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Abstract

In this paper, we present an original non-linear subdivision scheme suitable for
univariate data, plane curves and discrete triangulated surfaces, while keeping the
complexity acceptable. The proposed technique is compared to linear subdivision
methods having an identical support. Numerical criteria are proposed to verify
basic properties, such as convergence of the scheme and the regularity of the limit
function.
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1 Introduction

Subdivision is a powerful tool, widely used in many different areas, ranging
from computer-aided design to data compression. Recent works have shown
the close relationship between subdivision operators and multiresolution anal-
ysis. In particular, subdivision is often regarded as a basic block used to build
multiresolution-like representations for discrete surfaces. However, adapting
the univariate subdivision schemes to discrete surfaces is not straightforward,
even when dealing with linear schemes. As shown for instance in [27], even a
simple univariate linear scheme requires non-negligible adaptation to handle
correctly irregular meshes. In this paper, we propose a univariate non-linear

1" Corresponding author :
E-Mail: Nicolas.Aspert@epfl.ch
Tel: 441 21 693 3632 Fax: +41 21 693 7600

Preprint submitted to Elsevier Science 28 February 2003



subdivision scheme that can be adapted rather easily to discrete surfaces, and
that does not require specific adaptation in the case of irregular meshes.

The paper is organized as follows: section 2 presents the existing univariate and
surface subdivision techniques. Section 3 describes the details of the proposed
method for univariate data and plane curves. The extension for triangular
meshes is presented in section 4, and the results obtained are described and
analyzed in section 5.

2 Review of subdivision

In this section, we review some key concepts of of subdivision for both uni-
variate data and triangular meshes.

Univariate data is the simplest kind of data to study, nevertheless is the basis
for generalizations of subdivision algorithms to higher-dimensional data. Sub-
division aims at refining univariate data iteratively, i.e. produce a smooth limit
curve from a discrete initial dataset (often termed control polygon). Discrete
univariate data can be described by a mapping between k£ € Z and sample
points f, € RY. By extension, we assimilate the data as the piecewise linear
function linking consecutive samples f, and f,1. In order to distinguish the
different levels, the k-th sample at level 5 will be denoted by f,g Usually, only
n-ary refinement operations are considered, i.e. the data at level j is a mapping
between kn~/ and f,g In this study, we will only consider binary subdivision,
which is so far the only one adapted to surfaces, although recent works [19,11]
open the way toward ternary surface subdivision.

Linear subdivision techniques have been widely studied and used (see for in-
stance (2] or [12] for complete studies). The idea is to used a linear combination
of the samples of level j to generate samples of level j + 1, i.e.

P =2l (1)

PEL

where {ay }rez is a set of real numbers, also called mask. For obvious complex-
ity reasons, only finite support masks are considered (which leads to a finite
sum in (1)). Historically, the refinement operations that were considered only
involved stationary and uniform masks, i.e. coefficients not depending on j
and remaining invariant through even integer translations. In such a case, the
refinement relation is fully described by two relations (one for odd sample and
one for even samples).

For instance, the “corner-cutting” rule proposed by Georges de Rham [8,9]



and re-proposed later by Chaikin [3] can be written as
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with a > 0, > 0 and a + < 1. De Rham’s initial choice was a = § = %,
which only produces C° limit curves, whereas Chaikin used o = 3 = T
which gives C! limit curves (in fact Chaikin’s rule produces quadratic B-spline
curves). Another category of interest is interpolating subdivision, which im-
plies that the samples at level j also belong to level j + 1. A famous example
is the four-point scheme proposed by N. Dyn, J. Gregory and D. Levin in [13]

- :
glj = flga )
. . 1 . 1 . . 3
1
st = —wfi+ (5w) i (54 0) o - wils

where w is a real. The choice w = % is of interest since for this value the
scheme coincides with the cubic Lagrange-based scheme proposed in [10], and
satisfies the necessary condition to achieve C? limit functions, although it only
leads to C?~¢ functions, as shown for instance in [7].

Univariate subdivision techniques have been extended to higher-dimensional
data, e.g. using tensor-product schemes, which were used as basis for surface
subdivision. The most generic representation of discrete surfaces is achieved
through triangular meshes. In this study, we will focus on discrete surfaces
represented by triangular meshes, i.e. by a couple (V,7) where V is a set
of N vertices V = {v; € R}0 < i < N — 1} and 7 is a set of triplets
(i1,19,43) € {0... N — 1} representing the indices of vertices forming a trian-
gle. When subdividing a triangular mesh, each edge is cut into two new edges
and each triangle is therefore split into four new triangles (recently, another
way of splitting triangular meshes has been proposed in [21], only increas-
ing the number of triangles by a factor 3 instead of 4 but in our case, we
will only consider the “quadrisection” of triangles). Splitting a mesh with this
technique leads to semi-regular meshes,; i.e. having only vertices of valence 6,
except in isolated places. As for the univariate case, the notions of interpo-
lating subdivision, stationarity, linearity and data-independence remain valid.
The translation invariance would be more difficult to express, given that each
vertex can have a different number of neighbors. In the case of linear schemes,
a weighted sum of the vertices belonging to the 1-ring is performed to com-
pute the new vertex position. The “Butterfly” scheme belongs to the class of
stationary, interpolating and linear subdivision schemes. While performed on
regular triangular meshes, it can be seen as a tensor product of the four-point
scheme. Tt has been first presented in [14] and then extended to irregular
meshes in [27], and generates C! surfaces. Another example is the “Loop”
scheme [25], which is not interpolating, but gives a smoother limit surface.



