf. Equation (5.68))
provides the largest lower-bound, while Sibson’s ¢ —Mutual Information is still able to provide
a stronger result than Equation (5.64). Similarly to before, one can also numerically optimise
the bounds with respect to the corresponding parameters @ > 1,p > 1,6 >0 and y = ¢ and the
resulting comparison is depicted in Figure 5.4.1b.

5.4.3 Hide-and-seek problem

To conclude, let us consider next a d-dimensional distributed estimation problem, known as
the “Hide and seek” problem. It has been first presented in Shamir (2014) and also studied in
Xu and Raginsky (2017a).

Example 3. Consider a family of distributions P = (P, : w = 1,...,d} on {0,1}%. Under P,,, the
w—th coordinate of the random vector X € {0,1}% has bias % + p while the other coordinates
of X are independently drawn from Ber(1/2). For i = 1,...,m, the i-th processor observes n
samples X" drawn independently from Py, and sends a b-bits message Y; = ¢(X]", Yi-h 1o
the estimator. The estimator computes W = y/(Y™) from the received messages. The risk in this
example is defined as:

Ry = inf maxP[W # W]. (5.69)
"y weld]

A lower-bound for Ry, derived by Shamir is as follows:

3.5 min{lop—nmb mn 2} (5.70)
d a e '

and only holds for 0 < p < 1/(4n). Additionally, in (Xu and Raginsky, 2017a) a quite different

Ry=1-
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lower-bound has been proposed:

Ry=1—-——min<|1-
logd 1+2p

n

mb + 1,min(4mnp2,logd)+1}, (5.71)

and it holds for 0 < p < 1/2. Let us now use a naive approach with Maximal Leakage. We have
that W — X" — Y™ — W forms a Markov Chain. Thus,

L(W—W) <min(L(W—-X""),L(W—-Y™)).

We also have that £L(W—Y™) < mb and that:

LW = XY™ <npml(W — X) (5.72)
= nmlomelﬁxPX‘W:w(x) (5.73)
X

14-111
< nmlogz - (— + p) (5.74)

— 2 2
= nmlog2?(2~% + 2791 ) (5.75)
=nmlog(1+2p), (5.76)

Hence:

L(W—W) < min(nmlog(1 +2p),logd, mb). (5.77)

Using Equation (5.77) in Corollary 27 we get the following:

exp(min{mb,logd, nmlog(l +2p)})

PW#W}H=1- p

(5.78)

Notice that Equation (5.78) is such that the right-hand side is always greater or equal than
0. Indeed, assuming d to be fixed and letting n and m grow, we have that the minimum is
achieved by logd and in that case we have P({W # W}) = 0. Here, the difference in behaviour
of Corollary 27 with respect to (Xu and Raginsky, 2017a, Theorem 1) is pivotal. Let us now
compare the results on a common setting. The setting chosen in (Xu and Raginsky, 2017a),
where d = 512,b = 3d,m = 10 and p = 1/(4n) does not represent a choice of parameters
where Equation (5.78) is interesting. Indeed, for large enough n, nmlog(1l +2p) = nmlog(l +
1/2n) = m/2 and, as a consequence, the expression will converge to a constant determined by
the minimum between mb,logd, m/2. Furthermore, both Equation (5.70) and Equation (5.71)
have a term that depends on mnp? which, for p = 1/(4n), will decay with n. Thus, choosing
p ~ n~P with p > 1 represents an interesting setting for the bound in Equation (5.78), as the
plots in Figure 5.4.1a and Figure 5.4.1b show.

Thanks to the different behaviour of Equation (5.78) (reaching 1 exponentially fast) we can
see a much sharper jump towards 1 with respect to Equation (5.71), which instead plateaus
below 1, and with respect to Equation (5.70) that reaches 1 more slowly. The growth towards
1 of Equation (5.78) becomes even sharper with larger p and converges towards a specific
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Figure 5.4.1: Behaviour of Equation (5.78) for various values of p. Solid lines mean that the

