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Abstract

In many signal processing, machine learning and computer vision applications, one often has to deal
with high dimensional and big datasets such as images, videos, web content, etc. The data can come
in various forms, such as univariate or multivariate time series, matrices or high dimensional tensors.
The goal of the data mining community is to reveal the hidden linear or non-linear structures in the
datasets. Over the past couple of decades matrix factorization, owing to its intrinsic association with
dimensionality reduction has been adopted as one of the key methods in this context.

One can either use a single linear subspace to approximate the data (the standard Principal Component
Analysis (PCA) approach) or a union of low dimensional subspaces where each data class belongs to a
different subspace. In many cases, however, the low dimensional data follows some additional structure.
Knowledge of such structure is bene cial, as we can use it to enhance the representativity of our models
by adding structured priors. A nowadays standard way to represent pairwise af nity between objects is
by using graphs. The introduction of graph-based priors to enhance matrix factorization models has
recently brought them back to the highest attention of the data mining community. Representation of
a signal on a graph is well motivated by the emerging eld of signal processing on graphs, based on
notions of spectral graph theory. The underlying assumption is that high-dimensional data samples
lie on or close to a smooth low-dimensional manifold. Interestingly, the underlying manifold can be
represented by its discrete proxy, i.e. a graph.

A primary limitation of the state-of-the-art low-rank approximation methods is that they do not
generalize for the case of non-linear low-rank structures. Furthermore, the standard low-rank extraction
methods for many applications, such as low-rank and sparse decomposition, are computationally
cumbersome.

We argue, that for many machine learning and signal processing applications involving big data, an
approximate low-rank recovery suf ces. Thus, in this thesis we present solutions to the above two
limitations by presenting a new framework for scalable but approximate low-rank extraction which
exploits the hidden structure in the data using the notion of graphs.

First, we present a novel signal model, called Multilinear low-rank tensors on graphs (MLRTG) which
states that a tensor can be encoded as a multilinear combination of the low-frequency graph eigen-
vectors, where the graphs are constructed along the various modes of the tensor. Since the graph
eigenvectors have the interpretation of non-linear embedding of a dataset on the low-dimensional
manifold, we propose a method called Graph Multilinear SVD (GMLSVD) to recover PCA based linear
subspaces from these eigenvectors. Finally, we propose a plethora of highly scalable matrix and tensor
based approximation methods for low-rank extraction which implicitly or explicitly make use of the
GMLSVD framework. The core idea is to replace the expensive iterative SVD operations by updating
the linear subspaces from the xed non-linear ones via low-cost operations. We present applications
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in low-rank and sparse decomposition and clustering of the low-rank features to evaluate all the pro-
posed methods. Our detailed theoretical analysis shows that the approximation error of the proposed
framework depends on the spectral properties of the graph Laplacians.

Key words: Principal Component Analysis, graphs, low-rank and sparse decomposition, clustering,
low-rank tensors



RAsumd

Dans de nombreuses applications de traitement du signal, de | apprentissage automatique et de la
vision par ordinateur, il faut souvent traiter des jeux de donn@es de grande dimension et de grande taille,
tel que des images, des viddos, du contenu Web, etc. Les donn@es peuvent se pr@senter sous diverses
formes, telles que de s@ries temporelles univarides ou multivari@es, des matrices, ou des tenseurs
haute dimension. Le but de la communaut® d exploration des donn@es est de rdv@ler les structures
cach@es, lindaires ou non-lingaires, dans les jeux de donng@es. Au cours des dernitres ddcennies, la
factorisation de matrices, en raison de son association intrinstque avec la r@dduction de dimension, a
7t@ adoptde comme | une des m@thodes cl@s dans ce contexte.

On peut soit utiliser un seul sous-espace lindaire pour approcher les donng@es (I approche standard de
| analyse en composantes principales (PCA)), soit une union de sous-espaces faible dimension og
chaque classe de donn@es appartient un sous-espace diffdrent. Dans de nombreux cas, cependant,
lesdonn@es faible dimension ont une structure suppl@mentaire. La connaissance de cette structure
est b@n@ que, car nous pouvons | utiliser pour am@liorer la repr@sentativitd de nos modtles en ajoutant
des structures priori. Un mode standard de nos jours pour repr@senter | af nit@ par paires entre les
objets est en utilisant des graphes. L introduction des informations priori fond@s sur des graphes pour
am@liorer les modtles the factorisation matricielle les a rdcemment ramen@s la plus haute attention
de lacommunaut? d exploration des donnges. La repr@sentation d un signal sur un graphe est bien
motiv@e par le champ @mergent du traitement du signal sur des graphes, qui est bas@ sur des notions
de la th@orie spectrale des graphes. L hypothtse sous-jacente est que les @chantillons de donn@es
haute dimension se situent sur ou prts d une varigt@ lisse faible dimension. Fait intdressant, la varigtd
sous-jacente peut Etre repr@sentd de fa on discrkte par un graphe.

Une limitation primaire des m@thodes actuelles d approximation de rang faible est qu elles ne se
g@n@ralisent pas pour le cas de structures non-lin@aires de rang faible. En outre, les m@thodes standard
d extraction de rang faible, telles que les d@compositions rang faible et parcimonieuse, ont une lourde
complexitd@ algorithmique pour de nombreuses applications.

Nous soutenons que pour de nombreuses applications d apprentissage automatique et de traitement
de signal impliquant de grandes donn@es, une r@cup@ration approximative de rang faible suf t. Ainsi,
dans cette thtse, nous pr@sentons des solutions aux deux limitations ci-dessus en pr@dsentant un
nouveau cadre pour | extraction approximative mais scalable de rang faible, qui exploite la structure
cach@e dans les donn@es en utilisant la notion de graphes.

