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Résumé

Dans cette thése on aborde divers aspects de la diffusion par potentiel en mécanique
quantique non-relativiste.

Dans la premiere partie, nous étudions le concept de temps de retard. Plus
précisément, apres une introduction élémentaire a la théorie (chapitre I), nous clarifions
au chapitre II le role joué par les régions de localisation dans la définition du temps de
retard global. Au chapitre III, nous généralisons le concept & des conditions d’observation
arbitraires pour la particule diffusée (temps de retard conditionnel). Aux chapitres IV et
V, nous abordons le probléme de la mesure du temps de retard par des horloges physiques
et, plus particulierement, par ’horloge de Larmor qui exploite le mécanisme de précession
d’un spin dans un champ magnétique.

Dans la deuxiéme partie nous nous intéressons a la propriété spectrale du temps de
retard, a son lien avec le théoreme de Levinson, et & ’application de ce dernier a des
systemes unidimensionnels. Nous dérivons le théoreme de Levinson au chapitre VI, en
utilisant comme seul ingrédient la complétude des états physiques. Au chapitre VII, nous
appliquons le résultat de Levinson pour déterminer le nombre d’états liés d’un potentiel
périodique fini, en fonction de sa période. Pour cela, nous utilisons la propriété de fac-
torisation de la matrice de diffusion que nous dérivons au chapitre VIII dans le cadre plus
général d’une particule avec masse dépendante de la position.

Dans la troisieme partie, nous sommes concernés par les potentiels dépendant du
temps. Au chapitre IX, nous généralisons le concept de temps de retard, et pour le cas
particulier d’une variation périodique nous dérivons un théoréme de Levinson. Au chapitre
X, nous considérons des potentiels qui varient trés lentement ou tres rapidement au cours
du temps. Les limites basse et haute fréquence sont dérivées ainsi que les premieres
corrections, et leur interprétation physique est discutée.



Abstract

In this Thesis we study several aspects of potential scattering in non-relativistic quan-
tum mechanics.

In the first part, we study the concept of time delay. More precisely, after an elemen-
tary introduction to the theory (chapter I), we clarify in chapter II the role played by the
localizing regions in the definition of global time delay. In chapter III, we generalize the
concept to arbitrary conditions of observation for the scattered particle (conditional time
delay). In chapters IV and V, we address the problem of the measure of time delay by
physical clocks and, more specifically, by the Larmor clock which exploit the mechanism
of precession of a spin in a magnetic field.

In the second part, we are interested in the spectral property of time delay, its con-
nection with Levinson’s theorem, and the application of the latter to one-dimensional
systems. We derive Levinson’s theorem in chapter VI, using as a single ingredient the
completeness of physical states. In chapter VII, we apply Levinson’s result to determine
the number of bound-states of a finite periodic potential, as a function of its period. For
this, we use the the factorization property of the scattering matrix which we derive in
chapter VIII in the more general situation of a particle with position-dependent mass.

In the third part, we are concerned by time-dependent potentials. In chapter IX, we
generalize the concept of time delay, and for the particular case of a periodic variation we
derive a Levinson theorem. In chapter X, we consider potentials with very slow or very
rapid variations in time. The low and high frequency limits are derived as well as their
first corrections, and their physical significance discussed.



Avant-propos

Cette these voit le jour, un peu par hasard, a la suite d’un séminaire du Prof. J. P.
Marchand sur le sujet controversé de la durée de P’effet tunnel. Le probléme n’était pas
sans liens avec la théorie du temps de retard qui avait connu ses débuts brillants & Genéve
sous la direction du Prof. J. M. Jauch. Ce fit 1a 'occasion pour mon directeur de theése,
qui est un ancien éleve de Jauch, de renouer avec son premier sujet de recherche, et pour
moi d’apprendre les rudiments de la théorie quantique de la diffusion. Cela a donné lieu
a une suite assez nombreuse et variée de travaux, qui parfois ont pris des directions assez
imprévisibles, et qui ont fini par constituer le treillis un peu irrégulier de cette these.

La matiere est organisée en trois parties distinctes, une pour chaque mot clé qui ap-
parait dans le titre. Chaque partie comporte un certain nombre de chapitres. A I’exception
du premier, qui se présente comme une introduction élémentaire & la théorie du temps
de retard, chaque chapitre comprend (essentiellement) un article en anglais, précédé par
une introduction en francais qui en résume les idées principales. Cela donne au texte un
aspect quelque peu modulaire et une certaine coloration internationale. Cette maniére de
faire présente cependant deux avantages. Le premier est pour l'auteur, qui évite la tache
pénible et un peu artificielle de la récriture des neuf articles qui constituent le coeur dur
de cette these. Le deuxieéme est pour le lecteur, qui garde ainsi la possibilité de parcourir
le texte en suivant des clés de lecture différentes. Il pourra par exemple se faire une idée
assez précise de son contenu en ne lisant que les parties en francais, ou alors aller droit au
but en passant directement aux articles qui le concernent de plus prés. Aussi, les parties en
francais étant écrites avec un style plus formel, utilisant surtout la notation du physicien,
elles s’adressent & un public plus large de lecteurs, qui n’est pas forcement habitué & un
symbolisme par trop mathématique. A ce sujet, il faudrait encore ajouter que cette these
se situe quelque part & mi-chemin entre un travail de physique théorique, au sens le plus
large du terme, et un travail de physique mathématique. En effet, méme si parfois nous
effectuons des preuves rigoureuse, 1’accent est toujours mis sur les motivations physiques
et I'interprétation des résultats. Un dernier avertissement concernant la notation. Si elle
peut changer suivant les articles, une seule notation a été utilisé pour toute la partie du
texte qui est écrite en francais.
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Premiere partie

Si I'on compare le mouvement d’une particule interagissant avec un potentiel (ou une
autre particule) avec le mouvement d’une méme particule ne subissant pas I'effet de ce
dernier, on remarquera essentiellement deux types de changements: une déviation spatiale
et un retard temporel. C’est de ce dernier changement que nous allons nous occuper dans
cette premiere partie qui est organisé comme suit. Au chapitre I, nous présentons une
introduction élémentaire aux concepts de temps de séjour et de retard en mécanique
quantique. Au chapitre 11, nous analysons le role joué par les régions de localisation dans
la définition du temps de retard. Le chapitre III est consacré a I’étude du concept de
temps de retard conditionnel. Dans le IVeme, nous nous penchons sur le probleme de
la mesure du temps de retard par des horloges physiques et enfin, dans le Veme, nous
utilisons le concept de temps de séjour pour élucider le mécanisme de précession d’un spin
traversant une région de champ magnétique.






I. Une introduction élémentaire aux concepts
de temps de séjour et temps de retard en
théorie quantique de la diffusion

1. Introduction

Tout comme la position ou la vitesse, le retard, ou temps de retard, fait partie de
ces concepts classiques qui sont familiers & tout un chacun. Tout le monde s’accorde par
exemple pour dire qu’on est en retard quand on n’arrive pas a ’heure. Plus précisément,
cela sous entend une mesure d’un temps d’arrivée, & un endroit donné de ’espace, et sa
comparaison avec un temps de référence qui, par définition, est supposé correspondre a une
situation de retard (ou d’avance) zéro. Le temps de retard est donc une quantité relative.
Elle est aussi quantitativement quelque peu arbitraire, en raison des choix différents, a
priori possibles, pour un temps de référence.

En physique on peut associer un temps de retard au mouvement d’une particule
qui se meut en présence d’un potentiel. Le retard (ou 'avance) caractérise alors, en
quelque sorte, ’exces de temps passé par la particule dans la région d’interaction, lorsque
son mouvement est comparé a celui d’une particule libre soumise aux mémes conditions
initiales. Il va sans dire que la connaissance du temps de retard nous informe sur la nature
de l'interaction. Un temps de retard infini correspond, par exemple, & un phénomeéne de
capture, un temps de retard grand positif a la formation d’un état quasi-lié de longue
durée de vie (résonance), un temps de retard négatif a un effet d’accélération.

Historiquement, c’est a Eisenbud et Wigner qui revient 1'idée d’associer en mécanique
quantique un temps de retard & un processus de diffusion [E},[Wi]. Par leur célebre
formule, ils relient ce dernier, dans le cadre de la diffusion d’une onde partielle par un
potentiel central, a la dérivée par rapport a I'énergie du déphasage. Par la suite, le
concept de temps de retard a regu une formulation dépendante du temps s’inscrivant
dans le cadre hilbertien de la diffusion quantique développé par Jauch en 1958 [Jaul].
Cette nouvelle formulation, qui a I’avantage d’étre mathématiquement plus précise mais
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aussi physiquement beaucoup plus transparente, utilise la notion de temps de séjour i.e., le
temps moyen passé par la particule, tout au long de son évolution, dans une région bornée
de ’espace. Le temps de retard est alors défini comme la différence entre les temps de
séjour total et libre, dans la limite ou cette région recouvre l’espace physique tout entier
(voir par exemple ’article de revue [Mal]).

Ce chapitre est organisée comme suit. Dans la deuxieme section, nous évoquons
la difficulté bien connue concernant la définition d’'une observable temps d’arrivée en
mécanique quantique. Dans la troisieme, nous montrons que cette difficulté ne s’applique
pas au concept de temps de séjour que nous analyserons dans les détails dans un ex-
emple élémentaire, celui de la particule libre unidimensionnelle. Dans la section 4, nous
discutons du phénomeéne (purement quantique) d’interférence, et nous montrons com-
ment il apparait au niveau du temps de séjour. Dans la section 5, aprés un bref rappel
de la théorie de la diffusion, nous définissons le temps de retard et dérivons la formule
d’Eisenbud-Wigner. Nous évoquons certains problemes mathématiques liés a ’existence
de sa limite dans la section 6, et, dans la 7, nous en proposons une autre interprétation.

2. Observable temps d’arrivée en mécanique quantique

Il est bien connu que pour deux opérateurs autoadjoints A et B (i.e., deux observables),
on a !'inégalité (voir un bon livre de mécanique quantique)

(AA)(AB)y > 2 [(I[4, B (21)

avec (AA)y = (($]A%) — (|A%)2)Y? qui est Pécart quadratique moyen de I’observable
A dans ’état ¢. Le second membre de (2.1) dépend en général de 3. Il y a exception
si le commutateur [A, B] est, a un facteur pres, ’opérateur identité I. C’est le cas par
exemple pour la position ¢ = (g1, .. .,44) et la quantité de mouvement p = (py, ..., pa), qui
satisfont aux relations de commutation de Heisenberg (d est ici la dimension de I’espace
physique)

[q,',pj] = iﬁ&i,j I, 2,] = 1, ey d. (22)

Si on combine (2.1) avec (2.2), on arrive aux relations d’incertitude

(Agj)e(Aps)e 2 R/2, j=1,...,d, (2.3)

dont 'interprétation est la suivante: il n’existe aucun état 1 tel que les écarts quadratiques
de la position et de la quantité de mouvement soient aussi petits que ’on veut, car plus
on essaye d’obtenir une valeur précise pour la position g;, en variant ¢, et moins p; peut
étre précisée. En d’autre mots, une particule ne peut pas étre simultanément localisée
dans la position et dans la quantité de mouvement avec une précision meilleure que celle
donnée par (2.3).



D’autre part, pour une particule libre (pour simplifier, & une dimension d’espace) on
peut associer a I’écart Ap en quantité de mouvement (pour un % donné), un écart en
énergie AE = (dE/dp)Ap = v Ap, avec v = p/m qui est la vitesse de groupe du paquet
d’ondes. Si Ag est ’extension spatiale du paquet, le temps At mis par ce dernier pour
traverser un point de l’espace vaut, approximativement, At ~ Ag/v. On en déduit que

AEAt ~ /2. (2.4)

Tout comme (2.3) est & comprendre a temps fixé, la relation (2.4) est & comprendre a
position fixée: pour un paquet d’ondes avec largeur en énergie AE, évoluant librement,
on est incapables de dire quand il traversera un point donné de 1’espace (ou une surface
a plus qu’une dimension) avec une précision meilleure que At ~ h/AE.

La relation d’incertitude (2.4) est cependant a prendre avec précaution. En effet, elle
laisse entendre qu’il existerai en mécanique quantique un concept bien défini de temps
d’arrivée d’une particule en un point donné de l’espace. Nous allons voir que ce n’est
pas le cas. Pour cela, nous commengons par remarquer que la dynamique d’une particule
classique libre est décrite par les équations de Hamilton

6tp = _aqHO = 03

B = 0,Ho = L.
m

(2.5)

Dans (2.5) le temps joue le réle de variable de contrdle, et I'énergie E = Hy = p?/2m est
fonction des variables restantes (seulement p dans le cas libre). Si par contre on choisit
la position ¢ comme variable de controle, on peut exprimer 'impulsion p = Il = vV2mE
en fonction des variables restantes (on a supposé d = 1, pour simplifier la discussion, et
que la particule vient de la gauche), et on a les équations du mouvement

aqE = —0,Ho = 0,
0.t = Ogllo = %, (2.6)

qui sont bien équivalentes & (2.5). En particulier, la deuxiéme équation dans (2.6) donne,
apres intégration,

, m
t(¢) = ;(q' -9q), (2.7)
et on obtient donc
mq
to= —— 2.8
0 " | (2.8)

pour l'observable classique qui donne le temps d’arrivée de la particule a l'origine.
L’observable quantique correspondante serait donc, si on applique la régle qui consiste
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a symétriser tout produit d’observables incompatibles?,

To=—% (Pt a+ap™) vo
=—%(H6‘pq+qu51)- 29
A T'aide de (2.3) on obtient alors, formellement,
[Ho, To) = k1. (2.10)
La relation de commutation (2.10) exprime sous forme différentielle ’équation
To(t) = enHotTye=aHot = T, — ¢, (2.11)

qui correspond bien a la forme attendue pour ’évolution d’une observable temps en
représentation de Heisenberg. Mais, justement, 'opérateur T; n’est pas une observable: il
est bien symétrique mais pas autoadjoint?. Une maniére simple de le voir est de remarquer
que comme Ty satisfait formellement a la relation (2.10) de commutation canonique avec
’hamiltonien libre Hy, s’il était autoadjoint alors e**%° serait une représentation unitaire
du groupe des translations en énergie. Comme on peut translater a la fois & gauche et &
droite, I'existence d’une telle représentation est en contradiction avec le fait que le spec-
tre de Hy est borné inférieurement (d’ailleurs, pour un hamiltonien H plus général, cela
serait en contradiction avec I'existence méme d’un spectre ponctuel de valeurs propres).
Donc, Tp n’est pas autoadjoint, Hy n’a pas d’opérateur canoniquement conjugué et, bien
entendu, il n’y a pas d’autres maniéres possibles pour construire une observable temps en
mécanique quantique?.

! Cette régle n’est pas sans difficultés (paradoxe de Temple) [T).

