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Abstract
Finding the most probable parse tree in the frame-
work of Data-Oriented Parsing (DOP), a Stochastic
Tree Substitution Parsing scheme developed by R.
Bod (Bod 92), has proven to be NP-hard in the most
general case (Sima’an 96a). However, introducing
some a priori restrictions on the choice of the ele-
mentary trees (i.e. grammar rules) leads to interest-
ing DOP instances with polynomial time-complexity.
The purpose of this paper is to present such an in-
stance, based on the minimal-maximal selection prin-
ciple, and to evaluate its performances on two differ-
ent corpora.

1 Motivations

First introduced by R. Scha (Scha 90) and mainly de-
veloped by R. Bod (Bod 92; Bod 95; Bod 98), the
Data-Oriented Parsing (DOP) approach to statistical
parsing has been investigated by several researchers
over the past years. However, in the most general for-
mulation of DOP, finding the most probable parse tree
(MPP) has proven to be an NP-hard problem (Sima’an
96a). Therefore various approximated MPP search
have been developed (Bod 92; Goodman 96; Chap-
pelier & Rajman 00). However, another alternative
consists in restricting the set of elementary trees used
in the DOP grammar in such a way that finding the
MPP is no longer NP-hard. The purpose of this con-
tribution is to present and evaluate such an approach.

The paper first provides a short introduction to
Data-Oriented Parsing and introduces some notations.
It then presents an example of an elementary tree
selection principle that leads to a polynomial-time
restriction of DOP. Finally the performance of that
model is analyzed on the basis of several experiments
on two different treebanks.

2 Data-Oriented Parsing

2.1 DOP Model

DOP is a Stochastic Tree Substitution Grammar
(STSG) parsing scheme. A STSG is a grammar in
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which the productions (or ”rules”) consist of elemen-
tary trees which are combined with the substitution
operator to give derivations of complete parse trees.
In the most general (unrestricted) version of DOP, the
set of elementary trees is made of all the subtrees ex-
tracted from the treebank used as the training corpus
for the system.

Each elementary tree t is assigned a probability p(t)
proportional to its number of occurrences in the tree-
bank. The probability p(d) of a derivation d is then
defined as p(d) =

∏

t∈d

p(t), where t ∈ d denotes the

fact that the production t occurs in derivation d.
Finally, the DOP-probability of a parse tree T is de-

fined as the sum of the probabilities of all its deriva-
tions:

PDOP(T ) =
∑

d⇒T

p(d) =
∑

d⇒T

∏

t∈d

p(t)

where the subscript “d ⇒ T ” means “for all deriva-
tions d leading to the parse tree T ”.1

2.2 Parsing and Most Probable Parse

Parsing usually consists of two distinct phases:
analysis, during which a compact representation of

all possible derivations of the input string is built;
extraction, during which specific results are derived

from the compact representation; e.g. displaying
all the parse trees, extracting the MPP, etc...

In the case of STSGs, analysis can be achieved in
cubic time (with respect to the input size), as it is the
case for Context-Free Grammars (CFG). However, in
the most general case, extracting the MPP from the
resulting compact representation is an NP-hard prob-
lem (Sima’an 96a). This means that finding the MPP
for an input sentence cannot (in general) be achieved
in polynomial time. Notice however that finding the
most probable derivation (MPD) can still be achieved
in polynomial time with the standard algorithms used
for Stochastic CFGs.

1A given parse tree can indeed have several different deriva-
tions (even with the left-most non-terminal first rewriting conven-
tion).



Since in DOP, finding the MPP cannot be solved
in a computationally efficient way, various heuris-
tics and/or approximations have been used instead:
Monte-Carlo Sampling (Bod 92), General Recall
(Goodman 98), controlled sampling (Chappelier &
Rajman 00; Chappelier & Rajman 01a). However,
another alternative (developed in the present contri-
bution) is to restrict the set of elementary trees so that
the MPP can again be extracted in polynomial time.
The underlying idea is to remove the complexity re-
lated to the summation of the probabilities over the
numerous derivations produced for any parse tree by
associating each of the parse trees with at least one
equivalent derivation, the probability of which is the
sum of all the derivations of that parse tree.

