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Abstract

Ultrasound (US) imaging is currently living a revolution. On the one hand, ultrafast US imaging,
a novel way of acquiring and producing US images, has paved the way to several advanced
imaging modes, e.g. shear-wave elastography, ultrafast Doppler imaging and ultrafast contrast
imaging. On the other hand, the mass adoption of mobile commodity devices pushes towards
portable US imaging. These new paradigms require to rethink the imaging pipeline and come
with a myriad of new challenges in terms of data rate, power considerations as well as software
and hardware design. In this thesis, we explore several inverse problems related to these
challenges, with an emphasis on data-rate reduction for imaging and localization.

We follow the view of considering pulse-echo US imaging as a tomographic image reconstruc-
tion problem where sensor measurements can be seen as projections onto quadric surfaces.
By appropriate parameterization of these surfaces, we devise efficient formulations of the
measurement model associated with the image reconstruction problem and pave the way to
large scale regularized US imaging.

We introduce USSR, an UltraSound Sparse Regularization framework, which exploits the
measurement model in the context of convex optimization algorithms. We describe three ap-
plications, namely sparsely regularized beamforming where high-quality images are obtained
with few insonifications, compressed beamforming which aims to decrease the amount of data
collected per insonification, and image restoration which exploits a model of non-stationary
blur to enhance already reconstructed images.

We suggest a compressive multiplexing approach for US signals. Such a technique achieves
high-quality imaging with significantly fewer coaxial cables connecting the probe to the imag-
ing system than existing methods. The compression is based on the compressive multiplexer,
an analog compressed-sensing architecture, and the reconstruction relies on convex optimiza-
tion algorithms. We propose two methods which exploit different low-dimensional models of
US signals, namely the bandpass signal model and the pulse-stream model.

We tackle the problem of localizing strong reflectors, with potential application in non-
destructive evaluation and contrast-enhanced US imaging. We suggest a threefold approach
composed of a time-of-flight (TOF)-sensing step, a TOF-labeling step and a localization step,
which is capable of recovering the locations of strong reflectors with significantly fewer trans-
ducer elements and less sensor measurements than existing techniques.

By exploring innovative methods for imaging and localization, this work contributes to a next
generation of US imaging devices which will benefit from ultrafast US imaging to integrate
advanced imaging modes into more and more compact systems.
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Résume

L'imagerie ultrasonore (US) vit actuellement une profonde mutation. D’une part, I'imagerie
échographique ultrarapide a révolutionné la maniere dont les images sont formées, ouvrant la
voie a de nouveaux modes avancés d’'imagerie comme I'élastographie shear wave, I'imagerie
ultrarapide du flux et I’échographie ultrarapide de contraste. D’autre part, I'adoption massive
des appareils mobiles a fortement poussé le développement d’une échographie de plus en
plus portable. Une myriade de nouveaux défis techniques sont apparus en termes de transfert
de données, de consommation électrique et de design logiciel et matériel. Cette thése explore
différents problémes inverses liés a ces nouveaux défis, et plus particulierement a la réduction
du débit de données, pour des applications d’imagerie et de localisation.

Dans un premier temps, nous revisitons I'imagerie échographique “pulse-echo” comme un
probléme de reconstruction tomographique. Les mesures acquises par les transducteurs
échographiques sont interprétées comme des projections sur des surfaces quadriques, dont la
forme dépend de la configuration d’imagerie. Nous dérivons ensuite des formulations efficaces
et sans matrice pour évaluer le modéle linéaire de mesure associé a notre probleme inverse.
Ces derniéres, basées sur une paramétrisation des surfaces quadriques impliquées dans les
projections, sont clés dans I'utilisation de méthodes itératives pour résoudre le probleme
inverse.

Dans un deuxieme temps, nous introduisons “USSR : an UltraSound Sparse Regularization
Framework”, qui exploite le modéle de mesure introduit précédemment au sein d’algorithmes
d’optimisation convexe, en vue de résoudre trois problémes inverses différents. Le premier
concerne la formation de voies régularisée par parcimonie dans lequel des images de haute
qualité sont obtenues avec peu de transmissions. Le deuxieme concerne la formation de voie
compressée ou I’'objectif est de réduire la quantité de données acquises par transmission. Le
troisieme concerne la restauration d’images et exploite un modeéle de flou non-stationnaire
au sein d’un algorithme de recherche de maximum-a-posteriori pour améliorer la qualité
d’images déja reconstruites.

Dans un troisieme temps, nous proposons un modéle de multiplexage compressé de signaux
US qui permet d’obtenir des images de haute qualité avec un nombre réduit de cébles co-
axiaux reliant la sonde a I'appareil d’imagerie. La compression est basée sur le “compressive
multiplexer”, une architecture analogique d’acquisition comprimée, et la reconstruction uti-
lise des algorithmes d’optimisation convexe. Nous suggérons deux techniques qui explorent
différents modeéles basse dimension des signaux US : le modele passe-bande et le modele de
train d’'impulsions.

vii
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Dans un dernier chapitre, nous abordons le probléme de la localisation de réflecteurs forts,
avec des applications en contréle non-destructif et en échographie de contraste. Nous propo-
sons une approche composée de trois étapes : la détection des temps de vol, I'assignation des
temps de vol a des réflecteurs et la localisation des réflecteurs. Celle-ci est capable de localiser
des réflecteurs avec un nombre significativement réduit de transducteurs échographiques et
d’échantillons acquis par transducteur, comparé aux méthodes existantes.

Ainsi, en exploitant des méthodes innovantes d’imagerie et de localisation, cette thése contri-
bue a I’échographie de demain, qui bénéficiera de I'imagerie ultrarapide pour intégrer des
modes avancés d’imagerie dans des appareils toujours plus compacts.

Mots clés: Imagerie ultrasonore, Imagerie échographique ultrarapide, probléme inverse,

acquisition comprimée, optimisation convexe, parcimonie, parcimonie jointe, finite rate of
innovation, matrice des distances Euclidiennes.
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(8 Introductory Notes

Quelle que soit la cause déterminante,
toutes les fois qu’un cristal hémiedre a
faces inclinées, non conducteur, se
contracte, il y a formation de pdles
électrigues dans un certain sens; toutes
les fois que ce cristal se dilate, le
dégagement d’électricité a lieu en sens
contraire.

Comptes rendus de I’Académie des
Sciences, séance du 2 ao(t 1880
Pierre and Jacques Curie

In the last decade, the field of US imaging has lived a revolution driven by two main technical
breakthroughs. The first one is the democratization of ultrafast ultrasound (UFUS) imaging
which has completely changed the way US imaging is performed. While conventional US
imaging builds an image from multiple focused beams, UFUS proposes to exploit plane wave
(PW) and diverging wave (DW) insonifications. This has a significant impact on every stage of
the US imaging pipeline but more specifically on image reconstruction where beamforming
based on scan-lines has been replaced by fully parallel pixel-based beamforming. UFUS
imaging permits to perform US imaging at a frame rate of a few kHz which paves the way to a
myriad of novel clinical applications, e.g. ultrafast Doppler imaging, shear wave elastography
and functional US imaging of the brain activity.

The second breakthrough is the development of portable US imaging impulsed by the mass
adoption of mobile commodity devices, e.g. smartphones and tablets. From a technical point
of view, this requires a complete redesign of the US imaging system, in which the data would
be digitized early in the acquisition process, in the head of the probe.

Hence, US imaging is living a complete mutation and many new signal processing challenges
have appeared, especially on the ability to perform high-quality imaging with as few insonifica-
tions as possible. In this thesis, we study various inverse problems related to these challenges.
Our goal is to provide a mathematical formalism of the physical process underlying US imag-
ing as well as an understanding of the nature of US signals in such a way that appropriate
methods are leveraged to solve these inverse problems.



Chapter 1. Introductory Notes

In this chapter, we propose a historical introduction of US that will be useful to understand
the current challenges and the motivations of the thesis, described in a second section. Finally,
we briefly introduce the different chapters of this thesis. We detail the specific challenges
addressed in each of them as well as the methods developed to solve the related issues.

1.1 ABrief History of Ultrasound

1.1.1 Early Discoveries: From Sound to Ultrasound

Sound is probably as old as the Universe. It has been used by animals and later humans
to communicate, locate and identify objects. Acoustics, which comes from the greek word
akouein (to hear), is the science of sound. Ancient Greeks and Romans were deeply interested
in the physics of sound waves which is reflected by the fine acoustics of antique theaters.
Pythagoras, mostly known for his famous theorem, studied vibrating strings and sounds.
He discovered that it was possible to produce sound with different frequencies by splitting
vibrating strings.

The first writing about acoustics comes from Vitruvius, a Roman architect, who wrote in its De
Architectura [1]:

We must choose a site in which the voice may fall smoothly, and not be returned
by reflection so as to convey an indistinct meaning to the ear.

Much of early works in acoustics were related to music. Galileo, Sauveur and Taylor worked
on the vibrating string and especially on the relation between the length of the string and the
frequency of the emitted sound wave. This research has culminated with the work of Bernoulli
who described a partial differential equation for the vibrating string.

Acoustics have made enormous advances in the 19th century, impulsed by remarkable acous-
ticians such as Tyndall, von Helmholtz, Koenig, Stokes, Bell, Edison, and Rayleigh. The
contributions of the latter were fundamental with 128 publications among which the “Theory
of Sound” has settled the mathematical formalism to characterize sound waves.

The use of sound as a medical imaging modality has been firstly mentioned by Hooke (1605-
1703) which wrote:

There may also be a possibility of discovering the internal motions of the internal
parts of bodies, whether animal, vegetable, or mineral, by the sound they make;
that one may discover the works performed in the several offices and shops of a
man’s body, and thereby discover what instrument or engine is out of order, what
works are going on at several times, and lie still at others, and the like. | could
proceed further, but methinks | can hardly forbear to blush when | consider how
the most part of men will look upon this: but, yet again, | have this encouragement,
not to think all these things utterly impossible.

Spallanzani (1729-1799) firstly observed US waves by studying navigation of bats in the dark-
ness. He concluded that, in order to hunt at night, bats did not rely on their eyes but on
some other sense. However, he did not conclude that that other sense was hearing. Louis
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Jurine (1751-1819), a Swiss physician contemporary to Spallanzani, followed up the work of
the Italian naturalist and managed to discover that this other sense was hearing.

The real breakthrough that paved the way to systems based on high-frequency sound is the
discovery of the piezoelectric effect by Pierre and Jacques Curie in 1880. They discovered
that certain crystals accumulate electrical potential in response to mechanical stress. To
measure and illustrate such an effect, they built the “quartz piézo-éléctrique”, displayed
in Figure 1.2, which consists of a long and narrow quartz plate, whose two larger surfaces
were metalized. In order to quantify the piezoelectric effect, they used the particularities of
transverse piezoelectricity in quartz—the strain due to electric voltage along a perpendicular
direction—in which the resulting elongation of the crystal per volt is proportional to the ratio
between the crystal’s length and thickness.

o /J///’/lﬂﬁ”@
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Fig. 1.1. The Curie’s “quartz piézo-éléctrique”. Obtained from [2].

A year later, Lippmann deduced the reversibility of the piezoelectric effect from thermody-
namic principles.

1.1.2 Echo Ranging with Ultrasound: Everything Starts with the Titanic

Shortly after the Titanic sank (1912), underwater detection systems and sonar, whose acronym
holds for sound navigation and ranging, were developed for submarines navigation. The first
patent for an underwater echo ranging sonar was filed by Richardson, an English meteorologist,
one month after the sinking of the Titanic, and the first acoustical echo ranging system, the
Fessenden oscillator, appeared in 1914.

By the end of the World War I, the French physicist P. Langevin, a student of Pierre Curie, and
the Russian scientist C. Chilowsky, benefited from the recent discoveries of the diode and the
triode, the vacuum tube amplifiers, to construct the first powerful active echo-ranging system
which was later used to detect German U-boats. In 1917, they filed a patent, whose first page is
displayed on Figure 1.2, which described their system in details. The transducer that Langevin
used in the earlier days was a mosaic of thin quartz crystals glued between two steel plates (the
composite having a resonant frequency of about 150 kHz), mounted in a housing suitable for
submersion.

1.1.3 Ultrasound for Medical Imaging and Therapy
During their experiments, Langevin and Chilowski observed that the transmission of US waves
lead to death of fishes that floated at the water surface. This was the first recognition of the
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Oct. 23, 1928, 1,471,847
C. CHILOWSKY ET AL

PRODUCTION OF SUBMARINE SIGNALS AND THE LOCATION OF SUBMARINE OBJECTS

Filed May 19, 1917 2 Sheets-Sheet 3

Fig. 1.2. Image of the sonar patent filed in 1917 by Constantin Chilowsky and Paul Langevin.

destructive ability of US. Between the 1930s and the 1950s, intense research on the safety of
US and of its use as a therapeutic tool have been carried out. William Fry at the University of
Illinois and Russell Meyers at the University of lowa performed craniotomies and used US to
destroy parts of the basal ganglia in patients with Parkinsonism.

Ultrasonic energy was also extensively used in physical and rehabilitation medicine. Jerome
Gersten at the University of Colorado reported in 1953 the use of US in the treatment of
patients with rheumatic arthritis. Other researchers such as Peter Wells and Douglas Gordon
in England as well as Michele Arslan in Italy employed ultrasonic energy in the treatment of
Meniere’s disease.

In parallel, the possibility of utilizing US as a diagnosis tool has been investigated by many
researchers, based on the A-mode scanner used for flaw detection in metals. The A-mode,
which holds for amplitude mode, works as follows. A transducer sends a sequence of multiple
ultrasonic pulses into a region of interest. Backscattered echoes induced by impedance
variations are received and amplified by the system. An oscilloscope is used to display the
amplitude of such echoes as a function of time [3].

Using existing systems, Ludwig, a graduate student from the University of Pennsylvania, per-
formed experiments on an extensive amount of animal tissues, proposing different method-
ologies and frequencies. Its “June '49 report”, published in 1949, is considered the first report
on the diagnostic use of US in the United States. Later, he made an extensive number of
TOF measurements and discovered that the average speed of sound in tissue is 1540ms™, a
value still used nowadays. In 1953, Edler and Hertz detected heart motion using an A-mode
flaw-detection system and paved the way to “echocardiography”, the application of US to the
imaging of the heart [4].

A-mode was developed as a medical diagnosis tool based on echo-ranging systems. The first
attempt to perform US imaging has been achieved by the Austrian neurologist Dussik who
tried to locate brain tumors by measuring US wave attenuation through the skull. An example
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image obtained with his system is given in Figure 1.3.

Fig. 1.3. Image of the brain ventricles with Dussik’s system. Obtained from [5].

His paper [5], published in 1952, was precursor to many studies in the 1950s. Wild and
Reid proposed the first pulse-echo imaging system based on a hand-held US probe. The
main novelty compared to A-mode systems was the acquisition of multiple lines obtained
from different positions of the transducer elements, controlled either in a freehand form or
mechanically. For each position, a pulse is transmitted in the medium and backscattered
echoes are displayed. Thus, multiple scan lines are displayed whose amplitudes depend on
the depth. Because the brightness along each trace is proportional to the echo amplitude, this
display presentation came to be known as “B-mode,” with “B” meaning “brightness”.
B-mode imaging then became the standard US imaging modality with various scanning
methods such as translation, rotation or compounding (translation and rotation). First B-
mode scanners were commercialized, with commercial success for some of them like the
“Diasonograph”. This scanner was composed of an articulated arm onto which the transducer
was mounted, whose motion was monitored with a spatial encoder and static images were
displayed on a screen. Such a system weighted approximately one ton. With the revolution
of the transistor and the integrated circuits, scanners became more and more sophisticated
with increased dynamic range, gray scale imaging and memory capabilities. In the late 1970s,
millions of clinical examinations were performed annually using US imaging [6].

All the systems presented so far were static B-mode scanners, which were used to perform
a single image of the region of interest. However, the revolution of the electronics have
also allowed the development of real-time imaging systems. In 1965, Siemens developed
the Vidoson 635, the first real-time US B-mode imaging system, where a rectangle image
was obtained by rotating three transducer elements in front of a parabolic reflector. An
examination with the Vidoson 635 is shown on Figure 1.4(a).

The concept of multi-element electronic linear array has been firstly described by Buschmann
in 1964 and the first real-time scanner employing such a linear array has been invented in 1971
by Bom in Rotterdam, in which the multiple transducer elements were sequentially driven by
an electronic multiplexer, producing multiple scan lines. The system operated at a frequency
of 3MHz sweeping at a frame rate of 150 frames/sec. A year later, the earliest commercial
linear-array scanner, displayed on Figure 1.4(b) and denoted as the “Multiscan”, was produced.

11



Chapter 1. Introductory Notes

Fig. 1.4. Figure (a) shows a clinical examination with the Siemens Vidoson 635. Figure (b) displays the Multiscan
assembly.

Simultaneously and independently to Bom’s work, Leandre Pourcelot, a french engineer,
pioneered the use of US Doppler in vascular research and developed the first European US
Doppler velocimeter in 1963. In 1972, he developed, with his colleagues in Tours, one of the
first real-time US imaging systems based on linear scanning of a multi-element linear array.
In 1975, Von Ram and Thurstone, from Duke University, were able to produce real-time images
of the heart with a 16-channel phased array scanner built in their laboratory [7].

During the 1980s, array-based systems became the dominant modality for imaging and more
and more sophisticated systems with improved image quality were developed benefiting from
the apparition of application-specific integrated circuits (ASICs), digital signal processing
(DSP) chips, and the computer-aided design (CAD) of very large scale integration (VLSI)
circuits.

1.1.4 Ultrasound Imaging in the 21st Century

Since the 1980s, US imaging has achieved a tremendous growth with the development of both
the transducer technology and the electronics, e.g. microprocessors, low-cost analog to digital
converters.

In the beginning of the 21st century, Philips commercialized the first real-time 3D US scanner
based on a fully sampled 2900-element matrix array, where part of the image formation was
performed in the probe head. Nowadays, US scanners are equipped with advanced imaging
features such as

e Doppler, color-flow and vector imaging: Initially, Doppler shift US signals induced by
blood flow were displayed (and even heard) since they lie in the audio range. Such
information has important clinical impact on the diagnosis of malignant conditions
where tissue vascularity is increased. Nowadays, US imaging systems exploit more
advanced methods based on directional beamforming and speckle tracking. They
display vector-flow images where the blood-flow velocity is calculated in parallel for all
the pixels of the region of interest (See [8] for a detailed description).
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* Non-linear imaging: Non-linear US imaging is performed in two ways. In contrast-
enhanced imaging, microbubbles are injected intravenously as a contrast agent, and
their non-linear responses are exploited to image blood vasculature alone, strongly
decreasing tissue echoes. In tissue harmonic imaging, the non-linear propagation
properties of tissues are exploited, providing superior resolution. It is used clinically for
patients that are difficult to image, e.g. obese people.

 Tissue characterization features: Ultrasound tissue characterization can be defined as
“The assessment by US of quantitative information about the histological characteristics,
and pathological changes thereof, of biological tissues”[9]. The information extracted
from US signals consists of acoustic characteristics of tissues, i.e. the attenuation
and backscattering coefficients, both as function of frequency. Another application is
elastography which allows for the identification of elastic and visco-elastic properties
of tissues from the analysis of a sequence of US images [10]. The idea is to analyze
variations in the US signals (propagation of shear and longitudinal waves) induced
either by compression of the tissues (shear wave elasticity imaging) or by radiation force
excitation (acoustic radiation force impulse imaging). Higher wave speeds and smaller
displacements are associated with stiffer tissues, and slower wave speeds and larger
displacements occur with more compliant tissues.

1.1.5 The Revolution of Ultrafast Ultrasound Imaging

The history of US imaging is closely linked to the developments of echo-ranging techniques
and sonar, which were very active fields of research in the first half of the 20th century. First
B-mode imaging systems were derived from A-mode devices commercially available at that
time. In such systems, scan lines were sequentially constructed by mechanically sweeping a
transducer element. In the second generation of B-mode imaging devices, scan lines were built
by focusing multi-element arrays at various locations, leading to an increased signal-to-noise
ratio (SNR) compared to systems based on a single transducer element.

In UFUS, imaging is seen from a completely different perspective. Indeed, instead of transmit-
ting multiple focused waves to form scan lines, UFUS relies on the transmission of unfocused
waves in the medium. Each of these unfocused waves insonifies the entire medium such that
the backscattered echoes recorded by the transducer elements contain information of the
whole medium. The process of imaging, denoted as beamforming, amounts to decoding these
backscattered echoes in order to form a numerical image of the medium.

A neat way to understand UFUS imaging from a physical perspective, well explained by Tanter
and Fink [11], is through the lens of holography [11, 12]. In optics, holographic imaging
is performed into two steps described in the left part of Figure 1.5. In the first step, the
interference pattern between the scattered field from the object and a plane incident field is
recorded onto a holographic plate.

In a second step, the plate is illuminated with the complex conjugate of the incident field
which generates a hologram of the original image, i.e. the complex conjugate of the scattered
field, even though the object is not anymore present. The underlying idea of holographic
imaging is to encode the phase of scattered field, which is not directly measurable, into an
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intensity (of the interference pattern) on the plate. Then, the incident field can be seen as the
key necessary to decode the phase information from the printed interference pattern.

In US imaging, the concept of holographic imaging can be applied in a slightly different way.
Indeed, contrary to optical holography that relies on non-linear interferences to access the
phase information, holographic US imaging exploits the reversible properties of transducer
elements that are capable of recording both the amplitude and phase information of the
scattered field. Hence the element raw-data can be directly used to generate a hologram of
the object, without the need for the complex conjugate of the incident field, as described in
the right part of Figure 1.5.

In afirst step, an unfocused wave is transmitted in the medium whose backscattered echoes, i.e.
the scattered field, are recorded by the transducer elements. By reversing the echoes (phase
conjugation) and transmitting them in the medium, we construct a field that re-focuses
optimally on the object of interest. Such a time-reversed propagation, introduced by Fink [13]
for aberration correction and therapy, can also be used to synthesize a virtual image of the
medium, in the so-called beamforming process.

Step 1 Step 1

[ Ultrasonic Array
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Step 2 Step 2
-\'.‘ N _,.-; ) R \ [ OTtrasonic Array |
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S “\ \ /
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1 T T
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Fig. 1.5. Analogy between the two steps involved in (a)-optical holography, (b)-time reversal ultrasound imaging
and (c)-ultrafast ultrasound imaging. Obtained from [11] with permission. © 2014 IEEE
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The term “ultrafast ultrasound” has been introduced in 1977 [14], in a seminal work by
Bruneel et al. in which the authors managed to obtain B-mode images at 1 kHz, based on
the interaction between light and sound waves. Two years later, the same group managed to
reconstruct an entire virtual image with parallel analog beamforming, at a rate of 1 kHz [15].
Since then, UFUS has drawn strong interest from the US community. Two approaches have
been developed in parallel (and concurrently), namely synthetic aperture (SA) imaging and
PW (or DW) imaging. In SA imaging, every transducer element is used to transmit a spherical
wave in a sequential manner, and a low-quality image is reconstructed by beamforming of the
backscattered echoes. In a final step, the low quality images are recombined to form a high
quality image [16-19]. Such approaches were not coined as “ultrafast” since they require as
many insonifications as conventional beamforming to obtain images of sufficient quality.
Another drawback of these approaches is the low penetration of single-element transmissions
which lead to poor SNR when imaging deep tissues. In order to address the latter, methods
based on DWs, where the virtual point source was located behind the probe, have been
developed, allowing the use of subapertures instead of a single element [18].

In PW imaging, the transducer elements are excited in such a way that a planar wavefront is
transmitted in the medium. The idea has been introduced by Lu et al. [20] under the appel-
lation “non-diffractive” beam. In their work, they proposed a Fourier-based beamforming
method where the image reconstruction is achieved through a remapping in the Fourier
domain (non uniform Fourier transform) similar to migration techniques in seismic imag-
ing [20-23]. In the beginning of the 2000s, Fink’s research group in Paris demonstrated that
PW imaging associated with parallelized digital beamforming implemented on graphical
processing units (GPUs) might lead to B-mode imaging at several kHz frame rate [24, 25].
Since then, UFUS has been extensively developed and it is now a quite mature technology.
It has paved the way to several groundbreaking clinical applications of US imaging such as
shear-wave elastography [24-26] and ultrafast Doppler imaging [27]. See [11] for an exhaustive
review of the applications of UFUS in biomedical imaging. Since 2008, ultrafast PW imaging
has been implemented in the Airexplorer™ system developed by Supersonic Imagine. Itis
also implemented in the Verasonics Vantage™ research system.

1.2 Several Challenges in Ultrasound imaging

1.2.1 Gaining More Physical Understanding of Ultrafast Ultrasound Imaging

The evolution of US imaging in the 20th century has been driven by technical breakthroughs,
especially in the field of electronics. Most of the researchers, interested in studying the
potential use of US in medical imaging and therapy, exploited existing echo-ranging devices
to perform their research. Hence, the B-mode imaging pipeline, even in recent US imaging
devices, is strongly influenced by the way A-line scans were originally acquired in echo-ranging
systems.

System design in US imaging has been less driven by physical considerations than other
medical imaging modalities such as computerized tomography (CT) and magnetic resonance
imaging (MRI), which are based on strong mathematical foundations, maybe because of the
need for real-time imaging.
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Thanks to the work of Fink’s group on time reversal [13] and other related topics, UFUS imaging
has been introduced with some in-depth physical motivations. This is a first step towards
the understanding of UFUS imaging. But, it should be possible to go further and define a
forward model that would relate some quantity of interest to the set of measurements, in a
similar way to photoacoustic tomography and CT. This would allow us to gain substantial
understanding of the physics underlying the process of UFUS imaging and to revisit existing
imaging algorithms.

1.2.2 High-quality Ultrafast Ultrasound Imaging with few Insonifications

UFUS imaging has paved the way to a whole range of clinical applications. But, it suffers from
a degraded image quality compared to conventional imaging based on multi-focused beams.
Such a degradation is problematic since it may negatively impact any medical diagnosis
based on image features. The main reason of such a degradation is clear. Compared to the
case of focused waves where the energy is concentrated in a specific region of interest, the
energy of a PW or a DW is spread over the whole medium, resulting in lower SNR and poorer
spatial resolution. One way to address this problem consists in recreating a synthetic focus by
averaging multiple images obtained with different insonifications, in a process called coherent
compounding [28, 29]. While the implementation of such a technique is straightforward, it
requires multiple insonifications therefore reducing the frame rate. Coherent compounding
also proportionally increases the power required to form an image, which may be problematic
in challenging environments, e.g. systems operating on batteries. Hence, one active research
topic in the US community aims to obtain high-quality images with as few insonifications as
possible.

1.2.3 High-quality Ultrafast Ultrasound Imaging with a Reduced Number of Ele-
ments and Cables

While reducing the number of insonifications is key for UFUS imaging, we may also think
about reducing the amount of data per insonification necessary to reconstruct a high-quality
image. This may target two different applications, namely portable devices where the amount
of data to be transferred will be limited by the transfer rate of the digital cable, and 3D imaging.

Indeed, 3D imaging requires dense matrix arrays of several thousands of elements. Connecting
such a number of elements to the back-end computer would require an extensive number
cables, which is either unfeasible or prohibitively expensive. Nowadays, only few cumbersome
research systems are capable of directly connecting 1024-elements matrix arrays [30-32].

Hence, much research has focused on the reduction of the number transducer elements or
coaxial cables with application to 3D imaging. Most popular approaches are sparse-array
techniques, where the number of elements in receive is reduced, micro-beamforming where
part of the imaging process is achieved in the head of the probe, or time multiplexing. But
these methods come with a drastic reduction of the image quality in terms of either resolution,
contrast or frame rate. Hence, one active field of research focuses on the development of novel
techniques for data-rate reduction in US imaging.
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1.3 Roadmap of the Thesis
This thesis is based on five chapters that address various inverse problems related to the
challenges mentioned in Section 1.2.

Chapter 2 - Basic Notions of Ultrasound

In this chapter, we provide tools for the non-specialist to familiarize with US imaging. First,
we review the main functional components of a US imaging system, with a brief description of
each of them. We detail several essential steps of the imaging pipeline i.e. transmission and
reception of US waves, image formation and envelope detection. We also describe the main
features of US images and the quality metrics used to quantify some of these features. In a
last section, we describe in more details the delay-and-sum (DAS) algorithm used for image
formation in UFUS. We also describe the coherent compounding technique for enhanced
UFUS imaging.

Chapter 3 - Ultrasound Imaging as an Inverse Problem: A Time-domain Perspec-
tive

In this chapter, we revisit pulse-echo US imaging and demonstrate that it can be expressed
as a linear inverse problem. We first relate the element-raw data received by the transducer
elements to local fluctuations of speed of sound and density through a linear measurement
model defined via the well-known pulse-echo spatial impulse response model. This allows us
to properly define the inverse problem associated with pulse-echo US imaging.

Secondly, we derive the measurement model in the continuous domain for various configura-
tions, i.e. single emitter - single receiver, PW and DW imaging, for both 2D and 3D imaging.
We show that it can be seen as quadratic Radon transform along specific quadric surfaces,
whose shape depends on the configuration. This novel understanding allows us to revisit
standard image formation techniques through the lens of the mathematics developed for
the Radon transform. We specifically show that the DAS algorithm can be seen as a kind of
backprojection technique, by analogy with image reconstruction in CT. We also introduce a
novel formalism of the measurement model by appropriate parameterization of the quadrics.
Then, we propose a discretization scheme of the parameterized model that allows us to
provide efficient matrix-free evaluations of the measurement model and its adjoint, a key
aspect towards the exploration of alternative approaches to solve the inverse problem.

Chapter 4 - USSR: The UltraSound Sparse Regularization Framework

In this chapter, we introduce USSR: The UltraSound Sparse Regularization framework which
is based on two pillars: the measurement model introduced in Chapter 3 and the variational
regularization methods, the algorithmic tools used to solve the inverse problems involved in
this chapter.

We propose to address the following inverse problems:

e Sparsely-regularized beamforming where the standard image reconstruction process
is posed as variational regularization problem with the aim of increased image quality.
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We exploit a prior knowledge expressed as sparsity in a wavelet frame and solve the
optimization problem using off-the-shelf proximal gradient methods;

e Compressed beamforming where the objective is to rely on compressed sensing (CS)
principles in order to reduce the amount of data necessary to reconstruct a high-quality
image. To do so, we propose different undersampling strategies, evaluate their perfor-
mance in terms of CS-related quantities, and suggest a reconstruction algorithm based
on a similar approach to sparsely-regularized beamforming;

* Non-stationary blur modeling and image restoration where we show that non-stationary
blur in US imaging can be expressed as a composition of two operators, namely the
measurement model and the DAS operator. Based on the formulations described in
Chapter 3, we propose an efficient evaluation strategy of such non-stationary blur at
the discrete level. We use the proposed model in a restoration method which solves a
maximume-a-posteriori (MAP) estimation problem, based on a generalized Gaussian
distribution (GGD) prior for the image under scrutiny.

Chapter 5 - Compressive Multiplexing of Ultrasound Signals

We first describe a CS-based multiplexing method which aims to perform high-quality US
imaging with a reduced number of coaxial cables connecting the probe to the back-end system,
with an application to 3D imaging. The compression is based on an analog mixing of the
element-raw data from several transducer elements, that could be ideally performed in the
head of the probe. On the reconstruction side, we describe two methods based on different low
dimensional models of US signals. The first one exploit joint sparsity in the Fourier domain
with partially known support. The second one exploits sparsity in the pulse-stream model.
To make the proposed approach more robust in realistic scenario, we provide an algorithm to
estimate the pulse-echo waveform from compressed measurements. The technique solves
a “1/“»-blind deconvolution problem where both the pulse-echo waveform and the signal
representation are jointly estimated.

Finally, we propose a more theoretical contribution which deals with joint sparsity with
partially known support, i.e. recovery of joint-sparse signals where part of their support is
known a priori. We suggest recovery theorems which benefit from the knowledge of the partial
support to ensure perfect recovery under weaker conditions than existing results. We also
describe extensions of several rank-blind and rank-aware algorithms.

Chapter 6 - Ultrasound Localization at the Rate of Innovation

In this chapter, we target another problem which is the localization of strong reflectors in
US imaging, with application to flaws detection in non-destructive evaluation (NDE) or
localization of microbubbles in contrast-enhanced US imaging.

We start with a study of the degrees of freedom associated with the localization of a finite
number of point reflectors. We demonstrate that it is theoretically possible to retrieve the exact
locations of K point reflectors with 3 transducer elements and 2K = 1 uniform measurements
per element.
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We detail a localization method that is able to operate at such a critical sampling rate. The
technique is based on the following three steps:

1. TOF-recovery: For each transducer element, the TOFs of the pulses corresponding to
the different point reflectors are recovered. This is achieved by modeling the element-
raw data as a stream of pulse which can be sampled using the finite rate of innovation
(FRI) framework;

2. TOF-matching: After recovering the TOFs along multiple transducer elements, we find
ourselves with the unassigned distance geometry problem (uDGP). In this step, we
determine the TOF correspondence across elements. More precisely, we assign a label
to each TOF which corresponds to the point reflector from which the pulse originates.
To do so, we rely on the concept of Euclidean distance matrix (EDM) which has been
used for echo-sorting in acoustics [33];

3. Localization: We perform localization of each point reflector from the corresponding
labeled TOFs using a method inspired from multilateration.
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P4 Basics of Ultrasound Imaging

Diane, | have studied all of the major
imaging technologies over the last 25
years — CAT scanning, magnetic
resonance imaging, angiography, and
nuclear medicine. all of these
technologies are very complicated in
their own right. But among those, there
is no question in my mind that
ultrasound is the most difficult to learn.

ABC Primetime Live
Roy Filly

In this chapter, we introduce some basic concepts of US imaging, necessary for the under-
standing of this thesis. First, we briefly review the main functional components of a US
imaging device and the standard imaging pipeline. We then describe the main features that
characterize images obtained in US imaging and several metrics used to quantify the perfor-
mance of a US imaging system. Finally, we detail state-of-the-art image formation approaches
in UFUS imaging, i.e. DAS and coherent compounding.

2.1 An Ultrasound Imaging System in a Nutshell

2.1.1 Diagram of an Ultrasound Imaging System

In this section, we introduce the main functional elements of a US imaging system. These
notions are necessary for a non-expert to understand the process of image formation in a
modern US imaging device. Obviously, a real US imaging system is composed of far more
blocks than described here and we refer the interested reader to [34, 35] for more in-depth
descriptions. Moreover, since our goal is to give a general understanding of a US imaging
device, we point out that the arrangement of the components, as described in this section,
may slightly differ in actual systems.

The essential elements are displayed in Figure 2.1 and described below:

< Ultrasound Probe: The probe is the most important component of a US acquisition
system. Its function is to convert electrical signals to pressure waves and vice-versa by
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means of piezoelectric elements, called transducer elements. A well-designed probe
will be able to perform such conversions with as few artifacts as possible and with a
maximum efficiency.

TX analog interface: Interfaces the US probe during the transmission step (TX). It
generates the excitation signal (electrical signal used to excite the transducer element)
with an appropriate shape and voltage (transmit pulser) and sends it to the transducer
elements with appropriate delays.

RX analog interface: Interfaces the US probe during the reception step (RX). It performs
the pre-amplification, where the dynamic range of the received radio-frequency (RF)
signals is adjusted to the one of the system. It is also responsible for time-gain compen-
sation (TGC) which compensates for the attenuation of the US wave induced by the
propagation in the medium.

TX/RX controller: Controls the parameters related to the transmit and receive schemes
that are used by the TX and RX analog interfaces, e.g. the number of active elements,
the delays, apodization, or parameters for the TGC.

Analog-to-digital converters (ADCs): Perform the analog-to-digital conversion of the
echo-signals at a sampling frequency fs.

Beamformer: Performs the reconstruction of the RF image from the echo-signals. The
vast majority of systems employ the DAS beamforming algorithm to form the image.
Modern US systems embed a digital beamformer but this operation was performed
analogically in the old B-mode imaging systems.

Enevelope detector: Extracts the envelope signal from the RF image using Hilbert
transform or in-phase quadrature demodulation.

Post-processing and display: Stores the envelope image in display memory and per-
forms log-compression and scan-conversion for gray-scale display on a monitor. In
some cases, e.g. with convex probes, the scan-conversion may require a coordinate
transformation and interpolation from the polar sector to the Cartesian coordinates of
the display memory. The module may also embed some more advanced features such
as noise removal or speckle reduction.

TXanalog | TX-RX Post-processing
interface | controller & display
A
\ \
RX anal Envel
Probe > analog » ADCs »| Beamformer > elope
interface detector
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2.1.2 Transmission and Reception of Ultrasound Waves

The generation and reception of the US waves is achieved by the probe, which is an arrange-
ment of transducer elements, i.e. tiny pieces of piezoelectric material grouped in different
geometries, acoustically matched for propagation into soft tissues and connected electrically
to frond-end electronics.

The Piezoelectric Elements: The piezoelectric elements used in medical imaging are made
of a synthetic ceramic, most often a lead-zirconate-titanate (PZT). A rectangular shaped
transducer element is defined by a width (w), height (L) and thickness (d), from which the
fundamental resonance frequency is deduced as

_C

fo >’ (2.1)
where ¢ denotes the compressional speed of sound inside the crystal.
Thus, the desired fundamental resonance frequency is a key aspect in the fabrication of the
transducer elements since it conditions its thickness. For instance, to design a PZT transducer
element operating at 5 MHz, the thickness has to be set to 0.4 mm, given that the speed of
sound in PZT is around 4000 ms™.
In order to characterize a transducer element, we rely on the concept of acousto-electrical
impulse response hae (t), which corresponds to the pressure wave generated by the element
as a response of an electrical impulse —(t). In addition, quantitative spectral features are
provided in terms of center frequency f. and fractional bandwidth B defined as
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where f,, and f| are the upper and lower frequency corresponding to a loss of -6 dB compared
to the spectral maximum. Usually, the bandwidth is expressed as a percentage of the center
frequency.

Two representations in time and frequency of an example electro-acoustical impulse response
are given in Figures 2.2(a) and 2.2(b), respectively. They correspond to the transducer elements
of the Verasonics L11-5V probe. The center frequency is 7.8 MHz and the bandwidth is 60 %.
From Figure 2.2(a), we see that the transducer elements are able to transmit short acoustical
pulses, of a fraction of a &s, in the medium. We will see in next sections that the duration of
such pulses will impact the axial resolution of the resulting image as well as the penetration of
the US wave.

Fabrication of a US Probe: A US probe is fabricated from a single piezoelectric crystal
bonded with a matching layer and settled on a backing layer which is cut with a saw or by
any other mean, as shown in Figure 2.3(a). On top of the crystal, the matching layer provides
the interface between the piezoelectric crystal and the tissue. It is carefully designed such
that it minimizes the acoustic impedance mismatch between the piezoelectric crystal and the
human tissue.
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Fig. 2.2. Figure (a) presents the impulse response and Figure (b) displays the frequency spectrum of the Verasonics
L11-5V probe.

In afinal step, a connecting cable is added onto each element to ensure connection with the
front-end electronics. In linear- and phased-arrays, an elevation acoustic lens is glued on top
of the matching layer in order to focus the acoustical energy in the imaging area, resulting in
higher signal to noise ratio and improved image quality, as can be seen on Figure 2.3(b).
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Fig. 2.3. Figure (a) presents the multilayer structure of a probe and Figure (b) describes a 1D array probe with an
elevation lens. Obtained from [36] with permission.

Characteristics of a US Probe: A US probe is characterized by several quantities, namely,
the width (w in Figure 2.3(a)) and height (L in Figure 2.3(a)) of the transducer elements, the
pitch (p in Figure 2.3(a)) which is the distance between the centers of neighbouring transducer
elements and the kerf which is the cut width between the elements.

We differentiate three main types of multi-element probes, namely linear probes, convex
probes and phased-array probes, whose usage depends on the target application.

A linear probe (or linear-array probe), displayed on Figure 2.4(a), acquires data with a view
to forming rectangular images of the region of interest and is designed as wide as possible in
order to maximize the imaging area. It is characterized by a center frequency ranging between
2.5MHz and 12 MHz and a pitch equal to one wavelength. The elements have a width of
around one wavelength and their height is such that it allows to focus the acoustical energy in
the region of interest in the elevation direction. Such a probe is typically used for imaging of
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superficial structures (vascular examination) and in ultrasound-guided procedures where a
high resolution may be required.

In order to image wider field of views, one uses a convex probe where the elements are
arranged into a convex shape as shown on Figure 2.4(b). Such a probe is essentially a curved
linear probe, characterized by a center frequency ranging between 2.5 MHz and 7.5 MHz and
a pitch equal to one wavelength. tis used for abdominal examination and diagnosis of organs
with a wide field of view.

A phased-array probe, displayed on Figure 2.4(c), has a smaller footprint than linear and
convex probes with a pitch of a half wavelength. It usually works at lower center frequency
than linear probes ranging typically between 2 MHz and 7.5 MHz. The elements are about
half-wavelength wide. Such a probe is used to produce wide field-of-view images in regions
where linear and convex probes cannot be used because they are too large, e.g. for inter-costal
cardiac examinations.

(a) Linear-array probe. (b) Convex-array probe. (c) Phased-array probe.

Fig. 2.4. Examples of probes used in ultrasound imaging. Figure (a) presents a linear-array probe. Figure (b) shows
a convex-array probe. Figure (c) displays a phased-array probe.

2.1.3 Forming Images from Echoes: Digital Ultrasound Beamforming

In conventional US systems, a RF image is built sequentially as a set of N scan lines, where
each scan line is acquired by transmitting a focused beam in a subregion of the medium [28].
For a linear probe, each scan line represents a lateral section of the rectangular scan (Fig-
ure 2.5(a)) while for a convex or a phased-array probe, each scan line represents a sub-section
of the sector scan, as displayed on Figures 2.5(b) and 2.5(c).

(a) Rectangular sector scanned by a (b) Polar sector scanned by a convex (c) Polar sector scanned by a phased-
linear probe. probe. array probe.

Fig. 2.5. Sectors scanned by the different types of probes. Obtained from [34] with permission.
With focused beams, the image quality is optimal around the focal point and decreases
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progressively away from the focal distance. If the region of interest is not moving too fast,
multiple transmit focal points can be used for a single section in order to improve the image
quality.

Focusing in transmission is achieved electronically by applying a delay profile to the transducer
elements. Mathematically, consider a linear array made of N} transducer elements located at
pi ~ [Xi,0]” which receive echo-signals m; (t),i ~ 1,..., N)E.

£ ~
On transmit, we focus the ultrasound beam at a desired focal pointr¢ ~ xf,z¢ ~ by applying
the following delay profile:

ﬁzﬂ

Zs i 2$_'xiixf i1, N§, (2.3)

where ¢ denotes the speed of sound in the medium, supposed to be known and constant.

On receive, we rely on the DAS algorithm to estimate the brightness of reflectors at multiple
depths from the element-raw data recorded by the transducer elements. For every field point,
the DAS algorithm estimates the N}( round-trip TOF between the point considered and each
transducer element and sums the signals evaluated at these specific delays.

Formally, for a field pointr = [x, z]>, the amplitude b (r) is evaluated as

X i e
b(r)~ ai(r)mi ¢ r.pi , (2.4)

1

TN T B

¢ rpi trx r,pi trx 1LPi (2.5)
i ¢ i ¢ . i , -

where ttx r,pi andtrx r,p; thedelay in transmit and receive, and the coefficients a; (r),

i 7 1,...,N}, are apodization weights that can be used to reduce the side-lobe artefacts [37].

£
Continuing our example of the linear array, the round-trip TOF for a field pointr =~ x;,z ~
that belongs to the scan line of interest is given by [28]:

a1
2

¢ i
z 22 Xi 1 Xf ; (26)

i -
¢ rPi
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|

Hence, the brightness along the scan-line can be expressed as a function of time as
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where we use (2.4) withr = x¢,% .

b (1)~

%
aj (t)m; 0o
1 C

Eventually, the resulting RF image is written as the concatenation of the N scan lines leading
to

£ e
b(t)~ by(t),....bx, (t) . (2.8)
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2.1.4 Post-processing and Display

Due to spectral properties of the transducer elements, whose electro-acoustical impulse
response has a frequency content concentrated around the center frequency, the element-raw
data and the RF image are bandpass signals. Hence, each scan line can be expressed as a
baseband signal modulated at the center frequency as

+ . -
bs (1)~ Re by (t)e'@-ft7) (2.9)

where f. is the center frequency, * 2 [0,2..] accounts for the phase shift, and by, (t) is the
envelope signal.

While the oscillations of the element raw-data are essential to the beamforming process, we
are interested in extracting the envelope for display purpose because it is a smoother signal
that is more pleasing for the human eye.

Hence, we perform an envelope detection either by Hilbert transform or by in Phase-Quadrature
(1Q) demodulation. After the envelope extraction step, the envelope image is converted and
log-compressed with a given dynamic range and eventually displayed a gray-scale display in
real-time.

2.2 Important Features of an Ultrasound System

2.2.1 Radiated Field from an Ultrasound Array

A way to understand the behaviour of a US system consists in investigating the evolution of
acoustical fields radiated by the probe in space and time.

Since a US array is a diffractive aperture, the diffraction theory developed for light by Huygens,
Fresnel and later by Rayleigh and Sommerfeld [38], can be applied to the propagation of US
waves, assuming a continuous sinusoidal displacement of the sources. The diffraction theory
allows us to derive analytical formulations of the on-axis field variations, and of the far-field
distribution, for apertures with simple shapes, e.g. circular or planar apertures [39]. For more
complex shapes and other field positions, numerical integration of the contribution of each
element is necessary. Although such a theory may not be directly applicable to US imaging
due to the use of focused pulsed-wave excitations, it may help in understanding the general
characteristics of radiated patterns.

