
A Propagation/Local Search Hybrid for Distributed
Optimization

Adrian Petcu and Boi Faltings

Ecole Polytechnique F́ed́erale de Lausanne (EPFL), CH-1015 Lausanne (Switzerland)
{adrian.petcu, boi.faltings}@epfl.ch

Abstract. We present a new hybrid algorithm for local search in distributed com-
binatorial optimization. This method is a mix between classical local search meth-
ods in which nodes take decisions based only on local information, and full in-
ference methods that guarantee completeness.
In general, classical inference methods are time and space exponential in a param-
eter of the constraint graph called the induced width, thus they may be infeasible
for dense problems. On the other hand, local search methods sufferfrom the fact
that the nodes take myopic decisions based only on local information available to
them, and thus can easily get stuck in local optima. Their advantage is that they
require linear memory, and in many cases provide good solutions with a small
amount of effort.
We propose a hybrid method that combines the advantages of both these ap-
proaches. This method is a utility propagation algorithm controlled by a param-
etermaxDim which specifies the maximal allowable amount of inference. The
maximal space requirements are exponential in this parameter. In the dense parts
of the problem, where the required amount of inference exceeds this limit, the
algorithm executes a local search procedure guided by as much inference as al-
lowed bymaxDim. This hybrid can be seen as a large neighborhood search,
where exponential neighborhoods are rigorously determined according to prob-
lem structure, and polynomial efforts are spent for their complete exploration at
each local search step.
The algorithm explores independent parts of the problem simultaneously and
asynchronously, and then combines the results, all in a distributed fashion.
We show the efficiency of this approach with experimental results from thedis-
tributed meeting scheduling domain.
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1 Introduction

Constraint satisfaction and optimization are powerful paradigms that model a large
range of tasks like scheduling, planning, optimal process control, etc. Traditionally,
such problems were gathered into a single place, and a centralized algorithm was ap-
plied in order to find a solution. However, problems are sometimes naturally distributed,
so Distributed Constraint Satisfaction (DisCSP) was formalized by Yokoo in [14]. Here,
the problem is divided between a set of agents, which have to communicate among
themselves to solve it.



The DisCSP formalism has a number of advantages over its centralized counterpart.
Centralized solving may be infeasible due to privacy and data integration problems.
Dynamic systems are another reason: by the time we manage to centralize the problem,
it has already changed.

To address distributed optimization, complete algorithmslike ADOPT and DPOP
have been recently introduced. ADOPT [10] is a backtrackingbased bound propagation
mechanism. It operates completely decentralized, and asynchronously. Its downside is
that it may require a very large number of messages, thus producing big communication
overheads.DPOP [12] is a complete algorithm based on dynamic programming which
generates a linear number of messages. However,DPOP is time and space exponential
in the induced width of the problem. Therefore, in case the problems have high induced
width, the messages generated in the high-width areas of theproblem get large, and
DPOPmay be infeasible.

For such difficult problems, local search methods have been developed. These meth-
ods start with a random assignment, and then gradually improve it by applying incre-
mental changes. Their advantage is that they require linearmemory, and in many cases
provide good solutions with a small amount of effort. However, the decisions taken are
often myopic in the sense that they take into account only local information, thus getting
stuck into local optima rather easily. Large neighborhood search [1] tries to overcome
this problem by exploring a much larger set of neighboring states before moving to the
next one. Dynamic programming has already been recognized as an efficient way to
explore exponential size neighborhoods with a polynomial effort [6]. Another example
of such a hybrid technique is the work of Kask and Dechter from[7] (see Section 6).

For distributed environments, there are distributed localsearch methods like DSA
([8]) / DBA([16]) for optimization, and DBA for satisfaction ([15]). To our knowledge,
the concept of large neighborhoods has not been exploited indistributed environments.

We propose a distributed algorithm that combines the advantages of both these ap-
proaches. This method is a utility propagation algorithm controlled by a parameter
maxDim which specifies the maximal allowable amount of inference. The maximal
space requirements are exponential in this parameter. In the dense parts of the prob-
lem, where the required amount of inference exceeds this limit, the algorithm executes
a local search procedure guided by as much inference as allowed bymaxDim. If this
parameter is equal to the induced width of the graph or larger, then the algorithm is full
inference, therefore complete. Larger values ofmaxDim are conjectured to produce
better results.

We show the efficiency of this approach with experimental results from the dis-
tributed meeting scheduling domain.

The rest of this paper is structured as follows: section 2 formally describes the op-
timization problem. Section 3 presents theDPOPalgorithm from [12], upon which we
will build our present work. Section 4 presents the hybrid optimization algorithm. Sec-
tion 5 presents an experimental evaluation. Section 6 presents the relationship between
this approach and existing work. Section 7 concludes.