corresponding lower-bound is the largest.
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behaviour at p = 2. Increasing p any further does not alter the behaviour of the bound
meaningfully. As for the behaviour of the bound for fixed p, if p = 0.01. then Equation (5.78)
provides a larger lower-bound only for n < 25. If the parameter is brought down to p = 0.0001
then Equation (5.78) is larger than Equation (5.71) for all n but only larger than Equation (5.70)
for n < 1850. Regardless of the considerations related to the specific settings, it is interesting
how a very simple application of Corollary 27 can provide a tighter lower-bound. Moreover,
in the proof of Equation (5.71) in (Xu and Raginsky, 2017a), in order to compute I(W; X) an
assumption on the distribution of W was necessary and the choice fell on W uniform on
[d]. With Maximal Leakage, £ (W— X) does not depend on the specific distribution over W,
rendering the bound potentially more general. Other divergences could be explored in this
setting as well. However, one in general does not have a chain rule for any other ¢p—Divergence
(or Sibson’s a-Mutual Information with @ < +o00) which is a fundamental step in the proof for
Maximal Leakage (cf. Equation (5.72)). Moreover, some assumption (or maximisation over)
Pw would be necessary. In general, some additional machinery would be required in order
to employ them in this setting. Given that this is outside of the scope of this thesis, these
approaches will not be explored in this document.

5.5 Other approaches and generalisations

5.5.1 Inverting the roles

The Sibson’s a-mutual information is an asymmetric quantity. A natural question is: can one
provide a result similar to Theorem 25 involving I, (X, W) instead? Indeed, by inverting the
roles of W and W, such a bound can be given but it will involve the small ball probability for
17%4 ie.,

Ly, (p) = sup Py, (d(w, W) = p). (5.79)

This quantity hinges on the marginal distribution of W, which, in turn, depends on the
estimator used. In terms of L (p), one can give the following general bound:

Lemma 20. Consider the Bayesian framework described in Section 5.2. The following holds for
everya >1andp >0:

a-1
Rzp(l—exp(T(Ia(X, W)+log(LW(p))))). (5.80)
Moreover, taking the limit of « — oo one has:

Rzp(1-exp(L(X—-W)+log(Ly (p))). (5.81)

To apply this lemma in concrete cases, one needs to compute or upper bound the small
ball probability Ly, (p). Leveraging basic properties of the estimator, one can sometimes
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bound it. For example, if the estimator is a linear function of the noisy observations one can
leverage results related to Lévy’s concentration functions of sums of independent random
variables. E.g., if Y1,..., Y}, are uncorrelated and have log-concave distributions, then for every
p = 0 (Bobkov and Chistyakov, 2015, Theorem 1.1),

2p 2p
Lyny,(p) < = —. (5.82)
\/Var(zltril Y;) +p2/3 v/ mVar(Y7) + p2/3
More general statements can be made, assuming ¢p(Y"™) = X" | a;Y; under different con-

straints over a; (Nguyen and Vu, 2013). To appreciate the promise of this approach, let us also
discuss the behaviors of I, (W, X) and I, (X, W). More specifically, let us consider again the
“Hide and Seek” problem. Assuming, as in (Xu and Raginsky, 2017a, Example 12), that Py is
uniform over [d], one has that

d1/2+p)

nxm _
£ix W)_IOg(d—l)(I/Z—p)+(1/2+p)

=logx(d, p) <logd. (5.83)

In case p and d are constant and the estimator ¢ is a linear combination of the observations,
using Equation (5.82) in Lemma 20 one gets:

x(d,p)2p
VmVar(Y;) + p%/3 )

R=p|1- (5.84)

This lower bound approaches p as m grows, rather than providing the trivial lower bound of 0,
as it happens in Equation (5.78).

The assumptions required, along with the need of specifying a prior over W, clearly restrict the
domain of applicability of Lemma 20 with respect to Theorem 25 and Corollary 27. However,
this approach can provide results in settings where Theorem 25 and Corollary 27 become
vacuous.

5.5.2 Conditioning

Following the approach undertaken in (Xu and Raginsky, 2017a), it is also possible to propose
a conditional version of the theorems proposed above, in order to retrieve tighter bounds. For
this to happen one needs a definition of conditional information measures. For ¢-Divergences
the choice would typically fall on objects of the following form

Iy(X,Y|Z) = Dyp(Pxy zIPzPxzPy|z)- (5.85)

As for Sibson’s I, the matter becomes slightly more complicated. I, (X, Y) itself is not simply
defined as D, (Pxy PxPy) but it requires an additional projection step. It has been shown
in (Esposito et al., 2021b) that several definitions of conditional I, can be proposed, depending
on the operational meaning and corresponding probability bound one needs.

With the purpose of this chapter in mind, we will consider the conditional version of I, defined

136



5.5 Other approaches and generalisations

in Equation (3.75) and hereby re-stated for reference:

I/ (X, Y|2) = min Do(Pxy 2| Px12Qv12P2). (5.86)
Y|Z

The choice of this specific definition is necessary in order to be able to use Corollary 11, which

is in turn necessary to provide a conditional version of Theorem 25 and Corollary 27 similar to

(Xu and Raginsky, 2017a, Theorem 1 eq. (5)).

