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SchedulingReservedTraffic in
Input-QueuedSwitches:New DelayBounds

via ProbabilisticTechniques
Matthew Andrews andMilan Vojnović

Abstract— We consider the problem of providing delay bounds to re-
served traffic in high-speedinput-queued switches. We assumethat the
matrix of bandwidth demandsis known and we usethe now standard ap-
proachof decomposingthis matrix into a convex combination of permuta-
tion matrices. Our problem therefore reducesto the problem of construct-
ing a schedulefor thesepermutation matrices.

In this paper we derive delay boundsfor four algorithms that are based
on probabilistic techniques. For eachalgorithm we first place tokensran-
domly in continuous time for eachpermutation matrix. If the � th token
that appearscorrespondsto permutation matrix

���
then weschedulema-

trix
���

in the � th time slot. The algorithms differ in how the random token
processesare defined. For two of the algorithms we are able to perform a
derandomizationsoasto obtain deterministic schedules.

We show thr ough numerical computation that in many situations the
resulting delay bounds are smaller than the previously best-known delay
boundsof Chang,Chen,and Huang [1].

Keywords—Input-queued switches.Decomposition-basedschedules.De-
lay bounds.

I . INTRODUCTION

N recentyearstherehasbeenagreatdealof work onschedul-
ing algorithmsfor input-queuedswitches.Thekey featureof

aninput-queuedswitchis thatat eachtime step,eachinput can
beconnectedto at mostoneoutputandeachoutputcanbecon-
nectedto at mostoneinput. Theaim of thescheduleris to de-
terminehow to configurethe switch at eachtime stepso asto
providehighthroughputandlow delaysfor thearriving packets.

Mostof thepreviouswork hasconcentratedonproviding sta-
bility or 100%throughputfor theswitch. A scheduleris saidto
be stableif the queuesremainboundedaslong asthe load on
eachport is lessthanthecapacityof thatport. Algorithmsthat
providestabilitygenerallyfall into two categoriesdependingon
whetheror not we know the arrival ratesfor eachinput-output
pair in advance.For the casein which we do know the arrival
rateswe candecomposethe ratematrix into a convex combi-
nationof permutationmatrices.If theschedulerconfiguresthe
switch accordingto this decompositionthenwe have stability.
Wereferto theseschedulersasdecomposition-basedschedulers
(e.g. [1], [2], [3]). Specificalgorithmsfor performingthe de-
compositioncanbederivedfrom resultsof Birkhoff [4] andvon
Neumann[5]. Note that the schedulecanbe computedin ad-
vanceof the arriving traffic andhenceit is acceptablefor the
calculationto have significantcomplexity.

For the caseof high-speedoptical switchesit is reasonable
to assumethat the arrival ratesareknown to us becausesuch
switchesarelikely to bedeployedin thecoreof networkswhere
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traffic engineeringusing MPLS is becomingmore prevalent.
SwitchesthatsupportMPLSmustbeableto providebandwidth
guaranteesfor certaininput-outputpairs. For eachMPLS path
thatpassesthroughinput � andoutput � on a switch,theswitch
will berequiredto reservebandwidthfor thepathbetweenthese
two ports. Another justificationthat the input ratesareknown
canbefoundwith ExpeditedForwarding(EF) in thecontext of
differentiatedservices[6]. Thereit is commonplaceto assume
thenetwork is engineeredsuchthattheloadof EFtraffic ateach
nodeis boundedby someconfiguredvalue.

For thecasein which we do not know thearrival ratematrix
in advancethenmostof thestableschedulerssetup a bipartite
graphwhoseedgeweightscorrespondto thequeuesizesof the
correspondinginput queues. At eachtime stepthe scheduler
findsan(approximate)maximum-weightmatchingin thisgraph
and configuresthe switch accordingly. Theseschedulersare
sometimesknown asmaximumweightmatching(MWM) type
schedulers(e.g.[7], [8], [9], [10]). Note thatanMWM sched-
uler mustoperatein real-timesinceit needsaccessto queuein-
formationandhenceit musthave extremelylow complexity.

Morerecently, attentionhasbeenpaidto theproblemof min-
imizing the delay experiencedby packets passingthroughan
input-queuedswitch. Leonardiet al. [11] analyzedthe MWM
algorithmandshowedthat themeandelaythroughanarbitrary
pair of input-outputportsof a switchwith � input and � output
ports,uniformly loadedto �
	�� , is boundedby 
�����������
�������� .
A relatedwork is that of Shahand Kopikare [12] who ob-
serve that for uniform Bernoulli arrivals to the switch with the
schedulingpolicy that at eachtime slot takesa matchinguni-
formly at randomfrom the entiresetof ��� matchings,the ex-
pecteddelayis 
��
��������
�������� . Note that this is smallerthan
theboundobtainedin [11].

In [1] Chang, Chen, and Huang showed how to derive
worst-casedeterministicdelayboundsfor a Birkhoff-von Neu-
mannschedulein which the permutationmatricesare sched-
uled accordingto Packetized GeneralizedProcessorSharing
(PGPS)[13] suchthatataninstantamatrixis served,it is placed
asanew arrival into thePGPSsystem.

In this paperwe considerdelay boundsfor decomposition-
basedschedules.Weshow thatby usingprobabilistictechniques
weareableto tightentheboundsof [1] for theworstcaseinput-
outputpairsin many scenarios.We usethe term“probabilistic
techniques”ratherthan“randomizedalgorithms”sincefor two
of our algorithmswe areableto derandomizethe randompro-
cessessoasto obtaindeterministicalgorithms.

It is interestingto observe that for a node to supportEF
it needsto conform to a rigorous definition of the per-hop-
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behavior, namely, Packet ScaleRateGuaranteewith rate  and
latency ! ; see[14]. Ourwork canbeviewedascalculatingwhat
thevalueof thelatency ! would befor aninput-queuedswitch.
Beforewe presentour algorithmsandresultsin detailwe must
presentsomenotationandourgoals.

AssumptionsandNotation

We consideran ��"
� switch. Let �$#�% be thebandwidththat
needsto be reserved betweeninput � andoutput � , normalized
by thelink rate.Let & bethematrix whose�'� entryis � #(% . We
referto & astheratematrix. For themajority of this paperwe
considerthecasein which & is a doublystochasticmatrix, i.e.# � #�%�) � and % � #�%*) � . This correspondsto the casein
which theentirebandwidthof theswitchis reserved. However,
weshallsometimesconsiderthesubstochasticcasein whichwe
only have # � #(%,+ � and % � #�%,+ � . In this casetheresidual
bandwidthof theswitchcouldbeusedby besteffort traffic.

By standardresults of Birkhoff and von Neumann(see
e.g. [1]) we candecomposethe matrix & into a convex com-
binationof permutationmatrices,

& )
-
.0/2143 . & .65

where 7 + �68,�:9;�=<�9 . Here, & . is a permutationmatrix (a> �?� matrix with exactly one“1” in eachrow andcolumn), 3 .
is the rateof matrix & . and

-.0/21 3 . ) � . Let @ #�% betheset
of matricesin thedecompositionthathavea � in the �'� position.
Then� #(%�) .�ACB6DFE 3 . . Ouraimis tocreateaschedulein which
exactly one of the permutationmatricesis scheduledin each
timeslot. Input-outputpair �'� is servedwheneveramatrix from
the set @ #�% is scheduled.Hencewe requirethat a matrix from@ #�% is scheduledapproximatelyonceevery �C�0� #�% timeslots.

