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SchedulingResered Traffic in
Input-Queuedwitches:New DelayBounds
via ProbabilisticTechnigues

Matthev Andrews andMilan Vojnovic

Abstract— We consider the problem of providing delay bounds to re-
sewved traffic in high-speedinput-queued switches. We assumethat the
matrix of bandwidth demandsis known and we usethe now standard ap-
proach of decomposingthis matrix into a corvex combination of permuta-
tion matrices. Our problem therefore reducesto the problem of construct-
ing a schedulefor thesepermutation matrices.

In this paper we derive delay boundsfor four algorithms that are based
on probabilistic techniques. For eachalgorithm we first placetokensran-
domly in continuous time for each permutation matrix. If the nth token
that appearscorrespondsto permutation matrix M}, then we schedulema-
trix M in the nth time slot. The algorithms differ in how the random token
processesire defined. For two of the algorithms we are able to perform a
derandomization soasto obtain deterministic schedules.

We show through numerical computation that in many situations the
resulting delay bounds are smaller than the previously best-knovn delay
boundsof Chang, Chen,and Huang [1].

Keywords—Input-queued switches.Decomposition-basedchedules De-
lay bounds.

I. INTRODUCTION

N recentyearstherehasbeenagreatdealof work onschedul-

ing algorithmsfor input-queuedwitches.The key featureof
aninput-queuedswitchis thatat eachtime step,eachinput can
be connectedo at mostoneoutputandeachoutputcanbe con-
nectedto at mostoneinput. The aim of the scheduleis to de-
terminehow to configurethe switch at eachtime stepso asto
provide highthroughputandlow delaysfor thearriving paclets.

Most of the previouswork hasconcentratedn providing sta-
bility or 100%throughputfor the switch. A scheduleis saidto
be stableif the queuesemainboundedaslong asthe load on
eachport is lessthanthe capacityof that port. Algorithmsthat
provide stability generallyfall into two cateyoriesdependingdn
whetheror not we know the arrival ratesfor eachinput-output
pair in advance. For the casein which we do know the arrival
rateswe candecomposehe rate matrix into a corvex combi-
nationof permutatiormatrices.If the scheduleiconfigureshe
switch accordingto this decompositiorthenwe have stability.
We referto theseschedulerasdecomposition-basesthedulers
(e.0-11], [2], [3]). Specificalgorithmsfor performingthe de-
compositioncanbederivedfrom resultsof Birkhoff [4] andvon
Neumann[5]. Note thatthe schedulecanbe computedin ad-
vanceof the arriving traffic and henceit is acceptabldor the
calculationto have significantcompleity.

For the caseof high-speedptical switchesit is reasonable
to assumethat the arrival ratesare known to us becausesuch
switchesarelik ely to bedeplo/edin the coreof networkswhere
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traffic engineeringusing MPLS is becomingmore prevalent.
SwitcheghatsupportMPLS mustbeableto provide bandwidth
guaranteedor certaininput-outputpairs. For eachMPLS path
thatpasseshroughinputi andoutput; on aswitch,the switch
will berequiredto reservebandwidthfor the pathbetweerthese
two ports. Anotherjustificationthat the input ratesareknown
canbefoundwith ExpeditedForwarding(EF) in the context of
differentiatedserviceg6]. Thereit is commonplaceo assume
thenetwork is engineereduchthattheloadof EF traffic ateach
nodeis boundedy someconfiguredvalue.

For the casein which we do not know the arrival rate matrix
in advancethenmostof the stableschedulersetup a bipartite
graphwhoseedgeweightscorrespondo the queuesizesof the
correspondingnput queues. At eachtime stepthe scheduler
findsan(approximatemaximum-weighmatchingin thisgraph
and configuresthe switch accordingly Theseschedulersare
sometimesknown asmaximumweight matching(MWM) type
schedulerge.g.[7], [8], [9], [10]). Notethatan MWM sched-
uler mustoperatdn real-timesinceit needsaccesgo queuein-
formationandhenceit musthave extremelylow compleity.

More recently attentionhasbeenpaidto the problemof min-
imizing the delay experiencedby paclets passingthroughan
input-queuedswitch. Leonardiet al. [11] analyzedthe MWM
algorithmandshoved thatthe meandelaythroughan arbitrary
pair of input-outputportsof a switchwith 7 inputand/ output
ports,uniformly loadedto p < 1, is boundedy (I —p)/(1—p).
A relatedwork is that of Shahand Kopikare [12] who ob-
sene thatfor uniform Bernoulli arrivals to the switch with the
schedulingpolicy that at eachtime slot takes a matchinguni-
formly at randomfrom the entire setof I! matchingsthe ex-
pecteddelayis (I — 1)/(1 — p). Notethatthis is smallerthan
theboundobtainedn [11].

In [1] Chang, Chen, and Huang shoved how to derive
worst-casaleterministicdelayboundsfor a Birkhoff-von Neu-
mann schedulein which the permutationmatricesare sched-
uled accordingto Paclketized GeneralizedProcessorSharing
(PGPS)13] suchthatataninstantamatrixis sened,it is placed
asanew arrival into the PGP Ssystem.

In this paperwe considerdelay boundsfor decomposition-
basedschedulesWe shaw thatby usingprobabilistictechniques
we areableto tightentheboundsof [1] for theworstcaseinput-
outputpairsin mary scenarios We usetheterm “probabilistic
techniguesratherthan“randomizedalgorithms”sincefor two
of our algorithmswe areableto derandomizehe randompro-
cessesoasto obtaindeterministicalgorithms

It is interestingto obsere that for a nodeto supportEF
it needsto conform to a rigorous definition of the perhop-
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behaior, namely Packet ScaleRateGuaranteeavith rater and
lateny e; see[14]. Ourwork canbeviewedascalculatingwhat
thevalueof thelateny ¢ would be for aninput-queuedwitch.
Beforewe presenbur algorithmsandresultsin detailwe must
presensomenotationandour goals.

Assumptionsind Notation

We consideran I x I switch. Let p;; bethe bandwidththat
needsto be resered betweeninput i andoutput j, normalized
by thelink rate.Let M bethematrix whoseij entryis p;;. We
referto M astherate matrix. For the majority of this paperwe
considerthe casein which M is a doublystohasticmatrix, i.e.
>_ipij = land}; p;; = 1. This correspondso the casein
which the entirebandwidthof the switchis resened. However,
we shallsometimegonsideithe substochasticasen whichwe
onlyhave}”, p;; < 1and}_, pi; < 1. In this casetheresidual
bandwidthof the switch could be usedby besteffort traffic.