Tout d abord, nous pr@sentons un nouveau modtle de signal, appel? «tenseurs de rang faible multi-
lin@aire sur les graphes (MLRTG)», qui indique qu un tenseur peut Etre cod@ en tant que combinaison
multi-lindaire des vecteurs propres de basse frdquence des graphes, og les graphes sont construits
le long des diff@rents modes du tenseur. tant donn@ que les vecteurs propres du graphe ont | inter-



Acknowledgements

pr@tation de plongement non-lin@aire d un ensemble de donn@es sur une varidtd faible dimension,
nous proposons une m@thode appel@e «Graph Multilinear SVD (GMLSVD)» pour rdcup@rer des sous-
espaces lingaires bas@s sur PCA partir de ces vecteurs propres. En n, nous proposons une plgthore
de problbmes inverses bas@s sur les matrices et les tenseurs, avec haute capacitd monter en charge,
pour | extraction de rang faible qui utilisent implicitement ou explicitement le cadre GMLSVD. L idde
principale est de remplacer les co3teuses op@rations itdratives SVD en mettant jour les sous-espaces
linGaires, partir des espaces non-linGaires xes, par des op@rations peu coldteuses. Nous prdsentons
des applications sur des d@compositions de rang faible et parcimonieuse, et sur regroupement des
features de rang faible pour @valuer toutes les m@thodes propos@es. Notre analyse th@orique ddtaillde
montre que | erreur d approximation du cadre propos@ d@pend des propridtds spectrales des Laplacians
des graphes.

Mots-cl@s : Analyse en composantes principales, graphes, ddcompositions de rang faible et parcimo-
nieuse, regroupement, tenseurs de rang faible.
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i} Introduction & Motivation

In the modern era of data explosion, many problems in signal and image processing, machine learning
and pattern recognition require dealing with very high dimensional datasets, such as images, videos
and web content. The data mining community often strives to reveal natural associations or hidden
structures in the data. This task can be important for many different reasons. For example, many
machine learning algorithms involve training complex models on datasets which are very high di-
mensional. When the number of samples is not enough, the classi ers can easily over tin the high
dimensional space. Thus, it is important to extract useful low-dimensional features to feed a classi er.
Similar problem arises in signal processing, where one might want to perform the analysis of high
dimensional images. In such a scenario, it is always important to search for hidden structures in the
dataset, which could lead to a reduction in the dimension or useful feature extraction from the dataset.

We rst provide a concise introduction to a speci c¢ type of feature extraction process, known as low-
rank feature extraction. Then, we argue, with some simple examples that this process falls under
the broad class of linear dimensionality reduction. Finally, we discuss some short-comings of the
state-of-the-art low-rank approximation methods and build a motivation for the work done in the
context of this thesis. More speci cally, we argue that the state-of-the-art low-rank feature extraction
methods cannot recover non-linear low-rank features in a scalable manner. In fact, extracting such
features would involve exploiting pairwise relationship between different features and samples of the
data matrix which can reveal the underlying geometry of the low-dimensional space. This thesis, as
explained in more detail in Section 1.7, provides a framework - a signal model and associated low-rank
recovery problems, based on the notion of graphs, which can recover low-rank features for a wide
variety of datasets in a structured and scalable manner.

1.1 Low-rank Feature Extraction & Dimensionality Reduction

Consider a set of gray-scale images of the same object captured under xed lighting conditions with a
moving camera, or a set of hand-written digits with small rotations. Given that the image has p pixels,
each such data sample is represented by a vector in RP. Since each image is just a small perturbation of
the other images, there are many common features in the entire set of images. Simply put, most of the
data variance can be explained only with a few common features among the set of images. Thus, the
intrinsic dimensionality of the space of all images of the same object captured with small perturbations
is much lower than p. One could then use a dimensionality reduction or a compression framework to
analyze this dataset. Alternatively, when the data is noisy, the above problem of analyzing the set of
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images can also be modeled as determining the closest noiseless approximation which can capture
maximum variance of the dataset.

Due to many common features among the images, it is possible to model each image as a linear
combination of a few basic templates. These templates serve as dictionary elements, which can be
combined to approximate the entire dataset. As the number of such possible templates is far less than
the dimension of the dataset, the approximation is known as a low-rank approximation.

1.1.1 Applications of Low-rank Approximation

Low-rank approximation spans a broad variety of applications. Before diving into the core of mathe-
matical details, we present a glimpse of a few applications here:

Surveillance: Static low-rank: Consider a real world surveillance application where a camera is in-
stalled in an airport lobby and it collects frames with with a xed time interval. As the structure of this
lobby does not change over time, one would like to extract the moving people or objects from the static
lobby. Such an application falls under the low-rank extraction framework.

Surveillance: Dynamic low-rank: Now consider the same camera installed outside in the open air
where the lightning is changing over time. Assume there are short periods of sunlight interleaved by
cloudy periods and even rain. As compared to the lobby example where all these conditions were
constant, this is a more challenging environment. However, the overall problem can still be seen as
extracting dynamic people and or rain from the static background over different intervals of the video.
Thus, this application falls under the low-rank approximation framework as well.

Multiclass low-rank: As another example, consider a big database of faces of several people collected
from a social media platform. Assume further that the faces are corrupted by different types of noise
and errors. Furthermore, the database consists of different facial expressions. A more reasonable
assumption for such a dataset would be to group the images based on the people using some notion of
pairwise similarity and then perform a low-rank approximation to extract the clean faces from noise
and errors.

Topic extraction: Now consider a set of text messages collected from a social network about different
topics. One would like to analyze the most common topics in the entire set of messages. A more
interesting analysis would be to identify the communities of people in the social network among which
a particular topic is more popular. Again, the messages are highly corrupted by noise due to the use of
slang and unstructured sentences. In such a case one de nitely needs to use the notion of similarity
between the people in the network to identify the low-rank component, i.e., most commonly used
words and topics and as well as analyze the community structure.

Space-time low-rank: Consider a set of MRI scans (2D or 3D), collected from the brain of a subject,
which vary slowly over time. Since the brain responds to stimuli, it exhibits a dynamic activity over time.
However, the underlying brain structure does not change over time. One would like to separate the
clean low-rank components from dynamic activity which might correspond to some kind of abnormal
condition. Furthermore, the acquired scans might be corrupted with noise due to limitations of device
or the movement of patient, etc. This is a typical example of a space-time real world dataset which has
gained signi cant attention of the research community. For such a dataset, the notion of functional
connectivity between different regions of the brain plays an important role in addition to the structural
connectivity. Moreover, the acquired images can be related in time. Thus, it is important to consider
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the space-time relationship while extracting the low-rank representation.

