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Abstract

Recent advances in material science and digital fabrication provide promising opportunities
for product design, mechanical and biomedical engineering, robotics, architecture, art, and
science. Engineered materials and personalized fabrication are revolutionizing manufacturing
culture and having a signi cant impact on various scienti c and industrial works. As new
fabrication technologies emerge, effective computational tools are needed to fully exploit the
potential of digital fabrication.

This thesis introduces a novel computational method for design and fabrication with auxetic
materials. The term auxetic refers to solid materials with negative Poisson ratio  when the
material is stretched in one direction, it also expands in all other directions. In particular, we
study 2D auxetic materials in the form of a triangular linkage which exhibits auxetic behavior
at the macro scale. This stretching, in turn, allows the at material to approximate doubly-
curved surfaces, making it attractive for fabrication. We physically realize auxetic materials by
introducing a speci c pattern of cuts into approximately inextensible material such as sheet
metal, plastic, or leather. On a larger scale, we use individual rigid triangular elements and
connect them with joints.

First, this thesis focuses on a regular triangular linkage. When deformed into a curved shape,
the linkage yields spatially-varying hexagonal openings. However, the global coupling of the
linkage elements makes manual, incremental approach unlikely to succeed when trying to
approximate a given curved surface. Thus, we leverage conformal geometry to enable complex
surface design. In particular, we compute a global conformal map with bounded scale factor
to initialize an otherwise intractable non-linear optimization. Constraint-based optimization
isusedto ndthe nallinkage con guration that closely approximates a target 3D surface.
Furthermore, we develop a computational method for designing novel deployable structures
via programmable auxetics, i.e., spatially varying triangular linkage optimized to directly and
uniquely encode the target 3D surface in the 2D pattern. The target surface is rapidly deployed
froma atinitial state viain ation or gravitational loading.

The thesis presents both inverse and forward design tools for interactive surface design with
programmable auxetics. This allows the user to ef ciently approximate a given shape and
directly edit and adapt the auxetic linkage structure to explore the design alternatives. In
addition, our solution enables simulation-based form- nding that uses deployment forces for
interactive exploration of feasible shapes. The resulting designs can be easily manufactured
via digital fabrication technologies such as laser cutting, CNC milling, or 3D printing.
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Abstract

Auxetic materials and deployable structures enable scienti c, industrial, and consumer appli-
cations across a wide variety of scales and usages. We validate our computational methods
through a series of physical prototypes and application case studies, ranging from surgical
implants, through art pieces, to large-scale architectural structures.

Keywords: digital fabrication, computational design, auxetic materials, smart materials, de-
ployable shells, global optimization, differential geometry, conformal geometry
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Zusammenfassung

J ngste Fortschritte in der Materialwissenschaft und der digitalen Fertigung bieten vielverspre-
chende M glichkeiten f r Produktdesign, Maschinenbau, biomedizinische Verfahrenstechnik,
Robotik, Architektur, Kunst und Wissenschaft. Technisierte Materialien und personalisierte
Fertigung revolutionieren die Produktionskultur und haben einen erheblichen Ein uss auf
verschiedene wissenschaftliche und industrielle Arbeiten. Begleitend zu der Entstehung neuer
Fertigungstechnologien sind effektive Berechnungswerkzeuge erforderlich, um das Potenzial
der digitalen Fertigung voll auszusch pfen.

Diese Arbeit stellt eine neuartige Berechnungsmethode f r Design und Fertigung mit auxeti-
schen Materialien vor. Der Begriff auxetisch bezieht sich auf feste Materialien mit negativer
Poissonzahl - wird das Material in eine Richtung gedehnt, dehnt es sich auch in alle ande-
ren Richtungen aus. Insbesondere untersuchen wir 2D auxetische Materialien in Form von
Dreiecksverbindungen, die ein auxetisches Verhalten auf der Makroskala zeigen. Diese Ausdeh-
nung wiederum erm glichtes dem achen Material, sich nicht abwickelbaren Ober chen
anzun hern,wasesf rdie Fertigung attraktiv macht. Wir realisieren auxetische Materialien,
indem wir ein bestimmtes Schnittmuster auf fast starre Materialien wie Blech, Kunststoff oder
Leder anwenden. F rgr ere Fertigungen verwenden wir einzelne starre Dreieckselemente,
verbunden durch Bindeglieder.

