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ABSTRACT

It is well known thatwaveletsprovide goodnon-linearapproxima-
tion of one-dimensiona|l-D) piecavise smoothfunctions. How-
ever, it hasbeenshavn thatthe useof a basiswith goodapprox-
imation propertiesdoesnot necessarilyjeadto a good compres-
sion algorithm. The situationin 2-D is muchmore complicated
sincewaveletsare not good for modelingpiecavise smoothsig-
nals(wherediscontinuitiesarealongsmoothcurves). Thepurpose
of this work is to analyzethe performanceof compressioralgo-
rithmsfor 2-D piecavise smoothfunctionsdirectly in a ratedis-
tortion context. We considersomesimpleimagemodelsandcom-
puteratedistortionboundsachiezableusingoraclebasednethods.
We thenpresent practicalcompressioralgorithmbasedon opti-
malquadtreelecompositiorthat,in somecasesachie/e theoracle
performance.

1. INTRODUCTION

Theinteractionof approximatiortheoryandcompressiofis anac-
tive areaof researchgspeciallyin the contet of wavelet based
signalprocessingsee[1, 2] for reviews). The setup usuallycon-
sidersclassesf signals(piecavise smoothsignals,specifiedby

anappropriatenorm)andclasse®f basegFourierserieswavelet
bases).Then,theintuition is thatif a certainexpansionhasgood
approximatiorpropertiege.g. its N-termlinearor non-linearap-
proximationcorvergesfast)thena compressiorschemebasedon

suchan expansionwill be efficient. The analysisusually works
for thelimit of very large IV, or whatis calledthe high ratelimit

in compressionAn exampleof sucha resultis thefollowing [3].

Assumea piecavise smoothfunction with piecesthatarein C?

anda finite numberof discontinuities.Thedistortionof a wavelet
basedschemecanbeshavn to be

D(R) ~ciR™* + csVR2 VE 1)

wherethe first term correspondso the smoothpieces,while the
secondcorrespondso the discontinuities.At high rates,thefirst
termclearlydominates.

While good approximationpropertiesare necessaryor good
compressionit might not be enough.In particular in non-linear
approximationtheindexing andindividual compressiomof expan-
sion coeficients might be inefficient. This wasshavn for a sim-
plerclassof signalsnamelypiecavise polynomialsin [4]. In that
casejt is possibleto achieve

D(R) ~ c427 5% 2)
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usinganoraclemethod andthis canberealizedwith areasonable
(polynomial)computationatostusingdynamicprogramming At
low rates,suchanalgorithmworkswell for piecavise smoothsig-
nalsalso. The basicingredientis to preciselymodel discontinu-
ities, which canbe donealsoin a waveletschemeusingfootprints
[3]-

In two dimensionsthe situationis much more open. First,
wavelets are not good for modeling piecavise smooth signals
(wherediscontinuitiesarealongsmoothcurves). The N-termnon-
linearapproximatioris far from optimal,sonew basesreneeded.
The searchfor suchnew baseshasbeenled by CandesDPonoho
andco-workers[6, 7]), andinterestingresultson optimalor quasi-
optimalnon-linearapproximatiorhave beenobtained.

But just asin the one-dimensionatase theseresultsmay or
may not give theright answerfor compressionlt is the purpose
of the presenpaperto investigatethe interplayof goodrepresen-
tationsand compression.In orderto do so, we considersome
very simplemodels like for examplepiecavise polynomialswith
piecavise polynomial curves as edges. While simplistic, sucha
model hastwo adwantages. It leadsto preciseanalysisand the
resultsmay berelevantfor low ratebehaior of moregenerakig-
nals.Intuitively, if anobjecthasafinite numberof freeparameters
(asis the casefor this simple model) we expectan exponential
decayof the rate-distortiorfunction. We verify this usingan or-
aclebasedmethod. In two dimensionspraclebasedmethodare
difficult to realizewith polynomialcost,andthus,we considera
quadtreamethodandits performance We shawv the performance
of this methodon simpleinstancef the imagemodel. A com-
parisonwith awaveletbasedcoderis alsodone.

2. MODELING AND RATE-DISTORTION ANALYSIS

2.1. ImageModels

We considertwo simple modelsfor piecavise smoothimages
wherethe edgeis also a smoothcurve. Our first modelis the
“Horizon” model [8] of animage f(x1,x2) definedon the unit
squardo0, 1]%:
f(®1,22) = 1oy>p(e) 0 < w,22 <1,

whereb(z1) € CP - the classof functionsthatarep-timescon-
tinuouslydifferentiable andb(z1) hasfinite lengthinsidethe unit
square.

