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m

E
[
N (C)2

]
<∞ .

T��^W
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ν(C) = E [N(C)]
T�ª5W
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m →
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L1' (ν)
]H68-�;�17�0Y ∑

t∈N ϕ(t) = N(ϕ)
/Q1.@*;�:<:<EF?�;	\0>�; ?�3�>0?

E [N(ϕ)] = E [ν(ϕ)] .
T%¶DW
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M2

=5>$ 
m ×

 
m

?H;\0>�;�?�s"e

M2 (A×B) = E [N (A)N (B)] ,
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N(M2)
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ϕ :
 

m → + 17�09G-
6K-�3�6

E
[
N(|ϕ|)2

]
<∞ ,

6K-0;�:23�676K;�4B/<Y�I�:2e"/<>0P
ϕ ∈ L1' (ν)

`
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L2
N (M2)
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3�>�?U/<M

ϕ, ψ ∈ L2
N (M2)

]

E

[(∫
,

m

ϕ (t)N (dt)

)(∫
,

m

ψ (t)N (dt)

)∗]
=

∫
,

m

∫
,

m

ϕ (t)ψ∗ (s)M2 (dt× ds) .
T �"W
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ν (C) = λ `m (C)



� Sx� ( �
� ( YZ��� ¢ � %�� a�zq� % � (�& �Q]N�.�
� ��% �����.aé^ &�� � ( �PXQ� �'� � £

T�@B-�;�4K;
`m

/21V68-�; �;s�;�1KP5�0;~Y�;�3D17�04K;�=5>  
m
W�M�=54C1K=5Y�;

λ ∈
 

+
]*9�3�:2:<; ?�6K-0; k���vFm��g�k�v%��` �04K=DY 3

I�4K;�q"/<=D�01d4K;�Y�354K[�]

L2
N(M2) ⊆ L1' (

 m) .
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A, B ⊆

 
m
]03�:2:

t ∈
 

m

M2 ((A+ t) × (B + t)) = M2 (A×B)
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ϕ, ψ ∈
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N(M2)
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∫
,

m

∫
,

m

ϕ (t)ψ∗ (s)M2 (dt× ds) =

∫
,

m

(∫
,

m

ϕ (t)ψ∗ (s+ t) dt

)
σ (ds)
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N(M2)

]

9	=�q (∫
,

m

ϕ (t)N (dt) ,

∫
,

m

ψ (s)N (ds)

)
=

∫
,

m

(∫
,

m

ϕ (t)ψ∗ (t+ s) dt

)
ΓN (ds)
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ΓN := σ − λ2`m
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BN ⊆ L2

N (M2)
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µN
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m
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ϕ ∈ BN
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¼�354 (∫
,

m

ϕ (t)N (dt)

)
=

∫
,

m

|ϕ̂ (ν)|
2
µN (dν)
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ϕ, ψ ∈ BN

]

9	=�q
(N(ϕ) , N(ψ)) =

∫
,

m

ϕ̂(ν)ψ̂∗(ν)µN (dν).
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ϕ ∈ L1' (
 m) ∩ L2' (

 m)
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/Q1B@d;:2:�ES?H;\0>�;�?�`



�R�.»��ol���'� c ��W�N�W� 
� h 	���� �j��������������	.�)� h 	$������.�f�
	P��
� c �o�����o� "

,.-�;B;¤"/Q176K;>�9	;B3�>0?+��>0/2�&��;�>�;�181O=�M�6K-�;t®.354768:<;676u1KI�; 9�6K48��Y /21�68-�;t9	=D>D68;>&6�=�M ,.-�;�=548;Y �.s�;:2=�@�6K-�3�6
935>�s�;JM�=D��>0?U/<>)¨ ªDª j`_,.-�;J6K-0;=548;Y 35:21K=V1K-�=�@t1_68-03�6./<6./Q1d3�:2@d3^eH1�I�=D181K/<s�:2;J6K=�6G3�[D;tM�=54

BN

68-�;X17I03D9	;
=�M�M���>09	6K/2=5>01d68-03�6�354K;

O
(
1/ |t|

2
) 3D1

|t| → ∞
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f
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O
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1/ |t|

2
) }^g

|t| → ∞
��v��0m	�

∫
,

m

f (ν) σ̂ (dν) =

∫
,

m

f̂ (t)σ (dt) ,
T����&W

}���p��uk �
g

g}�vjkQg�n*m	gLv���m�g}�zCmV�G{���p�k�vjk%{��0gV}^g
f
�

E [N (f)N (g)] = λ

∫
,

m

f̂ (ν) ˇ̂g (ν) σ̂ (dν) .
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(T1, T2)
EjPD4K/Q?U=D>  2 @B/<6K-�4G3�>0?H=DY =548/2P5/2>�]"6K-03�6B/21

N =
{
(n1T1 + U1, n2T1 + U2) , (n1, n2) ∈ & 2

}

@B-�;�4K;
T1 > 0

]
T2 > 0

]�35>0?
U1

]
U2

354K;V/<>�?H;I�;>0?�;>&6L�0>�/�M�=D4KYh4G3�>�?H=5Y q�3�48/235s�:2;�1J=5>
[0, T1]

]
[0, T2]

48;�1KI�; 9�6K/2q5;�:<eD` ,.-�;�I�=5/2>D6CI�48=H9	; 1K1+/Q1�=5s"q"/<=D�017:2e�3)1K;�9=5>0?HEj=D48?H;�4+17683�6K/2=5>0354Ke�@B/<6K-'3^q5;�4835P5;�/2>&6K;>�17/<6�e

λ = 1/(T1T2)
`_�F681t®.3�4K6K:2;	6K6t17I�;�9	6K4G3�: Y�;�3D17��48;X/21

µN =
1

T 2
1 T

2
2

∑

(n1,n2)6=(0,0)

ε( n1

T1
,

n2

T2
) ,

T��^ª5W

3�>�?U@d;�935>U6G3�[5;

BN =



ϕ ∈ L1' (

 2)
3�>�? ∑

n1,n2∈ '

∣∣∣∣ϕ̂
(
n1

T1
,
n2

T2

)∣∣∣∣ <∞



 .

T�� ¶DW

��
���W�)( À �.&�� ����� �.& � � þ ��-r�.% �+��� & � (�( �����+�r��� (§��( �+�¬S � ���
� ��&¬ �� � ¢�% � �¶� � � � �P�
� %�(�° ] � � (� � ( ����� ( � ¦ 1 aU��� (
� (�  �+*���� &�� �
� �'(l�.  ��� (\ �� ��� ��� � &��®( ¯ % �.���ª� ¦

X

n1,n2∈ ,
ϕ (u1 + n1T1, u2 + n2T2) =

1

T1T2

X

n1,n2∈ ,
bϕ
„
n1

T1

,
n2

T2

«
e
2iπ

“
n1

T1
u1+

n2

T2
u2

” � þ � -
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ϕ (t)N (dt) =
X

n1,n2∈ ,
ϕ (U1 + n1T1, U2 + n2T2) =

1

T1T2

X

n1,n2∈ ,
bϕ
„
n1

T1

,
n2

T2

«
e
2iπ

“
n1

T1
U1+

n2

T2
U2

”

.
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X

n1,n2∈ ,
˛̨
˛̨ϕ̂
„
n1

T1

u1,
n2

T2

u2

«˛̨
˛̨
2
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µN (dν) = µλ(dν) + λdν ,
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ϕ :
 

m ×K → + 1K�09G-U68-03�6
∫
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m

E [|ϕ(t, Z)|p] dt <∞ .
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ϕ(t, Z) ∈ Lp' (P )
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m ×K →
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ϕ(t) := E [ϕ(t, Z)] .
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L1' (
 

m)
` b;	6B6K-0;���=5�04K/2;4.684835>01�M�=D4KYC1d=�M¸6K-�; 17;X6�@d=+M���>09	6K/2=5>01.s�;�?H;>0=�6K; ?�s&e

ϕ̂
3�>�?

ϕ̂(·, z)
48;�1KI�; 9�E

6K/2q5;�:<eD`u§"��I�I�=D1K;XY�=548;=�q5;�4u68-03�6

ϕ ∈ L2' (`×Q).
T��^µ5W

%t=56K;V6K-03�6�9	=5>�?H/�68/<=D> T7�^µ�Wt/<Y�I�:2/2;�1L6K-�3�6 ∫ ,
m |E [ϕ(t, Z)]|

2
dt < ∞

]�68-03�6�/Q1
ϕ ∈ L2' (

 
m)

]�3�>0?�M�=54

Q
ES3�:2Y�=D176.35:<:

z ∈ K
]
ϕ(·, z) ∈ L2' (

 
m)

` �Js01K;48q5;J6K-�3�6

ϕ̂(ν) = E [ϕ̂(ν, Z)] := ϕ̂(ν).

��/<>�3�:2:<eD]017�0I�I�=&17;L68-03�6

ϕ ∈ BN .
T�� ¬DW

· ;�93�>�>�=�@ 1�6G3�6K;�3VM���>0?03�Y�;>&6835:�kQg{�zCm	vjx � �	{�x�z+|Ho<}�`

��� ! �0� !�� ��� � m	v
N

}���p
{Z(t)}t∈

,
m

�8m~}^gU}5�G{ �^m1�X}���p
ϕ, ψ :

 
m ×K →

 g}�vjkQg"� �)�G{���p�k�vjk%{���g
���.�� � ����� � }���p �����)��� � �0m	�

cov

(
∑

t∈N

ϕ(t, Z(t)) ,
∑

t∈N

ψ(t, Z(t))

)
=

∫

,
m

ϕ̂(ν) ψ̂
∗

(ν)µN (dν) + λ

∫

,
m

cov
(
ϕ̂(ν, Z), ψ̂∗(ν, Z)

)
dν,

T����DW
�¸��mxKm

Z
kQg�}

K
" ��}�ow|0mGpCx8}���pD{�z �^}�x�k%}5�o<m �_k�v���p�kQg�vjx�k%�	|Hvjk%{��

Q
�

��
���W�)( � � � ¢ �.��� ¦éÁ

E

" 
X

t∈N

ϕ(t, Z(t))

! 
X

t∈N

ψ(t, Z(t))

!#

= E

2
4 X

t,t′∈N,t6=t′

ϕ(t, Z(t))ψ(t′, Z(t′))

3
5+E

"
X

t∈N

ϕ(t, Z(t))ψ∗(t, Z(t))

#

= E

2
4

X

t,t′∈N,t6=t′

ϕ(t)ψ
∗
(t′)

3
5+E

"
X

t∈N

ϕ(t, Z)ψ∗(t, Z)

#

= E

" 
X

t∈N

ϕ(t)

! 
X

t′∈N

ψ
∗
(t′)

!#
−E

"
X

t∈N

ϕ(t)ψ
∗
(t)

#
+E

"
X

t∈N

ϕ(t, Z)ψ∗(t, Z)

#
.

` (�&'� � (
a− b+ c

��� ( �e�+�W�\��� &�(�° |�� ( � ¥��+��(  �� � ¢ �+�¸� �.¢§��% ���+��� ��& �Q�©� (R¿W% �W��� £�(��¾¥�( ��� % � ( �.���Â��� ( ���'� (�( � ( � ¢ �
�+� ( a � � (�&

ϕ
� &��

ψ
�©� ( � (�� �e�.� (��N¥n¦ ��� ( �ª� � ¥ � � � % � ()� �+� %'( ��a £�& �ª� (�° |������  ´� ��� ��� �   � �.¢ }��o� � �+���
	 ��� &'( ¯ % �+�e�ª� ¦ a
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� ��% �����.aé^ &�� � ( �PXQ� �'� � £

� &�� ��� (\  �.�����R�����+� �� ´� �
a
� &��

b
-
ϕ
� &��

ψ
�©� ( � &

L2
N (M2)

� &�� � &
L2� ( � m)

½ � &�� ´� �
c
¥�( ��� % � ( �.  � ��&�� �ª��� �.&

� þ "�-o° }¡� & � (
E
ˆP

t∈N
ϕ(t, Z(t))

˜
= E

ˆP
t∈N

ϕ(t)
˜ a

cov

 
X

t∈N

ϕ(t, Z(t)),
X

t∈N

ψ(t, Z(t))

!
=

cov

 
X

t∈N

ϕ(t),
X

t∈N

ψ(t)

!
−E

"
X

t∈N

ϕ(t)ψ
∗
(t)

#
+E

"
X

t∈N

ϕ(t, Z)ψ∗(t, Z)

#
.

` (�&�� � (P¥n¦
A
a
B
� &��

C
��� ( ���'� (�( � ( � ¢ ��� & ��� ( ��� � �n�+*���� &�� �
� �'(P�.  ��� ( � ¥��©��()( ¯ % �+��� ��& a � ����������� (�& � ( � � �

A−B + C
° Y ¦¾�'(o£�& �ª��� ��&6�.  ��� ( Y��+�
��� ( �
��� ��( �o�
� %�¢ a'� &�� ��� ( � ¦¡��� ��� ( �
��� � þ � - a

A =

Z
�

m

bϕ(ν)bψ
∗

(ν)µN (dν).