To do so, an equivalent CF parsing scheme is built,
in which any DOP parse tree always corresponds to
at least one derivation with a probability equal to the
DOP-probability of that parse tree. If is is furthermore
guaranteed that this probability is maximal among the
probabilities of all the other derivations corresponding
to the same parse tree, searching for the MPD will
precisely yield that derivation, therefore allowing the
selection of the (DOP-)MPP. In other words, the MPD
search in the equivalent CF parsing scheme and the
MPP search in the original STSG become the same.

Notice that this approach cannot be applied to the
most general version of DOP as it is not possible to ex-
hibit one single derivation that could hold the whole
DOP-probability of the parse tree it corresponds to.2

All the difficulty is therefore to find interesting restric-
tions of the general STSG framework in which it is
possible to do so. STSGs for which the MPP search
can be reduced to an equivalent SCFG MPD search
will be called hereafter polynomial STSGs.

A trivial example of polynomial STSGs are the
SCFGs, i.e the STSGs where elementary trees are lim-
ited to depth-1 trees (equivalent to CF rules). The goal
of this contribution is to describe another less triv-
ial example of polynomial STSGs, in which the set
of elementary trees is restricted to depth-1 trees and
”complete trees” (also called “fully lexicalized trees”,
i.e. trees the leaves of which are all terminals). Such a
restriction of the elementary tree set is hereafter called
the minimal-maximal selection principle.

For STSGs with such a restriction, any derivation
of a given parse tree T either is the complete tree it-
self, when T is an elementary tree of the grammar, or
shares with the other derivations of T the same initial

2Refer to the proof of the NP-hardness of MPP extrac-
tion (Sima’an 96a).
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Figure 1: minimal-maximal restriction of DOP: ele-
mentary trees consist only of depth-1 trees or com-
plete trees. In that case, all derivations of a given tree
are either elementary trees themselves or start with the
same depth-1 tree.

depth-1 tree. (cf fig. 1).
The next section shows that such STSGs are in-

deed polynomial, i.e. are stochastically equivalent to
SCFGs.

3 A SCFG equivalent to restricted DOP

3.1 A weakly equivalent Context-Free Grammar

For any given unrestricted DOP grammar GDOP, let
Gequiv be the CFG consisting of all the root-leaves
rules3 derived from all the elementary trees in GDOP.4

From a formal point of view (no probability for the
moment) parsing with GDOP is equivalent to parsing
with Gequiv.5 This is always true, but in the special case
where the set of elementary trees is restricted by the
minimal-maximal selection principle, it is in addition
possible to probabilize Gequiv so that finding the MPD
with Gequiv is equivalent to finding the MPP with GDOP.

To do so, we first associate with each rule of Gequiv

a stochastic coefficient equal to the DOP-probability
PDOP of the corresponding tree. Notice that this is not
in general the elementary probability p usually asso-
ciated with the tree.

We will show later on that this is always possi-
ble (and easy) to do while extracting the grammar
from the training treebank. In the next section, we

3For a tree T , the corresponding root-leaves rule R(T ) is the
CF rule, for which the left-hand side consists of the root of T and
the right-hand side consists of the left-to-right ordered sequence
of leaves of T .

4Notice that a CF rule is produced for each elementary tree.
Two rules associated with two different elementary trees with the
same root and leaves are distinguished by their indices. There is
therefore a one-to-one mapping between the rules of Gequiv and
the elementary trees of GDOP.

5At the end of parsing, the reconstruction of the whole tree out
of the elementary trees corresponding to the CF rules in the MPD
can trivially be performed.



first show that with such a probabilization, finding the
MPD while parsing with Gequiv is indeed equivalent to
finding the MPP while parsing with GDOP.