As anexample,supposethat,

& ) �;�HGJI$�HG >
�;�H9 �;�HG �;�HK�;�HK > 9$�HK L

Then,

& ) �9 & 1 < �K & 8 < �G &NM 5
where,

& 1 )
> � >
� >O>>J> �

5 & 8 )
> � >>O> �� >J> 5

&NM ) � >J>> � >>J> �
5

andapossiblescheduleis,

& 1P5 & 8 5 & 1P5 & 8 5 & 105 &*M 5& 1P5 & 8 5 & 1P5 & 8 5 & 105 &*M 5 LHLQL
Theclassof theschedulersthatweconsidercanbeformulated

by thefollowing unifying framework. We first placetokensfor

RTS ) � U � 9 U K

&*V& 1

9 �

&NM&NV& 8& 1& 1& 8

W S W S;X 1

Fig. 1. (Top)Thetokenprocess.Y4Z is thetimeatwhich the � th tokenappears.[ Z is thetypeof the ��\^] token,i.e. if the � th tokencorrespondsto permu-
tationmatrix

���
then

[ Z`_ba . (Bottom)Thecorrespondingschedule.

eachmatrix & . in continuoustime. We schedulematrix & . in
timeslot c if the c th tokento appearcorrespondsto matrix & . .
(SeeFigure1).

More formally, we associatewith & . a countingprocessd .
definedon e X . For any interval fhgie X , d . f equalsthenum-
berof tokensfor & . thatlandin interval f . Werequirethat d .
hasintensity 3 . , i.e. j�kmlon�prq�d .ts > 5vu ��� u ) 3 . .

We definethe superpositionprocessdwf ) -.0/21 d . f to
which thereis an associatedpoint process
 W S � Stxty definedone X . Next, let 
 RTS � Stxty be the sequenceof marks such thatRTS ){z if andonly if the c -th point of thesuperpositionpoint
process,

W S
, belongsto d . . Let d #�% f be the numberof to-

kens for input-outputpair �'� that land in the interval f , i.e.d #�% f ) .�ACB6DFE d . f . Likewise, let d #�% f be the numberof
tokensthatlandin f , but donotbelongto @ #�% .

The scheduleis given by the sequence
 RTS � Stx4y . If for any
given c ,

RTS )|z , thenthe matrix & . is scheduledin the c th
slot. We saythe c th token is of type z . Notice that by taking
 RTS � Stx4y wein factconstructanon-idleschedule.A key feature
of this scheduleis,

Observation1: The total numberof slots in which input-
output pair �}� can be served during the time slots c 5 c~<� 5 LHLHL 5 c�<*���?� is equalto d #�% s W S 5 W SCX�� � .
ServiceCharacterization

Wegivedifferentcharacterizationsof theserviceofferedto an
arbitrary input-outputpair �}� . Informally speaking,we would
like d #�% s W S 5 W S;X�� � to be closeto � #�% � . The following is the
simplest,but weakest,servicecharacterization:for any c�� >
and��� > , andsomefixed � #�%1 � > ,

� d #�% s W S 5 W SCX�� ����� #�% 
(����� #�%1 ��� L (1)

If theabove eventholdswith probability ����� , �N� > , a prob-
abilistic interpretationof the serviceoffered is: for any fixed� one picks at randoma slot c , then, the numberof slots
given to the input-outputpair �}� in the next � slots is at least� #(% 
��|��� #�%1 � with probability ���N� .

A naturalextensionof theabovecharacterizationis by requir-
ing thatfor any c�� > andsomefixed � #�%8 � > ,��� ���6yr� d #�% s W S 5 W SCX�� ����� #�% 
(�|�h� #�%8 ��� L (2)

The strongestguaranteeis offered by requiring, for some
fixed � #�%M � > ,��� Stx4y � ���6yr� d #�% s W S 5 W SCX�� ����� #�% 
(�|�h� #(%M ��� L (3)
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If this event holdsthenwe lower boundthe serviceofferedto
input-outputpair �'� over any interval of time slots. In particu-
lar, it canbeseenthat ��
��h� ) � #(% l���� s ����� #�%M 5 >�� is a strict
minimumservicecurve offeredto the �}� th pair (seeProposition
1.3.6,Section1.3.2,[15]). The servicecurve is “rate-latency”
with rate� #�% andlatency � #�%M .

The servicecharacterizationsintroducedso far boundhow
much the serviceoffered is behindthe servicethat would be
offeredby an idealisticfluid system(which would serve � #�% �
bits in � slots).Thus,theseservicecharacterizationsboundthe
latenessof the scheduler. Analogouscharacterizationscanbe
establishedto boundtheearliness; oneonly needsto reversethe
inequalitiesin theabovedefinitions,andreplaceminuswith plus
in therate-latency functions.Smallearlinessof thescheduleis
desirableto reduceburstinessat theoutputof theswitch.

WhatCanWeComputefromtheServiceCharacterizations?

Consideran arbitrary input-outputport pair �}� . Let � #(% s c �
be numberof the bits that arrive in s > 5 c � at input port � and
aredestinedfor outputport � . Then,by the result known for
variable-capacitynodes(see[15], Sec. 1.3.2,alsoSec. 4.3.2),
we know thatthenumberof bits in s > 5 c � observedat theoutput
port � thatoriginatefrom � , �` #�% s c � , satisfies,

�  #�% s c � ) lbk�¡1£¢ � ¢ S s � #�% s � � <hd #�% s W � 5 W S � � L
In particular, supposethat the arrivals are 
�¤ #�% 5 � #�% � -bounded,
i.e., � #�% s c � ��� #�% s � � + � #�% 
(c����h�¥<�¤ #�% for all � + c . Then,
thefollowing is aclassicalnetwork calculusresult.

Fact2: The backlogof �'� packetswaiting for serviceat the
switchis atmost ¤ #�% <�� #�% � #�%M . If FIFOschedulingis usedwithin
the aggregateof �'� packets thenthe maximumdelayfor these
packetsis atmost ¤6#�%¦�0�t#�%§<h� #(%M .
If ¤ #�%�) >

(i.e. the arrivals are boundedby a idealizedfluid
systemof rate� #�% ) thenthepacketdelayis boundedby � #�%M (as-
sumingFIFO schedulingwithin the aggregate). However, in a
perfectschedulefor �'� , a matrix in @ #(% would appearexactly
onceevery �C�0� #�% time slots.In this casethepacket delaywould
be �;�0� #�% . Hence,if ¤ #�%,) > wehave,

worstcasepacket delay
optimalpacket delay

+ � #�% � #�%M L
For thesereasonsourobjective is to keep � #�%M small.

Algorithmsandresults

Our algorithmswill be divided into two types,frame-based
andnon-frame-based. Supposethat for somefixed integers̈ .
and © , 3 . ) ¨ . ��© L (We notethat this is alwayspossibleif the

3 . are rational.) We can computea schedulefor the intervals > 5 ©§� that containsexactly ¨ . occurrencesof the permutation
matrix � . andthensimply repeatthis schedulefor all subse-
quentintervals of length © . We call sucha schedulea frame-
basedscheduleof length © . Noticethattheframelength © and
numberof thepermutationmatrices7 arerelatedas 7 ) ©ª��«¨ ,
where «¨ is the arithmeticmeanof ¨ . , z¬) � 5 LHLHL 5 7 . Since¨ . ��� for all z it follows that ©���7 , with equalityif andonly
if ¨ . ) � for all z .

If thescheduleis not periodicin theabove way thenwe say
that it is non-frame-based. For a non-frame-basedschedulewe
have to defineit explicitly in theentireinterval s > 5¦­ � .

In [1], Changet al. proposea non-frame-basedalgorithmin
which the permutationmatricesare scheduledaccordingto a
PGPS[13] systemthat is fed with its own departures(which is
initialized suchthat all tokensarrive at time

>
). In our setting,

this correspondsto placingthe c th tokenfor matrix & . at timecª� 3 . . More formally, for eachzo) � 5 LHLHL 5 7 ,

d .ts > 5vu � ) S$x4y¯®C° y�± n�² 
 c3 . �
L

Changetal. [1] show thatfor thisalgorithm,

� #�%M + l�k�¡ s 7� #�% 5´³ @ #�% ³� #(% <µ
v7¶�?��� � L (4)

Theaimof ourwork is to show thatby usingprobabilistictech-
niques,it is possibleto tightenthisboundin many scenarios.
Our resultsareasfollows.
1. We begin in SectionIII-A with an extremelysimpleframe-
basedschedulerin which the tokensfor thepermutationmatri-
cesin a framearerandomlypermuted.Wecall this theRandom
Permutationscheduler. We requirethat(3) holdswith probabil-
ity ���N� andweshow that,as ©�· ­ ,

� #(%M · � �� #�% �µ� © 5 (5)

where� is aconstantdependingon � specifiedin thispaper. For� #�%8 thesameexpressionholds,with � ) 1
8 jm¡§�´¸

1
.

