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Abstract

We study the performance of Stochastic Cubic Regularized Newton (SCRN) on a
class of functions satisfying gradient dominance property with 1 < v < 2 which
holds in a wide range of applications in machine learning and signal processing.
This condition ensures that any first-order stationary point is a global optimum. We
prove that the total sample complexity of SCRN in achieving e-global optimum
is O(e7/C)+1) for 1 < o < 3/2 and O(e=2/(®) for 3/2 < a < 2. SCRN
improves the best-known sample complexity of stochastic gradient descent. Even
under a weak version of gradient dominance property, which is applicable to
policy-based reinforcement learning (RL), SCRN achieves the same improvement
over stochastic policy gradient methods. Additionally, we show that the average
sample complexity of SCRN can be reduced to O(e~2) for a = 1 using a variance
reduction method with time-varying batch sizes. Experimental results in various
RL settings showcase the remarkable performance of SCRN compared to first-order
methods.

1 Introduction

Consider the following unconstrained stochastic non-convex optimization problem:

,Erég}l F(x) = E¢[f(x,6)],

where the random variable & is sampled from an underlying distribution P¢. In order to optimize the

objective function F'(x), we have access to the first and second derivatives of stochastic function
f(x,£). The above optimization problem covers a wide range of problems, from the offline setting

where the objective function is minimized over a fixed number of samples, to the online setting where

the samples are drawn sequentially.

In the deterministic case (where we have access to the derivatives of F'(x)), the gradient descent (GD)
algorithm in the non-convex setting only guarantees convergence to a first-order stationary point
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(FOSP) (i.e., a point such thakr F(x)k = 0), which can be a local minimum, a local maximum, or

a saddle point. In contrast, second-order methods accessing the Hedsiéor diessian of (x; )

in the stochastic setting) can exploit the curvature information to effectively escape saddle points and
converge to a second-order stationary point (SOSP) (i.e., suckrttiafx)k = 0,r 2F(x) 0). In

their seminal work, Nesterov and Polyak] proposed the so-called cubic-regularized Newton (CRN)
algorithm which exploits Hessian information and globally converges to an SOSP at a sub-linear rate
of O(1=k?7%), wherek is the number of iterations.

In recent years, the performance of stochastic CRN (SCRN) for general non-convex functions has
been the focus of several studies (for more details, see the related work in Section 1.1). A variance-
reduced version of SCRN8Jcan nd (; )-SOSP (i.e., a point such thatr F(x)k and

r 2F (x) | ) with the sample complexity db( 2). Moreover, this rate is optimal for achieving
-approximate FOSP (i.e., a poixtsuch thakr F(x)k ) and it cannot be improved using any

stochastig-th order methods fagp 2 [3].

Nesterov and Polyak’[] studied CRN under the gradient dominance property (See Assumption
2). Under Assumption 2 with = 2, they showed that iterates Bf(x;) miny F (x) converges to

zero super-linearly. The case of= 2 (commonly called Polyak- ojasiewicz (PL) condition) was
originally introduced by Polyak in[5], who showed that GD achieves linear convergence rate. The
gradient dominance property or its weak variations are satis ed in a quite wide range of machine
learning applications such as neural networks with one hidden laykof ResNet with linear
activation [LZ] (for more details, see Section 1.1). A particularly important application of the weak
version of gradient dominance property with= 1 (Assumption 6) is in policy-based reinforcement
learning (RL) [41].

Khaled et al. 6] showed that under PL condition, the stochastic GD (SGD) with time-varying
step-size returns a poiRtwith a sample complexity oD (1= ), to reachE[F (R)] miny F(X) .
Furthermore, the dependency of the sample complexity of SGDisroptimal [26]. Recently,
Fontaine et al. 10] obtained a sample complexity &f( 441 ) for SGD under gradient dominance
property withl 2. This shows that the worst sample complexity occurs fer1, which is
precisely the value of that nds important applications in policy-based RL. Indeed, under a weak
version of gradient dominance property with= 1, it has been shown that stochastic policy gradient
(SPG) converges to the optimum point with a sample complexi(of ) [41, 9].

We know that in the deterministic case, CRN outperforms GD under gradient dominance property
forall 2 [1;2][25, 50]%. Therefore, a natural question that arises is whether this holds true in the
stochastic setting as well? That is, does SCRN improve upon SGD under the gradient dominance
property?

Herein, we address this question. Speci cally, our main contributions are as follows:

We analyze the sample complexity of SCRN under gradient dominance propetty for
2 in order to return an-global stationary point satisfyingF () miny F (x)

(in expectation or with high probability). As stated in Table 1, SCRN improves upon the
best-known sample complexity of SGD for &ll < 2. The largest improvement is for

=1,andisO( 9%).
In the setting of policy-based RL, under the weak version of gradient dominance property
with =1 (Assumption 6), we show that SCRN achieves a sample complex@®y of%°),
improving over the best-known sample complexity of SPG by a fact@r(of °-°).
We show that an adaptation of a variance-reduced SCRNwith time-varying batch

sizes further improves the sample complexity of SCRN. Fer 1, the average sample
complexity is reduced t®(  2).

1.1 Related work

Gradient dominance property and its applications: The gradient dominance property with= 2
(commonly called PL condition) was originally introduced by Polyakif]] It was shown by
Karimi et al. [L5] to be weaker than the most recent global optimality conditions that appeared in

2In particular, for 2 [1;3=2), the number of iterations of CRN ®(1= 3 ) 1) for = 3=2is
O(log(1=)), and for 2 (3=2; 2], the number of iterations i®(log log(1=)). For 2 [1; 2), the number of
iterations of GD i0(1= 2 !)andfor =2,isO(log(1=)) [50].



Table 1: Comparison of sample complexities of SGD on Lipschitz gradient functions and SCRN on
Lipschitz Hessian functions to achievglobal stationary point under gradient dominance property
with 2 [1; 2]. The last column indicates the improvement of SCRN with respect to SGD.

SGD [10] SCRN (Ours) Improvement

[:3) o( ) o( @) o( )

% O( 4= +1 ) = O( 5=3) O( 7=(2 )+1 ) = o( 4=3) O-( l=3)

(3:2) o * ™) o( # )whp o =)
2 o( b o( ¥)=0o( YHwhp -
the literature of machine learnin@9, 23, 47]. The gradient dominance property is also satis ed

(sometimes locally rather than globally, and also under distributional assumptions) for the population
risk in some learning models including neural networks with one hidden laygrResNet with

linear activation [ 2], and generalized linear model and robust regressioh Moreover, in policy-
based reinforcement learning (RL), a weak version of gradient dominance property with(see
Assumption 6) holds for some classes of policies (such as Gaussian policy and log-linear policy).

Variants of cubic regularized Newton method: For non-convex optimization, Nesterov and Polyak
[25] proposed the CRN algorithm, which converges to a SOSP with the convergence@dis#f=3)
(wherek is the number of iterations) by solving a cubic sub-problem in each iteration. Cartis et
al. [5] presented an adaptive framework for cubic regularization method./I8§], sub-sampled
versions of gradient and Hessian were used in CRN to overcome the computational burden of Hessian
matrix evaluations in high dimensional settings. In the context of stochastic optimization, Tripuraneni
et al. [33] proposed a stochastic cubic regularization algorithm that obtaB@SP with sample
complexity ofO(  2). Arjavani et al. B] improved the sample complexity @( 2) using variance
reduction. In the convex setting, Song et ail][presented a proximal CRN and its accelerated
version, and proved a sample complexity®f 2) to reach -global stationary point as long as the
approximated Hessian in each iteration satis es certain properties. In nite-sum non-convex setting,
Zhou et al. [}g] proposed an adaptive sub-sampled CRN method that reqDiifds+ N4=5 372)

to nd -SOSP, wherdl is the total number of samples. Sample complexity was further reduced
to O(N + N2 3%2) ysing various variance reduction methods, 45, 49]. To the best of our
knowledge, no previous work on analyzing SCRN for gradient-dominant functions exists.

1.2 Notations

We adopt the following notation in the sequel. Calligraphic letters (8)gdenote spaces. Upper-case
bold letters (e.g.A) denote matrices, and the lower-case bold letters ¢e)glenote vectork k
denote the ,-norm for vectors and the operator norm for matrides K :=  max (ATA) where

max (X)) is the maximum eigenvalue of matr¥), respectivelyA B indicates thah B is
positive semi-de nite. We use the notati@to hide constants, and the notatiGhto hide both
constants and logarithmic factos. ; Y denotes that random variab¥e is less than or equal to
random variabley’ with the probability at least

2 Setup

Recall the stochastic hon-convex optimization probler{iljp where the goal is to minimize the
objective functionF (x) having access to stochastic gradients(x; ) and stochastic Hessian
matricesr 2f (x; ). We make the following assumption about the objective function in (1).

Assumption 1. The Hessian of is Lipschitz continuous with constalng, i.e.,
kr 2F(x) r 2F(y)k Lokx yko; 8x;y 2 R%: 2)

. .. . 1 P n 1 P n
Consider the empirical estimatorg := o i I T (X i);and Hy = s 2 2 (X 0)
wheren; andn, are the numbers of samples used for estimating the gradient vector and Hessian
matrix, respectively.
De nition 1 (Total sample complexity)Given ; > 0, the total sample complexity is the number of

calls (queries) of stochastic gradient and stochastic Hessian along the iterations until reaching a



Algorithm 1 Stochastic cubic regularized Newton method with stopping criterion
Input: Batch sizesiy, ny, initial pointx, accuracy, cubic penalty parametd , maximum number
of iterationsT

1t 1

2: k ok =1 P

3: whilek i * ort Tdo

4: Ot % o f(xe)

5: Hy % |n=21 r2f(xe; i)

6: ¢ argmin ,gahg; i+ zh G Hy i+ Bk K3
7 Xt+1 Xt+ ¢

8: t t+1

9: end while

10: return X

pointx that satis es one of the following: (1) for high probability analysis(x) F(x ) with
probability at leastl.  ; or (2) for analysis in expectatiori[F (x)] F(x )

Our goal is to study the performance of stochastic cubic regularized Newton (SCRN) for objective

functions that satisfy the gradient dominance property. Algorithm 1 describes the steps in SCRN. At
each iteratiort, we take batches of stochastic gradient vectors and Hessian matrices (lines 4 and 5)
and then solve the following sub-problem to obtain (line 6):

min m¢( ) := hgg; i+Eh H¢ i+Mk K3: (3)
2Rd 2 6

We assume that there is an oracle that returns a global solution for this sub-problem (This assumption
will be relaxed subsequently, see Remark 6). Finally, we updaie line 7.

3 SCRN under gradient dominance property
We shall study the performance of SCRN for functions satisfying gradient dominance property,
de ned as follows.
Assumption 2. FunctionF (x) satis es gradient dominance property when for everg RY,

F(x) F(x) rkr F(x)k ; (4)
wherex 2 argmin, F(x), ¢ > 0,and 2 [1;2] are two constants.
The case = 2 is often referred to as PL conditiofi§, 15]. In this paper, we consider all's in
the interval[1; 2]. The gradient dominance property holds for a large class of functions including
sub-analytic functions, logarithm, and exponential functions, and semi-algebraic functions. These

function classes cover some of the most common non-convex objectives used in practice (see related
work in Section 1.1).

In the following lemma, we present a recursion inequality that captures the behaviour of the function
F(x¢t) F(x ) ateach iteration for SCRN under gradient dominance property.

Lemma 1. Assume that functioR satis es Assumption 1 (Lipschitz Hessian) and Assumption 2
(gradient dominance property) for 1. Then the resulting updatg.; in Algorithm 1 (line 7)
after plugging in ¢, the solution of sub-problem i{{3), satis es the following:

F(Xt«1) F(x)
C(F(xt) F(xus1))27 3+ Cgkr F(x:) gtk + Cukr 2F(x:) Hk% ;  (5)
whereC; Cy; Cy > 0O are constants depending ;L »; and ¢, and de ned in(34).

Due to space limitations, all proofs are moved to the appendix.

In the following, we rst provide an analysis in expectation of SCRN under gradient dominance
property with 2 [1;3=2]. Next, we study the same algorithm for2 (3=2;2] using a high
probability analysis.