Whereas many studies concerning linear and stationary subdivision operators
can be found, works concerning non-linear and/or non-stationary /non-uniform
cases remain relatively sparse. Some results about the non-stationary linear
case have been shown in [15,4]. Several works concerning particular non-linear
schemes have also been performed. In [17], the case of schemes made of a
linear part and a non-linear part (in this case the harmonic mean of a linear
combination of sample) is addressed. A similar technique was developed in [23]
and [24] to design convexity and monotonicity preserving schemes. Another
approach has been proposed, based on the essentially non-oscillatory (ENO)
methods in [5].

While most of the stationary linear techniques have been extended to dis-
crete triangulated surfaces, non-linear surface subdivision schemes are not
common. An method of convexity-preserving surface subdivision has been pro-
posed in [16]. Another interpolating approach has been described in [20], which
resembles by some aspects the proposed scheme. However, according to the
author, the results achieved in terms of smoothness of the limit surface are
not satisfactory and require a smoothing step.

The non-linear subdivision technique described in sections 3 and 4 aims at
bypassing the adaptations that have to be performed when trying to deal
with irregular meshes, while keeping a four-point support in the univariate
case. The local coordinate system on which the method is based makes the
scheme easily adaptable to triangular meshes, regardless of the valence of the
vertices.

3 Non-linear subdivision using local spherical coordinates for uni-
variate data

In this section, a non-linear subdivision algorithm for univariate data is pre-
sented. The derived surface subdivision algorithm will be presented in section
4. We first present the details of the subdivision algorithm for discrete univari-
ate functions defined on strictly increasing grids, i.e. applied to data samples
(], f) € R x RY, verifying ], < 2, for all (j,k) € N x Z.

3.1 Subdivision for strictly increasing grids

In order to perform the proposed subdivision technique, we need to define a
local coordinates system around each point, as well as several local param-
eters, which are detailed in this section. Those definitions are illustrated by
figure 1. When possible, the level index j will be omitted. We will assume



that the samples f,g belong to R although the proposed method can be triv-
ially extended to R? Let R be the canonical basis for R% Let us denote
by Py the point of the plane of coordinates (xy, fx) in R. In the following,
we will denote the Euclidean distance between the points P, and Py, by

o \/(:ka — x)? + (fee1 — fr)?. Since we have to deal with more than one
coordinate system, we will add the name of the basis as a superscript when
needed to avoid confusion, e.g. v® will denote the coordinates of vector v in
the basis B.

In order to define the angles that will be used in our method, we need to
define a local coordinate system at P, by approximating the tangent and
normal vectors at this point. An approximation of the normal vector m, at
point P, can be obtained by averaging the unit normals to the edges P_1 Py
and Py Pyy1, weighted by the edges length r;,_; and 7. The unit normal nj_; 5
to the edge Py_1 Py can be expressed (modulo the sign) as

Ng—_1.k =

<fk1 —fr m— xkl)Ta

1
Tk—1
which yields
T 1M1k + TET k41 (4)

B lrk—1mk—1 6 + TEMg ot || .

ny

Since
T
Th—1Mh—1k + TEM e o1 = <fk—1 — frot1 Tpg1 — $k—1> ,

the expression of ny can be simplified as
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where f,g”s denotes the symmetrical first order finite difference at Py, i.e.
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The computation of ¢, is similar and yields

1 T
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B

Without restricting the problem, we can assume that f,g”s is bounded. There-
fore, there exists a unique 6, € (—g; %) such that fk[;l}s = tan @y for all k. In
fact, 0y is nothing but the angle between ¢, and the horizontal axis in R.

Let us denote the local coordinates system at point P, by Ry = (&, ny), for
all k£ and let v, be the vector from P to Py . Since we have assumed that the



grid is strictly increasing, it is clear that there exists a unique v € (—%; %)
T
such that v} = rk(cosyk sin”yk> . (rg,v) are the polar coordinates of

P11 in the canonical basis centered at P,. We can now rewrite the expres-
sion of vy in the Ry basis. There exists a unique oy € (—m;7) such that
T

v?’“ = Tk<COS ap  sin ak) and ay, 7 and 0 are linked through the follow-
ing relation

Vi = o + O (6)
Similarly, we denote by w; the vector from P to P,_; and there exists a

T

unique f; € (—m;7) such that wj* = —rk,l(cos Br  sin ﬁk) , and a relation
similar to (6) holds

Vi1 = Bk + Ok (7)

Th—1 Tk Th41 Tk42

Fig. 1. Local coordinates system and angles at Pj.

Using the angles and local coordinate system defined above, we can now de-
scribe the algorithm to build the level j+1 from the samples at level 7. As many
popular subdivision algorithms, the proposed method belongs to the class of
binary interpolating subdivision schemes. Therefore, we will have 2], = 22"
and fi = 3.

Let us now describe how the new points of level j + 1 are obtained. In the
following, all steps necessary to compute the midpoint of edge P,g P,g 41 will be
performed with 7/ and o in the R} system coordinate. A similar development
can be made in R{;H, with rJ and ﬁiﬂ- Let us develop how the point Pg,:ﬁrll
(i.e. the “midpoint” of the edge PP}, ;) is computed.