Zun chst konzentriert sich diese Arbeit auf regelm ige Dreiecksverbindungen. Unter De-
formation in eine gekr mmte Form entstehen r umlich variierende hexagonale ffnungen
in der Verbindung. Die globale Kopplung der Verbindungselemente macht die erfolgreiche
Approximation einer bestimmten gekr mmten Ober che durch einen manuellen, inkremen-
tellen Ansatz unwahrscheinlich. Daher nutzen wir konforme Geometrie, um eine komplexe
Ober chengestaltung zu erm glichen. Wir berechnen eine global konforme Abbildung mit
begrenztem konformem Faktor, um eine ansonsten renitente nichtlineare Optimierung zu
initialisieren. Optimierung unter Nebenbedingungen wird verwendet, um eine Verbindungs-
kon gurationzu nden, die einer 3D-Ziel che nahe kommt.

Dar ber hinaus entwickeln wir ein Berechnungsverfahren zur Gestaltung neuartiger entfalt-
barer Strukturen mittels programmierbarer Auxetik, d.h. einer r umlich variierenden Drei-
ecksverbindung, die optimiert ist, die 3D Ziel che direkt und eindeutig im 2D Muster zu
kodieren. Die Ziel che kann aus einem achen Ausgangszustand durch Aufblasen oder der
Einwirkung von Schwerkraft rasch entfaltet werden.

Diese Arbeit pr sentiert sowohl inverse als auch direkte Design Werkzeuge f r interaktives
Ober chendesign mit programmierbarer Auxetik. Dies erm glicht es dem Benutzer, eine
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Zusammenfassung

bestimmte Form ef zient zu approximieren und die auxetische Verbindungsstruktur direkt zu
bearbeiten und anzupassen, um Alternativen f r das Design zu untersuchen. Dar ber hinaus
erm glicht unsere L sung eine simulationsbasierte Form ndung, bei der Entfaltungskr fte
zur interaktiven Sichtung realisierbarer Formen eingesetzt werden. Die daraus resultierenden
Entw rfe k nnen problemlos ber digitale Fertigungstechnologien wie Laserschneiden, CNC
Fr sen oder 3D-Druckern hergestellt werden.

Auxetische Materialien und entfaltbare Strukturen erm glichen wissenschaftliche, industrielle
und verbraucherorientierte Anwendungen in unterschiedlichster Gr  enordnung und Nut-
zungsabsicht. Wir validieren unsere Berechnungsmethoden durch eine Reihe von gefertigten
Prototypen und Anwendungsbeispielen, die von chirurgischen Implantaten ber Kunstwerke
bis hin zu gro formatigen architektonischen Konstruktionen reichen.

Stichw rter: digitale Fertigung, generative Gestaltung, auxetische Materialien, intelligente
Werkstoffe, entfaltbare Strukturen, globale Optimierung, Differentialgeoemtrie, konforme
Geometrie
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2.1

The thin at plastic sheet shown at top left is an example of a developable mate-
rial that can bend, but not stretch or shear. Hence, it can only bend along one
direction at each point and form a cylindrical or conical shape. It cannot wrap
around a simple doubly-curved surface such as a sphere (top right). However,
inserting a regular pattern of cuts into the same material turns this inextensi-
ble developable plastic into an auxetic material (bottom left) that can locally
expand. This enables the material to wrap around a sphere (bottom right) and
approximate free-formshapes. . . . . ... ... o

When stretched, auxetic material expands approximately isotropically by rotat-
ing the triangle elements relative to their neighbors. The material increases its
area in all directions, exhibiting a behavior typical for materials with negative
Poissonratio. . . . . . .. . . ...

