




Science, my lad, is made up of mistakes, but they are mistakes which it is useful to make,

because they lead little by little to the truth.

— Jules Verne, Journey to the Centre of the Earth, 1864
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Abstract

Cavitation is a topic that has long been of interest due to the large and growing range of appli-

cations associated with it. This is mainly because the collapse of cavitation bubbles releases

a considerable amount of energy into the surrounding environment. This release of energy

has detrimental consequences in certain applications, but can also be exploited beneficially in

others. The fundamental dynamics of the bubble collapse are generally affected by the presence

of a nearby boundary and can change depending on the nature of that boundary.

In this thesis, we thus investigate the effects of deformable boundaries on the behavior of

cavitation bubbles. Specifically, we consider two types of boundaries: a granular boundary

and an elastic boundary. We evaluate key features of the bubble behavior through high-speed

imaging of laser-induced cavitation bubbles and with a potential flow solver. For both types of

boundaries studied, we compare the characteristics of the bubbles to that of similar bubbles

that develop near a rigid boundary, an already well-document configuration.

The granular boundaries consist of beds of sand composed of spherical soda lime glass beads

with varying granularities. In comparison to a rigid boundary, a granular boundary leads to

bubbles with shorter lifetimes and reduced centroid displacements. Above ° … 1.3, the bubble

exhibits similar features to that of a bubble near a rigid boundary. However, when ° is between

0.6 and 1.3, the deformation of the boundary forces the bubble to adopt a conical shape as it

collapses, eventually resulting in the formation of micro-jets that are significantly faster than

those observed near a rigid boundary at the same stand-off distance. For ° . 0.6, the bubble

develops a bell-shaped form, leading to the formation of thin micro-jets that travel faster than

1000 m/s. Moreover, between ° … 1.3 and ° … 0.3, granular jets erupt from the sand surface

following the bubble collapse. By replacing the sand with an equivalent liquid, we find that the

anisotropy parameter ‡, a dimensionless version of the Kelvin impulse, can be used to predict

the displacement of the bubble centroid and its second oscillation period. Using the same

assumption, we also find that the potential flow simulations yield fairly accurate predictions of

the bubble behavior.

The elastic boundaries consist of agarose hydrogels with varying elasticity. Based on the stand-

off distance, it is possible to dissociate two main oscillation regimes, both of which significantly

differ from that of bubble near a rigid boundary. In the two regimes, the micro-jets are triggered

by the collision of a fluid inflow at the symmetry axis of the bubble. We provide time-resolved

evidence that these micro-jets are initially atomized before stabilizing into fully liquid micro-jets

that move through the bubble. The atomized part of the micro-jets can reach velocities of up to

2000 m/s, while the liquid part can reach velocities of up to 1000 m/s.
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Abstract

Finally, we propose a procedure using the Virtual Frame Technique to track the extremely

fast dynamics of cavitation bubbles with a single shadowgraph captured on a consumer-level

camera.

Altogether, the results presented in this thesis provide a better understanding of the effects of

deformable boundaries on the bubble’s behavior and yield insights into the mechanisms leading

to extremely fast and potentially damaging micro-jets.

Key words: cavitation, bubble dynamics, granular boundaries, elastic boundaries, micro-jets,

shock-waves.
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Résumé

La cavitation est un sujet qui suscite depuis longtemps un vif intérêt en raison des nombreuses

applications qui lui sont associées. L’une des raisons principales de cet intérêt réside dans le

fait que l’implosion de bulles de cavitation libère une quantité considérable d’énergie dans

son environnement. Selon le domaine d’application, cette libération d’énergie peut avoir des

conséquences néfastes, mais elle peut également être exploitée à des fins bénéfiques. En général,

le comportement de ces bulles est influencé par la présence d’une surface avoisinante et varie

en fonction de la nature de cette surface.

Cette thèse poursuit ainsi l’objectif d’étudier le comportement de bulles de cavitation en pré-

sence de surfaces déformables. Plus précisément, nous avons examiné deux types de surfaces :

une surface granulaire et une surface élastique. Pour évaluer les principales caractéristiques du

comportement des bulles en présence d’une surface donnée, nous avons mené des observa-

tions expérimentales de bulles de cavitation générées au laser au moyen de l’imagerie à haute

vitesse et avons utilisé un code de calcul pour écoulements potentiels. Nous avons ensuite

comparé le comportement des bulles de cavitation près de ces deux types de surfaces à celui

de bulles similaires évoluant près d’une surface rigide, une configuration déjà bien connue et

documentée.

Les surfaces granulaires se présentent sous la forme de lits de sable composés de billes de verre de

taille variable. A la différence de bulles évoluant proche d’une surface rigide, les bulles générées

à proximité d’une interface granulaire ont une durée de vie plus courte et un déplacement réduit

de leur centre de masse. Au-dessus de ° … 1.3, la bulle présente des caractéristiques similaires

à celles d’une bulle évoluant proche d’une surface rigide. Cependant, lorsque ° se situe entre

0.6 et 1.3, la déformation du lit de sable contraint la bulle à adopter une forme conique lors

de son implosion, ce qui entraîne la formation de micro-jets beaucoup plus rapides que ceux

observés proche d’une surface rigide. Lorsque ° est inférieur à 0.6, la forme de la bulle ressemble,

lors de son implosion, à celle d’une cloche, et l’on peut observer la formation de micro-jets se

déplaçant à une vitesse supérieure à 1000 m/s. De plus, entre ° … 1.3 et ° … 0.3, des jets de sable

jaillissent après l’implosion de la bulle. En remplaçant le sable par un liquide équivalent, nous

constatons que le paramètre d’anisotropie ‡ peut être utilisé pour prédire le déplacement du

centre de masse de la bulle et la durée de sa deuxième période d’oscillation. En utilisant la même

hypothèse, les simulations numériques fournissent également des prédictions satisfaisantes

quant au comportement de la bulle.

Les surfaces élastiques se présentent sous la forme d’hydrogel d’agarose ayant une élasticité

variable. Selon la valeur de °, nous distinguons deux principaux régimes d’oscillation. Dans
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Résumé

les deux régimes, les micro-jets sont déclenchés par la collision d’un écoulement au niveau de

l’axe de symétrie de la bulle. Par ailleurs, nous observons que ces micro-jets sont initialement

atomisés avant de se stabiliser en des micro-jets entièrement liquides. La partie atomisée des

micro-jets peut atteindre des vitesses allant jusqu’à 2000 m/s, alors que la partie liquide peut

enregistrer des vitesses allant jusqu’à 1000 m/s.

Enfin, nous introduisons une procédure, qui utilise la Virtual Frame Technique, pour suivre la

dynamique extrêmement rapide des bulles de cavitation en se basant sur une seule ombroscopie

prise avec une appareil photographique grand public.

Dans l’ensemble, les résultats présentés dans cette thèse permettent de mieux comprendre le

comportement des bulles de cavitation en présence de surfaces déformables, ainsi que les mé-

canismes qui conduisent à la formation de micro-jets extrêmement rapides et, par conséquent,

potentiellement destructeurs.

Mots-clés : cavitation, dynamique de bulle, surface granulaire, surface élastique, micro-jets,

ondes de choc.
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1 Introduction

1.1 Cavitation

Cavitation is defined as the formation of transient vapor cavities in a liquid following a local

pressure drop [57, 22]. This phase-change process, which takes place at approximately constant

temperature, is thus analogous to boiling in that the liquid phase is ruptured, but with the

difference that the driving mechanism is a decrease in pressure rather than an increase in

temperature. For bubble nucleation, i.e., cavitation, to take place, the pressure in the liquid must

generally be lowered below the vapor pressure of the liquid. In pure and homogeneous water,

which can withstand large tensions due to its strong intermolecular bond, the theoretical tension

required for the nucleation of bubbles is above 100 MPa at room temperature [33], the order

of magnitude of which has been achieved experimentally by isochoric cooling of ultra-pure

water inclusions in quartz [211, 6]. However, in practical applications where the cleanliness

and purity of the liquid are not guaranteed, the tensile strength is much lower. For example,

in ordinary water, such as tap water or seawater, the cavitation inception generally occurs at

liquid tensions well below 0.1 MPa [116, 83]. The reason for this is attributed to the presence of

inhomogeneities in the liquid that create sites of weakness and greatly facilitate the occurrence

of cavitation. These inhomogeneities are small inclusions of gas and vapor, known as cavitation

nuclei. They can either reside in the bulk of the liquid or be trapped in small crevices found in

the liquid bounding walls or in the solid particles in suspension [57]. In such a situation, the

tensile strength of the liquid is hence determined by nuclei and the cavitation produced in this

way is named heterogenous cavitation. If the liquid pressure falls below the critical pressure that

the nucleus can sustain under stable equilibrium, it becomes unstable and grows ’explosively’,

thus forming a cavitation bubble. In turn, the pressure in a liquid can change abruptly so that

the unstable bubble suddenly finds itself in a region of increased external pressure, forcing it

to collapse violently inwards. This collapse releases a considerable amount of energy into the

surrounding environment. This may have detrimental consequences in certain applications,

but can also be exploited beneficially in others.

Cavitation was first reported and investigated around ship propellers at the end of the 19th

century following the failed sea trial of the H.M.S. Daring destroyer [178, 11, 182]. It was indeed

found that the ship did not reach the predicted speed due to the formation of cavities on
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Chapter 1. Introduction

the propeller screws. Since then, cavitation has become a focal point of research on marine

propellers and hydraulic machines, where studies have highlighted the powerful mechanical

properties of collapsing cavitation bubbles and revealed the many undesirable side effects

associated with them. These effects include a reduction in hydrodynamic performances, noise,

vibration and even erosion [8, 53, 7]. The aggressiveness of cavitation is also problematic in

other applications, such as in the fuel injectors of combustion engines [61, 40] or in the pumps

of liquid fuel rocket engines [185, 50]. Although traditionally considered an adverse side effect,

it has become increasingly clear in recent decades that the powerful properties of cavitation

could be put to beneficial use. In biomedicine, for instance, cavitation bubbles may be used in

targeted drug delivery [164, 90], ultrasound-based tissue ablation [113, 10] or as a contrast agent

for medical imaging [114, 187]. The formation of cavitation bubbles is also associated with a

variety of laser-based surgeries [9, 73, 63]. The powerful properties of cavitation are also used

in surface cleaning applications [54, 206], for water treatment purposes [62, 127] or to enhance

the rate of certain chemical reactions [172, 152]. Although the above cavitation phenomena are

all caused by human activities, it should be known that cavitation also exists in nature. In trees,

for example, the sap is transported from the roots to the leaves in the xylems under tension. If

the tension reaches a certain threshold, cavitation may form and block this transport [38, 188].

Cavitation bubbles may also be produced by the snapper shrimp when it violently closes its

claws [186], or by the mantis shrimp when it rapidly strikes nearby objects with its raptorial

appendages [128]. These shrimps use the powerful properties of cavitation to either stun their

prays or fracture the shells in which they reside.

1.2 Single cavitation bubbles: how to study them?

In many of the above applications, cavitation occurs in the form of a myriad of bubbles that

interact with each other. These are commonly referred to as cavitation clouds. A detailed

study of these clouds is however challenging because of the multiple temporal and spatial scales

associated with their dynamics and the difficulty to precisely control the bubbles nucleation sites.

Consequently, most experimental studies investigate the macroscopic behavior of the cavitation

clouds, but lack the resolution to identify the dynamics of the individual bubbles [142, 26, 202].

An exception to this may be found in the work of Bremond et al. [21] who have developed an

experimental set-up that allows the reproducible study of two-dimensional cavitation clouds

made of 37 bubbles. In numerical studies, quantifying the cavitation cloud dynamics at the

bubble level is also challenging principally owing to the associated computational cost [181],

although recent simulations have managed to model the collapse of clouds made of 12’500

resolved bubble [140].

Given these challenges, the fundamental behavior of cavitation bubbles and the powerful

mechanisms associated with their dynamics are often studied using a simplified test case: the

growth and collapse of a single bubble. For this purpose, several techniques may be considered,

including theoretical, experimental, and numerical approaches, which are briefly reviewed in

the following sections.
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1.2. Single cavitation bubbles: how to study them?

1.2.1 Theoretical spherical models

The theoretical foundation for the study of the collapse of an empty cavity in a liquid at rest

were first derived by Besant in 1849 [13]. Besant attributed the problem that he derived to the

Cambridge Senate House examination of 1847. This work was later extended by Lord Rayleigh

in 1917 to estimate the pressure produced in the liquid during the implosion of a cavitation

bubble [141]. Considering the collapse of a spherical empty cavity in an infinite liquid and

neglecting the effects of surface tension, viscosity and compressibility, its was shown that the

time evolution of the bubble radius R(t ) obeys the following relation,

RR̈ ¯ 3

2
Ṙ2 ˘ ¡ p1

‰
(1.1)

where ‰ is the liquid density, p1 is the reference liquid pressure and the over-dots indicate

the temporal derivatives. Equation 1.1 is known as the Rayleigh equation. It is usually solved

numerically, although asymptotic solutions [121] and closed-form solutions [94] have been

derived. The equation can be further extended to consider the collapse of a cavity filled with

liquid vapor, in which case the pressure on the right-hand-side of the equation is replaced by

pv ¡ p1, with pv the constant liquid vapor pressure. The time it takes a bubble with initial

radius Rmax to collapse and reach a zero radius is called the Rayleigh collapse time, TR. For a

vapor bubble, it can be obtained from equation 1.1 as, TR … 0.915Rmax
p

‰/(p1 ¡ pv). Rayleigh

equation suffers form the limitation that Ṙ increases without limit as R decreases. The indefinite

increase may be avoided if the presence of non-condensable gas is considered inside the bubble.