2 Definitions & Notation

Definition 1. A discretemultiagent constraint optimization problem(MCOP) is a tuple
< X ,D,R > such that:
X = {X1, ...,Xm} is the set of variables/solving agents;
D = {d1, ..., dm} is a set of domains of the variables, each given as a finite set of

possible values.
R = {r1, ..., rp} is a set of relations, where a relationri is a functiondi1 × .. ×

dik → R which denotes how much utility is assigned to each possible combination of
values of the involved variables (negative values can be thought of as costs).

In this paper we deal with unary and binary relations, being well-known that higher
arity relations can also be expressed in these terms with little modifications. Hard con-
straints can be simulated by assigning large negative valuations to disallowed tuples,
and 0 to allowed ones. The goal is to find an assignmentX ∗ for the variablesXi that
maximizes the aggregate overall utility.

This framework is similar to a weighted CSP framework where we allow both posi-
tive and negative costs and we do utility maximization as opposed to cost minimization.
[13]. It is interesting to note that a branch and bound algorithm cannot even be applied
directly to this framework, since we have both positive and negative utilities, and we
do maximization (the pruning rule from B&B does not apply here). A workaround for
this problem is possible if we have an upper bound on the maximum utility declared in
all relations, we normalize all of them, we invert their signs and then do minimization
using B&B. This preprocessing may be difficult in a distributed setting.

3 DPOP: a full-inference algorithm for MCOP

The basic utility propagation schemeDPOP has been presented in [12]. This algo-
rithm is an extension of tree propagation to arbitrary topologies, and uses a pseudotree
arrangement of the problem graph.DPOP can be seen as an instance of the general
bucket elimination scheme from [3], which is adapted for thedistributed case, and uses
a DFS traversal of the problem graph as an ordering.

DPOPhas 3 phases. In the first phase (see Section 3.1), the pseudotree structure is
established using a custom distributed DFS algorithm. The result of this phase is that
all nodes consistently label each other as parent/child or pseudoparent/pseudochild. The
second phase (see section 3.2) is a bottom-up utility propagation, and the third phase
(see section 3.3) is a top-down value assignment propagation.

It has been proved in [12] thatDPOP produces a linear number of messages. Its
complexity lies in the size of theUTIL messages (theVALUE messages have linear
size). The largestUTIL message produced by Algorithm 1 is space-exponential in the
width of the pseudotree induced by the DFS ordering used.

3.1 Pseudotrees

Definition 2. A pseudo-tree arrangement of a graph G is a rooted tree with the same
nodes as G and the property that adjacent nodes from the original graph fall in the
same branch of the tree (e.g.X0 andX12 in Figure 1).



Algorithm 1: DPOP - distributed pseudotree optimization procedure.
DPOP(X ,D,R): each agentXi does:

Construct DFS tree; after completion,Xi knowsP (i), PP (i), C(i), PC(i)

UTIL propagation protocol
1 wait for UTIL messages (Xk, UTILi

k) from all childrenXk ∈ C(i)

2 JOIN
P (i)
i

=
““

L

c∈C(i) UTILi
c

”

⊕
“

L

c∈{P (i)∪PP (i)} Rc

i

””

3 if Xi is root then startVALUEpropagation
4 elsecomputeUTIL

P (i)
Xi

= JOIN
P (i)
i
⊥Xi

and send it to P(i)

VALUE propagation protocol
5 get and store inagent view all VALUEmessages (Xk ← v∗

k)

6 v∗
i ← argmaxXi

“

JOIN
P (i)
Xi

[v(P (i)), v(PP (i))]
”

7 SendVALUE(Xi ← v∗
i ) to all C(i) andPC(i)

As it is already known, a DFS (depth-first search) tree is alsoa pseudotree, although
the inverse does not always hold. We thus use as pseudotree a DFS tree.

Fig. 1.A problem graph, one possible rooted DFS tree, and an execution detail of DPOP inC3.

Figure 1 shows an example of a pseudotree that we shall refer to in the rest of
this paper. It consists oftree edges, shown as solid lines, andback edges, shown as
dashed lines, that are not part of the DFS tree. We call a path in the graph that is entirely
made of tree edges, atree-path. A tree-path associated with a back-edgeis the tree-path
connecting the two nodes involved in the back-edge (such a tree path is always unique,



and included in a branch of the tree). For each back-edge, thehigher node involved in
that back-edge is called theback-edge handler- BEH (e.g. 0, 1, 8).