2. In SectionIII-B we presenta deterministicframe-basedal-
gorithm. We requirethat (3) holdswith probability � andwe
show that,

� #�%M + ³ @ #(% ³� #�% <µ
¹9r< 9$7�j�¡�
¹9$©�<������ L (6)

Wederive thisalgorithmfrom arandomizedalgorithmin which
the c th tokenfor matrix & . is placedat time º . <=c¯� 3 . whereº . is chosenuniformly at randomin s > 5 �C� 3 . � . We call this the
Random-PhasePeriodic Competitionscheduler. We thenshow
how to derandomizethis schedulerto obtaina deterministical-
gorithm usingthe methodof conditionalprobabilities[16]. In
SectionIV we show that in many scenarios,(6) is significantly
smallerthan(4), largely dueto thepresenceof thesquare-root
in (6).
3. In SectionIII-C we presenta deterministicnon-frame-based
algorithm. We requirethat (3) holdswith probability � andwe
show that,

� #�%M + �� #�% 9 ³ @ #�% ³ j�¡�»¼<µ
¹9r<h½ 9$7ijm¡�»
� 5 (7)

where » ) �w<{
^U�
¹9;�68
<�9��v��l�km¡ . 3 . � . This algorithm is
derived from a randomizedalgorithm in which the c th token
for matrix & . is placeduniformly at randomin the interval
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s 
�cµ������� 3 .65 cª� 3 . � . We call this the Random-DistortionPe-
riodic Competition¾ scheduler. By using the methodof condi-
tionalprobabilitiesweareableto derandomizethisscheduleral-
thoughtheanalysisis morecomplex thanit wasfor therandom-
phaseschedulersincewe now have to considertheentireinter-
val s > 5Q­ � insteadof a finite frame.In SectionIV we show that
in many scenarios,(7) is significantlysmallerthan(4), largely
dueto thepresenceof thesquare-rootsin (7).
4. In SectionIII-D we analyzea non-frame-basedschedulerin
which thetokensfor matrix & . areplacedaccordingto a Pois-
son process. We call this the PoissonCompetitionscheduler.
For this scheduleronly we assumethattheload � on eachinput
andoutputis strictly lessthan � . We show usingtheBrownian
approximation[17] that,

� #�%8¬¿ �9 j�¡§� ¸
1 ����N� ���N�� #(% <*� L (8)

The latency � #�%M doesnot make muchsensefor this scheduler
sincetheeventin (3) would fail with probability � aswerequire
thattheinequalityin (3) holdsfor all c .

Comparisonwith singleserverpolling

We remark that our problemis significantly different from
the singleserver polling problem(e.g. see[18] andreferences
therein)in which a singleserver hasto poll a setof clientsat
predeterminedfrequencies.Note that in our problemit is not
sufficientfor eachmatrix & . to beservedatevenlyspacedinter-
valsof �;� 3 . slots.This is becauseinput-outputpair �'� is served
whenever a matrix in @ #�% is served. If z 5 ¨NÀÁ@ #�% and & . and&ÃÂ areservedclosetogetherthentheserviceto �'� is burstyeven
thougheachpermutationmatrix might receive smoothservice.
Notehowever thatwecannotin isolationchangethescheduleto
improve servicefor oneparticularinput-outputpair sinceeach
permutationmatrix is amemberof @ #(% for � differentpairs�'� .
Previouswork

As mentionedearlier, papersthatanalyzeschedulersbasedon
decomposingthe ratematrix include[1], [2], [3]. Analysesof
MWM-type schedulerscanbe found in, for example,[7], [8],
[9], [10], [11]. Someframe-basedschedulerswere presented
in [19], [20]. If the switch fabric hasan internal speedupof9 then it is known that it canemulateoutput-queuedswitches
(in which thereis no contentionat the inputs)[21], [22], [23].
In [24], an algorithm is presentedwhoseaim is to “track” an
idealizedfluid policy.

If the switch is sufficiently underloadedthen tight delay
boundscan be achieved. In [25] it is shown that if the total
load on any input or output is at mostonequarterof the link
rate,thenit is possibleto serve each�}� pair at leastonceevery�;�0� #�% steps.

The remainderof the paper is organized as follows. In
Section II we derive some useful facts about the event,� d #�% s W S 5 W SCX�� ����� #�% 
(�����Ä��� . In SectionIII wepresentour
four schedulersandanalyzethemin detail. In SectionIV we
presentsomenumericalresultsto evaluateour boundsfor spe-
cific ratematrices.Wedefertheproofsof someof our resultsto
theAppendix.

I I . PRELIMINARY ANALYSIS

Notethattheevent(1) is equivalentto

��Å n �6y � d #(% s W S 5 W S < u ����� #�% 
(�|�h� #�%1 � 5d s > 5 W S < u � ) c�<��|�?�;� L
Thiscanbefurtherequivalentlywrittenas

��Å n ��y Å�Æ¦Ç n � d #�% sÉÈC5HÈ < u ����� #�% 
(����� #�%1 � 5d s > 5HÈ < u � ) c�<*���?� 5 d s > 5HÈ � ) cN�µ��� L
Unfortunately, it is hardin generalto calculatethe probability
of theabove eventsincethereis too muchdependencebetween
theconstituentevents.It is howeverfeasiblefor thecaseof point
processeswith independentincrements.An exampleof thisspe-
cial caseis thePoissonCompetitionschedulerthatwe analyze
in SectionIII-D usingaGeo/D/1queue.

In the remainderof the section,we try to definea subevent
of (1) whoseprobability is easierto boundin thegeneralcase.
To that end, let Ê S�± � be the good event

� d #�% s W S 5 W SCX�� ���� #(% 
��|���Ä��� . Let Ë S´± � bethebadevent Ë S´± � ) Ê S´± � .
Let Ì 1P5 Ì 8 ÀNÍ

X
and Ì�M 5 Ì�V�ÀNe X satisfy,

Ì 1 <�Ì 8 <�
¹Ì�M�<NÌ�V6���0� #�%�+ � 5
where � ) � #�%1 5 � #�%8 or � #�%M , dependingonourcalculation.

Let u ) c�<��Î�:Ì 1 andlet È ) c�<�Ì 8 . Notethat È and u
areintegers.

Lemma3: Supposethat d #�% sÉÈ¦5�u ����� #�% 
 u � È ����
¹Ì�M�<*Ì�V6�
and sFÈC5vu ��g s W S 5 W S;X�� � . Then, d #�% s W S 5 W SCX�� ����� #�% 
(�i���Ä� .1

Proof: Wehave,

d,#�% s W S 5 W SCX�� �Ï� d,#�% sÉÈC5vu �� � #�% 
 u � È �Ð�?
^Ì�M�<�Ì�V��) � #�% 
�
�c�<*�|��Ì 1 �Ð�µ
(c�<�Ì 8 �����
^Ì�M�<�Ì�V6�v�0� #�% �) � #�% 
(���?
¹Ì 1 <�Ì 8 �Ð�µ
¹Ì�M�<�Ì�V����0� #�% �� � #�% 
(�����Ä� L
The first two inequalitiescome from the assumptionsof the
lemma.Thefirst equalitycomesfrom thedefinitionsof È andu .
Thefinal inequalitycomesfrom ourconstrainton the Ì ’s.
Fromthedefinitionof Ê S´± � , Lemma3 implies,

Ê S´± � Ñ � d #�% sÉÈC5vu ����� #�% 
 u � È �Ð�?
¹Ì�M�<�Ì�V6����Ò
Ò � sÉÈC5vu ��g s W S 5 W SCXT� ��� L (9)

By the above resultswe canfocuson the quantity d #�% sÉÈC5vu �
andtherelationshipbetweentheintervals sÉÈ¦5�u � and s W S 5 W SCX�� � .
However, for the randomprocesseswe consider, eachintervalsÉÈ¦5�u � will be dependenton too many other intervals. The way
to solve thisproblemis to concentrateon intervalsthathaveone
of their endpointsfixed. For this purposewe must refine our
results.

