arxiv:0812.4933v2 [astro-ph] 19 Feb 2009

Mon. Not. R. Astron. Sod00,[THI0 (2009) Printed February 19, 2009 (MNEX style file v2.2)

Compressed sensing imaging techniques for radio interferoetry

Y. Wiaux!2, L. Jacque’?, G. Puy, A. M. M. Scaifé!, P. Vandergheynbt

LInstitute of Electrical Engineering, Ecole Polytechnigeedérale de Lausanne (EPFL), CH-1015 Lausanne, Swétaerl
2Centre for Particle Physics and Phenomenology, Universittholique de Louvain (UCL), B-1348 Louvain-la-NeuvegBen
3Communications and Remote Sensing Laboratory, Unieecsitholique de Louvain (UCL), B-1348 Louvain-la-NeuvegBen
4 Astrophysics Group, Cavendish Laboratory, University afr®ridge, Cambridge CB3 OHE, United Kingdom

February 19, 2009

ABSTRACT

Radio interferometry probes astrophysical signals thhdogomplete and noisy Fourier mea-
surements. The theory of compressed sensing demonstratesith measurements may ac-
tually suffice for accurate reconstruction of sparse or aasgible signals. We propose new
generic imaging techniques based on convex optimizatiogl@bal minimization problems
defined in this context. The versatility of the frameworkatuy allows introduction of spe-
cific prior information on the signals, which offers the pibdly of significant improvements
of reconstruction relative to the standard local matchingspit algorithm CLEAN used in
radio astronomy. We illustrate the potential of the apphdayg studying reconstruction per-
formances on simulations of two different kinds of signatserved with very generic inter-
ferometric configurations. The first kind is an intensitydief compact astrophysical objects.

The second kind is the imprint of cosmic strings in the terapee field of the cosmic mi-
crowave background radiation, of particular interest fusroology.

Key words: techniques: interferometric, techniques: image proogssiosmology: cosmic

microwave background

1 INTRODUCTION

Radio interferometry is a powerful technique for apertuye-s
thesis in astronomy, dating back to more than sixty years
ago (Ryle & Vonberg| 1946; Blythe 1957; Ryle et al. 1959;
Ryle & Hewish|1960; Thompson etlel. 2004). In a few words,
thanks to interferometric techniques, radio telescopayarsyn-
thesize the aperture of a unique telescope of the same sihe as
maximum projected distance between two telescopes on éme pl
perpendicular to the pointing direction of the instrumélttis al-
lows observations with otherwise inaccessible angulasluésns
and sensitivities in radio astronomy. The small portiorhef teles-
tial sphere accessible to the instrument around the pgimtirec-
tion tracked during observation defines the original reahal sig-

nal or imagel to be recovered. The fundamental Nyquist-Shannon
theorem requires a signal to be sampled at a frequency oé twic
its bandwidth to be exactly known. The signaimay therefore be
expressed as a vectore RY containing the required numbe¥

of sampled values. Radio-interferometric data are acduirghe
Fourier plane. The number. of spatial frequencies probed may
be much smaller than the numh#&'r of discrete frequencies of the
original band-limited signal, so that the Fourier coveragecom-
plete. Moreover the spatial frequencies probed are nobtmlf/
sampled. The measurements are also obviously affectedibg.no
An ill-posed inverse problem is thus defined for reconstoumcof

the original image.

compressed sensing aims at merging data acquisition angresm
sion (Candeés et al. 2006a.b; Candes 2006; Dohoha 2006nRir
2007). It notably relies on the idea that a large variety ghals in
Nature are sparse or compressible. By definition, a sigreglasse
in some basis if its expansion contains only a small numbaoo#
zero coefficients. More generally it is compressible if kpansion
only contains a small number of significant coefficients, ifa
large number of its coefficients bear a negligible value. Gassed
sensing theory demonstrates that a much smaller numbereazrli
measurements is required for accurate knowledge of suclalsig
than is required for Nyquist-Shannon sampling. The sensiatix
must simply satisfy a so-called restricted isometry propén par-
ticular, a small number of random measurements in a senaiig b
incoherent with the sparsity or compressibility basis esilsure this
property with overwhelming probability, e.g. random Feuninea-
surements of a signal sparse in real or wavelet space. Qoersiby

if compressed sensing had been developed before the adwent o
dio interferometry, one could probably not have thought ofiech
better design of measurements for sparse and compresigjibédss
in an imaging perspective.

In this work we present results showing that the theory of-com
pressed sensing offers powerful image reconstructionntquls
for radio-interferometric data. These techniques aretaseglobal
minimization problems, which are solved by convex optirtiaa
algorithms. We also emphasize on the versatility of the meheel-
ative to the inclusion of specific prior information on thgrsal in

Beyond the Nyquist-Shannon theorem, the emerging theory of the minimization problems. This versatility allows the défon of
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image reconstruction techniques which are significantlyenpow-
erful than standard deconvolution algorithm called CLEAS¢diin
the context of radio astronomy.

In Section 2, we pose the inverse problem for image recon-
struction from radio-interferometric data and discussstssdard
image reconstruction techniques used in radio astronam$et-
tion[3, we concisely describe the central results of the thed
compressed sensing regarding the definition of a sensing &ad
the accurate reconstruction of sparse or compressiblalsigm
Section[%, we firstly comment on the exact compliance of radio
interferometric measurements with compressed sensinghiéve
study the reconstruction performances of various compeessns-
ing imaging techniques relative to CLEAN on simulationswbt
kinds of signals of interest for astrophysics and cosmolbgsy fi-
nally conclude in Sectidnl 5.

Notice that a first application of compressed sensing in as-
tronomy (Bobin et al. 2008) was very recently proposed fan-no
destructive data compression on board the future Hersgagles
observatoﬂ. The versatility of the compressed sensing frame-
work to account for specific prior information on signals was
already pointed out in that context. Moreover, the genede p
tential of compressed sensing for interferometry was pdirih
the signal processing community since the time when the the-
ory emerged (Donoho 2006; Candes et al. 2006b; Mary & Michel
2007;| Levanda & Leshern 2008). It was also very recently ac-
knowledged in radio astronomy (Cornwell 2008). The presamk
nonetheless represents the first application of compressast
ing for the definition of new imaging techniques in radio in-
terferometry. A huge amount of work may be envisaged along
these lines, notably for the transfer of the proposed tegtes
to optical and infrared interferometry. The extension ofsth
techniques from the plane to the sphere will also be es$entia
notably with regard to forthcoming radio interferometerghw
wide fields of view on the celestial sphele (Cornwell et alD&0
McEwen & Scaifz 2008), such as the future Square Kilometer Ar
ray (SKAH (Carilli & Rawlings/2004).