When coding suchan image, a possibleoptimal (or oracle-
basedmethodcouldsimply spendall theavailablebit rateto code



thesmoothedge.In otherwords,our 2-D objecthasthe comple-
ity of a 1-D function. Given a bit budgetR, codingthe edgeb
produces andthe correspondin@-D function f. The distortion

canbewrittenas
/ (f-fH2< /
[0,1]2 [0,1]

1/2
(b—1b)° = D(R,b)'"*.
[0,1]

D(R, f) b — b

IA

wherethesecondnequalitycomedrom the Schwartz'sinequality
With the edgeb(z1) € CP, codingit usinga wavelet basiswith
enoughvanishingmomentgives D(R, b) ~ R™? [3]. Thusthe
oracleR-D behaior for the“Horizon” modelis

D(R, f) ~ R™". ®)

In the secondmodel,we considerthe casewherethe edgeis
a piecavise polynomialcure. In particular with piecevise lin-
earedge we have the“Polygon” modelwherethereis a polygon-
shapedbjectagainsta uniform backgroundln suchcase a pos-
sible oraclemethodwould simply codethe positionof the P ver-
tices of the polygon. With R/P bits for eachvertex, a regular
grid ontheunit squareprovidesquantizedgointswithin adistance
A = 27 R/?P from theoriginal vertices.Let L bethefinite length
of theedge(or theboundaryof thepolygon)thenthedistortionfor
the2-D objectis upperboundedy D(R, f) < LA. Thereforefor
the“Polygon” model,theoracleR-D functiondecayexponentially
as

D(R, f) ~ 27 “F. @

For apracticalalgorithmto codeshapesn discretespacesee

[9].

2.2. Wavelet Performance

Letusnow demonstratbov awaveletcoderperformsfor suchim-
agemodels. Assumethat wavelettransformwith separabldHaar
waveletis emplo/ed. At level 5, waveletbasisfunctionshave sup-
port on dyadicsquareof size27?. Call n; the numberof dyadic
squaresat level j that intersectwith the edgecurve on the unit
square. In both “Horizon” and “Polygon” models,the edgehas
finite lengthsowe have

nj ~2 (5)

Therefore therearetypically O(2’) nonzerowavelet coefi-
cientsatthescale2™7 . Thisis the failure point of the separable
wavelettransformfor 2-D piecavise smoothfunctions:comparing
with thesimilar 1-D casewvherethenumberof nonzeracoeficients
is a constantat eachscale;herethis numbergrows exponentially
asscalegetsfiner. As aresult,thetotalnumberof nonzerovavelet
coeficientsupto level J is

J
NJNsz ~27.

Jj=0

Along theboundarywe canverify thatthesenonzerowvavelet
coeficientsdecaylike |cj El ~ 277 atthe j-th level [10]. Now
assumehatwe codeup to J levels of wavelet coeficients with
quantizatiorstepA. ThenA ~ 277 or we needabout.J bits for

eachnonzerocoeficient. If thesenonzerocoeficientsare orga-
nizedin a quadtreadatastructure thenfor eachcodedcoeficient
we needat most4 morebits to specifyif its childrenarecodedor
not. For large J thisindexing costis insignificantcomparedo the
guantizatiorcost. Thusthetotal bit rateis

R~ N;J~J2’. (6)

The total distortion is the sum of quantizationerrors and
waveletseriestruncationerror

DR, f) ~ NyA*+ Y 2(27)
j=J+1
~ 277 @
Combining(6) and(7) we obtainthe following R-D behaior
of thewaveletcoderfor the“Horizon” model

D(R, f) ~ IO%R. 8)

Sotypically, the wavelet coderis far lesseffective compared
with the oraclebasedmethod. It is importantto stressthat the
regularity of theedgecune is irrelevantto the performancef the
waveletcoder In thenext sectionwe proposeanefficientadaptive
codingschemeéhatcanachieve (or nearlyachieve) theoracleR-D
behaiors.