Notice however that this equivalence cannot di-
rectly be used as such when looking for the two (or
more) most probable parses. Indeed, in such a case,
it may occur that the second best derivation in Gequiv

does not correspond to a derivation representing the
second best parse tree (in GDOP) but to the second best
derivations of the first best parse tree.

3.2 Stochastic equivalence

The stochastic equivalence results from the following
general property of the Gequiv grammar: the probability
of a derivation in Gequiv is always less than or equal to
the DOP-probability of the corresponding parse tree.
We refer to the appendix A for a proof of this property.
Therefore, to show that finding the MPD with Gequiv is
equivalent to finding the MPP with GDOP, it is suffi-
cient to prove that for each parse tree T in GDOP there
exists at least one derivation in Gequiv, the probability
of which is the DOP-probability of T .

This property is proven by recursion on the depth
of T :
1) The property is trivially true for all depth-1 trees, as
in that case the DOP-probability is by definition equal
to the elementary probability p (no other decomposi-
tion of the tree).
2) Suppose now that for every parse tree T of depth
at most n, there exists in Gequiv a derivation d of T ,
the probability of which is the DOP-probability of T

(according to GDOP).
We need to prove that this statement is also true for

all parse trees (in GDOP) of depth n+1: Let T ⇒∗ W
p
1

now be a (n + 1)-depth parse tree of the string W
p
1 .

If T is itself a elementary tree, then its correspond-
ing root-leaves CF rule R(T ) is a rule of Gequiv, the
probability of which is by construction the DOP-
probability of T . And since R(T ) is a derivation of
W

p
1 , there exists at least one derivation representing

T in Gequiv (and which has its DOP-probability).
If, on the other hand, T is not an elementary tree,

then T results from a derivation T = t1 ◦ ... ◦ tk.
Due to the nature of the elementary trees of GDOP, t1 is
necessarily a depth-1 tree, the same for all derivations
of T . Let T1, ..., Tq be the complete subtrees of T that
are sons of t1 (cf fig 1). The DOP-probability of the
parse tree T is then:

PDOP(T ) = p(t1)
∑

d1⇒T1

· · ·
∑

dq⇒Tq

q
∏

i=1

p(di)

= p(t1) ·
q

∏

i=1





∑

di⇒Ti

p(di)





= p(t1) ·
q

∏

i=1

PDOP(Ti)

As T1, ..., Tq are of depth at most n, there exists for
each Ti a derivation dequiv(Ti) in Gequiv the probability
of which (in Gequiv) is equal to PDOP(Ti).

The derivation (t1, dequiv(T1), ..., dequiv(Tq)) is a
derivation of T in Gequiv, the probability of which is6

p(t1)·PDOP(T1)·...·PDOP(Tq), i.e. the DOP-probability
of T .

Therefore, there exists at least one derivation of T

in Gequiv, the probability of which is DOP-probability
of T .

This concludes the proof: finding the MPD while
parsing with Gequiv is equivalent to finding the MPP
while parsing with GDOP.

3.3 Effective construction of the equivalent
SCFG grammar

We now have to explain how the equivalent CFG
grammar Gequiv is built out of the training treebank.
First, the depth-1 trees are extracted (as for the usual
construction of a CFG out of a treebank). Then, for
every node of every tree in the treebank the corre-
sponding complete subtree is extracted and the cor-
responding root-leaves CF rule is produced (grouping
together multiple occurences of the same elementary
tree). Then the DOP-probabilities of each the com-
plete subtrees are computed, proceeding by increasing
order of depth. Indeed, if the DOP-probability of ev-
ery elementary tree of depth n has been computed, it
is possible to efficiently compute the DOP-probability
of every elementary tree T of depth n + 1 according
to the formula

PDOP(T ) = p(T ) + p(t1) ·
q

∏

i=1

PDOP(Ti)

using the same notations as in the proof in the former
section.

4 An example

Let us now introduce a toy example illustrating the
approach presented in this paper and showing how it
is different from the unrestricted DOP model.

