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1 Introduction

d/e^fhgji�kml;neLo,eIp/qretsvujwxo
yRuzwxi�{�phe^u|y=k}l~eLs��"i�gjwx��wx{he��;pmetsvujwx{myRujw~i�{��5������ny�f}yRgzuzw~g/phe
phi�{h{T�eLeLs�phe
�Li�o�fhu|y.��ets�eLsvu$phe
fhgjeLo,w;netgje�w~o�fci�gzu|y.{h�Le$fci��@g��h{���g|y.{hp�{hi�o�khgje
p/q�y=fmfmlxw~��yRujwxi�{hs�wxo�fmlxwx�E�}yR{Eu�l�yXo,iEpT�etlxwxsjyRuzwxi�{�p/qr�h{*sv�Gs�u�neLo,e,phe�uzg|y.{hsvf�i�gzu��!�I{
et�"etu��E�LeLs�u|yRkmlxets�yRfhfhg��eL�heL{hpheL{Eu�svu|yRujw~svujwx�E�meto,eL{EuIl�y�pheLo
y.{hphe��N���hw��Li�{hphw~ujwxi�{h{he
lxe���i�{h�tujwxi�{h{heLo,eL{9u�phe�l;q�eL{hszeLo kmlxe�ph�¡sv�Gs�u�neLo,e��

¢ e�f"y=f}w~etg£ny¤f�i��hg�k}�@u�pme,�¥yRw~gje��h{he�sv��{Euj�/neLsze,pheLs)�LyRg|y.�tu��etgjwxsvuzwx���heLs
phe��te
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g��eLsv�ml§u|yRujs�gG�eL�LeL{9ujs lxw��eLs,nyXsjy¤g��eLszi�lx�@ujwxi�{�etu)fhgji�fci�sE�eLs
f}yRg'l;q�yR�huzeL�@g��

2 Affectation

dIqreLsvuzwxo
yRujwxi�{¨pme�u|y=k}l~eLsK���©eLsvuKlxe�fhgji�kml;neLo,e'wx{EªNetgzsze�ph�£fmgzi�k}l;neLo,e�p/q�y=��eL���
u|y=ujwxi�{£pme�uzg|yR«m���m¬Ki��msK�Li�o,o,eL{I­�Li�{hsTphi�{h��f}yRgK��i�gjo
yRlxwxszetg��teLlx�hw§�5�tw;�
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fhgjiE�Â�heLs¨i�{Eu �etu��eXfhgji�fci�sE�eLets,p}yR{ms¦l�y l~w~uzu��etgjyRuj�@gje���k}y.sE�eLets�sz�@g
pheLs��E�Efci�uj�/neLszets
svfT�eL�tw~«m���heLs�lxw��eLeLs$yR� �|�mi�w � pUq�w~ujwx{��etgjy.w~gje�etu,ny,l;q�wxo�f}y.�tu�pme�l�y��Li�{h��eLs�ujwxi�{�sv�hg�l�y
pheLo
y.{hphe��N¬Ki��msIg��eL�t�e�gji�{hs�lxeKlxeL�tuzeL�@g$ny�¯��he�� � ã����	� �ÆetuT³!y=uzgjw�
�szszi�{X� ã����
� �!f�i��hg
�h{he�pheLsv�tgjw~fhujwxi�{¤pT�etu|y.wxl~lt�eLe�ph�Xfhgji�kml;neLo,e�®$¯G°$�

¯�i�w~u
G = (V, E)

�h{²��g|y=f}�he�i�gjwxeL{9uG�e�gje�fmg��eLszeL{9u|y.{Eu��m{²g��etsze�y.�²phe�uzgjy.{hsvfci�gzu��
V
eLs�u¦lAqreL{hszeLo kmlxe�pheLs�szi�o,o,etujst�Æetu

E
etsvu�l;qreL{hszeto�kmlxe�pheLs

n
yRgj�LsL��¯�i�w~u

Ω ⊆

V×V
l;qreL{hszeto�kmlxe�pheLs

m
f"yRw~gjeLsIi�gjwx��w~{meÂ�5pheLsvujw~{}y=ujwxi�{
pmy.{hsIlxe�g��eLsve�y.�/�9¯�w

q ∈ R
m

gje�fmg��eLszeL{9uje�lxeLs/±mi�ujsÆ��� fci��@gU�|�my.���he�f}y.w§gje��$��pmy.{hs
Ω
��lxe�ªNet�tujeL�@g

v = A(q) ∈

R
n
gjetfhg��eLsveL{Euje�lxeLs�±mi�ujs'sv�hg'�|�my.���he
y=gj��phe

E
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dUy
��i�{m��ujwxi�{£pUqryR��et�tu|yRujw~i�{
A(q)

fcet�hu��e�uzgje$pT�eL�Li�o�fci�sE�ete�pme$l�y
o
yR{mw;netgje�sz�hw§�
ª.y.{Euze��=³Æi��@gÆuji��@u

i ∈ Ω
�=szi�w~u

Pi

l;q�eL{hszeLo k}l~e�pmets
pi

�|�heLo,wx{hscgjeLl~w�y.{EuUl�y�f}y.w~gze��$�
i
�"¬'i��hs��¥y.wxszi�{hs'wx�LwÆlAqr�E�Efci�uj�/neLsze����he
lxe�g��eLszeLy.� etsvu��Li�{h{he � e�etu����he Pi 6= ∅, ∀i

�
®�w~{msvw;�

p =
∑

i∈Ω pi

gjetfhg��eLszet{Euje�lxe){hi�o�khgje
uzi�u|y.l!phe �|�meto,wx{hs�p}yR{ms�l~e
gG�eLsze�yR�U�
¯�i�w~uKl�y)o
yRuvgjwx�Le

L ∈ R
n×p

pT�et«m{mw~e��ti�o,o,e�sz�hw~u��

Lk` =

{

1
szwUl;q�y=gj�

k
yRfhf}yRgzujwxet{EuKy.�¡�|�heLo,wx{

`

0
szwx{hi�{

.