A fundamental feature of those fields is that they can be divided into two zones, the Fresnel
zone (or near field) where a complicated interference pattern is observed and most of the
energy is confined within a transducer radius, and the Fraunhofer zone (far field) where the
field is smoother and exhibits a spherical wave profile whose amplitude is modulated by the
Fourier transform of the aperture. The boundary between the two zones, for an aperture
of size a is usually given by 2 Anillustration of a typical US radiated field from a circular
aperture of radius a is given iF] Figure 2.6.

The on-axis variation of the field oscillates between maxima and minima, with a value of 0
infinitely far from the source. In the far-field, a large fraction of the energy is concentrated in
the main lobe, whose width is defined by the first off-axis minimum. The remaining part of
the energy lies in the sidelobes, which are often considered as noise.
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Fig. 2.6. On-axis radiated field of a planar circular source of radius a. Obtained from [34] with permission.

2.2.2 Spatial Resolution

The spatial resolution quantifies the ability of an imaging system to differentiate two close
points, which is intrinsically linked to the point spread function (PSF), i.e. the impulse response
of the imaging system. As an example, the spatial resolution of a diffraction system with a
circular pupil is given by the Rayleigh criterion [38]. Indeed, the Rayleigh criterion defines an
angle corresponding to the first zero of the order-one Bessel function of the first kind, which
characterizes the PSF of a circular aperture.

In practice, a common criterion used to quantify the spatial resolution is the full width at half
maximum (FWHM), defined as the distance between points at which the signal reaches half
its maximum value.

In US imaging, the PSF is highly asymmetrical and we usually differentiate axial from lateral
resolution. The axial resolution, also called longitudinal resolution, is defined for reflectors
located parallel to the direction of propagation of the US beam. It is closely linked to the length
of the US pulse transmitted in the medium and is commonly defined as follows [34]:

Axial resolution ~ Half length of the pulse envelope at some

defined level below the peak £ speed of sound.
For a pulse with a Gaussian-shaped envelope and a speed of sound of 1540 ms™, the axial
FWHM is given by [40, 41]

0.66
Bfe'

FW HMax [mm] ™~ (2.10)

where B and f; are the fractional bandwidth and center frequency [in MHz] of the transducer
elements.
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The lateral resolution is defined for reflectors located perpendicular to the direction of propa-
gation of the US beam, within the scan plane. In the far field (Fraunhofer zone), it is related to
the diffractive pattern generated by the aperture and is defined as follows [34]:

Lateral resolution ™ Full width of the beam at some defined level below the peak.

For a rectangular aperture of size L, the diffractive pattern at depth z is a sinc and the lateral
FWHM is given by [37]

_12,z
FWHM, 4t T (2.11)

where , designates the wavelength of the US wave.

Thus, we observe that the lateral resolution worsens with depth, which means that the quality
of a US system may significantly change across the imaging range. This is quite annoying and
one way to cope with that consists in adjusting the F-number of the aperture using transmit
and receive apodizations [37].

2.2.3 Speckle

In the previous section, we have seen that a US imaging system does not have infinite resolu-
tion. Hence, we can define a resolution cell as the volume of space occupied by the PSF at a
given depth. Such a resolution cell is very often composed of a continuum of point reflectors
and, during the propagation of the US wave, the backscattered field from this cell would be
composed of interferences of many spherical waves with random phases. The brightness of
the resulting image will be random depending on the nature of those interferences. This results
in a granular texture of the US image, denoted as speckle by analogy with the phenomenon
observed in laser optics [42].

The appreciation of speckle is controversial in US imaging. Indeed, from a physicist point of
view, speckle is noise (an “illusion” according to Szabo [43]) and is detrimental since it reduces
image contrast and blurs the boundaries between tissue regions. However, a remarkable
property of speckle is that it is deterministic in the sense that when the same experiment is
reproduced twice, an identical speckle pattern must be observed. Thus, a modification of the
speckle pattern often indicates motion and tracking the variations in speckle patterns is used
for tissue-motion estimation, in vector flow imaging [8, 44] and in elastography [45].
Statistical properties of speckle have been widely studied in US, inspired by the work of
Goodman who investigated the phenomenon in optics [46, 47]. Based on random walk models
for the phase of the spherical waves, it can be shown that the probability density function
(PDF) of the envelope image of speckle follows a K-distribution [48, 49], a generalization of the
Rice distribution [50], whose shape depends on the number of scatterers within the resolution
cell.

The most popular statistical model of speckle is the Rayleigh distribution [51, 52], which is a
limited case of the K-distribution for high number of uncorrelated scatterers with uniformly
distributed phase. The first order statistics of the Rayleigh PDF are used to define the SNR
whose inverse is denoted as the speckle contrast. Interestingly, the value of the SNR corre-
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sponding to a Rayleigh distribution can be found theoretically as 1.91 [51], which comforts
the fact that speckle is noise. A common way to evaluate the ability of an imaging system to
reconstruct speckle is achieved by performing statistical tests on the envelope image, such as
the Kolmogorov-Smirnov test.

The notion of contrast, i.e. the ability to distinguish regions with different echogenicity, is
closely linked to the amplitude of the speckle pattern. To measure the contrast, we rely on two
very popular metrics which both quantify the ability to define a cyst-object from a speckle
background. The first one is the contrast-to-noise ratio (CNR) in dB defined as [41]:

0 1
CNR ™ 20logGgtizd & 2.12)
27 2

i ¢ i ¢
where ',,t, f (resp. ',,b, f) ) are the average pixel intensity and variance of the cyst re-
gion (resp. background) region. The second one is the contrast ratio (CR) defined as [43]:

CR— z2i=t (2.13)

b ast
The two metrics are slightly different since the CNR takes into account the speckle resolution
in each region and would favor methods that remove the speckle pattern. In contrary, the CR
is more agnostic to speckle.

2.2.4 Temporal Resolution

The temporal resolution, often called frame rate, and measured in frame per second [fps] or Hz,
is the frequency at which two consecutive images are generated. It is inversely proportional
to the time necessary to transmit a beam, receive and process the backscattered echoes, and
repeat the process for every scan line of the final image. It characterizes how often the image
can be updated on the screen and quantifies the ability of the US system to differentiate two
consecutive events.

If one wants to build N scan lines at a maximum depth z,ax, there exists an upper bound on
the frame rate due to the propagation of the US wave given by

c

FR T
max 2Nt Zmax

(2.14)

For instance, the frame rate associated with imaging a 10 cm depth composed of 128 scan
lines is lower than 60 Hz.

2.2.5 Attenuation in Tissues

During the propagation in tissues, a US wave suffers from attenuation, i.e. absorption and
dispersion, which significantly modifies the shape of the transmitted pulse. These effects are
induced by friction, scattering and diffraction in the tissue. )

To account for such effects, we introduce the material transfer function (MTF) M |f ,z¢ [53]
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which models the attenuation of the tissue in the frequency domain as a function of depth. A
standard model of the MTF is by the following exponential

P
M, £,z —e (2, (2.15)

where the absorption 7 is defined as
2 D 2 S Y DL 25 S D
T f ijfi f jifl f ifi f ji ko flg f (2.16)
j ¢ i ¢
where kg™ !/co,fi'f istheabsorptionterm,fl'f is the dispersion terms, respectively and
flg 't isthe dispersion term induced specifically by the variations of the speed of sound.

We define the time-domain counter part of the MTF as the material impulse response function
(MIRF):

me (t,2) 7 F LM} (t,2). (2.17)
Thus, the US pulse at depth z, p (z,t) is deduced from the transmitted pulse p (0,t) ™ po(t) as
—i ¢ it i ¢ i ¢
p(z,t)” po—~tm¢ (t,2) o P z,f TPy f M f,z. (2.18)
In tissues, an acurrate model of the absorption is the power-law defined as [54-56]
I 2
fi f ~figjfj’, fig 2R, (2.19)

where y 2[1,1.7] [54-56].

Hence, the frequency dependent absorption has a low-pass effect, causing a down-shift
of the center frequency with increasing depth. The coefficient fig is usually expressed in
dBMHztecm™ or dBMHz tcm™ at a certain frequency. Common values in medical US
imaging are y ~ 1and fip ™ 0.5 dBMHz* cm™.

The term flg If ‘ can be deduced from different models of the attenuation, e.g. the Kramers-
Kronig model, the time causal model, and the classic relaxation model. Please refer to [57] for
a review of those models. Using the time causal model [54, 57], flg If is expressed as

i ¢
fiotanl% fjfj¥ ify2R\Noryeven

fle £
E i 2figfYInjfj  otherwise

, (2.20)

and we can see that maximal dispersion is observed for y ~ 1 or y odd, for a fixed absorption
coefficient.

As an example, Figure 2.7 displays a pulse-echo waveform obtained as a convolution between
a 2.5-cycle square excitation and a Gaussian-modulated sinusoidal pulse at 5 MHz, at 3cm
and 15 cm, for an attenuation coefficient fip ™ 11£107% Npm™' Hz™* and an attenuation factor
of 1. The dispersion term is neglected.

On the leftmost figure, we report the frequency spectra of the pulses on which we observe
the low-pass effect induced by the attenuation. The other three plots represent, from left to
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Fig. 2.7. The leftmost figure displays the frequency spectrum of the pulse-echo waveform at different depths. The
three other figures show (from left to right) the reference pulse-echo waveform and the normalized pulse-echo
waveform at 3cm and 15 cm, respectively.

right, the reference pulse-echo waveform and the normalized pulse-echo waveform at 3.15cm.
We notice that the effect of the distortion of the shape of the pulse is significant at 15¢cm.
Empirically, we observe significant changes when working at more than 10cm.

When designing a US system, there exists a critical trade-off between penetration and axial
resolution which can be seen as the Heisenberg inequality of US imaging. Indeed, higher US
frequencies are more attenuated in the tissues and therefore penetrate less but they result in
an improved axial resolution.

This is the main reason why different frequencies are used for different applications. As an
example, carotid imaging is usually performed at 7.8 MHz since we image superficial tissues,
while liver imaging is achieved at a significantly lower frequency, around 3 MHz.

2.3 Image Formation in Ultrafast Ultrasound Imaging

In this section, we describe more formally PW and DW imaging which are two popular modali-
ties of UFUS imaging. We present the DAS beamforming algorithm which is the state-of-the-art
image formation method in UFUS imaging. We also describe coherent compounding which is
the common way to increase the image quality in UFUS imaging.

In the remainder of this section, we consider a 2D medium > % R? characterized by a density
field % 2 L, (>) and a speed of sound field ¢ 2 L, (>). Associated with local fluctuations of those
two fields, we introduce the tissue-reflectivity function (TRF) 2L, (>) which is the quantity
of interest in conventional US imaging (See Chapter 3 for more details).

2.3.1 Delay-and-sum Beamforming in Ultrafast Ultrasound Imaging

Consgderye configuration described in Figure 2.8 where the transducer elements, located at
pi~ pi,0 i 1,...,N! generate a USwave during the transmit step and record echo-signals
m; (t)2L,([0,T]),i ™ 1,...,N{, during the receive step.

In UFUS, the RF image is no longer expressed as a set of scan-lines, as in conventional imaging,
but as a matrix of pixel values. Puts formally, we consider a regular grid >~ composed of
Ng ~ NxN; points as follows

L] 113

>~ g T Xzl 2>, (kD) T{LL O NG E{L, L NGY (2.21)
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[ - -| “wavefront”

Fig. 2.8. Standard 2D ultrasound imaging configuration.

and we define the RF image as the matrix i 2 RN<EN: given element-wise by

-~ _ i ¢
ikl ai (rk)Mi ¢ ru,Pi (2.22)
i~1
. . . i ¢ .
where aj (r;) is the apodization coefficientand ¢ ri;,p; isthe round-trip TOF between the
point ry; and the i-th transducer element.

In PW imaging, the round-trip TOF depends on the steering angle [28] and is defined as:

¢ zycos ~ XkSin Ik iDi
-2 K KAP 2 - N (2.23)

i
¢ Tkl Pi
c

where ¢ is the speed of sound, assumed known and constant here.
In DW imaging, we set the delays such that the wavefront simulates a spherical wave emitted
from a virtual point rp, located behind the US probe. Hence, the round trip TOF depends on
the location of this virtual source and can be expressed as [29]:

i ¢_krigirnky  raipi,

¢ ki, Pi . i1, N (2.24)

Hence, computing the RF image on the grid requires to perform N}(Ng TOF calculations which
can be prohibitive even in 2D imaging, where N} is typically few hundreds and N4 can be on
the order of hundreds of thousands.

Nevertheless, we can see that the computations of the points ki using (2.22) are independent
from each other, which make the proposed algorithm suitable for massively parallel imple-
mentations. This was a key aspect in the feasibility of such a modality [27] and current imaging
systems which perform UFUS imaging are equipped with digital architectures capable of
handling massively parallel computations, e.g. GPUs.
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2.3.2 Coherent Compounding in Ultrafast Ultrasound Imaging

One of the main strengths of UFUS resides in its ability to perform imaging at few kHz frame
rates, since the RF image j can be reconstructed from a single PW or DW insonifications.
However, such a RF image is of significantly lower quality, in terms of contrast and resolution,
than images obtained with standard multiple focused scanlines [28, 29]. This is due to the fact
that the acoustical energy of an unfocused wave is spread in the entire medium rather than
focused in the specific region of interest.

To tackle this problem, coherent compounding proposes to average RF images obtained from
different sequential transmissions [22, 28]. Formally, consider N RF images ic, reconstructed
from N PW insonifications, with steering angles .,c™ 1,...,N¢. The RF image obtained by
coherent plane wave compounding (CPWC) is expressed as

- _ 1 X
o - (2.25)

Nc c1
The increase of image quality induced by CPWC can be explained by the fact that using
multiple PWs resynthesizes a focus at each point of the medium [28] which increases the SNR
accordingly. In [28], the authors discuss this aspect and show that CPWC with only few tens
of PWs with appropriate angles is similar to “optimal multifocus”, which corresponds to a
situation similar to focusing on each point of the medium. The choice of the optimal sequence
of angles is discussed in [58].
The main drawback of CPWC is the decrease of the temporal resolution, directly proportional
to the number of insonifications. Hence, depending of the application, the optimal trade-off
between image quality and frame rate has to be discussed.
Figure 2.9 illustrates the difference between conventional B-mode imaging using focused
wave (left most image) and CPWC for an increasing number of PWs.
We observe that with few tens of PWs, the image quality is similar to that of conventional
focused waves, leading to a significant increase of the frame rate. We also notice the trade-off
between image quality and temporal resolution.
The same principle, denoted as coherent diverging wave compounding (CDWC), has been
introduced for DW imaging, where the averaging is achieved over RF images reconstructed
from DW insonifications with different virtual sources. The optimal positions of the sources
are discussed in [29]. As for CPWC, the increase of quality induced by CDWC can be explained
by the fact that it resynthesizes a focus at each point of the medium [28].
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Fig. 2.9. Conventional focused and ultrafast ultrasound imaging for a region of interest of 4 cm. In the leftmost
image, 128 focused beams are used with 4 focal depths. Obtained from [11] with permission. © 2014 IEEE.
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%] Pulse-echo Ultrasound Imaging Seen
as an Inverse Problem

J'ai donc montré de quelle fagcon I'on
peut concevoir que la lumiére s’étend
successivement par des ondes
sphériques, et comment il est possible
gue cette extension se fasse avec une
aussi grande vitesse, que les expériences
et les observations célestes la
demandent.

Traité de la Lumiére
Christiaan Huygens

In this chapter, we revisit pulse-echo US imaging and demonstrate that it can be formulated
as an inverse problem which relates the echo signals recorded at each transducer element
to variations of acoustic impedance in the medium. Such a view allows us to bring a novel
understanding of UFUS imaging in terms of projections onto quadric surfaces, very similar
to CT. It also permits to revisit several common procedures in UFUS imaging introduced in
Chapter 2, such as the DAS algorithm and the coherent compounding.

In the first half of the chapter, which covers the first three sections, we settle the theoretical
bases that permit to express US imaging as an inverse problem. After an introductive section
which details the existing approaches, Section 3.2 describes the pulse-echo spatial impulse
response model, which is key for the formulation of the proposed inverse problem. In Sec-
tion 3.3, we exploit the model previously introduced to define the inverse problem associated
with pulse-echo US imaging, both at the continuous and the discrete levels.

The second half of the chapter is dedicated to the reformulation of the measurement model
for several configurations, i.e. single emitter-single receiver, the building block of SA imaging,
PW imaging and DW imaging, in 2D and 3D. First, we show that the action of the measurement
model can be expressed in terms of projections onto quadric surfaces (or conics in 2D)
whose shapes depend on the configuration. Hence, echo signals recorded by the transducer
elements gather many projections in a similar way to the linear Radon transform in CT imaging.
Then, we provide an alternative formulation of such projections which rely on appropriate
parameterizations of the quadric surfaces involved in the measurement model. We use this
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alternative formulation to bring efficient matrix-free formulations of the measurement model
and its adjoint in the discrete domain, which is a key aspect towards the feasibility of iterative
methods in US imaging.

3.1 Existing Approaches and Motivations

US imaging has a long-time history with inverse problems. Indeed, while B-mode imaging is
the most used US imaging modality, propagation of US waves is a far richer phenomenon that
may permit to perform quantitative imaging. Such problems, which aim to recover quantities
characterizing an object from scattered radiations are a special kind of inverse problems called
inverse scattering problems.

US tomography aims to recover maps of speed of sound and attenuation from pressure
fields measured at various locations. Transmission mode tomography, where two transducer
elements are placed face to each other with the medium of interest in between, has been
an active research topic since the beginning of the 1970s. Early attempts exploited straight
ray propagation and related TOF differences to variations of density with the linear Radon
transform [59], as in CT imaging, and more advanced models which account for variations of
refractive index along the ray have been described few years later [60]. Acoustic diffraction
tomography, introduced by Mueller et al. [61, 62] based on the seminal work of Wolf for optical
imaging [63], was a major advance in US tomography. Indeed, Wolf devised a method to
reconstruct maps of quantitative parameters from scattered data under the simplifying first-
order Born approximation. Since then, many improvements on the initial technique have
been proposed, e.g. filtered backprojection for accelerated inversion [64], multi-frequency
diffraction tomography [65, 66] and full wave inversion methods [67, 68].

Reflection mode US tomography, which is based on data recorded in a pulse-echo mode has
been significantly less studied in the literature, probably because the mathematical machinery
to solve such problems is far less established than in transmission-mode tomography. Norton
and colleagues proposed a backprojection method to reconstruct reflectivity maps from data
collected along a circle in 2D [69], and a sphere, a cylinder and an infinite plane in 3D [70],
assuming a straight line propagation path. Jensen [71] suggested a formalism to model pulse-
echo imaging exploiting the spatial impulse response model introduced by Tupholme [72]
and Stepanishen [73].

The models derived for US tomography form the mathematical basis for the measurement
models described in the context of inverse problems for UFUS imaging. In PW imaging,
Schiffner and Schmitz [74-76] and Zhang et al. [77] express a measurement model based on
the Lippmann-Schwinger equation, well-known in diffraction tomography, linearized thanks
to the first-order Born approximation. Alternatively, David et al. [78, 79], Ozkan et al. [80] and
Wang et al. [81], propose a time-domain formulation of the measurement model, inspired
by the work of Jensen [71]. The main issue related to these models is their computational
complexity, usually translated into storage requirements of the corresponding matrix represen-
tations. The models proposed by David et al. [78] and Schiffner and Schmitz [74] require the
storage of several hundreds of GB for matrix coefficients in 2D. Zhang et al. [77] have divided
the image into stripes in order to make the problem tractable. This issue severely limits the
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appeal of iterative image reconstruction methods that can be leveraged in the context of
pulse-echo US imaging. In addition, none of the above models are scalable to 3D imaging and,
to the best of our knowledge, no extension of the proposed models to 3D imaging has been
proposed.

3.2 Hail to the Pulse-echo Spatial Impulse Response Model

In this section, we construct the pulse-echo spatial impulse response model, which is a key
tool in the formulation of the proposed inverse problem. Indeed, this model allows us to
compute the pressure at the surface of a receiving piston, in the case where another piston
transmits a pressure wave in a scattering medium.

To build the model, we start by describing the spatial impulse response, which allows us to
compute the pressure field generated by a baffle piston whose surface is moving. In a second
section, we describe the formalism used to model the scattering of the medium which permits
to compute the scattered pressure at the surface of the second piston. Finally, we put the
different pieces together to describe the pulse-echo spatial impulse response model.

3.2.1 Acoustical Understanding of the Spatial Impulse Response

We provide a theoretical derivation of the spatial impulse response, which permits to compute
the pressure field generated by a movable baffle piston at any point of an homogeneous
medium. The derivation described below is based on the work of Tupholme [72] and Stepan-
ishen [73].

We consider the configuration described in Figure 3.1 where a movable baffle piston of surface
S is mounted in an infinite planar baffle. We are interested in a specific field point r embedded

Baffle

Fig. 3.1. Geometry for a baffled piston.

in a homogeneous medium of constant speed of sound c. Att ™ 0, the piston and baffle are
coplanar and the medium is at rest with uniform density %o and pressure pg. Att "° 0, the
piston starts to move with a velocity v (r, t), £resulti/ng in a pgrturbation of the medium.

We are interested in the half-space >~ r ™~ x,y,z ~jz , 0 onwhich we define the pressure
and velocity fields as p(r,t) and v (r,t), respectively. We introduce the velocity potential
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i ¢
“(r,t)” -~ |x,y, z,t defined by the following equations:

C .
—q @7(rt)
p (rat) _ %00 ot . (31)
v(r,t) TirT(r,t

We assume that the piston velocity v (t) is uniform over the surface of the piston (rigid piston)
and we define the following velocity field

v(t) ifr2S,t°°0
vo(r,t)~ © _ . (3.2)
0 otherwise

The velocity potential satisfies the following initial-boundary value problem [73]:

8 .

=2 2L r)irt(r)Tor2>t70

S () 0, r2>,t70 : (3.3)
- @ @!;,t!vv (I‘,t)

where the equation in the first row states that ~ (r,t) has to follow the homogeneous wave
equation in > and the two other equations account for the initial and boundary conditions,
respectively.

The solution of the above defined initial-value boundary problem is well-known and can be
expressed as follows [73]:

Z.Z
“(r,t)” v(s,u)g(r,t;s,u)duds, (3.4)
0 28
where g (r,t;s,u) is the time-dependent Green’s function [82] defined as
i .
—tiui kr icskz
ts,u)™ : 35
g(r.t;s,u) 2 kr i 5k, (3.5)

Now, using the fact that the velocity is uniform on the surface of the piston, Equation (3.4)
simplifies to:

i .
Zv 7o (iuitie
(D7 VW) e dudS T v = h (), (36)

where h (r,t) defines the spatial impulse response of the piston as

by .
7 —tj kr jsk;
C

h(r,t)™ —F F  dS. 3.7

1 s2s 2..Kkr jsky 37
Equation (3.7) is the well-known Rayleigh integral [35, 83]. It can be interpreted in terms of the
Huygens-Fresnel principle which states that “every point that receives a luminous disturbance
generates a spherical wave of similar frequency, amplitude and phase”. In the case of our baffle

piston, the velocity potential corresponding to v (t) ~ —(t) is indeed the sum of the spherical
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3.2. Hail to the Pulse-echo Spatial Impulse Response Model

waves generated by the infinitely many points at the surface of the piston which would reach
r attimet.
We can deduce the pressure field in any point of the medium using (3.1) as

ov f
p(r.t)” %00@—t"‘th(rv¢) (t). (3.8)

Equation (3.8) defines the desired convolution model in the sense that we can define the
pressure field in any point of the medium as the convolution between the acceleration of the
piston and the spatial impulse response.

From (3.7), we observe that the key aspect of the spatial impulse response model resides in
the ability to calculate h (r,t) for a given geometry of the piston. Analytical solutions have
been derived for various piston geometries, e.g. flat circular [72], flat rectangle [84, 85], flat
triangle [86] and spherical [87, 88].

Jensen and Svendsen [89] have also proposed a numerical procedure to compute the spatial
impulse response for a plane piston with arbitrary shape, based on an approximation of the
piston surface with small rectangles from which the analytical spatial impulse response is
known. Such a method is used in the well-known Field Il simulation software®.

3.2.2 The Pulse-echo Spatial Impulse Response Model

We consider the configuration described in Figure 3.2, in which two pistons of surface S; and
S, are placed in a infinite rigid baffle. We also consider a scattering medium >. More precisely,
> is characterized by a propagation velocity ¢ and a density % which slightly fluctuate around
their mean values %g and cg as

%(r)" % 4%(r)andc(r) co 4c(r).

Piston 1

Piston 2

Baffle

Fig. 3.2. Geometry for a pulse-echo experiment with two pistons.

Ihttp://field-ii.dk/
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We define hq (r,t) and h, (r,t) as the impulse responses associated with pistons 1 and 2 given
by (3.7). We assume that piston 1 transmits the acoustical wave in the medium and piston 2
records backscattered echoes from the medium. From Section 3.2.1, we know that the pressure
field generated by piston 1 at any point of the medium is described by (3.8):

1
pL(r 1)~ %o%¥-th1(rw> ®. (3.9)

Assuming that 4% ¢, g and 4c¢ ¢, ¢g, we can derive the corresponding wave equation as [71]:

1@°p_ 24c@p_1 i ¢

2 -

rri-— i——5 —Ir 4% (rp, 3.10
Pi C(Z) tz 1 Cg @tz %00 p ( )
where the two terms on the right hand side of the equation are the scattering terms induced by
the inhomogeneities in density and propagation velocity, which vanish for an homogeneous
medium.

The pressure in any point of the scattering medium > can therefore be obtained from (3.10)
using the time-dependent Green function (3.5) as follows

- 1
Z Zq . 2 )
- i ¢ 24c(r)@p(r,u
Pec (5.1) L rlan(ey erp(r,u) ; 2220 ERILY)
r2> 0 %00 CO ot
VZ z TP ¢
Lp (r,u)g(r,u;s,t)dudr, (3.11)

r2> 0

g(r,u;s,t)ydudr

where T 2 R—is the integration time and L is the linear scattering operator defined as

L: La(z) ¥ La(>)

2n — i (3.12)
p a %@@T‘; %%O r 4% trp
The total pressure field in the scattering medium can be decomposed as
p(s,t) 7 p1(s,t) Psc(s,t), (3.13)

where p1 is the incoming pressure field, generated by piston 1.

We notice that the pressure field appears on both side of (3.11). Hence, Equation (3.11)
cannot be solved directly. In order to simplify the problem, we apply the first-order Born
approximation which assumes that ps; ¢, p1 such that we can approximate the total field p by
the incoming field p; on the right hand side of (3.11).

Hence, we have that
Z Zy.
Psc (5,t)~ Lpy (r,u)g(r,u;s,t)dudr. (3.14)

r2>

Now, the pressure at the surface of piston 2 can be expressed as the integral of the scattered
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field psc (s,t) along the surface S,

z 7 7.
po(t)~ 'Lp1 (r,u)g(r,u;s,t)dudrds
£5282,12> 0 0
- Qv ’
L %o——thy —¢hy (r,t)dr
Zr2> @t ﬂ
@v
- L %o—~th1~¢hy (r,t)dr
Zr2> @t q
v
= ) L %00@@_t~t hi (r,t)dr, (3.15)
rZ>

where hi, (r,t) ™ (hi(r,t) —¢ ha (r,¢))(t) is the pulse-echo spatial impulse response.
Finally, we can show [71] that (3.15) can be rewritten as

Z v )l
p2(t)~ (r) %o—5- —ths2(r,6) (t)dr, (3.16)
r2> @ t
where (r) is called the TRF [90] defined by

— 4%(r) 24c(r)
%00 ! Co l

(r)

(3.17)

The TRF is a fundamental quantity in US imaging since it quantifies the scattering of the
medium which therefore depends on the local fluctuations in speed of sound and density.

In addition, Equation (3.16) defines the pulse-echo spatial impulse response model which
characterizes the backscattered echoes received by piston 2 when piston 1 vibrates. Such a
model depends on the pulse-echo spatial impulse response h, (r,t).

3.2.3 The Pulse-echo Waveform: From Pressure Fields to Echo Signals

As described in Section 2.1.2, transducer elements are capable of converting a pressure field
into an electrical signal through the reversible piezoelectric effect. To model this aspect, we
rely on the acousto-electrical impulse response of the transducer element, denoted as hge (t)
as well as the electro-acoustical impulse response he (t) such that

i ¢
M2 (1)~ 'hae ~t P2 (1), (3.18)

corresponds to the echo-signals recorded by piston 2 during the time T when piston 1 is
vibrating.

Additionally, an excitation signal e (t) is usually inputed to a transducer element in order to
generate an acoustic pulse in the medium through the electro-acoustical impulse response.
Finally, we come up with the following pulse-echo spatial impulse response model

z Il
M2 (t) ™ Vpe ~t (r)haz(r.0)dr (1), (3.19)

r2>

where vp, is called the pulse-echo waveform, with a slight abuse of notation due to the
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derivative, and is computed as
Vpe (1) 7 (Nae —t hea —t &) (1). (3.20)

Thus, we can define the following linear measurement model, Hi>: Lo (=) ¥ L, ([0, T]), associ-
ated with the proposed pulse-echo imaging configuration as

Hip: L2(>) 1 Lz([O,E])

, (3.21)
A Vpe~t o5 (M)hi2(r,0)dr

such that

i ¢
mz(t)” Hi (1),

3.3 Ultrasound Imaging Seen as an Inverse Problem

In this section, we use the pulse-echo spatial impulse response model, described in Section 3.2,
to define the inverse problem involved in pulse-echo US imaging at the continuous level.
Along with the definition of the inverse problem, we also introduce several notions that will
be of major importance in the remainder of this work. In a second section, we focus on the
discretization of the inverse problem, which will be of interest in this thesis.

3.3.1 Inverse Problem at the Continuous Level

In Section 3.2, the pulse-echo spatial impulse response model has been introduced for a
simple configuration which consists of two transducer elements.

To generalize to a standard pulse-echo imaging configuration, we define

< N; transducer elements on transmit with corresponding surfaces S}, impulse responses
hgt (r,t) and transmitdelays tij, i — 1,...,Ng;

« N, transducer elements on receive with corresponding surfaces SJ'T and impulse re-
sponses hs; (r,t),j —1,....N,.

We assume that the same excitation signal e (t) is inputed to every transducer element on
transmit and that the electro-acoustical and acousto-electrical impulse responses are the
same for every transducer element, which allow us to define a single pulse-echo waveform
Vpe (t).

We are interested in the extension of (3.21) to the configuration defined above. Since US
propagation is assumed to be linear, we can deduce the received signal by the j-th transducer
element using the superposition principle as follows:
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where Hjj :Lo(>) ¥ Lo([0,T]) is the measurement model (3.21) in the case where the i-th
transducer element is used on transmit and the j-th transducer element is used on receive.
We observe that the element raw-data are related to the TRF, which contains information
about the scattering of the medium. Hence, by leveraging appropriate inversion methods, one
may be able to recover the TRF from the measurements.

We now introduce several fundamental definitions that will be used in the remainder of the
chapter. We first define a pulse-echo US imaging configuration.

Definition 1 (Pulse-echo US Imaging Configuration). A pulse-echo US imaging configuration
is defined by

e Aset of N¢ planar transducer elements on transmit, with corresponding surfaces S} % R?,
spatial impulse responses hgt (r,t) and transmit delays ti, i ~ 1,...,N¢. These transducer
elements are used to generate a US wave in the medium;

« A set of N, planar transducer elements used on receive with corresponding surfaces
SJ‘T % R2, impulse responses hs; (r,t), j —1,...,N¢. These transducer elements record the
backscattered pressure from the medium during in the time interval [0, T1;

= A pulse-echo waveform vpe (t) ™ (hae —t € —t hea) (t), where e (t) denotes the excitation
signal, and hge (t) and he, (t) are the acousto-electrical impulse responses of the trans-
ducer elements.

Hence, we define the measurements corresponding to the above pulse-echo US imaging
configuration as follows
£ -~ N
m my,...,my, ~2L2([0, T, (3.22)

where mj 2 L ([0, T]) represents the echo-signal recorded by the j-th transducer element.
In order to formalize the inverse problem, we introduce the measurement model associated
with the pulse-echo configuration, which relates the element-raw data to the TRF.

Definition 2 (Measurement Model in Pulse-echo US Imaging). The measurement model associ-
ated with a pulse-echo US imaging configuration is the linear operator H : Lo (>) ¥ L ([0, TN
defined element-wise by

H P HIJ ,j"ll”.’Nr, (323)
i~1

where Hjj :Lo(>) ¥ L»([0,T]) is defined in (3.21).

We now have all the ingredients to define the continuous inverse problem associated with
pulse-echo US imaging.

Definition 3 (Continuous Inverse Problem in Pulse-echo US Imaging). Consider a pulse-
echo US imaging configuration with measurements m 2 L, ([0, T])* and the measurement
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model H : Lo (>) ¥ Lo ([0, T])Nr. The continuous inverse problem associated with the proposed
configuration can be formulated as

Find 2L,(>)suchthatm™H

3.3.2 From Continuous to Discrete Inverse Problem

In Section 3.3.1, we have derived a formulation of the inverse problem at the continuous level.
Even though we could have studied continuous inversion methods, quite popular nowadays,
the focus of this work is on discrete inversion methods. Hence, while the discretization of the
element-raw data is intrinsic to the US imaging system, we also discretize the TRF, which will
have a significant impact on the performance of the methods.

Discretization of the Element-raw Data: Sampling of the element-raw data is achieved by
taking uniform samples at a rate T; — 1/fs, where f; is the sampling frequency. Such a rate
should satisfy as much as possible Nyquist rate requirements. Hence we have the following
correspondence

Continuous measurements Discrete measurements

£ e £ e
m~ my,...,my, 2L([0,TDN 8 M~ My,...,My, ~2RNEN

¥
where N isequalto fsT f and the k-th sample of the i-th transducer element is given by M~
m; (KTs). Thus, if the transducer elements are arranged into a matrix probe characterized by

Nt elements in the lateral dimension and Nt elements in the elevation dimension, where
RN;£N;£N

Ny Nt ~ N, the measurements can equivalently be r%presented asa 3D-tensor M 2
£

amatrix M~ My,...,Myn. 2RNEN oravectorm ™ M7, MY T2 RNNe

Discretization of the TRF: We restrict ourselves to a discrete problem over a regular grid,
i.e. we are interested in retrieving values of (r) at specific points of the 3D Iattlce descglbed
hereafter. We consider a dlscrete medium >4 as a 3D-box with spacings ¢x, ¢y,¢, and
boundaries (Xmin,Xmax)s ym.n,ymax and (zmin,Zmax), in the lateral, elevation and axial
dimension, respectively. Puts formally, the discrete coordinates are expressed as

8 - _

2 X Xmin (I 11)¢x . w«

= Ym " Ymin (Mil)¢y ,(Lm,n)2{1,... Nk }£ 1,....,Ny £{1,...,Nz},
" Zn T Zmin (Ni1)¢,

where Ny, Ny and N; are defined as

— " Xmax i Xmin -
NX - y Ny
Cx

Ymax i Ymin —~ Zmax i1 Zmin
Zmax 2 Jmin - N, Zmax 1 fmin

¢y ¢Z
We are interested in recovering the 3D-tensor j 2 RN¥ENYVEN: defined element-wise by
o | _ _ _ ¢
ilmn Xmin (1 i 1)¢x,Ymin (M il)Cy,Zmin (Ni1)C, . (3.24)
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Equivalently, we can write j as a 2D-matrix j 2 RN<NvENz or asavector 2 RNxNyNz,
The discrete inverse problem is finally expressed as

Find j 2 RNENYEN: gypjectto M~ H j, (3.25)
where H : RNxENyEN: g RNXENJEN s the discrete measurement model, obtained by discretiza-
tion of the continuous operator H defined in Section 3.3.1.

3.4 Measurement Model for a Single Emitter - Single Receiver Con-

figuration
In this section, we propose to understand the effect of the measurement model and conse-
quently the relationship between the measurements and the TRF in the most simple con-
figuration, i.e. when a single emitter and a single receiver are used. Such a configuration is
a building block of synthetic aperture focusing techniques (SAFT), widely used at the early
times of US imaging [91, 92], as well as in synthetic aperture radar (SAR) imaging [93-96].

3.4.1 Spatial Impulse Response of a Transducer Element

We describe the simplifying assumptions that we perform to model the spatial impulse re-
sponse of a transducer element. Such assumptions will be used in the remaining sections of
this chapter.

We propose to approximate the transducer element as a planar rectangular surface of width I,
height h, center p and surface S~ I h, as described on Figure 3.3.

4
A

!
|
|
|
|
|
|
|
|
|
!
|
|
|
|
|
~

Fig. 3.3. Planar rectangular transducer element.

Such a transducer element is characterized by a center frequency f. and we suppose that the
speed of sound c is constant and known in the medium, so that we can define the wavelength
. f% The corresponding spatial impulse response at any point in the field is therefore given
by (3.7).

In addition, we rely on the Fraunhofer assumption [38], which states that in the far field (z
..max(l,h)?/,), the observed pressure field can be directly obtained from the Fourier trans-
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form of the transducer aperture.
In this case, the expression of the spatial impulse response can be drastically simplified as:
kripk,
- i ¢— ti : Icp ?
h(r,t)7 or,p ——S, (3.26)
2. 1ip ,

i ¢
whereo'r ,p isthe element directivity defined as

. . N |
i ¢_ _ Isin cos™ . hsin sin
or,p sinc ——— sinc —— . 3.27)

Turnbull and Foster [97] have extended (3.27) for a soft-baffle condition, more common in US
imaging, as

. . T . . |
i ¢_ _ Isin cos . hsin sin
or,p _sinc ————— sinc ——  coOsS . (3.28)

In other words, Equation (3.26) states that under the far-field assumption, the transducer ele-
ment can be approximated as a point source, propagating a spherical wave whose amplitude
is modulated by the element directivity (Fourier transform of the aperture).

As an example, Figure 3.4 displays the directivity (in elevation direction in the axis of the
transducer element) of a square transducer element of 275 &m width with a center frequency
of 3.3 MHz typically used in 3D imaging, assuming a soft-baffle condition. We observe the

20 —T 1.0

15 1
r0.9
10 1
5
r0.8
04
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10 1
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15 4

20
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Fig. 3.4. Element directivity of a planar transducer element assuming a soft-baffle condition.

expected behaviour of a diffracting aperture. The transducer element is less and less selective
for an increasing depth.

3.4.2 Continuous Measurement Model in 3D

Now, let us consider the configuration described in Figure 3.2, in which the tw% pistons zy
replacedEby two tﬁ,nsducer elements of the same surface S, centered at p — py,py,P: -
and g~ dx,dy,d; , respectively, and whose spatial impulse responses are approximated
by (3.26).

We define

. i ¢ . i
1. the delay on transmittry r,p as the time necessary for the US wave transmitted by
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the transducer element located at p to reach the field pointr 2 >;

i i ¢ i
2. the delay on receive trx r,q as the time necessary for the US wave that reaches the
field point r 2 > to attain the transducer element located at .

In this case, the element-raw data recorded by the transducer element are expressed us-
ing (3.21) as
- - i ¢
M2~ Hpz " Vpe~t G (3.29)

where the linear integral operator G : L, (>) ¥ L, ([0, T]) is defined by
VA

- i ¢ i i ¢ i e
G ,,0pe 1:P.0 (M= titn rp it 1. dr, (3.30)
r2>
where
it ri it ori
tTXlr,p "’%andtmlr,q “%, (3.31)

i ¢ o
and ope r,p,q accounts for the directivity of the transducer elements, the surfaces of the
transducer elements and the decay of the spherical wavefront as

i ¢ ¢
¢ s2'r,p o'r,q

i -
(0] r,p, .
e P e, T,

(3.32)

In order to express the measurement model H more explicitly, we introduce the implicit
. .
function = r,p,q,t defined by

8 .
¢ H ] -
< ~'rpat , “t;w
-1 _pir —_gir

=) (3.33)
- Iy r,pxqat c kripk kl'iqk

We can og)serve that ~ isa smooth fL&nctlon of r and that Hrr H B 0forr 2 >. We define
@S p.q,t , the O-level set of ~ ¢p q,t ,as

r2>j‘lr,p,q,t 0. (3.34)

i
@S p.q,t

In light of the above introduced implicit function, Equation (3.30) can be rewritten as
Z

- i ¢ i ¢¢
G ) Ope r,p,q (r)— " r,p,q,¢t dr
rZ2>
z ot

- ¢. -
(r)w'p,q,r,@—"'r,p,q@ e rpq¢ﬂdr (3.35)

r2>

where

i ¢
Ope r!p!q

i ¢
Wlp,q,r,t "H—.—Q’H\' . (3.36)
re-r,p,q,t
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Equation (3.52) is very interesting since it corresponds to a surface integral over the interface
defined by @S lp,q ,t [98], from which we can derive the explicit representation as follows:
Z i ¢
G ~ w p,q,r,¢ (r)d (r), (3.37)
r20s(p.q.t)

whered (r) is the measure along the interface.

We observe that the action of G consists of an integration over a surface given by the 0-level set
of =, which depends on the relative locations of the transducer elements. Thus, we can make
a clear analogy with CT as well as transmission-mode US tomography. The measurements
m (t) recorded by the transducer element located at q correspond to projections of the TRF
onto hypersurfaces of >. Then, the results of such projections are blurred by the pulse-echo
waveform in order to obtain the recorded electrical signal.

Hence, while the problem of retrieving the values of a function from its means along hyper-
surfaces is a challenging task (possible for hypersurfaces of specific shapes), we face an even
more difficult problem since such projections are blurred when acquired by the transducer
element.

. . . . i
Now, consider that we have access to a parametric formulation of the interface @S p,q,t
such that

i ¢ i ¢ o £ 7 ¢
r2@s p,q,t , 9 fi,fl 2[fi,,fig,]£ fl,,fly, jr—r fi,fl,p,q,t ,

where fi; 2R, fl; 2R, fiy, 2R, fl, 2R are such that fi; = fiy, and fl; = fl.

Using well-known properties of integrals on parameterized surfaces, we can reformulate (3.37)
as
@r , @r

i ¢ ol
G — w p,q,fifl¢ r fi,fl,p,q,t —"~— dfidfl. 3.38
[fir, fiulE[fl1,fl, ] P9 P9 ofi  @fl , (3.38)

Equation (3.38) provides a nice formalism since the surface integral is reduced to a more
standard two dimensional integral on bounded intervals. This step will significantly facilitate
the discretization of G necessary to the definition of the inverse problem in the discrete
domain.

In the remainder of the section, we derive the parametric equations for the proposed configu-
ration, first in a specific case where the same transducer is used on transmit and receive and
then in the general case.

Particular Case - Same Transducer on Transmit and Receive: When the same transducer
is used on transmit and receive (i.e. p — q), the implicit function simplifies to

C i ¢ 2kr ipk
< -, . p
r,p,t ¢ tl—_ r 339
~ | -2 _pir ' (3.39)
rr-r,p,t ckripk;
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and the surface integral (3.37) reduces to
Z .
_cC i ¢
> Ope r,p (r)d (r). (3.40)
r2@s(r.p.t)

i ¢
In addition, the interface @S |r ,p,t defined by

i ¢,,%° . _ct
@S r,p,t r2Hj rip, 5 (3.41)

is a sphere whose Cartesian equation is given by

_ ct)? £
2 ZZV%,FV X,¥,Z = 2>, (3.42)

defined when & T i pxwz_ly i pyw2

We can observe that (3.42) is a sphere of radius % and center p, as displayed on the leftmost
figure of Figure 3.5.

When p is moving on an hyperplane surrounding the medium of interest, the set of all the
spherical projections G , denoted as the complete set of projections, corresponds to the
spherical Radon transform, a generalization of the classical linear Radon transform. Such a
mathematical object has been relatively well studied in the context of multimonostatic US
imaging [99] and solutions have been derived for various shapes of the hyperplane such as
spheres [70], planar surfaces [70, 100], and cylindrical surfaces [70].

(xiPx)*" (Y ipy)

We can straightforwardly derive a set of parametric equations of the sphere as

8 i ¢ _ it
> x_fl,fl,p,t¢ Px C7cos(fl)sm_fl¢

y fi.flp,t, ~py” Lsin(fiysin'fl (3.43)
=i ¢ _ h i ¢

z fi,fl,p,t Scos fl

i ¢ t -7
where fi,fl 2[0,2..]1£ 0,5 .

i ¢
General Case: In the general case where p & g, the interface @S lp,q ,t isdefined by

i ¢
@Slp,q,t T r2>jrijp, rijq, ct. (3.44)

~

In order to facilitate the characterization of the surface, we introduce the rotation matrix R
which rotates the coordinate system around the z-axis by an angle such that

Py i dy and cos( )~ qupX.
ig, Pig,

sin( )~ (3.45)
£ ~

In th£e rotat}d system, the coordinates of the transducer elements are p’ ™~ p‘}(,0,0 ~ and

a’~ q%,0,0 7, where p ~cos( )px isin( )py and gl T cos( )ax isin( )dy.

In the rotated coordinate system, Equation (3.44) defines a prolate spheroid, displayed on the

rightmost figure of Figure 3.5, whose Cartesian equation is detailed in Proposition 1.
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Fig. 3.5. The leftmost figure represents an example spheroid in the particular case when p ™ q. The rightmost
figure displays an example prolate spheroid in the general case when p § g. The light gray accounts for the part of
the surface that is outside the positive half volume.