Consider the simple treebank consisting of the two
following trees:

6by construction (SCFG derivation)



t1 =

S
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ate

GNP

P
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N
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To build the STSG GDOP according to the minimal-
maximal selection principle, we select as elementary
trees all the depth-1 subtrees and all the complete sub-
trees of t1 and t2. This corresponds to 8 depth-1 trees,
t1 and t2 themselves, and the following two addition-
nal complete subtrees:

GNP

P

with

N

Mary

VP

V

ate

GNP

P

with

N

Mary

The grammar GDOP therefore consists of 12 elemen-
tary trees. Notice that, for instance, a tree like

S

N

John

V

ate

GNP

does not belong to GDOP, whereas it would have been
the case in the unrestricted DOP model.

rule PDOP p

r1: S -> N V GNP 0.25 0.25
r2: S -> N VP 0.25 0.25
r3: S -> John ate with Mary 0.344 0.25
r4: S -> John ate with Mary 0.359 0.25
r5: N -> John 0.5 0.5
r6: N -> Mary 0.5 0.5
r7: V -> ate 1.0 1.0
r8: P -> with 1.0 1.0
r9: GNP -> P N 0.5 0.5
r10: GNP -> with Mary 0.75 0.5
r11: VP -> V GNP 0.5 0.5
r12: VP -> ate with Mary 0.875 0.5

Table 1: The 12 rules of the equivalent CF grammar.
The stochastic coefficient actually used is PDOP. p cor-
responds to the elementary probability of the corre-
sponding tree in the original DOP grammar.

The equivalent CF grammar Gequiv consists of the 12
rules indicated in table 4. Notice that the rule

S -> John ate with Mary

appears twice in the grammar. This has to be so since
each of these two rules corresponds to a different tree
in GDOP.

Notice also that
∑

α P (X → α) is not equal to 1
in general, i.e. Gequiv is not a proper SCFG (Booth
& Thompson 73). However, this is not a problem
in practice, since Gequiv should be regarded only as a
practical tool to implement restricted DOP in polyno-
mial time; the underlying probabilistic model remains
the DOP model.

Let us now consider the sentence s=“Mary ate with
Mary”. According to Gequiv the MPD for s is d = r2 ◦
r6 ◦r12 with the (maximum) probability p(d) = 0.25 ·
0.5 · 0.875 = 0.109. This derivation corresponds to
the derivation

S

N V
◦

N

Mary
◦

VP

V

ate

GNP

P

with

N

Mary

The MPP for s (in GDOP) is therefore:

S

N

Mary

VP

V

ate

GNP

P

with

N

Mary

whose DOP-probability is 0.109.

5 Experiments

5.1 Corpora

To experimentally evaluate the performance of the
minimal-maximal selection principle for DOP, we
have tested it on two different corpora: the ATIS cor-
pus (Hemphill et al. 90) and the Susanne #3 corpus
(Sampson 94). As illustrated in table 2, these two cor-
pora have quite different characteristics.

Contrary to most of the experiments performed so
far (Sima’an 96b; Goodman 96), we did not turn the
trees into a binary form (Chomsky Normal Form),
but tried instead to keep the corpora as close to the
original annotated data as possible.7 In the same per-
spective, we did not restrict ourselves to parse Part-of-
Speech tag sequences but worked on the original real
word strings.

However, to carry out the experiments on the re-
stricted DOP model with tractable memory conditions

7Only empty productions (traces) and a few obvious mistakes
in the annotations (e.g. cycles) have been removed.



corpus
number of number number number number average average nb
annotated of of non- of of sentence of CF rules
sentences CF rules terminals terminals PoS tags length per sentence

ATIS 1’381 1’027 40 1’167 38 12.5 23.3
Susanne 6’728 20’302 767 17’863 130 20.4 36.0
Susanne
short

4’000 8’882 469 10’284 122 12.9 23.8

Table 2: Various characteristics of the corpora used for the experiments.