Leveraging said definition and the fact that:

117X, Y12) =2 £(X—Y|2)

one can thus give a conditional version of Theorem 25 and Corollary 27, introducing the notion
of conditional small-ball probability. In particular, one can define the following quantity:

Lwy(U,p) = sup Pwjy@(W,w) < p), (5.87)
weW
and show the following result:

Theorem 27. Consider the Bayesian framework described in Section 5.2,

R= sup sup p(l—exp(aT_l(Ia(W,XlU)+log(73U(LW|U(U,p))))), (5.88)

Puw,x p>0,a=1

Moreover, taking the limit of a« — oo one has:

R= sup supp(1—exp(LW—X|U)+log(Py(Lwu(U,p))))). (5.89)
Puw,x p>0

The main idea lying behind the conditional version for Mutual Information is that, choosing
an appropriate U, it is possible to control the growth of I(W; X|U) and obtain tighter bounds.
In particular, let us assume we have n samples X”. If the family P = {Pxjw=y, : we W}isa
subset of a finite-dimensional exponential family and W has a density supported on a compact
subset of R?, choosing U to be a conditionally independent copy X" of X" (given W) the
mutual information I(W; X"|X") will converge to a constant as n grows (rather than grow
with 7). This property seems to be specific to Shannon’s Mutual Information. In the examples
considered above, there does not appear to be a suitable U that tightens the bounds further
for the divergences considered. Nonetheless we state the result as it may be of interest in other
settings.

5.5.3 Leveraging SDPIs

An important step utilised both here and in (Xu and Raginsky, 2017a) to provide a lower-
bound on the Risk is the application of the Data-Processing Inequality. The Data-Processing
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Inequality allows us to go from? I, (W, W) to I,(W, X™). In particular, one typically has that
I,(W, W) < I,(W, X™), because of the Markov Chain W — X" — W.

This inequality can be tightened considering the so-called “Strong Data-Processing Inequali-
ties”. Le., given an information measure I, that satisfies the DPI and a Markov Chain W —-X — w
one can define and compute the following quantity if Py, y is fixed

I,(W, W)
P g x) e P Pinxd. (5.90)
as well as R
I,(W, W)
78;;2 WX Mo Priyix)» (5.91)

if ’PWl x 1s fixed. Whenever the quantities in Equation (5.90) and Equation (5.91) are strictly
smaller than 1, one obtains a tightening in the usual Data-Processing Inequalities:

I,y (W, W) < I, (W, X)n(Px, Pyiyx) < Iy(W, X)0p (P x)- (5.92)

In general, it is not easy to compute such quantities but a number of upper-bound can be
found in the literature (Xu and Raginsky, 2017a, Section III). In particular, given any convex ¢
it is possible to show the following result:

Lemma 21 ((Cohen et al.,, 1993, Theorem 4.1)). Let Px w represent a Markov Kernel, and let ¢
be a convex functional, one has that

N (Pxiw) < 9(Pxiw), (5.93)

where
9(Pxjw) = max |Pxiw=w—=Pwiw=w| 1 (5.94)

represents the Dobrushin contraction coefficient of Pxjw .

These results apply to all p-Divergences but not necessarily to Sibson’s a-Mutual Informa-
tion. Indeed, in general, one cannot directly upper-bound 7, (Py, x) using the Dobrushin’s
coefficient. One can, however, provide a different type of SDPI for this family of information
measures that allows us to leverage these results once again. In particular, given the Markov

2In this section we will slightly abuse the notation and, for simplicity, consider Sibson’s I as an instance of Iy
since it satisfies a DPI even though it is not, technically, a ¢-Divergence.
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Chain W — X — W one can do the following:

I, (W, W) = a(f ] log Py, (Oé - exp(Dy (’PWlW”PW))) (5.95)
a
= a-1°8Pw (H“(PWW”PM) (5.96)
a
<~ 10g Py (1 (Puio) Ha(P 1 P) (5.97)
1 A
= ——108 (Mg, (Pwix)) + La (X, W). (5.98)

Bringing in the SDPI constant of a classical ¢—Divergence (i.e., the Hellinger Integral Hy
that stems from ¢, (x) = x%) one can then tighten the DPI for I, using the tools described
in (Xu and Raginsky, 2017a, Section III). However, given the asymmetry of Sibson’s Mutual
Information, the sequence of steps just above only works if the second random variable
in Equation (5.95) and Equation (5.98) remains the same i.e., one considers I, (-, W). This is
due to the fact that the representation depicted in Equation (5.96) requires us to rewrite both
I, (W, W) and I (X, W) as an expectation with respect to Py;, of an Hellinger integral. This is
only possible if the second random variable is the same in both I,’s. Using the same approach,
for instance, one cannot tighten the inequality I, (W, W) < I, (W, X) (as the second random
variable changes from W to X).