2 RADIO INTERFEROMETRY

In this section, we recall the van Cittert-Zernike theorantlee ba-
sis of which we formulate the inverse problem posed for image
construction from radio-interferometric data. We alsocdiég and
discuss the standard image reconstruction techniquesinsed
dio astronomy, namely a local matching pursuit algorithriteda
CLEAN and a global optimization algorithm called the maximu
entropy method (MEM).

2.1 van Cittert-Zernike theorem

In a tracking configuration, all radio telescopes of an fet@met-
ric array point in the same direction. The field of view obsgion
the celestial sphere®Ss limited by a so-called illumination func-
tion A(w), depending on the angular positienc S?. The size of
its angular support is essentially inversely proporticoahe size
of the dishes of the telescopes (Thompson et al.|2004). At ieac
stant of observation, each telescope pair identified by dexih
measures a complex visibility, € C. This visibility is defined as

L http://herschel.esac.esa.int/
2 http://www.skatelescope.org/

the correlation between incoming electric fiellisat the positions
of the two telescopes in the three-dimensional spacé, € R:

w= (8 (50) " (Bar) )
In this relation,t denotes the time variable and the brackets:
denote an average over a timé long relative to the period of the
radio wave detected.

We consider a monochromatic signal with a wavelength of
emission)\, and made up of incoherent sources. We also consider a
standard interferometer with an illumination function wkangu-
lar support is small enough so that the field of view may betiden
fied to a planar patch of the celestial sphePec R2. The signal
and the illumination function thus respectively appeanexfions
1(p) and A(p) of the angular variable seen as a two-dimensional
vectorp € R? with an origin at the pointing direction of the array.
The vectorB;, = by — by € R® defining the relative position be-
tween the two telescopes is called the baseline, and itsqifop on
the plane perpendicular to the pointing direction of therimaent
may be denoted as?; € R?. One also makes the additional as-
sumption that the maximum projection of the baselines irpthiet-
ing direction itself is small.(Cornwell et &l. 2008). In thesntext,
the so-called van Cittert-Zernike theorem states that ibibility
measured identifies with the two-dimensional Fourier tiams of
the image multiplied by the illumination functiaAl at the single
spatial frequency

@)

At

7= 2, @)
i.e.

vy = Al (i1y), 3)
with

A= [ A1) e (4)

for any two-dimensional vectar € R?. Interferometric arrays thus
probe signals at a resolution equivalent to that of a single-t
scope with a sizeR essentially equivalent to the maximum pro-
jected baseline on the plane perpendicular to the poiniiegtibn:

R ~ max; Elf. This expresses the essence of aperture synthesis
(Thompson et al. 2004).

2.2 Interferometric inverse problem

In the course of an observation, the projected baselingseoplane
perpendicular to the pointing direction change thanks é@arth’s
rotation and run over an ellipse in the Fourier plane of thgi-or
nal image, whose parameters are linked to the parameters-of o
servation. The total number /2 of spatial frequencies probed by
all pairs of telescopes of the array during the observationiges
some Fourier coverage characterizing the interferoméy.in-
terferometer is thus simply identified by a binary mask inri&u
equal tol for each spatial frequency probed andtherwise. The
visibilities measured may be denoted as a vectong® complex
Fourier coefficientyy € C™2 = {y, = zﬂ(ﬁb)}lgbgwl/g, pos-
sibly affected by complex noise values € C"/? = {npy =
n(iy) }1<p<m/2 Of astrophysical or instrumental origin. Consid-
ering that the signal and the illumination functionrA are real,

a symmetry?l\l(—ﬁ;,) = f/l\l*(ﬁb) also holds so that indepen-
dent measurements may all be localized in one half of thei&our
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plane. The binary mask in Fourier identifying the interfes

ter is defined in this half of the plane and rendered symmetric
around the origin so that it also corresponds to the Fourdarst
form of a real function. In this context, the measured vigibs
may equivalently be denoted as a vectomofeal Fourier coeffi-
cientsy € R™ = {y, }1<r<m coONsisting of the real and imaginary
parts of the complex measures, possibly affected by reakngil-
uesn € R™ = {n, Ji<r<m-

The original signall () and the illumination functiom(p)
can be approximated by band-limited functions restrictetthé fi-
nite field of view precisely set by the illumination functigrie P.

In this context, we notice that they are identified by theighigt-
Shannon sampling on a discrete uniform gridof= N'/2 x N1/2
points7; € R? in real space with < i < N. The sampled
signal may thus be denoted asc RY = {z; = I(7:)}i<i<n
while the illumination function is denoted asc RY = {a;
A(pi) }1<i< v, and the sampled product readsras RY = {z;
AI(p;) }1<i<n- Because of the assumed finite field of view, the
functions may equivalently be described by their compleuries
coefficients on a discrete uniform grid 8f = N'/2 x N'/2 spa-

tial frequenciesi; with 1 < ¢ < N. This grid is symmetric around
the origin and limited at the maximum frequency defining taad
limit. In particular for the Fourier coefficients of the proet A7
one has® € CY = {&;, = AI(il;)}1<i<n- The functions being
real, one again has the symme@(—ﬁi) = th*(m) so that the
signal is described by exactly/2 complex Fourier coefficients in
one half of the Fourier plane, or equivalenily real Fourier coef-
ficients consisting of the real and imaginary parts of theseptex
coefficients. In the following we only use this decompositigith

real coefficients in one half of the Fourier plane.

However the frequencieg, probed defined by[2) fot <
b < m/2 are continuous and do not generally belong to the set of
discrete frequencieg; for 1 < ¢ < N. Reconstruction schemes in
general perform a preliminary gridding operation on thébilisies
yr With 1 < 7 < m so that the inverse problem may be refor-
mulated in a pure discrete setting, i.e. between the deséretirier
and real planes (Thompson ei al. 2004). The essential réasie
gridding resides in the subsequent use of the standard dasieF
transform (FF'Iﬁ. For the sake of the considerations that follow we
assume that the frequencies prohgdbelong to the discrete grid
of points; so that no artifact due to the gridding is introduced. In
this discrete setting the Fourier coverage is unavoidatdgmplete
in the sense that the number of real constraints always smaller
than the number of unknown¥: m < N. An ill-posed inverse
problem is thus defined for the reconstruction of the signfabm
the measured visibilitieg as:

©)

for a given noiser, and with a sensing matri; for radio inter-
ferometry of the form

y=o;z+n,

®, = MFD. (6)

In this relation, the matrixD ¢ RM*¥ {Dy =
aid;i Y1<4,4 < v 1S the diagonal matrix implementing the illumina-
tion function, and the matriF’ € RY*YN = {Fiy}ic; vcn IM-
plements the discrete Fourier transform providing the Fealrier
coefficients in one half of the Fourier plane. The mathik €

3 Notice that fast algorithms have been developed to compieusier
transform on non-equispaced spatial frequencies (NFFIQg Rt all 2008).
This could in principle allow one to avoid an explicit griddi operation.
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R™N = (M, }1<r<mi<icn is the rectangular binary matrix
implementing the mask characterizing the interferomeateorie
half of the Fourier plane. It contains only one non-zero gabmn
each line, at the index of one of the two real Fourier coeffitse
corresponding to each of the spatial frequencies probed.

