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ABSTRACT
It is well known thatwaveletsprovidegoodnon-linearapproxima-
tion of one-dimensional(1-D) piecewisesmoothfunctions.How-
ever, it hasbeenshown that theuseof a basiswith goodapprox-
imation propertiesdoesnot necessarilyleadto a goodcompres-
sion algorithm. The situationin 2-D is muchmorecomplicated
sincewaveletsarenot goodfor modelingpiecewise smoothsig-
nals(wherediscontinuitiesarealongsmoothcurves).Thepurpose
of this work is to analyzethe performanceof compressionalgo-
rithms for 2-D piecewise smoothfunctionsdirectly in a ratedis-
tortioncontext. Weconsidersomesimpleimagemodelsandcom-
puteratedistortionboundsachievableusingoraclebasedmethods.
We thenpresenta practicalcompressionalgorithmbasedon opti-
malquadtreedecompositionthat,in somecases,achievetheoracle
performance.

1. INTRODUCTION

Theinteractionof approximationtheoryandcompressionis anac-
tive areaof research,especiallyin the context of wavelet based
signalprocessing(see[1, 2] for reviews). Thesetup usuallycon-
sidersclassesof signals(piecewise smoothsignals,specifiedby
anappropriatenorm)andclassesof bases(Fourierseries,wavelet
bases).Then,the intuition is that if a certainexpansionhasgood
approximationproperties(e.g. its � -termlinearor non-linearap-
proximationconvergesfast)thena compressionschemebasedon
suchan expansionwill be efficient. The analysisusuallyworks
for the limit of very large � , or what is calledthehigh ratelimit
in compression.An exampleof sucha resultis thefollowing [3].
Assumea piecewise smoothfunction with piecesthat are in ���
anda finite numberof discontinuities.Thedistortionof a wavelet
basedschemecanbeshown to be	�

��������������� ��� � ��� �����! #"%$ & (1)

wherethe first term correspondsto the smoothpieces,while the
secondcorrespondsto thediscontinuities.At high rates,thefirst
termclearlydominates.

While goodapproximationpropertiesarenecessaryfor good
compression,it might not be enough.In particular, in non-linear
approximation,theindexing andindividualcompressionof expan-
sioncoefficientsmight be inefficient. This wasshown for a sim-
plerclassof signals,namelypiecewisepolynomials,in [4]. In that
case,it is possibleto achieve	�
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usinganoraclemethod,andthiscanberealizedwith areasonable
(polynomial)computationalcostusingdynamicprogramming.At
low rates,suchanalgorithmworkswell for piecewisesmoothsig-
nalsalso. The basicingredientis to preciselymodeldiscontinu-
ities,whichcanbedonealsoin awaveletschemeusingfootprints
[5].

In two dimensions,the situationis much moreopen. First,
wavelets are not good for modeling piecewise smoothsignals
(wherediscontinuitiesarealongsmoothcurves).The � -termnon-
linearapproximationis far from optimal,sonew basesareneeded.
The searchfor suchnew baseshasbeenled by Candes,Donoho
andco-workers[6, 7]), andinterestingresultsonoptimalor quasi-
optimalnon-linearapproximationhavebeenobtained.

But just asin the one-dimensionalcase,theseresultsmayor
may not give the right answerfor compression.It is thepurpose
of thepresentpaperto investigatethe interplayof goodrepresen-
tationsand compression. In order to do so, we considersome
very simplemodels,like for examplepiecewisepolynomialswith
piecewise polynomialcurvesasedges.While simplistic, sucha
model hastwo advantages. It leadsto preciseanalysisand the
resultsmayberelevant for low ratebehavior of moregeneralsig-
nals.Intuitively, if anobjecthasafinite numberof freeparameters
(as is the casefor this simplemodel) we expect an exponential
decayof the rate-distortionfunction. We verify this usingan or-
aclebasedmethod. In two dimensions,oraclebasedmethodare
difficult to realizewith polynomialcost,andthus,we considera
quadtreemethodandits performance.We show theperformance
of this methodon simpleinstancesof the imagemodel. A com-
parisonwith awaveletbasedcoderis alsodone.

2. MODELING AND RATE-DISTORTION ANALYSIS

2.1. Image Models

We considertwo simple models for piecewise smooth images
wherethe edgeis also a smoothcurve. Our first model is the
“Horizon” model [8] of an image + 
-,.�0/1, � � definedon the unit
square2 3 /04�5 � :+ 
-, � /1, � �7684(90:<;�=1>?9<@BA 3�C , � /*, � C 4D/
where E 
-, � �GF � � - the classof functionsthat are H -timescon-
tinuouslydifferentiable,and E 
-,.�B� hasfinite lengthinsidetheunit
square.