3.1 SCRN under gradient dominance property with 2 [1; 3=2]

We make the following assumption on the stochastic gradients and Hessians.
Assumption 3. For agiven 2 [1;3=2] and for each query point 2 RY:

Elr f(x; )]=rF(x); Ekrf(x;)r FK] (6)

Elr % (x; )]=r 2F(x); ELkr2f( ) r *FOOK*] 2 ; (7)
where ; and ,. are two constants.
Remark 1. The assumptioiE[kr f (x; ) r 2F(x)k? ] 2 for1 3=2 is slightly
stronger than the usual assumptigfkr 2f (x; ) r 2F(x)k?] 2. We need this assumption
because of the speci ¢ form of the error of Hessian estimator in recursion inequal(f).ids a result
of the assumption ii7), using a version of matrix moment inequality (See Lemma 4 in Appendix), we
show that the dependency of the Hessian sample complexity in Theorem 1 on dirdéngicthe
order oflogd.
Theorem 1. LetF (x) satisfy Assumptions 1 and 2 for a giverand the stochastic gradient and
Hessian satisfy Assumption 3 for the sameMoreover, assume that an exact solver for sub-problem
(3) exists. Then Algorithm 1 outputs a poiat such thatE[F (x1)] F(x ) afterT iterations,
where

2

@ if 2 [1;,32), T = O >z ), with access to the following numbers of samples of the
stochastic gradient and Hessian per iteration:

C.= 4= = cols 4= 2=
CQG: 2= : ’ n2 CHB: 1= - ’

whereC? is de ned in(38) and depends olog(d).

N1

(8)

(i) if =3=2,T = O (log(1=)) with the same numbers of samples per iteration a8%).

3.2 SCRN under gradient dominance property with 2 (3=2; 2]

De nition 2 (Bernstein's condition for matrices)A zero-mean symmetric random matkixsatis es
the Bernstein condition with parameter> 0 if

E[X*] 4 %k!tﬁ 2 Var(X); fork=3;4;::: (9)

whereVar(X) := E[X?] (E[X])2.

Assumption 4. We assume that the symmetric version of each centered gradient est@r{ator) :=
011 g(x; )T
g(x; )  Og 4

H(x; ):=r2f(x; ) r 2F(x) satisfy Bernstein's conditio(®) with parametersVl; andM,

respectively.

Remark 2. It is noteworthy that most previous work analyzing SCRE {19, 36] assumed that

whereg(x; ):= r f(x; ) r F(x) and each centered Hessian estimator

as:
centered gradient and centered Hessian estimators are boundedtrife(x; ) r F(x)k:

My kr 2f(x; ) r 2F(x)k = M. This is a stronger assumption than Assumption 4 as it implies
Bernstein's conditiorf9) for g(x; ) andH (x; ).

Theorem 2. Suppose thaf (x) satis es Assumptions 1, 2, the stochastic gradient and Hessian
satisfy Assumption 3 (with = 1) and Assumption 4, and there exists an exact solver for sub-problem
(3). Then, Algorithm 1, with probabilit¢ ~ , outputs a solutioxt such that- (x1+) F(x )

afterT = O (log (log(1=))) iterations with the following numbers of samples for the stochastic
gradient and Hessian, respectively per iteration: |

8 Ccl= My C* 2 AT +1)d
i o max — 51 log T+1 , (10)
!
8 cl=@ m, c*= 2 AT +1)d
n; 5 max Eem) 2, 2= log 4T +1)d : (11)
whereC =1+ 5 M*l2td



Remark 3. It is noteworthy that the assumptions in Theorem 2 suf ce to obtain the sample complexi-
ties in Theorem 1 fot 3=2 up to a logarithmic factor. However, the assumptions of Theorem
2 are stronger than those in Theorem 1.

Remark 4. Theorem 2 implies that the sample complexity of Algorithm 1 fo= 2 is
O (logloglog(1=) log(log(1=))=).

We summarized the sample complexity of SCRN in Theorems 1 and 2 and the best-known sample
complexity of SGD under gradient dominance property in Table 1. The optimal sample complexity
of SGD under gradient dominance property witk 2 is discussed in detail in.[, Section 5.2]. For

the general case of 2 [1, 2], the sample complexity of SGD under gradient dominance property
was derived in 0, Theorem 10]. This rate is achieved with a time-varying step-size. In the fourth
column of Table 1, we provide the improvement of the sample complexity of SCRN with respect to
that of SGD. The improvement® 2 ) for 2 [1;3=2)andisO( 2 *')for 2 [3=2;2],

which are decreasing functions of The largest improvement is for= 1 and isO(  %9°).

Remark 5. The special case = 2 generalizes strong convexity. For strongly convex objectives,
the dependence of sample complexity of SGDrois O( £=) [16, Corollary 2] while the sample

complexity of SCRN i©( F7:4: ). This is an improvement by a factor q]r:“. In Appendix A.2.3, we
provide simulation results comparing the performance of SCRN and SGD over synthetic functions by
varying and g.

Remark 6. In our analysis, we assumed that we have access to the exact solution of sub-problem
in (3). Although no closed-form solution nor exact solver exists for this sub-problem, there are
algorithms that approximate the exact solution with high probability4]. We emphasize that
solving the sub-problem i(8) requires extra computation, but extra gradient and Hessian queries
are not needed. In particular, Carmon and Duck] proposed a perturbed GD-based algorithm that
returns an approximate solutiofi; such thatm,( ~¢) 1 omy( )+ °with O(log(1= 9="9
iterations, for any given® %> 0.

In Appendix A.2.2, we prove the following lemma:

Lemma 2. Theorems 1 and 2 are still true if we were to use an inexact sub-solver which returned an
approximate solutiori™; such thakr m;( ~;)k ¥ ( ¥* -stationary point). Moreover, under
some mild assumptions (same as those!Jjy b GD-based algorithm indeed returns such a solution
inO( 27 ) iterations.
Remark 7. In the iterations of GD-based algorithm, instead of directly computing the Hessian matrix
(which could be computationally expensive in high dimensions), we could compute Hessian-vector
products by running Pearlmutter's algorithn2]]. Thus, the total computational complexity of
evaluating gradients and Hessian vector products of SCRN is in the ordfbf 3= ) while the
one of SGD i©(d # *1), whered is the dimension of. For 2 [1;3=2), it can be seen that
the computational complexity of SGD is less than the one of SCRN by a fa@¢r of? )). For

2 [3=2; 2], this factor isO( @ 1= )).

3.3 Further improvements

In our analysis of SCRN, we set the batch sizes such that the stochastic erroCggmis () gik

andCy kr ?F(x;) Hk? in(5)are inthe order of (either in expectation or with high probability).
However, forl < 3=2, it is just needed to make sure that the error terms at iteratare

O(t @)@ 2)) which equals the convergence rate of the function vafues) F(x ) (see
Lemma 11 in Appendix A.3). Moreover, as stated in the following theorem, incorporating time-
varying batch sizes in conjunction with variance reduction improves sample complexity results.

Assumption 5. We assume thdt(x; ) satis es L?-average smoothness amd-average Hes-
sian Lipschitz continuity, i.eE[kr f(x; ) r f(y; )k?] L%kx yk?andE[kr f (x; )

r2f(y; )k’] L%Pkx yk?forallx;y 2 RY.

Theorem 3. Suppose thdf (x) satis es the gradient dominance property with= 1. Assume that
Assumptions 1, 3, and 5 for= 1 hold. Then variance-reduced SCRN (See Algorithm 2 in Appendix
A.3) achieves-global stationary point in expectation by maki@f 2) stochastic gradients and

O( 1) stochastic Hessian on average, and the iteration complex@®is *7?).



We will see in the next section that there are a class of objective functions in RL setting that satis es
a weak version of gradient dominance with= 1 and Lipschitz gradient property and then we can
take advantage of variance-reduced SCRN (See Remark 11).

4 SCRN under weak gradient dominance property in RL Setting

In this section, we showcase practical relevance of our result in Section 3.1 by applying SCRN to
model-free RL. Speci cally, in Theorem 4, we prove that as long as the expected return satis es the
weak version of gradient dominance property (Assumption 6), SCRN imprCﬁ/es upon the best-known
sample complexity of stochastic policy gradient (SP@) py a factor ofO(1=" ") (see Appendix

A.4.1 for the related work).

4.1 RL Setup

Consider a discrete Markov decision process (MBPP)E ( S; A;P;R; ; ), whereS is the state
space and\ is the action spacePR (s§s; a) denotes the probability of state transition frerto s°
after taking actiomandR(; ): S A [ Rmax;Rmax] is a bounded reward function, where
Rmax iS a positive scalar. represents the initial distribution on state sp&cand 2 (0; 1) is the
discount factor.

The parametric policy is a probability distribution ove6 A with parameter 2 RY, and

(ajs) denotes the probability of taking actmrataglven state. bet =fs;a0 o p(j )
be a trajectory generated by the policy, wherep( j ) := gso) =0 (&jst)P(St+1jst; a):
The expected return ofisdened asJ( ) := E )[ i=o 'R(st;a)]: In the sequel, we
consider a set of parameterized polidies : 2 RYg, with the assumption that is differentiable
with respect to . For ease of presentation, we dendfe ) by J( ).

The goal of policy-based RL isto nd = argmax J( ). However, in many caseﬂ( )isa

non-concave function and mstpad WerettIe for obtaining@®SP,”, such thakr J(“k .1t
can be shownthat J( )= EJ o C i=n 'R(st;a))r log (anjsn)]. In practice, the full

gradient cannot be computed due to the in nlt]g horizon length. Instead, it is commonly truncated

E) a lengthH horizon as follows.r Jy( ) = E[ ;I:ol h( )r log (anjsh)], where () =

Lh Rsia).
AsBumelgqatwe sampre trajectories ' = fs};alg 0,1 i m, andthen computé n J( ) =
= Eol h( )r log (ajsl), which is an unblased estimator fordy( ). The vanilla

SPG method is based on the following update: + " ,J( ); where is the learning rate.

4]

It can be shown that the Hessian matrix &f( ) can be obtained as follows?y, Ap-

Bend|>1372] r2Jq() = E[r ( ;)rlogp(j ) + r2( ;); where ( ;) =
n0 =, r(st a;)log (anjsn). As aresult, for trajectories’ = fsl;alg 0,1 i m,
F23()= Tor (s Dridogp('j )T+ 2( ; ')isanunbiased estimator of Hessian

matrix r 2JH( ).

4.2 Sample Complexity of SCRN

In our analysis, we consider the recently introduced relaxed weak gradient dominance property with
=1 [41].

Assumption 6 (Weak gradient dominance property with= 1). J satis es the weak gradient
dominance property if for all 2 RY, there exist; > 0and °> 0 such that

O+ skrJ(D)k I J(); (12)

whereJ =max J().

Remark 8. Two commonly made assumptions in the literature: non-degenerate Fisher nzatri§ [
and transferred compatible function approximation errgb[ 1] imply Assumption 6. See Appendix
A.4.1 for more details.

Further, we also make Lipschitz and smooth policy (LS) assumptions which are widely adopted in the
analysis of vanilla policy gradient (PG) [46] as well as variance-reduced PG methods, e.g. in [29].



Assumption 7(LS). There exist constants;; G, > 0 such that for every state2 S, the gradient
and Hessian ofog  ( js) satisfykr log (ajs)k G andkr ?log (ajs)k G,.

Lemma 3. UnderAssumpti(Hw 7,wehake J( ) r Ju( )k Dg Handkr 23( ) r 2Ju( )k

Dy ":whereD, = GllRA %.,. HandDy = w H+ %
Assumption 8(Lipschitz Hessian) There exists a constaht, such that the Hessian &dg (ajs)
satis es

kr 2log (ajs) r 2log o(ajs)k Lok %: (13)

The Lipschitz Hessian assumption is commonly used to nd SOSP in policy gradient algorithins [
For the Gaussian polic§i36), r ?log (ajs) reduces to the matrix (s) (s)"= 2, which is a
constant function of and thus satis es conditioflL3). Soft-max policy also satis es this assumption
(See appendix A.4.4).

Theorem 4. For a policy  satisfying Assumptions 7, 8, and the corresponding objective function

J( ) satisfying Assumption 6, SCRN outputs the solutiosuch that E[J( 1) + %and

the sample complexity (the number of observed state-action paifE) ism H= O( %) for
O=0andT m H=0( %502 for °> 0.

Remark 9. Under weak gradient dominance property with= 1 (Assumption 6), it has been shown

that the sample complexity of SPQJ ) in case of °=0 andO( ! © ?) incase of °> 0[41,
Theorem C.1]. Therefore, SCRN improves upon the best-known sample complexity of SPG in both
cases =0 and °> Oby afactor ofO( ©9).

Remark 10. Having access to exact gradient and Hessian (the deterministic case), under Assumption
6, PG algorithm achieves global convergence (Je., J( 1) ) with O( 1) iterations [41]
while CRN require©( %) iterations.

Remark 11. Under the same assumptions as in Theorem 4 and Assumption 5fdr and bounded
variance of importance sampling weights (See Assumption 15), a variance-reduced version of SCRN
(See Algorithm 3) achieves global convergence @.e., E[J( 1)] ) with a sample complexity

of O(  2). See Appendix A.4.6 for a proof.

5 Experiments

In this section, we evaluate the performance of SCRN in the two following RL settings. First, we
consider grid world environments with nite state and action spaces, and next some robotic control
tasks with continuous state and action spaces. The details of the implementations for all methods and
some additional experiments appear in the appendix and the codes are available in the supplementary
material.

