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Abstract

We consider a new combinatorial optimization problem related to linear systems (MIN PFS) that consists, given an in-
feasible system, in finding a partition into a minimum number of feasible subsystems. MIN PFS allows formalization of the
fundamental problem of piecewise linear model estimation, which is an attractive alter native when modeling a wide range
of nonlinear phenomena. Since MIN PFS turns out to be NP-hard to approximate within every factor strictly smaller than
3/2 and we are mainly interested in real-time applications, we propose a greedy strategy based on simple randomized and
thermal variants of the classical Agmon-Motzkin-Schoenberg relaxation method for solving systems of linear inequalities.
Our method provides good approximate solutions in a short amount of time. The potential of our approach and the per-
formance of our algorithm are demonstrated on two challenging problems from image and signal processing. The first one
is that of detecting line segments in digital images and the second one that of modeling time series using piecewise linear
autoregressive models. In both cases the MIN PFS-based approach presents various advantages with respect to classical
alternatives, including wider range of applicability, lower computational requirements and no need of a priori assumptions

regarding the underlying structure of the data.

*Part of this work was performed while E. A. was with the School of Operations Research and Theory Center, Cornell University, Ithaca, NY 14853,
USA.



1 Introduction

Although linear models play an important role when modeling awide range of physical phenomenaor technical problems,
nonlinear models are often required due to the omnipresence of nonlinearities. Fitting linear models to a set of p data points

in n-dimensional space leads to formulationsin terms of linear systems such as
Ax=b Q)

where A isap x n real matrix and b a p-dimensional real vector. The coefficients of each row of A correspond to a
data point and each variable z ;, with 1 < j < n, to one of the linear model parameters to be estimated. These systems
are typicaly overdetermined, i.e., p is much larger than n. When linear models are too simple to account for the actua
complexity of the data, the resulting linear system (1) isinfeasible and classical approximate solutions that minimize aleast
mean square criterion are usually not meaningful. In such situations, piecewise linear models are attractive since they allow
approximation of complex nonlinear phenomenabut are still simple enough due to local linearity. However, piecewise linear
model estimation turns out to be a challenging problem because it involves partitioning the data points into disjoint subsets
aswell asfitting alinear submodel to each one of these subsets. The structure and parameter estimation appears as a chicken
and egg problemin the sense that if one of them is known the other one can be determined relatively easily.

Overdetermined infeasible systems are often tackled with robust regression techniques [35], which assume that most of
the data points can be fitted by a linear model and that the system (1) is infeasible due to spurious or noisy data. But these
methods have a limited range of applicability since they can cope with at most 50% of outliers, that is, alinear submodel
must fit at least half of the data points.

Two-phase approaches in which one first partitions the data using some clustering methods [21] and then estimates the
parameters of each submodel using robust regression techniques [35] have major drawbacks. In particular, the number of
linear submodels needs to be guessed in advance and the clustering problems, which are NP-hard, are difficult to solve.
Even more importantly, the partitions obtained during the clustering phase may lead to meaningless results. Indeed, standard
clustering methods, which minimize (maximize) some dissimilarity (similarity) measure, do not take into account the type of
submodels (linear) used to fit the datalocally. For a survey of mathematical programming approachesto clustering problems
see[16] and the references herein.

In principle, the Hough Transform (HT) and its variants [ 18, 22] constitute a good aternative to the two-phase approach
because they can solve a wide range of linear and nonlinear model identification problems without requiring any a priori
assumption. Local information is used to accumulate evidence for some particular sets of parameter values of the model
under consideration. Being relatively insensitive to noise and partially incorrect data, HT variants have been applied to a

number of image and signal processing problems (see [22] and refereces herein). However, they have high computational



requirements to guarantee a reasonabl e accuracy and they are quite sensitive with respect to threshold settings.

In this paper we present a new combinatorial optimization approach to simultaneously determinethe structure and estimate
the parameters of piecewise linear models. In Section 2 we show that this problem can be formulated as that of Partitioning
linear systems into a MINimum number of Feasible Subsystems. This combinatorial optimization problem, which we refer
to as MIN PFS; is shown in Section 3 to be NP-hard to approximate within every constant factor p < 3/2. In Section 4 we
describe a simple greedy strategy which provides good approximate solutions in a short amount of time. The algorithm is
based on randomized and thermal variants [2, 3, 12] of the classica Agmon-M otzkin-Schoenberg relaxation method [1, 30]
for solving systems of linear inequalities. In Section 5 the performance of the MIN PFS-based method are demonstrated
by reporting some results for two challenging problems from image and signal processing. In particular, we focus here on
the fundamental problem of detecting line segmentsin digital images and that of time series analysis using piecewise linear
autoregressive models. Differences with respect to conventional aternatives such as robust regression, clustering methods

and the Hough transform are mentioned. Finally, Section 6 contains some concluding remarks.

2 Fromthe MIN PFS problem to piecewise linear model estimation

To alow formalization of the fundamental problem of piecewise linear model estimation, we consider the following com-
binatorial optimization problem which, to the best of our knowledge, has not yet been introduced in the discrete mathematics

literature.

MIN PFS: Given apossibly infeasiblelinear system Ax = b with A € RP*"™ and b € R?, find a Partition of

this system into a MINimum number of Feasible Subsystems.

The MIN PFS problem, which is of interest in itself, is very attractive in this context because it provides a natural way
of addressing simultaneously the two fundamental issues. data partition and parameter estimation. Given any solution of
MIN PFS the partition of the equations indicates the data partition and a solution of each feasible subsystem provides a set
of parameter values for the corresponding submodel. Unlike in two-phase approaches, linearity of the submodel is here taken
into account in the partition process.

A unique feature of our MIN PFS formulation is that it aims at minimizing the number of submodels. According to the
well-known Occam razor principle [8], we look for the “simplest” piecewise linear model consistent with the data, which
is most likely to be the correct one. Here complexity is measured in terms of the number of linear submodels. The choice
of the objective function clearly tends to penalize irrelevant linear submodels that account for just afew (possibly spurious)
data points. Note that here the partition is not determined based on the distances between the data points in n-dimensional

space. Points are grouped together only if they can befitted by the same linear submodel or equivalently if the corresponding



equationsin (1) form afeasible subsystem. It has also to be emphasized that no a priori assumptions are made concerning
the type of piecewise linear model. In particular, the corresponding linear submodels are not restricted to define a continuous

or single-valued function.

