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ABSTRACT

A finite implementationof theridgelettransformis presented.The
transformis invertible, non-redundantand achieved via fast al-
gorithms.Furthermore weshowthat this transformis orthogonal
henceit allowsoneto usenon-linearapproximationsfor therep-
resentationof images. Numericalresultson different testimages
are shown.Thoseresultsconformwith the theoryof the ridgelet
transformin thecontinuousdomain– theobtainedrepresentation
can representefficiently imageswith linear singularities. Thusit
indicatesthepotentialof theproposedsystemasa new transform
for codingof images.

1. INTRODUCTION

Many imageprocessingtaskstake advantageof sparserepresen-
tationsof imagedatawheremaximuminformationis packed into
a small numberof samples.Typically, theserepresentationsare
achieved via non-redundantandinvertible transforms.Currently,
the most popularchoice for this purposeis wavelet transforms
[1, 2].

The main power of waveletscomesfrom the fact that they
are well adaptedto changesor singularitiesthat are commonly
found in real-life signals. In multidimensionalcases,mostoften
tensorproductwaveletsor separable schemesareemployed. As
a generalizationfrom thecase,waveletsin higherdimensionsare
well adaptedfor pointlike phenomena.But this is the only type
of singularitiesthatwaveletscanefficiently represent.This prob-
lem was raisedrecentlyby Candesand Donoho[3, 4]. Those
authorsarguedthat in higher dimensions,thereare many other
kindsof intermittency suchassingularitiesalonglinesandcurves
which waveletsdo not dealwith efficiently. In orderto overcome
thisweakness,they haveproposednew systemsof representations
namelyridgeletswhichcaneffectively dealwith linelikephenom-
enain 2-D.

Much of the work in ridgeletshasbeenconcentratedin the
continuous�	� space.However for practicalapplications,discrete-
timespaceimplementationsof theridgelettransformandits recon-
structionon afinite 
 � planeremainanopenissue.Dueto thera-
dial natureof ridgelets,straightforwardimplementationsbasedon
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discretizationof continuousformulaewould requireinterpolation
in thepolarcoordinateandthustheresultingtransformswouldbe
eitherredundantor cannot beperfectlyreconstructed.In this pa-
per, we proposeoneimplementationof theridgelettransformfor
digital imagesthatachievesbothnonredundantandinvertible re-
quirements.Numericalresultson non-linearapproximationcom-
parisonwith othertransformsonvarioustestimagesarepresented.

2. CONTINUOUS RIDGELET TRANSFORM

We start by briefly reviewing the continuousridgelet transform
(CRT) anddraw its connectionwith thecontinuouswavelettrans-
form. Givenanintegrablebivariatefunction ����� , theCRT in �	�
canbedefinedasfollows [3, 4]����� ������������� � !#"%$'&)(�* +�* , ���������-�/.#� � (1)

wherethe ridgelets
&)(�* +�* , ���� in 2-D aredefinedfrom a wavelet-

typedfunctionin 1-D
& ��0�� as:&)(�* +�* , ���� �1��24365 � & ����0 3'798�: �<;=0 � :�>@? ��AB����CD�E��F (2)

In comparison,the (separable)continuouswavelet transform
(CWT) in � � canbewrittenas:G �� ��� 3 ��� � ��� 3 ��� � � � !H" $E&)(JIK* ( $ * +/I�* + $ ���-�������/.#� � (3)

wherethewaveletsin 2-D aretensorproducts,&)(JI9* ( $ * +LI9* + $ ����)� &)(DI�* +/I ��0 3 � &)( $ * + $ ��0 � ��� (4)

of 1-D wavelets,
&)(�* + �NM�� �O� 2365 � & ���NM-AB����CD�E� 1.

