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ABSTRACT

This article presentsa new classof constrainedand specialized
Auto-Regressive(AR) processes.They arederivedfrom latticefil-
terswheresomereflectioncoefficientsareforcedto zeroatapriori
locations.Optimizing thefilter topologyallows to build paramet-
ric spectralmodelsthat have a greaternumberof polesthan the
numberof parametersneededto describetheir location. These
NUT (Non-UniformTopology)modelsareassessedby evaluating
the reductionof modelingerror with respectto conventionalAR
models.

1. INTR ODUCTION

Lattice filters are a well-known signal analysisandcoding tool.
Their parameters,the reflectioncoefficients,have a goodrobust-
nessto noiseandquantizationeffects[1]. Thesefiltersalsopresent
a formal analogywith theprocessof wave propagationinto loss-
lessdiscreteacoustictube models(possiblyusedas vocal tract
models)[2]. But they don’t incorporateany othera priori knowl-
edgeabouttheprocessthey represent.For instance,it is classically
implied that the individual portionsforming a discretizedtubeall
have a unit length,whereasit maybemoreaccurateto representa
priori knowledgeaboutunequallyspacedtubeinterfaces.

By generalizingthe lattice formalismto thecaseof tubepor-
tions with any length, this article definesa classof processes,
calledNon-Uniform Topology(NUT) lattice processes,that rep-
resenta constrainedcaseof Auto-Regressive (AR) filtering. Sec-
tion 2 is dedicatedto thedescriptionof theirformalismandgeneral
properties.Section3 dealswith theestimationof their parameters
for signal analysis. Section4 exposesexperimentalresultsthat
assessthespectralmodelingaccuracy of this new model.

2. NON-UNIFORM TOPOLOGY LATTICES

2.1. Basicprinciple

The transferfunction
��������� 	
���
���� � 	� �������� � ��� � associated

with an ���! order Auto-Regressive (AR) signal model can be
built recursively byapplicationof thefollowingmatrixrecursion[2] :"$#&%(' 	 �����) %(' 	 �����+* � "-, . %(' 	. %(' 	 ��/ 	 ��/ 	0* "$#&% �����) % �����-*" #21 �����) 1 �����+* � " ,3 � / 	4* (1)

where:
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5 #&% ����� is thetransferfunctionof an 6-�! orderforwardpre-
dictor, modelingthecurrentsampleasa linearcombination
of 6 3 ,

pastsamples;5 ) % ����� is the transferfunction of an 6-�7 orderbackward
predictor, modelingthe 6 �! pastsampleasa linearcombi-
nationof 6 3 ,

futuresamples;5 . %8' 	 is thereflectioncoefficient allowing to grow thepre-
dictorsfrom order

� 6 � to order
� 6:9 , � .

Supposethat from step 6 of this recursion,a known number�!; %(' 	 3 , � of thereflectioncoefficientsfollowing
. %(' 	 arefixed

to zero1. Theequivalentlatticeflow chartlookslike:

. . .

+

+ <�=?><�=?>A@ BDCFEHGFIKJML
times

<
CFEHG

NPO G NPO G NPO GQ ER @ STLQ OR @ STL Q OR O�U�V!W�X @ SZY?JML
Q ER @ SZY?J�L

andthecorrespondingportionof thematrix recursionbecomes:[+\ ]]_^�`ba4cedfdfd [-\ ]]_^�`ga4ch iFj kl!m�n(o aqp \sr times

[-\ t n(o at n(o a ^�`bau^�`ba0c (2)

whichcanbecompactedinto a singlematrix:[-\ t n(o at n(o a ^ `TvPwqxzy ^ `zv{wqxzy�c (3)

This matrix describesaninversefiltering cell of theform:
+

+

|M}F~H������� �T�
� ~� � �T� ���� �����7��� � �Z�?�M�

� ~� � �Z�?�M�� ��� �!���
Hence,if therecursionstepsarere-numberedfrom 1 to thenum-
ber of non-zeroreflectioncoefficients (i.e. if the stepswith null
reflectioncoefficientsareignoredin theindexing), thewholema-
trix recursioncanberewritten as:���&�(���s������ �(����������� � �-� � �(���� �(��� �� z¡{¢q£z¤¥�� z¡{¢q£z¤ � �¦�2�§���A�� �§���A�-�� �&¨{������ ¨ ������� � �-�© �  z¡{ª � (4)

wherethedelays
�  T¡ ¢q£«¤

canbeof any ordergreaterthanor equal
to 1 for eachstepof therecursion.