� ã �

�;lhsLqry.��w~uIphe�l�y�o
yRuvgjwx�LeTp/qrw~{m�twxpheL{h�LeKyRgj���;�Â�heLo,w~{U�.���hwhpT�e�fceL{hp��h{hwx���heLo,eL{9uIphe�l�y
uji�f�i�lxi���wxe�ph�¦g��eLsze�y.�/�E¯�i�w~u
�eL�NyRlxeLo,eL{9uIl�y�o
yRuzgjw~�Le�phe'�|�hi�w � phe�gji��@uje

C ∈ R
p×m

�
i/n�

C`i

eLsvu�lxyTfhgji�f�i�gzujwxi�{�pme�pT�etfml�y.�LeLo,et{EujsUphe�l�yTf}y.w~gje����
i
�@ujw~lxwxsjy.{9u/lxe^�Â�heLo,w~{

`
��³Æi��@g��E�he

C
szi�w~u��ti��T�e�gjeL{Euze¨yLªNeL��lxeLs$o,i�p/neLl~eLs�phe �Â�hi�w � pme)gji��@uje
�AªNi�w§g�f"y=g

e � eLo�fmlxe���eL{G�;®�
Gw~ª.y�etu���wxetgzl�y.w~gje.� ã������ etu���eL{G�;®�
Gw~ª.y�etu���wxe�gjl�y.w~gze����
�����N���R{hi��ms
sz�@fhfci�szi�{hsK���he

∑

`∈Pi

C`i = 1 ∀i ∈ Ω,
�����

etu
C`i = 0

szw
` 6∈ Pi.
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¯�w

I(k)
eLsvu�l;qr�h{hwx���heTf}y.w~gje���� gzeLlxw��eLeKf}yRg�lxe'�|�meto,wx{

k
��w~l}eLs�u��Ll�yRw~g��E�he

Ckj = 0szw
j 6= I(k)
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A ∈ R
n×m

A = LC,
� � �

etu
�eL�tgzw~gje�lxe�o,iEpUneLlxe�p/q�yR�"eL�tu|y=ujwxi�{�2

A(q) = Aq = LCq.
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¬'i�uji�{hsc�E�me^pmy.{hs/lxeLscg��eLszeLy.� � �ti�{m��etsvujwxi�{h{T�eLsL�Llxy�o
yRuzgjwx�te
C
��etu/f"y=gÚ�ti�{msE�eL���heL{9u

l�y
o
y=uzgjwx�Le
A
�@p��etfcet{mpheL{9u�pheLsK�Li�{hphw~ujwxi�{hsTphe$uzg|yR«m�����¡yRlx�heL�@gjeL�hszeLo,eL{9u��Glxe��¥y.w~u

phe�ujet{mw§g��Li�o�fhuje�pme��Letuzuje�pT�e�fceL{hpmy.{h�Le
pmy.{hs�lxe�o,i�pUneLlxe��Li�o�fmlxwx�E�me���i�gzujeto,eL{Eu
�Letlx�hw§�5�LwA�GetuKwxlc{/qreLs�u'f}y.sTg|yRgze�phe$« � etg

C
phe�o
yR{mw;netgje�e � i��hneL{he��}¬'i�ujetg'y.�hszsvwU�E�he

lxe�{hi�o�khgje�phe��|�heLo,wx{hs
p
eLsvu�svi��hªNet{Eu�uvg�neLs���g|yR{mp/�m� neLs�lxi�gzsL�hlxeLs�o
y=uzgjwx�Lets

L
etu

C
{me szi�{9u$f"yRs�pmw§gjeL�tujeto,eL{Eu$o
y.{hw~fm�hl�yRkmlxetsL�hdÚy¨ujy.wxlxlxe�phe�lxy�o
yRuzgjwx�te

A
�����my.{9u

ny eLlxlxe.�@{me�pT�etfceL{hpXf}y.sKphe
p
�

d/e'fhgji�kml;neLo,eTp/q�y=��eL�tujyRujwxi�{¦ph��{my.o,wx���heTph��uzg|y=«}���;®��$°'�!�!�eL{T�etg|y.lxw~sze'l~eKfhgji.�
kml;neLo,e svujyRujwx�E�me.�ceL{�wx{Eu��eL��g|y.{9u��h{he¨phwxo,et{msvwxi�{²ujeLo�fci�gjetlxlxe��/¬Ki��ms��Li�{hszwxp��etgzi�{ms
phi�{h���h{��hi�gjw��Li�{ ujeLo�fci�gzeLl

[0, T ]
phwxsv�tg��etujw~s��e�eL{

H
w~{Eujetgvª�y.l~lxeLs�phe�ujeto�f}st�Æd/eLs

o
yRuvgjwx�LeLs p/qrw~{m�twxpheL{h�Le���pheX�|�hi�w � phe¤gji��@uje¤etu¨p/qryR��eL��u|yRujwxi�{�szi�{Eu¨�!�eL{T�etg|y.l~wxsE�eLeLs
�Li�o,o,eÚsz�hw~u���¯�i�w~eL{EuUpheL� � wx{Euje�gzª�yRlxlxeLs�pheIujeLo�fms

h0

etu
h
uzeLlxs/���he

h
eLsvuUfci�svu��etgjwxeL�@g

ny
h0

�
h ≥ h0

���9dÚy�o
yRuvgjwx�Le
L

h0

h ∈ R
n×p

eLsvu�uzeLlxlxe����heKszi�{��eLl��eLo,eL{Eu
(k, `)

ª�y.�@u ã
szwUl;qryRgj�

k
eLsvu�yRuzujetwx{Eu�yRuzujetwx{EuKph�@g|y.{Eu'l;q�wx{Euje�gzª�yRlxlxe

h
eL{²sz�hw~ª.y.{9u�lxe��|�meto,wx{

`
�me�u

eL{�p��eLo
yRgvg|y.{Eu'ph�@g|y.{Eu�l;qrwx{9ujetgzª.y.lxl~e
h0

�"e�u���pmy.{hs�lxe
��yRs��Li�{Euvg|y.w~gje.�"dUy¨o
yRuzgzwx�Le
Ch0 ∈ R

p×m
eLsvu�l�y�o
y=uzgjwx�Le�phe��|�hi�w � phe�gji��@uje���fci��@g�lxeLs^ªNi=�9y.��et�hgzs�pT�eLo
yRgzg|yR{Eu

pmy.{hsIl;qrw~{Eujetgvª�y.l~lxe
h0

�N�^l~lxe�eLsvu^pT�et«m{mw~eKe � y.�tuzeLo,eL{EuI�ti�o,o,e�pmy.{hs^l~eT��y.s^svu|yRujw~���he��
�I{@«}{/�@l�y)o
yRuvgjwx�Le$p/q�yR�"eL�tu|y=ujwxi�{

A
h0

h ∈ R
n×m

eLs�u�pT�et«m{hwxe�f"y=g

A
h0

h = L
h0

h Ch0.
���N�

d/e�o,iEpUneLlxe�p/q�yR�"eL�tu|y=ujwxi�{£ph��{my.o,wx���he�ph�XuzgjyR«m��sLqÄ�eL�tgjw§u�phi�{h�

vh =
∑

h0≤h

A
h0

h qh0
=

∑

h0≤h

L
h0

h Ch0qh0
.