We restrict our considerations to independent Gaussiaenoi
with variances? = o%(y.-). From a statistical point of view, the
likelihood £ associated with a candidate reconstructidnof the
signalz is defined as the probability of the datayiven the model
x*, or equivalently the probability of the noise residudl = y —
®_.x*. Under the Gaussian noise assumption it reads as

* 1 *
L") xexp | -3¢ (0520 @
with the corresponding negative logarithm
) . @ B m (n:)2 8
X(xy rivy)*zla_—£7 ()

following a chi-square distribution witl degrees of freedom. The
x? defines a noise level estimator. The level of residual naise
should be reduced by finding' minimizing thisx?, which corre-
sponds to maximize the likelihood. Typically, the measurement
constraint on the reconstruction may be defined as a bound

9)

with € corresponding to somélOOa)th percentile of the chi-
square distribution, i.ep(x*> < €*) = « for somea < 1. For
a solution with ay? = €2, there is a probabilityx that pure noise
gives a residual smaller than or equal to the observed rasiduy
and a probabilityl — « that noise gives a larger residual. Too small
ana would thus induce possible noise over-fitting, i.e. inahmsof
part of the noise in the reconstruction. These considersitinight
of course be generalized to other kinds of noise distrilmstio

The inverse problem being ill-posed, many signals may for-
mally satisfy measurement constraints sucH _&s (9). In gértee
problem may only find a unique solutiari, as close as possible to
the true signal:, through a regularization scheme which should
encompass enough prior information on the original sigAdll.
possible image reconstruction algorithms will essentiai dis-
tinguished through the kind of regularization considered.

(2% P, y) < €,

ri
2

2.3 Standard imaging techniques

The general inverse problefd (5) is to be considered if onbesiso
undo the multiplication by the illumination function andrexover
the original signal: on the given field of view. In practice, the re-
construction is usually considered for the original imdgaready
multiplied by the illumination function4, whose sampled values
aret = Dz € RY = {#; = a;x:}1<icn. In this setting the
inverse problem reads as

Y= (irii +n, (10)
with a sensing matrix®,, strictly implementing a convolution:
d. = MF. (11)

Firstly, the most standard and otherwise already very effec
tive image reconstruction algorithm from visibility measments
is called CLEAN. It approaches the image reconstructioreims
of the corresponding deconvolution problem in real spacefiom
1974;| Schwarz 1978; Thompson etlal. 2004). In standard wecab
lary, the inverse transform of the Fourier measurementh walit
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non-observed visibilities set to zero is called the dirtyage. Its
sampled values® ¢ RY = {2/}, are simply obtained
by application of the adjoint sensing matrix to the obsemisibil-
ities:z(? = ®1y. The inverse transform of the binary mask identi-
fying the interferometer is called the dirty beam. Its sazdplalues

d € RN = {d;}1<i<n follow from the application of the adjoint
sensing matrix to a vector of unit valugés, € R™: d = &1 1,,.
The inverse transform of the noisewith all non-observed visibili-
ties set to zero defines an alternative expression of the moigal
space. Again its sampled value&” € RY = {n{"},c,cn are
simply obtained by application of the adjoint sensing nxatithe
noise realizationn” = ®'n. The inverse probleni{10) can thus
be rephrased by expressing the dirty image as the convolofio
the original image with the dirty beam, plus the noise:

2D =dxz+n?. (12)

CLEAN is a non-linear deconvolution method relying on thés r
lation and working by local iterative beam removal. At eafgr-i
ation, the point in real space is identified where a residualge,
initialized to the dirty image, takes its maximum absoluédue.
The beam is removed at that point with the correct amplitade t
produce the residual image for the next iteration. Simeitasly
the maximum absolute value observed renormalized by theaden
value of the beam is added at the same point in the approximati
image, initialized to a null image. This procedure assurhasthe
original signal is a sum of Dirac spikes. A sparsity or conspilail-

ity prior on the original signal in real space is implicitiytioduced
so that its energy is concentrated at specific locationsh@mron-
trary, the Gaussian noise should be distributed everywberthe
image and should not significantly affect the selection affsoin
the iterations. This underlying sparsity hypothesis seasa regu-
larization of the inverse problem.

A loop gain factory is generally introduced in the procedure
which defines the fraction of the beam considered at each-iter
tion. Valuesy around a few tenths are usually used which allow for
a more cautious consideration of the sidelobes of the diegnb
The overall procedure is greatly enhanced by this simpleamrg
ment, albeit at high computational cost. In a statisticalsse the
stopping criterion for the iteration procedure should keérseerms
of relation [3). However, the procedure is known to be slod the
algorithm is often stopped after an arbitrary number o#itiens.

Various weighting schemes can be applied to the binary mask
in Fourier. Natural weighting simply corresponds to replte unit
values by the inverse variance of the noise affecting theespond-
ing visibility measurement. This corresponds to a standetthed
filtering operation allowing the maximization of the sigitatnoise
ratio of the dirty image before deconvolution. So-calledfanm
and robust weightings can notably be used to correct for time n
uniformity of the Fourier coverage associated with the mess$
visibilities and to reduce the sidelobes of the dirty beanteal
space. Multi-scale versions of this method were also deeelo
(Cornwell 2008).

CLEAN and multi-scale versions may actually be formu-
lated in terms of the well-known matching pursuit (MP) prdices
(Mallat & Zhang 1993; Mallat 1998). The corresponding MPaalg
rithm simply uses a circulant dictionary for which the piijen
on atoms corresponds to the convolution with the dirty beBine.
loop gain factor may also be trivially introduced in this text.