Proposition 1 (Cartesian equation of the prolate spheroid). Whenct™™ p jq ,, @S given
by (3.44) is defined by @S~ {z "~ 0} \ S, where S, is a prolate spheroid whose Cartesian equation
is expressed as

¥ 1—q0 "2
pX qX N
4 X j _ 4y2 472 <y _£ .,
2 2 ] 0. 0‘#2 |r nyaz >.
(Ct) (Ct) i OxiPx

Proof Slr}ce a rotation is an isometry, we can express the equality involved in the definition of
@S p,q,t in(3.44) in the rotated coordinate system as

rYip’ ,7 rlig’ et (3.46)

We introduce r! ™~ P d 2 WhICh is the rotated barycenter of the transducer elements. We can

express (3.46) using rc as

rYip' , 7 rliq’ et

. rir rir ct
¢ 2 ' 2
» fsilf , s g, ct, (3.47)
0
where r; ~ 412 'p and rs T rlj r corresponds to the translated coordinates in the rotated
system.
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We now work on (3.47), which is easier to manipulate than (3.46):

rs il 2_ r« re , ct

D rgirs 2 ~(ct)?j2(ct) r ﬁ £, I Te,
. 2(ct) r (ct) 4 rre
)4(ct)21_ T rg 2 (ct) 4)r,rf

> fi
. 4(ct)? krk3 ™ rg ; ~ (@t 16 r,rs 2

Now, we develop thf expr)mn in terms of the cartesian czoordlrﬁles of the different points,
knowing that r¢ = x¢,0,0 ~, where x; qx'px ,and rg Xs,¥,Z ,where xs ™ X j Xs X i

py_a :
e This leads to:

t .
4(ct)2 st—yz—zz—xz = (ct)“_16x2x2

h 1 ( )
. X2 (et idxi 'ye—y 2! (ct)®~ (ct)? X

4x2 _ 4y? 7472
T (ct)?  (ct)?j4ax?

(3.48)

where the last equivalence holds ifand only ifct "} i pi ™~ piq ,.

Since (ct)? " (ct)? j 4xZ, Equation (3.48) defines a prolate spheroid [101], centered at r with
the x-axis as the symmetry axis (in the rotated coordinate domain). O

The above described prolate spheroid is centered at the barycenter of the two transducer
elements and its direction is aligned with the axis formed by the two transducer elements. Its
foci are the two transducer elements

The length of the semi-major axis is < WhICh makes sense since it corresponds to the maximal
round-trip distance the US wave can travel |rl,the time interval [0,t], wheny ™z~ 0.

- - - - - 2 0 1 U .2
The length of the semi-minor axis is given by 5%)— i % . Such a value also makes sense

physically since it corresponds to the maximum depth that can be reached in the time interval
[0,t], given the distance between the transducer elen}ents. It can be easily demonstrated that
2

qx for which z~ g_)_cZZ i X éq‘,]( .

Regarding the inequalityct ™™ p j g ,, itstates that the single emitter - single receiver config-
uration imposes to wait for an incompressible amount of time, proportional to the distance
between the transducer elements, before the receiver starts to record a signal sent by the
emitter. Indeed, it is physically impossible that an ultrasound wave emitted from the emitter
located at p to the receiver located at g attimet ™ p jq ,/c.

As a final remark, we also notice that the Cartesian equation is consistent with the case where

p~ q. Indeed, when p’, ~ q!, the Cartesian equation of the prolate spheroid reduces to

this is attained at the point x = 2%

i ¢ o ,_ (ct)?
Xipx o y?Tz? —(4),
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Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

which corresponds to a sphere centered at the location of the transducer element with radius

ct
>

Hence we observe that G is an elliptical projection of the TRF on a prolate spheroid with foci
located at the two transducer elements. By appropriately moving the transducer elements,
it would be possible to acquire a set of elliptical projections which may form an elliptical
Radon transform, as discussed in Appendix A.2.3. These methods have been discussed in
few papers [102-104] and inversion techniques are proposed for two specific distribution of
the TRF [102].

We can derive a set of parametric equations of the prolate spheroid as

8 i_ ¢ i g— o— i 00
3 X fi,fl,p,q,t 2dix  x ctcos(fi)sin fl

- ¢ . ¢
By_'fi,ﬂ,p,q,t¢ ~1 (@t pkia) ‘sinfiysin I, (3.49)
© z'fiflp,gt 1
i ¢ £t -~
where fi,fl 2[0,2..]£ 0,5 .

a 1 12 i
ct)?i pkiql “cos fl

3.4.3 Discretization of the Measurement Model in 3D

The discretization of the measurement model is schematically described below

Continuous formulation Discrete Formulation

P ¢
M~ Vpe~t G 2L2([0,T]) ¥ M~ vpe1Gi)2RN

where vpe 2 R, is the sampled pulse-echo waveform, F being its support, and G : RNxENyEN:z g
RN is the discretized projection operator.

Let us now focus on the discretization of the projection operator, defined in a general case by

- ol 2 6
G w' p,q,fi,fl,t  r fi,fl,p,q,¢ dfidfl,
[fiy fiuJE[flr I ]

i ¢ i ¢
Wherewolp,q,fi,fl,t ‘”Wlp,q,fi,fl,t £ %A% )

Based on the parametric formulation (3.38), the discretization is straightforward using stan-
dard numerical approximations methods [105].

To do so, we introduce the following set of uniformly spaced quadrature nodes

fi, ~fij (silCq i ¢ y “
s M SiL®n i NRIE L. Ng
f|j f|| Jil Cq

— ifiuifilj — iflyifhj
where € Ne and ¢¢ Np
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3.4. Measurement Model for a Single Emitter - Single Receiver Configuration

We consider the time instants ty ~ kTg, k™ 0,...,N j 1, from which we can write that

AR L

- ¢ . - ¢¢
G (t)~ o wpg fiflte rfiflpate dfidfl
sT1jm1 fisi s flji
L O _ ¢ i ¢¢
. CH w' p,q.fis,flj, te 1 fig,flj,p,q,t (3.50)
sT1j71

where (3.50) is obtained by midpoint quadrature in each subinterval.

We observe that (3.50) requires the evaluation of w’and  at many points of the continuous
domain. As described in Section 3.3.2, we only have access to j, i.e. the TRF evaluated on
the regular 3D lattice. We therefore introduce interpolation operators I, : R\EN/EN: 1 RN
such that

¢

>

£ i, ¢t i
Iﬁsyﬂj i r fis,flj,p,q,0 ,..., r fig,flj,p,q,T
+ T e o . .
We can see that g o1 i L r fis,flj,p,q,tc which can be realized with any interpolation
method, e.g. nearest neighbor interpolation or trilinear interpolation.
Using such operators, we can express the discretized projection operator G using (3.50) as
NG B 1

Gi~ ¢ty ngs,ﬂj— Iign; 1 (3.51)
ST1j1

where ngis,ﬂj 2 RN is defined element-wise by evaluating w’ at time instants t,, k ™ 1,...,N.
3.4.4 Continuous Measurement Model in 2D
Most of the configurations described further i this work consider a 2D scenario where imaging
is performed in the plane >~ {z "é)}\ y ~ 0 . Insuch a case, the linear integral operator G is
a curvilinear integral on @S lp, q,t defined in asimilar way to the 3D case by
Z ; ¢
- w p,q,r,t (r)di(r), (3.52)
r2@s(p.q.t)

i ¢
where dl (r) designates the measure along the curve and @S lp,q ,t isdefined by

. ¢ .
@S'p,q,t - r2>j"r,p,q,t T0. (3.53)

i ¢
As expected from the study in 3D, @S lp, g,t isan ellipse whose Cartesian equation is given by

i —q. ¢
4Ix i % 2 . 422
(ct)? (ct)? i Ipx i Ox

_ tE A2t A
definedforp™ px,0 ", 0x,0 "andct™ pijq ,.

The two foci of the ellipse are the two transducer elements and the semi-major and semi-minor

¢ 1 r[xz]7 2>, (3.54)
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Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

axes, a and b, are given by

8 ct
< a =¥
q.
: —  Ct2i(pxian)? (3.55)
b 2
In addition, it is straightforward to derive a set of parametric equations defined as
i ¢
¢ X Ifi,p,q i pxqu
i (3.56)

¢ 1
z'fip,qg K ﬁ%ﬁ i fi2

- d 1 Pxiqg ¢2 . £ t£
where K 1i == "andfi2 0,5 .
The parametric equations give another insight on the ellipse, namely tha;&thgltlme instant
h Y 2

(Ct) i (px 1 qx)
- > -

qx ct Px ~Ox

defines bounds on x such that x 2 px andon zsuchthatz 2 O,

Intuitively, for a given time instant, when the distance between the transducer elements
increases, the ellipse tends to be flatter and flatter since most of the allocated time is dedicated
to the travel time between the two transducer elements In the extreme case where p ~ g, we
see that the upper bound on the depth is given by which is the maximal depth, among all
the possible configurations, the US wave can reach durlng the time t.

3.4.5 Discretization of the Measurement Model in 2D

The discretization of the measurement model is very similar to the 3D case. The measurements
M 2 RN are expressed as

T Vpe—1Gi). (3.57)

The projection is now mapping from a function defined on a 2D lattice to RN, G : RNxENz 1 RN
expressed using the midpoint rule as
s T ¢
G ¢ wg — ligis o (3.58)
s 1
where Ny is a positive integer, {fis};\'l‘l and ¢ are the quadrature nodes and weight, respec-

tively, and the interpolation operators I+, :RNx 1 RN are defined by
E i i, o¢ i (12
Ifig is .. r fis,p,q,0 ,..., r fig,p,q,T

Regarding the choice of the quadrature nodes, we can write that

"= —px  Ox CfiTx Px qX, (3.59)
2 2

from which we can deduce Ng = Ny uniform quadrature nodes from the Ny points in the
lateral dimension of the lattice (the sign = comes from the condition fi ~ %). Consequently,
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3.5. Measurement Model in Diverging Wave Imaging

¢+~ ¢4 and G can be expressed as

o X ¢
G ¢y _ Wi~ i is » (3.60)

s 1

where |, :RNx ¥ RN are 1D-interpolation operators.

3.5 Measurement Model in Diverging Wave Imaging

We consider the pulse-echo imaging configuration described in Definition 1 where we assume
that the same set of transducer elements is used on transmit and receive.

In addition, we suppose that the transducer elements are arranged into a matrix probe located
in the plane z ™ 0, with spacing ¢ and ¢§, in the lateral and elevation dimension, respectively.
We therefore consider the following uniform grid of transducer elements:

h L ¢ - “ n 0

pij i¢.j¢,,0 ,ij 2 1,...,Ny £ 1,..,Nj ,

where N and N)t, are the number of transducer elements in lateral and elevation dimension,
respectively, such that Ny ™ NXNy.

The measurements are represented as a tensor M 2 RNENEN
M 2 RNNEN o g vector m 22 RN,

or equivalently as a matrix

3.5.1 Continuous Measurement Model in 3D

In DW imaging, the transducer elements are excited in such a way that a diverging wavefront,
issued from a virtual point source located at r,, behind the US probe, is transmitted in the

medium [29].

Ln order t}generate the diverging wavefront that would come from the virtual point rp, —
Xn:Yn.Zn _, the transducer elements are excited with the following delay profile

8

< tij ~ kpij il'nk2

c ito
- ~ . k iiir k 3
It ml_n—p”; n=2
i

where the offset delay tg is used to set the minimum values of tjj to 0.
Under the wavefront assumption, the time delay on transmit does not depend on the trans-
ducer element and is given by

kr i rnk
th(r)“% i to. (3.61)

Thus, the measurement model associated with the DW imaging configuration, H : Lo (>) ¥
L, ([O,T])NQEN;, can be expressed element-wise by
i ¢ ¢

- i
H 5 Vpe™t Gij (3.62)
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Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

where Gjj :L2(>) ¥ L2([0,T]) is defined by

L [ ¢ i ¢
Gij Ope r,pij (r)— "~ r,pij,rn,t dr, (3.63)

rZ>
in which the implicit function is given by
ripij , krirnky

- e _
r,pPij,r,t t toi c ,

and the element directivity is slightly changed compared to (3.32) due to the wavefront as-
sumption such that

i ¢

¢ 0 I,pPij

i -
Ope 1Pij ~So— — (3.64)
e |J 2

The implicit function is remarkably close to the one expressed for the single emitter-single
receiver in Section 3.4.2 by considering the virtual source as the emitter and the transducer
elements as the receivers. We define the 0-level set of the implicit function as the following
interface

L] 173

[ ¢_ : — -
@S pij,rn,t r2>j ripij , krirnky c(t to) ,

from which we can rewrite (3.63) as the following surface integral
Z i ¢
Gij — W pjj,rn,r,t (r)d (r), (3.65)
r2@S(pij,rn,¢)
whered (r) is the measure along the surface and w is given by
¢ i ‘
i Ope I',Piij
bt T e P
rr r:pijyrn:t

Each operator Gjj is an elliptical projection over a prolate spheroid whose foci are the virtual
source and the transducer element, respectively. The measurement model gathers many of
these projections for various locations of the transducer elements pjj. The set of projections
can be analyzed in terms of the elliptical Radon transform, in the special case where one focus
is fixed (the virtual source) and the other varies on an hyperplane (the transducer elements).

Regarding the Cartesian equation of the prolate spheroid, we slightly change the formulation
compared to Section 3.4.2 since we consider a fixed coordinate system, with x-axis and y-
axis parallel to the probe. This allows us to derive a more generic formulation than the one
provided in Section 3.4.2.

Hence, we introduce the rotation matrices R and R,, which perform the rotations of angles
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3.5. Measurement Model in Diverging Wave Imaging

and » described in Figure 3.6 and defined as

- , 0 1
il §xn z

~ arctan LG:T and »"arctangq| ¢2” | ¢2£. (3.66)
Yn )%y Xn 1165 7 yniJ¢y

Thus, by sequential application of R and R,,, the coordinate system is rotated such that its

n

\/
z

Fig. 3.6. Coordinate system and angle convention for diverging wave imaging.

x-axis is parallel to the direction ry j pjj.

We define the new coordinates in the rotated domainasr’~ R R,r,r!} ~R R,r, and pgj -
R R,pij and we express the Cartesian equation of the prolate spheroid as in Section 3.4.2 as
0. Pij X Tz
4 xVj = _
12 _ 4y°¢2 47"
(ct)?

~1. (3.67)

+ "2
Ct)*i P}, ixn

Parametric Equations - The Elegant Approach: Using the above introduced Cartesian equa-
tion, we can easily deduce the set of parametric equations as

8 i ¢ _ i ¢
3 X' i, fl, pij,rn,t v%c??i x? ¢ (t™ to)cos(fi)sin fl b
. ¢ 1 X — - ¢ . ¢
y! i £, pij, ot g G to)? i 4 Zsin(fi)sin ‘Al 'fifl 2[0,2.]€ 0.5, (369)

3
= i flpij et UL (c(t t0)2 i 4xtZcos
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Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

from which we obtain the set of parametric equations in the original coordinate system as:

i ¢_ £ i, ¢ i, ¢ i
r fi,fl,pij,rn,t “R;,R; X fi,flpij,ra,t ,y fi,fl,pij,rn,t .z fi,fl,pjj,rn,t
Based on the set of parametric equations introduced above, we can perform a change of
variables in (3.65) which defines the following parameterized integral:

g i i 6 e 0
GIJ £ /W pijlrnlr .':nylypij!rr]v¢ l¢ r flyflypij,rn,¢ dfldfl,
[02.]€ 0,

wherew'~w£ £~ ,

Parametric Equations - The Brute-force Approach: Alternatively, we can directly expres%
the parametric equations associated with the 0-level set of the implicit function ~ Ir Pij,n,t
inthe form z™ f (x,y). This would greatly help for the discretization since it would be possible
to rely on the points of the 3D lattice.

To obtain this parametric formulation, many calculations are required and we rely on a formal
calculus software (using Wolfram Mathematica for instance). Using such a tool, we can
demonstrate that a set of parametric equations can be defined as follows:

8 i ¢ _ .
2 x_fl,fl,pij,rn,t¢ fi
i -
- yif_l,fl,pij,rn,t¢ Vfli _ ¢ (3.69)
-z fi,fl,pjj,rn,t g fi,fl,pjj,rn,t

where g is a lengthy function whose complete expression is detailed in Section B.1.1 of Ap-
pendix B.

3.5.2 Discretization of the Measurement Model in 3D

The discretization process in the case of DW imaging does not significantly vary from the one
derived in the single emitter-single receiver configuration. We define the discrete measure-
ment model as follows:

S
M~ H i~ Vpe(G i) 2RVENEN 1 M~ (Hi)ij " VpeGiji 2RV, (3.70)

where Gjj : RNxENyEN: & RN js the discretized projection operator associated with the trans-
ducer element located at pj .

In order to perform the discretization, we rely on the set of parametric equations introduced
in the brute-force approach. We introduce the following set of uniformly spaced quadrature
nodes:

fis  ~Xmin (5i1)¢ ' )
is vam_(Sl ) Cx L (5,m)2{L,...,Nx}£ 1,...,Ny ,
flm Ymin (M jl)¢y

where Ny, €4, Ny, ¢y are defined by the discretization of the medium, discussed in Sec-
tion 3.3.2.

60



3.5. Measurement Model in Diverging Wave Imaging

Hence, we can express the discretized projection operator Gjj as:

_ x Y i
Gl] i ¢X ¢y WﬁSvﬂm - Iﬁsyﬂm ism, (3.71)
sT1lmT1
where wl. . 2RN is defined element-wise by evaluating w’ at time instants t,, k= 1,...,N,
and Ifiij 4 :RN2 1 RN are 1D-interpolation operators over the axial dimension defined as
i i o¢ i gl
ﬁsyﬂmism r f|51ﬂm:pijyrn,0 gy r f's:ﬂmypij:rnyT

Matrix-free Evaluation of the Measurement Model: Thus, we have derived a way to com-
pute the forward operation G j, and consequently H j in a matrix-free fashion in the context
of DW imaging. The algorithm is detailed in Algorithm 1 below.

Algorithm 1 Matrix-free Computation of H j for UFUS Imaging in 3D

_ T e
Require: rn,t, pij ; o {fishey, flm oy Vpe
initiali7¢ation: M™TO n o
for'i,j 2 1,....Ngy £ 1,...,Ny do

I\7|ijv¢x¢y mP W,Q- _i ') ism
sS1m—1 is,flm fis,flm,
Mij VVpe/|\,/\|ij
end for
return M

The main advantage of Algorithm 1 is the reduced memory footprint compared to existing
approaches, which makes it scalable to 3D imaging. Regarding the complexity of the proposed
approach, the computation of H j requires to perform the following operations:

1. N{ N)t, NxNy interpolations where each interpolation has a computational complexity of
O (LN) with L the support of the interpolation kernel (L ~ © N);

2. N)t(Nf,N>< Ny point-wise multiplications with W]Qis, each of which having a cost of O (N);
[ ¢
3. N{ N)E convolutions with v, each of which with a complexity of O IN logN .

The overall computation complexity of H j is therefore:

1 . 1 .
Cost(H i)™ O LNyNyNxNyN 7~ NiNINxNyN " NgNyNIogN ~O NyN/NyNyN .
(3.72)

3.5.3 Continuous Measurement Model in 2D

Since most of the UFUS imaging configurations considered in this thesis are in 2D, we also
present the measurement model in the context of 2D imaging, although it may be derived
directly from the measurement model in 3D. Hence, this section is dedicated to the reader that
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Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

wants to perform 2D imaging and does not want to go through the unnecessary complexity of
the 3D formalism.

In 2D imaging, we consider tt}e conﬁguration described in Figure 3.7, where the transducer
elements are located at p; ~ i¢%,0 7, i~ 1,...,N{. The virtual point is positioned at rp ~
[Xn,zn]” behind the probe.

4 “wavefront”

S -__':,"’ / .

» X

<
<

Fig. 3.7. Standard 2D diverging-wave imaging configuration.

Thus, the measurements are considered as M 2 L2([0,T])N; and the measurement model,
H:Ly(>) ¥ Ly ([O,T])Ni, can be expressed element-wise as

where Gj :Lo(>) ¥ L, ([0, T]) is the linear integral operator defined by
- ‘ i ¢ i
Gi Ope I.pi (r)-—

r2>

i ¢e
r,pi,rn,t dr, (3.74)

i ¢_ ripi ,» Krirnpk
ropirmt Tt tod Pi 2 n-z

C

We define the 0-level set of the implicit function ~, which is now a 1D curve, as the following
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3.5. Measurement Model in Diverging Wave Imaging

interface

i ¢
@S'pi,rn,t Tr2>j ripi, krirpk;Tc(t to) , (3.75)

from which we can rewrite (3.74) as the following line integral
Z i ¢
Gi ~ W pi,rn,r,¢ (r)di(r), (3.76)
r2@S(pi.rn.t)

where dlI (r) is the measure along the curve and w is given by
¢ i ’
Ope I',Pi
w p.,rn,r,t “ﬁ Re i ¢§'.
rl" rvpivrnat

Whenc(t to)"" rnipi , Equation (3.75) defines the intersection between the half-plane
z "~ 0and an ellipse with foci located at r, and p; and with semi-major and semi-minor axes,
a and b, given by

— qa
_c(tt 21 —
%andb > (ct™ t))?i rnipi 3-

Parametric Equations - The Elegant Approach: In order to derive the set of p%rametrlc
equations associated with (3.75), we introduce the rotation R ofangle ™ arctan J”;% ,
such that

x “x"cos( ) zsin( )
z “Z%os()jx'sin() "’

0 1>

In the rotated coordinate system, the ellipse can be defined using the following set of paramet-
ric equations

where x are expressed in the rotated coordinate system.

xU(fi) B tn X0 cos (
2! (fi) “p'x X0 sin

?Sin( )_acos(M) 6o iy fiul,
Ztcos( ) bsin(fi)

)i
)=
where fi; =« fiy 2 R. This leads to the following parametric equations in the main coordinate

system:

X (fi) R X1 =4 cos( )cos(fi) “bsin( )sin(fi) P o
z (fi) "7” bcos( )sin(fi) j asin( )cos(fi) 7 2

R; [acos(fi),bsin(fi)]”,

where fi 2 [fi}, fiy].
The identification of fi; and fi, are not technically difficult but requires some calculations that
are detailed below. We are interested in the following inequality

?n_bcos( )sin(fi) j asin( )cos(fi) " 0. (3.77)
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We introduce A~ asin( )and B ~ bcos( ), such that the inequality becomes
%”—B sin(fi) i Acos(fi)"" 0. (3.78)

To solve such a trigonometric inequality, we use the Weierstrass substitution, which is detailed
below:

Lo ot i 12

fi o Lo Ll
tTtan — , fi)” — d fi)7 —.
an 2 sin(fi) 1 and cos(fi) 1

Inequality (3.78) now becomes a polynomial inequality on t
i .

Zn_

2

Zn

At? 2Bt = jAT0. (3.79)
2

. - i,
Let us study the sign of the coefficient 27“

polynomial. We have the following

¢
A which is closely linked to the sign of the

t .

. — ot to)

Zn— 2 cttsin() 2 b Reink
2 2 2 ’

since z, - 0. Thus, (3.79) is valid between the roots of the polynomial, which are given by

= (cos( )&81)b

3.80
asin( ) ( )
Sincesin( )~ 0, we deduce the following values for fi; and fiy,
8 1 .
< fiy T 2arctan %)(—%)9_
* fiy T 2arctan 5—(—)—)—C‘gssin(i§b
Using the set of parametric equations, we write the line integral (3.76) as
_t o i, ¢ 0
Gij W' pj,rn,r fi,pi,rn,t r fi,pij,rn,t dfi, (3.81)
iy
h ~wg X 2_*o, 2
where w" ™~ w ot TR

Parametric Equations - The Brute-force Approach: As for the 3D case, it may be convenient
to express the parametric equations of the ellipse as z ™ g (x).

To obtain this parametric formulation, many calculations are required and we rely on a formal
calculus software (using Wolfram Mathematica for instance). Using such a tool, we can
demonstrate that a set of parametric equations can be defined as follows:

x(firn,t) , Tfi

.. o i ¢, (3.82)
z fi,pj,rn,t g fi,pj,rn,t
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where g is a lengthy function detailed in Section B.1.2 of Appendix B.

3.5.4 Discretization of the Measurement Model in 2D
As for the 3D case, we define the discrete measurement model as follows

M~ Hi " Vpe1G i) 2RNEN 1 M; ~ (H )i ~ VpeTGi 1) 2RV, (3.83)

where G; : RN<ENz 1 RN s the discretized projection operator associated with the i-th trans-
ducer element, obtained by discretization of the integral (3.81).
We introduce the following set of uniformly spaced quadrature nodes:

fis ™ Xmin  (5i1)Cx,s2{1,...,Nx},

where Ny and ¢ are defined by the discretization of the medium, discussed in Section 3.3.2.
Thus, we can express the discretized projection operator G; as:

- X 0 i
Gii G B Wei =l s (3.84)

s 1

where wg;, 2RN is defined element-wise by evaluating w’ at time instants t,, k= 1,...,N, and
Ifiis :RNz ¥ RN are 1D-interpolation operators over the axial dimension.

Matrix-free Evaluation of the Measurement Model: In a similar way to the 3D case, we can
derive a matrix-free evaluation strategy of H j. The algorithm is detailed in Algorithm 2 below.

Algorithm 2 Matrix-free Computation of H j for UFUS Imaging in 2D

t
Require: rp,t, pj :\ixl,{fis};\'ll,i,vpe
initialization: M ™0
fori2 1,...,N{ do
~ i ¢
Mi ™ Cx _ Wi — i is
S 1A
Mivvpe/lvh
end for
return M

The computation of H j requires to perform the following operations:

1. NINy interpolations where each interpolation has a computational complexity of
O (LN) with L the support of the interpolation kernel (L ~ © N);

2. Nf(NX point-wise multiplications with W%is, each of which having a cost of O (N);

i ¢
3. N{ convolutions with Vpe €ach of which with a complexity of O IN logN .

The overall computation complexity of H j is therefore:

i ¢ ¢
Cost(H i)~ O 'LNxNIN "NyNIN “NENTogN ~ O 'NgNIN, (3.85)
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since logN ¢, N{ in US imaging.

3.6 Measurement Model in Plane-wave Imaging
We consider transducer elements arranged on the following regular grid:
h L ¢ « n 0

pij” i¢.j¢,0 ,ij 2 1,...,Ny £ 1,..,Nj ,
where N and Nty are the number of transducer elements in lateral and elevation dimension,
respectively, such that N¢ = NXN/ .
The measurements are represented as a tensor M 2 R\ ENUEN o equivalently as a matrix
M 2 RNENCEN o g vector m 2 RNENEN,

3.6.1 Continuous Measurement Model in 3D

In PW imaging, the transducer elements are excited in such a way that a planar wavefront is
transmitted in the medium [28]. Depending on the delay profile, we can steer the wavefront in
both lateral and elevation dimensions with angles y and y, repsectively. Usually, PWs are
steered in only one direction,i.e. x~ Oor y~ 0.

In the remainder, we consider steering in the lateral dimension, suchthat y~ 0and x& 0.
The results can be easily adapted to the case of steering in the elevation dimension.

In order to generate the planar wavefront, with steering angle , the transducer elements are
excited with the following delay profile along the lateral dimension

bou ipu,
< PuIPuceotan( i), if x » 0

- Hp PPNt X
wcotan( «), otherwise

tij

Under the wavefront assumption, the delay on transmit is given by

trx(r) hr,éa i,

e V[Sin( X),O,COS( X)]> '

The measurement model, H : L, (>) ¥ Lz([O,T])N;£N§, can be expressed element-wise by
i ¢ ¢

- i
H ij Vpe ~t Gij )

where Gjj :L2(>) ¥ L2 ([0,T]) is defined by
VZ i ¢ i ¢
Gij Ope I,pij (r)— " r,pij, ,t dr, (3.86)

r2>

in which the implicit function is defined as

8 . -
< "r,_pij, ,t‘L . "ti—krip”lff e
- A - Pijir ,
- e rpij, ot : W‘ijkzie
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3.6. Measurement Model in Plane-wave Imaging

and the element directivity ope is the same as for DW imaging and is given by (3.64).
When 0, we have that
- !
i t_1 iiir
rr‘lr:pij! ,t - plj—li[01011]> ’ (3‘87)
C ripij,

which is0when x ™ pjj, andy Pijy-
However, when & 0 we observe that the gradient may vanish for some values of r that are
on the 1D curve defined by

« _
¢ y T Pijy

r‘lr,pij, ,t 70, ¢

| .o
z T Xipijy cotan( )]
Theoretically, this is problematic since the the surface integral cannot be defined when the
gradient of the implicit function vanishes at some points. However, in practice, even though
the equality does not hold in the continuous domain, the parametric equations may still be
used in the discrete domain where it is highly unlikely that the gradient vanishes.
Based on the implicit function ™, we can rewrite (3.86) as the following surface integral
Z i ¢
Gij — w pij, ,r,¢ (r)d (r), (3.88)
r20s(pij, )

i ¢
whered (r) is the measure along the surface, @S Ipij , ,t isthe following interface

i ¢
@S'pij, st T r2>jetj ripij , hrei= o0, (3.89)

and w is given by
¢

|
whoig, e Ry
re r,pij, -t
We now proceed to the derivation of the Cartesian equations and parametric equations of
the interface. We introduce the rotation of angle j x along the y-axis, R; , such that the
transducer elements are defined as follows in the rotated coordinate system
i_ h i
p?j - p?jx’p?jy’p?jz ~ Ppij,cos( x)apijy:pinSin( x) -

In addition, we also consider the following translation TP?; such that

h i

>

- -l . A0 . A0 - >
Tpgjr x.pijx,y|piy,z|pijZ XY,z

Using the above introduced transformations, we demonstrate that the interface is a circular
paraboloid whose Cartesian equation is detailed in Proposition 2.

i ¢
Proposition 2 (Cartesian equation of the circular paraboloid). The interface @S Ipi j» »t given
by (3.89), is defined, when ct & pijoz, by @S ™ {z "* 0} \ P where P is a circular paraboloid whose

67



Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

Cartesian equation is defined by

-
2—y2 p;. ict £ P
X -
$Xs Vs jze~ —2 s Xs,¥s,Zs Tpt Ry X, 12> (3.90)
2 p?jz ict ? )

£ 7
Proof. Assumethat ,~ Osuchthate = ey,ey,e; ~— [Ein( &0,003( )] Tgﬂe rotatipn of
angle j  around the y-axis associates to each vectorr ~ x,y,z ~avectorr’~ x’,y’,z' such
that

)£ . - . Lt .~
r xcos( x)izsin( x),y,zcos( x) xsin( x) Xez i ZeX,Y,Z€; Xeyx
i ¢
The result is obtained by working on the equation involved in @S Ipij , ,t asdetailed below.
ct™ ripij, hrei

D (ctihr,e i)>7 ripij g

2 _ _ _ Zvi ¢2—¢ 2_ 2
- (Ct)”j2ct(xex ze;) (xex zeyz) X1 Pijy Yi pijy z
. 1 Y
— 2o i ¢, 2_j ¢
L et izet 22 K ipt 2Ty ipl T e
. ! 2
21 ¢2— 2 I ¢
- et?ipiy T X ipigy o yip i) 2pij) i 2t
i O¢2_¢ 00 2~ . !
ctBpij, X 1 Pijy y 1 Pi, 0 ct pijoZ -0
> 2lpij02 iCtv 1 2
-
2—,2 p:. ict
X
. s iZs IJZ2 '
2 pl gt
Iz
_E =" 0
wherers ™ Xs,ys,zs ~ Tpi . =

Hence, Gjj performs a quadratic projection of the TRF onto a paraboloid characterized by the
above Cartesian equation. The measurement model gathers many of these projections (onto
different paraboloids) for various locations of the transducer elements pjj and can be ana-
lyzed in terms of the parabolic Radon transform described in Section A.2.4 of Appendix A.
Unfortunately, an analytical inversion formula of such a transform does not exist in 3D except
for very specific configurations.

Parametric Equations - The Elegant Approach: Associated with the Cartesian equation
defined in (3.90), we can define a set of parametric equations in the new coordinate system as

s fi.flpij, .t Tl

o ‘2
¢ _ i p?jzict

s i ¢ _

%xs_fl,fl,pij, i, i

; " (3.91)
i
fi, fl, pi

= zs 1,1, pij, t 2 pjj, ict
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3.6. Measurement Model in Plane-wave Imaging

where the following condition holds for fi and fl:

1 1 |

i o0 2 0 L e2— e 0 .-

fi,fl 2R“ such that sgn Pij, jct fic fl°j Pij, jct 0.

The corresponding set of parametric equations in the original coordinate system is obtained
by composition of the inverse rotation and translation operations, such that

>
I

i ¢_ £ i ¢ g ¢ i,
rofiflpij, .t TR, xs fi,flpij, otys fiflpij, ,t,ze fiflpij, .t

from which we define the parameterized integral as follows:

- )i i ¢ ¢ o
Gij W Dij, I fl,ﬂ,pij, 00 r fl,ﬂ,pij, ,6 dfidfl,
i XuIE[Y1Yu]

where X, Xu, Y1, Yu are lower and upper bounds for fi and fl, respectively (obtained from the

parametric equations), and w'~ w£ 2L~ -

Parametric Equations - The Brute Force Approach: As for DW imaging, we can derive an
alternative set of parametric equations, more convenient for discretization purpose, as follows

8 i ¢ _ .
= x fi,fl,pij, ,t¢ fi
i, -
- yif_l,fl,pij, ,t¢ Vﬂi_ ¢ (3.92)
© oz fi,fl,pij, t g fi,fl,pjj, .t

where g is a lengthy function whose complete expression is detailed in Section B.2.1 of Ap-
pendix B.

3.6.2 Discretization of the Measurement Model in 3D

The discretization process is similar to the one described for DW imaging. We define the
discrete measurement model as follows:

L
M~ H i~ Vper1G i) 2RVENEN 1 M~ (H )i}~ Vpe—Giji 2RV, (3.93)

where Gjj : RNENEN: 1 RN s the discretized projection operator associated with the trans-
ducer element located at pjj.

To perform the numerical approximation of the integral, we rely on the set of parametric
equations introduced in the brute-force approach. We introduce the following quadrature
nodes:

fis  ~Xmin (5i1)¢ ' )
Is VXmln_(Sl ) X ,(S'm)Z{l,...,NX}E 1,...,Ny,
flm Ymin (Mil)¢y

where Ny, ¢4, Ny, ¢, are defined by the discretization of the medium, discussed in Sec-
tion 3.3.2.
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Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

We express the discretized projection operator Gjj as:

- X M 0 ij |
GlJ i ¢X ¢y WﬁSvﬂm - Ifis,flm i sm (3.94)
sT1lmT1
where wl . 2RN is defined element-wise by evaluating w’ at time instants t, k= 1,...,N,
and I;ij o RNz ¥ RN are 1D-interpolation operators over the axial dimension defined as
. £ ¢¢ i gl
ﬁsyﬂmism r fIS:ﬂmvpij: 10 gy r fIS:ﬂmvpij: aT

Matrix-free Evaluation of the Measurement Model: Using the discretization introduced
above, we can derive a matrix-free evaluation strategy of H j in exactly the same way as for

DW imaging, described in Algorithm 1. i

The overall computation complexity of H j isO N)EN;NXNVN (See Section 3.5.2 for more
details).

3.6.3 Continuous Measurement Model in 2D

In 2D imaging, we consider Ehe coptiguration described in Figure 3.8, where the transducer
elements are located at p; ~ i¢t,0 7, i~ 1,...,N.

L - -| “wavefront”

Fig. 3.8. Standard 2D plane-wave imaging configuration.

The measurements are definedasM 2L, ([O,T])Ni and the measurement model, H: L, (>) ¥
Lo ([O,T])Ni, can be expressed element-wise as
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3.6. Measurement Model in Plane-wave Imaging

whereGj :Lo(>) ¥ Lo ([0,T]) is defined by
VZ i ¢ i ¢¢
G| Ope rvpl (r)_ rvpiv 1$ dr1 (396)

r2>

with the implicit function given by

¢"t' ripi ,ixsin()izcos()
1 .

~

i

rl -1 !t
Pi c

We define the one dimensional curve given by the 0-level set of the implicit function ~, as the

following interface

i ¢
@Slpi, 7 r2>j ripi ,ixsin()izcos() ct,

which can be used to rewrite (3.96) as
z ; ¢
Gi ~ w pi, ,r,t (r)dl(r), (3.97)
r2@s(pi. .t)
where dI (r) is the measure along the curve and w is given by
¢ i ‘
i Ope I,Pi
wipr ot T TP g
rr rapia 1t

In order to derive the Cartesian equations associated with the interface, we introduce the
rotation matrix ofangle ,R suchthatr’~ R r and p? ~ R pj. Inthe rotated domain, the
equation defining the interface can be expressed as follows

ripi ,ixsin()jzcos( ) ct

0~

Y
- ripj ,iz ct

_1 i ¢,
> 27 o @i X ipiccos()? . (3.98)

£ ~
Hence, (3.9%) definesa pﬂabola in the rotated coordinate domain with vertex pj, cos( ),ct/2 ~,
focal point pj, cos( ),0 7, and directrix given by the equation z ™~ jct.

Parametric Equations - The Elegant Approach: We derive a set of parametric equations in
the rotated domain based on the Cartesian Equation (3.98) as

)i ¢ _ .

X et Ty i ) (3.99)
I . - I . , .

2 fi,pi, ,t Tk (ct)?i fiipigcos( )’

£ e
defined for fi2 pj,cos( )ict,piycos( ) ct . The setof parametric equations in the orig-
inal domain is therefore defined by rotation of angle of the above defined coordinates as
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i ¢ _ . — g ¢
x _fi,pi, ,t¢ ficos( ) z° fi,pj, .t %ln()

i - ... Y . (3.100)
z fi,pj, .t ifisin( ) 2z fi,pj, ,t cos( )

This allows us to perform the change of variable in (3.97) which can be written as

L R U N S S S
Gj w' pi, ,r fi,pi, ,¢ .t r fi,pj, .t dfi,
[fiy fiy]
i 2+
where fi, ~ pi,cos( )™ ct, fiy T piycos( ) ctandw'TwE g% B ﬁ@'% .

Parametric Equations - The Brute-force Approach: To obtain the parametric formulation
in the brute-force approach, many calculations are required and we rely on a formal calculus
software (using Wolfram Mathematica for instance). We obtain a set of parametric equations
of the following form:

i ¢ .
x _fi, pi, ,t¢ i

i ¢, 3.101
zlfi,pi, 't Vglfi,pi, it ( )

where fi 2 [Xmin, Xmax] @nd g is detailed in Section B.2.2 of Appendix B.

3.6.4 Discretization of the Measurement Model in 2D
The discretization process is the same as for DW imaging and is briefly reminded below:

M~ H i~ VperTG i) 2RYEN 1 M~ (Hi)i ™ vpeTGi i) 2RV, (3.102)

where G; : RN<EN: 1 RN js the discretized projection operator associated with the i -th trans-
ducer element, obtained by discretization of the continuous operator G; .

We rely on the set of parametric equations introduced in the brute-force approach. We
introduce the following set of uniformly spaced quadrature nodes:

flsVXm”']_(S i 1)¢X1 S 2{1,...,Nx},
where Ny and ¢ are defined by the discretization of the medium, discussed in Section 3.3.2.
Thus, we can express the discretized projection operator G; as:
% b
Gi i = ¢X Wﬁs - I-;:is is (3103)

s 1

where w,(lis 2 RN is defined element-wise by evaluating w' at time instants t,, k ~1,...,N, and
I,iis :RNz ¥ RN are 1D-interpolation operators over the axial dimension.

Matrix-free Evaluation of the Measurement Model Using the discretization introduced
above, we can derive a matrix-free evaluation strategy of H j in exactly the same way as
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for DW imgging, described in Algorithm 2. The overall computation complexity of H j is
) |NXN}(N (See Section 3.5.4 for more details).

3.7 Adjoint of the Measurement Model: Revisiting the Delay-and-
sum Algorithm from a Functional Perspective

In this section, we derive the adjoint operator of the measurement model H corresponding to
the different configurations described in previous sections. We also show that the formulation
of the adjoint allows us to provide a novel understanding of the DAS algorithm.

The motivations for the derivation of the adjoint operator are twofold:

1. In most restoration methods, the computation of the adjoint operator H” is required at
some point. For instance, restoration approaches that require to solve a convex opti-
mization problem need to compute the gradient of a data fidelity term, usually expressed
using the squared “,-norm. Such a gradient is therefore definedas H (H j i M).

2. Intomographic image reconstruction methods involving the linear Radon transform
(LRT), the adjoint operator is usually called backprojector since it takes projections
along the different lines and “smears” them to recreate an image. The backprojector
is used in the well-known backprojection algorithm, which is a very popular inversion
method of the LRT, as described in Appendix B.

3.7.1 Derivation of the Adjoint of the Measurement Model

In this section, the derivations are limited to the 3D case. But the formulations for the 2D case
can be easily deduced using a similar reasoning.

Adjoint Operator at the Continuous Level: Since the measurement model H is linear, the
adjoint operator H™: Lz([O,T])N§£N§ ¥ L, (>)isdefined by
> fi

> f
LTy Hm Gy, (3.104)
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where u (t) ™ vpe (i t) is the matched filter of the pulse-echo waveform. Thus, it can be derived
from the definition of the measurement model as follows

> i WKLT,
H om >~ H 5 (mij (t)dt
i71j71 0
VX%ZTZ i ¢ i i ¢
Ope I Pij (NVpe titrx(r)itrx r,pij mijj(t)dtdr
i“1j71 0 r2>
S SR S S P
Ope I,Pij (r) Vpe titrx(r)itrx r,pij mjj(t)dtdr
I’2>i“’1j“’1 0
z N N . . . .
u(t) " Vpe(it) i ¢i i i ¢¢
e (r) Ope I,Pij U—~tmjj trx(r) trx r,pij dr
r2> iT1j71
> e fi
T M6y

Hence, the adjoint operator is expressed at the continuous level as

R%

iT1j71

Ci

Ci _ i ¢e
H m u—¢mij tryx () trx 6Pij - (3.105)

I
Ope 0 Pij

The structure of the adjoint operator (3.105) is very similar to the one of the backprojector
described for the LRT. In a first step, the element-raw data are convolved with the matched
filter of the pulse echo-waveform, i.e. the element-raw data are correlated with the pulse-echo
waveform. Such a technique is a well established method used to increase the SNR in radar
and sonar. In US imaging, it is used for pulse compression [106].

In a second step, the samples of the filtered element-raw data corresponding to the round-trip
TOFs for the field point r 2 > are summed up. This smears the information contained in the
various elliptical or parabolic projections in order to recreate an image, in a similar way to the
backprojector in LRT.

Adjoint Operator at the Discrete Level: The discrete adjoint operator H: RNENEN g

RNxENyEN: can be directly expressed from (3.105) as
M M T
H M~ Oij- ' Mij (3.106)
i~1j71
where Ojj 2 RNENVEN: s defined by the value of the pulse-echo element directivity for any
point of the medium, M 2 RNENEN s defined by
L ¢
Mij — vw"Mij ,
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and Ijj :RN 8 RNENEN: performs many 1D interpolations of the element-raw data along the
time-dimension defined by

¢ if - ¢¢

i ~ ¢ i if - -
liiMij - (U=Mij) trx X, Ym,Zn tRx  X1,Ym:Zn . Pij

Matrix-free Evaluation of the Adjoint of the Measurement Model: Using the formulation
in the discrete domain, we derive a matrix-free evaluation of H~, detailed in Algorithm 3 below,
very similar to the DAS algorithm.

Algorithm 3 Matrix-free Computation of H~M for UFUS Imaging in 3D

) L] “N)t(’Nt ) L] N
Require: Pij i’jvly,{ﬂs}gljfl, flm my“']_r{zn}rl:l‘z’laMau
initiali7¢ation: i Q0 n 0
for'i,j 2 1,....Ny £ 1,...,Nj do
I\7|ij“u/|V|ij
end for .
_wp i~ ¢
i Oij— 1ijMij
iT1jT1
return j

3.7.2 AFunctional Interpretation of the Delay-and-sum Algorithm
In the same spirit as the measurement model, we can express the DAS algorithm at the
continuous level in terms of a linear operator D : L, ([0, TNt ¥ L, (>), defined by

B 3 SR T T T T
Dm ar,pij mij trx () trx &Pij (3.107)
iT1j71
i ¢ L -
where a r,pj; are the apodization coefficients.
Hence, we immediately notice, by comparison with (3.105), that the DAS operator is an
approximate adjoint operator under the following assumptions:

* The pulse-echo waveform is a Dirac: vpe (t) ~ —(t);
* the term oy, is replaced by the apodization coefficients.

The main reason for such assumptions is that they lead to better image quality. Indeed,
in standard imaging configurations, convolving with the matched filter results in blurred
images (due to the fact that very short pulses are transmitted), and the element-directivity
containsal/ r ip; , factor that over-attenuates deepest regions.

Additionally, such a view legitimates the use of the DAS algorithm for image reconstruction
since exploiting adjoint operators as an approximate inverse is common in image reconstruc-
tion. It can be seen as a least-squares solution of the inverse problem when the Gram operator
associated with the linear operator is the identity.

75



Chapter 3. Pulse-echo Ultrasound Imaging Seen as an Inverse Problem

Another benefit of defining the DAS as a linear operator is that we can easily derive its adjoint,
B La(>) ¥ Lo ([0, T])NEN, defined element-wise by
Z
i - i ¢ i i ¢¢
D ar,pij (r-titrx(r)itg, r,pij dr, (3.108)

r2>

which is very similar to the measurement model H.
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“} USSR: The UltraSound Sparse Regu-
larization Framework

Nothing in the world takes place without
optimization, and there is no doubt that
all aspects of the world that have a
rational basis can be explained by
optimization methods.

De Curvis Elasticis
Leonhard Euler

In this chapter, we introduce USSR: The UltraSound Sparse Regularization framework which
exploits the measurement model introduced in Chapter 3 inside a variational regularization
framework with different applications: enhanced image reconstruction, compressed beam-
forming and image restoration. The idea is to exploit the matrix-free formulations of the
proposed model to explore alternative reconstruction methods based on iterative approaches.