Space-time-frequency low-rank: Consider Brain Computer Interface application, where a set of time
series is collected from electrodes on an EEG cap, mounted over the head of a subject. The EEG
signals have a higher time resolution, therefore, it is common to perform a time-frequency analysis of
these signals to obtain an information rich dataset. Thus the entire dataset has space-time-frequency
features. As EEG is well-known for its highly dynamic and noisy nature, one would like to extract the
clean signal from the noise. Assuming that EEG signals correspond to a speci c set of brain activities,
it is reasonable to argue that this dataset is low-rank. Therefore, one would like to separate low-rank
component from noise.

Point-cloud denoising: Point clouds, both static and dynamic, span a plethora of applications in the

eld of computer vision. However, they are often corrupted by noise and errors. Assuming that a
dynamic 2D or 3D point-cloud is just a small set of variations of the pose, point-cloud denoising can be
done via low-rank approximation.

1.1.2 Low-rank Matrix & Tensors

So far, we have discussed dimensionality reduction and low-rank approximation as two alternatives
for modeling a set of images with many common features. Now we begin to formalize our discussion
and show that the latter approach, i.e, low-rank approximation falls under the broad category of the
former, i.e, dimensionality reduction. The key to connecting the two approaches is matrix factorization.
Over the past couple of decades matrix factorization has been adopted as one of the key methods in
the context of dimensionality reduction. Given a data matrix Y RP " with n p-dimensional data
vectors, the matrix factorization can be stated as determining factorsU RP "andQ R" " such that
Y UQ under different constraintson U and Q.

Low-rank Matrix

While, the state-of-the-art methods have proposed several constraints, such as non-negativity, sparsity,
joint non-negativity and sparsity, etc. on U and Q, our goal in this thesis is to deal with the special
casewhereU, RP "andQ, R" " arethinrectangular matrices,i.e,r p<n.LetX =U;Q, ,then
such an approximation of Y is known as a low-rank approximation. Hence, low-rank approximation is
equivalent to dimension reduction under the above mentioned constraints on U,Q. It is common to
callU, and Q, as factors of the low-rank matrix X.

Low-rank Tensor

Since the beginning, we have only considered the notion of a dataset in the context of a matrix. However,
a matrix is not always the most desirable and exible arrangement of a dataset. In the modern era of
data deluge, one might be tempted to arrange multi-dimensional data in the form of high dimensional
entities, instead of 2D matrices. Such high dimensional entities are known as tensors. We represent
tensors with bold calligraphic letters Y . Consider the example of a set of EEG signals collected from
the scalp of a few subjects using a 128 electrode apparatus, over different trials. It is straight-forward
to note that it is crucial to store and analyze this dataset in the form of a 4D tensor, where channels,
time, trials and subjects constitute different dimensions. One cannot come up with simple ways to
store such data in matrices without compromising the dependencies between various dimensions.
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Similarly to matrices, tensors can also be low-rank. Several of the low-rank datasets, we mentioned
earlier can be arranged in the form of tensors. Consider the static and dynamic surveillance video
example, where we have access to frames collected over time. This dataset, naturally arises in the form
of a 3D tensor, where the three dimensions correspond to the x and y spatial dimensions and the time
axis. Similarly, the space-time MRI low-rank example can also be treated as a 3D or 4D MRI tensor.

Unfortunately, the rank of a tensor is not unique, therefore we use the notion of multilinear rank [8].
ForatensorY R"™ " M jts " matricization / attening Y is are-arrangement into a matrix such
thatY! R™ N2Ms_Simply put, a tensor is multilinear low-rank, if each of the matrices Y formed by
attening its various modes is low-rank. Thus, a multilinear low-rank approximation X of a 3D tensor
Y isgiven as:
vec(X)=(U;, UZ UZ)vec(S),

where S R™ "2 '3 js called the core tensor, denotes the Kronecker product, vec(*) denotes the
vectorization operation and U, are the factors or singular vectors, similar to those obtained by PCA.
The tensor X is said to be low-rank with a multilinear rank (ry,r,,r3).

1.2 Linear Low-rank Matrix Approximation Methods

For adatamatrixY RP ", the signal model for low-rank approximation can be stated as follows:

where is the noise and X is the low-rank approximation which follows X =U,Q, ,whereU, RP '
andQ, R" "andr p <n. Depending on the different types of noise , we can classify the low-rank
approximation techniques, discussed in this thesis into the following two types:

1. Standard Principal Component Analysis (PCA), when is Gaussian.

2. Low-rank and sparse decomposition via Robust PCA, when is sparse or Laplacian distributed.

Throughout this thesis, we will be mainly concerned with the above two types of low-rank approxima-
tion techniques in the context of various applications. Therefore, we provide a detailed explanation of
these techniques below.

1.2.1 Standard Principal Component Analysis (PCA)

Standard PCA [9] is a classical matrix factorization technique to determine the low-rank approximation
of amatrix Y, in the presence of Gaussian noise. The goal is to decompose a matrix Y into a product of
factors U,,Q; by solving the following optimization problem:

i 2
g v v

stUp RPT, Q R"", U, U =I, (1.1)

Note that in addition to the matrices U;,Q, being thin, there exists an additional orthonormality
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constraint on the columns of U,. Assuming that each of the columns of the matrix Y consists of a
p-dimensional data sample, the factor U, RP " serves as a dictionary or principal directions of
the matrix Y . Thus, it is possible to linearly combine the r atoms of this orthonormal dictionary to
approximate every p-dimensional data sample in Y . The linear combination is given by the rows of
the matrix Q,, commonly known as principal components in the standard PCA literature. Note that
each row of matrix Q; is an r-dimensional embedding of the columns of Y in an r-dimensional space,
characterized by U, . Finally, the number of columns of U, and Qy, i.e, r is known as the rank of the
low-rank approximation of the data matrix Y .