In practice, to cope with noisy data, a maximum noise tolerance threshold e > 0 is selected and each equation a *x = by,
where a* denotes the kth row of A and by, the kth component of b with 1 < k < p, is replaced with the two complementary

inequalities:
afx <bp+e afx>b,—¢ (2)

that have to be simultaneoudly satisfied. This standard appproach is widely used in the context of feasible linear systems, see
for instance [10]. If equations of the original system are expected to be affected by different noise levels, different thresholds

can of course be used.

Note that this variant of MIN PFS has a simple geometric interpretation in coefficient space. As shown in Figure 1, if
b, = 0foral 1 <k < p it amountsto finding the minimum number of hyperslabs of thickness 2¢ (obtained by moving a
hyperplane {a € R"|ax = 0} defined by x € R™ with ||x|| = 1 apart by ¢ in both opposite directions) such that all the
points a* € R" representing the coefficient vectors are contained in at least one hyperslab. The normal vectors defining
these hyperplanes clearly correspond to the solutions of the feasible subsystems in a minimum partition. In the general case
with arbitrary right-hand sides b, the hyperplanes are not required to go through the origin and the geometric interpretation
isdlightly moreinvolved.

Finaly, it is worth pointing out the connection between MIN PFS and the classical problem of minimum node colouring

in graphs.

MIN GRAPH COLOURING: Givenagraph G = (V, E), colour the nodes with as few colours as possible so

that adjacent nodes have different colours.

Property: MIN PFS with equationsand {0, 1}-variablesadmits MIN GRAPH COLOURING as a particular case.
Given any instance of the latter problem defined by G = (V, E) we construct the following special instance of MIN PFS.
Foreachv; € V of G = (V, E), we consider the equation
i — Z Tj = 1.
j:[vi,v;]€EE
If E # 0, the resulting system is infeasible. Since feasible subsystems are in one to one correspondence with independent

sets, partitionsinto s feasible subsytems are in one to one correspondence with colourings using s different colours.

ThusMIN PFSwithreal variablesis of particular interest from the piecewise linear model point of view, whiletheversion

with binary variables generalizes a well-known problem on graphs.



3 Worst-case complexity of MIN PFS

Suppose, without loss of generality, that there are no pairs of contradictory equations, e.g., equations with the same
coefficient vectors a* and a different b.. If the a* are in general position?, the problem is trivial since any subsystem with
up ton equationsis feasible and al larger subsystems are infeasible. However, the problem turns out to be harder in general.
We say that MIN PFS can be approximated within afactor p > 1 if there exists an algorithm that is guaranteed to deliver for

any instance a partition into feasible subsystems with at most p times more subsystems than in a minimum size partition.
Theorem 1 MIN PFSis NP-hard and cannot be approximated within any constant factor p < 3/2, unlessP = NP.

PrRooOF We show that it is NP-complete to decide whether infeasible systems can be partitioned into two feasible subsystems.

The proof is by reduction from the following classical NP-complete problem, see [13].

PARTITION: Givenafiniteset S = {1,... ,n} andasize s, foreach j € S, doesthereexist asubset S’ C S

Since linear system feasibility can be tested in polynomia time, the decision version of MIN PFS in which one ask
whether any given instance (A4, b) is partitionableinto two feasible systemsis clearly in NP.

Let (S,{s1,...,sn}) beanarbitrary instance of the PARTITION problem. We construct a particular instance (A, b) of
MIN PFS such that the answer to the former one is affirmative (i.e. thereexistsasubset suchthat 3,5/ 55 = >-ics o S5)
if and only if the answer to the latter oneis also affirmative (i.e. it is possible to find a partition into two feasible subsystems).

Theideais to construct an infeasible system containing one variable z ; for each j € .S. The system is composed of the

equation
ZSJ'I'J' =0 (3)
j=1
aswell as of the 2n equations
z;=1 for j=1,...,n, (@]
zj=-1 for j=1,...,n. ©)

Sincefor each j, 1 < j < n, the equations of types (4) and (5) are contradictory, the overall system with 2n + 1 isinfeasible.
Clearly, such a system can always be partitioned in at most three feasible subsystems: one for equation (3), one for the

equations of type (4) and one for those of type (5).

1A set of pointsin R isin general position if no subset of k + 1 points is contained into an affine space of dimension k& — 1.



If the considered instance of PARTITION has a positive answer and (S',S — S’) is any bipartition of S such that
Yies 8i = X jes s 8j, the vector x defined by
1 ifjeds

.Z‘j =
—1 otherwise

satisfies equation (3) and exactly n equations of types (4) and (5). The other n equations of types (4) and (5) are obviously
feasible. The overall system can thus be partitioned into two feasible subsystems, one containing n + 1 equations and the
other one n equations.

Conversely, suppose that the system (3)—(5) can be partitioned into two feasible subsystems and that x ! and x2 are two
corresponding solutions. By construction, each of them satisfies exactly n equations of types (4)—«5) and hence has —1 or 1
components. If x! denotes the solution which satisfies also equation (3), the bipartition of S defined by j € S’ if and only if
z; = 1 satisfiestherelation 3°, o, 55 = e o 5j-

Itiseasy to seethat thisreduction a soimpliesthat it is NP-hard to find near-optimal solutionswithin the above-mentioned
factor. Suppose there exists a polynomial time algorithm that is guaranteed to yield for every instance a partition with anum-
ber of feasible subsystems which exceeds the minimum one by a multiplicative factor p < 3/2. Then for any bipartitionable
instance it would yield a solution of size strictly less than 3/2 - 2 = 3, that is, with 2 feasible subsystems. Hence the

contradiction since such an agorithm would solve an NP-complete problem in polynomial time.

Although this worst-case result providesinsight into the inherent difficulty of MIN PFS, it does not rule out the existence
of efficient heuristics with a good average-case behavior. Now, in a number of applications, including the two discussed in

Section 5, finding reasonably good approximate solutions in a short amount of timeis of great practical value.

Note that MIN PFS is trivia for infeasible systems of inequalities since any such system can be partitioned into two
feasible subsystems. This fact is obvious for homogeneous systems and is easily verified for inhomogeneous ones [36]. But
the above reduction can be extended to the case of systems of complementary inequalities like (2) in which such pairs must
belong to the same feasible subsystem.

Thus estimating piecewise linear modelsturns out to be more difficult than estimating linear models which can be donein

polynomial time using least mean square methods.

4 A greedy algorithm

Sincein various practical applications we are interested in finding approximate solutions of MIN PFS rapidly, we adopt
a simple greedy approach and subdivide the overall partition problem into a sequence of subproblems. Starting with the

infeasible system composed of pairs of complementary Inequalities (2) corresponding to a single linear model that is not



powerful enough to model the data at hand, we iteratively extract close-to-maximum feasible subsystems, i.e., feasible sub-
systems containing a close-to-maximum number of pairs of complementary inequalities. Clearly, iterating the process until
the remaining subsystem is feasible yields a partition into feasible subsystems. As we shall see in Section 4.2, this greedy
strategy iswell motivated from the application point of view and it turns out to be experimentally effective, anong others, in

the applications discussed in Section 5.