When codingsuchan image,a possibleoptimal (or oracle-
based)methodcouldsimplyspendall theavailablebit rateto code



thesmoothedge.In otherwords,our 2-D objecthasthecomplex-
ity of a 1-D function. Given a bit budget

�
, coding the edge E

producesIE andthecorresponding2-D function I+ . Thedistortion
canbewrittenas	�
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wherethesecondinequalitycomesfrom theSchwartz’s inequality.
With the edgeE 
-, � �_F � � , codingit usinga wavelet basiswith
enoughvanishingmomentgives

	�

��/ E �`�a� ��� � [3]. Thusthe
oracleR-D behavior for the“Horizon” modelis	�

��/ + �7�b� � � ^ (3)

In the secondmodel,we considerthecasewheretheedgeis
a piecewise polynomialcurve. In particular, with piecewise lin-
earedge,we have the“Polygon” modelwherethereis a polygon-
shapedobjectagainsta uniform background.In suchcase,a pos-
sibleoraclemethodwould simply codethepositionof the c ver-
tices of the polygon. With

��d c bits for eachvertex, a regular
grid ontheunit squareprovidesquantizedpointswithin adistancee 6f� ��& [ �1g

from theoriginalvertices.Let h bethefinite length
of theedge(or theboundaryof thepolygon)thenthedistortionfor
the2-D objectis upperboundedby

	�

��/ + � Cih e . Thereforefor
the“Polygon” model,theoracleR-D functiondecayexponentially
as 	�

��/ + ���f� ��jk& ^ (4)

For apracticalalgorithmto codeshapesin discretespace,see
[9].

2.2. Wavelet Performance

Letusnow demonstratehow awaveletcoderperformsfor suchim-
agemodels.Assumethat wavelet transformwith separableHaar
waveletis employed.At level l , waveletbasisfunctionshavesup-
port on dyadicsquareof size

� �Vm
. Call n m thenumberof dyadic

squaresat level l that intersectwith the edgecurve on the unit
square. In both “Horizon” and “Polygon” models,the edgehas
finite lengthsowehave n m �f� m (5)

Therefore,therearetypically o 
p� m � nonzerowavelet coeffi-
cientsat thescale

� �Vm
. This is the failurepoint of theseparable

wavelettransformfor 2-D piecewisesmoothfunctions:comparing
with thesimilar1-Dcasewherethenumberof nonzerocoefficients
is a constantat eachscale;herethis numbergrows exponentially
asscalegetsfiner. As aresult,thetotalnumberof nonzerowavelet
coefficientsup to level q is��r � rsm%t O �%m��f� r ^

Along theboundary, we canverify thatthesenonzerowavelet
coefficientsdecaylike U � m P u U �v� �Vm

at the l -th level [10]. Now
assumethat we codeup to q levels of wavelet coefficients with
quantizationstep

e
. Then

e �w� � r or we needabout q bits for

eachnonzerocoefficient. If thesenonzerocoefficientsareorga-
nizedin a quadtreedatastructure,thenfor eachcodedcoefficient
we needat most4 morebits to specifyif its childrenarecodedor
not. For large q this indexing costis insignificantcomparedto the
quantizationcost.Thusthetotalbit rateis�f� �Jrxq � q � r ^ (6)

The total distortion is the sum of quantizationerrors and
waveletseriestruncationerror	�

��/ + �y� � r e � � zsm%t r|{ � � m 
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(7)

Combining(6) and(7) we obtainthefollowing R-D behavior
of thewaveletcoderfor the“Horizon” model	�

�J/ + �}��~?�D� �� ^

(8)

So typically, the wavelet coderis far lesseffective compared
with the oraclebasedmethod. It is importantto stressthat the
regularityof theedgecurve is irrelevantto theperformanceof the
waveletcoder. In thenext sectionweproposeanefficientadaptive
codingschemethatcanachieve (or nearlyachieve) theoracleR-D
behaviors.

3. OPTIMAL QUADTREE BASED COMPRESSION

3.1. Algorithm

Our objective is to implementa compressionalgorithmbasedon
the modelingassumptionthat imagesare2-D piecewise smooth
functions. In this case,if we segment the image into smaller
pieces,then eachsub-imagecan be well representedby a sim-
pler geometricalmodel.For instance,we canchosea very simple
modelwhichconsistsof two smoothregionsseparatedby a line.