In Ri, the neighboring points of P,g are uniquely defined by their local spher-
ical (here polar) coordinates, i.e. by 71 and «j. A trivial interpolation, only
resulting in a C° limit function, would be achieved by taking the middle of the
edge P} P} +1- The coordinates in Ri of such a midpoint would be (%,&i).
Another possible choice would be to use the ° mlddle of the edge in the pa-
rameter domain, i.e. (TQ’“, %) While the choice of ’“ for the first coordinate
is rather logical (since we want the newly 1nserted point’s x-coordinate to
lie close to the middle of the edge’s 2-coordinates), the operation to be per-
formed over the «, coordinate is less intuitive. Since the goal is to have a limit

function that is the smoothest, i.e. to have the a7 and 3. become as small as

possible as j increases, thus the intuitive choice of » for the second coordinate
of the midpoint. While this solution would be elegant, it cannot be applied
directly. In fact, the angle o can vary over the whole range (—m;7) and cases
where the principle of having a strictly increasing grid at each level would not
be valid may occur. Since the z-coordinate of the new midpoint depends on
coS (xi, a function having strong Variations would lead to values of this quan-
tity close to —1, finally leading to x% 1 < :E%Zfl = xi, which is obviously an
undesirable result. As a consequence, we have chosen to define the “midpoint”

as the point of coordinates (%, h(ai)), where h is a C! piecewise polynomial
function, defined as follows

« ifr<a< -3
Ao+ D) [B(at+T)+10] 48 it -T<a<-T
h(a) = if -2 <a<?Z (8)

(a-2)[2Z(a-2)+10] +¢ ifT<a<
ifm>a>

O A= vlQ
IMIERSIE]

Function A is a scaling by a factor  for small values of « (i.e. |o| < %), and

the identity when || > Z. Two cubic polynomials provide the C* link between
these two parts. Figure 2 shows the aspect of h. The coordinates (:c%ﬁrl, g,j 1)

of this midpoint in R, are given by

J

(#500 — ol Bt 1) = (coshiad) sinh(e]).  (9)

Another midpoint can be computed in a similar way, using R, w1 and Gl I
instead of R, and o, which yields

1 . ~i4q . RI rj . . .
(x%ZH Tk él:rl_fngrl) o :—f(cosh(ﬁ,iﬂ) Smh(ﬁlﬁﬂ))- (10)

In order to be able to combine these two ways of computing the midpoint of
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Fig. 2. Plot of the function h over the interval [—; 7]
the edge P{P],,, let us rewrite equations (9) and (10) in R,

(it = ol S = )" = (cos (64 hlad))  sin (6 + h(ad) ).
(%Zil - xiﬂ Ngl:rll - Ig+1)R =
(COS <9i+1 + h(ﬁl{;—l—l)) sin <9i+1 + h(ﬁéﬂ)) )

The most natural way to take into account these two ways of computing the
midpoint is to average the two contributions. Therefore, the final expression
of the midpoint in R will be

i i , )
S wszl + wjzifﬂ _ 7, + $g<;+1 (11)

2k+1 5 2

P , , ) ,
+ Zk [cos (9% + h(ai)) — cos (%H + h(ﬁ,jgﬂ))},
. . . .
fj+1 _ QJI:F-H + fi’j—f—l _ flg + f/g-i-l (12)
2k+1 2 9

rir . : _ . :
+ Zk [sm (6’% + h(ozi;)) — sin (Hiﬂ + h(ﬁfﬁﬂ))} :
Those relations, along with the interpolation rule for even samples fully define
the level j 4+ 1 from the level j.

The proposed scheme is clearly non-linear, due to the sine and cosine terms
added to a linear part. A consequence of the method used to compute the
xj11, is that the grids generated are not uniform. However, numerical results
tend to show that the grid gets closer to a uniform grid as the level increases.
It is also non-stationary, in the sense that the computation of the midpoint
depends on the data. However, the midpoint computation method is “transla-
tion invariant”, i.e. the same method is applied for all k. An obvious property



of this scheme is also its ability to reproduce polynomials up to degree 1, since
in this case the non-linear part of equations (11) and (12) will be zero.

As stated in the previous section, the reason for having a function A instead of
a scalar factor is to avoid pathological cases that may occur when the initial
s s

grid has sharp transitions (i.e. values of 7] close to —% or 7). In order to

illustrate what occurs in such cases, let us rewrite equation (11)

i -t = T g [ (6 + h(cd)) — cos (., + h(ﬁiﬂ))]-

One can construct cases where the quantity cos (9% + h(ai)) — cos (9% bt

h(G] +1)) becomes negative and may lead to a grid that is no longer increasing
at the level 7 4+ 1. Numerical experiments showed that the introduction of h
removed the irrelevant points that occurred when applying the scheme (with
h(z) = %) on highly-varying functions. We refer the reader to section 5 for the
results obtained.

3.2 Non-linear subdivision for plane curves

The method proposed in the above section can be generalized to generic plane
curves (e.g. using planar polygons as initial data). The computation of the nor-
mal vector at each sample point is done using equation (5). The closed form
derived in equations (11) and (12) cannot be applied directly since assump-
tions regarding the monotonicity of the x?{ have been done. The algorithm 1
describes the steps needed to compute the coordinates of the midpoint of each
edge. The test performed to determine whether ||P/Mj_ || is greater than an
¢ is useful to avoid pathological cases when computing the angles a7, or (3
(in our experiments we have chosen ¢ = 107'%). An example of limit curve
obtained using this method is shown in figure 11.

4 Surface subdivision algorithm

In this section, we extend the method detailed in section 3 to discrete 2-
surfaces in R®. In the following, we will assume that the surface is manifold,
i.e. each edge belongs to at most two triangles (if this is an interior edge,
and only one in the case of a boundary edge) and that the intersection of two
triangles is either empty or exactly two vertices and one edge. This assumption
is not restrictive since a non-manifold model can always be turned into a set
of manifolds version by “splitting” the faulty edges/vertices. This also means



Algorithm 1. Midpoint computation for plane curves
1: for all edges P,gP,gH do

2:  Compute the normal vector n;, at P using relation (5) ‘

3:  Compute the equation of the line £, normal to nj, passing at P}

4:  Compute the projection Mj,, of P/, ; on L along n;,

5. if |[P/M], || < e then

6 pi+l _ PiAPi

7

8

%1 = T 3
else o
C J o ||P;‘§+1Mé+1||
ompute the angle o, = + arctan | —2-—H—
1 Mig
j , . ,
9: Compute the polar coordinates (%’“, h(ozi;)) of Pl in R},
10: Compute the coordinates of P2, +11 in R
11:  end if .
12:  Repeat all the steps from line 2 to 11 using P}, as basis to compute
-
13: ngr_&l — %
14: end for

that the faces surrounding a vertex are topologically equivalent to a disk (or
a half-disk in case of a boundary vertex).