Environments with nite state and action spaces:We consider two grid world environments in our
experiments: cliff walking 31, Example 6.6], and random mazés]. In cliff walking, the agent's

aim is to reach a goal state from a start state, avoiding a region of cells called “cliff”. The episode is
terminated if the agent enters the cliff region, or the number of steps extéedsthout reaching

the goal. Moreover, we consider a soft-max tabular policy in the experiments of this part. Indeed, it
has been shown that a variant of gradient dominance property with holds for soft-max tabular
policy in environments with nite state and action spaces [22].

We compare SCRN with two existing rst-order methods: vanilla SPG and REINFORQEHor

the rst-order methods, we use a time-varying learning rate and tune the parameters. To improve
the performance of the rst-order methods, we also add an entropy regularization term to the reward
function.

In Fig. 1, the average length of paths traversed by the agent and the average episode return are
depicted against the number of episodes for each method. The results are averaged over 64 instances
and the shaded region shows ®1@% con dence interval. As can be seen in Fig. 1 (a), all the
algorithms have a phase at the beginning during which the agent falls off the cliff in most episodes
and the average length of paths are small. Then, the agent learns to avoid the cliff but could still not
reach the goal in most cases. Finally, it nds a path to the goal and tries to reduce the path length.
Note that SCRN nds the path very quickly and signi cantly outperforms the other algorithms. In

fact, SPG and REINFORCE get stuck in the start state for some period of time, while SCRN easily



Figure 1: Comparison of SCRN with rst-order methods in cliff walking environment. The percent-
ages of successful instances for SPG, SCRN, REINFORCE, SPG with entropy regularization, and
REINFORCE with entropy regularization aB&:8%, 100% 54:7%, 100% and92:2%, respectively.

Figure 2: Comparison of SCRN with rst-order methods in maze environments. In random shape
maze, the percentages of successful instances for SPG, SCRN, and REINFORG%, dr@0%
and95:3%, respectively. In random maze, the percentages of successful instances for SPG, SCRN,
and REINFORCE aré5:3%, 97% and40:6% respectively.

escapes the at plateau (for more details, please see the demonstrations in the supplementary le).
The performance of SPG and REINFORCE improves with entropy regularization, but SCRN still
outperforms them. Moreover, SPG and REINFORCE fail to reach the goal in some instances while
SCRN is successful in almost all instances. In the captions of gures, for each algorithm, we also
provide the percentage of instances in which the agent reached the goal. Please note that these
percentages are obtained based on the parameters from the last update of each algorithm.

Additionally, we studied the performance of the three aforementioned algorithms on a random maze
and a random shape maz€l]. In the random shape maze, random shape blocks are placed on a grid
and the agent tries to reach the goal state nding the shortest path. As shown in Fig. 2, SCRN again
outperforms the rst-order methods in both environments. In Appendix A.5, we also provided results
for SPG and REINFROCE with entropy regularization which have slightly better performance.

Environments with continuous state and action spacesiVe consider the following control tasks in
MuJoCo simulator§Z]: Walker, Humanoid, Reacher, and HalfCheetah. We compare SCRN with
rst-order methods such as REINFORCE, and two state-of-the-art representatives of variance-reduced



Figure 3: Comparison of SCRN with REINFORCE and variance-reduced SPG methods in MuJoCo
environments.

PG methods, HAPGZY] and MBPG [L3], both with guaranteed convergence t6OSP in general
non-convex settings. HAPG uses second order information (Hessian vector products) for variance
reduction and MBPG is a recent work based on STORM, a batch-free state-of-the-art variance
reduction approach [8].

We report average episode return against system probes as our performance measure. That is, the
number of observed state-action pairs (see Fig. 3). At each point, we run the trainedlfdiiogs

and compute the empirical estimate of the mean an8®écon dence interval of the episode return.

As seen in Fig. 3, SCRN outperforms the other methods, especially in more complex environments
such as HalfCheetah and Humanoid. In Appendix A.5, we also provided results for variance-reduced
SCRN which improves upon SCRN in Humanoid and Reacher environments.

6 Conclusion

We studied the performance of SCRN for objectives satisfying the gradient dominance property
for 1 2, which holds in various machine learning applications. We showed that SCRN
improves the best-known sample complexity of SGD. The largest improvement is in the case of
= 1. Moreover, for =1, the average sample complexity of SCRN can be reducé to?)
by utilizing a variance reduction method with time-varying batch sizes. A weak version of gradient
dominance for =1 is satis ed in some policy-based RL settings. In the RL setting, we showed
that SCRN achieves the same improvement over SPG under the weak version of gradient dominance
property for =1.
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A Appendix

A.1 Proofs of Section 3.1

We rst provide some lemmas and then prove Theorem 1.

Lemma4. LetY 1;:::;Y N be centered symmetric randain d matrices. Then
I 1 0 1 1
x e p X p=z
E Y 2 e maxfp;2log(d)g @ vz A (14)
i=1 i=1

The proof of Lemma 4 is given in Appendix A.1.2.
In our setting, we are going to bould kH; r 2F(x)k?® for 1using Lemma 4

X2 2

EkH{ r *F(X)k* = E rle (r 2606 1) r 2F(x)
i=1
5 1 Xz 2 2 2
2" (e maxf2; logdg) E 5 (r 70 0) 1 TF(X) (15)
2 =1
2 . Xz
_ 2 (e maxf2; logdg) _ 1 (r26(x; ;) r 2F(x))2
n, N2,
2 . Xz
2 (e maxf2; logdg) 17 o2y 1) ¢ 2R (x)2 (16)
n, N2y
, . E
2° (e maxf2; logdg) 1 ™" . (r2(x; ) r 2FX) ° a7
N, N2
22 (e maxf2; logd
( gdg) 2 (18)

n;
where(15) comes from Lemma 4 and6) is derived by the convexity &X k . (17)is obtained by
kAB k k AkkBk for the square matrices; B . The last inequality is obtained from Assumption 3.

Lemmab5. (i). Assume that functioRr satis es Assumption 1 (Lipschitz Hessian). Then the
solution of sub-problem, ¢, in Algorithm 1 (line 7), satis es the following conditions:

2 2 2
kr F(Xt + t)k M -;sz tk2+ kr F(Xt) gtk+ kr F(th) Htk + k Ztk :
(19)
3=2 2 3
Mk tk3 F(Xt) F(Xt + t)+ 2kr F(Xt) gtk + kr F(Xt) Htk :
12 3
(20)

(ii). With the same assumption in (i) and using Assumption 2 (gradient dominance property) for
2 [1;1 ), we have

F(xe+ 1) F(x)
C(F(xt) F(x¢+ )27 %+ Cgkr F(x;) gtk + Cukr °F(x;) H{*; (21)
whereC; Cy; Cy > 0 are some constants dependingMnL »; and .

Proof. Proof of (19): We know from Lipschitzness of HessiarFothat

kr F(X1+ '[) r F(Xt) r ZF(Xt) 1k LZZk tkz: (22)
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Moreover, . is an optimal solution of the problem in Algorithm 1 (line 10) and therefore, it satis es
the optimality conditiong; + H¢ ¢ + M7k t+k  =0. Therefore, we have:

kgt + HI tk: M7k tkz: (23)

By summing the above two equations and using triangle inequality, we have:

Exe+ ok MPLee e Foa) gk k(r 2F(xe)  Hi) K
M+ sz tk2+ kr F(Xt) gtk+ kr ZF(Xt) Htkk tk (24)
+ 2 2 2
M sz tk2+ kr F(Xt) gtk+ kr F(Xt) H[k + k tk : (25)
2 2 2
where the last inequality is due to Young's inequality.
Proof of (20): For the sub-problem, we have from [25] that
o t+ {Hi t+M7k k3 =0; Ht+Mk2 tk|dd 0 (26)
which yields
o ¢ O (27)
From Lipschitzness of Hessian, we have the following:
F(xe+ () F(x)+ hrF(xy); i+ %h 6r 2F(xy) i + ';62k k3 (28)
= F(x¢)+ hrF(xt) 0 ti+%h G(r2F(x0) Hy) i+ of t+% { Hy t+%2k k3
(a)
FOO+ NTF(XO g0 dd oh G 2Feg) HY i 22 M e ()
(b)
F(Xt)"' kr F(Xt) gtkzk tk2+ %kr 2F(X[) Htkk tk%"’ WK tks (30)
(c) 3=2 2 3
F(x,) + 2kr F(X¢) ok . kr F(x;) Hk N 8+2L, 3M KoK (31)

3 6 12

where (a) comes fror26) and(27), (b) comes from Cauchy-Schwartz inequality and (c) is due to
Young's inequality.
Proof of (21): Based on gradient dominance property and (19), we have:

(Fxe+ 1) F(x)) ekr F(x¢+ o)k

M+L,+1 kr 2F(Xt) Htk2

F i 5 k (k®+kr F(x)) gik+ 5 _ (32)
2 2 1
3 1. M+|£2+1 K K +kr F(x) gk +kr F(xtz) Hk

where we usefa + b+ c) 3 (a +b +c),8a;b;c>0inthe last two above inequalities.
Substituting (20) into (32), we have:

F(Xt+ t) F(X )
h

1 M+ Lo+1 12 2=3 2kr F(x:) k%2
3o 2 M 2L, 8 Fix) Fler o+ =3 * @3)
kr 2F(x;) HK® 2= kr 2F(x;) HK? !

3
+ kr F(x¢) ok +

6 2
C(F(xt) F(xe+ 1))%7 2+ Cgkr F(xt) gtk + Cukr ?F(xt) Hk* ;

where in the last inequality we uséd+ b+ ¢)2=3 3273 1¥3(@2= 3+ 7 3+ 27 3) which is
derived by the following inequalities:

(a+ b+ C)Z 32 l(aZ +b2 +CZ ) 32 l(a2=3+ b2=3+ 0223)3
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for anya; b;c2 R* and,

- M+ L,+1 12 2=3
—2(B 4#=3 2
€=3 F 2 3M 2L, 8
- M+ Lp+1 12 2=3
Cg=227°% 37 +3 1 34
? ] 2 3M 2L, 8 F (34)
5 223 5 7 M+ Ly+1 12 2:3+ L
Cn =2 37 r 2 M 2L, 8 3 2 ¢
and the proof is complete. O

Theorem 1. LetF (x) satisfy Assumptions 1 and 2 for a giverand the stochastic gradient and
Hessian satisfy Assumption 3 for the sameMoreover, assume that an exact solver for sub-problem
(3) exists. Then Algorithm 1 outputs a poiat such thatE[F (x1)] F(x ) afterT iterations,
where
@ if 2 [1;,3=2), T = O X2 ), with access to the following numbers of samples of the
stochastic gradient and Hessian per iteration:

= - 2= = = 2=
ng_ 2 _ 1 © N, Clt-)l i 2! _ 2; ;
C6= 2= C3= 1=
whereC? is de ned in(38) and depends olog(d).

@iy if =3=2,T = O (log(1=)) with the same numbers of samples per iteration &§8%).

Ny (35)

A.1.1 Proof of Theorem 1
Part (i): By Lemma 5, we have:
F(xe+ ) F(xX) C(F(xt) F(xe+ )27 3+ Cgkr F(xt) gtk + Cukr 2F(x¢) Hk?
Taking expectation of both sides given
EF(xe+ 1) F(x)]
C(EF(xt) EF(x¢+ )27 3+ C4Ekr F(x¢) @ik + CyEkr 2F(x;) HKk?