2 Rappelons qu’en physique on décrit un systéme par ses propriétés, et qu’en
mécanique quantique les propriétés correspondent aux projecteurs dont la valeur
moyenne sur 1’état du systeme donne la probabilité a priori avec laquelle la propriété
est vérifiée, et cela indépendamment des propriétés spécifiques de I’appareil de mesure
utilisé. L’intérét qu’il y a a considérer des opérateurs autoadjoints en connexion avec
les observables résulte alors du théoréme spectral qui permet de décomposer de maniére
unique I’opérateur a ’aide d’une mesure a valeurs projecteurs, et donc de relier la mesure

de 'observable aux propriétés du systéme.
3 En d’autres mots, cela signifie qu’il n’y a pas en mécanique quantique de concept idéal

de temps d’arrivée, dans le sens d’une probabilité & priori correspondant & une mesure
idéale qui ne fasse pas référence aux propriétés spécifiques de ’appareil de mesure. On peut
cependant construire des observables temps d’arrivée plus générales, si on les comprend
au sens plus large de mesures a valeurs opérateurs positifs, mais dans ce cas elles ne seront
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3. Le concept de temps de séjour

Nous venons de voir que la relation d’incertitude temps-énergie (2.4) pouvait se com-
prendre, pour une particule libre, en interchangeant les rdles de p et ¢ avec ceux de E
et ¢, sans oublier d’effectuer le méme changement dans les commentaires d’interprétation
(i.e., remplacer “simultanément” par “au méme point”). Nous avons vu aussi qu’une telle
interprétation n’était que heuristique, faute d’une observable canoniquement conjuguée a
I’énergie. On serait alors tentés de conclure que le temps n’a pas de place en mécanique
quantique, en tant que variable dynamique. Il est en effet naturel de penser que sans un
concept de temps d’arrivée il faut renoncer aussi a des concepts qui lui sont classiquement
reliés, tel que, par exemple, celui de temps de séjour qui devrait en principe correspon-
dre a une suite de mesures reproductibles de temps d’arrivée. Heureusement, il en va
autrement. Pour voir cela, rappelons d’abord quelques faits importants du formalisme
quantique.

En mécanique quantique on associe a un systéme physique un espace de Hilbert H,
Pespace des états. Un état est entierement défini par la donnée d’un vecteur v dans H,
normalisé a 1, et définissant les propriétés actuelles du systeme. Ces propriétés a,b,...,
correspondent a des projecteurs P,, F;,..., dans H. La probabilité avec laquelle la pro-
priété a est vérifiée est alors donnée par la valeur moyenne de P, dans I’état 1,

Pu(a) = (Y| Futp). (3.1)

Plus précisément, si on fait subir au systéme une mesure qui correspond au test de la
propriété a, on obtiendra une réponse affirmative avec une probabilité donnée par (3.1).
De plus, a devient actuelle au moment correspondant a la fin de la mesure i.e., ’état
du systéme est décrit par le vecteur P,1, immédiatement aprés la mesure (réduction du
paquet d’ondes).

Pour une particule non relativiste, sans spin, dans l’espace infini R?, de dimension
d > 1, H est ’ensemble des fonctions de carré sommable

H= DR = {i]| 6 IP= [ Fe@f <o}, (32)

avec le produit scalaire (|9} = [ d?z*(z)¢’(z). Soit, par exemple, b, la propriété “la
particule se trouve dans la boule spatiale b, = {z € R% |z| < r}”. Si la particule est dans

pas définies de maniére unique et vont dépendre de la description détaillée du compteur
utilisé [A],[We],[KFT]. Une autre possibilité est celle de postuler I'existence d’intervalles
de temps indivisibles (chronons) pour ’évolution d’un systeme. Il devient alors possible
de démontrer 'existence d’un opérateur temps autoadjoint (l’'usage de 1’équation rela-
tiviste, qui permet aussi des énergies négatives, devient alors crucial), mais faute d’une
vérification expérimentale de ’existence des chronons, I’hypothése, bien que séduisante,
reste spéculative [Mi],[AM].



’état ¢, la probabilité avec laquelle on la trouve dans b, vaut alors
Pu(bs) = P ||> = (4| Poyp)

= /br dd:l: I,‘b(z)lz, (33)

avec
P, = | diz|z)(z .
/br lz){(=[, (3.4)

qui est le projecteur dans le sous-espace des états localisés dans la région b,*.

Lorsque le systéeme évolue, certaines propriétés actuelles deviennent potentielles et,
vice versa, certaines propriétés potentielles deviennent actuelles: ’état du systéme change
au cours du temps. Plus précisément, soit 3 I’état du systéme au temps t = 0. Au temps ¢
il vaut ¢, = e~ rL;H‘z/), avec e~ nH qui est ’opérateur unitaire d’évolution et H ’hamiltonien
du systeme. Nous admettrons qu’il est de la forme H = Ho + V, avec Hy = p?/2m le
terme d’énergie cinétique et V le potentiel qui sera de la forme

V= / &z v(z) |z)(z|, (3.5)

avec v(z) une fonction bornée de z qui va suffisamment vite & zéro quand |z|] — oo
(potentiel local & courte portée).

En raison de ce qui précede, si %, est 1’état décrivant la particule au temps t, la
probabilité de la trouver en ce méme temps dans la région b, vaut Py, (5,). 1l est donc
naturel de définir le temps moyen passé par la particule dans la région b,, tout au long
de son évolution, par la moyenne

Tuls) = [ dtPy(br)
- / dt /b &z (=) 2 0.

Pour nous familiariser avec I’expression (3.6), considérons d’abord le cas d’une particule

(3.6)

classique libre & une dimension (d = 1). On a alors ’équation du mouvement z(t) =
vt + zo, et la probabilité d’étre dans l'intervalle b, = [—r, 7] au temps ¢ vaut

Pub) = [ dzs(a(t) - z). (3.7)
Le temps passé par la particule dans b, vaut donc

T(b) = [ dtPb)
_1 [ do [arse- 2222 (3.8)

v

_2r

v

4 Pour écrire (3.4) nous avons utilisé la notation formelle de Dirac, & I’aide des pseudo-
vecteurs propres g|z) = z|z), = € R?, de 'opérateur position g, qui vérifient les relations
de complétude [ d%z |z)(z| = I, et d’orthogonalité (z|z’) = 6(z — z').
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ce qui correspond bien a la différence entre les temps #(r) = (r — z¢)/v d’arrivée de la
particule en 7 et ¢{(—r) = —(r 4 zo)/v d’arrivée en —r.

Donc, classiquement, quand une notion de trajectoire est disponible, la définition
(3.6) est équivalente & celle qu’on obtiendrait en définissant le temps de séjour comme la
différence entre un temps de sortie et un temps d’entrée. Mais, quantiquement, quand
une notion de trajectoire n’est plus disponible, la définition (3.6) est supérieure. En effet,
sa validité conceptuelle est reliée & celle de la probabilité Py, (5,). Comme cette derniére
possede un sens précis en mécanique quantique, il en va de méme pour la moyenne (3.6):
en tant qu’énoncé purement probabiliste Ty, (b,) est indépendant des détails de la théorie
qui est sous-jacente a Py, (b, ), c’est a dire de ’existence ou non d’une notion de trajectoire.

Pour la particule libre quantique on a ¢, = e~%Hoty et (3.6) devient

To(b,) = ($|T°(b.)¥), (3.9)

avec T°(b,) qui est I’opérateur de temps de séjour libre
TO(b,) = / dt e Hot p g~ kHot (3.10)

Contrairement & Tp, 'opérateur T°(b,) est autoadjoint [Jaw). Il s’agit donc d’une observ-
able. De plus,

exHOTTO(h,) = / dt exHo(t+7) p o= Hot

= / dt exHot p = xHo(t=7) (3.11)

ce qui donne, en dérivant par rapport a 7,
(T°(5,), Ho) = 0. (3.12)

En d’autres termes, non seulement l'opérateur 7°(b,) est bien une observable mais,
aussi, il n’entretient pas de relation d’incertitude avec ’énergie de la particule. Remar-
quons encore que le temps de séjour (3.6) est fini seulement si la probabilité Py, (b,) =
i, %z [s(2)|? décroit suffisamment vite quand ¢ — +oo. Si, par exemple, on choisi
pour état au temps ¢ = 0 un paquet d’ondes gaussien (k) = (k[ip) ~ e*eoe=olk—ko)*
centré autour de la vitesse ko/m, il est facile de montrer que la densité de probabilité
|9be(z)]? = O(1/1%), quand t — Foo. I suit que Tp(b;) est fini pour d > 2 mais infini pour
d = 1, et ceci pour tout choix de vitesse initiale ko/m du paquet. Ceci s’explique par
le phénomene d’étalement du paquet d’ondes qui, a son tour, est une manifestation des
relations d’incertitude (2.3): contrairement au cas d > 2, a une seule dimension d’espace
la dispersion du paquet d’ondes augmente au méme taux linéaire en ¢ que la distance
parcourue.



En général, on montre que T°(b,) est un opérateur borné pour d > 2. Il est non borné
mais défini de maniére dense dans L%(R) pour d = 1 (typiquement sur les états qui n’ont
pas de composantes autour de I'énergie zéro) [L},[Jaw].

Nous terminons cette section par un calcul explicite de T)(b,) dans le cas d’une par-
ticule libre unidimensionnelle. Pour cela, nous introduisons les pseudo-vecteurs propres
simultanés de H, et de p = p/|p|,

Ho|E,k) = E|E,k), p|E,k) = hEk|E,k), (3.13)
avec E € [0,00) et k € 59! (la sphére unité). IIs vérifient les relations de complétude
/0 dE [, dk|B,R)(E, R =1, (3.14)

et d’orthogonalité
(E,k|E',F') = §(E — E"§(k — ¥), (3.15)

et ont pour fonction d’onde

(z|E, k) = (2nk)~%2/m (2mE)\d-D/4¢iVemEks (3.16)

De maniére générale, on notera Y(E) = (E|¢) les vecteurs dans LZ(S%7?!), et par
WEW ENs= [, dv"(EREE,  v(E k) =(E, k), (3.17)

le produit scalaire correspondant. A une seule dimension d’espace, la sphére unité n’a
que deux points k = +1, p = P — P?, avec

P = /0°° dE|E, £)(E, +| = |£)(| (3.18)

qui sont les projecteurs dans les sous-espaces des états d’impulsion p positive (+), négative
(—), respectivement. On a alors, pour une particule qui vient par exemple de la gauche

lLe., P2y =1,
T9(b,) = ($|T°(b,)9)
= [ 4B [ dB' 47(B,+)(E, +IT @I, +)9(E', +)
—_ *® hd ’, 1% ' ’ L(E-E'
= [7dB [" dE'"(B, +)(E, +|P.|E', +)u(E',+) [ dt eFE-E"

- /0°° dE (+|Tg(b)1+)(E, +)P%,

(3.19)
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oti pour la derniére égalité nous avons utilisé 'identité [ dt exB-Et = 2xh§(E — E'), et
nous avons défini

(+ITE(b)+) = 20R(E, +|P|E, +)
= 27rh/r dz |(z|E,+)|*

1 M ikx
—==/77¢
V2rh V hk

T’ —m—Vm°

Enfin, (3.20) dans (3.19) donne pour le temps de séjour [en écrivant simplement ¥(E)
pour $(E,+)]

2

=onh [ de (3:20)

o 2
) = [ dE (B (3:21)
Dans la limite |¢(E’)|? — §(E' — E) d’un paquet initial de mieux en mieux piqué autour
de ’énergie E (limite monoénergétique), on retrouve le résultat classique (3.8). Bien

entendu, on obtiendra le méme résultat pour le cas d’une particule qui vient de la droite

(P2 = 1).

4. Compatibilité et interférences

Deux propriétés a et b sont dites compatibles si les projecteurs associés P, et P,
commutent i.e., [P,, B)] = P,Py—PyP, = 0. Si c’est le cas, une mesure de a immédiatement
suivie d’une mesure de b est équivalente a une mesure de b immédiatement suivie d’une
mesure de a, et peut donc étre globalement interprétée comme une mesure de ab (i.e., a
et b). En effet, si [P,, P)] =0, P, P, = Py P, est encore un projecteur, le projecteur associé
a la propriété jointe ab. Plus précisément, si Py(a) # 0, la probabilité conditionnelle de
b sachant a peut se définir de maniere naturelle par

Py(bla) = Py(a et ensuite b)/Py(a)

= Pr.y(0)/Py(a) (4.1)
= (Y|P Py Fetp) [ (Y| Path),
ou, de maniere équivalente,
Py(bla)Py(a) = (| P P Path). (4.2)
De méme, si Py (b) # 0,
Py(alb)Py(b) = ($|PPaPotp). (4.3)

Les opérateurs P, P, P, et P,P, P, sont autoadjoints, positifs et a valeurs comprises entre
0 et 1. Cependant, quand [P,, Py} # 0, (4.2) = (4.3) si et seulement si P,PyP, = B PP,
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et on peut facilement montrer que cela revient précisément & demander que P, et P,
commutent. Donc, si a et b sont incompatibles, le théoreme classique de Bayes

P(bla)P(a) = P(alb)P(b), (4.4)

n’est plus vrai. En mécanique quantique on doit donc renoncer au concept de probabilité
jointe, du moins au sens classique de la théorie de Kolmogorov [Ko], quand les propriétés
a et b sont incompatibles. On touche 13 aux limites de I'interprétation statistique de Max
Born.

La difficulté que nous venons d’évoquer est intimement reliée au phénomeéne
d’interférence, propre a la mécanique quantique et absent en mécanique classique. Pour

voir cela de plus pres, soit @ la propriété contraire de a, correspondant au projecteur
P; = I — P,. Alors,

Py=(P,+ F)P(P, + F;)

4.5
= P,PP, + PP P; + P,P,P; + P;P,P,, (4.5)

’ Py(b) = Py(bla)Py(a) + Py (bla)Py(@)

+ 2Re (3| P, P, Ps1). (4.6)

Le dernier terme de (4.6) est le terme d’interférence. Si @ et b sont compatibles il vaut
zéro et ’on retrouve le théoréme classique des probabilités totales.

Revenons a 'exemple de la particule sans spin dans R. Nous avons vu qu’un état i,
(t2) décrit une particule qui vient de la gauche (droite) si PS¢y = ¢y (P4, = ¢;). Mais,
en raison du principe de superposition (M est un espace vectoriel),
Y = 713(1111 + 1) est encore un état possible pour le systéme qui est bien normalisé a
1 si 9, et 3, le sont aussi (¢, et 3, sont orthogonaux). Si on pose b = b.,a = (+) et

= (—) dans (4.6), on aboutit a

Pylbr) = 5 (Pau(br) + Pir(5,)

. (4.7)
+ Re [ dzyi(@)ale),

d’ou P'interprétation du dernier terme de (4.6) comme un terme d’interférence.
De méme, le temps de séjour libre dans b,, pour 1’état initial ¥ = 713(11;1 + 1,), est de
la forme

T(b,) =%(T§l(b )+ T5,(b,)) ws)
+ Re (1 |T°(b; )2).
12



Pour le cas ¥1(E,+) = —¢,(E,—) = p(E) i.e., pour un état initial qui est une fonction
impaire de I'impulsion®, on obtient pour le terme d’interférence la contribution oscillante

Re (a|T°(b)a) = Re [ dEG[(E, +)(+ITE(,)|-)b(E, )

- _ ® 2 [T 5 M _oiks
— —Re / dEIp(B)? [ do e (4.9)

= / dE—sm (2kr)|p(E)[2.

Si la région b, devient de plus en plus grande, c’est a dire r — oo, le terme d’interférence
dans (4.7) va a zéro en raison de 'orthogonalité de 1, et 1, (dans cette limite le projecteur
P. — I au sens fort®, et devient donc compatible avec toutes les observables). De maniére
analogue, le terme d’interférence (4.9) dans le temps de séjour va aussi & zéro & cause
du sinus qui devient infiniment oscillant (par le lemme de Riemann-Lebesgue ou, plus
simplement, par intégration par parties si |@(E)|? est sufisamment différentiable).

5. Temps de retard

Nous avons vu dans les paragraphes précédents que faute d’un concept bien défini de
temps d’arrivée, il fallait lui préférer en mécanique quantique celui de temps de séjour.
On est donc amenés a définir le temps de retard en mécanique quantique non pas comme
la différence entre deux temps d’arrivée (comme on le ferait classiquement) mais plutét
comme la différence entre deux temps de séjour. Mais avant de donner une définition
précise, il nous sera utile de rappeler quelques aspects de la théorie quantique de la
diffusion.