3. OPTIMAL QUADTREE BASED COMPRESSION

3.1. Algorithm

Our objective is to implementa compressioralgorithmbasedon
the modelingassumptiorthat imagesare 2-D piecavise smooth
functions. In this case,if we sggmentthe imageinto smaller
pieces,then eachsub-imagecan be well representeddy a sim-
pler geometricamodel. For instancewe canchosea very simple
modelwhich consistof two smoothregionsseparatethy aline.
The quadtreadatastructureis appliedwidely in digital image
processingandcomputergraphicsfor modelingspatialsegmenta-
tion of images. Our algorithmemplg/s a quadtreesegmentation
followed by a coding algorithm on eachimage block in an op-
erationalR-D optimal sense. We attemptto capturethe smooth
discontinuitiesas concatenationsf linear sggments. We emplo/
anoperationafate-distortioroptimizationthatis similarto theap-
proachusedin [11] in finding bestwaveletpaclet bases.A deci-
sionstratgy basednoptimizingR-D performancdor eachimage
blockis designedsothatthe codercandecideif animageblockis
worthto befurtherdividedandcodedwith someappropriateuan-
tizationlevel. Thealgorithmcanbe summarizeasfollows:

1. Sgmentationof the input image: a quadtreesggmenta-
tion schemas emplg/ed asit providesa very efficientand
tractabledatastructure.

2. Optimalrepresentatioof eachsub-imageby thegeometri-
calmodel,in aratedistortionsense.

3. Optimizationof this representationo achie/e the bestre-
constructedmagefor a givenbit rateconstraintanddistor
tion measure Optimizationis performedin ratedistortion
sensausingLagrangiarcostfunctionalfor optimal quality
factor



In shortwe have a compressiorschemewhich providesrate
distortionoptimalrepresentationf animagewith a computation-
ally efficientalgorithm.

To codea block with a separatiorsggment,we quantizeits
boundaryusinga certainquantizationstepdependingon a given
rateand assignthe bestquantizedvaluesto the endpointsof the
separatiordine. This algorithmwill provide usanapproximation
of the separatiorcurve asa concatenatiorof linear sgmentsas
shavn in Fig. 1. It is constructie to notethatthe underlyingdic-
tionary of “tiles” in the above algorithmis preciselythe wedgelet
dictionary|[8].

Fig. 1. Exampleof quadtreeepresentation.

Notice that one can apply the ridgelettransform[6, 12] on
eachof theseimageblock separatelyandthis will resultin very
few transformcoeficientsasridgelettransformis well adaptedor
line-like singularities.

3.2. R-D Behaviors

Let us first considerthe “Horizon” model. The following anal-
ysis is basedon [8], but we translatethe non-linearapproxima-
tion resultsof [8] to rate-distortionperformance. Assumethat
b(z1) € C?. The abose codingalgorithm emplgs a quadtree
segmentationscheme Eachnodeof this quadtreecorrespondso
one dyadic squarethat is one of thesefour types: intermediate
bladk, white or edge (i.e. wherethe boundarygoesacross).Thus
we need?2 bits to codeeachnodetype. In addition,for anedge
squarewe spend2K more bits for the quantizedversionsof the
two verticesof the edgeline on the boundaryof thatsquare.The
encodingorder of thesetwo verticescan be usedto specify the
value of thesetwo regions: for examplewhenonetraversesrom
thefirst verticesto the secondne,thewhite regionis ontheleft.

Let N, and N, be the numberof all nodesand edgenodes,
respectrely, thenthetotal bit ratefor the quadtreas

R =2N, + 2KN..

If J is the depthof thequadtreghenthe numberof nodescan
be upperboundedasfollows. N, canbe countedasthe number
of childrenof all dyadicsquaresup to Ievel J — 1 thatintersect
with the boundaryb(z1) or N, < 4Z] o 1. Using (5) we get
N, ~ 27. Fortheedgenodesit is easyto seethat N, < n; 27.
Thuswe have

R~ K2, (9)

In termsof distortion,considerthe situationwherewe divide
theintenal [0, 1] of thez-axisinto 27 dyadicsegmentsof length
A =277, Sinceb(z1) € C?, it canbewritten by Taylor seriesas

b(x + h) = b(x) + b (2)h + O(h?).

Thusthereexist a concatenatiorf line sggmentsb;(z1) of
b(z1) wheretheverticesarein the perimeterof dyadicsquareof
sizelengthA = 277 suchthat

max _[b(z1) — bs(z1)] < C1A% =127, (10)
z1 €[0,1]

Theline sggmentsin b (z1) needto be “quantized”with K
bits for eachvertex alongthe perimeterof dyadicsquaref size
277 to producethenew functionb; x (x1) where

max b (1) — by r(z1)| < Co277 27K, (11)
r1€

The constructiorof b, x (z1) leadsto atiling codingscheme
of thefunction f(z1, z2) with J quadtredevelsandK bitsfor the
edgevertices.By choosingJ = K, thedistortionis boundedy

/[0 L

< max |b(w1) = bk (21)]
z1€[0,1
< 02—2‘].