C(EF(x)) EF(x¢+ 1))273+ Cq—25+ CuEkr 2F(x;) HK? (36)
ny

C(EF(x) EF(x¢+ )?73+ Cq—25+Cy
ny

22 (e maxf2; logd

where (36) comes from the following facts that,

Elkr F(x:) gk 1 (Elkr F(xt) gik’])=? le;
Ny
which is comes from Jensen's inequali§[A2= 3]  (E[A])?~ 2. Inequality(37) is derived by
Equation (18) for bounding the Hessian error. Let de ne

CS := Cy2% (e maxf2; logdg) (38)
0 2 .
andP(ny;ny) = i L4 C“n;? and == EEGL FO) - PLOanz) | Then rewrite Inequality
(37) as follows,
w1 (¢ w) % (39)

First we show that; ! Owhent!1  and then with good choices of batch sizB¢n;;n,) ! 0.
Leth(t) := 32—2tl 7 . Toshow ;! 0, We have two cases:
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2

Case (1): Assumethat,; 2 =  for somet. Then

t+1 d Z t 3 3
h(t+1) h( )= —h(t)dt = tzdt (¢ )’
t dt t+1
1 3= 1
(¢« w)zul 3 (40)
2_ 1 2 3 2 1 2
Case (2): If we have;,y 2 5 forsomet 0, ,;° 273 [ 7.
2 1 2 1 2 2 3 2 1 2
h( t+1) h(t):ﬁ(tﬂz ¢ 0) 3 2(23 1) °
2 3 2 1 2
3 2(23 )y % (41)
. 1. 2 3 2 1 2
LetdeneD :=minf3; 355-(23 1) 5 2 9. Thenwe have
h( 1) h(y) D
which implies
X
h( 1) h(¢) h(¢1) D T:
t=1
Then we get
2
2 32 1
: 42
T 3 2 (DT)T = (42)
Hence,F(xt) F(x ) converges to a stationary poiR{n:;n,) at a rate o0 —+— . We
T3 2
42= c2= 2= 4l= o= 2= _ -
can choos&; -——%—1—,andn, ——%—2—tohaveP(n;;n,) C3C 2). With
cC 3 2z 2= c 32z 1= .
T %4 #,we have 1 =2andtherE[F(x7)] F(x ) C=z .Finally, the total
D(=2) 2
sample complexity for havinlj:‘;[F(xT)]I F(x) would be |
2 cEe)  g=cF Fooatcl T 1
T +ny) = D L+ — =0
(it n2)= 35— (=2)*2 2= 1= ol

Part (ii) : By Lemma 5, we have:
F(xe+ ) F(x) C(F(x)) F(xx+ 1)+ Cgkr F(x;) gik>%+ Cukr 2F(x;) Hk®

(43)
Taking expectation of both sides givepand using the same arguments as in (36) and (37), we get
2
EF(xc+ o F(x)l CEF(x) EF(xe+ )+ Co—mp+ C S5t (44)
ny n;

2
Letdene  := E[F(x{)] F(x) ans—; C nzgif and rewrite the above inequality as follows,
1 2
1 C(t 1) (45)

.
We get 1 5 o-ThusF(x7) F(x ) converges to a stationary point

2
1 0 2;1.5
Cg 3=4 + CH 3=2
ny 2
c T log(2 o=)
atarate of = o. Inorder to havee[F (x1)]  F(x ) , we can choos& |og(£) ,
C
473 ya=3 4=3 Cc®=3 4273 ‘21?13-5 . .
Ny & —=%—,andn; & ===, Finally, the total sample complexity would be
I
= - = = -3 4=3 °
log 2¢ C4=3 pa=3 4=3  ~@=3 po=3 43
T (n1+np)= 2 C+1 84 4:3l 82 2:?1.5
log &=
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A.1.2 Proof of Lemma 4

The proof is mainly adapted from the symmetrization argumeftq]. ConsiderY °as an indepen-

X P X P
E Y, =E Evo(Yi Y
i=1 i=1
x P x P
EvEvo (Yi Y9 =E i(Yi YD (46)
" i=1 i=1 14
X Pox - X P
E 2» 1 Yoo+ iY? =2PE iYi (47)
i=1 i=1 i=1
where(46) comes from the fact that; Y ? has the same distribution ¥ Y and ;'s are
Rademacher random variables (R.; = 1]=P[; =1]= %). (47)comes from the inequalities
KA Hk k Ak+ kHkand a3 @ a+b' ‘Hence,
. S o3
E Yi 2 E Y
i=1 i=1

1

1 P o
Let de ne the Schattep-norm of a matrixA askAk, := Tr[(ATA)P=2] ? = CasPA) °

wheres; (A)'s are the singular value @& . Schatterl -norm of a matrix is its operator norm by the
de nition (kAk = kAk; ). Thenforg p, we have

" #1 " #i
0 PTS X P™ o
E Yi 2 E iYi
i=1 I:]2 3
2 p3% 0 ql p=q %
24E |Y| S ZQEY @E |Y| A % (48)
i=1 q i=1 q

where (48) comes from the fact th@kX kP)*™  (EkX k%)% forq p.
The matrix Khintchine inequality is as follows:

Lemma 6. [21] Suppose] > 2 and consider the deterministic, symmetric matridgs1 i n.
Then
0 " ok 10 T e
@E A A Pg T oAz
i=1 q i=1

Assume thag = maxfp;2logdg p. From (48),

" p#; 2 0 ql p=q3%
X P X
E v, 29E, @ Y, A £
i=1 i=1 q
2 0 !y, p3%
2P g4E, vz 5 (49)
i=1
q
2 0 1,31
50 1=2 5
2pq4EY @da Y ? A5 (50)
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e
Pegde, @ ~ y2 A5 (51)
i=1
2 0 ! p:23%
= 2P &g4E, Y2 5 (52)

where(49) is derived by Lemma 6 angh0) comes fromkA kg dakAKk. (51) is due tod=d

dzes @ e and (52) follows fromkAk? = ax(ATA) =  ax(A?) = kAZ2k whenA is
positive semi-de nite A 0).

A.2 Proofs of Section 3.2

We begin by providing some lemmas that will be used in the main proof.
Lemma 7. Under Assumptions 3 and 4, we can adjust gradient and Hessian mini-batch sizes

M 2 2

ng  zmax —1;—21 log —d;

8 M, 2 2d

Ny émax p=;—= log—;

such that with probability at least
kg 1 F(xok (53)
KHe 1 2F(x)k D (54)
Sy = : cy= O0r1og(x )T

Proof of Lemma 7 Recallg(x; ) rf(x; ) r FX), G(X; ) , and

g(x; ) Od4 g4
H(x; )=r2f(x; ) r 2F(x).
We use the matrix Bernstein's inequality frosY|[ Theorem 6.17] to control the estimation error in
the stochastic gradients and stochastic Hessians under Assumptions 3 and 4. Foxa, given
" #

1 X nyt2 nn_ .t t2
P — G(Xt; i t 2dexp ————— 2dex —min —;— ;
nli:l ( t I) p 2( §+M1t) p 8 Ml é
(55)
whereM ; is the parameter of Bernstein's condition f8i(x;; i) in Assumption 4 and
2 X T X T )
g -= max e Elg(xe; i)a(xe; )] e Elg(xt; i) g(x¢; i)l
1 i=1 2 1 i=1 2
Notethat 3  #where ?is the variance parameter in Assumption 3.
" #
1 Xe not2 Ny t  t2
P — H(X¢; t 2dexp ———— 2dex —min —; —
nz._ O ) P 5+ Mat) P M2" 2
(56)

whereM , is the parameter of Bernstein's condition fé(x;; ;) in Assumption 4 and

2 1 R 2
H = — E[H(xt; )] :
ng .
i=1
Note that 3 2 where 2 is the parameter for the bounded variance condition 3. First, we claim
that for everyv 2 RY we have

01 1 VT

kazI v 04 4

(57)
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P
US||gg Inequality57), we can obtaig, 1 F(x¢) X L, G(xt; i). NotethaH r 2F(x¢) =

ni
Ay =t H (X¢; i). Hence,

ng . t t?
Plkg: r F(x¢)k t] 2dexp §m|n
1

My’
s ny . t 2
P H; r “F(x¢) t 2dexp §m|n M—z—g
In other words, for
2
n; 8max &—21 Iogz—d (58)
2
n, 8max &;—2 Iogz—d (59)
we have:
kg 1 F(xk 1 ;p (60)
kHe r 2F(x))k 1 = : (61)
The claims of Lemma 7 are established.
Proof of (57): For every symmetric matriA we have] max(A)j = max (A). For matrixA =
T
Ob 1 O\; | e havedet(I A)= ¢ 9 2kvk? =0. Thus, max = kvk.
O
Lemma 8. Under Assumptions 1, 3, and 4 and for
M 2 2
n, 8max 1—:27:1 Iog—d; (62)
M 2 2
n, 8max Tzz)l—f Iog—d (63)
where 0, we have for Algorithm 1:
- +L,+
kr F(Xt+1)k 1 2 gl‘ + Mizzlk K2: (64)
Proof of Lemma 8We know from Lipschitzness of Hessian®Bfthat
L
kr F(Xtz1) T F(X0) 1 2F(X)(Xes1 Xk 72kxt+1 X k?: (65)

Moreover, . is an optimal solution of the problem {8) and therefore, it satis es the optimality
condition:g; + Hy ¢+ M7k tk  =0. Therefore, we have:

kgt + H;, tkz M7k tkz: (66)

By summing the above two equations and using triangle inequality, we have:

M+ L
kr F (X1 )K 2k K2+ Kk F(x) gkt k(2P (xe)  Ho(xea Xk
M -;sz tk2+ kr F(Xt) gtk+ kr ZF(Xt) Htkk tk (67)
(a) M+ L - -
12 2 2k 2+ B ROk Kk (68)
(b) M+ Ly+1 3 -
12 fzk K+ D (69)
(a) Due to Lemma 7 if we consider the batch sizes considered in (62) and (63).
(b) According to Young's inequality, we havab @ O
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Lemma 9. Under the assumptions of Lemma 8, we have

2L, 3M

3.
Hk K (70)

_ 1._
F(Xts1) 12 F(x)+ ¥k tk2+§1_(2 Yk (kE+

Proof of Lemma 9.For the sub-problem mentioned in (3), we have from [25, Proposition 1] that

o «+ {H t+M7k k3 =0; Ht+Mk2tk|dd 0 (71)
which yields
9 ¢ O (72)
From Lipschitzness of Hessian, we have the following:
F(Xgs1)  F(x¢)+ hr F(xy); i+ %h Gr 2F(xy) i+ L—sz k3 (73)
S F()+hF() g0 d+h G0 ) HY deal vy THO oF 2k
(a)
Fox)+ hrE(x) g «+2h G(r2F(x) HO d+ 22 My e g

2 12

(b)
F(xi)+ kr F(x¢) gikok (ko + %kr 2F(x;) Hikk (k3+ Az M

3
5k K (75)

(c) - 1. 2L 3M
L2 FO)+ Tk et 5 ke T

where (a) comes frorv2) and(71). Inequality (b) comes from Cauchy-Schwartz inequality and (c)
is derived by Lemma 7.

k K3 (76)

Theorem 2. WhenF (x) satis es Assumptions 1, 2, the stochastic gradient and Hessian satisfy
Assumption 3 (with = 1) and Assumption 4, and there exists an exact solver for sub-problem
(3), Algorithm 1, with probabilityl ~ , outputs a solutioxt such that- (xt) F(x ) after

T = O (log (log(1=))) iterations with the following numbers of samples for the stochastic gradient

and Hessian, respectively per iteration:
!

8 c* M, c¥ ? 4T +1)d
i - max — L. —— log ( ) : (77)
!
cl=@ )M, C*= 3 4T +1)d
nz g max =) 2; = ZL og AT+1)d ; (78)

whereC =1+ 5 M*lerd

A.2.1 Proof of Theorem 2

Now, we are ready to prove the main theorem. Suppose&laﬂo is the rsttime thatk (k P -

In other words, fot = 0;:::;Ng 1, we havek (k> 2 . The following analysis is valid for
=0;:::;Ng 1. From Lemma 8, for
2
n; 8max %Z—j Iogz—d (79)
2
n, 8max %17:2 log 2—d; (80)
we have:
_ + +
kr F(Xt+1)k 1 2 gp + Milézlk K2 (81)
+ +
12 gk K2+ Migzlk k2 (82)
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LetA = 3+ M*L2*L Then, we can rewrite the above inequality in the following form:

%kr F(xis)k 1 2 k (K2 (83)

Using Lemma 9, we have:

Faa) 12 FOO+ "k ot 2 =k g+ 22 My e (ga)

12 F(xt) % g k k3 (85)

14 F(xp) % g Alezkr F(xg+1 ) K372 (86)

where the last inequality is according (83). LetB := % % =A3=2, Using gradient

. 2
dominance property, we have:

(FO0) Flaa)?™®,

(F(xt+1) F(x)) 52-3 (87)
2 8 3
Lethy := £5—[F(x¢) F(x )]. Then,
B2 3
his 14 he he (88)
We de neKy, :=maxo ¢ N, 1ht. Therefore,
1 1 h
1t 54— 1+ —5—= 14 hiti
Kig hes B
Finally, we can nd1 N; Ng such that
0 1\,
1 1
th 1 4N, ho @1+ > 3A E: (89)
K2
From above inequality, we imply
log 2h
Ns 0T (90)
log 1+ —1
Ky2
For iterationt N, we use the following recursiofit;«; 1 4 hfzs. Thus
2 )No Ny 1 (%)No N1
hnog 14, Ny DS 1aNe 5 (91)
On the other hand, frorf81), gradient dominance property, and stopping critekiork, P T, we
have
M+L,+4
F(Xng) F(X)  gkr F(XnoK 14 F + (92)
Summing up (91) and (92), we get
2 (L)No N1
B3 1 F M+ L>+4
F(XNO) F(x) 1 (4N g+4) ? 5 + 7 f (93)
F
2
First denoteC = 1+ £ M*L2*4  andD := B> Hence, we have to choodé
2 3
Iog log [‘)+Iog i F
og 2
Ny + W in order to guarantee th&t(xy,) F(x ) C with probability at least

1 (4Ngo+4) . Byplugging °=4(Ng+1) and °= C inthe sample complexitigs;; n, in
(79) and (80), we can get the desired result in Theorem 2 and the proof is complete.
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A.2.2 Inexact cubic sub-solver (Proof of Lemma 2)

In this part, we show that under some mild assumptions, we can use a gradient descant based algorithm
to nd an approximate solution; of sub-problem in(3) such that Theorem 1 and Theorem 2 still

hold. To do so, we provide a new version(@fl) for ~; and then show that the order of error terms
in the recursion is not changed. Recall that the sub-problem (3) has the following form:

. 1 .M
min m¢( )= hg,; i+ =h ;Hy i+ —k k% (94)
2Rd 2 6
We need the following assumption:
Assumption 9. Hessian estimators satiskH ;k forall1 t T where is a positive

constant.