Soit H = Hy + V ’hamiltonien décrivant un systéme non relativiste & un corps dans
espace de Hilbert H = L%(R?), avec un potentiel V de la forme (3.5), c’est & dire un
opérateur de multiplication par une fonction v(z) a courte portée. Soit ¢ € H ’état du
systéme au temps ¢ = 0. Au temps ¢ il vaut ¢, = e »H .

1l est possible de classer les vecteurs ¥ de ‘H par ’étude de leur comportement dans
'espace de configuration R?, en tant que fonctions de ¢, quand ¢ — #oco. On dit que
Y est un état lié si, tout au long de son évolution, il reste essentiellement localisé dans
une région bornée de l’espace de configuration. Inversement, on dit que 3 est un état
de diffusion s’il se propage en dehors de n’importe quelle région bornée quand ¢ — *co
[AJS]. La complétude asymptotique de la théorie revient alors & demander que tout état
dans H est soit un état lié soit un état de diffusion (typiquement, il n’y a pas d’états
“absorbés” par I'interaction).

5 Si on regarde ’équation de Schrodinger & une dimension comme une équation radiale

(z > 0), alors 1 décrit une onde sphérique de moment angulaire zéro (onde s).
© Si A, est une suite d’opérateurs bornés avec domaine D(A,) = H pour tout n, on dit

que A, — A au sens fort si lim, . || (A, — A)¥ || = 0, pour tout ¥ € H.
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Cela nous amene tout naturellement a I'idée centrale de la théorie (moderne) de la
diffusion qui est celle de comparer le mouvement de la particule diffusée (qui évolue avec

lIiot)

e'%m) avec celui de la particule libre (qui évolue avec e~#°*), En effet, si le potentiel

a une décroissance spatiale suffisamment rapide (mieux que Coulomb), il est naturel de
penser que la particule aura une évolution essentiellement libre 3 ¢ — +o00, quand elle
quittera la région d’interaction.

Plus précisément, cela suppose que donné un état de diffusion ¥ € H, il existe deux
vecteurs 4 (état entrant ou initial et état sortant ou final®) tels que

lim || e~ #Htp — e~wHoty, ||= 0. (5.1)

t—%o0

Il est alors facile de montrer que les deux conditions asymptotiques (5.1) impliquent
Pexistence des deux opérateurs d’ondes

Qi = s-lim e*aHteFaHot (5.2)
t—co

et, moyennant ’hypothese de complétude asymptotique, ’existence de 'opérateur unitaire
de diffusion

s=q0la_. (5.3)

On conclut aussi immédiatement que 1’état de diffusion v au temps t = 0 est relié aux
opérateurs d’ondes via les égalités

Y=o, (5.4)

et que S établit le lien entre 1'état entrant et 1’état sortant par
¢y = Sp_. (5.5)
Rappelons encore la propriété d’entrelacement
HQy = QL Hy (5.6)
de laquelle il suit que 'opérateur de diffusion commute avec Hj i.e.,
H,S = SH,. (5.7)

De cette derniére propriété (qui n’est rien d’autre que la formulation précise de la loi de
conservation de I’énergie cinétique) il suit que

(E,E|S|E", k') = (k|Sg|k')6(E — E"). (5.8)

"1l y a ici abus de langage: il serait plus correct d’appeler les vecteurs ¢_ et ¢,
représentation entrante et représentation sortante. Les vrais états entrant et sortant sont,
bien entendu, e~ 3Hotp_ et e~3H0tp | quand t —» —oco et t — oo, respectivement.
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L’opérateur Sg dans (5.8) est appelé matrice de diffusion 4 énergie E (ou encore opérateur
de diffusion sur la couche d’énergie E). C’est encore un opérateur unitaire qui agit sur
L?(S§9-1), les fonctions des angles de la sphere unité 2 d — 1 dimensions.

Revenons maintenant au concept de temps de séjour. Pour un état de diffusion ¢ =
Q_p, ¢ € H, la moyenne (3.6) s’écrit

To(b:) = (pIT(br)p), (5.9)

avec T'(b,) qui est 'opérateur (autoadjoint) de temps de séjour

T(b,) = / dt QF exHtpemiHIQ_

. . (5.10)
= /dt ettt p O e—nHot,
Pour la derniére égalité nous avons utilisé (5.6) et il est clair que, tout comme pour le
temps de séjour libre, [T'(b,), Ho] = 0.
Nous sommes maintenant en mesure de donner une définition pour le temps de retard
qui soit a la fois précise tant du point de vue conceptuel que mathématique. Soit 7,(b,)
la différence

7o(br) = Tp(b:) — Ty(br) (5.11)

entre le temps de séjour total pour I’état de diffusion ¥, et le temps de séjour de référence
associé a ’état libre e'%H°‘<p, qui coincide avec ¥; dans le passé lointain. La différence
7,(b-) est un temps de retard local; il dépend en particulier du rayon r de la boule b..
Quand r — oo, les deux temps de séjour T,(b,) et TJ(b,) divergent. Cependant, pour
un potentiel suffisamment a courte portée, on s’attend a ce que leur différence reste finie

dans cette limite, définissant ainsi le temps de retard 7, pour I’état entrant ¢:

T = lim 7o(br). (5.12)
Du point de vue mathématique se pose bien entendu le probleme de 1’existence d’une telle
limite et de son éventuelle identité avec la formule d’Eisenbud-Wigner (que nous avons
déja évoqué dans l'introduction, voir aussi plus loin). Mais avant de dire quelques mots
sur ce probléme dans la prochaine section, soyons pédestres et effectuons la limite (5.12)
explicitement dans le cas de la particule unidimensionnelle.
Nous supposons, pour simplifier, que le potentiel v(z) est a support compact dans
I'intervalle [—R, R], et que la particule vient de la gauche. On obtient alors, pour le
temps de séjour (5.9),

T,() = [ 4B (+[Ts(s,)4)le(E) (5.13)
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avec
(HTs()+) = 205(E, +101 PA_E, +)
= 27k . dz |(z|Q-|E, +)|? (5.14)

_m 2
- hk _rdx |'¢(E,$)| ]

ou Y(E,z) = V2rhy/hk/m(z|Q_|E,+) est la solution physique, par la gauche, de

I’équation de Schrédinger stationnaire

2
[a}; + 23 (B - v(x))] W(E,z) =0 (5.15)
avec conditions aux bords
_[e**+ Lge~** < —-R
’l,[)(E,.’D) - { TEeikz, z> R, (516)

et les coefficients Lg et Tk sont, respectivement, les amplitudes de réflexion et de trans-
mission.
Pour intégrer (5.14) on dérive (5.15) par rapport a ’énergie:

o2 + Qh—’;‘(E - o(2))| Bsv(E,2) + %%(E, z) = 0. (5.17)

On remarque ensuite qu’en multipliant (5.17) par ¢*(E, z) et utilisant & nouveau (5.15),
on aboutit a I'identité

2
W(E,2)[F = b (08" Beth — ¥ 0.05) (E, ) (5.18)

Sir > R, (5.18) dans (5.14) donne, a ’aide de la forme asymptotique (5.16),

(+ITo(b,)1+) = |Tsl?h 850l + |Ls|*h gk

2r h L (5.19)
+ pl ﬁlLEl sin(ag + 2kr),

ol of et ok sont, respectivement, les phases des amplitudes de transmission et réflexion. 11
est intéressant de remarquer que le dernier terme dans (5.19) est un terme
d’interférence. Il est de méme nature que le terme (4.9) mais cette fois lié au phénomeéne
de réflexion de la particule par le potentiel.

Avec (3.21), on obtient donc pour le temps de retard local 7,(b,), pour r > R,

ro(b) = [ dE (+lra(b)lH)e(B)F, (5.20)

avec

(+|TE(br)l+) = ITE|272 330% + |LE|2ﬁ aEaé

h 5.21
+ ﬁ|LE| sin(ak + 2kr). (5-21)
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Dans la limite r — o0, le terme oscillant ne contribue pas dans I'intégrale (5.20) (2 cause
du lemme de Riemann-Lebesgue) et on obtient pour le temps de retard

ro= [ 4B (+lrslH)le(E)P, (5.22)
avec
(+|7el+) = |T|*h Ogak + |LE|*h Opak. (5.23)

Un calcul tout a fait analogue peut étre effectué pour le cas d’une particule qui
approche le potentiel par la droite ou pour le cas plus général d’un état entrant qui est
une superposition d’un état venant de la gauche et d’un état venant de la droite. On
obtient alors pour le temps de retard la formule générale

ro= [ B (e(B)lrs p(B)e

=3 /0°°dEgo*(E,p)@IrEIa)sO(E,a)-

po==%

(5.24)

L’opérateur 7g est P'opérateur de temps de retard d’Eisenbud-Wigner, sur la couche
d’énergie E. Il peut s’exprimer entierement en termes de la matrice de diffusion Sg, et
de sa dérivée par rapport a ’énergie, par la formule

75 = —ihSLOpSE. (5.25)

Pour le probléeme unidimensionnel Sg est une matrice 2 x 2 qui vaut, dans la base

{I+), =)}, (T Es -
E_(LE TE) (5:26)

avec Rp 'amplitude de réflexion par la droite. Si, de plus, le potentiel est & symétrie
sphérique, Lg = Rg, et Sg est diagonale dans la base des fonctions impaires |0) =
(J+) = |=))/V2 et paires |e) = (|+) + |-))/V2 de I'impulsion, c’est & dire de la forme

2162
e’ 0
se=("" o) (5.27)
Dans ce cas, pour une onde entrante impaire piquée autour de 1’énergie E, le temps de
retard co o

(o|7g|0) = —ihe ¥ EPpe*E

(5.28)
= 2h 962,

n’est rien d’autre que la dérivée du déphasage par rapport a 1’énergie (c’est la forme
originale de la célébre formule d’Eisenbud-Wigner pour une onde s).

L’intérét physique des formules (5.23) et (5.28) est surtout en relation au phénomene
de résonance. Elles permettent en effet de comprendre ce dernier comme la formation d’un
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état métastable de longue durée de vie. Considérons par exemple le cas d’une résonance
|Tg,|? = 1 dans la probabilité de transmission. Dans un voisinage de ’énergie de résonance
E,, on peut montrer que |Tg|? a la forme Lorentzienne (dite de Breit-Wigner)

(AE)?

2
L=l ~ B Ey v B

(5.29)

avec AE qui est la demi-largeur de la résonance. De méme, on montre qu’au voisinage
de E, la phase ag est de la forme

of =~ Pg + arctan (E;EET) , (5.30)

avec Bg qui est appelée la phase de “background”. Cette derniére est en général une
fonction lentement variable comparée au deuxieme terme dans (5.30) et on peut la négliger
dans le calcul du temps de retard (5.23) qui devient (|Lg|*> = 0 au voisinage de E,)

_ BAE
e~ E Ry AR T

(5.31)

On obtient donc que (+|7g|+) est maximum & la résonance et vaut approximativement

k
T N —. 5.32
(+lre, 14) ~ 5 (532)
La signification de (5.32) est que la durée de vie de la résonance est inversement pro-
portionnelle a sa largeur AE. Il est intéressant de remarquer que (5.32) exprime une
relation d’incertitude temps-énergie. On peut donc aussi comprendre la théorie du temps
de retard, telle que nous ’avons exposée ci-dessus, comme le moyen de donner un sens

précis a une une telle relation.

6. Le temps de retard et sa limite

L’étude rigoureuse de la limite (5.12) a fait (et continue a faire) l'objet d’une vaste
littérature mathématique. Typiquement, on cherche & démontrer I’existence de la limite
(5.12) et son identité avec (5.24) pour la plus grande classe possible de potentiels et d’états
entrants. Nous nous limitons ici a indiquer seulement quelques points importants sans
entrer dans les détails techniques.

Une idée majeure pour étudier (5.12) est due & Martin [Ma2]. Elle consiste & remplacer
le temps local 7,(b,) par une autre quantité o,(b,), plus simple a étudier, donnée par

(e = e~ nHotp) -
aolbr) = [ dt [I P.Sw I = I P | (6.1)
et qui est telle que
,lifg, [ro(br) — 04(b,)] = 0. (6.2)
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Pour montrer (6.2) on écrit (1, = e~xHtQ_y)

rooe) = [ dt [I PP ~ Il oot IP] (63)

et on remarque que la différence

ro(be) = oulb) = [t [I B I = | P ]

+ [T at [l Pl = 1 PeSie 1)

Pour chaque ¢ les deux intégrants convergent vers zéro lorsque r — oo (car P, — I quand

r — 00). Par ailleurs, la valeur absolue du premier peut étre majorée uniformément en r
par

P 7 = 1| Prpe 1P| = ol Prage) — pel Prips)|
< (e — @l Pre) | + (e Pr (e — 1)) (6.5)
<2 - |
De maniere analogue, le deuxieme intégrant peut étre majoré uniformément en r par

2 || ¥ — Se: ||. Ainsi, en appliquant le théoréme de la convergence dominée de Lebesgue,
il suit que (6.2) est satisfaite si

0
[ dtlw—pl<oo (6.6)

/0 T dt || ¥ - Ss || < o0, (6.7)

i.e., si les deux conditions asymptotiques (5.1) sont intégrables & 'infini.
Reste ensuite a étudier le comportement asymptotique de o,(b,) pour r — oo. Pour
cela, on commence par remarquer qu’on peut mettre ce dernier sous la forme

a,(br) = (¢lS'[To(b:), Sle) (6-8)

avec

To(b,) = /0 " gt exHot p o~ 4Hot (6.9)

Un résultat du & Amrein et Cibils [AC] montre alors que pour le sous-ensemble dense D,
de H des états qui sont dans le domaine de ¢* et qui ont un support compact en énergie
en dehors de l'origine, on a, au sens faible®

m

To(b,-) =To+ EFO T + 0(1), (610)

8 Si A, est une suite d’opérateurs bornés avec domaine D(A,) = H pour tout n, on
dit que A, — A au sens faible si lim,_.o, [{(¢|(An — A)p)| = 0, pour tout 3, € H.
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avec Ty qui est l'opérateur symétrique (2.9). Insérant la représentation asymptotique
(6.10) dans (6.8), on obtient pour le temps de retard (5.12) la formule

7o = (@|S"[To, Sle), (6.11)

pour autant que
@, S(P € Ds. (612)

Pour terminer, remarquons que, d’aprés les relations de commutation (2.2),(2.10),
I’opérateur Tp agit par différentiation dans la représentation spectrale de Hy, c’est a dire,
formellement,,

(E|T, = —ihOg(E|. (6.13)

Il suit que si la matrice Sg est continiment différentiable par rapport 3 E, dans un
intervalle donné [a, b] [au sens fort dans L?(§9-1)], et que P’état entrant ¢ a son support
en énergie contenu dans ce méme intervalle, alors

7o = (|SH[To, Sp)
= it [~ dB [(¢(E)IStOsSse(E))s ~ (¢(B) 05w (E)s] (6.14)
= —ih /0 ” dE ((E)|(SL9sSE)e(E)) e,

ce qui n’est rien d’autre que la formule (5.24),(5.25) de Eisenbud et Wigner. Les conditions
(6.6),(6.7),(6.12) et la différentiabilité de Sg constituent le coeur dur technique de la
preuve de Pexistence de la limite du temps de retard et de son identité avec la formule
d’Eisenbud-Wigner. Pour les développements mathématiques concernant ces conditions,
nous renvoyons le lecteur intéressé aux articles [Mal,2],[AC],[ACS] et & ceux qui sont cités
dans ces références.

