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alibration method for multiangle lidar measurements

arkus Pahlow, Vladimir A. Kovalev, and Marc B. Parlange

A new method based on a two-angle approach is developed to determine the lidar solution constant from
scanning elastic lidar data, hence providing a relative calibration for each lidar scan. Once the solution
constant is determined, the vertical profiles of atmospheric extinction can be calculated. With this
calibration method a minimization technique is used that replaces the linear regression used in a known
two-angle approach that requires only local atmospheric homogeneity over a restricted altitude calibra-
tion range rather than overall horizontal homogeneity. Lidar signals from at least one pair of elevation
angles are used, averaged in time when the system is operated in a permanent two-angle mode, or an
arbitrary number of signal pairs is used, when a two-dimensional lidar scan is being processed. The
method is tested extensively with synthetic data. The calibration method is a robust tool for determin-
ing the solution constant to the lidar equation and for obtaining vertical profiles of atmospheric extinc-
tion. © 2004 Optical Society of America
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. Introduction

n the general case of a two-component atmosphere
he lidar return signal P�r� is related to atmospheric
ackscatter and extinction in the following way:

P�r� � C0 ET1
2 �p�r� � �m�r�

r2 exp��2 �
r1

r

��p� x�

� �m� x��dx� , (1)

here the background constituent Pbgr has been sub-
racted. Here C0 is a lidar system constant, E is the
nergy of the emitted light pulse, and T1

2 is the two-
ay transmittance over the range from r 	 0 to r1,
here r1 is the minimum lidar measurement range,
enerally the first range gate of the zone of complete
verlap between the field of view of the telescope and
he laser beam. The particulate and molecular
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ackscatter and extinction coefficients are denoted as
p, �m, �p, and �m, respectively.
Indeterminacy of the lidar equation �Eq. �1�� leads

o additional requirements in order for a solution to
he inversion problem to be determined. One possi-
le approach is two-angle or multiangle methods.
evelopment of two-angle or multiangle methods to

nvert the lidar equation was initiated in the classic
ork described in Refs. 1 and 2. To date there are

everal approaches to the problem. Owing to the
ndeterminacy of the lidar equation, any inversion
lgorithm has to resort to certain assumptions in
rder for one to solve for atmospheric backscatter and
xtinction. Commonly multiangle inversion meth-
ds either are based on an assumption of horizontally
omogeneous atmosphere or employ reference or a
riori data. Moreover conventional multiangle in-
ersion methods assume that either the effective ver-
ical transmission is homogeneous for all slant paths
hrough the layer; i.e., it is uniquely related to the
levation angle3–5 or that scattering within thin hor-
zontal layers is also homogeneous.1,2 Sasano and
akane6 proposed a multiangle method that was de-

eloped specifically for high-altitude measurements
f the troposphere and assumes an aerosol-free zone
ithin the lidar measurement range. With this
ethod the boundary conditions are estimated

hrough an iterative procedure, and the procedure is
arried out until the solution converges. This
ethod has been applied successfully to derive aero-

ol optical properties from lidar data of the tropo-
phere to as high as an altitude of 12 km, where the
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ssumption of an aerosol-free area was applicable, at
east before the Mt. Pinatubo eruption took place.7,8

Another approach to multiangle lidar measure-
ents was developed by Gutkowicz-Krusin.9 In

his work the assumption of a unique relationship
etween optical depth and elevation angle is also
nvoked. Model calculations are presented that
how that, in addition to being applicable in hori-
ontally homogeneous atmosphere, the method can
etermine the overall transmission of optically thin
nhomogeneities, also in the presence of shot noise.

ore recently a variational method for determining
erosol optical thickness and backscatter coefficient
rofiles from multiangle lidar measurements has
een devised.10 In this case a horizontally homo-
eneous atmosphere and a unique relationship be-
ween the elevation angle and the optical depth of
he layer under investigation are assumed. The
ethod was applied successfully to a data set ob-

ained during the INDOEX campaign, as shown by
omparison with simultaneous sunphotometer
easurements.
A significant drawback of the conventional algo-

ithms for multiangle lidar measurements is that
hey do not allow for use of relevant spatial or time
veraging of either original or transformed lidar
ata, which would significantly reduce the influence
f local inhomogeneities and signal noise. The
wo-angle solutions described in Refs. 11 and 12
llow one to apply averaging either in time or in
pace. Furthermore horizontal atmospheric ho-
ogeneity is required only locally and in properly

elected angular sectors and altitude ranges. We
resent a method for determining the lidar solution
onstant for a two-component atmosphere, based on
hese two-angle approaches. The method requires
aving the signal profiles of lidar measurements at

east at two elevation angles to determine the lidar
olution constant, i.e., to perform a relative calibra-
ion. The vertical profile of atmospheric extinction
an then be derived, once the lidar solution constant
s known.