It is also necessary to have an orientable surface. In the case of a triangulated
surface, this means that for each vertex v;, the faces surrounding this vertex
can be oriented, i.e. their normal vectors are all pointing to the “same side” of
the surface. Global orientation of a surface can be easily achieved, for instance
by using the spanning tree of the dual graph of the mesh. Dealing with mani-
fold meshes implies that the spanning tree is a binary tree, since each face has
at most one "parent” and two ”children”. The traversal of the spanning tree
permits the computation of a consistent normal vector for each face (i.e. each
node of the spanning tree). Non-orientable surfaces, such as the Mobius strip
or the Klein bottle, can be subdivided using the proposed algorithm with a
few additional precautions.

As for the univariate case presented in section 3, it is possible to define a
local coordinate system for a surface. The local coordinates at each vertex
can be easily defined provided that the normal vector to the surface can be
estimated at each vertex. Since we are dealing with an orientable surface, all
the faces surrounding vertex v; have a normal vector oriented in a consistent
way. The normal vector m,, at vertex v; can be estimated by averaging the
normal vectors of the faces having v; as vertex, weighted by the area of each
triangle. If we denote by F,, the set of faces having v; as vertex, by ny the
unit normal to the face f and by |f| the area of face f, the expression of n,,

10
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which is quite similar to the expression (4) used in the univariate case. At
each vertex v;, it is now easy to define a local coordinates system R,, =
(ty,, Wy, My, ), Where (t,.,u,,) is an orthonormal basis of the tangent plane at
vertex v;. Let vy be a vertex sharing an edge with v;. For each edge {v;, vy}
we define v, ;, as the vector from v; to vy, as well as the corresponding unit
vector w; = ﬁ'vi,k, where 7;; = ||v;x]|. Since w;y is a unit vector, we can

Ui

define two angles 6, , and ¢, which are the usual spherical coordinates
Ro; . . . T
w,, = ( cos ¢ psinb,; . sing;psinb;,  cosb; ) .

Therefore, the spherical coordinates of v, x in R, are (7, 6, x, ¢ix). Figure 3
illustrates the various notations proposed.

Fig. 3. Local coordinate system around vertex v;. (NB: the “dash-dotted” lines all
belong to the same plane)

Using these definitions, we can describe the subdivision method for triangu-
lated surfaces. Let us denote by &7 = (V/,77) the discrete surface at level j.
The midpoint computation is closely related to the method described in sec-
tion 3. Let us consider a vertex vf belonging to V7. For each vertex vé € &,
the spherical coordinates of the vector 'vik in R, are (13 0] 1, #74). Let us

define the vector @z}:l such that its spherical coordinates in R ; are

. rl . .
f}g,Jlgl = ( ;kah(eg,k>7 g,k) . (13)

According to the definition of vf i, there exists a unique vertex @le such that

~J4+1 - 1 ~7+1 . . .
vt is the vector from v to ©/}'. A similar computation can be done by

11



writing the spherical coordinates of the vector v} ; in R i, which leads to the
’ k

ey ~ 741
definition of ¥

» Tgk . ,
'U?;EI = ( 2 vh(%,i)v ?m) . (14)

This relation leads to the definition of a unique f%;l such that f)ﬁl is the vector
from Ué to 17%?21. An interesting property of the proposed method, derived from
equations (13) and (14) is that the scheme is locally invariant with respect to
a rotation around the normal vector, since the ¢ angles are not modified in
the subdivision process.

Finally, the coordinates of the new vertex vf;gl in the canonical basis of R?,

inserted between vg and vi is computed using the following relation

The actual computation of the midpoint can be achieved using an algorithm
close to algorithm 1 (except you have to compute projection into tangent plane
instead over the tangent line).

When boundary edges are encountered, the proposed method can still be
applied although the definition of normal vectors has to be modified. Still
the normal vector at a vertex belonging to a boundary edge is computed
using relation (4). The difference lies in the definition of the normal vertex
for a boundary edge. Let us consider a triangle formed by vertices (vg, vy, V),
where viv; is a boundary edge. If we denote by m the normal vector to the
considered triangle, we define the normal n;; to edge v,v; by

N XN

Ng = TR
T ey x n|

which is a unit vector orthogonal to both n and vy .

5 Results - Analysis

In this section we discuss the results obtained with the proposed method and
analyze them from different points of view. As it is the case for many other
modalities, the methodology used to assess the performance of subdivision
surfaces depends on the underlying application. Here we provide an as generic
as possible methodology, and for a broad class of applications. Elements of
our assessment methodology will take into account complexity and memory
bandwidth, the total memory requirements, but the emphasis will be put on
efficiency in terms of distortions produced.