Although, the optimization problem in eq. 1.1 is non-convex due to the presence of the orthornomality
constraint, its solution is given by a truncated singular value decomposition operation (TSVD). More
speci cally, let the full SVD of Y be:

Y=UV ,

where RP P is adiagonal matrix of singular values which are sorted in the non-increasing order, U
the left singular vectors and V, the right singular vectors. Then, the rank r solution to eq. 1.1 is given by
truncatingU, ,V tothe rstr columns, i.e,

X=U;Q, =U; (V,, where Q = V,

A primary limitation of PCA is that it can tolerate only Gaussian noise. However, for many real world
applications, such as those mentioned earlier, the noise is sparse. For example, the dynamic people in
the surveillance video example and sparse dynamic activity in the MRI and EEG examples. Consider
the arbitrary example in Fig. 1.1 where we show 3 different classes of low-dimensional points in a
3-dimensional linear subspace. The left plot shows that the principal directions U, are robust to
Gaussian noise — , i.e, they follow the variance of the data points. The right plot shows that in the case
of sparse noise (a few strong outliers here), the principal directions U, deviate signi cantly from the
data trend.

3-dimensional space

Figure 1.1 Three different classes of points in a 3-dimensional linear subspace. The left plot shows that the principal directions
Uy are robust to Gaussian noise — , i.e, they follow the variance of the data points. The right plot shows that in the case of sparse
noise (a few strong outliers here), the principal directions U, deviate signi cantly from the data trend.



Chapter 1. Introduction & Motivation

1.2.2 Low-rank & Sparse Decomposition: Robust PCA

Applications which involve the separation of sparse and low-rank components of a data matrix, such as
the video surveillance, MRI and EEG examples discussed earlier, fall under the category of Low-rank
and sparse decomposition. Candes et. al [1] proposed Robust PCA (RPCA), which can be used to model
robustness to sparse noise:

min X + S 4
X
stY =X+S, 1.2)

where X is the low-rank matrix, modeled by the nuclear norm operator ¢« and S models the sparse
noise. The nuclear norm, a sum of singular values of a matrix, is a convex relaxation to the rank
operator, similarly to 1 norm being a convex relaxation to the ¢ norm. The solution of the nuclear
norm operator is given by the singular value soft-thresholding operation and thus requires an explicit
computation of the SVD of X. Since, SVD is an inherent step in the above optimization problem, one
can see this as a problem similar to the standard PCA, except that the data delity term involvesan 1
norm.

In contrast to the standard PCA, the rank r of X is not explicitly speci ed. Instead, it is controlled
by the regularization parameter . Smaller the , bigger is the rank of X. Due to the presence of an

1 horm, which is non-differentiable, it is not possible to compute a closed form solution of eq. 1.2.
Thus, one starts with a matrix X of full rank, performs an SVD, thresholds the singular values of X,
performs the minimization corresponding to the 1 norm and iterates until convergence. Hence, the
rank of X gradually reduces in every iteration of the algorithm. Furthermore, note that unlike the TSVD
based solution for PCA, the higher singular values are also thresholded in this algorithm. Finally, the
algorithm requires the computation of a full SVD of X is in every iteration. For amatrix of sizeY RP ",
this costs O (p?n), where p <n, which can be computationally cumbersome when both n and p are
large.

1.3 Low-rank Tensor Approximation Methods

For atensor Y , the signal model for low-rank approximation can be stated as:

Again, depending on to be either Gaussian or sparse noise, we will consider two types of methods.

1.3.1 Multilinear SVD

Multilinear SVD (MLSVD) [10], [11] is an alternative to standard PCA for the case of tensors. In standard
MLSVD, one aims to decompose atensor Y R"™ "2 ™ intofactorsU, R"™ ' whichare linked by a
coreS R™ "2 s This decomposition is known as Tucker Decomposition [12], [13], [14], [15], and
can be mathematically stated as follows:

vec(X)= (U, UZ UZ)vec(S), (1.3)
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where X is the low-rank tensor approximation of Y . This can be achieved by solving the Alternating
Least Squares (ALS) problem [11] which iteratively computes the SVD of every mode of Y until the t
vec(Y) (U} UZ U2)vec(S) 5 stopstoimprove.

2
; 1 2 3

Urynm’S vec(Y) (U, U7, Uf)vec(S) )
stU , U, =1, , (1.4)

Just like the standard PCA, the factors U, are orthornormal, however, the core tensor S is not neces-
sarily diagonal like the singular value matrix . For the case of a 2D tensor, MLSVD reduces to standard
PCA for a matrix.

1.3.2 Alternating Least Squares for Candecomp Decomposition

Candecomp (CP) decomposition [11] is the alternative decomposition for low-rank tensors. For a
tensorY R" " " jtisde nedas:

r
X = Uli) U¥i) UG, (1.5)
i=1
where X is the low-rank tensor approximation of Y and denotes the outer-product. Note that in
contrast to the Tucker decomposition, CP approximates a tensor as a sum of rank-1 tensors. However,
itis limited in its modeling power, as it associates a unique rank r to reach of the modes of the tensor.
CP decomposition can be attained by solving the following Alternating Least Squares (ALS) problem,

min Y rul(i) u2(i) U3(i)2. (1.6)
U, = F

The above optimization problem is non-convex. Furthermore, CP decomposition is known not to
provide a tight relaxation for the rank of a tensor [11]. Throughout this thesis, we will work with Tucker
decomposition.

1.3.3 Tensor Robust PCA

Similarly, to the case of matrices, one needs a method for low-rank and sparse decomposition of tensors,
when is sparse. Tensor Robust PCA (TRPCA) [16], [17], [18] based methods have been used for this
purpose which can be stated as:

n;(in vec(Y ) vec(X) l+ X . 2.7)

Like the RPCA algorithm [1] on a matrix , such methods need the notion of nuclear norm on a tensor.
Tensor nuclear norm X [19], which minimizes the sum of nuclear norms on each of the
matrices X formed by attening the various modes of a tensor is used for this purpose. For a 3D tensor
Y R™ " " this costs O(n?) per iteration, which is computationally prohibitive, even for n as small as
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100.

1.4 From Linear Subspaces to Manifolds

Now that we have reviewed low-rank approximation methods for matrices and tensors, we are ready to
switch gears and discuss the short-comings of these methods. While, tensor based methods are quite
an important subject of this thesis, throughout this chapter, in order to motivate the utility of this work
in a simple manner, we limit our discussion to the matrix methods only.