Lemma4: If d s > 5vu ��	 u <:Ì 1 and d s > 5HÈ ��� È ��Ì 8 thensÉÈ¦5�u ��g s W S 5 W SCX�� � .Ó
Notethatweareinterestedin thevaluesof Ô suchthat ÔÖÕ�× . ThisimpliesÔØÕ
Ù Ó�Ú Ù�Û , which is equivalentto Ü�Ý \ . For Ô¬Þ
× the inequalitiesin

(1), (2), (3) do indeedhold.
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Proof: Sinceu ) cß<��µ�ßÌ 1 , d s > 5vu ��	 u <àÌ 1àáâs > 5vu ��gs > 5 W SCX�� � . Similarly, since È ) c�<ÃÌ 8 , d s > 5QÈ �§� È ��Ì 8 ás > 5HÈ � Ñ s > 5 W S � . Therefore, sFÈC5vu ��g s > 5 W S;X�� ��ã s > 5 W S � )s W S 5 W SCX�� � .
Lemma5: If d #�% s > 5�u ����� #�% u �ßÌ�M and d #�% s > 5HÈ � + � #�% È <àÌ�V

then d #�% sFÈC5vu ����� #�% 
 u � È �Ð�µ
¹Ì�M�<�Ì�V�� .
Proof: We have, d,#�% sÉÈ¦5�u � ) d,#�% s > 5vu �à�¬d,#�% s > 5HÈ ���
(� #(% u ��Ì�M6�Ð�?
�� #�% È <NÌ�V6� ) � #�% 
 u � È �¥�?
¹Ì�M�<NÌ�V6� .

Lemma4, Lemma5 and(9) imply,

Ê S�± � Ñ � d s > 5vu ��	 u <�Ì 1 ��ÒÒ � d s > 5HÈ ��� È ��Ì 8 ��ÒÒ � d #�% sÉÈC5vu ����� #�% 
 u � È �Ð�?
^Ì�M�<�Ì�V6��� 5 (10)

and, Ê S´± � Ñ � d s > 5�u �T	 u <�Ì 1 ��ÒÒ � d s > 5HÈ ��� È �ÃÌ 8 ��ÒÒ � d #(% s > 5vu ����� #(% u ��Ì�M���ÒÒ � d #(% s > 5HÈ � + � #�% È <�Ì�V�� L
(11)

If we areinterestedin calculating � #�%1 thenwe only needto
focusonsomefixed c and� .

However, if we are interestedin � #�%M thenwe needto know
whetherÊ S�± � for all c 5 � . For thelattercasewehave,

S´± � Ê S´± � Ñ n � d s > 5vu ��	 u <�Ì 1 ��ÒÆ � d s > 5HÈ ��� È �ÃÌ 8 ��ÒÆ ± n � d #�% sÉÈC5vu ����� #�% 
 u � È �Ð�?
^Ì�M�<�Ì�V6��� L
(12)

and,

S´± � Ê S´± � Ñ n � d s > 5vu ��	 u <NÌ 1 ��ÒÆ � d s > 5HÈ ��� È ��Ì 8 ��Òn � d #(% s > 5vu ����� #(% u ��Ì�M���ÒÆ � d #�% s > 5HÈ � + � #�% È <NÌ�V�� L
(13)

We notethatsince È and u areintegerswe only needto take the
intersectionover adiscretesetof events.

I I I . FOUR SCHEDULERS

A. RandomPermutation

We considera frame-basedschedulerin which the permuta-
tion matricesin a framearescheduledin randomorder. More
formally, denoteby ä ) 
�ä 1P5 ä 8 5 LHLHL 5 ä0å�� somefixed orderof
the token typessuchthat thereareexactly ¨ . tokensof type z ,z�) � 5 LHLQL 5 7 . Let æ ) 
(æ§
���� 5 æ�
^9�� 5 LHLHL 5 æ§
�©2��� be a random
permutationof theelements
�� 5 9 5 LHLHL 5 ©§� .

For c ) � 5 LHLHL 5 © we definethe scheduleby randomlyper-
mutingtheelementsof ä , i.e.,RTS ) äPçtè S ² 5 c ) � 5 LHLHL 5 © L
The scheduleis extendedfor c��é© by concatenatingreplicas
of theschedule

RTS
, c ) � 5 LHLHL 5 © .

As anaside,notethat theschedulerasdefinedabove canbe
formulatedin the framework of point processes.We canfirst
constructthe countingprocessesd . , z�) � 5 LHLHL 5 7 , on s > 5 � �
by placing ¨ . pointsuniformly at randomin s > 5 � � . Then, d . is
extendedto thewholepositive realline by periodicextensionof
thepointsin s > 5 � � .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.005

0.01

0.015

0.02

0.025

m/L

σ2 (m
)/

L

L=10 
L=100 

L=∞
        

φ=0.1 

Fig. 2. Normalizedvarianceof êàëFìPí Y4Z4î^Y ZCïtðàñ for varyingframesize ò , andó ëôì _bõÄ_�öv÷�ö'ø .

We first discusssomeelementarypropertiesof thescheduler
asdescribedabove,andthendisplaythelatencies.By a routine
combinatorialargumentweobtain,for ù ) � 5 LHLQL 5 l�k�¡ s ¨ #�% 5 � � ,

ú 
vd #(% s W S 5 W SCXT� � ) ù � )
� ù ©N�*�¨ #�% � ù

©¨ #�%
5

where ¨ #�%:) .�A;B6DFE ¨ . . Notice that the probability doesnot
dependon c , which reflectsthefactthatthecountingprocessis
stationary. Theabove explicit expressionenablesusto compute
thelatency � #�%1 definedby (1).

As anaside,we remarkthatfor any fixed � , d #�% s W S 5 W SCX�� �
convergesin distribution to Binomial randomvariable(� , � #�% ),
as ©û· ­ . (This canbe checked, for example,by Stirling’s
formula.)

Onemaycheckthatthevarianceof d #�% s W S 5 W SCX�� � is

¤ 8#(% 
(�h� ) ©�8©N�?� � #�% 
����N� #�% � � © ��� � © L
We omit this calculationfor thebenefitof space.Note that the
varianceformsa bridge( ¤48#�% 
 > � ) ¤48#�% 
�©2� ) > , with theglobal
maximumat � ) ©¯�H9 ); seeFigure2. Notealsothat, ¤t8#�% 
(�h��·©Ð� #�% 
����N� #�% � � å ��� � å , as ©�· ­ .

We finally show the main resultsof this section;asymptotic
expressionsfor thelatencies� #�%8 and � #�%M . Theproofsaregiven
in AppendicesA andB.

Proposition6: As ©�· ­ ,

� #�%8 · �9 j�¡ �� �� #�% �?� © L
Notethat � #�%8 scaleswith theframelength © as ü 
 ½ ©§� .
Wehave thefollowing resultfor thelatency � #�%M .
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Proposition7: As ©�· ­ ,

� #�%M · � �� #(% �µ� © 5 (14)

where � is thepositivesolutionofq
Â /21 UC¨ 8 �h�µ� ! ¸48

Âþý£ÿ ) �9 � L
Notethat � #(%M alsoscaleswith theframelength © as ü 
 ½ ©§� ,

but with adifferentconstant.In Figure3, weplot valuesfor � #�%8
and � #�%M obtainedempirically, togetherwith theabovelimits, for
differentvaluesof © .