1In anacoustictubemodel,thiswouldcorrespondto connecting¬ �(�K�
elementarytubeportionsthathaveanequalcross-section[3].



Method Err or criterion Estimator for
.P­ ' 	

Forward ®A¯ ��° 9 , �±��²�³�!´�µ·¶ ' 	«¸ '� ��° 9 , � ¯ .P­ ' 	 � / �º¹» ��¼ ¶P½z¾q¿ ½» 
 ­ � ¿ �» ��À ¶ 
 ­ �� ¹» �«¼ ¶ ½z¾ � ¿ ½» 
 ­ � �DÁ
Backward ®A¯ ��° 9 , �q�Â²�³�!´�µ·¶ ' 	 ¸ /� ��° 9 , � ¯ .P­ ' 	 � / �º¹» ��¼ ¶P½z¾q¿ ½» 
 ­ � ¿ �» ��À ¶ 
 ­ �� ¹» �«¼ ¶ ½«¾AÃ ¿ �» ��À ¶ 
 ­ ��Ä Á

Burg ®A¯ ��° 9 , �q� 	¯ÆÅ ²Â³�7´bµ�¶ ' 	 ¸ '� ��° 9 , � ¯q9 ²Â³�7´bµ�¶ ' 	 ¸ /� ��° 9 , � ¯AÇ .P­ ' 	 � / ¯ � ¹» ��¼ ¶ ½z¾ ¿ ½» 
 ­ � ¿ �» ��À ¶ 
 ­ �� ¹» ��¼ ¶ ½z¾ � ¿ ½» 
 ­ � � Á ' � ¹» �«¼ ¶ ½«¾ Ã ¿ �» ��À ¶ 
 ­ � Ä Á
Itakura-Saito

. ­ ' 	 � / �º¹» ��¼ ¶ ½z¾ ¿ ½» 
 ­ � ¿ �» ��À ¶ 
 ­ �È � ¹» ��¼ ¶É½z¾ � ¿ ½» 
 ­ � �DÁ � ¹» �«¼ ¶P½«¾AÃ ¿ �» ��À ¶ 
 ­ ��Ä Á
Table 1. Variousestimatorsfor thereflectioncoefficientsof inverseNUT latticefilters, where Ê ­ denotesthesumof all thedelaysfrom
order

,
to order

°
.

2.2. ConstrainedLinear Prediction

Generallyspeaking,all therelationsthatdescribethemathematics
of standardlattice filters arestill valid in the framework of NUT
lattices: they will only undergoformalmodificationsdueto thein-
clusionof zero-valuesat particularplaces.For instance,thetrans-
fer function

#eË �����
of theforward-errorfilter remainsa polynom

in
� / 	

. Similarly, thebackwardpredictor
) % ���A�

canbededuced
from theforwardpredictor

#2% �����
, usingtheexpression:) % �����?� 3 � / �2Ì������Í � #2% � ,�Î ���

(5)

Theforwardpredictor’s growth canthusstill beformalizedas:# %8' 	 ���A�q� # % ����� 3 . %8' 	 ) % � ,�Î ��� (6)

Nevertheless,the inclusionof the a priori null valuesintroduces
interestingstructuralconstraintsto theLinearPredictionmodeling
method.

Someof theseconstraintsappearwhencomputingthepredic-
tion coefficients Ï 
 % �Ð from thereflectioncoefficients

. Ð . This can
bedonethroughtheclassicalLevinsonprocedure[1], but includ-
ing theapriori null

. Ð valuesat therelevantiterations.Thisproce-
dureis describedby:Ñ 
 1 � � Ò 1

(7). %(' 	 � 3ÔÓ Ò %(' 	 9 %Õ Ð ´ 	 Ï 
 % �Ð Ò %8' 	 / Ð!Ö Î Ñ 
 % � (8)Ï 
 %(' 	 �%(' 	 � . %(' 	 (9)Ï 
 %(' 	 �Ð � Ï 
 % �Ð 9 . %(' 	 Ï 
 % �%(' 	 / Ð«×ÙØ � ,PÚsÛfÛfÛ�Ú 6 (10)Ñ 
 %(' 	 � � Ü , 3 . ¯%(' 	FÝ Ñ 
 % � (11)

where
Ò %

arethevaluesof theautocorrelationfunction. Forcing. %(' 	 �ßÞ
at step

� 6:9 , � hasthefollowing effects:5 from equations(9) and(10), it simply meansthat the pre-
dictorhasnotchangedbetweenstep