Doing so, and further including the effects of liquid viscosity and surface tension, yields the

commonly known Rayleigh-Plesset equation [134, 22],

RR̈ ¯ 3

2
Ṙ2 ˘ 1

‰

µ
pB ¡ p1 ¡ 2¾

R
¡ 4„Ṙ

R

¶
(1.2)

where ¾ is the surface tension, „ the liquid dynamic viscosity and pB the pressure within the

bubble. Considering that the bubble is uniformly filled with a combination of liquid vapor with

constant pressure and non-condensible gas with pressure pg, the pressure within the bubble

is given by pB ˘ pv ¯ pg. Assuming the gas follows an adiabatic law with adiabatic exponent k,

the gas pressure is expressed as pg ˘ pg,0(R0/R)k , where pg,0 is the gas pressure at some bubble

reference size R0. Furthermore, the effects of liquid compressibility may become important in

the final instants of the bubble collapse, where the Mach number at the bubble wall quickly

increases. To account for these effects, more elaborate models have been introduced by authors

such as Keller and Miksis [82] or Prosperreti and Lezzi [139, 99]. The Keller-Miksis model is

expressed as follow,

µ
1 ¡ Ṙ

c

¶
RR̈ ¯ 3

2

µ
1 ¡ Ṙ

3c

¶
Ṙ2 ˘ 1

‰

µ
1 ¯ Ṙ

c

¶µ
pB ¡ p1 ¡ 2¾

R
¡ 4„Ṙ

R

¶
¯ R

‰c
ṗI (1.3)
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Chapter 1. Introduction

where c denotes the speed of sound in the water and pI ˘ pB ¡ 2¾/R ¡ 4„Ṙ/R. It can easily

be shown that, when c ! 1, equation 1.3 reduces to equation 1.2. Various further develop-

ments were carried out to extend these models, taking into account, for example, the heat and

mass transfer at the bubble interface, the source of generation of the bubble or the effects of

confinement on the spherically oscillating bubble [174, 80, 4, 193, 102].

1.2.2 Experimental methods

The above models are limited to bubbles that remain spherical throughout their lifetime. In

contrast, experimental techniques allow the study not only of bubbles that maintain their

spherical symmetry, but also of bubbles exhibiting an aspherical behavior. To this end, the

generation of single, on-demand cavitation bubbles is frequently achieved by depositing energy

into a small volume of liquid, although techniques trapping a single bubble in an acoustic

field may also be employed [59, 23]. There exist several ways of locally depositing energy in

the liquid. One of them is achieved with explosive charges which produce an underwater

explosion or UNDEX. When the explosive detonates, a high-pressure, high-temperature gas

bubble is created, which then grows by inertia [84, 24, 76]. This technique produces very large

bubble which, depending on the amount of explosive, can reach several meters in radius [84].

However, because of the byproducts of the explosion, the bubble generally remains opaque

making it difficult to study its interior [209]. An alternative technique uses an electrical spark

discharge between two submerged electrodes to create the bubble [30, 156, 209, 41]. In this

case, the fast electrical discharge causes the water to heat up locally and vaporize, creating a

bubble that quickly expands. The resulting bubble can be centimeter-sized. A further technique

to generate single cavitation bubbles is with a pulsed laser [190, 27, 171, 146]. Here, initially

quasi-spherical bubbles are created by tightly focusing the pulse of light (usually lasting a few

nanoseconds) into the water. If enough laser energy is absorbed by the liquid at the focal point,

an optical breakdown takes place leading to the formation of a plasma from which the vapor

bubble explosively emerges. This technique presents a distinct advantage over spark-generated

cavitation bubble in that it is non-intrusive, although the maximum achievable size of the

resulting bubbles is usually smaller. It is generally well accepted that spark- and laser-induced

cavitation bubbles exhibit similar behaviour to that of hydrodynamic cavitation bubbles, which

arise following a sudden drop in the surrounding liquid pressure. They are therefore excellent

candidate to gain further insights into the dynamics of single cavitation bubbles. It should

however be noted that spark- and laser-induced bubbles contain some amount of gas that is

created at the bubble initiation by a plasma-induced water dissociation [156].

The dynamics of cavitation bubbles is exceptionally fast and their lifetime rarely exceeds a few

milliseconds. As a consequence, the time-resolved study of their behaviour generally requires

the use of high-speed cameras capable of capturing several hundred thousands frames per

second or more. Alternatively, the visualization of the bubble behaviour can be achieved by

freezing its motion on the image sensor with very short illumination pulses [189, 200].
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1.2.3 Numerical methods

The study of cavitation bubble dynamics may also be undertaken via numerical simulation. We

succinctly discuss here two of the main methods that have proven to be particularly suitable for

modeling the bubble behaviour: finite-volume methods and boundary integral methods. In the

finite-volume method, the biphasic fluid domain is discretized into a series of interconnected

cells at the centre of which the governing flow equations are solved. The governing equations

solved by this method generally are the Navier-Stokes or Euler equations and the interface

between bubble and the liquid is usually captured by a level-set [117, 32], front-tracking [103,

135], volume of fluid [87, 92] or diffuse-interface [158, 29] scheme. These methods provide very

accurate results and are able to model cavitation bubbles in a large variety of scenarios, capturing

not only the dynamics of the bubbles but also the acoustic emissions associated with their

collapse. In some circumstances, these methods may however be computationally prohibitive

since the number of cells required to solve the problem in an axisymmetric configuration is

generally of the order of O (105) cells [135, 87, 92]. Alternatively, the boundary integral method

only requires the boundaries of the fluid domain to be meshed, thus significantly reducing

the computational cost. In this method, the flow is governed by Laplace equation, which

implies that the fluid under investigation is assumed inviscid and incompressible and its flow

irrotational. Subsequent developments have however allowed to incorporate the effects of liquid

viscosity [70] and compressibility [192] through boundary conditions. Despite their simplifying

assumption, boundary integral methods allow for a fairly accurate prediction of the bubble

behaviour and have been widely adopted to study the behaviour of single cavitation bubble in a

variety of configurations [210, 1, 149, 85, 70, 197].

1.3 Single bubble dynamics: an overview

The typical dynamics of a cavitation bubble evolving in an unbounded domain are shown in

figure 1.1. The bubble under investigation is generated with a pulsed laser. Figure 1.1(a) shows

a sequence of shadowgraphs depicting the bubble growth, collapse and rebounds, and figure

1.1(b) shows the temporal radius evolution. The predictions of the Rayleigh (equation 1.1) and

Keller-Miksis (equation 1.3) models are moreover included in that figure. Immediately after the

plasma is generated, the bubble expands explosively and sets the liquid in its vicinity in motion.

The bubble grows at a decelerating rate until it reaches a maximum radius Rmax. At this stage,

the bubble-liquid system has acquired a potential energy, Epot ˘ (4…/3)R3
max(p1 ¡ pv). Driven

by the ambient pressure, the bubble then collapses inwards. During the contraction phase, the

liquid in the immediate vicinity of the bubble is compressed. The bubble’s gaseous content

(liquid vapor and non-condensable gas) also compresses, a process that is accompanied by

an increase in temperature inside the bubble. This temperature may reach several thousands

degrees, leading to the emission of light called luminescence [169]. As the pressure within the

bubble increases, the gas acts as a spring which eventually halts the bubble contraction and

drives its rebound, leading to new growth and collapse phases that can repeat several times.

Although most of the vapour condenses into liquid during the bubble collapse, it is thought
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that some portion of it may remain trapped in the bubble during the final stage of collapse and

also contributes to the rebound [58, 4]. Upon rebound, the re-expansion of the bubble and

the surrounding compressed liquid drives a shock wave [102]. This shock wave is believed to

radiate most of the energy of the bubble-liquid system, leaving only a small fraction of energy for

the rebound process [102, 170]. The emission of shock waves, moreover, is one of the possible

mechanisms responsible for cavitation-induced damage [131, 4, 170].
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Collapse shock wave

Figure 1.1 – (a) Shadowgraphs of the growth, collapse and rebounds of a cavitation bubble in an un-
bounded medium. The bubble reaches a maximum radius Rmax … 3.75 mm. The interframe time is
75 „s and the black line indicates the 2 mm scale. (b) Radial evolution of the bubble. The Rayleigh
and Keller-Miksis models are also displayed. Both models predict the bubble collapse phase, which is
separated from the growth phase by the dotted red line, but are mirrored across the axis t ˘ TR. For the
Keller-Miksis model, the value of pg,0 ˘ 1.1 Pa and R0 ˘ 3.75 mm were chosen to fit the maximum radius
of the first rebound.

When a bubble oscillates in a non-spherically symmetric environment, its dynamics are sig-

nificantly affected. Such environments create anisotropies in the pressure field surrounding

the bubble and are often associated with the presence of a nearby boundary. In this case, as

first shown by Naudé et al. [118] for bubbles near a solid surface and by Blake et Gibson [17]

for bubbles near a free surface, the level of anisotropy strongly depends on the dimensionless

stand-off parameter, ° ˘ s/Rmax, where s is the distance between the initial bubble centre and

the boundary. Compared to the perfectly spherical collapse, anisotropies in the flow give rise

to an aspherical bubble collapse that is generally characterized by the formation of a liquid

micro-jet and the displacement of the bubble centroid. An example of a bubble collapsing

close to an aluminum plate at ° … 0.9 is provided on figure 1.2. The micro-jet is clearly visible

between frames 10 and 12 as it forms at the bubble’s upper hemisphere and travels towards the
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rigid boundary. Depending on the nature of the nearby boundary and the stand-off distance,

the micro-jet may reach supersonic speeds [146, 98]. It is also one of the possible mechanism

responsible for cavitation-induced damage.

micro-jet

Figure 1.2 – Image sequence depicting the collapse of a cavitation bubble near a rigid surface at ° … 0.9.
The interframe time is 50 „s and the white line indicates the 2 mm scale.

1.4 Thesis objective

To date, a significant portion of the research on single cavitation bubbles has focused on the

interactions of these bubbles with a rigid boundary or a free surface. Yet, owing to the growing

spectrum of applications involving cavitation in various environments, an understanding of the

bubbles behaviour near other types of boundaries is becoming increasingly relevant. The main

objective of this thesis is thus to investigate the dynamics of cavitation bubbles near boundaries

that deform when exposed to the velocity and pressure fields induced by the bubble growth and

collapse. To this end, we consider two distinct types of boundaries: a granular boundary and an

elastic boundary. While the interaction of cavitation bubble with granular materials can occur

during the detonation of explosive charges near the seafloor [93] or during deagglomeration/dis-

persion processes [138], the interaction of cavitation bubbles with elastic surfaces may find

applications in biomedicine [63]. To investigate the behavior of the bubbles, various key features

are evaluated, such as the temporal evolution of their shape, the formation of micro-jets, and

the emission of shock waves. This evaluation is carried out by high-speed visualization of single

laser-induced bubbles and by numerical simulations employing a boundary integral method

solver developed for this purpose.

1.5 Thesis outline

The present thesis is a compilation of four independent articles, either already published,

submitted for publication or in preparation for publication. In the first part of this work, the

boundary integral method solver developed and used to gain further insights into the behaviour

of the cavitation bubbles is presented. This first part, is addressed in chapter 2, which is entitled

BIMBAMBUM: a solver for the simulation of single cavitation bubble dynamics. The second part
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sets to investigate the dynamics of these bubbles near two types of deformable boundaries. In

particular, chapter 3 focuses on the granular boundary while chapter 4 focuses on the elastic

boundary. These chapters are entitled Dynamics of cavitation bubbles near granular boundaries

and Cavitation bubble dynamics and micro-jet atomization near tissue-mimicking materials. In

a third part, a step towards alternative visualization technique for the study of a single cavitation

bubble dynamics is discussed. This 5th chapter is entitled Ex uno plures: how to construct

high-speed movies of collapsing cavitation bubbles from a single image. Finally, in chapter 6, the

main findings of this thesis are summarized and future perspectives are discussed.
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2 BIMBAMBUM: a potential flow solver
for single cavitation bubble dynamics

This chapter consists of a version of a manuscript that has been submitted to the journal Com-

puter Physics Communications. The manuscript has been submitted together with the computer

program it describes, the objective being to make the potential flow solver developed during this

thesis openly available and to provide a detailed description of its numerical implementation

along with its validation. The following co-authors have also contributed to the work: Henri

Sieber, Davide Preso and Mohamed Farhat.

The author’s contribution: The author wrote most of the code and validated it. With the help of

the co-authors, he wrote the manuscript and will be first author of the submitted version.

Abstract

In the absence of analytical solutions for the dynamics of non-spherical cavitation bubbles, we

have implemented a numerical simulation solver based on the boundary integral method (BIM)

that models the behavior of a single bubble near an interface between two fluids. The density

ratio between the two media can be adjusted to represent different types of boundaries, such as

a rigid boundary or a free surface. The solver allows not only the computation of the dynamics

of the bubble and the fluid-fluid interface, but also, in a secondary processing phase, the com-

putation of the surrounding flow field quantities. We present here the detailed implementation

of this solver and validate its capabilities using theoretical solutions, experimental observations,

and results from other simulation softwares. This solver is called BIMBAMBUM which stands

for Boundary Integral Method for Bubble Analysis and Modeling in Bounded and Unbounded

Media.