One could, however, follow the strategy suggested in Section 5.5.1 and employ I, (W, W) to
provide a lower-bound on the Risk. Such a choice would then allow to provide an upper-bound
that involves I, (X, W) and the Strong Data-Processing inequality 14, (Pxw).

5.5.4 Lower-Bounding the Risk Directly

An alternative route can be undertaken that does not use Markov’s inequality as a first step
and can possibly lead to tighter bounds. These results follow from the functional inequalities
expressed in Section 3.1.5, in particular Theorem 16 and Corollary 8. Such a result would
involve, for instance, Sibson’s @ Mutual Information with a < 1:

Corollary 31. Consider the Bayesian framework described in Section 5.2. The following must
hold for everya <1 and p > 0:

R=> esginf(?’lfv ([(W, W)ﬁ)) -exp (sign(a) . aT_lla(W, X) 1. (5.99)

Proof. Using Corollary 8 with g = ¢ one recovers the following:
1
A 5 N -1 ~
Py LW, W) = eglginf(PV’;, (ew, W)ﬁ)) -exp (sign(a) : aTIa(W, W) (5.100)
W

Now, if 0 < a < 1 then % < 0. By the Data-Processing Inequality for I, with 0 < a¢ < 1 (along
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with the negativity of %) one has that
. a-1 N 1 R 1
exp (51gn(a) . TIQ(W, W)) = exp (BIQ(W, W)) = exp (Ela(W, X)) . (5.101)

Otherwise, if « < 0 then 0 < % < 1. By the by the Data-Processing Inequality for I, with a <0
(cf. (Esposito et al., 2022, Theorem 3.5)) one has that

exp (sign(a) : aT_lla(W, W)) = exp (—%Ia(w, W)) > exp (—%IQ(W, X)) . (5.102)

The lower-bound on the Risk follows by noticing that the right-hand side Equation (5.100) can
be rendered independent of W for every a < 1 (i.e., it will only depend on the support of W
through the essinf) via Equation (5.101) and Equation (5.102). O

Corollary 31 is different from the results presented in the previous section. While in Section 5.3
the only dependence on ¢ was through the small-ball probability, in Corollary 31 one is
required to have access to the expected value of the §-th moments of ¢ with respect to Pyx.
Such an object may not be as easy to bound as the small-ball probability.

Remark 53. IfW = W then ¢(W,W) =0 and I,(W, W) = 0. If0<a <1, given that <0, one
recovers the following lower-bound on the risk:

P €W, W) 20,
which matches with our intuition.

A limiting behaviour of Corollary 31 is of interest as well. For instance, taking the limit of
a — —oo one has that (whenever the so-called regular conditional probabilities Py, exist,
e.g., in Radon Spaces):

exp —aT_lla(W,X”))—»exp(—EC(W—>X")) (5.103)
dPww

= inf[ ——— . .104

fwesgvlvn (d?’wpw)dpw o104

= infP . 5.105

fwesgvlvn wiw ( )

Moreover, one has that, whenever @ — —oo, then § — 1, and the resulting lower-bound would
be the following:

Py € (W, W) = (esg@nfpw ew, w))) ( fw esgvivnfpwlw) . (5.106)

w
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In a discrete setting this amounts to:
Py €W, W) = min Py (¢(W, w))) (Z min pW|W_w(LD)) : (5.107)
W

where pyj -, denotes the probability mass function of W given that W = w. This result can
also be easily proved directly, indeed:

Py €W, W) = 3, £(w, W) pyyyiy (w, ) (5.108)
w,i
= Zf(W» W) pw (W) Py = (W) (5.109)
Zz'mui)npmwzw(li));f(wy W) pw (w) (5.110)
Z(mjnZZ(w, w)pw(w))Zngnpwlwzw(w) (5.111)
wow W
= (mbgnPw(é(W, w))) (exp (=L (W—W))). (5.112)

The main difference with the results presented in Section 5.3 is that there is no small-ball proba-
bility involved and it is thus required to have access to an object of the form miny, [|£(W, W)l 15(p,,)
which might be harder to compute than Ly (p). It is, however, possible to relate the quantity

to a small-ball probability, restricting the value of a to [-00,0) and using a combination of
Markov’s inequality and Corollary 9. This approach leads us to the following lower-bound on
the risk