The CRT appearssimilar to the 2-D CWT except that
the point parameters��� 3 ��� � � are replacedby the line param-
eters ���J���P� . In brief, those 2-D transformsare related by:

Wavelets: Q & R6S/(�TVU�*XW9YXZ\[�] 2 W9YXRLZ\]NZ@YX[Ridgelets: Q & R6S/(�TVU�*9TVZ^[�U 2 WKYXRLZ\]NZ\YX[The consequenceof this is: as wavelet analysisis very ef-
fective at representingobjectswith isolatedpoint singularities,
ridgeletanalysiscanbevery effectiveat representingobjectswith
singularitiesalong lines. In fact, onecan looselyview ridgelets

1In practice,however onetypically enforcesthesamedilationscaleon
bothdirectionsthusleadingto threewaveletscorrespondingto horizontal,
verticalanddiagonaldirections.



asa way of concatenating1-D waveletsalong lines. Hencethe
motivation for using ridgeletsin imageprocessingtasksis very
appealingassingularitiesareoftenjoinedtogetheralongedgesor
contoursin images.

Sincein 2-D, pointsandlinesarerelatedvia theRadontrans-
form, thusthe wavelet andridgelettransformsarelinked via the
Radontransform.Moreprecisely, denotetheRadontransformas�`_�� �a�'�LM�� � !P"b$ ����-�/c'��0 3'798�: �<;d0 � :�>@? ��ABM��/.#�e� (5)

then the ridgelet transformis preciselythe applicationof a 1-D
wavelettransformto theslicesof theRadontransform,��� � �������J���P� � !H" & (�* + �NM�� �`_ � �a�'�/M��/.PMKF (6)

It is interestingto note that if in (6) insteadof taking 1-D
wavelet transform,the applicationof 1-D Fourier transformon M
would resultin the2-D Fouriertransform,or:f �� �Ng 798�: �'��g :�>\? ���h� ! "ji 2Hk�l ] �`_ � �a�'�LM��/.PMKF (7)

This is the famousprojection-slicetheoremandis usedoften
in imagereconstructionfrom projectionmethods[5].

3. FINITE RADON TRANSFORM

As suggestedfrom the previous section,a discrete-timeridgelet
transformcanbeobtainedusinga discrete-timeRadontransform.
Numerousdiscretizationof the Radontransformshave beende-
visedto approximatethecontinuousformula[5]. However to our
knowledge,noneof themweredesignedto beasinvertible trans-
formsfor digital images.Ontheotherhand,thefiniteRadontrans-
form theory[6, 7, 8] in combinatoricsprovidesan interestingal-
ternative.

Thefinite Radontransform(FRAT) is definedin afinite geom-
etry in thesamewayasthecontinuousRadontransformis defined
in theEuclideangeometry. Denotem W �n�JoH��p��9FKF9F4�aq	ArpD� , whereq is a primenumber. TheFRAT of a real function � on thefinite
lattice m �W is definedas:s �at���uN�h� fv�`_<w � �at��Xu�� � px q yz Za* k�{}|P~E�9� � ������6�#��F (8)

Here �h� * T denotesthecollectionof pointsthatmake up a line
on thelattice m��W or morespecifically,� � * T � �H�����6�#�	�D����tH��;du���� 8H� q������e��m W �#�ht���m W �� W�* T � �H�au6�6�#�	�9����m W �#F (9)

In theFRAT domain,theenergy is bestcompactedif themean
is subtractedfrom the image ������a�#� previous to taking the trans-
form givenin (8) andweassumethatin thesequel.Thefactor 3� W
is introducedto normalizethe u � -norm.

Soasin theEuclideangeometry, aline ��� * T ontheaffineplanem �W is uniquelyrepresentedby its slopeor direction t ( t���q cor-
respondsto infinite slopeor verticallines)andits interceptu . It can
be seenthat thereare q � ;�q linesdefinedin this way andevery
line containsq points. Moreover, any two distinct pointson m �W
arein just oneline. Also, two linesof differentslopesintersectat

exactly onepoint. For any given slope,thereare q parallel lines
thatprovideacompletecover of theplanem �W . Thatmeans,W 23y T@��� s �at���u��e� px q yz Z�* kK{}|P� $� ������6�#�h�1o ��t���o���t���qF (10)

Eq.(10)explicitly revealtheredundancy of theFRAT. In each
direction, thereis only �Vq�A�pD� independentFRAT coefficients.
Thosecoefficientsat q<;Bp directionstogetherwith themeanvalue
makeuptotallyof �Vq;rpD�K�Vq A�p��K;�p���q�� independentcoefficients
in thefinite Radondomain(asexpected!).

In analogywith thecontinuouscase,thefiniteback-projection
(FBP)operatoris definedasthe sumof Radoncoefficientsof all
thelinesthatgo throughagivenpoint, i.e.fv �¡-¢ �����}�#�e� px q yz � * T {}|P£�¤ � ¥ s �at���u���� �����}�#�	�¦m �W � (11)

where
¡ Za* k denotesthesetof indexesfor linesthatgo throughthe

point �����}�#� . From(9) wehave,¡ Za* k �§�#�at���uN�	�Pu¨���`A©t'�ª��� 8H� q�����tr�¦m W �<;��#�Vq���6���
From the propertiesof the finite geometrythat every two

points lie in exactly one line andthereare �Vq�;�pD� lines that go
througheachpoint,substitute(8) into (11) leadsto:fv �¡-¢ �����}�#�e� pq¬« yz Z\®a* k ® {a|#� $� ����a¯6�a��¯��¨;¦q�������}�#�/°±²�n������6�#��F

So the back-projectionoperatordefinedin (11) indeedcom-
putestheinverseFRAT. It is worth to notethat thetransformma-
tricesfor theoperators

fv��_�w
and

fv ³¡
aretransposedof each

other.
For any set A, write c�´ for the characteristicfunction of

A. Then we can write the basis functions for the FRAT asq 24365 � c ~'�9� � ��oµ��tB��q� o¶�§uj·¸q . Thepreviously mentioned
propertiesof linesin finite geometryleadsto:¹ c ~ �9� � �Lc ~ � ® � � ®�º �¼»½ ¾ q if t��1t ¯ ��u��1u ¯o if t��1t ¯ ��u�¿�1u ¯p if tB¿�1t ¯ (12)

Hencetheminimumanglebetweenany basisfunctionsof the
FRAT is: � >\? � * TÀ* � ® * T ®HÁ ��c ~E�9� � �Lc ~ � ® � � ® ��� 7K8�: 23 �Lp�CXq�� , which ap-
proachestheright anglefor large q . Sowe cansaythat thefinite
Radonbasisis “almost” orthogonal.

4. ORTHONORMAL FINITE RIDGELET TRANSFORM

Now with an invertible FRAT, applying (6) we can obtain
an invertible discreteridgelet transformby taking the discrete
wavelettransform(DWT) oneachvector, alsocalledaprojection,� s �at��Xu����euÂ�Om W � of Radoncoefficientswherethedirection t is
fixed2. Theresultcanbecalledasfinite ridgelettransform(FRIT).
Dueto periodicityof theFRAT coefficientsfor eachdirection,the
periodicwavelettransformsarechosenandassumedin thesequel.

2If Ã is notdyadic,aspecialborderhandlingis required.



NotethattheFRAT is redundantandnotorthogonal.Next we
will show that by taking the 1-D DWT on the projectionsof the
FRAT in a specialway, we canremove this redundancy andhave
anorthonormalFRIT.

Assumethat theDWT is implementedby anorthogonaltree-
structuredfilterbank with Ä stateswhere Å � and Å 3 are low
and high pass synthesisfilters, respectively. Then the fam-
ily of functions �9Æ z kK{3 ��ÇÈAÊÉ kJË ����Æ z\Ì {� ��Ç¬AÍÉ Ì Ë ���P�Î�Ï�p���F9F9F¨��ÄE� and Ç � Ë �¬
 is the orthogonalbasisof the discrete-
timewaveletseries[1]. Here Å z kK{ aretheequivalentfiltersat level� . Thebasisfunctionsfrom Æ z@Ì {� arecalledthe scalingfunctions
wheretheothersarecalledwavelet functions.Normally thefilterÅ 3 is designedto satisfythehighpasscondition, Å 3 �aÐ#�9Ñ Ò � 3 �1o ,
soeachwaveletbasisfunctionhaszerosum.

For a generalsetting,let’s assumethat we have a collection
of 1-D orthonormaltransforms(which canbe thesame)for each
projectiont of FRAT, thathavebasesas:��Ó z � {Ô �LF ��� Ë �µm W �#� o��¸t��Bq4F (13)

The only conditionwe requirefor eachof thesebasesthat it
hasa meanfunction, i.e. Ó z � {� �auN���ÕpDC x q����uÖ�×m W . By the
orthogonalitycondition,this meansall otherbasisfunctionsmust
have zerosum. As shown before,this requirementis satisfiedfor
thewaveletbaseswheretheDWT is carriedto themaximumnum-
berof stages(i.e. whenonly onescalingcoefficient is left).

TheFRIT is cannow bewrittenas:fv���Pw � �at�� Ë �Ø� ¹ fv�`_�w � �at��KF ����Ó z � {Ô �LF � º� yT |#� � Ó z � {Ô �au�� ¹ �%�Nq 2365 � c ~'� z T { º F (14)

Hencewecanwrite thebasisfunctionsfor theFRIT as:Ù � * Ô � px q§yT |#� � Ó z � {Ô �au��¨c ~E� z T { F (15)

Considertheinnerproductsbetweenany two FRIT basisfunc-
tions:¹ Ù � * Ô � Ù � ® * Ô ® º � pq yTÀ* T ® |P� � Ó z � {Ô �auN�4Ó z � ® {Ô ® �auÀ¯�� ¹ c ~ ��� � ��c ~ � ® � � ®�º F

Using(12),whenthetwo FRIT basisfunctionshave thesame
direction, tÖ��t ¯ , then¹ Ù � * Ô � Ù � * Ô ® º � yT |#� � Ó z � {Ô �au��4Ó z � {Ô ® �au�� �OcEÚ Ë A Ë ¯@Û F

Sotheorthogonalityof theseFRITbasisfunctionscomesfrom
the orthogonalityof the basis ��Ó z � {Ô �LF ��� Ë �¸m W � . Next for the
casewhenthe two FRIT basishave differentdirections,tn¿�Üt ¯ ,
againusing(12) leadsto¹ Ù � * Ô � Ù � ® * Ô ® º � pqÝyTÀ* T ® |#� � Ó z � {Ô �au��4Ó z � ® {Ô ® �au ¯ �

� pq « yT |#� � Ó z � {Ô �au��/°± « yTV® |P� � Ó z �
® {Ô ® �au ¯ �/°± F

In thiscase,if either Ë or Ë ¯ is non-zero,e.g. Ë ¿��o thenby
thezerosumpropertyof thebases,Þ T |#� � Ó z � {Ô �au��`�ßo , it leads
to
¹ Ù � * Ô � Ù � ® * Ô ® º �1o .

Finally note that à T � � �auN�Ü�ám��W � for all direction t (see
(10)). Thereforeall of the FRIT basisfunctions Ù � * � correspond
to the meanof the input imageso we only needto keeponeof
them(at any direction)anddenoteit as Ù � . Sowe just provedthe
following result.

Theorem 1 Givenq`;dp orthonormalbasesin u � �}m W � (which can
bethesame):�DÓ z � {Ô �LF ��� Ë �¦m W � with Ó z � {� �1â�ã�Ç4äKM , o���t���q
then� Ù � * Ô �åt���oH��F9F9F¨��qæ Ë �§p���F9F9F¨��q�A�pD�	ç�� Ù � �OâKãJÇ4ä9M��
is a orthonormalbasisin u � �}m �W � , where Ù � * Ô aredefinedin (15).