4.1 Extraction of close-to-maximum feasible subsystems

At each step of the greedy strategy, the subproblemto deal withisthat of, given the current system Ax = b and atolerance
threshold ¢ > 0, seeking anx € R" that satisfies as many pairs of complementary inequalitiesax < by, + ¢ and a¥x >
b — € as possible. This problem is an extension to the setting with pairs of inequalities of the combinatorial optimization
problem of finding a Maximum Feasible Subsystem of infeasible linear inequality system, which is known in the literature
as MAX FS[6]. Weighted and unweighted versions of MA X FS have a number of interesting applicationsin various fields
such as computational geometry, operations research, radiation therapy and machine learning (see e.g. [2, 11, 23, 24, 33]
and the included references). As shown in [4] MAX FS can be approximated within a factor of 2 but it does not admit a
polynomial-time approximation scheme, unless P = NP.

Given the suboptimality of the greedy strategy, it is neither necessary nor desirable to look at each step for an optimal
solution of the corresponding subproblem, see the discussion in Subsection 4.2. We are interested in algorithms that provide
good solutions in a reasonably short amount of computation time. In this paper we propose to tackle the above extension
of MAX FS using randomized and thermal variants of the classical Agmon-M otzkin-Schoenberg (AMS) relaxation method
for solving systems of linear inequalities[1, 30]. Variants of the AMS procedure have been investigated since the 60’sin the
machine learning literature under the name of percetron-like methods, see e.g. [29]. The randomized and thermal relaxation
method used here is a variant of those studied in [2, 3], which extend the thermal perceptron procedure [12] 2. In spite of
the inherent computational complexity of MAX FS these methods perform very well in practice. Deterministic AMS-like
relaxation methods have also been extensively studied in the mathematical programming literature, often as special cases
of subgradient algorithms, see e.g. [10, 14]. The adavantages of randomization for a similar relaxation method for feasible
systems of convex inequalities have also been investigated in [34].

Given afeasible system Ax < b, the AMS method is a simple iterative procedure that generates a sequence of estimates.
Starting with an arbitrary initial guess x° € R™, at each iteration an inequality is selected according to a prescribed rule
(e.g., cyclical choice, inequality with maximum violation or uniformly at random among the p ones) while al the others are

relaxed. Suppose that at iteration i the kth inequality a*x < by, is considered. Then the current estimate x* is updated as

2The adjective “thermal” refers to the fact that a temperature parameter is used like in simulated annealing.



follows:
xt = xt — §;a" (6)

where 6; = max{0, \;(a*x? — b))} and \; > 0. In other words, the current estimate is updated only if it violates the
inequality at hand.

Geometrically, the current estimate x* can be viewed in parameter space as apointin R™ and the kth inequality definesa
hyperplane H;, = {x € R"|a*x = b, }. If x’ lieson the negative side of H}, (kth inequality is satisfied) then it is unchanged.
Otherwise, x** isobtai ned by making astep along theline defined by the extremity of x  and that of its orthogonal projection
onto Hy,. The steplength clearly depends on the value of A ;, see Figure 2.

For any feasible system, if the increment sequence (J;)n satisfies certain conditions then the AMS method is guaranteed
to yield a solution that satisfies al inequalities in a finite number of iterations but in the worst-case exponential number of
iterations, see e.g. [14, 37]. Although more sophisticated stopping criteria have been proposed [37], in practice one usually
stops after a predefined maximum number of cycles C' through the p inequalities. For infeasible systems, the procedure never
terminates (violated inequalities always trigger updates) and in a worst-case scenario it can even lead in a single iteration
from an estimate that satisfies a maximum number of inequalitiesto aworst possible one.

Based on [2, 12], we propose to look for maximum feasible subsystems of Ax < b using a Thermal variant of the
above Randomized AM S Rel axation method, referred to as TRR method. To make the procedure well behaved for infeasible
systems, the basic idea is to favor updates of the current estimate x ¢ which aim at correcting unsatisfied inequalities with
arelatively small violation v# = a*x? — by if a¥x? > b, and 0 otherwise. Indeed, the large modifications that would be
required to correct unsatisfied inequalitieswith largev * arelikely to corrupt other inequalitiesthat x ¢ satisfies. Asin[12], itis
appropriateto pay decreasing attention to unsatisfied inequalitieswith large violations, namely, to perform at the beginning all
updates prescribed by the standard AM S procedure and then only those which aim at correcting unsatisfied inequalities with

progressively smaller and smaller v¥. This can be achieved by |etting the magnitude of the updates § ; decrease exponentially

with v¥ and by introducing a control parameter 7' with which the v ¥ are compared. More specifically, 6; = % - exp (— "j’f )
where T; is the temperature value at the ith iteration and the sequence (T';)n is reduced (asymptotically or over a finite
number of iterations) from an initial value Ty to 0. The approximate solution provided by the algorithm is the best estimate
x! generated during the process, i.e., the one that satisfies the largest number of inequalities.

As pointed out in [3], TRR versions are fully specified by: the selection rule which indicates the way the inequalities
are selected (e.g. uniformly at random with or without replacement), the increment rule specifying how the § ; are computed
(e.g. 6; = 1 or linearly/exponentially reduced over a prescribed number of iterations) and the decision rule characterized

by the probability «; with which the update (6) is performed at the ith iteration. While in the basic version generalizing

the thermal perceptron w; = 1 for al unsatisfied inequalities, in the doubly randomized thermal variants [3] an update is



performed with a given probability 7; that depends on the degree of violation of the inequality at hand. For instance, we
may take m; = % - exp (—%) or m; = exp (—":’,,J) and, respectively, §; = 1 or §; = T;/Ty. Instead of updating x? by
small rapidly decreasing amounts with probability 7; = 1 for all unsatisfied inequalities, the ideais to use a constant or more
slowly decreasing increment d;, but to perform the updates with rapidly decreasing probability.