By standardresults of Birkhoff and von Neumann(see
e.g.[1]) we candecomposehe matrix M into a corvex com-
binationof permutatiormatrices,

K

M=) opM,
k=1

whereK < I? — 21 + 2. Here, M}, is a permutatiormatrix (a
0 — 1 matrixwith exactly one“1” in eachrow andcolumn),py
is the rate of matrix M, andz,{i1 i = 1. Let S;; bethe set
of matricesin thedecompositiothathave al in theij position.
Thenp;; = 3 jcs,, k- Ouraimisto createaschedulen which
exactly one of the permutationmatricesis scheduledn each
time slot. Input-outputpairij is senedwheneer a matrix from
the set.S;; is scheduled.Hencewe requirethat a matrix from
S;; is scheduledipproximatelyonceevery 1/p;; time slots.
As anexample,supposéhat,

1/6 5/6 0
M = 1/2 1/6 1/3
1/3 0 2/3
Then,
M—lM +1M +1M
*2 1 3 2 6 3
where,
01 0 0 1 0
M, = 10 0 |,My=1{0 0 1 |,
0 0 1 1 00
1 00
Ms=| 0 1 0 |,
0 0 1

anda possibleschedulds,

]\417]\"[2;Mls]\/[2aﬂllaj\/[37
My, My, My, My, My, M, . .

Theclassof theschedulershatwe consideicanbeformulated
by thefollowing unifying framework. We first placetokensfor

Zn =1 4 20 1|1 2 4113
Tn ZL—i—l
My My My My My My, My Ms

Fig. 1. (Top) ThetokenprocessTy, is thetime atwhichthenth tokenappears.
Zn, isthetypeof thenth token,i.e. if thenth tokencorresponds$o permu-
tationmatrix My, thenZ,, = k. (Bottom) Thecorrespondingchedule.

eachmatrix M}, in continuougime. We schedulematrix MM}, in
timeslotn if thenth tokento appeaicorrespondso matrix M.
(SeeFigurel).

More formally, we associatavith M, a countingprocessVy,
definedonR*. For ary interval Z C R+, N.,Z equalsthe num-
berof tokensfor M}, thatlandin interval Z. We requirethat [Vy,
hasintensityyy, i.e.lim; . N;[0,t)/t = .

We definethe superpositiorprocessN7Z = 22{:1 NiT to
which thereis an associategboint process7T,, ), >0 definedon
R*. Next, let (Z,),>0 be the sequenceof marks suchthat
Z, = k if andonly if the n-th point of the superpositiorpoint
process, T, belongsto Nj,. Let N;;Z be the numberof to-
kensfor input-outputpair ij that land in the intenal Z, i.e.
NiyT = 3 pes,, NiZ. Likewise, let N7 be the numberof
tokensthatlandin Z, but do not belongto Sij-

The schedulds given by the sequencé Z,,),,>o. If for ary
givenn, Z, = k, thenthe matrix M}, is scheduledn the nth
slot. We saythe nth tokenis of type k. Notice that by taking
(Zy)n>0 wein factconstrucnon-idlescheduleA key feature
of this schedulss,

Observationl: The total numberof slots in which input-
output pair ij can be sened during the time slots n,n +
1,...,n+m—lisequalto N;; [Ty, T im).

ServiceCharacterization

We give differentcharacterizationsf theserviceofferedto an
arbitrary input-outputpair ij. Informally speakingwe would
like N;; [T, T, +m) to becloseto p;;m. Thefollowing is the
simplest,but wealest, servicecharacterizationfor ary n > 0
andm > 0, andsomefixed £}’ > 0,

{Nij [T, Toim) > pij(m— EY)}. D)

If the abore eventholdswith probability1 — e, e > 0, aprob-
abilistic interpretationof the serviceofferedis: for ary fixed
m one picks at randoma slot n, then, the numberof slots
givento the input-outputpair 75 in the next m slotsis at least
pij(m — EY’) with probability1 — .

A naturalextensionof theabove characterizatiors by requir
ing thatfor any n > 0 andsomefixed E5’ > 0,

(Vim0 : — E9)}). )

The strongestguaranteeis offered by requiring, for some

fixed B > 0,

Nij[Tn, Trim) > pij(m

{Vnzovm>0 : NZJ [Tna Tn+m) > Pij (m - Eéj)} (3)
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If this event holdsthenwe lower boundthe serviceofferedto
input-outputpair 75 over anyinterval of time slots. In particu-
lar, it canbe seenthat f(m) = p;; max[m — EZ’, 0] is astrict
minimumservicecurve offeredto thei jth pair (seeProposition
1.3.6,Section1.3.2,[15]). Theservicecurwe is “rate-lateng”
with ratep;; andlateny E;’.

The servicecharacterizationgntroducedso far bound how
much the serviceoffered is behindthe servicethat would be
offered by anidealisticfluid system(which would sene p;;m
bitsin m slots). Thus,theseservicecharacterizationsoundthe
latenessof the scheduler Analogouscharacterizationsanbe
establishedio boundthe earliness oneonly needgo reversethe
inequalitiedn theabove definitions,andreplaceminuswith plus
in therate-lateng functions. Small earlinesof the schedulds
desirableo reduceburstinessat the outputof the switch.

WhatCanWe Computegromthe ServiceCharacterizations?

Consideran arbitrary input-outputport pair ij. Let A;;[n]
be numberof the bits that arrive in [0, n] at input port ¢ and
are destinedfor outputport j. Then, by the resultknown for
variable-capacitynodes(see[15], Sec. 1.3.2,alsoSec. 4.3.2),
we know thatthe numberof bitsin [0, n] obsenedatthe output
portj thatoriginatefrom i, A7;[n], satisfies,

Ajjln] = min [Ai[m] + Nij[Ton, T0)].
In particular supposethat the arrivals are (o5, p;;)-bounded
i.e.,Aij [n] - Aij [m] < Pij (n — m) + 035 for all m < n. Then,
thefollowing is a classicahetwork calculusresult.

Fact2: Thebacklogof ij pacletswaiting for serviceat the

switchisatmosto;; +p;; E5 . If FIFOschedulings usedwithin
the aggregjate of ij pacletsthenthe maximumdelayfor these
pacletsis atmosto;; /p;; + E5 .
If o;; = 0 (i.e. the arrivals are boundedby a idealizedfluid
systemof ratep;;) thenthe pacletdelayis boundedby EY/ (as-
sumingFIFO schedulingwithin the aggrejate). However, in a
perfectschedulefor 44, a matrix in S;; would appearexactly
onceevery 1/p;; timeslots. In this casethe paclet delaywould
bel/p;;. Hencejf o;; = 0 we have,

worstcasepacletdelay
optimalpacletdelay

< pi; E5 .