. General Lidar Equation Solution for Two-Angle or
ultiangle Measurements

irst we investigate the general lidar equation solu-
ion in the context of two-angle or multiangle mea-
urements. It is helpful to introduce the two-angle
ethod �TAM�, which was developed for single-ended
ultiangle lidar measurements.11,13 The concept

ehind the method is as follows. In the general case
f multiangle measurements the lidar scans the at-
osphere in many angular directions at a constant

zimuth, starting from a direction close to horizontal
also known as a range-height indicator scan�. In
rder to determine the lidar solution constants, lidar
ignals P1�r� and P2�r�, measured at elevation angles
1 and 
2, are selected �Fig. 1�. Let us begin the
ethod development by range correcting and trans-

orming the background subtracted lidar signals
1�r� and P2�r� before inversion is made. With aux-

liary correction functions Y �r� and Y �r�14 the range-
1 2
orrected lidar signal at altitude h and elevation
ngles 
1 and 
2 can be transformed to

S1�h� � P1�r��Y1�r��r�2, (2)

S2�h� � P2�r��Y2�r��r�2, (3)

here r� 	 h�sin 
1, r� 	 h�sin 
2,

Y1�r�� � CYp�r��
�1 exp��2 �

r1�

r�

�a� x� � 1��m� x�dx� ,

Y2�r�� � CYp�r��
�1 exp��2 �

r1�

r�

�a� x� � 1��m� x�dx� .

he constant CY is arbitrary, and a�r� 	 m�r��p�r�
enotes the ratio of the molecular to particulate
ackscatter-to-extinction ratio. If no molecular ab-
orption occurs at the wavelength of the emitted light
ulse, then m 	 3��8��. The range of typical par-
iculate backscatter-to-extinction ratios p is �0.01–
.05 sr�1.7,15–19

The weighted extinction coefficient for elevation
ngles 
1 and 
2, can be written, respectively, as

�W,1�h� �
S1�h�

C1 � 2I1�h1, h�
, (4)

�W,2�h� �
S2�h�

C2 � 2I2�h1, h�
, (5)

here C1 and C2 are the lidar equation constants and
1 is the selected minimum altitude of the atmo-
pheric layer under investigation. Integrals I1�h1,
� and I2�h1, h� in Eqs. �4� and �5� are

I1�h1, h� � �
h1�sin 
1

h�sin 
1

S1� x�dx, (6)

I2�h1, h� � �
h1�sin 
2

h�sin 
2

S2� x�dx, (7)

espectively.
Assuming a range-independent backscatter-to-

Fig. 1. Schematic of TAM.
10 May 2004 � Vol. 43, No. 14 � APPLIED OPTICS 2949
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xtinction ratio, the weighted extinction coefficient
W�h� in Eqs. �4� and �5� is defined as

�W�h� � �p�h� � a�m�h�. (8)

o estimate the influence of atmospheric inhomoge-
eity, one should derive and analyze the solution to
he two-angle lidar equation in its most general form.
uch a general solution can be obtained from Eqs. �4�
nd �5�, assuming that �W,1�h� � �W,2�h�. The gen-
ral TAM equation can then be expressed as

S1�h�

S2�h�
�

C1�W,1�h�

C2�W,2�h� �1 � 2I1�h1, h��C1

1 � 2I2�h1, h��C2
� . (9)

he solution may be written in the form

y�h� �
1

1 � �1 �
�W,2�h�

�W,1�h��exp��2 �
hmin

h

�W,2�h��dh��
� �C1

C2
�

2
C2

x�h�� , (10)

ith x�h� 	 S1�h��S2�h� and y�h� 	 2I1�h1, h� �
I2�h1, h�S1�h��S2�h�. As follows from Eq. �10� the
ensitivity of the solution to horizontal inhomogene-
ty depends on the ratio of �W,2�h� to �W,1�h� and on
he level of atmospheric attenuation. For clear at-
ospheres and restricted altitude ranges �hmin, h�

he second term in the denominator on the right-hand
ide of Eq. �10� is

exp��2 �
hmin

h

�W,2�h��dh�� � 1; (11)

ence

y�h� �
�W,1�h�

�W,2�h� �C1

C2
�

2
C2

x�h�� . (12)