7. Heuristique classique du temps de retard quantique

Nous avons commencé cette introduction sur les concepts de temps de séjour et de
retard en théorie quantique de la diffusion par une note négative: I’absence d’une observ-
able de temps d’arrivée. Par l'introduction du concept de temps de séjour nous avons
contourné cette difficulté et donné un sens précis & une observable de temps de retard.
Nous voulons dans cette section renverser la logique et montrer que la théorie du temps de
retard, telle que nous venons de ’exposer, peut aussi étre comprise comme une maniére
de justifier I'usage de 'opérateur de temps formel Tp. Dit autrement, nous allons montrer
dans quel sens il est possible de reconforter le préjugé classique qui nous pousse a imaginer
le temps de retard comme la différence entre deux temps d’arrivée.
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Pour cela, revenons a la diffusion d’une particule classique. Soit {z(t),p(t)} sa tra-
jectoire en présence d’un potentiel v(z). Si elle est de diffusion, elle peut étre caractérisée
par son comportement asymptotique libre dans le passé et dans le futur

L2(t)=2_+p_t/m, t— -
z(t) - {xoitg =T+ I§+t§ma t — 400, (71)
avec py = limy, 4, p(t) €t, par conservation de ’énergie, |p-|=|p+| = |p|.

Classiquement, il est naturel de définir le temps de retard comme la différence entre
le temps d’arrivée ¢(r) de la particule diffusée, dans le futur, & une distance r grande de
I'origine, et le temps t°(r) mis pour couvrir cette méme distance par la particule libre
de référence qui est soumise aux mémes conditions initiales dans le passé. Cela revient &
poser |z(t)| = r dans (7.1), ce qui donne

m . N
() ~ Tibalrilt) = 21)

m m (7.2)

~ T P+

i lplTTT
avec Py = p4/|p|, Z(t) = z(t)/r, et on a utilisé £(t) ~ p; pour t — co. En procédant de
maniére analogue pour le mouvement libre de référence z°(t), on obtient

m

tO(T’) ~ E;_[T - l—p—lﬁ_x_. (73)

La différence entre (2.7) et (2.8) est le temps de retard classique qui vaut

m, -
T = ——(psz4 — p-z-), (7.4)
lpl
c’est & dire la différence
T = t+ —_ t_ (7.5)
entre les temps
m m
ty =——puzy et to=——p_z_ 7.6)
b ol (

de passage de la trajectoire libre sortante {z3(t),p;}, respectivement entrante
{z%(t),p-}, par le plan qui passe par l’origine et qui est orthogonal a la direction .,
respectivement p_, du mouvement.

Fort de cette analyse (qu’il serait aisé de rendre quelque peu plus rigoureuse), il est
tentant de prendre (7.5),(7.6) comme une définition a priori du temps de retard pour un
processus de diffusion. Pour le cas quantique, il suffit alors de remplacer les observables
classiques (7.6) par leur analogue quantique, en utilisant le principe de correspondance et
la régle de symétrisation. Cela donne t_ = {p_|Top-) et t4 = (p4|Top+), avec Ty qui est
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P'opérateur symétrique (2.9). Il suit que I’analogue quantique formel de la différence (7.5)
vaut (p4+ = Sy, et nous avons posé ¢ = ¢_)

To = (p+1Tow4) — (p-1Top-)
= (IS ToSy) — (¢l Top) (1.7)
= (QO'S*[T(),S]LP),

ce qui n’est rien d’autre que la formule (6.11) pour le temps de retard, déja dérivée dans
la section précédente a partir du concept de temps de séjour.

En d’autres termes, l'opérateur de temps de retard S1[Tp, S) n’est rien d’autre que la
différence entre les opérateurs de temps d’arrivée sortant STT,S et entrant Tp. Méme si
ces derniers ne sont pas, pris individuellement, des observables, leur différence fait bien
sens puisque ST[Tp, 5] est autoadjoint [AJS],[Je].

On peut donc aussi comprendre la limite (5.12) pour le temps de retard comme une
procédure rigoureuse d’inversion (tant du point de vue mathématique que conceptuel),
permettant de passer de la variable de contréle temps a la variable de contrdle position,
c’est & dire, en quelque sorte, de passer de la probabilité d’étre au point z au temps t & la
probabilité d’arriver au temps ¢ au point z, et de justifier par la méme occasion 'usage
de 'opérateur de temps formel Ty, au sens d’une différence, en théorie de la diffusion.
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I1. Le role des régions dans la définition du
temps de retard

1. Introduction

Nous avons rappelé au chapitre I que le temps de retard est défini en mécanique
quantique comme la différence entre deux temps de séjour dans une boule b, centrée a
Porigine, dans la limite ou le rayon r est envoyé a l'infini, c’est a dire dans la limite ou
b, — R®. 1l est alors naturel de se demander si le résultat de la limite, et son existence,
peuvent dépendre de ce choix tres particulier pour la forme des régions de localisation.

Considérons par exemple le cas de la particule unidimensionnelle et choisissons au
lieu de la suite b, = [—r,7], celle des intervalles translatés b,(c) = [-r + ¢,7 + ¢]'. Une
généralisation immédiate du calcul de la section 1.5 donne pour le temps de séjour dans
b.(c) (pour une particule venant de la gauche et r grand)

(+|Telb-(O))|+) = |Ts*h 8gaf + |Le|*h pag
+

SN OV

(r = ¢lLgl*) (1.1)
h :
+ EILEI sin(ak + 2kr).
D’autre part, le temps de séjour libre (+|Tg[b,(c)]|+) est toujours égale & 2r/v et ne

dépend pas de ¢. On obtient donc pour le temps de retard (dans la limite » — oo et une
fois éliminés les termes oscillants) ’expression

(+|me(c)|+) = |Te|*h Opaf + |Le|*h Opag

2 (1.2)
- |Lg|.

! On se limitera ici & des suites d’intervalles convexes dont la taille augmente par di-
latation a partir de l'origine. Des choix plus exotiques sont bien entendu possibles mais
leur intérét physique est limité.
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Par ce simple calcul on découvre que le temps de retard est sensible au choix du centre ¢
de Ia boule b,. Pour la particule venant de la droite un calcul semblable donne

(~I78(c)|=) = |Tel*h Opaf; + |RE[*h Opaf

e |Re|*. 13)
v

Pour comprendre la nature de ces corrections, une simple analogie classique suffit.
Une particule classique est transmise si son énergie E > sup, v(z). Elle parcourra alors
toute la largeur 2r de l'intervalle b,(c). Donc, en dehors d’un possible effet d’accélération
(positive ou négative) dans la région du potentiel, elle effectuera le méme parcours libre
que la particule de référence. Par contre, si la particule est réfléchie [E < sup, v(z)],
et vient par exemple de la gauche, son parcours libre sera essentiellement de longueur
2(r — ¢) et différera donc de —2c de celui de référence (2¢ pour la particule venant de la
droite), ce qui explique l'origines des termes correctifs dans (1.2) et (1.3).

A plus qu’une dimension d’espace, on peut considérer des régions de la forme

E,(c)={x€R"|-x-;—c 621,r>0} (1.4)

— R¢, pourr — oo,

avec X; qui est une région convexe, qui contient 1’origine, et dont le bord est suffisamment
lisse. Nous montrerons dans l’article qui suit que (i) la limite r — oo pour le temps de
retard local 7,[X,(c)] existe, en général, seulement si ¥, est une boule centrée a l’origine
et, (ii) si c’est le cas, pour ¢ # 0, la limite n’est pas donnée par 'opérateur d’Eisenbud-

Wigner mais par ’opérateur translaté
. c . .
m5(c) = ~ihStdESe + (SkpSE - 5) - (1.5)

Ce résultat nous rappelle que le temps de retard est une quantité relative, qui dépend
des différents choix a priori possibles pour le temps de référence. Le point (i) nous dit
que parmi ces temps certains ne sont pas admissibles. Le point (ii) nous donne une classe
de temps admissibles et nous dit comment le temps de retard va dépendre de leur choix?.

Il est cependant possible de construire une quantité plus intrinseéque, qu’on appelle
parfois temps de retard total, et qui ne dépend pas de la manieére dont les régions %,
approchent R?. Cette quantité est la trace

Tr7s(S,) = /s _dk (klr(S,)Ik) (1.6)

2 1l existe une exception a ce résultat. Si le potentiel est a symétrie sphérique et 1’état
entrant est de moment cinétique £ et m fixé, la limite ne dépend pas du choix de la séquence
%, comme on pourra le vérifier par inspection directe des formules dans 1’article ci-apres.
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de Iopérateur de temps de retard local 75(Z,) = Tg(Z,) — Tg(Z,) sur la couche d’énergie
E. On montre alors que la limite 7 — oo de (1.6) existe en général (au sens des dis-
tributions) indépendamment du choix de la suite £, — R? [Mal], et est donnée par la
trace

Trrg = —ih / dk (k|SLOE SE k) (1.7)

de l'opérateur d’Eisenbud-Wigner. On peut ici le vérifier directement pour d = 1. Dans
ce cas la trace (1.7) est simplement la somme de (1.2) et (1.3). Comme |Lg| = |Rg|, elle
ne dépend pas de c.

2. Article

Nous reproduisons ci-apres ’article

M. Sassoli de Bianchi et Ph. A. Martin, On the definition of time-delay in scattering
theory, Helv. Phys. Acta 65, 1992, pp. 1119-1126.
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On the definition of time delay in scattering theory

M. Sassoli de Bianchi and Ph. A. Martin
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. We show that the time delay of a scattering process, defined as the difference of in-
teracting and free sojourn times for increasing spatial regions, can only exist for sequences of
dilated balls. The transformation properties of the Eisenbud-Wigner formula under translations
are discussed.

1. Introduction

The theory of time delay has been the subject of numerous studies in the past. A
commonly adopted definition of time delay involves the concept of the average sojourn
time of the particle in a finite spatial region ¥. Consider a potential scattering system
with total Hamiltonian H = Hy + v and free hamiltonian Hy = —A/2m, where A is
the Laplacian on L?(R"),n < 3 (m is the mass of the particle and we have set & = 1)
and denote V; = exp(—iHt), U; = exp(—tHot) the corresponding evolution groups. We
assume that the potential v is such that the wave operators 11 = S_limt_,oontUit exist
and are complete and the scattering operator S = QLQ_ is unitary [1].

To each finite spatial region ¥ C R", one can associate the corresponding total and
free sojourn times in ¥ with incoming state ¢

Tole) = [ dtll PVl I,

o (1.1)

o) = [ dtll PsUi |1
where Py denotes the projection operator onto the subspace of states localized in the
region L. Then, the time delay of a scattering event with incoming state ¢ is defined as
the difference of the total and free sojourn times as the region ¥ extends over the whole
space (see the review article [2])

7(¢) = lim 75(e) | (1.2)
with
15(p) = Te(p) — T2 (p)- (1.3)
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A large literature is devoted to the proof of the existence of the limit (1.2) and its identity
to the Eisenbud-Wigner time delay formula ! (see in particular [3]-[11])

Tewl(p) = —1 (cp,Sfj—}i ) . (1.4)
Although they bring into play a variety of mathematical methods, all the above mentioned
references use only sequences of balls centered at the origin in their proofs. Therefore the
question arises: does the limit (1.2) exist with other approximating sequences of regions
2, for a sufficiently large class of potentials and of incoming states?

The authors generally do not motivate the choice of balls centered at the origin.
Sometimes they hint more or less explicitly that it is a matter of convenience and that
the time delay should not depend on a particular choice of a sequence ¥ — R” in the
limit (1.2) 2. The purpose of this note is to clarify this question by establishing the two
following points. Let X; be a fixed spatial region containing the origin. We assume that
¥, is a convex subset of R* with "smooth surface” i.e., the boundary 9%, of ¥; is a
(n —1)—dimensional differentiable manifold. Considering domains £,(0) that are dilation
of ¥, from the origin and their translates ¥,(c),c € R?,

.(c)={x € Rnlx_;_ﬁ € Ty,r > 0} (1.5)

we show that
(i) lim, e Tg,(c)(¢p) can exist in general only if ¥; is a ball centered at the origin;
(i1) in the latter case, the limit agrees with the E-W formula (1.4) only if ¢ = 0.

Since the results (i) and (ii) are of geometrical origin, we first establish them in the
context of the classical scattering theory in section 2. We treat the quantum mechanical
case in section 3 and present some comments in section 4.

2. Classical scattering

We follow essentially the treatment presented in [11]. Let {x(¢),p(t)} be a classical
scattering trajectory with asymptotic momenta p1 = limi—10 P(t) (|p+| = |P-| = |P]
because of energy conservation) and set X(t) = x(t) — p(t)t/m. Denoting by ~t_ and ¢,
(t+ > 0) the times at which the particle enters and leaves the region X,(c) and assuming

! In this paper the general formula (1.4) is referred to as the Eisenbud-Wigner (E-W)
formula. Sometimes, E-W formula designates the energy derivative of the phase shifts in

the special case of spherical symmetry.
2 For instance, in [3] it is noted that the result of proposition 2 of this reference is

independent of the choice of X, but in fact its application to potential scattering requires
the use of balls centered at the origin. See also the final discussion in {10].
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for simplicity that the potential v has compact support (enclosed in Z.(c) for r large
enough), one has p(+¢;) = p+ and

m .
tx = :Fl-p—lzpi' (Xe — X4) (2.1)

with Xy = i(ﬂ:ti) and X+ = X(:}:ti).

Fig. 1. Dilated region £, = Z,(0) from the origin.
Then, the sojourn time of the particle in X, (c) is given by

T =t-+ts

= ]-r%(p-- X —pyXy)— #(p-- Xo ~ P4 Xy) (22)
The free sojourn time Tg,(c) corresponding to a free trajectory
{x’(t) =x- +p-(t +¢-)/m,p°(t) = p-} (2.3)
with the same incoming momentum p_ and entering time —£_ is
TE o) = —I—;n'—g(p: X- —Pp--X}) (2.4)

From (2.2),(2.4), we define the time delay 75, () for the finite region ¥.(c) as in (1.3) by

T = T - To
Tr(c) fr(c) zzr(c) (2.5)
= TE,(c) T TE.(c)
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where

m -~ ~

0 = (P = Per %) (2.6)
m

0 = P Xs —p-rx) 2.7)

Asr — oo (i.e., t4 — ), the first contribution (2.6) will be given by

Jim 7, = 2 (Jim p0)-X(0) - fim p(0) 5(0)) = 7° 239
This limit (which is trivial for a potential with compact support) has been shown to exist
for a large class of potentials and to be equal to the usual classical time delay (7 is the
classical analogue of the E-W time delay (1.4)) [11].
It remains to examine the second contribution (2.7). Consider first domains ¥, =
Z,(0) that are dilated from the origin and let d() be the distance from the origin to the
boundary dZ; of the initial region ¥; in the direction @ (J&| = 1). As r — co we have

x} = (rd(p-) + B®)p_ + b_ + O(r™%) (2.9)

x4 = (rd(p+) + B)p+ + by + O(r ™) (2.10)

where B°, B are finite quantities which vanish if ¥; is a ball centered at the origin,
P+ = p+/|p|, and by are the incoming and outcoming impact parameters (see fig.1). To
show (2.9), consider, as r varies, that d(X$) = d(cos6p_ + sin 9b_) = f(6) is a function
of the angle 6 between X% = x$ /|x3| and p_, given by

o Ib| _|b|
sinf = 52| = rd®) (2.11)
Thus, one has
d(%}) = d(p-) + O(r™),
|b-| 2 (2.12)
0= ——+0(r
rap) T O
and for r large, one obtains
x% =[x %% = rf(8)(cos #p- +sindb_)
. b_| ,, ) ( b_ ) L (2.13)
= d )+ - 0 -+ = + O r
7"((p) Td(p_)f() e (r™)

This gives (2.9) with B®° = |b_|f(0)/d(p-). Obviously, for a ball centered at the origin
f(0) =1 and B° = 0. One finds (2.10) in the same way. Thus,

p--x} =rd(p-) + B+ O(r™1) (2.14)
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P+ x4 =7d(py) + B+ 0(r™") (2.15)
For the translated domains Z.(c), ¢ # 0, the same formulae (2.14),(2.15) hold for
p-- (x4 —¢) and p4- (x4 — c). Hence, one finds in general

T2 = I’;%I(r (d(P+) — d(p-)) +c- (b — P_) + B — B°) + O(r ™) (2.16)

If the limit of T%r(c), as 7 — 00, has to exist for all possible scattering events, then
d(ps+) = d(p-) for all p,, implying that ¥; must be a ball centered at the origin. This
establishes (i). In this case one has B = B = 0 and (2.5),(2.8),(2.16) give

: a m.. R
hm 75 ) =7"+c- H(P+ -p-) (2.17)

Therefore, it follows from (2.17) that lim,_ 75, (c) = 7 only if ¢ = 0, showing (ii).