Remarks

1. Weprove theabove resultfor thegeneralsettingwheredif-
ferent transformscan be appliedon different FRAT pro-
jections. This couldbe usefulfor examplewhenoneuses
waveletpacketsor adaptive baseson eachprojection.Fur-
thermore,dueto the“wrap around”effect of theFRAT, its
projectionscouldhavestrongperiodicitycomponentssofor
someprojectiononecoulduseaFourier-typetransformlike
DCT. Note [7] that if we apply the 1-D Fourier transform
on all of the FRAT projectionsthenwe would obtain the
2-D Fouriertransform.

2. All of theseresultsalso hold for any other affine planes
ratherthan m �W . EspeciallyusingGaloisplanesconstructed
by finite field Å f �Vq ¢ � we canbuild orthogonalFRIT’s for
imagesof size èêé�è where è is a power of a prime,èë��q ¢ .

5. NUMERICAL RESULTS

Figure 1 displayssomebasisimagesfor the ì�é�ì FRIT using
1-D Haarwavelets. As canbe seenfrom the figure, FRIT basis
imageshaveelongatedlinearstructurewhichcloselyresemblethe
continuousridgefunctions.
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Fig. 1. Examplesof ì�énì FRIT basis functions using Haar
wavelets.Black,grey andwhitepixelscorrespondingrespectively
to negative, zeroandpositive values. Notice the “wrap-around”
effectdueto periodizationof FRAT.

Following thestudyof theefficiency of theridgelettransform
in the continuousdomainon the half-planetruncatedGaussian
function, ���0 3 ��0 � ���ÕpJí�î $Dï �Xð i 2 î $ I 2 î $$ ���ß�n� � [4], we first
performa numericalcomparisonon the 127 é 127 discreteim-
ageof thesamefunctionusingfour competitive transforms:DCT,
DWT, FRAT andFRIT. Thecomparisonis measuredby thenon-
linear approximationpower, i.e. the ability of reconstructingthe
original image(measuredin term of signal-to-noiseratios)using
the è largestmagnitudetransformcoefficients. Fig. 2 plots the
results. Clearly that the FRIT achieves the bestperformance,as
expectedfrom thecontinuoustheory.
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Fig. 2. Comparisonof non-linearapproximationson the 127 é
127half-planetruncatedGaussianimage.

Our next test is a real imageof size 127 é 127 with linear
discontinuities.Figure3displaystheimagetogetherwith itsFRIT.
In theFRIT image,eachcolumncorrespondsto onedirection.
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Fig. 3. Exampleof FRIT of a image.

Tohaveaninsightof theFRIT, Figure4 plot thetopfiveFRAT
projectionsthatcontainmostof theenergy. Thosecorrespondto
thedirectionsthathavediscontinuities,plusthehorizontal( t���o )
andvertical( t��§pDÉ�ì ) directions.Soweseethatatfirst theFRAT
compactmostof the energy of the imageinto a few projections,
wherethelineardiscontinuitiescreate“jumps”. Next by applying
1-D DWT on thoseprojectionsthataremainly smooth,energy is
furthercompactedinto a few FRIT coefficients.
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Fig. 4. TopfiveFRAT projectionsthatcontainmostof theenergy.

Finally, Figure5 shows the imagesobtainedfrom non-linear
approximationsusingFRIT.

First 8 coefficient First 32 coefficients

First 128 coefficients First 512 coefficients

Fig. 5. Non-linearapproximationsusingFRIT on the127 é 127
testimagein Figure3.

6. DISCUSSION AND FURTHER WORK

TheFRITpresentedin thispaperis ourfirststepin achievinganew
schemewhichcandealefficiently with naturalimagesthataretyp-
ical piecewisesmoothaway from singularitiesalongedges.Since
ridgeletsarespeciallyadaptedonly to straightsingularities,amore
practicaltransformwould first utilize a quad-treedivision of im-
agesinto localizedpieceswhereedgeslooksstraightandthenap-
ply FRIT to eachpiece.Furthermore,for bit-level compressionap-
plications,oneneedto codethepositionof thesignificantridgelet
coefficient in anefficient way, probablyvia someembeddedtree-
structuredsignificantmaps.Thesetopicsareunderinvestigation;
weplanto reporttheresultsin forthcomingpaper.
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