Combining(9) with (12) wewill resultinto thefollowing R-D
upperboundfor the optimalquadtrealgorithm

D(R, ) ~ log(R)

(12)

Thusfor p = 2, theoptimal quadtreelgorithmhasthe same
decayratefor the R-D functionasthatof the oraclemethod. For
generalp, the sameconclusioncan be derived when we replace
“linear” tile in the describedalgorithmwith “polynomial” tile of
degreep — 1. Furthermoreusingthe generalizatiorin [8], the
resultalso hold whenthe discontinuitycurve b(z; ) is piecevise
smoothor have moregeneralgeometry

We now considerthe “Polygon” modelwherethe edgeis a
piecaviselinearcurve with afinite numberof discontinuitypoints.
In suchacasewe will shav thatthe R-D functionof thequadtree
algorithmdecaysexponentiallywith therate.

In anoptimaladaptie quadtreeat eachlevel, the only dyadic
squareghat needto be divided further are the onescontaining
a discontinuity points of the edgein the original image. Other
dyadicsquaresontaineitherno edgeor a straightedgewhich can
be efficiently representeddy anedgetile. Let P bethe numberof
discontinuitypointalongtheoriginal piecavise linearedge.Then
for the quadtreedescribedabove, at eachlevel thereare P split-
ting nodesandthusthey generateno morethan3 P dyadicsquares
with straightedgeat the next level. With thoseedgesquaresex-
tra bits areneededo codethe verticesof theline sgmentasthe
quantizedpointsalongsquareboundary

With J the depthof the quadtreewe canspendJ bits for
eachof thequantizecboints' to ensurehatthemaximumdistance

1A variablebit rateapplyingto differentsizelengthof dyadicsquares
canbeusedbut it will notchangehemainbehaior of theR-D function



betweenthe true verticesandtheir quantizedversionis bounded
by 277, Thetotal bit rateis

R<8PJ+6PJ?, (13)

wherethefirst termis the costof codingthe quadtreatself, while
the secondermis the costfor the quantizedverticesof the edge
squaresSincethe original edgehasfinite length L, the distortion
is boundedby L2~7. Together the R-D function for codinga
“Polygon” imageusingoptimalquadtreenethodbehaeslike

D(R) ~ 2 CVE (14)

4. NUMERICAL EXPERIMENTS

Numericalexperimentsare performedfor two type of classeof

B/W Images: 1) Imageswith polygonalsingularity Polygons

verticesaregeneratedandomlyusinguniform distribution on the

space[0, 12, For experimentationpolygonswith 4 and5 ver

ticesare consideredas singularities. 2) Imageswith polynomial
singularity Polynomial coeficients are generatedandomlyus-

ing uniformdistributionontherange[—1, 1]. For experimentation
purposespolynomialsingularitiesof degree2 and3 are consid-
ered. For both modelswe have obsered a betterrate distortion

behaior of optimalquadtrealgorithmwith respecto JPEG2000.
In Fig. 2, we shav thetwo ratedistortionbehaiors for the caseof

imageswith polygonalsingularity
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Fig. 2. Comparisonof operationalR-D curves using a wavelet
coder(JPEG-2000prnd optimal quadtreecoderfor B/W images
with polygonallike discontinuities.

5. DISCUSSION

The optimal quadtreebasedcompressioralgorithmthat we have
proposedn this work represents possibleway to modelandap-
proximatediscontinuitiesin images. Several other efforts have
beenmadeto designalgorithmsor transformghatexploit thereg-
ularity of discontinuitiesn imageq6, 7, 13].

Note that our analysisis completelydonein a ratedistortion
framawork. If discontinuitiesin our image are representedy
smoothcurvesthenthe quadtrealgorithmperformsaswell asan

oraclemethod(thedistortionratecurveshave a polynomialdecay
in both cases).If discontinuitiesare piecavise polynomials(i.e.
piecavise linear), the quadtreealgorithmdo not performso well
as an oraclemethod. Both distortionsdecayexponentiallywith

theratebut the exponents different(2“/§ vs. 27 R,

Ouron-goingwork is to improve the quadtreébasecdcoderfor
thiskind of imagemodelsoasto eliminatethegapwith the oracle
method. This will requiremethodssimilarto [4] and[5] soasto
male surethatdependentoeficientsarenotcodedndependently
A secondopenissueis to understandf algorithmsthat perform
correctlyin a R-D sensefor somerestrictedclassesf functions
canhave animpacton moregeneraklasse®f images.
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