We define the following elements (refer to Figure 1):

Definition 3. P(X) - the parent of a nodeX: the single node on a higher level of the
pseudotree that is connected to the nodeX directly through a tree edge (e.g.P (X4) =
X1). C(X) - the children of a nodeX: the set of nodes lower in the pseudotree that
are connected to the nodeX directly through tree edges (e.g.C(X1) = {X3,X4}).
PP(X) - the pseudo-parents of a nodeX: the set of nodes higher in the pseudotree that
are connected to the nodeX directly through back-edges (PP (X8) = {X1}). PC(X)
- the pseudo-children of a nodeX: the set of nodes lower in the pseudotree that are
connected to the nodeX directly through back-edges (e.g.PC(X0) = {X4,X11}).

Distributed DFS generation We used a custom implementation that generates in total
2× |R| linear size messages (two times the number of edges in the graph). The largest
message size equals the height of the DFS tree. Briefly, the process is initiated by the
root, which sends aTOPOmessage to one of its neighbors (e.g. toX1). This TOPO
message contains as context the id of the root:TOPO[0]. Subsequently, a node which
receives aTOPOmessage for the first time, marks the sender as its parent (P (X1) =
X0). X1 adds its own id to the context of the receivedTOPOmessage, and then sends
it to an unvisited neighbor (e.g. toX5).

X5 receivesTOPO[0,1] from X1 and marks it as its parent. Now, sinceX5’s neigh-
bor isX0, andX0 is also present in the context of the message thatX5 received from
X1, X5 marksX0 as its pseudoparent, and sends the messageTOPO[0,1,5] to X0.
Thus,X0 can also markX5 as its pseudochild.

X5 sendsTOPO[0,1,5]to X6 andX7, and gets the sameTOPO[0,1,5]as replies,
meaning that the discovery of the subtrees hanging fromX5 is finished.X5 sends
TOPO[0,1] back toX1, which continues withX2, and so on. The process finishes
for a node when it received aTOPOmessage from each of its neighbors. The whole
process finishes when the root has finished. Note that theUTIL propagation can, and
in fact does begin before the whole DFS generation process isover. As soon as a node
finishes theDFSgeneration, it starts theUTIL phase (see Section 3.2).

The byproduct of this process is that each node knows its pathto the root (the
context of theTOPOmessage from its parent), and the tree path associated with each
one of its back-edges (the substringTOPO from pseudochild -TOPO from parent).

3.2 Bottom-upUTIL propagation

The UTIL propagation starts bottom-up from the leaves and propagates upwards only
through tree edges. The agents sendUTIL messages to their parents. Intuitively, such
a message informs a parent nodeXj how much utilityu∗

Xi
(vk

j ) each one of its values
vk

j gives in the optimal solution of the whole subtree rooted at the sending child,Xi.
If there is no back-edge connecting a node fromXi’s subtree to a node aboveXj , then
these valuations depend only onXj ’s values, and the message fromXi to Xj is a vector
with |dom(Xj)| values. Otherwise, these back-edges have to be taken into account, and
their handlers are present asdimensionsin the message fromXi to Xj .



Definition 4. UTIL
j
i - the UTIL message sent by agentXi to agentXj ; this is a

multidimensional matrix, with one dimension for each variable present in the con-
text. dim(UTIL

j
i ) - the whole set of dimensions (variables) of the message (Xj ∈

dim(UTIL
j
i ) always). The semantics of such a message is similar to an n-ary relation

having as scope the variables in the context of this message (its dimensions). The size
of such a message is the product of the domain sizes of the variables from the context.

Definition 5. The⊕ operator (join):UTIL
j
i ⊕ UTIL

j
k is the join of two UTIL matri-

ces. This is also a matrix withdim(UTIL
j
i )∪ dim(UTIL

j
k) as dimensions. The value

of each cell in the join is the sum of the corresponding cells in the two source matrices.

The semantics of this operation is the creation of a new relation between the union of
the variables, equivalent to the two relations.

Definition 6. The⊥ operator (projection): ifXk ∈ dim(UTIL
j
i ), UTIL

j
i ⊥Xk

is the
projection through optimization of theUTIL

j
i matrix along theXk axis: for each tuple

of variables in{dim(UTIL
j
i ) \Xk}, all the corresponding values fromUTIL

j
i (one

for each value ofXk) are tried, and the best one is chosen. The result is a matrix with
one less dimension (Xk).

This projection has the semantics of a precomputation of theoptimal utility that can be
achieved with the optimal values ofXk, for each instantiation of the other variables. It
can also be seen as eliminating variableXk and producing a new relation on the rest of
the variables.