B. Random-PhasePeriodicCompetition

Let º . , z�) � 5 LHLHL 5 7 , be a collectionof independentuni-
formly distributed randomvariableson s > 5 � � . We definethe
schedulerasfollows; for eachzo) � 5 LHLHL 5 7 ,

d .ts > 5vu � ) Stx4y¯®C° y�± n�² 
 cN�?�3 . < �
3 . º

. � L
Thusthetokensfor matrix & . form aperiodicstreamof period�;� 3 . with therandomphaseshift º . � 3 . .We assumethat the 3 . have thepropertythatwe candefine
a frame-basedscheduler(seethe Introduction). Thereforewe
only needto concentrateonthetime interval © . For any intervalsÉÈ¦5�u � , d .tsÉÈC5vu ��� 3 . 
 u � È �Ð�µ� . This implies,

d #�% sÉÈC5vu ��� .�ACB6DFE 
 3 . 
 u � È ���r��� á d #(% sFÈC5vu ����� #(% 
 u � È ��� ³ @ #�% ³ L
Wefollow themethodof SectionII andsetu ) c�<`�Ö��Ì 1 , È )cÃ<ÃÌ 8 , whereÌ 1P5 Ì 8 aredefinedbelow. For any permutation
matrix & . , let � . ) �

3 .Qu�� . Then d .ts > 5vu � ) � . <�� . where
� . is a binary randomvariablewith mean3 .Qu ��� . . Let � )� s . � . � ) . 
 3 .Qu �	� . � ) u � . � . . Wehave,

d s > 5vu ��� u <NÌ 1�
 . 
�� . <�� . ��� u <�Ì 1
 . � . � u <�Ì 1 � . � .
 . � . �
��<�Ì 1 L
Therefore,by Hoeffding’s inequality [26],

ú 
�d s > 5vu �h� u <Ì 1 � +�� ����
��§9�
¹Ì 1 �^8���7�� L Similarly,
ú 
�d s > 5HÈ �à	 È �:Ì 8 � +� ����
���9´
¹Ì 8 �¹8���7�� .

Let,

Ì 1 ) Ì 8 ) 
�7=�H9´���Pj�¡�
¹9$©�<���� 5
Ì�M ) Ì�V ) ³ @ #�% ³ �H9 5� #�%M ) 
 ³ @ #�% ³ �0� #�% �Ð<µ
¹9r< 9$7�j�¡�
¹9$©�<������ L

Then,by theabove Hoeffding boundsandthecontainment(12)
from SectionII wehave,ú 
 #�% S�� � d #�% s W S 5 W � ����� #�% 
(����� #(%M �����
� ��� ån /21 ú 
�d s > 5vu ��� u <�Ì 1 ���

� åÆ /21 ú 
�d s > 5HÈ ��	 È ��Ì 8 �� ��� ån /21 � ���T
 ¸48 è���� ²þý- �Ð� åÆ /21 � ����
 ¸48 è � ý ²þý- �
� ��� 8 å8 å X 1 L

(15)

(Notethatsincewe areconsideringa finite framewe only need
sumover ÈC5vu À � � 5 LQLHL 5 ©ª� .)

Hencewith probability �Ä��9$©ª��
¹9$©i<¬��� , the rate-latency
condition(3) holdsfor all �'� . Wenow show how to derandomize
thealgorithmsothatcondition(3) holdswith probability � .
Derandomization

Weusethemethodof conditionalprobabilities(seee.g.[16])
that is motivatedby the following lemma(which we prove in
AppendixC).

Lemma8: Let � 1P5 LQLHL 5 � S � be a setof randomvariables,let
� 105 LQLHL 5 � S ý be a setof independentbinary randomvariables
andlet ¤ 105 LHLHL 5 ¤ S�� be a setof eventssuchthat for somefunc-
tions � #(% 
��(� , ú 
�¤ # ³ �,� + � s

S ý
% /21 � #�% 
�� % � ³ �

� 5 (16)

for any event � . Thenthereexists a setof values� 105 LQLHL 5 � S �
suchthat,

#
ú 
v¤ # ³ � 1 ) � 1P5 LHLQL 5 � S � ) � S � � + #

� s
S ý
% /§1 � #�% 
�� % �

� L
In particularif # � s

S ý% /21 � #�% 
�� % � � 	�� and ¤ # is completely
determinedby � 105 LQLHL 5 � S � then,

#
ú 
�¤ # ³ � 1 ) � 105 LHLHL 5 � S � ) � S � � ) > L

To compute��� given � 1P5 LHLHL 5 ��� ¸ 1 weminimize,

# � s
S ý% /21 � #(% 
�� % � ³ � 1 ) � 1P5 LQLHL 5 ��� ) ��� � )) #
S ý% /§1 � s � #�% 
�� % � ³ � 1 ) � 105 LHLHL 5 � � ) ��� � 5

aswe vary ��� over the full rangeof � � . (Recall that the ran-
domvariables� % areindependentandsowe canexchangethe
expectationwith theproduct).

To applythis lemmain our settingwe take � 105 LHLHL 5 � S � to be
therandomphaseshifts º 1P5 LHLQL 5 º - ; � 1P5 LHLQL 5 � S ý to bebinary
randomvariablesof theform d . s > 5�u �¥� �

3 . u�� and ¤ 1 5 LQLHL 5 ¤ S!�
to be eventsof the form

� d s > 5vu �
� u <µÌ 1 � or
� d s > 5HÈ �=	È ��Ì 8 � . Thefunctions � #�% 
"�(� aredefinedby,

ú 
�d s > 5vu ��� u <�Ì 1 � + ! ¸$# è n X ��� ² � s -.0/21 ! #&%(' ° y�± n�² � 5 (17)

where ) ) j�¡�
�*H
������4���+�4
�����*H��� , � ) 
 u � -.0/21 � 3 .Qu�� ����7 ,
* ) 
 u <�Ì 1 � -.0/§1 � 3 .Qu�� ����7 . A similar inequalityholdsforú 
vd s > 5HÈ �T	 È �ÃÌ 8 � .

In thederivationof (15)weshowedthat,

å
n /21

ú 
�d s > 5vu ��� u <,Ì 1 �H< å
Æ /§1 ú 
�d s > 5QÈ ��	 È �,Ì 8 � + 9t©9$©N<µ� 5

usingHoeffding boundsthat arederived from (17). Henceby
Lemma8 thereexist fixedvalues, 105 LHLHL 5 , - for theinitial phase
shiftssuchthat d s > 5vu �T	 u <oÌ 1 for all u and d s > 5HÈ ��� È �=Ì 8
for all È .

Theonecomplicationthatarisesin thecalculationof the , .
is that the º . are continuousrandomvariables,they do not
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take discretevalues. However, as º . is variedbetween
>

and� , d .ts > 5vu ��� �
3 .Qu�� changesfrom

>
to � at onediscretepoint.

Henceit is sufficient to consideronly ©:<�� valuesof º . . The
right-handsideof (17) maybecomputedin time polynomialin7 and © , even if someof the phaseshifts have alreadybeen
fixed. Hence,we canfix thevalueof º . in time polynomialin7 and © .

Theorem9: The resulting deterministicschedulersatisfies
(3) with,

� #�%M ) ³ @ #�% ³� #�% <µ
¹9r< 9$7�j�¡�
¹9$©�<������ L
C. Random-DistortionPeriodicCompetition

Let º . S , z�) � 5 LQLHL 5 7 , cµÀ�Í X , bea collectionof indepen-
dentuniformly distributedrandomvariableson s > 5 � � . Wedefine
theschedulerasfollows; for eachzo) � 5 LHLHL 5 7 ,

d .ts > 5�u � ) c�< ®.- '�/ Ç10 ' n ¸ S 5
where c ) �

3 .Qu�� . Another interpretationis: the c th point of
the z th tokentypeis placeduniformly at randomin theintervals cª� 3 .45 
(c�<������ 3 . � .Wemakeuseof thecontainment(13) from SectionII. Weap-
ply Hoeffding boundsin a similar mannerto theprevious sub-
sectionto obtain.ú 
vd s > 5vu ��� u <NÌ 1 � + � ���T
���9�
^Ì 1 �¹8���7�� 5ú 
�d s > 5HÈ ��	 È ��Ì 8 � + � ���T
���9�
^Ì 8 �¹8���7�� 5ú 
vd #�% s > 5vu � + � #(% u ��Ì�M6� + � ���T
���9�
^Ì�M6�¹8�� ³ @ #�% ³ � 5ú 
�d #�% s > 5QÈ ����� #�% È <NÌ�V6� + � ���T
���9�
^Ì�V6� 8 � ³ @ #�% ³ � L