Y ¦¾�¡(�£�& �ª��� �.&¾�+  ��� ( � & � (�& �
�ª� ¦
λ
a

B = λ

Z
�

m

ϕ(t)ψ(t)∗dt, C = λ

Z
�

m

E [ϕ(t, Z)ψ(t, Z)∗] dt.

Y ¦ ��� ( SU� � & ��� ( � ( � *fS²�©��� (�� �+��� �'(�& ���ª� ¦ a

B = λ

Z
�

m

bϕ(ν)bψ(ν)∗dν = λ

Z
�

m

bϕ(ν) bψ(ν)∗dν = λ

Z
�

m

E [bϕ(ν, Z)]E
h
bψ(ν,Z)∗

i
dν,

� &��

C = λE

»Z
�

m

bϕ(ν,Z) bψ(ν,Z)∗dν

–
,

� &�� ��� ( � ( � % �ª� � þ ��-� �� ��� ��� � °

· ;�935>~>0=�@ 9	=DY�I��H6K;X68-�;�I�=�@*;�4.1KI�;�9�684K�0Y =�MO3C17-0=�6B>�=5/Q1K;5`

� ����� ���%� ���©����� {���g�k%p5mx+v��0mC}5�G{���m�zC}�xKlDm8p�i0{�k���v�i�xK{ �Gm�gGg � �_k�v���k���p5mSi�m��pDm	��vBk � k � p � zC}�xKl�g � }���p~o<m	v

h :
 

m ×K →
 °g	}�v�kQg"� �~�G{���p�k�vjk%{��0g �����)� �d}���p ����� ��� �Vm�n���m�v���m�gK��{�vd��{�kQgm

{X(t)}t∈
,

m

� �

X(t) =
∑

s∈N

h(t− s, Z(t)).

��v�g��J{��G�"��m	x�g�i0mG�	vjxK}�o�z�mG}�gG|Hx8m�kQg���k ��m� ����v��0mD�	{�x�zV|Ho<}

µX(dν) =
∣∣∣E
[
ĥ(ν, Z)

]∣∣∣
2

µN (dν) + λ
¼�3�4 (

ĥ(ν, Z)
)
dν .

Tjª �&W

��W���W�)( Tf�q� %�� � ( �q� � � �'� � ¦ ��� (² �%�&�� � ¢§(�& ���.����� �.¢§( �
� ¦\ ´� � ¢�% �e�R� �
ϕ(t, z) = h(u−t, z)

a
ψ(t, z) = h(v−t, z)

� ����¥ ���+� &

� �©�
(X(u), X(v)) =

Z
�

m

˛̨
˛ĥ(ν)

˛̨
˛
2

e
−2iπ<ν,u−v>

µN (dν) + λ

Z
�

m

�Z�+� “
ĥ(ν,Z)

”
e
−2iπ<ν,u−v>

dν.
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b� ����� 	   ��� � � � � 	 �  � � � � � #�#�� #
³X>�=�@B/2>�PV6K-�;�®.354768:<;676t17I�;�9	6K48��Y

µN

=�M_3 � #�#LI�=5/2>&6tI�4K=H9;�181
N

]�@B-03�6t/21.68-�;�®.3�4K6K:2;	6K6�17I�;�9	6K48��Y

µ eN
=5M.6K-�;~I�=D/<>&6�I�48=H9	; 1K1�=DsH6835/<>0;�?�s"eA/2>0?H;�I�;�>0?H;>&6�3�>0?�/Q?H;>&68/29�3�:2:<e�?H/Q1�684K/2s��H68;�?�?H/Q17I0:23D9	;Y�;�>D6G1�=5M

6K-0;�I�=D/<>&681t=�M
N � ·);�-�3^q5;J6K-�;XM�=D:<:2=�@B/<>0P+48;�1K��:<6�`

� �0��� �%��� ��� ��� � {��0gGk%pDm	xVv��0m�zC}�xKlDmGpXi0{�k���v�i�xK{ �8m	gGg�{ � � ��mG{�xKm	z 	 ���_k�v��
K =

 
m ��� i0{�k���v�i�xK{��Gm	gGg

Ñ
kQg�p5m�n���mGpU���

Ñ = {t+ Z(t), t ∈ N}.

� ��m�%�d�G}�o�owk��&�
λ

v��0m�k���vFm��g�k�v%�C{��
N
�*}���p

µ eN
v���m ��}�x�v�o<mvjv�gji�mG�v�x�|Hz { �

Ñ
�

µ eN (dν) = |ψZ(ν)|
2
µN (dν) + λ

(
1 − |ψZ(ν)|

2
)
dν,

T�ª�� W

�¸��mxKm

ψZ(ν) = E
[
e2iπ<ν,Z>

] T�ªDª5W

kQg�v��0mV�G��}�xK}5�vSm	x�kQg�vjk%� �G|H���	vjk%{���{ ��v���m�xK}���p5{�z p�kQgji�o<}D�8mzCm	��v%gVp�kQgGvjx�k%�|HvFmGpU}�g
Q
��� mV�G}��AvF} l5m

B eN =
{
ϕ̃ ; E [ϕ̃(t+ Z)] ∈ BN

}���p
ϕ̃ ∈ L1' (

 m) ∩ L2' (
 m)

} T�ª5¶DW

��
���W�)( ` (�£�&'(
ϕ(t, z) = eϕ(t + z)

° À ��&�� �ª��� ��& � � þ � - � &��H� þ "�-$ �� �6��� (N �%�& ����� ��&
ϕ
�+� (�( ¯ % � � �.� (�& �§� �

� �.&�� �ª��� ��& �
ϕ̃ ∈ L1� ( � m)

� &��
ϕ̃ ∈ L2� ( � m)

� ( � ��( ����� ��( � ¦ a'�
� & � (  ´� �Q� &n¦
p ≥ 0

a

E

»Z
�

m

|ϕ(t, Z)|p dt

–
=

Z
�

m

|ϕ̃(t)|p dt .

À ��&�� �ª��� ��&E� þ � -d �� �l��� (r ´%�& �o��� �.&
ϕ
�e�\���+����� £�(��9¥n¦ ��� (6��	 g � c �¡(�£�& ����� �.&<�+  B eN

°)±1(P¢ � ¦ ��� ( � (o �� � ( � ��� � ¦
|�� (�� � (�¢ !n°x±·( ��� ��(

bϕ(ν, z) = e2iπ<ν,z>beϕ(ν),

bϕ(ν) = bϕ(ν) = ψZ(ν)beϕ(ν),
� �©�

(bϕ(ν,Z), bϕ(ν,Z)∗) =
`
1 − |ψZ(ν)|2

´ ˛̨
˛beϕ(ν)

˛̨
˛
2

.
^Q��� � a

�Z�+� „Z
�

m

eϕ(t) eN(dt)

«
=
�Z�+�

 
X

t∈N

ϕ̃(t+ Z(t))

!
,

� &�� ��� ( � (� �� � ( a�� ��� � ¦ � &��r �� � ¢r% �e� � þ ��- a

���©� „Z
�

m

eϕ(t) eN(dt)

«
=

Z
�

m

˛̨
˛beϕ(ν)

˛̨
˛
2

µ eN (dν),

� � ( � (
µ eN

�e���+��� &1��! þ -o°

#!$ �%� ( �%! 
���� k�v�vSmxKmGp�xKmF�5|Ho<}�x.��x�k%p � · ;J9=5>01K/2?�;4_68-�;J9�351K;B@B-�;48;
N

/Q1�68-�;tP548/Q?�I�4K=H9;�181_=�M 	_¤�3�Y�I�:2;
�5`_· ;�935>~6G3�[D;

BÑ =



ϕ̃ ;

∑

n1,n2∈ '

∣∣∣∣ ˆ̃ϕ(
n1

T1
,
n2

T2
)

∣∣∣∣ <∞
3�>0?

ϕ̃ ∈ L1' (
 2) ∩ L2' (

 2)



 .



þ ! Sx� ( �
� ( YZ��� ¢ � %�� a�zq� % � (�& �Q]N�.�
� ��% �����.aé^ &�� � ( �PXQ� �'� � £

��W���W�)( T &��'(�(�� a ��¥ � ( � � � &'� �����©�
˛̨
˛
�

E [ϕ̃(· + Z)](ν)
˛̨
˛ =

˛̨
˛b̃ϕ(ν)

˛̨
˛ ,

��( � (�( �����©�d� ��&�� �ª��� ��&
E [ϕ̃(t+ Z)] ∈ BN

��� ( ¯ % � � �.� (�& �R� � P
n1,n2∈ ,

˛̨
˛ ˆ̃ϕ(n1

T1
, n2

T2
)
˛̨
˛ <∞

°

# $ �%� ( ��!�� ��� k�vjvSm	xKmGp � { ��i�x8{��Gm	g8g � ·);�9=5>01K/Q?H;4_68-�;J9�351K;B@B-�;48;
N

/Q1_6K-0;L£*=^¤VI�48=H9	; 1K1_=5M 	_¤�3�Y�I�:2;
ªH`O·);�9�3�>~6835[5;

BÑ =
{
ϕ̃ ; ϕ̃ ∈ L1' (

 m) ∩ L2' (
 m)

}
.

�S>0?H;; ?)9=5>0?�/�68/<=D>
E [ϕ̃(t+ Z)] ∈ BN

]�6K-�3�6�/21�]�/2>A68-�/Q1XI03�4K6K/Q9	��:Q3�4X93D17;D]
E [ϕ̃(t+ Z)] ∈ L1' (

 
m) ∩

L2' (
 m)

]�/Q1.;	¤�359	6K:2e
ϕ̃ ∈ L1' (

 m) ∩ L2' (
 m)

`


�� 
�� � �*��#  � � � � 	 �  � � � � � #�#�� #
b;	6

N
s�;+3�17683�68/<=D>03�48e�I�=D/<>&6XI�4K=H9;�181t=5>� 

m
@B/�68-A/2>D68;>01K/<6�e

λ > 0
]�®d354768:<;676X17I�;�9	6K4G3�:�Y+; 351K��48;

µN

]�35>0?A1K;	6X=�M�68;�176XM���>09�68/<=D>01
BN

` �;	6
{Z (t)}t∈

,
m

s�;�3�>)/�` /j` ? `+9	=D:<:2;�9	6K/2=5>�=5M_i�{�k��0v�i�xK{ �Gm�gGgm�gJ=5>
 

m
] /2>0?H;I�;>�?H;>&6X=�M

N
`X¹�;�>�=�68;

Z (t) (C) = Z (t, C)
] 3�>�?�:2;	6

Z
s�;�3�I�=5/2>&6JI�48=H9	; 1K1J=5>  

m
@B/�68-

6K-�;�183�Y�;�?H/Q1�684K/2s��H68/<=D>�3D1d6K-�;�9=5Y�Y�=5>�?H/2176K48/2s��H6K/2=5>�=5Mb6K-0;
Z (t)

& 1�` �;6

ψZ (ν) = E

[∫
,

m

e2iπ〈ν,t〉Z (dt)

]

	_¤H/2176K;�>09	;�35>0?�\�>�/�68;>�; 1K1t=�M
ψZ (ν)

/Q1.P5�0354835>&6K;; ?���>�?H;4B68-�;�9	=D>0?H/<6K/2=5>

E [Z (
 m)] <∞.