(imposing an upper bound on the number of elemen-
tary trees), we had to reduce the Susanne corpus to a
subset (hereafter called “Susanne short”): among the
6,803 original sentences, we finally kept 4,000 sen-
tences for which we were able to build the restricted
DOP grammar. The characteristics of this corpus are
also given in table 2.

5.2 Methodology and Results

The results presented in this section were obtained
from the ATIS and the Susanne short corpora pre-
viously described. The restricted DOP models were
produced according to the minimal-maximal selection
principle.

As a baseline reference, we also extracted the
SCFG and measured its performance on the same cor-
pora.

We were unfortunately unable to evaluate the unre-
stricted DOP model on the selected corpora as there
were far too many elementary trees to be handled to
build the complete grammar. We plan to evaluate and
compare restricted and unrestricted DOP models on
smaller corpora in a near future.

The evaluation protocol used for the production of
the results was the same for all experiments: we com-
pute an average performance on at least 10 runs con-
sisting of

• (randomly) splitting the treebank into a 90%
training set and 10% test set;

• extracting the grammars from the training set
(the lexicon however was always the same and
has been extracted from the whole original cor-
pus; i.e. there were no unknown words in the
tests: we did not try to evaluate the performance
on Out-of-Vocabulary forms);

• evaluating performance on the test set. The per-
formance measure used was the exact tree match.

The results obtained for the Susanne short and ATIS
corpora are summarized in table 3. For each of the
models, ”% parsed” indicates the coverage of the
model (i.e. the percentage of sentences in the test

set that received at least one parse), ”% correct over
parsed” indicates its precision (i.e. the percentage of
parsed sentences the most probable parse of which is
the right parse) and “% correct overall” indicates the
overall accuracy of the model (i.e. the percentage of
sentences correctly parsed in the whole test set).

The general conclusion we can derive from the ob-
tained results are:

1. the restricted DOP model outperforms in most of
the cases the SCFG model.

2. As far as the coverage is concerned, there is a
very strong difference in the nature of the two
corpora that were used.

3. the precision on the ATIS corpus is very low, for
both models.

The low performances on the ATIS corpus are due
to the highly generative behaviour of the ATIS gram-
mar8. The very low coverage obtained on the Susanne
short corpus is related to the huge amount of happax
CF rules (i.e. rules appearing only once in the corpus):
77 %.

6 Conclusion

This paper presents a new important aspect of Data-
Oriented Parsing: a non trivial special case for which
finding the MPP can be achieved in polynomial time
(as opposed to the NP-hardness of the unrestricted
DOP).

This is acheived by restricting the elementary trees
to be either depth-1 trees or complete (fully lexical-
ized) trees and building an equivalent SCFG with
which computing the most probable derivation (MPD)
is equivalent to computing the most probable parse
(MPP) with the restricted DOP model. This equiva-
lence is made possible because, with the considered
elementary tree set, there always exists for each parse
tree at least one derivation which can concentrate the
whole DOP-probability of that parse tree. This is
not possible in the general (unrestricted) case where

8As already pointed out in the literature.



Susanne short ATIS
% % correct % correct % % correct % correct

parsed on parsed overall parsed on parsed overall

test CF 45.5 23.0 10.5 99.6 25.4 25.3
(10%) min-max DOP 45.5 24.4 11.1 99.6 21.0 20.9

self
CF 100 61.2 61.2 100 33.8 33.8
min-max DOP 100 87.9 87.9 100 76.1 76.1

Table 3: Experimental results: percentage of exact match sentences both in test conditions (90% learning –
10% test random spliting of the corpus) and in self-evaluation (100% of the corpus).

the complexity precisely arises from the grouping of
derivations producing the same parse tree.

The presented model appears to be an interesting
compromise between the original DOP and SCFG
models, from both of which it combines the advan-
tages: it is as “simple” as a SCFG to parse (polyno-
mial time) but still provides a richer probabilisation
than SCFG, its parameters being able to capture more
of the properties of the training corpus.