3. Quantum mechanical scattering

Here we follow the method of {6], assuming the conditions of the proposition 2 of this
reference. Let 75, () be the time delay for a dilated region £, with characteristic function

1 ifx/rel, (3.1)

Xz, (%) = xz,(x/r) = {0 otherwise

Then the following facts are true

(a) Jim (75, (¢) — 05,(¢)) =0 (3.2)
where
os.(¢) = [ dt ((Se,Ulxs.(QU:Se) ~ (0, Ulxs. (@)Uss) (3.3)
(b) The difference
Ki(p) = [ at (e, Ulxs, (@Up) = 7 [ du(yp, o7XE (4P)?) (3.4)

remains bounded as 7 — oo and the same is true for K,(S¢).

The point (a) is a general fact which does not depend on the choice of the region ¥,
(see the case (B) in the proposition 2 of ref. [6]). The result (b) is obtained by the same
arguments as in (iii) p.488-489 of ref. [6]°. The combination of (a) and (b) shows that
7s, () can have a limit only if

r o ((S‘P’ o= (@P)S) = (o, Ln"le(Uﬁ)w)) (3.5)

Il Ipl

3 Note that, except for the use of the more general region ¥,, K,(¢) is identical to the
definition (18) of ref. [6] (for finite r and taking (16),(17) of this reference into account).
In ref. [6] the mass m is set equal to 1/2.
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has a limit as r — co. Noting that [° duxs,(uk) = d(k), (3.5) can be written in the
alternative forms (using [S, Ho] = 0)

r (o D (Sa®)S - d)e ) =r [ T (BROP - 607)  G6)

This is clearly the quantum analogue of the classical term r(m/|p|){d(p+) — d(p-)) oc-
curring in (2.16). Because of the unitarity of S on the energy shell, it vanishes if ¥, is a
ball centered at the origin (d(k) = 1). If £, is not spherical, the factor of r in (3.6) will
certainly not vanish for some scattering system and some choice of the incoming state ¢:
thus 75, diverges as r — 00. For the case of translated regions ¥,(c), it suffices to replace
xz.(q) by xz.(q—c) in (3.4) or equivalently K. (¢) by K£(¢) = K.(eP<p). Thus Kf(y)
and K&(S¢) are bounded as r — oo and the conclusion is the same. This shows (i) in
the quantum case.
When X is a ball centered at the origin and ¢ = 0, it is shown in [6] that

TIHEO TEr(‘p) = (Soa ST[S’ AO]‘P) = TB—w(‘P) (37)
with
1 1
A"“(l pEP At PR |2))

If ¢ # 0, A is replaced by its translate e"*“PAge®P = Ay —c-mp/|p|? giving in this case

. m . .
TILIEO TEr(C)((p) = TE-W((p) +c- ((P, I_p—l(SfpS - P)‘P) (38)
which is the quantum analogue of (2.17). Hence (ii) follows.

4. Concluding remarks

The present analysis shows that the definition (1.2)-(1.3) of the time delay with incom-
ing state ¢ makes sense only for balls. Classically this follows from the purely geometrical
fact that the difference between the interacting and free trajectory lengths remains finite,
in general, only for balls. Thus (2.17) or (3.8) are the most general formulae for the time
delay defined as a difference of sojourn times for sequences of increasing spatial regions.

Let us investigate the transformation properties of (3.8) under translations*. If the
origin of the spatial coordinate system is translated to a point a, one has

S — Sy =ePaSeP2 (4.1a)
@ — pa = eP3p , (4.1b)
c—c—a (4.1¢)

4 The same discussion and the same conclusions apply to the classical formula (2.17).
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We observe that the complete formula (3.8) is invariant under the transformation
(4.1), whereas the E-W formula (1.4) is not®. Indeed, if 72 () is the E-W formula for
the translated system, one obtains easily (using d|p|/dHs = m/|p|)

T:-w((p) = —1 Pa, S; dSa Pa
dH,
a (4.2)

= reule) +a- (0, (595 — Bl

On the other hand, the formula (3.8) remains clearly invariant under the transformation
(4.1), as it should by its very definition.

Therefore, the E-W formula (1.4) (obtained by setting ¢ = 0 in (3.8)) must be inter-
preted as follows: it refers to the S-operator and the incoming state ¢ in a frame having
its origin located at the dilation center of the balls. Dilation around different points will
distinguish among different translated systems according to (4.1a),(4.1b)®.

We note that the situation is simpler when we consider cross-sections. A translation of
the origin of the coordinate system will result in phase factors in the scattering amplitude
and thus lead to the same cross-section. In other words, cross-section measurements
give intrinsic information on the scattering potential, independently of the choice of the
reference frame. Is it possible to obtain also such information from the time delay? In
the case where the potential is spherically symmetric, the answer is obvious: choose as
dilation center the center of the potential itself. This is the choice made in most of the
papers without further comment. In this situation the E-W formula (1.4) agrees with
the energy derivatives of the conventional phase-shifts; thus time delay and cross section
yield in principle the same information. If the potential has no specific symmetry, there
is no privileged center and the time delay depends on a conventional choice of the origin
of the reference frame.

There exists however in all cases a more global intrinsic quantity, namely the trace
Tre7e of the energy shell time delay 7z = —25LdSg/dE. It is proven in [15,2] that this
quantity is independent of the choice of the sequence ¥ — R", i.e. it is the same for
sequences of dilated regions of any shape around any center. This result is compatible
with the discussion of the present paper. Indeed, under suitable conditions, one establishes
in [15] that Sg — I is a trace-class operator, implying that the trace on the energy shell
of the term (3.6) is well defined

Trg (SE(B)SE — d(B)) = Tre ((Se — d(P)SE) + Tre (AB)(SE - 1) =0 (43)

S The latter fact has been noted in [11]. In ref. [12], the one-dimensional analogue of

(3.8) has been obtained by dilation of intervals centered on an arbitrary point c.
6 The Larmor clock is a conceivable way of measuring directly the sojourn times by

means of the precession of a spin in a weak magnetic field [13,14].
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It vanishes because of the cyclicity of the trace and the unitarity of Sg. The same is true
for the second term in the right hand side of (3.8) and (4.2). Hence, for any sufficiently
short ranged potential, spherically symmetric or not, Trg7g is also independent of a
specification of the reference frame. A similar result holds in the classical case [16].
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III. Temps de séjour et temps de retard
conditionnels

1. Introduction

Une particule classique unidimensionnelle est soit transmise soit réfléchie par un po-
tentiel, suivant que son énergie est au-dessus ou au-dessous de ce dernier. Comme ces
deux alternatives s’excluent mutuellement, la définition d’un temps de retard associé
a la transmission et & la réflexion séparément est triviale en mécanique classique. En
mécanique quantique les propriétés (+) = “étre transmise” et (—) = “étre réfléchie”
sont aussi mutuellement exclusives {(+) est la propriété contraire de (—), voir section 1.4]
mais, contrairement au cas classique, ’énergie incidente E ne suffit plus & déterminer si
la particule sera transmise ou réfléchie!. C’est la raison pour laquelle la définition d’un
temps de retard associé a la transmission et a la réflexion séparément n’est pas immédiate
en mécanique quantique. Elle demande un détour par le concept étrange de probabilité
négative.

Rappelons tout d’abord que pour une particule venant de la gauche (droite), la pro-
priété (+) [respectivement (—)] signifie “étre observée loin & droite (& gauche) du poten-
tiel quand t — oo0”. Il n’est pas difficile de montrer que c’est équivalent a la propriété
“Iimpulsion sortante est positive (négative)” [AJS]. On peut donc définir la probabilité
de transmission (réflexion) par la valeur moyenne

Po, (%) = (p+|Prp4) (1.1)

du projecteur P = |+)(%| sur I'état sortant 4. De maniére équivalente, comme @, =
Se_, on peut définir cette méme probabilité par la moyenne

Po_(£) = {-|STPLSp_) (1.2)

1 Exception faite, bien entendu, pour le cas exceptionnel d’une résonance |Tg,| = 1.
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du projecteur STP2S sur 1’état entrant _. Une troisieme possibilité est celle de tester la
propriété d’étre transmise ou réfléchie directement sur 1état de diffusion
¥y = e~ wH*Q_o_ au temps t. Dans ce cas, clest le projecteur

Py =Q, P20, (1.3)

qu’il faut utiliser. En effet (o = ¢ dans la suite)
Pye(£) = (¢e| Peipr)

= (plerfot St PYSe i Hot ) (1.4)
= (|SPLSy),
ou pour la deuxieme égalité nous avons utilisé ’entrelacement HQ_. = Q_Hy et S =

QLO_, et pour la derniére égalité le fait que S et P9 commutent avec Ho.

D’autre part, on a vu que pour définir le temps de retard il fallait passer par le concept
de temps de séjour. Il est donc naturel (d’essayer) de définir un temps de retard condition-
nel, pour une certaine condition d’observation de la particule diffusée (ici transmise ou
réfléchie), & ’aide d’une notion de temps de séjour conditionnel. Rappelons que le temps
de séjour global (sans conditions d’observation sur la particule diffusée) est construit a
partir de la probabilité Py,(b,) = (¢:|Pr¢:) de trouver la particule diffusée, au temps ¢,
dans la région b,, donnée par la valeur moyenne du projecteur P, sur I’état de diffusion
¥; au temps t. Pour construire un temps de séjour conditionnel il faut donc remplacer
une telle probabilité par la probabilité conditionnelle

_ P‘lllt [br (:t)]

d’observer la particule dans b,, au temps ¢, sachant qu’elle sera finalement transmise
(réfléchie). Pour cela, il faut étre en mesure de donner un sens & la probabilité jointe
Py.[br (£)]. Une telle probabilité correspond a la mesure simultanée des deux propriétés
b, et (L), associées respectivement aux deux projecteurs P, et Py. Malheureusement, il
se trouve que ces deux propriétés sont incompatibles, c’est a dire qu’en général

[PraP:t] # 0, (16)

et nous savons que pour deux propriétés a et b incompatibles, il n’existe pas de loi jointe
0 < Py(ab) < 1 obéissant au théoréme des probabilités totales?

Py(ab) + Py(ab) = Py(a),

(1.7)
Py (ab) + Py(@b) = Py(b).

2 L’ensemble des opérateurs autoadjoints sur un espace de Hilbert H n’est pas une
algebre, d’oti I'impossibilité de construire une structure probabilisée (voir la discussion de
la section 1.4).
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Il en résulte qu'’il n’est pas possible de donner un sens précis & un temps de séjour con-
ditionnel en mécanique quantique, au méme titre qu’il n’est pas possible de dire par quel
trou est passée la particule dans la célebre expérience des feintes de Young. Faut-il pour
autant renoncer a un concept de temps de retard conditionnel? Nous allons voir que non.

Par la regle habituelle de symétrisation de tout produit d’observables incompatibles,
on peut définir 'opérateur autoadjoint

1
§(Papb + B,P,), (1.8)

dont la valeur moyenne

Py(ab) = Re ($| P, Pyap) (1.9)

vérifie les bonnes relations (1.7), propres & une probabilité jointe de a et b. Le prix a payer
est que maintenant P,; n’est plus un opérateur positif, et (1.9) peut prendre aussi des
valeurs négatives®. On peut cependant adopter le point de vue qui consiste & considérer
la pseudo-probabilité jointe

Py, (b, ()] = Re (.| PuPripy) (1.10)

comme une quantité auxiliaire, utile dans un calcul intermédiaire. L’idée est que quand
r — o0, P, = I et [P,, Ps] — 0. Dans cette limite les deux propriétés b, et (+) redevi-
ennent compatibles et la pseudo-probabilité jointe Py, [b, (£)] — P,(%) > 0 retrouve une
interprétation appropriée. Donc, si on garde & esprit qu’a la fin du calcul on prendra la
limite 7 — oo, on peut définir le temps de séjour conditionnel

Tolb:/(£)) = Re Tglb./ ()], (1.11)

comme la partie réelle du “temps complexe”

1

T;[br/(:t)] = 77¢(_:t_)

[ 8PP, (1.12)

3 Il ne s’agit 13 que d’une manifestation de ce qu’on appelle parfois le préjugé classique,
qui consiste a penser que tout résultat d’expérience (quel qu’il soit ce résultat) doit étre
certain a priori [P]. Comme ce préjugé est faux, si ’on cherche malgré tout a décrire un
systeme physique sans I’abandonner, on est inévitablement confrontés a des situations
paradoxales. Par exemple, si dans I’expérience des feintes de Young on prétend que la
particule doit passer soit par un trou, soit par ’autre (le préjugé), le prix a payer est
de devoir étendre le concept de localité pour admettre aussi celui, bien plus étrange,
d’ubiquité. De maniére analogue, si I'on veut a tout prix décrire le monde microscopique
par une théorie purement statistique, le prix a payer est celui de devoir étendre le concept

de probabilité pour en admettre aussi, par exemple, des négatives.
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Moyennant un choix judicieux pour le temps de référence libre, il devient alors possible
de faire sens d’un concept de temps de retard conditionnel en mécanique quantique. Nous
verrons dans l’article qui suit que ce dernier, quand il existe, est donné par la formule (ici
pour le cas de la transmission et de la réflexion)

(| S P2[To, Slp)

*=R 1.1
o = R TS PES) (19
ou, plus explicitement, par exemple pour le cas de la transmission,
® dJ 2 T
7': =4 Jo dE |Tge(E)| aEO‘E. (1.14)

Jo* dE |Tee(E)[?

Le probléeme de la définition d’un temps de séjour associé a la transmission a fait
couler beaucoup d’encre ces quinze dernieres années (voir par exemple les articles de revue
[H],[CLB],[HS],[LM],[BSM],[SC]), et est mieux connu dans la littérature sous le nom de
“tunneling time problem”. La discussion qui précéde nous montre que ce probleme est
relié & celui plus fondamental de la signification physique d’une mesure jointe de deux
observables incompatibles. Un telle question ne peut trouver de réponse, bien entendu,
dans le stricte cadre de la théorie standard de la mesure de von Neumann [N]. Une
théorie récente des “mesures faibles” (“weak measurements”), développée par Ahronov
et Vaidman [AV], semble cependant apporter une réponse. Sans entrer dans les détails
disons seulement que dans ce cadre on montre que c’est seulement la partie réelle du
temps complexe (1.12) qui contient une information sur le temps passé par la particule
transmise (réfléchie) dans b,. La partie imaginaire serait quant a elle liée & 'effet de
rétroaction de I’appareil de mesure sur la particule. Cet effet, sensible au choix de I’état
initial de I’appareil, disparait dans la limite de ce que Ahronov et Vaidman appellent une
mesure faible [S].