�S>~I0354768/29��:Q3�4 ]
Z

/21B35:<Y�=D176t17�04K;�:<eU3V\0>0/�68;�I�=D/<>&6tI�48=H9	;�181�`
· ;�>�=�@ ?H;	\0>0;X6�@*=�I�=5/2>D6tI04K=H9	; 1K1d=D>  

m
]
Ñ

3�>0?
N̂

]�s"e

Ñ(C) =N (C) +
∑

t∈N

Z (t, C − t) ,

N̂(C) =
∑

t∈N

Z (t, C − t) .

·);�@d=5��:Q?~:</2[5;L6K=C9=5Y�I��H68;X6K-�;�®.3�4K6K:2;	6K6t17I�;�9	6K48��Y =5M
Ñ

3�>0?
N̂

`_· ;�1�6G3�4K6B@B/�68-
Ñ

`���=548YC3�:2:<e

Var



∑

t∈ eN

ϕ (t)


 =Var

(
∑

t∈N

{
ϕ (t) +

∫
,

m

ϕ (t+ s)Z (t, ds)

})

=Var

(
∑

t∈N

ϕ (t, Z (t))

)
,

@B-�;48;

ϕ (t, z) =ϕ (t) +

∫
,

m

ϕ (t+ s) z (ds) .
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E [ϕ (t, z)] = ϕ (t) + E

[∫
,

m

ϕ (t+ s) z (ds)

]

ϕ̂ (ν, z) = ϕ̂ (ν) +

∫
,

m

(∫
,

m

ϕ (t+ s) z (ds)

)
e−2iπ〈ν,t〉dt

= ϕ̂ (ν) +

∫
,

m

(∫
,

m

ϕ (t+ s) e−2iπ〈ν,t〉dt

)
z (ds)

= ϕ̂ (ν) +

∫
,

m

ϕ̂ (ν) e2iπ〈ν,s〉z (ds)

= ϕ̂ (ν)

(
1 +

∫
,

m

e2iπ〈ν,s〉z (ds)

)

%t=56K;�68-03�6J6K-�;V;	¤�9G-035>�P5;X=�M�=D48?�;4t=5MO/2>&6K;�P54G3�6K/2=5>�/Q1t>�=56J3CI�48=5s0:<;�Yy/<M
z
/Q1J3+\0>0/�68;�I�=5/2>D6LI�48="9;�181]0/<>

I0354768/29��:2354*/<M
z
/Q1*48;I0:23D9	;�?�s&eC/<681d4G3�>0?�=5Y�q5;�481K/<=D>

Z
` %�=�6K;X3�:Q1K=�6K-�3�6

ϕ ∈ B eN
T�>�=56deD;	6./2?�;>&6K/<\0;�?�Wu/Q1

>�; 9	;�18183�48/<:2eC/<>
L1' (

 
m)

]01K/2>09	;
B eN ⊆ L1' (

 
m)

`
�t:Q1K=

̂̄ϕ (ν) = ϕ̂ (ν) (1 + ψZ (ν))

�tI0I�:<e"/2>�P�M�=548YC3�:2:<e�,.-0;=548;Y�ªH]H@d;L=DsH6835/<>

Var

(
∑

t∈N

ϕ (t, Z (t))

)
=

∫
,

m

|ϕ̂ (ν)|
2
|1 + ψZ (ν)|

2
µN (dν)

+ λ

∫
,

m

|ϕ̂ (ν)|2 Var

(
1 +

∫
,

m

e2iπ〈ν,s〉Z (ds)

)
dν.

�Js01K;48q5;J6K-03�6

Var

(
1 +

∫
,

m

e2iπ〈ν,s〉Z (ds)

)
= Var

(∫
,

m

e2iπ〈ν,s〉Z (ds)

)

6K=C=DsH6835/<>

Var


∑

t∈ eN

ϕ (t)


 =

∫
,

m

|ϕ̂ (ν)|2 µ eN (dν)

@B-�;�4K;

µ eN (dν) = |1 + ψZ (ν)|
2
µN (dν) + λVar

(∫
,

m

e2iπ〈ν,s〉Z (ds)

)
dν.

/Q1.6K-�;�®.354768:<;676t17I�;�9	6K48��Y =5M
Ñ

`u§H/<Y�/2:2354t9	=5Y�I���683�68/<=D>01.:2;�35?U6K=

µ bN (dν) = |ψZ (ν)|
2
µN (dν) + λVar

(∫
,

m

e2iπ〈ν,s〉Z (ds)

)
dν.

,¸=�=5sH6G3�/2>�6K-0;�9=5484K; 17I�=5>0?�/<>�P�?�=5YC3�/2>01
B eN

3�>�?
B bN

]_/<6�1K�H±�9	; 1�68=)351K[ 6K-03�6�68-�;~9=5>0?H/<6K/2=5>�M�=54

ϕ (t, z)
/<>�,.-�;�=548;Yyª+3�48;�1K3�6K/Q1�\�;�? `



þ � Sx� ( �
� ( YZ��� ¢ � %�� a�zq� % � (�& �Q]N�.�
� ��% �����.aé^ &�� � ( �PXQ� �'� � £

� ��� ��"  
	 "���� " ��� � # � � � � � #�#�� #

� ������� ��"  �	 "����� "���� � 	 ��� � � 	 �  � � � � � #�#
,.-0;�¡�3^@B[5; 1dI�=D/<>&6tI�48=H9	;�181

N
=5>$ 

m
/21B3�1KI03�68/235:u�	x8}����G�"k��"��i�{�k��0vbi�xK{ �Gm�gGg�`_�F6t/21�9	=5>�1�684K�09	6K; ?~3D1

M�=5:2:<=�@t1�f
�;	6

N0
s�;.3�1K/2Y+I0:<;.17; 9	=D>0?�=54G?H;�4¸17683�68/<=D>03�48eLI�=D/<>&6¸I04K=H9	; 1K1¸@B/<6K-V®.354768:<;676�1KI�;�9�684K�0Y

µ0
3�>�?�1K;	6¸=5M�35?HE

Y+/Q1817/2s�:2;OM���>09�68/<=D>01
BN0

`¸,.-�/Q1 I�=5/2>&6�I�4K=H9;�181 /21b93�:2:2;�?J6K-�;bNK3�>�9	;�176K=D481�I04K=H9	; 1K1�R�` �;	6
{Zn (t)}n≥0,t∈

,
m

]
s�;+3�M%3�Y�/2:<e�=�M�/j` /j` ? `B4835>0?H=DYyq�3�48/Q3�s�:2;�1B@B/<6K-Aq^35:<�0;�1t/2>c68-�;�Y�;�3D17�04835s�:<;�1KI03D9	;

(K,K)
35>0?c9	=DY�Y+=D>

?H/2176K48/2s��H6K/2=5>
Q
]035>0?~/<>0?�;I�;>0?H;�>&6t=�M

N0
` b;	6

N =
∑

n≥0

Nn,

@B-�;48;�; 359G-
Nn

/21u6K-0;Ls�351K/29�I�=D/<>&6.I�4K=H9;�181�=5>  
m

=�Mb3VY�354K[D;�?�I�=5/2>&6dI�48=H9	; 1K1
Nn

=D>  
m ×K

@B/�68-
6K-�;�/j` /j` ? `_YC3�48["1

{Zn (t)}t∈
,

m

]H6K-03�6B/21�]

Nn(C × L) =
∑

t∈Nn

1C(t)1L(Zn(t)) ,

@B-�;48;
C ⊆

 
m

/Q1O3J®d=548;:"1K;	6_3�>0?
L ∈ K

`_,.-�;d1K;��&��;�>09	;*=�M�I�=D/<>&6OI�4K=H9;�1817; 1
{Nn}n≥1

/21O9	=D>0176K48�09�68;�?
4K; 9	��4G17/2q5;�:<e+351�M�=5:2:<=�@t1�`���/248176u@d;J354K;tPD/<qD;>�3�>0=5>�>�;�PD3�6K/2q5;�xK}�vFmL�G|H���	vjk%{��

h :
 

m ×K →
 17�09G-�68-03�6

6K-�;��&�035>D68/�6�e

ρ :=

∫
,

m

E [h(t, Z)] dt

/21J\0>�/<6K;D]�@B-�;�4K;
Z

/21X3
K

EFq�3�:2��;�?�4835>0?H=5Yhq�354K/Q3�s�:2;�@B/<6K-�?H/Q176K48/<s���6K/2=5>
Q

T�68-�;�P5;>0;4G3�:�Y�354K[�?�/2176K48/�E
s��H6K/2=5>�W�`_· ;X?�;>�=56K;Xs"e

Fn

6K-0;X1K/2P5YC3�Ej\0;:Q?C48;�9=54G?H/<>0PV3�:2:�6K-0;L;�q5;�>D6G1d4K;�:23�6K/2q5;t68=
N0, . . . , Nn

`�,.-�;�>

Nn

/Q1�]09	=D>0?H/<6K/2=5>035:<:2e�=5>
Fn−1

]�3�¢O=5/Q1K1K=5>~I�48="9;�181d=5>  m @B/�68-�6K-�;�/2>&6K;>�17/<6�e

λn(t) =

∫
,

m

∫

K

h(t− s, z)Nn−1(ds× dz)


=

∑

s∈Nn−1

h(t− s, Zn−1(s))


 .

T�ª��"W

Nn

/Q1X93�:2:2;�?�68-�;
n
E�68-AP5;�>�;4G3�68/<=D>cI�=D/<>&6�I�48=H9	;�181�`X,.-0;V/2>&6K;48I�48;	6G3�6K/2=5>A/21J6K-0;�M�=D:<:2=�@B/<>0P0ft; 359G-�I�=5/2>&6

a ∈ Nn−1
=5M�PD;>�;�483�6K/2=5>

n− 1
94K; 3�6K; 1.?H;�189	;�>0?�3�>&6G1*/2>�6K-�;X>�;¤"6tP5;>0;4G3�6K/2=5>�359�9	=54G?H/2>�P�68=C3V¢O=D/21817=D>

I�4K=H9;�181t=�M*/<>&6K;�>01K/�6�e
h(t − a, Zn−1 (a))

`X· ;�68-�;48;	M�=D4K;V-03^q5;�M�=54L;�359G-)3�>09;�176K=54+T%3~I�=D/<>&6
a ∈ N0

W
ρ

?H/<48;�9	6t?H;�189	;�>0?�3�>&6G1.=5>~6K-�;�3^qD;4G3�P5;D`¸¹J;>�=56K;

N ′ =
∑

n≥1

Nn, N
′
=
∑

n≥1

Nn.

��48=5Y Tjª��&Wd35>0?�68-�;V£d3�Y�I�s�;:2: M�=D4KYV��:23+@d;�17;�;J68-03�6 ]0?H;�>�=�68/<>�P
λn = E [λn(t)]

]

λn = λn−1

∫
,

m

E [h(t, Z)] dt



�R�.»��ol���'� c ��W�N�W� 
� h 	���� �j��������������	.�)� h 	$������.�f�
	P��
� c �o�����o� þ ,

3�>�?�68-�;48;	M�=D4K;L6K-0;�3^q5;4G3�PD;�/2>&6K;>�17/<6�e
λ′

=�M
N ′ qD;48/�\0; 1

λ′ = ρλ0 + ρλ′.

,.-�;�4K;M�=548;5]"/�M
λ0 > 0

]H/<>�=54G?H;�4*M�=D4
N ′ 68=�-03^q5;�3V\0>�/<6K;�/2>&6K;>�17/<6�e5]�/<6t/Q1.>�;�9;�181K354Ke�68-03�6

ρ < 1 .
T�ª��5W

�S>�68-�/21+93D17;D]¸; 359G-�35>09	; 1�68=54UT%I�=D/<>&6V=5M
N0

W�/Q1�6K-0;U48=&=56�=�M�35>�;qD;>&6K�035:<:2e ;	¤"6K/2>�P5�0/21K-�/2>�P�s�4G3�>09G-0/<>�P
I�48=H9	;�181�]*s�;�9�3��01K;�/�6G1U3^q5;�4835P5;~I�4K=DP5;�>&e�/Q1�176K48/29	6K:2e¦:2;�181�6K-�3�>

1
` £*=5>0?H/<6K/2=5>ZT�ª��5W+@B/2:<:Js�;�3D1K1K��Y�;�?