Our auxetic linkage is de ned as a tri-hexagonal pattern. A uniform linkage can
transition in the plane between a fully closed state (left) and a fully opened state
(right) by rotating triangles around their connecting vertices. This expansion
increases total area by a factor of four, which corresponds to a scaling of length
byafactortwo. . ... ... . . ...

The Kagome lattice is one of eleven uniform tilings of the Euclidean plane con-
sisting of only regular polygons. The name "Kagome" originally comes from
a traditional Japanese woven bamboo patterns. The term Kagome lattice rst
appeared in physics and it is also used to refer to the crystal structures of certain
minerals. . . . . ..

(Top to bottom, left to right:) Regular patterns have been used to emulate auxetic
behavior in microscopic materials, footwear, electronically actuated materials,
simple design applications, and origami (image courtesy of Yigil Cho et al.,
fundmental.berlin, and Eric Gjerde). However, these applications have been
limited to very simple geometries (e.g., planar or spherical) due to the lack of
sophisticated designtools. . . ... ... ... ... . . . ...

Xiii



List of Figures

Xiv

31

3.2
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3.4

3.5
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3.8

Top: Samples of materials used in our experiments. The leftmost photo shows
the undeformed con guration. Bottom: Geometric abstraction using a trian-
gular linkage. A single unit of the linkage deforms to form a regular hexagon
opening in the maximally extended con guration. . . ... ............

Optimizing auxetic linkages from arbitrary initial shapes can lead to undesirable
local minima. Left; initializing a linkage as a at rectangular patch for the
rationalization of Max Planck. Right: undesirable foldovers and wrinkles in the
optimized linkage. . . . . . . . . ..

Conformal mapping of the sphere using the stereographic projection sketched
on the right. Since our linkage pattern restricts the conformal factor to be less or
equal to two, at most a half-sphere can be realized with a single regular patch of
auxetic material. Note how the surface is completely closed at the boundary and
maximally stretched inthecenter. . . . . ... ... ... ... .. .........

The regular linkage we study can even be used to construct closed surfaces with
nontrivial topology. Here a torus with rectangular conformal type oats over its
initial (closed) tiling, given by the fundamental domain; the aspect ratio of this
rectangle maximizes the relative scaling that can be achieved with our linkage.

Cone singularities are used for surfaces with large Gaussian curvature to lower
the conformal scaling factor to our feasible range. Here a cone singularity is
introduced at the tip of the nose and the surface is cut to the bottom. However,
without prescribing a cone angle (top row), a regular tiling cannot align with the
2D conformal layout and seamlessly close in 3D. We compute a conformal map
with a prescribed cone angle (bottom row) to ensure the continuity across the

nallinkage pattern. . . . . . . . . . .

Incorporating irregular vertices or cone singularities into our linkage pattern
allows us to better approximate surfaces with large Gaussian curvature. Since
each vertex must have even degree, the possible cone angles come in quanta of
2../3. Top: closed con guration. Bottom: corresponding open pattern. . . . . .

The discrete, rigid nature of auxetic linkages introduces additional challenges
for cone singularities. Here, six singularities on the octahedron (of curvature
2../3) cannot be attened to match the curvature of the sphere without violating
our maximal stretching criterion elsewhere on the surface. Hence we obtain
high-curvature spikes (left) or self-intersections (middle) that can be avoided
by deleting triangles (right) at the expense of creating dangling triangles only
connected to two neighbors. . . . . ... L

Without singularities, rationalizing a bump with large curvature (left) results in
either large deviation from the target surface (center left) or nonrigid distortion
of triangles (center right). Adding a cone singularity at the tip allows one to
closely approximate the target surface while satisfying fabrication constraints
(right). . . . .
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3.9 Computational design work ow. By controlling the properties of a global con-
formal map and alignment of the 2D regular tiling with that map, the designer
iteratively re nes the 3D auxetic surface. Here we show and example with no
cone singularities, as the scale factor is suf cientlysmall. . . ... ... ... ..