Consider any iteratioh 2 [1; T] of Algorithm 1 and in what follows, the iteratianis xed. Thus,
we drop the subscriptionfor simplifying the notations. We use the gradient descent algorithm as our
sub-solver with the following update and initial poifit©® :

M

~(k+1) — ~(k) rm("k): | H k=W~ g:
2
We de ne the following quantity S
T T 2
R. | 9eHg . kgk ~ g"Hg :
2M kg k2 M 2M kgik?
which is the Cauchy radius [4] and S
2
R KAk, kHK ? gk,
2M 2M M

which is an upper bound dn k (See [4, Claim 2.1]). We make the following assumptions.

Assumption 10. The step-size satis es0 m.

Assumption 11. The initialization ~© satises ~©@ = r rpWith0 1 Re.
In [4, Lemma 2.3], Carmon and Duchi showed that with the Assumptions 10 amd T2 0
and in [4, Lemma 2.2], they showed thram( ~ ()T ~()  0oforall1 k K. Assumptions9,
11, and 10 implies

Mk~ Ok Mk ~®k () MR
+ —— kK HkK+ ————— + —

2 ¢ 2 2

where (a) comes from Assumption 9 akd (K'k R which is from £, Lemma 2.2]. Hence,
the Lipschitzness of gradient ofi( ) is established and the gradient descent algorithm obtains

kr m(~ &Nk Owith K = O(°?)[24. Let =y = ~(K) pe the inexact solution of above
sub-solver.

kr m(~®)k= H

From Lipschitzness of Hessian, we have the following:

Fot =0 FOO+ hrF(a); =0+ hmar 2 () =i + L2k

1 Ly I
= F(x¢)+ hr F(x;) o "¢+ Eh G 2F(x¢)  Hy) ~qi + sz S+ gl T+ > TH ™
= F(x)+ hrF(x) o ~di + ch=a(r 2F(x0) Hy) =i+ 22 My~ ey Tor e

2 12 2
1 ~ T ~
+ é" m( ") t
(a)
FO)+ BEE() g6 70+ Sh™a(r 2R () HY) wi+ 22 Sk i
(b)
F(xi)+ kr F(Xt) gikok ~iko + %kr 2F(x¢) Hikk ~(k3+ Wk*tﬁ
(©) 3=2 2 3
F(x,) + 2kr F(xt) ok N kr “F(x;) Hk + 2L, 3M +8k"tk3; (95)

3 6 12
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where (a) comes from the factthgt =, Oandr m(~)" ~
Schwartz inequality and (c) is due to Young's inequality.

We know from Lipschitzness of Hessian®fthat

0 and (b) comes from Cauchy-

ki F(x¢+ ) r F(x¢) r 2F(x¢) "¢k L—22k~tk2: (96)

Moreover, the gradient descent returfig which is “approximate rst-order stationary point:
kr m(~k= kg + H; "¢+ %k~k~(k O Therefore, we have:

kgi + Hy ~ik - O+ M7k~tk2: (97)
By summing the above two equations and using triangle inequality, we have:
kr F(x¢+ ~)k M ;sz"tk2+ kr F(x¢) gik+ K(r 2F(x¢) Hy) “ik+ ©
M+ L,

k~k2+ kr F(x) gik+ kr 2F(x;) Hikk~k+ ©  (98)

2 2 ~ 12
M + L2k~tk2+ kr F(Xt) gtk+ kr F(Xt) Hk + k 7k + 0;
2 2 2
(99)
Based on gradient dominance property and (99), we have:
(F(xt+ 7t) F(x)) rkr F(x¢+ 7ok
M+ Ly+1 kr 2F (x H k2
F hzzk~tk2+ kr F(x¢) otk+ (‘2) =40 ~ (100)
2 2 |
4 1. M+I£2+1 K~k2 +kr F(x) gk + kr F(xtz) Hk L0

where we usefa + b+ c+ d) 4
Substituting (95) into (100), we have:
F(xe+ 71) F(x)

Ya +b +c +d),8a;b;c;d>0inthe last inequality.

h _ 3=2
1 M+L+1 12 2=3 _ 2kr F(xt) gtk
4 7F 2 aM 2L, 6 FOa) FOae+ 7o+ 3 *
2 3 2=3 2 2 |
kr F(xt6) Hk FlF) gk kr F(xtz) Hk o
C(F(xt) F(xt+ ~1))27 3+ Cgkr F(x¢) gik + Cukr 2F(x1) Hik® +Co?;

(1071)
where in the last inequality we uséd+ b+ ¢)2=3 3273 153(a2= 3+ = 3+ 2~ 3) which is
derived by the following inequalities:

(a+b+0? F Y@+ +2) F Na¥TI3+pT3+ 2793
for anya; b;c2 R* and,

_ M+ Lr+1 12 2=3
=4 13@ =3 2
¢ 3 F 2 3aM 2L, 8
B} M+ Lp+1 12 2=3
C :28—3 2 3% 2 +2 2
o F 2 M 2L, 8 (102
_54=3 2 1 M+lp+1 12 2735 2
Cn =2 3% ¢ 2 3V 2, 8 2 "

Co=4 1 F
If °= 1=  we have the following recursion inequality.

1 C(t¢  +1)?7 3+ Cgkr F(x¢) gtk + Cpkr 2F(x() Hk* + Co: (103)
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Figure 4: Performance of SCRN versus SGD with adaptive step-size for different valueEmm
left to right, average global optimization error of SCRN and SGD versus number of oracle calls for
= 4=3; 544, 6=5; 7=6.

Figure 5: Performance of SCRN versus SGD on a function satisfying gradient dominance property
with = 2 for different values of . From left to right, average global optimization error versus
number of oracle calls forr  8;32;85;190

Recall that in the analysis of Sections 3.1 and 3.2, we keep the errorkerfmé<;) gk and

kr 2F(x¢) Hk? inthe order of (in expectation or with high probability) and note that the
effect of inexactness in sub-solver appears in the @&rm with the same order. Hence, we still

have a valid analysis of the global optimum when using an inexact sub-solver based on gradient
descent. It is important to note that when using the inexact sub-solver, nding a local minimum
solution of sub-problem is suf cient for the global convergence analysis of SCRN and despite second
order convergence analysis of SCRN $3, 49, its global convergence analysis does not need to
approximate the exact solution of sub-solver, i.e;,

A.2.3 Simulations of SCRN and SGD on synthetic functions satisfying gradient dominance

property
Example 1. We consider functiorP=@ : [ 1;1]! [0; 1], satisfying gradient dominance property
with = piq 2 (1;1 ) wherepis an even positive integer amp< p is a positive integer. For this

choice of objective function, we compare average global optimization €fér(k)] F(x )) of
SCRNand SGD fat < < 3=2in Figure 4. We observe that the improvement of SCRN upon SGD
is increasing when decreases from=3 to 7=6.

Example 2. As we discussed in Remark 5, SCRN improves SGD in terms of dependepcy/m
consider the functioff (x) = x2 + asin?(x) for0 a 4:603. This choice of function satisfy
gradient dominance property of = 2 with different values ofg . Whena goes t04:603, ¢ goes

to in nity. By tuning the parametea, we run SCRN and SGD with the best adaptive step-size on
functionF (x) for four different values ofg in Figure 5. As can be seen, SCRN outperforms SGD
for large values of g .

A.3 variance-reduced SCRN under gradient dominance property with =1

We rst provide two lemmas that are used in analyzing variance-reduced version of SCRN. They
are stated for more general cdse < 3=2in the following. We will use them in the proof of
Theorem 3 for the case=1.

Lemma 10. Consider the following recursive inequality for < 3=2:

1 (v w)? % (104)
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Then,
()Asfaras; 1,wehave:; (1=2)! o.
(i) For any pair (t;t9 such that® t:

r o +D 1) (105)

where := ;2 andD :=minf}$; = 1) t01= g.

Proof. For part(i), as long as; 1, we have:

t 1 1
143 =(2 ) 2’ (106)

t 1 1+
where thedst inequality is due t@L04)and the second inequality comes from the fact that 1.
Therefore,”,_, «=« 1 (1=2)! which we can imply that:;  (1=2)! o.

For part(ii ), leth(t) := %tl 7. Consider the following two cases:

2

Case (1): Suppose thaty, 2 5 (forallt t% Then

Z t+l d Z t 3
h( 1) h(o)= ah(t)dt= tzdt (¢ 1) ?
1 = 1
(t t+l)§ t+1 51 (107)

Case (2): Suppose that, 2 % (forallt t% Then, we have: tlﬂzi 273
Therefore,

2 1 2 1 2 2 3 2 1 2
h( t+1) h(t):ﬁ(tﬂz ¢ 0) 3 2(23 1) °
2 3 2 1 Zi
3 3 (2 Do’ (108)
LetD :=minf3; %(23 1) tlo Zig. Then we have
h(ta) h(y) D
which implies
Xt
h(¢) h(t)= h(k) h(x 1) D (t t9:
k=10+1
Then we get
2 Tz 1
t 2 : (109)
3 2 (h( )+ D(t  t9)s 7
O
Lemma 11. Consider the following recursive inequality fbr < 3=2:
_ co
2— 3 + . 1. 11
t Cle1 t) (d=Ses) 8t ; (110)
where = 32—2 C, andClare some positive constants aBds a positive integer. Then,
3=3 2) 0
ccC C (111)

t + ;
(bt=ScS) (dt=SeS)

forallt SwhereC satisesC = 1+ A=1* ) L whereA:= C %(C%*® 2)C)and
S>maxfC'™ (1+A)= ;C* (t 2 )XCY 2 )gandty dlog( c=C3G 2))=log(2)e
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Remark 12. In the analysis of SCRN where= E[F (x;)] F(x ),andC®%= C4+ Cy which are
1=(1+ )

chosenin(34),ifC =(2 ) *CO then the condito€ *~ 1+ ﬁ =
turns to
14t 1= s
C 2% =
which is satis ed for largeM . Hence, afteil iterations, if the errors of gradient and Hessian are
Bk F() 0k ] gmaag EINPFO0) HIR ] o

then

T (2) "(Cg+ Cu)CTE *) + Cq + Cn : (112)
(bT=ScS) (dT=SeS)

Proof. Wedene K :=( ; C%(kS) )=C%€ 2)for(k 1)S t kSandk 1. Therefore,

we have the following recursive inequalityf (¢ K ;)27 3for(k 1)S+1 t kS.By

induction onk, we will show that s  C =(kS) forallk 1. We rst prove the statement for

the base cade = 1. Supposdy is the rst iteration such thattl0 < 1. From Lemma 10 (part (i),

we know thatty d log( (=C3© 2 ))=log(2)e. Moreover, from part (i) in Lemma 10, by setting
t9= ty, we have:

S () © +D(S to)

( +(S tp=2) (113)
[
S 1
where the second inequality is due to fact that 1=2 as tlo < 1 and the third inequality comes
from the constraints o€ andsS in the statement of lemma.

Now, suppose that the statement holds up to skm#&fe will show that it also holds fdt + 1. From
the induction hypothesis, we know that

C3=(3 2 )C N CO
(kS) (kS)

kS

C co 1 1
— k+1 + 114
) ks (kS) C3=G@ 2) (kS) (k+1)S) (114)
C A
— 1+ —
(kS) k 1
whereA = C (C3°¢ 2)C ) and the second inequality is due to de nition ¢fg* .
From the constraint o€ in the statement of lemma, we have:
c ¥t grare) 1
éi) C 1= 1+ L i
k= + Al= =k 2 |
_ 1= k ' 1
=) C k+1 1+ A= =ki= +1 2 (115)
I
éﬂ’) cCY¥ k+1 k. 1
(1+ A=k *1)¥ 2
kS

=) C ¥ (k+1)S

(C @+ A=k y= TS
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where(a) is due to fact thaf1=( ( +1) < ( 1=+ )+ =@+ NHALC @+ ) k1= 4+ A= =k
for > l1andk > Oand(b) comes froma+ b= (a¥* + b'® )for > landanya;b> 0.