One open question we are currently working on
is to identify other (possibly more general) selection
principles providing new additional instances of Poly-
nomial Tree Substitution Grammars.
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A Complementary Proof

The purpose of this appendix is to outsketch the proof
of the fact that:
the probability of a derivation (in Gequiv) is always less
or equal to the DOP-probability of the corresponding
parse tree (in GDOP).
A complete formal proof can be found in (Chappelier
& Rajman 01b).

We first prove the following more general proposi-
tion:
Proposition 1: Given a SCFG G, for any parse tree T

and any derivation d = t1 ◦ ... ◦ tm of T ,

PDOP(T ) ≥
∏

ti

PDOP(ti)

To proceed with the proof of proposition 1, we first
need to precisely define the terms PDOP(ti) which cor-
respond to an extension of the DOP-probability to
trees that are not necessarily derivation trees.



This definition needs to extend the notion of tree
derivation to the more general notion of tree decom-
position (in elementary trees).9 For any parse tree T

(or any tree T resulting from a partial derivation in G),
there is a one-to-one mapping between derivations of
T and decompositions of T . Therefore for such trees,
we will indifferently use either the derivation or the
decomposition point of view. However, there exist
trees which cannot be written as a left-most deriva-
tion but still have a decomposition in elementary trees
of G.

A decomposition ξ of tree T into the elementary
trees t1, ..., tm is denoted by ξ = 〈t1, ..., tm〉T .
The probability of such a decomposition is defined as
p(ξ) =

∏

ti
p(ti).

The generalization of the DOP-probability to trees
that do not result from a left-most derivation in G is
given by:

PDOP(T ) =
∑

ξ∈D(T )

p(ξ)

where D(T ) is the set of all decompositions of T over
G (which might be empty if T cannot be decomposed
into elementary trees of G).

To proceed with the proof of proposition 1, we need
one more definition: For any two decompositions ξ

and ξ′ of a tree T , ξ is said to be finer than ξ ′ iff every
tree appearing in ξ is a subtree of a tree appearing in
ξ′ . This will be noted ξ ≤ ξ ′.10

The important property is that there is a one-to-one
mapping between the set of all possible decomposi-
tions of elementary trees of a given derivation d of a
tree T and the set of all the derivations of T finer than
d.

Proof of Proposition 1:11

For any derivation d = t1 ◦ ... ◦ tm of a parse tree T ,

PDOP(T ) =
∑

d′∈D(T )

p(d′)

=
∑

d′≤d

p(d′) +
∑

d′>d

p(d′)

≥
∑

d′≤d

p(d′)

Due to the one-to-one mapping mentioned above,
any d′ finer than d corresponds uniquely to a tuple

9The formal definition of a tree decomposition is given in
(Chappelier & Rajman 01b). It is basically a derivation with some
extra notations to be able to handle trees which are not parse trees,
i.e. trees for which the ”rewrite the left most non-terminal first”
rule does not hold.

10This is actually an order relation on the set of decompositions
of a given tree.

11where d > d
′ stands for “not(d ≤ d

′)”

(ξ1, ..., ξm) of decompositions of the elementary trees
of d. Therefore:

∑

d′≤d

p(d′) =
∑

ξ1∈D(t1)

· · ·
∑

ξm∈D(tm)

m
∏

i=1

p(ξi)

=
m
∏

i=1

∑

ξi∈D(ti)

p(ξi) =
m
∏

i=1

PDOP(ti)

since p(d′ = t′1 ◦ ... ◦ t′q) =
∏q

i=1 p(t′i) =
∏m

j=1 p(ξj)
(simply regrouping the terms in the product).

2

Finally, with Proposition 1, it is easy to prove that
the probability of a derivation (in Gequiv) is always less
or equal to the DOP-probability of the correspond-
ing parse tree (in GDOP): by construction indeed, the
probability of a derivation in Gequiv is the product of
the DOP-probabilities of the corresponding elemen-
tary trees.