Secondly, another approach to the reconstruction of images
from visibility measurements is MEM. In contrast to CLEAN,
MEM solves a global optimization problem in which the iners
problem [10) is regularized by the introduction of an enitqior

on the signal (Ableis 1974; Gull & Daniell 1999; Cornwell & Eha
1985%; Gull & Skilling|1999). For positive signals, the reélat en-
tropy function between a sampled sigmak RY = {Z;}1<icn
and a modet € RY = {z;}1<i<n takes the simple form

(13)

This function is always negative and takes its maximum railh&
whenz = z. In the absence of a precise knowledge of the signal
z is set to a vector of constant values. In such a case, maxigizi
the entropy prior promotes smoothness of the reconstrictage.

The MEM problem is the unconstrained optimization problem
defined as the minimization of a functional correspondinghto
sum of the relative entrop§ and they?:

1

2 (=, & _ —/
§X (I aq)rwy) ) (I 7z) ) (14)

min
z/eRN
for some suitably chosen regularization parameter 0. In gen-
eral, the minimization thus requires a trade-off betwgérmini-
mization, and relative entropy maximization.

Notice that the definitio (13) may easily be generalized for
non-positive signals. A multi-scale version of MEM was ath®
fined. It considers that the original image may have an efficie
representation in terms of its decomposition in a wavelsishd he
entropy is then defined directly on the wavelet coefficierftthe
signal (Maisinger et al. 1999).

For completeness we finally quote the WIPE reconstruction
procedure which also solves a global minimization probleuat,in
which the inverse probleni_(JL0) is regularized by the intditun
of a smoothness prior on the part of the signal whose Fouwier s
port corresponds to the non-probed spatial frequencids.cbire-
sponds to minimize thg? after assigning a null value to all initially
non-observed visibilities (Lannes etlal. 1994, 1996).

In conclusion, CLEAN is a local iterative deconvolutiontiec
nigue, while MEM and WIPE are reconstruction techniquestas
on global minimization problems. All three approaches aggi<l
ble enough to consider various bases (Dirac, wavelet, wte)e a
majority of natural signals can have a sparse or compressple-
sentation. CLEAN also implicitly assumes the sparsity efd¢tgnal
in the reconstruction procedure. But none of these methqalice
itly imposes the sparsity or compressibility prior on themestruc-
tion. This precise gap is notably bridged by the imaging némphes
defined in the framework of the compressed sensing theory.

3 COMPRESSED SENSING

In this section we define the general framework of the theory
of compressed sensing and quote its essential impact beiend
Nyquist-Shannon sampling theorem. We then describe the re-
stricted isometry property that the sensing basis needatisfys

so that sparse and compressible signals may be accurately-re
ered through a global optimization problem. We finally dssthe

idea that incoherence of the sensing and sparsity or cosipiles

ity bases as well as randomness of the measurements areythe ke
properties to ensure this restricted isometry.

3.1 Beyond Nyquist-Shannon

In the framework of compressed sensing the signals probed ar
firstly assumed to be sparse or compressible in some basis- Te
nically, we consider a real signal identified by its Nyqutannon
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sampling asz € RY = {z;}1<i<n. Areal basist € RV*T =
{V:w hi<icvii<w<r 1S defined, which may be either orthogonal,
with T'= N, or redundant, wittl" > N (Rauhut et &l. 2008). The

decompositiony € R” = {aw, }1<w<r Of the signal defined by
z = VYa, (15)

is sparse or compressible in the sense that it only contasmsadi

number K <« N of non-zero or significant coefficients respec-

tively. The signal is then assumed to be probednbyeal linear
measurementg € R™ = {y, }1<r<m iN SOMe real sensing basis
® € R™N = {®,; 1<, <m<i<n and possibly affected by inde-
pendent and identically distributed noisec R™ = {n, }1<r<m:

y = Oa+nwith® = d¥ € R™*7. (16)

Compressed sensing for radio interferometrys

equivalently to minimize thé; norm. Notice that this conclusion
also follows from a pure geometrical argumenRifi (Candeés et al.
2006b; Baraniuk 2007).

A constrained optimization problem explicitly regularizly
a/, sparsity prior can be defined. This so-called Basis Pursuit d
noise (BR) problem is the minimization of th& norm ofa’ under
a constraint on thé, norm of the residual noise:

I:Iéin?T [|a’||1 subject tgly — ©a’||2 < e. (19)
Let us recall that the noise was assumed to be identically dis
tributed. Consequently, considering Gaussian noise/theorm
term in the BR problem is identical to the conditiof](9), fe?
corresponding to some suitable percentile of yffedistribution
with m degrees of freedom governing the noise level estimator.

This numberm of constraints is typically assumed to be smaller g BP. problem is solved by application of non-linear and iter-
than the dimensiodV of the vector defining the signal, so that the  5tjve convex optimization algorithms (Combettes & Pes2008;

inverse problen{16) is ill-posed.

van den Berg & Friedlander 2008). In the absence of noiséBfhe

In this context, the theory of compressed sensing defines the proplem is simply called Basis Pursuit (BP). If the solutizfithe

explicit restricted isometry property (RIP) that the matsi should
satisfy in order to allow an accurate recovery of sparse wress-
ible signals|(Candes etlal. 20064a.b; Candes 2006). Inréyard,
the theory offers multiple ways to design suitable sensirgrim
ces® from properties of incoherence with and randomness of
the measurements. It shows in particular that a small nuraber
measurements is required relative to a naive Nyquist-Sirasam-
pling: m <« N. The framework also defines a global minimiza-
tion problem for the signal recovery called Basis PursuR) Bl his
problem regularizes the originally ill-posed inverse penib by an
explicit sparsity or compressibility prior on the signahélcorre-
sponding solution may be obtained through convex optiritnat
Alternative global minimization problems may also be desit

3.2 Restricted isometry and Basis Pursuit

Let us primarily recall that the,, norm of a real vecton, €
C? = {whe<i<q is defined for anyp € Ry as|ull, =
(Zl‘il |u;|P)/P, where|u;| stands for the absolute value of the
componenty;. The well-known/; norm is to the square-root of the
sum of the absolute values squared of the vector components.