This solution is asymmetric and discussed in more
etail below. For turbid atmospheres the influence
f the horizontal inhomogeneity decreases as the op-
ical depth of the layer �hmin, h� increases. Indeed in
his case

exp��2 �
hmin

h

�W,2�h��dh���� 1, (13)

o that for a moderate and random difference be-
ween �W,1�h� and �W,2�h� the absolute value of the
roduct of two terms in the denominator of Eq. �10�,

�1 �
�W,2�h�

�W,1�h��exp��2 �
hmin

h

�W,2�h��dh�� , (14)

ecreases with the increasing optical depth of the
ayer. Accordingly Eq. �10� reduces to

y�h� �
C1

C
�

2
C

x�h�, (15)

2 2

950 APPLIED OPTICS � Vol. 43, No. 14 � 10 May 2004
here, unlike Eq. �12�, the function y�h� is not di-
ectly proportional to the ratio �W,1�h� to �W,2�h�.
his approximated solution in �15� is equivalent to
he solution proposed in Ref. 11 for single-component
olluted atmospheres, assuming horizontal homoge-
eity. Indeed, the approximated solution may be
sed in a turbid atmosphere, as in this case, nonuni-
ormity of the particulate scattering within horizon-
al layers is less influential than in clear atmospheres
Eq. �12��.

To further clarify the two-angle concept and to
valuate the performance of the TAM, we use a syn-
hetic data set as a test case. It is assumed that the
odel atmosphere under investigation is composed of
olecules and particles. An aerosol plume located

t �900 m and a cloud layer at �1900 m are the
redominant structures in this model atmosphere.
he corresponding lidar signals are shown in Fig. 2.
he signal at a 45° elevation angle has a mildly tur-
id layer from 850 to 1050 m, corresponding to the
ocal aerosol plume. At 1800–2100 m both signals
ncrease owing to the strong turbidity caused by the
loud layer. Note that random noise has been added
o the signals to represent typical lidar measurement
oise. Also, these fluctuations resemble natural
mall-scale spatial horizontal heterogeneity in the
articulate extinction coefficient profile. After the
ignals are transformed according to Eqs. �2� and �3�,
he integrals of the signals �Eqs. �6� and �7�� are com-
uted. Then functions x�h� �	S1�h��S2�h�� and
�h��	2I1�h1, h� � 2I2�h1, h�S1�h��S2�h�� can be ob-
ained. A crucial step in the TAM analysis, espe-
ially for data taken in mildly turbid or
onhomogeneous atmospheres, is the determination
f the optimum range for regression. In the TAM
eveloped by Ignatenko11 the entire range of variable
airs �x�h�, y�h�� was used to obtain coefficients C1
nd C2 from linear regression. The methodology ap-
lied here differs from this approach. To determine
he optimum values for lidar equation constants C1
nd C , the total regression range is divided into n

ig. 2. Range-corrected lidar signals at a 45° and a 90° elevation
ngle for a TAM test.
2
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ubintervals. The total number of intervals must be
hosen such that each subinterval contains a suffi-
ient number of data points in order for reliable sta-
istics to be obtained. The least-squares analysis is
hen performed for each individual interval, yielding

pairs of lidar equation constants C1 and C2. To
etermine the optimum range, and at the same time
he regression constants that give the best fit, we
ompute a set of five parameters for each interval.
he parameter set consists of the standard deviation
f C1, �C1, the normalized standard deviation of C1,
C1,norm, the standard deviation of C2, �C2, the nor-
alized standard deviation of C2, �C2,norm, and the

tandard deviation in y�h�, �y. These parameters �in
ppendix A� were defined based on the assumption

hat only common uncertainties occur and systematic
rrors have been ignored.20

The criterion for the selection of the optimum re-
ression range is min��C1, �C2, �C1,norm, �C2,norm, �y�.
egression coefficients C1 and C2 obtained for this

ig. 3. Pairs of �x�h�, y�h�� for the test analysis. Also shown is
he optimum regression line as obtained from the analysis.