After a brief reminder on variational methods and convex algorithms for inverse problem
in imaging, we present a sparsely-regularized beamforming approach where sparsity in a
wavelet frame is used as a prior in our inverse problem. We show that the technique leads to a
significantly higher image quality than the standard DAS algorithm and performs high-quality
imaging with very few insonifications. Motivated by these results, we extend the proposed
approach to compressed beamforming, where the idea is to complicate the image reconstruc-
tion problem by reducing the amount of data per insonification. Hence, we compose the
measurement model with an undersampling operator and discuss different undersampling
strategies based on CS principles. On the reconstruction side, we rely on the same sparsity
prior and the same algorithm as for sparsely-regularized beamforming. In a fourth section,
we propose a model of non-stationary blur in US imaging, based on the composition of the
measurement model and the DAS operator. We show that such a composition coupled with
the formulations described in Chapter 3 permit to significantly decrease the computational
complexity associated with the evaluation of the non-stationary blur, from quadratic to linear
with respect to the size of the grid. We use the proposed model in a MAP estimation algorithm
where a GGD prior is used for the TRF and demonstrate that it outperforms existing image
restoration methods in US imaging.
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4.1 ABrief Overview of Variational Regularization in Imaging

4.1.1 Variational Regularization for Imaging Problems

Many imaging problems aim to recover an image or a set of parameters from partial or indirect
measurements, e.g. Radon or Fourier measurements. Such problems are popular in various
areas of science and engineering e.g. medical imaging, astronomical imaging and geology.
Mathematically, an inverse problem can be formulated as reconstructing a signal x 2 X from
measurementsy 2Y , where

y H(®X) e. 4.1

In the above equation, X and Y are topological vector spaces, e.g. Banach or Hilbert spaces, H :
X 1Y isthe forward operator, sometimes called “measurement model”, and e 2Y accounts
for additive measurement noise. Given (4.1), the imaging problem can be expressed as follows

Estimate x from y measured by (4.1). 4.2)

A popular way to solve (4.2) is by minimizing a data-fidelity term, J : X£Y ¥ R—, that measures
the discrepancy between the reconstruction and the measured data. Mathematically, we define
the following minimization problem

L ¢
minJ Hx),y , (4.3)

which can be interpreted as a maximum likelihood estimation problem, where J represents
either the negative likelihood or log-likelihood of a probability distribution.

A common pitfall of this approach is over-fitting in the sense that a small change of the data
may result in a significant change in the solution of (4.3). This occurs in the case where the
operator H is ill-posed or ill-conditioned.

A popular technique for preventing the reconstruction against over-fitting is variational regu-
larization [107, 108] where an additional regularization term R : X ¥ R—, which encodes some
prior knowledge on the solution, is introduced in the minimization problem. Formally, the
variational regularization problem is defined as

. .
minJ '"Hx),y —LR(X), (4.4)

where , 2 R—is the regularization parameter which controls the trade-off between the data-
discrepancy term and the regularization term. Typical examples of regularization terms are
the “,-norm with the so-called Tikhonov regularization (ridge regression in statistics) [108],
the “1-norm with the famous least-absolute shrinkage and selection operator (LASSO) [109],
and total variation (TV) [110].

Depending on the properties of the functions R, J and H, different optimization frameworks
can be leveraged to solve (4.4). In this chapter, we restrict our attention to a very limited subset
of such techniques. More precisely, we consider H to be a linear operator acting between two
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Hilbert spaces of real (or complex) vectors or matrices such that we express (4.1) as
y T Hx e, (4.5)

wherey 2K™, x 2K", H:K" ¥ K™ and e 2 K™. We consider the squared “,-norm for the
data-fidelity term and focus on convex regularization terms.
Hence, we are interested in the following optimization problem

Qz]k”% HXiy 5 .R(X). (4.6)
4.1.2 Proximal Gradient Methods for Convex Regularization

Convex problems have been extensively studied in the literature and many techniques have
been developed to solve them [111]. In this work, we focus on a particular type of techniques,
known as proximal gradient methods, that has recently gained substantial interest in the signal
processing community [112, 113].

Proximal gradient methods exploit the concept of proximity operator, introduced by Moreau [114]
and reminded in Definition 4, which extends the notion of projection onto closed convex sets
to convex functions.

Definition 4 (Proximity operator, Definition 2.1 of [113]). Let f be a lower-semicontinuous
function of R". For every x 2 R", the minimization problem

. =1 5
ZI‘T;IRI;If(Z) Ekx|zk, 4.7

admits a unique solution, which is denoted by prox; (x). The operator prox; : R" ¥ R" therefore
defined is the proximity operator of f.

Proximity operators enjoy many interesting properties that are described in Table 2 of [113].
From a Bayesian perspective, they can be interpreted as a particular form of denoising under
additive Gaussian noise with a prior whose density is given by exp ! if [115].

Proximal gradient algorithms exploit the fact that (4.6) admits at least a unique solution

expressed as the following fixed point iteration [116]
. i i ¢t
X Pprox ;g Xi g,l—‘I/IHx iy (4.8)

where ¢ 2 R—is a step size.
Hence, proximal gradient algorithms suggest to perform the following iteration

where the step sizes '¢(i)¢i L &re chosen in a specific bounded interval.

As the proximity operator is the extension of the concept of projection, one may see proximal
gradient algorithms as an extension of the well-known projected gradient method, where the
projection step is replaced by a proximal step [117].
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A very popular proximal gradient method is the fast iterative shrinkage thresholding algorithm
(FISTA), introduced by Beck and Teboulle [118], which is an accelerated version of (4.9) of-
fering a quadratic rate of convergence of the objective function. The method is detailed in
Algorithm (4).

Algorithm 4 Fast iterative shrinkage thresholding algorithm [118].

Require: H,x@ R tO~ 1L , ,ma(HH)
initialization: i~ 1,2~ x©
repeat . . 6t
x 1)VproxfR 20§ L HZO Gy
(iD= 140
2
(i)~ —t941
11-7 t(| 1) . i _ . ¢
Z(I 1)")((')_”(') X(I 1) i X(I)
n"n 1
until a stopping criterion is met

In the remainder of the chapter, we use FISTA everytime we need to use a convex optimization
algorithm. We also summarize several proximity operators associated with the different
regularization terms used along the chapter in Appendix C.

4.2 Sparsely Regularized Beamforming for Enhanced Ultrafast Ul-

trasound Imaging

4.2.1 Motivations and Existing Approaches
Standard image reconstruction in UFUS imaging is performed via the DAS algorithm which
can be seen as a backprojection of the measurement model described in Chapter 3 under
several simplifying assumptions (See Section 3.7.2 for more details.).
Images reconstructed with the DAS algorithm suffer from a degraded image quality, i.e. re-
duced contrast due to side lobes and grating lobes and low resolution due to limited aperture
of the probe and finite duration of the acoustical pulse. To obtain a more decent image quality,
coherent compounding is required which decreases the temporal resolution.
Alternative approaches to DAS based on regularization, where imaging is performed by solving
problems of the form of (4.6), have been explored in the literature. Popular techniques exploit
sparse regularization, where the regularization term R is a sparsity promoting term in a
transform domain, expressed as

R(X)™ “7x ., (4.10)
where << : K9 ¥ K" d , n, is a general transform, e.g. a basis, a frame or an overcomplete
dictionary.
The objective of such methods is to reduce the number of insonifications necessary to obtain
high-quality images. Schiffner and Schmitz [74] have suggested to exploit sparsity in the image
domain itself and proposed a regularization approach suitable for media composed of few
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strong reflectors. Such a regularization has also been used by David et al. [78] and Szasz et
al. [119]. However, promoting sparsity in the image domain does not preserve speckle, which
is of crucial importance for some applications in US imaging. To address this issue, Szasz et
al. have explored Tikhonov [119] and elastic-net regularization [120]. Alternatively, David et
al. [79] and Zhang et al. [77] have proposed to exploit sparsity through the wavelet transform,
well-known to preserve textural information in natural images. Recently, Ozkan et al. [80]
have proposed a more sophisticated regularization term promoting smoothness both in the
frequency and image domains.

All the above mentioned approaches lead to significantly improved image quality with impres-
sive reduction of the side-lobe level. However, they suffer from major drawbacks that severely
limit their appeal for potential use in realistic scenario. The main issue is their computational
complexity, usually translated into storage requirements of the matrix representation of the
forward operators, which leads to reconstruction methods that are not scalable to 3D imaging
and not compatible with real-time imaging.

In addition, sparse regularization approaches require a very fine tuning of the regularization
parameter.

4.2.2 Sparse Regularization for Enhanced Ultrasound Image Reconstruction
We propose a novel sparsely regularized US beamforming approach with two main innova-
tions:

< We rely on the matrix-free formulations of the forward and adjoint operators introduced
in Chapter 3 to propose an approach with drastically reduced memory footprint and
computation times compared to existing methods.

» We exploit sparsity in an overcomplete transform composed of concatenation of wavelet
bases which allows us to better preserve textural information than existing techniques.

Regarding the measurement model, we consider the 2D imaging setting described in Sec-
tions 3.5 and 3.6, where N transducer elements arranged in a linear- or phased-array probe,
characterized by a pulse-echo waveform vp,e, with inter-element spacing p. We assume that
we record backscattered echoes in the timf int?rval [0, T], with sampling frequency fs, leading
to measurements M 2 RN<EN where N~ T, . We also consider the discrete TRF j 2 RNxEN:
such that we define the following inverse problem

M™THi " vpeT1Gi), (4.11)

where the different quantities are defined in Sections 3.5 and 3.6 for PW and DW imaging,
respectively.

Since it is more suitable to work with vectors rather than matrices in variational regularization,
we reformulate (4.11) by considering flattened measurements m 2 RN Ni, obtained by concate-
nating the echo signals to form a single vector, as well as flattened TRF 2 RNxNz such that

m~H , (4.12)
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where, with a slight abuse of notation, H : RNxNz 1 RNNx designates the flattened measure-
ment model.
In the remainder, we perform the following assumptions on the measurement model:

« We compute the element directivity based on the paper of Selfridge et al. [121];

< we rely on spline interpolation for all the interpolations involved in the evaluation of
the forward and adjoint operators;

» we consider that vpe (t) ~ —(t) in the measurement model since we are interested in
enhanced beamforming.

Inspired by previous works achieved at LTS 5 on sparsity averaging with applications to
compressive imaging [122] and radio-interferometric imaging [123], the proposed sparsify-
ing transform, denoted as sparsity averaging (SARA), is composed of a concatenation of 8
Daubechies wavelet transforms with different mother wavelets. Mathematically, the operator
is written as:

1 £‘s “/
ﬁa ITEEEE] q ] (4.13)

where q is equal to 8 and ““; denotes the i-th Daubechies wavelet transform. The choice of
such a model is rather empirical and mainly justified by its superiority against simpler wavelet
models in computational imaging [122].

Hence, the problem of interest is expressed as

. 1 _ 2— "
Rz MoAma T .
and is solved using FISTA in which the proximal operator associated with the “1-norm in the
SARA model is detailed in Appendix C.

4.2.3 Experiments and Results
In order to evaluate the proposed approach, we perform the following experiments:

1. Plane-wave imaging: The different experiments are performed with the ATL-L12-550mm
probe whose settings are given in Table 4.1. For each experiment, a sequence of 15
PWs (5 MHz, 1-cycle, tri-state waveforms) is transmitted with steering angles uniformly
distributed between -7.5° and 7.5°. No apodization is used on transmit.

¢ Numerical simulations: The system described above is simulated using the Field |1
software [89]. Two phantoms are considered:

— Point-reflector phantom: It consists of bright reflectors laterally positioned at
5mm and spaced in depth by 10 mm. At depths of 10 mm and 30 mm, bright
reflectors are distributed laterally with a step of 5 mm.

— Anechoic-inclusion phantom: It consists of an anechoic inclusion of 8 mm
diameter, centered at a depth of 40 mm, embedded in a medium with a high
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density of scatterers with random positions and amplitudes (20 scatterers per
resolution cell).

e Plane-wave imaging challenge in medical ultrasound (PICMUS) dataset: The
methods are also evaluated on the standardized PICMUS dataset [124]. More
precisely, the simulated dataset as well as the in vivo carotids are used. The settings
corresponding to these experiments are available on the PICMUS website®.

< Invivo experiments: Two in vivo carotid images were acquired using a Verasonics
Vantage™ scanner (Redmond, WA, USA) with the ATL L12-5 50 mm probe whose
settings are given in Table 4.1.

2. Diverging-wave imaging: The different experiments are performed with a simulated
ATL P4-2V probe whose settings are given in Table 4.1. For each experiment, a sequence
of 15 DWs (2.5 MHz, 1-cycle, tri-state waveforms) is transmitted with virtual point
sources located —2.9 mm behind the probe and uniformly distributed between -5.9 mm
and 5.9 mm in the lateral dimension. No apodization is used on transmit.

* Numerical simulations: We exploit the numerical simulation of the following
phantoms:

— Point-reflector phantom: It consists of bright reflectors centered in the field
and spaced in depth every 20mm. At 50 mm depth, bright reflectors are
laterally distributed with a step of 20 mm.

— Anechoic-inclusion phantom: The anechoic-inclusion phantom is the same
as for the PW experiment.

TABLE 4.1
CHARACTERISTICS OF THE ATL L12-5 50 MM AND P4-2V PROBES

L12-550mm P4-2v
Number of elements 128 64
Center frequency 7.8 MHz 2.5MHz
Wavelength 0.198 mm 0.62mm
Sampling frequency 31.2MHz 15.6 MHz
Pitch 0.195mm 0.32mm
Kerf 0.05mm 0.05mm

The proposed image reconstruction method is evaluated against the DAS algorithm as well as
the best state-of-the-art image reconstruction algorithms on the PICMUS dataset. Once the
RF image is reconstructed using any of the above mentioned methods, we extract the envelope
with the Hilbert transform and perform normalization and log-compression over a range of
40dB to get the B-mode image.

The DAS algorithm used in this study is the one described by Montaldo et al. [28] for PW
imaging and by Papadacci et al. [29] for DW imaging. It is used with a linear interpolation for
delay calculations and with an apodization that accounts for the element directivity according

lhttps://www.creatis,.insa- lyon.fr/Challenge/IEEE_IUS_2016/home
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to Selfridge et al. [121]. For the iterative approaches, the hyper-parameters are empirically
tuned depending on the image. The stopping criterion is set to be the maximum number of
iterations.

Contrast Study on the Anechoic-inclusion Phantom: First, we evaluate the benefits of the
proposed method on the image contrast, which is related to the side-lobe level in the final
image. To quantify the contrast, we rely on the CNR defined in Section 2.2.3 and computed on
the anechoic inclusion phantom.

Figure 4.1 displays the CNR values for PW and DW imaging, respectively, with 1 insonification
for the proposed approach and 1 to 15 insonifications for the DAS algorithm.
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95 F " 9 75 r 1
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e 85 = 65
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Number of plane waves Number of diverging waves

Fig. 4.1. Contrast-to-noise ratio [dB] calculated on the simulated anechoic-inclusion phantom as a function of

the number of insonifications for (left)-plane wave imaging and (right)-diverging wave imaging. The orange line

corresponds to the contrast-to-noise ratio of the sparsely regularized beamforming with 1 insonification and the
green line is the contrast-to-noise ratio obtained with the delay-and-sum algorithm for 1 to 15 insonifications.

It can be noticed that, with only 1 insonification, the proposed method leads to a contrast
similar to the DAS algorithm with more than 9 insonifications, and performs significantly
better than the DAS algorithm for 1 to 9 insonifications.

Figure 4.2 displays the log-compressed B-mode images of the anechoic-inclusion phantom
reconstructed with the DAS algorithm and using the proposed approach, for a single insonifi-
cation and for PW and DW imaging, respectively.

We observe that the noise present inside the anechoic area, due to the side lobes of the
PSF, has been suppressed by the regularization. We also notice that the speckle is relatively
well reconstructed with the proposed approach even though its density is slightly decreased,
resulting in a darkening of the deepest part of the image. This effect is due to the fact that
part of the speckle is not well preserved by the SARA model, therefore considered as noise and
suppressed during the image reconstruction process [125].

Reconstruction of the Point-reflector Phantom: The point-reflector phantom is used to
assess the quality of the proposed approach in the particular case where only few strong
reflectors are present. A typical application is harmonic imaging of microbubbles in low-
concentrations where the individual responses of the sparse microbubbles are visible. The
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Fig. 4.2. From left to right. Log-compressed B-mode images of the anechoic-inclusion phantom reconstructed with
the delay-and-sum algorithm for 1 plane-wave insonification, the sparsely regularized beamforming for 1 plane-
wave insonification, the delay-and-sum algorithm for 1 diverging-wave insonification, the sparsely regularized
beamforming for 1 diverging-wave insonification.

quality is evaluated on the resolution, calculated as the FWHM of the PSF, defined in Sec-
tion 2.2.2.

For PW imaging, the proposed approach leads to lateral and axial resolutions of 0.10 mm for ev-
ery point with 1 PW insonification, while the DAS algorithm gives lateral and axial resolutions
of 0.20 mm for both points, constant for compounding experiments with 1 to 11 PWs insonifi-
cations. The increase is more pronounced in DW imaging where the proposed approach leads
to lateral resolutions of 0.50 mm and 0.90 mm and axial resolutions of 0.50 mm for the points
located at 30 mm and 50 mm, while the DAS algorithm with 11 DW insonifications exhibits
lateral resolutions of 1.40 mm and 2.80 mm and axial resolutions of 0.50 mm.

The increase in resolution can be visually assessed on Figure 4.3, which displays the log-
compressed B-mode images of the point-reflector phantom reconstructed with the DAS
algorithm and with the proposed approach, for both PW and DW imaging.

Reconstruction of the In vivo Carotids: The proposed method is evaluated on the in vivo
carotid images. Due to the lack of a ground truth image, the evaluation of the image quality
is limited to visual assessment. Figure 4.4 displays B-mode images for two different carotid
acquisitions, reconstructed with the proposed method and using the DAS algorithm with 1
PW insonification.

We notice that the proposed method leads to a significant reduction of the sidelobe artefacts
close to regions with high echogeneicity, while preserving important structures of the images,
e.g. the anechoic artery and the tissue area. This illustrates the great potential of sparse
regularization for reducing the number of insonifications required to perform high-quality
imaging.

Reconstruction of the PICMUS Dataset: So far, the proposed approach has been compared
to the DAS algorithm. It is now well established that the DAS algorithm is not the highest
quality beamforming and it could be interesting to compare the technique against the best
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Fig. 4.3. From left to right. Log-compressed B-mode images of the point-reflector phantom reconstructed with
the delay-and-sum algorithm for 1 plane-wave insonification, the sparsely regularized beamforming for 1 plane-
wave insonification, the delay-and-sum algorithm for 1 diverging-wave insonification, the sparsely regularized
beamforming for 1 diverging-wave insonification.

image reconstruction algorithms.

We use the proposed method to reconstruct simulated images from the standardized PICMUS
dataset [124]. We compare the results against the ones obtained with two minimum-variance
beamforming approaches [126, 127] and two sparse-based approaches [120, 128]. The com-
parison is performed on the contrast and the axial and lateral resolutions, implemented in the
context of the challenge. The results, displayed in Table 4.2, show that the proposed method is
competitive against the best state-of-the-art approaches in terms of contrast and outperforms
the other techniques on the resolution.

TABLE 4.2
COMPARISON OF THE PROPOSED SPARSELY REGULARIZED BEAMFORMING AGAINST STATE-OF-THE-ART METHODS ON
THE SIMULATED PICMUS DATASET

Method Contrast phantom Resolution phantom
CNR [dB] Lat. res. [mm] AXx. res. [mm]

DAS 9.96 0.57 0.40
Besson et al. [128] 15.81 0.15 0.17
Deylami et al. [127] 17.19 0.08 0.24
Szasz et al. [120] 15.52 0.14 0.11
Varray et al. [126] 12.65 0.38 0.14
Proposed method 15.71 0.08 0.11

The proposed method is lastly used to reconstruct in vivo carotid images of the PICMUS
dataset. The log-compressed B-mode images, displayed on Figure 4.5 show a significant
improvement compared to the DAS algorithm.

A visual comparison against images obtained with best state-of-the-art methods, that one can
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Fig. 4.4. From left to right. Log-compressed B-mode images of a first in vivo carotid reconstructed with the
delay-and-sum algorithm and with the sparsely regularized beamforming for 1 plane-wave insonification. Log-
compressed B-mode images of a second in vivo carotid reconstructed with the delay-and-sum algorithm and with
the sparsely regularized beamforming for 1 plane-wave insonification.
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Fig. 4.5. From left to right. Log-compressed B-mode images of a cross-section view of an in vivo carotid recon-
structed with the delay-and-sum algorithm and with the sparsely regularized beamforming for 1 plane-wave
insonification. Log-compressed B-mode images of a longitudinal view of an in vivo carotid reconstructed with the
delay-and-sum algorithm and with the sparsely regularized beamforming for 1 plane-wave insonification.

find on the PICMUS website?, shows that the proposed method outperforms most of them in
terms of visual quality (in both contrast and resolution).

Computation Times of the Proposed Method: The computation times for 50 iterations
of the optimization algorithm are 119 ms, 164 ms and 163 ms for the two in vivo carotids.
Regarding DW imaging, the method takes 319 ms on the point-reflector phantom.

These timings are two to three orders of magnitude faster than state-of-the-art methods.
Indeed, in their latest work, David et al. [78] reported computation times between 3 and 5 min.
Szasz et al. [119] reported reconstruction times between 10s and 1 min.

The relative timings of the main operations involved in the image reconstruction process are
reported in Table 4.3.

We first observe that the timings are relatively well balanced between the different operations.
We also notice that the computation times of the operations Hx and H”y highly depend on
the relative size of the element-raw-data and image grids. Indeed, the computation time of the
operation Hx is longer than the one of H”y in the DW case since the image grid is larger than

2https://www.creatis.insa- lyon.fr/Challenge/IEEE_IUS_2016/home

87


https://www.creatis.insa-lyon.fr/Challenge/IEEE_IUS_2016/home

Chapter 4. USSR: The UltraSound Sparse Regularization Framework

TABLE 4.3
RELATIVE TIMINGS OF THE MAIN OPERATIONS INVOLVED IN SPARSELY REGULARIZED BEAMFORMING FOR THE CYST
PHANTOM IN PLANE-WAVE IMAGING AND THE POINT-REFLECTOR PHANTOM IN DIVERGING-WAVE IMAGING

Operation  Plane wave (cyst.) Diverging
wave (point ref.)

Hx 22.1% 32.9%

My 22.5% 11.7%

““fi 24.9% 25.5%

“7x 24.0% 24.1%

Others 6.5% 5.8%

the element-raw-data grid. It is not the case in the PW case where the two grids are the same.

4.3 Compressed Ultrasound Beamforming

4.3.1 Motivation and Existing Approaches

Sparsely regularized beamforming, described in Section 4.2, aims to reduce the number of
insonifications necessary to obtain high-quality images in UFUS. Compressed beamforming
goes one step further and explores the ability of the proposed method to produce high quality
images while reducing the amount of data collected per insonification.

From a system point-of-view, the main motivation is to investigate the ability to reduce the
number of transducer elements used on receive or at least the number of coaxial cables
necessary to carry the echo signals from the probe to the back-end system (See Chapter 5 for
an in-depth discussion on the motivations).

The goal is also to study the feasibility of an ultrasonic “single-pixel camera” [129], i.e. to
investigate the ability to leverage CS principles to perform US imaging with few sensors (See
Section 5.1 for a more detailed introduction on CS.).

With the considerable attention that CS has raised since its introduction by Candes and
colleagues in 2006 [130], compressed beamforming techniques have recently been investigated
in US imaging.

A first group of methods, mainly explored by Eldar’s group in Technion, relies on FRI sampling
of US signals [131]. The technique is based on approximating the element-raw data as a sum
of L pulses, L being the number of scatterers in the medium, which can be reconstructed with
at least 2L~ 1 samples acquired with a specific sampling kernel. Apart from the application
of FRI to US signals, their main contribution is the derivation of a specific sampling kernel
for stream of pulses, denoted as sum-of-sinc kernels. In later studies, they applied a similar
strategy to RF images, which can also be approximated as stream of pulses [132] and whose
Fourier coefficients can be related to the ones of the element-raw data [133, 134]. They have
demonstrated high-quality imaging with a data-rate reduction of 10£ compared to existing
imaging techniques. But their approach becomes less interesting when the number of pulses
is high and fails to reconstruct the textural information in images.

Other approaches, more aligned with the CS framework than the one described above have
also been investigated. Liebgott et al. [135] have studied various CS strategies on the element-
raw data, i.e. different compression schemes and different sparsity transforms. Many studies
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have focused on RF images, with the objective of reducing the data rate. Quinsac et al. [136]
have investigated various masking techniques coupled with sparsity in the Fourier domain.
Based on this work, Basarab et al. have exploited joint sparsity in the Fourier domain and
improved the compression capability of the Fourier-based approach [137]. Lorintiu et al. [138]
have studied data-driven strategies coupled with similar masks to the ones used by Quinsac et
al. Alternatively, Quinsac et al. [139] and Dobigeon et al. [140] have investigated Bayesian CS
techniques where sparsity is expressed in terms of a prior probability distribution of the un-
known image. In a similar fashion, Achim et al. have proposed to exploit fi-stable distributions
as models for RF data both in the image domain [141] and in the Fourier domain [142].

Only few groups have considered including the image reconstruction model in the CS problem.
David et al. [78] have investigated several undersampling strategies, based on a reduction of the
number of transducer elements, coupled with a time-domain model for the US propagation.
While being the first paper dealing with the concepts of coherence associated with the image
reconstruction model, the results are limited to sparse sources, which is of limited interest in
US imaging.

Recently, Kruizinga et al. [143] have proposed a single transducer-element probe for 3D US
imaging with the underlying motivations of mimicking the single pixel camera. Their idea,
inspired by the concept of acoustic holograms [144], consists in using a large piezoelectric
element which transmits and receives through a rotating plastic coding mask. Due to higher
speed of sound inside the mask, the coherence of the US propagation, usually required for
beamforming, is partially broken. Hence, the propagation matrix is significantly closer to a
random matrix, which is desirable for CS reconstruction.

4.3.2 Proposed Compressed Beamforming Approach

During the thesis, we have investigated different compressed beamforming strategies with
various degrees of complexity. We have started with very simple schemes, denoted as “the
naive strategy”, which have helped us in designing more complex strategies, i.e. “channel
mixing” and “channel and time mixing”.

Formally, we consider the same configuration as described in Section 4.2. We introduce an
additional undersampling operator S : RNNx ¥ REM where M « Nt and L = N, such that

y~“SmTSH THy , (4.15)
where Hyg = SH 2 RNM,

Associated with such a model, we define the compression ratio as

LM
c™——, (4.16)
NNE

where C 2[0,1] ideally as small as possible.
On the reconstruction side, we are interested the following minimization problem

- 1 _ 2— o
min 3 SH iy, . 1 (4.17)
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where ““ is a sparsifying transform as considered in Section 4.2.

The Naive Strategy: In a first attempt to perform compressed beamforming, we adopt a
naive approach quite similar to the one proposed by David et al. [78]. The obijective is to
reduce the number of transducer elements used on receive. We investigate the following
undersampling schemes:

< Scheme 1 - Uniformly spaced transducers: The transducers are uniformly selected across
the aperture.

* Scheme 2 - Randomly chosen transducers: The transducers are selected randomly in the
aperture.

Mathematically, the undersampling operator associated with such a strategy is defined as
S :RNNx 1 RNM with M~ N the number of transducer elements selected according to
the strategy. From the perspective of the measurement model introduced in Chapter 3, this
amounts to significantly reducing the number of projections available for the reconstruction.
This naturally leads to more artifacts when the reconstruction is performed with the DAS
algorithm. More specifically, the first scheme will generate aliasing artifacts in the form of
grating lobes. Regarding the second scheme, it will not induce any grating lobe due to the
randomness in the choice of the transducer-element locations but the side lobes will be
significantly increased.

Mixing Schemes: Intuitively, removing projections may have a significant impact on the
image reconstruction. Hence, we can think about designing a strategy such that the loss
of information is minimized. The underlying idea is to spread the information as much as
possible between the element raw-data and the desired-image, thus lowering the coherence,
similarly to sparse MRI acquisition [145].

Since the echo signals represent projections along conics, e.g. parabola and ellipses related
to the TOF, we can deduce that only few samples of the TRF contribute to each sample of
an echo signal and that close echo signals are highly correlated. This contributes to a highly
coherent measurement model which is not desirable for CS. Nevertheless, it is interesting to
note that each point of the element raw-data space generates a different conic in the medium,
up to the discretization. Since two non-identical conics may intersect in at most four points,
the information contained in samples of the echo signals, sufficiently spaced from each other,
are complementary. Taking into account such an observation, our idea consists in mixing the
information contained in various samples of the echo signals in order to reduce the loss of
information induced by the undersampling.

Mathematically, we define the undersampling operator S~ PW , where P 2 RMNENN, '\ = Nt
which selects transducer elements as in the naive strategy, and W 2 RNNENNX (or equivalently
W : RNENG 1 RNENY) s a mixing operator which spreads the information across every element.
The matrix W is designed as a random matrix with independent identically distributed (i.i.d.)
entries drawn from a probability distribution. Recall that M,; denotes the element raw-data

90



4.3. Compressed Ultrasound Beamforming

received at time t; by the i-th transducer element, we denote by Mm the mixed element
raw-data at time t,, on the j-th synthetic mixed channel, defined by the following

vay& o t“
Muj WujiIMIi:8J 2 1,...,NX ) (4.18)
iT11m71

where wjy are drawn from any probability distribution.

The main drawback of this strategy resides in the design of the linear operator W. As an
example, if we consider that the element raw-data are acquired over 1000 depth samples, with
128 transducer elements, and that the grid of the desired image is the same as the grid of
the element raw-data, then W requires 131 GB of memory to store the matrix coefficients, in
double precision. In order to address this issue, we suggest two strategies, denoted as channel
mixing (CMIX) and channel and time mixing (CTMIX). CMIX consists of a random summation
of the signals coming from the different transducers elements at a given time instant such
that (4.18) becomes

MY ™ WyjuiMur, 8j2 1, Ny . (4.19)
I~1
The operator W is significantly less complex since it only performs a mixing across transducer
elements, not across the time dimension. In addition, such a mixing could be achievable
in hardware, providing a probe which integrates a system able to perform CMIX in a pre-
beamforming step. However, it is clear that the mixing effect of CMIX is limited compared to a
fully random mixing.

CTMIX extends the principle of CMIX by considering mixing across both transducer elements
and D ~ N time samples to limit the increase of complexity. Mathematically, it can be defined
as

WVXX oo t“
Mu' WujiIMiI:8J 2 1,...,NX ) (4.20)
iT1171

in which the time samples are chosen randomly in the entire range of time. When D ™ N,
CTMIX is equivalent to the case where a random matrix is used. When D ~ 1, CTMIX may be
equivalent to CMIX.

4.3.3 Experiments and Results

To evaluate the proposed method, we rely on the same set of experiments as in Section 4.2.3.

On the Coherence of the Proposed Strategies: In order to investigate the relevance of the
proposed strategy in the context of CS, we propose to compute the mutual coherence of the
matrix Hq ““ for different mixing schemes and sparsifying bases “*.

The mutual coherence of amatrix A™ [Ag,...,A ]2 CM£L js measured as the maximal normal-
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ized inner product of its columns:

- I AGA T
»(A)T max ——————. (4.21)
k,j.kEj KAKK (KA K2
It plays a crucial role in CS since it directly impacts the performance of the CS reconstruc-
tion (See Section 5.1 for more details). Ideally, we would like ,, (A) to be as small as possible,
knowing that ,, (A) lies between the Welch bound [146] and 1.
For computational purposes, we fix N! ~ 32 and N ~ 256 which corresponds to a depth ranging
between 5mm and 11 mm. The measurement model considered in the study is based on a
PW imaging configuration (single PW with normal incidence).
Two different bases ““ are evaluated, namely the Dirac basis (““ is the identity) and the Haar
wavelet (Daubechies 1 wavelet) basis, since we are interested in wavelet-based models. Our
choice of wavelet basis is limited to Haar wavelet since it is the only one that has a correspond-
ing matrix expression which facilitates the computation of the mutual coherence.
Four different sampling strategies are compared: uniform selection of transducer elements,
random selection of transducer elements, CMIX and CTMIX. Regarding CMIX and CTMIX, the
coefficients of W are generated with coefficients distributed according to i.i.d. normal and
Rademacher distributions. For CTMIX, the coherence is evaluated for D ™ 1, 3,10, 20, 30, 40.
Figures 4.6(a) and 4.6(b) display the mutual coherence ,, (Hq ““) for a number of measurements
ranging between 5% and 100 %, where Hy is square in the case of 100 %, with ““ being Dirac
and Haar bases, respectively. It can be seen that the main benefit of the CMIX and CTMIX
strategies resides in their ability to limit the increase of the coherence ,, (Hg ““) induced by
the undersampling of the raw data. In addition, it can be noticed that this effect is more
pronounced for the Haar basis than for the Dirac basis.
A comparison between CMIX and CTMIX shows that CTMIX has lower coherence than CMIX.
This was expected, since CTMIX provides a better mixing than CMIX. Regarding the impact of
the probability distribution of the random coefficients on ,,(Hq ““), Figure 4.6(c) shows that
there is no significant difference in coherence between Gaussian and Rademacher random
coefficients. Regarding CTMIX, Figure 4.6(d) displays the values of ,, (Hq ““) for the different
values of D. It can be seen that the mutual coherence decreases when D increases. Such a
result is consistent with the analysis carried out in Section 4.3.2. For D , 10, we observe similar
values of the coherence in the considered range of compression ratios.

Reconstruction of the Point-reflector Phantom: In a first experiment, we focus on the
point-reflector phantom which is highly sparse therefore favorable for a CS reconstruction.
We propose to apply the compressed beamforming framework for a number of measurements
ranging between 5% and 50%. The B-mode images, displayed on Figures 4.7 and 4.8 for
PW and DW imaging, respectively, show that the proposed reconstruction strategy, coupled
with CMIX, leads to high-quality reconstruction of point reflectors even for low numbers of
measurements (less than 5 %) for both PW and DW imaging.

Figure 4.9 reports the peak-signal-to-noise ratio (PSNR) values, calculated on the normalized
envelope image (normalized means divided by its maximum value), of the different methods
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Fig. 4.6. Figures (a) and (b) display the mutual coherence against the number of measurements for the Dirac basis
and the Haar basis for the uniform selection of transducer elements, the random selection of transducer elements,
CMIX and CTMIX (D ™ 10). Figure (c) displays the coherence for CMIX and CTMIX with mixing coefficients drawn
using normal and Rademacher distributions. Figure (d) reports the coherence of CTMIX for different values of D.

against the reference image, chosen to be the one reconstructed with DAS without data
compression. It can be concluded that CMIX and CTMIX achieve high quality reconstructions
for all the considered number of measurements. It can also be observed that, in the case of
CMIX, the PSNR drops for numbers of measurements lower than 5% while it remains constant
for CTMIX. Such results corroborate the study on mutual coherence performed in the previous
paragraph.

Regarding the naive strategy, it can be seen that the PSNR remains high until 10 % measure-
ments and dramatically decreases for lower numbers of measurements. Indeed, because the
proposed undersampling strategy is highly coherent, the number of measurements required
for high-quality reconstruction is higher than for mixing strategies.

Contrast Study on the Anechoic-inclusion Phantom: In this experiment, we reconstruct
the anechoic-inclusion phantom for different numbers of measurements, namely 20 %, 25 %
and 50 %. We compare the naive strategy (uniform selection of transducer elements), with
CMIX and CTMIX. For CTMIX, we set D ~ 5 and the random coefficients are drawn from a
normal distribution.

The values of the CNR, reported in Table 4.4 show that CTMIX and CMIX outperform the naive
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Fig. 4.7. Log-compressed B-mode images of the point-reflector phantom for 1 plane-wave insonification. Figure (a)
displays the log-compressed B-mode image reconstructed with the delay-and-sum algorithm. Figure (b) shows
the log-compressed B-mode image reconstructed with compressed beamforming coupled with CMIX strategy
with 4 % measurements.
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Fig. 4.8. Log-compressed B-mode images of the point-reflector phantom for 1 diverging-wave insonification.
Figure (a) shows the log-compressed B-mode image reconstructed with the delay-and-sum algorithm. Figure (b)
displays the log-compressed B-mode image reconstructed with compressed beamforming coupled with CMIX
strategy with 4 % measurements.

strategy.

We also notice that CTMIX leads to similar results to CMIX except for a number of measure-
ments of 20 % where CTMIX significantly outperforms CMIX.

For the naive strategy, we observe a dramatic decrease of the CNR for 20 % measurements. The
same coherence argument as for the point-reflector phantom may be used to explain such a
fact. Compared to the point-reflector phantom, the decrease appears at a significantly higher
number of measurements because the anechoic-inclusion phantom is less compressible than
the point-reflector phantom.

Reconstruction of the In vivo Carotids: Figures 4.10(b) and 4.10(d) display the B-mode im-
ages of the in vivo carotids reconstructed with the proposed approach (CMIX and CTMIX) for a
compression ratio of 20 %. Figures 4.10(a) and 4.10(c) display reference images, reconstructed
with the DAS algorithm from uncompressed data.

We notice that textural areas such as carotid plaques and muscle fibers, as well as anechoic
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Fig. 4.9. Peak-signal-to-noise ratio against the number of measurements calculated on the point-reflector phantom
for 1 plane-wave insonification and CTMIX, CMIX and the uniform selection of transducer elements.

TABLE 4.4
CONTRAST-TO-NOISE RATIO [DB] FOR THE THREE CONSIDERED COMPRESSED BEAMFORMING STRATEGIES AND FOR
VARIOUS NUMBERS OF MEASUREMENTS

Number of measurements

Method 50% 25% 20%
Uniform 8.81 6.03 0.57
CMIX 9.15 8.06 6.92
CTMIX 9.16 8.10 7.30

areas, are well reconstructed with the proposed method. However, speckle areas, especially
in the far field, are not well recovered by the proposed approach, resulting in a darkening
of the deepest part of Figures 4.10(b) and 4.10(d). This can be due to a slight decay of the
intensity across the imaging range because of a non-optimal setting of the TGC. This may
also be explained by the fact that the wavelet-based models do not manage to preserve the
entire speckle information, which is therefore suppressed during the image reconstruction
process.
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Fig. 4.10. Log-compressed B-mode images of the in vivo carotids for 1 plane-wave insonification. Figures (a)
and (c) display the log-compressed B-mode images reconstructed with the delay-and-sum algorithm. Figures (b)
and (d) show the log-compressed B-mode images reconstructed with compressed beamforming coupled with the
CMIX strategy and 20 % measurements.
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4.4 Non-stationary Blur Modeling and Image Restoration

4.4.1 Motivations and Existing Approaches

Sections 4.2 and 4.3 focus on sparse regularization approaches for enhanced US imaging,
where we would like to recover a high-quality RF image. In this section, we emphasize on US
image restoration, a slightly different problem that has been extensively investigated in the
community.

US imaging process exploits the transducer elements for both transmitting acoustic pulses and
recording the response of the medium to these pulses as echo signals (the element-raw data).
The set of these signals is related to the spatial distribution of variations in acoustic impedance,
i.e. in medium density and sound velocity, denoted as the TRF, by the US propagation operator
described in Chapter 3. Due to finite aperture of the probe and bandpass properties of the
impulse response of each transducer element, retrieving the TRF from the echo signals is
an ill-posed problem. In standard US imaging, the DAS operator is used as an approximate
inverse of the propagation operator, which makes sense since it can be seen as an adjoint
propagation under several simplifying assumptions. Such an approximation leads to the RF
image, a blurred estimate of the TRF. The PSF is introduced to relate these quantities. Because
of the wave propagation and diffraction effects in the medium, the blur is highly spatially
variant, as can be seen in Figure 4.11.
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Fig. 4.11. Figure (a) displays the tissue-reflectivity function of the point-reflector phantom. Figure (b) presents the
corresponding log-compressed B-mode image reconstructed with the delay-and-sum algorithm. We clearly notice
the spatially varying blur induced by the delay-and-sum beamforming.

While the principles of the propagation of US waves in a homogeneous and lossless medium
are known for more than a century, only few recent studies have focused on understanding
the PSF from a physical point of view [147-149]. In the vast majority of works, the PSF is
estimated in a preliminary step either through in vitro measurements or by simulation [150-
156]. Other approaches estimate directly the PSF on the RF image in a first stage and then
use the estimated PSF to perform the deconvolution. The PSF estimation is performed using
homomorphic filtering of the cepstrum [157-159], generalized homomorphic filtering [90, 160,
161], inverse filtering [162-166] and power spectrum equalization [167]. Alternatively, blind
deconvolution approaches, where the PSF and the TRF are jointly recovered have been very
popular recently, with the development of regularization approaches, e.g. MAP estimation.
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Such methods involve either parametric [168-171] or non-parametric [153, 172] formulations
of the PSF.

In addition, evaluating existing models non-stationary blur [147, 148] requires to perform
matrix-vector products with large matrices (around 10 coefficients for 2D US images), prac-
tically challenging with standard numerical tools.

Such a problem is standard in shift-variant image deblurring and many simplification strate-
gies have been developed in the literature. Most of them are based on the assumption that
the non-stationary blur can be approximated by a relatively low number of basis filters. The
evaluation of the blur is then performed as a weighted sum of convolutions with the basis
filters [173] (See [174] for an exhaustive description of such methods). In this group of tech-
niques, sectional methods are probably the most popular ones [175-179]. In such approaches,
the image is divided into sub-regions where the blur is considered stationary. Then, by ap-
propriately masking the image, shift-invariant convolutions are applied in each sub-region
independently forming different sub-images that are interpolated to form the blurred image.
In this case, the basis filters correspond to blur kernels. Other techniques rely on global or
local [174] low-rank approximations [173, 174, 180-182] of non-stationary blur where the basis
filters are the corresponding eigenvectors.

Alternatively, several recent works propose to approximate the blur with an operator that has
desirable properties, e.g. diagonalizability [183], regularity [184] or sparsity [185, 186] in given
frames.

In the context of US imaging, most advanced techniques achieve shift-variant restoration
using sectional methods [90, 179] which assume lateral stationarity of the blur, suited to the
case of US imaging with focused waves. These approaches are evidently not valid in PW and
DW imaging where the diffraction effect is pronounced, as displayed in Figure 4.11.

In this section, we describe a novel model of non-stationary blur in US imaging with PW
and DW insonifications. Contrary to many existing approaches, the model is motivated from
physical aspects related to the propagation of US waves and from the US imaging process.
We also propose an approximation of the non-stationary blur for image restoration which
exploits the above introduced decomposition coupled with an appropriate discretization of
the element-raw data. We demonstrate that its evaluation, based on efficient formulations
of discrete operators described in Chapter 3, scales linearly, rather than quadratically, with
the size of the grid, better than shift-invariant blur evaluation methods. We show an example
application of US image restoration. More precisely, we use the proposed model in a MAP
estimation algorithm, with a GGD prior for the TRF [153, 161]. We test the method on an ex-
tensive number of experiments, namely a numerical phantom of point reflectors, a numerical
calibration phantom and two in vivo carotids, for both PW and DW imaging.

4.4.2 Mathematical Modelling of Non-stationary Blur

We consider a US imaging configuration similar to the one detailed in Sections 3.5 and 3.6 for
DW and PW imaging, respectively. Mathematically, we consider a 2D imaging configuration
composed of N)t( transducer elements arranged in a linear- or phased-array probe, character-
ized by a pulse-echo waveform v, with inter-element spacing p. Such transducer elements
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are used to transmit an acoustic wave in the medium > % R? which contains inhomogeneities
as local fluctuations in acoustic impedance, defining the TRF 2 L, (>). The transducer
elements also record the backscattered echoes during a time T, defining the element-raw data
m (t) 2 Lo ([0, THNx.

Associated with such a configuration, we define the measurement model, sometimes denoted
as the US propagation operator in this section, H : A m aswell asthe DASoperatorD - m @ ~,
where ~ 2 L, (>) denotes the RF image.

We define our model of non-stationary blur as the composition of these two operators as
follows

K:La(>) ¥ La(>)
A "7 DH . (4.22)

From a physical perspective, such a model makes sense since it models the whole process of
US imaging, from the transmission to the RF image. We also notice that the operator is akin to
blur since it relates the true TRF  to its blurred estimate ~

In order to better highlight the fact that K, defined in (4.22), is indeed a model of non-stationary
blur, we derive the corresponding bivariate PSF kernel. Recall from Chapter 3 that the US
propagation operator can be expressed element-wise as
v L it i
H ;1) . 0pe T:Pi Ve ti¢r,pi (r)dr, (4.23)
r2>

and that the DAS operator can be written as

L SR
(Dm)(r) ar,pi mi¢ r,pi (4.24)
iT1
¢ ¢
where ope r ,pi accounts for the element o&lrectlwty and decay %fthe reflected wave, a r . Pi

are the apodization coefficients and ¢, r Pi T trx(r) tRX r,pi denotes the round-trip TOF.

We can express K in a more explicit fashion using (4.23) and (4.24):

@wn X i e i e
ar,pi mj ¢ r,pj
i1
Z W
423 i ¢ ¢ g ¢ ¢
(“23) L ATPi Ope S, Vpe ¢ TPi i S Pi (S)ds. (4.25)
$Z2>j71

Hence, the non-stationary blur model K, defined in (4.22) as the composition of the DAS and
US propagation operators, can also be expressed as the following Fredholm integral of the first
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kind, standard in shift-variant blur modeling [174],

K IL2(Z>) P L2(>)

2 (s)k (t,s)ds, (4.26)

s2>

where k : >£> ¥ > the bivariate kernel of K, defines the PSF and can be expressed as follows

¢ ¢ ¢ ¢

X i i i
k(r,s)™ ar,pi Ope S,Pi Vpe ¢ I'\Pi i¢ S,Pi - (4.27)

i~1
From (4.27), we observe that if we assume that (r) ™~ —(r j ro), with rg 2 >, then

“(r)Tk(r,ro),

leading to a more natural interpretation of k as the PSF, i.e. the response of the US system
to a TRF composed of a single point reflector located at ro. Moreover, in a spatially invariant
case, the bivariate kernel k (r,s) is simplified to a univariate one leading tok (r,s) ~ k(r i s).
Under this approximation, Equation (4.26) becomes the standard bi-dimensional analytical
convolution.