By definition the matrix9 satisfies a RIP of ordeK if there
exists a constarfix < 1 such that

(1= 6x) oIz < @]l < (1= bx) [Jourc I3,

for all vectorsa i containing at maximuni non-zero coefficients.
The¢; norm of the vectory € R” = {aw }1<w<r iS SImply
defined as the sum of the absolute values of the vector comfsone

T
llalli = Jawl.
w=1

From a Bayesian point of view, this norm may be seen as the
negative logarithm of a Laplacian prior distribution on ledade-
pendent component of. For comparison the square of thenorm
may be seen as the negative logarithm of a Gaussian pricibdist
tion. It is well-known that a Laplacian distribution is higlpeaked
and bears heavy tails, relative to a Gaussian distribuTibis cor-
responds to say that the signal is defined by only a small nuofbe
significant coefficients, much smaller than a Gaussian bigoald
be. In other words the representatiorof the signalz in the spar-
sity or compressibility basi¥ is indeed sparse or compressible if
it follows such a prior. Finding the’ that best corresponds to this
prior requires to maximize its Laplacian probability distition, or

17

(18)
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BP. problem is denoted.* then the corresponding synthesis-based
signal reconstruction reads, from{15),2ds= ¥a*.

Compressed sensing shows that if the matrigatisfies a RIP
of order2K with some suitable constaftx < v/2 — 1 (Candes
2008), then the solution™ of the BR. problem provides an accurate
reconstruction of a signal that is sparse or compressible wikh
significant coefficients. The reconstruction may be saidetofti-
mal in that exactly sparse signals are recovered exactyfir BP
in the absence of noise’ = x. Moreover strong stability results
exist for compressible signals in the presence of noisédhdase,
the /> norm of the difference between the representatioof the
signal in the sparsity or compressibility basis and its nstauction
a” is bounded by the sum of two terms. The first term is due to
the noise and is proportional o The second term is due to the
non-exact sparsity of a compressible signal and is prapmatito
the/; norm of the difference betweenand the approximation i
defined by retaining only it& largest components and sending all
other values to zero. In this context, one has

llor — ax|)s
\/K I
for two known constant§’, x and Cs, x depending orjzx . For
instance, wherdox = 0.2, we haveCi x = 8.5 andCa x =
4.2 (Candes et al. 2006b; Candés 2008). In an orthonormas basi
U this relation represents an explicit bound on thenorm of the
difference between the signalitself and its reconstruction™ as
[|lx — 2|2 = ||a — a®||2. Moreoverz g = Yax then represents
the best sparse approximationmofvith K terms, in the sense that
||z — zK]|2 is minimum.
The constrained BPproblem may also be rephrased in terms
of an unconstrained minimization problem for a functionefined
as the sum of thé; norm of o’ and the/> norm of the residual
noise:

[l — a*||l2 < C1 xe+ Cox (20)

1 / /
Slly — 0|3 + 7lla’ |1 |, (21)

min
o’ eRT
for some suitably chosen regularization parameter- 0. For
each value of, there exists a value such that the solutions of
the constrained and unconstraingdsparsity problems are identi-
cal (van den Berg & Friedlander 2008). From a Bayesian pdint o
view, this minimization is then equivalent to maximum a poistri
(MAP) estimation for a signal with Laplacian prior distriinn in
the sparsity or compressibility basis, in the presence afs&an
noise.
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Finally, alternative minimization problems may be defined f
the recovery. Firstly, &, norm with0 < p < 1 may for example
be substituted for thé, norm in the definition of the minimization
problem. From a Bayesian point of view, tfyenorm to the powep
may be seen as the negative logarithm of a prior distribtitien-
tified as a generalized Gaussian distribution (GGD). Suslridi
butions are even more highly peaked and bear heavier taitsah
Laplacian distribution and thus promote stronger comjivéisg of
the signals. Theoretical results hold for séglorm minimization
problems when a RIP is satisfied (Foucart &Lai 2008). Suchpro
lems are non-convex but can be solved iteratively by conyex o
timization algorithms performing re-weightéd norm minimiza-
tion (Candes et al. 2008; Davies & Gribonval 2008; Foucattaf
2008;| Chartrand & Yin 2007). Secondly, a TV norm may also be
substituted for the/; norm in the definition of the minimization
problem for signals with sparse or compressible gradiditte. TV
norm of a signal is simply defined as thenorm of the magnitude
of its gradient|(Rudin et al. 1992). A theoretical result éet re-
construction holds for such TV norm minimization problemstie
case of Fourier measurements of signals with exactly sppest-
ents in the absence of noise (Candés €t al. 2006a). But rad pro
of stability relative to noise and non-exact sparsity exiat the
moment. Such minimization is also accessible through aatite
scheme from convex optimization algorithms (Candés & Remb
2005).

This flexibility in the definition of the optimization probieis
a first important manifestation of the versatility of the qmessed
sensing theory, and of the convex optimization scheme disphe
door to the definition a whole variety of powerful image restonc-
tion techniques that may take advantage of some availablgfap
prior information on the signal under scrutiny beyond itaigyic
sparsity or compressibility.

3.3 Incoherence and randomness

The issue of the design of the sensing mafiensuring the RIP
for © = @V is of course fundamental. One can actually show that
incoherence ofp with the sparsity or compressibility baslsand
randomness of the measurements will ensure that the RIR-is sa
isfied with overwhelming probability, provided that the roen of
measurements is large enough relative to the spaksitpnsidered
(Candes et al. 20060; Candés 2006). In this context, thetyaof
approaches to design suitable sensing matrices is a seaonaf

the versatility of the compressed sensing framework.

p= VN max |(fe[te)| (23)

The RIP is then satisfied if

K< (24)
p2In* N

for some constar®”’. As the incoherence is maximum between the
Fourier and real spaces with= 1, the lowest number of measure-
ments would be required for a signal that is sparse in realespa
Notice that a factol N instead oiin* N in condition [24) was not
proven but conjectured, suggesting that a lower number @f-me
surements would still ensure the RIP. In that regard, egdire-
sults (Lustig et al. 2007) suggest that rating K betweer3 and5
already ensure a reconstruction quality through Bt is equiva-
lent to the quality ensured by (R0).

Let us also emphasize that the TV horm minimization is often
used from Fourier measurements of signals with sparse or com
pressible gradients. As already stated no stability resudh as
(20) was proven for the reconstruction provided by this mina-
tion scheme. Empirical results suggest however that TV nam
imization provides the same quality of reconstruction as &P
the same typical ratios./ K betweer8 and5 (Candés & Romberg
2005 Lustig et al. 2007).

4 APPLICATIONS

In this section, we firstly comment on the exact complianadio
interferometric measurements with compressed sensinghiéve
consider simulations of two kinds of signals for recondinrcfrom
visibility measurements: an intensity field of compact@stiysical
objects and a signal induced by cosmic strings in the teryoera
field of the cosmic microwave background (CMB) radiationlyRe
ing on the versatility of the convex optimization schemeénaced
minimization problems are defined in the compressed sep&ng
spective through the introduction of specific prior infotioa on
the signals. The reconstruction performance is studie@impar-
ison both with the standard BReconstructions in the absence of
specific priors and with the CLEAN reconstruction.