Corollary 32. Consider the Bayesian framework described in Section 5.2. The following must
hold for every a <0 and p > 0:

R=p|minPy (((W, ) = )7 -exp —“T_lla(w, X))) (5.113)
And, in particular,
muj}n"PW([(W, w)=p)= mﬁi}n(l —Pw (W, ) < p)) (5.114)
= l—mﬁ?xPW(é(W, w) < p) (5.115)
=1-Ly(p). (5.116)

Hence, if we can upper-bound Ly (p) like we assumed in the previous section, then we can
lower-bound miny, Py (¢ (W, ) = p) and, consequently, we can also lower-bound the risk
using the approach depicted in this section (cf. Corollary 32).
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5.5.5 Concave conjugates

In Chapter 2 and 3 we have seen that convex conjugates are a great tool to provide upper-
bounds on the expected values of functions. In this chapter, however, the purpose is to provide
a lower-bound on the Risk. With this in mind, we will explore the application of concave
conjugates. Let us start with the well-known Kullback-Leibler Divergence. It is possible to
show that given a measure p and v e M, (X, w):

—D|u)= inf {v(g)+logu(exp(—g)} (5.117)
geB(X)

i.e, —logu(exp(—g)) is the concave conjugate of —D(v|u) = -y, (v). We can thus set g = A¢
with A > 0. We obtain a parametrised bound of the following shape:

~D(v||p) - log (exp(~A0)

/) > 5.118
v(£) 1 ( )
and in order to get the tightest bound one would have to compute the following
-D -1 -l
v(0) = sup —2W I ~logu(exp(zA0) (5.119)
A>0 A

Given the ¢ is normally assumed to be non-negative in this setting, in order to have a non-
trivial lower-bound one would need —D(v||u) —log(u(exp(—-A¢))) > 0 for some value of A.
Hence one would need

D(vllp) < —log(u(exp(=A8))). (5.120)

Since D(v||u) > 0, the right-hand side of Equation (5.120) should also be positive, meaning
that one would need 0 < u(exp(—A¢)) < 1 for some value of A. Because of this, undertaking an
approach similar to upper-bounding the expected-value of a function (cf. Section 3.2) and
thus, assuming for instance sub-gaussianity of the function (in order to control its log-moment
generating function) would not be enough for the right-hand side of Equation (5.119) to be
positive. Indeed, one would have that if £ is o%-sub-Gaussian under u then for every A € R:

2.2

—log(u(exp(—=14))) = -

which is always guaranteed to be negative.
One can, however, propose a general approach for general ¢—Divergences. Indeed, since
=Dy (vlly) is a concave functional of v, for a given y, denoting with vy, (v) = Dy (v||1) one has
that

(~¥p) (&) =, (-8 = —ul*(-g) = —f(p*(—g)du- (5.121)

Consequently, one has the following general lower-bound:

A -1 W,W — PP (0 (=L
Pyw (€(W,W)) = sup 0! )= Pw Py (¢*( ))‘

1 (5.122)
A>0
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5.5 Other approaches and generalisations

Assume that one has one has Py Py, (¢* (—10)) < ¢p(A) for a strictly convex ¢p. Assume also that
¢* admits a generalised inverse ¢* "' (y) = inf{t : ¢* () > y}. Choosing A = ¢’ L (¢p* " (I,(W, W)
one has that

—I,(W,W) = Py Py (9* (-70))

Puw (W, W) = 1 (5.123)
—I,(W, W) —p(A
- /1) %) (5.124)
—I,(W, W) = (' (p* (L, (W, W
_ ol R (O (2 O A ) (5.125)

@' p* T, (W, W)
— Ly (W, W)+ * (* ' Ly (W, W) — * " (L, (W, W) '~ (p* " (I, (W, W)))
'L p* T T (W, W)

(5.126)
-1 W)W *(p* 1 1 W,W _ n
= o - )+¢11(¢ ((f( )))—d)* 1(Lp(W,W)) (5.127)
PP Ty (W, W)
> —¢* (I, (W, W)). (5.128)

This also means that I,,(W, W) > ¢* (=P, (£(W, W))).

With a similar reasoning but selecting § = A1,y yi7)> ol (rather than A¢ and thus, not upper-
bounding Pw Py, (¢* (g)) but computing it exactly) and then choosing

o, W) + Pw Py, (€(W, W) < p)p* (0)
Pw Py €W, W) = p)

and, consequently,
-1, _
A=0*"" (97 (0)

would lead to Equation (5.12) along with Markov’s inequality.
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