At the continuous level, the adjoint of the operator K described in (4.22) can straightforwardly
be decomposed as the composition of the adjoint DAS and adjoint propagation operators,
both described in Chapter 3,

K"HD K Ly(>) ¥ La(>), (4.28)
with

H L0 TD™ 1 La(3), B La(>) ¥ Lo ([0, T
Interestingly, using the same reasoning as for K, we can show that K~ can also be expressed

using the PSF kernel defined in (4.27), by flipping the two arguments, i.e. using a symmetrised
kernel IZ(r,s)" k(s,r), such that

K™ L2(2) ¥ L2(>)

A (s)k(s,t)ds. (4.29)

s2>

4.4.3 Evaluation Strategy of the Proposed Model of Non-stationary Blur

In this section, we express the non-stationary blur model over a regular grid, as defined in
Section 3.3.2. More precisely, the TRF j 2 RNEN: js defined on a regular grid

> T {suv  (Xuszy)2>,u" 1,...,Nyx, v 1,...,Nz},
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and the RF image j 2 RN<EN: js defined on a second regular grid

>~ rk|V(Xk,Z|)2>,kV1,...,NAX,|ul,...,NZ

A common approximation of (4.26) is achieved by numerical approximation of the continuous
integral, leading to

~Ki, (4.30)
where K : RNENz 1 RN<EN: s defined element-wise by

Kkiuv ~ K(rer,Suv) Cuv,

where ¢uv is the elementgry volume for the normalization of K. The evaluation of (4.30)
requires O N NzNxN;N{ operations, which is not computable for realistic 2D US imaging
configurations where NyN, and NyN, are of the order of 10 to 10°.

Proposed Evaluation Strategy: Many fast approximation strategies of non-stationary blur of
the form (4.26) have been described in the literature and briefly reviewed in Section 4.4.1 (See [174]
for an exhaustive review of such methods). In this section, we present an alternative approach
based on the specific property of the non-stationary blur in US imaging, i.e. its decomposition

in terms of the propagation and DAS operators.

As for the continuous model of the blur K, the discrete operator K : RN<EN: g RN(EN, defined

in (4.30) can be decomposed as follows

K~ DgHyg, (4.31)

where Hg : RNENz 1 L, ([0, T)N% and Dy : Lo ([0, T)N* ¥ RNxEN:z are the partly discretized
propagation and DAS operators. More precisely, Dy iscomputed by evaluating D on the regular
grid >~ and Hy is computed element-wise by numerical approximation of the continuous
integral involved in the measurement model on the regular grid > .

In such forms, the operators D4 and Hy are qualified as “partly” discretized since they involve
as domain and codomain, respectively, the space L, ([O,T])Ni. Such a space, while suitable
for mathematical characterization of the operators is not practical in terms of computations
since we cannot evaluate Dy and Hy. Hence the sequential split assumption is not useful for
evaluation purpose and one would still rely on (4.30) to compute K .

In order to benefit from the sequential split assumption, we propose to discretize the time
dimension of the element-raw data such that the continuous space [0, T] is approximated
by N uniformly spaced time instants, with corresponding sampling frequency fs. Such an
assumption is particularly suited to US imaging due to the bandpass signal properties of the
element-raw data, which can be accurately reconstructed from uniform samples acquired
at the Nyquist rate (or using bandpass sampling). Hence, an appropriate discretization of
the element-raw data space may result in an accurate approximation of the non-stationary
blur. In addition, performing the discretization of the element-raw data is aligned with most
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recent US imaging systems, such as the Verasonics Vantage™, which operate on digitized
element-raw data.

Exploiting this discrete formulation, we express our approximation of the blur-model as
follows

K~ DH, (4.32)

where D : RNENx 8 RNYEN: s the discretized DAS operator and H : RN<ENz 8 RNEN; s the
discretized propagation operator. The adjoint operator can be straightforwardly deduced from
Kas

K - HD. (4.33)

Hence, using the sequential split assumption, the evaluation of K results in the consecutive
evaluation of H and D. Additionally, with this simple additional discretization of the “latent”
element-raw data space, we benefit from very efficient matrix-free implementations of the
discretized US propagation operator H and DAS operator D that have been described in
Chapter 3.

Computational Complexity of the Proposed Strategy As already mentioned, the evalua-
tion of K : RNxENz 1 RN«EN:z defined in (4.30) requires a priori O((NxN;)?N}) operations
using (4.27). Such a computational complexity prevents from its use in realistic imaging cases,
where Ny N, ranges between 10* and 10° and N} is few hundreds.

To solve the above limitation, the proposed evaluation strategy decomposes the computation
of K j as follows:

Ki D(Hj), (4.34)

where H j is first performed, generating a pseudo raw data M, followed by the application of
the DAS operator DM.

The overall computational complexity of the operation K j can be easily deduced from the
computational complexity of the measurement model and its adjoint, detailed in Chapter 3,
such that:

i ¢
Cost(K i)~ 0 NINkN, & O((NxN,)NY), (4.35)

since N ... N; in standard US imaging configurations.

An equivalent reasoning for the computation of the adjoint operation K leads to the same
computational complexity as the forward operation. Indeed, the only difference between the
two computations resides in the convolution which is negligible in the computational cost.
Thus, the proposed decomposition results in a significant decrease of the computational
complexity from quadratic to linear with respect to the number of grid points Ny N, .
Compared to the common approximation strategies of non-stationary blur, we can draw the
following conclusions. If we assume that shift-variant blurs have been stored as matrices of
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size N? £NP, where sz¢' N, and N? ~ Ny (as itis often the case), their evaluations would re-
quire O 'NLN, logNyN, computations using a Fourier-domain approach or O ! NPNPNLN,
otherwise.

Using the Fourier-domain approach, the computational complexity is usually slightly lower
than the proposed approach , since logNxN; ~ N{, but the method does not scale as well as
the proposed approach with respect to the grid size. Otherwise, the complexity highly depends
on the size of the blur matrix while the complexity remains linear with respect to the grid size.

4.4.4 Proposed Image Restoration Technique

Since | had the chance to collaborate with Dr. Zhouye Chen who was a post-doctoral student
in Prof. Wiaux’s laboratory in 2017, | decided to benefit from her experience in restoration
methods applied to US imaging [153]. | have therefore implemented one of the restoration
approaches she had worked on during her PhD thesis.

More precisely, we use a “p-norm minimization (p 2 [1,2]) algorithm, one of the most recent
methods introduced in US image restoration [148, 153, 155, 161, 168, 172]. Since the discretized
blur operator K has been described as a tensor in Section 4.4.3, we have to introduce the
reshaping operator P : RNxENz 1 RNxN:z gychthat  ~ P j 2 RNxN2_ We are therefore interested
in solving the following optimization problem,

_min .~ g—% ~iK7 2 (4.36)
where K = PK P72 RNxNEN«N: accounts for the discretized PSF operator and =~ P § 2 RNxNz,
in which j is the RF image acquired by the US imaging system.

The values of p are setto 1, 4/3 or 3/2, depending on the experiment, similar to the values used
in [153] since their corresponding proximity operator are analytically defined (See Appendix C).
We use FISTA, described in Section 4.1.2, to solve the above minimization problem.

4.4.5 Experimentsand Results
In order to evaluate the proposed approach, we perform the following experiments:

1. Diverging-wave imaging: A simulated experiment is performed with a standard phased-
array probe (P4-2v) whose characteristics are given in Table 4.5. A single DW (2.5 MHz,
1-cycle sinusoidal wave) is transmitted with a corresponding virtual point source located
-2.9mm behind the probe and laterally centered. No apodization is used on transmit.

The data are acquired on a numerical point-reflector phantom with eight reflectors with
unit amplitude and located at positions described on Figure 4.12(a). As for previous
sections, we use the Field Il software to simulate the data.

2. Plane-wave imaging: Two standard linear-array probes are used, namely the L11-4v
and the L12-5 50mm, whose characteristics are given in Table 4.5.

The L11-4v is used in two simulated configurations (using Field I1) for which a sin-
gle PW (5.208 MHz, 2.5-cycle square excitation) with normal incidence is transmitted
without apodization:
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< A point-reflector phantom described in Figure 4.12(b);
« the PICMUS numerical phantom?.
The L12-550mm is used to acquire in vivo measurements of two carotids on a Verasonics

Vantage ™ system (Redmond, WA, USA). A single PW (5 MHz, 1-cycle square excitation)
with normal incidence is transmitted without apodization.

TABLE 4.5
CHARACTERISTICS OF THE P4-2v, L11-4v AND L12-5 50MM PROBES

Diverging wave Plane wave Plane wave
P4-2v L11-4v L12-550mm

Element number 64 128 128
Center frequency 2.7MHz 5.133 MHz 7.8 MHz
Sampling frequency 10.8 MHz 20.832 MHz 31.2MHz
Element width 255&m 270&m Unknown
Pitch 280&m 300&m 195&m
Elevation focus 60mm 20mm Unknown

Regarding the reconstruction methods, we compare three different PSF estimation techniques:
« the proposed non-stationary PSF;

» astationary PSF estimated from the data using the method described in [90], denoted
as stationary PSF 1;

 a stationary PSF previously simulated on Field Il using a phantom made of a single
scatterer located at 25 mm for PW imaging and 45 mm for DW imaging, denoted as
stationary PSF 2.

The restoration is performed on RF images, obtained by applying the DAS operator on the
element-raw data. The image grid spacing is set to one third of the wavelength in the lateral
direction and one eighth of the wavelength in the axial direction.

Point-reflector Experiment: For these experiments, the “,-based restoration is tested with
avalue of p equal to 1 since we are dealing with sparse images. The comparison is based on
the axial and lateral resolution, calculated as the FWHM computed on the log-compressed
B-mode image. The regularization parameter is empirically set to its highest value so that all
the point reflectors are visible, if possible.

Table 4.6 reports the lateral and axial resolution values for the DW configuration described
in Figure 4.12(a). We can see that the proposed method outperforms the models based on a
stationary PSF on the lateral resolution especially. This makes sense since the diffraction effect
is important in DW imaging configurations resulting in significant variability in the lateral
dimension. Regarding the axial resolution, it is relatively stationary along the imaging plane
and the proposed method does not significantly outperform the stationary models. Figure 4.13

3https://www.creatis,.insa- lyon.fr/EvaluationPlatform/picmus/index.html
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shows the B-mode images of the point reflectors for standard DAS beamforming (top row),
restoration with the proposed method (middle row) and restoration with the stationary PSF
1 (bottom row). It illustrates the benefit of the proposed method compared to stationary
models for image restoration in case of imaging configurations with high lateral variability.
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Fig. 4.12. Numerical point-reflector phantom. Figure (a) displays the phantom used in diverging-wave imaging.
Figure (b) presents the phantom used in plane-wave imaging.

TABLE 4.6
COMPARISON OF THE RESTORATION METHODS ON THE POINT-REFLECTOR PHANTOM IN THE DIVERGING WAVE
EXPERIMENT
Method 1 2 3 4 5 6 7 8
Prop. PSF 0.32 0.19 0.21 0.50 0.21 0.21 0.60 0.60
Lat. Res[mm] Stat. PSF1 ~ 0.90 0.21 0.19 1.4 0.19 0.21 2.2 2.7
Stat. PSF 2 6.9 9.5 9.5 2.9 9.5 9.5 1.6 3.2
Prop. PSF 0.43 0.21 0.42 0.24 0.07 0.07 0.21 0.21
Ax.Res[mm] Stat. PSF1  0.28 0.07 0.08 0.08 0.41 0.08 0.08 0.08
Stat. PSF2  0.46 3.6 3.6 0.55 3.6 3.6 0.37 0.39

When using the method with the stationary PSF 2, it can be noted that the values for both the
axial and the lateral resolution are not satisfactory, except for point reflectors 4, 7 and 8. This is
due to the fact that the PSF used in the restoration experiment has been simulated with a point
reflector centered at 45 mm, close to point reflector 4, and that point reflectors 7 and 8 are
centered as well. The high values of the resolution that one may observe in Table 4.6 are due
to the fact that several points are not reconstructed. Regarding the method with the stationary
PSF 1, the results are better. This can be explained by the fact that the PSF estimation method
returns a sort of “averaged PSF” over the entire image, resulting in a rather uniform value of
the resolution. We can nevertheless observe a non-uniformity of the resolution with respect
to depth (point reflectors 7 and 8), which emphasizes the inability of the method to capture
non-stationary blur.

In the PW experiment, it can be noticed on Table 4.7 that the proposed approach is either
close to or better than the best of the methods based on a stationary PSF, which means that
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Fig. 4.13. From left to right. Close-up of the log-compressed B-mode images of point reflector 1 to point reflector
8 for the diverging-wave configuration (Fig. 4.12(a)) obtained with standard delay-and-sum beamforming (top
row), restored with the proposed model of non-stationary blur (middle row) and restored with the stationary
point-spread-function 1 (bottom row).

it represents a best compromise between lateral and axial resolution. However, the results
on the lateral resolution are less striking than for the DW experiment which is justified by
the reduced non-stationarity of the blur compared to the DW experiment. Regarding the

TABLE 4.7
COMPARISON OF THE RESTORATION METHODS ON THE POINT-REFLECTOR PHANTOM IN THE PLANE-WAVE
EXPERIMENT

Method 1 2 3 4 5 6 7 8
Prop. PSF 0.11 0.11 0.11 0.11 0.11 0.11 0.10 0.11
Lat. Res[mm] Stat. PSF 1 0.11 0.12 0.11 0.11 0.12 0.15 0.13 0.12
Stat. PSF 2 0.11 0.11 0.10 0.11 0.11 0.11 0.11 0.11
Prop. PSF 0.04 0.11 0.04 0.04 0.04 0.04 0.04 0.04
AX. Res[mm] Stat. PSF 1 0.21 0.04 0.04 0.04 0.04 0.04 0.04 0.04
Stat. PSF 2 0.04 0.22 0.04 0.22 0.22 0.22 0.04 0.04

stationary PSF 2, while the lateral resolution is relatively constant along the image, the values
of the axial resolution is varying significantly. This is due to our choice of regularization
parameter. Indeed, it is set so that all the point reflectors are visible. When the regularization
parameter is too high, the first point reflectors that vanish are point reflectors 3 and 7 since they
are the ones with the highest mismatch with the centered PSF pattern used in the restoration.
With a close look on Tables 4.6 and 4.7, one may highlight some non-uniformity in the values
of the resolution obtained with the proposed method. This can be explained by several
approximations made in the physical model of the blur:

» no three-dimensional propagation: The proposed model neglects the effects related to
the three-dimensional propagation in the Field Il simulation, especially the element
height and the elevation focus;

< planar/spherical wavefront assumption: We assume that a planar or spherical wavefront,
for PW and DW respectively, of constant amplitude propagates in the medium;

< grid mismatch induced by the discretization of the continuous propagation operator
and the continuous medium.
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PICMUS Phantom Experiment: In this experiment, we compare the methods based on the
CNR and the lateral and axial resolution, computed on the PICMUS phantom. We use the
metrics implemented in the framework of the challenge.

The results are reported in Table 5.1 for the “,-based restoration, with p ~ 1.3 and 1.5, and
with the proposed non-stationary PSF as well as the two stationary ones.

On Table 4.8, we can observe that the proposed PSF outperforms the other methods on the
lateral resolution but not particularly on the axial resolution. Indeed, the variability of the PSF
in the axial dimension is mainly due to variations of the pulse-echo waveform induced either
by frequency-dependent attenuation or by near-field effects (due to the finite element height).
In the proposed simulation, we are in far-field and the frequency-dependent attenuation is
not taken into account. Thus, a shift-invariant model is relatively accurate.

In order to illustrate the above remarks, Figure 4.15 displays the x-axis and z-axis sections
corresponding to the points 1 and 2 on Figure 4.14, located at z~ 14mm and x ~ 0mm and
15mm, respectively. While the effect of the proposed method is not evident on the axial
dimension (bottom row), it is significant in the lateral dimension (top row).
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Fig. 4.14. Log-compressed B-mode image of the numerical PICMUS phantom.

Regarding the results of the restoration procedure, we observe that p ~ 1.3 leads to better
resolution (as can be seen on Figure 4.15) but lower contrast than p = 1.5. This can be
explained by a close look at the definition of the CNR. Indeed, it may be deduced from the
equation of the CNR that it favors piecewise-continuous regions where , and ¢ tendtoO0.
On the contrary, high-resolution images exhibit more “spiky” behaviour in speckle region
than low-resolution images which usually result in lower mean and higher variance, therefore
in a lower CNR. In “,-based restoration, the value of p impacts the shape of the GGD prior,
resulting in variation of the resolution of the recovered TRF. The lower p, the tighter the shape
of the prior, the better the resolution and the lower the CNR.

In vivo Carotids Experiment: Low resolution demodulated RF images of the two carotids,
obtained by DAS beamforming without restoration, are displayed on Figs. 4.16(a) and 4.16(e).
The B-mode images of the “,,-based restoration technique for the first carotid, and for p — 1.5,
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Fig. 4.15. x-axis (top row) and z-axis (bottom row) sections corresponding to the points 1 and 2 of Figure 4.14,
located at z ™~ 14 mm and x ~ 0mm and 15 mm respectively, for p = 1.5 (2 left plots) and p ~ 1.3 (2 right plots) and
for the different blur models.

TABLE 4.8
COMPARISON OF THE RESTORATION METHODS ON THE NUMERICAL PICMUS PHANTOM

Lateral Resolution [mm]  Axial Resolution [mm)]

Valueofp CNR[dB] Method

14mm 45mm 14 mm 45mm
Prop. PSF 0.21 0.35 0.24 0.28
pT15 7.00 Stat. PSF 1 0.25 0.46 0.23 0.30
Stat. PSF 2 0.30 0.41 0.27 0.26
Prop. PSF 0.17 0.25 0.20 0.24
p~ 13 6.00 Stat. PSF 1 0.21 0.45 0.17 0.22
Stat. PSF 2 0.27 0.36 0.20 0.18

are displayed on Figs. 4.16(b), 4.16(c) and 4.16(d). The B-mode images of the “,,-based restora-
tion technique for the second carotid, and for p ~ 1.3, are displayed on Fig. 4.16(f), 4.16(g)
and 4.16(h).

In order to quantify the benefits of the proposed model of the blur, we rely on the tissue-to-
clutter ratio (TCR) [41] and the SNR [41] metrics. The TCR is a widely used measure of the
contrast defined as the ratio between the average pixel intensity in a tissue region and in a
background region at the same depth (to avoid bias due to time-gain compensation). Formally,
itis given by

1

TCR™ 20log,, 2 ,

(4.37)

where ,,; and ,,,, designate mean pixel intensities inside the tissue and the background regions,
respectively, calculated on the normalized envelope.
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Fig. 4.16. Figures (a-d) present the log-compressed B-mode images of the in vivo carotid 1. Figure (a) displays
the low-resolution (LR) image reconstructed with the delay-and-sum algorithm. Figure (b) shows the high-
resolution (HR) image obtained with the restoration algorithm (p ™ 1.5) with the proposed model of non-stationary
blur. Figures (c-d) show the HR image reconstructed with the restoration algorithm (p ™ 1.5) with the stationary
point-spread-functions 1 and 2. Figures (e-h) present the log-compressed B-mode images of the in vivo carotid 2.
Figure (e) displays the LR image reconstructed with the delay-and-sum algorithm. Figure (f) shows the HR image
obtained with the restoration algorithm (p = 1.3) with the proposed model of non-stationary blur. Figures (g-h)
show the HR image reconstructed with the restoration algorithm (p =~ 1.3) with the stationary point-spread-
functions 1 and 2.

The SNR is calculated as

< Jost 1 0]

SNR A S p— (438)
2— 2
b t

where I,,t,,,b¢ and ( ¢, p)arethe mean and standard deviation of the pixel intensities of a
tissue and a blood regions, respectively, calculated on a linearized image obtained from the
log-compressed B-mode image. We choose a background region located inside the carotid
artery and a tissue region located at the same depth, as described on Figure 4.17.
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Fig. 4.17. Tissue (1) and blood (2) regions of the in vivo carotids used for the computation of the tissue-to-clutter
ratio and signal-to-noise ratio.

TCR and SNR values, reported on Table 4.9, demonstrate that the proposed non-stationary
model outperforms stationary models for nearly all the experiments. Regarding the impact of
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the value of p, the same trend as for the PICMUS experiment is observed, i.e. a lower value
of p leads to a lower SNR induced by higher variance of the speckle pattern. In addition,
visual assessment of the B-mode images shows that the restoration methods all lead to sig-
nificantly higher resolution than the unprocessed B-mode image. The deblurring effect is
more pronounced for the proposed method and the stationary PSF 1 than for the stationary
PSF 2, as can be seen on the artery wall. In addition, the proposed method allows a better
reconstruction of the textured area, such as the speckle region under the lower artery wall,
than both methods based on a stationary PSF.

TABLE 4.9
COMPARISON OF THE RESTORATION METHODS ON THE IN VIVO CAROTIDS

Value of p Carotid number Method SNR [-] TCR [dB]
Prop. PSF 49.1 29.5

p~15 1 Stat. PSF 1 27.9 26.2
Stat. PSF 2 38.6 28.1
Prop. PSF 21.5 30.5

p~13 2 Stat. PSF 1 211 244
Stat. PSF 2 36.1 284

On Computation Times of the Proposed Approach: The objective of this experiment is to
empirically validate and discuss the practical implications of the complexity study, performed
in Section 4.4.3 in terms of computational times necessary to evaluate the forward blur
operator.

More precisely, we consider a PW experiment with the L11-4v probe described in Table 4.5.
We compare various grid sizes characterized by the corresponding values of Ny and N. For
each tuple (Ny,N;), we estimate the average evaluation time of the forward blur operator
over 10 runs on an Intel Core i7-4930K CPU @ 3.40 GHz equipped with MATLAB R 2017A. We
compare the proposed evaluation strategy, the one described by Roquette et al. [148] and the
evaluation of a stationary blur model using Fourier domain approach.

Table 4.10 reports the computation times of the three methods for the different grid sizes.
We can see that the proposed strategy is two orders of magnitude faster than the one developed
by Roquette et al. even in the configuration with the smallest grid size. In addition, we observe
significant differences in scaling between the two methods resulting from the difference in
computational complexity.

We notice that the proposed strategy is several orders of magnitude slower than the stationary
method. This is due to the fact that the Fourier-domain approach relies on fast Fourier trans-
forms which have been highly optimized in MATLAB (built-in function) while the proposed
approach entirely relies on a non-optimized MATLAB code. First implementations of the
propagation and DAS operators on graphical processing units highlight the high potential for
parallelizability of the proposed method [187, 188].

In addition, Figure 4.18 displays ratios of evaluation times between the proposed method
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TABLE 4.10
COMPUTATION TIMES OF DIFFERENT BLUR EVALUATION STRATEGIES

Evaluation times

(Nx,Nz) Roquette et al. Proposed Stationary
(64,100) 35£10%s 8.8£107%s 37£107%s
(128,200) 3.4£10%s 1.1£1071s 6.5£1074s
(256,200) 1.6£10%s 1.9£1071s 1.2£1073s

and the stationary model for realistic values of the grid sizes. Indeed, we fix Ny ~ 512 which
corresponds to one fourth wavelength spacing and we vary N, between 1000 and 8000.

We empirically observe that the proposed methods scales better with the grid than the Fourier
domain approach which corroborates the theoretical study of the complexity performed in
Section 4.4.3.
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Fig. 4.18. Ratio of computation times between the proposed non-stationary blur evaluation strategy and the
Fourier-based evaluation of stationary blur for varying grid sizes.

4.5 Discussion and Perspectives

In previous sections of this chapter, we have described three different methods which exploit
convex optimization mostly with sparsity prior to tackle various inverse problems related to US
imaging. In this section, we propose to discuss some general limitations of these approaches
and the solutions that can be developed to tackle these issues.

4.5.1 Limitations of Convex Optimization Methods in Ultrasound Imaging
Relevance of the Prior Terms: The different techniques explored in this chapter rely on a
regularization term, expressed either by sparsity in a SARA model or by the “,-norm. A natural
question that people often ask when | present the methods at scientific conference concerns
the relevance of such prior terms in the context of US imaging. This is indeed a very good
question that should be discussed.
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Regarding the sparsity in the SARA model, it is clear that it outperforms the other existing
models and is therefore relatively suited to US imaging. A strength of the model is its ability
to reconstruct areas where specular reflection is present, e.g. muscle fibers and artery walls,
as it can be seen on the various B-mode images of the carotids. However, we are still not
convinced that it is the best model for US imaging. The main reason is that fully-developed
speckle patterns are not compressible in the model and are therefore not always accurately
reconstructed with the proposed methods. This may be an issue for several applications of
UFUS such as vector flow imaging, which are based on speckle tracking. Related to this aspect,
vector flow imaging not only requires the speckle to be preserved, but also the coherence of
the speckle patterns across various frames such that speckle correlation can be applied. With
the proposed approach, we cannot guarantee that such a coherence would be maintained.
A way to better preserve the speckle pattern may consists in using data-driven priors i.e.
dictionaries learned on a training set by means of dictionary learning algorithms. This has
been recently applied to US image reconstruction [138]. At first sight, such a technique appears
to be particularly well suited to US imaging. Indeed, US probes are usually dedicated to a
specific application and work at a given frequency. This permits to restrict the size of the
training set and facilitates the learning procedure. However, such types of priors suffer from
two major drawbacks. The first one is the risk of over-fitting. Indeed, it is a difficult task to
build a training set of US images whose quality depends on an infinite variety of parameters
such as the positioning of the probe, the patient anatomy, etc. In addition, having a sparsity
prior expressed in a dictionary prevents us from using fast transforms, which makes its use
more difficult in a real-time environment.

Another interesting approach, recently introduced in US imaging, consists in using different
sparsity priors to account for the various components of the RF image. Th RF image is typically
decomposed in a foreground image, mainly composed of bright reflectors, and a background
image composed of fully-developed speckle. Yankelevsky et al. [189] suggest to represent the
foreground image using the short-time Fourier transform while the background is modeled
using dictionary learning. We have also explored an approach based on morphological compo-
nent analysis [190], where we propose to rely on sparsity in the Dirac basis for the foreground
image and on sparsity in the SARA model for the background image [128]. The main drawback
of such approaches is the ability to separate the foreground from the background.

The Reconstruction Algorithm: The proposed methods perform image reconstruction us-
ing a convex optimization algorithm. Such an algorithm necessitates at least few hundreds of
iterations to converge. Given the amount of computations performed per iteration, it is very
challenging to perform real-time reconstructions even in 2D. With high-end GPU, we have
managed to perform 200 iterations of FISTA in few seconds [187].

More importantly a major drawback of proposed reconstruction algorithms is that they depend
on the regularization parameter ,, which accounts for the trade-off between the two terms
involved in the minimization problem. In practice, we have observed that the methods are
highly sensitive to this parameter. Due to the lack of a ground truth image, it may be very
difficult to tune such a parameter. In many studies, it is manually tuned such that it gives the

111



Chapter 4. USSR: The UltraSound Sparse Regularization Framework

best quality on the image of interest and the process has to be performed for each image. This
is a completely non-intuitive use of such a method from a statistical perspective, where the
regularizer is used to avoid over-fitting.

A solution to this problem consists in using deep neural networks (DNNSs) in order to tune the
hyper-parameters, as it has been introduced by Gregor and Lecun with the learned iterative
shrinkage thresholding algorithm [191]. Doing so, the efficiency of each iteration of FISTA is
maximized and the number of iterations required for convergence is significantly reduced. We
have investigated such an approach recently (See Section 4.5.3 for more details.).

4.5.2 Towards Compressed Sensing for Ultrasound Imaging

At the time of publication of the corresponding articles, CTMIX and CMIX went one step
further towards CS in US image reconstruction. Indeed, they outperformed existing com-
pression strategies, mainly based on simplistic selection strategies. In addition, we provide a
comprehensive explanation of the proposed schemes in terms of the limited increase of the
mutual coherence induced by the undersampling.

However, we face one major obstacle which is the high coherence of the measurement model.
Indeed, CMIX and CTMIX strategies manage to maintain the coherence constant when the
number of measurements is decreased, but the coherence remains high relative to the cor-
responding Welch bound. Such a high mutual coherence may be explained by the fact two
consecutive measurements correspond to projections of the medium onto surfaces induced
by the round-trip TOFs. Hence, consecutive measurements are highly correlated. In addition,
the information contained in each measurement is, by construction, highly localized, which is
not favorable for CS where one would like the information to be spread as much as possible.

At this point, we naturally wonder whether it would be possible to change the nature of the
projections in order to decrease the coherence. In fact, this is a relatively difficult task since
projections are the consequence of the propagation of US waves in a homogeneous medium.
Thus, if we want to do CS in US imaging, we should entirely rethink the measurement process
to satisfy the coherence requirements. In terms of US propagation, a random measurement
model implies that each sample of the element raw-data receives contributions from the
whole medium. In other words, it means that the duality between time and depth, which is at
the heart of US imaging, is not valid anymore since echoes from points at different positions
reach the transducer elements at the same time.

Thus, a random measurement model H is unfeasible via pulse-echo imaging in a homoge-
neous medium, due to the fact that US waves satisfy the Helmholtz equation. The only way
to address this issue consists in placing an heterogeneous medium in front of the US probe
as suggested by Kruizinga et al. [143]. However, such a new design raises many questions
regarding the choice and the modeling of the heterogeneous medium. It can be easily under-
stood that such a medium may not generate a purely random matrix but will be somewhere
in-between a purely random case and the highly coherent case of the homogeneous medium.
With the recent article of Kruizinga et al. [143] and the development of optical computing [192]
on the one hand, and the research on acoustic metamaterials on the other hand, we believe
that we are at the beginning of CS for US imaging and that there is still plenty of research to
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perform on this topic.

4.5.3 USSR 2.0: Deep Neural Networks for Ultrasound Image Reconstruction
With the astonishing success of deep learning in various image processing tasks, a boom in
using DNN to solve inverse problems in imaging has been observed recently [193-197] with
applications to several medical imaging modalities, e.g. CT [198, 199], MRI [200] and US
imaging [201-203].

In the framework of model-based US image reconstruction, we see two possible ways of
applying DNNs. The first one consists in using the DNN to enhance the RF image obtained
with the DAS algorithm as presented in [204]. In such a technique, we train a convolutional
neural network (CNN) to perform a regression between the space of RF images reconstructed
from few insonifications and the space of RF images reconstructed from significantly more
insonifications.

Mathematically, we denote our DNN as a non-linear mapping f : RNENz 1 RNxENz ‘\yhere
are the trainable parameters. Given the measurements M 2 RNEN, typically obtained from
few PW insonifications, we perform the following computation

i~ f (DM), (4.39)

where D is the DAS operator.

The advantages of such an approach are evident compared to convex optimization. First, it
is a non-iterative procedure which requires significantly less computations than a convex
optimization algorithm. The inference time of a CNN is of the order to 10 ms on an high-
end desktop GPU, which makes (4.39) compatible with real-time imaging. In addition, the
proposed reconstruction method does not depend on any hyper-parameter.

We have recently applied such an approach to enhance RF images obtained from a single PW
insonification [203]. From left to right, Figure 4.19 shows B-mode images of the numerical
PICMUS phantom obtained from 1 PW insonification, reconstructed by a first CNN architec-
ture (U-Net16 in [203]), reconstructed by a second CNN architecture (U-Net64 in [203]) and
reconstructed from 75 PW insonifications. We notice the astonishing increase of the image

Fig. 4.19. Log-compressed B-mode images of the numerical PICMUS phantom reconstructed (from left to right)
with the delay-and-sum algorithm for 1 plane-wave insonification, the delay-and-sum algorithm followed by
U-Net16 for 1 plane-wave insonification, the delay-and-sum algorithm followed by U-Net64 for 1 plane-wave
insonification, and the delay-and-sum algorithm for 75 plane-wave insonifications. From [203].
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quality induced by the CNN.

The second way of exploiting DNNSs in the US imaging process consists in replacing the
proximal step of FISTA, akin to denoising, by an inference from a DNN, which leads to the
following step for FISTA

ll
_ 1 i ¢
x D=f M5 EI—‘I/in(”) iy . (4.40)

One may interpret the resulting algorithm as a projected gradient descent [198] or as plug-
and-play FISTA [205].

Interestingly, (4.39) can be seen as one iteration (up to a scaling factor) of (4.40), when the
initial solution issetto j — 0. Such a method is currently under study in the laboratory.
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Essentially, all models are wrong, but
some are useful
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Three-dimensional US imaging requires dense matrix arrays of thousands of transducer
elements. Connecting such a number of elements to the back-end computer would necessitate
an extensive number cables, which is either unfeasible or prohibitively expensive.
Nowadays, only few cumbersome research systems are capable of directly connecting 1024-
element-matrix arrays [30-32]. Hence, much research has focused on the reduction of the
number transducer elements or coaxial cables with application to 3D imaging.

Sparse arrays techniques have been extensively studied to perform 3D imaging with a reduced
number of elements [206]. Many different strategies have been designed such as random
sparse arrays [207, 208], Vernier arrays [209] and row-column addressed arrays [210-212].
While proposing a notable reduction on the number of transducer elements, such methods
have a significant impact on the image quality due to a higher level of side lobes and possibly
the apparition of grating lobes [206].

Alternatives to sparse array techniques have also been widely studied, including mechanical
scanning with free-hand [213] or motorized [214] 1D arrays, time multiplexing [215-217] and
micro-beamforming, where part of the imaging process is performed analogically in the probe
head [218]. Like sparse array techniques, these methods impact the image quality as well as
the temporal resolution (for time multiplexing and mechanical scanning).

In this chapter, we propose a novel method to reduce the number of coaxial cables while
maintaining a significantly higher quality than existing approaches. The technique exploits the
well-known CS framework to compress the signals in the analog domain and benefits from re-
cent advances in US signal modeling on the reconstruction side. The remainder of the chapter
is organized as follows. Section 5.1 introduces the CS framework from the sensing to the recon-
struction. Section 5.2 introduces the concept of joint-sparsity with partially known support,
which will be useful for the proposed method. Section 5.3 details two low-dimensional models
of echo-signals, which are essential ingredients for the proposed compression technique,
described in Section 5.4.
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5.1 AShort Tour on Compressed Sensing

5.1.1 Sensing Sparse Signals: A Novel Paradigm

Sampling, i.e. the process of converting a continuous signal into a discrete sequence, has been
revolutionized by the seminal work of Shannon and Nyquist (independently by Whittaker and
Kotelnikov). They introduced the well-known Whittaker-Kotelnikov-Shannon (WKS) sampling
theorem for continuous-time bandlimited signals [219, 220]. The theorem states that if a
signal contains no frequency higher than 5, it can be completely determined by a set of
uniformly spaced samples, taken at a frequency higher than 54, the well-known Nyquist
rate.

This work has marked the beginning of information theory since it has permitted to move
from an entirely analog world to a digital one, in which signals are encoded with bits and
stored in computer memory.

Since the 1990s, modeling signals through sparsity has raised a considerable interest in various
fields of applied mathematics, e.g. in signal compression [221] and denoising [222] and in
statistics, where the LASSO is a well-known shrinkage method to avoid over-fitting [109].
Recently, the use of sparsity has been extended to signal sensing in the so-called CS framework,
introduced independently by Candes [130] and Donoho [223]. The main idea of CS relies on
the fact that the degrees of freedom of a discrete signal can be much smaller than its length.
For continuous-time signals, this notion has been quantified by the “rate of innovation”, which
characterizes the sparsity of a signal per unit of time [224, 225]. For some parametric signals
with FRI, e.g. streams of Diracs, or streams of pulses [224], the rate of innovation can be
significantly lower than the Nyquist rate.

CS differs from other sampling paradigms such as WKS or FRI, in the sense that it works on
finite dimensional vectors in R". Hence, it leverages results from concentration of measure
and probability theory rather than harmonic analysis.

5.1.2 Sensing and Recovery Guarantees for Sparse Signals
We say that a vector x 2 R" is k-sparse, with k * n, if it has at most k non-zero components. A
common measure of sparsity is the “g-norm defined as

kxko ™~ lim kxkg“"supp(x)ﬂ. (5.1)
pto

We also define the set of k-sparse vectors of R" as

8~ x2R"jkxky=k . (5.2)

The set 8y is non-linear since the sum of two k-sparse vectors is 2k-sparse in general, which

mak%s it difficult to manipulate. Geometrically speaking, 8¢ can be seen as a finite union
of " k-dimensional canonical subspaces of R" [226]. This interpretation gives a flavor of

how difficult the re%overy of k-sparse signals can be. It would require to identify a canonical

subspace among k candidates, which is a NP-hard problem.

In many scenarios, signals are not sparse themselves but admit a sparse representationin a
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basis or aframe, “:R"™ ¥ RY d , n, i.e. the coefficients ¢ ~ “““x are sparse.

We define a sensing procedure as a linear mapping A : R" ¥ R™ (equivalently a matrix
A 2 R™EN) ‘where m ~ n, such that y = Ax 2 R™. In CS, we acquire linear non-adaptive
measurements, in the sense that the matrix A is fixed in advance.

Signal recovery is formulated as the following minimization problem

minkxkg subjecttoy ™ AXx, (5.3)
X2R"

which is a NP-hard problem [227].
A way to make Problem (5.3) more tractable consists in replacing the “g-norm by the “1-norm
which leads to the well-known basis pursuit problem [228]

rr;Ln kxk, subjecttoy ~ AX. (5.4)
X n

Problems (5.3) and (5.4) can be extended to noisy scenarios by considering an inequality
constraint of the form y j Ax , = which leads to the well-known basis pursuit denoising
problem defined as

minkxk; subjectto y j Ax ,=ft. (5.5)
Xx2R"

CS provides a set of requirements on A and k to provide guarantees of uniqueness for the
solutions of Problems (5.3) and (5.4).

In the following, we review the most important theorems necessary to gain some basic under-
standing of CS. We refer the interested reader to [229] for an in-depth overview of CS.

The first theorem, detailed below, is rather simple and sets a necessary and sufficient condition
on A so that there is a unique k-sparse vector, solution of (5.3).

Theorem 1 (Corollary 1 of [230]). The k-sparse vector x 2 8, such that y =~ Ax, is the unique
solution to Problem (5.3) if and only if

spark (A) " 2k. (5.6)

This theorem states that the solution of (5.3) is unique if and only if the null-space of A does
not contain any 2k-sparse vector. Intuitively, this makes sense. Indeed, if two non-identical
k-sparse vectors are solutions of (5.3), then their difference is a 2k-sparse vector and lies in
the null-space of A. This is not possible if spark (A) *~ 2k.

Moreover, since spark(A) 2[2,m 1], Theorem 1 sets a lower bound on the number of mea-
surements as m , 2k. Such a lower bound makes sense since a k-sparse signal has exactly 2k
degrees of freedom.

In the CS literature, the well-known tool used to ensure stability and recovery guarantee
is the restricted isometry property (RIP), introduced by Candés [231] and reminded in the
definition hereafter.

Definition 5 (RIP [231]). A matrix A 2 R™£" satisfies the RIP or order k if there exists — 2 [0, 1]
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such that
(1§ —x) kxk3 = kAxk3 = (1 —)kxk3, 8x 2 8.

The RIP property states that the matrix A acts as a quasi-isometry on the set of k-sparse
vectors. In addition, the eigenvalues of the Gram matrix AJA;, for any subset J % {1,...,n}
of cardinality k, are in the following interval [1 j —,1  —], which makes the Gram matrix
invertible.

An interesting case corresponds to the 2k-RIP which can be written as follows

2 2 - 2 i ot
(Li—a) Xix ’ " Ax j AX = —x) X j x° 5, 8 X, X! 2§i.

This is very close to the Johnson-Lindenstrauss lemma [232] applied to the set of k-sparse
vectors, if — = 1/2, and the measurements can be seen as stable embeddings of the k-sparse
vectors.

Additionally, we have the following proposition that relates the RIP property to the spark.

Proposition 3 (RIP and spark). If a matrix A 2 R™£" satisfies the RIP property of order 2k, with
—k 1, then spark(A) "~ 2k.

Proof. If A 2 RMEM satisfies the RIP property of order 2k, with — ~ 1, then we have that
KAXK3 . (1 i —k)kxk3 "0, 8x 2 8 \{0}. Thus, N (A)\ 82 ~ {0} . spark(A) " 2k. O

Thus, Theorem 1 holds for a matrix A that satisfies the RIP property of order 2k.

So far, we have established recovery guarantees for Problem (5.3) in terms of spark and RIP
of the measurement matrix. However, Problem (5.3) is NP-hard. In order for CS to be more
practical, recovery guarantees for the convex basis pursuit problem should be established.
To provide an exact recovery guarantee of k-sparse vectors with basis pursuit, we need a
slightly stronger condition on the matrix A which is detailed in the theorem hereafter.

Theorem 2 (Noiseless recovery. Theorem 1.2 of [233]). The k-sparse vector x 2 8§y such that
y ~ Ax is the unique solution of (5.4) if A satisfies the RIP property of order 2k, with— = 2 1.

This is a remarkable result that proves exact recovery of k-sparse vectors by solving a simple
convex optimization problem.
In addition, Theorem 2 can be extended to the case of bounded additive noise as follows.

Theorem 3 (Recovery under bounded noise. Theorem 1.3 of [233]). Consider that x 2 8y
ismeasured by y — Ax " e, kek, = 1, such that A satisfies the RIP property of order 2k, with
—k ~ 2i 1. Thesolution x? of (5.5) obeys

Xix’ ,=C1t,

P—
where Cq ~ ——p#—.

1j1 2 —ox

118



5.1. A Short Tour on Compressed Sensing

There is still a major issue related to the recovery conditions stated in the above theorems.
Indeed, the calculation of the RIP constant of order k i |%a NP-hard problem, similar to Prob-
lem 5.3, since it requires a combinatorial search over E k sub-matrices.

To address this problem, we introduce the notion of coherence, defined as follows for A 2 R™£"

ST JA>—’J (5.7)

The coherence is the maximal inner product between two columns of A which quantifies
whether A is closed to a basis or not. Using the Gershgorin circle theorem, it can be related to
the spark via the following inequality

spark(A) "1 (5.8)

»(A)
Thus, the condition in Theorem 1 can be straightforwardly transformed into a condition on
the coherence, far simpler to check.
Additionally, Theorem 4 provides conditions on the coherence for stable recovery in the
presence of bounded additive noise.

Theorem 4 (Recovery under bounded noise. Theorem 3.1 of [234]). Consider that x 2 8y is
measured by y — Ax e, kek;, = T, such that A has coherence ,,andk ~ (1 1/,,)/4. The solution
x? of (5.5) obeys

Xi§X’ Z’ﬁﬁ. (59)

5.1.3 Sensing Matrices in Compressed Sensing

So far, we have established performance guarantees under RIP conditions on the sensing
matrix. We now provide sensing matrices that satisfy such RIP conditions (or coherence
conditions).

First, we can set a lower bound on the number of measurements for a sensing matrix to satisfy
the RIP property of order 2k. More precisely, Davenport [229] has shown that if A 2 R™E"
satisfies the RIP property of order 2k, with — = 1/2, then

to.
m , Cklog n ,

k
withC = 1og P24 1"
This statement gives some hope since the lower bound is logarithmic with respect to n and
linear with respect to k, which means that it may be possible to drastically reduce the number
of measurements.
Random matrices are very appealing candidates for such a task. Intuitively, this makes sense
given the analogy between CS and random projections (and the Johnson-Lindenstrauss
lemma) that we previously drew.
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More precisely, consider two numbers (t,-) 2 [0,1]?. It can be shown (Theorem 2.12 in [235])
that Gaussian random matrices (where the entries are drawn from a normal distribution with
variance 1/m) and Bernoulli random matrices (where the entries take the values §1/pm with
equal probability) satisfy the RIP property of order k, with — = —, with probability of at least
1jtif

m , C—i? klog m “log(til) , (5.10)

for a universal constant C *~ 0. Thus, using random matrices, we can achieve a lower bound on
the number measurements close to the one derived by Davenport. Hence, random matrices
are optimal sensing matrices in this context.

In addition, random matrices are universal in the sense that given a basis ““ and a random
matrix A that satisfies the RIP property with high probability, then A““ also satisfies the RIP
property with high probability. Intuitively, it is clear that if A is a Gaussian matrix, then A““ is
also Gaussian.

In practice, Gaussian matrices are not feasible and several architectures have proposed sub-
optimal approaches such as the random convolution [236], the compressive multiplexer [237],
the random modulator pseudo-integrator [238], the spread spectrum technique [239], the
random demodulator [240], the modulated wideband converter [241]. Recently, CS matrices
have also been approximated by multiply scattering media in optics [192, 242] and by a delay
mask in US imaging [143].

5.2 Joint Sparsity with Partially Known Support

5.2.1 Joint Sparsity: Compressed Sensing Applied to Multiple Measurement Vec-
tors

The CS problem described in Section 5.1 is usually denoted as a single measurement vector

(SMV) problem since we are interested in estimating a single vector x 2 R" from compressed

linear measurementsy — Ax 2R™,

The multiple measurement vectors (MMV) problem addresses the recovery of multiple sparse

vectors that share a common non-zero support. Formally, we consider N k-sparse vectors

of R" stacked in a matrix X 2 R"EN | such that kXiko = k, fori ~1,...,N. We measure these

vectors with a sensing matrix A 2 R™£" such that Y ~ AX 2 RMEN,

We define kX Ko row, the extension of the “g-norm to the MMV setting, as

_X
kXKo,row 1kx(i)k"o,
i71

where kik is an arbitrary norm. Thus, kX kg o counts the number of non-zero rows of X.
We also define the set of k-row sparse matrices of R"EN as follows

g = X 2R™N j kX korow =k (5.11)

The structural assumption that the columns X; share the same support induces that X 2 §(k”’N).
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5.2. Joint Sparsity with Partially Known Support

Using the zero-row norm, the MMV problem is recast as the following minimization problem

min kXKko row subjecttoY — AX. (5.12)
X2Rn£N
Evidently, the MMV problem can be solved by considering N independent SMV problems but
we would completely lose the additive structure induced by the shared non-zero support. In
such a case, the recovery guarantees are the same as in the SMV problem.
Chen and Huo [243] and later Davies and Eldar [244] have quantified the benefits of the
additional structure in terms of an upper bound on the sparsity as described in Theorem 5.