12



5.1 Objective comparison of subdivision schemes

The main class of applications for subdivision schemes is computer-aided mod-
eling. The requirements in terms of memory and memory bandwidth are quite
similar for the most common subdivision schemes. The non-linearity of the
scheme adds complexity with respect to a linear scheme having the same sup-
port. Experiments showed that the overhead introduced remains acceptable.
A typical result is that 0.4 seconds are needed to subdivide 82000 triangles,
against 0.2 for Butterfly scheme, obtained on a Pentium III running at 666
MHz. Thus, the study will focus here on the convergence of the scheme, and
on the regularity of the limit function or surface, which are often stated as
desirable properties for subdivision schemes. In this particular case, it is not
possible to use the methods [26] based on the analysis of the subdivision ma-
trix used for stationary linear schemes such as the Butterfly scheme. Having
no simple closed-form for computing the new point, we will focus on numerical
experiments.

In this section, we present numerical methods to estimate the approximation
order of the interpolation scheme, and to estimate the regularity of the limit
function.

i) Uniform convergence criterion
Let G = {gx }ren be a sequence of real-valued functions. A sufficient con-
dition for G to converge uniformly toward a limit function is that there
exist 0 < a < 1 and # > 0 such that for all £ € N*

gk — gr—1lloe < Bt (15)
Taking the logarithm of this condition leads to
1og [|gk — gr—1lloc <logpf + (k —1)loga. (16)

Let us now consider a sequence of piecewise linear functions f; obtained
through subdivision. In that case, using the fact that we are dealing with
interpolating subdivision, the quantity ||f; — fj—1|lcc can be expressed as

Jicthes1 — fi—1k
fiok+1 — (fjl,k + . (T ok41 — Tj—1k || -

max
k Tj—1,k4+1 — Tj—1,k

We denote by Dy(j) the quantity log || f; — fj—1/cc. An upper bound for o
and [ can be inferred from the plot of Dy versus the level of subdivision
7, which should be close to linear.

ii) Approximation order estimate

13



iii)

Definition 1 Let g be a sufficiently smooth real-valued function. Let X
be the coarsest grid on which subdivision will be performed. The data { fo .}
living on Xy is built using for = g(xox) Vk. Let us define also n as follows

n= mkax |$0,k+1 - 950,k|-

Let f be the limit function obtained when k — oo. The approximation
order is defined by the biggest integer p for which the following formula
holds

1f = glloe < CP,with 0 < C' < +o0.
Assuming that ||f; — gl provides a good estimate for ||f — g||s, and
that the bound is attained, let us define Aj(n) = || f; — g/ for a given 7.
Under the previous assumption, the following approximation holds

Aj(n) = CnP.
Therefore, we have
log A;(n) ~ log C' + plogmn,

which implies that the plot of log A;(n) against logn should be a linear
function having a slope p, providing an estimator of the approximation
order.

Regularity estimate

Definition 2 A function f: I CR— R hasn+a (neN, 0 <a <1)
reqularity (or Hélder-regularity) if

o f o f

3C < 400 s.t. e (1) — e

(.1'2) S C|3§'1 - .%'Q‘a, V(l'l,l'g) € [2.

This definition can be adapted for subdivision schemes as proposed in
[22] (only for regular grids). We adapt the method to non-uniform grids.

Let us define ,05” = ! maxy, |f][l}€+1 — f][lL|, and (; = maxy |z, k11 — Tkl

Definition 3 A subdivision scheme has | + oy Holder reqularity if
3C' < 400 such that pg-” < C(B;).

Assuming that the maximal value is attained, a; can be approximated by

Pyll
il (17)
a; = lim ﬁ,] . 17
—+ j+1
j—+ log 5,

14



5.2 Univariate subdivision results

The proposed univariate scheme is compared with the four-point scheme from

equation (3), using w = %6, in several ways. Starting from a coarse regular grid,
sampled from an analytic smooth function, subdivision is performed several

times and the evolution of several criteria are studied.

e The evolution of the Ly error between to the reference function and the
piecewise linear approximations obtained through subdivision. The L., norm
usually reaches its maximum value when the level is equal to 1. Given
the fact that we use interpolating subdivision, the value remains constant
for all levels > 1. This experiment will be performed using uniform and
non-uniform initial grids. In the non-uniform case, the Lagrange four-point
scheme is replaced by the adaptive Lagrange scheme studied in [6]. The Lo
error is computed using a numerical approximation of the integral of the
squared difference of the two functions.

e The estimates of @ and 3 in order to check the rate of convergence of the
subdivision schemes, as defined in equation (16). Uniform and non-uniform
coarsest grids will be used to perform this test. This experiment is performed
with both uniform and non-uniform initial grids.

e The estimate of the subdivision scheme’s approximation order proposed in
section 5.1.

e an estimate of the regularity of the limit function, i.e. the «; defined in
equation (17). This estimate will be computed with both uniform and non-
uniform coarsest grids.

In the proposed tests, two analytic functions f and p have been used. We have
chosen a Gaussian function f(z) = e~ and the polynomial p(x) = 2° + %.
Both functions present a sufficient regularity, f being C°> and p being C3.

i) Lo error evolution — convergence
The functions p and f have been sampled regularly over the interval
[—2;2]. The coarsest grid contains 10 points. The Ly error between the
piecewise linear function obtained through subdivision and the reference
function is shown in figures 4(a) and 4(b). The convergence parameters
obtained with these uniform initial datasets are shown in table 1.