Definition 7. Given aUTIL matrix and an instantiated subsetD of its dimensions
(D ⊂ dims(UTIL)), aslice throughUTIL alongD, UTIL[D] is a lower-dimensionality
matrixS that has as dimensions{d|d ∈ {dims(UTIL)\D}} and as values the values
fromUTIL that correspond to the tuples{dims(UTIL) \D}. If D = dims(UTIL),
UTIL[D] is the corresponding value ofUTIL.

This is equivalent to a partial instantiation of a n-ary relation.
To compute theUTIL message for its parent, a nodeXi has to join all the messages

it received from its children, and the relations it has with its parent and pseudoparents.
Afterwards, it projects itself out of the join and sends the result to its parent. The leaf
nodes initiate this process. Then each nodeXi relays these messages:

– Wait for UTIL messages from all children. Perform join, project self out of the join
and send the result to the parent.

– If root node,Xi receives all itsUTIL messages as vectors with a single dimension,
itself. It can then compute the optimal overall utility corresponding to each one of
its values (by joining all the incomingUTIL messages) and pick the optimal value
for itself (project itself out).

3.3 VALUE propagation

TheVALUE phase is a top-down propagation phase, initiated by the rootafter receiv-
ing all UTIL messages. Based on theseUTIL messages, the root assigns itself the



optimal value that maximizes the sum of utility of all its subtrees (overall utility).
Then it announces its decision to its children and pseudochildren by sending them a
VALUE(Xi ← v∗

i ) message.
Upon receipt of theVALUE message from its parent, each node is able to pick

the optimal value for itself in a similar fashion, and then inits turn, send itsVALUE
messages. When theVALUEpropagation reaches the leaves, all variables in the problem
are instantiated to their optimal values, and the algorithmterminates.

4 LSDPOP - local search/inference hybrid

We keep the basic utility propagation mechanism from DPOP, but we introduce a con-
trol parametermaxDim which specifies the maximal amount of inference (maximal
message dimensionality). In the dense parts of the problem,the exact propagation pro-
duces messages with more dimensions than this limit. In suchcases, the algorithm ex-
ecutes a local search procedure guided by as much inference as allowed bymaxDim.
The nodes whose processing by inference would exceed themaxDim limit are the
ones who execute the local search procedure. All other nodesexecute the normal utility
propagation protocol.

4.1 Changes inUTIL propagation

The changes from standardDPOPare mostly integrated in theUTIL propagation.

Labeling excess dimensions for local searchDuring the utility propagation procedure
from DPOP, each node computes theUTIL message for its parent. In high width areas,
some nodes have to send messages whose dimensionalities exceed themaxDims limit.
In such cases, those nodes choosedims−maxDims dimensions of the message, mark
them aslocal searchdimensions, project them out of the outgoing message, and add
these dimensions to thecontextof the message. Thus, the final dimensionality of the
message ismaxDims (size limit observed). The dimensions to be marked asLS are
chosen according to their level in the pseudotree. This is easy to determine for each
node just by finding their position in the node’s root path.

For example, considerC3 in Figure 1(b). If we run LSDPOP withmaxDims = 2,
then the messagesUTIL11

12 andUTIL11
13 proceed normally as in DPOP, withdims(UTIL11

12) =
{11, 0} and dims(UTIL11

13) = {11, 9}. However,dims(UTIL10
11) = {10, 0, 8, 9},

thus it exceedsmaxDims = 2. Therefore,X11 marksX0 andX8 (the 2 highest nodes
in dims(UTIL10

11)) as LS nodes, projects them out ofUTIL10
11, and adds them to

the context ofUTIL10
11. Thus,dims(UTIL10

11) = {10, 9} andcontext(UTIL10
11) =

{0∗, 8∗}.
The propagation continues, and when the respective messages arrive atX8 andX0,

they know that they must revert to local search. Note that in this example,X0 is labeled
asLS only in C3, and not inC2 (maxDim not exceeded inC2), so it will receive an
exact message fromC2, and it will perform local search inC3, together withX8.



Individual processing of independent cyclic subgraphsIn the example of Figure 1,
we notice that there are 4 independent parts which do not communicate between them-
selves except for some ”frontier” nodes. These 4 cyclic subgraphs (C1−C4), separated
by the nodesX0,X1,X9 can be explored separately for optimal solutions, and then the
results assembled through the sameUTIL/VALUEpropagations. The advantage of this
separation becomes apparent if we consider that many such separate problem compo-
nents could be too complex to apply the exactDPOPpropagation, and it may be needed
to apply the local search mechanism. Then, it is obvious thatby applying local search
on each independent componentCt separately, we restrict the search space that needs
to be explored fromd|LS| to d|LS(Ct)|, where|LS| is the total number ofLS nodes
in the whole problem, and|LS(Ct)| is the number ofLS nodes in the componentCt.
This, together with optimal combination of these local optima throughUTIL/VALUE
propagations, gives us a much better chance of finding a better overall local optima.