Theorem 5 (Uniqueness condition for the MMV problem. Theorem 2 of [244]). The matrix
X2 §(kn’N) is the unique solution of (5.12) ifand onlyifY =~ AX and

K- spark(A) i 1~ rank(Y)
> :

(5.13)

Additionally, Davies and Eldar have demonstrated (Lemma 1 in [244]) that (5.13) is equivalent
to

K- spark(A) i 1 rank(X)
> .

(5.14)

By comparing (5.14) with (5.6), we immediately see the benefits of the shared support which
provides an additional term, related to the rank of the measurements, to the upper bound on
the sparsity. This is interesting since it shows that in order to devise a method to solve (5.12),
we should account for the information contained in the rank of Y .

5.2.2 Recovery Methods in Joint Sparsity

In this thesis, we focus on two groups of methods, namely multiple signal classification (MU-
SIC)-based techniques and greedy approaches. Many other techniques have been developed
such as mixed-norm algorithms which exploit extensions of “1-minimization algorithms [245-
247]. See [248] for a review of these methods.

MUSIC-based Recovery: Feng and Bresler [249] have demonstrated that X can be retrieved
by singular value decomposition (SVD) of Y , when rank (Y ) ™ k, in a similar fashion to MUSIC
in estimation of direction of arrival.

Indeed, we have, by definition, that the column space of Y, R (Y ), is a subset of the column
space of A, R (A). In addition, assume that the non-zero rows of X are indexed by J %{1,...,n},
such that

Y T AX T AX(). (5.15)

i ¢
In the full-rank case, and when N "™ n, we have that rank(Y )™ rankIAJ “kand R(Y)™
R IAJ . By SVD of Y, we compute an orthonormal basis Q 2 R"&X of R (Y). Since R(Y) ™~
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P e
R 'AJ , we identify the index set J as
i ¢
8i2{L,...n}, '1iQQ™ A ,~0.i2J, (5.16)

where | j QQ>™ Pr)? is the projection on the orthogonal complement of R (Y ).

X is finally obtained using the pseudo-inverse of A; as X(j) AjY .

The two main drawbacks of this approach is the full-rank condition, which is not achievable
in every application, and the robustness in a noisy scenario. Indeed, in the presence of noise,
the signal subspace can only be approximated (using well known threshold methods [250])
and recovery is no longer guaranteed.

Greedy Algorithms: Several greedy algorithms, designed for the SMV problem, have been
extended to the MMV problem leading to the simultaneous orthogonal matching pursuit [251,
252], the simultaneous normalized hard thresholding pursuit [253], the simultaneous com-
pressive sampling matching pursuit [253] and the simultaneous normalized iterative hard
thresholding (SNIHT) [253]. The recovery guarantees are the same as for the SMV problem
and the main benefit of such algorithms is the ability to recover simultaneously the set of
k-sparse vectors.

We now focus on the extension of the iterative hard thresholding (IHT) algorithm, coined as
theSNIHT algorithm, where the main iteration of IHT is replaced by the following one

XO=H, xGiD— A=y ax(id (5.17)

where ,, 2 R—is a step-size and Hy (X) is a non-linear operator that sets all but the k rows of
X with largest “2-norm to 0.

SNIHT proposes an extension to normalized IHT based on a specific update of the step size,
described in Algorithm 5.

Algorithm 5 SNIHT. Algorithm 1 of [253]
Require: A)Y k
initialization: i ~1,R°~Y X%~ 0
repeat
) i N 2 i N
1)~ A/_R("l) (J(iil))_F/ Ajiiy ARGEID (3611)
X(i)"Hklx(iit)_!(i)lﬁ(R(iil)(t
36~ supp'x
i i1
until a stopping criterion is met
return X®

2
E

Subspace Pursuit Methods: Subspace pursuit methods identify the subspace R IAJ¢ iter-
atively. Two very similar approaches, namely rank aware orthogonal recursive matching
pursuit (RA-ORMP) and orthogonal subspace matching pursuit (OSMP), have been suggested
independently by Davies and Eldar [244] and Lee et al. [250], respectively.
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OSMP, detailed in Algorithm 6, works as follows. First, it estimates the signal subspace $
and therefore an initial index set J from the measurements Y by SVD in a similar way to
MUSIC-based methods. Then, given the estimated index set J from previous iteration and the
signal subspace S, we add to J the index i 2{1,...n}\J such that

PR P P "
2Ps
i~ argmax R(®) 2, (5.18)
k2{L,...nN\J
P TA

RPam)”

RA-ORMP slightly differs from OSMP in the sense that there is no estimation of the signal
subspace and the index i is chosen as

P TAK
_ R PR(AJ)?Y ,
i~ argmax . (5.19)
k2{L,...,n}\J
P TA

R P
r(n)? 2

In fact, the two iterations are the same in the noiseless case since S~ R (Y). In the noisy
scenario, the noise induces that rank (Y ) ™ min(m, N) and the signal subspace differs from
R(Y).

Hence, we notice that sybspace pursuit methods look for the most correlated subspace to

R ipR(AJ)?P§_ (resp. R PR(AJ)?Y for RA-ORMP), among the one dimensional subspaces

R PR(AJ)? Ak , where the correlation can be expressed in terms of the angle between two
subspaces [250]. This justifies the term “subspace pursuit” with analogy to the matching
pursuit technique developed for sparse approximation.

Algorithm 6 OSMP. Algorithm 4 of [250]
Require: A,Y k

initialization: i~ 1,17 ;
Ps 2 RMEM — Estimation of the signal subspace
repeat
i ~ argmax P fac 7P A
IM&Beap.an P e Pk RP , » K
_ ") ") 2
JTILAi}
until j3j~ k
return J

Regarding the recovery guarantees of both algorithms, they have been proved to exactly recover
k-row sparse vectors in the full-rank case.
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Subspace Augmented MUSIC Methods: Subspace augmented MUSIC methods target rank-
defective cases when rank(Y )™ r ~ k. They provide a two-stage framework which combines
the MUSIC based approach to estimate the signal subspace with a subspace pursuit method (or
more recently a semi-supervised classification [254]) to estimate the remaining k j r indices.
Two almost equivalent frameworks have been proposed in the literature, namely subspace
augmented MUSIC (SA-MUSIC) [250] and compressive MUSIC (CS-MUSIC) [248].

In SA-MUSIC, the signal subspace § is firstly estimated from Y. Then, k j r indices are
estimated using the previously described OSMP algorltP&m Finally, J is retrieved via MUSIC-
based recovery on the augmented space S ~ SR Aj, , where Jq is the set of k j r indices
identified by OSMP.

In CS-MUSIC, k j r indices are estimated using any MMV algorithm. However, the remaining r
components are not estimated using MUSIC as in SA-MUSIC, but using a generalized MUSIC
criterion [248].

5.2.3 Joint Sparsity with Partially Known Support

In some applications of CS, part of the signal support is known a priori. For instance, this is
the case when one wants to recover a time sequence of sparse signals with the support slowly
changing across time. In such cases, the idea consists in solving a CS problem on the unknown
part of the support only, resulting in fewer unknown coefficients and hopefully weaker recovery
conditions than conventional CS. The concept has been introduced independently by von
Borries et al. [255], Khajehnejad et al. [256] and Vaswani and Lu [257].

Puts formally, consider a k-sparse signal x 2 8 whose non-zero supportis J % {1,...,n}such
that J ™ Jg [[J1 and Jg is known. Vaswani and Lu have proposed to solve the following “g-
minimization problem

)r(rzun Xj, o Subjecttoy ™ Ax. (5.20)
They have also provided the corresponding “;-minimization problem. Regarding this problem,
Khajehnejad et al. and later Friedlander et al. [258] have proposed a more general formulation
based on a weighted “1-norm.

Recovery guarantees for (5.20) have been established in [257]. More particularly, it has been
demonstrated that the solution of (5.20) is unique if A satisfies the RIP property of order
2K i jJoj, with — 33, 1, which is weaker than the requirement —y = 1 of Theorem 1.
Carrillo et al. [259, 260] have suggested various extensions of greedy algorithms to solve (5.20),
i.e. IHT, compressive sampling matching pursuit (CoSaMP) and orthogonal matching pursuit
(OMP). Moreover, they have derived weaker conditions for perfect recovery for IHT [260].

Uniqueness Conditions: To the best of our knowledge, the problem of joint sparsity with
partially known support has never been discussed in the literature. Motivated by the potential
applicability of such a framework in US imaging (cf. Section 5.3.1), we investigate the extension
of Theorem 5 to partial known support.

In the remainder, we consider a matrix X 2 §f(”’N) such that supp(X) = J = Jo [ J1, with
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Jo%{1,...,n}and J; % Jo, and we measure Y ~ AX, with A 2 RMEN,

First, we reformulate the MMV problem with partially known support as:

XgllirD;N X (o) 0.row subjecttoY T~ AX. (5.21)
The following theorem provides a guarantee for uniqueness of the solution of (5.21) expressed
in terms of an upper bound on the row sparsity k.

Theorem 6. The matrix X 2 §f(”'N), with supp (X) ™ Jo [J1, Jo known, is the unique solution
of (5.21),ifY ~ AX and

- SPark(A) jdoj

- (5.22)

Proof. The proof follows by contradiction. Define X! 2 KN and X2 2 K"&N such that X1 &
X2 and both are solutions of (5.21). Consider that the rows of X! (resp. X?) are supported
on Jo [ ¢1 (resp. Jo [ ¢») such that j¢1j ~ j¢2j ~ u = k j jdoj. Thus, the rows of X! j X2 are
supportedon Jo [ ¢1 [ ¢, and

Asre,re. (X" i X*)@ore,pe) 0 (5.23)

When spark(A) "" jlo L ¢1 [ ¢2), Ay, e, e, has full column rank and its null-space is trivial.
If (5.22) holds, then spark (A) "" 2Kk j jJoj » K i 2u , jJo [ ¢1 [ ¢2j such that

As e re, (X i XA)ore.pe,) 70 » X1 X2, (5.24)

O

Theorem 6 is an extension to the MMV problem of Proposition 1 of [257] and the upper bound
is the same as for the SMV problem. At this point, it would be beneficial to take into account
the information contained in R (Y ) and the partially known support to weaken the uniqueness
condition compared to the SMV problem, in a similar way to Theorem 5. This is detailed in
Theorem 7.

Theorem 7. The matrix X 2 §f(“'N), with supp (X) ™ Jo [ J1, Jo known, is the unique solution
of (5.21),ifY ~ AX and

K- spark(A)” rank(Ya) il

> , (5.25)

£
whereYa ™~ Y, Ay, .

. ., _t e — .
Proof. Consider the augmented measurementgnatr%Ya1 Y,A;, 2RMEN %)) Define the
corresponding augmented signal matrix X =~ X, 15, 2 R"E(N 1) where 1, 2 R"E1% s the

identity matrix with columns restricted to Jo. We can observe that Y, — AXa, supp(Xa) —
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supp (X), and kX aKp row — kX Ko row. Now, define the following augmented MMV problem

min  kXKkg row Subjectto Y, — AX. (5.26)
X 2RNE(N" o))

By applying Theorem 5, X, is the unique solution of (5) if Y~ AX4 and

K- spark(A)  rank(Ya) il
5 .

(5.27)

Finally, it is straightforward to show that if X4 is the unique solution of (5.26), then X is the
unique solution of (5.12). Indeed, define X! 2 K"&N and X2 2 K"EN such that X1 & X2 and
both are solutions of (5.21).£Consid}t that the rgws of X/1 (resp. X ?) are supported on Jo [ ¢1
(resp. Jo [ ¢2). Then, X1~ X1, A; and X2~ X2 A,, are solutions of (5.27) and X1 & X2
which is impossible since X4 is unique. O

Hence, Theorem 7 states that the known support of the measurement model can be used to
augment the signal subspace. Indeed, we have that the signal subspace of the augmented
measurement matrix, S, is defined as

it
Sa"$TR'A, . (5.28)

where $ is the signal subspace associated with Y . Ly

. . . i .
We observe that the effect of the partially known support is maximal when R "A;, is orthogo-
nalto S.

MUSIC-based Recovery: MUSIC-based recovery with partially known support, coined as
MUSIC-PKS, is similar to MUSIC algorithm described in Section 5.2.1, except that it is applied
to the augmented measurement matrix. The following theorem details the recovery guarantee
for MUSIC-PKS.

Theorem 8 (Recovery guarantee for MUSIC-PKS). Consider air.natrix X2 _§f(”'N), with supp (X) ™
Jo [J1, Jo known, suchthatY ~ AX, rank(X) ™ k™ jloj i rank 'PR(X) £1o) arﬂk " spark(A)j 1.

Then MUSIC applied to the augmented measurement matrix Y, — X, A;, is guaranteed to

recover X.

Proof. The proof isimmediate given Theorem 3 in [244] and the following equality

£, ATl i
rank X, 1y, rank(X) rank Pgxy2ly,
"rank(X)_rank;'I i Prex) i

- — i '
rank(X) rank I(‘]O)j‘: PRX) (1)

— I H l ¢
rank(X) jloj i rank Prex) 5 -
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i ¢ i ¢
Hence, take the case where rank IX(JO) 1, rank'X(Jl) T jJijand rank(X) T jJ1j 1. We see
that

t. ¢ -
- — . i e i
rank (Xa) ~ rank(X) jJoj i rank PRr(x) o) JJi 1 jdojilT Kk, (5.29)

and MUSIC-PKS succeeds in a rank-defective case.

Greedy Algorithms: Based on the extension of IHT to partially known support [260], we
suggest SNIHT-PKS in which the X update step of SNIHT is replaced by the following one:

XxO= e (xODT 1 aROTY), (5.30)

where ! 2 R and the non-linear operator ng (.) is defined for J % {1,...,n} as
Hy ()™ X@ ™ HiX3)), (5.31)

We now state the main result of this section, which provides an upper bound on the discrep-
ancy between the output of SNIHT-PKS and the optimal row-sparse approximation of the
solution.

Theorem 9 (Simultaneous sparse approximation with partially known support). Consider that
Y T AX(3o[) TE. If A satisfies the following ARIP conditions: 2U., 2Lk Lk = 1wherec 2N
issuch that ck , 3k j 2jJoj, then the error of SNIHT-PKS at iteration i is bounded by:

: - fl .
x® 5 x - fil) x —— E _, 5.32
X0 = Xo e 175 Er (5.32)

i — Uk Lek ~ p:I-iUdk H R
where fi 2—li|_k , fl 2—1“_k andd 2N issuch thatdk , 2k j jJoj.

Proof. The proofis close to the one of Blanchard et al. [253] and includes contributions from
Carrillo et al. [260].

As a preliminary, we remind the definition of the asymmetric restricted isometry (ARIP)
constants that will be used in the proof.

Definition 6 (ARIP constants [253]). Consider A 2 K™£" The lower and upper ARIP constants
of order k denoted as Ly and Uy, respectively, are defined as

L™ minb, subject to (1 i b) kxks = kAxk3, 8x 2 §

Uy~ minb, subject to (1 j b)kxkZ , kAxk3, 8x 2 §

Recall that kXKg row ~ k and supp(X) ™ J,jJj 7 Kk, J 7 Jo [J1, wherejloj~ r,and jl1j~ K jr.
LetV O = xO7 1O a7y j AXD). By replacing Y by its expression, we have that:

VO=xO= 1O AX g i X)TIVAE. (5.33)
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Define the update X D~ V((Jio)) THy;r (V((Ji-))). Also define UM~ supp(H (V((Ji-)))). It can be
. 0 0
easily checked that ju®j = k j r, as described in [259].

Now, we can write the following inequality:

D oy 2 () oy (D) P— () (D) 2
VO XD T vehixGyt T ovE ixE (5.34)
VO i Xon ST VD i xa 5.35
= Vo i X o Vg iXew oo (5.35)
- VO Xy
i X@ (5.36)

i (i) =y (™1 (i ; r). ; ; Q)
since V(Jo) X(Jo) and X(\]_o) is the best (k-r)-term approximation of V(Jo)'

Now, by expanding (5.36) using the Frobenius inner product and bounding the real part of the
inner product by its real part, the following inequality holds:

XgyiXxJ? i = 2jhv O § Xy, Xy i X0 Vij. (5.37)
From (5.33), we have that:
VOixXey ™ (i 1O A XD X0 1OKE, (5.38)
which leads to

i 2 i ~ i —e— i i i -
Xy i XD - = 2105E, AX T D i Xaii 21 i 1OAZAQXD i X, (X D i Xy,

(5.39)
where Q 7 J [I® [J0 D has a cardinality bounded by

Q7o LI LUY LUT Vj=3kj2r =ck, (5.40)
where ¢ 2 N'such thatck , 3k j 2r . Now, using Lemma 5 of [253], we can state that if 1() « 1ilLk’
the following inequality holds

(1§ 1ORGAYX D i X)), (X D i Xpij = 7 ek) XV i Xy | XEPiXe

(5.41)

where ?(ck)™ UCﬁ—?‘;“
In addition, we can bound the first term of (5.39) as:

E, AT Y 5 Xgy)ij = pm E . xUYixq . (5.42)

since supp(X " D j X(5) 7 I LU Y has its cardinality bounded by 2k j r = dk, withd 2 N.
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With (5.39), (5.41), (5.42) and Lemma 2 of [253], we can write

i— ; fl ~
Sy (1) g () -
X iX o Xo e 7 i E e (5.43)
where fi~ 27 (ck) ~ 1and fl~ 211:—lLJk‘“‘ since 1) « ﬁ (because of (5.41)). O

It can be seen that the results are closed to the one obtained by Carillo et al. [260] for the
SMV case, in which the matrix A has to meet the RIP property of order 3k j 2jJoj. In addition,
the ARIP conditions provided by Theorem 9 are weaker than the ones of SNIHT, which can
be translated into fewer measurements necessary to fulfill (5.32). However, compared to the
bound established in Theorem 6, SNIHT-PKS requires A to be ck-RIP which is stronger than
spark(A) "7 2k j jJoj-

Regarding OSMP and RA-ORMP, we can use the partially known support in the initial step
of the algorithm, right after the estimation of the signal subspace, such that J = Jg. The
algorithms, initialized with the known support, are denoted as RA-ORMP-PKS and OSMP-PKS.

Subspace Augmented MUSIC: For subspace augmented MUSIC methods, we can choose
to use the partially known support either in the greedy algorithm or in the signal subspace
estimation step.

Since greedy algorithms perform better when few indices need to be identified [250], we
have chosen to use the partially known support to initialize the greedy algorithm used in the
methods. Subspace augmented MUSIC methods with partially known support are denoted as
SA-MUSIC-PKS and CS-MUSIC-PKS.

5.2.4 Experiments

Empirical Performance of Recovery Algorithms with Partially Known Support: We ex-
plore the empirical performance of SA-MUSIC-PKS, RA-ORMP-PKS and SNIHT-PKS in a
noiseless situation and under additive Gaussian noise with a SNR of 30dB. The results pre-
sented in this section are reproducible and available onlinel. For each experiment, 1000
random trials of the algorithms are run and the recovery probability is computed as the rate of
successful support recovery. .

We consider a Gaussian random measurement matrix A 2 RME" with Ajj » N l0,1/'05
and n is fixed to 128. The signal matrix X 2 §(k”’N) is built as a random matrix, with N 7~ k™
30. The impact of the partially known support is first analyzed by comparing the recovery
probability of SA-MUSIC-PKS for a fixed rank (r = 10), for a number of measurements ranging
between 30 and 90, when 0%, 25 %, 50 % and 75 % of the support is known a priori. Then, we
compare the methods with their counterpart without known support on two experiments:
fixed rank (r ~ 10) for a number of measurements ranging between 30 and 90 and fixed
number of measurements (m ~ 51) for a rank varying between 1 and 30. For both experiments,
75 % of the support is assumed to be known.

lhttps://github.com/AdriBesson/spl2018_joint_sparse
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Figure 5.1 displays the results of the different experiments.
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Fig.5.1. Figures (a) and (d) display the recovery probability of SA-MUSIC-PKS for varying number of measurements
and size of the known support in a noiseless and noisy scenarios (SNR ™ 30dB). Figures (b) and (e) present the
recovery probability of SA-MUSIC-PKS, RA-ORMP-PKS and SNIHT-PKS against SA-MUSIC, RA-ORMP and SNIHT
for varying number of measurements in a noiseless and noisy scenarios (SNR ~ 30 dB). Figures (c) and (f) present
the recovery probability of SA-MUSIC-PKS, RA-ORMP-PKS and SNIHT-PKS against SA-MUSIC, RA-ORMP and
SNIHT for varying ranks in a noiseless and noisy scenarios (SNR ~ 30dB).

On Figures 5.1(a) and 5.1(d), we can see that the accuracy of SA-MUSIC-PKS increases when
larger part of the support is known a priori, as expected. Similar results are observed both
in noiseless case and under additive Gaussian noise. On Figure 5.1(b), we observe that the
methods with partially known support achieve significantly better reconstruction than their
counterpart without known support in a noiseless scenario which validates the main results
of this section. On Figure 5.1(e), we see that the conclusions drawn for the noiseless scenario
extend to the noisy scenario for SA-MUSIC and SNIHT, which demonstrates the robustness to
noise of the proposed method.

Regarding RA-ORMP, we observe that the results in the noisy scenario are significantly worse
than in the noiseless scenario. This is due to the fact that, in the noisy scenario, the measure-
ments Y are full rank which significantly perturbates the pursuit (it impacts the correlation
step). In this case, RA-ORMP-PKS is only slightly better than RA-ORMP since the algorithm
fails to recover the unknown part of the support. One way to address such a problem can be to
use OSMP in which the noise would affect the estimation of the signal subspace. But, there
exists well known methods to tackle the noise in signal subspace estimation [250] such that
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the resulting method may be more robust.

Figures 5.1(c) and 5.1(f) show the benefits of partially known support in terms of the minimal
value of s for perfect support recovery. As for Fig. 5.1(b) and 5.1(e), we notice that the partially
known support significantly helps the recovery of the different algorithms except for RA-ORMP
in the noisy case.

Empirical Validation of Theorem 7: Motivated by the fact that the benefits of Theorems 7
and 8 may be quite difficult to quantify at first sight due to the fact that rank (Y3) intrinsically
depends on k when spark (A) "k j 1, we propose the following illustrative example (For more
in depth explanations, please refer to the following iPython notebook?).

Consider the signal matrix X 2 R"EN which is designed with n ~ 64, N ~ 128, supp (X))~ Jo [ J1,
such that jJpj ~ jJ1j~ 8 and Jg is known a priori.

We also define a Gaussian random measurement matrix A 2 R™E" as before, such that
rank(A) ” m , spark(A)™ m 1 with probability 1, and the corresponding measurements
asY — AX. i ¢ i ¢

In a first experiment, we set rank X,) ~ 1, rank X(3,) ~ jJij such that rank(X) ™ jJqj 1.
Since jJi1j 1~ k,weare in arank- dgfectlv/gase in which the MUSIC-based recovery metho%
fails. However, when m "k, rank Y ,A;, ~ k and we are in the ideal case where R A,
augments the signal subspace R (Y ) such that ML{SIC PK¢S would succeed. From the point of
view of Theorem 8, we are in the case where rank PR(X) (o) 1.

In a second experiment, we set rank X(JO) ~ JJoj and _ranlé Xy — linsuchaway that we are
in the worst case scenario for MUSIC-PKS since R IAJO % R (Y ). In this case, MUSIC-PKS
does not pefli‘orm bstter than MUSIC. From the point of view of Theorem 8, we are in the case
where rank Prx) (o) o]

Figure 5.2 displays the average recovery probability, computed as the rate of successful support
recovery over 1000 random trials of the algorithms.

For the first experiment, we observe that MUSIC-PKS recovers the support of the signal for
m , k= 17 17 which exactly corresponds to the case where the augmented matrix has full rank,
as stated in Theorem 2. Concerning the second experiment, both MUSIC and MUSIC-PKS fail
as expected.

5.3 Low-dimensional Models of Ultrasound Signals

The key aspect in the development of compression methods is the ability to find low-dimensional
models of the signals under consideration, expressed in terms of sparsity in the CS framework.
In order to develop low-dimensional models of US signals, we rely on few common simpli-
fying assumptions. First, we assume that the medium of interest is homogeneous such that
the speed of sound is known and constant. We further neglect the frequency dependent
attenuation in such a way that the shape of the pulse-echo waveform does not vary. We also
assume that the transducer elements are identical such that we can define a unique pulse-echo
waveform which characterizes the experiment.

2https://github.com/AdriBesson/spl2018_joint_sparse/bIob/master/e><amp|e_theorem2.ipynb
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Fig. 5.2. Recovery probability of MUSIC and MUSIC-PKS when rank(X3,)) ™ jJoj (Exp. 1) and when rank(Xj,)) ~
1 (Exp. 2).

Now, consider that we are in the pulse-echo configuration described in Sections 3.5.3and 3.6.3
where a probe composed of N)t( elements, with pulse-echo waveform v (t), is used to transmit
and receive acoustical pulses during a time T. Suppose that the medium is composed of K
point reflectors located at ri .k ™ 1,...,K. The echo signal m; (t) 2 L, ([0, T]), received at the
i -th element can be expressed as:

mj (t) * aikVpe (t i tik), (5.44)
k™1
i ¢
where ajx and tjx ~ trx (rg) trx rk.pi are the amplitude and round-trip TOF of the k-th
point reflector seen by the i-th transducer element.
Hence, the element raw-data are linear combinations of pulse-echo waveforms, delayed by
the round trip TOFs and scaled by the value of the TRF, several parameters related to the
propagation and the element directivity. We investigate two low-dimensional models that
result from (5.44).

5.3.1 The Bandpass Signal Model

A common assumption on the pulse-echo waveform, resulting from the bandpass property of
the electro-acoustical impulse response, is that most of its energy is concentr‘és\ted aroundpe
Eenter frequencvC of the transducer element, i.e. in the frequency band ¥~ f. iB,f. B [

ifciB,ifc B ,whereB "~ f; depends on the bandwidth of the transducer element.

Hence, m; (t) is a bandpass signal with frequency concentrated in the same frequency band
as the pulse-echo waveform. The echo signals are bandlimited and the WKS theorem states
that perfect reconstruction is possible provided that f; "™ 2 : fo” B .

However, it is well known that bandpass signals can be reconstructed with significantly fewer
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samples than dictated by the Nyquist rate, by exploiting the well-known bandpass sampling
technique which states that a sufficient condition for perfect reconstruction of a bandpass
signal is
i, ¢ i ¢ _
2 f. B 2 f.iB . f.” B
k oo W 2B

(5.45)

We can interpret the bandpass signal model in a CS-oriented perspective by introducing the
normalized discrete Fourier transform (DFT) matrix F 2 RNEN defined element-wise by:

)
j2.in

_ 1 ! N N
Fin pﬁexp Non2{,...,N}L 12 j

e
2 2 !

Using the above introduced DFT we can express M; as
Mi T EM Tt M =i, (5.46)
where 1 2 CN accounts for measurement and modelling noise and J is the index set defined by

ko Il

il jil
1T 24Ny J|<|

fs2% . (5.47)

Hence, depending on the sampling frequency, a bandpass signal can be sparse in the Fourier
domain. Interestingly, the quality of a sampling scheme can be interpreted in terms of the
sparsity of the spectrum of the resulting signal. In the ideal case of bandpass sampling, i.e.
when f; ™ 2kB, with k an integer, the spectrum is completely dense and jJj~ N.

Back to (5.46), since we assume that the pulse-ech% waveform is the same for the different
transducer elements, the measurement matrix M~ My,...,My: 2 RNENX js such that

MTFMTE, M (., =il (5.48)
where E 2 CNENx accounts for the noise. Moreover, in many cases, we can have access to an

accurate estimate of the pulse-echo waveform and therefore to J. Thus, we can leverage joint
sparse method with partially known support, described in Section 5.2.

5.3.2 The Pulse-stream Model

The bandpass signal model only characterizes the element-raw data but does not account
for any prior knowledge on the insonified medium. An alternative approach is to consider
m; (t), described in (5.44), as a pulse stream. The pulse-stream model has been extensively
studied in the signal processing community. Theoretical sampling frameworks for such signals
have been developed in the context of FRI [131, 224] and continuous [261] and discrete
sparse regularization [262]. Such a model is common in many engineering applications such
as US [131, 263, 264], radar [265] and lidar [266] where the objective is to localize strong
reflectors.

We exploit a discrete formulation of the pulse-stream model, widely studied in CS [262, 267,
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268], where the discrete signal M; follows K -sparse synthesis model in a convolutional dictio-
nary Vpe 2 RNENTF 1) made of shifted replicas of the discrete pulse-echo waveform vpe 2 RF,
where F ¢, N. Thus, the following equation holds:

i ¢ 3 .
Mi~ VperMi 1T VpeMi T, M =K, 8i 71, N, (5.49)

where—denotes the discrete convolution and 1?2 RN accounts for model mismatch and
measurement noise. An important aspect of the convolution model (5.49) is the boundary
condition applied to the discrete convolution. We focus on “full” convolution, i.e. convolution
with zero-padding as boundary condition but most of the statements described below may be
generalized to other boundary conditions. Hence the measurement matrix can be expressed
as

-y Wi—e) = - 7 )i — t
M~ VpeM E\ M M’...,MN; v Mi o=KL, Ny, (5.50)
where E! 2 RNEN: accounts for the noise and K° ,, K is a positive integer. In this case, the

coefficients M;, i 7 1,..., N{, do not share a common non-zero support due to propagation
effects so we cannot rely on joint-sparse methods. However, we can still exploit sparsity of
each representation in the standard CS framework.
The fact that m; (t) can be written as a convolution between a sum of K Dirac delta func-
tions and the pulse-echo waveform does not automatically implies K -sparsity of the discrete
counterpart due to the well-known basis mismatch [269]. Practically, we can think about the
discretization as an interpolation of the sum of K Dirac delta functions on a discrete grid
followed by a convolution with a discrete pulse-echo waveform. The interpolation process
creates a K -sparse signal, with K’ , K, and the approximation of the continuous convolution
by a discrete one creates noise due to mismatches in the sampling of the pulse-echo waveform.
From a CS perspective, the dictionary V. is usually coherent and may not be suited for CS-
based reconstruction. To quantify this aspect, we introduce the autocorrelation function
associated with a vector h 2RM as:
M}{n
An[n]™ hghg—n,n70,...,M j1, (5.51)
K~1
which measures the similarity between h and shifted versions of itself.
The following theorem links the value of the coherence of a convolutional dictionary with the
autocorrelation of function of the pulse.

Theorem 10 (Coherence of a convolutional dictionary). Consider a convolutional dictionary
H 2 RN FiDEN composed of shifted replicas of a signal h 2 RF, where F = N. The coherence
,»(H) of H is given by

JAn[n]j

Proof. Consider two indices Ii,j 2{1,...,N¥, such thati = j. The inner product Hj, H;j
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can be expressed as

- cp _
> fi_ NXil - el bheihegi ifjTiTF
Hi, H;j Hii Hi;j ! .
k=1 0 otherwise
Let us concentrate on the case where j ~ i~ F, we have that
> fi_ P R _ £t 7
Hi, Hj hiijhii hchk=jii  An Jil
KTjT1 K1
In addition, we have that kHjk, = khk,, i = 1,...N. Hence the coherence ,,(H) is can be
expressed as
')H H fi '>H H fi
i Hj i Hj jAn[N]j
L(H)= max ] R Rj ) J Hi 2J | J h[z]J’
1=i" j=N kHjk, Hj 2 l=i" j=N khk2 len=Fijl khk2

where the last line is obtained by noticing that

e Hf L gt g ot
max i, j max il max njj.
(e b HiH ,1_°1i-_NFiE_i11J h it max jAn[nlj
1 -J- i

I _
j

O

Hence the coherence of a convolutional matrix H is nothing else than the normalized auto-
correlation of the corresponding signal h. This motivates the use of maximally uncorrelated
sequences to design the pulse v, as already discussed in the literature [236, 270].
Unfortunately, the high sampling frequency coupled with the small support of v induces
a high coherence of the matrix Vpe. For instance, consider a transducer impulse response
approximated as convolution between a Gaussian modulated sinusoidal pulse, with a center
frequency of 5 MHz, 75 % bandwidth, and a 3-cycle square excitation signal. The coherence of
the corresponding dictionary, at 50 MHz, is higher than 0.9.

That means that the proposed dictionary may not be ideal to retrieve the exact sparse matrix
M that would have generated M. Nevertheless, since we are not interested in finding the exact
M but rather the re-synthesized matrix M, we still consider this low-dimensional model as an
interesting candidate for the proposed method.

5.4 Compressive Multiplexing of Ultrasound Signals
The proposed compression method is based on

» a compression module located in the probe head, which mixes signals in the analog
domain in order to reduce the number of necessary coaxial cables;

e areconstruction module located in the back-end system which recovers the signals
from the compressed measurements.

Both modules are detailed in the remainder of this section.
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5.4.1 Compression Module

The main building block of the proposed compression module is the compressive multiplexer
(CMUX), an analog CS architecture introduced by Slavinsky et al. [237] for multi-channel
signals sparse in the Fourier domain, inspired by the concept of random probes previously
introduced for sparse [270] and spectrally sparse [271] signals. More recently, variants of
the CMUX have also been studied in the context of ensemble of correlated signals [272].

The Compressive Multiplexer: Formally, the CMUX takes as input L signals {m; (t)}iLvl, ban-
dlimited at B/2 Hz, modulates each of them with a chipping sequence p; (t) working at W Hz,
and sum them to form a single output signal y (t), as described on Figure 5.3. The output

ano Pr®
L == == rate W

my (t)

0—»

yo f A Ly ]

ADC - rate W

= _Y=ratew
Fig. 5.3. The compressive multiplexer.
signal is carried to the back-end system via a coaxial cable where it is sampled at rate W by an

ADC, to form a discrete vector y 2 RN, where bN ~ TWe.
The measurement model associated with the CMUX can be expressed as

2 3
my
yv[§1,---,§L]§ : évcm, (5.52)
mg
i ¢
where §; ~ diag'p; 2 RVEN is the diagonal matrix formed by the i-th chipping sequence

and m; 2 RN is the i-th input signal sampled at rate W. The measurement model can be
equivalently formulated as follows:

y~ (P-M)£1, (5.53)

where P 2 RN£L contains the L chipping sequences and 1 2 R is a vector of ones. Such a
formulation is more suited to problems involving structured sparsity of M.

The CMUX architecture has some remarkably nice properties with respect to the Fourier
transform, highlighted by the following theorem [237].

Theorem 11 (Theorem 1 of [237]). Let A bedefinedas A™ [8;F,...,8_F],where §;,i ~ 1,...,L,
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is defined in (5.52), F 2 CNEN is the discrete Fourier basis and fix — 2 [0,1]. Then, there exists a
positive constant Cq such that when

W , Ciklog* (LW),

2

A satisfies the RIP property of order k with probability 1 j CO/—Cf, where C1 is a constant.

Note that the value of the constant Cy can be found in [236].

Hence, given the available bandwidth B ~ LW ,the above theorem provides an upper-bound

on the number of input signals that can be mixed asL = m.

The Proposed Compression Module: Motivated by the properties of the CMUX for multi-
channel signals sparse in the Fourier domain, we propose to use ] ~ N)t(/L CMUXs to compress
the US signals which compose a US probe, as depicted on Figure 5.4.

: CMUX 1
L D/
- lD\
: CMUX 2
D///’//' ¥y ¢ -
2L Y1, Y21, Y
: CMUX J

Transducer elements

Fig. 5.4. The ultrasound compressive multiplexer architecture.
In the proposed architecture, we concatenate the outputs yj ivl of the CMUXs to create a

measurement matrix Y 2 RNEY which is related to M 2 RNENK py:
_it "’ T _
Y P1,.., PNt = Ma,....mMye £EAT (P-M)EA, (5.54)

where P 2 RNENX s composed of the Nt chipping sequences and A 2 RNE? performs the
summation across the elements.

Alternatively, the problem can be expressed as a matrix-vector product in a similar way
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to (5.52):
2 3

mj
mL
2 3 _
§11 '1§L1 0! "!01 L 0! 101 mL 1

0! . '!Ol §L_ll 1§2L! ) 01 10 E

y— ~“Cm, (5.55)

: maL

0,...,0, 0,...,0, ey §N>t(iL_l""'§N>t< .

MytL1
mN;
h i

wherey ™ y7,....y7 ] 2 RN contains the concatenated output signals.
In the proposed architecture, the chipping sequences are chosen as independent Rademacher
sequences, i.e. pi 2{i 1,1}V, fori ~1,...,N{.

5.4.2 Reconstruction Module

The reconstruction module which would be implemented in the back-end computer aims to
recover the element-raw data M from the compressed measurements Y by applying CS-based
reconstruction algorithms based on the low-dimensional models discussed in Section 5.3.

Reconstruction based on the Bandpass Signal Model: We assume that the element raw-
data M follow the bandpass signal model described in Section 5.3.1. We are therefore interested
in solving the following joint-sparse reconstruction problem:

min Y i(P-FM)EA fst. M o il (5.56)
MZCNE'NX !
where B is the inverse DFT matrix and J is defined in (5.47).
Depending on the prior knowledge on the index set J, different reconstruction techniques
may be leveraged. In the vast majority of cases, an accurate estimate Js of J can be found and
M can be recovered from Y by solving the following least-squares problem

m'\7i|n Y i (P-F Mg, £A i (5.57)
Problem (5.56) can be solved straightforwardly using any existing least-squares solver, such as
LSQR. The main drawback of such a technique is its robustness against measurement noise
and modelling errors.

When J is only partially known, we can leverage methods for joint sparsity with partially
known support, described in Section 5.2. Several remarks can be drawn here which would
guide our choice of the most suited algorithm. First, we are in a rank-defective situation since
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N{ & N in many imaging scenarios which is not in favor of rank-aware methods. In addition,
we may have a hon-negligible amount of noise against which the method should be robust.
Third, element-raw data can be substantially high-dimensional which can prevent the use
of computationally expensive routines such as SVD. Based on these observations, we decide
to use SNIHT-PKS. Indeed, Theorem 9 demonstrates its robustness to noise and it does not
require any computationally expensive procedure at each iteration.

When J is completely unknown, we can use joint-sparse algorithms without partially known
support, described in Section 5.2.

Reconstruction based on the Pulse-stream Model: We suppose that the element-raw data
follow the pulse-stream model described in Section 5.3.2. We also assume that we know the
pulse-echo waveform vy, (t) and its discrete counterpart vpe 2 RF . Thus, the reconstruc-
tion problem can be expressed as the following weighted “1-minimization problem on the
concatenated measurements:

i ¢
min_ Y iC VperT 2 k-Tiiky, (5.58)

m2RN iF NS

where y 2R*N and C 2 RINENN are the CMUX measurements and measurement matrix and
2 RN TFTDEN,(NTF D) s 3 djagonal matrix which may be used to weight differently the

element-raw data corresponding to different sensors. In (5.58), there is a slight abuse of

notation, for conciseness, since we assume that the discrete convolution is achieved with the

appropriate boundary condition.

Problem (5.58) is a standard synthesis-based “;-minimization problem and can be solved

using off-the-shelf convex optimization algorithms, such as FISTA described in Section 4.1.2.

5.4.3 Experiments and Results
We propose to compare the following reconstruction methods on various simulations and
experiments described in the remaining of this section:

e Least-squares reconstruction on the known support in the frequency domain (LS-F);

« Joint-sparse reconstruction in the frequency domain with SNIHT-PKS (JS-F). Same
stopping criterion as described in [253];

« CSreconstruction based on a pulse-stream model with a known pulse (CS-PS). We use
FISTA with a maximum number of iterations of 5000 and a stopping criterion based on
the relative evolution of the solution. The regularization parameter , is tuned by grid
search.

Regarding the compression strategy, it depends on additional settings, such as the center
frequency of the probe and will consequently be discussed for each experiment. After recovery
of the element-raw data, the image reconstruction is performed using the DAS algorithm
with spline interpolation for delay approximation and apodization weights set to account
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for the element directivity. The post-processing step consists of envelope detection (Hilbert
transform), normalization and log-compression.

Simulation Study of Various Compression Strategies for 3D Imaging: We investigate the
behaviour of the proposed methods for various center frequencies, bandwidths, sampling
frequencies and compression ratios. More precisely, we simulate four configurations of
a phased-array matrix probe composed of 1024 transducer elements, namely two center
frequencies of 3MHz and 5 MHz and two bandwidths of 60 % and 75 %. The electro-acoustical
impulse response is modelled as a Gaussian-modulated pulse and the excitation is set as
a 2-cycle square signal. We consider a numerical phantom composed of a 6 mm-anechoic
inclusion centered at 3cm embedded in a fully developed speckle background. We insonify the
phantom with a single PW with normal incidence. The simulations are run with Field 11 [89].
Regarding the received signals, we consider the following sampling frequencies: 12.5 MHz,
25MHz and 50 MHz for 3MHz and 20.8 MHz, 31.25 MHz and 62.5 MHz for 5 MHz; and the
following compression ratios: 2, 4, 8 and 16, corresponding to a total of 12 compression
scenarios for each center frequency.

On the reconstruction side, we only consider LS-F and CS-PS since we perfectly know the
pulse-echo waveform and therefore the corresponding spectral content. For LS-F, we assume
that the frequency content of the signals is concentrated between 2.9 MHz and 6.5 MHz.

The recovery performance is evaluated using the normalized root mean square error (NRMSE)
defined for matrices as

- KM, i Mkg
NRMSE™1j ——,
kMKkg

awhere M, are the recovered element raw-data and M are the reference data, obtained without
compression.

The first two plots of Figure 5.5 display the NRMSE for the imaging configurations at 3 MHz
where the leftmost plot corresponds to 60 % bandwidth and the other one to 75 % bandwidth.
The two rightmost plots correspond to the NRMSE for the two imaging configurations at
5MHz.

NRMSE []

Comp. Ratio [-] Comp. Ratio [-] Comp. Ratio [-] Comp. Ratio [-]

Fig. 5.5. Recovery performance of the proposed compressive multiplexing method on the simulated anechoic-
inclusion phantom for JS-F (dashed line) and CS-PS (solid line) and for (from left to right) a 3 MHz probe with
60 % bandwidth, a 3 MHz probe with 75 % bandwidth, a 5 MHz probe with 60 % bandwidth, and a 5 MHz with 75%
bandwidth.
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We observe that the NRMSE is evidently a decreasing function of the compression ratio. We
also notice that CS-PS outperforms LS-F for every compression strategy, which can be justified
by the perfect knowledge of the pulse-echo waveform and a possibly higher compressibility of
US signals in the pulse-stream model. Regarding the behaviour with respect to the bandwidth,
we observe the results of LS-F are significantly worst for a higher bandwidth which is expected
since a signal with higher bandwidth would be less sparse in the Fourier domain. For CS-PS,
we observe that the results do not depend on the bandwidth.

We can also deduce from these plots that the following two strategies seem to provide a good
trade-off between image quality and compression. The first strategy operates at 12 times the
center frequency with a compression ratio of 8, and the second strategy works at 6 times the
center frequency with a compression ratio of 4. In some cases, depending on the shape of the
excitation signals, we can also consider a more aggressive compression strategy which would
operate at 12 times the center frequency with a compression ratio of 12.

Simulation Study on the Numerical PICMUS Phantom: We use the numerical phantom
developed during the PICMUS challenge. We simulate a single PW experiment (normal
incidence, no apodization in transmit) using Field 11 software [89]. The simulation is run at
250 MHz and the data are down-sampled at the desired sampling frequency depending on the
compression strategy. The simulated probe is the L11-4v probe (5.208 MHz center frequency,
128 elements, 0.30 mm pitch) whose features are described in details on the website of the
challenge.

We evaluate the reconstruction for the two compression strategies mentioned above, i.e. one
which operates at 62.5 MHz with a compression ratio of 8 and one working at 31.25 MHz with
a compression ratio of 4.

To quantify the quality of the reconstruction, we rely on the following metrics defined in the
context of the challenge:

* CNR assessed from the anechoic cyst region and the speckle background;

 axial and lateral resolution computed as the FWHM on the point reflectors located at
14 mm and 45 mm;

« speckle quality assessed as the number of regions, over a total of 6, which pass the
“speckle test”. The “speckle test” is a check to see whether a selected region of the image
follows a Rayleigh distribution or not by means of the one-sample Kolmogorov-Smirnov
test. The main reason for such a test is that pixel intensities of fully developed speckle is
supposed to follow a Rayleigh distribution.