For thesereasonur objective is to keepE5 small.

Algorithmsandresults

Our algorithmswill be divided into two types,frame-based
and non-frame-based Supposehat for somefixed integers/y,
andL, ¢, = ¢;/L. (We notethatthis is alwayspossibleif the
pr, arerational.) We can computea schedulefor the interval
[0, L) that containsexactly ¢, occurrence®f the permutation
matrix m;, andthensimply repeatthis schedulefor all subse-
guentintenals of length L. We call sucha schedulea frame-
basedscheduleof length L. Noticethattheframelength L and
numberof the permutatiormatricesk arerelatedas K = L//,
where? is the arithmeticmeanof ¢, &k = 1,...,K. Since
l,, > 1forall kit followsthat L > K, with equalityif andonly
if £, =1 forall k.

If the schedules not periodicin the abore way thenwe say
thatit is non-frame-basedFor a non-frame-basedcheduleve
have to defineit explicitly in theentireinterval [0, o).

In [1], Changet al. proposea non-frame-basedlgorithmin
which the permutationmatricesare scheduledaccordingto a
PGPY[13] systemthatis fed with its own departuregwhich is
initialized suchthat all tokensarrive at time 0). In our setting,
this correspondso placingthe nth tokenfor matrix M, attime
n/er. Moreformally, for eachk = 1,..., K,

n
N[0, 8) =S Ligp(—).
0.0 = 3 ta(2)

n>0
Changetal. [1] shaw thatfor this algorithm,

|Si

E{ < min[—,
Pij

o + (K — 1)

(4)

Theaim of ourwork is to shav thatby usingprobabilistictech-
nigues,it is possibleto tightenthis boundin mary scenarios.
Ourresultsareasfollows.

1. We begin in Sectionlll-A with an extremelysimpleframe-
basedschedulein which the tokensfor the permutationmatri-
cesin aframearerandomlypermuted We call this the Random
PermutationschedulerWe requirethat (3) holdswith probabil-
ity 1 — ¢ andwe show that,as. — oo,

A(- 1)
Pij

whereA is aconstantdependingne specifiedn this paper For
E; thesameexpressiorholds,with A = 2 Ine 1,

2. In Sectionlll-B we presenta deterministicframe-basedl-
gorithm. We requirethat (3) holdswith probability 1 andwe
shaw that,

Eéj — ®)

|Si

EY <
3
Pij

+ (24 /2K In(2L + 1)). (6)

We derive this algorithmfrom arandomizedalgorithmin which
thenth tokenfor matrix My, is placedattime Uy, + n/p; where
Uy, is choseruniformly atrandomin [0, 1/¢y,). We call thisthe
Random-Phas@eriodic Competitionscheduler We thenshav
how to derandomizehis scheduletto obtaina deterministical-
gorithm usingthe methodof conditionalprobabilities[16]. In
SectionlV we shaw thatin mary scenarios(6) is significantly
smallerthan(4), largely dueto the presencef the square-root
in (6).

3. In Sectionlll-C we presenta deterministicnon-frame-based
algorithm. We requirethat (3) holdswith probability 1 andwe
shaw that,

i 1
Ey < —4/2|S;j|lnD + (24 V2K In D), (7)
Pij

where D = 1 + (4(2I? + 2)/miny ¢). This algorithm is
derived from a randomizedalgorithmin which the nth token
for matrix M, is placeduniformly at randomin the interval
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[(n —1)/¢k,n/pr). We call this the Random-DistortiorPe-
riodic Competitionscheduler By usingthe methodof condi-
tional probabilitieswe areableto derandomizehis scheduleal-
thoughtheanalysiss morecomplex thanit wasfor therandom-
phaseschedulesincewe now have to considerthe entireinter-
val [0, c0) insteadof afinite frame. In SectionlV we shaw that
in mary scenarios(7) is significantly smallerthan (4), largely
dueto the presencef the square-rootin (7).
4. In Sectionlll-D we analyzea non-frame-basedchedulein
which thetokensfor matrix M, areplacedaccordingto a Pois-
son process. We call this the PoissonCompetitionscheduler
For this scheduleonly we assumehattheload p on eachinput
andoutputis strictly lessthan1. We shav usingthe Brownian
approximatior[17] that,

+ p) .

1 1-—-
Ineg! P ( P
1—p\ pij
Thelateny EZ doesnot make much sensefor this scheduler
sincetheeventin (3) would fail with probability 1 aswe require
thattheinequalityin (3) holdsfor all n.

~

EY o

(8)

Comparisonwith singleserverpolling

We remarkthat our problemis significantly different from
the singlesener polling problem(e.g. see[18] andreferences
therein)in which a single sener hasto poll a setof clientsat
predeterminedrequencies.Note thatin our problemit is not
sufficientfor eachmatrix M, to besenedatevenly spacednter
valsof 1/, slots. Thisis becausénput-outputpairij is sened
wheneer amatrixin S;; is sened. If k. ¢ € S;; and M, and
M, aresenedclosetogethethentheserviceto ij is burstyeven
thougheachpermutationmatrix might receve smoothservice.
Notehoweverthatwe cannotin isolationchangehescheduldgo
improve servicefor one particularinput-outputpair sinceeach
permutatiormatrix is amemberof S;; for I differentpairsi;.

Previouswork

As mentioneckarlier paperghatanalyzeschedulerbasedn
decomposindhe rate matrix include[1], [2], [3]. Analysesof
MWM-type schedulersanbe found in, for example,[7], [8],
[9], [10], [11]. Someframe-basedcheduleravere presented
in [19], [20]. If the switch fabric hasan internal speedupof
2 thenit is known that it canemulateoutput-queuedwitches
(in which thereis no contentionat the inputs)[21], [22], [23].
In [24], an algorithmis presentedvhoseaim is to “track” an
idealizedfluid policy.

If the switch is sufficiently underloadedthen tight delay
boundscan be achiezed. In [25] it is shawvn that if the total
load on ary input or outputis at mostone quarterof the link
rate,thenit is possibleto sene eachij pair atleastonceevery
1/psj steps.

The remainderof the paperis organized as follows. In
Section Il we derive some useful facts about the event,
{N;; [T, Thym) = pij(m — E)}. In Sectionlll we presenbur
four schedulersand analyzethemin detail. In SectionlV we
presentsomenumericalresultsto evaluateour boundsfor spe-
cific ratematrices We deferthe proofsof someof our resultsto
the Appendix.