� 6 � andstep
� 6ß9 , � ;5 from equation(11), it meansthat theenergy of thepredic-

tion errorstaysthesame;5 from equation(8), setting
. %(' 	 �ßÞ

induces:Ò %(' 	 � %Õ Ð ´ 	 Ï 
 % �Ð Ò %(' 	 / Ð (12)

The last effect deserves particularattention,becauseit rep-
resentsa way of constrainingthe autocorrelationfunction: the
value for

Ò %(' 	 is turnedinto a linear combinationof the pre-
viously consideredautocorrelationcoefficients. This can be put
in parallelwith the fact that correlationbetweenthe forward and
backwardpredictionerrorsis createdonly for someparticularlags,
i.e. thosewherethereflectionscoefficientsarenotconstantlynull.
Consequently, the correspondingpower spectraldensitycontains
some“genuine”energy peakstogetherwith peaksresultingfrom
harmoniccombinations.Spectralmodelingwith a NUT lattice is
thereforemorespecializedthanmodelingwith an unconstrained
Auto-Regressiveproductionmodels,sinceit accountspreciselyfor
frequency combinationsthat comply with the underlyinggenera-
tive model.

Fromequation(4),onecanalsoremarkthattheglobalorderof# Ë �����
is equalto thesumof thevariousdelays

; %&àf% ´ 1 à á á áDà Ë / 	 .
In theclassicalcase,where

; % � ,8â 6 , theglobalorderis equal
to the numberof reflectioncoefficients. Conversely, in the NUT
lattice case,the global order can be greaterthan the numberof
unconstrainedreflectioncoefficients.

As a matterof fact, the reflectioncoefficientsrepresentsome
intrinsic degreesof freedom(DoFs)for theequivalent linearpre-
dictor. Constrainingsomeof themto be zero-valuedamountsto
reducingtheintrinsicnumberof DoFswithoutchangingtheglobal
order. Hence,thecorrespondingspectralmodelcontainsanumber
of polesgreaterthanthenumberof parametersneededto describe
their location. Alternately, a signalsamplecanbepredictedfrom
anincreasedportionof its pastif thenumberof DoFsis keptfixed
while theglobalorderis grown.

In thefollowing, thevariouslatticeconfigurationswill beiden-
tified by stringsstartingwith thenumberof delayblocksexpressed
over thenumberof spannedunit delays,andfollowedby theenu-
merationof their lengths.An examplewouldbe: [5/22:3x3,8,5.],
which reads: “a NUT latticewith 5 cellsspanning22 unit-delays,
andwhichhasthreeã{äæå orderdelays,one ç �! orderdelayandoneè �7 orderdelay”2. Thecorrespondingflow chartwould look like:

+

+

+

+

+

+

+

+
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2This would beequivalentto a losslessacoustictubemodelmadeof 5
unequal-lengthsectionsdistributedover 22 unit sections.See[4] for more
detailsabouttheequivalencebetweennon-uniformtubesandlatticefilters.
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(a) Spectrum for a frame of vowel /a/
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Fig. 1. (a) Spectrumof a frameof vowel /a/ @ 24kHz. Superimposedover theFFT: ýPã äæå orderLPC [24/24:24x1.] (continuousline);
optimalNUT latticew/ 8DoFs[8/24:1,1,1,5,4,4,5,3.] (bold line) ; þ �! orderLPC [8/8:8x1.] (dashed);“random” NUT latticew/ 8DoFs
[8/24:8x3.] (dash-dot).- (b) Correspondingpolesfor [8/8] ( ÿ ), optimal[8/24] (o) and[24/24] (+).