Both, the standard PCA and Robust PCA tasingle subspace U, that characterizes the low-dimensional
data by capturing maximum variance. This is a good enough assumption about the slowly varying
images. Thus, a single subspace model, like PCA might work very well for the applications of static
low-rank separation from dynamic foreground.

Having described the single subspace models, we now move on to more complicated applications.
For the case of dynamic low-rank surveillance video example, it might not be possible to extract the
low-rank component via a single linear subspace model. One would need something slightly more
complex than this simple assumption. Another example where the linear subspace assumption might
fail is the case of a movie where the scenes change over time. A more reasonable assumption would
be to target a dynamically changing low-rank representation over short bursts of frames. This would
require some sort of grouping between the frames in time. The same holds for our multiclass low-rank
face database example. A linear subspace model would simply fail to extract a low-rank representation
from such a database of faces because it would not take into account the subgroups of the data samples.

In order to make our discussion more concrete, we consider the example of AT&T dataset of faces of
various people with some pose variations. A few example images from this dataset are shown in Fig. 1.2.
Each image consists of approximately 10,000 pixels, hence lies in a 10000 dimensional space. Note that
each of the classes of images undergoes a pose variation, thus, a single linear subspace model would
be unable to capture these variations. Furthermore, the images belong to different classes and each
class possesses a different structure from the other. It might be reasonable to assume here that a highly
non-linear subspace (manifold) can capture such variations. Fig. 1.2 shows an arbitrary mapping
of the three different classes of AT&T dataset on a 3D space. The left plot shows the mapping on a
linear subspace and the right plot ts an arbitrary non-linear surface to the data points. Clearly, the
non-linear surface is a better tfor such points than the linear one. Such a non-linear surface is known
as a manifold. Formally, a manifold is a low-dimensional non-linear subspace, embedded in the high
dimensional space. Different parts of the manifold would model different classes of images and the
non-linearity within each class would take into account the variational effect of the images. We call
such a set of images or a dataset to follow a non-linear low-rank structure.

In fact, many real world datasets have a linear or non-linear low-rank structure in a very low-dimensional
space. Unfortunately, one often has very little or no information about the geometry of the space,
resulting in a highly under-determined recovery problem. Under certain circumstances, as already
discussed, state-of-the-art algorithms like PCA and RPCA provide an exact recovery for linear low-rank
structures but at the expense of highly inscalable algorithms which use nuclear norm. However, the
case of non-linear structures remains unresolved. Thus, there is a dire need to revisit the problem of
low-rank recovery from a totally different perspective, involving manifolds and non-linear structures.
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1.5 Graphs

In the previous section we discussed the need of manifolds and non-linear surfaces to represent several
real world datasets. A manifold is a continuous, smooth, low-dimensional surface, embedded in a
high dimensional space. It is imperative to have a mechanism for the discrete characterization of
this continuous surface. Given a dataset Y RP ", one can view it as n-samples drawn from a p-
dimensional space, where the intrinsic dimensionality of these samplesisr  p <n. Simply put, we
have access to a few samples on the manifold and we want to characterize this manifold with these
n-samples. Graphs [20] are the key to modeling manifolds.

1.5.1 Graphnomenclature

Agraphisatuple G={V,E,W}where V is a set of vertices, E a set of edges,andW :V V R, aweight
function. The vertices are indexed from 1,...,|V| and each entry of the weight matrix W RLY' M
contains the weight of the edge connecting the corresponding vertices: W (i, j) =W (vj,vj). If there is
no edge between two vertices, the weight is set to 0. We assume W is symmetric, non-negative and
with zero diagonal. We denote by i j that node v; is connected to node v;. For avertexv; V,the
degree d(i) isde ned as the sum of the weights of incidentedges: d(i)= ; W (i,]).

In this framework, a graph signal is de ned as afunctions:V R assigning a value to each vertex. Itis

convenient to consider a signal s as a vector of size |V| with the i h component representing the signal

value at the i vertex. The graph signal can be a scalar, a vector, a matrix or even a tensor residing

on the node of the graph, depending on the application. For a signal s on the graph G, the gradient
c:RVl' REljsde nedas

. —  s(j) s(i)
)= W, — —
es(i,]) @(i.1) aa a0

where we consider only the pair {i,j} wheni j. For asignal c living on the graph edges, the adjoint
of the gradient :RIFl RVl called divergence can be written as

A—— T
GC(I)_i j W(i,j) WC(I'I) WC(I,J)-

The Laplacian corresponds to the second order derivative and its de nition arises fromLs:= , gs.
Finally, the graph can be characterized using a normalized or unnormalized graph Laplacian. The
normalized graph Laplacian L, de ned as

N

L,=D (D W)D z=1 D :WD

where D is the diagonal degree matrix with diagonal entries D(i,i) =d (i) and | the identity matrix.
The un-normalized Laplacianisde nedasL=D W.

Since the Laplacian L or L, is by construction always a symmetric positive semi-de nite operator, it
always possesses a complete set of orthonormal eigenvectors which we denote with P. For convenience,
and without loss of generality, we order the set of eigenvalues asfollows: 0= o< 1 2

n 1= max. When the graph is connected, there is only one zero eigenvalue. In fact, the multiplicity
of the zero eigenvalue is equal to the number of connected components. See for example [21] for more

12
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details on spectral graph theory.

1.5.2 What does agraph portray?

As already described, a graph G is characterized by its weight matrix W and a Lapalcian L. Each entry
W (i, j) of the weight matrix contains information about the strength of connectivity between the nodes
i and j. The stronger is this weight, the smaller is the distance between the nodes on the manifold.
Thus, pairwise relationships between the nodes of a graph give us information about the geometry
of the manifold [2]. Furthermore, the Laplacian L of a graph G is analogous to the Laplace Beltrami
operator on the manifolds, as shown in the seminal work of Belkin et. al. [2]. Thus, a graph can be used
as a way to discretely characterize a continuous manifold.