3.10 Non-penetration constraint. Viewed from the normal direction of the triangle
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The center zoom shows the region of the seam, where one row of triangles is
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3.14 Fabrication of the Max Planck model. Top left: 3D printed reference model used
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i} Introduction

The emerging eld of digital fabrication delivers versatile application opportunities in archi-
tecture, art, material science, medicine, robotics, and computer science [Gibson et al. 2015;
Caneparo 2016]. With the development of new fabrication technologies, such as ef cient
and accurate 3D printers and laser cutters, the demand for personalized fabrication is rapidly
growing. In recent years, 3D printing is increasingly used to create new materials with custom
properties and performance by controlling their microstructure [Tang and Zhao 2016; Ngo
et al. 2018]. On the software side, however, this technology is still in the early development
phase and effective computational tools are needed that link creative design exploration to
material realization.

It is a common case in architecture and design that the initially designed surface is not
physically realizable. Therefore, it is necessary to approximate a desired design surface with a
closest surface that is suitable for fabrication. However, this is often a very dif cult task. After
architects design a model, in order to proceed with manufacturing, engineersneedto nda
compromise between striking designs and physical constrains. Rationalization is often harder
than the 3D modeling of a surface and makes realisation of complex freeform structures very
expensive. This gap between the design freedom and the production was the main reason for
mathematicians and computer scientists to initiate the interdisciplinary eld of Architectural
Geometry [Pottmann et al. 2015].

A design process for fabrication typically requires balancing multiple objectives that are often
in con ict. Finding the right trade-off between appearance, functionality, stability, durability,
price, etc. is challenging. In some cases, no single solution exists that satis es all objectives at
the same time. That is where the use of advanced computational methods becomes essential.

Computational tools not only facilitate design exploration and make the production pipeline
from modeling to manufacturing more time- and cost-ef cient, but also help discover and
enable designs not possible before. By incorporating optimization algorithms within compu-
tational design tools, it is possible to design within the space of feasible shapes and instantly
explore manufacturable design alternatives. One direction of research in Architectural Ge-



Chapter 1. Introduction

Figure 1.1 — The thin at plastic sheet shown at top left is an example of a developable material
that can bend, but not stretch or shear. Hence, it can only bend along one direction at each
point and form a cylindrical or conical shape. It cannot wrap around a simple doubly-curved
surface such as a sphere (top right). However, inserting a regular pattern of cuts into the same
material turns this inextensible developable plastic into an auxetic material (bottom left) that
can locally expand. This enables the material to wrap around a sphere (bottom right) and
approximate free-form shapes.

ometry is based on developing interactive tools for problem-speci ¢ form- nding design.
However, to this date, there is still no general framework to address many open problems in
fabrication.

A series of computational methods focus on workingwith  developable surfaces and developable
materials [Pottmann et al. 2015; Liu et al. 2006; Kilian et al. 2008; Tang et al. 2016; Stein et al.
2018]. A surface is called developable if it can be attened into a plane without stretching or
shearing. More formally, it is a planar or single-curved surface, with zero Gaussian curvature

at each point. Developable surfaces can be approximated by at materials that can bend freely,
but not stretch, such as metal sheets, paper, or thin plastic. They can also be panelled with
single-curved glass or wood elements. Developable surfaces are popular in the architecture,
shipbuilding, car and aerospace industries due to their cost-effectiveness in manufacturing

3D objects from at parts.

While there is a rich set of striking developable designs, they are still limited to zero Gaussian
curvature shapes. Even a simple doubly-curved surfaces such as a sphere cannot be closely
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