ig. 4. Vertical profiles of the particulate extinction coefficient
btained with TAM along with the model particulate extinction
oefficients: �a� � �h� at 45°; �b� � �h� at 90°.
p,1 p,2
egression range are used for further data processing.
igure 3 shows the set of pairs �x�h�, y�h�� and the
est fit, as obtained from the regression analysis,
aking into consideration all five parameters de-
cribed above. Now, when lidar constants C1 and C2
btained from the regression analysis are used, the
rofiles of the weighted extinction coefficients �W,1�h�
nd �W,2�h� can be computed according to Eqs. �4� and
5�. Substracting the weighted molecular constitu-
nt a�m�h� �see Eq. �8�� yields the final result, the
ertical profiles of the particulate extinction coeffi-
ient. A direct comparison with the original profile
f �p,1�h� �Fig. 4�a�� and �p,2�h� �Fig. 4�b�� demon-
trates that it is possible with TAM to retrieve the
rofile of the extinction coefficient fairly accurately
ven for a not absolutely homogeneous, mildly turbid
tmosphere and noise-corrupted lidar data. The
rofiles are in good agreement with the actual pro-
les of �p�h�.

. Two-Angle Logarithmic Method

he previously introduced straightforward algorithm
ields an asymmetric solution for the extinction co-
fficient. This in turn may significantly affect inver-
ion accuracy, especially in clear atmospheres �see
q. �12��. An improved, iterative logarithmic vari-
nt of TAM that allows for an averaging procedure
nd that eliminates this drawback was developed in
ef. 12. This method, the two-angle logarithmic
ethod �TALM�, requires horizontal homogeneity in
statistical sense only, i.e., after appropriate aver-

ging. The assumption of statistical homogeneity
an be tested reliably with standard statistical meth-
ds.
To clarify the difference between TAM and TALM,
brief comparison is presented. Figure 5 shows

ynthetic lidar signals S�h� in a clear atmosphere at
wo elevation angles with a cloud layer at altitude.

ig. 5. Comparison between TAM and TALM: left, synthetic
idar signal with an increasing noise level, from top to bottom row
solid line, 
1 	 75°; dashed line, 
2 	 90°�; center, open circles,
airs of x�h� versus y�h� computed with TAM �solid line, the true
olution�; right, open circles, x�h� versus y�h� computed with TALM
solid line, the true solution�.
10 May 2004 � Vol. 43, No. 14 � APPLIED OPTICS 2951
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ifferent noise levels are added to the signals. The
iddle panel shows the resulting x�h� versus y�h�

airs for the three cases as computed with TAM.
or the first case �no noise� the regression is stable
nd the solution is symmetric. However, for in-
reasing noise levels the solution becomes more and
ore unstable and asymmetric. With TAM no use-

ul information can be extracted from the lidar signal
n those cases. Consider the results with TALM
right panel�. For the no-noise case the solution is
ighly accurate, as it was for TAM. But now, even
hen a large noise constituent is added, the solution

emains symmetric; i.e., the x�h�–y�h� pairs fluctuate
round the true solution. In those cases the inver-
ion is feasible, and extinction coefficient profiles can
e retrieved from the lidar data by using TALM, al-
hough the signals were spoiled by high noise levels.
ote that the influence of signal noise is equivalent to

he influence of small-scale atmospheric inhomoge-
eity, and hence such atmospheric inhomogeneity re-
ults in similar systematic shifts for the TAM
nversion, whereas the influence of the same inhomo-
eneity would be much less for TALM.

. Minimization Technique

oth TAM and TALM make use of a methodology
hat involves linear regression. However, one can
lso resort to a method that does not incorporate a
egression procedure but rather relies on a minimi-
ation technique. This calibration method is devel-
ped next. After rearranging and taking the
ogarithm on both sides of the general TAM equation
Eq. �9��, one obtains

ln��W,1�h�

�W,2�h�� � ln�S1�h�

S2�h�� � ln� A� � ln�1

�
2I1�h1, h�

AC2
� � ln�1 �

2I2�h1, h�

C2
� ,

(16)

here A 	 C1�C2. The basic TALM assumption
sed here is that the natural logarithm of the ratio
etween �W,1�h� and �W,2�h� is randomly distributed
nd is close to zero for all heights h. By this defini-
ion no systematic heterogeneities occur owing to
mall-scale atmospheric inhomogeneity, and hence
here are also no systematic deviations on the left-
and side of Eq. �16� from zero within the measure-
ent range from h1 to hmax. To determine constants
and C2, one simply has to minimize the right-hand

ide of Eq. �16�. Denoting the left-hand side in Eq.
16� as ��h�, we can consider Eq. �16� as a minimiza-
ion function,