2. Article

Nous reproduisons ci-apres ’article

M. Sassoli de Bianchi, Conditional time-delay in scattering theory, Helv. Phys. Acta
66, 1993, pp. 361-377.
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Conditional time delay in scattering theory

M. Sassoli de Bianchi
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. We give a general and mathematically precise definition of the notion of conditional
time delay in scattering theory i.e., a notion of time delay for a given condition of observation of
the scattered particle. A formula, generalizing the Eisenbud-Wigner time delay formula, is derived.
The basic concept entering in the definition of the conditional time delay is that of conditional so-
Journ time. Although conditional sojourn times cannot be uniquely defined in quantum mechanics
because of the uncertainty principle, we show that conditional time delays admit a well defined
probabilistic interpretation in the limit of infinitely extended spatial regions. Some comments are
presented in relation with the tunneling time problem.

1. Introduction

The concept of sojourn time has been successfully applied in non relativistic quantum
scattering theory to give a general, physically transparent and mathematically precise
definition of the global time delay and to study its relation to the energy derivative of
phase shifts. More precisely, if ¥; denotes the (normalized and square integrable) wave
function at time ¢ of a scattering state which is asymptotic to a free evolving state ¢, in
the remote past (lim ||%; — ¢, ||= 0 in the Hilbert space norm as ¢ — —o0), then the real
number (¢ = i-0)

T(B.,) = [ dt|| Fo, (1.1)

where Fg_ denotes the projection operator onto the set of states localized in the ball B, of
radius r, centered at the origin in configuration space, may be interpreted as the average
total time spent by this state, during its complete evolution, inside the ball B, and is
usually called the sojourn time (or transit, or residence, or dwell time) of ¢, in B, (see

the review paper [1]). In a similar way, one introduces for comparison the free sojourn

time
[o o]

(B¢ = [ dt| Fapl? (1.2)

associated to the (free evolving) incoming asymptotic state ;. The difference between
these two quantities represents then the time delay

7(B;,¢) = T(B,,¢) — T2(Br, ¢) (1.3)
39



for the ball B, and for a scattering initiated in the state ¢. The time delay for the initial
state ¢ is defined as the limit of 7(B,, ) as r — oo 1. We write for it

7(¢) = lim 7(B,, ). (1.4)

r—00

A large literature is devoted to the proof of the existence of the limit (1.4) and its identity
to the Eisenbud-Wigner time delay formula ([1],[3]-[11])

Tew(P) = (@, Towp) (1.5)

where 1., is the Eisenbud-Wigner time delay operator with energy shell components

Tew(E) = —z'ST(E)Q%-(EE—) (1.6)

and S(F) is the scattering operator at energy E, acting on square integrable wave func-
tions of the angular variables in momentum space. Formula (1.5),(1.6) generalize the
classical formula of Eisenbud and Wigner asserting that, for scattering by a spherically
symmetric potential in a given partial wave subspace, the time delay is expressed by the
derivative of the phase shift with respect to energy (see [12],[13] but also [1]).

However, the time delay (1.3),(1.4) is a global quantity. Indeed, its calculation in-
volves the scattered wave in all directions i.e., with no specification of the conditions of
observation of the scattered particle. Another possibility is to introduce a notion of time
delay more appropriate for scattering observed by counters in a differential cross-section
measurement i.e., a notion of time delay from a given direction into a given direction of
observation of the scattered particle, namely an angular time delay. The idea for this
type of time delay apparently was present in the original work of Eisenbud and Wigner
[12],{13] and has since been studied by number of authors (see [14] and references therein).
Under certain circumstances it has been found that the angular time delay TE(lAcl, k,) for
an initial direction k, and a final direction &, (at fixed energy F) is given by the derivative
of the argument of the corresponding S-matrix element

s s d - N
TE(kl,kg) = Earg(kﬂS(E)lkl) (17)

However, unlike the global time delay, the angular time delay has not received until now
a general and mathematically precise definition.

The main purpose of the present paper is to provide a general, mathematically precise
and physically transparent definition of the concept of conditional time delay 7F(y) i.e.,

! The limit (1.4) for the time delay can exist, in general, only for sequences of dilated
balls. If the limit exists, it also depends on the arbitrary choice of the dilation center
of the balls [2]. Throughout all this paper we shall only consider, for simplicity, balls
centered at the origin.
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the time delay corresponding to an initial state ¢ and for a scattered state which is
ultimately observed in some arbitrary subspace of the space of scattering states, specified
by the range of a given projection operator F'. For instance, if F' is the projection operator
onto the subspace of states with momentum lying in the cone C(k,, ) = {k € R3|k - k, >
a]lsl}, where |k;] = 1 and 0 < a < 1, then (according to Dollard’s scattering into cones
[15]) 7F () will be the time delay for an initial state  and for a scattering state found
in the cone C(ky,a) in configuration space as t — co. Passing then to the limit of an
incoming plane wave with direction k; and of a cone of vanishing apex-angle (i.e., o — 1),
we recover in section 4 the angular time delay (1.7).

The basic concept entering in the definition of the global time delay is that of sojourn
time. In the same way, we shall see that the basic concept entering in the definition of the
conditional time delay is that of conditional sojourn time i.e., a concept of sojourn time
conditional to a given observation of the scattered particle. To do this we shall proceed
as follows. In section 2 we consider the one-dimensional motion of a classical scattering
particle with initial conditions distributed by some probability law in phase space. In this
particular context, we shall define the average sojourn times for transmitted and reflected
trajectories separately. Transmission and reflection time delays will then be defined with
respect to suitable choices of the free reference times. This section should be considered
as a preparative for section 3 where we construct the quantum transmission and reflection
sojourn times as the natural quantum analogues of the corresponding classical quantities.
The main conceptual difficulty that we shall encounter in this generalization is related
to the non-existence, in quantum mechanics, of analogues of classical objects such as
joint probability distributions (and thus conditional probabilities) for non commuting
observables. As a consequence, due to Heisenberg’s uncertainty principle, conditional
sojourn times with a proper probabilistic interpretation cannot be defined, in general, in
quantum mechanics. However, this difficulty will not play a crucial role as long as one
is interested in the time delay limit. Some comments will be presented in relation with
the tunneling time controversy. Section 4 is devoted to the natural generalization of the
results of section 3 to the case of a three-dimensional scattering and for more general
conditions of observation of the scattering particle. A formula, generalizing the Eisenbud-
Wigner time delay formula (1.5),(1.6), will be derived. Under suitable assumptions it will
be shown that this formula specializes to the angular time delay formula (1.7).

2. One-dimensional classical scattering

We consider in this section the simple system constituted by a one-dimensional classi-
cal particle of mass m moving in an external conservative force field F(z) = —dV/(z)/dz.
We shall assume for simplicity that the force has a finite range (z1,z,) (i-e., V(z) = 0 for
z < z; and = > z;). The states of such a single particle system are points (z,p) € R?
representing the position and the momentum of the particle. The free and interacting
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dynamical transformations are given by

®; : (z,p) — (= + pt, p)

. : (z,p) — (2(1),p(t))
where p(t) = mdz(t)/dt and z(t) is the unique solution of the equation md?z(t)/dt* =
F(z(t)) with initial conditions z(0) = z and dz/dt(0) = p/m [16]. In the usual way, we
define the "Moller transformations”

(2.1)

Q= tlirinoo ®_, 0@ (2.2)
and the scattering transformation
S=07to 1 (2.3)

where o denotes compositions of maps and we assume asymptotic completeness [16]. An
important property of the scattering transformation (2.3) is that it commutes with the
free evolution 1i.e.,

So®?=0%%08. (2.4)

Let us now suppose that we have an ensemble of initial conditions (z¢,ps) € R?, at
time ¢ = 0, described by a probability distribution f such that [% dzo [, dpof(zo,Po)
= 1. We also assume that the particles come from the left i.e., f(zo,po) = 0 for all zo € R
if po £ 0. The scattering state at time ¢, associated with the initial condition (zq,po), is
®,0Q_(z0,po). Thus, the probability P,(X, f) of finding, at time ¢, a particle in a volume
X C R? in phase space is given by

B(Z,f) = /_o;dzo /_o:odpo Xz 0 ®,0Q_(z0,p0)f (o0, Po) (2.5)

where Xy is the characteristic function of the volume ¥ (Xg(z,p) = 1if (z,p) €  and
Xz(z,p) = 0 otherwise). Making the change of variables (z,p) = ®;0Q_(zo, po) and using
the well known fact that the transformations (2.1)-(2.3) are measure preserving [16], the
probability (2.5) may be rewritten into the form

P(E,f) = [ dz ["dp Xs(a,p)fu(z,p) = (X5 (26)

where fi(z,p) = f 0o Q' 0o ®_,(z,p) is the probability (distribution) of finding a particle,
at time ¢, with position z and momentum p. Let now Xp_ be the characteristic function
of {z|z € (—r,r)} x R where (—r,r) is a finite interval containing the support of the
potential. Then, P;(B,, f) = (XB, )y, is the probability of finding, at time ¢, a particle in
the interval (—r,r). The average time spent in (—r,r) during a complete evolution, for
the initial distribution f, may then be defined as the integral

T(B,,f) = /_ Zdt P.(B., f). 2.7)
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In the same way, we define the free reference average time T2(B,, f) associated with the
(free evolving) incoming asymptotic states ®9(zo, po) by

T(B.. f) = dt Pr(Br, f) (2.8)

in,t

where P2 (B,, f) = (XB.)s and f) = f 0 ®%,. The average global time delay, for the
initial distribution f, may then be defined as the limit

7(f) = lim [T(B,, f) - T%(B., /)] (2.9)

However, since the scattering states ®; o Q_(zo,po) are as closely associated with the
outgoing asymptotic states ®? o S(zo,po) as they are with the incoming ones, an equally
reasonable definition for the time delay is

7(f) = lim [T(B,, f) - T°,(B:, /)] (2.10)

where T2 (B,, f) is the free reference average time associated with the outgoing asymptotic
states ®2 0 S(zg,p0) i-€.,

T8.(B..f) = [ dt P2 (B.. 1) (2.11)
with o o
Po(:t,t(B’f’ f) = [_ d.’l)o[_ dpo XBr o q)? o S(anPO)f(:tO?pO)
= [z [ dp X (@,0)f0 0 ST (=.8) = (Xp,) s

where for the second equality in (2.12) we have made the change of variables (z,p) =
®? 0 S(zo,p0). However, since the scattering transformation is energy conserving, we
have?

(2.12)

Ta(B:, f) = T.(B:, f). (2.13)

In other terms, the free reference average time is independent of the choice of incoming
or outgoing asymptotic states and the definitions (2.9) and (2.10) are in fact equivalents.

A scattering particle coming from the left is transmitted (alternatively, reflected) if
its outgoing momentum is positive (alternatively, negative). Thus, the transmission (+)
and reflection (—) probabilities P£(f), for the initial distribution f, are given by

Pi(f) = /_O:odxo /_O:odpo X*o S(z0, po) f (0, o)
= /_o:fxo [_o:glpo fi(f'?o,Po)

2 In more than one dimension the equality (2.13) still holds for spherically symmetric
potentials and in general it is to be replaced by T2(B,, f) = T2 (B,, f) + O(r~1); see for
instance [10].

(2.14)
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where X*(z,p) = O(+p) and O is the usual Heaviside step function. In view of defining
the average time spent in (—r, ), conditional to the fact that the particles are ultimately
transmitted (alternatively, reflected), we consider the characteristic functions

Xt =Xt0S0Qlod_,

out

2.15
=X*o Q7! (2.15)

and we observe that

(XE)s = PE(f). (2.16)

out

For the second equality in (2.15) we have used (2.3),(2.4), the intertwining property
0 0®? = @, 0 Oy, and the fact that X* o 8 = X*. The conditional probabilities
P(B,|%, f) of finding a particle in (—r,7) at time t, knowing that the particles will be
ultimately transmitted (alternatively, reflected) are then given by

+
P(B.Jx, )= Ean

and the average sojourn times T*(B,, f) in (~r,7), associated to the initial distribution

(2.17)

f, for transmitted (alternatively, reflected) particles may be defined as the integral

T*(B,,f) = [ dtP(B/l%, ). (2.18)

Clearly, for the conditional sojourn times (2.18) we have the conditional average
T(B,,f) = P*(f)T*(B., f) + P~(f)T~(B.. ). (2.19)
since X* 4+ X~ = I. The next step is to define, for comparison, free sojourn times

associated with the outgoing asymptotic states, for transmitted and reflected particles
separately®. For this, we notice that for a free evolution X is simply to be replaced
by X* and we have (X*),5-1 = P*(f). The average free reference sojourn times for
transmitted (alternatively, reflected) particles are then given by

out

T(B,, f) = [ dt Po (Bl f) (2.20)

where P2, (B.|%, f) = (X*XBg,).s5-1/P*(f). The time delays 7*(f), for the initial
distribution f, conditional to the fact that the particles are transmitted (alternatively,
reflected), may then be defined as the limit

%(f) = lim (T*(B,, f) - T%*(B., f)) (2:21)

3 1t is worth noting that, contrary to the case of the global time delay (2.9),(2.10), the
choice of outgoing asymptotic states (instead of incoming ones) in the definition of free

reference times for transmitted and reflected particles separately is necessary in order to
correctly subtract the linear divergence in (2.18), as r — oo (see the explicit calculation
in appendix A).



and the global (unconditional) time delay (2.9),(2.10) is given by

7(f) = P*(f)r*(f) + P(f)r(f). (2.22)
An explicit calculation yields (see appendix A)

) ai
r2(7) = P [aE (5 2B, (2.23)

where E = p2/2m, fX(E) = /& [%, dzof*(zo,vV2mE) and o (E) are the generators of
the scattering transformation (2.3), corresponding to the so-called quasiclassical approx-
imations for the quantum-mechanical phase shifts (see [17] and references therein).

3. One-dimensional quantum scattering

We consider in this section the quantum-mechanical generalization of the classical
description presented in section 2. Let U = exp(—iHot) and U; = exp(—iHt) be the free
and total evolution on the Hilbert space H = L?(R) of quantum states, with self-adjoint
generators Hy = —(1/2m)d?/dz? and H = —(1/2m)d?/dz?* + V(z) being respectively
the free and total Hamiltonian (m is the mass of the particle and we have set & = 1).
The potential V is such that the wave operators Q4 = s—1lim;_,o ULUL exist and are
complete and the scattering operator S = QL Q_ is unitary [16]. For sake of simplicity we
shall assume, as in section 2, that the potential has finite range (z;, z2).

According to the statistical interpretation of quantum theory, the random variables of
probability theory correspond to the observables of quantum theory and the probability
measures to the states. The correspondence between the classical objects defined in section
2 and their quantum mechanical analogues is then given by the following dictionary

(= Na = @ - )
(= Npp = (e (- )pr)

(C+ Nppos— = (S, (- )Swy) (3.1)
XB,

Xt — F= =Q,F*QL

out

— Fp,

where ¢, = U;Q)_ is the scattering state at time ¢, for a scattering initiated in the state ¢,
o1 = Uy is the (free evolving) incoming asymptotic state (lim ||, — ¢;||= 0 as t — —o0)
and Sp; = U2Syp is the (free evolving) outgoing asymptotic state (Hm || ¥; — Sw¢||= 0
as t — o0o). Fp, is the projection operator onto the set of states localized in the spatial
interval (—r,r) and we have (¢, Fp,v¥:) =| Fg,%:||* = P,(B-, ) which is the probability
of finding the particle in (—r,7), at time ¢, for the initial state ¢. The quantum analogue
of (2.16) is given by
(%1, Fi) = (‘P,QT-UtTFiUtQ-SO)
= (p,STF£Syp) (3.2)
=|| F=S¢|* = P*(¢p)
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where F* = O(£P) (P is the momentum operator) are the projection operators onto the
set of states of positive (alternatively, negative) momentum.