6K-04K=D��P5-�=D�H6�`

� !�� �¦� ���  b{�x
ϕ ∈ L1' (`×Q) ∩ L2' (`×Q)

�

��}�x (∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz)

)
= λ′

∫
,

m

E
[
|ϕ(t, Z)|

2
]
dt,

T�ª5¯DW

�¸��mxKm

M
′
(dt× dz) = N

′
(dt× dz) − λ′ (t) dtQ (dz)

λ′ (t) =

∫
,

m

∫

K

h (t− s, z′)N0 (dt× dz′) +

∫
,

m

∫

K

h (t− s, z′)N
′
(dt× dz′)

�dxK{ { � � · ;U17-�3�:2:u�01K;U1K/<Y�I�:2/�\�;�?�>�=5683�6K/2=5>�=�M.68-�;U["/2>0? ∫ ∫
ϕ(t, z)M

′
(dt × dz) =

∫
ϕdM

′ `c· ;
-03^qD;

∫
ϕdM

′
=
∑

n≥1

∫
ϕdMn,

@B-�;�4K;
Mn(dt × dz) = Nn(dt × dz) − λn(t)dtQ(dz)

`��L/2q5;>
Fn−1

]
Nn

/21J3C¢O=5/Q1K1K=5>�I�48=H9	;�181B@B/<6K-
Y�;�35>~Y�;�3D17�04K;

λn(t)Q(dz)dt
]03�>�?�68-�;48;	M�=D4K;D]Hs&e~1�6G3�>0?�3548?~I�48=5I�;4K6K/2;�1d=�MO¢O=5/Q1K1K=5>~I�48="9;�1817; 1]

¼�3�4 (∫
ϕdMn

∣∣∣∣Fn−1

)
=

∫
,

m

E
[
ϕ2(t, Z)

]
λn(t)dt,

3�>�?

E

[∫
ϕdMn

∣∣∣∣Fn−1

]
= 0.

,.-�;�4K;M�=548;5]"s"e�6K-0;�9	=5>�?H/�68/<=D>03�:�q�3�48/Q3�>09;JM�=D4KYV��:Q3

¼�3�4 (∫
ϕdMn

)
= E

[ ¼�354 (∫
ϕdMn

∣∣∣∣Fn−1

)]
+

¼�354 (
E

[∫
ϕdMn

∣∣∣∣Fn−1

])

= λn

∫
,

m

E
[
ϕ2(t, Z)

]
dt.

�t:Q1K=VM�=D4
j, k ≥ 1

]

E

[(∫
ϕdM j

)(∫
ϕdM j+k

)]
= E

[(∫
ϕdM j

)
E

[∫
ϕdM j+k

∣∣∣∣Fj+k−1

]]
= 0.



þ � Sx� ( �
� ( YZ��� ¢ � %�� a�zq� % � (�& �Q]N�.�
� ��% �����.aé^ &�� � ( �PXQ� �'� � £

,.-�;48;	M�=D4K;

¼�354 (∫
ϕdM

′
)

=
∑

n≥1

¼�3�4 (∫
ϕdMn

)

=



∑

n≥1

λn



∫
,

m

E
[
ϕ2(t, Z)

]
dt

= λ′
∫
,

m

E
[
ϕ2(t, Z)

]
dt.

� � � � #�� ���  ������ � �  � � � " � ��� # ��� � � � #�#
� !�� ��� ����� � ¥ | iDi�{�g	m�v���}�v

E

[(∫
,

m

h (t, Z) dt

)2
]
<∞.

TjªDµ5W

� �0m	x8m~m��DkQgGv�g� �	{�xU}�������k ��m�
F ∈ L1' (`×Q) ∩ L2' (`×Q)

�L}c|H�0k��|0m �G|H���vjk%{��
ϕ ∈ L1' (`×Q) ∩

L2' (`×Q)
g�|0�8��v��0}�v

ϕ(t, z) −

∫
,

m

h(s− t, z)E [ϕ(s, Z)] ds = F (t, z).
Tjª�¬&W

� �  ¸{�x���k ��m	�
f ∈ L1' (

 
m) ∩ L2' (

 
m)

�Bv���mxKmUm��DkQg�v%g+}c|H�0k��|0m
ϕ ∈ L1' (`×Q) ∩ L2' (`×Q)

g�|0�8�
v��0}�v

ϕ(t, z) −

∫
,

m

h(s− t, z)E [ϕ(s, Z)] ds = f(t).
Tjª �&W

�.xK{�{�� � ��`��0=54L3�M���>09	6K/2=5>
v (t, z)

]�?H;>�=56K;
E [v (t, Z)]

s"e
v (t)

3�>0?
v (−t, z)

s"e
v̌ (t, z)

` �Js01K;48q5;
6K-03�6

F ∈ L1' (`×Q) ∩ L2' (`×Q)
/2Y�I�:2/<; 1

F ∈ L1' (
 

m) ∩ L2' (
 

m)
` b;	6

h
3�>0?

F
s�;�3D1L/<>)6K-�;

1�6G3�6K;�Y�;>&6B=�M�6K-�;�35s�=�qD;J:2;Y�YC3�]�35>0?�9	=5>�17/Q?H;4d68-�;�4K;�>�;@.3�:�; �D��3�6K/2=5>

g = F + ȟ ∗ g.
T�¶��&W

§"/<>�9	;
F ∈ L1' (

 
m) ∩ L2' (

 
m)

]�3�>�?�17/2>09	;~9	=5>�?H/�68/<=D>©T�ª��5W�-0=5:Q?�1]�68-�;48;�;	¤H/Q1�6G1�3c�0>�/2�&��;�17=D:<��6K/2=5>

g ∈ L1' (
 

m) ∩ L2' (
 

m)
P5/2q5;�>~s"e

g =
∑

n≥0

F ∗ ȟ
∗n T%¶��^W

T�6K-0;J9	=D>"q5;48P5;�>09	;B=5M 6K-�;L17;�4K/2;�1u/<>
L1' (

 
m)

351u@*;�:<:�351u/<>
L2' (

 
m)

/21*P5��3�4G3�>&6K;�;�?+s"e�68-�;J/2>�; �D��3�:2/�68/<; 1

‖a ∗ b‖L1 ≤ ‖a‖L1 ‖b‖L1

3�>0?
‖a ∗ b‖L2 ≤ ‖a‖L1 ‖b‖L2

r���>0/2�&��;�>�;�181~M�=5:2:<=�@t1~M�48=5Y 6K-0; ; �&�03�:2/�6�e

g − g′ = ȟ ∗ (g − g′)
]�@B-�;48;

g′
/Q1A3�>0=�6K-0;4A9�3�>0?H/Q?�3�6K;¦1K=5:2�H6K/2=5>b]�@B-�/29G- /2Y�I�:2/<; 1

‖g − g′‖L1 ≤
∥∥h
∥∥

L1
‖g − g′‖L1

]B3�>0?»-�;�>09	;c��>�?H;4U9=5>0?�/�68/<=D>ZTjª��DW�]d>�;�9;�181K354K/2:<e
‖g − g′‖L1 = 0

W�` ,.-�;���=D��4K/2;4
6K4G3�>017M�=548Y =�M

g
/21

ĝ (ν) =
E
[
F̂ (ν, Z)

]

1 −E
[
ĥ (ν, Z)

∗
] . T%¶DªDW



�R�.»��ol���'� c ��W�N�W� 
� h 	���� �j��������������	.�)� h 	$������.�f�
	P��
� c �o�����o� þ "

¹J;	\0>�;�>0=�@
ϕ (t, z)

s"e

ϕ (t, z) =

∫
,

m

h (s− t, z) g (s) ds+ F (t, z) .
T%¶D¶DW

· ;�-03^q5;

E

[∫
,

m

|ϕ (t, Z)| dt

]
≤ E

[∫
,

m

|F (t, Z)| dt

]
+E

[∫
,

m

|h (t, Z)| dt

] ∫
,

m

|g (t)| dt <∞

s�;�935�01K;
g ∈ L1' (

 
m)

3�>0?
F, h ∈ L1' (`×Q)

`),.-0;48;	M�=548;
ϕ ∈ L1' (`×Q)

`�· ;U>�=�@ 1K-�=�@ 6K-03�6

ϕ ∈ L2' (`×Q)
`¸�F6�1K�H±�9	;�1�68=�17-�=�@�6K-03�6

ϕ̂ (ν, z) ∈ L2' (`×Q)
s�; 93���17;*6K-�;�>�]5��17/2>�PJ6K-�;B¢�:Q3�>�9G-�;48;:<E

¢_3�4G17;�q�3�:�/2?�;>&6K/<6�e5]

E

[∫
,

m

|ϕ (t, Z)|2 dt

]
= E

[∫
,

m

|ϕ̂ (ν, Z)|2 dν

]
<∞.

��=D4.6K-�/Q1BI��04KI�=D1K;5]H@d;L683�[D;LM�=54.\�¤H;�?
z
6K-0;���=5�04K/2;4.684835>01�M�=D4KY =5M¸s�=�68-�1K/Q?H;�1B=5MdT�¶5¶DW

ϕ̂ (ν, z) = ĥ (ν, z)
∗
ĝ (ν) + F̂ (ν, z) ,

=54�T�M�=54.M��H68��48;�4K;M�;48;>09; W*/<>�q"/2;@ =5M.T�¶DªDW

ϕ̂ (ν, z) = F̂ (ν, z) +
ĥ (ν, z)∗E

[
F̂ (ν, Z)

]

1 −E
[
ĥ (ν, Z)

∗
] ·

T%¶��&W

· ;�17-�=�@ 6K-03�6
ϕ̂ (ν, z) ∈ L2' (`×Q)

`�§"/2>09	;
F (t, z) ∈ L2' (`×Q)

]b/<6LM�=D:<:2=�@t1Ls"ec6K-�;C¢u:235>09G-�;48;:��
¢_3�4G17;�q�3�:�/2?�;>&6K/<6�e�68-03�6

F̂ (ν, z) ∈ L2' (`×Q)
`_�F6B4K;�Y�35/<>�1d6K=�1K-�=�@�6K-�3�6

ĥ (ν, z) ĝ(ν) ∈ L2' (`×Q) .
T%¶��DW

,.-�/Q1.M�=5:2:2=�@t1uM�48=5Y 6K-�;XM%3D9�6B6K-�3�6
ĝ ∈ L2' (

 
m)

3�>0?U6K-03�6

E

[∣∣∣ĥ (ν, Z)
∣∣∣
2
]

= E

[∣∣∣∣
∫
,

m

h (t, Z) e2iπνtdt

∣∣∣∣
2
]
≤ E

[∣∣∣∣
∫
,

m

h (t, Z) dt

∣∣∣∣
2
]

3V\0>�/<6K;�9=5>0176835>D6�T%s&e~-"e&I�=�68-�;�1K/Q1�T�ªDµ5W7W	]H/<>0?�;I�;>0?H;�>&6�=�M
ν
`

®L`b,.-�/Q1�/Q1�9:<; 3�48:<eA3�I�3�4K6K/Q9	��:Q3�4�9�351K;�=�Mt��`¸·);�>0=�6K;�M�=54�M��H68��48;�4K;M�;48;>09;�6K-03�6�/2>)68-�/Q1�93D17;�68-�;
M�=5:2:2=�@B/<>�P�-�=D:2?01f

ϕ̂(ν, z) = f̂(ν)


1 +

ĥ∗(ν, z)

1 −E
[
ĥ∗(ν, Z)

]


 ·

T%¶D¯DW

��� ! �0� !�� 
b� � m	v
h (t, z)

�^mx�k � � �
	��)� }���p �
	 � ����� ��m �J}�x�vjo<m	vjv*g�i0mG�	vjx�|Hz�{��
N

p5m�n���mGpU}5�G{ �^mVkQg

µN (dν) =
1

∣∣∣1 −E
[
ĥ(ν, Z)

]∣∣∣
2

[
µ0(dν) + λ′dν + λ

��}�x (
ĥ(ν, Z)dν

)]
,

T%¶"µ�W

�¸��mxKm
λ = λ0/(1 − ρ)

� � m��G}���vF} l5m �	{�x
BN

v���mCgm	vX{ �6�G|H���v�k%{���g
f ∈ L1' (

 m) ∩ L2' (
 m)

gG|0�G�
v���}�vdv���m�g	{�ow|Hvjk%{�� {�� �
	��)� g}�v�kQg�n*m	g

E [ϕ(·, Z)] ∈ BN0

�



þ � Sx� ( �
� ( YZ��� ¢ � %�� a�zq� % � (�& �Q]N�.�
� ��% �����.aé^ &�� � ( �PXQ� �'� � £

�.xK{�{�� � b;	6
ϕ

s�;X68-�;�17=D:<��6K/2=5>�=�MBT�ª �&W�`

∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz) =

∫
,

m

∫

K

ϕ(t, z)
(
N

′
(dt× dz) − λ′(t)Q(dz)dt

)

=

∫
,

m

∫

K

ϕ(t, z)N
′
(dt× dz) −

∫
,

m

∫

K

ϕ(t, z)λ′(t)Q(dz)dt.