4.1 Interferometric measurements and compressed sensing

In the context of compressed sensing, the sensing matridsriee
satisfy the RIP. If Fourier measurements are considerésl,réh

As a first example, the measurements may be drawn from a quirement may be reached through a uniform random selecfion

Gaussian matrix> with purely random real entries, in which case
the RIP is satisfied if
Cm

K< i ———,

In(N/m) (22)

for some constant’. The most recent result provides a valtle~

a low number of Fourier frequencies. In the context of radio i
terferometry, realistic visibility distributions are @eministic, i.e.
non-random, superpositions of elliptical distributionghe Fourier
plane of the image to reconstruct. However, the structurthef
Fourier sampling is extremely dependent on the specific gonfi
ration of the radio telescope array under consideratiosibilities

0.5, hence showing that the required redundancy of measuresment from various interferometers may be combined, as well abilss

m/K is very smalll(Donoho & Tanner 2009).

As a second example of interest for radio interferometry,
the measurements may arise from a uniform random selection o
Fourier frequencies. In this case, the precise conditionhe RIP

ities from the same interferometer with different pointidgec-
tions in the mosaicking technique (Thompson et al. 20049mnFr
this point of view the realistic visibility distributionshémselves
are rather flexible. Moreover, the standard uniform wergtf the

depends on the degree of incoherence between the Fourisr bas visibilities may be used to provide uniformity of the effeetmea-

and the sparsity or compressibility basis. If the unit-nednibasis
vectors corresponding to the lines Bfand the columns ol are
denoted{ fc }1<e<n and{ty. }1<. <7, the mutual coherenge of

the bases may be defined as their maximum scalar product:

surement density in the Fourier plane. Correctly studiedigtc
distributions might thus not be so far from complying exaetith
the compressed sensing requirements. Finally, it was tigcsuig-
gested that specific deterministic distributions of a lownber of

© 2009 RAS, MNRASD00,[IHI0



linear measurements might in fact allow accurate signainstruc-
tion in the context of compressed sensing (Matei & Mever 2008

Nonetheless, modifications of radio interferometric measu
ments might be conceived in order to comply exactly with stan
dard compressed sensing results. To this end, one might tevant
introduce randomness in the visibility distribution. Feadiy, ran-
dom repositioning of the telescopes during observatiorapndom
integration times for the definition of individual visitiks could
provide important advances in that direction. Also notte tom-
pressed sensing does not require that measurements hiedent
Fourier coefficients of the signal. The versatility of tharfrework
relative to the design of suitable sensing matrices mighiadly
be used to define generalized radio interferometric measmts,
beyond standard visibilities, ensuring that the RIP is iexp} sat-
isfied. In this perspective, direct modifications of the asigjon
process through a scheme similar to spread spectrum temwmiq
(Naini et al. 2009) or coded aperture techniques (Marcia 8iati
2008) could also provide important advances.

In the following applications we simply consider standaist v
ibility measurements. We assume generic interferometntigu-
rations characterized by uniform random selections obilities.

4.2 Experimental set up

We consider two kinds of astrophysical signalthat are sparse in
some basis, and for which specific prior information is alali.
For each kind of signal30 simulations are considered. Observa-
tions of both kinds of signals are simulated for five hypatiat
radio interferometers unaffected by instrumental noissuming
that the conditions under which relatidn (3) holds are §atdsThe
field of view observed on the celestial sphere by the interfisters
is limited by a Gaussian illumination functiof with a full width
at half maximum (FWHM) of40 arcminutes of angular opening.
The original signals considered are defined as sampled sweaitfe
N = 256 x 256 pixels on a total field of view of .8° x 1.8°.

The first kind of signal consists of a compact object intgnsit
field in which the astrophysical objects are representedsaper-
position of elongated Gaussians of various scales in sohiteaay
intensity units. The important specific prior informatiorthis case
is the positivity of the signal. The second kind of signalfipartic-
ular interest for cosmology. It consists of temperaturpsia K
induced by topological defects such as cosmic strings irz¢ne-
mean perturbations of the CMB. The string network of intecas
be mapped as the magnitude of the gradient of the stringldtgna
self. The essential specific prior information in this casgides in
the fact that the statistical distribution of a string sigmay be well
modelled in wavelet space. One simulation of a compact bbjec
tensity field and the magnitude of the gradient of one sinradf
a string signal are represented in Figure 1, after mulagibn by
the illumination function.

Compressed sensing for radio interferometry7

Basis Pursuit approaches enhanced by the inclusion of fepeci
prior signal information in the minimization problem, witloth the
standard BPor BP performance, and the CLEAN performance. As
the signals considered are sparse or compressible in s®@ise Wwa
do not consider any MEM or WIPE reconstruction, which digreg
the sparsity information. The performance of the algorgheom-
pared is evaluated through the signal-to-noise ratio (SbfRhe
reconstruction for the compact object intensity field, ameugh
the SNR of the magnitude of the gradient of the reconstrondto
the string signal. The SNR of a reconstructed signalative to an
original signals is technically defined as

(=)

SNR*™) = —20log,y -,

(25)
wheres*~® ands(®) stand for the sampled standard deviations of
the residual signad — 5 and of the original signat, respectively.

It is consequently measured in decibels (dB).

As far as the computation complexity of the algorithms is
concerned, notice that both CLEAN and the various Basisuiturs
algorithms considered share the same scaling Witlt each it-
eration. This scaling is driven by the complexity of the FEg,
O(N log N). The number of iterations required by each algorihm
is therefore critical in a comparison of computation times.

4.3 Compact object intensity field

Each simulation of the compact object intensity field caissaf
100 Gaussians with random positions and orientations, random a
plitudes in the rangg0, 1] in the chosen intensity units, and ran-
dom but small scales identified by standard deviations aé@udn
basis direction in the randé, 4] in number of pixels. Given their
structure, such signals are probably optimally modellecmrse
approximations in some wavelet basis. But as the maximursipos
ble incoherence with Fourier space is reached from realespee
chose the sparsity or compressibility basis to be the Diesish
i.e. W =1yi/2, n1/2. For further simplification of the problem we
consider the inverse problein{10) with the sensing mabyjxfor
reconstruction of the original signal multiplied by the illumina-
tion function.