Let,

2 1 
 u � ) ú 
vd s > 5vu ��� u <NÌ 1 ��<
< #�% ú 
vd #(% s > 5vu ��	�� #(% u ��Ì�M6� 52 8 
 È � ) ú 
vd s > 5HÈ �T	 È �ÃÌ 8 ��<< #�% ú 
vd #(% s > 5HÈ ����� #�% È <�Ì�V�� 5

» ) �à<µ
^U�
¹9;�68�<�9��v��l�km¡ . 3 . � 5Ì 1 ) Ì 8 ) 
�7=�H9����0j�¡�» 5
Ì�M ) Ì�V ) 
 ³ @ #�% ³ �H9´�3�0j�¡�» 5

� #�%M ) Ì 1 <�Ì 8 <µ
¹Ì�M�<NÌ�V6����� #�% L
For fixed È andu wehave,

2 1 
 u ��< 2 8 
 È � + 
^9;�48�<N9��» L
Notethatwe cannotapplya unionboundover È and u aswe

did in the previous subsectionbecauseÈ and u rangeover the
entireinterval s > 5Q­ � . However, notethatif

2 1 
 u � ) 2 8 
 È � ) >
for all È¦5�u thenfrom (13)weknow that(3) holdsfor all � 5 � with
probability � . Hencewe focusonderandomizingthealgorithm.

Derandomization

Insteadof placing the c th token for matrix & . at random
into the interval s c¯� 3 .65 
�ch<Á����� 3 . � , we now wish to placeit

deterministically. Let 4 )65 9$�Ðl�k�¡ . 3 .87 . We divide time into
intervals of length 4 , namely, s > 5 4r� 5¦s 4 5 994�� 5 LHLQL . Let �;: be
thesetof tokensthat fall into the interval s < 4 5 
 < <����=4r� with
probability � , i.e. the c th token for matrix & . is in �>: if and
only if s cª� 3 .65 
(c:<����v� 3 . �ßg s < 4 5 
 < <i���=4r� . Let Ë?: bethe
set of tokensthat are not in �>: @ for any <BA and that fall into
theinterval s 
 < � 1

8 ��4 5 
 < <
1
8 �=4r� with probability � . We have

chosen4 sufficiently largesothatall tokensarein �;:DCbËE: for
some< .

Supposeinductively that for <FA 	 < we have fixed theposi-
tions of all the tokensin �>: @GC�ËE: @ . Sincenoneof the tokens
thathave alreadybeenfixedaffect theinterval s < 4 5 
 < <?����4r� ,
ourpreviousanalysisimplies,

è : X 1 ²IH: H
2 1 
 u �Ð< è : X 1 ²IH: H

2 8 
 È � + H è 8.J ý X 8 ²K L
By applyingthemethodof conditionalprobabilitiesin asimilar
mannerto SectionIII-B, we canfix the positionsof tokensin� : oneaftertheothersothatwestill have,

è : X 1 ²IH: H
2 1 
 u �Ð< è : X 1 ²IH: H

2 8 
 È � + H è 8.J ý X 8 ²K L
Here, the constituentprobabilitiesof

2 1 
 u � and
2 8 
 u � arenow

conditionedon thefact that thetokensin �;: arefixed. We ob-
tain,

è : X �ý ²IHè :�¸ �ý ²IH
2 1 
 u ��< è : X �ý ²IHè :¥¸ �ý ²IH

2 8 
 È �+ è : X 1 ²IHè :�¸ 1 ²IH 2 1 
 u ��< è : X 1 ²LHè :¥¸ 1 ²IH 2 8 
 È �+ 8 H è 8.J ý X 8 ²K 	�� L
By themethodof conditionalprobabilitieswe canfix theposi-
tionsof tokensin Ë?: sothatwestill have,

è : X �ý ²LHè :¥¸ �ý ²IH
2 1 
 u ��< è : X �ý ²IHè :¥¸ �ý ²IH

2 8 
 È � + 8 H è 8MJ ý
X 8 ²K 	�� L

All tokensin �>:NC�Ë?: arenow fixed andso we have a deter-
ministic scheduleup to time 
 < < 1

8 ��4 . Recall that
2 1 
 u � and2 8 
 È � aresumsof probabilities.Therefore

2 1 
 u � ) 2 8 
 È � ) >
for all ÈC5vu À s 
 < � 18 ��4 5 
 < <

1
8 ��4r� . Thisprocesscanberepeated

indefinitely.
Theorem10: The resultingdeterministicschedulersatisfies

(3) with,

� #�%M ) �� #�% 9 ³ @ #�% ³ j�¡�»¼<µ
¹9r< ½ 9$7ijm¡�»
� L
Adaptationto thesubstochasticcase

For the previous three schedulers,we have assumedthat
the rate matrix & is doubly stochastic,i.e. # �t#�% ) � and% � #�%`) � . For thecasein which & is only substochastic,i.e.# � #(%�+ � and % � #(%�+ � , it is known by aresultof vonNeu-
mann(seee.g.[1]) that thereexists a matrix & A with �'� entry� A #(% suchthat � #�%�+ � A #(% for all �'� and & A is doublystochastic.In
this case,we canapplyall theresultsof this paperto thematrix& A to obtainlatencies� #(%1 , � #(%8 and � #�%M . Notethatthe �}� traffic
might not beableto useall theserviceit is offered.In this case
theresidualbandwidthcanbeusedfor best-effort traffic.
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Fig. 3. OQP RMR -quantileempiricalandtheoreticallimit latenciesof RandomPer-
mutationScheduler:(Bottomcurve) SUTWVX and(Topcurve) SUTWVY . Theempiri-
calquantilesarecomputedfrom Z independentsampleseachof ZMOMO samples
of randompermutations.Theempiricalquantilesareshown asaveragesover
the Z samplesalongwith O�P R[Z -confidenceintervals.

D. PoissonCompetition

For our final schedulerwe requirethat the load on eachin-
put andoutput is strictly lessthan \ . Let ] . be Poissonwith
intensity ^ . , all _a`b\dcfegegefcgh . Thenthefollowing holds.

Lemma11: For any iLj , andkFc=lnmpo , qG`�\�c"r9cgegegefc=l ,

s3t ] #�%!u v S c v SCXT�xw `yq w ` l
q z

{#�% t \>| z #�% w
� ¸ { e

Theabove resultmaybeobvious to many; we give anelemen-
taryproofin AppendixD. Wenotethat

t v S cg} S�w Stxty is amarked
point processwith independentidentically distributed marks,
where } S `~_ with probability ^ . . Our namingof this sched-
uler is inspiredby the Poissoncompetitiontheorem(Theorem
1.3,Chapter8 [27]).

We continuefurtherby observingthefollowing queueingin-
terpretationof the latenciesdefinedin (2) and(3). Locally to
this section,assume

-.0/21 ^ .�� \ ; we imposethis condition
to ensurestability. Moreover, for a fixed iLj , let z � \ besuch
that .+�CB��W� ^ . ` z

t \�| z #�% w . Wealsoassumethatthecounting
processes] . areextendedto � , thewholereal line. Then,it is
notdifficult to observe that(2) is equivalentto

��� #�% u o+��� z #�%8� #�%8 � c
where

� #�% u kG� , k�`�o9cf�D\�cf�;r9cgegefe , is the unfinishedwork of a
slottedsingleserverqueueingsystemwith infinite buffer capac-
ity, servicerate

t \�| z #(% w andan arrival processthat is o or \
with theprobabilityof anarrival equalto z

t \B| z #�% w . Theabove
observationfollows immediatelyby Reich’s formula,

� #�% u k3��`����+��`x 1 u ] #�% u v S c v SCX�� w | t \>| z #(% w lN�Ie

0 2 4 6 8 10 12 14 16 18 20
10
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10
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10
0
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ρ=0.95 

Fig. 4. Complementarydistribution of � TWV : (dots)empiricalestimates,(dot-
ted line) M/D/1, (solid line) Brownianapproximation.� TWV is estimatedby
averagingover �LOMO[O randomsamplesof length �LOMO[OMO . � TWVB� OQP � .