�t:Q17=�]

∫
,

m

∫

K

ϕ(t, z)λ′(t)Q(dz)dt =

∫
,

m

∫

K

ϕ(t, z)

(∫
,

m

∫

K

h(t− s, z′)N(ds× dz′)

)
Q(dz)dt

=

∫
,

m×
,

m×K

h(t− s, z′)E [ϕ(t, Z)] dtN(ds× dz′)

=

∫
,

m

∫

K

(
ȟ(s− ·, z′) ∗E [ϕ(·, Z)]

)
(s)N(ds× dz′).

,.-�;48;	M�=D4K;D]"1K/2>09	;
N = N

′
+N0

]

∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz) =

∫
,

m

∫

K

(
ϕ(t, z) −

(
ȟ(t− ·, z) ∗E [ϕ(·, Z)]

)
(t)
)
N(dt× dz)

−

∫
,

m

∫

K

ϕ(t, z)N0(dt× dz).

,¸35[5;
f ∈ BN

T%/<>�I03�4K6K/Q9	�0:2354
f ∈ L1' (

 m)∩L2' (
 m)

W	]�3�>0?~:2;	6
ϕ(t, z)

s�;L6K-�;X1K=5:2�H6K/2=5>~=�MdTjª �&W�`O·);
-03^q5;

∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz) +

∫
,

m

∫

K

ϕ(t, z)N0(dt× dz) =

∫
,

m

f(t)N(dt).

�t:Q17=�]Hs&e�6K-�;�/Q17=DY�;	6K48e�:2;Y�YC3�]

¼�3�4 (∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz)

)
= λ′

∫
,

m

E
[
|ϕ(t, Z)|2

]
dt = λ′

∫
,

m

E
[
|ϕ̂(ν, Z)|2

]
dν.

%t=�@�]

E

[∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz)

∫
,

m

∫

K

ϕ(t, z)N0(dt× dz)

]

= E

[
E

[∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz)

∣∣∣∣F0

] ∫
,

m

∫

K

ϕ(t, z)N0(dt× dz)

]
= 0.

,.-�;48;	M�=D4K;D]

¼�354 (∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz) +

∫
,

m

∫

K

ϕ(t, z)N0(dt× dz)

)
=

¼�354 (∫
,

m

∫

K

ϕ(t, z)M
′
(dt× dz)

)
+

¼�354 (∫
,

m

∫

K

ϕ(t, z)N0(dt× dz)

)
=

λ′
∫
,

m

E
[
|ϕ(t, Z)|2

]
dt+

¼�354 (∫
,

m

∫

K

ϕ(t, z)N0(dt× dz)

)
.



�R�.»��ol���'� c ��W�N�W� 
� h 	���� �j��������������	.�)� h 	$������.�f�
	P��
� c �o�����o� þ �

�J>~6K-�;�=56K-�;�4B-03�>0?�]

¼�354 (∫
,

m

∫

K

ϕ(t, z)N0(dt× dz)

)
=

∫
,

m

|E [ϕ̂(ν, Z)]|
2
µ0(dν) + λ0

∫
,

m

¼�354
(ϕ̂(ν, Z)) dν.

£*=5YVs�/2>�/<>0PV68-�;�3�s�=�q5;D]"@*;X-03^qD;

¼�3�4 (∫
,

m

f(t)N(dt)

)
= λ′

∫
,

m

E
[
|ϕ̂(ν, Z)|2

]
dν +

∫
,

m

|E [ϕ̂(ν, Z)] |2µ0(dν)

+ λ0

∫
,

m

¼�354
(ϕ̂(ν, Z)) dν

= A+B + C.

®deU��=D4KYV��:Q3�T�¶5¯&W�]

A = λ′
∫
,

m

|f̂(ν)|2
1 +

¼�3�4 (
ĥ(ν, Z)

)

|1 −E
[
ĥ(ν, Z)

]
|2
dν,

B =

∫
,

m

|f̂(ν)|2
1

|1 −E
[
ĥ(ν, Z)

]
|2
µ0(dν),

C =

∫
,

m

|f̂(ν)|2λ0

¼�3�4 (
ĥ(ν, Z)

)

|1 −E
[
ĥ(ν, Z)

]
|2
dν.

�B; 93�:2:2/<>�P+68-03�6
λ′ = ρλ0/(1 − ρ)

]H@d;�=5s�683�/2>~\0>03�:2:2eC6K-03�6BM�=54t35:<:
f ∈ L1' (

 
m) ∩ L2' (

 
m)

]

¼�3�4 (∫
,

m

f(t)N(dt)

)
=

∫
,

m

|f̂(ν)|2


 1

|1 −E
[
ĥ(ν, Z)

]
|2



(
µ0(dν) + λ′dν + λ

¼�354 (
ĥ(ν, Z)

)
dν
)
,

3�>�?�68-�/21�3�:2:<=�@t1.�01d68=�/2?H;�>&6K/<M�e
µN

3D1�T%¶&µ5W�`

#!$ �%� ( �%!�� ��� { �Dk%}��'}����8m	g�vF{�xJi�xK{ �Gm�gGg � �S>)6K-�;CI�3�4K6K/Q9	��:Q3�4X93D17;�@B-�;�4K;
N0

/Q1�3�£*=^¤�I�4K=H9;�181L3D1L/<>
	_¤�3�Y�I�:2;�ªH]H@d;XYC3^eC6835[5;

BN = L1' (
 

m) ∩ L2' (
 

m)
`

#!$ �%� ( �%!�� ��� ��m�{�x�k��5k���}�o �V}��¸lDm�gdi�x8{��Gm	g8g � �S>�6K-�;�I0354768/29��:Q3�4B93D17;

h(t, Z) = h(t),

ĥ(ν, Z) = ĥ(ν)
]�3�>0?~@*;X-03^qD;

µN (dν) =
1

|1 − ĥ(ν)|2
[µ0(dν) + λ′dν] .

�FM*/2>�35?�?�/�68/<=D>
N0

/Q1X3�¢�=D/2181K=5>AI04K=H9	; 1K1L@B/<6K-�3^q5;�4835P5;�/2>&6K;>�17/<6�e
α
]¸1K/<>09;

α + λ′ = λ
]¸@*;+-03^qD;�68-�;

=548/2P5/2>03�:�M�=548Y��0:23+=�MO¡�3^@B[D;�1

µN (dν) =
λdν

|1 − ĥ(ν)|2
.



!+* Sx� ( �
� ( YZ��� ¢ � %�� a�zq� % � (�& �Q]N�.�
� ��% �����.aé^ &�� � ( �PXQ� �'� � £

� � 
���� ��"  �	 "�$� 	 � �!"� � 	 �� � "���� ���!"  � � � � � � #�#
· ;c9	=D>017/Q?H;�4V3 17-�=56V>�=D/21K;�s0351K;�?�=D>�68-�;�¡J3^@B[5; 1�s�4G3�>09G-0/<>�P)I�=D/<>&6�I�48="9;�181

N
=�Mt68-�;~I04K;�q&/2=5��1

17; 9�6K/2=5>b]�?H;	\0>0;�?�s"e

X(t) =
∑

s∈N

α(t − s, Z(s)).
T%¶D¬DW

%t=�68;+6K-03�6�/�6G1�17I�;�9	6K4G3�:�9G-035483D9�6K;�4K/Q176K/Q91L93�>0>�=�6Xs�;�?�;48/<qD;�?AM�4K=DY ,.-�;=D4K;�Y ªH]b1K/2>09	;�>�=�@ 6K-�;�YC3�48[H1

Z(s)
35>0?�68-�;�I�48=H9	;�181

N
3�48;J>�=56t/<>�?H;I�;>0?�;>&6�`

# $ �%� ( ��!�� � �S>U68-�;���>�/2q�3�48/23�6K;�93D17;  
m =

 c]

X(t) =
∑

n∈ '
α(t− Tn, Zn).

,b=+M���4K6K-�;�4t17I�;�9/235:</2�;L68-�/21t;	¤�3�Y�I�:2;5]"6G3�[5;

h(t, z) = β1[0,z](t),

3�>0?

α(t, z) = 1[0,z](t).

,.-�;48;	M�=D4K;L/<>&68;48I�4K;6K/2>�P
Tn

351d68-�;�s�/24768-�6K/2Y+;�=5M¸/2>0?H/2q"/2?H��3�:
n

/<>c9	=D:<=D>"e5]�3�>�?
Zn

3D1*/<681t:</<M�;	68/<Y�;5]

X(t) =
∑

n∈ '
1(−∞,t](Tn)1(t,+∞)(Tn + Zn)

/21�68-�;c>"��Y�s�;4U=�MJ/2>0?H/2q"/2?��03�:Q1C/2> 68-�;A9=5:2=5>"e5`��FMXY�=548;=�q5;�4V@d;�35181K��Y�;~68-03�6
Zn

/Q1C;¤"I�=5>0;>&6K/Q3�:2:<e
?H/2176K48/2s��H6K; ?�@B/<6K-�I03�4G3�Y�;6K;4

γ
]�3�>0?�6K-03�6*68-�;XI�4K=H9;�181

N0
=5M¸3�>�9	;�176K=D481*/Q1*¢O=D/21817=D>�@B/<6K-�/<>&6K;�>01K/�6�e

λ0
]

6K-�;LI�48="9;�181
{X (t)}

/Q1.3VaA3�48[5=�q�s0/<4K6K-�3�>0?~?H;�3�6K-UI04K=H9	; 1K1*@B/<6K-U/2>H\0>0/�68;�1K/<YC3�:�PD;>�;�483�6K=54
Q

P5/2q5;�>Us"e
/�6G1.>�=5>HEF>"��:2: 6K;�4KYC1

qi,i+1 = λ0 + βi
]
qi,i−1 = γi

`

��� ! ��� ! � � ��� {���g�k%pDm	x�v���m.i�xK{ �Gm�gGg
{X (t)}

p5m�n���mGp���� �����)� ���¸�0m	x8m
α ∈ L1' (`×Q) ∩ L2' (`×Q)

�
}���p �¸��mxKm�v���m��G{���p�k�vjk%{���gCg�vS}�vSmGp�k�� � ��mG{�xKmz � }�xKm~g}�vjkQg�n*mGp �	{�x

N
� ¥ | iDi�{�g	m�zC{�x8m8{ �^mx�v���}�vLv���m

g	{�ow|Hvjk%{��
ϕ

{�� �
	 �1� {�� � mzVzC} 	 �	{�x
F (s, z) =

∫ ,
m α(t− s, z)f (t) dt

kQg�g�|0�8�~v���}�v
E[ϕ(·, Z)] ∈ BN0�	{�x�}�� �

f ∈ L1' (
 

m)
� � ��m�)v���m �J{��G�"��m	xXgji0m8�vjxK}�o�zCmG}^g�|HxKm

µX

kQgJ�5k �^m� ���Cv���m+m��	i�x8m�gGg�k%{��

∣∣∣1 −E
[
ĥ (ν, Z)

]∣∣∣
2

µX(dν) = |E [α̂ (ν, Z)]|
2

(
µ0 (dν) +

ρλ0

1 − ρ
dν

)

λ0

1 − ρ
Var

{
α̂ (ν, Z)

(
1 −E

[
ĥ (ν, Z)

])
+ ĥ (ν, Z)E [α̂ (ν, Z)]

}
dν.