As no noise is considered, a BP problem is considered in a
standard compressed sensing approach. However, the poad-k
edge of the positivity of the signal also allows one to posefan
hanced BP+ problem as:

min [|Z’||1 subjecttoy = ®,z" andz’ > 0. (26)
z'eR

Notice that no theoretical recovery result was yet providedguch
a problem in the described framework of compressed serBing.
the performance of this approach for the problem considisrad-
sessed on the basis of the simulations. The positivity psie@as-

As discussed already, we assume uniform random selectionsily incorporated into a convex optimization solver basedpoox-

of visibilities. The five interferometers considered idéetl by an
indexc with 1 < ¢ < 5 only differ by their Fourier coverage. This
coverage is defined by the /2 randomly distributed frequencies
probed in one half of the Fourier plane, correspondingntoeal
Fourier coefficients asn/N = 5¢/100. For each configuration,
the general inverse problem is the one posedlin (5) with theisg
matrix @ = &, defined in [6) if one wishes to undo the multi-
plication by the illumination function and to recover thagimal
signalz. The inverse probleni {10) applies with the sensing matrix
® = @, defined in[(IL) if one wishes to recover

imal operator theory (Moreau 1962). The Douglas-Rachfpii-s
ting method [(Combettes & Pesduet 2008) guarantees thatasuch
additional convex constraint is inserted naturally in dicieit it-
erative procedure finding the global minimum of the BP+ peatl
For simplicity, the stopping criterion of the iterative pess is here
set in terms of the number of iterationig}*.

The BP+ reconstruction of the original signalreported in
Figure[d is also represented in the figure for the configunatio
¢ = 2. For comparison, the dirty imageé® used in CLEAN and
obtained by simple application of the adjoint sensing mafrj]

For each reconstruction, we compare the performance of the to the observed visibilities is also represented. The médR &nd
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Figure 1. Top panels: compact object intensity field in some arbitiatgnsity units. The original signal multiplied by the ithination functionz is reported
(left), as well as the dirty imaga(®) (center left) and the BP+ reconstructionafcenter right), for the interferometric configuration= 2. The graph of the
mean SNR withlo error bars over 30 simulations is also reported for the CLEBR, and BP+ reconstructions #fas a function of the Fourier coverage
identifying the interferometric configurations (extrenight). Bottom panels: string signal in the CMB iK. The magnitude of the gradient of the original
signalz re-multiplied by the illumination function is reported ftle as well as the dirty image(%) (center left) and the SBRreconstruction of re-multiplied

by the illumination function (center right), for the interbmetric configuratior

= 2. The graph of the mean SNR wiilr error bars over 30 simulations is

also reported for the CLEAN reconstruction, and for the BRd SBR reconstructions re-multiplied by the illumination furmti as a function of the Fourier

coverage identifying the interferometric configuratioest(eme right).

corresponding one standard deviatidr ) error bars over th&0
simulations are reported in Figurk 1 for the CLEAN recorcttan

of  with v = 0.1, and for the BP and BP+ reconstructionsiof

as a function of the Fourier coverage identifying the irgesmet-

ric configurations. All obviously compare very favorablyat/e to

the SNR ofz(¥, not reported on the graph. One must acknowledge
the fact that BP and CLEAN provide relatively similar quigi of
reconstruction. However, the BP reconstruction is actaadhieved
much more rapidly than the CLEAN reconstruction, both imter

of number of iterations and computation time. This hightggtine
fact that the BP approach may in general be computationalighm
less expensive. The BP+ reconstruction exhibits a signific@et-

ter SNR than the BP and CLEAN reconstructions. The main out-
come of this analysis thus resides in the fact that the irmbusf the
positivity prior on the signal significantly improves resruction.

For completeness, let us mention that it was suggested eleegd
that CLEAN can be understood as some approximation of what we
called the BP+ approach (Marsh & Richardson 1987).

Notice that the sparsity or compressibility basis is ortiten
mal and the errot|z — z*||2 in the BP reconstructio®* of z is
theoretically bounded by (20) with= 0. Assuming saturation of
this bound, the SNR of the BP reconstruction allows the egton
of the maximum sparsitik” of the best sparse approximatiog of
z. Preliminary analysis from the mean SNR of reconstructaes
the simulations considered suggests that ratiggd ~ 5 hold for
each of the values of associated with the five interferometric con-
figurations probed. This result appears to be in full cohezerith
the accepted empirical ratios quoted above (Lustiglet &7 20

4.4 String signal in the CMB

The CMB signal as a whole is a realization of a statistical pro
cess. In our setting, the zero-mean temperature pertartsation-
sidered inuK may be modelled as a linear superposition of the
non-Gaussian string signal made up of steps and of a Gaus-
sian componeny seen as noise. The power spectrum of this as-
trophysical noise is set by the concordance cosmologicaleo
We only include here the so-called primary CMB anisotropies
(Hammond et al. 2008). The typical number, width and spdisl
tribution of long strings or string loops in a given field ofew
are also all governed by the concordance cosmological model
Our 30 simulations of the CMB signal are built as a superposi-
tion of a unique realistic string signal simulation borraieom
Fraisse et all (2008) with0 simulations of the Gaussian correlated
noise. The string tensiop, a dimensionless number related to the
mass per unit length of string, is up to some extent a freenpetier
of the model. This tension sets the overall amplitude of thpad
and needs to be evaluated from observations. For the sake of t
present analysis, we only study the string signal for onéistea
value p = 3.2 x 10~%, which technically fixes the SNR of the
observed string signal buried in the astrophysical noisés Falue
is assessed prior to any signal reconstruction, by fittiregpthwer
spectrum of the data to the sum of the power spectra of thalsign
and noise on the frequencies probed (Hammond|et al! 2008). Th
estimation may be considered as very precise at the ten§ion o
terest and is not to be considered as a significant sourceasfier
the subsequent reconstruction.