3. MODELING METHOD

3.1. First optimization level: constrainedestimators

Thenon-null
. Ð coefficientsof theNUT latticescanbeestimated

by accountingfor the non-uniformdelaysinto the classical[5]
lattice-basedestimators.Theresultis given in table1. Themodi-
fiedforward,backwardandBurg estimatorscanbederivedanalyt-
ically by differentiatingtheerrorcriterion ® ¯ andequatingthere-
sult to zero.ThemodifiedItakuraestimatoris thegeometricmean
of the reflectioncoefficients found by the forward andbackward
methods. Following the remarksmadein section2.2, it can be
observed that imposingnon-uniformdelaysmodifiesthe lag and
the summationboundariesconsideredinto the partial correlation
measuresthatdefinethe

. Ð coefficients.
Thestability of theconstrainedfilters is preservedsinceforc-

ing somereflectioncoefficients to zero respectsthe generalsta-
bility conditionfor a lattice filter [5], namely � . Ð ��� , â Ø (every. Ð shouldhave a valuebetween

3 ,
and

,
). Furthermore,it can

be easily verified that the modified Burg and Itakura estimators
alwaysgeneratevaluesthatlie between-1 and1.

3.2. Secondoptimization level: optimal filter topology

Variousrepartitionsof delaysleadto differentinversefiltering per-
formancesin termsof ahigheror lower residualerror ® ¯ for asig-
nal frame. It is thereforeinterestingto find the bestperforming
topologygiven a numberof degreesof freedomto be distributed
over a given globalorder, i.e. to find thebestmatchin thesetof
NUT productionprocessesthatrespectthetwo specifications.

To searchfor the bestconfiguration,all the filters in the set
aregeneratedandsystematicallyusedto inverse-filtera testframe.
The onebringing the leastresidualerror is regardedas the best
topology. Figure2 shows that this searchplaysa significantrole
in theaccuracy of themodel. Randomconfigurations(darkbars)
performsignificantlyworsethanoptimalones(light bars).

Furtherconstraints,suchas a minimum delayorder, can be
imposedto the productionprocessto make the numberof tested
filters more tractable(at the price of a reducedmodelingaccu-
racy [3]). For instance,in thecaseof an[8/32] constraint,2’629’575
filters have to be tested. Imposingthe minimum delay to be no
shorterthan2 unitsreducesthis numberto 245’157filters.
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Fig. 2. Comparisonof Log ResidualErrorsfor variousNUT lattice
models(for a frameof vowel /a/ @ 24kHz). Theoriginal valueof®A¯ is indicatedabove thebars.

4. EXPERIMENT AL RESULTS

Theresultspresentedin this paperhave beencomputedfrom sig-
nal framesextractedfrom a testsentencein French,spoken by a
malespeaker, recordedin a very quiet environmentandsampled
at 32kHz. Whenneeded,the frameshave beendown-sampledto
24kHzor 8kHz usingthepolyphasemethod.Throughouttheex-
periments,the modified Burg estimatorand correspondingerror
criterionhave beenused.

Dependencyto thesignal- Table2 givestheoptimalfilter config-
urationsfound for framesof variousvowels with a [13/24] con-
straint. The configurationsare naturally frame-dependent.As
a follow-up, it would be interestingto checkthe stability of the
topologyoptimizationschemeacrossvowel classes.

Spectral shapes- Spectralshapesare computedfrom NUT lat-
ticesby evaluatingthe correspondingconstrainedAll-Pole trans-
fer functionover theunit circle. Thespectralshapeobtainedfor a
frameof /a/ is shown in figure1(a).Again,it is clearthatthetopol-
ogyoptimizationstagehelpsminimizing thespectraldistortionin-
ducedby the reductionof the numberof DoFs. In the optimal
case,this distortion staysacceptablefor low frequencies,in the
sensethat thefirst formantsarereasonablywell captured.This is
confirmedby inspectionof thepolelocationsgivenin figure1(b),
andhasbeenobservedfor all thestudiedvowels.

Filter accuracy versusnumberof DoFs - Figure3 comparesthe
residual error in regular lattices and NUT lattices of type
[DoFs/24] asafunctionof thenumberof DoFs.It showsthatopti-



Vowel Optimal12DoFsNUT lattice
/a/ 13/24:3x1,4,2x1,3,2,2x1,4,1,3.
/&/ 13/24:4x1,2,1,2x2,1,2x4,3,1.
/i/ 13/24:10x1,2,11,1.
/o/ 13/24:6x1,6,3,1,5,3x1.
/y/ 13/24:3x1,2,1,3,1,2,4,1,2x3,1.