T�¶��&W

�.xK{�{�� � · ;�1K;;[~3�Y+; 351K��48;
µX

1K�09G-~6K-03�6BM�=54t35:<:
f ∈ L1' (

 
m)

¼�354 (∫
,

m

f (t)X (t) dt

)
=

∫
,

m

∣∣∣f̂ (ν)
∣∣∣
2

µX (dν) .
T ���&W



�R�.»��ol���'� c ��W�N�W� 
� h 	���� �j��������������	.�)� h 	$������.�f�
	P��
� c �o�����o� ! þ

®d�H6

∫
,

m

f (t)X (t) dt =

∫
,

m

f (t)

(∫
,

m

∫

K

α(t− s, z)N(ds× dz)

)
dt

=

∫
,

m

∫

K

F (s, z)N(ds× dz),

@B-�;�4K;

F (s, z) =

∫
,

m

α(t− s, z)f (t) dt

= (α̌ (·, z) ∗ f) (s)

/Q1¸3tM���>09�68/<=D>�/2>
L1' (`×Q)∩L2' (`×Q)

T�s�;�9�3��01K;
α ∈ L1' (`×Q)∩L2' (`×Q)

]�3�>0?
f ∈ L1' (

 
m)

W	`
,.-�;�4K;M�=548;J@d;�17;�;[

µX

1K�09G-�6K-�3�6

¼�354 (∫
,

m

∫

K

F (s, z)N(ds× dz)

)
=

∫
,

m

∣∣∣f̂ (ν)
∣∣∣
2

µX (dν) .

��=D:<:2=�@B/2>�PC6K-0;V183�Y�;�935:29��:Q3�6K/2=5>�1�351J/2>c6K-�;VI�48=&=5M_=�Mu,.-�;�=548;Y ¶���Ic68=�68-�;V¶548?c?H/Q1KI�:23^eD;�?�; �D��3�6K/2=5>
6K-0;48;=�M�].3�>�?¦:2;	6K6K/2>�P

ϕ
s�;�6K-�;c��>0/2�&��;�1K=5:2�H6K/2=5>»/2>

L1' (`×Q) ∩ L2' (`×Q)
=�MX;��&�03�6K/2=5>ZT�ª5¬DWV=�M

�;�Y�Y�3Cª�]�@*;X-03^qD;

∫
,

m

∫

K

F (s, z)N (ds× dz) =

∫
,

m

∫

K

ϕ (t, z)M
′
(dt× dz) +

∫
,

m

∫

K

ϕ (t, z)N0 (dt× dz) .

�B; 17��Y�/2>�P+6K-�;�I04K="=�M�=�M_,.-�;=D4K;�Y ¶�3�M�68;4.6K-0; ��6K-�?H/Q17I0:23^eD;�?~;��&�03�68/<=D>U68-�;48;=5M�]H@*;X=DsH6835/<>

¼�3�4 (∫
,

m

f (t)X (t) dt

)
= λ′

∫
,

m

E
[
|ϕ̂ (ν, Z)|2

]
dν +

∫
,

m

|E [ϕ̂ (ν, Z)]|2 µ0 (dν)

+ λ0

∫
,

m

¼�3�4
(ϕ̂ (ν, Z)) dν

= A+B + C

@B-�;�4K;D]H�017/2>�P+6K-0;�;	¤HI�48;�1817/2=5>UM�=54
ϕ̂ (ν, z)

ϕ̂ (ν, z) = F̂ (ν, z) +
ĥ (ν, z)

∗
E
[
F̂ (ν, Z)

]

1 −E
[
ĥ (ν, Z)∗

]

= f̂ (ν)


α̂ (ν, z)

∗
+
ĥ (ν, z)

∗
E
[
α̂ (ν, Z)

∗]

1 −E
[
ĥ (ν, Z)

∗
]
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@*;L\0>0?~68-03�6

A = λ′
∫
,

m

∣∣∣f̂ (ν)
∣∣∣
2
E

[∣∣∣α̂ (ν, Z)
(
1 −E

[
ĥ (ν, Z)

])
+ ĥ (ν, Z)E [α̂ (ν, Z)]

∣∣∣
2
]

∣∣∣1 −E
[
ĥ (ν, Z)

]∣∣∣
2 dν,

B =

∫
,

m

∣∣∣f̂ (ν)
∣∣∣
2 |E [α̂ (ν, Z)]|2

∣∣∣1−E
[
ĥ (ν, Z)

]∣∣∣
2µ0 (dν) ,

C = λ0

∫
,

m

∣∣∣f̂ (ν)
∣∣∣
2
¼�3�4 (

α̂ (ν, Z)
(
1 −E

[
ĥ (ν, Z)

])
+ ĥ (ν, Z)E [α̂ (ν, Z)]

)

∣∣∣1 −E
[
ĥ (ν, Z)

]∣∣∣
2 dν.

,.-�;48;	M�=D4K;D]D�01K/2>�P�68-�;L;	¤HI�48;�1817/2=5>
λ′ = ρλ0/(1− ρ)

]H@d;�\�>0?U3�M�6K;4.48;�354K4G3�>�PD;Y�;>&6�T ���DWu@B/<6K-
µX (dν)

P5/2q5;>~s"e)T%¶��DW	`

# $ �%� ( ��!�� � £*=5>01K/2?�;4L6K-�;C1K;	6KEj��I =�M*6K-�;CI04K;�q&/2=5��1J;¤�3�Y�I�:2;5]�/j` ;D`�68-03�6
{X(t)}

/Q1�3~a�354K[D=�q�s�/<4K6K-
3�>0?�?H;�3�6K-�I�48="9;�181d@B/�68-�>0=5>HEF>"��:<:�684835>01K/�68/<=D>U4G3�6K; 1

qi,i+1 = λ0 + βi
]
qi,i−1 = γi

`O· ;X6K-�;�>�-03^q5;J6K-�;
M�=5:2:<=�@B/2>�P+/2?H;�>&6K/<\�93�6K/2=5>01�f

ρ = β/γ
]
µo(dν) = λ0dν

]

α̂(ν, z) =
1 − e−2iπνz

2iπν
, ĥ(ν, z) = β

1 − e−2iπνz

2iπν
.

��48=5Y 68-�/21t@*;X=5s�683�/2>

E [α̂(ν, Z)] =
1

γ + 2iπν
,

α̂ (ν, Z)
(
1 −E

[
ĥ (ν, Z)

])
+ ĥ (ν, Z)E [α̂ (ν, Z)] = α̂(ν, Z),

¼�354 ((
1 −E

[
ĥ (ν, Z)

])
+ ĥ (ν, Z)E [α̂ (ν, Z)]

)
=

1

γ2 + 4π2ν2
·

£*=5Y�s0/<>�; ?U@B/<6K-c�0=548Y���:Q3�T%¶��&W�]"68-�/21B6K-�;�>�e"/2;:Q?�1d6K-0;XM�=5:2:<=�@B/2>�PVM�=548Y���:Q3�f

µXdν) =
2λ0

(γ2 + 4π2ν2) (1 − β/γ)
·

T �0�^W

� ��� � �����") � � #�� 	 ��� � 	 � �*� #

� ������� "���� � � #�"�� � � 	 � �
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∑
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X (t) =

∫
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e2iπ<ν,t>ZX (dν) +mX
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∫
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m

g (ν)ZX (dν)

∣∣∣∣
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m

|g (ν)|
2
µX (dν) .
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Y (t) =
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s∈N

X (s) δ (t− s)
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X (s) εs (·) ,
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s�4K��17-~6K=�s�;�3 �t35?H=D>~Y�; 351K��4K;
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ϕ (t) ∈ BY
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m

ϕ (t)X (t)N(dt)

)
=

∫
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|ϕ̂ (ν)|
2
µY (dν) ,
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ϕ (t)Y (t) dt =

∫
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m

ϕ (t)
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∑

s∈N

X (s) δ (t− s)

)
dt
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∑

s∈N

ϕ (s)X (s)

=
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m

ϕ (t)X (t)N (dt) ,
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m

ϕ (t)Y (t) dt

)
=
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m

|ϕ̂ (ν)|
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∑

s∈N

X (s) δ (t− s)
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� �¡¢ �����d� &¾(�¹ � (�&��'(�� Y � ��� &�( �Q� ��( ���
���.� ¢§( �.� % � (l� � ��(�&6¥n¦6( ¯ % �+��� ��&<� � ��-o°

�F6B>�=�@�48;YC35/<>01*68=Vq�3�:2/Q?�3�68;�68-�;J;¤�9G-03�>�PD;�=5Mb/<>&68;P54G3�:Q1*I�;�4KI�;	68483�6K;�?~3�6d6K-�;Ls�;P5/2>�/2>�P+=�M�68-�;XI�4K="=5M�`

� !�� ��� 
b� � mv
N

�Gm }'gGk�z�i�o2m¦o2{��G}�o�o � �G{�|H��pDmGp'g�vF}�v�k%{���}�x � i�{�k��0v�i�xK{ �Gm�gGg�p5m�n���mGp {��  
m

}���p
}5p�z+k�vjv�k��"� } ��}�x�v�o<mvjv�gji�mG�v�x�|Hz

µN
� � m	v

M2
�Gm�k�v�g�g	mG�G{���p�zC{�zCm	��v�zCmG}^g�|HxKm � � m	v

{X(t)}t∈
,

m

�8m+} � � g � g � x8}���pD{�zZn*mo<p �_k�v�� � xK}�z��	x+p5mG�G{�z�i�{�gGk�vjk%{��
ZX

}���pLi0{��umx�gji0mG�	vjxK}�obz�mG}^g�|HxKm
µX

��� �0m	� �
�	{�x�}�o�o

ϕ ∈ L2(M2)

∫
,

m

ϕ (t)X (t)N (dt) =

∫
,

m

(∫
,

m

ϕ (t) e2iπ<ν,t>N (dt)

)
ZX (dν) .

T$�H�^W

�.xK{�{�� � · ;�?H=C6K-0;�I�48="=�M�/2>c6K-�;V��>�/2q�3�48/23�6K;�9�351K;5`�,.-�;VY���:<6K/2q�3�48/23�6K;�9�351K;�M�=5:2:2=�@t1B6K-0;V183�Y�;�:2/<>�; 1]
@B/�68-�Y�=D4K;X>�=5683�68/<=D>�`_,.-�;X:<;M�67EF-03�>�?�1K/Q?H;�=�M.T �H�^W*/21

A =
∑

n∈ '
ϕ (Tn)X (Tn) = lim

c↑∞

∑

n∈ '
ϕ (Tn)X (Tn) 1[−c,+c] (Tn) = lim

c↑∞
A (c)
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@B-�;�4K;L6K-0;�:</2Y�/�6t/Q1B/2>
L1 (P )

`_�S>0?H;; ?

E [|A−A (c)|] ≤ E

[∫

[−c,+c]

|ϕ (t)X (t)|N (dt)

]

=

∫

[−c,+c]

|ϕ (t)|E [|X (t)|]λdt ≤ λK

∫

[−c,+c]

|ϕ (t)| dt

@B-�;�4K;
K = suptE [|X (t)|] <∞

T%s"eL§H9G-"@.3�48� & 1�/<>�; �&�03�:2/�6�eD]
E [|X (t)|] ≤ E

[
|X (t)|2

] 1

2

= E
[
|X (0)|2

] 1

2 W�`
,.-�;�4K;M�=548;5]H17/2>09;

ϕ ∈ L1 ] limc↑∞ E [|A−A (c)|] = 0
`

,.-�;X48/<PD-D6KEj-�3�>0?�17/Q?H;X/Q1

B = lim
c↑∞

∫
,
(∫

[−c,+c]

ϕ (t) e2iπ<ν,t>N (dt)

)
ZX (dν) = lim

c↑∞
B (c)

@B-�;�4K;L6K-0;�:</2Y�/�6t/Q1B/2>
L2 (P )

`_�S>0?H;; ?