�����

3 Estimation de tables OD

d/e�fhgji�kml5neLo,e�p/qreLsvuzwxo
yRujwxi�{�phe'u|y=k}l~eLsT�$� svu|yRuzwx���heLs'�5��°'�$��¯@�IªGwxsze)ny�wxpheL{G�
ujw§«}e�g��h{he
u|yRkmlxe �$� ���hwÆgjet±Unetuze y.��o,wxeL� � �h{ eL{hszeLo kmlxe�phe)�Li�o�fhu|y.��etsL��¬Ki��ms
{hi�ujetgzi�{ms

Ê
l;q�eL{hszeLo kmlxeIpmets

r
yRgj�LsUfci��@gÆl~eLsz���heLl~sÆpheLsÆphi�{h{T�eLeLsÚpme��Li�o�fhu|y.��eIszi�{9u

phwxsvf�i�{mw§k}l~eLsL�m�Iujy.{Eu�phi�{h{T�e
�h{²ªNeL�tujeL�@g$phe
±mi�ujs�i�kmszetgvª��eLs
v̂ ∈ R

r
�"l~e�fhgji�kml5neLo,e

�^°��$��¯¨ªGwxsze¨ny�w~pmet{Eujw~«metg��m{he�u|y=k}l~e$���
q
ujeLlxl~e����he

vbE
(q)

szi�w~u�lxe�fmlx�hs�fhgji��|�he
fci�svszw~kmlxe phe

v̂
�UiUn� lxe ªNeL�tuzeL�@g

vbE
(q) ∈ R

r
�Li�{Eujw~eL{Eu�lxeLs �eLl��eLo,eL{9ujs$phe

v
�Li�gzgjeLsÄ�

fci�{hpmy.{9u�yR� � yRgz�Ls'phe
Ê
�

�



dUy
{hi�ujw~i�{ phe���fmgzi � wxo,w~u��e��,pmy.{hs$�Letuvuje¦p��et«m{hw~ujw~i�{ fcet�hu �etuvgje¦o,iEpT�eLlxwxsE�ete
phe
fmlx�hszwxet�hgzs
o
y.{hw;netgjetsL�Æ��eLs)o,iEpUneLlxeLs�k"yRs��eLs)sz�@g lxeLs)o,i�w~{mp@gjets���yRgvgG�eLs
� ¢ y.sz�Letuvu|y��
ã����
� �m®�sz�hi

¤etu ��eL{G�5® 
Gw~ª.y�� ã���� �G� ��wxe�gjl�y.w~gze�etu�°Æi�wx{EuL� ã����	� �Â�}l;q�eL{Euvgji�fmwxe¦����yR{
���@�Glxet{�etu�� wxlxlx�ho,szet{U� ã���� �G� ��eLlxlA� ã����
� �$etu)lxe¨o
y � wxo��ho phe¨ª�g|yRwxszeLo kml�y.{h�Le
�?¯EfmwxetszsL� ã���� ����i�{Eu'{mi�ujy.o,o,eL{Eu¨�etu��e$fmgzi�fci�sE�eLsKpmy.{hs'l�y lxw~u��etg|yRuj�@gje.�

¯�w
Â
eLs�u�l�y)o
yRuvgjwx�Le

r × m
�ti�o�fci�sE�eLe�pheLsKlxwx��{heLsTphe

A
�Li�gzgjetsvfci�{hpmy.{Eu)ny

Ê
�

lxetsK±mi�ujs�i�kmszetgzª��eLs
v̂
szi�{9u�phi�{h��i�khujeL{E�hsKf}yRg

v̂ = Âq + εA

� � �
i/n�

ε
eLsvu$�h{he�ª.yRgjw�y=k}l~e)y.l��eLyRuji�w~gje�yRfhfhgG�eL�heL{hpmy.{Eu�l~eLs�etgzgzeL�@gjs$pme)o,etsz�@gjeLsL��¬'i��hs

sz�@fhfci�szi�{hsK���/qretlxlxe$sz�hw~uK�h{me�lxi�w/{hi�gjo
y.lxe�o��hl~ujw~ª.yRgjw��eLe

εA ∼ N(0, WA)
� � �

i/n�
WA ∈ R

n×n
eLsvu'l�y)o
yRuzgjwx�te�pme�ª�y=gjw�y.{h�Le��;�Li�ª�yRgzw�y.{h�Le��

d/e�fhgji�kml;neLo,e��^°��$��¯
fcet�hu'phi�{h� �etuvgje �eL��gjw~u

q∗ =
yRgz��o,wx{

q d(Âq, v̂)
� ã �N�

i/n�
d
eLsvu��m{he���i�{h�tuzwxi�{,phe�phwxsvu|y.{h�Le.���I{
�!�eL{T�etg|y.l;�9�h{
{mi�o khgjeKwx{@«}{hwmphe�u|yRkmlxeLs

qszi�{9u!szi�l~�huzwxi�{hsÚph�
fhgji�kml;neLo,e�� ã �N���=�)neLs!l~i�gjsL��wxl9eLsvu�{��eL�Letszsjy.w~gze�phe��¥y.w~gze�wx{9ujetgzªNeL{hw~g
�h{he�w~{m��i�gzo
yRujwxi�{£y)fmgzwxi�gjw

q0

�@ujeLlxl~e��E�he

q = q0 + εI

� ã�ã �
yLªNeL�

εI ∼ N(0, WI)
��dIqrwxo�fci�gvu|y.{h�Le£pme²�tetuzuje²wx{h��i�gjo
y=ujwxi�{�y fmgzwxi�gjw'ª.yRgjw~e¡eL{

��i�{h�tujw~i�{¡phe�l�y)uji�fci�lxi���w~e�pm�¡g��eLsze�y.�/�mph�²{mi�o khgje�pme�f}y.w~gjeLs����)�hetu�pme�l�y pmet{@�
szw§uG�e�pheLs�yRgj�Ls�fci��@g'lxeLsz�E�metlxs'pheLs'phi�{m{��eLets�szi�{9u�phwxsvf�i�{mw§k}l~eLsL� ��wxe�gjl�y.w~gze����
���	����y
fhgji�fci�sE�e��h{he�o,etsz�@gje�phe��Letuzuze�wxo�fci�gvu|y.{h�Le�yRfhfcetlt�eLe
	 0	�%����
 &/� �	1 '��*$ ��� &��

�$y.{hs'l~e��Ly.s�pheLs'o,i�wx{hphgzeLsT��yRgzg��eLsL�/� ã �N�Tpme�ªGwxeL{9u�yRlxi�gjs
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4 Le filtre de Kalman

dUyXo��etuj�hi�phe¦pm��«ml~uzgze�phe��$yRlxo
y.{�����y.l~o
y.{/� ã�� ���N��eLsvu �h{he,o��etuj�hi�phe�phe
g��etszi�lx�@ujwxi�{ wx{h�tg��eLo,eL{Eujy.lxe�fci��@g²lxe�fhgji�kml;neLo,e pheLs²o,i�wx{hp@gjeLsX�LyRgzg��eLs²l~wx{T�e�y.w~gjetsL�
�$y.{hs��h{��Li�{9uje � uze
eL{²ujeLo�fms��AgG�eLeLl;�heLl~lxe�eLs�u$�Li�{I­�L�he�fci��@g�o,etuvuzgje,ny �Äi��hg�y.�²���@g
etu£ny¤o,eLsz�@gje¨l�y¤szi�l~�huzwxi�{ ph��o,i�wx{hp@gjeLs���yRgzg��ets)pUnets)���he�phe�{hi��@ªNeLlxlxeLs�phi�{m{��eLets
szi�{9u�phwxsvfci�{hw~kmlxetsL�h³Æi��@g�pT�eL�tgjw§gje
�Letuvuje
o �etuj�hiEpme.�m�ti�{msvwxpT�etgji�{hs��h{²fhgji�kml5neLo,e$phe
o,i�wx{hp@gjeLsT�LyRgzg��eLs'�Li�{EuzeL{my.{Eu'pheL� � kmlxiE�$pme�phi�{m{��eLets 2

o,wx{
x

∥∥∥∥∥

(
C1

C2

)
x −

(
d1

d2

)∥∥∥∥∥

2

2

=
o,w~{

x
‖C1x − d1‖

2

2 + ‖C2x − d2‖
2

2

� ã ���

¬'i��hsXg��etszi�l~ªNi�{hs²p/q�yRkci�gzp lxe�fhgji�kml;neLo,e �Li�gzgjetsvfci�{hpmy.{Eu�yR� fhgjeto,wxetgXkmlxiE���
��q�eLsvuv�Âny=�5phw~gze

o,wx{
x

‖C1x − d1‖
2

2

phi�{Eu'l;qÄ�eL���myRujw~i�{£{hi�gjo
yRlxe�eLsvu

CT
1C1x

∗
1 = CT

1d1,
� ã�� �

etu'phi�{h��l�y)szi�l~�huzwxi�{¤etsvu
x∗

1 = (CT
1C1)

−1CT
1d1.

� ã�� �

�



dIqÄ�eL�E�}y=ujwxi�{£{mi�gzo
y.lxe�phe¨� ã ����sLqÄ�eL�tgjw§u

(CT
1C1 + CT

2C2)x
∗
2 = CT

1d1 + CT
2d2

= CT
1C1x

∗
1 + CT

2d2

= CT
1C1x

∗
1 + CT

2d2 + CT
2C2x

∗
1 − CT

2C2x
∗
1

= (CT
1C1 + CT

2C2)x
∗
1 + CT

2 (d2 − C2x
∗
1).

���
�N�

i/n�¡lxy pheL� � w5neLo,e²�eL���myRuzwxi�{Xp��etgjw§ªNe�phw~gjet�tujeLo,eL{9uKpme�� ã�� ���@®�wx{hszw;�G{hi��hs'i�khujet{mi�{hs

x∗
2 = x∗

1 + (CT
1C1 + CT

2C2)
−1CT

2 (d2 − C2x
∗
1),

��� ã �
�E�mw�p��eL��gjw~u$kmwxeL{

x∗
2

�ti�o,o,e
�h{me o,wxsve¤ny �Äi��@g�phe
x∗

1

�/�)qr�h{he�o
yR{mw;netgje
�Æ�eL{��etgjy.lxe��
lxe$«ml~uzgje$phe �$yRlxo
y.{£sLqÄ�eL��gjw~u�fci��@g

h = 2, 3, . . . ,

Hh = Hh−1 + CT
hCh

x∗
h = x∗

h−1 + H−1
h CT

h(dh − Chx∗
h−1)

�������

yLªNeL�
H0 = 0

e�u
x0 = 0

�
¢ etuzuje�gG�eLszi�lx�@ujw~i�{�wx{h�tg��eto,eL{Eu|yRlxe)eLsvu
y�ª.y.{9u|y.��eL�hsze��/eL{��te¨szeL{hs
�E�/qreLlxl~e��e�ªGw~uje

pheTo
y.wx{9ujeL{hw~gÚlxeLs!phi�{h{T�eLeLs�gjeLlxyRujw~ªNeLs!y.� � wx{Euzetgzª.y.lxlxeLs ã ny
i−2

��¬'i�{ szeL�hlxeLo,et{Eu�l�y
szi�l~�huzwxi�{�eLsvuKo,wxsve ny �Äi��@g���o
yRwxs�l�y$ª�y=gjw�y.{h�Le�pheLsTeLs�ujwxo
yRujet�hgzs

H−1
i

eLsvuTfhgji�f}y.�Æ�eLe
p/qr�h{�w~{Eujetgvª�y.l~lxe�pmeKujeLo�fms�ny�lAq�y.�@uzgje.�N�$eKfmlx�hsL��l�y�u|y.wxlxl~eTpm�¦fmgzi�k}l;neLo,e�ny$g��etszi��hphgze
{he�pT�e�fceL{hpXf}y.sKpme

h
�

�Ilxlxe¨�ti�o�fci�gzuje��Letfcet{mpmy.{9u
�E�metlx���heLs
p��eLszy�ª.y.{9u|y.��eLsL�Æ�)qr�h{he¦f}yRgzu��Ul�y
svuzgj�h���
uj�@gje��tgjeL�hsze�phe)� ã �N�IeLsvu��Li�o�fml;netuzeLo,eL{Eu^wx��{hi�g��ete'f}yRgTl�y�o��etuj�hi�phe��Netu�lxy�o
yRuzgzwx�Le
Hh

eLsvu eL{*�!�eL{T�etg|y.l�f}l~eLwx{he��Æo �eto,e¦szw�� ã �N��eLsvu)uzg�neLs)�tgjeL� � �I� qry.�@uzgje�f"y=gzu��ÆlAqrwx{G�
�Li�gvfci�g|yRujw~i�{�phe��Li�{Euvg|y.wx{9ujeLs�phe�kci�gj{heLs�p}yR{ms�lxe�fhgji�kml;neLo,e���fce�gjo,etuzu|yR{Eu�{mi�ujy.o¨�
o,eL{9u�p/qÄ�etªGw~uzetg�p/qri�khujet{mw§g�pheLs�±mi�ujs���� {��eL�NyRuzwx��sL�9sLq�yLª�ne�gje�{hi�{�uzgjw~ª�w�y.lxe.�N�^{@«m{/�Elxe
{hi�o kmgze�p/qri�fT�etgjyRujwxi�{hsTnyKet��et�tuj�hetg�ny'�|�my.�E�meTw~{Eujetgvª�y.l~lxe�phe�uzeLo�fmsÚgjeLs�uje��Li�{hsvu|yR{Eu��
etu��teLl�y��E�me$l�y�szi�lx�@ujwxi�{¨fhg��et�"�eLpheL{Euze�szi�w§uT�h{me�k�i�{m{he�y=fmfhgji � w~o
yRujwxi�{¦i��¤{hi�{
phe
l�y)szi�l~�huzwxi�{£«m{my.lxe.�

5 LSQR

³Æi��@g�f}y.l~lxwxetg)ny��teLs�pT�eLsjyLª.y.{Eu|yR��eLsL� ��wxetgjl�yRw~gje$etu ¢ gjw~uvujwx{����
��� � ��i�{9u�fhgji�fci�sE�e
�h{he�{hi��@ªNeLlxlxe�o �e�uj�hi�phe��NiUn�
l�y�g��etszi�lx�@ujwxi�{,phe
� ã �N�^eLsvu�y.svsz�@gG�eLe�f}yRgTl;qry.lx��i�gjw§uj�ho,e

�



dÚ¯ � ��pme�³Æy.wx��e�etu�¯GyR�m{hphetgjsT� ã���� �����.dÚ¯ � � eLsvuI�h{�y.lx��i�gjw§uj�ho,e^w§uG�etg|yRuzwx�Gfci��@g�l�y
g��etszi�lx�@ujwxi�{�pheIfhgji�kml;neto,eLscphe�o,i�wx{hp@gjeLsc�LyRgzg��eLsU�tgjet� � phe^��g|y.{hpheIujy.wxlxlxe.�/�;l�eLsvuÆy.{my=�
l~�Eujwx�E�meto,eL{Eu)�eL�E�mw§ª�y.l~eL{Eu�ny�l;q�yRlx��i�gjw~uj�ho,e�pheLs���g|y.phwxeL{9ujs��Li�{��Ä�h���T�eLs�����etsvujeL{heLsTetu
¯Eujw~eL��eLl;� ã��	� �����9etuT�Li�{9ªNetgj��e$phi�{m���Auj�T�eLi�gjwx�E�heLo,eL{Eu|�IeL{
�h{
{hi�o�khgje'pUq�w~u��etgjyRujwxi�{hs
wx{h�t�etgzwxeL�@gÆi�� �eL�Ny.l�ny�lxy�u|yRwxlxlxe�ph��fhgji�kml;neLo,e.����{he�pheLsÚ��yRg|yR�tu��etgjw~svujwx�E�metsUfhgjwx{h�Lw§f"yRlxeLs
phe$l;q�yRlx��i�gjw~uj�ho,eKeLsvuK���he�l�y
o
yRuzgzwx�Le

C
phe � ã �N��{he�pmi�w§uTf"yRs �e�uzgje�e � fmlxwx�tw~ujeLo,eL{9u

svuzi�� 
��eLe.�/d^qry.lx��i�gjw~uz�mo,e��@ujwxlxw~sze
�h{hwx���heLo,eL{9u�pheLs$fmgzi�ph�hw~ujs�o
yRuvgjwx�Le��AªNeL�tujet�hg
Cxetu

CTy
�Æ®�wx{hszw;�/{/qrwxo�fci�gvuje¦�E�heLlxlxe¦wxo�fmlt�eLo,eL{9u|yRujwxi�{�phe�l;q�i�f��etg|yRujet�hg�lxwx{��e�y.w§gje¨etu

pheKszi�{
y.p��Äi�wx{Eu^eLsvu�sz� ��sjyR{Euje��9��e'fmlx�hsL���h{he'ªNe�gjszwxi�{�pheK�Letu�y.lx��i�gjw~uz�mo,e�lxi�gjsz�E�me
pheLs��Li�{Euzgjy.wx{EuzeLs�phe�kci�gj{heLs�svi�{Eu
w~o�fci�sE�eLeLs�y.� � ª�y=gjw�yRkmlxeLs�y �etu��e¦fhgji�f�i�s��eLe¦f}yRg
��wxe�gjl�y.w~gze�etu©y.l;�c� ã����@ã �Â�

®�«m{�pUqÄ�etªGw§ujetg�l;q�e � fmlxi�svwxi�{)ph��fhgji�kml;neLo,e'� ã �N�Ælxi�gjsv���he
h
y.�h��o,eL{9uje��
��wxetgjl�yRw~gje

etu ¢ gzw~uzujwx{X���
��� � �Ii�{9u�fhgji�fci�sE�e�phe�uzgji�{h�E�me�g�lxeKfmgzi�k}l;neLo,e���etuTphe'{Uq ��wx{h�Li�gvfci�gjetg
�E�me¤lxeLs

r ′
phetgj{hwxetgjs¦wx{Euzetgzª.y.lxlxeLs¦phe¤ujeLo�fmsL� ¢ etuzujeXyRfhfhgji � wxo
yRujw~i�{*fce�gjo,etu�phe

�Li�{9uzg �i�lxe�g'l~e��Li�o�fhgji�o,w~s�eL{Euvgje�fhg��et�Lwxszwxi�{Xetu'ujy.wxlxlxe�pm�Xo,i�pUneLlxe��
dUy�o �etuz�miEphe�stq�yLª�netgze�f}yRgzujw~�L�hlxw;netgjeto,eL{EuTe ����y.�te�fci��@g�l~eLsKfhgji�kml;neto,eLs��tgjeL� � �

��wxe�gjl�y.w~gze¨etu ¢ gjw~uzujw~{0���
��� � ���Li�o�f}yRgjeL{9u)lxe,{hi�o kmgze¨uj�T�eLi�gjwx�E�he,pme�±mi�fms
�A±miNy=�
ujw~{m��fci�wx{9u�i�fcetgjyRujwxi�{hs|��fci��@g�lxets�pheL� � y.l~��i�gjw~uj�ho,eLsL�h³ÆyRg�e � eLo�fmlxe��hl�y)«}���@gje ã
�Li�o�f}yRgze�l~e�{hi�o khgje¦phe ±mi�f}s�phe¦�|�my.�E�me¦o��etuj�hi�phe)fci��@g�pmw§�'�etgjet{EujeLs$u|y.w~lxlxe)ph�
fhgji�kml;neLo,e.�/dUe¨g��eLsze�y.�&eLs�u
ujeLl^���he�lxe¦{hi�o�khgje¦pUqryRgj�Ls�eLsvu)phw � ��i�wxs�wx{h�L�etgjwxeL�@g
y.�
{hi�o kmgze'phe�f}y.w~gzeLs��$� �Ed/eLs�o
yRuzgzwx�LeLs^phe�ª�y=gjw�y.{h�Le��;�Li�ª�yRgzw�y.{h�Le�szi�{9uTphw�y.��i�{my.lxetsL�
y.w~{msvwm�E�he�lxeLs^o
yRuzgzwx�LeLsIphe'uzgjy.{hszw~ujwxi�{�phe�� ã �N�Â�E��e�fmlx�hsL�

p ′ = r ′ = 10
e�u

q ′ = 9
�

dUy)pmet{msvw~u��e��'pmets'o
yRuvgjwx�LeLs�p/q�y=��eL�tujyRujwxi�{£eLsvu�pme ��� �
��eLs/�Li�o�f}yRg|y.w~szi�{hs�ph��{hi�o�khgje�e���eL�tuzwx�EpheI±mi�f}scsv�hgÚpheLs/e � eto�f}l~eLs/{��ho��etgjwx�E�heLs

i�{9u0�eL�Ny.lxeLo,et{Eu �etu��e e���eL�tuz�T�eteLsL�K�)q�yRkci�gzpU���h{ fce�ujw~u�g��etsze�y.� phi�{9u
i�{3�Li�{9uzg �i�lxe
uji��hs�l~eLs�f}yRg|y.o²netuvgjeLs�y �e�uG�e�y.{my.l~��s��e���y=«}{ p/qÄ�e�uj�hpmw~etg�l;q�wxo�f}y.�tu¦phe²l�y szw~o�f}l~w~«@�
��y=ujwxi�{�w~{EuzgjiEph�mw§uje
f}yRg�l~e�fhgji�kml;neLo,e
uvgji�{h���T�e�� ¢ i�o,o,e)lxy ��ªEg|y.wxe �¤o
yRuvgjwx�Le)eLs�u
�Li�{h{E�me
pmy.{hs �Le£��y.s p/qÄ�eL�Li�l~e���wxl�eLs�u¦fci�svszw~kmlxe�phe£�Li�o�f}yRgjetg)lAqretgzgzeL�@g¦phe
l�y¡szi.�
lx�@ujw~i�{Xfhgji�ph�hw~uje�f"y=g�l;q�yRlx��i�gjw~uj�ho,e�phe ��y.lxo
y.{&ny¨l;qre�gzgjeL�@g�fhgjiEpm�hw~uze�f}yRg$dÚ¯ � �
�AªNi�w§g��Æw~���hgze �£fci��@g
�h{�sz�}�eL{myRgjwxi²yLªNeL�

r ′ = 3
��� �;l�yRfhf}yRg|y�� �§u��E�he�l;qrw~o�f"yR�tu�phe

l;qryRfhfhgji � wxo
yRujw~i�{¤eLs�u�o,wx{heL�@g��mo
y.wxs�sz�@gzuji��@u$���he l;qre�gzgjeL�@g��Li�o,o,wxsze�gjeLsvuze gzeLl�y=�
ujw§ªNeLo,eL{Eu�s�u|yRkmlxe�y�ªNet��lxe�ujeLo�fmsL�

�I{h«m{/���h{he¤�Li�o�f}yRgjy.wxszi�{�pheLs ±mi�f}s et�"eL�tujw~��s¦sz�@g¦pheLs¦phi�{h{T�eLeLs g��eLeLl~lxeLs
�;�h{
	�
 ÇÂ¿�¸5ÛÄÀÄ¶Lº;¹zàtÀUß
�¥ÉÀÄÃ?ÉÀ?Ý�À?¶Lº;Å@¶RÇÂ¶'¶�¿RÃ¾Å

�



0 2000 4000 6000 8000 10000
10

2

10
4

10
6

10
8

10
10

10
12

10
14

10
16

Nombre de paires OD

N
om

br
e 

de
 fl

op
s

LSQR 

Kalman 

������� ã�� ¬Ki�o�khgje$phe�±mi�fmsKeL{²��i�{h�tujwxi�{¤pme�l�y)u|y.wxl~lxe�ph�Xfhgji�kml;neLo,e

g��etsze�y.� ny �AgvªGwx{he�� ¢ y��~�U�Li�o�fci�gzujy.{Eu � ã�� y=gj�LsL� � � �X{hi�eL�hphs�etu �	� �£f}y.w~gjets)�$���
o,i�{9uzgje�l~e��Ny.wx{ sz�@kmsvu|y.{9ujwxeLlEp/qre��¨��y.�Lw~u��e�lxi�gjsz�E�heTl;q�y.l~��i�gjw~uj�ho,eIdÚ¯ � � etsvuI�@ujwxlxwxsE�e��
y.l~i�gjs)���/qrw~l�fhgji�ph�hw~u pheLs szi�lx�@ujw~i�{ms�uzg�neLs szeLo kml�yRkmlxeLs
ny¡�LeLlxlxets
fmgzi�ph�hw~ujeLs
f}yRg lxe
«ml~uzgze)pme ��y.lxo
y.{&���Úwx���@gje �N�Â�c��e�fmlx�hs�y.o�fmlxeLs�p��etu|yRwxlxs�sz�@g�l;q�y.{my.l§�Gsze
phe��Letuzuze
o �etuz�miEphe�szi�{EuKfhgG�eLszeL{9u��eLs�f}yRg ¢ gjw~uzujw~{ ���
�����N��etu ��wxetgzl�y.w~gje�e�u ¢ gjw~uzuzwx{ ���
��� � ���

6 Conclusion

�$y.{hs��Le�f}yRfmwxetg��/{hi��hs
yLªNi�{hs�pT�eL�tgjw§u
pheL� � yRsvfceL�tuzs�wxo�fci�gvu|y.{Euzs�lxw��eLs,ny£l;q�eLs��
ujw~o
yRujwxi�{�etu�ny lxy�fhg��eLphwx��ujwxi�{ pheLs�u|yRkmlxeLs�i�gjwx��w~{meÂ�5pheLsvujw~{}y=ujwxi�{/�Æ�)q��m{he
f}yRgzu��Il�y
o,iEpT�etlxwxsjyRuzwxi�{ ph��fhgji�kml;neLo,e¨�Li�o,o,e�lxe,fhgji�kml;neLo,e,wx{9ªNetgjsze£phe¤lAq�yR�"eL�tu|yRuzwxi�{�phe
uzgjyR«m��y �etu��e pT�e�ªNeLlxi�fhf��eLe��Kd^q�wx{Euvgji�ph�h�tujwxi�{ p/qr�h{he wx{h��i�gjo
yRujwxi�{ y�fhgjwxi�gjw$etu¤phe
l�y²phwxo,eL{hszw~i�{&uzeLo�fci�gjeLl~lxe,y¡fcetgjo,w~s)pme£pT�eL�tgjw§gje¤l~e
fhgji�kml;neto,e,�Li�o,o,e,�h{�uzg�nets
��g|yR{mp fmgzi�k}l;neLo,e pme¦o,i�wx{hp@gjeLs$��yRgzg��eLsL�!�)qry.�@uzgje)f}yRgzu��/pheL� � y.l~��i�gjw~uj�ho,eLs�f�i��hg
l�y�gG�eLszi�lx�@ujw~i�{²pme)�te fhgji�kml;neto,e�phe)o,i�wx{hp@gjeLs���y=gzg��eLs�i�{9u²�etu��e
fhg��eLszet{Eu��eLst�/d^qry.lx��i.�

ã �



0 5 10 15
0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

Norme relative de la difference entre la vraie solution et la solution
donnée par les algorithmes