2.1 Introduction

Cavitation refers to the formation of vapor and gas-filled cavities in a liquid following a sudden

drop in pressure. These cavities, known as cavitation bubbles, are a subject of significant and
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growing interest owing to the many processes in which they are found. Traditionally observed

around ship propellers and hydraulic turbines, where they cause unwanted and deteriorating

effects [8, 7], cavitation bubbles are now gradually being used in biomedical, chemical and

cleaning applications, with the aim of exploiting their powerful properties [164, 49, 203].

Due to the diversity and nature of these applications, an accurate understanding of the behavior

of the bubbles is critical for the safe and efficient use of cavitation. For that purpose, the

study of the bubbles fundamental dynamics is often reduced to a simplified test case: the

growth and collapse of a single bubble. These studies can be performed through numerical

simulations that allow the modeling of a wide range of flow configurations and provide valuable

information about the nature of the flow field. In that case, the governing Navier-Stokes or Euler

equations may be solved with grid-based methods that employ level-set [117, 75, 32], front-

tracking [204, 103, 135], volume of fluid [87, 92, 207] or diffuse-interface [180, 158, 29] techniques

to capture the interface between the bubble and the liquid. These methods provide accurate

results that compare well with experiments, but they can be computationally expensive as the

number of cells required to solve the problem in an axisymmetric configuration is generally of

the order of O (105) cells. Alternatively, if one assumes the flow incompressible and potential

during the lifetime of the bubble, Laplace’s equation is satisfied and the boundary integral

method (BIM) may be used. The BIM makes it possible to find the velocity potential anywhere

in the numerical domain by solely solving the flow problem at the edges of the domain. This

means that only the boundaries of the numerical domain need to be meshed, thus significantly

reducing the computational cost. Initiated by Blake and collaborators to model the growth

and collapse of bubbles near flat rigid walls and free surfaces [173, 19, 20], the use of BIM has

since been widely adopted to study the behavior of single cavitation bubble in a variety of

configuration, such as near planar or curved rigid interfaces, free-surfaces, elastic interfaces,

fluid-fluid interfaces or even in tubular vessels [210, 171, 100, 101, 1, 194, 149, 86, 43, 85, 70, 197].

Many of the references cited above have contributed to the improvement of the BIM with the ob-

jective of better understanding and predicting the behavior of cavitation bubbles. Nevertheless,

the numerical solvers these references describe have essentially been developed in-house by

the different research teams and are rarely open access. We have developed such solver that we

successfully employed to describe the dynamics of cavitation bubbles near granular boundaries,

which we modeled as equivalent liquid [162], and near elastic interfaces [163]. We now wish

to make this solver publicly available with the vocation to allow research teams, students and

any other interested person to quickly get insights into the behavior of cavitation bubbles and

hopefully to provide a basis for an accelerated and collaborative developments of this solver.

In this work we thus present the version 1.0 of BIMBAMBUM, which stands for Boundary Integral

Method for Bubble Analysis and Modeling in Bounded and Unbounded Media. The solver

models the dynamics of single cavitation bubbles, assuming axial symmetry in the bubble shape

and flow field, and allows these dynamics to be considered in a variety of flow configurations. In

section 2.2 we provide a short overview of the solver structure and introduce its dependencies.

Section 2.3 describes the equations governing the flow field and section 2.4 the numerical
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Figure 2.1 – Growth and collapse of a bubble near a free-surface at ° ˘ 0.8. The first row demonstrates the
results obtained with the first processing stage only. The second row show the associated pressure (left
halves of the frames) and velocity (right halves of the frames) fields obtained with the second processing
stage. All units are dimensionless.

implementation of these equations. We finally validate the code in section 2.5.

2.2 Solver overview and dependencies

BIMBAMBUM is a two-stage potential flow solver designed to model the dynamics of a cavitation

bubble near an initially flat boundary. The first stage, also referred to as main stage, computes the

time evolution of the surfaces of the bubble and nearby boundary. The second stage computes

the velocity and pressure fields associated with the bubble dynamics at any selected time point

in the bubble lifetime. Both stages of the solver must be executed separately. The first processing

stage can be used as stand-alone if the user only wants to calculate the dynamics of the bubble.

The secondary processing stage, on the other hand, requires the results of the first stage as

inputs. Sample results obtained with the first and second processing stage are illustrated in

figure 2.1 for a bubble evolving near a free surface.

BIMBAMBUM is largely written in C++ to allow fast computation of bubble dynamics on a

personal computer. The main processing stage is fully written in C++ and employs the modular

nature of the language through polymorphism and inheritence of classes allowing for facilitated

further developments. The solver relies on the Armadillo library for linear algebra [153, 154] and

on the GNU scientific library [60] for numerical integrations. To accelerate the computation, the

performance-critical tasks are moreover parallelized using the multi-processing library OpenMP

[44]. Finally, the BOOST library is used to parse the JSON input data in C++ [157]. The secondary

processing stage is partially written in Python and relies on the following freely available open

source libraries: Numpy [71] and Matplotlib [77]. Yet, the performance critical tasks are written
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in C++ and integrated into the Python program as an extension module using pybind11 [78].

2.3 Mathematical model

2.3.1 Physical domain and governing equations

We consider the growth and collapse of a single cavitation bubble in a liquid of density ‰1. Since

most of the phenomena associated with single bubble dynamics may be seen as axisymmetric,

we treat this problem in a 2D configuration with coordinates (r, z), as illustrated in figure 2.2. The

domain occupied by the fluid is denoted as D1 and is delimited by a boundary @D1 consisting

of the bubble surface, @B , and an infinite interface @I . On the other side of this interface we

consider a second fluid of density ‰2 and domain D2, delimited by the same boundary @I . Both

fluids are subjected to gravity g . Considering a fluid-fluid interface with a density jump provides

a generalization of the already well-documented interactions of cavitation bubbles with rigid

boundaries and free surfaces [210, 171, 194, 149], where a density ratio ‰1/‰2 ! 0 models the

behavior of a bubble near a rigid wall, ‰1/‰2 ! 1 near a free surface and ‰1/‰2 ˘ 1 simulates a

bubble in an unbounded liquid, as shown by Klaseboer and Khoo [86]. In agreement the majority

of other works in the literature [210, 171, 194, 149], the two fluids under consideration are

assumed inviscid and incompressible and the associated flows irrotational. These assumptions

are acceptable given that most of the bubble dynamics are inertia dominated and viscous effects

are concentrated in thin boundary layers near the surfaces. It should nonetheless be emphasized

that compressibility effects of the liquid can be important in the final instants of the bubble

collapse, where its interface velocity may become significant with respect to the liquid speed

of sound. The above assumptions leads to the velocity being expressed as the gradient of a

potential ui ˘ r`i , with i ˘ 1,2. In that case, the following equations are valid in both fluids

[86, 42],

r2`i ˘ 0 (2.1)

@`i

@t
¯ jr`i j2

2
¯ pi

‰i
¯ g (zi ¡ z0) ˘ p1

‰i
(2.2)

Equation 2.1 is the Laplace equation and equation 2.2 is Bernoulli equation, where p1 is the

far-field reference pressure and z0 is a reference coordinate of the system at rest. The bubble,

which would reach a maximum radius Rm in an unbounded medium, is initially located at a

distance s from the interface. We consider that it is uniformly filled with a combination of liquid

vapor with constant pressure, pv, and non-condensable gas with pressure pg. The heat and

mass transfer across the interface are neglected and the gas is considered as ideal yielding an

adiabatic process with a gas pressure given by pg ˘ pg,0(V0/V )k , where p0 and V0 are the initial

gas pressure and bubble volume, respectively, and V is the instantaneous bubble volume. The
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Figure 2.2 – Computational domain.

superscript k denotes the ratio of specific heat. Hence, we can write the pressure within the

bubble as [22],

pb ˘ pv ¯ pg,0(V0/V )k (2.3)

The case of zero non-condensable gas content may also be considered in the simulation and

would result in a bubble solely filled with liquid vapor. At the liquid-liquid interface, we include

the possibility to mimic the effects of an elastic boundary. This is done by considering an

interfacial tension between the two immiscible fluids [43, 183]. As a results, the pressure directly

above and directly below the interface is related by the Young-Laplace equation,

p1 ˘ p2 ¯¾K (2.4)

where ¾ is the interfacial tension and K represents the curvatures of the interface.

2.3.2 Non-dimensionalization

For the sake of convenience, we scale all terms and solely consider dimensionless quantities. To

that end, we follow the work of Blake et al. [19, 20] and scale the lengths by the bubble maximum

radius Rm, the time by Rm
p

‰1/¢p and the pressure p by (p ¡pv)/¢p, where ¢p ˘ p1 ¡pv. This
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yields the following set of dimensionless quantities,

° ˘ s

Rm
† ˘ pg,0

¢p
– ˘ ‰1g Rm

¢p
¾̄ ˘ ¾

Rm¢p
(2.5)

where ° is the stand-off distance, † is the strength parameter, – is the buoyancy parameter and ¾̄

represents the dimensionless surface tension. The notation fi ˘ ‰1/‰2 is additionally used to

represents the density ratio. We note here that for small bubbles, Rm » O (10¡3 m), the effects of

gravity scale as – » O (10¡4) in water at atmospheric condition and may be neglected.

2.3.3 Dynamic and kinematic boundary conditions

The boundary integral approach requires an appropriate set of dynamic and kinematic boundary

conditions on @B and @I . At the bubble interface, neglecting the effects of surface tension, the

dynamics boundary condition is obtained by equating the pressures within the bubble and

in the fluid. This is achieved by combining equations 2.2 and 2.3, where the value of z0 ˘ ° is

considered. The resulting dimensionless equation reads,

@`1

@t
¯ jr`1j2

2
¯†

µ
V0

V

¶k

¯–(z ¡°) ¡ 1 ˘ 0 (2.6)

At the liquid-fluid interface, the pressures directly above and directly below the interface are

related by the equation 2.4, which, combined with equation 2.2 for each fluid layer, yields the

following dynamic boundary condition in dimensionless form,

@(`2 ¡fi`1)

@t
¯ jr`2j2 ¡fijr`1j2

2
¯–(1 ¡fi)z ¡fi¾̄K̄ ˘ 0 (2.7)

Note that the value z0 ˘ 0 is considered at the fluid-fluid interface. In addition, the formation

of holes between the two liquid phases is avoided by ensuring that the normal velocities are

continuous across the interface. Following the formulation of Klaseboer and Khoo [86, 85], all

surfaces are treated in a Lagrangian manner where the material derivatives D/Dt are taken with

respect to fluid 1 so that Dx/Dt ˘ @x/@t ¯ r`1 ¢ rx. The rate of change of the potential thus

takes the following form on the boundaries of the bubble @B ,

D`1

Dt
˘ jr`1j2

2
¯ 1 ¡†

µ
V0

V

¶k

¡–(z ¡°) (2.8)
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and at the fluid-fluid interface @I ,

DF

Dt
˘

µ
r`1 ¢r`2 ¡ jr`2j2

2
¡fi

jr`1j2
2

¶
¡–(1 ¡fi)z ¯fi¾̄K̄ (2.9)

where F ˘ `2 ¡fi`1. Finally, the position of the bubble surface and the fluid-fluid interface is

subjected to the following kinematic condition,

Dx

Dt
˘ r`1 (2.10)

where x ˘ (r, z) is a point on the boundaries of the domain and r`i ˘ (@`i /@n,@`i /@s), with

@`i /@n the normal and @`i /@s the tangential velocity on the boundaries.