Similar experiments have been performed, using a non-uniform initial

grid, given in table 2. Figure 5 show the evolution of the Ly norm between
the function obtained through subdivision and the reference function.
Table 3 shows the convergence parameters obtained with the non-uniform
initial grid.

ii) Approximation order
In this experiment, we considered the same functions f and p over the
interval [—5;5]. The parameter 1 varies approximately between 1 and
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Fig. 4. Evolution of the Ly error between reference function (f for figure 4(a) and
p for figure 4(b)) and approximations obtained through subdivision (uniform initial
grid)

Table 1

Convergence parameters (uniform initial grid)

I} Q@
Lagrange | 0.042294 | 0.275498
/ Spherical | 0.041820 | 0.276377
Lagrange | 0.064700 | 0.287693
b Spherical | 0.060222 | 0.282725
Table 2
Non-uniform initial grid
k|0 1 2 314] 5 6 7 8 19
Tok | -2|-15|-14]-110]02]06]09 |13 ]2
Table 3
Convergence parameters (non-uniform initial grid)
1] «
adaptive Lagrange | 0.182563 | 0.275909
! Spherical 0.035442 | 0.291331
adaptive Lagrange | 0.231814 | 0.279569
b Spherical

0.119682 | 0.282817

1073, As shown by figure 6 the plot of log A; against logn is linear with
a slope p for high values of 7, whereas a saturation occurs for small 7. As
a consequence, the approximation order is computed using only the non-
saturated part of the curve. Table 4 shows the values of the approximation
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Fig. 5. Evolution of the Ly error between a reference function and approximations
obtained through subdivision, with a non-uniform initial grid. (a) uses f as reference
and (b) is obtained using p.

order obtained.
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Fig. 6. Plot of log A; vs. logn for Lagrange scheme. Using the spherical scheme
instead gives very similar results (linear part followed by a saturation when 7 is
small)

Table 4
Numerical values of approximation order

Approx. order
Lagrange 3.4124
! Spherical 3.2664
Lagrange 1.9350
b Spherical 1.9349

iii) Holder regularity of the limit functions
The values of oy and a3 have been computed using both uniform and
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non-uniform initial grids used for the estimation of the convergence pa-
rameters. Not surprisingly, values of ay remain very close to 1 for all
levels. The evolution of ay is shown in figures 7 (uniform starting grid)

and 8 (non-uniform).
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Fig. 7. Evolution of «; for a uniform initial grid sampled from f (a) and p (b)
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Fig. 8. Evolution of «; for a non-uniform initial grid sampled from f (a) and p (b)

5.3  Surface subdivision results

The proposed surface subdivision scheme is compared with two well known
schemes : the Butterfly scheme (extended as proposed in [27]) and the Loop
scheme. While both the Butterfly and the proposed scheme are interpolating
schemes, the Loop scheme is only approximating, i.e. it modifies the position

of the vertices between levels j and j + 1.
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In order to be able to adapt some of the proposed criteria to triangular meshes,
we need to have a distance measurement between two triangular meshes. The
approach described in [1], based on the Hausdorff distance provides both peak
and RMS values for distortion, providing a reliable approximation of ¢ and
(o norms for this type of data. A reduced set of experiments is performed
using the surface subdivision schemes

e as for univariate subdivision, the ¢, and ¢, error (computed using the sym-
metrical Hausdorff distance) between the subdivided surface and a reference
surface (having an analytic expression) is computed.

e the parameters a and [ defined in equation (16) are also estimated in order
to check the convergence of the proposed scheme. In addition to the previous
experiment, a “real world” surface is also used to study the convergence
parameters in a concrete case.

In our experiments, the reference surfaces are a torus and a sphere, which have
both analytic expressions. The sphere at the coarsest level is approximated by
an icosahedron.

The initial icosahedron has been subdivided 7 times, and the initial torus 6
times. The reason for not performing a greater number of subdivision steps
is the exponential growth of the number of triangles, which leads to huge
processing times when computing the error. Figure 9 shows the errors obtained
using the torus as base-model, and figure 10 gives the results obtained using
the icosahedron as a base model. The initial torus had 64 triangles.

©

)
<
o

« >
jonal)
S

w
7

error (% of bounding box diagonal

S
RMSE (% of bounding box diagt

~

o

Fig. 9. Relative error (in percentage of the length of the bounding-box diagonal)
between the reference torus and those obtained through subdivision ({s-error in
(a), lo-error in (b))

As in the univariate case, the convergence parameters have been estimated for
the tested subdivision methods. The results are shown in table 5. A visual com-
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Fig. 10. Relative error (in percentage of the length of the bounding-box diagonal)
between the reference sphere and those obtained through subdivision (¢n-error in
(a), ¢y-error in (b))

Table 5
Surface subdivision convergence parameters

Butterfly | 3.7487 | 0.3367

Torus | Spherical | 4.003 | 0.3251

Loop 6.1148 | 0.2509

Butterfly | 4.0939 | 0.3364

Sphere | Spherical | 7.4925 | 0.2522

Loop 5.0838 | 0.3167

Butterfly | 4.1737 | 0.4016

Rabbit | Spherical | 3.9139 | 0.4640

Loop 7.2925 | 0.2721

parison of the limit curves obtained with the univariate scheme is presented
in figure 11. The convergence parameters have also been computed using a
“real-world” surface. We have chosen to use a coarsened version of the “rab-
bit” model (courtesy of CyberWare). The original model has approximately
134 000 triangles, and the coarsened version has 50 triangles. The original
model has been simplified using QSlim[18]. The coarse model has been subdi-
vided 6 times. Table 5 shows the results obtained using this model. Figures 12
and 13 show the differences between limit surfaces, starting respectively from
an icosahedron and from the coarse “rabbit” model as initial meshes.
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Fig. 11. Plane curve subdivision - visual comparison

5.4  Analysis

The results developed in section 5 reveal many interesting properties of the

proposed scheme.
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Fig. 12. Icosahedron subdivision (4 levels)

The figures presented in table 1 indicate that the Lagrange and Spherical
scheme behave closely in terms of convergence. From equation (15), it is clear
that « is the parameter that determines whether the scheme converges or not.
This equation also implies that the closer « is to 0, the faster the convergence
will be. Figures 4(a) and 4(b) provide an additional information concerning the
convergence, showing that the ¢s-error between the reference function and the
approximations obtained through subdivision decreases when the subdivision
level increases. These two results show that the proposed scheme converges
toward a limit function, and that this limit is close to the reference function

from which the initial grid is sampled.