��h� � ln�S1�h�

S2�h�� � ln� A� � ln�1 �
2I1�h1, h�

AC2
�

� ln�1 �
2I2�h1, h�

C � , (17)

2
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o that the optimum constants C1 �	AC2� and C2 can
e found by determining min�abs���h���. Using
hese constants C1 and C2, we can then compute the
ertical particulate extinction coefficient profile.
To evaluate the performance of the minimization

echnique, we use synthetic data. The model atmo-
phere is composed of molecules and particles.
lear atmospheric conditions prevail, but a cloud

ayer from 1500 to 2100 m has been included. The
oise-free lidar signals are shown in Fig. 6. The
inimization function ��h� �Fig. 7� yields the lidar

olution constants C1 	 27.98 and C2 	 28.94, which
re used to compute the profiles of the particulate
xtinction coefficient. The model profile and the in-
ersion result of �p�h�, when the minimization tech-
ique is used, agree for both 
1 	 15° �Fig. 8�a�� and
2 	 30° �Fig. 8�b��. The relative error between the
odel extinction coefficient profile and the extinction

oefficient profile retrieved with the minimization
echnique is 0.0% for both elevation angles. To test
he minimization technique performance more rigor-

ig. 6. Synthetic lidar signals at 
1 	 15° and 
2 	 30° for a
omogeneous model atmosphere. The noise-free case is shown.

ig. 7. Minimization function ��h� for the homogeneous noise-
ree case. The y scale has been increased to allow for comparison
ith the noisy case �Fig. 10�.
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usly, we added random noise to the lidar signals
Fig. 9�. The mean signal-to-noise ratio SNR is 32
or elevation angle 
1 and 108 for elevation angle 
2.
ote that the random noise also resembles an inho-
ogeneous atmosphere. The minimization function
�h� shows strong fluctuations due to the noise that
as been added, yet it remains symmetric �Fig. 10�.
he resulting lidar solution constants are C1 	 29.20
nd C2 	 30.24. The extinction coefficient profiles
or 
1 and 
2 are compared with the model profiles in
ig. 11. For this noisy case the relative error be-

ween model and minimization results is 17.7% for 
1
nd 6.4% for 
2, which is acceptable considering the
arge noise constituent in the lidar signals.

We now extend the previous test case by includ-
ng a local atmospheric inhomogeneity. An addi-
ional mildly turbid layer that intersects only with
levation angle 
 	 30° can be seen in the lidar

ig. 8. Model profile of the particulate extinction coefficient and
esulting profile by use of the minimization technique for �a� 
1 	
5° and �b� 
1 	 30°. The two lines are indiscernible because the
elative error is nil.
2

F
r
a

ignal �Fig. 12�. First the noise-free case is stud-
ed. The minimization function for this inhomoge-
eous atmosphere is shown in Fig. 13, which yields
1 	 27.98 and C2 	 28.94. Figure 14 shows a

omparison between model profiles and results
rom the minimization technique. For both eleva-
ion angles the relative error between the model
rofile and the inversion result is 3.0%. Next ran-
om noise is added to the lidar signals, as shown in
ig. 15. The mean SNR is 54 for 
1 	 15° and 172

or 
2 	 30°. The minimization function �Fig. 16�
or this noisy and inhomogeneous case demon-
trates that random noise has an effect similar to
nhomogeneities, especially in the far field. Strong
uctuations due to noise are predominant, and they
ven exceed the large value in ��h� due to the in-
omogeneous layer along 
2. However, the mini-
ization function remains symmetric. With the

esulting solution constants C1 	 28.09 and C2 	
9.09 the vertical profiles of the particulate extinc-
ion coefficient are computed and presented in Fig.

ig. 10. Minimization function ��h� for the homogeneous noisy
ase.
ig. 9. Synthetic lidar signals at 
1 	 15° and 
2 	 30° for a
omogeneous model atmosphere. The noisy case is shown.
ig. 11. Model profile of the particulate extinction coefficient and
esulting profile when the minimization technique for �a� 
1 	 15°
nd �b� 
 	 30° is used.
1

10 May 2004 � Vol. 43, No. 14 � APPLIED OPTICS 2953
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a 1 	 30° is used.