2.4 Numerical implementation

2.4.1 Boundary integral formulation

The solution to equation 2.1 may be found by solving a boundary integral equation, where

the potential in the fluid domain can be derived as a function of the potential and its normal

derivative on the boundaries of the domain. The following boundary integral equation applies

in fluid 1 with domain D1,

c1(y)`1(y) ¯
Z

x2@D1

`1(x)
@G(y , x)

@n
ds ˘

Z
x2@D1

G(y , x)
@`1(x)

@n
ds (2.11)

and in fluid 2 with domain D2,

c2(y)`2(y) ¡
Z

x2@D2

`2(x)
@G(y , x)

@n
ds ˘

Z
x2@D2

G(y , x)
@`2(x)

@n
ds (2.12)

where G(y , x) is the Green function and y is a point in the domain. The coefficients c1 and c2 are

the solid angles which, for smooth boundaries, satisfy,

c1,2(y) ˘
(

2… if y 2 @D1,2,

4… if y 2 D1,2 \ @D1,2
(2.13)
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2.4.2 Discretization and integration

The integrals in equations 2.11 and 2.12 are computed using a colocation method where the

surfaces of the bubbles and the fluid-fluid interface are discretized in Nb and Ns elements,

respectively, resulting in Nb ¯ 1 and Ns ¯ 1 node points. The bubble and fluid-fluid interface

surfaces are represented by cubic splines fitted through the node points and parametrized with

respect to the surfaces arc length ». At the nodes, the potentials take the value ` j and their

normal derivatives the value ˆ j ˘ @` j /@n. Both quantities are assumed to vary linearly between

two adjacent node points. With these considerations, equation 2.11 may be discretized as follow

(a similar discretization applies to equation 2.12),

cp,i `i ¯ Ai , j ` j ˘ Bi , j ˆ j (2.14)

where `i is the potential at y ˘ (ri , zi ). The coefficient matrix A contains the discretized integral

of the normal derivative of the Green’s function and the matrix B contains the discretized integral

of the Green’s function. Both matrices additionally take into account the linear interpolation

between the nodal points. These quantities, the detailed derivation of which can be found in the

work of Taib [173] or Curtiss [42], have the following forms in axisymmetric coordinates,

Ai , j ˘¡
Z » j

» j ¡1

µ
»¡» j ¡1

» j ¡» j ¡1

¶
4r (»)¡

(r (») ¯ ri )2 ¯ (z(») ¡ zi )2
¢1.5

µ
2z 0(»)ri K (k(»))

k(»)2 ¯•
z 0(»)(r (») ¯ ri ) ¡ r 0(»)(z(») ¡ zi ) ¡ 2z 0(»)ri

k(»)2

‚
E(k(»))

1 ¡ k(»)2

¶
d» ¡Z » j ¯1

» j

µ
» j ¯1 ¡»

» j ¯1 ¡» j

¶
4r (»)¡

(r (») ¯ ri )2 ¯ (z(») ¡ zi )2
¢1.5

µ
2z 0(»)ri K (k(»))

k(»)2 ¯•
z 0(»)(r (») ¯ ri ) ¡ r 0(»)(z(») ¡ zi ) ¡ 2z 0(»)ri

k(»)2

‚
E(k(»))

1 ¡ k(»)2

¶
d»

(2.15)

and,

Bi , j ˘
Z » j

» j ¡1

µ
»¡» j ¡1

» j ¡» j ¡1

¶
4r (»)

p
r 0(»)2 ¯ z 0(»)2K (k(»))p

(r (») ¯ ri )2 ¯ (z(») ¡ zi )2
d»

¯
Z » j ¯1

» j

µ
» j ¯1 ¡»

» j ¯1 ¡» j

¶
4r (»)

p
r 0(»)2 ¯ z 0(»)2K (k(»))p

(r (») ¯ ri )2 ¯ (z(») ¡ zi )2
d»

(2.16)

with,

k2(») ˘ 4r (»)ri

(r (») ¯ ri )2 ¯ (z(») ¡ zi )2 (2.17)
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The functions K (k) and E(k) are the complete elliptic integrals of the first and second kind,

respectively, and their values are estimated with 12th order polynomial approximation as in

Pearson [129],

K (k) … P (1 ¡ k2) ¡Q(1 ¡ k2) log(1 ¡ k2) (2.18)

E(k) … R(1 ¡ k2) ¡ S(1 ¡ k2) log(1 ¡ k2) (2.19)

where P , Q, R and S are the tabulated polynomials, the coefficients of which are provided in

section 2.7. Note that the polynomials used in this work slightly differ from the ones employed by

Pearson [129]. We then integrate the equations 2.15 and 2.16 using the QAGS routine provided in

the GNU scientific library [60]. This routine performs a 21-points Gauss-Konrod quadrature on

adaptively refined subintervals concentrating the new subinterval around possible singularities.

A weak logarithmic singularity appear in the integrands when (r (»), z(»)) ˘ (ri , zi ).

2.4.3 Determination of normal and tangential velocities at the boundaries

The normal velocities at the domain boundaries are determined by evaluating the potentials `i

at the node points with discrete coordinates ri ˘ r (»i ) and zi ˘ z(»i ). In this case, equation 2.11

can be rewritten into the following system of Nb ¯ Ns ¯ 2 linear equations,

242…Ib ¯ A1 A2

A3 2…Is ¯ A4

3524`1,b

`1,s

35 ˘
24B1 B2

B3 B4

3524ˆ1,b

ˆ1,s

35 (2.20)

and equation 2.12 into the following Ns ¯ 1 system,

h
2…Is¡ A4

i
`2,s ˘ B4ˆ2,s (2.21)

where A1-4 are sub-matrices of A and B1-4 are submatices of B . The subscript 1 indicates

contributions to the boundary integrals where y 2 @B and x 2 @B , the subscript 2 where y 2 @I

and x 2 @B , the subscript 3 where y 2 @B and x 2 @I and the subscript 4 where y 2 @I and x 2 @I .

The subscript b refer to quantities on the bubble surface and the subscript s to quantities on

the fluid-fluid interface. Ib is the (Nb ¯ 1 £ Nb ¯ 1) identity matrix, and Is the (Ns ¯ 1 £ Ns ¯ 1)

identity matrix.

We then use the formulation introduced by Klaseboer and Khoo [86, 85] to rewrite equations

2.20 and 2.21 in a set of two coupled blocks and one independent block of linear equations

that take into account the relationship between the potentials on both side of the interface. A

detailed description of this implementation is provided in the work of the authors, so we only
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give the final results of their derivation,

24¡B1 A2(1 ¡fi)

¡B3 2…I ¯ A4 ¯fi(2…I ¡ A4)

3524ˆ1,b

`1,s

35 ˘
24¡(2…I ¯ A1)`1,b ¯ A2F

¡A3`1,b ¡ (2…I ¡ A4)F

35 (2.22)

ˆ1, s ˘ ¡B4
¡1(2…I ¡ A4)

£
fi`1,b ¯F

⁄
(2.23)

The values ˆ1,b and `1,s are obtained by solving the matrix system of equation 2.22. The

potential `2,s may then be obtained from the relation `2, s ˘ F ¯ fi`1. Finally, the tangential

velocities, @`1,b/@s, @`1,s/@s and @`2,s/@s, are calculated based on the potentials at the node

points and the geometry of the boundaries using cubic spline interpolations. With both the

normal and tangential velocities known at each node, the surfaces of the domain are updated

in time using equation 2.10. Similarly, `1,b and F are updated with equations 2.8 and 2.9,

respectively.

2.4.4 Initial conditions

The initial conditions determine the values of the potentials on the bubble surface and at the

fluid-fluid interface at the beginning of the simualtion. We consider that the fluid-fluid interface

is initially at rest, meaning that the potential `1,s(t0) ˘ `2,s(t0) ˘ 0 and therefore F (t0) ˘ 0, where

t0 is the initial time. On the surface of the bubble, two sets of initial conditions may be employed

depending on the gas content of the bubble. This choice is left to the user before the beginning

the simulations. If one wishes to model a cavitation bubble filled exclusively with liquid vapor,

the earliest stage of its growth can be approximated by the Rayleigh model [141], which is

assumed to also hold by symmetry for the growth phase of a spherical bubble in an unconfined

medium. The approximation of initial sphericity is not unreasonable as nearby boundaries

have little effect on the bubble behavior within the first instants of its lifetime. In that case, the

bubble is initiated as a sphere of radius R0 ˘ 0.1Rm, as suggested by Blake et al. [19]. Note that

the dimensionless value of Rm is unity. The corresponding initial time, t0, and potential, `1,b(t0),

are derived from the Rayleigh equation for a growing bubble. These values of are listed below in

non-dimensional units,

t0 ˘ 0.0015527 and `1,b(t0) ˘ ¡2.580698 (2.24)

If one wishes to include the presence of non-condensible gas, we consider the bubble as an

initially stationary high-pressure gas cavity whose earliest stage of growth is approximated by
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the diemensionless Rayleigh-Plesset equation,

RR̈ ¯ 3

2
Ṙ2 ˘ †

µ
R0

R

¶3k

¡ 1 (2.25)

where the over-dots indicate the temporal derivatives. At time t0 ˘ 0, the potential on the bubble

is given by `1,b(t0) ˘ 0. By further imposing that the maximum dimensionless radius reached by

this bubble in an infinite medium is unity, the relation between R0, † and k may be derived from

the Rayleigh-Plesset equation and is given by [85, 84, 70],

†

k ¡ 1
(R3k

0 ¡ R3
0) ˘ R3

0 ¡ 1 (2.26)

A root-finding algorithm [60] is used to establish the value of R0 based on the values of † and k

provided by the user.

2.4.5 Time-stepping

Once all potentials and velocities are known at time t ˘ tn , equations 2.8, 2.9 and 2.10 are

advanced in time. We have included two temporal schemes to update the different quantities,

noted here y . The scheme is to be chosen by the user before beginning the simulations. A first

order explicit Euler time step is implemented to allow fast computations. Its uses a constant

approximation of the derivative f ˘ d y/d t at time tn so that the value of y at time tn ¯ ¢t is

given by,

y(tn ¯¢t ) ˘ y(tn) ¯¢t f (tn , yn) (2.27)

For increased accuracy and stability, the second order Heun’s method is also implemented. In

that case, the value of y at time tn ¯¢t is given by,

y(tn ¯¢t ) ˘ y(tn) ¯ ¢t

2

£
f (tn , yn) ¯ f (tn ¯¢t , y(tn) ¯¢t f (tn , yn))

⁄
(2.28)

For both time-stepping schemes, we use adaptive time steps. This ensures that small time

steps are used when high flow velocities occur, which is usually the case in the first moments

of bubble growth or the last instants of its collapse, and that larger time steps are used around

the instants when the bubble reaches its maximum volume, where the flow velocities are much

slower. Following the work of Curtiss [42], we define the value of ¢t to limit the maximum
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change in potential over the bubble boundary or at the fluid-fluid interface,

¢t ˘ max

24min

0@ ¢µ

max
h

max
‡
j D`1

Dt j
·

,max
¡j DF

Dt j¢i ,¢tmax

1A ,¢tmin

35 (2.29)

where ¢µ is a constant chosen by the user on a case by case basis. A maximum time step size is

additionally imposed in the computation to avoid a loss of stability, ¢tmax ˘ 0.01, as well as a

minimum value of this time step set at ¢tmin ˘ 10¡5. The latter is implemented to limit the effect

of numerical noise as well as smoothing and filtering effects, which may become preponderant

when very small time steps are used [42].

2.4.6 Curvature computation

The computation of the curvature is required to account for elastic effects at the fluid-fluid

interface. In an axisymmetric configuration, it may be calculated as a function of the spatial

derivatives of the coordinates r (») and z(»),

K̄ ˘

8>>><>>>:
r 0z 00 ¡ z 0r 00

(r 02 ¯ z 02)3/2
¯ z 0

r (r 02 ¯ z 02)1/2
if r 6˘ 0,

2(r 0z 00 ¡ z 0r 00)
(r 02 ¯ z 02)3/2

if r ˘ 0

(2.30)

The values of the various spatial derivatives (noted with prime symbols) are estimated by a

fourth order polynomial fitted over 9 points around the node of interest. The spatial derivatives

of this polynomial are then used in equation 2.30. This technique was proposed by Curtiss [42] to

achieve higher stability compared to the spatial derivative obtained from spline interpolations.

We use the function polyfit of the Armadillo library to efficiently construct the polynomials

[153, 154].

2.4.7 Re-meshing

The Lagrangian nature of the simulation implies that the nodes on the bubble surface and the

fluid-fluid interface are advected by the fluid velocity and may end up clustering around region

of high curvature and high flow velocities. This may lead to difficulties associated with the

integration of equations 2.15 and 2.16 as well as leave certain regions of the boundaries under-

resolved. We avoid this by re-meshing the bubble and the fluid-fluid interface at each time step.

The N nodes are re-gridded using a geometric progression, in which case their positions, »i ,

along the surfaces of total arc-length S is given by,
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»i ˘

8>><>>:
0 if i ˘ 1,

hS
iX

k˘2
r k¡2 if i ˘ 2,3, ..., N

(2.31)

where h ˘ (r ¡1)/(r (N¡1) ¡1) is the first grid spacing with r the ratio of the geometric progression.

On the bubble surface we find that uniformly distributed grid points give satisfactory results in

most cases and therefore set r ˘ 0.9999. At the fluid-fluid interface, we concentrate the node

density around the symmetry axis, where the deformation is largest, and use r ˘ 0.97.

2.4.8 Smoothing

As observed in previous works [194, 129, 85, 42], numerical instabilities may develop on the

boundaries of the domain. If left untreated, these may grow and lead to a saw-tooth shape of the

bubble surface and/or fluid-fluid interface. To prevent the occurrence of such instabilities, the

boundaries surfaces are smoothed using a five point smoothing formula proposed by Longuet-

Higgins and Cokelet [106] and extended to handle unevenly spaced nodes. The frequency at

which the boundaries are smoothed is left to user.

2.4.9 End of simulation

The model computes the bubble dynamics as long as its surface remains simply connected. In

most cases, this means that the simulation ends at the moment when the liquid micro-jet that

forms and travels along the symmetry axis of the bubble hits its opposite side, i.e. when the

bubble becomes toroidal. Right after this instant, the fluid domain is doubly connected and

the solution procedure described above is no longer applicable. Although numerical methods

have been developed to simulate toroidal bubble dynamics (see for instance the work of Wang

et al. [194]), these are not implemented in the current version of our solver, which we believe

is adequate to capture most features of the bubble first oscillation. As a result, a condition to

detect any intersection of the bubble surface is checked after each time step.

2.4.10 Flow field quantities: second processing stage

In a secondary processing phase, we additionally provide the option to calculate the velocity

and pressure fields in the fluid domain D1 at any time step, tn . These quantities are evaluated at

discrete location in the domain D1 \ @D1, meshed on a structured grid with equidistant nodes.