1.5.3 Graph construction: A kyn-nearest neighbor graph

So far we have argued that a manifold can be characterized via a graph G. For a given application, the
data can either naturally arise in the form of a graph, such as for the case of a social network, where
each node models a user and the edges between different users depict that they are in each others
social circle. However, for many applications, the data is unstructured, i.e, it does not come with a
natural graph. One might want to construct a graph from the data in such cases.

There can be many ways to construct graphs, see e.g, Ch.4 of [22] or Section 2 of [2]. However, for the
purpose of this thesis, we are concerned with a kn,-nearest neighbor graph G. Consider the example
of a data matrix Y RP ", then, assuming that each column of Y is a signal on the graph node, a
knn-nearest neighbors graph needs to be built between the columns of the matrix Y . Such a graph can
be built using a three-step strategy as follows:

1. Nearest neighbors search: Inthe rststep the search for the closest neighbors for all the samples
is performed using some distance metric. Depending on the application and dataset, several
distance metrics are possible. For example, a Euclidean distance metric is a good choice for a
graph between images and a correlation distance for a graph between time series. Thus, each
Y (i) is connected to its kn, nearest neighbors Y (j), selected based on the smallest distance,
resulting in |E| number of connections. Note that for our speci ¢ example of n-node graph,
[El  nknn.

2. Weight matrix computation: In the second step the graph weight matrix W is computed as

; 2
exp LZY(J)Z if Y (i) isconnected to Y (j)

Wi, j)=
otherwise.

The parameter can be set experimentally as the average distance of the connected samples.

3. Graph Laplacian: Finally, the third step consists of constructing the normalized graph Laplacian
L=1 D Y2wpD 1/2, or the unnormalized oneL =D W, where D is the degree matrix. This
procedure has a complexity of O (n|E]).
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1.5.4 Graphembedding: Non-linear dimensionality reduction

Given a graph G, it is often of interest to obtain the low-dimensional embedding of the data on a
manifold, such as the one visualized in Fig. 1.2. In contrast to the standard PCA for a dataset, a graph
embedding, computed from a data graph provides a non-linear r -dimensional embedding of the data
on the manifold, wherer  n. Hence, a graph embedding corresponds to non-linear dimensionality
reduction. Several state-of-the-art methods exist for this purpose, which include but are not limited to
Laplacian Eigenmaps (LE) [2], Locality Preserving Projections (LPP) [23] and Locally Linear Embedding
(LLE) [24]. While, we do not describe these methods in detail here, we point out that a majority of these
methods rely on the r -Eigenvalue Decomposition (EVD) of a normalized or an unnormalized Laplacian.
For aLaplacianL R" ", constructed between the columns of amatrixY RP ", the EVD is given as:

L=P P,

where the eigenvalues ¢ 1 e n 1. The rstr eigenvectors P, contain information about the
geometry of the data on an r-dimensional manifold.

Itis also interesting to point out that the complete set of eigenvectors P R™ " correspond to the graph
Fourier atoms [20]. One can then perform a Graph Fourier Transform (GFT) for a matrix Y as follows:

Y=P Y.

The embedding methods, based on the graph eigenvectors are not limited to 2D matrices only. One
of the rst extensions for tensors appeared in [25] as Tensor Subspace Analysis. Several variants of
this approach have been proposed for unsupervised and supervised dimensionality reduction since
then. For example, the authors of [26] proposed a discriminant LLE method for tensors which uses two
graphs, one to ensure the same behavior as LLE and the other to enforce class strucure between the
embedding. The authors of [27] propose a multilinear graph embedding method and its kernel variant
which uses the same two types of graphs as [26]. The authors of [28] propose a tensor based patch
alignment method for hyperspectral data and those of [29] propose a semi-supervised framework for
tensor based graph embedding.

1.6 Motivation: Non-linear Low-rank Structure & Scalability

Having described the linear and non-linear faces of dimensionality reduction in terms of PCA and
graphs, we are now ready to have a rst glimpse at the type of problems targeted in this thesis and the
motivation behind them. For this purpose we recall:

Examples of linear and non-linear low-rank datasets from Section 1.1.1. We argued why a single
linear subspace might not be a satisfactory assumption for many datasets.

PCA based applications can be computationally cumbersome: For a matrix of size p  n, Robust
PCA scales with O (p2n) per iteration. This problem is even more severe for tensors. For a tensor
Y R" " N TRPCAscalesas O(n).

Given an r -dimensional graph embedding, there is no method to obtain r-dimensional principal
components (PCA based embedding) or r-dimensional linear subspace. A computationally
inexpensive method for this task can be used to perform inexpensive subspace updates in the
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linear low-rank approximation problems such as Robust PCA, eliminating the use of expensive
SVD updates.

Original data Noisy data RPCA via outlier pursuit Proposed

Figure 1.3 This gure shows the recovery of underlying clean low-rank structure of the noisy 2D or 3D manifolds using the
Robust PCA framework [1]. RPCA, which is a linear subspace recovery algorithm fails in all the scenario as it tries to reduce the
whole data to a point at the center of the manifold in an attempt to exactly recover the manifold. The last column shows the
approximate desired behavior for each of the cases.

While, the examples presented in Section 1.1.1 are cumbersome to visualize, we base our exposition
here on a set of very simple non-linear low-rank datasets, sampled from a manifold. In the rst column
of Fig. 1.3, we present some examples of 1 or 2 dimensional manifolds embedded in a2 or 3 dimensional
space. Given a noisy version of the samples in the space, the goal is to: 1) de-noise and recover the
underlying low-rank manifold if the data is low-rank, 2) simply de-noise the dataset and recover the
clean manifold if it is not low-rank.

We try to perform this task using the state-of-the-art algorithm Robust PCA (with an , data delity
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term) [1] from the regime of linear dimensionality reduction. This model has the tendency to exactly
recover the linear low-rank structure of the data. In very simple words the algorithm decomposes a
dataset into a low-rank and a noisy matrix.

The rst two rows of Fig. 1.3 show two different manifolds lying in a 2D-space. We add noise in the
third dimension and create an arti cial 3D data from these manifolds. The goal here is to de-noise and
recover the low-rank manifold in 2D. The Robust PCA (RPCA) framework, which is a linear subspace
recovery algorithm totally fails in this scenario. It can be seen that it tries to reduce all the data points
to a single point in the center of the manifold.

Next, consider the datasets shown in the third, fourth and fth rows of Fig. 1.3. Here, the manifolds
are not low-rank, i.e, they only lie in the 2D space and the noise is introduced in the same dimensions.
Apparently, this task is easier than the rst one because it only involves de-noising. Again we use RPCA
to recover the manifold. We observe it fails in this task as well.

The last column of Fig. 1.3 shows what we would approximately like to achieve for each of these datasets.
Clearly RPCA is far from achieving the goal. One can simply argue that RPCA can only extract linear
structure from the data so it is supposed to fail in such a scenario. The argument is entirely true. It
is possible to use some non-linear dimensionality reduction algorithm, like the LE framework but it
would recover the low rank structure of the manifold in a low-dimensional space.

To be more precise, given the principal components and principal directions, it is straight-forward
to do the inverse operation, i.e, go back to the data domain. However, given a graph and embedding,
one cannot go back to the data domain, due to non-linearity of the operation. Thus PCA has an
interpretation both in the data space and low-dimensional space, however, it does not capture the
non-linearity of a manifold.

Thus, currently we do not have algorithms that would simultaneously de-noise the data, recover the
manifold and as well as extract the low-rank structures in the data space itself. We need a framework
to recover low dimensional manifold structure in the original space of the data points. It should be
highly scalable to deal with the datasets consisting of millions of samples that are corrupted with noise
and errors. We should also be able to explore relationship between graph based non-linear embedding
and PCA based linear embedding. This thesis broadly deals with a class of algorithms which solve such
problems, all under one framework, using simple, yet very powerful tools, i.e, graphs.
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1.7 Goals of this thesis

We now present the problem statement and goals of this thesis in a formal manner.

(OUR GOALS: Given a high dimensional big dataset (matrix or tensor) that follows some\
unknown linear or non-linear structure in the low-dimensional space,

1. devise an inexpensive method to recover the linear embedding from the non-linear
embedding for this dataset.

2. recover the underlying linear or non-linear low-rank structure in the data space via
highly scalable and ef cient algorithms, which makes implicit or explicit use of the

\ above method. )

Note that the two goals are inter-related, specially for the case of linear low-rank approximation
problems, such as Robust PCA. Such a method uses an SVD in every iteration to update the linear
subspaces. If we devise an inexpensive method to update the linear embedding from the xed non-
linear embedding, then we can use it to avoid doing an SVD in every iteration of Robust PCA. This will
become more clear in the later chapters of the thesis.

DATA GOALS EVALUATION METRICS
/ Low-rank manifold
recovery

Low-rank & sparse Qualitative and quantitative
decomposition comparison with ground truth

Low-rank noisy
dataset on a linear

/ non-linear
manifold

] K-means on low-rank or
‘ clustering embedding in low-dimensional

space
KVia scalable algorithm/

Figure 1.4 A summary of the main goals, applications and evaluation schemes used in this thesis.

Low-rank matrix and tensor approximation span a wide variety of applications, such as matrix and
tensor completion [30], [31], [32], [33], [34], [35], [36] . [37]. [38], [39], [40], [41], convolutional neural
networks and sparse coding [42], [43], [44], [45], learning the data structure via multiple subspaces [46],
latent low-rank representation [47], [48], transfer learning [49], subspace clustering [50], dynamical
system modeling [51], such as human behavior modeling [52], dynamic Magnetic Resonance Imaging
Reconstructions [53], [54] and many others. However, throughout this thesis, we will use the following
two applications to evaluate our methods in terms of their linear and non-linear manifold modeling
capabilities.

1. Low-rank and sparse decomposition for several datasets. Recall from our previous discussion
that scalability is a primary issue for standard methods, such as matrix and tensor based Robust
PCA, which involve iterative SVD in every iteration. We will propose scalable but approximate
methods for this purpose and perform a qualitative evaluation of the recovered low-rank matrix
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and tensors in this context. The importance of this application is already evident from the
discussion in terms of various examples in the previous sections of this chapter.

Furthermore, due to the lack of non-linear benchmark datasets, these experiments will be
compared with other linear state-of-the-art methods on the standard benchmark datasets. Hence,
this application will highlight the linear modeling capability of our proposed approximation
problems.

2. Clustering of the data in data space or low-dimensional space. We will perform a quantitative
evaluation of the clustering quality of our method by performing K-means on the low-rank matrix
or the low-dimensional embedding. It is crucial to point out here that the clustering is not a
standard application of PCA, because PCA is just a feature extraction method. However, clustering
experiments had been widely adopted as a standard procedure to demonstrate the quality of the
feature extraction methods [55], [56], [6], [57], [5], [58], [3]. Furthermore, a theoretical analysis
of our proposed methods for low-rank and sparse decomposition will show that clustering is a
by-product of our methods.

Recall that clustering corresponds to partitioning of data on a union of low-dimensional sub-
spaces or on a smooth low-dimensional manifold. Therefore, this application will highlight the
non-linear manifold modeling capability of our proposed approximation problems.

Fig. 1.4 visualizes the goals, applications and evaluation metrics for this thesis with a simple illustration.

1.8 Proposed Methodology & Thesis Contributions

In order to achieve the goals of this thesis, we look at the low-rank approximation problem in an entirely
novel way, from the perspectives of graphs. Unlike many other state-of-the-art methods, discussed in
Chapter 2, which incorporate graph regularization into the PCA framework, to get the best of linear
and non-linear worlds, we study the relationship between linear and non-linear embeddings. More
speci cally, we explore if it is possible to extract low-rank structures without explicitly enforcing low-
rank constraints, via graphs only. Based on our study, we propose a new low-rank signal model, which
uses graph information, in the form of graph eigenvectors to encode or factorize a low-rank matrix
or tensor. Based on this model, we propose a plethora of approximation problems which use graph
eigenvectors or graph regularization to approximate low-rank matrices and tensors. Thus, we have at
our disposal, the following ingredients:

knn-nearest neighbor graphs
First k graph eigenvectors

graph regularization prior

It is important to remark here that we compromise the exactness of the recovery provided by the
state-of-the-art algorithms, such as PCA and Robust PCA. While, it seems to be a drawback of our work,
we recall that this is the price that we have to pay to make our algorithms scalable, a key goal of this
thesis. Dropping the low-rank constraints either alleviates the non-convexity or the computational
complexity of low-rank and sparse decomposition algorithms. This will be made clear in the following
chapters. Furthermore, we also recall Fig. 1.3, where we saw that even though our proposed framework
(rightmost column) is approximate, it does recover non-linear low-rank structures much better than the
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PCA based methods in certain cases. Although, the bene t of scalability and non-linear low-rankness,
comes at the price of loss of exactness, compromising on the exactness of recovery might be useful for
many applications.

Finally, the use of graphs is not only limited to recover non-linear low-rank structures but is also tied to
the scalabiltiy aspect of our proposed solutions. We will make this connection clear in the later chapters
of this thesis. Simply, put, our proposed solutions exploit structure or the intrinsic non-linearity along
the different dimensions of the datasets and this property automatically comes with the scalability of
these algorithms as well. Thus, joint incorporation of structure and scalability is the primary reason we
choose graphs over a variety of other methods available in the literature (Chapter 2).

This thesis is divided into three different parts and each part contains a set of chapters as follows:

1.8.1 Partl: Introduction, Background & Motivation

This part of the thesis comprises of Chapters 1 and 2. Chapter 1 served as an introduction to the thesis
and laid down the foundation in terms of linear and non-linear dimensionality reduction. The pros and
cons of both were discussed. It was argued that low-rank approximation falls under the broad category
of dimension reduction. Several examples of low-rank approximation were presented, both for the
cases of matrices and tensors. The goals of this thesis, i.e, to recover linear and non-linear low-rank
structures and study the relationship between linear and non-linear embedding were stated. Finally, it
was stated that we would like to achieve the goals by using various graph based ingredients, such as
graph eigenvectors and graph priors, without the explicit use of low-rank constraints, for the purpose
of scalability.

Chapter 2: Related Work & Terminology

Chapter 2 introduces important notation and terminology that will be used throughout the thesis. It
also provides a detailed literature review on the different types of low-rank approximation methods for
matrices and tensors, which incorporate structure in the form of graph. The short-comings of each of
these methods are discussed.

1.8.2 Partll: Proposed Low-rank Decomposition Model

Part 11 of the thesis comprises of Chapters 3 and 4 and corresponds to the main contributions of this
thesis.

Chapter 3: Multilinear Low-rank Tensors on Graphs

Chapter 3 introduces our novel low-rank matrix and tensor decomposition model Multilinear low-rank
tensor on graphs (MLRTG) which states that a low-rank tensor can be encoded as a multilinear combi-
nation of the graph eigenvectors. The eigen-gap assumption underlying MLRTG and its implications
such as approximate graph stationarity, low-frequency power concentration and k-clusterable nature
of the tensor along each of the modes are discussed in detail. The signal model is justi ed with a few
real world examples and methods to generate arti cial MLRTG are discussed. Finally, the utility of
constructing graphs across the different modes of the tensor is explained.
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Chapter 4: From graph basis to PCA basis: Graph Multilinear SVD

Chapter 4 introduces the notion of Graph Multilinear SVD - an alternative to the standard SVD method,
using the MLRTG framework of Chapter 3. The GMLSVD method is derived both intuitively by con-
sidering an example of a real world low-rank tensor and as well as mathematically from the MLSVD
algorithm. This method provides a mechanism to extract PCA based linear embedding from the graph
based non-linear embedding. As the non-linear graph based embedding is xed, the linear embedding
can be updated via low-cost operations on it. This is useful for de ning a plethora of graph based
matrix and tensor low-rank approximation problems in the next part of the thesis.

1.8.3 Partlll: Proposed Approximation Methods & Applications

Based on the MLRTG and GMLSVD framework, this part, which comprises of Chapters 5, 6 and 7
presents three different matrix and tensor based scalable approximation problems for the applications
of low-rank and sparse decomposition and clustering of datasets in low-dimensional space. Our
proposed approximation problems fall into two categories:

Those which make implicit use of the GMLSVD framework via graph Dirichlet / smoothness
priors (explained later).

Those which make explicit use of the GMLSVD framework, i.e., the graph eigenvectors of each of
the modes of the tensor.

Chapters 5 and 6 present the matrix based approximation problems Fast Robust PCA on Graphs
(FRPCAG) and Compressive PCA (CPCA), which are meant for the cases when the number of samples
n and the features p are very large and one can afford to lose the exactness of the representation for
gain in speed. In this context, these methods fall under the rst category, as computing the graph
eigenvectors and tuning the size of subspaces can be cumbersome. Chapter 7 presents tensor based
approximation problems for which n is not very large but n®, where d is the number of modes of the
tensor is large. Such methods can afford to explicitly use the eigenvectors as their computation is not
expensive and scales linearly with the size of the tensor mode (n).

Chapter 5: Fast Robust PCA on Graphs

Fast Robust PCA on Graphs (FRPCAG) is the rst of the series of approximation problems for low-rank
and sparse decomposition of matrices. As already mentioned earlier, the method implicitly makes use
of the GMLSVD framework via a dual graph Itering approach to jointly Iter the rows and columns
of a matrix and extract an approximate low-rank representation, without the use of a nuclear norm
operator. A detailed theoretical analysis has been carried out which quanti es the approximation error
in terms of the eigen-gap of the row and column graph Laplacians. The method scales linearly with
the number of elements in the matrix. Experiments on static background separation from dynamic
foreground and clustering of the low-rank features are presented.

Chapter 6: Compressive PCA on Graphs

Compressive PCA on graphs (CPCA) is a highly scalable extension of FRPCAG for matrices which
involves randomly sampling the rows and columns of the data matrix based on novel graph based

20



1.8. Proposed Methodology & Thesis Contributions

coherence measures. Similarly to FRPCAG, the method brings the GMLSVD framework into use
implicitly. A restricted isometry property is introduced for MLRTG which quanti es 