From Lemma11, it follows that the unfinishedwork is of
a Geo/D/1queue. The distribution of the unfinishedwork of
a Geo/D/1queueis known in closedform [28], which in our
context amountsto
s3t � #�% u o!���
� w `
` 1 ¸9� Kè 1 ¸$� ²��I��� %{ô/ y uW� t \>| � w K ¸ 1 � { t |�\ w { ��| t�  |¡\ w qq c

where j is the integer suchthat j   �¢�£� t jN¤~\ w   |¥\ ,
��¦ ` z

t \E| z #(% w , and
  ¦ `�\�§ t \E| z #�% w is implicitly assumed

to be an integer. (If
 

would be a real, thenonemay redefine  ¦ `©¨�\�§ t \�| z #�% w«ª to obtain a lower bound,provided that

z
  � \ .)
The last would enableoneat leastin theoryto exactly com-

putethe latency � #�%8 in (2). In practiceonemayexpectnumer-
ical instability as z

 ­¬ \ . The following heuristicargument
gives us an approximationthat is numericallystable,but also
bringsus someinsight aboutthe latency. By appealingto the
Brownian approximation(see[17], Sec. 5.7, Equation(7.16))
weclaim

s3t � #�% u o!��� z #(%8� #�%8 w¯® \>|p° ¸48 ��±$²²´³µ��±$²´³µ��±$² ���·¶µ¶´¸ ���=¹
���º e

Hence,wehave

� #�%8 ®»\
r
¼�½;¾ ¸ 1 z\>| z

\>| z
z #�% ¤ z e

Anotherapproximationcanbe obtainedby consideringM/D/1
queue,a continuoustime analog2 of Geo/D/1. A simple ex-
ponentialapproximationis known for M/D/1 ([29], EquationX

A notabledifferenceis thatwith Geo/D/1,in contrastto M/D/1, thenumber
of arrivalsoverany interval of length¿ is boundedby ¿ .
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6.1.6,Section6.1.2).In Figure4 weshow anumericalcompari-
sonof theÀ approximationsmentionedabovewith theirempirical
companions.We observe that theabove approximationfor � #�%8
shouldbegoodin theheavy-traffic limit as��·â� . It is perhaps
interestingto observethatin theheavy-traffic limit � #�%8 becomes
insensitive to � #�% .

As mentionedin the Introduction,the latency � #�%M doesnot
makemuchsensefor thisschedulersincetheeventin (3) would
fail with probability � aswe requirethat the inequality in (3)
holdsfor all c .

IV. NUMERICAL RESULTS

In this sectionwe evaluatesomeof our boundsfor specific
rate matrices. Recall that the bestpossiblelatency for input-
output pair �}� is �;�0� #(% . Hencethe ratio betweenthe latency
providedby thescheduler, � #�%M , andthebestpossiblelatency is� #�% � #�%M . For this reasonwe definel���� #�% � #�% � #�%M to bethefigure
of merit for ascheduler.

Weevaluatethebounds(6) and(7) for thedeterministicalgo-
rithms derived from Random-PhasePeriodicCompetitionand
Random-DistortionPeriodicCompetition. We comparethem
with the bound(4) for PGPS.We would like to usematrices
drawn uniformly from the set of doubly-stochasticmatrices.
However, we do not know of a methodto generatesucha ma-
trix uniformly. Hencewe usethefollowing methodto generate
our examplematrices.We startwith a uniform matrix in which
all entriesareequalto �Ð��© where © ) �Ã"o� . We thenrepeat-
edly chooseparameters� 105 � 8 5 � 1P5 � 8 and Á uniformly at random
suchthat Á + l�k�¡ � � # � % � 5 � # ý % ý � . We subtractÁ from � # � % � and� # ý % ý andwe add Á to � # � % ý and � # ý % � . We carryout this opera-
tion 100000times. Note that it preservesthedoublystochastic
natureof thematrix. We alsoensurethatall entriesof the rate
matrixareintegermultiplesof �;��© . Hencewecandefineframe-
basedschedulerswith frame-length© .

In Figure5 we plot the valueof l���� #(% � #�% � #�%M for different
valuesof � , the switch size. We seethat except for extremely
small switches,the bound for the Random-Distortionsched-
uler is smallerthantheboundfor theRandom-Phasescheduler
which is in turnsmallerthantheboundfor PGPS.

In Figure6 we examinehow � #(% � #�%M variesfor differentpairs�'� . In particularwe examinea G�UN"�G�U matrix for which 7 )9�U�9�K . For eachvalueof Â we plot the fraction of �}� pairs for
which � #�% � #�%M + Â . We seethat thebound(6) for theRandom-
Phasebasedalgorithm is consistentlysmaller than the bound
(4) for PGPS.The bound(7) for the Random-Distortionbased
algorithmhasa smallerrangethantheothertwo bounds.There
arefewer pairs �'� with largevaluesof � #�% � #�%M but therearealso
fewer pairs �'� with small valuesof � #�% � #(%M . The reasonfor the
latterphenomenonis that thebound(7) is typically larger than
thebounds,(4), (6) whenthevalueof ³ @´#�% ³ is small.

We remarkthat we cannotdirectly comparethe expressions
(5) and(8) for theRandomPermutationandPoissonCompeti-
tion schedulerswith the bounds(4), (6) and(7) consideredin
thissection.This is becausetheexpression(5) is a limit andthe
expression(8) is for � #(%8 , not � #�%M .
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V. CONCLUSION

In this paper we have analyzed the latency of four
decomposition-basedschedulersfor input-queuedswitches.We
believe that thereare a numberof interestingopenproblems.
First, it is possiblethat a tighter analysisof our framework
of point processescould leadto betterboundsfor the existing
schedulers,andmayevenmotivatetheconstructionof new ones.
Second,weknow of nonon-trivial lowerboundsonthebestpos-
sible latency. It would be interestingto know what is the best
valueof l���� #�% � #�% � #�%M thatcanbeachieved.
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APPENDIX

I . PROOF OF PROPOSITION 6

Proof: Note that by periodicity of the countingprocessd #�% , (2) is equivalentto

l���� 1�¢ � ¢ å s � #�% �|��d #�% s W S 5 W S;X�� � � + � #(% � #�%8 

l���� 1�¢ � ¢ å s d #�% s W S 5 W SCX�� �Ð�µ
����N� #�% �(� � + � #(% � #�%8 L

Now, it is a standardresult(e.g.Theorem1, Section6.3.7[30])
thatas ©�· ­ wehave theconvergencein distribution

l���� 1£¢ � ¢ å s d #�% s W S 5 W SCX�� �Ð�?
����N� #�% ��� � áá �t#�%;
����N�t#�%;��©�Ô&Õ1� y ¢ n ¢�1 Ë y 
 u � 5
where Ë y is Brownian bridge, the Gaussianprocesswith� s Ë y 
 u � � ) > and Ög×+Ø s Ë y 
 È ��Ë y 
 u � � ) È 
 u � È � , > + È + u + � .
Another definition of Brownian bridge is given by Ë y 
 u � )Ë�
 u ��� u Ëb
���� , u À s > 5 � � , where Ë�
 u � , u � > , is standardBrow-
nian motion. Hence,Brownian bridge is a Brownian motion
conditionedonhitting

>
at u ) � .

An exactexpressionfor thecomplementarydistributionof the
maximumof Brownianbridgeis known (Doob[31]),

ú 
ÙÔ´Õ1�y ¢ n ¢�1 Ë y 
 u ����*Q� ) ! ¸48MÚ ý L
Fromtheaboveconvergenceandequatingthelastlimit distribu-
tion with � , weobtainthestatedresult.