� Á�� ���� Á � � � (dB) Opt./a/ Opt./&/ Opt./i/ Opt./o/ Opt./y/

/a/ -53.51 -52.79 -52.82 -52.79 -52.66
/&/ -62.57 -64.94 -63.88 -62.53 -63.01
/i/ -53.23 -53.84 -54.79 -53.35 -52.77
/o/ -62.01 -63.27 -63.12 -63.50 -63.06
/y/ -55.22 -55.94 -57.37 -55.98 -57.81

Table 2. Top table: Optimal NUT lattice configurationsfound
for frames of different vowels @ 24kHz, constraint [13/24].
(Phonemelabelsaregivenin Worldbetnotation.)- Bottomtable:
relative residualerrorwhenapplyingtheoptimalconfigurationsto
every vowel.
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Fig. 3. Comparisonof theresidualerror ® ¯ � � �
for NUT lattices

(o) andclassicallattices(+) in functionof thenumberof degrees
of freedom� � ,qÛsÛ�Û ýPã (for a frameof vowel /a/@ 24kHz).

malNUT filters producea lower residualerrorthanunconstrained
filters with andequalnumberof DoFs.Theobservederror reduc-
tionstypically rangefrom a few percentto about45%in thecase
of vowel /&/. Figure4 shows thedecreaseof theresidualerrorfor
the reverseexperiment,namelykeepinga fixed numberof DoFs
(or parameters)andaugmentingtheglobalorderof thelattice.The
“flat” portionsof thecurve representzoneswhereonly thelastde-
lay’s orderis increased,which doesnot changethe forwarderror
filter’s transferfunction(asseenin section2.2).

5. POTENTIAL APPLICATIONS

Speech coding- The experimentalresultssuggestthat with NUT
lattices,partof thesignalcodingtaskis transferedfrom thecoeffi-
cientvaluesto thefilter structure.A codingschemeexploiting this
modelwould replace

°
conventionalreflectioncoefficients(or log

arearatios[1]) with �	� ° coefficientsdistributedovera
° �! global

order, plus a codeword to index the optimal filter topology. The
qualitycompromisefoundby adjustingthesespecifications(in ad-
dition to a classicalcoefficient quantizationsystem)mayallow to
reacha bettercodingquality at a lower bit ratethanunspecialized
AR models.

A relatedresearchtrack would consistin learningthe NUT
filters configurationson speechsegmentsthatspanmorethanone
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Fig. 4. Residualerrordecreaseversusincreasein globalorder(for
a frameof vowel /a/ @ 8kHz), whengoing from [13/13] (usual, ýÉ�! orderLPC) to [13/30] (greaterglobalorder).

frame,andfinding the onesthat producethe leastmeanresidual
error. This would allow to build NUT latticesthat are special-
ized to the modelingof classesof signalsinsteadof being spe-
cializedto oneparticularframe[3], andwould representa sortof
“macro quantization”of filter structures.Hence,indexing of the
non-uniformconfigurationswould usea lower numberof bits.

Adequationwith articulatory modeling- As pointedout in thein-
troduction,theNUT latticeideaoriginally arosefrom thestudyof
theanalogybetweenlatticefiltering andacousticfiltering in loss-
lesstubes[2, 4]. While the purposeof the presentarticle wasto
describeandexplore NUT latticesfrom a puresignalprocessing
pointof view, furtherexperimentsareneededto determinewhether
the secondoptimization layer is able to captureactualacoustic
phenomena(e.g., nodesof stationarysoundwaves, or speaker-
specificrelative formantpositions).

Speech enhancement- Finally, usingNUT filters trainedon clean
speechdatafor the parameterizationof noisy speechmay allow
to increasethe robustnessof featureextractionschemes,because
thefilters would hopefullyhave retainedsomestructurerelatedto
speechproduction.

6. CONCLUSION

We have presenteda constrainedparametricspectralmodelable
to model more poleswith fewer parameters.Resultsshow that
with thesamenumberof degreesof freedom,this modelis more
accuratethana classicalunconstrainedAll-Pole model. Potential
applicationsarenumerous.

7. REFERENCES

[1] R. ViswanathanandJ. Makhoul, “Quantizationpropertiesof
transmissionparametersin linear predictive systems,” IEEE
trans.onAcoustics,Speech andSignalProcessing, vol. ASSP-
23,pp.309–321,June1975.

[2] H. Wakita, “Direct estimationof thevocal-tractshapeby in-
versefiltering of acousticspeechwaveforms,” IEEE Trans-
actionson AudioandElectroacoustics, pp.417–427,October
1973.
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