Although the thermal perceptron procedure is contrasted in [12] with gradient-type methods, there is a closely related
interpretation of the TRR method [3]. For any fixed value of the temperature T', consider the function y 7 : R — R that takes
thevalue 1l — exp(—v/T') for nonegativev € R and is zero on the negative half-line. x r approximatesthe indicator function
of the positive half-line. The function

Jr(x) = Z xr (a¥x — by) (7
{k:akx>bg,1<k<p}
is thus a piecewise smooth approximation to the objective function J, that counts the number of misclassified inequalities,
and Jr converges pointwiseto J, whent — 0. Note that
VJr(x) == {k:akx}k;q@} % exp(—(afx — by,)/T)a (8)
is a subgradient of Jr, and that the expected update of the TRR variant that selects each inequality with equal probability
m = 1/p a eachiteration is equal to the dampened subgradient step
T2
E[Ax] = T Vs Jr(x) )
with the damping factor % The TRR method may thus be interpreted as a randomized subgradient homotopy method.
For large values of T', Jr is a coarse approximation of the actual objective function .J, we would like to minimize. When T'
approaches 0, the approximation quality progressively increases and strong damping is needed in order to avoid instabilities.
This suggests that the value of Ty as well asthe way the T is reduced may affect the quality of the final solutionsasit is, for
instance, the case in simulated annealing.

In [3] we establish amost sure finite convergence guarantees to an optimal solution of MAX FS for several variants of
the TRR procedures. For instance, for the doubly randomized TRR method with 7 ; = T; /Ty exp(—|v*|/T;) and (6i)N =1,
we prove that when applied to any given strictly feasible linear inequality system then for a large enough constant ¢ > 0
(which depends on x° and on the system coefficients) and a temperature schedule that asymptotically decreases no faster
than T; = ¢/ In 1, fori > 2, then there exists someindex iy € N such that with probability 1 the best solution found up to
iteration io is optimal.

From a practical point of view, it is worth emphasizing, asiit is done in [10] for feasibile linear systems, that our AMS

variants are inherently parallel and hence well-suited to handle even extremely large (infeasible) systems.



The TRR method is easily adapted to the case with pairs of complementary Inequalities (2). Starting with an arbitrary
initial x° € R™, at each iteration a pair of inequalities is selected according to a prescribed rule (e.g., uniformly at random

without replacement). If the current estimate x ¢ does not satify both them, the violation is defined as follows:

afx? — by —e if afx? > by +e

= b —e —afx? if afx? <b, —¢ (20
0 otherwise.

The proposed algorithm is described below. T is the temperature parameter which is linearly (or exponentially) decreased

from an initial value T} to 0 in the predefined maximum number of cycles C. For instance, at the beginning of the ¢ t* cycle

T = +Tp withy = 1 — Z. Seethe Appendix for more details on this annealing schedule, including an appropriate choice of
To.

Algorithm 1
Initialization: Pick any x° € R", set cycle counter ¢ = 1, select maximum number of cycles
C andinitia T,
while ¢ < C' do
Initidlize set of indicesI = {1,...,p}
repeat —cycle through al pairs of inequalities—
Pick index k; equiprobably and without replacement from I
Compute violation v f for the k;th pair of inequalities

ks

SetT:(l—%)-TOand(Si:T%exp(?’f)

if akix? > by, +cthen x! = x? — §; ak
ese if akbix? < by, —ethen xit! =xi 4 §; ak
gsexit! = x!
SetI =1-—{k;}
until I =0
UpdateTp andsetc =c+ 1
end

return x?¢

Ideally one would like to return as an approximate solution the best estimate generated during the C' cycles. However, it is
very time consuming to check for each new estimate x *** whether it satisfies alarger number of pairs of inequalities (2) than

the best one generated so far. Thereforethis explicit test is only performed when the number of consecutive randomly picked

10



pairs of inequalities that have been satisfied by the current estimate is larger than the number of those correctly satisfied by
the best solution encountered so far before it was updated.

Note that, unlike in regression methods, inequalities with a large violation with respect to the current temperature 7" yield
small modifications of the current estimate and those that are satisfied do not yield any modification. For very high values of
T', any violated inequality yields a significant update, while for low values, only those with small violations with respect to

T yield significant updates.

4.2 Propertiesof the greedy strategy

In principle, implicit enumeration methods, like the general technique for maximizing functions of linear relations pre-
sented in [15], could be adapted to find optima solutions in a finite but in the worst-case exponential amount of time.
However, given the suboptimality of the greedy strategy, it is neither necessary nor desirableto look at each step for alargest
feasible subsystem. The following simple example shows that even if maximum feasible subsystems are available at each
step, the greedy strategy is not guaranteed to yield minimum partitions. The cardinality of the resulting partitions may even
depend on the order in which the maximum feasible subsystems are extracted since some equations may be assighed to

different feasible subsystems.

Example 1 Consider the system:

r1+zy = 0 (11)
xy—z2 = 0 (12
o = 1 (13)
Ty = 2 (14)

whose largest feasible subsystems include two equations. Clearly, there are five corresponding solutions: (0,0) satisfies
equations (11-12), (1,1) equations (12-13), (2,2) equations (12) and (14), (—1,1) equations (11) and (13) and (-2, 2)
equations (11) and (14). If one starts with the maximum feasible subsystem composed of egquations (11-12), then two
additional subsystems are needed in the partition because the two remaining equations are infeasibble. Now a minimum
partition includes only two feasible subsystems, for instance equations (12) and (14) on one side and equations (11) and (13)

on the other side.

In practice this kind of ambiguity, which isinherent to the data (some data points may be consistent with several submodels),
can be resolved through an appropriate postprocessing stage based on additiona application specific information. In this

work, each data point is assigned to the submodel which gives rise to the minimum equation violation.

11



The idea of breaking down the original problem into that of determining a sequence of close-to-maximum feasible sub-
systems is particularly attractive in applications such as image and signal processing where the ultimate goal is to achieve
one-line processing at the lowest possible implementation costs.

From an application point of view it really makes sense to ook first for the dominant submodels, i.e., those which account
for the largest fraction of the data points. This corresponds to the sequential paradigm mentioned in [16] for clustering
problems. Clearly the size of the feasible subsystems corresponding to actual submodels is typically much larger than the
number of variables n. In the presence of noisy or spurious data, once the actual structure has been extracted the points
that are left are usually in general position and they can be partitioned into feasible subsystems of size at most n. Such
feasible subsystems can be clearly discarded since they do not contain any significant modeling information. Thus, the exact
minimum partition is not required and a greedy heuristic which looks first for the largest feasible subsystems is appropriate.

An important feature of our approach is that it provides an estimate of the number of linear submodels needed to fit the
data. Once thisinformation is available other formulations and techniques can be used to further improve the quality of fit.
For instance, to achieve higher robustness for noisy data, aleast mean square solution can be determined for each subsystem
of the partition provided by our algorithm. As an aternative one may also try to minimize the sum of squares of the 2-norm
distances between each data point and the nearest hyperplane among those associated to the given number of submodels, see

the heuristic in [9] for minimizing a concave function formulation on a polyhedral set.