I I . PROOF OF PROPOSITION 7

Proof: Notethat(3) is equivalentto� l����Stx4y�± ���6y s d #�% s W S 5 W SCX�� �Ð�µ
����N� #�% �(� � + � #�% � #�%M � L
Fromtheperiodicityof d #�% , it follows

� � ) l���� Stx4y�± ����y s d #�% s W S 5 W SCX�� �Ð�µ
����N� #�% �(� �) l���� 1�¢´.�¢ � ¢ 8 å s d #�% s W . ¸ 1P5 W � ¸ 1 �Ð�?
����N� #(% ��
(�|� z � �) l���� 1�¢´.�¢ 8 åU� . �Ãl�k�¡ 1£¢$.�¢ 8 åU� .65
where � . � ) d #�% s W y 5 W . ¸ 1 �`� 
������ #�% � z , z ) � 5 9 5 LHLQL .
Now, similarly as in the proof of Proposition6, we conclude
that, as © · ­ , � á � #�% 
����*� #�% ��©FÛ , where Û )>ÜÔ´Õ9� y ¢ n ¢�1 Ë y 
 u �ª�?km¡9Ý y ¢ n ¢�1 Ë y 
 u � , the rangeof the Brownian
bridge. It is known that the rangeof the Brownian bridge
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is equal in distribution to the maximum Brownian excursion
(see Vervaat [32] and [33]). The Brownian excursion can
be representedin terms of standardBrownian motion Ë as
 R 
 u ��� n A ° y�± 1ßÞ )>Ü 
�
�à X ��à ¸ ��¸ 1Lá 8 ³ Ë�
�
���� u ��à X < u à ¸ � ³ � n A ° y�± 1âÞ ,
whereà ¸ is thelastzeroof Ë before� andà X thefirst zeroafter� . It is known that([34] Theorem5.2.10),for ä�� > ,

ú 
ÙÔ´Õ9�y ¢ n ¢�1 R 
 u �T�Öä6� ) 9
q
Â /21 
^U;¨ 8 ä 8 �?����! ¸48

Âþý&ã£ý L
Now let � #�%M be equalto the right-handside in (14) for some� � >

. It follows from the above convergencein distribution
that

ú 
^l���� Stx4y�± ���6y s d #�% s W S 5 W SCX�� �Ð�µ
����N� #�% �(� � ��� #�% � #�%M ��··Î9 qÂ /21 U;¨H8��h�?� !;¸t8 Â ý£ÿ 5 �!Ô�©�· ­ L
Lastly, we equatethe limit in the last display to � , for a fixed��� > , whichcompletestheproof.

I I I . PROOF OF LEMMA 8

Wenow prove Lemma8.
Proof: Supposeinductively that we have alreadychosen

� 1P5 LHLHL 5 ��� ¸ 1 suchthat,

# � s
S ý% /§1 � #�% 
�� % � ³ � 1 ) � 105 LHLHL 5 � � ¸ 1 ) ��� ¸ 1 �+ # � s
S ý% /§1 � #�% 
�� % � � L

This cantrivially bedonefor ä ) � . Then,

å #
ú 
=� � ) � ³ � 1 ) � 105 LHLHL 5 � � ¸ 1 ) ��� ¸ 1 ���

� � s
S ý
% /21 � #�% 
�� % � ³ � 1 ) � 1P5 LHLHL 5 � � ¸ 1 ) ��� ¸ 105 ��� ) � �

) #
� s
S ý
% /21 � #�% 
�� % � ³ � 1 ) � 1P5 LHLHL 5 � � ¸ 1 ) ��� ¸ 1 � +

+ #
� s
S ý
% /21 � #�% 
�� % �

� L
Since å ú 
�� � ) � ³ � 1 ) � 1P5 LHLHL 5 � � ¸ 1 ) ��� ¸ 1 � ) � , there
existsafixedvalue��� suchthat,

# � s
S ý% /21 � #(% 
�� % � ³ � 1 ) � 105 LQLHL 5 � � ¸ 1 ) ��� ¸ 1P5 � � ) ��� �+ # � s
S ý% /21 �H#(%;
��
%;� � L

Then,by Inequality(16),

ú 
�¤ # ³ � 1 ) � 1P5 LHLHL 5 � � ¸ 1 ) ��� ¸ 105 � � ) ���4�
+ #

� s
S ý
% /§1 �Q#�%;
��
%;� ³ � 1 ) � 1 5 LHLHL 5 � � ¸ 1 ) � � ¸ 1 5 � � ) � � �

+ #
� s
S ý
% /§1 � #�% 
�� % �

� L
Theproof follows by induction.

To find ��� weminimize,

# � s
S ý% /21 � #�% 
�� % � ³ � 1 ) � 1P5 LHLQL 5 � � ¸ 1 ) ��� ¸ 1P5 � � ) � � )) #
S ý% /21 � s � #(% 
�� % � ³ � 1 ) � 105 LQLHL 5 � � ¸ 1 ) ��� ¸ 1P5 � � ) � � 5

over all possiblevaluesof � . We can exchangethe expec-
tation with the product due to the independenceof the � % .
Hencewe only needto beableto calculatethe

� s � #(% 
�� % � ³ � 1 )� 1P5 LHLHL 5 � � ¸ 1 ) ��� ¸ 105 � � ) � � in isolation. This is feasiblein
all ourapplicationsof Lemma8.

IV. PROOF OF LEMMA 11

Proof: Let usfirst recalldefinitionof Poissonprocess.A
countingprocessd on e is Poissonwith intensity æ if for any
two disjoint intervals f and ç on e , dwf and dÊç areindepen-
dent,andin addition,for any f on e ,

ú 
�dwf ) �h� ) 
�æ ³ f ³ �
�

��� ! ¸9è�é ê$é 5 � ) > 5 � 5 LHLHLQL
Now, it is anelementaryresultthat, if d . z�) � 5 9 5 LHLQL 5 7 are
Poissoncountingprocesseswith respective finite intensities3 .zÁ) � 5 9 5 LQLHL 5 7 , then d #(% f ) .�A;B6DôE d . f , for any �'� andf�ÀNe , is Poissonwith intensity� #�%,) .�A;B6DFE 3 . .Thus,wecanwriteú 
�d #�% s W S 5 W SCX�� � ) ù �) ú 
�d,#�% � W S � ) > 5 d,#(%;
 W S 5 W SCXT� � ) ù ��<< ú 
�d #�% � W S � ) � 5 d #�% 
 W S 5 W SCX�� � ) ù �?���) 
����*� #�% � ú 
�d #�% 
 W S 5 W SCX�� � ) ù ��<<¯� #�% ú 
vd #(% 
 W S 5 W SCXT� � ) ù �µ��� L

(18)

Weexerciseasimplecalculus,for any ù ) > 5 � 5 LHLHL 5 �|�?� ,
ú 
�d #�% 
 W S 5 W SCX�� � ) ù �) qy ú 
�d #�% 
 W S 5 W S < u � ) ù 5 dÃ
 W S 5 W S < u � ) �|�µ����ë u) qy ú 
�d #�% 
 W S 5 W S < u � ) ù 5 d #�% 
 W S 5 W S < u � ) ���?��� ù ��ë u) qy ú 
�d #�% 
 > 5�u � ) ù 5 d #�% 
 > 5vu � ) ���?��� ù ��ë u) qy ú 
�d #�% 
 > 5�u � ) ù � ú 
�d #�% 
 > 5vu � ) ���?��� ù ��ë u

) ¸ 'DFE è 1 ¸ ¸ DFE ²�ì�í � íïî.+ð è � ¸ 1 ¸ { ² ð qy u � ¸ 1 ! ¸ n ë u
) è � ¸ 1 ² ðè { ¸ 1 ² ð è � ¸ { ² ð �

{#�% 
����*� #�% � � ¸ 1 ¸ { L
The secondequality is obtainedby dwf ) d #�% f�<id #(% f , anyfòñ�e ; the third equality is by independenceandstationarity
of the incrementsof d #�% and d #�% ; the forth equality follows
by the independenceof d #�% and d #�% ; in the fifth equality we
utilize the fact that for any fixed f�À¬e , d #�% f and d #�% f are
Poissonrandomvariables;andfinally, the lastequalityfollows
from

qy u � !;¸ n ë u ) ��� , for � aninteger.
Thestatementof thelemmafollowsby pluggingtheresulting

identity in thelastabove displayinto (18).