Intervalle de temps

||x
tr

ue
−

x|
|\|

|x
tr

ue
||

LSQR  
Kalman

����� � � � �IªNi�l~�huzwxi�{¤phe�l;qre�gzgjeL�@g

ã�ã



0 1 2 3 4 5
0

2

4

6

8

10

12

14

16

18
x 10

7 Comparaison des flops

Intervalle de temps

N
om

br
e 

de
 fl

op
s

1 2 3 4
0

1000

2000

3000

4000

5000

6000
Comparison des résidus

Intervalle de temps

R
es

id
u 

de
s 

m
oi

nd
re

s 
ca

rr
és

Filtre de Kalman
LSQR

����� � � � ¢ i�o�f}yRg|y.wxsvi�{£pheLsK±mi�f}sKeL{9uzgje �$yRlxo
y.{£etu�dÚ¯ � �

ã �



gjw§uj�ho,e£ph�0«ml~uzgje¤phe ��y.lxo
y.{/���@ujwxlxw~s��e¤{hi�u|yRo,o,eL{Eu)f}yRg¨®�sz�hi

�etu ��eL{G�5®�
�w~ª�y
� ã���� �N�Â��sLqryLª�netgje²kmwxeL{3y.pmyRfhu��e²yR�3�Li�{9uje � uje¡ujeLo�fms��AgG�eLeLl;��o
y.wxs¦{me¡f�etgjo,etu�f}y.s
p/qre � fmlxi�w~uje�g¡l�y�svuvgj�h�tuj�@gje��tgjet�msve�ph� fmgzi�k}l;neLo,e�����wxetgjl�yRw~gje�e�u ¢ gjw~uvujwx{ ���
��� � �
i�{9u)o,i�{Euzg��e¨���he,l;qry.lx��i�gjw§uj�ho,e dÆ¯ � � fci��@ª.y.w~u �e�uzgje��@ujwxl~wxsE�e¦f�i��hg�gG�eLszi��hp@gje,lxeLs
fhgji�kml;neLo,etsTpme���g|y.{hpheLs�u|y.wxlxl~eLsTphe�o
y.{hw;ne�gje�e����Ly.�Le
eL{¤ujeLo�fmsTgG�eLeLl;�

Références

®�sv�mi

"� �
��e�u ��eL{G�5®�
�w~ª.y�� ���'� ã���� �N���3����{my.o,wx�£i�gjwx��wx{G�5pheLs�ujwx{myRujwxi�{*o
yRuzgzw �
eLs�ujwxo
yRujw~i�{&y.{hp*fhgjeLphwx��ujwxi�{&��i�g¦gze�y.l§�Aujwxo,e¦uvg|y ���
o
y.{my.��eto,eL{Eu�sv�Gs�ujeLo,sL�
# 1 ¢ �^�$y.�Ny.{��Li��;eLp/�¾�Â� 	 !��	1 � � 0�! �%� �"# 0�1 �	1 ' 	 ! ��� $ 	 	 &�0�!��E���Ilxsze�ªGwxetg
¯��Lw~eL{h�Le
³I�@k}l~wxsz�hwx{h� ¢ i�o�f}y.{9� �;{h����³�gjiE�LeLeLphwx{h��sKi��Æuj�he ã �Ruz� �?¯G°K°'°$�

��yRgz�LeLl��i@���E�}etu ¢ y.szy.sL���E�U� ã������ ���K°��me��msve
i��I{met�hgjy.lÆ{hetu	��i�g 
�s���i�g�sz�hi�gzuv�Aujetgjo
fhgjeLphwx��ujwxi�{ i��^uzgjy ��� pheLo
y.{hp/� # 1�®
� ¢ eLphetg¦�;eLp/����� 	 !��	1 � � 0�! �%� �"#%0�1 �	1 '
	 ! ��� $ 	 	 &�0�!���

� !/0 $�&�& '	# 1�� �.0���� 	 &���� � 	�� � 	 	 	��R³Úetgj�Ny.o,i�{/�tfhfU� �hã�� �
��� �G�

��eLl~l;� ����� � ���$� ã����
� ��� d/i��.�5l~wx{he�yRg£o,i�pheLlxs£��i�g¡uj�he eLsvujwxo
y=ujwxi�{ i���i�gjwx��wx{G�
pheLsvuzwx{myRujwxi�{�o
y=uzgjwx�Lets��xgji�o uzg|y �¨���Li��h{Euzs 2�y.{£yRfhfhgji � wxo
y=ujwxi�{/� # 1���� �^i�l§�
o��hlxlxetg�etu���� ��y.o,etgjszlxy.���;eLphs|�Â��� !�0
$�& & '	# 1���� 1 # 1 � 	 # 1 � &�!�1 � �"#%0�1 ��� ��� ���
� 0 � #�� � 0�1 �"!��	1 � � 0�! �%� �"#%0�1 �	1 ' �"!���� $ � 	 &�0�!��E� ��¬ � ¯��Lw~eL{h�Le²³�gjeLszsL�
�'uvgjeL�|�Eu��}¬'e�uj�hetgjl�y.{hphsL�

��eL{G�;®�
Gw~ª.y�� ���cetu ��wxetgjlxy.w~gje�� ���!� ã������ �Â�$�$w~sz�tgjetuze)�Â�hi�wx�te)o,etuj�hi�phs�y.{hp²uj�heLw~g
yRfhfmlxwx�LyRujwxi�{hsÚuzi�sz�hi�gzu��;ujetgzo uvg|yLªNeLlhpmet�Lwxszwxi�{hsL� # 1 ���
��y.l~l��;eLp/�¾�Â��� �	1 '��/0 0 �
0��
	 !��	1 � � 0�! �%� �"#%0�1 �*$�#%&/1*$ &�� ��lx�!��etg��@fhfU� � � � � �

��eL{G�;®�
Gw~ª.y�� ����e�u���wxetgjl�yRw~gje�� ���G���
�����N���m��wxsz�tgzetujeT�|�hi�wx�Le�o,i�pheLlxs���w~uz�¦y=fmfmlxw~��y=�
ujw~i�{msKuji�phetf}yRgzuz�hgze�ujwxo,e�y.{hp¡gji��@uje��Â�hi�wx�te�� # 1 ��� ��y.l~l��;etpU�����"� �	1 '��/0 0 �
0��
	 !��	1 � � 0�! �%� �"#%0�1 �*$�#%&/1*$ &$# �*& $�0�1 '&% '	#"�"# 0�1/� ��lx�!��etg��@fhfU� � � � ���

��wxe�gjl�y.w~gze�� ���I���
���	����� °��he¦uji�u|yRl�pmeto
y.{hp�sz��yRlxe(2/® {he�� o,e�y.sz�@gje i����E�my.lxw~u?�
��i�gTs�u|yRujwx��y.{hp
ph��{my.o,wx�Ki�gjwx��wx{G�5pheLs�ujwx{myRujwxi�{ uzgjw§f,u|yRkmlxeLsL�§� 	 !��	1 � � 0�! �%� �"# 0�1
'�&�� & �	!/$�	)(