The approximation order gives an additional indication concerning the vari-
ation of the residual error with respect to the sampling step of the coarsest
grid. The results presented in table 4 show that in the case of a uniform ini-
tial grid, the Lagrange and the proposed scheme behave very closely. It is
important to keep in mind that the numerical method we have proposed only
gives a lower bound of the real approximation order. For instance, the ap-
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(c) Loop (d) Spherical

Fig. 13. Coarse “rabbit” model subdivision (3 levels)

proximation order of the 4-point scheme is 4 for w = %, since the scheme
reproduces cubic-polynomials. The estimators computed in our experiments
remained lower than this theoretical bound, most likely because of the (.,
norm in definition 1, and because of the choice of the functions from which
the initial grids are built.

When dealing with non-uniform grids, the differences between the proposed
scheme and the adaptive Lagrange are greater than those observed in the uni-
form case. The adaptive Lagrange scheme slightly outperforms the Spherical
scheme, as shown by figure 5 and table 3. The approximation order in the
non-uniform case has not been computed since it has no real meaning to vary
the “step” of a non-uniform grid, although an experiment close to the one
performed on uniform grids could be imagined.

The estimate of the Holder regularity of the limit function, plotted in figures
7 (uniform case) and 8 (non-uniform case), clearly show that the Lagrange
and Spherical schemes behave closely. The regularity of the limit function is
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close to 2, which is consistent with the fact that the Lagrange scheme leads
to C*~¢ functions, both in the uniform and non-uniform cases (see [6] for more
details). In the uniform case, the proposed scheme slightly outperforms the
Lagrange scheme. Although in this case the limit value of the Holder expo-
nent is very close, figure 7 shows that the proposed scheme provides more
regular functions at low subdivision levels. In the non-uniform case, the adap-
tive Lagrange clearly outperforms the proposed scheme in terms of regularity.
The irregularities in the value of o are most likely due to the fact that the
regularity estimate is not sharp.

The experiments performed using the univariate schemes show that the pro-
posed scheme performs almost identically with the four-point scheme on uni-
form grids, which is confirmed by the visual comparison of figure 11. The adap-
tive Lagrange seems to be slightly better when dealing with non-uniform grids.
However, while the Spherical scheme has been successfully adapted to surface
subdivision with a relatively small overhead, such a transposition would not be
possible directly for the adaptive Lagrange scheme. Another feature of the pro-
posed surface subdivision scheme is that it does not involve a re-computation
of a new mask when dealing with “irregular” vertices. While this property is
desirable on highly irregular meshes,; it looses some interest when the level of
subdivision increases, since the new vertices introduced at each level are all
of valence 6, therefore leading to semi-reqular meshes, i.e. where only isolated
vertices are not of valence 6.

The evolution of the error between the reference model and the approximations
obtained through subdivision showed in figures 9 and 10 is very similar to the
univariate case. The distance between the reference and the approximation
decreases as the subdivision level increases, except for the Loop scheme where
it increases. This is due to the fact that both the Butterfly and Spherical
schemes are interpolating, while the Loop scheme is approximating. The limit
surfaces generated by the Loop scheme are smoother than the one obtained
using the Butterfly or the Spherical schemes, but this is obtained at the cost of
an error between the reference and the approximations larger than the error
achieved using interpolating schemes. It is also interesting to note that the
Spherical scheme’s limit surface is closer to the reference surface than the
Butterfly’s.

The convergence parameters in table 5 show that all three schemes are close
to each other. The Loop and Spherical have a smaller o than the Butterfly
scheme; the Loop scheme seems to converge faster on the torus while the
Spherical converges faster on the sphere, most likely because of the use of
spherical coordinates in the computation of the midpoint. The test performed
on the “rabbit” model shows that the spherical subdivision seems to converge
slower than other methods, probably due to the high-curvature points that are
present in the model. The visual comparison presented in figures 12 and 13
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show that the Butterfly and Spherical scheme behave closely. The proposed
method leads to better results in terms of smoothness on the icosahedron
whereas the results obtained using the “rabbit” model do not give a clear
advantage to either interpolating methods. Not surprisignly, Loop subdivision
produces smoother limit surfaces. The “patches” visible on the surface in figure
13(d) are not linked to discontinuities in the limit surface. This artifacts in
the triangulation may be caused by the independent treatment (except when
computing the normal vector) of each edge.

6 Conclusion

In this paper, we have proposed a non-linear subdivision scheme that is suit-
able for univariate data and discrete triangulated surfaces, possibly with bound-
aries. The scheme is more complex than a linear one, but complexity remains
acceptable for most applications. Several numerical criteria have been pro-
posed to study the most important features of the proposed scheme. Those
estimators tend to prove that the univariate scheme behaves in a very similar
way to the Lagrange four-point scheme. In addition, the univariate scheme
performs decently on non-uniform grids, and can be easily adapted to sub-
divide discrete surfaces. The performance obtained on triangulated surfaces
show results similar to the Butterfly scheme in terms of convergence and ap-
proximation error, but at the same time are closer to the Loop scheme in terms
of regularity of the limit surface, although for this criterion, only a qualitative
analysis has been performed. Several questions remain open concerning the
proposed schemes, namely the analytic proof for convergence, approximation
order and regularity of the limit function or surface.

References

[1] N. Aspert, D. Santa-Cruz, and T. Ebrahimi. MESH: Measuring Errors
between Surfaces using the Hausdorff distance. In Proceedings of the IEEE
International Conference on Multimedia and Expo, volume I, pages 705 — 708,
2002. http://mesh.epfl.ch.

[2] A.S. Cavaretta, W. Dahmen, and C.A. Micchelli. Stationary subdivision,
volume 93 of Memoirs of the AMS. American Mathematical Society, 1991.

[3] G. M. Chaikin. An algorithm for high-speed curve generation. Computer
Graphics and Image Processing, 3:346-349, 1974.

[4] A. Cohen and N. Dyn. Nonstationary subdivision schemes and multiresolution
analysis. SIAM Journal of Mathematical Analysis, 27(6):1745-1769, November
1996.

25



[5] A. Cohen, N. Dyn, and B. Matei. Quasilinear subdivision schemes with
applications to ENO interpolation. Preprint - submitted to Applied and
Computational Harmonic Analysis, 2001.

[6] I. Daubechies, I. Guskov, and W. Sweldens. Regularity of irregular subdivision.
Constructive Approximation, 15:381-426, 1999.

[7] I. Daubechies and J.C. Lagarias. Two-scale difference equations. II. Local
regularity, infinite product of matrices, and fractals. SIAM Journal of
Mathematical Analysis, 23:1031-1079, 1992.

[8] Georges de Rham. Un peu de mathématiques & propos d’une courbe plane.
Revue de Mathématiques Elémentaires, 11, 1947. Oeuvres completes, pp. 678-
689.

[9] Georges de Rham. Sur les courbes limites de polygones obtenus par trisection.
Enseignement Mathématique, V(1), 1959. Oeuvres compleétes, pp. 729-743.

[10] G. Deslauriers and S. Dubuc. Symmetric iterative interpolation. Constructive
Approximation, 5:49-68, 1989.

[11] N. A. Dodgson, M. A. Sabin, L. Barthe, and M. F. Hassan. Towards a ternary
interpolating subdivision scheme for the triangular mesh. Technical Report 539,
University of Cambridge Computer Laboratory, July 2002.

[12] N. Dyn. Subdivision schemes in computer-aided geometric design. In W. Light,
editor, Advances in Numerical Analysis, volume II, pages 36-104. Clarendon
Press, 1992.

[13] N. Dyn, J. A. Gregory, and D. Levin. A 4-point interpolatory subdivision
scheme for curve design. Computer-Aided Geometric Design, 4:257-268, 1987.

[14] N. Dyn, J.A Gregory, and D. Levin. A Butterfly subdivision scheme for surface
interpolation with tension control. ACM Transactions on Graphics, 9(2):160—
169, 1990.

[15] N. Dyn and D. Levin. The subdivision experience. In P.J. Laurent, A. Le
Méhauté, and L.L. Schumaker, editors, Wavelets, Images and Surface Fitting,
pages 229-244. A. K. Peters, Wellesley, MA, 1994.

[16] N. Dyn, D. Levin, and D. Liu. Interpolatory convexity-preserving subdivision
schemes for curves and surfaces. Computer-Aided Design, 24(4):211-216, april
1992.

[17] M. S. Floater and C. A. Michelli. Nonlinear stationary subdivision. In N. K.
Govil, R. N. Mohapatra, Z. Nashed, A. Sharma, and J. Szabados, editors,

Approximation theory : in Memory of A. K. Varma, pages 209-224. Marcel
Dekker, New-York, 1998.

[18] M. Garland and P. S. Heckbert. Surface simplification using quadric error
metrics. In SIGGRAPH 97 Proceedings, pages 209-216, August 1997.
http://www.cs.cmu.edu/ garland/quadrics/.

26



[19] M. Hassan, I. Ivrissimtzis, N. A. Dodgson, and M. Sabin. An interpolating
4-point C? ternary stationary subdivision scheme. Computer Aided Geometric
Design, 19(1):1-18, February 2002.

[20] S. Karbacher, S. Seeger, and G. Hausler. A non-linear subdivision scheme for
triangle meshes. In G. Greiner, H. Niemann, H.-P. Steinel, and B. Girod, editors,
Vision Modeling and Visualization, pages 163-170, 2000.

[21] L. Kobbelt. +/3-Subdivision. In Proceedings of SIGGRAPH, pages 103-112.
ACM SIGGRAPH, 2000.

[22] F. Kuijt. Convezity Preserving Interpolation — Stationary Nonlinear Subdivision
and Splines. PhD thesis, University of Twente, Faculty of Mathematical
Sciences, 1998.

[23] F. Kuijt and R. van Damme. Smooth interpolation by a convexity preserving
non-linear subdivision algorithm. In A. Le Méhauté, C. Rabut, and L.L.
Schumaker, editors, Surface Fitting and Multiresolution Methods, pages 219—
224. Vanderbilt University Press, Nashville, TN, 1997.

[24] F. Kuijt and R. van Damme. Shape preserving interpolatory subdivision
schemes for nonuniform data. Journal of Approximation Theory, 114(1):1-32,
January 2002.

[25] C. Loop. Smooth spline surfaces based on triangles. Master’s thesis, University
of Utah, Department of Mathematics, 1987.

[26] D. Zorin. A method for analysis of C!-continuity of subdivision surfaces. STAM
Journal of Numerical Analysis, 37(5):1677-1708, 2000.

[27] D. Zorin, P. Schroder, and W. Sweldens. Interpolating subdivision for meshes
with arbitrary topology. In Proceedings of SIGGRAPH, pages 189-192. ACM
SIGGRAPH, 1996.

27