Thequadtreedatastructureis appliedwidely in digital image
processingandcomputergraphicsfor modelingspatialsegmenta-
tion of images.Our algorithmemploys a quadtreesegmentation
followed by a coding algorithm on eachimageblock in an op-
erationalR-D optimal sense.We attemptto capturethe smooth
discontinuitiesasconcatenationsof linear segments.We employ
anoperationalrate-distortionoptimizationthatis similar to theap-
proachusedin [11] in finding bestwaveletpacket bases.A deci-
sionstrategybasedonoptimizingR-Dperformancefor eachimage
block is designedsothatthecodercandecideif animageblock is
worthto befurtherdividedandcodedwith someappropriatequan-
tizationlevel. Thealgorithmcanbesummarizedasfollows:

1. Segmentationof the input image: a quadtreesegmenta-
tion schemeis employedasit providesa very efficient and
tractabledatastructure.

2. Optimalrepresentationof eachsub-imageby thegeometri-
calmodel,in a ratedistortionsense.

3. Optimizationof this representationto achieve the bestre-
constructedimagefor agivenbit rateconstraintanddistor-
tion measure.Optimizationis performedin ratedistortion
senseusingLagrangiancostfunctionalfor optimalquality
factor.



In shortwe have a compressionschemewhich providesrate
distortionoptimalrepresentationof animagewith a computation-
ally efficientalgorithm.

To codea block with a separationsegment,we quantizeits
boundaryusinga certainquantizationstepdependingon a given
rateandassignthe bestquantizedvaluesto the endpointsof the
separationline. This algorithmwill provide usan approximation
of the separationcurve asa concatenationof linear segmentsas
shown in Fig. 1. It is constructive to notethat theunderlyingdic-
tionaryof “tiles” in theabove algorithmis preciselythewedgelet
dictionary[8].
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Fig. 1. Exampleof quadtreerepresentation.

Notice that one can apply the ridgelet transform[6, 12] on
eachof theseimageblock separatelyandthis will result in very
few transformcoefficientsasridgelettransformis well adaptedfor
line-likesingularities.

3.2. R-D Behaviors

Let us first considerthe “Horizon” model. The following anal-
ysis is basedon [8], but we translatethe non-linearapproxima-
tion resultsof [8] to rate-distortionperformance. AssumethatE 
-, � ��F � � . The above coding algorithm employs a quadtree
segmentationscheme.Eachnodeof this quadtreecorrespondsto
onedyadicsquarethat is oneof thesefour types: intermediate,
black, white, or edge (i.e. wheretheboundarygoesacross).Thus
we need2 bits to codeeachnodetype. In addition,for an edge
square,we spend

���
morebits for the quantizedversionsof the

two verticesof theedgeline on theboundaryof thatsquare.The
encodingorderof thesetwo verticescanbe usedto specify the
valueof thesetwo regions: for examplewhenonetraversesfrom
thefirst verticesto thesecondone,thewhite region is on theleft.

Let ��� and ��� be the numberof all nodesandedgenodes,
respectively, thenthetotalbit ratefor thequadtreeis�b6�� � � � �<� � � ^

If q is thedepthof thequadtreethenthenumberof nodescan
be upperboundedasfollows. � � canbe countedasthe number
of childrenof all dyadicsquaresup to level q�R 4 that intersect
with theboundaryE 
-, � � or � � C��}� r � �m%t O n m . Using(5) we get� � �8� r . For theedgenodes,it is easyto seethat � � C�n.r � r .
Thuswehave �f�b��� r ^

(9)

In termsof distortion,considerthesituationwherewe divide
theinterval 2 3 /04�5 of the

, �
-axisinto

� r dyadicsegmentsof lengthe 6f� � r . SinceE 
-, � ��F � � , it canbewrittenby TaylorseriesasE 
-, ��� ��6 E 
-,N� � E%� 
-,N� ��� o 
 � � ��^
Thusthereexist a concatenationof line segmentsE0r 
-, � � ofE 
-,k��� wheretheverticesarein theperimeterof dyadicsquaresof

sizelength
e 6f� � r suchthat���<�9<@0� M O%P �
Q U E 
-, � � R�E(r 
-, � � U C�� � e � 6 � � � ��� r ^ (10)

The line segmentsin E0r 
-, � � needto be “quantized”with
�

bits for eachvertex alongtheperimeterof dyadicsquaresof size� � r to producethenew function E r P � 
-,.��� where���<�9<@(� M O%P �
Q U E0r 
-, � � R�E0r P � 
-, � � U C�� � ��� r �V� � ^ (11)

Theconstructionof E r P � 
-,.�B� leadsto a tiling codingscheme
of thefunction + 
-, � /1, � � with q quadtreelevelsand

�
bits for the

edgevertices.By choosingq 6b� , thedistortionis boundedby	�
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Combining(9) with (12)wewill resultinto thefollowing R-D

upperboundfor theoptimalquadtreealgorithm	�
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Thusfor H 6w�
, theoptimalquadtreealgorithmhasthesame

decayratefor theR-D functionasthatof theoraclemethod.For
generalH , the sameconclusioncanbe derived whenwe replace
“linear” tile in the describedalgorithmwith “polynomial” tile of
degree H�R 4 . Furthermore,using the generalizationin [8], the
resultalsohold whenthe discontinuitycurve E 
-, � � is piecewise
smoothor havemoregeneralgeometry.