Identifying these frontier nodes is easy using the following definition.

Definition 8. We define thewidth of an edge as follows: 0 if the edge is a back edge; if
the edge is a tree edge, its width is the number of back edges with distinct handlers that
include this edge in their associated tree paths.

Please note that this definition coincides with the dimensionality of theUTIL message
that travels through this edge in DPOP. A node is a frontier node for a subgraph if the
message it receives from its child contains only itself as dimension/context. For exam-
ple, X9 is a frontier node forC4 becauseUTIL9

15 contains only itself as dimension
(X9 −X15 has width 1).X9 is not a frontier node for the subgraph rooted atX10 be-
causeUTIL9

10 hasX9,X8,X0 as dimensions/context (X9 − X10 has width 3). This
classification is determined at run time based on theUTIL messages received from chil-
dren.

If a frontier node is also designated aLS node in one of its subtrees, then that
node will send itsUTIL message to its parent only after having explored through local
search the respective subtree. For example, assumeC4 hanging out fromX9 would be
so complex as to require local search. ThenX9 would be marked asLS, and it would
first participate in the local search inC4, and only after a local optimum is reached there,
would it start its propagation(s) inC3. The utilities computed as the local optima for
each of its values inC4 are then added to the messages going throughC3. The process
is logically equivalent to replacingC4 with a unary constraint onX9.

Uniform UTIL propagation We want to assess the impact of changing one variable’s
value on the whole cyclic subgraph. To achieve this, each node needs utility informa-
tion from the whole cyclic subgraph. In the basic bottom-up propagation, the root has
global information, but all other nodes have accurateUTIL information only about their
subtrees. We extend theUTIL propagation by making ituniform: now it also goes top-
down, from each node to its children. A message from a parent to its child summarizes
the utility information from all the problem except the subtree of that child. Joining this
message with the ones received from its children gives each node a global view of the
system, logically making each node in the system equivalentto the root.



The process is initiated by the root. EachXi (root included) computes for each of its

childrenXj aUTIL
j
i message.Xi first builds the join:JOIN

j
i = R

j
i⊕

(

⊕

c∈{TN(i)\Xj}
UTILi

c

)

(TN(i) is the set oftree-neighborsof Xi). e.g.:JOIN10
9 = R10

9 ⊕R13
9 ⊕ UTIL9

15 ⊕
UTIL9

8).
Then, appropriate projections have to be applied, and the message is sent to the

child. Intuitively, UTIL
j
i (Xi → Xj) has tomatchthe dimensions ofUTILi

j (Xj →

Xi), except thatXj has to be added (taken care of by the join ofR
j
i ) andXi may need

to be projected out (unless there is any back-edge connecting Xi with a node inXj ’s
subtree). If there is no back-edgeRk

i s.t. its associated tree-path goes throughXj , then
Xi projects itself out of the brute message; otherwise not. OnceXi has determined the
relevant dimensions, it projects out everything else:

UTIL
j
i = JOIN

j
i ⊥Xk∈{dim(JOIN

j

i
)\dim(UTIL

j

i
)}

One local search stepIn the subgraphs where local search is required, theLS nodes
start by assigning themselves values. Then, we can run a DPOP-like propagation on the
cyclic subgraph for eachLSnodeXn. For each propagation, we consider allLS nodes
assigned with their current values, except forXn. Such a propagation is just a simple
variation of theDPOP one, where instead of applying projections for all nodes, we
execute slices for the nodes in the LS exceptXn. Thus,Xn can determine how much
utility each one of its values gives for the whole cyclic subgraph in which it is involved,
provided the other LS nodes maintain their current values. It does so by joining all
incomingUTIL messages, and projecting out any other dimensions than itself. The
result is a vector (one dimension) with the desired valuations. The value giving the
maximal valuation can be proposed as the next value (in case it is different than the
current value).