We come now to the crucial point of giving the quantum analogue of the conditional
probabilities (2.17). Unfortunately, contrary to the classical random variables Xp. and
X+

out?

incompatible observables. Now, it is a well known fact that no genuine joint probabilities

the projection operators Fp. and FE¥ do not commute i.e., they correspond to

exist in quantum mechanics for non commuting observables. Despite this fundamental
difficulty let us consider the following auxiliary function

1
WilBr,£i9) = (0, 5(FEF, + Fa, FE)b.) (33)

It is then an easy matter to check that (3.3) obeys to the relations we would expect from
such a joint probability 1.e.,
(]) Pt(Br, <P) = Wt(Bra +; ‘P) + Wt(Bra ) (P)7
(il) P*(p) = Wi(B,,+;¢) + Wi(B.,£;¢), B, =R\B.

Moreover, although (3.3) does not possess a proper probabilistic interpretation as
is clear from the fact that it may take negative values, in the limit r — oo, we have
s—lim, .., Fp, = I and thus

lim Wy(B;, £;¢) = P*(p) 2 0. (3.4)

In other terms, in this limit, the observables Fp and Ff become compatible and (3.3)
becomes non negative i.e., it recover a consistent joint probability interpretation. Thus,
keeping in mind that at the end we shall consider the time delay limit r — oo, we define
the natural quantum analogues (in the sense of (i),(ii)) of the classical transmission and
reflection sojourn times (2.18) by

-1 [ 1
T (B,,¢) = P(p)” [ dt (v 5(FEFs, + Fa, FE)b:)

= P*(p)” /_ogltRe(d),, FZ Fp.4:) (3.5)
— (‘P, StFiSTBrSD)
-re| AP

where Tp, = [ dt QLU Fp UQ_ = [ dt Utolrﬂ)r_l;};,,ﬂ_UtoT is the sojourn time opera-
tor. Notice that, because of (i), we immediately obtain

T(B,,¢) = P*(¢)T*(B;,9) + P~(¢)T (B, ) (3.6)

where T(B,,¢) = (¢, Ts,¢) is the global sojourn time (1.1). According to (2.20), trans-
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mission (alternatively, reflection) free reference sojourn times are given by
-1 [* 1
To*(B.y¢) = P2(9)™ [t (Spu5(F*Fa, + F5, F*)Se1)

= PE()" [ dtRe(Spi, F*F5,Sp) (3.7)

(o, S*F*S(S*T&S)so)]
| F£Sep ||?

=

where T3 = [, dt U?TF s, U? is the free sojourn time operator. Then, the time delays
for the initial state ¢ conditional to the fact that the particle is ultimately transmitted
(alternatively, reflected) may be defined as the limit

7(p) = lim [T*(Br,¢) — T%*(Br,0)] (38)

r—00

and we have the average

T(p) = PT (o)™ (0) + P~ (p)77 () (3.9)

where 7(¢p) is the global time delay (1.4)%.
For a sufficiently well behaved incoming state ¢, describing a particle approaching the
potential from the left, an explicit calculation yields (see appendix B)

-1 [® do*(E)
x — p% 1 + 2
r(p) = PX(p)™ [ B4 (B)(E)P g (3.10)
where A*(E) = |A*(E)|exp(ia®(E)) are respectively the transmission and reflection

coefficients at energy E.

Remarks

1) It is worth emphasizing that (3.3) is a natural choice only in view of the limit
r — oo (because of (3.4)). I r is kept finite, it may be preferable, instead of (3.3), to
keep the non-negativity along with (i) and give up (ii) by considering

Wi(B,, £;0) =|| F Fg 4. |? . (3.11)

out

For this choice T*(B,, ) is still a (real) well defined quantity though it does not have a
simple expression like (3.5). Another possibility is to keep the non-negativity along with
(ii) and give up (i) by considering

Wi(B,, £;9) = | F5, FXd | - (3.12)

oul

4 Notice that, as for the classical case, the free sojourn times T2(B:, p)=(¢,T5 ¢) and

T2 (B,,¢) = (¢, S'Tp, S¢) are the same for spherically symmetric potentials (see (4.5))
and in general as r — oo; see for instance [18].
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This gives
T*(B,,p) = P*(p) ' T(B,,S'F*Sy) = T(B,,¢*) (3.13)

i.e., the global sojourn time for the normalized part ¢* = P*(go)_%S"F Sy of the ini-
tial wave packet ¢ which is ultimately transmitted (alternatively reflected). This is the
definition taken in [19] for transmission and reflection sojourn (dwell) times.

2) We observe that the time delay formula (3.10) is the direct quantum generalization
of the classical formula (2.23) in the sense of the correspondence

f(E) «— |A*(E)p(E)["

oi(E) «— oE(E). (3.14)

3) In the limit of an incoming state approaching a plane wave, formula (3.10) yields
the (here one-dimensional) angular time delay formula (1.7). However, (3.10) is valid for
general (sufficiently well behaved) incoming states ¢ and in that sense it is more general
than (1.7).

4) A different definition for transmission and reflection time delays, using the concept
of sojourn time, has been proposed in [20]. However, contrary to our case, their approach
is drastically restricted to one-dimensional scattering and yields, for these times, divergent
expressions in the limit r — oo.

5) The recent controversy on tunneling times has evolved around the question of find-
ing a well-defined and universal quantity giving the average time spent by a transmitted
(alternatively, reflected) quantum (one-dimensional) particle in a finite interval contain-
ing the range of the potential (see the review papers [21],[22]). According to the present
analysis, the tunneling time question may simply be restated as follows: what is the
quantum analogue of the (classical) random variable X X ? The question is clearly an
hill-defined one since the projection operators F¥ and Fg., which are respectively the
quantum analogues of the characteristic functions X% and Xp,, correspond to incompat-
ible observables (i.e., they do not commute). This simply means that conditional sojourn
times cannot be uniquely defined in quantum mechanics because of the uncertainty prin-
ciple. In other terms, the tunneling time question is a classical question which does not
admit a general answer in the realm of quantum mechanics. However, as far as one is
concerned with the notion of time delay, the situation is different. Indeed, in the limit
r — oo, the observables Fp_ and F'% become compatible and the auxiliary function (3.3)
recover a proper probabilistic interpretation. Thus, in agreement with the conclusions
in [21], we find that conditional time delays (i.e., asymptotic phase times) are the only
well-defined (in the probabilistic sense) conditional time-statements in the context of the
quantum scattering process.

6) The Larmor clock, originally introduced in [23],[24], is a conceivable way of mea-
suring directly the sojourn time by means of the precession of a spin in a weak magnetic
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field (see [25] and references therein). The Larmor clock has also been used to define
transmission and reflection sojourn times by considering the spin precession associated
with the transmitted and reflected waves separately. It is interesting to note that the
times thus obtained (the so-called local Larmor times) are nothing but the transmission
and reflection sojourn times (3.5) (see for instance [26]).

7) It is worth noting that the naive correspondence X Xp «— FZ Fp_leads to the
so-called complex interaction times which have received a formulation in terms of Feynman
path-integrals [27]-[29] (in [29] the authors give the same negative conclusion about the
possibility of obtaining a unique quantum definition for the duration of a tunneling event).
The imaginary parts of these times, the so-called Biittiker Larmor times [30], contain an
information on the variation of transmission and reflection probabilities with respect to
energy and in the context of the Larmor clock method they are related to the change of
the spin component parallel to the field direction when transmitted and reflected particles
are considered separately.

4. Three-dimensional quantum scattering

We consider in this section a (one-body) potential scattering system in three dimen-
sions. The Hilbert space is H = L?(R3) and the free hamiltonian is Ho = —A/2m (k=1
and m is the mass of the particle) where A denotes the Laplacian on L%(R3?). The total
hamiltonian is H = Hp + V where the potential V is assumed to be such that the wave
operators exist, are complete and the scattering operator is unitary [16).

Let F be an arbitrary projection operator in H. Then, according to the analysis of the
preceding sections, we define the time delay 77(¢) of the scattering process with incoming
state ¢ and for a scattered state which is observed in the subspace F'H, as the limit

F(p) = lim [T7(B,, ) — T (B..¢)] (41)
where (see (3.5),(3.7))

StFSTs,0)
TF(B,,0) = R [(“"’ a2d
(Br0) = Re | Fgo 1

(e, STFS(S'TTgrS)cp)]
| FSe |I?

For simplicity, we shall study the limit (4.1) in the simple case of a finite-range spherically

symmetric potential (R > 0, V(r) = 0 if > R) and for an incoming state ¢ belonging

to the dense set of states of Schwartz functions with compact support on the spectrum

of Hy and having a finite number of components in the basis |£,m) of eigenvectors of the

orbital momentum. Then, the sojourn time Tg (E), at energy E, admits the following

decomposition '
Ts.(E) = ) |&,m)Tg (E)(¢,m| (4.3)

¢=0
Im{<e

(4.2)

out

T%F(B,,p) = Re [
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where, for 7 > R (see for instance [1]),

TS (E) = ;% - iS;‘(E)dS;éE ) _ EIE sn(2VamBr —tr + 24E)
+ O(r"l)

and 6,(F) is the phase shift for the energy F and the angular momentum £ i.e., S¢(E) =
(£,m|S(E)|¢,m) = exp(2i6,(E)). For the free sojourn time we have obviously the same
expression with

TgH(E) = (£, m|T?(E)|¢,m)
= (¢,m|S"(E)T?(E)S(E)l¢, m) (4.5)

= _22T—TT:E' - —é% sin(2v2mEr — fx) + O(r ™).
We shall now assume that the projection operator F'is, in momentum space, multiplication
by a function of the angles only. Then, the difference T§ (E) — Tg’(E) is to be averaged
between the smooth wave packets ¢y (E) and (STFSp),m(E) and thus converges weakly,
as r — 00, to —1S;(E)dS,(F)/dE = 2d6,(E)/dE since the oscillating terms in (4.4) and
(4.5) do not contribute because of the Riemann-Lebesgue lemma. Finally, using S5t = I
(or equivalently S,(F)S;(E) = 1), we obtain for the conditional time delay the formula

(¢, STF(=idS/dHo)e)

) =Re | RS

(4.6)

The proof of the existence of the limit (4.1) and its identity to the formula (4.6) could be
extended to the case of more general potentials (not necessarily spherically symmetric) for
a suitable class of initial states ¢, by the time-dependent methods of [6]. Formula (4.6)
is the natural generalization of the Eisenbud-Wigner formula (1.5),(1.6) which is simply
recovered by setting F' = I. It also constitute, as we shall see, the natural generalization
of the angular time delay formula (1.7). For this, let F be the projection operator onto
the subspace of states the momentum of which lies in the cone C(ks, ) = {k € R3|E -k, >
|k} (Jko| = 1and 0 < & < 1) and let Q(k,, @) be the part of the surface of the unit sphere
5® lying in the cone C(k,, ). Clearly F = Joiae d?k |k)(k|. To derive the angular time
delay formula (1.7) from (4.6) we need to make the two following assumptions:
(i) the modulus of the incoming wave packet ¢ is sharply peaked in momentum space
about Zl = \/micl;
(ii) relative to this sharp peak the S-matrix and its energy derivative are slowly varying
functions with respect to all variables (energy and angles).
Then, we have the approximations

(SP)E,R) = [ ¥ (IS(E)R Yo (B, ¥) ~ AB)(HS(E)lkn) (4.7)
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where A(E) = [42) &k’ o(E, lAc’) Thus, we obtain
P= [TaE [ ERI(Se)E R
(FSel = [T [ &kI(Se)(E )
~ o 42 INVIVE) AN ARV
L4E [, @*IAEPIESER)) (4.8)
~ [CdE NV 25 1(h 7y2
LA [ akIESE)R)
and in an analogous way one finds

(¢, 'F(=idS/dHo)g) ~ ["AB|AE [ &k (sl (E)R)(H - idS(B)/dElk).

ok
(4.9)
Finally, inserting (4.8) and (4.9) into (4.6) and taking the limit & — 1, we obtain
(ko|dS(E)/dE|k)] d : .
F zRe[—(?'A - = — arg (k2|S(E)|k 4.10
(g~ Re | B < g hisElh) (410

which is the desired angular time delay formula (1.7).

To conclude, consider the case where F' is the projection operator onto the one-
dimensional subspace generated by a (sufficiently smooth in energy) state € i.e., F' = [£)(£].
Then, we come down to a notion of state-to-state time delay i.e., the time delay associated
to the transition ¢ — . We have the formula

Fo |6 (5/dHo))
o) =R .59) ]

(4.11)
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Appendix A

In this appendix we derive explicit expressions for the transmission and reflection
time delays (2.21). We shall do it in some details only for the transmitted case. Let
(z-(t),p-(t)) = ®; 0 Q_(z0, po), we have

T*(B.,f) = [ dt P(B.I+,¢)
= Pp)" [Tat [“do [“dp X} (2,p)Xs.(2,p)fileD)
= PH(p)™ [Tdt [“dzo [ dpy X, (2-(2),p-(8))1* (20, 70)
= PH@)™ [Tt [dmo [ dpo [(dy 6y — 2 (1)) f* (@o,0)
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where for the third equality we have made the change of variables (z,p) = ®; 0 Q_(zq, po)
and ¢ is the Dirac delta-function. At this step we note that for a transmitted trajectory

_(t) = \/pg — 2mV (z_(1)). (A.2)
Thus, making the change of variable z = z_ = (m/y/p2 — 2mV(z))dz and integrat-
ing with respect to z, we obtain
T*(B,,f)=P*(¢)"| dzo dpo = f*(zo,po)
/ / \/p — 2mV(y)

(A.3)

| (i ) e

where for the second equality we have used the fact that (—r,r) contains the finite range

of the potential. Let f*(E \/;f“ dzof*(zo,vV2mE) and
o3(B) = [ Zzy (\/2m(E " V@) - «/sz) . (A4)

Then, (A.3) may be rewritten into the form

I +
T8, 1) = P [(ap () (25 4 2T ). (45)
In an analogous way one can easily show that
d
T-(8.1) = P [[en5(5) (252 + ) (49

where

#(E)
ca(B)=2 [ dy <\/2m(E V() - \/2mE) +23(E)VomE, (A
#Z(FE) = mf {z|E — V(z) = 0} is the reflection point for an incoming particle with energy
E and we have assumed zZ(E) < 0 for all E. For the free reference times one finds

2rm

194 (B, ) = PHp)™ [[4E F*(B) . (A8)

Finally, using (A.5),(A.6) and (A.8) into (2.21) we obtain (2.23).
Notice that since transmission occurs if E — sup, V(z) > 0 (and conversely for reflec-
tion) one simply has

F4(B) = © (£(E - sup V(2))) £(E) (A.9)
where f(E) = \/%_ffoo dzof(zo, V2mE).
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Appendix B

In this appendix we indicate how to derive explicit expressions for the transmission
and reflection time delays (3.8). For this, it is convenient to work in the two valued
energy representation specified by E = k?/2m and k/|k|. The scattering operator on the
energy shell S(E) is then given by a 2 x 2 unitary matrix with elements (p|S(E)|o), p,0 €
{+, -} where (+|S(E)|+) = (—|S(E)|-) is the transmission coeflicient at energy F and
(=|S(E)|+), (+|S(E)|-) are respectively the reflection coefficients for a particle coming
from the left and from the right. The sojourn time operator T (E) on the energy shell
is also a 2 X 2 matrix with elements

(IT5.(E)lo) = o= [ dz 45(B,a)bo(E,2), pro € {+,-) (B.1)

where ¥4(E,z) = V27(2E/m)Y4(z|Q_|E,£) are the solutions of the stationary
Schrodinger equation Hyy(E,z) = Epy(E, z), with asymptotic forms

_ et\/mx_*_(_IS(E)l ) —z 2mE:c’ r <1
S R el v (B2
and
_ (=|S(B)|-)eVmEs, z < 2y
80) = { ok | e, 25 (&)
Observing that ¥3(E, z)¢,(E, z) = 3=0h,,(E,x)/0z where
(0,0, . B,
hoo(Es2) = ( oz OE ¥ 6z6E> (E,2) (B4)

one can use (B.2),(B.3) and (B.4) to derive explicit expressions for the matrix elements
(B.1), when the interval (—r,r) contains the range of the potential (in our case (—r,7) D
(z1,22)). Let ¢ be a sufficiently well behaved incoming state describing a particle ap-
proaching the potential barrier from the left i.e., (Pp)(E) = V2mEp(E) where p(E) is,
for example, a Schwartz function with compact support and no support in a neighborhood
of the origin. Then, an explicit calculation yields

do*(E)  2rm
5T m+A§n(E 7‘)) (B.5)

where A*(E) = |A%T(E)|exp(ia*(E)) = (£|S(E))|+) and the interference terms
AL, (E,r) are given by

T4(B.0) = PHo)” [[TEIA* BB

At (E,r) = |4 ;é ) sin(a”(E) — a*(E))cos(a™(E) + 2vV2mEr)
_ 1 . (B.6)
AL (E,r)= AL (E) + m cos(a”(E) — a*(E))sin(a*(E) + 2vV2mET).
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Moreover, one obtains for the free reference times

2rm 0.