5 Two applicationsin image and signal processing

To demonstrate the wide applicability of our MIN PFS-based approach and the performance of our greedy algorithm, we
describe how they can be adapted to tackle two challenging problems from image and signal processing. The first oneis
the fundamental problem of detecting line segments in digital images and the second one that of modeling time series using
piecewise linear autoregressive models. Here we focus on the distinctive features of our method and report some typical

results, more details can be found in the application-oriented papers [26, 27, 28, 41].
5.1 Linedetection in digital images

Suppose we are givenam x [ digital image with agrey level for each pixel and suitable procedures are used to extract the
contour points. A central problem in image processing that has been extensively studied in the literature is that of detecting
line segmentsin contour point images, where pixelstake value 1 or 0 depending on whether they correspond to contour points
(see for instance [43] and references herein).

The problem of classifying a set of contour points {(a¥,a%)}1<k<, of an image into line segments can be naturally

formulated in terms of MIN PFS. Since the coordinates of all contour points (a ¥, a%) lying on a same straight line satisfy a

12



linear equation
a’farl + (lél‘z +x3 = 0, (15)

wherez;, 1 < j < 3, arethe line parameters and only two of them are actually independent, it suffices to construct a linear
system Ax = 1 with arow for each contour point and two variables corresponding to the two parameters needed to define a
linein 2-D. More specifically, a1 and asy, correspond to the first and, respectively, the second coordinates of the kth contour
point. Note that deleting the third parameter 3 and including the right hand side 1 amounts to exclude only the lines that
exactly go through the origin. In the presence of several line segments and noise in the image or from the contour point
extraction process, the resulting linear system is infeasible. Conversely, any feasible subsystem corresponds to a subset of
contour points that lie on the same straight line, and any partition into s feasible subsystems amounts to a partition of all
contour pointsinto s line segments. The solution of each subsystem providesthe parameters of the corresponding line. Given
the objectivefunction of MIN PFS, welook for the smallest set of line segments that account for al contour points. To cope
with noise and quantization errors, it suffices to replace each eguation by the two complementary Inequalities (2). An appro-
priate value of the parameter ¢ > 0 can be determined by applying the experimental procedure described in Subsection 5.2.1.

The resulting value clearly depends on the image resolution and the desired line detection accuracy.

Although this simple application of the MIN PFS-based approachto line detection is quite elegant and powerful, the TRR
procedure tends to converge slowly for special lineswith closetoinfinite lope —xz ;1 /x» or lying within asmall distance from
the origin. Significant speedup can, however, be obtained by applying the same type of procedure to an extended variable
space. In[27], for instance, athree dimensional space over thevariablesz j, 1 < j < 3, of theequationsa?tx; +akzs+x3 = 0
is considered. To avoid convergenceto the all zeroestrivial solution of the homogenous system Ax = 0, the current solution
x! is projected, at each relaxation iteration, on a 3-D surface (e.g., a cylinder or a sphere) that does not contain the trivial
solution (the origin) but that contains at |east one of the infinite solutionsz ;, 1 < j < 3, corresponding to the same solution
in the 2-D parameter space. More details on this convergenceissue and application can be foundin [26, 27, 28]. Notice that
regardless of whether it is applied to the natural or extended sol ution space the greedy MIN PFS-based approach is the same

except for the above-mentioned projectionsin the TRR procedure.

5.1.1 Differenceswith respect tothe Hough Transform approach

Before presenting some typical results, we point out the main differencesbetween our approach and the variants of the Hough
Transform (HT) that are extensively used in the literature [20, 43].

In the classical HT, each contour point (feature in general) is mapped onto a line (hyperplane) in the parameter space
corresponding to al combinations of the parameter values consistent with it, i.e., al straight line segments passing through

that contour point. Attention is restricted to a limited region of the parameter space which is subdivided into 2-D cells
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(hypercells). The goal isthento identify acell (hypercell) in this accumulation array that is hit by the largest number of lines
(hyperplanes), i.e., sets of parameter values that account for the largest number of contour points. Such peaks are detected
by using exhaustive (see Figure 3) or reduced search strategies. The parameter estimation accuracy clearly depends on the
guantization, namely, the size of the cells (hypercells). In principle, the HT enables estimation of piecewise linear models
without any a priori assumption. However, the fine resolution needed to guarantee a reasonable accuracy usually requires
very large amounts of memory and computation time.

A number of variants, including the hierarchical, probabilistic, robust and randomized HT [31], have been developed to
try to overcome these major drawbacks. But unfortunately these refined search strategies (see [18, 22]) which consider-
ably reduce in some cases the computational requirements are not appropriate when several models (line segments) have
to be simultaneously identified (e.g., the submodels of a piecewise linear model) or when there is a relatively high level of
noise. [20, 43]. Inthe Randomized HT [42] (RHT), for instance, one may have to sample a much larger number of subsets of
contour pointsin order to achieve the ad-hoc threshold indicating the presence of a probable peak. In coarseto fine strategies
such asthe adaptive HT [17], the initial stages where a coarse quantization is considered may fail to detect some of the peaks
corresponding to the submodels to be identified. Indeed, relatively small peaks may be hidden in a noisy background. In
general, selecting small threshold values may yield erroneous solutions, while larger values may substantially increase the
computational load and, therefore, jeopardize the reduced time complexity and lower memory requirements. Thus, when
severa line segments have to be detected, there is a very delicate trade-off between time/memory requirements and solution
quality.

It is interesting to note that our TRR procedures can be viewed as an agorithm to search for peaks in a continuous
accumulation space. Although continuous kernels can be used in HT variants [32], they just alow to refine the accuracy of
the parameter estimation after the standard accumulation and search stages.

Our MIN PFS-based method and the HT variants differ considerably in terms of computational complexity. The former
has negligible memory requirements (it just stores contour points and their assignment to subsystems) and its computational
complexity is entirely characterized by arithmetic processing. On the contrary, HT variants are based on simpler processing
steps (counting operations) but they have very heavy memory requirements, since they require storing the accumulation array
that needs to be scanned (hypercell by hypercell) for each data point. For isotropic quantizations, the number of hypercellsis
given by r™, wherer isthe number of interval s along each parameter space dimension and n isthe number of parameters[25].

In the 2-D line detection case, if the image and accumulation array resolutions are increased accordingly, both memory
reguirements and time complexity increase with the square of the resolution increase factor. In contrast, the time complexity
of the MIN PFS-based method only depends on the number of contour points and the number of feasible subsystems to

be extracted. Notice that the number of contour points on a line increases linearly with the image resolution. Since line
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segments are detected in an sequential way, starting from the dominant one, our algorithm can be clearly stopped as soon
as the relevant features are detected. In applications such as object tracking, this can lead to an additional substantial time
complexity reduction while the HT variants need to compute the entire Hough transform before providing the desired results.