In this context, preliminary analysis @6 independent realis-
tic simulations of a string signal, also fram_Fraisse et/2008),
allows one to show that the random process from which the
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string signal arises is well modelled by GGD’s in waveletcapa
(Hammond et al. 2008). We consider a redundant steerablel@tav
basisW, with 6 scalesj (1 < j < 6) including low pass and
high pass axisymmetric filters, and four intermediate scdkfin-
ing steerable wavelets with basis orientationg (1 < ¢ < 6)
(Simoncelli & Freeman 1995). By statistical isotropy, the B pri-
orsm; for a wavelet coefficient;, only depend on the scale:

q
puj| |’

wherew is to be thought of as a multi-index identifying a coeffi-
cient at given scalg, position, and orientatiory. Assuming in-
dependence of the wavelet coefficients, the total prior giodity
distribution of the signal is simply the product of the prbibisy
distributions for each value af, which reads as

Ay

@7)

75 () o exp [—

7 (@) o< exp —||a|ls, (28)
for a“s” norm

aw Uj
alls = — (29)
lole =37 | 2

w
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Notice that the s norm is similar but still more general thaima

gle ¢, norm and no theoretical recovery result was yet provided for
such a problem in the framework of compressed sensing. Again
the performance of this approach for the problem considisrad-
sessed on the basis of the simulations. Most shape paramgtee
smaller thanl, which implies that the norm defined is not convex.
We thus reconstruct the signal through the re-weightedorm
minimization described above (Candes et al. 2008). Inrdgsird,

we use the SPGL1 toolbox (van den Berg & Friedlander ﬁlOS)
The value of? in the BR. and SBR problems is taken to be around

the 99th percentile of thex? with m degrees of freedom govern-
ing the noise level estimator. This value also serves astippisig
criterion for the CLEAN reconstruction.

The magnitude of the gradient of the SBfeconstruction of
the original signal: reported in Figur€ll is also represented in the
figure for the configuratiom = 2, after re-multiplication by the
illumination function which sets the field of view of intete&or
comparison, the magnitude of the gradient of the dirty imagé
used in CLEAN and obtained by simple application of the adjoi
sensing matrix@! to the observed visibilities is also represented.

The mean SNR and corresponding one standard deviation

The exponent parametews are called GGD shape parameters and (1) error bars over th&0 simulations are reported in Figuré 1

can be considered as a measure of the compressibility ofiteru

lying distribution. Values close t6 yield very peaked probability
distributions with heavy tails relative to Gaussian disitions, i.e.

very compressible distributions. The list of these valuedlzcales

reads as{vi = 0.43,v2 = 0.39,v3 = 0.47,v4 = 0.58,v5 =

0.76,v¢ = 1.86}. The signal is thus understood as being well mod-

elled by a very compressible expansion in its wavelet regragion
and we choose the corresponding redundant basis as thi#spars
compressibility basis for the inverse problefr: = .. The list
values of the GGD scale parametersidentifying the variances of
the distributions at all scales reads é8; = 8.9 x 107>, uz =
2.8 x 1073 uz = 2.2 x 1072, ug = 0.15, us = 0.95, ug = 57}.
In full generality we consider the general inverse problB)with
the sensing matriX,,, for reconstruction of the original signail
non-multiplied by the illumination function.

for the CLEAN reconstruction with = 0.1, and for the BP and
SBP. reconstructions re-multiplied by the illumination furarti as

a function of the Fourier coverage identifying the inteofaetric
configurations. All obviously compare very favorably relatto
the SNR ofz(?, not reported on the graph. One must still acknowl-
edge the fact that BRand CLEAN provide relatively similar qual-
ities of reconstruction. The BReconstruction is achieved much
more rapidly than the CLEAN reconstruction, highlightig fact
that the BR approach may in general be computationally much less
expensive. The SBPReconstruction exhibits a significantly better
SNR than the BP and CLEAN reconstructions.

Let us acknowledge the fact that the re-weightedorm min-
imization of the SBP approach proceeds by successive iterations
of ¢, norm minimization. This unavoidably significantly increas
the computation time for reconstruction relative to thegkr/;

Even in the absence of instrumental noise the measured visi- norm minimization of the BPapproach. Relying on the idea that

bilities thus follow from [16) with a noise term

n=3®o,9, (30)

representing values of the Fourier transform of the asrsiphl
noiseg multiplied by the illumination function. Discarding therye
local correlations in the Fourier plane introduced by theniina-
tion function, one may consider that the measurements de in
pendent and affected by independent Gaussian noise rteaiiza
The corresponding noise varianeg on yrWith 1 < r < m, is
thus identified from the values of the known power spectrum. of

A whitening matrix W_,, € R™™ = {(W_,)rw =
afldrr/}lgm/gm is introduced on the measured visibilitigsso
that the corresponding visibilitie = W, _, v are affected by in-
dependent and identically distributed noise, as requioegose a
BP. problem. This operation corresponds to a matched filtering i
the absence of which any hope of good reconstruction is ¥ain.
BP. problem is thus considered after estimatiomoHowever, the
prior statistical knowledge on the signal also allows ong@dse
an enhanced Statistical Basis Pursuit denoise (p®blem. It is
defined as the minimization of the negative logarithm of the-s
cific prior on the signal, i.e. the s norm of the vector of itsrelat
coefficients, under the measurement constraint:

min_[lo/||. subject ol — .., &, 0,0’z < c. (31)
o’ eRT )
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the coefficients of the low pass filter do not significantlytjgipate

to the identification of the string network itself, our impienta-
tion of SBR. does not perform any re-weighting at the scale 6,
wherevg = 1 was thus assumed. This restriction allows one to
keep SBR computation times similar to those of CLEAN. Let us
notice however that an even better SNR is obtained by coreect
weighting atj = 6, albeit at the cost of a prohibitive increase in
computation time.

The main outcome of the analysis is twofold. Firstly, thespre
ence of a whitening operation is essential when correlabéskris
considered. Secondly, the inclusion of the prior staédtimowl-
edge on the signal also significantly improves reconswucti

5 CONCLUSION

Compressed sensing offers a new framework for image retmnast
tion in radio interferometry. In this context, the inverselgdem for
image reconstruction from incomplete and noisy Fouriersues
ments is regularized by the definition of global minimizatfrob-
lems in which a generic sparsity or compressibility prioexplic-

4 http://www.cs.ubc.callabs/scl/spgll/
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itly imposed. These problems are solved through convexropa-
tion. The versatility of this scheme also allows inclusidisjgecific
prior information on the signal under scrutiny in the minzation
problems. We studied reconstruction performances on atiook
of an intensity field of compact astrophysical objects and sig-
nal induced by cosmic strings in the CMB temperature field, ob
served with very generic interferometric configurationke BR.
technique provides similar reconstruction performansdb@astan-
dard matching pursuit algorithm CLEAN. The inclusion of sifie
prior information significantly improves the quality of @tstruc-
tion.

Further work by the authors along these lines is in prepamati
In particular, a more complete analysis is being perfornoeelsti-
mate the lowest string tension down to which compressedragns
imaging techniques can reconstruct a string signal in theBCill
more realistic noise and Fourier coverage conditions. ildhse,
given the compressibility of the magnitude of the gradienthe
string signal itself, TV norm minimization also represeatsinter-
esting alternative to the SBPproblem proposed here.
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