Table 5.1 summarizes the values of the metrics for the different methods and the reference
obtained on uncompressed data for sampling frequencies of 62.5 MHz and 31.25 MHz. From
left to right, Figure 5.6 displays the B-mode images reconstructed with the LS-F, CS-PS and the
reference, respectively, for a sampling frequency of 62.5 MHz. We notice that the proposed
methods perform well at 62.5 MHz and 31.25 MHz for which the values of the quality metrics
are closed to the ones of the reference. Hence, the proposed reconstruction methods manage
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TABLE 5.1
COMPARISON OF THE COMPRESSIVE MULTIPLEXING METHODS ON THE NUMERICAL PICMUS PHANTOM

Lat. Res. [mm] Ax. Res. [mm)] Speckle
Method Freq.[MHz] CNR [dB] 14mm 45 mm 14mm 45 mm
LS-F 5.90 0.33 0.51 0.38 0.42 6/6
JS-F 625 5.90 0.33 0.51 0.38 0.42 6/6
CS-PS ' 6.10 0.33 0.51 0.38 0.42 6/6
Reference 5.90 0.33 0.51 0.37 0.40 6/6
LS-F 5.90 0.33 0.51 0.38 0.41 4/6
JS-F 31.25 5.40 0.33 0.52 0.38 0.41 4/6
CS-PS ' 6.40 0.34 0.52 0.38 0.41 6/6
Reference 5.90 0.33 0.51 0.37 0.40 6/6
— 0
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Fig. 5.6. Log-compressed B-mode images of the numerical PICMUS phantom reconstructed (from left to right)
with LS-F, CS-PS, and obtained without compression. We consider a sampling frequency of 62.5MHz and a
compression ratio of 8 for LS-F and CS-PS.

to recover accurately both speckle regions, anechoic regions and point reflectors, which
confirm the results of the first simulation study. Regarding the performance of JS-F, it can
be seen that it is either very similar or slightly lower than LS-F, which can be justified by the
absence of measurement noise and the perfect knowledge of the pulse-echo waveform. The
variability observed in the values of the CNR is due to the sensitivity of the calculation of the
metric and is not observable on the B-mode images.

Concerning Figure 5.6, it can be observed that the most evident degradations are located
around the region of linear intensity decay between 35 mm and 40 mm. Indeed, the recon-
struction error in the region of high intensity (left part of the strip) induces a slight incoherence
in the beamforming process which results in higher sidelobes and additional noise in the
anechoic region (right part of the strip).

Sequence of In vivo Carotids: We acquire two 0.5 s-long sequences (approx. 40 frames) of
in vivo carotids, one longitudinal and one cross-section, with a Verasonics Vantage 256 ™
system (Verasonics, WA, USA) equipped with a GE 9L-D probe (linear array, 192 elements,
5.2 MHz center frequency, 75 % bandwidth). We transmit a single PW with normal incidence
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with 3-cycle square excitation signal. We acquire the data at 62.5 MHz and we simulate two
compression strategies, one with 8 input signals per CMUX and one with 12 input signals per
CMUX, performing a compression of 8£ and 12£ on the number of coaxial cables, respectively.
We use the same settings as for the simulated experiment for the reconstruction methods,
beamforming and post-processing.

Regarding CS-PS, we approximate the impulse response of the transducer elements by a Gaus-
sian modulated sinusoidal pulse centered at 5.208 MHz with 75 % bandwidth. To quantify the
image quality, the average PSNR and structural similarity index (SSIM) are computed against
the reference sequence reconstructed from element-raw data acquired without compression.
Table 5.4 reports the values of SSIM and PSNR for LS-F and CS-PS for the two considered
compression strategies.

TABLE 5.2
COMPARISON OF THE COMPRESSIVE MULTIPLEXING METHODS ON THE IN VIVO CAROTIDS

Method Acquisition Compression PSNR [dB] SSIM [-]
Ratio [-]
LS-F 8 445 0.96
CS-PS Longitudinal 42.2 0.96
LS-F 12 33.2 0.79
CS-PS 38.7 0.91
LS-F 8 42.6 0.95
CS-PS Cross-section 403 0.95
LS-F 12 34.3 0.82
CS-PS 37.1 0.90

We observe that both methods lead to high-quality reconstructions for a compression ratio of
8, with slightly better results for LS-F This may be explained by the imperfect knowledge of
the pulse shape which impacts the quality of the reconstruction with CS-PS. Regarding the
reconstruction with a compression ratio of 12, we observe that CS-PS significantly outperforms
LS-F, which can be explained by a potentially sparser representation of US signals in the pulse-
stream model than with the bandlimited signal model, especially when the bandwidth is
relatively high.

Figure 5.7 displays the log-compressed B-mode images of a single frame of the sequence of
longitudinal carotids for the compression ratio of 8. Visual assessment of the images corrobo-
rates the above analysis of the metrics and shows the remarkable quality of the reconstruction
with the proposed approaches.

5.5 Estimation of the Pulse-echo Waveform from Compressed Mea-

surements
In many realistic situations, the pulse-echo waveform is unknown and only approximated with
a Gaussian modulated pulse. Such an approximation results in a decrease of the performance
compared to cases where it is perfectly known, as shown in Section 5.4.3
In order to address this problem, we propose to estimate the pulse-echo waveform directly
from the compressed measurements y.
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Fig. 5.7. Log-compressed B-mode images of the in vivo carotid reconstructed (from left to right) with LS-F, CS-PS,
and obtained without compression. We consider a sampling frequency of 62.5 MHz and a compression ratio of 8
for CS-PS and LS-F

5.5.1 Estimation of Pulse-echo Waveform as a Blind Deconvolution Problem
In order to estimate the pulse-echo waveform, we propose to solve the following blind decon-
volution problem:

min y i C (w-T) 2TR(v,mM), (5.59)
mz'—\:l(ﬁ?Ffl)N}(

where R is a regularizer which encodes prior knowledge on v and M. Let us define the

following functional:

L (v,)~ yiC-m) 5~ R(v,iM). (5.60)

Problem (5.59) is non-convex and has been extensively studied in the literature. Apart from its
non-convexity, a well-known pitfall of such a problem is the scaling ambiguity which states
that |f scale v%rlant norms are used as regularizers and if (v,m) is a global minimum of (5.59),
then .v,im isalsoa global minimum of (5.59) [273-275]. More specifically, we have two
well-knowh illustrations of such a phenomenon:

« if the regularizer has the following form R (v,m) ™ C krfik, for any norm, then there

exists My and vy such that my '.' i¥ Oand L (vi,My) k|'. i¥ 0 and the global minimum

-

is never reached;

« if the regularizer has the following form R (v,m) ™~ C kiik ™ kv lip’ with p ™ 1, then there

exists a positive number ,, and two vectors vg and Mg such that ,,—, lv,s/n”ﬁs isaglobal
minimum of (5.59) (Corollary 1 of [273]), where —is such that =—y " y.

Hence, the regularizer has to be carefully chosen in order to avoid such pitfalls.

A key aspect relies on the fact that the support of the pulse-echo waveform v is of size F small
compared to the size of the measurements. Hence, a possible way to recover v is by MAP
estimation from the measur%ments The MAP estimate would be obtained by maximizing the
posterior probability p vjy and would be successful with high probability [274]. However,
evaluating the posterior probability may be unfeasible in the general case.

Instead, we propose to use the taxicab-Euclidean norm ratio (“1/“, ratio) for the regularization
term on M. This scale-invariant sparsity measure prevents the method from the scaling
ambiguity and has been used in several blind deconvolution methods [276-278].
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Regarding the pulse-echo waveform, since it is well approximated by Gaussian modulated
pulses, we suggest to use the “,-norm as a regularizer, leading to the following optimization
problem

_ kifikg
min  yiCu—T) 2, =t fikvk?, (5.61)

V2RF ” kifik,
m2RN iF NS

where ,,fl 2 R— are regularization parameters.
Consider that we know the excitation signal e 2 RE, which is the case in US imaging, we can
express the pulse-echo waveform as a convolution between the two-way impulse response
viw 2 RT1E 1 and the excitation signal such that (5.59) is formulated on vy, as
. 2__ km kl —
min C (e—vw—m -
_ Yi ( ) 2 kmk

VORFIE1
m2RMN iF NS

flkvkZ, (5.62)

Additionally, assume that we have a prior knowledge on the bandpass signal property of the
two-way impulse response. Such a prior knowledge can be interpreted in terms of low and
high cutoff frequencies of a bandpass filter h¢, which can be taken into account in the problem
as follows

. i ¢ 2 kmkl_
iR, yic e M, E
m;R(N iFTDNS

flkvk2, (5.63)

which can be used in conjunction with the prior on the excitation signal.

5.5.2 Solving the Blind Deconvolution Problem
The different instances of Problem (5.61) described in the previous section are all non-convex
due to the convolution and the taxicab-Euclidean norm. A common way to solve such a
problem is by alternating minimization (AM), in which, at each iteration, we alternatively
update each variable while keeping the other quantities constant [279].
While convergence to a critical point is not guaranteed theoretically, a careful initialization
may lead to convergence to local minima of interest.
Without loss of generality, we focus on Problem (5.61) but the same reasoning can be applied
to (5.62) and (5.63). Formally, we perform the following sequential minimization:

8 _ ; ¢ -

=&Y 2 argmin  yjc v&-m 2_ kiik,

2R iF NS e (5.64)
= vk D ~argmin yijC NG n? ~flkvka
v2RF

where k 2 N—.

Update of M: Because of the “1/“,-norm term, the update of M involves solving a challeng-
ing non-convex optimization problem. Several approaches have been proposed to address
such a problem. Repetti et al. [276] propose to use a smooth approximation of the ratio and
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derive convergence results when using a proximal-gradient algorithm. In this work, we use
the trick introduced by Krishnan et al. [277] in which we transform the “1/“, minimization
into a reweighted-“1 minimization problem.

More precisely, to update m, we solve a sequence of “;-minimization problems, where, at
each iteration, the “1-norm is weighted by 1/kimk,, where kifiks is calculated from i obtained
at the last iterate, as described in Algorithm 7. Each “;-minimization problem is solved using
FISTA.

Algorithm 7 m Update

Require: y,v,C, Mg, ,,M
forj~i...Mdo
)= m@i
2
m0) 2argmin y j C () 57, D kiiik
end for "
return mM™)

While the convergence of such a procedure has not been deeply investigated, it appears to be
quite efficient in practice [277].

Update of v: The update of v is significantly simpler than the update of M. Formally, we can
express the problem as:

2
min vy j =KDy T ikvk?, (5.65)
Vv2RF 2

where =& D~ cNK& Dp. 2 RNNEF \ith P 2 RN(NiFTDEF the jdentity restricted to the

first F coefficients and M®& 1 2 RNNENX(NF™1) s the convolution matrix associated with
= (k™ 1)
mk D),

Problem (5.65) is a standard ridge regression problem and v& D js recovered by solving the
following linear problem:

mEDTy = = D7Dy, (5.66)
which has a closed-form expression of the following form:
v D= (=l DT =t D= gyit= D7y, (5.67)

In practice, rather than computing the inverse (=& D™ =& D7f1)il \we solve the normal
equations (5.66) using state-of-the-art techniques e.g. conjugate gradient method.

Overall Pulse-echo Waveform Estimation Algorithm: The overall AM algorithm computes
sequentially the two update steps described above. It is detailed in Algorithm 8.
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Algorithm 8 Pulse-echo Waveform Estimation Algorithm

Require: y,C,m%v°, , fl,M
Initialization: k ™ 1
repeat

£iO —~m;kil)
forj~ 1...Mdo
)= (i)

2 .
fi(i)Zargfr_nin yiC 'v<'<i1>/ﬁ¢ g_,(i)kfikl
end for I
m & — M)
v = (=7 =) )il =)y
kTk 1
until a stopping criterion is met
return v

5.5.3 Validation of the Algorithm

We propose to validate the pulse-echo waveform estimation algorithm on two simulated
examples, namely a point-reflector phantom composed of 5 point reflectors and an anechoic
inclusion of 4 mm diameter centered at a depth of 45 mm and embedded in a fully developed
speckle background.

The idea is to evaluate the algorithm on two different scenarios, one with a very sparse image
on which the sparsity assumption in the pulse-stream model should readily apply and one on
a dense image where the the sparsity assumption is not very accurate.

The L11-4v probe is used and the phantoms are insonified with a single PW with normal
incidence. The excitation is a 2-cycle square signal and the impulse response of the transducer
elements is set to be a Gaussian modulated sinusoidal pulse. The simulations are performed
with Field 11 [89].

We propose to evaluate the influence of the modeling assumptions on the pulse-echo wave-
form described above, i.e. the bandlimited (BL) assumption and the convolution model (CM).
More precisely, we test the following configurations: no BL-no CM, BL-no CM, no BL-CM and
BL-CM, where “no BL” (resp. “no CM”) accounts for “no bandlimited assumption” (resp. “no
convolution model”). We evaluate the estimation algorithm for the two compression strategies
described in Section 5.4.3.

Regarding the estimation technique, we fix the maximum number of iterations of Algorithm 8
to 50. We also set a stopping criterion on the relative evolution of the pulse between consec-
utive iterations to a tolerance of 5 £ 1072. The regularization parameter fl is set manually by
grid search.

Regarding Algorithm 7, we set a maximum of 5 iterations for the reweighted-“; algorithm, and
10 iterations for the “;-minimization algorithm involved in each step of the algorithm.

The quality of the estimation is evaluated using the NRMSE between the estimated pulse and
the reference pulse. Table 5.3 reports the values of the NRMSE.

First, it can be observed that the proposed methods work well for both strategies and for
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TABLE 5.3
COMPARISON OF THE PULSE-ESTIMATION METHODS ON THE SIMULATED ANECHOIC AND POINT-REFLECTOR
PHANTOMS
NRMSE [-]

Method Freq. [MHz] Anechoic Point-Reflector
noBL-noCM 0.87 0.96
BL-noCM 625 0.90 0.96
noBL-CM ' 0.92 0.94
BL-CM 0.91 0.96
noBL-noCM 0.86 0.96
BL-noCM 0.88 0.96
noBL-CM 31.25 0.90 0.94
BL-CM 0.90 0.96

every model assumption, with a minimum value of the NRMSE of 0.86. We can see that the
results are slightly better on the point-reflector phantom which makes sense since it has a
significantly sparser representation in the pulse-stream model than the anechoic-inclusion
phantom. The surprisingly good results on the anechoic-inclusion phantom, which is dense
in the pulse-stream model, can be explained the fact that the pulse estimation problem is
highly over-determined and regularized.

Figure 5.8 shows the estimated pulse-echo waveforms for the point-reflector and anechoic-
inclusion phantoms respectively, for the considered compression strategies.

= © =NoBL-NoCM = # =BL-NoCM NoBL-CM - ¢ —BL-CM

VN

Ref.

Time [ps] Time [us] Time [ps]

Fig. 5.8. From left to right: Pulse-echo waveform estimated on the point-reflector phantom for the first and
second compression strategy; pulse-echo waveform estimated on the anechoic phantom for the first and second
compression strategy.

Visual assessment corroborates the results on the NRMSE. The estimated pulse-echo wave-
forms are remarkably similar to the reference (green solid line). The main difference between
the shape of the waveform estimated on the anechoic phantom and on the point-reflector
phantom are the oscillations at the very beginning and the very end of the pulse.

Regarding the modeling assumptions, we notice that every assumption leads to slightly im-
proved performance compared to the case with no assumption. This improvement is barely
visible on the pulse-echo waveform. We also observe empirically that such assumptions
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significantly stabilize and accelerate the AM procedure.

5.5.4 Reconstruction of In Vivo Carotids from Compressed Measurements and
Unknown Pulse-echo Waveform

We acquire two 0.5 s-long sequences (approx. 40 frames) of in vivo carotids, one longitudinal

and one cross-section, with a Verasonics Vantage 256™ (Verasonics, WA, USA) equipped with

a GE 9L-D probe (linear array, 192 elements, 5.2 MHz center frequency, 75 % bandwidth). We

transmit a single PW with normal incidence with 3-cycle square excitation signal.

We acquire the data at 62.5 MHz and we simulate two US-CMUX strategies, one with 8 input

signals per CMUX and one with 12 input signals per CMUX, resulting in a compression

equivalent to 8x and 12x on the number of coaxial cables, respectively.

We use the same settings as in Section 5.5.3 for the reconstruction methods, beamforming and

post-processing. Regarding CS-PS, we approximate the impulse response of the transducer

elements by a Gaussian modulated sinusoidal pulse centered at 5.2 MHz with 75 % bandwidth.

Concerning CS-PSE, we learn the pulse-echo waveform of the first frame on the sequence and

use it for the remaining frames.

Table 5.4 reports the values of SSIM and PSNR for LS-F, JS-F, CS-PS, and CS-PSE for the

considered compression strategies.

TABLE 5.4
COMPARISON OF THE COMPRESSIVE MULTIPLEXING METHODS WITH PULSE-ESTIMATION ON THE IN VIVO CAROTIDS

Method Compression PSNR [dB] SSIM [-]
Ratio [-]
LS-F 44.3 0.96

_ JS-F 8 44.2 0.96

2 cs-ps 42.0 0.95

S Cs-PSE 42.7 0.96

S LS-F 34.4 0.83

o -

g IsF 1 343 0.81
CS-PS 38.2 0.90
CS-PSE 39.9 0.93
LS-F 43.4 0.96

c JS-F 8 42.8 0.96

S CS-PS 40.2 0.95

8 CS-PSE 40.9 0.96

@ LS-F 33.6 0.79

o

5 IsF 1 34.7 0.82
CS-PS 36.7 0.89
CS-PSE 38.0 0.92

We observe that all the methods lead to high-quality reconstructions for a compression ratio
of 8, with slightly better results for the methods based on the bandpass signal model. We
notice that LS-F always outperforms JS-F due to our strong knowledge of the index set J. We
also observe that CS-PSE always outperforms CS-PS which was expected due to a reduced
mismatch of the pulse-echo waveform. This shows the importance of an accurate pulse-echo
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waveform estimation in in vivo configurations.

Regarding the reconstruction with a compression ratio of 12, we observe that CS-PS and
CS-PSE significantly outperform LS-F and JS-F, which can be explained by a potentially sparser
representation of US signals in the pulse-stream model than under the bandlimited signal
model, especially in this case where the bandwidth is relatively high.

Figure 5.9 displays, from left to right, the B-mode images reconstructed with the LS-F, CS-
PS and CS-PSE and the reference, respectively, for a sampling frequency of 62.5 MHz and a
compression ratio of 8.

Fig. 5.9. Log-compressed B-mode images of the in-vivo carotid reconstructed (from left to right) with LS-F, CS-PS,
CS-PSE and obtained without compression. We consider a sampling frequency of 62.5 MHz and a compression
ratio of 8 for LS-F, CS-PS and CS-PSE.

We notice that the proposed methods lead to reconstructed images remarkably similar to the
reference. We can nevertheless observe sidelobe artefacts related to high-intensity reflections
at the carotid walls and at the interface with tissue fibers between 20 mm and 25 mm.

5.6 Discussion on the Proposed Compressive Multiplexing Strategy
From a signal processing perspective, one may question the relevance of the US-CMUX in
the sense that the considered sampling frequencies are significantly higher than the Nyquist
frequency. This is true but, in a system designer perspective, working at a higher sampling
frequency is not problematic in US imaging since there is no critical power or data-rate
requirements in the back-end system. ADCs of most current US imaging systems operate
at higher rates than the Nyquist frequency and decimation, if necessary, is performed by a
dedicated digital module.

On the contrary, the number of coaxial cables connecting the probe to the US acquisition
system is critical. Hence, the US-CMUX exploits the additional budget offered by the high
ADC rate to reduce the number of coaxial cables. It is nevertheless interesting to note that
the overall data-rate reduction of the US-CMUX strategy is of the order of 75 % compared to
uncompressed RF data sampled at Nyquist frequency.

Aremarkable feature of the proposed strategy resides in its compatibility with micro-beamforming
techniques. Indeed, the US-CMUX only exploits temporal characteristics of the signals while
micro-beamforming methods perform spatial compression across channels. Hence, one can
imagine that the US-CMUX can be applied on pre-beamformed signals which would combine
the effects of the two methods resulting in a significantly lower number of coaxial cables.

A natural question concerns the realizability of the proposed US-CMUX strategies in a US
system. While the objective of this chapter is not to provide a detailed study on this aspect, we
can give some guidelines towards a possible implementation. First, hardware implementations
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of the CMUX schemes have been suggested by Slavinsky et al. [237] and Kim et al. [248]. An
important observation is that both implementations require active components that are not
desirable in the head of the probe, due to thermal effects induced by the dissipated power.
Kim et al. [248] have proposed a circuit-level realization of the CMUX based on sample and
hold (SH) circuits and switch-capacitors which works at similar range of frequencies than in
US imaging. Thus, we can think about adapting such an architecture for the US-CMUX, where
the SH circuits are settled in the head of the probe, and the quantizer is settled in the back-end
system.

Alternatively, one can think about using the passive averager CMUX described in [237] where
the 81 modulation is achieved with two banks of resistors towards which the input signals
are directed depending on the output of a linear-feedback shift register. In this case, two
output cables per CMUX may be required to transfer the outputs of the two banks, which may
increase the number of coaxial cables.

Regarding the modulation, pseudo-random sequences such as Kasami, Gold, maximum length
and Hadamard can be used. See [248] for a more complete discussion on this topic.
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Ultrasound Localization at the Rate of
Innovation

Pluralitas non est ponenda sine
necessitate

Quaestiones et decisiones in quatuor
libros Sententiarum cum centilogio
theologico

Guillaume d’Ockham

In this chapter, we address the problem of recovering the exact locations of a finite number
of point reflectors from the echo signals recorded by several transducer elements. Such a
problem is common in several applications of US imaging, e.g. flaws detection in NDE and
microbubble localization in contrast-enhanced US imaging.

We question the degrees of freedom related to such a problem, i.e. the minimum number of
samples required for perfect localization, in terms of the number of transducer elements and
the number of samples collected per element. This allows us to define a critical sampling rate
associated with the localization of a finite number of strong reflectors.

We also detail a localization method that is able to operate at the critical rate. The technique is
based on three steps, namely a TOF-recovery step, a TOF-labeling step and a localization step.
In the TOF-recovery step, we leverage the FRI framework to retrieve the TOFs of the pulses
corresponding to the different reflectors. In the TOF-labeling step, we associate the recovered
TOFs to a given reflector using the concept of EDM. Finally, we use the labeled TOFs to localize
the point reflectors by multilateration.

We validate the different steps of the proposed approach as well as the overall technique on
simulated and in vitro data from an NDE experiment.

6.1 Existing Approaches and Proposed Localization Method

6.1.1 Existing Localization Approaches in Ultrasound Imaging

The localization of strong reflectors in an insonified medium is of significant interest in several
applications, e.g. flaws detection in NDE [280], underwater acoustics [281].

In medical US imaging, microbubbles contrast agents localization is a key step in the well-
known US localization microscopy [282, 283], which exploits localizations of contrast agents
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to reveal the finest vasculature of the body, with applications to the diagnosis of cancer,
arteriosclerosis and diabete.

The main obstacle for the localization of strong reflectors is the limited axial and lateral
resolution due to the finite aperture of the probe and the bandlimited properties of transducer
elements.

Several localization methods have been investigated in the literature. Couture et al. [284] have
developed a technique to localize an isolated microbubble based on parabola fitting whose
resolution limit, discussed in several studies [283, 285], depends on the number of elements,
the aperture size, and the timing resolution of the system.

Another technique has been developed by Prada and Clement [286], based on the SVD of the
time-reversal operator, interpreted as a covariance matrix used for standard source separation.
The localization of the sources is based on fitting the singular vectors of the covariance matrix
with the corresponding Green vectors, using maximum likelihood or MUSIC. Such a method
requires the number of transducer elements to be higher than the number of strong reflectors
and the medium of interest to be gridded.

The vast majority of localization approaches solve a “;-minimization problem, in which the
medium is discretized and sparsity is imposed on the image [287-290]. These approaches
require a gridding of the medium, which significantly impacts the accuracy of the localization
and they are only feasible under strict coherence conditions of the measurement matrix, which
require the pulse to be localized in time and the point reflectors to be sufficiently spaced [291].

6.1.2 Measurement Setup and Problem Statement

As in previous chapters, we consider a standard, UFEUS imaging setup where a US probe,
composed of Nf( transducer elements located at p;j :\1“;1' is used to transmit a PW or a DW
inside a medium >. On receive, we record backscattered echoes as echo-signals m; (t) 2
Lo([0,T]), i~ 1,...,N{, duringatimeT.

In this chapter, we further consider that the medium is composed of K point reflectors, located
at {rk}lfvl, and we assume that the element-raw data follow the previously introduced pulse-
stream model, such that the following holds

_X i i e X
m; (t) QikVpe ti¢é Mk, Pi ik Vpe (t i tik), (6.1)
k™1 k™1
where aji designates the amplitude of the pulse origi¢nating from the k-th point reflector and
received by the i-th transducer element, and ¢, ri,pi isthe round-trip TOF between the k-th
point reflector and the i-th transducer element.
We put ourselves in a discrete setting where we assume that we have access to N uniform
samples of the element-raw data, acquired at the rate fs, which form a matrix M 2 RNENx,

From such a measurement setup, the localization problem can be formulated as follows.

Problem 1 (Ultrasound Lqpallzatlon Problem). Given the measurements M 2 RNENx obtained
from (6.1) at locations pj i >, estimate the locations of the point reflectors {rk}k 1°
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6.1.3 Proposed Localization Approach
In order to address the above introduced localization problem, we propose a threefold local-
ization approach as shown in Figure 6.1.

Fig. 6.1. Diagram of the proposed localization approach: (1) time-of-flight recovery for each channel, (2) time-of-
flight matching across channels, (3) localization.

L - ¢ll
TOF-recovery step: In the TOF-recovery step, the TOFs, T; ~— ¢ Irk, pi tvl, of each trans-

ducer element are recovered from the corresponding element-raw data M, i ~ 1,..., N)t(. Such
a problem amounts to retrieving a parametric model (stream of pulses), from a set of discrete
measurements. Two group of approaches may be considered for such a task, namely contin-
uous deconvolution of pulse streams, recently investigated by Bendory et al. [261, 263], and
FRI [224] extended to pulse streams in several studies [131, 292, 293].

In this work, we focus on the latter and the proposed TOF-recovery approach is described in
Section 6.2.

Localization step: Assuming a perfect recovery of the TOFs for each transducer element, the
localization of the K point reflectors amounts to solving a problem similar to the well-known
uDGP [294]. Mathematically, consider a bipartite graph G ~ (U,V,E), as shown in Figure 6.2,
where U corresponds to the set of transducer elements and V is the set of point reflectors.
Although T; represents the recovered TOFs between a given element u; 2U and the set of
point reflectorsV ™~ {VK}E'l' we do not know the correspondence betweena TOFt 2 T; and
one of the K edges in E; ™ {uj, Vil -

Hence the localization problem can be recast as the following problem.

Problem 2 (uDGP-like Localization Problem). Determine N)t( assignment functionsfi; : {1,...,K} ¥
Ei, i~ 1,...N! and anembeddingr :V ¥ R?, such that

fii (K) ™ {ui, v} 2 Ej andg;ir(vk),pi(t“'(‘,irk,pi(p,8(k,i)2{1,...,K}£ 1,...,N! . (6.2)

This can be expressed as the following minimization problem

" #
. XX g ¢ i
min  min Jer(vi),pi ié rePi (6.3)

t VIR2., <
{fii}:\b(l rV IR —1k-1
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Fig. 6.2. Bipartite graph associated with the proposed localization approach.

where ] is a suitable cost function, typically the squared Euclidean distance, and the mini-
mization is over all the possible assignments.

To solve such a proplem we propose an approach where we first recover the optlmal assign-
ment functions f| i, (TOF-matching step) and then the optimal embeddingr * ? (localization
step).

The TOF-matching step relies on the concept of EDM and is detailed in Section 6.3. The
localization step from the assigned TOFs is performed by multilateration, as described in
Section 6.4.

6.1.4 Critical Sampling Rate of the Proposed Localization Approach

We are interested in the critical sampling rate associated with the localization of K reflectors
which corresponds to the minimum number of samples required to perform such a task.
Intuitively, a signal composed of echoes originating from K point reflectors has 2K degrees
of freedom, namely the TOFs and amplitudes of the echoes. Hence, in cases where there
is a one-to-one correspondence between the TOFs and the locations of the reflectors, the
localization may be performed with at least 2K~ 1 samples [293].

In US imaging, there is no such a one-to-one correspondence due to diffraction effects and
another critical sampling rate has to be devised, related to the problem defined hereafter.

Problem 3 (Minimum Number of Samples for the Localization Task). Find the minimum
number of transducer elements N{ and the number of samples N¢ per element required to
successfully perform the localization of K point reflectors.

Hence, we define the critical sampling rate of our localization method as

NEN©
T ’

~

(6.4)

%Uloc
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by analogy with the critical sampling rate defined in the context of signal sampling.

In the following sections, we detail the three steps of the proposed approach and show that
there exists a critical sampling rate associated with each of them. More precisely, we show
in Section 6.2 that the proposed TOF-recovery step requires 2K 1 samples per transducer
element. Then, we demonstrate in Section 6.3 that the TOF-labeling step necessitates at least
3 transducer elements to succeed with probability 1.

Hence the critical sampling rate of the localization approach is %o — 3 Z*fr_l , which corre-
sponds to a reduction of the data rate by several order of magnitudes compared to existing
methods.

6.2 Sampling Along Channels with Finite Rate of Innovation

6.2.1 From Bandlimited Signal Sampling to Finite Rate of Innovation
Shannon Theorem in the Light of Hilbert Spaces: As described in Section 5.1.2, the theory
of signal sampling was born in 1949, when Claude Shannon published his seminal paper
“Communication in the Presence of Noise” [220]. Associated with the WKS theorem, the
following reconstruction formula is presented
X t 1
f(t)™ f (kT)sinc = jk . (6.5)
k2Z T
Equation (6.5) is one of the most beautiful results in signal processing and information theory.
It gives us the recipe to convert an analog signal into vectors that can be stored in a computer.
Since then, the work of Shannon has been significantly extended and the field is now quite
mature [295].
In particular, an enlightening interpretation of (6.5) is in terms of projections in Hilbert spaces.
Indeed, consider that we work in the Hilbert space of square integrable functions L3 (C),
equipped with tfe‘e standard inner product. In such a space, the set of shifted sinc kernels
k27 Is an orthonormal family. More precisely, it is the orthonormal basis of
the subspace of the functions bandlimited to ¥ ,,ax which can therefore be defined as

i ¢ G _ )
T f,"k “kif2L2(C) . (6.6)

~ ~— _-: |
ksinc 1 jk

k2z

i¢
The associated orthogonal projection operator Py, ) L,(C) vV '~"is defined as

_ ) o X> i
PV(\)f argmin f jg f.,ok Tk (6.7)
g2v(Y) k2z

where the computation of the inner-product )f , ‘kfl can be performed by low-pass filtering
followed by sampling [295].

Hence, we can conclude that the standard signal processing pipeline, which consists of low-
pass filtering and sampling of a signal ¢f actually performs the orthogonal projection of f onto
the space of bandlimited signals V '~ . From such a statement, it is evident to observe that if
f is bandlimited by ! ,,4x, then Py f ~ f and the process of sampling is invertible.
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Starting from this analysis, we can extend the process of sampling to other shift invariant
spaces characterized by different generatjng functions,,More precisely, given a generic family
of non-necessarily orthogonal functions ~ — ~ (¢ i k) ., which nevertheless satisfy sevziarahl
mathematical conditions detailed in [295], we can express the orthogonal projectiononV "~
the space generated by such functions, as

- . 2o x> < ﬁ\
PV(\)f argmin f jg f, k Kk (6.8)
g2v (") k2z

where | is the dual basis function of ~ [295].

Hence, using the same principle of pre-filtering and sampling as detailed in the WKS theorem,
but with a slightly different function than the one used for reconstruction, we can generalize
the sampling theorem to other classes of signals, such as polynomials.

Finite Rate of Innovation as Another Extension of the WKS Theorem: In FRI, we are in-
terested in another extension of the WKS theorem, where we allow arbitrary shifts of the
generating functions. Formally, we consider signals of the following form

L1
Lite (6.9)

X
fx)™  clk]™
k2z T
where tx 2 R is not necessarily equal to kT.
A central notion of FRI is the rate of innovation of a signal denoted by %, which corresponds
to the number of degrees of freedom of this signal per unit of time. For instance, our signal
bandlimited to 1,52« has a rate of innovation % = ¥ qax/.... According to the WKS theorem,
we need samples spaced .../ ! ,,5x seconds apart for perfect reconstruction. Hence, the WKS
theorem provides us a way to sample bandlimited signals at their rate of innovation.
Inspired by this idea, FRI answers the following questions: Is there a way to sample certain
classes of signals of form (6.9) at their rate of innovation? What classes of signals? What is
the corresponding sampling process? How do we reconstruct these signals from the discrete
measurements?
The initial paper of Vetterli et al. [224] addresses the problem of sampling several classes
of signals, e.g. periodic and finite-length streams of Diracs, derivative of Diracs, piecewise
polynomials, in a noiseless scenario. The problem of FRI in a noisy scenario has been tackled
slightly later with a second publication from the same group [296].

6.2.2 Proposed Finite Rate of Innovation Sampling of Ultrasound Signals
We consider the periodic extension of the pulse stream model described in (6.1) as

_ X X L ¢
m; (t) aVpe(titik imT)2L(R), 17 1,...,Ny, (6.10)
m2Zk~1

where mj (t) is now a T -periodic signal defined for t 2 R.
Given that the pulse-echo waveform is known, we observe that the signal (6.10) is characterized
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by 2K degrees of freedom per period T, corresponding to the delays and amplitudes of the K
pulses, therefore by a finite rate of innovation %~ Z?K

In the remainder of this section, we derive a strategy which allows us to reconstruct the
element-raw data m; (t) from measurements acquired at critical sampling, i.e. at the rate of
innovation, in a noiseless scenario and we propose techniques which address the problem of
noise. The proposed sampling strategy is inspired from the work of Kusuma et al. [292], which
have extended FRI to communications signals.

Sampling Requirements: We consider that we have access to N uniform samples acquired
via the following sampling operation

D _ E
yn~ mi(t)ei? Tt sinc(B(nTsit)) ,n~1,...,N, (6.11)

where T denotes the sampling period and f. corresponds to the center frequency of the
pulse-echo waveform.
To obtain such measurements, we first perform an 1Q-demodulation of the element-raw
data followed by a convolution with a standard low-pass filter with bandwidth B. We require
%he(tfgllowing for successful recovery of the element-raw data m; (t) from the measurements
Yn p-1-
e The bandwidth of the sampling kernel must be greater than or equal to the rate of
innovation, i.e. B , %;

e The numbg of uniform samples must satisfy the following inequality: N , 2M ™ 1,

where M~ BL" suchthat T, ™ .

In a noiseless scenario, we can set B and N to their lower bounds, i.e. B~ %and N 72K 1
such that the sampling period becomes T; ™~ % which corresponds to sampling at the rate
of innovation.

Signal Reconstruction in Noiseless Scenarios: The central idea of signal reconstruction in
FRI relies on the ability to transform the signal of interest into a weighted sum of sinusoids
whose frequencies depend on the signal parameters. This allows us to exploit the annihilation
property, a result known since Prony’s work two centuries ago [297], which states that there
exists a finite length discrete filter, called the annihilating filter, whose discrete convolution
with the weighted sum of sinusoids is always 0 [225].
Mathematically, consider the following discrete signal, which corresponds to the Fourier series
coefficients of a T -periodic stream of Diracs

-1 X

Xm  —  age

i2dm¥E KK 6.12
T ’ 1 ey ) ( . )
k™1

where the signal parameters are (a,t) 2CK £CK.
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We observe that (6.12) is effectively a weighted sum of sinusoids and we build the discrete
filter h 2CK 1 whose z-transform is given by

_X e ¥ ¢
H (z) hgz! ljugz'~, (6.13)
k™0 k™1
So il
where u ~ei21T k7 1,... K.
With few calculations, we can demonstrate that [225]

X
hXmik — 0, 8m2{0,...,K j 1}, (6.14)
k™0
which can alternatively be expressed as the following Toeplitz system

Tk (R)h 0, (6.15)

where £ 2C2< 1 are the signal coefficients, and Ty : C2¢ 1 ¥ CKEK sych that
iK
2 R0 G Rk
T«(®)TR . S o (6.16)

Hence, given that we have access to 2K = 1 consecutive Fourier coefficients X, k™ iK,...,K,
we recover the parameters a and t by performing the following steps:

1. Form the Toeplitz matrix Tk (X) and solve (6.15) to retrieve the coefficients h 2 CK 1;

[ .
2. Build the polynomial H(z)~ = hyz K and find its roots to recover the coefficients u
K0
and therefore the delays t;

3. Consider K consecutive Fourier coefficients Xy, k ~ 1,...,K and solve the following
Vandermonde system to recover the amplitudes a:

0.1 0 10 1
X1 u; Uy 66 ug a;

g*ﬁvgl{f ug W uiégazg (6.17)

us et ul o ax

We now show that we can transform the measurements (6.11) into a weighted sum of sinusoids
asin (6.12). Indeed, we can express the stream of pulses (6.10) as a convolution m; = X ~Vpe
where x is defined as the following stream of Diracs:

_X X
X (t) ak—(t i tik imT). (6.18)
m2Zk~1
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Hence, the Fourier coefficients y 2 CN obtained by taking the DFT of the uniform samples v,
are given by

i~ L% if—m' g~ B¥m o N N, (6.19)
ym B mVYpe C T » m \,/\pe fc_$ l |21"'1 2 14 .

L B B PO B PO
grect g andvVpe f 7€ f hae f hea f .
Thus, we can relate the Fourier coefficients of the measurements y, to coefficients X, that
can be annihilated by simple division by the Fourier transform of the pulse-echo waveform (as-
sumed to be known), in a process usually called equalization [292].

The overall signal reconstruction algorithm is described in Algorithm 9.

~

. . i
where we assume an ideal low-pass filter sg  f

Algorithm 9 Noiseless FRI pulse-stream reconstruction.

Require: y 2CN,K,T,N, f¢,Vpe
Estimate the Fourier coefficients y 2 CcN by DFT of the measurements;

Perform equalization: Xm ™~ V—.?"Tmtt m~ iK,...,K;
pe fo T

Build the Toeplitz matrix Tk (X) and solve (6.15) to retrieve the coefficients (hk)llf“o?

. . - P - N
Build the polynomial H (z) hyz ik and find its roots to recover the delays {tik}Evl;
k™0
Consider K consecutive Fourier coefficients X, k ~ 1,...,K and solve the corresponding
Vandermonde system to recover the amplitudes {ak}lfvl;

return {ay, tikh—,

Signal Reconstruction in Noisy Scenarios: In realistic scenarios, we always have to deal
with noise which can be of several forms. First, we can have additive noise due to an imperfect
measurement system. Such a noise is usually incorporated after the sampling process and
is uncorrelated across different channels and acquisitions. We can also have noise due to
modeling errors, which accounts for the discrepancy between the mathematical model of the
signal of interest and its real nature. In the case of US imaging, the discrepancy can be due to
an inexact estimate of the pulse-echo waveform or to a wrong model order.

Noise is problematic in Algorithm 9 since it may lead to solve an inexact Toeplitz system that
would result in inaccuracies in the estimation of the signal parameters.

A common way to deal with noise is by maximum likelihood estimation of the parameters given
the measurements [298]. Under the assumption of additive Gaussian noise, the maximum
likelihood estimation amounts to solving the following problem [299]

2

- . o i X .
(a,t) argmin fmi  axeizimT

t2[0,T[X,a2RK M~ i M k—1

, (6.20)

where N~ 2M ™~ 1. The main drawback of this approach in the context of FRI is that it may lead
to non-linear least squares problems that can be challenging to solve due to the multimodal
shape of the involved cost function [299].
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A more common way to address the noisy FRI reconstruction is by exploiting the annihilation
property. Indeed, consider an integer P 2 {K,...,M} and build the Toeplitz matrix Tp (X) 2
CcNiP)E(P 1) The annihilation equation (6.15) enforces the following rank constraint on Tp (X)

rank(Tp (X)) = K. (6.21)

Hence, we can recast the maximum likelihood estimation as the following structured low-rank
approximation problem [299]

. _ ~\1.2 .
Tzc(my;_(m) KT i Tp (X)kg subjectto T 2Hg \T, (6.22)

where T is the subspace of Toeplitz matrices of C(NiP)2(P 1) and Hy is the manifold of
CcNiP)E(P 1) composed of matrices with rank lower than K.

Problem (6.22) is non-convex and the convergence to a unique solution cannot be guaranteed.
However, since both Hk and T are closed, we define the corresponding orthogonal projectors
onto the two sets as P, and P, respectively. The common heuristic to solve (6.22) consists
in performing the following iteration

_ 1 t .
TP D~p; Ph, TP | (6.23)

in a procedure called Cadzow denoising [225, 299].

Once we obtain a solution T of (6.22), we reshape T as Tx 2 CNiKEK 1) \we compute the
SVD of Tk and we keep the eigenvector corresponding to the smallest eigenvalue. Such a
vector corresponds to the coefficients of the annihilating filter.

The overall algorithm is summarized in Algorithm 10.

Algorithm 10 Noisy FRI pulse-stream reconstruction.

Require: y 2CN,K,P,T,N, f¢,Vpe
Estimate the Fourier coefficients y 2 CN by DFT of the measurements;

Perform equalization: X ~ v—.’;anﬁ m~ jK,...,K;
pe fo T

Build the Toeplitz matrix Tp (X) and solve the structured low-rank approximation prob-
lem (6.22) to obtain T ;

Reshape T into Tx 2 CNiKEK 1) and identify the eigenvector corresponding to the smallest
eigenvalue h;

[ - L
Build the polynomial H (z) ™  hyz! kK-and find its roots to recover the delays {tik}t“f
k™0
Consider K consecutive Fourier coefficients X, k — 1,...,K and solve the corresponding

Vandermonde system to recover the amplitudes {ak}t"l;
return (ay, tik)j—,
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6.2.3 Experiments and Results

In this section, we validate the proposed algorithms with an extensive number of simulations.
We consider a pulse-echo waveform built as a convolution between a 2-cycle square exci-
tation and a Gaussian modulated sinusoidal pulse, with center frequency f. ~ 5.2 MHz and
bandwidth of 67 %.

Single-channel Noiseless Recovery: In a first step, we validate Algorithm 9 for a pulse-
stream composed of K ™ 10 pulses. We consider a period T of 64 &s, which corresponds
to an imaging depth of 5cm. The pulses are randomly placed in [0, T[ and have random
amplitudes, distributed according to a normal distribution with zero mean and variance 1.
Since we are in a completely noiseless scenario, we sample at the critical rate, i.e. we acquire
N ™ 21 uniform samples of the demodulated element-raw data, which corresponds to a
a sampling rate of 323 kHz and a compression ratio of 64 compared to the uncompressed
element-raw data.

On the left plot of Figure 6.3, we observe the element-raw data sampled at 20.8 MHz with
the corresponding pulse-stream parameters. On the right plot, we report the parameters
recovered with Algorithm 9 as well as the true parameters.

RF data _._ True
A

Parameters Estimate

T T T T T T T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6

Time [1e-05 seconds] Time [1e-05 seconds]

Fig. 6.3. The leftmost figure presents the element-raw data sampled at 20.8 MHz with overlaid pulse-stream
parameters. The rightmost figure reports the recovered pulse-stream parameters (red) as well as the reference
parameters (green) for K~ 10 pulses.

We notice that the pulse-stream parameters are perfectly recovered with the proposed ap-
proach.

Single-channel Noiseless Recovery for an Increasing Number of Parameters: In the con-
text of US imaging, we may encounter cases where the number of pulses can be of the order of
thousands. Thus, it would be interesting to test the robustness of the proposed technique for
an increasing number of parameters.

Fromja signgl processing perspective, we can define an upper bound on the model order as

Ku™ % after which the data rate of FRI is higher than the one provided by bandlimited
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sampling. In the proposed experiment, we have K, ~ 675. At first sight, such a value is far
from the thousands values that we would need in medical imaging. Nevertheless, it may be
sufficient for some applications, e.g. microbubbles tracking or flaws detection in NDE.
Hence, we suggest to quantify the quality of the reconstruction not on the parameters them-
selves but on the re-synthesized pulse-stream (See [300] for more details). As a metric, we use
the signal-to-residual ratio (SRR) defined as

1l

SRR~ 20log _kmkz , (6.24)
km j mk,

where m is the reference signal and m is the re-synthesized signal.

The left plot of Figure 6.4 displays the evolution of the SRR for an increasing number of

parameters. Each value of the SRR is obtained as an average over 50 random trials, with the red

bar indicating the standard deviation. On the right plot, we report the parameters recovered

with Algorithm 9 as well as the true parameters for K = 30.

150 o

100 -

SRR [dB]
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i B e
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10! 102 0 1 2 3 4 5 6

Number of parameters [{] Time [1e-05 seconds]

Fig. 6.4. The leftmost figure reports the signal-to-residuals ratio for an increasing number of pulse-stream
parameters. The rightmost figure presents the recovered pulse-stream parameters (red) as well as the reference
parameters (green) for K = 30 pulses.

We observe that the SRR decreases relatively fast until it reaches a saturation which corre-
sponds to the state where a random guess would be as good as the algorithm. The main
reasons for such a decline are twofold. First, we notice that the root-finding operation required
to obtain the coefficients u from the annihilating filter becomes numerically challenging for
high-degree polynomials. We have noticed that off-the-shelf methods fail for polynomials
with degree higher than 20. In addition, FRI becomes unstable when it comes to discrimi-
nate closely spaced pulses due to the ill-conditioned Vandermonde system (See Appendix A8
of [300] for more details). This can be seen on the right plot of Figure 6.4, where the algorithm
fails to recover closely spaced pulses.

Single-channel Recovery with Additive Gaussian Noise: We corrupt the measurements y
with an additive white Gaussian noise, whose variance depends on the SNR which varies

164



6.3. Sampling Across Channels with Euclidean Distance Matrices

between 0dB and 50 dB. To address the problem of noise, we acquire P ~ fl (2K = 1) measure-
ments, where fl is the oversampling ratio, and we simultaneously increase the bandwidth of
the sampling kernel B ™~ fIZ?K. We then apply Algorithm 10, where we use Cadzow denoising (20
iterations) to solve the structured low-rank approximation problem.