Now, from part (ii) of Lemma 10, we have:

E(k++11) s k') 7+ DS
(a) kS
(€ @+ Ak = T 5T (116)
® c
(k+1)S) ’

where(a) is according tq114)and the fact thab = 1=2 (as tgl < 1due to the constraint 08 in
the statement of lemma) aifd comes from (115).

From the de nition of 155 , we can imply that for alk 1,

C3:(3 2 )C + CO
(kS)

kS (117)

Moreover, from( )32 + ¥ ¥ for(k 1)S+1 t kS,wecanimplythat{ [ g
for(k 1)S+1 t kS. Therefore,

C 03:(3 2) CO
+
' T (bt=ScS) (dt=SeS)

modt; S) 6 0: (118)

O

The above lemma shows that it suf ces to bound the expectations of error terms for stochastic gradient
and Hessian b (1=t ) and ; := E[F (x{)] F(x ) still has the same convergence rate in Theorem

1. In the following, we show that incorporating time-varying batch sizes in conjunction with variance
reduction improves sample complexity results.

Algorithm 2 variance-reduced stochastic cubic regularized Newton method

Input; Maximum number of iteration$, batch size$ nggthl ,fnt, gl_; , the period lengt!8, initial
pointxg, and cubic penalty parametigr.

Lt O

2: whilet T do

3: Sample index set; with jJj = ng; I with jl 1j = n

4.
v rfa, (Xo); modt; S) =0
t rfy (xe) rofo (Xe 1)+ ve 1 else
5:
U r2f (x); modt; S) =0
! r2f (x)) r 2f (x¢ 1)+ Uy 1; else
6: ¢ argmin ,gatvg; i+ 3h U i+ MKkoK®
7 Xt+1 Xt+ ¢
8: t t+1
9: end while

10: return Xy

We consider the following assumptions:

Assumption 12. We assume thdt(x; ) satis esL-average smoothness afdd; )-average
Hessian Lipschitz continuity, i.eE[kr f(x; ) r f(y; )k¥] L®kx yk%andELkr 2f (x; )
ref(y; )k21 LY kx yk® forallx;y 2 R%and1l < 3=2
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It is noteworthy that the above assumption hold in policy-based RL setting that is considered in this
paper.

P P
Letdener fy (x¢) = ﬁ i20 T F(xes ) andr 2fy (x¢) = ﬁ i2 T2 (xi; 1), By
adapting the variance reduction method4ri][(see Algorithm 2), we can have the following bound
on the errors of estimated gradientand HessiatJ ;:

Lemma 12. Letng andny, be the number of stochastic gradients and Hessian matrices that are taken
at timet. Suppose that for a giverr 0, we take the following number of samples at checkpoints:

= 2= =
., 22 27 (8e logd)? 5 stt :

Mg == MH 1= (119)
and at the other iterations, we take the following number of samples:
4L PsSk k2 4 2% (8e logd)? LPSk k?
NY(XeXe 1) — s tinlh (XX 1) ( gl:) 2= LD (120)
Then, under Assumptions 3 and 12 for a speci ¢ amount Bf[1; 3=2), we have:
Elkr F(x;) wvik] ; Elkr 2F(x;) Uk?®] (121)

P
Proof. First for the gradient estimator, we havevy r F(X()=  |_ yescs Uk Such that
rfo (i) r Fxe); k = bt=ScS;
rfg(xe) r fo (X 1) r F(xe)+r F(Xk 1); k> bt=ScS:

We know thatE[ukjGc] = 0 whereG = (Xp;:::;Xk;Ug; ;Uk 1). Conditioned orG and for
k > bt=ScS, we have

1 X 2
Elkuk?jG] = E @i:l rf(xe; i) r f(xe 159) 1 F(xp)+r F(xk 1)
@ nikEkrf(xk; Do f(k 1) () * T F(x 1)K
g
V2R ) T fw DK SEKFG) TR (e )R
g g
Llrl]'—k?kxk X 1k? (122)

g
where (a) comes frofr f (xx; i) r f(xk 1; i) T F(Xx)+ r F(xx 1)]'s arei.i.d conditioned
onG forl i n§. Inequality (b)is from(a+ b)2  2a? +2b? and (c) is derived by Assumption
12. Fork = bt=ScS, E[kugk?] -i.

k
ng

2
Xt Xt
Elkr F(x;) Vvik?’]=E Uk E[E[ku k?jG(]]
k=bt=S cS k= bt=S cS

2 X kxe Xk 1k?

1 @ k k 1
—1 4L%E — (123)
Ng k= bt=S cS+1 g

where the rstinequality comes from the fact tHgu uxo] = E[uoE[uxjG]] = 0 fork >k °.
If we taken'é 22:§ samples at checkpointk € bt=ScS) and and at the other iterations, we take
4L Psk  1k?

ng samples, we have

Elkr F(x;) vik] E[kr F(x¢) vk =72

Now we give a proof for Hessian estimator which is similar to the gradient one.
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P
First for the Hessian estimatbr,, we haver 2F (x;) Ui = _pses Vk Such that

V. = r2fy, (xe) r 2F(xy); k = bt=ScS;
k rafy, (xe) r 2fy, (X 1) 1 ZF(XK)+ 1 2F(Xk 1); k > bt=ScS:

LetHy = (Xo; iXk;Vo;:i:i; Vi 1). Then, we hav&[V ¢jH ] = 0. Conditioned orHy and
for k > ht=ScS, we have

. 1
E[kV ¢k? jH]= E e ref(g i) r e ) r PF(x)+ PR (Xe 1)
i=1
(a) R
(8elogd) E ey Ir2f(xk; ) r 2F(Xk 15 0) T 2F(Xk)+ r 2F(xk 1))
H/ j=1

(b) R
w ik E [r?f(x; i) r 20 1) r 2F()+ 1 2F(xe 1))
(nH) Ny i=1
(©) (8elogd
((engg))E 20 o) 1 20 ai ) 12RO+ 2R o]
H
@ 22 }(@elogd)

2 1
BKr 2 (xi; 1) 1 2 (xk 1 k2 + 2 (Gelogd)

Ekr 2F ’F k?
) (nf) PRl T Ry
(e) 22 9?2
e 2 (8e|og|](d) (LD ke Xi K2 (124)
(n§)

where (a) comes from Lemma 4 and (b) comes from Jensen's inequality for operatok nlrm
(c) is derived bykAB k k AKkkBk and the fact thar 2f (xx; i) r 2f(Xx 1; i) r 2F(xg)+

r 2F(xx 1)]'s are i.i.d conditioned oy for 1 i ng. Inequality (d) is from inequality
(a+ b2 22 (@ + P )and(e)is derived by Assumption 12. Hor bt=ScS, E[KV (k? ]

2
wElCZ?]S)) 2 from Lemma 4. Then
K
2
Xt (a) S Xt
Elkr 2F(x;) Uk?® ]=E Vi (8elogd) E = V2
k=bt=S cS k=bt=S cS

(b) Xt (© Xt
(8elogd) S 1 E[kVZ2k ]  (8elogd) S ‘! E[KV «k? ]

k=bt=S cS K= bt=S cS
8elogd)? 3. S 1 . p
e b2:3csz' + 2% (8elogd)®> S (L9? E % ;
(ny ) k= bt=S cS+1 (n§)

(125)

where (a) is derived by Lemma 4. (b) comes from Jensen's inequality fer and (c) is from
kABk k AkkBK.

1= 2 2= 1 1=
If we taken 2 (elog dfz 2 S samples at checkpointk £ bt=ScS) and and at the other

. . 1= 2, @ 2
iterations, we takak, ~ 22 —(Belgd) Ly Sk « 1K samples, we have

Elkr 2F(x{) Uk? ]
O
Theorem 3. Under gradient dominance property with= 1, Assumptions 1, 3 for = 1, and

12 for =1, Algorithm 2 can achieve-global stationary point in expectation by queryiff 2)
stochastic gradients an@( ') stochastic Hessian on average.
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Proof. From Lemma 5, using the estimates of gradient and HessianfandU ¢, we have for
=1:

F(xe+ 1) F(x) C(F(x) F(xe+ 1))Z3+ Cgkr F(x¢) vik+ Cpkr 2F(xy) U(k?:
(126)

By dening : := E[F(x;)] F(x ) and using Jensen's inequality, we can rewrite the above

inequality as follows:

1 C(t  151)%2+ CgEkr F(x) Vikl+ CyELkr ?F(x;) U(K?]: (127)
Now, suppose fotk 1)S <t kS,k 1, weset to(kS) 2in ng's andny 's. Then, from

Lemma 12, foralt O
Cy+ Ch .

t+1 C(t +1)22 + m, (128)
and from Lemma 11,
16(Cy + Cy)C3 Cy+ Chx
+ : 12
T (bT=ScS)?2 (dT =SeS)?2 (129)
After
16(Cq+ Cy)C3+ Cy+ Cy 77
= (130)
iterations, Tt . Furthermore, according to Lemma 5 (20), we have:
3=2 2 3
3M 2L, 8k tk3 F(Xt) F(Xt+ t)+ 2kr F(Xt) gtk + kr F(Xt) Htk
12 3
(131)

and using inequalitya + b+ ¢)%=% 3?78 1(a27% + p*=3 + ¢273) for a; b; ¢ > 0 and then taking
expectation, we have:

(a)

Elk (k%]
CUEF ()] EIF(a+ NP+ GEKr F(x)  gik+ chElkr 2F(x)  HK] ,
kR 1 kg 1
:) E[k tk2] COQ4 ( ¢ 141 )2:3 + CgEkI' F(Xt) gtk+ CH E[kr ZF(Xt) Htk2]5
t=(k 1S t=(k 1S
) CTS™(« ns k)74 TSE )
© 00 e1=3 16(Cg+ Cy)C? Cg + Cx 2= (cg+cv) _ 1=3 4=3y.
=0 ( D)z Tk s T oks - OGS T

(132)

whereC%= 31=3(3M1222:L32 575 Cg = 2,andcy = % in(a), and in (b), we used Jensen's inequality
for the rstterm in the sum:
0 1523
1 W1 i 1 1 1 2=3
= (¢ w)® @2 ¢ A= §( (k DS  kS)
t=(k 1S t=(k 1)S

and we sehg's andny, 's such that

1
Elkr F(xt) 9tk (kS)?
E[kr 2F(x;) Hk?] (ké)z:
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Moreover, (c) is according to Lemma 11.
Hence, according to Lemma 12 for the case 1, in order to obtain the following errors:

1 . 2 2 1 .
Elkr F(xt) gtk]) @1, Efkr i F(xt) Hk7] 9y’
P
the average sample complexity of gradiént th1 ng must be in order of
X oo2f, X 4 LPSEK (K] (133)
t 4 (k=SeS) 4
hrE)Od (S )=ID mod (t;S )60
It is enough to hav& thl ng be greater than the following upper bound for (133):
X 2%, X 4 LBSEk | 1K?]
t 4 (dt=SeS)4
mod ( t;S)=0 mod ( t;S )60
d'RESe dRESe %S
= 2 2(kS)* + 4 LES(kS)*Elk  1k?]
k=1 k=1 t=(k 1)S+1
" _ #
“ 2dRcse(kS)‘H ds<Ese4 LEs(ks)'c® si= 10Ca* Cu)C® , Ca* Cu ™ (G * )
Lo o (kS)2 (kS)? (kS)2

TS 2=3 + cy _ _
2 35 +4c LEC® 16(Cq+ Cu)C® +(Cq+ Cu) 7+ 70(32(1 1 SYRTS 40

(134)
where in (a), we use(l32) If S = b%c whereq s a constant integer, the average sample complexity

16(Cy+ Ch )C3+ Cq+ Cp |'72
[16(Co+ )7 Co+Cu] " 1 average sample

of gradient, would be in the order GI(T*#). AsT
complexity of gradient is at least

2 2 16(Cy+ Cy)C3+ Cy+ Cy
2

|
Px

in order to get 7 H )
i

P
Moreover, for the average sample complexity of Hes&an th1 ni, ,we have:
X (8e logd)? 2, X 2(8e logd)? LZSE[k  1k?]
®z (d=Ses) 2
mod (t;S)=0 mod (t;S )60
dRcSe dRcSe Xs
= (8e logd)? 3.,(kS)?+ 2(8e logd)®> LPS(kS)’Elk  1k?]
k=1 k=1 t=(k 1)S+1
dR:Se
(8e logd)? 2,S? K2+
k=1 " "
dese 3 2=3
s 16(Cg+ Cn)C®  Cy+ Cy (cg + o)
2 | 2 | ®g(ks)2Co0 gl=3 g + =9 +
) (8e logd) 5> S(kS)°C™ S (kS)2 (kS)?2 (kS)?
k=1
(8e logd)? 2,T3+
2 | ®el=3;T\3 4=3~00 3 2=3 Cg + Cy
(135)

By settingS = b%c whereq is a positive integer constant, the average sample complexity of Hessian,

would be in the order o®(T?2). AsT = O( %), the average sample complexity of Hessian is in
the orderof0 1 .
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A.4 Proof of RL results

Two important classes of policies: 1) Scalar-action, xed-variance Gaussian policy:

1 1 a T (9 2
(ajs) = ﬂe?exp 5 : (136)
2) Softmax tabular policy:
exp( sa)

(ajs)= P

137
aooa €XP( sa0) (137)

where =T sa0sa)2sa  are parameters of the policy.

A.4.1 Discussion on gradient dominance property with = 1 for Policies

Assumption 13(Fisher-non-degenerate for all 2 RY, there exists ¢ > 0 such that the Fisher
information matrixF ( ) induced by policy and initial distribution satis es

F()=Ega v [r log (ajs)r log (ajs)"] Eld d; (138)

P
wherev (s;a) := (1 )Es, t1:0 'P(sy = s;a = ajsg; ) is the state-action visitation
measure.

This assumption is commonly used in the literatuig, P]. The Fisher-non-degenerate setting
implicitly guarantees that the agent is able to explore the state-action space under the considered
policy class. Similar conditions of the Fisher-non-degeneracy is also required in other global optimum
convergence framework (Assumption 6.5 i ¢n the relative condition number and Assumption 3 in

[6] on the regularity of the parametric model). Assumption 13 is satis ed by a wide families of policies,
including the Gaussian polidft36)and certain neural policy. Without the non-degenerate Fisher
information matrix condition, the global optimum convergence of more general parameterizations
would be hard to analyze without introducing the additional exploration procedures in the non-tabular
setting [9, Sec. 8].

Assumption 14. Forall 2 RY, there existspias > 0 such that the transferred compatible function
approximation error with(s;a) v  satis es

E(A (s5@) (L )u'r log (ajs)?]  bias; (139)
wherev s the state-action distribution induced by an optimal policy, and= (F ( ))Yr J( ).

This is also a common assumpticib] 1, 41, 20, 9]. In particular, when is a soft-max tabular
policy (137), pias is 0 [9]; Moreover, it can be shown that when is a rich neural policy, pias IS
small [35].

By Lemma 4.7 in ], Assumptions 13 and 14 yield relaxed gradient dominance property witii
(See Assumption 6). We provide the proof in the sequel:

From performance difference lemma [14], we have

Esay v [A t(s;a]=(@1 )3 () I () (140)
and from Assumption 14 and Jensen's inequality

EA (s;8) (I )u'r log (ajs)] " s (141)
Substituting (140) into (141), we get

1 - .
JC) I — P +ElUTr log (ajs)]
1 G
T st k3 (k (142)
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where the last inequality comes from following Cauchy-Schwartz inequality
E[u "r log (ajs)]= Elr J()"(F ()’r log (ajs)]
Ekr J( )k2EK(F ( ))Yr log (ajs)kz iEkr log (ajs)kaEkr J( )ka &Ekr J( )kz
F F

where two last inequalities are from Assumptions 13 and 7. Thus, by se&tmg%p bias and

- G
J' Fl

J  J(y)  gkrd( ket © (143)

In the past few years, several work have attempted to establish that PG and SPG converge to a global
optimal point for various classes of policiesy 44]. For instance, for Fisher non-degenerate policies,

Liu et al. [20] proposed a variance-reduced SPG method that converges to a global optimal point
with sample complexity o©( ). By considering a momentum term, Ding et al} §howed that

the sample complexities of SPG for the soft-max policy and Fisher-non-degenerate policies are in the

order ofO(  #®) andO( %), respectively. In the case of weak gradient dominant functions with
=1 (See Assumption 6), Yuan et al 1] showed that the sample complexity of SPG is bounded

byo( 3).

Theorem 4.For a policy  satisfying Assumptions 7, 8, and the corresponding objective function
J( ) satisfying Assumption 6, SCRN outputs the solutiosuch thatl E[J( 1)] + Cand

the sample complexity (the number of observed state action paifE) ism H= O( 2°) for
°=0andT m H=0( %5022)for 2> 0.

A.4.2 Proof of Theorem 4

In order to obtain Lipschitz Hessian fa( ), we use the following lemma in [46].
Lemma 13. Under Assumptions 7, and 8, we have

kr23() r 23( 9% rck % (144)
where
Rmax GlGZ Rmax G%(l + ) Rma1>< Gl G % I—2 G2 Gl(l + )+ GZ (1 )
E = + + . - __c .
1 )2 EEBE 1 max Gag—igig 1 2

Itis good to mentionthal = O(1=(1 )3). Using(21)for =1 inLemma5forF( ):= J(),
we get

J () % gkr I( 1)k
CU(te1) J()ZB+Cokr I( ) MmI()k+ Cukr23( ) FZI( K5 (145)
where

_ M+LC+1 12 2=3
C=37¢
2 M 2rC 8
_ M+C+1 12 2=3
Cy=2%3 3% 5 o a5 (146)
_ M+C+1 12 2=3
Cy=2 2% 3% v2 1
H ’ 2 M 2r 8 )

We know that” » J ( ) andr",ZnJ( ¢) are in fact unbiased estimatorsrofly( ;) andr 2Jy( ¢).
Thus,

J J(1) CQE( 1) ()% +Cokr Iu( ) FmI()k+2Cukr 2Iu( ) F2I( K2+ °
+ Cgkr J( 1) 1 Jn( Ok+2Cukr 23( ) r 2Iu( YK

CA(ts1) I N2+ Cokr Ju( ) FmI( Ok+2Chkr 2Ju( ) F2I( k2 + °
+ CyDg " +2CyDy
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whereCy andCy is de ned in Lemma 3. We take a expectation from both sides givemd use
Jensen's inequality as follows:

J EJ(hm) C(EJI( t+1) EJi( )27+ CELkr Ju( 1) "mI( K]
+2CHE kr 2Ju( ) F2J()k* + CyDg H+2CyDy M+ © (147)

We use the following lemma to bound the error terms of the gradient estimator and the Hessian
estimator.

Lemma 14. Under Assumption 7, we have

2R2
Bk mJ () 1 Ju()K 7:3@“?2;
148
s 7o) fra(ye e madZiogdRi, (FGirep. U
" " m ) '
The proof of Lemma 14 is given in Appendix A.4.3.
Now we have from Jensen's inequality
=2 HGR
Bla (1) Fad( 0k Bk 3u() Fd(0k T o
Then we get
- HGR 4e maxf 2;logdgR?2,., (F2 + G*)
EJ( t+ EJ( + E 273 X_+2 max
3 BI(w) CEI(w) EI(0)7+ Co—F=+2C e
+ % CcyDg "+2CyDy P (149)
Let de ne a stationary value far EJ( ) asP(m; 9 which is as follows:
GRmax 4e maxf2;logdgR2,,(F2+ G* = H oH
;)= Cg——aap— :
P(m; 9 cg(1 5P +2Cy @ ym + % cyDy H+2Cy Dy
(150)
We de ne:
_J By P(m 9.
= o3 :
Then we get following recursion from (149):
t+1 ('t t+1)%7%:
We know from (42) in the proof of Theorem 1 that
4
— 151
T BTy (151)
whereD = min f1=2;2(2'*3 1) ,'~*g. Hence,
4c3
E P (m; —
IOBD PM) 5oy
ThereforeJ EJ( ) converges td® (m; ) with the convergence rate Gf(1=T2). Let
o max CZH*GIRZ4  Cyde maxf2;logdgR2,, (G3 + G})
(1 )2 @ (l )4 0 !
9
CyD —
H max< 09 7" log Zupu T
© log(l=) ' 2log(1l=) ;
Then, 1 satis es:
J EJ(+7) 5% (152)
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whereT 257D Finally, the number of observed state-action pairs are required (@ 52}is as

follows:
0 3222202 2 cp, T 7 7 7 !
@C “DC§GIRMmax log” =452 A @ Gi* nggernJraxg
T H moO @ )2|092(1: ) @ 05 =0 (1 )4+% @ 05

(153)

where (a) comes fro@ = O(M %) andCq = O(M **3) and the fact tham = O(L) and from
Lemma 13F = %.
A.4.3 Proof of Lemma 14

In [41, Lemma 4.2], it has been shown that

2p2
EkF md () r Jn( )K? %: (154)
We know from [29, Lemma 4.1] that
24
kr/\Z(, )k2 max (H G + G ) (155)

a H»

wheref*2(; )=1r ( ; )r logp(j )T +r 2( ; ). Wehave an upper bound on the variance
of Hessian of value function for each trajectory as follows:
(H2Gf + G3).

Elkr 23u( ) £2(; KT EKC2(; K max(l )

2 2~4 2
Denote 5;1 = W. Then from Equation (18), we can get

4e maxf 2;logdgR2,., (H?G$ + G3)

Elkr 23u( ) FRI()K] )

(156)

A.4.4 Soft-max policies satisfy Lipschitz Hessian
Recall that soft-max tabular policy as follows:

exp( sa)
a2A exp( sa)

Forany(s;a;ad2S A A witha’6 a, we get the following partial derivatives for the soft-max
tabular policy

(ajs) =

@ (ajs . . @ (ajs .
@9 - @ga @), L@V @y (s (157)
@s;a @S'ao
Note that fors® 2 S with s°6 s, we have@@(ajs) =0. We denotes = [ salaza 2 RA . We
obtain the gradient and Hessianlofy (ajs) w.r.t. s as follows:
@o ajs ) @lo ajs . . ) )
Gog @9 _y (g, @09 @9 (i (97 Diag (js) (158)
@S @S

wherel, 2 RIA is a vector with zero entries except one non-zero ehtrgrresponding to the action

aand (js)=[ (as)]aza 2 R is a vector consists of all policies with the same ssatdow
we have

kr 2log o(ajs) r 2log (ajs)k = @@Elog o(ajs) gz log (ajs)

of | of T j is)’ i o( ] j :
(js) o(js) ({Z) (js) (Js) }+ rDlag( (JS))({;) Diag( (JS))§ (159)
1
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The rstterm (1) can be bounded as follows:

@)= (is) (i9"  o(js) (i9"+ o(js) (i  o(js) o(js)’
(k (is)kka+ k o(js)kp)k (js)  o(js)k:

(a) . . (b)
2k (js) o(js)ka 4k %,: (160)

P
where (a) comes from the fact that as, (ajs) = 1 then thek (js)ko  1is less than one.
Inequality (b) is derived bynax kr (ajs)k  2whichyields (a;s) is 2-Lipschitz.

The second term (2) is bounded By %,. HenceJog (ajs) for soft-max policy is 6-Lipschitz
Hessian.

LemmaZ.UnderAssumptio&l 7,wehake J( ) r Ju( )k Dg "andkr 2J( ) r 234( )k
I E—— 2

Dy M;whereDg = StRme 1+ HandDy = Rmax (G2* G3) gG”Gl) H+ 1
A.4.5 Proof of Lemma 3

q___
Under Assumption 7, it has been shown tbgt= SiRmec = -1+ H[41, Lemma 4.5]. We will

R max (GZ"'Gi) H + 1

show that under Assumption D,y = 1 I

It can be shown that [41, Proof of Lemma 4.4]

2 N3
% % Xt
r2J()=E 4 r log (avjswo) 'R(st; &) r log (akjs) O
t0=0 t=0 " k=0
« !
+E 'R(st; a) r?log (axjsk)
t=0 k=0
and then
2 " T3
K 1 K 1 Xt "’
r2a()=E 4 r log (awjsw) 'R(st; &) r log (akjsc) O
. t9=0 t=0 ” k=0
K 1 Xt '
+E 'R(st; ar) r 2log (axjsk)
t=0 k=0
Therefore,
" !#
2 2 X t Xt 2 H
reJ()r “d()=E R(st; &) r “log (axjsk)
| t=H t7:O }
) & . .3
% % Xt
+E 4 1 log (avjsr) 'R(st; ) rlog (ajsc) O
to0=H t=0 k=0
I {22 }
) @ ) .3
K 1 3 Xt
+E 4 r log (apjso) 'R(st; a) r log (axjsk) 5
t0=0 t=H k=0
| {z }

®

38



First we bound(1)k, as follows:
" I#

% RS
k(Dk2 E JR(st; a)j kr log (ayjs,)K
" t=H k=0

I#
b3 . Xt
Rmax E kr log (ajs, )k
t=H k=0
t H x t H 1 H
G2Rmax 1+t)= G2Rmax (I+t+H)= G2Rmax +
- , @ )» 1
t=H t=0
To bound the second term (2), it is good to note thaDfort <t ©
2 " 3
Xt ST
E 4r log (avcjse) 'R(s;a) 1 log (ajs) — °=0:
k=0
Because
2 « no.3
E 4r log (avjse) 'R(s;a) 1 log (ajs) — °
k=0
2 « no3
= ESO:to;aD:(IO 1) 4|Eat0 [r °|Og{z (atojSto)jSto}] tR(St;at) r log (akjsk) 5=0
5 k=0
(161)
where
A Z
Eaolr olog (awjsw)js] = 1 (awjsio)dape =1 (arojsto)dago = 0
I z }
=1
Hence, we get
2 no.3
Xt R Xt
kk= E 4 r log (apjs) 'R(s¢; a) r log (axjsk) 5
t0=H t=H k=0
! 143
@ - 4* X . x _
= E4  'R(s;a) r log (awjst) r log (axjsq) °
t=H to=H k=H
2 ,3
R Xt
Rmax ‘E 4 rlog (ajsk) °
t=H k=H
R Xt h [
R ' E ki log (ajsi)k?
t=H k=H
X- X- GZRm H
RmaxGf  '(t H+1)= RuuxGf " '(t+1) o
@

where (a) comes from the similar argumen({161)and (b) comes from the fact that for akys k°

E r log (ajsk)'r log (awojsce) =0: (162)
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To bound the thiéd term (3), rst, with the similar argument to (161), we can rewrite3(3) as follows:
1l

1 Xt T
kBk= E 4 r log (awjsto) 'R(s¢; a) r log (axjsk) 5
t0=0 t=H k=0
! 13

X X 1 Xt

= E4 ‘R(st; a) r log (apist) r log (akjsk) °
t=H t0=0 k=0

! 13

@ X X 1 X 1

= E4  'R(ssa) r log (awjsto) rlog (adsy) °
t=H t0=0 k=0

2 »3
p3 X1
Rmax " E 4 1 log (akjsk) °
t=H k=0
hs K1 h i b H 2
Rme ' E ki l0g (ajsok® RmaGl  tH= —meCiH
t=H k=0 t=H
where (a) comes from (162).
Using triangle inequality and combining all bounds for (1), (2), and (3), we have
kr 23() r 234( )k k ()k+ k(@)k+ k(3)k
1 H G?R Rmax GZH
H R + + 1 \max + max 21 1
G2Rmax (1 )2 1 (1 )2 1 ( 63)

A.4.6 Analysis of the variance-reduced SCRN under weak gradient dominance property with
=1

De nition 3 (Importance Sampling)For any given trajectory and two parameters °2 RY, we
de ne the importance sampling weight as

oo PP o) _ Y o(anish) |
WOIEOE oY T L i) (164)

whereH is the horizon length.
Assumption 15. There exists a constaiy 2 (0; 1 ), such that, for any pair of policies generated
by Algorithm 3, the following holds

Var(w( j %) W, 5 °2RY p(j o) (165)

In following, we present a version of Algorithm 2 adapted for RL setting by utilizing importance

sampling. In what follows{ J( ¢ ) andf*2J( ¢ ) are gradient and Hessian estimators of the
value function, respectively which are sampled from distribugiprj ) for some .

Assumptions 3 with = 1 and Assumption 12 are satis ed in the considered RL setting. To
2

see thisk( 2J(; )k? HZG‘}R(TX +)?§R§"ax from [29, Lemma 4.1]. Then{' J(; ) is Lipschitz.
Moreover, similar to the arguments in Lemma 13, one can shovkfhal (; ) 2J( % )k
Ck  %,. Hence, we can imply that Lipschitznesstod ( ; ) andf 2J(; ) yield Assumption

12. Furthermore, from proof of Lemma 3 (Section A.4.3), the variancésl(f; ) andf*2J(; )
are bounded.

Now, with 8 9
< log Sele log 2CuDs =
H . .
max. log(l=) ' 2log(l=) ; '
Equation (147) can be rewritten as follows:
J  EJ( 1) C(EI(+1) EJI(1))%3+ CyELkr Ju( 1) Vi
+2CHE kr 2J4( () Uk® +2: (166)
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Algorithm 3 1S-VR stochastic cubic regularized Newton method

Input: Maximum number of iteration$, batch size$ nggt 1, fnl gl , the period lengtls, initial
point o, and cubic penalty parametegr.
Lt O
2: whilet T do t
t
3: Sample trajectory sek; = f jtg?:gl and trajectory sett; = f i‘gi”;*1 according to policy
p(j 1)

4.
&P
@ j=1 ‘J(tr ]) mOC{t,S):O
Vi . .
A PG D w( i OFI(e s DI v 1 else
5:
8 . p
y <41 M R23( 0 modt;S) =0
t oo P .
LAk I D Wl Of23( 1 D]+ Ul g else
6 ¢ argmin ,gatvg; i+ 3h U i+ MKkoK®
7. t+1 tt ¢
8: t t+1
9: end while
10: return ¢

Lemma 15(Lemma 6.1 in Bg]). For a policy  satisfying Assumptions 7 and 15, and for any
: 92 RY we have

Var(w( j: 9) Cuwk %2 (167)
whereC,, = H2HG? + G,)(W +1).

In order to prove Theorem 3, we must show that with the following number of samples at checkpoints:

1 (log d)?
n= S nf = : (168)
and the following number of samples at the other iterations:
Sk k? logd)? Sk k?
NSt )= 5 nh( G 1)= (log d) R (169)
we have:
Elkr Ju( ¢) vkl Elkr 23n( 1) UK (170)
We use the same argument in the proof of Lemma 12 and we borrow the rptatmns in Lemma 12. Let
us de neuy andV . For the gradient estimatok, we havev, r Ju( t) = = p=ses Uk Such
that:
8 L P o
uk—<@p'21r\](k”)r In( «); k = bt=ScS;
= .
ATTNIICG ) WK 0fICk 5 T T Ju(0F T k(e )7 k> b=Scs:
and for the Hessian estimatdr,, we havel; r 2Jy( {) = L:bt:s s Vk such that
8
P
ST PG R T 23 ) k = bt=ScS;
Vi = . n{'

[r 2‘]( ks |k) w( iJ k 1» k)r/\zJ( kK 1: ik)] r ZJH( K)+r 2JH( kK 1) k > bt=ScS:

n

I =]

To prove tha{170), as the importance sampling terms appeatgiandV  for k > bt=ScS, we must
only modify the proof ofE[kuxk?iG] Stk « 1k? andE[KV kk?H ] Spk ¢k 1K
g g
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for k > bt=ScS. We prove them as follows:

K 2
. 1 X .
EkudkiGd = E o P30k () w( {5k 1 )M 30k 13 J 1 InCi)+rIu( 1)
gj:l
@ 1 N .ok ki A .k 2
= B T30k 1) Whal e 1030k 20 1) T JuCi)+ 1 du( e 1)
g
(b) 2 N\ .k k; . N\ . kyp2 2 2
erEkr Ik 9 Wik 13 WFI(k 15 DK+ n—kEkr Ju( k) r Jn(k kK
g g
© 4 _ A Ky A N . k; . 20 . kyp2
nTEkr J(ki 1) FI(k 15 k°+ nTE[(W( 1tk 1K) DKEI(k 15 1)K
g g
2
+ —Ekr Jn( ) 1 JIn(k 1)K
ng
d 4 4G? 2
~E EKI(k; 1) FI(k 15 K+ JE[(W( Sk DA+ erEkr Jn(C ) 1 In( « )K
Ng ng g
(e) 6LE +4G3C
1 o wy k2 (171)
g
where (a) comes frof J(«; ) w( i« 13 )M ICk 11 ) 1 In( )+ 1 Iu( « 1)sare
i.i.d conditioned orG, for1 i  n. Inequalmes (b) and (c) are frof@+ b)?2 2a?+ 2K, (d)is

due to Assumption 7. (e) is derlved by Assumption 12 and Lemma 15.
Similarly, for Hessian estimator we have

) 2
. 1 X .
E[kV «k%Hk] = E v 230k ) WiFik o230k 1) r 23u(k)+r2du(x 1)
H i=1

k .
a) 1 Xeh 2 ki N2 2 2 2

8elogd E GAE 230k ) WOk 0 OF23Ck 1 D1 1 23nCk)+ 1 2u(« 1)

H) o

k
(b) 8elogd 1 X .
=0gc E P20 1) WK« u Of23(k 1) r 23u( )+ 23« 2

(©) 8elogd . 2
9% P20 ) WN ke 0Pk s D) T k() F T 2k k 1)
H
(d) 16e|o d . 16e|o d
99kt 23 (o 1) WKk 1 P23k 1 1)k2+ 9% 234( 1) 1 20n(« K2
K ng i
(e 32e|o d 32e|o d '
9%k 23( 4 1) P2k 1 ke + S 98 (1 w( X 1 )KP2I( k1 1)K
H H
+ 20008 25 () 123k DI
H
(f) 32elogd

32 G3logd
Ek(23( «; 1) F23(k 1; K+ nigE @ w1 K)?

ng H

l6elogd
+ kg kr 23u( k) r 2Ju( k 1)K
H
(@ @ 4 2
32e|ogd(2rl]_k CWGZ) 1k (172)
where (a) comes from Lemma 4 and the fact figtJ ( «; i) W( *j « 1; «)F23(« 1 i)
r 234( &)+ r 2Ju( « 1)]'s arei.i.d conditioned oy for1 i nf . (b) comes from Jensen's
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Figure 6: Comparison of SCRN with first-order methods in maze environments. In random shape
maze, the percentages of successful instances for SPG, SCRN, REINFORCE, SPG with entropy
regularization, and REINFORCE with entropy regularization are 86%, 100%, 95.3%, 92.2%, and
95.3%, respectively. In random maze, the percentages of successful instances for SPG, SCRN,
REINFORCE, SPG with entropy regularization, and REINFORCE with entropy regularization are
45.3%, 97%, 40.6%, 54.7%, and 54.7%, respectively.

inequality for operator norm ||-||. (c) is derived by || AB|| < ||A||||B|| and the fact that [V'2.J (6%, 7;) —
w(tF|0p_1,00) V2T (Or_1,7:) — V2Ju(0k) + V2Ju(0r_1)]’s are i.i.d conditioned on Hy, for 1 <
i < nk. Inequalities (d) and (e) are from inequality (a + b)? < 2a® + 2b? and (f) is derived by
Assumption 7. (g) comes from Assumption 12 and Lemma 15. Similar to the proof of Lemma 12, we
can argue that for Algorithm 3, (170) holds.

Now, based on what we proved above, with the same arguments in Theorem 3, Algorithm 3 achieves
e-global stationary point by querying O(e~2) stochastic gradients and O(e~!) stochastic Hessian on
average. More precisely, the following average number of queries of stochastic gradient and Hessian
are required in order to achieve e-global stationary point:

' '
X o2 42(Cy+ Cy)CP 4 Cy + Oy (G 3GS RS
2H x ny =0 5 =0 —— 5%
i=1 € (1—qy)trse

where (a) comes from o7 = % Lemma 14 and C = O(M'/3), C, = O(M'/?), and

Cy = O(M'/3) and the fact that M = O(L) and from Lemma 13, L = O R"(Wf‘ii%lfz

A.5 Further experimental results

Discussion on results: In Fig. 6 (a), in the random shape maze environment, SCRN finds paths
with average length of 25 after about 600 episodes while SPG and REINFORCE can only achieve
the average path lengths of greater than 25 after 3000 episodes. In the random maze environment,
SCRN again outperforms the other two algorithms and achieves the average path length of 25 after
about 2000 episodes. However, for SPG and REINFROCE, the average path lengths are more than
100 which also indicates the low percentages of successful instances for these two algorithms in this
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Figure 7: Comparison of SCRN and its variance-reduced version with REINFORCE and variance-
reduced SPG methods in MuJoCo environments.

environment. Furthermore, as shown in Fig. 6 (c,d), in both random shape maze and random maze
environments, SCRN has better performance than SPG and REINFORCE in terms of average episode
return. We also provide the results for the random shape maze and random maze environments where
we add entropy regularization term to the objective functions of SPG and REINFORCE. As can be
seen, the results with entropy regularization term are slightly better both in the average path length
and average episode return.

In Fig. 7, for control tasks in MuJoCo simulator, we compared SCRN and its variance-reduced
version with first-order methods such as REINFORCE, and two state-of-the-art representatives of
variance-reduced PG methods, HAPG [29] and MBPG [13], both with guaranteed convergence
to e-FOSP in general non-convex settings. In HalfCheetah environment, SCRN and variance-
reduced SCRN outperform the other methods by achieving a score of around 600. In the Humanoid
environment, variance-reduced SCRN achieves the best performance among other algorithms. In
Walker environment, the performances of SCRN, its variance-reduced version, and HAPG perform
better than MBPG and REINFORCE. In Reacher environment, the variance-reduced SCRN has the
best performance among the considered algorithms.

A.6 Implementation details
Environments:
e Environments with finite state and action spaces: We considered two grid world environ-

ments in our experiments: [31, Example 6.6], and random mazes [51]. In cliff walking,
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