Figure 1.(c) shows an example execution of a local search step for X0. All LSnodes
send to their pseudochildren value messages, announcing their current values. The prop-
agation starts normally from the leaves (X12 sendsX11 a message withX11 andX0

as dimensions).X11 performs normally the join between the messages it receivedfrom
its children. Note that the message it received initially from X13 can be reused, since
there is no link in that subtree with anyLS node. Additionally, sinceX8 is considered
fixed at its present value, the relationX8−X11 is logically replaced by a corresponding
unary constraint onX11 (this is the slice ofR8

11 along the current value ofX8, com-
puted byX11). The join is performed also with this induced unary constraint, and the
relationR10

11. X11 projects itself out of the join, and sends the message toX10. The
propagation continues untilX8, which performs the joinUTIL8

9 ⊕R0
8. Instead of pro-

jecting itself out of the join to computeUTIL0
8, X8 performs a slice of this join along

its current value (the one previously announced toX11). It then sendsUTIL0
8 to X0,

who receives complete information about how much each of itsvalues is worth for the
wholeC3, providedX8 keeps its current value.

X0 can now compute∆X0 = UTIL0
8 ⊥X0

−UTIL0
8[X0 = v0], which is the

maximal improvement that the wholeC3 can achieve ifX0 changes from its current
value to the new optimal one,X8 keeps its present value, and all the other nodes inC3

change to their new optimal values.



As the propagation is uniform (see section 4.1),X0 also initiates a top-down propa-
gation with itself as aLSnode. It sendsX8 UTIL8

0, with dims(UTIL8
0) = {X0,X8}

(actually, this message is exactlyR8
0, sinceX0 does not have anything else to join for

sending toX8. R12
0 is taken into account byX12, when sending outUTIL11

12).
X8 joins this message withUTIL8

9, and performs a slice of this join, along its
current value. The result is exactly the same vector asX0 receives fromX8 asUTIL0

8.
What we achieved with the uniform propagation is thus the ability of X8 to have the
same information asX0 about the possible improvementsX0 can make ifX8 keeps the
current value.

After having run all propagations (with one of theLSnodes being allowed to change
at the time), eachLSnodeXi can thus compute∆Xj for each otherLSnodeXj in the
same cyclic subgraph. In other words, eachLSnodeXi can thus compute the maximal
improvements that each otherLS nodeXj can make, provided onlyXj is allowed to
change.

For the change itself, one can apply any policy known in current local search meth-
ods, and guide this policy by the∆s computed like this. The termination policy can be
either a maximal number of cycles, or detection of local/global minima by detecting
that allLSnodes have∆ = 0.

CorrectnessIn the current formulation, only the node with the highest improve-
ment changes its value. Thus, the algorithm executes a hill climbing procedure for the
nodes designated as LS, and exact inference for the rest, therefore it will reach a local
maximum given by local maxima in each individual cyclic subgraph.

4.2 Large neighborhood exploration - analysis and complexity

Let us assume that in a cyclic subgraphCt there arecct nodes designated asLS nodes,
nt total nodes, andmt edges. The size of the neighborhood completely explored at
each local search step iscct × d × dnt−cct (for all values of eachLS node, complete
exploration of thenon-LSnodes). The effort for each step consists of2× (nt−1) UTIL
messages sent for exploringCt. The largest message is of sizedmaxDims+1. Thus, each
step explores an exponential size neighborhood with a polynomial amount of effort.

Assume the termination policy for the local search process involves at mostk local
search steps. The whole process is then equivalent to exploring k × cct × d × dnt−cct

neighboring states. An exhaustive search method would require at least as many mes-
sages (big communication overhead), while classical localsearch would not be guaran-
teed to completely explore this part of the search space.

5 Experimental evaluation

Our experiments were performed on distributed meeting scheduling problems. We mod-
eled a realistic scenario, where a set of agents working for alarge organization try to
jointly find the best schedule for a set of meetings. The organization itself has a hi-
erarchical structure: a tree with departments as nodes, anda set of agents working in
each department. In a realistic organization, the majorityof interactions are within de-
partments, and only a small part are across departments, andeven then, normally the



Algorithm 2: LSDPOP - local search/inference hybrid.
LSDPOP(X ,D,R, maxDims): each agentXi does:

UTIL propagation protocol
1 wait for UTIL messages (Xk, UTILi

k) from all childrenXk ∈ C(i)
2 if any ofUTILi

k contains myself as LS nodethen execute LS procedure
3 else
4 JOIN

P (i)
i

=
““

L

c∈C(i) UTILi
c

”

⊕
“

L

c∈{P (i)∪PP (i)} Rc

i

””

5 if Xi is root then startVALUEpropagation
else

6 if |dims(JOIN
P (i)
i

)| > maxDims then
7 sortdims(JOIN

P (i)
i

) by root path (P (i) is always last)
8 mark the first|dims(JOIN

P (i)
i

)| −maxDims non-LS dimensions from
the JOIN as LS, project them out and add them to the context of
JOIN

P (i)
Xi

. P (i) is always kept in.