We evaluate the values of the potentials `1 at any grid point by solving equation 2.11, taking

c1(y) ˘ 4… for y 2 D1 \ @D1. The flow velocities are then obtained as (u, v) ˘ (@`1/@r,@`1/@z)
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using a central differencing scheme on a five point stencil,

ui , j ˘ `i¯1, j ¡`i¡1, j

2h
(2.32)

vi , j ˘ `i , j ¯1 ¡`i , j ¡1

2h
(2.33)

where h is the spacing between nodes and the subscripts i and j refer to an arbitrary node

point in D1 \ @D1. Alternatively, the pressures are computed from the dimensionless Bernoulli

equation valid in D1,

@`1

@t
¯ jr`1j2

2
¯ P1 ¯–(z1 ¡ z0) ¡ 1 ˘ 0 (2.34)

where P1 is the dimensionless pressure. The presence of temporal derivative in equation 2.34

implies that the potentials must also be evaluated at different time steps around tn . We choose a

3-point central difference scheme to calculate the potential temporal derivative,

@`i , j

@t
˘ ¢t 2

1 `i , j ,tn¯1 ¯ (¢t 2
2 ¡¢t 2

1 )`i , j ,tn ¡¢t 2
2 `i , j ,tn¡1

¢t2¢t1(¢t2 ¯¢t1)
(2.35)

where ¢t1 ˘ tn ¡ tn¡1 and ¢t2 ˘ tn¯1 ¡ tn .

To ensure that each node where the potential is evaluated remains bounded within the fluid

domains D1,n¡1, D1,n and D1,n¯1 at times tn¡1, tn and tn¯1, respectively, the temporal evolution

of the boundaries of D1 must be considered. The procedure to achieve this is illustrated in

figure 2.3, which shows the boundary (solid green line) of a spherically collapsing cavity at three

successive times. First, the boundary at time tn is shifted away from the original boundary

by a user-defined constant quantity, a. The newly defined boundary is illustrated with an

orange dashed line. This adjustment ensures that the grid points in the fluid domain are taken

at a certain distance from the nodes constituting the actual domain boundaries (bubble and

fluid-fluid interface), thus avoiding inaccuracies in the evaluation of the integrals in equation

2.11 that could occur in the case of excessive proximity. Next, a point-in-polygon problem is

solved using a winding number algorithm to select the grid points that lie within this modified

domain. The same process is repeated at times tn¡1 and tn¯1. The grid points accepted over

all three time steps are indicated with black filled markers in figure 2.3, while the grids points

outside the domain are indicated with hollow circular markers. Finally, to also compute the

finite-differences on a five-point stencil at the nodes adjacent to the domain boundaries, we

create additional grid nodes at a distance a/4 from the grid point of interest (blue markers in the

zoomed box of figure 2.3).
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Accepted domain D1

Additional nodes near boundaries
Excluded nodes
Accepted nodes

Shifted boundary
Bubble boundary

tn¯1tntn¡1

a

Figure 2.3 – Meshing of the computational domain D1. Three successive instants of the collapse of a
spherical cavity are shown at time points tn¡1, tn and tn¯1. The solid green line illustrates the boundary
of the fluid region defined by the cavity, and the dashed orange line shows the same boundary shifted by
the user-defined quantity a. The filled black markers indicate grid points that lie within the newly defined
fluid domain (i.e. defined by the orange dashed boundary) at times tn¡1, tn and tn¯1. For grid point
laying adjacent to the domain boundaries, additional grid nodes are generated so that finite-differences
may be conducted on a five-point stencil. The later are indicated by blue circular markers in the zoomed
box.

2.4.11 Overview of the solution procedure

In the interest of clarity, we provide a step-by-step overview of the solution procedure for the

main processing stage, summarized in Algorithm 1. A set of initial conditions is provided by

the user in an input file that is read by the main program. This file contains information about

the spatial discretization, the temporal integration scheme, and the physical parameters that

determine the dynamics of the bubbles. Based on the input data, the main solver initializes the

simulation by discretizing the domain boundaries and assigning a potential `b,0 to each node

on the bubble surface and a potential difference F0 to each node at the fluid-fluid interface. The

solver then computes the elements of the coefficient matrices A and B using the equations 2.15

and 2.16, respectively. At this stage, the normal velocities ˆb and ˆ1,s as well as the potential

`1,s can be obtained by solving the equations 2.22 and 2.23. The potential `2,s is found via

the relation `2,s ˘ F ¡ fi`1. The tangential velocities are derived from the potentials on the

boundaries. The bubble volume and, depending on the simulation inputs, the curvature of the

fluid-fluid interface are also calculated at this stage. The potentials `b and F are then updated

in time with the equations 2.8 and 2.9, and the position of the nodes with the equation 2.10.

Depending on the smoothing frequency chosen by the user, the boundaries can be filtered to

avoid the onset of numerical instabilities. Finally, the bubble and fluid-fluid interface surfaces

are re-meshed to avoid a clustering of the node points. The calculation is performed until the

originally spherical bubble becomes toroidal or splits into two or more separate bubbles. At

each time step, the position, potential value, and normal velocity of each node on the bubble

and fluid-fluid surface are stored in an output file for post-processing. The volume evolution of
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the bubble is also stored.

After this simulation, the user can choose to calculate the velocity and pressure fields at each of

the calculated time steps. This is done in the secondary processing stage with a Python script

that uses the output file of the main processing stage as input for the new calculation.

Algorithm 1 Solution procedure for the main processing stage
1: Inputs:

Read the input file;
2: Initialize:

Assign the initial nodes position (r0, z0) and associated potential values `0,b and F0;
3: while intersection ˘ False do . Simulation stops if the bubble surface

is intersected.
4: for i in Nb ¯ Ns ¯ 2 do
5: for j in Nb ¯ Ns ¯ 2 do
6: Compute the elements Ai j and Bi j of the coefficient matrices;
7: end for
8: end for
9: Compute the normal velocities ˆb and ˆ1,s and the potentials `1,s and `2,s;

10: Compute the tangential velocities @`b/@s, @`1,s/@s and @`2,s/@s;
11: Compute the bubble volume V ;
12: if elasticity then . Only if surface tension is considered.
13: Compute the fluid-fluid interface curvature K̄ ;
14: end if
15: Update the values of `b and F ;
16: Update the position of the nodes (r, z);
17: if smoothing then . Smoothing is applied every N time steps.
18: Smooth the bubble surface and fluid-fluid interface;
19: end if
20: Re-mesh boundaries;
21: Check for bubble intersection;
22: Write solution to file;
23: end while

2.5 Validation

2.5.1 Comparison with analytical solutions

We begin by assessing the validity and accuracy of the numerical implementation described

above by comparing the BIM calculations with analytical solutions of a spherically oscillating

bubble in an infinite medium. In this configuration, the fluid-fluid interface should have no

influence on the bubble dynamics. This is achieved by setting the densities on both sides of the

interface equal, i.e. fi ˘ 1. The effects of gravity are also neglected. The bubbles considered in

this section are discretized in 40 elements and are located at a distance ° ˘ 1 from the fluid-fluid

interface, which itself is discretized in 60 elements. A value of µ ˘ 0.01 is chosen for the time
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Figure 2.4 – (a) Temporal evolution of the vapor bubble averaged radius. The circular markers represents
the solution of the BIM simulation and the solid line shows the solution of the Rayleigh model mirrored
across the axis at t ˘ tR … 0.915, indicated with a dashed line. (b) Temporal evolution of the maximum
deviation from the averaged radius for the bubble obtained with the BIM simulation. The following
dimensionless parameters are considered in the simulation: † ˘ 0, – ˘ 0, ° ˘ 1 and fi ˘ 1.

steps and smoothing is applied every eight time steps.

Rayleigh bubble

We first consider the dynamics of a vapor bubble. Given the initial conditions assumed for such

a bubble, the time evolution of its radius is expected to follow that predicted by the Rayleigh

model, mirrored across the axis at time t ˘ tR, where tR … 0.915 is the Rayleigh collapse time

in dimensionless units [141]. This evolution is illustrated in figure 2.4(a) which demonstrates

a very good agreement between the radius calculated with the BIM simulation and the radius

obtained by solving the Rayleigh equation. Moreover, an originally spherical bubble should

remain spherical in an infinite medium. Thus, any deviation from sphericity is a consequence

of numerical noise. We assess this deviation with the following formula which computes the

maximum difference between the radius at a node and the averaged radius of all nodes [191],

dsph ˘ max

µ jRi ¡ Ravgj
Ravg

¶
(2.36)

where Ri ˘
q

r 2
i ¯ (zi ¯°)2 is the distance between the bubble center, located at °, and the i th

node on the bubble surface and Ravg represents this same distance but averaged over all the

nodes. Note that zi ˙ 0. We apply equation 2.36 at every time step of the simulation, the results

of which are shown in figure 2.4(b). The maximum deviation from sphericity remains below a
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Figure 2.5 – (a) BIM computations of the pressure (left) and velocity (right) fields induced by a spherically
collapsing vapor bubble at time t ˘ 1.815 with fi ˘ 1 and ° ˘ 1. The black line around z ˘ 0 indicates
the position of the fluid-fluid interface and the gray area represents the second fluid for which the flow
field quantities are not computed. Comparison of the computed and analytical (b) velocity field and (c)
pressure field along the r -coordinate taking z ˘ ¡1. The following additional dimensionless parameters
are considered in the simulation: † ˘ 0 and – ˘ 0.

tenth of a percent, indicative of a bubble retaining a very high sphericity throughout its lifetime.

We nevertheless note that the deviation increases at the end of the collapse, i.e. around t … 1.83,

where the radius of the bubble tends towards zero. This is likely because the nodes that make up

the bubble surface become very close to each other, leading to inaccuracies and instabilities in

the calculation of the boundary integrals.

Figure 2.5(a) shows the BIM computation of the velocity and pressure fields in the liquid phase

associated with the same bubble at time t ˘ 1.815. The analytical solutions for the radial

distribution the liquid velocity and pressure fields induced by a collapsing Rayleigh bubble are

known and can be derived from the liquid continuity and momentum equations. These are

expressed as follow in dimensionless form for a bubble whose maximum radius is unity,

U (r, t ) ˘
s

2

3

µ
1

R3 ¡ 1

¶
R2

r 2 8 r ‚ R (2.37)

P (r, t ) ˘ 1 ¯ R

3r

µ
1

R3 ¡ 4

¶
¡ R4

3r 4

µ
1

R3 ¡ 1

¶
8 r ‚ R (2.38)

where R ˘ R(t ) denotes the bubble radius evolution as predicted by the Rayleigh model and r

is the distance from the bubble center. We compare in figures 2.5(b) and 2.5(c) the computed

velocity and pressure fileds with that derived from the analytical solutions of equations 2.37 and

2.38, respectively. For both quantities, we observe an excellent agreement, which provides a

validation for the implementation of the secondary processing phase.
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Figure 2.6 – (a) Temporal evolution of the bubble averaged radius. The bubble under consideration is
filled with vapor and non-condensable gas, with a strength parameter † ˘ 100. The circular markers
represents the solution of the BIM simulation and the solid lines shows the solution of the Rayleigh-
Plesset model. (b) Temporal evolution of the maximum deviation from the averaged radius for bubbles
obtained with the BIM simulation with two distinct strength parameters: † ˘ 100 and † ˘ 1000. The peaks
in the maximum deviation occur when the bubbles reach their respective minimum radius. The following
additional dimensionless parameters are considered in the simulation: – ˘ 0 and fi ˘ 1 and ° ˘ 1.0.

Rayleigh-Plesset bubble

We now consider a bubble filled with liquid vapor and non-condensable gas. Figure 2.6(a) shows

the 3 first oscillations of a bubble with strength parameter † ˘ 100 and specific heat ratio k ˘ 1.4.

The BIM simulation is compared to the solution of the Rayleigh-Plesset equation (see equation

2.25) and we find a remarkable agreement. On figure 2.6(b), we use equation 2.36 to assess the

maximum deviation from sphericity of a bubble with strength parameter † ˘ 100 and another

one with † ˘ 1000. Overall, both bubbles exhibit excellent spherical symmetry with an average

maximum deviation over the 3 first oscillation of 0.3 % for the bubble with † ˘ 100 and 0.37 % for

the bubble with † ˘ 1000. However, we observe spikes in the maximum deviation from sphericity

when the bubbles reach their respective minimum volumes (at t … 1.94,3.89,5.83 for the bubble

with † ˘ 100 and t … 1.87,3.74,5.61 for the bubble † ˘ 1000). These are attributed to the nodes

on the bubble surface being very close to each other at these instants, which can lead to errors

in the evaluation of the boundary integrals [191]. Smoothing prevents these instabilities from

growing after the first and second collapse and the simulation remains stable. Nevertheless,

after the third bubble collapse, the growing and accumulated numerical instabilities are such

that both simulations diverge despite the surface smoothing.
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Figure 2.7 – Comparison between the experimental and numerical results for a vapor cavitation bubble
in the vicinity of a rigid boundary at ° ˘ 0.95. The simulation is superposed on the left halves of the
frames. The experimental image sequence highlights the formation of the bubble’s micro-jet. The
laser-induced bubble has a maximum radius Rm … 4.4 mm and the image sequence is initiated 832 „s
after the bubble generation. The times of the numerical simulation are shifted by 25 „s with respect to
the experiment so that the spatiotemporal evolution of the bubbles may be compared. The following
additional dimensionless parameters are considered in the simulation: – ˘ 0, fi ˘ 0.001 and † ˘ 0. The
white line indicates the 2 mm scale.

2.5.2 Comparison with experiments and other numerical implementations

Rigid boundary

The dynamics of a cavitation bubble near a rigid boundary is substantially different to that

of an unbounded bubble. Such a bubble exhibits an aspherical collapse together with the

formation of a liquid micro-jet directed toward the rigid boundary. We test the BIM solver

against the experiment of a laser-induced cavitation bubbles collapsing in the vicinity of a thick

aluminum plate. Details pertaining to the experimental setup can be found in the references

[162, 163]. The laser-induced bubble has a maximum radius Rm … 4.4 mm and is generated at a

stand-off distance ° … 0.95. In the simulation, we consider a vapor bubble which we discretize

with Nb ˘ 80 elements. The the fluid-fluid interface is discretized with Ns ˘ 60 elements. In

accordance with the work of Klaseboer and Khoo [85], we moreover use fi ˘ 0.001 to model the

rigid boundary.

Figure 2.7 shows an image sequence that focuses on the formation of the micro-jet and its

displacement within the bubble. The sequence is initiated 832 „s after the bubble generation

and exhibits the following 70 „s of its lifetime at the end of which the micro-jet impacts onto

the bubble’s lower hemisphere. The simulations overestimates the instant of jet impact by

roughly 25 „s, which corresponds to a relative error of 2.8 % with respect to the experiment.
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Figure 2.8 – Comparison between the experimental and numerical results for a vapor cavitation bubble in
the vicinity of a free surface at ° ˘ 0.75. The simulation is superposed on the left halves of the frames. The
experimental image sequence depicts the growth (frames 1-4) and collapse (frames 5-8) of a laser-induced
bubble with Rm … 2.4 mm. The timings of the numerical simulation and the experiment are identical for
frames 1-7, but are shifted by 15 „s on frame 8 to allow comparison of the bubble profiles just before the
micro-jet impact. The following additional dimensionless parameters are considered in the simulation:
– ˘ 0, fi ˘ 1000 and † ˘ 0. The white line indicates the 2 mm scale.

Therefore, to compare the spatiotemporal evolution of the two bubbles profile, we superimpose

the simulations results on the left halves of the frames, shifted by 25 „s. Apart from the temporal

shift, we find a close qualitative agreement between the two dynamics and conclude that the

simulation reproduces the experiment quite well despite the simplifying assumptions of the

physical model, such as the exclusion of compressibility or viscosity effects.

Free surface

Cavitation bubbles oscillating near a free surface also exhibit a micro-jet during their collapse,

which differs from the jet formed near a rigid wall mainly in that it is directed away from the

adjacent boundary. Depending on the distance, the free surface can also deform drastically

resulting in the formation of liquid spikes.

We compare the prediction of the BIM to the experiment of a laser-induced cavitation bubble

with Rm … 2.4 mm generated at ° … 0.75 from a water-air interface. We consider a vapor bubble

in the simulation and discretize both the fluid-fluid interface and the bubble with 80 elements.

To reproduce the density jump of the experiment, we use fi ˘ 1000. A direct comparison between

the experiment and the simulation is provided in figure 2.8, where the first frame is taken 22 „s

after the bubble generation. Frames 1-4 depict the bubble growth and frames 5-8 its collapse

until the micro-jets impact on the bubble lower hemisphere. We observe an excellent agreement
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Figure 2.9 – Comparison between the current numerical results and the ones of Robinson et al. [149] for a
vapor cavitation bubble in the vicinity of a free surface at ° ˘ 0.56. The following additional dimensionless
parameters are considered in the simulation: fi ˘ 1000, – ˘ 0.038 and † ˘ 0.

between the spatiotemporal evolution the bubble exterior shape, although the simulation

underestimates the time to jet impact by 15 „s resulting in a relative error of 4.5 % with respect

to the experiment (frame 8). The simulation also predicts the formation of a downward micro-jet

and a significant deformation of the free surface which is characterized by an upward shooting

liquid jet. However, a direct comparison of these features with the experiment is not possible

due to the illumination method employed. Instead, we evaluate the ability of our solver to

accurately capture these features by comparing our implementation of the BIM solver with

that of Robinson et al. [149] for the case of a vapor bubble oscillating near a free surface at

° ˘ 0.56. The reference experimental bubble on which the simulation of these authors is based

reaches a maximum radius Rm ˘ 17.9 mm in an environment with pressure p1 ˘ 6930 Pa [17].

Given these experimental conditions, buoyancy effects cannot be neglected. For our simulation,

we therefore set the buoyancy parameter to – ˘ 0.038. The comparison of the two numerical

simulations is illustrated on figure 2.9 for two dimensionless times: t ˘ 0.495 and t ˘ 1.022.

The left halves of the frames show the current numerical implementation and the right halves

show the bubble profile extracted from the BIM implementation of Robinson et al. [149]. Both

bubbles have a very similar appearance, with the most notable difference being the position

of the micro-jet tip and the height of the liquid spike. This difference, however small, could be

explained by the use of different temporal schemes, spatial discretization or solution procedure.

2.6 Conclusion

We have presented the detailed implementation of BIMBAMBUM, a potential numerical flow

solver designed to model the behavior of cavitation bubbles near an interface between two

fluids. By adjusting the density ratio between the two fluids, different types of interfaces can

be modeled, including rigid boundaries or free surfaces. In addition, a membrane-like elastic

behavior of the fluid-fluid interface can be considered through the inclusion of interfacial
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2.7. Appendix: Polynomial approximation of the complete elliptic integrals of the first and
second kind

p0 1.38629436111989061883446424 q0 0.50000000000000000000000000
p1 0.09657359027997265470861606 q1 0.12500000000000000000000000
p2 0.03088514453248461827359656 q2 0.07031250000000000000000000
p3 0.01493760036978098687568492 q3 0.04882812499999999987824278
p4 0.00876631219862835129486730 q4 0.03738403320299965249042380
p5 0.00575489991651211831713086 q5 0.03028106526770420433989236
p6 0.00406819648916235957842217 q6 0.02544378896278751497219371
p7 0.00316713448114840176286619 q7 0.02189639358590439516170295
p8 0.00385918735043451810914414 q8 0.01859695172048566289195740
p9 0.00697248927202287553710545 q9 0.01326644642298080552433290
p10 0.00700030498423661873526199 q10 0.00572150665129845121056799
p11 0.00235535576237663133325157 q11 0.00098749488654029748460148
p12 0.00016175003824586587091022 q12 0.00003519107157048046293917

Table 2.1 – Tabulated polynomial coefficients for the approximation of the complete elliptic integral of
the first kind.

tension. Both fluids must satisfy Laplace equation, so a boundary integral method can be used

to solve the flow problem by only discretizing the boundaries of the numerical domain.

We have validated the current implementation of the solver using theoretical solutions for the

dynamics of spherical bubbles, experimental observations of cavitation bubbles collapsing near

a rigid boundary and a free surface, and results from another simulation software that models

the behavior of a bubble near a free surface.

2.7 Appendix: Polynomial approximation of the complete elliptic in-

tegrals of the first and second kind

The complete elliptic integrals of the first and second kind, K(k) and E(k), respectively, are

approximated with 12th order polynomials,

K (k) … P (1 ¡ k2) ¡Q(1 ¡ k2) log(1 ¡ k2) (2.39)

E(k) … R(1 ¡ k2) ¡ S(1 ¡ k2) log(1 ¡ k2) (2.40)

The polynomials P , Q, R and S are expressed as P (x) ˘ P12
i˘0 pi xi , Q(x) ˘ P12

i˘0 qi xi , R(x) ˘P12
i˘0 ri xi and S(x) ˘ P12

i˘0 si xi , respectively, and the associated tabulated coefficients are pro-

vided in tables 2.1 and 2.2.
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r0 1.00000000000000000000000000 s0 0.00000000000000000000000000
r1 0.44314718055994530941723212 s1 0.25000000000000000000000000
r2 0.05680519270997949103146207 s2 0.09375000000000000000000000
r3 0.02183137044373718396138156 s3 0.05859374999999999987183993
r4 0.01154452141883701103542361 s4 0.04272460937486806132127659
r5 0.00714201318820502987066619 s5 0.03364562817049392175150879
r6 0.00485846659881274463594893 s6 0.02775688834606027631579899
r7 0.00366680346394393045387665 s7 0.02358179637126350018588892
r8 0.00426469424891906813517382 s8 0.01984699815591322481619125
r9 0.00745727014212456596918847 s9 0.01407783193717112862114295
r10 0.00741871341163044927753980 s10 0.00605330008329266855825149
r11 0.00248933547336496339904368 s11 0.00104321202098794509265719
r12 0.00017076513539687204438478 s12 0.00003714782778910401536553

Table 2.2 – Tabulated polynomial coefficients for the approximation of the complete elliptic integral of
the second kind.
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granular boundaries
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Abstract

We study the dynamics of a cavitation bubble near beds of sand of different grain sizes. We

use high-speed imaging to observe the motion of the bubble and the sand for different values

of the stand-off parameter ° (dimensionless bubble-boundary distance) between 0.3 and 5.3.

Compared a rigid boundary, we find that a granular boundary leads to bubbles with shorter

lifetimes and reduced centroid displacements. Above ° … 1.3, the behaviour of the bubble is

almost independent of the granularity of the sand. When the stand-off parameter lies between

0.6 and 1.3, a mound of sand develops beneath the bubble, which can force the latter to assume

a conical shape as it collapses. For ° . 0.6, the bubble develops a bell-shaped form, leading

to the formation of thin and surprisingly fast micro-jets (v j et ¨ 1000 m/s). Moreover, between

° … 1.3 and ° … 0.3, granular jets erupt from the sand surface following the bubble collapse.

We additionally develop a simple numerical model, based on the Boundary Integral Method,

to predict the dynamics of a cavitation bubble near a bed of sand, which we replace by an

equivalent liquid. The simulations are remarkably consistent with experimental observations

for values of ° down to 1.3. We also show how the anisotropy parameter ‡, a dimensionless

version of the Kelvin impulse, can be adapted for the case of a nearby bed of sand and predict

the displacement of the bubble centroid for ‡ . 0.08.
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Chapter 3. Dynamics of cavitation bubbles near granular boundaries

3.1 Introduction

Decades of research on controlled cavitation bubble dynamics have revealed that anisotropies

in the liquid pressure field affect the bubbles behaviour. Such anisotropies have different

causes. In still liquids, they are often due to the presence of nearby boundaries, be they solid

[118, 12, 95, 190], gaseous [17, 34, 149], elastic [161, 27, 28, 43] or liquid [35, 126, 70]. There, the

degree of anisotropy strongly depends on the stand-off parameter, ° ˘ s/Rmax , where s is the

distance between the initial bubble centre and the boundary and, Rmax is the maximum bubble

radius. The hydrostatic pressure is another source of anisotropy [209, 91, 169]. In this case,

the level of anisotropy is directly related to the buoyancy parameter – ˘ p
‰g Rmax /(p0 ¡ pv ),

where ‰, g , Rmax , p0 and pv are the water density, gravitational acceleration, maximum bubble

radius, ambient pressure and vapour pressure, respectively. Values as small as – … 0.02 can

affect the bubble dynamics [122]. Compared to the perfectly spherical collapse presented in

Obreschkow et al. [123], anisotropies in the flow field lead to aspherical bubble collapses, which

are often accompanied by the displacement of the bubble centroid, a change in the oscillation

periods and the formation of micro-jets, whose properties can be fairly described by the unifying

scaling laws introduced by Supponen et al. [171]. These scaling laws are based on the anisotropy

parameter ‡, the dimensionless equivalent of the Kelvin impulse [12, 16, 18], and are valid for

‡ ˙ 0.1. A derivation of ‡ for various boundaries yields the following expressions,

‡ ˘

8>>>>>><>>>>>>:

¡0.195°¡2n solid surface

0.195°¡2n free surface

¡‰g Rmax¢p¡1 gravitational field

¡0.195°¡2(‰1 ¡‰2)(‰1 ¯‰2)¡1n liquid-liquid interface

(3.1)

where n is the inward-facing unit normal vector, ‰1 and ‰2 are the two densities across the

liquid-liquid interface and ¢p ˘ p0 ¡ pv .

While the dynamics of a cavitation bubble exposed to the above anisotropy sources are well

described in the literature, the effects of a granular boundary are poorly documented. Krieger

and Chahine [93] studied the dynamics of a spark-generated bubble near a bed of sand. Their

study mainly focused on the acoustic signature of oscillating bubble near different interfaces

including a rigid surface, a free surface and a bed of sand. While the authors found no significant

impact of a sand bottom on the bubble first oscillation period compared to a rigid boundary,

they reported a “swallowing” of the bubble by the sand and a weakened rebound for stand-off

distances smaller than one. However, this study focused primarily on the acoustic signature

of the bubbles and lacks a detailed description of the bubble dynamics and subsequent sand

movement, as well as the influence of sand grain size on the bubble dynamics. A thorough

analysis and understanding of the bubble dynamics near a granular interface is particularly

important for underwater explosions when charges are detonated near the sand bed. Such

explosions can have a variety of origins, such as military exercises, detonation of unexploded
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ordnances, or blast fishing, and often have severe effects on the surrounding marine fauna

[45, 151, 68]. The blast-generated bubble exhibits successive cycles of growth and collapse that

produce measurable sonic pulses through the water. An accurate knowledge of the timing of

these pulses provides valuable information about the magnitude of the explosion [93, 39, 65],

making it important to adequately assess the dynamics of the bubble oscillations near the

sandbed. In addition to the practical application to underwater explosions, such a study also

represents a compelling scientific interest that remains largely unexplored.

In the present work, we investigate the dynamics of millimetric laser-induced cavitation bubbles

in the vicinity of beds of sand. Although laser-induced bubbles and bubbles originating from

underwater explosions differ in magnitude and gas content, the related fluid dynamics remain

mostly similar [209, 93, 65, 36, 14, 76]. A direct extrapolation would nonetheless be limited if

the buoyancy parameter is not kept constant. To study the sand-bubble interactions, we select

three different granularities of sand and consider various bubble sizes, and thus bubble energies

defined as Eb ˘ (4…/3)R3
max¢p. Our objective is to investigate not only the bubble dynamics at

different stand-off distances, but also the dynamics of the sand itself. As a baseline comparison,

we undertake additional measurements where the same bubble evolves in the vicinity of a well-

known and well-documented test-case: the rigid surface. This paper is structured as follows: the

experimental setup and procedure are first introduced. We then introduce a simple, yet efficient

numerical method intended to model the bubble dynamics close to a bed of sand over a limited

range of stand-off distances. We follow up with a description of the bubble dynamics classified

in three different oscillatory regimes and a presentation of the sand motion following the bubble

collapse. Finally, we analyse two key parameters of the bubble dynamics: the oscillation periods

and the centroid displacement.

3.2 Methods

3.2.1 Experimental set-up

A schematic of the experimental set-up shown on figure 5.1. Single and highly reproducible

cavitation bubbles are created by focusing a frequency-doubled Q-switched Nd:YAG pulsed laser

inside a 18 £ 18 £ 19 cm transparent test chamber, filled with distilled water. The laser generates

9 ns pulses at 532 nm that can reach energies up to 200 mJ. The laser beam is first expanded

to a diameter of 43 mm by a custom-made Galilean beam expander, composed of a concave

lens of focal length, fc ˘ ¡30 mm, and an achromatic doublet with focal length, fd ˘ 200 mm.

The collimated pulse is then focused into the water using an immersed aluminium off-axis

parabolic mirror with a high convergence angle (45–) to generate a plasma from which the

bubble explosively emerges. By using a parabolic mirror with a high convergence angle, the

laser-induced plasma is nearly point-like, creating a bubble with high sphericity as illustrated

on figure 3.2(a). This in turn allows us to study bubbles over a wide range of stand-off distances,

even at large ° where the pressure field anisotropies are weak. The bubble size is modulated

by varying the laser energy. In this experiment, we consider three levels of energy which yield
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bubbles having a mean unbounded maximum radius Rmax of 4.44 mm, 3.72 mm and 2.97

mm (averaged over more than 30 bubbles), and a standard deviation for all laser energies of

approximately 1.5 % of the bubbles maximum radius. The dynamics of the bubble is recorded

with the Photron Fastcam Mini AX200 and the Shimadzu HPV-X high-speed cameras. A framing

rate of 67 500 frames s¡1 is chosen for most of the investigated bubbles. Additional visualisations,

at framing rates ranging between 200 000 and 5 millions frames s¡1, are conducted for selected

test cases requiring finer temporal resolution. Illumination is provided either by high-intensity

flash lamps to observe the bubble surface and interior, or by backlighting with a collimated LED

to perform shadowgraphs. The bubble oscillation periods are estimated from the shock waves

emitted upon bubble generation and collapses using a laser-beam deflection probe [148]. The

system consists of a 15 mW continuous wave laser whose beam is reduced by a series of lenses

to produce a collimated 0.75 mm beam in the test chamber. The beam intensity is monitored

with a fast photodiode (1 ns rise time). An example of the photodiode signal is illustrated on

figure 3.2(c).

Sandbox

Free-surface

Height-adjustable
rods

Parabolic
mirror
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Figure 3.1 – Top and side schematics of the experimental setup.

The bubble is generated over a bed of sand with which it interacts. The granular beds consist

of spherical soda lime glass beads having a density ‰s … 2.5 g/cm3. Three sizes of beads are

considered independently, with diameter 90§20 „m, 200§50 „m and 350§50 „m. These are later

referred to as fine, medium and coarse sand, respectively. The beads are carefully poured into a

cylindrical container previously filled with water to avoid trapping air pockets. The container

has a diameter of 5.3 cm and a depth of 1.5 cm. To assess the effects of the container size on

the bubble behaviour, we have conducted additional tests with larger containers and obtained

similar results. The sand surface is then smoothed flat so that its height precisely matches the
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one of the container walls. Whenever the sand interface is deformed by an oscillating bubble,

extra sand is added and the surface is flattened again. We measure the porosity of the granular

interfaces by pouring sand into a container filled with water, weighing the mixture and then

drying it during 36 hours in an oven at 50–C. We make sure that all the water has evaporated

by monitoring the mixture mass evolution at regular intervals. The mass of the dried out sand

is then used to evaluate the porosity with fl ˘ 1 ¡ ms/(‰sV ), where ms and ‰s are the dry mass

and density of the beads, and V is the volume of the container. We found fl ˘ 0.385 § 0.005

for all tested granularities. However, we note that due to the interactions of the oscillating

bubble with the sand, residual gas could remain trapped in the granular boundary and affect

its properties. Nevertheless, we did not observe any significant change in the bubble and sand

dynamics over several hours of measurements, suggesting that the amount of trapped gas is

small. Yet, this could become relevant if multiple bubbles interact with a granular boundary over

multiple oscillations cycles. Finally, we study the interaction of a bubble with a rigid boundary

by replacing the cylindrical container with an aluminium disc with a diameter of 6 cm and a

thickness of 0.7 cm.

To characterise the proximity of the bubble to the boundary, we use the so-called stand-off

parameter ° ˘ s/Rmax . While the distance s is readily defined and accurately adjusted using

a linear translation stage, the definition of the maximum bubble radius needs clarification.

In an unbounded liquid, and if buoyancy effects are negligible, the bubble remains spherical.

Therefore, its maximum radius may be directly estimated from the high-speed recording or

indirectly through the duration of its first oscillation period, tc0, which is assumed to be twice

the Rayleigh collapse time, tc0 ˘ 2¢tR ˘ 1.83Rmax (‰/¢p)0.5 [141]. We validate the latter approach

by comparing the Rayleigh model (mirrored across the axis t ˘ tR ) with the radial evolution

of the unbounded bubble, normalized by its maximum radius Rmax and the corresponding

Rayleigh collapse time tR . Figure 3.2(b) reveals that the bubble growth and collapse phases are

nearly symmetric in time and the unbounded bubble dynamics are closely approximated by the

Rayleigh model. This result not only shows that the unbounded bubble lifetime can be used to

determine its maximum radius but also suggests that the effects of surface tension and viscosity

have a limited impact on the dynamics of the bubbles considered in this work. When a bubble

evolves in the vicinity of a boundary, however, it loses its sphericity as it grows and collapses, and

the duration of its first oscillation period is modified. Under these circumstances, the Rayleigh

equation no longer holds, and a direct determination of Rmax from the high-speed recording

is hindered. The maximum bubble radius may however still be determined from its lifetime

with Rayleigh’s equation, provided that a correction factor is applied as suggested by Vogel and

Lauterborn [190]. An alternative, employed by authors such as Hsiao et al. [74] and Zeng et al.

[207], considers the equivalent radius of a sphere deduced from the maximum volume of the

deformed bubble, Requ
max . Another option is to define Rmax as the maximum radius the bubble

would attain in a free liquid, remaining spherical [69, 96, 97]. We choose the latter definition for

Rmax because a clear distinction between the bubble at maximum volume and the sand is no

longer possible at ° . 1.0, which prevents an accurate estimate of Requ
max . An uncertainty may

arise when normalizing the bubble distance to the boundary by the hypothetical maximum
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Figure 3.2 – Dynamics of bubbles in an unbounded liquid. (a) Selected instants of the bubble dynamics
with Rmax … 3.72 mm and interframe time 0.95 ms. (b) Radial evolution of bubbles with different max-
imum radii and (c) signal of the laser-beam deflection probe as recorded for a bubble with maximum
radius Rmax … 3.72 mm with snapshots at bubble generation and collapse. The length scales are normal-
ized by the bubble maximum radius, Rmax , and the time scales are normalized by the Rayleigh collapse
time tR ˘ 0.915Rmax (‰/¢p)0.5. The first upward peak in the photodiode signal is due to the laser plasma
and indicates the bubble generation. The delay between the laser plasma and the generation shock is
caused by the shock wave propagation between the bubble centre and CW laser beam. The black lines
indicate the 2 mm scale.

radius it would reach in an unbounded liquid, as small fluctuations in the deposited laser energy

can cause different bubbles generated in the same situation to vary in size. However, since

the standard deviation of the maximum radius of the unbounded bubbles is only 1.5 % for a

constant laser pulse energy, the resulting bubbles are very reproducible and the value of Rmax is

robust. The normalization we choose is thus sound and can be applied to the entire parameter

space of our experiment, but it is worth noting that differences arise when Rmax is considered

in place of Requ
max . By taking the maximum unbounded bubble radius for normalization, one
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neglects the effects of shock waves reflected from the boundaries onto the bubble and ignores

the energy dissipation due to the interaction of the bubble with the granular interface. These

effects lead to a decrease of Requ
max with respect to Rmax as s is decreased. At ° … 1.0, we measure

a 2-4% reduction in the equivalent maximum bubble radius, leading to a similar difference in

the estimate of the stand-off parameter. This difference decreases when the stand-off distance

is increased, but is likely to increase for ° ˙ 1.0.

The studied range of stand-off distances is between ° … 0.3 and ° … 5.3. We did not investigate

smaller stand-off distances as to avoid forming a granular crater from laser ablation [110].

3.2.2 Numerical model

In the absence of analytical solutions for the dynamics of non-spherical bubbles, we propose

a simple numerical model to describe the dynamics of cavitation bubble in the vicinity of

a bed of sand. The method is based on the axisymmetric Boundary Integral Method (BIM),

which is commonly used in modelling single cavitation bubble [19, 149, 86, 85, 196, 171] and

can be adapted to account for the dynamics of a cavitation bubble evolving near different

types of boundaries. Our model considers that the bubble develops in water whose flow is

inviscid, incompressible, irrotational, and has a density ‰w . Therefore, the velocity field, uw ,

can be written as the gradient of a potential with uw ˘ r`w and satisfies Laplace’s equation

r¢uw ˘ r2`w ˘ 0. We model the bulk behaviour of the sand by approximating it as an equivalent

incompressible fluid. A similar simplification can be used to model dense granular flows [79, 177]

or to explain the collapse of a cavity created by the impact and penetration of a steel ball into

loose sand [104], for instance. We then determine the equivalent density of the water-saturated

sand aggregate with a mixture law [15], ‰m ˘ (1¡fl)‰s ¯fl‰w , where fl is the sand porosity, and ‰s

and ‰w are the sand grain and water densities, respectively. We neglect the dissipation of energy

due to friction between the sand grains and between different sand layers, so that the equivalent

fluid can be considered inviscid. No external force influences the system and, therefore, we

assume that the flow remains irrotational. As for the case of the water, the incompressible,

inviscid and irrotational nature of the flow implies that the velocity potential of the water-sand

mixture is given by um ˘ r`m and satisfies Laplace’s equation r¢um ˘ r2`m ˘ 0. Consequently,

the bubble oscillates in a fluid of density ‰w above a second fluid of density ‰m . The two fluids

share an infinite boundary at their interface whose motion is dictated by the oscillating dynamics

of the bubble. A schematic of the numerical domain is provided in figure 3.3.

Since Laplace’s equation is assumed valid in each of the fluids, the potential can be represented

by integrals over the boundaries of the domain to derive the corresponding normal velocities,

@`/@n. For the water, we have a domain Dw with a boundary @Dw that includes the surface of

the bubble @B , and the fluid-fluid interface @I so that for any point y 2 @Dw ,

2…`w (y) ¯
Z

x2@Dw

`w (x)
@G(y , x)

@n
d s ˘

Z
x2@Dw

G(y , x)
@`w (x)

@n
d s (3.2)
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The domain of the water-saturated sand, Dm , is bounded only by the fluid-fluid interface @I and

thus for any point y 2 @I ,

2…`m(y) ¯
Z

x2@I
`m(x)

@G(y , x)

@n
d s ˘

Z
x2@I

G(y , x)
@`m(x)

@n
d s (3.3)

where G(y , x) ˘ 1/jy ¡ x j is the Green function.

Interface

Fluid 1: water

Fluid 2: sand
Figure 3.3 – Schematic of the numeri-
cal domain.

We discretise the bubble interface @B into Nb ¯ 1 nodes and the fluid-fluid interface @I in Ni ¯ 1

nodes. The nodes are connected by cubic splines in which case equations 4.4 and 4.5 can be

rewritten as a (Nb ¯ Ni ¯ 2, Nb ¯ Ni ¯ 2) system of equations and solved numerically to derive

the normal velocities at the boundaries. With knowledge of `w,m at the interfaces @B and @I ,

the tangential velocity @`/@s along the boundaries is also known and the kinematic condition

d x/d t ˘ r` ˘ (@`/@n,@`/@s) is used to update the nodes position of all surfaces.

We consider a bubble with constant vapour pressure inside, so that the time evolution of the

potential on its surface is given by the Bernoulli equation [19, 149, 171],

D`w

Dt
˘ 1 ¯ juw j2

2
¯–2(zw ¡°) (3.4)

where zw is the vertical coordinate (perpendicular to the liquid-liquid interface), ° is the stand-

off parameter and – is the buoyancy parameter. To match our experimental data, we use

– ˘ 0.019, derived from a bubble with maximum radius Rmax ˘ 3.72 mm. We nonetheless

note that this value of buoyancy parameter has a marginal effect on the results. Following a

method introduced by Klaseboer and Khoo [86, 85], we consider the normal velocities and

pressures continuous at the liquid-liquid interface. This yields the following equation for the

time evolution of the potential on that interface,

D

Dt
(`m ¡fi`w ) ˘

µ
uw ¢um ¡ jum j2

2
¡fi

juw j2
2

¶
(3.5)
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where fi ˘ ‰w /‰m is the ratio of the densities of the two fluids. Based on the mixture law, the

ratio of the water density to the sand mixture density is fi ˘ 0.52. To model a rigid surface, we

use fi ˘ 10¡3 [86].