E
[
|B −B (c)|

2
]

= E



∣∣∣∣∣

∫
,
(∫

[−c,+c]

ϕ (t) e2iπνtN (dt)

)
ZX (dν)

∣∣∣∣∣

2



= E


E



∣∣∣∣∣

∫
,
(∫

[−c,+c]

ϕ (t) e2iπνtN (dt)

)
ZX (dν)

∣∣∣∣∣

2
∣∣∣∣∣∣
FN

∞






= E



∫
,
∣∣∣∣∣

∫

[−c,+c]

ϕ (t) e2iπνtN (dt)

∣∣∣∣∣

2

µX (dν)


 .

¹J;>�=56K;
ϕc (t) = ϕ (t) 1[−c,c] (t)

`�,.-�;�>

E

[∫
,
∣∣∣∣
∫
, ϕc (t) e2iπνtN (dt)

∣∣∣∣
2

µX (dν)

]
=

∫
, E

[∣∣∣∣
∫
, ϕc (t) e2iπνtN (dt)

∣∣∣∣
2
]
µX (dν) .

®d�H6

E

[∣∣∣∣
∫
, ϕc (t) e2iπνtN (dt)

∣∣∣∣
2
]
≤ E

[(∫
, |ϕc (t)|N (dt)

)2
]

=

∫
,
×
, |ϕc (t)| |ϕc (s)|M2 (dt× ds) ,

3��&�035>&6K/<6�eV68-03�6*6K;�>0?�1*6K=
0
351
c ↑ ∞

]"s"e�?�=5Y�/<>�3�6K; ?�9	=D>"q5;48P5;�>09	;D`b¹J=5Y�/<>�3�6K; ?U9=5>"q5;�4KPD;>09;t3�I�I�:2/2;�?
6K=�68-�;Bn���k�vFm.Y�; 351K��4K;

µX

68-�;>�e"/<;�:2?01d6K-�;�?H; 17/248;�?
L2 9	=D>"q5;48P5;�>09	;D`
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®d�H6

A (c) =
∑

n∈ '
ϕ (Tn)X (Tn) 1[−c,+c]

=
∑

n∈ '
ϕ (Tn)

(∫
, e2iπνTnZX (dν)

)
1[−c,+c] (Tn)

=

∫
,
(
∑

n∈ '
ϕ (Tn) e2iπνTn1[−c,+c] (Tn)

)
ZX (dν)

= B (c) ,

@B-�;48;X@*;X-03^qD;J�01K;�?~68-�;XM%359	6d68-03�6B68-�;�1K��YC1B/<>"qD=5:2q5;�?~3�48;�\�>�/�68;5`u,.-"�01

lim
c↑∞

A (c) =




A

/2>
L1

B
/2>
L2

M�4K=DY�@B-�/29G- /�6�M�=D:<:2=�@t1�68-03�6
A = B

]*3�` 1�` T��01K;~6K-�;�M%359	6V68-03�6C/<MJ3 17; �D�0;>09;~=5M�4835>0?H=DY�q^354K/Q3�s0:<; 1
9	=5>"qD;48P5;�1L/2>

L1 =D4
L2 6K=A1K=5Y�;�4 ` q�`2]¸=D>�;U9�3�>�;	¤"6K4G359	6V3c1K��s01K;��&��;>�9	;C68-03�6V9=5>"q5;�4KPD;�1X3�` 1�`~68=c6K-0;

1K35Y+;X4 ` q�`«W�`

# $ �%� ( ��! ����� �;6
N

s�;V3U£*=^¤UI�48="9;�181.@B/�68-�3�@B/2?�;	ES17;�>017;�17683�6K/2=5>0354Ke�/2>&6K;�>017/<6�e
{λ (t)}t∈

,
m

@B/�68-
®*=H9G-�>0;4B17I�;�9	6K48��Y

µλ

`�,.-�;�>

µY = µλ ∗ µX + λ2µX + |mX |
2
µλ + λRX (0) `m

T �5ªDW

@B-�;48;
`m

/Q1u68-�;&�;s�;�1KP5�0;�Y�;�3D17��48;5`��S>UI�3�4K6K/Q9	��:Q3�4 ]D@B-0;>�68-�;�17I0/<[D;t\0;�:2?U/21.3�-0=5Y�=5PD;>�;�=5�01u¢�=D/2181K=5>
I�4K=H9;�181]

µY = λ2µX + λRX (0) `m.
T ��¶&W

� � � ��� ��� � ��#  
�����  
	 � � � �  � ��#�	 ��� "��� � � � 	  # # "�� � �)� � � � � #�	 � �
· ;�>�=�@ 9	=5>�17/Q?H;4.68-�;�I�48=5s�:2;Y =�M�35I�I�48=^¤H/<YC3�68/<>0P

X (t)
s"eU3+\0:<6K;�4K; ?UqD;4G17/2=5>~=�M

{Y (t)}
∫
,

m

ϕ (t− s)Y (s) ds

@B-�;48;
ϕ ∈ L1 ∩ L2 `

,.-0;�3�4K6K/Q9	:2;+¨«ªH�	bP5/2q5; 1*Y�=56K/2q^3�6K/2=5>~6K=�68-�/21t[&/2>0?~=�MOI�48=5s�:2;Y /2> �L;=DI�-"e"1K/Q91�`
,.-0;�?H/ ��;48;>�9	;�s�;6�@*;�;>

X (t)
3�>0? /<681c35I�I�48=^¤"/2YC3�68/<=D>�]t68-03�6�/Q1]L68-�;�4K; 9	=5>�1�684K�09	6K/2=5> ;484K=D4�]J/21

Y+; 351K��48;�?�s"e

ε = E

[∣∣∣∣
∫
,

m

ϕ (t− u)Y (u) du−X (t)

∣∣∣∣
2
]
.

,.-�;>�]0@*;X-03^qD;�68-�;XM�=5:2:<=�@B/2>�P+;	¤HI�48;�1817/2=5>~M�=54.68-�;X4K; 9	=D>01�684K��9�6K/2=5>�;4848=54 `
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��� ! �0� !�� � � �Jm8�G{���g�v�x�|0�vjk��&�Vv��0mXg�k��5��}�o
{X (t)}t∈

, � �BnuowvFmx�k��&�+v���mXg	}�zti�o<m��G{�z��
{Y (t)}t∈

, �_k�v��
}tnuowvSm	x

ϕ ∈ L1 ∩ L2 �5k ��m�g�v���m �	{�o�o<{ �_k��&�cmx�xK{�x

ε =

∫
,

m

|ϕ̂ (ν)|
2
µY (dν) +

∫
,

m

µX (dν) − λ

∫
,

m

(ϕ̂ (ν) + ϕ̂∗ (ν))µX (dν) + |mX |
2
|1 − λϕ̂(0)|

2
.

T � �&W

�dxK{ { � � · ;�-03^q5;

ε = E

[∣∣∣∣
∫
,

m

ϕ (t− u)X (u)N (du) −X (t)

∣∣∣∣
2
]

= E

[∣∣∣∣
∫
,

m

ϕ (t− u)X (u)N (du)

∣∣∣∣
2
]
− 2<

{
E

[∫
, ϕ (t− u)X (t)X (u)N (du)

]}
+ E

[
|X (t)|

2
]

= A− 2<{B} + C.

�S>�6K-�/Q1B;¤"I04K; 1K1K/<=D>�]

A =

∫
,

m

|ϕ̂ (ν)|
2
µY (dν) + λ2 |mX |

2

∣∣∣∣
∫
,

m

ϕ (t) dt

∣∣∣∣
2

=

∫
,

m

|ϕ̂ (ν)|
2
µY (dν) + λ2 |mX |

2
|ϕ̂ (0)|

2
,

B = E

[∫
,

m

ϕ (t− u)X (t)X (u)N (du)

]
= λ

∫
,

m

ϕ (t− u)RX (t− u) du

= λ

∫
,

m

ϕ (t)RX (t) dt

= λ

∫
,

m

ϕ (t)CX (t) dt+ λ |mX |2
∫
,

m

ϕ (t) dt

= λ

∫
,

m

ϕ̂ (ν)µX (dν) + λ |mX |
2
ϕ̂ (0) ,

3�>�?

C =

∫
,

m

µX (dν) + |mX |
2
.

,.-�;�4K;M�=548;

E

[∣∣∣∣
∫
,

m

ϕ (t− u)X (u)N (du) −X (t)

∣∣∣∣
2
]

=

∫
,

m

|ϕ̂ (ν)|
2
µY (dν)

− λ

∫
,

m

(
ϕ̂ (ν) + ϕ̂ (ν)

∗)
µX (dν)

+ |mX |
2
(
1 − λ

(
ϕ̂ (0) + ϕ̂ (0)

∗)
+ λ2 |ϕ̂ (0)|

2
)

+

∫
,

m

µX (dν)

�S>�I03�4K6K/Q9	��:Q3�4 ]H/2>~68-�;�93D17;
mX = 0

6K-0;�;484K=D4d/Q1

ε =

∫
,

m

|ϕ̂ (ν)|
2
µY (dν) − 2λ<

{∫
,

m

ϕ̂ (ν)µX (dν)

}
+ µX (

 m) .
T ���5W
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· ;�>�=�@ºPD/<qD; 1K=5Y�; ;	¤�3�Y�I�:2;�1�=5MV48;�9=5>0176K48�09�68/<=D>©;4848=54~M�=54c?H/ ��;�4K;�>D6�183�Y�I�:2/<>0P'189G-�;�Y+; 1`���=D4
>�=�6G3�6K/2=5>~;�3D17;D]&@d;�9	=D>017/Q?H;�4*68-03�6.68-�;�17/2P5>035:�/21B9;>&6K;�4K; ? ]&6K-03�6t/21�]

mX = 0
`�ac=D4K;�=�q5;�4�]&17=DY+;LI035476G1*=5M

6K-�;d;	¤�3�Y�I�:2;�1O354K;d?H;qD;:2=5I�;�?�/2>�68-�;d��>�/2q^354K/Q3�68;d9�351K;5`¸·);.?H;qD;:2=5I�6K-�;.9	=DY+I0�H683�6K/2=5>01�/2>�6K-0;ONK9	:Q351817/Q935:wR
17/<6K�03�6K/2=5>�=�M�3�s�3�>0?"EF:2/<Y�/<6K;�?C1K/2P5>035:

X (t)
]D\0:<6K;48;�?�@B/<6K-�3�s03�>0?HEj:2/<Y�/<6K; ?cT�:2=�@.EjI03D1K1GW¸\0:<6K;�4

ϕ (ν)
`_ac=D4K;

I�4K; 9	/Q17;�:<eD]":<;6
S

s�;X6K-0;�17��I0I�=D476B=�M
µX

]H@B/�68-�:2;>0P�6K-
2B = ` (S)

]�6K-�;�>�]�@d;X9=5>01K/Q?H;4

ϕ̂ (ν) =





1
λ

=D>
S

0
=56K-�;�4K@B/Q17;

@B-�;48;
λ

/21d68-�;�/2>D68;>01K/<6�eU=�M¸6K-�;�1KI�/2[5;�9	=DY�s�`

# $ �%� ( ��! � ��� ·�-�;�>
N

/Q1B3V-0=5Y�=5PD;>�;�=5�01*¢O=5/Q1K1K=5>~I�4K=H9;�181*@B/<6K-�/2>&6K;>�17/<6�e
λ
]
µY

/21.PD/<qD;>�s&e)T ��¶&W
3�>0?U6K-�;�>�6K-�;�;�4K48=54./Q1

ε =

∫
,

m

|λϕ̂ (ν) − 1|2 µX (dν) + λCX (0)

∫
,

m

|ϕ̂ (ν)|2 (dν) .
T$��¯&W

�S>�68-�;�N79:23D1K1K/Q93�:�R�s035>0?"EF:</2Y�/�68;�?�93D17;�?H; 1K94K/2s�; ?~35s�=�qD;5]"@d;�-03^q5;

ε = λCX (0)

∫
, |ϕ̂ (ν)|2 (dν)

= λCX (0)

∫
,

1

λ2
1S (ν) dν,

6K-03�6t/21

ε = CX (0)
2B

λ
·

,.-�;48;	M�=D4K;D]01K35Y�I�:</2>�PU3�6t6K-0; %teH�&��/Q1�6J483�6K;
λ = 2B

PD/<qD;�1BqD;48eUI�="=54�I�;4KM�=548YC3�>09;�1�]�>�=56Js�;	6768;4�6K-035>
6K-�;�; 1�68/<YC3�68;Xs0351K;�?~=5>�>�=C=5s�17;�4Kq�3�68/<=D>~3�6B35:<:j`

,.-0/21�?H=";�1V>�=56VY�;�35>�]�-�=�@d;qD;4 ]b68-03�6�s�;�:<=�@�68-�;�483�6K;
λ = 2B

]O6K-0;48;~/Q1�>0=A/2>HM�=548YC3�6K/2=5> T�=54+/2>
3�17;�>01K;V351t6K-�;+48;�1K��:�6L17��PDP5; 1�6G1*N7>�;P&3�6K/2q5;�/2>HM�=D4KYC3�68/<=D>"R7WB9	=D>09	;�4K>�/2>�PC68-�;�I04K=H9	; 1K1�/�6G17;�:�Md9	=5>&6G3�/2>�;�?�/2>
/�6G1J183�Y�I�:2;�1�`J� s�;676K;�4�9G-�=5/Q9	;�=5Mu3C\0:<6K;�4J@d=5�0:2?c/2>0?H;�;�?cPD/<qD;�3�:2/2>�;�354J; 1�68/<YC3�68;�@B/<6K-�;�4K48=54�:<; 1K1�6K-035>

σ2 = CX (0)
`��0=54B/2>017683�>�9	;5]0/�MO@*;X:2;	6

ϕ̂
s�;�48;�35:�]"@d;X\0>0?~M�=54.68-�;�;484K=D4

ε =

∫
,
[
(λϕ̂ (ν) − 1)

2
fX (ν) + λσ2ϕ̂ (ν)

2
]
dν,

@B-�;48;./�6u/Q1�3D1K1K��Y�;�?�6K-03�6
{X (t)}t∈

, -�351O68-�;BI�=�@d;4�1KI�;�9�684835:0?H;�>017/<6�e
fX (ν)

`�,.-0;tY�/<>�/2Y��0Y =H99��481
M�=54

ϕ̂ (ν) =
λfX (ν)

λ2fX (ν) + λσ2

3�>0?U6K-�;�>

ε = σ2

(
1 −

∫
,

λf̃X (ν)

1 + λf̃X (ν)
f̃X (ν) dν

)
·
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@B-�;�4K;
f̃X (ν)

/Q1.6K-�;�>0=548Y�35:</2�; ?�I�=�@*;�4B17I�;�9	6K4G3�:�?H;�>017/<6�e

f̃X (ν) =
fX (ν)∫ , fX (ν′) dν′

=
fX (ν)

σ2
·

,.-�;�4K;M�=548;
ε = σ2 (1 − ρ)

@B-�;�4K;
ρ =

∫ , λ efX (ν)

1+λ efX (ν)
f̃X (ν) dν

935>As�;C/<>&68;48I�4K;6K; ?A351J68-�;C9	=54848;:Q3�6K/2=5>
9	=";±C9/<;�>&6.s�;	6�@d;;�>

X (t)
3�>0?

N
M�=54.\�¤H;�?

t
`

#!$ �%� ( �%! � 
b� ·�-�;>�68-�;U183�Y�I�:2;�?�9	=DY�s�/Q1�?H;�4K/2q5; ?)s"e
T
EF��>�/<M�=548Y 1K35Y�I�:</2>�P�]b68-�;�48;�9	=D>0176K48�09�68/<=D>

;4848=54�T ���5W*4K; 35?�1

ε =
1

T 2

∫
, |ϕ̂ (ν)|

2
µX (dν) −

2

T
<

(∫
, ϕ̂ (ν) µX (dν)

)
+

∫
, µX (dν)

T �&µ�W

=

∫
,
∣∣∣∣
1

T
ϕ̂ (ν) − 1

∣∣∣∣
2

µX (dν) .

�S>)6K-�;�s035>0?"EF:</2Y�/�68;�? 9351K;5] /<M.@*;�9	=D>017/Q?H;�4
T = 1/2B

]�6K-03�6X/Q1�]
λ = 2B

] ;��&�03�6K/2=5>'T �&µ�W�P5/2q5;�1X35>
;4848=54.;��&�035:�6K=��;�4K=�`O,.-0;48;	M�=548;5]&68-�;�17/2P5>�3�: /Q1.I�;�47M�; 9�6K:2eU48;�9=5>0176K48�09	6K;�?Us"e

X (t) =

∫
, ϕ (t− s)X (s)N (ds)

=
∑

n∈ '
X (Tn) sinc (t− Tn) ,

@B-�;�4K;
sinc (t) = sin (2πBt) /(2πBt)

]�@B-�/29G-�/21b6K-�;d�01K�03�:&48;�9	=D>0176K48�09�68/<=D>XM�=548Y���:Q3�T�§H-03�>�>0=5> �!%teH�&��/2176
6K-0;=548;Y�W	`

#!$ �%� ( �%! � � � ,.-�;�48;�9	=D>0176K48�09�68/<=D>L;�4K48=54�M�4K=DY ��>0/�M�=D4KY 183�Y�I�:2;�1 /2>�6K-0;uI�48;�1K;>09;�=�M^��/<6768;4O/21b=5sH6G3�/2>�;�?
I�:2��P5PD/<>0PC6K-�;+;	¤"68;>0?H; ?�®d=H9G-�>�;4L17I�;�9	6K48��Y

µY

@B/�68-
µN

9	=54848;�1KI�=D>0?H/2>�P�6K=�3���/<676K;�4K; ?c��>�/<M�=548Y P548/2?
T%1K;; 	_¤�3�Y�I�:2;��L3�>0?�£*=548=5:2:2354Ke�ª5W�/<>&6K=�6K-�;L;4848=54�M�=D4KYV��:Q3�T ���5W�`_,.-�;LI�48;q"/2=5�01u;	¤�3�Y�I�:2;J1K-�=�@d;�?+6K-�3�6
@B/<6K-�/2>�6K-�;+N79:23D1K1K/29�3�:�R+183�Y�I�:2/<>�P�M�4G3�Y�;�@*=D4K[c68-�;U1K/<PD>03�:_YC3^e)s�;�I�;4KM�;�9	6K:2eA48;�9=5>0176K48�09�68;�? ` %t=�@�]¸/<>
6K-0;�I�4K; 17;�>09	;X=5M0��/<676K;�4B6K-0/21B/Q1B>�=56BI�=&1K1K/<s0:<;�3�>�?U68-�;�48;�9	=D>0176K48�09�68/<=D>U;4848=54d/21BPD/<qD;>�s"e

ε =
1

2B

(∫ B

−B

σ2
(
1 −

(
|ψZ |

2 ∗ f̃X

)
(ν)
)
dν

)
T �5¬DW

@B-�;�4K;
f̃X

/Q1d6K-0;�>�=548YC3�:2/<��;�?�I�=�@d;4t1KI�; 9�6K4G3�:�?�;>01K/�6�eU=�M�6K-�;�1K/<PD>03�:
X (t)

`

� � 
b��� 	 ��� "� ��� � � ����� �  � "  � � ��#�"�� ���*	 � �
· ;~9	=D>01K/2?H;�4�68-�;~9�351K;�@B-�;48;C68-�;~183�Y�I�:2/<>0P�483�6K;U?�;I�;>0?�1V=5>�6K-�;~I�4K=H9;�181`�,.-�;~Y�="?�;:*M�=54�68-�;

183�Y�I�:2;4B/Q1.>�=�@ 3�£*=^¤UI�48=H9	; 1K1L¨2� ª b=D>  
m

@B/�68-~68-�;�9	=D>0?H/<6K/2=5>035:�T�@�` 4�` 6�`
X

Wu/2>&6K;�>017/<6�e�=5M¸68-�;XM�=548Y

λ (t) = λ (t,X) .
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� ��% �����.aé^ &�� � ( �PXQ� �'� � £

��=54*/<>�1�6G3�>09;5]&/<>U6K-�;J��>�/2q^354K/Q3�68;�93D17;D]
λ (t) = |X (t)|2

]
λ (t) =

∣∣∣Ẋ (t)
∣∣∣
2 @B-�;48;

Ẋ
/Q1u6K-�;L?H;48/<q�3�6K/2q5;�3�6

t
=�M
t→ X (t)

`�a�=548;L9=5Y�I�:2/29�3�6K; ?�M��0>09�68/<=D>03�:Q1t935>~s�;�9	=D>01K/2?H;�4K; ? `

��� ! ��� ! � � � � gGg�|Hz�m�v��0}�v
E
[
X (t)

2
λ (t,X)

2
]
<∞

�
∀t ∈

 
m
�*}���pUv��0}�v

{λ (t)}t∈
,

m

kQg�}Co2{��G}�o�o �
k��0vSmj�5xK}D�	o<mBi�x8{��Gm	g8g � � m	v

µZ

�Gm�v��0m.i0{��umx�gji�mG�v�x�|Hz { �Xv���m�g�vF}�v�k%{���}�x ��i�xK{ �Gm�gGg

Z (t) = X (t)λ (t) .

� �0m	� �

µY (dν) = µZ (dν) +X2λdν
T$� �&W

�¸��mxKm �umX��} �^m�pDm	��{�vSm8p
X2λ = E

[
X (t)

2
λ (t)

] � k���pDmFi0m��p5m�0vB{ �
t
���

�.xK{�{�� � �S>�=D48?�;4�68=�9	=5Y�I���6K;C68-�;U®.3�4K6K:2;	6K6V17I�;�9	6K48��Y°=�M
Y (t)

]O@d;C-03^q5;D]¸3D1�/<>�68-�;�/2>0?H;�I�;�>0?H;>&6
9351K;5]&68=C;q�3�:2�03�68;L6K-�;�q�3�48/Q3�>09;J=5M

∫
,

m

ϕ (t)Y (t) dt =

∫
,

m

ϕ (t)X (t)N (dt)

M�=54t3�:2:
ϕ ∈ L1 ∩ L2 `_�F6t-�=D:2?01d6K-03�6

Var

(∫
,

m

ϕ (t)X (t)N (dt)

)
=

E

[
Var

(∫
,

m

ϕ (t)X (t)N (dt) |X

)]
+ Var

(
E

[∫
,

m

ϕ (t)X (t)N (dt) |X

])

= E

[∫
,

m

|ϕ (t)|
2
|X (t)|

2
λ (t,X) dt

]
+ Var

(∫
,

m

ϕ (t)X (t)λ (t,X) dt

)
.

®*e~?H;	\0>0/�68/<=D>�=5M
µZ

]�@d;X-03^q5;

Var

(∫
,

m

ϕ (u)X (u)λ (u) du

)
=

∫
,

m

|ϕ̂ (ν)|2 µZ (dν) .

,.-�;48;	M�=D4K;D]&48;�9�3�:2:</2>�PV6K-�;�>0=�683�6K/2=5>
E
[
X (t)

2
λ (t)

]
= X2λ

T�/2>0?H;�I�;�>0?H;>&6�=5M
t
W	]�@*;X-03^qD;

Var

(∫
,

m

ϕ (t)X (t)N (dt)

)
= Var

(∫
,

m

ϕ (u)X (u)λ (u) du

)
+X2λ

∫
,

m

|ϕ (t)|
2
dt

=

∫
,

m

|ϕ̂ (ν)|
2
µZ (dν) +X2λ

∫
,

m

|ϕ̂ (ν)|
2
dν

=

∫
,

m

ϕ̂ (ν)
(
µZ (dν) +X2λdν

)

3�>0?~4K; 17�0:�6�T ���DW*M�=D:<:2=�@t1`

��1.I0354768/29��:2354t93D17; 1*=5M¸68-�;�3�s�=�q5;X48;�1K��:�6 ]"M�=54
X (t) ≡ 1

]�@d;X4K; 9	=�q5;�4u68-�;XM�=548Y��0:23

µN (dν) = µλ (dν) + λdν
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=�M�6K-0;�®d354768:<;676t1KI�; 9�6K48��Y =5M¸68-�;V£*=^¤UI�48=H9	; 1K1�]H3�>0?UM�=54
X (t) = λ (t)

]H@d;�-03^q5;

µY (dν) = µλ2 (dν) + E
[
λ3 (0)

]
dν.
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