We now considerthe “Polygon” modelwherethe edgeis a
piecewiselinearcurvewith afinitenumberof discontinuitypoints.
In suchacase,wewill show thattheR-D functionof thequadtree
algorithmdecaysexponentiallywith therate.

In anoptimaladaptivequadtree,ateachlevel, theonly dyadic
squaresthat needto be divided further are the onescontaining
a discontinuitypoints of the edgein the original image. Other
dyadicsquarescontaineithernoedgeor astraightedgewhichcan
beefficiently representedby anedgetile. Let c bethenumberof
discontinuitypointalongtheoriginalpiecewiselinearedge.Then
for the quadtreedescribedabove, at eachlevel thereare c split-
ting nodes,andthusthey generatenomorethan �Dc dyadicsquares
with straightedgeat thenext level. With thoseedgesquares,ex-
tra bits areneededto codetheverticesof the line segmentasthe
quantizedpointsalongsquareboundary.

With q the depthof the quadtree,we can spend q bits for
eachof thequantizedpoints1 to ensurethatthemaximumdistance

1A variablebit rateapplyingto differentsizelengthof dyadicsquares
canbeused,but it will not changethemainbehavior of theR-D function



betweenthe true verticesandtheir quantizedversionis bounded
by
� � r . Thetotal bit rateis� Ci�DcJq ��� cJq ��/ (13)

wherethefirst termis thecostof codingthequadtreeitself, while
the secondterm is the costfor the quantizedverticesof theedge
squares.Sincetheoriginal edgehasfinite length h , thedistortion
is boundedby h � � r . Together, the R-D function for coding a
“Polygon” imageusingoptimalquadtreemethodbehaveslike	�

�����f�V��j $ &

(14)

4. NUMERICAL EXPERIMENTS

Numericalexperimentsareperformedfor two type of classesof
B/W Images: 1) Imageswith polygonalsingularity. Polygon’s
verticesaregeneratedrandomlyusinguniform distributionon the
space 2 3 /04�5 � . For experimentation,polygonswith 4 and 5 ver-
ticesareconsideredassingularities. 2) Imageswith polynomial
singularity. Polynomialcoefficients are generatedrandomlyus-
ing uniformdistributionontherange2�R 4�/(4%5 . For experimentation
purposes,polynomialsingularitiesof degree2 and3 areconsid-
ered. For both modelswe have observed a betterratedistortion
behavior of optimalquadtreealgorithmwith respectto JPEG2000.
In Fig. 2, weshow thetwo ratedistortionbehaviors for thecaseof
imageswith polygonalsingularity.
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Fig. 2. Comparisonof operationalR-D curves using a wavelet
coder(JPEG-2000)andoptimal quadtreecoderfor B/W images
with polygonallikediscontinuities.

5. DISCUSSION

The optimalquadtreebasedcompressionalgorithmthat we have
proposedin this work representsa possibleway to modelandap-
proximatediscontinuitiesin images. Several other efforts have
beenmadeto designalgorithmsor transformsthatexploit thereg-
ularity of discontinuitiesin images[6, 7, 13].

Note that our analysisis completelydonein a ratedistortion
framework. If discontinuitiesin our image are representedby
smoothcurvesthenthequadtreealgorithmperformsaswell asan

oraclemethod(thedistortionratecurveshaveapolynomialdecay
in both cases).If discontinuitiesarepiecewise polynomials(i.e.
piecewise linear), the quadtreealgorithmdo not performso well
as an oraclemethod. Both distortionsdecayexponentiallywith
theratebut theexponentis different(

� � $ &
vs.
� ��&

).
Ouron-goingwork is to improve thequadtreebasedcoderfor

thiskind of imagemodelsoasto eliminatethegapwith theoracle
method.This will requiremethodssimilar to [4] and[5] soasto
makesurethatdependentcoefficientsarenotcodedindependently.
A secondopenissueis to understandif algorithmsthat perform
correctly in a R-D sensefor somerestrictedclassesof functions
canhaveanimpacton moregeneralclassesof images.
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