9 computeUTIL
P (i)
Xi

= JOIN
P (i)
i
⊥Xi

and send it to P(i)

endif
endif

Local search procedure
10 assign a value according to heuristic (can be random)
11 while termination criteria for local search not metdo
12 sendVALUE(Xi ← current value) messages to allPC(i)
13 wait for all correspondingUTIL messages to arrive
14 join them, and slice throughXi ← current value); store

endw
get and store inagent view all VALUEmessages (Xk ← v∗

k)

15 v∗
i ← argmaxXi

“

JOIN
P (i)
Xi

[v(P (i)), v(PP (i))]
”

16 SendVALUE(Xi ← v∗
i ) to all C(i) andPC(i)

VALUE propagation(Xk ← vk)
17 if sending nodeXk is pseudoparentthen
18 perform sliceRk

i [Xk = vk] and join it withUTIL messages from children
19 project self out of this join, addXk ← vk to the context of the message and send it

to parent

endif
20 get and store inagent view all VALUEmessages (Xk ← v∗

k)

21 v∗
i ← argmaxXi

“

JOIN
P (i)
Xi

[v(P (i)), v(PP (i))]
”

22 SendVALUE(Xi ← v∗
i ) to all C(i) andPC(i)



interactions take place in a command-chain-like fashion. We took this aspect into ac-
count while generating our test instances: with high probability we generate meetings
within departments, and with a lower probability we generate meetings between agents
belonging to parent-child departments.

Although this is a cooperative setting, we assume that privacy is a requirement.
Therefore, among several possible ways to model this problem as a MCOP, we chose
the PEAV model from [9]. Specifically, each agentAi has a set of variablesXj

i , one for
each meeting it is involved in. Each such variableX

j
i is controlled only by the agentAi,

and represents the time when meeting j of agentAi will start (Xj
i has time slotstk as

values). There is an equality constraint connecting the equivalent variables of all agents
involved in a particular meeting (all agents must agree on a start time for their meeting).
If a meeting hask participants, it is sufficient to createk − 1 equality constraints that
connect the corresponding variables in a chain (no need to fully connect them pairwise).
Since an agent cannot participate in 2 meetings at the same time, there is an all-different
constraint on all variablesXj

i belonging to the same agent.
We model the utility that each agentAi assigns to each meetingMj at each partic-

ular timetk ∈ dom(Xj
i ) by imposing unary constraints on the variablesX

j
i ; each such

constraint is a vector private toAi, and denotes how much utilityAi associates with
starting meetingMj at each timetk. The objective is to find a schedule s.t. the overall
utility is maximized.

MaxDim LS nodes%Non-LSCyclesAvg LS/cycleAvg non-LS/cycleSol %off Effort/step
1 68 68 11 6 13→ d13 10.86 640 (O(d2))
2 39 81 9 4 19→ d19 10.62 3072(O(d3))
3 25 88 8 3 23→ d23 9.71 20480(O(d4))
4 15 93 6 2 33→ d33 9.3 131072(O(d5))
5 5 97 2 2 105→ d105 8.25 786432(O(d6))
6 2 99 1 2 214→ d214 7.26 4194304(O(d7))
∞ 0 100 0 0 216→ d216 0.0 (O(d8))

Table 1.LSDPOP experiments: 100 agents, 59 meetings, 199 variables, 514 constraints, width 8

We have run 2 series of experiments with random problems generated as specified
before. In the first part, we generated ”easy” problems, suchthat they can be solved
by the complete algorithm as well, in order to see how far fromthe global optima the
local search method is. The problems had induced width 8, andthe domain size was 8,
meaning the largest message in the complete algorithm has88 ≈ 16.5M values. These
problems are quite close to the feasibility limit for a complete algorithm.

The results of these experiments are presented in Table 1. Each row represents an
execution with an increasing boundmaxDim. The columns represent (in order): the
maxDim bound,LS nodesis the total number of nodes executing the local search pro-
cedure,%Non-LSis the percentage of nodes executing the normal propagation, Cycles
is the number of independent subgraphs identified,Avg LS/Non-LS nodes per cycleis
the average number of LS/non-LS nodes in a single component,Sol %off is the dis-
tance from the optimal solution in percent, andEffort/stepis an upper bound on the



total amount of data transmitted within an independent component, for one local search
step.

We have run the algorithm with increasingmaxDim, and noticed relatively small
increases in solution quality (percent off the true optimumdecreases slowly) and expo-
nential increases of the amount of effort spent for each local search step.

We notice that small values ofmaxDim are already producing good solutions, with
relatively low effort. We explain this by the fact that even small values ofmaxDim

allow for a large percentage of nodes to execute the exact propagation, and thus at each
local search step, a large exponential neighborhood is explored. For example, imposing
maxDim = 1 (first row in Table 1) still leaves on the average almost 70% ofthe
nodes to execute the exact propagation. On the average, in a subgraph, 13non-LSnodes
adjust optimally to the values of the 6LS nodes, which is equivalent to exploring813

neighboring states at eachLSstep.

MaxDim LS nodes%Non-LSCyclesAvg LS/cycleAvg non-LS/cycleSolution Effort/step
1 194 61 10 19 30→ d30 7910.0 4032(O(d2))
2 131 73 10 13 36→ d36 7946.0 23040(O(d3))
3 96 80 9 10 44→ d44 7964.0 139264(O(d4))
4 73 85 9 8 47→ d47 7980.0 884736(O(d5))
5 58 88 9 6 48→ d48 8021.0 6029312(O(d6))
Table 2.LSDPOP experiments: 200 agents, 498 variables, 1405 constraints, width 20

The second sets of experiments involved much larger and moredifficult instances of
the same meeting scheduling problems. In this case, the problems were generated with
200 agents, 498 variables and 1405 constraints. The inducedwidth was 20, making for a
820 maximal message size, which renders complete methods completely infeasible. We
ran againLSDPOPwith increasingmaxDim, and noticed a similar behavior: a large
percentage of nodes execute exact propagation even for small maxDim, and solution
quality improves slowly with increasingmaxDim. We cannot but conjecture that these
results are close to the true optimum, but obviously this is something that one cannot
prove.

6 Related Work

The BEHs that are involved in the local search process can be thought of ascycle cutset
nodes[5, 4]. From this perspective, there are a number of similar existing approaches.

Kask and Dechter present in [7] a method of combining a local search algorithm
(GSAT) with inference. That method is formulated for constraint satisfaction problems,
in a centralized setting. A subset of the problem nodes are given as cycle cutset nodes,
and local search is performed on this subset. For each instantiation of the cutset nodes,
a tree inference algorithm is applied to the rest of the problem. The differences be-
tween these methods are manyfold. First, our method is distributed, and is defined for
optimization, not satisfaction. Second, the set of nodes that perform local search is iden-
tified at runtime (not given apriori). Third, we allow for inference with maximal width



greater than 1, controlled bymaxDim. Finally, we separate the problem in distinct
cyclic subgraphs which are explored separately, and the subsolutions are aggregated in
a distributed fashion.

Bidyuk and Dechter present in [2] a method for finding heuristically a low cardinal-
ity w-cutset. A w-cutset is a set of nodes that once removed, leave a problem of induced
width w. This is similar to what we achieve by running the bottom-up utility propaga-
tion with limited dimensionality. However, it is not clear if and how their method can be
applied to a distributed setting. Furthermore, choosing the cutset nodes not according
to the pseudotree ordering (cycle cuts are chosen from the BEHs) would make DPOP’s
implementation a lot more difficult.

Petcu and Faltings present in [11] a distributed cycle cutset optimization method.
The idea of isolating independent cyclic subgraphs appearsthere, too, but unfortunately
there is no efficient method presented for identifying cyclecutsets nodes, nor for isolat-
ing independent cyclic subgraphs. Here, the DFS traversal of the graph is an excellent
way to achieve both goals. There, exhaustive search is performed on the cycle cutset
variables, as opposed to local search/propagation here. The synchronization problems
between cycles from that method are solved here by simply making each node that bor-
ders 2 cyclic subgraphs wait for complete exploration of allits subtrees before sending
its message to its parent.

7 Conclusions and future work

We have presented the first approach to large neighborhood search in distributed opti-
mization. Exponential neighborhoods are rigorously determined according to problem
structure, and polynomial efforts are spent for their complete exploration at each local
search step.

The algorithm explores independent parts of the problem simultaneously and asyn-
chronously, and then combines the results, all in a distributed fashion. The experimen-
tal results show that this approach gives good results for low width, practically sized
dynamical optimization problems. For loose problems, mostof the search space is op-
timally explored, and only small, tightly connected components are explored by local
search. This increases the chance that the algorithm avoidssome of the local optimas,
especially for loose problems.

For future work we plan to experiment with several differentvalue switching poli-
cies (like simultaneous switches by several variables or allowing non-improving switches)
and different termination policies. Specifically, it wouldbe interesting to execute a stan-
dard local search method like simulated annealing on theLS nodes, and guide it with
the propagations on the other nodes.
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