36
� � � 2 � � � � �	� �G�

��wxe�gjl�y.w~gze�� ����etu ¢ gzw~uzujwx{/� ���$���
��� � ��� ®�{3e����Lw~eL{EuXy.lx��i�gjw§uj�ho ��i�g¤gze�y.l§�Aujwxo,e
eLs�ujwxo
yRujw~i�{¦yR{mp¦fmgzeLphwx�tujwxi�{�i���p@�G{my.o,w~�Ti�p¨u|y=k}l~eLl;��* � &/!�� �"# 0�1 �+'�&�� & �	!/$�	

52
� ã ���

ã �



��wxe�gjl�y.w~gze�� ���9etuT°Æi�w~{Eu��9³Æ�9dI�}� ã����	� �Â� �¡� ��¯G� 2Ey.{,i�gjw~��wx{G�5pheLsvujw~{}y=ujwxi�{ eLsvujw~o
y=�
uji�gÆuj�myRu�e � f}l~i�w~ujs!svuvgj�h�tuj�@gje�� 	 !��	1 � � 0�! �%� �"# 0�1 '�&�� & �	!/$�	 (

29
� ã ��2 � � � ���G�

��wxe�gjl�y.w~gze�� ���§��°Æi�wx{EuL��³Æ��dI��etu!°Ú�h�EuzujeL{hsL�L� ��� ã����@ã ������{
w~uje�g|yRujw~ªNeIyRlx��i�gjw~uj�ho,s}��i�g
lxw~{meLyRg�lxeLy.svu�sv���myRgjeLs�fhgji�kmlxeto,s ��w~uj�¨kci��h{hp,�Li�{hsvuzgjy.wx{EuzsL��� # 1*& �	!�� � � &��/!��
�	1 ' #"� ��� � � � # $ � �"# 0�1 �

143
2 ã�ã�ã �"ã/� �G�

¢ y.sz�Le�uzu|y�������� ã����
� ��� �^s�ujwxo
yRujw~i�{�i��Kuzgzw~f o
y=uzgjwx�Lets
�xgji�o uzg|y �¨�£�ti��m{9ujs�y.{hp
sz�@gzªNe���pmyRu|y 2Uy,��eL{hetg|y.l~wxszeLp lxe�y.svu�sz�E�myRgjeLs�yRfhfmgziNy.�|��eLsvuzwxo
yRuji�g�� 	 !��	1 �$�
� 0�! �%� �"# 0�1 '�&�� & �	!�$�	)(

18
� ����� � 2 � ��� � � ��� �

¢ gjw~uzuzwx{/� ���^���
�����N����� &
	 ��� � 0�!�#"� 	 �(#%$ � &�� 0 	 ' � � 0�! !�& ��� �%�"# � & �"!��	1 � � 0�! �%�!�
�"# 0�1 � !/0 � � &/� �L�Ú³I�mp uz�metszwxs�� � � � ���U�^�Li�l~e�³Æi�l~�EujeL�|�h{hwx���he ���eLpT�etg|y.lxe¦phe
dUy.�hsjy.{h{he��

��etsvujeL{heLsL� ��� ���/etu
¯Eujwxet��eLl;�U�K�I� ã��	� ���Â� �Xetuj�hi�phs�i����Li�{��Ä�h�NyRuje���g|y.phwxeL{9ujs$��i�g
szi�l§ªGwx{h��lxwx{he�yRg�sv��svujeLo,st��
 
 '�&�� 
�� 
 (+
 � 


49
2 � � � � � � �G�

��y.lxo
yR{U� ���Ú�K�^� ã�� ���N���¦® {he�� yRfhfmgziNy.�|��uji¡lxw~{meLyRg�«ml~uzetgjwx{h�¤y.{hp�fhgjeLphwx�tujw~i�{
fhgji�kmlxeLo,st��
 
 0�� ( � � #%$ %�1���
 # 	 ! �	1 � 
�� ���)% # �*&/!�#%& � 


82
� ã ��2 ��� � � � �

³!yRwx��e�� ¢ � ¢ �Uetu�¯GyR�m{hphetgjst� ���U®
��� ã���� �����
dÆ¯ � � 2Úy.{*y.lx��i�gzw~uj�ho ��i�g)svf}yRgjsve
lxw~{meLyRg!eL�E�myRujwxi�{hs�y.{hp svf}yRgjsveTlxe�y.svu!sz���myRgjetsL������� 	 ! �	1 � � $��"#%0�1 � 0�1�� �!�
� 	 &/��� �"#%$ ��� �*0�����	 �	!/&

8
2 � � � � ã �

³!y=uzgjw�
�szszi�{/� ����� ã����
� ��� 	 	 & 	 !���� $�� � ��# ��1 � &/1 ����!/0 � � &/� #�� 0 ' &�� � �	1 '
� &�� 	 0 ' �L� �$¯G³Æ� �'uzgjet�Â�9u��}¬�dI�

¯��he��X���)�U� ã����	� �����*! ���	1 	 !��	1 � � 0�! �%� �"# 0�1�� &���	�0�! � �L�}³�gjeL{Euzwx�Le�����y.lxl;�h�I{h��lxe��
��iEi�p ¢ lxw~�"sL� ��¯�®
�

¯EfmwxeLsvsL� ����� ã���� ���Â� ®+o
y � wxo��ho lxw�
NeLl~wx�hi�i�p o,i�pheLl$��i�g²etsvujwxo
yRuzwx{h��i�gjwx��wx{G�
pheLsvuzwx{myRujwxi�{£o
yRuzgjw~�LeLsL� 	 !��	1 � � 0�! �%� �"# 0�1 ' & � & �	!/$ 	)(

21
� � � 2 � �	� � �hã ���

��y.{ ��lxwxetuL�@�)�U� ã���� ������¯�®�°�����¬��@y o,i�phetgj{Xy.szszwx��{ho,eL{9u�o,i�pheLl;� 	 !���� $ % 1"�
��# 1*&�&/!�# 1�� �	1 ' � 0�1 �"!/0 �

23
2 � � � � �
�@ã �

��y.{ ���@�GlxeL{/� ��� �E�Getu � wxlxl~�mo,sveL{/�EdI��� ��� ã���� �N���Æ°K�he�o,i�svuTl~w�
NeLl~�¦uzgjw~f£o
yRuzgzw �
eLs�ujwxo
yRujetp¡�xgji�o uzg|y ���
�Li��h{9ujsL� 	 !��	1 � � 0�! �%� �"# 0�1 '�&�� & �	!/$�	 (

14
2 � �@ã �

� � �G�

ã/�


