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Abstract

Recent advances in material science and digital fabrication provide promising opportunities

for product design, mechanical and biomedical engineering, robotics, architecture, art, and

science. Engineered materials and personalized fabrication are revolutionizing manufacturing

culture and having a signi�cant impact on various scienti�c and industrial works. As new

fabrication technologies emerge, effective computational tools are needed to fully exploit the

potential of digital fabrication.

This thesis introduces a novel computational method for design and fabrication with auxetic

materials. The term auxetic refers to solid materials with negative Poisson ratio � when the

material is stretched in one direction, it also expands in all other directions. In particular, we

study 2D auxetic materials in the form of a triangular linkage which exhibits auxetic behavior

at the macro scale. This stretching, in turn, allows the �at material to approximate doubly-

curved surfaces, making it attractive for fabrication. We physically realize auxetic materials by

introducing a speci�c pattern of cuts into approximately inextensible material such as sheet

metal, plastic, or leather. On a larger scale, we use individual rigid triangular elements and

connect them with joints.

First, this thesis focuses on a regular triangular linkage. When deformed into a curved shape,

the linkage yields spatially-varying hexagonal openings. However, the global coupling of the

linkage elements makes manual, incremental approach unlikely to succeed when trying to

approximate a given curved surface. Thus, we leverage conformal geometry to enable complex

surface design. In particular, we compute a global conformal map with bounded scale factor

to initialize an otherwise intractable non-linear optimization. Constraint-based optimization

is used to �nd the �nal linkage con�guration that closely approximates a target 3D surface.

Furthermore, we develop a computational method for designing novel deployable structures

via programmable auxetics, i.e., spatially varying triangular linkage optimized to directly and

uniquely encode the target 3D surface in the 2D pattern. The target surface is rapidly deployed

from a �at initial state via in�ation or gravitational loading.

The thesis presents both inverse and forward design tools for interactive surface design with

programmable auxetics. This allows the user to ef�ciently approximate a given shape and

directly edit and adapt the auxetic linkage structure to explore the design alternatives. In

addition, our solution enables simulation-based form-�nding that uses deployment forces for

interactive exploration of feasible shapes. The resulting designs can be easily manufactured

via digital fabrication technologies such as laser cutting, CNC milling, or 3D printing.
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Abstract

Auxetic materials and deployable structures enable scienti�c, industrial, and consumer appli-

cations across a wide variety of scales and usages. We validate our computational methods

through a series of physical prototypes and application case studies, ranging from surgical

implants, through art pieces, to large-scale architectural structures.

Keywords: digital fabrication, computational design, auxetic materials, smart materials, de-

ployable shells, global optimization, differential geometry, conformal geometry

viii



Zusammenfassung

Jüngste Fortschritte in der Materialwissenschaft und der digitalen Fertigung bieten vielverspre-

chende Möglichkeiten für Produktdesign, Maschinenbau, biomedizinische Verfahrenstechnik,

Robotik, Architektur, Kunst und Wissenschaft. Technisierte Materialien und personalisierte

Fertigung revolutionieren die Produktionskultur und haben einen erheblichen Ein�uss auf

verschiedene wissenschaftliche und industrielle Arbeiten. Begleitend zu der Entstehung neuer

Fertigungstechnologien sind effektive Berechnungswerkzeuge erforderlich, um das Potenzial

der digitalen Fertigung voll auszuschöpfen.

Diese Arbeit stellt eine neuartige Berechnungsmethode für Design und Fertigung mit auxeti-

schen Materialien vor. Der Begriff �auxetisch� bezieht sich auf feste Materialien mit negativer

Poissonzahl - wird das Material in eine Richtung gedehnt, dehnt es sich auch in alle ande-

ren Richtungen aus. Insbesondere untersuchen wir 2D auxetische Materialien in Form von

Dreiecksverbindungen, die ein auxetisches Verhalten auf der Makroskala zeigen. Diese Ausdeh-

nung wiederum ermöglicht es dem �achen Material, sich nicht abwickelbaren Ober�ächen

anzunähern, was es für die Fertigung attraktiv macht. Wir realisieren auxetische Materialien,

indem wir ein bestimmtes Schnittmuster auf fast starre Materialien wie Blech, Kunststoff oder

Leder anwenden. Für größere Fertigungen verwenden wir einzelne starre Dreieckselemente,

verbunden durch Bindeglieder.

Zunächst konzentriert sich diese Arbeit auf regelmäßige Dreiecksverbindungen. Unter De-

formation in eine gekrümmte Form entstehen räumlich variierende hexagonale Öffnungen

in der Verbindung. Die globale Kopplung der Verbindungselemente macht die erfolgreiche

Approximation einer bestimmten gekrümmten Ober�äche durch einen manuellen, inkremen-

tellen Ansatz unwahrscheinlich. Daher nutzen wir konforme Geometrie, um eine komplexe

Ober�ächengestaltung zu ermöglichen. Wir berechnen eine global konforme Abbildung mit

begrenztem konformem Faktor, um eine ansonsten renitente nichtlineare Optimierung zu

initialisieren. Optimierung unter Nebenbedingungen wird verwendet, um eine Verbindungs-

kon�guration zu �nden, die einer 3D-Ziel�äche nahe kommt.

Darüber hinaus entwickeln wir ein Berechnungsverfahren zur Gestaltung neuartiger entfalt-

barer Strukturen mittels programmierbarer Auxetik, d.h. einer räumlich variierenden Drei-

ecksverbindung, die optimiert ist, die 3D Ziel�äche direkt und eindeutig im 2D Muster zu

kodieren. Die Ziel�äche kann aus einem �achen Ausgangszustand durch Aufblasen oder der

Einwirkung von Schwerkraft rasch entfaltet werden.

Diese Arbeit präsentiert sowohl inverse als auch direkte Design Werkzeuge für interaktives

Ober�ächendesign mit programmierbarer Auxetik. Dies ermöglicht es dem Benutzer, eine
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Zusammenfassung

bestimmte Form ef�zient zu approximieren und die auxetische Verbindungsstruktur direkt zu

bearbeiten und anzupassen, um Alternativen für das Design zu untersuchen. Darüber hinaus

ermöglicht unsere Lösung eine simulationsbasierte Form�ndung, bei der Entfaltungskräfte

zur interaktiven Sichtung realisierbarer Formen eingesetzt werden. Die daraus resultierenden

Entwürfe können problemlos über digitale Fertigungstechnologien wie Laserschneiden, CNC

Fräsen oder 3D-Druckern hergestellt werden.

Auxetische Materialien und entfaltbare Strukturen ermöglichen wissenschaftliche, industrielle

und verbraucherorientierte Anwendungen in unterschiedlichster Größenordnung und Nut-

zungsabsicht. Wir validieren unsere Berechnungsmethoden durch eine Reihe von gefertigten

Prototypen und Anwendungsbeispielen, die von chirurgischen Implantaten über Kunstwerke

bis hin zu großformatigen architektonischen Konstruktionen reichen.

Stichwörter: digitale Fertigung, generative Gestaltung, auxetische Materialien, intelligente

Werkstoffe, entfaltbare Strukturen, globale Optimierung, Differentialgeoemtrie, konforme

Geometrie
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1 Introduction

The emerging �eld of digital fabrication delivers versatile application opportunities in archi-

tecture, art, material science, medicine, robotics, and computer science [Gibson et al. 2015;

Caneparo 2016]. With the development of new fabrication technologies, such as ef�cient

and accurate 3D printers and laser cutters, the demand for personalized fabrication is rapidly

growing. In recent years, 3D printing is increasingly used to create new materials with custom

properties and performance by controlling their microstructure [Tang and Zhao 2016; Ngo

et al. 2018]. On the software side, however, this technology is still in the early development

phase and effective computational tools are needed that link creative design exploration to

material realization.

It is a common case in architecture and design that the initially designed surface is not

physically realizable. Therefore, it is necessary to approximate a desired design surface with a

closest surface that is suitable for fabrication. However, this is often a very dif�cult task. After

architects design a model, in order to proceed with manufacturing, engineers need to �nd a

compromise between striking designs and physical constrains. Rationalization is often harder

than the 3D modeling of a surface and makes realisation of complex freeform structures very

expensive. This gap between the design freedom and the production was the main reason for

mathematicians and computer scientists to initiate the interdisciplinary �eld of Architectural

Geometry [Pottmann et al. 2015].

A design process for fabrication typically requires balancing multiple objectives that are often

in con�ict. Finding the right trade-off between appearance, functionality, stability, durability,

price, etc. is challenging. In some cases, no single solution exists that satis�es all objectives at

the same time. That is where the use of advanced computational methods becomes essential.

Computational tools not only facilitate design exploration and make the production pipeline

from modeling to manufacturing more time- and cost-ef�cient, but also help discover and

enable designs not possible before. By incorporating optimization algorithms within compu-

tational design tools, it is possible to design within the space of feasible shapes and instantly

explore manufacturable design alternatives. One direction of research in Architectural Ge-

1



Chapter 1. Introduction

Figure 1.1 – The thin �at plastic sheet shown at top left is an example of a developable material
that can bend, but not stretch or shear. Hence, it can only bend along one direction at each
point and form a cylindrical or conical shape. It cannot wrap around a simple doubly-curved
surface such as a sphere (top right). However, inserting a regular pattern of cuts into the same
material turns this inextensible developable plastic into an auxetic material (bottom left) that
can locally expand. This enables the material to wrap around a sphere (bottom right) and
approximate free-form shapes.

ometry is based on developing interactive tools for problem-speci�c form-�nding design.

However, to this date, there is still no general framework to address many open problems in

fabrication.

A series of computational methods focus on working with developablesurfaces and developable

materials [Pottmann et al. 2015; Liu et al. 2006; Kilian et al. 2008; Tang et al. 2016; Stein et al.

2018]. A surface is called developable if it can be �attened into a plane without stretching or

shearing. More formally, it is a planar or single-curved surface, with zero Gaussian curvature

at each point. Developable surfaces can be approximated by �at materials that can bend freely,

but not stretch, such as metal sheets, paper, or thin plastic. They can also be panelled with

single-curved glass or wood elements. Developable surfaces are popular in the architecture,

shipbuilding, car and aerospace industries due to their cost-effectiveness in manufacturing

3D objects from �at parts.

While there is a rich set of striking developable designs, they are still limited to zero Gaussian

curvature shapes. Even a simple doubly-curved surfaces such as a sphere cannot be closely
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