2

7 together with the model profiles. The relative
rror between model profiles and inversion results
hen the minimization technique is used for the
oisy and the inhomogeneous case is 10.8% for 
1
nd 4.0% for 
2. Again the relative error remains
cceptable, even for the large noise in the lidar
ignals.

. Summary

wo previously developed methods, a modified two-
ngle method �TAM� and a logarithmic two-angle
ethod �TALM�, for determining the lidar solution

onstants and subsequently the vertical profiles of
he atmospheric extinction coefficient from scanning
lastic lidar data have been evaluated and used as a
oundation for devising a new approach. The basic
orm of these methods, TAM, is most applicable in

oderately turbid and turbid atmospheres. In clear
tmospheres, local inhomogeneities and signal noise
F
i

954 APPLIED OPTICS � Vol. 43, No. 14 � 10 May 2004
an cause a significant systematic offset in the solu-
ion constants determined with TAM. This asym-
etry is avoided in TALM. Both TAM and TALM

llow for averaging and hence increased solution sta-
ility. Yet, compared with TAM, the application
ange of TALM extends to clear atmospheres. Note
hat these methods differ from conventional mul-
iangle methods.

�1� It is feasible to successfully apply TAM and
ALM even if the atmosphere is homogeneous over
estricted altitude ranges only, rather than over the
ntire two-dimensional scan. Sectors where signifi-
ant horizontal inhomogeneity exists can be excluded
rom consideration so that only the best available
ignals are used for the calibration.
�2� The methods do not require strict horizontal

omogeneity of the atmosphere under investigation
ut only horizontal homogeneity in a statistical
ense. This statistical homogeneity is achieved by
ig. 12. Synthetic lidar signals at 
1 	 15° and 
2 	 30° for an
ig. 13. Minimization function ��h� for the inhomogeneous noise-
ree case. The y scale has been increased to allow for comparison
ith the noisy case �Fig. 16�.
ig. 14. Model profile of the particulate extinction coefficient and
esulting profile when the minimization technique for �a� 
1 	 15°
nd �b� 

ig. 15. Synthetic lidar signals at 
1 	 15° and 
2 	 30° for the
nhomogeneous model atmosphere. The noisy case is shown.
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sing large sets of two-angle pairs to determine the
est solution constants.
�3� TAM and TALM are primarily calibration
ethods, i.e., methods for determining the solution

onstants for a particular lidar scan.
Once the constants have been determined, one can

etrieve the profiles of atmospheric extinction, inves-
igate possible aerosol �layer� structures, probe cloud
ayers, or study the transition between the boundary
ayer and the free atmosphere, not by using the as-
umption of horizontal homogeneity any longer.
An alternative to the regression procedure in

ALM is a newly developed method that is based on
ALM but uses a minimization technique that re-
laces the regression procedure. The method has
een tested extensively with synthetic data. It pro-
ides a means of obtaining the lidar solution con-
tants for scanning lidar data, which in turn can be
sed to determine the vertical profile of the particu-

ate extinction coefficient. As for TAM and TALM,
easurements along at least two elevation angles are

ig. 16. Minimization function ��h� for the inhomogeneous noisy
ase.

ig. 17. Model profile of the particulate extinction coefficient and
he resulting profile when the minimization technique for �a� 
1 	
5° and �b� 
 	 30° is used.
1
equired. The solution is stable, even if excessive
oise is being added to the lidar signal. It also
roved to be stable when a model atmosphere with
ocal areas of inhomogeneity has been investigated.

ppendix A: Parameters for Determining the Optimum
ange for Regression and the Regression Coefficients
1 and C2

Standard deviation of C1:

�C1
� ��y

2

�� �
i

xi
2�1�2

. (A1)

Normalized standard deviation of C1:

�C1,norm
� 	�C1

�C1	. (A2)

Standard deviation of C2:

�C2
� �N

�y
2

�� �
1�2

. (A3)

Normalized standard deviation of C2:

�C2,norm
� 	�C2

�C2	. (A4)

Standard deviation of y�h�:

�y � � 1
N � 2 �

i
� yi � C1 � C2 x2�

2�1�2

, (A5)

here

�� � N �
i

xi
2 � ��

i
xi�2

. (A6)
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