Our model computes the bubble dynamics up to the point of jet impact, i.e. when the bubble

becomes toroidal, which we consider sufficient to capture most of the properties of the first

bubble oscillation. However, to estimate the time of the bubble collapse more accurately, we

follow a procedure proposed by Supponen et al. [171]. The collapse of the torus is calculated

using a vortex ring model [196] in which the actual torus shape is replaced by a circular torus

with identical volume, radius, circulation, and initial collapse velocity. The dynamics of the

collapsing circular torus is then estimated by a Rayleigh-type ordinary differential equation

given in Chahine and Genoux [37].

In our simulations, all lengths are scaled with respect to the unbounded bubble maximum

radius Rmax , the time is scaled by Rmax (‰w /(p0 ¡ pv ))0.5. The initial shape of the bubble is

taken as a sphere of radius R0 ˘ 0.1Rmax with initial time, t0, and potential, `b,0. The initial

time corresponds to the times it takes a Rayleigh bubble to grow from inception to R0 and

`b,0 is derived from the the Rayleigh bubble solution at R0 [19]. The liquid-liquid interface is

initially taken as flat with `m,0 ˘ `w,0 ˘ 0. Finally, the nodes position and equations 4.2 and 4.3

are integrated in time using a second order Runge-Kutta scheme with adaptive time-stepping

similar to Wang et al. [195].

Simplifying the complex nature of a granular boundary by a continuous Newtonian medium

naturally leads to limitations of the numerical model. Of the basic assumptions we made, the

inviscid nature of the granular media is probably the most subject to criticism. It implies that

the sand motion is driven solely by inertia and that the grain-to-grain interactions, which are

governed in part by frictional laws, are neglected. Thus, the formation of force chains in the

material, the occurrence of jamming or the different responses of the granular interface to

compressive or tensile stresses are not considered. Consequently, the model overestimates the

deformation of the sand interface as the bubble grows and underestimates it when the bubble

collapses, which ultimately affects the dynamics of the bubble itself. Given these limitations, it is

therefore reasonable to restrict the scope of applicability of this simple model to a lower bound

of stand-off distances where the motion of the sand interface is limited, and the behaviour of

the bubble remains well predicted. For the medium and fine sands, we found that the solver

provides results consistent with the experimental observations for ° & 1.3. At stand-off distances

greater than ° … 1.3, the sand is not only weakly deformed by the bubble oscillations, but we

observe no significant effect of sand grain size on the bubble dynamics, which is consistent

with our numerical model in which the influence of sand granularity is neglected. However,

at stand-off distances smaller than ° … 1.3, the interaction between the sand and the bubble

becomes important and eventually leads to the formation of sand mounds or craters, which

significantly affect the bubble dynamics. Our simplified numerical model does not allow us to

model such features of the granular boundary and therefore cannot predict an accurate bubble

profile. Nevertheless, since the coarse sand is much less affected by the bubble dynamics, we
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note that the BIM succeeds in adequately predicting the bubble profile as it interacts with this

sand down to ° … 1.0.

A direct comparison of the numerical and experimental results is provided in Appendix 3.5 for a

bubble located at ° ˘ 1.27.

3.3 Results and discussion

3.3.1 Classification of bubble-sand interaction regimes

The dynamics of a cavitation bubble and its interaction with a granular boundary strongly vary

with the stand-off parameter °. A distinctive feature of this interaction is that the oscillating

bubble can be “swallowed” by the sand. We consider that this "swallowing" occurs as soon as

the last moments of the bubble initial or rebound collapse take place under the sand interface.

Based on this definition, we introduce a classification of the bubble-sand interactions into

three regimes associated with three ranges of °. At large stand-off distances (1.3 . ° . 5.3), the

bubble is not “swallowed” by the sand over its first two periods of oscillation. The sand grain

size does not significantly affect the bubble dynamics, and a comparison with a similar bubble

developing near a rigid boundary shows that the bubble interacting with a granular boundary

exhibits similar features: aspherical first collapse and formation of a micro-jet directed toward

the boundary. However, the bubble oscillation periods are shorter, and the displacement of its

centroid is smaller. At intermediate stand-off distances (° . 0.6 and ° . 1.3), the final instants

of the bubble first collapse occur above the granular boundary, but its rebound is “swallowed”

by the sand. When the bubble collapses for the first time, the sand forms a distinctive mound

that can force the bubble to assume a conical shape. The extent of the mound, which affects

the bubble dynamics and shape, depends on the grain size and °. At small stand-off distances

(0.3 . ° . 0.6), the bubble is in direct contact with the granular interface when it collapses

and is eventually “swallowed” in the final instants of the collapse. During their first oscillation

period, the bubble develops a bell-shaped form leading to the formation of a thin and very fast

micro-jet. The sand granularity dictates the minimum stand-off distance where this behaviour

is observable.

In the following sections, this classification is discussed in detail by introducing bubble dynamics

representative of each regime. The bubbles considered have a maximum radius Rmax … 4.44

mm. However, it is worth noting that we found no significant effect of Rmax on the bubble

dynamics if the value of ° is maintained. We additionally show the dynamics of bubbles close to

a rigid boundary in order to provide a baseline for comparison and highlight the differences.

Bubble-sand interaction at large stand-off distances: ° … 5.3 - ° … 1.3

At stand-off distances greater than ° … 1.3, the bubble dynamics in the vicinity of all three

granularities of sand show a similar behaviour to the one illustrated in figure 3.4, which depicts
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the dynamics of bubbles evolving at ° … 2.6.
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Figure 3.4 – Selected instants of the bubble dynamics near the different investigated boundaries at ° … 2.6:
(a) coarse sand (dg ˘ 350 „m), (b) medium sand (dg ˘ 200 „m), (c) fine sand (dg ˘ 90 „m) and (d) rigid
boundary. All image sequences are initiated 0.13 ms after the bubble generation and the time interval
between successive images is 0.22 ms.The black line indicates the 2 mm scale.

Immediately after plasma generation, the bubble grows until it reaches a maximum radius (figure

3.4, frames 1-2) and then collapses toward its centre due to the driving surrounding pressure,

retaining much of its spherical symmetry (figure 3.4, frames 2-4). In the last instants of the

collapse, the bubble becomes elongated in the direction normal to the boundary, a downward

micro-jet forms and pierces the opposite wall of the bubble. The micro-jet occurrence is clearly

evidenced by appearance of a conical vapour hull traveling toward the boundary during the

bubble rebound (figure 3.4, frame 5-6). The hull eventually disintegrates into tiny bubbles whose

remnants are illustrated on frame 6. When the bubble collapses for a second time, a bump is

observed at the site where the micro-jet is initiated (figure 3.4, frame 6). Similar bumps were

observed in Supponen et al. [171] for bubbles oscillating near a free-surface. Their high-speed

visualisation suggests that such a bulge could be explained by the break-up and subsequent

retraction of the jet within the rebounding bubble. The bubble developing over a rigid surface

essentially assumes a resembling shape and dynamics to that of a bubble near a granular

interface. Nonetheless, the presence of a solid boundary results in longer first and second

oscillation periods. This difference is most notable during the bubble’s rebound (figure 3.4,

frame 5-6), where the magnitude and duration of the second oscillation period are significantly
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Figure 3.5 – (a) Normalized temporal evolution of the bubble equivalent radius and (b) normalized
displacement of its centre of gravity over two periods of oscillation at ° … 2.6. The length scales are
normalized by the unbounded bubble maximum radius, Rmax , and the time scales are normalized by
twice the Rayleigh collapse time tc0 ˘ 1.83Rmax (‰/¢p)0.5. The negative values of ¢z/Rmax indicate that
the bubbles are moving toward the boundaries.

larger for a bubble developing near a rigid boundary, as shown on figure 3.5(a). We explain this

difference in the rebound as follows. The bubble rebound carries the remaining energy of the

bubble after its initial collapse. At very large stand-off distances, the bubble almost collapses

spherically and most of the energy dissipation between successive rebounds can be attributed

acoustic radiation in the form of shock or pressure waves [190, 170]. As the anisotropy in the

fluid increases, usually due to the presence of a near boundary, less energy is radiated in the form

of shock waves and the bubble rebound energy increases, even though part of the bubble kinetic

energy is transferred to the fluid to form the micro-jet, [170]. It was also shown by Supponen

et al. [167] that, for bubbles subjected to buoyancy with 0.03 ˙ – ˙ 0.3 and located near a free-

surface at 1.4 ˙ ° ˙ 14, the increase of the bubble rebound energy scales logarithmically with the

anisotropy number ‡ and is independent of the anisotropy source. From this, it can be inferred

that the smaller bubble rebound near the granular interface is due to a stronger first collapse

that dissipated more energy. This, in turn, suggests that the sand produces a somewhat weaker

anisotropy in the pressure field than a rigid boundary, which is only visible in the final moments

of collapse and during rebound. We additionally show on figure 3.5(b) the translation of the

bubble centre of mass during its first two oscillation periods. Over the first oscillation period, the

bubble near a rigid surface exhibits a slightly larger displacement toward the boundary than the

bubbles near the granular boundaries. As Supponen et al. [171] have shown for bubbles exposed

to different sources of anisotropy, the bubble centroid migration increases with the anisotropy

of the pressure field. The difference in centroid displacements therefore also suggests that the

presence of a rigid surface leads to stronger pressure field anisotropies than a granular boundary

for an identical stand-off distance. Over the second oscillation period, however, the bubble
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in vicinity of a solid boundary exhibits a significantly larger migration toward the boundary.

This is likely due to the position of the bubble relative to the boundaries after collapse, sR , and

the amplitude of its rebound, Rmax,R . Indeed, the anisotropy felt by the bubble at rebound has

changed and should be redefined considering these new parameters, °R ˘ sR /Rmax,R . Since

the bubble located near a rigid surface collapses closer to the boundary and has a greater

rebound than its counterparts that develop near a granular boundary, we have at rebound,

°R,w all ˙ °R,sand . The larger migration that occurs over the first bubble oscillation period is

therefore amplified over the second oscillation period.

Bubble-sand interaction at intermediate stand-off distances: ° … 1.3 - ° … 0.6

When the bubble is generated closer to the boundary, the interactions between the bubble and

the sand give rise to interesting new features that lead to significantly different bubble dynamics

than those observed near a rigid surface. To illustrate this, we show in figures 3.6 and 3.7 the

dynamics of a cavitation bubble evolving at a stand-off distance of ° … 0.8. Figure 3.6 provides

an overview of the bubble dynamics and subsequent sand motion, and figure 3.7 shows the final

instants of the bubble first collapse.

During the bubble growth phase (figure 3.6, frame 1-3), the granular beds undergo a weak

local compaction, and the sand particles are slightly pushed radially outwards. This motion

strictly follows the bubble dynamics and can therefore be attributed to the pressure and velocity

fields generated by the expanding bubble. Although all sand sizes appear to follow a similar

motion, the granularity of the nearby sand beds impacts the bubble growth differently. While

the coarse sand allows the bubble to maintain an almost spherical shape, the finer sand forces

the bubble’s lower hemisphere to flatten. The former dynamics suggests the liquid is allowed

to flow through the granular medium whereas the latter dynamics resemble the one imposed

by a rigid, impermeable boundary. Consequently, one can deduce a direct relation between

sand grain size and the permeability of the granular interface. To support this hypothesis, we

turn to the well-established Ergun correlation [52] that evaluates the pressure drop, ¢P , of a

staedy-state fluid flow across porous media of length L,

¢P

L
˘ A

„(1 ¡fl)2vs

d 2fl3 ¯ B
‰(1 ¡fl)v2

s

dfl3 (3.6)

where fl is the porosity of the medium, d the mean sand grain diameter, „ and ‰ are the fluid

dynamics viscosity and density, respectively, and vs is the superficial velocity. The constants

A and B are determined empirically and have been a subject of debate [109, 56, 119]. The

first term on the right hand side of equation 3.6 represents the viscous energy losses that

primarily occur in laminar flows and the second term denotes the energy losses in turbulent flow

regimes. Assuming that vs is mostly independent of the sand grain size since the flows are driven

by identical bubbles, and given that we measured similar porosities fl for all three granular

interfaces, equation 3.6 yields a pressure drop that scales as ¢P » d¡2 in the laminar flow regime
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Figure 3.6 – Selected instants of the bubble dynamics near the different investigated boundaries at ° … 0.8:
(a) coarse sand (dg ˘ 350 „m), (b) medium sand (dg ˘ 200 „m), (c) fine sand (dg ˘ 90 „m) and (d) rigid
boundary. All image sequences are initiated 0.27 ms after the bubble generation and the time interval
between successive images is 0.1 ms.The white line indicates the 2 mm scale.

and as ¢P » d¡1 in the turbulent flow regime. In either case, a finer grain size results in a larger

flow resistance in a steady-state regime, which can be associated with a lower permeability and

could explains the different bubble dynamics.

After reaching a maximum radius (figure 3.6, frame 3), the bubble collapses (figure 3.6, frames
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