Figure 6.5 reports the SRR against the SNR for two experiments, one with K ™ 10 pulses and
oversampling ratios fl 2[2,4,6,8,10] (left plot) and one with K ™ 20 pulses and oversampling
ratios fl 2[2,3,4,5] (right plot).
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Fig. 6.5. Signal-to-residuals ratio as a function of the signal-to-noise ratio for 10 pulses (left figure) and 20
pulses (right plot) and several oversampling ratios.

As expected, we observe that the SRR is an increasing function of both the SNR and the
oversampling factor. We also notice that the SRR deteriorates for a higher number of pulses,
which is consistent with the results obtained in the noiseless case.

6.3 Sampling Across Channels with Euclidean Distance Matrices

In US imaging, we do not have a one-to-one correspondence between the TOFs and the
locations of the point reflectors due to diffraction effects. In this Section, we devise a method
to label the TOFs, i.e. to assign each TOF to the strong reflector from which it originates, based
on the concept of EDM [301].

6.3.1 Time-of-flight Labeling with Euclidean Distance Matrices

A Short Touron EDMs: EDMSs are matrices constructed by distances between a set of points.
Mathematically, consider n points x; 2 R? in a d-dimensional Euclidean space such that they
form a matrix X ~[X1,...,Xn] 2 R4E". The EDM matrix D 2 R™£" is defined element-wise by

- 2 . ¢ 2
Dij~ XiiXj,, I,j 2{1,...,n}". (6.25)
By expanding the squared “,-norm, we deduce that
i ¢
Dij ™ XX § 2% XK, 1 2{L,...,nP, (6.26)
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from which we can define the EDM as
i ¢ i ¢
D~ edm(X)~ 1diag' XX = j 2X”X "diag'X*X 17, (6.27)
Equation (6.27), while being very simple, leads us to a powerful result about EDMs stated in
the theorem hereafter.

Theorem 12 (Rank of EDMs. Theorem 1 of [301].). The rank of an EDM corresponding to
points in a d-dimensional Euclidean space isat mostd ~ 2.

Proof. The proofis straightforward using (6.27). Indeed, we have that
i e.C_ i ¢
rank 1diag XX landrank XX ed,
such that
SR R A oot S TP
rank(D) « rank ldiag X~X rank XX “rank diag X™X 17 ed” 2.
O

This is a strong result since it states that the rank of an EDM does not depend on the number
of points but only on the dimension of the affine subspace that contains the points.

Such a property is used for many practical applications reviewed in [301], e.g. distance
denoising, determining missing distances and distance labeling. The latter is of interest to us
and will be developed in the remainder of the Section.

Another interesting property of the EDM is that it can be related to the Gram matrix of the
set of points X~ X. Indeed, consider the point x; as the origin, such that x; ~ 0. Then, we
immediately have that

P e
D,17~ diag'X*X 17, (6.28)
such that
~ vy > Vll >— > ¢
6= Xx"Xx~2'Di1" 7107 D . (6.29)

In addition, the following inequality holds by construction

rank(G) = d. (6.30)

Proposed TOFs-labeling Algorithm: The proposed method, described in Algorithm 12 is
inspired from the echo-sorting algorithm developed for room-shape recovery by Dokmanic et
al. [33, 301].

The idea is based on two observations:

1. We know the locations of the transducer elements such that we can build a valid EDM
from those locations;
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6.3. Sampling Across Channels with Euclidean Distance Matrices

2. The TOF on receive between the i-th transducer element and the k-th point reflector is
related to their Euclidean distance as follows:

— Tkipi
trx (Tk) fz (6.31)
Suppose that we have access to the round-trip TOFs, T;, i ~ 1,...,M, and consider the first

transducer element as the reference element. Take a candidate TOF t; 2 T;. We can build
KMil candidate vectors t ™ [ty,...,tm]7, where t; 2 T;, from which only one corresponds to a
valid combination, i.e. an echo that must be labeled.

To check whether a candidate vector corresponds to a valid combination, we rely on the
second point mentioned above. First, we devise a method that estimates the vector of TOFs
on receive trx 2 RM from the candidate vector t. We describe the method in the 2D-case but it
can be easily extended to 3D. The round-trip TOF between the i-th transducer element and
the k-th point reflector can be expressed as

- . 0 00
¢_ xksin( ) zxcos( ) TkiPi o_Z_ Nibj,
c c c c '

- |
éi ¢ Tk Pi (6.32)

where rﬁ ~R rgand p? TR pi,withR the rotation matrix of angle
Using (6.32), we can express the following parametric equation for the z-coordinate in the

rotated domain:

0 — 1

i ¢
% e ixsin(Y) ((cei))? i IxOk ixicos( ) ix?sin?( ), 8i71,...,M. (6.33)

Consider two different transducer elements located at p; and pj, we have that

i ¢ i 0 ¢y .
Cei)?i IX"k ixicos( ) 2 ixZsin?()_ céj i Xj, i Xjcos( ) i»szsmz( )
2(cei i xisin( ) 27cej i xjsin( )

H 2_ EE) ~
- flijxok ﬂinE( iij 0, (6.34)

where the coefficients of the polynomial are given by

8 C_ ¢
3 fiij Tciiié i sin( ) Xj g Xi

flij ~2cos( )c c',in¢ic',in + )

7 ~ . . I. - . - H . - . - . - .
- Cscicj i léj c?sin( ) Xicjg i ch,i2 c c,in2 i c,in2

Solving (6.34) leads to two possible values of x°k and two possible values of zf( by plugging

them in (6.33), among which only one, denoted as z°kij is on the feasible set of values of zok.

This allows us to compute the transmit time corresponding to the transducer elements i and

j as zf(ij. Now, if we consider M couples of transducer elements i,j , forming a set E, we
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compute the average transmit time as
0
i ¢ 1 X Zk- i
try 1l T = Ll (6.35)
Mfijjee ©

The overall estimation algorithm is described in Algorithm 11.

Algorithm 11 Estimation of the transmit time

Require: t 2RM P E,c,
tr«~ Q0 «
forall lj 27E¢do
Find xi,>§ solytions offiijxokz_flijxf( i”ij~ 0
Compute zi,z using (6.33) and select the valid solution z?

—_— — 7z
Trx trx <

end for

— lrx

Trx iEj
return try

Now that we can estimate the TOF on transmit corresponding to our candidate vector, we
compute the vector of TOFs on receive (and consequently the distance) by deducing the
transmit TOF to t such that

trx  titrx D d ™~ c(trx—trx)-

At this stage, we have a candidate distance vector at our disposal and we can check whether
it is a valid vector using the standard echo-sorting algorithm [301]. We Eely on thgact that
we know the location of M transducer elements to build the matrix P~ p!,...,p}, 2RIEM,
from which we construct the corresponding EDM D ~ edm (P) 2 RMEM

We build an augmented EDM with the proposed candidate vector as
- !
Do~ b d, RM DEM 1) (6.36)
d> 0
from which we compute the Gram matrix G4 using (6.29).

Finally, we check whether G, is a valid Gram matrix with the following rank test
?
rank(Gy) =d. (6.37)

To do so, we perform an eigenvalue decomposition (EVD) of G, ~ U—0U> where—2 RMEM s a
diagonal matrix, U is an orthonormal matrix, and we check whether—754 ™ 0 or not.

The overall algorithm is detailed in Algorithm 12.

Once avalid candidate vector is identified, we assign a label, k 2 {1,...,K}, to the corresponding
TOFs and we repeat the process for another TOF t1 2 T;.
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Algorithm 12 Proposed TOF-labeling algorithm

Require: P,tg, ,¢,T1,....,Tm;1,E
D ~edm(P)
sp A
forallt™ [El}"" i1]7,such that t; 2T;, do
trxrx  to,t”
trx ~ EstimateTransmitTime (ttxrx,P,E,C, )
trx ~ trxrx i tTx
d ACZ(tRx—tﬁzx)
D. — D d
a d> O ¢
—~ 1 >— > .
Ga "2 Da1l” 1D, iDa
if ,g—1(Ga) = sp then
sb~ »d 1(Ga)
tb'\tRx
end if
end for

return ty

6.3.2 Pruning Methods to Reduce the Number of Combinations

Algorithm 12 requires to check KM combinations in a configuration with M transducer ele-
ments and K point reflectors. In addition, checking the validity of a candidate vector requires
to perform an EVD of a Gram matrix that can be computationally costly.

A first way of reducing the number of combination is by discarding previously labeled TOFs.
Hence, once a valid combination is identified, the identification of a new candidate vector
would require to search over (K j 1)M instead of KM candidate vectors.

In addition, we can introduce the following pruning method based on geometrical constraints
induced by the UFUS configuration.

Maximal Difference Between TOFs: Consider two transducer elements located at p; and
pj, with corresponding sets of estimated TOFs T; and Tj. Given t; 2 Tj, it can be easily
demonstrated, using maximal distance between the sensors, that the valid t; lies in the
following interval [302]

2 tij c i . (6.38)

Using this interval on the TOF of one channel given another, we can prune the t; 2 T; on line 4
of Algorithm 12 as follows
" #

- - i iP1 — bhiips
t=[ty,....tm]", suchthatt; 2T, and t; 2 t; § — 'Cp 2 =M 'Cp 2
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6.3.3 Conditions for Unique Recovery of the Time-of-flight Labeling Method

So far, we did not provide any recovery guarantee for the proposed TOF-labeling method. In
this section, we discuss this aspect based on the work of Dokmanic et al. [33].

First, we detail the concept of feasible region in Definition 7, which allows us to put some
restriction on the set of points in order to prove uniqueness of the recovery.

Definition 7 (Feasible Region). ,Consider a |JFUS configuration composed of M transducer
elements in receive, located at p; ™ [X;,0]” i'\ﬂl, which record backscattered echoes from a
medium > % R? in the time interval [0, T].

The feasible region >+ % > is such that the echoes from each point of the region are recorded by
all the transducer elements during the time interval [0, T].

Equipped with the above definition, we can state the main result of this section.

Theorem 13 (Uniqueness). Consid%r a UBJ‘SMconfiguration_composed of M , 3 transducer
elements in receive, located at p;~ ,ip,0 ~ i—1» Where ,; 2 0,...N! i1 andp 2R-, which
record backscattered echoes from a medium > % R? in the time interval [0, T]. Consider also
that the medium is composed of K point reflectors randomly placed in the feasible region.

The TOF-labeling from the corresponding TOFs T, i ~ 1,...,M, based on Algorithm 12, will be

successful with probability 1.

Proof. The proof is based on the fact that the Gram matrix obtained from M , 3 transducer
elements using the EDM-based procedure, is of rank 1.

We show the result for 3 transducer elements and it can be easily extended to more than 3
elements. Consider that the first transducer element is positioned Elt the}rigin,é/vhicrw
always feasible, and that the two remaining elements are placed at ,1p,0 ~and ,,p,0 ~.
Then, the corresponding Gram matrix is given by

0
0

0 o &
c-p2Bo .2 1.k (6.39)
0 2
2132 )

whichisofrank 1, since G, ~ :—263.

At this stage, consider a valid candidate vector t ™ [t1,15,t3]”, where t; 2 T;, from which we
compute the distance vector d 2 R® as in Algorithm 12. Assume that the vector t corresponds
to a point reflector located at [x, z]”, where x and z are random variables. The corresponding

augmented Gram matrix can be expressed as

0 1
0 0 0 0
_BO  .%2p%  ,4,op% LipX
Ga EO ) 2 5 , (6.40)
>1-2P »5P »2PX
0 ,ipX »2PX x?

which has rank 2 with probability 1 since x is random.
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In the case where the candidate vector t ™ [t1,...,tm]” is not valid, the augmented Gram matrix
has the following form

0 1
0 0 0 0
~ O ’ipz ,1,2p2 a
Ga BO 2 e o (6.41)
,1’2p ’2p
0 a b C

where a,b,c are random numbers due to the random locations of the scatterers.

Such a matrix is of rank 3 except in the specific case where we have a valid candidate vectors.
Indeed, the set of vectors such that rank(G,) ™ 2 is of measure 0 since it corresponds to the
case where two roots of the characteristic polynomial are equal.

Hence, the rank test is successful with probability 1. O

6.3.4 Time-of-flight Labeling in Noisy Scenarios
In realistic scenarios, we may face two main types of noise:

1. Noisy TOFs when the estimate in the TOF-recovery step is not perfect;

2. Missing TOFs for echoes that do not belong to the feasible region.

Noisy TOFs may come from model inaccurracies in the TOF-recovery step and will impact the
performance of the rank test since even the valid candidates may lead to an augmented Gram
matrix with a rank of 3. Since the test in Algorithm 12 selects the combination that leads to an
augmented Gram matrix whose third eigenvalue is minimal (not necessarily 0), we believe that
it may be robust to noisy TOFs up to some values of the SNR. To make the proposed method
more robust to noise, a solution consists in increasing the number of transducer elements
used in receive.

Missing distances may occur due to the limited directivity of the transducer elements, that can
significantly reduce the feasible region. In order to deal with such a case, we can increase the
number of transducer elements used in receive and select a subset of these elements which
have recorded the appropriate number of echoes.

6.3.5 Validation of the Proposed Approach with Simulations

In this section, we consider a linear array composed of 128 transducer elements (wavelength
pitch) which operates at 5.208 MHz. We neglect the element-directivity and approximate the
transducer elements as point-sources such that the size of the feasible region is maximized.
On transmit, we simulate a PW insonification with normal incidence. On receive, we select
a subset of M elements uniformly across the aperture and we simulate a medium with K
reflectors.

Noiseless TOF-labeling: In this experiment, we simulate K ™ 20, 30,40, 50 randomly placed
point reflectors and M ™ 3 transducer elements in receive. We assume that the TOF-recovery
step has successfully recovered the TOFs corresponding to the K pulses. We apply the proposed
TOF-labeling algorithm and validate whether the labeling is accurate.
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We draw 50 runs of simulations with different randomly placed scatterers and we quantify the
accuracy of the proposed method by computing the average misclassification error between
the true and estimated labels.

For all of them, Algorithm 12 has a 0 misclassification error which means that the proposed
method always succeeds in a noiseless scenario.

Noisy TOF-labeling: In this experiment, we simulate K =~ 20,30,40,50 randomly placed
point reflectors and M ™ 3,4,5 transducer elements in receive. In order to simulate a noisy
scenario, we add a white Gaussian noise on the TOFs, with different SNR values of 50 dB, 40 dB,
30dB and 20 dB, respectively. We apply the proposed TOF-labeling algorithm and validate
whether the labeling is accurate using the misclassification error.

Figure 6.6 displays the misclassification error of the TOF-labeling as a function of the SNR.
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Fig. 6.6. Average misclassification error (10 draws) of the proposed time-of-flight labeling algorithm for different
values of the signal-to-noise ratio.

As expected, we observe that the misclassification error decreases with a higher number of
transducer elements in receive and for a higher SNR. This validates our strategy which consists
in increasing the number of transducer elements to deal with noisy TOFs.

Impact of the Pruning Methods: In this experiment, we show the impact of the pruning
methods described in Section 6.3.2 on the number of combinations and processing time.
Figure 6.7 displays the number of combinations (left plot) as well as the average processing
times (over 100 draws) on a 2.6 GHz Intel Core i5 processor (right plot) as a function of the
number of reflectors for 3 transducer elements in receive.

We observe that the proposed method drastically reduces the number of combinations to test
and consequently the processing time.
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Fig. 6.7. Impact of the proposed pruning method on (left figure)-the number of combinations and (right figure)-the
processing time of the time-of-flight labeling method; “No pruning” removes the already used combinations and
“Max TOF” exploits the method described in Section 6.3.2.

6.4 Localization from Labeled Time-of-flights

In this section, we describe the technique used to localize the K point reflectors from a set
of at least M , 3 TOFs per point reflector, recorded by M transducer elements. We assume,
without loss of generality, that one of the transducer elements is located at the origin.

6.4.1 Multidimensional Scaling

A first technique consists in building the EDM matrix D 2 RK MEK M) corresponding to the
M transducer elements and K point reflectors based on their TOF as described in Section 6.3.
We then deduce the gram matrix G from the EDM using (6.29).

Based on the Gram matrix, we exploit the multidimensional scaling approach [301, 303] which
consists in performing an EVD of the Gram matrix:

GVU/UZ/'diag(,l,...,,M—K), (6.42)
wherej,1j ... j.m—k]j. Then we construct the estimate of the locations X 2 RZEM K) a5

h fpp_- i

X~ diag .1, .2 ,0em k2 U™ (6.43)

More advanced techniques to deal with noisy distances has also been developed and are
reviewed in [301].

6.4.2 Multilateration

Another technique, inspired from multilateration [304, 305], relies directly on the TOFs in
order to determine the locations of the point reflectors.

In this section, we derive the formulations for PW with normal incidence. It can be easily
extended to steered PW by considering the appropriate rotation matrix.
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Consider a point reflector located at r ~ [x,z]> 2 >, such that z "~ 0. The corresponding
round-trip TOFs are given by

(xixi)? z2  _

- Z_
i — ———, 1 1,....M,
C C
2770 5
. 227 (cei i 2)% i (X i xi)? (6.44)

Consider the transducer elements i and j, we deduce from (6.44) that
—i ¢ ¢
Ceiiz)ixix)~ cejiz
T B
e ek @ did Kix
» XjiXi,C ¢jidi >

2 0
i XiXj

(6.45)

Using (6.45) for all possible combinations of transducer elements, we come up with the
following linear system of equations

Ar~bdr~ A'b, (6.46)

where A 2 RNe£2 pNe, with N~ MO,

6.5 Experiments and Results

In this section, we validate the proposed localization approach on Field 11 simulations as well
as on measured NDE data.

6.5.1 Field Il Simulations

We consider a linear-array composed of 128 transducer elements with the following parame-
ters: center frequency of 5.208 MHz, 67 % bandwidth, wavelength pitch. We assume that the
pulse-echo waveform is a Gaussian sinusoidal pulse and the excitation is a 1-cycle square
signal. We transmit a single PW with normal incidence in a medium composed of 15 point
reflectors. On receive, the element-raw data are sampled at 20.8 MHz.

White Gaussian noise is added to the element-raw data such that the SNR is 11.4 dB, as it can
be seen on the left plot of Figure 6.8.

Using the element-raw data from three transducer elements spanning the whole array, we
are able to localize the point reflectors, with a SRR equal to 45.7 dB. For the TOF-recovery
approach, we perform 20 iterations of Cadzow denoising and we use a 5£ oversampling
compared to the critical sampling rate.

The overall data rate is reduced by a factor of 485 compared to existing localization methods
that rely on data acquired at Nyquist rate on every transducer element.

6.5.2 Non-destructive Evaluation Experiment
In this experiment, we work with an example measurement for NDE. The phantom consists
of an aluminum block with 7 holes drilled at different depths. Using an open phased-array
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Fig. 6.8. The leftmost figure displays the original (orange) and noisy element-raw data (blue); The rightmost
figure presents the localizations of the 15 point-reflectors recovered with the proposed approach with 3 transducer
elements in receive and 5 times oversampling compared to critical sampling rate (20 iterations of Cadzow denoising
for time-of-flight recovery).

platform (OEM-PA, by Advanced OEM Solutions), we insonify the phantom with a single PW
with normal incidence. The linear probe (by Imasonic SAS) is composed of 64 transducer
elements, with a center frequency of 5 MHz, bandwidth of 100% and a pitch of 0.93 mm.
The excitation signal is a half-cycle square wave and we assume the impulse response of the
transducer elements to be a Gaussian modulated sinusoidal pulse. The speed of sound in
aluminum is approximately 6300 ms™.

In order to deal with missing TOFs that are due to the limited directivity of the elements,
we apply the proposed method on 7 elements that span the whole aperture. Regarding the
TOF-recovery step, we run 20 iterations of Cadzow denoising with an oversampling factor of
9.5 to deal with modeling errors on the pulse-echo waveform. By visual assessment of the
localized points, displayed on Figure 6.9, we observe that the proposed technique manages
to accurately recover the locations of the holes. Since we do not have their exact locations, a
more quantitative assessment is impossible.
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Fig. 6.9. Localization of the 7 drilled holes. The localization results are overlaid on the log-compressed B-mode
image reconstructed with the delay-and-sum algorithm.
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[4 Concluding Remarks

Passons passons puisque tout passe
Je me retournerai souvent

Les souvenirs sont cors de chasse
Dont meurt le bruit parmi le vent.

Cors de Chasse, Alcools
Guillaume Apollinaire

We conclude this thesis with a few remarks. First, we propose to time-reverse this work and
summarize the various contributions. Then, we briefly discuss future lines of research.

7.1 Time-reversing the Thesis
Our work explores several inverse problems related to US imaging and localization and aims
to solve two main challenges:

1. performing high-quality imaging with few insonifications;
2. reducing the data collected per insonification.

The different technical contributions are described hereafter in an order that illustrates the
story behind the thesis.

Modeling the Pulse-echo Imaging Process The first part of this thesis has been dedicated
to model the US imaging process. We revisited pulse-echo US imaging as a linear inverse
problem relating the echo signals recorded by the transducer elements to local variations of
acoustic impedance, denoted as the TRF. We showed that the measurement model involved
in the inverse problem consists of projections onto quadric surfaces whose shapes depend on
the configuration, e.g. prolate spheroids in DW imaging and paraboloid in PW imaging. Hence,
measurements gather many of these projections in a similar way to CT. Standard imaging,
performed via the well-known DAS algorithm, can be interpreted as a backprojection of the
proposed model under several assumptions.

Moreover, we have demonstrated that the composition of the measurement model and the
DAS operator, the linear operator underpinning the DAS algorithm, models non-stationary
blur in US imaging.
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We have suggested efficient matrix-free evaluation strategies of the proposed measurement
model, and of its adjoint, based on a parameterization of the corresponding quadric surfaces.
Such formulations were used inside regularization methods to

< perform high-quality imaging with fewer insonifications and fewer data collected per
insonification than existing techniques;

< enhance already formed images by MAP estimation based on our model of non-stationary
blur.

We have illustrated the benefits of the proposed approaches through an extensive number of
simulated, in vitro and in vivo experiments.

Take a Step Back: Modeling Echo-signals Rather than RF Images? Because of the propa-
gation of US waves, we realized that pulse-echo US imaging is inherently incompatible with
CS. On the one hand, CS requires the signal of interest to be as spread as possible across the
measurements. On the other hand, US imaging confines the signal onto quadric surfaces of
isochronous loci.

We thought about two potential ways to tackle this problem. A first one consists in hacking the
propagation in order to steer the measurement model towards a random matrix, as proposed
by Kruizinga et al. [143]. An alternative, far easier to realize but maybe less elegant, was to get
rid of the measurement model and concentrate on the element-raw data.

We have adopted the second solution in Chapters 5 and 6 of this thesis.

In Chapter 5, we have developed a CS-based multiplexing method for US signals which
permits to perform imaging with significantly fewer coaxial cables than existing approaches.
The compression is based on the CMUX architecture and performed in the head of the probe.
The reconstruction is achieved in the back-end system with CS-based algorithms, where
sparsity is expressed in models specifically suited to the element-raw data. We demonstrated
through simulated and in vivo experiments that the proposed method was able to perform
high-quality reconstruction with 8 to 12 times fewer coaxial cables.

In Chapter 6, we have devised a technique that is capable of localizing K reflectors with only
3 transducer elements and 2K 1 samples collected per element, allowing for a significant
reduction of the data rate compared to existing approaches. We modeled the element-raw
data as a pulse stream and recovered the TOFs with the FRI framework. Then, we performed
localization from the recovered TOFs in two steps. First, we assigned the TOFs to a given point-
reflector using an echo-sorting algorithm based on EDM. Then, we performed localization
from the labeled echoes using multilateration. We have evaluated the approach with simulated
and in vitro NDE experiments.

Some Theory Along the Way: Joint Sparsity with Partially-known Support  This thesis also
contributes to the field of CS by extending joint sparsity to cases where partial support of the
signal under scrutiny is known a priori. We have demonstrated that the knowledge of such
a support is beneficial since it permits to have a unique solution of the CS problem under
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weaker conditions than existing results on joint sparsity. Indeed, knowing part of the support
allows us to benefit from additional information contained in the span of the columns of the
measurement matrix. We augment the signal subspace correspondingly and the dimension of
such a space is of major importance for joint-sparse recovery. In addition, we have extended
MUSIC-based methods, subspace pursuit algorithms, augmented MUSIC methods and SNIHT
to the case with partially known support. We have derived recovery guarantees for the different
algorithms and compared them with the case without known support. We have validated
empirically the benefits of partially known support through extensive simulations.

7.2 Future Prospects

Towards DNN-based Image Reconstruction In this thesis, we have described several meth-
ods for enhanced US imaging based on regularization approaches. These techniques suffer
from two major drawbacks, already discussed in Section 4.5.1, namely the number of itera-
tions necessary for reconstruction and the fine tuning of the regularization parameter. As
discussed in Section 4.5.1, | believe that the next step consists in investigating DNN-based
beamformers since they are compatible with real-time implementations and do not require
any fine tuning of hyper-parameters. Future research should study the benefit of using a DNN
inside an optimization algorithm, as in [198], compared to the simple approach where the
DAS algorithm is followed by an inference from a DNN, as described in Section 4.5.3.

Towards High-quality Portable Ultrasound In the introduction, we mention portable US
imaging as a key factor in the mutation of US imaging. We believe that the proposed methods,
even though they are more computationally costly than the DAS algorithm, may be compatible
with mobile commodity devices, especially if a DNN approach is used. Indeed, we can benefit
from the GPUs that equip some of the mobile commodity devices and from several deep
learning frameworks, such as TensorFlow Lite, that are dedicated to mobile platforms.

Validation of the Proposed Methods on Advanced Imaging Modes In order to emphasize
the potential of the proposed methods for clinical applications, they should be tested within
advanced imaging modes that are/will be used in clinics. Applications that would benefit
from the proposed methods are the ones which require high frame rates and where coherent
compounding cannot be performed. Two possible applications are vector-flow imaging and
elastography.

We can also think about testing the proposed localization method in the context of US local-
ization microscopy.

Quantitative Imaging and Inverse Scattering Additionally, | see quantitative imaging as
a natural extension of this thesis. Indeed, there is no major issue towards the use of the
proposed model to solve inverse scattering problems where we want to recover maps of speed
of sound or TRF from the scattered pressure fields in a similar way to transmission-mode US
tomography. At first sight, this may be feasible with the proposed optimization framework, by
setting an appropriate prior for the quantity under scrutiny.
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But, we can consider more advanced problems in which, for instance, we relax the first-order

Born approximation and perform non-linear inverse scattering via a recursive Born approach,
similar to [306].
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I Generalized Radon Transforms

A.1 Linear Radon Transform

A.1.1 Definition of the Linear Radon Transform

Consider a function f (x) 2S (R™), where S (R™) denotes the set of test functions of R™, i.e.
the set of all rapidly decreasing (faster than any inverse power of jxj) C 1 functions on R™.
Consider a line perpendicular to the hyperplane given by the equation p = h», x1, in which
» 7 [»1,....»m]2RM™and p 2R.
We define the linear projection of f in the direction perpendicular to » by
£ ¢ L i ¢
Rf p»7— f(x)— pibh»xi dx. (A1)
X2RM
The LRT is defined by the set of all the linear projections for p 2 R and » 2 R™ such that
k»k, ™ 1.
Historically, the LRT has been iptroduced by Johann Radon in 1917 who also provided an
inverse transform [307] in S 'R2" I R?, the LRT can be expressed using polar coordinates as
S T T I

Rf p, ~ SZRf ssin( ) pcos( ),iscos( ) psin( ) ds, (A.2)
where p is the perpendicular distance from the line to the origin and is the angle formed by
the distance vector.
The most famous application of the LRT is in the area of X-ray transmission CT. Indeed, in the
1960s, Cormack showed that if one transmits a narrow X-ray beam inside the human body, the
intensity received by an X-ray detector can be linked to the spatially varying attenuation by
means of a linear Radon transform [308].

A.1.2 Inversion of the Linear Radon Transform in 2D

The first inversion formula of the LRT has been derived by Radon itself in its seminal work,
and is given by
- @le |!p,»!

@p

f xy~ —————dpd», A.3
Xy »2SLp2R » X1 jp pe» *-3)
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where S! denotes the unit-sphere in R?. The main problem of such a formulation is that it
may be very difficult to compute the integral, and the problem is technically ill-posed.

A neat way to invert the Radon transform relies on the projection-slice theorem (also known as
Fourier slice theorer‘g) which states that the 1D Fourier transform (FT) of any projection p (s)
of afunction f x,y alongaline of angle isequal to the 2D FT of f along the line parallel
to the projection line and passing through the origin. Puts formally, we state the following
theorem

Theorem 14 gFQJrier-slice theorem). For any 2][0,..], the Fourier transform of the linear
projection R f (¢, ) satisfies
’ EZ ¢ ik - ;
R f p, ei™Pdp~F(kcos(),ksin()), (A.4)
p2R

where F is the 2D Fourier transform of f.
Hence, measuring the Radon transform is equivalent to acquiring the Fourier transform of
falong radial lines. This relationship is fundamental in the derivation of the inverse Radon

transform, also called filtered backprojection, given in the theorem hereafter.

Theorem 15 (Inverse by filtered backprojection). The following equality holds
1t s ¢ _
f (x) 12 R f (¢, )—h (x,n i)d , (A.5)
-0

where h issuch that F [h](k) T jkjandn ~ [cos( ),sin( )]".

Hence, we recover f from its Radon transform by performing a convolution with the kernel h,
which corresponds to a high-pass filter, followed by standard backprojection.

A.2 Generalized Radon Transform

A.2.1 Definition of the Generalized Radon Transform
The generalized Radon transform (GRT) extends the LRT to other shapes than simple lines,
e.g. circles and conics.
Formally, we introduge a real-valued fungtion = 2 C 1 (R™ £R") and a set of corresponding
hypersurfaces >s.~ x2R™j " (x,s) ¢ , parameterized byc 2Rand s 2R".
The GRT projects the function f (x) 2S (R™) on one of the above defined hypersurfaces. Puts
formally, we define the projection on the hypersurface > . as [309]
£ _°
R f (s,¢)™ f(xX)—(ci " (x,s))dx. (A.6)
X2Rm

It can be seen that the function ~ (x,s) j ¢ corresponds to the implicit function of the hyper-
surface > .. The GRT is defined by the set of projections onto all the hypersurfaces.
We can also note that the LRT is a special instance of the GRT when " (x,s) ™ hx,si.
Although GRTs have been studied in their general form (A.6) by many authors [310-315], richer
theories have been defined for specific applications [316]. Some of them are listed in the
remaining sections.
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A.2. Generalized Radon Transform

A.2.2 The Spherical Radon Transform

The spherical Radon transform is a GRT where projections are achieved along spheres in
R™. When m ™ 1, it is often referred as the circular Radon transform [316]. Formally, the
spherical projection of f at centers 2 S, S % R™ being an hypersurface of R™, or alternatively
the spherical average over B (s, ¢) is defined as [316-318]:
£ z
R f (s,c)” )f(x)dA(x),(s,c)ZSER—, (A7)

JX2B(s,c w

B(s,.c)” y2R™j yis ,"¢c,
where d A (x) is the area measure on the sphere.

The integral transform that maps f to the complete set of spherical projections is the spherical
Radon transform. Such a transform is useful in many applications such as thermoacoustic
toomography [317, 319], photoacoustic imaging [320], sonar [318] and radar [321].

Many interesting properties of the spherical Radong@"lsform have been derived for specific
shapes of S. When S is an hyperplane of R™ and R f (s,c) is known for every ¢ and every s,
Courant and Hilbert showed that any even function is uniquely determined by the correspond-
ing complete set of projections [322]. Exact inversion techniques have been derived in the
case where S is a sphere [69, 70, 323, 324] or a cylinder [69] and approximate back-projection
methods have also been proposed [319, 320].

A.2.3 The Elliptical Radon Transform

Elliptical Radon transforms, where the projections are achieved along ellipsoids, have been
particularly studied because of their potential application in seismic imaging [325], bistatic
SAR [326] imaging and ultrasound reflection tomography [104]. They are not very well known
mathematical objects and most of the studies have been achieved in R? or R? under some
restrictions on the focal points of the ellipses. The extension of the elliptical Radon transform
to R™ have been proposed very recently by Moon and Joonghyeok [327].

In this Section, we restrict our attention to R3. We can define an elliptical projection of the
function f 2S 'R3" as follows
£ z

R f (s,r,c)™ f (X)dA(x), (s,r,c)2SESER—, (A.8)
X2E(s,r,c)

~

EGs,r,c)” y2R3j vyis > Yir, c,
wheres2S and r 2 S correspond to the foci of the ellipsoid and S is an hyperplane.

The integral transform that maps f to the complete set of elliptical projections is the elliptical
Radon transform. Very little is known about the inversion of such a transform. Inversion
techniques for family of ellipsoids with foci along a line [326, 328], on a circle [104, 329] and
on a plane [327] have been studied.
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A.2.4 The Parabolic Radon Transform
Parabolic Radon transforms have been even less studied than elliptical Radon transforms,
maybe because applications can only be found in seismic imaging, where it is known as the
slant slack transform [325, 33%, 331]. Itahas mainly been studied in R?, where the parabolic
projection of a function f Ix,y 2S lR2 is defined as [327]
i 7 i ¢ ¢
R f (s,1,c) f x,y dA' X,y ,(s,1,c)2SESER—, (A.9)
‘yXZP(s,I,c)

- o)2
P(s.1,0)" [xy] 2Ry j S~

2 ’
where S % R.
The parabolic Radon transform is composed of the complete set of parabolic projections over

parabola with apex (s,c). Inversion techniques have been recently proposed by Moon [327]
for a fixed axis direction and by Denecker et al. [309] for isofocal parabolas.
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Expression of the Parametric Equa-
tions in Ultrafast Ultrasound Imaging

B.1 Parametric Equations in Diverging Wave Imaging

B.1.1 3D Imaging

In this section, we suppose that the transducer elements are arranged into a matrix probe
located in the plane z ~ 0, with spacing ¢! and ¢§, in the lateral and elevation dimension,
respectively. We therefore consider the following uniform grid of transducer elements:
h L ¢ - “ n 0
pij i€ j¢,,0 ,ij 2 1,...,Ny £ 1,..,Nj ,
where N{ and Nf, are the number of transducer elements in lateral and elevation dimension,
respectively, such that Ny ™ NNy,

£ ~
We assume that the virtual point is positionedatr, ~ Xn,Yn,Zn ~ behind the probe. We are
interested in finding a set of parametric equations of the points that belong to the following
interface

i t_" . _ - . —
@> pij.rn,t r2>j ripij , krirnka c(t to) ,

Using a dedicated computing software such as Wolfram Mathematica, we can demonstrate
the following equivalence

8 e & oo
X TLTLPjj,n, |
£ - i ¢ S i Pij.Fn ¢ _
r nyaz 2@> pijvrnyt £ yfl,fl,p|1,rn,t¢ fl ’ (Bl)

pP—
le . - A8 ¢
z 1,1, pij, rn. t 2(4(cto)? Bc2tty 4c2t?§4z3)
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i ¢ £ Ry
where fi,fl 2 [Xmin,Xmax]£ Ymin,Ymax , ¢ is given by

¢~ z5 i4pij2 Sfipij, i 4pij§ i 4(cto)? i 4c®t? T 4x2 T 4y2 T 472 j 8c%tty j 8, fi
~8pij, fli 8ynfl.2 i 4i4(ct0)2—802tt0_402t2 : 4zr21¢¢ipiji_4fipij)3( i 2pij§pij§
T2(cto)’pija 2¢7t%piji T 2XAPija 2YaPij.  2Z4Pijs i AfiCpijs Ac’ttopijl
i4xnfipij — 4pij, fpij2 i 4ynflpi;2 ~ 8xnfi®pij fi~ 4pijifipij, i 4(cto)*fipij,
i4czt2fipij i 4x,21fipijX i 4y,21fipijX i 42,21fipijX i 802tt0fipijxx i 8pijyfiflpijX
j§C2t2

i 6c2t%(cto)?  2pij ixﬁ T2(cto)?x3 T 2¢2t?x3 T 4c?ttox3 T 2pij iyﬁ T 2(ctg)?y2 T 2c2t?y?

“8ynfliflpij, i Pijy i (Cto)* i et ixgivh i zn i 4c'tto” 2piji(cto)’ 2pi

i2xﬁyﬁ_4c2tt0y§_2pijizﬁ_z(cto)zzﬁ_%ztzzﬁ i 2x222 j 2y222 T 4c?ttgz2 T 4(cto)*fi?
T4c?t2fi% j 4x2fi2 T 8 ttofi’ j 4p; ,—§ﬂ2—4(ct0)2ﬂ2—4czt2f|2 i 4y2f1278c2ttofI?
_8pijyynﬂ2 i 4ct(ct0)3_4pijicztto_4xr3,fi_4xnyﬁfi_4xnzr2,fi i 4pij§Xnﬁ i 4(cto)*xnfi
i 4c2t®x fi 8c2tt0xnfi—4pij§ﬂ—4yﬁf| i 4pijy(cto)2fl i 4pijy02t2fl i 4pijyx,%f|

14Pij, Yafl i 4pij, ZAfl~4ynzAfl i 8pij c?tiofl i 4pij2ynfl i 4(cto) ynfl

i4c2t2ynfl_4x,21ynfl i 8(:2tt0ynfl_8pijyxnfl2 i 8xnynfl2 ,

and A is given by

¥
A izn i4pij,  8fipij, i 4Pij) i 4(cto)” i 4c’t?

_4xﬁ_4yﬁ_4zﬁ i 802tt0 i 8xnfi_8pijyfl i 8ynfl .

B.1.2 2D Imaging

In this section, we suppose that the transducer elements are arranged into a linear probe
located in the plane z ~ 0, with spacing ¢!, in the lateral dimension. We assume that the virtual
point is positioned at r, ™ [Xn,zn]” behind the probe. We are interested in finding a set of
parametric equations of the points that belong to the following interface
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i ¢_ : — - -
@> pij,rn,t r2a>j ripi , krirpky-c(t to) ,

Using a dedicated computing software such as Wolfram Mathematica, we can demonstrate
the following equivalence

i ¢ _
x fi,pi,rn,t fi b
i — izn(i4pi2 8pi,fiidc®t?i8c’ttj4(cto)® 4x2 i8xnfi 422)§ ¢

8c2t27 16c2tty 8(cto)? j 8232

i ¢
r %z 20> pifn.t .

z Ifi,pi,rn,t
(B.2)
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B.2. Parametric Equations in Plane Wave Imaging

where fi 2 [Xmin, Xmax] @and ¢ is given by

(2 zﬁ ! i4pi>2(_8pixfi i 4c’t? i 802tt0 i 4(ct0)2_4xﬁ i 8xnfi_4zr2]¢2 i4i402t2_8c2tt0
Ta(cto)? 1422 it dpy i 2 2c2t2 T dp 2ttty 2pi2(cto)? T 2p2x2  Ap2xafi
_2pizzﬁ i 4pi)2(fi2 i 4pixc2t2fi i 8pixczttofi i 4pix(ct0)2fi i 4pixxﬁfi_8pixxnfi2
i 4piz2fi i c*t? i 4c*t®to i 6c2t?(cto)? T 2c%t2x2 i 4ct®xnfi T 2c2t%22 T 4cP i’
i4ct(ct0)3_4czttoxﬁ i 8c2tt0xnfi_402ttozﬁ_8c2ttofi2 i (cto)"'_Z(cto)zx,Z1
i4(ct0)2xnfi_2(ct0)22,21_4(ct0)2fi2 i xﬁ_4xﬁfi i 2x,21z,21 i 4xﬁfi2_4xnzr2,fi i zﬁ .
(8.3)

B.2 Parametric Equations in Plane Wave Imaging

B.2.1 3D Imaging

In this section, we suppose that the transducer elements are arranged into a matrix probe
located in the plane z ~ 0, with spacing ¢! and ¢§, in the lateral and elevation dimension,
respectively. We therefore consider the following uniform grid of transducer elements:

h L ¢ - “« N 0
pij i€, j¢y,0 L ij 2 1. Ny £ 1,...,Ny ,
where N} and N)t, are the number of transducer elements in lateral and elevation dimension,
respectively, such that Ny ™ NSNy.
We are interested in finding a set of parametric equations of the points that belong to the
following interface

i ¢
@)Ipij, T r2>j ripij z_hr,e i~ ct, (B.4)

Plane Wave With Normal Incidence When = 7 0, the parameterization is directly
obtained from (B.4) and we have the following equivalence:

x fifl,pij,t, fi

£ x fi,fl,pij,t

/>2 i 0¢
r leyz @> pIJI 1t - § i .Zﬂ .

i, ¢ _ 5 g 7
- z fi fl,pij,t 5 (€O flipijx i ﬂipijy

Steered Plane Wave When & 0, significantly more calculations are involved. Using a dedi-
cated computing software such as Wolfram Mathematica, we can demonstrate the following
equivalence

S if' fl t¢ i

X Il L i 'i 1 I
_E oA o 2P Y
rYox,y,z 720> pij, t , _ ¥ fuflpij, to Al b
= 5 Ifi fl, pi t¢ — 2cos( y)(ctifisin( \)§ ¢
TH ML)y Z(COS( X)Zil)
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where ¢ is given by

- .. i ¢ _ .
¢~ cos?( x)(2fisin( x) i2ct)* 4 cos’( )il ipij2 2Pij,Ti

ipiji_Zpijyfl i 2ctfisin( x) " fiZsin?( x) " (ct)? j fi% j I .

The parametric equations for the case & 0 can be easily obtained by switching the variables
fi and fl in the above equations.

B.2.2 2D Imaging

In this section, we suppose that the transducer elements are arranged into a linear probe
located in the plane z ™ 0, with spacing ¢§< in the lateral dimension. We are interested in
finding a set of parametric equations of the points that belong to the following interface:

i ¢
@>lpi, U7 r2>j ripi , xsin() zsin( ) ct . (B.5)

Plane Wave With Normal Incidence When ™ 0, the parameterization is directly obtained
from (B.5) and we have the following equivalence:
¢ xfipit Tfi

i
r~[x,z]"2@0> pi,0,t , i - i 73
2] i z fipit "o €)% fiipiy

Steered Plane Wave When & 0, significantly more calculations are involved. Using a dedi-
cated computing software such as Wolfram Mathematica, we can demonstrate the following
equivalence

i ¢
x fi,pi, t i
< 2ctcos( )ifisin@ )s2" € (B.6)
cos(2 )il

i ¢
r = [x,z]" 2 T .
[x,z]7 2@> pi Zlfi,pi, t

where ¢ is defined as

¢ ipi2sin?( ) 2pi fisin?( ) Tc?t? j 2ctfisin( ).
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& Proximity Operators of Several Regu-

larization Terms

C.1 Proximity Operators Associated with the “;-norm

C.1.1 “;-norminthe Image Domain
The proximity operator associated with the “;-norm in K" is defined as follows

_1
ProX i, (x)"zrrzni(nn » kzkq Ekx izk3,, 0. (C.1)

In case of real vectors, (C.1) has a closed form solution known as the soft-thresholding opera-
tor [222] defined by

27 max(0,jxj i »)sgn(x). (C.2)

When dealing with complex vectors, the sign function is not defined and the proximal operator
is slightly modified as follows [332]

X
z7max(0,jXj i »)—. (C.3)
'

C.1.2 “1-norm inthe Transform Domain
Consider the proximity operator associated with the “1-norm in the transform domain, with
associated transform << : K™ ¥ K" defined as follows

_1
ProX s, (x)~ min , “z Ekx izk3, , 0. (C.4)

If “* is a tight frame with bound ¢ 2 R—, then the following relationship holds [333]

S i ¢ ¢

ProX esg (X) 7 x cites IprOX,cmk1 U (C.5)

If ““ is a general frame with bound ¢; =~ ¢, 2 R—, there is no closed-form expression of the
proximity operator and the following iteration needs to be performed [333]:

( _ _ B 4“: ©_ ..
u® D u® . ‘/p(t) i proxlkwkl U_ =/p(t)

ptTD  ~y j ey
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where ,, 2[0,2/c,]. Then,whent ¥ 1, p® tends to the desired proximity operator.

C.2 Proximity Operators Associated with the “,-norm

In this section, we are interested in the proximity operator associated with the “,-norm to the
power p, for p 2]1,2], defined as follows

- . 1 ..
ProX_y, (X) ng'an"kaE Ekxizkg,, 0. (C.6)

Thanks to the separability of the two functions involved in (C.6), the problem can be solved
element-wise. According to Table 10.2 of [113], the following equivalence holds:

_1
zi “argmin,jzij° " = (zi i xi)%, 8(xi,zi)2RER, , 70
zi2R 2
. zi7sign(xi)a, g . 0,97 p.qP it T jxj. (C.7)

Thus, in order to derive the desired proximity operator, we have to solve (C.7), which involves
finding the roots of a polynomial with arbitrarily high degree. In the general case, this can be
achieved using any off-the-shelf root finding algorithm, e.g. using the companion matrix or
the Newton’s method.

For specific values of p, the polynomial may have a degree lower or equal to 3. In such cases,
(C.7) has an analytical solution. This is the case for the values of p considered in the thesis
and described below.

C.2.1 Casep ™ 3/2

The solution of (C.7) involves to find the positive root of the following polynomial of order 2:

_ .3 o
07 g =.qY2jjxij

2 f
- 2. .9 2 — 2 ..
- 07 0%1 2jxij e q Xi,JXil.dq
Py . I
”'x-'_g i 16_X___ )
’q J IJ 8’ El | 91 IJ > .

C.2.2 Casep ™ 4/3

The solution of (C.7) involves to find the positive root of the following polynomial of order 3:

- 4 -
07 q §,q1’3i1xi1 (C.8)
64 i
- 079 i 3pxija” T 3pxii T -L % aiixil® (C9)

Using Cardano’s method and after several calculations not detailed here, one may obtain the
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following value of q:

1 1662Y3¢,2 _ i

— i 253 (7 1 27ixi )3

97Xl g V2 27 (z 1 27jxi])
qa

z~ 256,37 729jxij?.
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