It is worth emphasizing that the MIN PFS-based approach can also be generalized to detect higher order curves or sur-
faces, e.g., circles and dllipses. In such cases the advantages versus the HT become dramatic. For circles and ellipses, for
instance, HT complexity increases with the power of s, where s isthe number of free parameters defining acircle (s = 3) or
anéellipse (s = 5).

To conclude, our MIN PFS-based approach is particularly suited for efficient implementation on simple floating point
Digital Signal Processors (DSPs). Moreover, given the general trend in the progress of hardware performance (much faster
increase in processing capabilities than in memory access speed or memory capacity), its considerable computational advan-

tages with respect to HT variants should become even more substantial in the future.

5.1.2 Sometypical results

We report here some comparative results obtained with our MIN PFS method and with the standard as well as randomized
HT (RHT) [20] for synthetic and natural images at different levels of noise. See[26, 27, 28] for more details. Figure 4 shows
the results for images without noise and with 2% of the overall image pixels or equivalently 118% of all contour points as
randomly distributed noise. The same images have been processed by HT and RHT with 256 x 256 accumulator arrays that
are thus equivalent to the image resolution. Table 1 summarizes the results of a profiling analysis of the core HT, RHT and
MIN PFS algorithms on a SUN UltraSparc WS. All results are normalized to 3.57 seconds. The lower part of the Table
indicates the (subjective) result quality.

As confirmed by all our experiments [26, 27, 28], the MIN PFS approach providesthe higher quality results for all noise
conditions. Moreover, its computation time requirements are much lower with respect to HT for low levels of noise and
comparable for higher noise levels, while yielding much higher quality results. Notice that HT and RHT fail to provide
any result for, respectively, high and medium level of noise. It has to be pointed out that the above comparison would turn
out to be much more favorable for larger image sizes. For instance, considering the same image but at a double resolution
(512 x 512 pixelsinstead of 256 x 256) HT memory requirements and processing time would increase by afactor of 4, while
the time and space complexity of our algorithm would remain the same.

Another example that demonstrates the very good performance and robustness versus noise of our approach is reported
in Fig. 5. The image contains 500 points generated by adding a Gaussian noise of o = 10 pixels to two original segments.
For various noise levels, it always recovers the two original segments within 3.65 seconds of processing time. As shown in

Fig. 5, RHT never providesacorrect result and 65% of the segments determined by the HT (in 6.25 seconds) are not correctly
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grouped or do not have the correct parameters values.

Noise% (*) | O 1 2 5 10

(**) 0 59 | 118 | 295 | 590

HT 1 116|129 | 177 | 479

RHT 0.08 | 0.13 | 0.14 | 0.46 | 3.30

MIN-PFS | 0.06 | 0.49 | 0.93 | 219 | 11.2

HT ++ ++ | ++ - -

RHT ++ ++ + - /

MIN-PFS | ++ ++ | ++ + +

Table 1: Comparison of normalized CPU times (in seconds) and quality of results obtained with HT, RHT and MIN PFS-
based algorithms for the image of Figure 4 at different levels of noise. (*) The noise % refers to the overall image points
(256 x 256). (**) The noise % refers to the total contour points. [++] all the information is correctly detected, [+] &l the

information can be extracted by a simple postprocessing, [—] information is missing, [/] no results can be obtained.

A third typical exampleisreportedin Figure 6. Theimages under consideration contain 10 randomly distributed segments
with additional speckle noise corresponding to 50% of the line points. The MIN PFS-based approach aways provides the
correct results. Since in average each subsystem corresponding to aline segment only contains 3 — 5% of the total number of
contour points, no method based on robust regression techniques can yield any useful result. The breakdown point of robust

regression techniquesis far above such values.
5.2 Piecewiselinear modeling of time series

Nonlinear signal models have been the object of an increasing interest over the past few years. A humber of applications
can be found in different fields such as, for instance, economic system modeling and biomedical signal analysis. The idea
of breaking a global linear model into a number of submodels, gave rise to the so-called threshold autoregressive (TAR)
models [38, 39], in which the choice of the model at time ¢ is based on the comparison of the signal value at timet¢ — 1 with
pre-defined thresholds. This scheme allows one to model and reproduce phenomena such as jumps and limit cycles, but its
inherent limitation derives from the selection of the thresholds, for which no general method exists. The principle, called
piecewiselinear modeling [40], consists of partitioning the state space into a certain number of regionsand estimating alinear
autoregressive submodel for each one of them. A piecewise linear autoregressive model can be described as follows [40]:

ye =y aj (V) yr—j +ug (16)

=1
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where the coefficients ;(Y;), 1 < j < n, at timet depend on the position of the vector Y; = (y¢—1,... ,y:—n) With respect
to a given partition of the state space R"™, and {u; } isani.i.d. sequence. Note that here the y’s are the observations and the
coefficients z ;s as well as the partition of the state space have to be estimated.

Although piecewise autoregressive models are more attractive than TAR ones, the number of submodels must be selected
a priori and an appropriate state-space partition needs to be determined. In [40] a two-stage strategy is suggested. First one
determines a state-space decomposition using a Kohonen feature map [19] and then one estimates the parameters of each
submodel using robust regression techniques. The idea behind such a unsupervised clustering phase is to avoid guessing the
number of submodels in advance. However, besides the delicate convergence issue, it is unclear how a state-space partition
can be actually derived from a given feature map. Even more importantly, the clustering process does not take into account
the type of submodelsto be used.

According to our general approach, we consider the problem of estimating such piecewise linear models in terms of
MIN PFS. Clearly, any sequence of observations {y1, ... ,yr} which cannot be modeled (approximated) by a simple

autoregressive model, leads to an overdetermined infeasible system Ax = b where

Yn Yn—1 e Y1 Yn+1
Yn+1 Y Y2 Yn+2
a=| 70 Cole=] (17)
| Yo-1 Yr—2 - YrL-n | L YL |

and n isthe prediction order.
Given any partition into feasible subsystems, each feasible subsystem defines a group of vectors in state space and the
corresponding solution indicates the parameter values of the corresponding submodel. To deal with noise we introduce pairs

of complementary inequalities such as those of Equation (2).

521 Sometypical results

A number of experiments have been carried out with various time series which have been extensively used as benchmark in
the literature, see [41]. We describe here two typical examplesthat illustrates some interesting features of our approach.

In the first example atime series admitting a true piecewise linear state-space representation is considered and results are
compared with those from a classical Vector Quantization approach [40]. In these experiments 1000 samples {y + }1<¢<1000
have been generated from a TAR model described by Equation (16), with n = 2 and {u;} ani.i.d. Gaussian noise with
variance o2 = 0.01. To have atrue piecewise linear model, the coefficients z; (Y;) and - (Y;) are defined as follows. Given
the three vectors C; = (—10), C> = (00) and C3 = (0 1), the coefficient vector (z,(Y:) z2(Y;)) istaken as (—0.9 0.81),

(0.1 2.5) or (0.8 0.1) depending on whether Y; = (y;—1 y:—2) is closest, respectively, to Cy, C> or Cs3. Thus, as shown in
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Figure 7 (b), the state space is partitioned into three regions delimited by two vertical lines crossing the horizontal axis at
—0.5and 0.5

Accordingto [40], aclassical learning vector quantization (LV Q) [19] has been applied to the state vector set {Y; }3<¢<1000
in order to obtain three centers representative of its spatial distribution. It has to be emphasized that we here assume that the
correct number of submodels (centers) is known a priori whilethisis generally not the case. LV Q isastochastic procedure, so
100 Monte Carlo runswhich constantly produced three centers with approximate coordinates (—0.98 0.10), (—0.94 —1.17),
(—=0.11 — 0.88) have been performed. The corresponding partition of the state vectors Y;'s, obtained by grouping those
which are closest in Euclidian norm to each of these centers, is displayed in Figure 7 a). This partition differs considerably
from the one of the generating TAR model, see Figure 7 b). Since the resulting groups include state vectors corresponding
to differents original submodels, estimation of the submodel coefficients based on the given groupsis bound to give poor or
even meaningless results.

Asfor instance in [10], when complementary inequalities such as (2) are considered to account for noisy data, an appro-
priate maximum noise tolerable error ¢ > 0 needsto be selected. Intuitively, the value of ¢ should correspond to a trade-off
between model accuracy and model complexity. For too large avalue, very large subsystems of equations are considered as
feasible. In other words, the overall model is simpler since it contains very few linear submodels but the submodels do not
fit well the corresponding data points. Conversely, too small a value of ¢ leads to a very large number of subsystems, i.e.,
too many submodels which do not capture the actual underlying structure. For data coming from an actual piecewise linear
model and an amplitude limited additive noise (e.g. quantization noise) a value of ¢ dightly higher than the maximum noise
amplitude should be appropriate. Although it may seem that a priori information on the underlying model structure and noise
characteristics is needed, it suffices to run the method for a wide enough range of values of €. Given the low computational
requirements of our MIN PFS-based method, the curves expressing the number of subsystems (submodels) and the average
quadratic error as a function of £ can be sketched even for very large data sets. Typically, when e increases starting from
avery small value, the number of feasible subsystems (linear submodels) first sharply decreases and then remains almost
constant on awide range of values. An appropriate value of £ should clearly be one close to the knee of this curve.

To find a good partition for the time series arising from the above TAR model, the algorithm is run for £ ranging from
0.1 to 5. Results are shown in Figure 8. For values of € below 0.7 the average quadratic error is small but the large number
of subsystems (submodels) clearly indicates overfitting of the data. For values of £ between 0.7 and 1.8, the number of
selected subsystems remains constant and equal to the actual number of submodels (3), while the average quadratic error
grows moderately with €. For values of £ beyond 4.5, only one linear submodel is detected for the whole dataset, and the
average quadratic error becomes approximately constant. This corresponds to the least mean square fit of a single linear

model. Since e = 0.7 coincide with alocal minimum of the average quadratic error and a knee of the number of subsystems
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curve, the best trade-off between model accuracy and model complexity is achieved in the neighborhood of this value.

Figures 9 and 10 illustrate this e value selection process in more details. On the left we report the results of the greedy
strategy and on the right a reassignment of the data points based on the minimum average quadratic error criterion. Compar-
ison between these pairs of plots provides useful insight. In case the value of ¢ istoo large, asin Figure 9 (a) and (b), the
two plots differ substantially. The greedy algorithm assigns to the first subsystem all data points which fall within the too
loose error tolerance bound specified by . By reassigning a posteriori each data point to the extracted subsystem with the
minimum average quadratic error, very different results are obtained. But for close-to-optimal values of ¢, asin Figure 9 (c)
and (d), the two results are very similar. For smaller values of £ one starts to observe an overfitting of the data (see Figure 10
(a) and (b)), clearly detected by an assignment based on minimum average quadratic error which looses the spatial coherence
of the state-space partition. As shown in Figure 10 (c) and (d), when ¢ is further decreased the results are dominated by the
underlying noise.

In the second example of nonlinear signal modeling we consider the time series generated from the classical Henon map

[7] defined by:
e =1— amf_l + bxyp_s. (18)

For parametersvaluesa = 1.4 and b = 0.3, the dynamics of this system is chaotic and the pointswith coordinates [z ;o x;_1]
evolve on a fractal strange attractor, see Figure 12 (a). While in the previous example the underlying dynamics was truly
piecewise linear, the goal here is to approximate the nonlinear dynamics described by Equation (18) by a suitable number of

linear submodels. Inthissense, themodeling error in predicting = ; with z; 5, ;1 comesfromthelocal linear approximation
of Equation (18) and not from the dynamical noise as for the TAR system.

We report the results obtai ned for an experiment on this map with asequence of 2000 consecutive samples, with amodeling
order of the autoregression n = 2 and a bias term included. The first task consisted in selecting an appropriate value of the
maximum tolerable error €. Therefore we applied the above procedure and performed a series of trials for £ ranging from
0.02 t0 0.3. Figures 11 @) and b) report the curves of the number of subsystems and average quadratic error versus the value
of parameter . The situation is a less clear-cut than in the TAR model example, which is not surprising in the light of the
remark above. Since the system under study is not piecewise linear in essence, there is no threshold value of € above which
the number of subsystemsis adequate, and increases sharply below it. Nevertheless, the two curvesin Figure 11 indicate that
the average quadratic error tends to grow considerably above e = 0.2 and that the number of subsystems grows exceedingly
for ¢ smaller than 0.1. As a consequence we selected the partition obtained withe = 0.1.

The resulting partition consists of 6 feasible subsystems. The regions corresponding to the three largest subsystems are
shown in Figures 12 (b), (c), and (d). Interestingly, the regions corresponding to each linear submodel are well defined in

the state-space and span specific parts of the attractor, which make them valuable for modeling purposes. Depending on the
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region to which the point [z:_» ;1] belongs, the corresponding set of autoregressive coefficients provides an estimate of z ;
within the predefined value of . The fact that the regions associated to different subsystems appear as stripes parallel to the

horizontal axis, indicatesthat nonlinearity is present with respect to -, only, whichis of course confirmed by Equation (18).

6 Concluding remarks

We have proposed a general combinatorial optimization approach to fit piecewise linear models to data. The problem
of piecewise linear model estimation is formulated as that of partitioning infeasible linear systems into a minimum number
of feasible subsystems. Given the worst-case complexity of this MIN PFS problem and the type of applications we are
interested in, we have presented a simple greedy algorithm which provides good approximate solutions in a short amount of
computation time. The distinctive feature of our approach is that it enables simultaneous determination of the data partition
and estimation of the parameter values of each linear submodel without requiring any a priori assumption on the number of
submodels. By varying a single error tolerance parameter, one can guarantee different levels of accuracy.

The potential and performance of our MIN PFS-based method has been demonstrated on two challenging problems from
image and signal processing. The experimental results reported here and in [26, 27, 28, 41] indicate that it overcomes the
serious limitations of classical alternatives and compares favorably in terms of complexity and performance.

The new approach can be applied to avariety of other problemsfor which piecewise linear modelsare valuable. In[5, 25]
it has, for instance, been adapted to the problem of detecting and parameterizing 2-D motion of multiple moving objects
from a sequence of images based on pre-computed optical flow fields. In[41] it has also been used to identify nonstationary
transfer functions.

Since higher degree polynomials can be viewed as linear functionswith respect to their coefficients, the approach can also

be extended to the estimation of piecewise polynomial models with submodels of bounded degree.
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Appendix

As discussed in [12, 2] for the thermal perceptron procedure, the choice of the initial temperature 7'y and the annealing
schedule can significantly affect the quality of the solutions. Ideally, T, should be of the same order of magnitude as the

typical values of the violations v*. Clearly, the average <| v |>= > 7_, | v* | /p provides a reasonable estimate of
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the typical value of the v* for a given x. Since the x*'s and therefore the v*’s can vary considerably during the relaxation
procedure, T, must be updated accordingly. To try to keep Ty closeto <| v |> and to attenuate oscillations, one starts with
To = a <| v |>, where the average is evaluated for the initial guessx°, and at the beginning of each random cycle one sets
To = BTy + (1 — B) <| v |>, where the average is for the current x?. Updating T at the beginning of each random cycle
correspondsto rescaling 7" with respect to the current <| v |> without affecting the decrease of 7" given by . In practice, x °
is randomly generated, typical values of a: and /3 are respectively 2 and 3/2, and if «y islinearly decreased from T’y to O over
the C cyclestheny = 1 — &. See[2, 25] for more details.
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Figure 1. Geometric interpretation in coefficient space of the MIN PFS problem with pairs of complementary inequalities where

br =0forl <k <pand||x|| = 1. For arbitrary b;, the hyperslabs do not necessarily contain the origin.

Figure 2. Geometric interpretation in parameter space of the AM S relaxation method for inequalitieswith \; = 1 and ||a*|| = 1,

1<k <p.
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Figure 3. 2-D representation of the HT and MIN PFS-based strategies in parameter space. a) In the standard HT applied to line
detection, each data point defines a line in parameter space. Cells are then scanned to find a peak of the counter values, i.e., a cell
consistent with a maximum number of lines. b) In our method, for each data point the slab defined by the pair of corresponding
complementary inequalities (2) is considered. Starting from an arbitrary x°, the current estimate is updated according to the thermal

AMS procedure (similar to Figure 2) so asto look for an x contained in the largest number of slabs (see grey region).
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T

Figure 4. Top left: original grey scaletest image. Top right: binary image resulting from basic edge detection. Bottom Ieft: results

of MIN PFS-based line detection algorithm. Bottom right: results obtained with 295% of the contour points as random noise (i.e.,

5% of the total number of image points)
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Figure 5. Top left: Points obtained from two line segments by adding a Gaussian noise of o = 10 pixels. Top right: MIN PFS-
based solution obtained in the presence of 250% of additional randomly distributed noise (w.r.t. original image points). Bottom left

to right: results obtained with the HT and RHT.

Figure 6. Left: Synthetic image composed of 10 randomly distributed lines. Right: MIN PFS-based solution when 50% are the

original image points and 50% are noise (randomly distributed points).
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Figure 7. (a) State-vector partition otained using LV Q. The pointslabeled by (.), (+) and (o) correspond to the three groupsinduced
by the three LV Q centers. (b) Actual partition induced by the TAR model under consideration.

14

8
I

] gosp
o
5
<
3
(o4
o

1 Sosf
]
2
<

i 04

0.2

* 0 I I I I I I I I
I [¢] 05 1 15 2 25 3 3.5 4 45 5
4.5 5 Maximum Tolerable Error
@ (b)

Figure 8. TAR model: (a) Number of feasible subsystems and (b) average quadratic error versus the maximum tolerable error

(threshold) e.
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Figure 9. State-space vector partition provided by MIN PFS method. In (8) and (b) e = 0.5, in (c) and (d) e = 0.7. On the
left, the partition is obtained by iteratively extracting the feasible subsystems of close-to-maximum size and by assigning at each
iteration the selected state vectors to the corresponding linear submodel. On the right, the final partition is obtained by reassigning
at the end of the MIN PFS greedy algorithm each state vector to the submodel providing the smallest quadratic error among all

extracted subsystem solutions. As shown in (c) and (d) the two plots are very similar for an appropriate value of ¢.
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Figure 10. Figure 9 with lower values of the maximum tolerable error (¢ = 0.5 in (a) and (b), e = 0.1 in (c) and (d)). Figures

(a) and (b): the differences between left and right plots shows the presence of an initial overfitting of the data. For too small values

of the maximum tolerable error (Figures (c) and (d)) e = 0.1) the number of subsystems required in the partition increases and the

partition looses its spatial coherence. This situation clearly corresponds to an overfitting of the data.

31



60 0.9
0.8
50 q
0.7
L 40 ] 06l
g 5
g 5
7 Bosf
E=} @
3301 4 3
3 :
g ?0.4 r
3
£ 2
20 q 0.31-
0.21-
101 R
0.1r-
0 I I | | I | I | I 0 o
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Maximum error Maximum error

@ (b)

Figure 11. Henon map: (a) Number of feasible subsystems and (b) average quadratic error versus the maximum tolerable error .
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Figure 12. State-space representation of the Henon time series. Each point at time ¢ is mapped into the point (z:—2, z+—1).

N = 2000 samples (a) and points corresponding to first (b), second (c), and third (d) largest feasible subsystems.

33