Il. PRELIMINARY ANALYSIS
Notethattheevent(1) is equivalentto

Ny [T, To 4 1) > pij(m — Ei9),

{3t>0

This canbefurtherequialentlywritten as

Nijls,s +1) > pij(m — EY),
N[0,s+t)=n+m—1,N[0,s) =n—1}.

{3t>035<t

Unfortunately it is hardin generalto calculatethe probability
of theabove eventsincethereis too muchdependencbketween
theconstituenevents.It is howeverfeasiblefor thecaseof point
processewith independenincrementsAn exampleof thisspe-
cial caseis the PoissonCompetitionschedulethatwe analyze
in Sectionlll-D usinga Geo/D/1queue.

In the remainderof the section,we try to definea sub&ent
of (1) whoseprobability is easierto boundin the generalcase.
To thatend, let G, ,,, be the good event {N;;[1},, T im) >
pij(m — E)}. Let B, ,,, bethebadeventB,, ,,, = G, -

Let Ay, Ay € ZT andAjz, Ay € RT satisfy

A1 +A2 + (Ag +A4)//)ij S E,

whereF = E}, EY or E¥ , dependingn our calculation.
Lett = n+m — A; andlets = n + A,. Notethats and¢
areintegers.
Lemma3: SupposehatN;;[s,t) > p;;i(t —s) — (As + Ay)
and[s,t) - [TnaTn+m)- Then,Nij [TnaTn-‘r‘m) > Pij (TTI,*E).]'
Proof: We have,

Nij[TnaTn+m) > Nij[sst)
= pij(t—s) = (As+ Ad)
= pij((n+m—A1) = (n+Az)—
—(As + A4)/pij)
= pij(m— (A1 + A2) — (Az + As)/pij)
> pij(m—E).

The first two inequalitiescome from the assumptionsof the
lemma.Thefirst equalitycomesfrom the definitionsof s andt.

Thefinal inequalitycomesfrom our constrainonthe A’'s. W
Fromthedefinitionof G,, ,,,, Lemma3 implies,
Gnm 2 {Nijls,t) > pij(t —s) — (Az 4+ Ay)}N )
ﬂ{[s,t) C [TnaTn+1n)}'

By the above resultswe canfocus on the quantity IV;; s, t)
andtherelationshipbetweertheintenals(s, t) and[T},, Ty +m)-
However, for the randomprocessesve considey eachinterval
[s,t) will be dependenbn too mary otherintenvals. The way
to solve this problemis to concentrat®n intervalsthathave one
of their endpointsfixed. For this purposewe mustrefine our
results.

Lemmad: If N[0,t) < t + Ay andNJ[0,s) > s — Ay then
[8,t) € [T, Trtm)-

! Notethatwe areinterestedn thevaluesof m suchthatm > E. Thisimplies

m > A1 + Az, whichis equialentto s < ¢. Form < E theinequalitiesin
(2), (2), (3) doindeedhold.
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Proof: Sincet = n+m—Aq, N[0,t) < t+A; = [0,t) C
[0, T +r,). Similarly, sinces = n + Ay, N[0,5) > s — Ay =
[0,s) 2 [0,7,). Therefore,[s,t) C [0,Ty1m)\[0,T) =
[Tna Tn+m)- n

Lemmab: If Nij [0, t) > pijt—Ag andNij [0, S) < pijS+A4
thenNij [S,t) > pL](t — 8) — (Ag + A4)

Proof: We have, N@‘j [S,t) = Nij [O,t) — Nij[O,s) >
(pijt = As) = (pijs + D) = pij(t —s) = (Az +4y). W
Lemma4, Lemmab and(9) imply,

Gum 2 {N[0,t) <t+A1}N
N{N[0,s) > s — Az}N (10)
M Nijls,t) = pij(t — s) = (As + As)},
and,
Gpm 2 IN[0,8) <t+ AN
N{NJ[0,s) > s — Ax}N (11)

N{N;;[0,t) > psjt — Az}
N{Ni;[0,5) < pijs + Aa}.

If we areinterestedn calculatingE}’ thenwe only needto
focuson somefixedn andm. y

However, if we areinterestedn E3’ thenwe needto know
whetherG,, ,,, for all n, m. For thelattercasewe have,

ﬂnﬂn Gn:m = ﬂt{N[O t) <t+ Al}m

NAN0,5) > s — As}n

Mo {Nijls,t) = pij(t —s) — (A3 + Aa)}-
(12)

and,

Ny Gnom 2 NAN[0,2) <t+A}N
’ NANI0,5) > s — Ax}N
N ANVi;[0,1) > pijt — Az}n

N AN;0,8) < pijs + Ay}

We notethatsinces andt areintegerswe only needto take the
intersectiorover adiscretesetof events.

(13)

I1l. FOUR SCHEDULERS
A. RandonPermutation

We considera frame-basedchedulein which the permuta
tion matricesin a frameare scheduledn randomorder More
formally, denoteby z = (z1, 2,...,21) somefixed order of
the tokentypessuchthatthereareexactly ¢, tokensof type k,
k=1,...,K. Letw = («(1),x(2),...,n(L)) bearandom
permutatiorof theelementg1,2,..., L).

Forn = 1,..., L we definethe scheduleby randomlyper
mutingtheelementof z, i.e.,

Zn:Zﬂ.(n), n:1,...,L.

The scheduldas extendedfor n > L by concatenatingeplicas
of thescheduleZ,,,n =1,..., L.

As an aside,notethat the schedulerasdefinedabove canbe
formulatedin the framework of point processesWe can first
constructthe countingprocessesVy, k = 1,..., K, on [0, 1]
by placing{;, pointsuniformly atrandomin [0, 1]. Then, Ny is
extendedo thewhole positive realline by periodicextensionof
thepointsin [0, 1].

0.025 O

0.02 -

0.015

o(m)iL

0.011

0.005

. . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
m/L

Fig. 2. Normalizedvarianceof N;; [Ty, Tn+m) for varyingframesize L, and

We first discusssomeelementarypropertiesof the scheduler
asdescribedabove, andthendisplaythelatencies By aroutine
combinatoriallgumentwe obtain,for l = 1,..., min[¢;;, m],

D)
(&)

wherel;; = ;. {x- Notice thatthe probability doesnot

depencbn n, which reflectsthe factthatthe countingprocesss

stationary The above explicit expressiorenablesisto compute
thelateny E}’ definedby (1).

As anaside we remarkthatfor ary fixedm, N;; [Ty, Ty ym)
corvergesin distributionto Binomial randomvariable(im, p;;),
asL — oo. (This canbe checled, for example,by Stirling’s
formula.)

Onemay checkthatthevarianceof N;;[1},, Ty, 4m) is

m

P(NZJ [TnaTn-Hn) = l) = <

L2 m m
=) (1= ).

We omit this calculationfor the benefitof space.Notethatthe
varianceformsa bridge (o7;(0) = o7;(L) = 0, with the global
maximumatm = L/2); seeFigure2. Notealsothat,ai?j(m) —
L[)”(l — plj)% (1 — %), asL — oo.

We finally shav the main resultsof this section;asymptotic
expressiongor thelatenciesE;’ andE;’. Theproofsaregiven
in AppendicesA andB.

Proposition6: As L — oo,

EY — =
2 e \py

Notethat 5 scaleswith theframelength L asO(v/L).
We have thefollowing resultfor thelateny E3’.

oZ(m) =
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Proposition7: As L — oo,

1
B9 — A<——1>L
p'LJ

whereA is the positive solutionof

(14)

1
452 7242A - e
> 2

=1
Notethat 25 alsoscaleswith theframelength L asO(v/L),
but with adifferentconstantin Figure3, we plot valuesfor E.’

andE% obtainedempirically, togethemith theabove limits, for
differentvaluesof L.

B. Random-PhasBeriodic Competition

LetUg, k = 1,..., K, be acollection of independentini-
formly distributed randomvariableson [0,1]. We definethe
scheduleasfollows;for eachk =1, ... K,

Uk)

n>0

Thusthetokensfor matrix A}, form a periodicstreamof period
1/ with therandomphaseshift Uy, /.

We assumehatthe ¢, have the propertythatwe candefine
a frame-basedcheduler(seethe Introduction). Thereforewe
only needto concentrat®nthetimeinterval L. For ary interval
[s,t), Ni[s,t) > pr(t —s) — 1. Thisimplies,

D (rt—s)=1) = Nijs,t) > pij(t—s)—|S|.
keS;;

Nij[sat) 2

We follow themethodof Sectionll andsett = n+m—Aq,s =
n + As, whereAq, A, aredefinedbelow. For any permutation
matrix My, let ay, = |@xt]. ThenNg[0,t) = ax + X where
X, is abinary randomvariablewith meany,t — a;. Let u =

E[Zk Xk] = Zk(gokt — ak) =t— Zk ai. We have,

N[O,t) >t+A & Zk(ak —i—Xk) >t 4+ A

& Y XeZt+ A1) ak
Therefore,by Hoeffding's inequality [26], P(N[0,¢t) > ¢ +
A1) < exp(—2(A1)?/K). Similarly, P(N[0,s) < s — Ap) <
exp(—2(A2)?/K).
Let,
Ar=2; = VK2 WEL+T)|.

Az =
BV =

Ay = |541/2,
(1Si1/pij) + (2 + /2K In(2L + 1)).

Then,by the abore Hoeffding boundsandthe containmen{12)
from Sectionll we have,

P(Ni; N A3 [T To) > pij(m — E5')})

> 1- Y PIN[0) 2 t+ Ay)-

— Y P(N[0,5) < s — Ag) (15)
> 1- Zf Lexp(Z2AY) L ShE | ap(—2(02))
>

2L+1

(Notethatsincewe areconsideringa finite framewe only need
sumovers,t € {1,...,L}.)

Hencewith probability 1 — 2L/(2L + 1), the rate-lateng
condition(3) holdsfor all 75. We now shav how to derandomize
thealgorithmsothatcondition(3) holdswith probability 1.

Derandomization

We usethe methodof conditionalprobabilities(seee.g.[16])
thatis motivatedby the following lemma(which we prove in
AppendixC).

Lemma8: LetY:,...,Y,, beasetof randomvariables,let
X1, ..., X,, beasetof independenbinary randomvariables
andlet oy, ...,0,, beasetof eventssuchthatfor somefunc-
tions f;;(+),

o
P(oi|A) < E[[] fis(X (16)
j=1
for ary event A. Thenthereexists a setof valuesyy, . .
suchthat,

ZP(0i|Y1 = Ylyee-y

In particularif )", E[]'['
determinedby Y7, ...,

ZP oi|V1 =

To computeyv givenyy, ...

SLENTZ, fiy(XpYi =y, Yo =] =

= Zi H]il E[flJ(XJ)‘Yl =Yis-... 7}/0 = yv}a

aswe vary y, over the full rangeof Y,. (Recallthatthe ran-
domvariablesX; areindependenandsowe canexchangethe
expectatiornwith the product).

To applythis lemmain our settingwe take Y7, . ..
therandomphaseshiftsUs, ..., Uk; X1, ..., X,, to bebinary
randomvariablesof theform NV, [0,¢) — | pxt] andoy, . .., o,
to be eventsof the form {N[0,t) > t + A;} or {N[0,s) <
s — Ay}, Thefunctionsf;;(-) aredefinedby,

‘) ynl

You = on) < SEI] fu(X
i j=1

1 fig (X

Y., then

;)] < 1ando; is completely

ynl) =0.

, Yu—1 WE minimize,

Y1, -

, Yy, tobe

P(N[0,t) >t+ A1) < 670(t+A1)E[H£{:1 ONkl0)],

17

whered = In(b(1 — a)/a(1 — b)), a = (t — 5 |opt])/K,

b=(t+ A — Zle lekt])/K. A similarinequalityholdsfor
P(N[O, S) < s — AQ)
In thederivationof (15) we shavedthat,
L L 27,
>
z:: N[0,t) > t+ A1)+ ;P(N[O ,8) < 85— AQ)_QLH

using Hoeffding boundsthat are derived from (17). Henceby
Lemma8thereexistfixedvaluesu, ..., ux for theinitial phase
shiftssuchthat N[0,¢) < t+ A; forallt andN[0, s) > s — A,
for all s.

The onecomplicationthat arisesin the calculationof the uy,
is that the U;, are continuousrandomvariables,they do not
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take discretevalues. However, as Uy, is varied between) and
1, Ni[0,t) — |@xt] changedrom 0 to 1 at onediscretepoint.
Henceit is sufiicientto consideronly L. + 1 valuesof Uj,. The
right-handsideof (17) maybe computedn time polynomialin
K and L, evenif someof the phaseshifts have alreadybeen
fixed. Hence we canfix thevalueof Uy, in time polynomialin
K andL.

Theoem9: The resulting deterministic schedulersatisfies
(3) with,

il | (2 1 AR WEL+1).

EY =
8 Pij

C. Random-DistortiorPeriodic Competition

LetUp,, k =1,...,K,n € Z*, beacollectionof indepen-
dentuniformly distributedrandomvariableson [0, 1]. We define
thescheduleasfollows; for eachk =1, ... K,

Nk [07 t) =n-+ 1Ukn<kpkt7na

wheren = |¢xt]. Anotherinterpretationis: the nth point of
the kth tokentypeis placeduniformly atrandomin theintenval
[n/x, (n + 1) /n).

We malke useof thecontainmen{13) from Sectionll. We ap-
ply Hoeffding boundsin a similar mannerto the previous sub-
sectionto obtain.

P(N[0,t) > t+ A1) < exp(—2(A1)*/K),
P(N[0,5) <5 —Az) < exp(—2(A2)?/K),
P(Ni;[0.t) < pijt = As) < exp(=2(A3)*/|Si;1),
P(Nij[0,5) > pijs + Aa) < exp(—=2(A4)?/[S).
Let,
Iy(t) = P(N[0,t) >t + A1)+
+ 3.5 P(Vi; [O t) < pijt — Ag),
Ta(s) = P(N[0.s) < 5— Ag)+
+Zzg P( U[O ) > pijs + Ay),
D = 1+ (4(21% +2)/ ming @),
Ay =D, = { (K/Q)-lnD-‘,
As=Ay = /([5/2) - InD,
EY = A+ Ag+ (Az+Ay)/pi

For fixed s andt we have,

(21% +2)

[i(t) +Ta(s) < 7o)

Note thatwe cannotapply a unionboundover s and¢ aswe
did in the previous subsectiorbecauses andt rangeover the
entireintenval [0, co). However, notethatif 'y (t) = T'2(s) = 0
for all s, ¢ thenfrom (13) we know that(3) holdsfor all 7, j with
probability 1. Hencewe focuson derandomizindghealgorithm.

Derandomization

Insteadof placing the nth token for matrix A, at random
into theinterval [n/¢k, (n + 1)/¢k), we now wish to placeit

deterministically Let P = [2/ miny ¢ ]. We divide time into
intervals of length P, namely [0, P), [P, 2P),.... Let A be
the setof tokensthatfall into theintenval [wP, (w + 1) P) with
probability 1, i.e. the nth token for matrix M, is in A“ if and
onlyif [n/pr, (n+1)/¢k) C [wP, (w+ 1)P). Let B¥ bethe
setof tokensthatarenotin A« for any w’ andthat fall into
theintenal [(w — 3) P, (w + 3) P) with probability 1. We have
chosenP sufiiciently largesothatall tokensarein A« U B for
somew.

Supposenductively thatfor w’ < w we have fixed the posi-
tions of all the tokensin A“" U B«". Sincenoneof the tokens
thathave alreadybeenfixed affecttheintenal [wP, (w + 1) P),
our previousanalysismplies,

> u;jl)P T (1) + Z(w+1)P

By applyingthe methodof conditionalprobabilitiesin a similar
mannerto Sectionlll-B, we canfix the positionsof tokensin
A oneafterthe othersothatwe still have,

P(2I%+2
Ty(s) < £EH2),

SUIP L) + X T

P(2I%42
Ty(s) < FEHH2
Here, the constituentprobabilitiesof T'y (¢) andT'»(¢) are now
conditionedon the factthatthe tokensin A« arefixed. We ob-
tain,

IS (R NTORSD Sy (8 10
< ZE?;P {0+ S E T
< 2P(2£+2)<1

By the methodof conditionalprobabilitieswe canfix the posi-
tionsof tokensin B sothatwe still have,
1 1
ST + X Ta(s) < 2PE0E <,

All tokensin A“ U B“ arenow fixed andso we have a deter
ministic scheduleup to time (w + 3)P. RecallthatI; (t) and
I'y(s) aresumsof probabilities. Thereforel'; (1) = I'y(s) = 0
forall s, ¢ € [(w—3)P, (w+3)P). Thisprocessanberepeated
indefinitely

Theoem10: The resulting deterministicschedulersatisfies
(3) with,

- 1
E;J:p_ 2|S;|In D + (2 + V2K In D).
ij

Adaptationto the substobasticcase

For the previous three schedulerswe have assumedthat
the rate matrix M is doubly stochasticj.e. >, p;; = 1 and
Z pi; = 1. For thecasein which M is only substochastid,e.
Z pij <1 andz pi; < 1,itis known by aresultof vonNeu-
mann(seee g. [1]) thatthereexists a matrix M’ with ij entry
p” suchthatp;; < p” for all 75 and M is doublystochasticln
this casewe canapplyall the resultsof this paperto the matrix
M’ to obtainlatenciest)’, E5’ and 3. Notethattheij traffic
might notbe ableto useall the serviceit is offered. In this case
theresidualbandwidthcanbe usedfor best-efort traffic.
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Fig. 3. 0.99-quantileempiricalandtheoreticalimit latenciesof RandomPer

mutationScheduler{Bottomcurve) E5’ and(Top curve) E3’ . Theempiri-

calquantilesarecomputedrom 5 independensamplesachof 500 samples
of randompermutationsTheempiricalquantilesareshovn asaverageover

the5 samplesalongwith 0.95-confidencentervals.

D. PoissonCompetition

For our final scheduleme requirethat the load on eachin-
put and outputis strictly lessthan1. Let N, be Poissonwith
intensitypy, all k = 1,..., K. Thenthefollowing holds.

Lemmall: Forary ij,andn,m > 0,1 =1,2,...,m,

m

P(Nij (T Tnim) =1) = ( l ) péj(l - pij)mil'

The abore resultmay be obviousto mary; we give an elemen-
tary proofin AppendixD. Wenotethat (T, , Z,,),>¢ isamarked
point processwith independenidentically distributed marks,
whereZ,, = k with probability ¢.. Our namingof this sched-
uler is inspiredby the Poissoncompetitiontheorem(Theorem
1.3,ChapterB [27]).

We continuefurther by observingthe following queueingn-
terpretationof the latenciesdefinedin (2) and(3). Locally to
this section,assumez,{,":1 pr < 1; we imposethis condition
to ensurestability. Moreover, for afixedij, let p < 1 besuch
thatzkasij v = p(1 — pi;). Wealsoassumehatthecounting
processesV;, areextendedto R, thewholerealline. Then,it is
notdifficult to obsere that(2) is equivalentto

{Vi5[0] < pi; B},

whereVE[n], n = 0,£1,£2,..., is the unfinishedwork of a
slottedsinglesener queueingsystemwith infinite buffer capac-
ity, servicerate (1 — p;;) andan arrival processhatis 0 or 1

with the probability of anarrival equalto p(1 — p;;). Theabore
obsenationfollows immediatelyby Reich’s formula,

7

10

107 A\ N

- h=0.97

1072 L L L
0 2 4 6

w ¥
N
o
P
N
=
i
=
o
=
©

20

Fig. 4. Complementarydistribution of Vﬁ: (dots) empirical estimates(dot-
tedline) M/D/1, (solid line) Brownian approximation.Vi—j is estimatedoy
averagingover 1000 randomsamplesof length10000. p;; = 0.1.

From Lemmall, it follows that the unfinishedwork is of
a Geo/D/1queue. The distribution of the unfinishedwork of
a Geo/D/1queueis known in closedform [28], which in our
context amountgo

wherej is the integer suchthat jD < v < (j 4+ 1)D — 1,
q := p(1 — piz), andD = 1/(1 — p;;) is implicitly assumed
to beaninteger (If D would be a real,thenonemay redefine
D := [1/(1 — ps;)] to obtaina lower bound, provided that
pD < 1)

Thelastwould enableoneat leastin theoryto exactly com-
putethelateny 3’ in (2). In practiceone may expectnumer
ical instability aspD — 1. Thefollowing heuristicargument
gives us an approximationthat is numerically stable,but also
brings us someinsight aboutthe lateng. By appealingto the
Brownian approximation(see[17], Sec. 5.7, Equation(7.16))
we claim

P(Vi50] <v) =

— B Sl -0 -y (VTG

_ 1-p i
2aa=pt-pyPii e

P(V(0] < pi; EY)~1—e

Hence we have
EY ~ ZIne 1—( +p).
272 1—p\ pij

Anotherapproximationcanbe obtainedby consideringM/D/1
queue,a continuoustime analog of Geo/D/1. A simple ex-
ponentialapproximationis known for M/D/1 ([29], Equation

2A notabledifferenceis thatwith Geo/D/1,in contrastto M/D/1, the number
of arrivalsover ary intenal of lengthm is boundedoy m.
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6.1.6,Section6.1.2).In Figure4 we shov anumericalcompari-

T
sonof theapproximationsnentionedabore with theirempirical 1409 |- PGPS/ —+— |

companionsWe obsere thatthe above approximatiorfor E3’

shouldbe goodin the heary-traffic limit asp — 1. It is perhaps 1200 -

interestingo obsere thatin theheavy-traffic limit £%’ becomes
insensitve to p;;.

As mentionedin the Introduction, the lateny E; doesnot
malke muchsensdor this schedulesincethe eventin (3) would
fail with probability 1 aswe requirethat the inequalityin (3)
holdsfor all n.

IV. NUMERICAL RESULTS

In this sectionwe evaluatesomeof our boundsfor specific
rate matrices. Recall that the bestpossiblelateny for input-
output pair ij is 1/p;;. Hencethe ratio betweenthe latengy
provided by the scheduler E%, andthe bestpossiblelateny is
pi; EY. For this reasorwe definemax;; p;; E% to bethefigure
of meritfor ascheduler

We evaluatethe boundg(6) and(7) for thedeterministicalgo-
rithms derived from Random-Phas@eriodic Competitionand
Random-DistortionPeriodic Competition. We comparethem
with the bound (4) for PGPS.We would like to use matrices
dravn uniformly from the set of doubly-stochastianatrices.
However, we do not know of a methodto generatesucha ma-
trix uniformly. Hencewe usethe following methodto generate
our examplematrices.We startwith a uniform matrix in which
all entriesareequalto I/L whereL = I x I. Wethenrepeat-
edly chooseparameters , is, j1, jo andd uniformly at random
suchthatd < min{p;, ;, . pi,;, }- We subtracts from p;, ;, and
Pisj, andwe addd to p;, 5, andp;,;,. We carry out this opera-
tion 100000times. Note thatit preseresthe doubly stochastic
natureof the matrix. We alsoensurethatall entriesof therate
matrixareintegermultiplesof 1/ L. Hencewe candefineframe-
basedschedulersvith frame-lengthl.

In Figure5 we plot the value of max;; p;; E5’ for different
valuesof I, the switch size. We seethat exceptfor extremely
small switches,the bound for the Random-Distortionsched-
uler is smallerthanthe boundfor the Random-Phasscheduler
whichis in turn smallerthanthe boundfor PGPS.

In Figure6 we examinehow p,; B variesfor differentpairs
ij. In particularwe examinea 64 x 64 matrix for which K =
2423. For eachvalueof > we plot the fraction of ij pairsfor
which p;; E5 < 2. We seethatthe bound(6) for the Random-
Phasebasedalgorithmis consistentlysmallerthan the bound
(4) for PGPS.The bound(7) for the Random-Distortiorbased
algorithmhasa smallerrangethanthe othertwo bounds.There
arefewer pairsi;j with largevaluesof p;; E5’ but therearealso
fewer pairsij with smallvaluesof p;; E5’. Thereasorfor the
latter phenomenoris thatthe bound(7) is typically larger than
thebounds(4), (6) whenthevalueof |S;;| is small.

We remarkthat we cannotdirectly comparethe expressions
(5) and(8) for the RandomPermutatiorand PoissonCompeti-
tion schedulersvith the bounds(4), (6) and(7) consideredn
this section.Thisis becauseghe expression5) is alimit andthe
expression(8) is for E;’, not £ .

random phasg <
random distortign ------
1000 _
800 - /X _
600 - _
400 - _
200 - % _
e
0 ) I I | |
4 8 oo %= 6 18
switch size

Fig.5. Thevalueof max;; pingj for switchesof varyingsize.

O 1 1 /’I 1 1 1 1 1 1

128 256 512

Fig. 6. Fractionof 75 pairsfor which pingj < z. Thematrixhasl = 64,
L = 4096 and K = 2423.

V. CONCLUSION

In this paper we have analyzed the lateny of four
decomposition-basexthedulersor input-queuedwitches.We
believe that thereare a numberof interestingopenproblems.
First, it is possiblethat a tighter analysisof our frameavork
of point processesould leadto betterboundsfor the existing
schedulersandmayevenmotivatetheconstructiorof new ones.
Secondwe know of nonon-trivial lowerboundsonthebestpos-
sible lateng. It would be interestingto know whatis the best
valueof max;; p;; E5' thatcanbeachieved.
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APPENDIX
I. PROOF OF PROPOSITION 6

Proof: Note that by periodicity of the countingprocess
N;j, (2) is equivalentto

maxi<m<r[pijm — Nij[Ln. Tnim)] < pijE;j} o

max1<m< L[NiF[ T, Tntm) — (1 — pij)m] < pingj} .

Now, it is astandardesult(e.g. Theoreml, Section6.3.7[30])
thatas L — oo we have the corvergencein distribution

maxlé‘mSL[NE[Tan+m) — (1= pij)m] =
= /pij(1 = pij) Lsupg<,<q Bo(t),

where B, is Brownian bridge, the Gaussianprocesswith
E[Bo(t)] = 0 andcov|[By(s)Bo(t)] = s(t —s),0 < s <t < 1.
Another definition of Brownian bridge is given by By ()
B(t) —tB(1),t € |0,1], whereB(t), t > 0, is standardBrow-
nian motion. Hence,Brownian bridge is a Brownian motion
conditionedon hitting 0 at¢ = 1.

An exactexpressiorfor thecomplementargistribution of the
maximumaof Brownianbridgeis known (Doob[31]),

P( sup By(t) >b) = e 2,
0<t<1
Fromtheabove convergenceandequatinghelastlimit distribu-
tion with ¢, we obtainthe statedresult. [ |

I1. PROOF OF PROPOSITION 7
Proof: Notethat(3) is equivalentto

max (1= pigym] < piy B3 }.

n>0 ,m>0[Nﬁ[7_zn,, Tn+m) —

Fromthe periodicity of N, it follows

Y = max,n207m>0[Ng[Tn, T,,,er) — (1 — pw)m]
maxi <k <m<2r[N7[Th-1, Tin—1) — (1 — piz)(m — k)]

maxi<p<aor Xp — Minj<p<ar X,

WhereXk = NE[TO;kal) — (1 — pij)k, k = 1,2,....
Now, similarly asin the proof of Proposition6, we conclude
that,as L. — oo, Y = /pi(1 — ps;) LW, whereW =4
SUpg<t<1 Bo(t) — info<i<1 Bo(t), the rangeof the Brownian
bridge. It is known that the range of the Brownian bridge
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is equalin distribution to the maximum Brownian excursion
(see Vervaat [32] and [33]). The Brownian excursion can
be representedn terms of standardBrownian motion B as
(Z()eon =a ((r4 — =) 2B — )74 +#7-))ecpos
wherer_ isthelastzeroof B beforel andr,. thefirst zeroafter
1. It is known that([34] Theorem5.2.10),for z > 0,

o0

) >z —22 42 2

P( sup Z(t _2€2z2.

0<t<1

Now let E¥ be equalto the right-handsidein (14) for some
A > 0. It follows from the above convergencein distribution
that

P(maxn>0 m>O[N []1117 Tner) - (]- - PZJ)m] > szEg]) -
=232, (4 €2A7 1) e 24 as L — 0.

Lastly, we equatethe limit in the last displayto ¢, for a fixed
¢ > 0, which completeghe proof. |

We now prove Lemmas.
Proof: Supposéanductively thatwe have alreadychosen

PROOF OF LEMMA 8

Ylye ooy Yv—1 suchthat,
> E[I_L?1 V(XM =y, Y =y
< SEILE, fi(X)):
This cantrivially bedonefor v = 1. Then,
ZZP v—y|Y1—y1a---a -1 = Yv— 1)

Hfu
= Z wa
ZE[H.fij(Xg)]

Since)_, P(Y, = y[Y1 = u1,...
existsafixedvaluey, suchthat,

ZzE[H 1f1]( )|Y1:y1,...,
< 35 EILZ fii (X5)]

Then,by Inequality(16),

NYi=v1,..., Yo 1 =vy-1,Ys =]

|Ya _ylu"wyvfl :yvfl] S

IN

,Yyo1 = yp1) = 1, there

Y1 = Yv—1, Y, = yv]

ha

(Ui|Y1 =Yy Y1 = Yoo1, Yo = Yo)

selff
ZE[H fij (X

i

IN

|le - yla'--aval = yvfl,Y;; = yv]

IN

The prooffollows by induction. ]

To find y,, we minimize,

SLENTZ fiy (XY = vy Yo1 = o1, Yo = 4] =
= I Elfy (XM = w1, Yoo = g1, Yo = 9,

over all possiblevaluesof y. We can exchangethe expec-
tation with the productdue to the independencef the X;.
Hencewe only needto beableto calculatethe E[f;;(X;)|Y1 =
Y1,.-+,Yy—1 = yp—1, Yy, = y] in isolation. This is feasiblein
all our applicationsof Lemma8.

IV. PROOF OF LEMMA 11

Proof: Let usfirst recall definition of Poissorprocess.A
countingprocessV on R is Poissonwith intensity A if for ary
two disjointintervalsZ and 7 onR, NZ and N 7 areindepen-
dent,andin addition,for ary Z onR,

(A[Z)™

e NI
m! ’

P(NZ =m) =
Now, it is anelementaryresultthat,if N, k£ = 1,2,..., K are
Poissorcountingprocessesvith respectre finite intensitiespy,
k=1,2,...,K, thenN;Z = Zkes N,Z, for ary ij and
T € R, is Poissorwith intensityp;; = Zkes Pk -

Thus,we canwrite

P(NZJ [TnyTner) = l)
= P(Nij{Tn} =0, Nij(Tn, Tnym) =)+

m=20,1,....

+P(N,'j{Tn} =1, Nij(Tn, Toim)=1—1) (18)
= (1 - /)ij)P(Nij(Tna Tn+m) = l)+
+piP(Nij(Tns Toym) =1 —1).
We exercisea simplecalculusforary [ = 0,1,...,m — 1,
P(Nij (Tn; Tnam) = 1)
= [ PWNy(To,Tn +t) =1, N(Tp, Ty, +t) =m —1)dt
= 0: P(Nij (T, T +1) = I, Nij (T, T, + t) = m — 1 = l)dt
= Ooo P(NU(O,t):l,NE O,t) —mflfl)dt
= S et
m—1 m—

= Wﬂm(l Pij) L

The secondequalityis obtainedby N7 = N;;7 + NI, ary
7 C R; thethird equalityis by independencend stationarity
of the incrementsof V;; and N7; the forth equality follows
by the independencef N;; and N; in the fifth equality we
utilize the factthat for ary fixedZ € R, N;;Z and N;;Z are
Poissorrandomvariables;andfinally, the lastequalityfollows
from [ t™e~tdt = m!, for m aninteger

Thestatemenof thelemmafollows by pluggingtheresulting
identity in thelastabove displayinto (18). |