ToHB.g) = P [B BB (s + (B ) (B

where AYT(E,r) = 0 and AY; (E,r) = sin(2v/2mEr)/2E|A~(E)|. Finally, inserting (B.5)
and (B.7) into (3.8) and noting that the oscillating interference terms do not contribute
because of the Riemann-Lebesgue lemma, we find (3.10).
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IV. Les horloges physiques

1. Introduction

Nous avons montré au chapitre I qu’il était possible de définir une observable temps de
séjour en mécanique quantique comme 'intégrale sur le temps ¢ de la probabilité Py, (b,)
de présence de la particule dans la région 4,. Nous voulons ici adopter un point de vue
différent, plus physique, qui consiste a définir le temps de séjour comme le temps qui est
mesuré par une horloge.

Une horloge n’est rien d’autre qu’un systéme physique qui posséde une variable dy-
namique dont le mouvement est connu et suffisamment régulier. L’observation d’une telle
variable (la position des aiguilles d’'une montre, pour fixer les idées) correspond alors
a une mesure (ou réalisation) du temps. Dans le cas qui nous concerne, nous voulons
utiliser '’horloge pour mesurer le temps passé par la particule dans la région &,. Elle
devra donc étre enclenchée et déclenchée lors de ’entrée et de la sortie de celle-ci de b,.
Cela suppose en particulier un couplage entre les deux systémes et donc, inévitablement,
une perturbation de I’horloge sur le mouvement de la particule.

1.1. L’horloge de Larmor

Une horloge naturelle pour une particule est celle qui exploite le phénomeéne bien
connu de la précession uniforme d’un spin dans un champ magnétique homogene. L’idée
est d’appliquer, localement, un champ magnétique constant qui enclenchera et déclenchera
la précession du spin a l’entrée et a la sortie de la particule de la région d’intérét. Dans
la limite d’un champ infinitésimal (i.e., dans la limite d’une perturbation minimale de
I'horloge sur le mouvement de la particule), et par argument de la précession uniforme,
I’angle total accumulé par le spin sortant sera proportionnel au temps recherché.

Plus précisément, si le champ magnétique pointe dans la direction de 'axe z, cela
revient a considérer I’hamiltonien perturbé

HQ)=H + WS, (1.1)
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qui agit dans P’espace de Hilbert H = L%(R?) @ C?**!, avec s qui est le spin de la particule,
A = —uB (u est le moment magnétique et B 'intensité du champ), S, la composante le
long de ’axe z du vecteur de spin S = (Sz,Sy,S;), et

W = ] dz w(z)|z)(z| (1.2)

P'opérateur de multiplication par la fonction w(z) de localisation du champ magnétique.
Pour simplifier la discussion, nous avons supposé que la particule est neutre, par exemple
un neutron (dans ce cas S; = -gag, i = ,Y, 2, avec 0; les matrices 2 X 2 de Pauli, et u est
négatif).

Soient Sy = S; £15,, et ¥, ’état du systeme au temps t. La valeur moyenne

(S)e = (e[ S+ Ty) (1.3)

de l'observable de spin Sy sur I’état ¥, obéit alors & I’équation différentielle [utiliser
[S:,S+] = £hSy, et le fait que W, obéit & ’équation de Schrodinger pour ’hamiltonien

(1.1)]

0:(S)e = £2X (S: W), (1.4)
ou encore, sous forme intégrale,
¢
(St)e = (Sa)e, LN /t dt' (SsW)e. (1.5)
0

Considérons d’abord le cas ou 'horloge n’est pas couplée aux degrés de libertés spatiaux
de la particule. Cela revient a considérer un champ magnétique qui recouvre tout I’espace,
et donc & poser W = I dans (1.5) qui devient

(St)e = (Sy), eXAEt0), (1.6)

Plus précisément, (1.6) correspond & un mouvement de rotation uniforme du spin, dans
le plan perpendiculaire a la direction du champ, a la vitesse angulaire A, la fréquence de
précession de Larmor. A 1’ordre linéaire on trouve

(S1)e = (Si)g [1 LAt — 10)] + O(X?) (1.7)

c’est a dire, I’angle de précession est proportionnel au temps écoulé dans la limite d’un
champ magnétique infinitésimal.

Revenons maintenant au cas plus intéressant d’une horloge qui est couplée au mouve-
ment de la particulei.e., W # I. WU, désigne alors 1’état de diffusion (pour le probleme avec
champ magnétique) avec asymptote future e~wHotg (A)¢ et asymptote passée
e’f?%‘q&, avec ¢ = ¢ ® x. Nous voulons comparer le spin entrant

lim (Si)e = (xIS2x) = (S&)™ (1.8)

to—+—00
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avec le spin sortant

Jim (Ss)e = (#IST(N)S£S(V)¢) = (Sa)™. (1.9)

L’équation (1.5) nous dit que

(S2)% = (S, )™ + 4 / dt (Sy W), (1.10)

Au premier ordre de perturbation on a ¥; = ¢, ® x + O()), avec ¥, qui est I’état de
diffusion pour le probléeme sans champ magnétique. On trouve donc formellement

(S2)™ = ()= (12 [ dt (W) + O0%) (1.11)

c’est & dire, ’angle total de précession de la particule diffusée, dans la limite d’un champ
infinitésimal, est donné par la valeur moyenne

T (W) = (p|T(W)p) (1.12)

de V'opérateur A '
T(W) = / di exHotQl W _e=iHot (1.13)

sur I’état entrant .

L’argument de la précession uniforme s’applique, bien entendu, seulement si le champ
magnétique est constant. Pour mesurer le temps passé par la particule dans la boule
by, il faudra alors choisir pour fonction de localisation w(z) la fonction caractéristique
x-(z) = 1, si |z} < r, et x,(z) = 0 autrement. Dans ce cas, W n’est rien d’autre que
le projecteur P, = [, d’z|z)(z|, et (1.13) n’est rien d’autre que l'opérateur de temps de
séjour dans b, (voir chapitre I).

Ce résultat, qui sera dérivé de manieére rigoureuse dans [’article ci-aprés (section 2),
nous dit que la définition abstraite du temps de séjour est équivalente au temps mesuré
par ’horloge physique de Larmor. L’approche par 'horloge de Larmor présente aussi
d’autres avantages. Nous montrerons par exemple que ’origine des termes d’interférence
dans le temps de séjour (voir section 1.4) est liée au phénomene de réflexion des ondes
incidentes et diffusées aux frontiéres du champ magnétique. Ces termes contribuent méme
au premier ordre en ) et sont donc & comprendre comme ’effet de perturbation minimale
de I'horloge sur le mouvement de la particule. Mais nous verrons aussi qu’ils disparaissent
si le champ est enclenché et déclenché graduellement, sur des distances qui sont grandes
comparées a la longueur d’onde de de Broglie de la particule incidente.

Les méthodes que nous allons développer pour étudier I’horloge de Larmor peuvent
facilement s’adapter & d’autres types d’horloges, dont voici deux exemples.
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1.2. L’horloge dissipative

Une autre modélisation possible pour une horloge consiste a exploiter le taux constant
d’absorption d’un milieu dissipatif homogeéne. Cela revient & considérer un hamiltonien

HQ) =H—id\W (1.14)

avec un terme purement dissipatif —:AW. L’évolution est alors donnée par l'opérateur de

contraction [Ma3] .
e~ RHA-t) ¢ 5 ¢,

t,t) = ige 1.15
U(t,to) {e—;H N=t0) ¢ < ¢, (1.15)

et le produit scalaire P, = (¥,;|¥,;) peut s’interpréter comme la probabilité pour que la
particule soit toujours présente (i.e., ne soit pas absorbée) au temps ¢t. Pour t > t, elle
obéit a I’équation

P, =P, -2 % /t‘ dt' (T |W,) (1.16)
qui, dans le cas homogene W = I, s’integre pour donner la loi de décroissance exponentielle
L ) (117)

Au premier ordre on trouve
P, =Py [1 -2 %(t - to)J + 0()?), (1.18)

c’est a dire un taux d’absorption linéaire dans le temps. Si W # I et si ¥, est I’état
de diffusion au temps t en présence du milieu absorbant, alors ¥, = ¥, + O()), et la
probabilité de trouver la particule a ¢ — co vaut d’apres (1.16)

post _ i (1 -2 [ dwiw ) +000) (119)

avec P°% =|| SNy ||> et P =|l¢||% Si|l¢]|?=1et W = P,, on obtient la méme
réponse que pour ’horloge de Larmor (voir aussi [D]).

1.3. L’horloge de Biittiker-Landauer modifiée

Dans un article qui est resté controversé, Biittiker et Landauer [BL] (voir aussi [HS])
proposent de caractériser le temps passé par la particule diffusée dans la région du po-
tentiel comme I’inverse d’une fréquence caractéristique. Plus précisément, leur idée est
d’appliquer dans la région d’intérét une perturbation périodique dans le temps A(wt)W,
de période 27 /w, et de chercher ensuite une fréquence w, qui sépare le régime adiabatique
du régime haute fréquence. L’inverse de w, serait alors proportionnel au temps passé par
la particule dans le support de W, du moins dans la limite d’un faible couplage. Sans
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entrer dans les détails, disons seulement qu’un tel schéma ne permet pas de déduire un
temps de séjour global, mais seulement des “temps” associés a la transmission et 3 la
réflexion séparément. Ces temps sont donnés par la partie imaginaire du temps complexe
[ITI, (1.12)] mais leur interprétation est différente de celle proposée originalement par
Biittiker et Landauer [S].

Comme nous I’avons rappelé au début de cette section, une horloge n’est rien d’autre
qu’un systeme physique qui possede une variable dynamique dont ’évolution est connue
et suffisamment réguliere. Ou est cette variable dans I’horloge de Bittiker-Landauer?
C’est, bien entendu, I’énergie du systéeme. En effet, ’hamiltonien perturbé

H(A) = H+ Mwt)W (1.20)
dépend explicitement du temps et I’énergie moyenne (E); = (¥,|H(t)¥,) n’est plus con-
servée au cours du temps. Elle obéit & I’équation [N (a) = 9,A(e))

t
(E)e = (E)y, +w /, dt' N (wt') (T |WT,). (1.21)
Si W = I, on obtient
(E)e = (E)i, + Awt) — Mwto)
= (E)y +wX(0)(t - to) + O(w?)

c’est & dire, ’énergie du systéme varie, au premier ordre en w et A, linéairement dans le

(1.22)

temps. Pour W # I, nous voulons comparer ’énergie entrante

Jim (E),, = (plHop) = (E)* (1.23)
avec ’énergie sortante
lim (E)e = (¢|ST(A)HoS(A)p) = (E)™. (1.24)

Au premier ordre en w et A, on trouve [utiliser Uy = 3, + O(A) et (1.21)]
(E)*™ = (E)™® + wX'(0) / dt (] Wby) + O(w?) + O(N?), (1.25)

et si W = P,, on obtient a nouveau la méme réponse que pour les horloges de Larmor et
dissipative.

On peut rendre ce dernier résultat mathématiquement plus précis a l'aide des
résultats sur la limite adiabatique que nous présentons dans la troisieme partie de cette
these. Nous terminons ici par une remarque. Les trois horloges décrites ci-dessus peuvent
aussi étre utilisées pour définir des temps de séjour conditionnels. Par exemple, dans
le cas de 'horloge de Larmor, en considérant ’angle de précession associé aux parties
transmises et réfléchies séparément. Pour les trois horloges on trouvera, a chaque fois,
essentiellement la méme réponse: la partie réelle du temps complexe [III, (1.12)].
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2. Article

Nous reproduisons ci-apres Particle

Ph. A. Martin et M. Sassoli de Bianchi, On the theory of the Larmor clock and
time-delay, J. Phys. A, 25, 1992, pp. 3627-3647.
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On the theory of the Larmor clock and time delay

Ph. A. Martin and M. Sassoli de Bianchi
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. Using the time dependent scattering theory we prove that, in any spatial dimension
and for arbitrary spin, the reading of the Larmor clock agrees with the global (Eisenbud-Wigner)
time delay in the limit of an infinitesimal magnetic field. We show that convergence is also achieved
at fixed energy (without oscillating terms) in the limit where the spatial switching on of the field
occurs on distances much larger than the de Broglie wave length of the particle. Finally, we
investigate the functioning of the spin clock beyond the linear response regime.

1. Introduction

In recent years, the concept of tunneling time of a quantum mechanical particle has
been the subject of many studies, mainly motivated by the prospect of high speed devices
based on tunneling structures in semi-conductors (see the review paper [1] and references
therein). One of the proposals (the Larmor clock originally introduced in (2,3]) is to
measure the duration of a scattering event by means of the precession of a spin in a weak
homogeneous magnetic field. Heuristically, a constant magnetic field applied on the region
where the scattering takes place will set the spin into uniform rotation, and so the total
precession angle will be proportional to the time elapsed during the collision process.

This picture has been substantiated in [4] by a detailed study of the motion of a one
dimensional wave packet through a potential barrier in presence of a magnetic field. A
freely moving wave packet first enters a region where a uniform magnetic field is applied,
far away from the scattering center. Then, it undergoes the scattering process in presence
of the field, and finally the scattered waves leave the field region. Retaining in the phase
of the wave function only the contributions that are linear in the field, the authors show
that the reading of the clock agrees with the Eisenbud-Wigner time delay (see [5] and
references therein, and [6], ch. 7-2), i.e., the derivative of the phase shift with respect to
energy (also called classic or asymptotic phase time).

In ref.[7], the authors point out the intimate relation between the linear response of
the scattering operator to an additional external perturbation and the sojourn (or dwell)
time for a particle in some spatial region. With this relation, they can easily establish
that the (infinitesimal) rotation of the spin of a neutral particle is proportional to the
sojourn time, so the difference of the precession angles relative to the interacting and
free motion is proportional to the difference of the corresponding sojourn times. Since
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the latter quantity converges to the Eisenbud-Wigner time delay for large spatial regions
(5,6], one find in this way that the reading of the clock coincides with the classical phase
time for infinitesimal fields. All the considerations in [7] are restricted to one dimension
and rely on formulae of the stationary scattering states formalism.

The purpose of this work is twofold. To begin with, we generalize in sections 2 and
3 the result of [7] to all space dimensions d = 1,2,3 and arbitrary spin s (for a neutral
or charged particle). We feel that the connection between the linear response of the S-
operator and the sojourn time can be exhibited more simply and with greater generality by
using the methods of time dependent scattering theory!. We find that in any dimensions
d the reading of the Larmor clock constituted by a (neutral or charged) particle with spin
s in an infinitesimal field is always given by the Eisenbud-Wigner time delay, provided
that one works with wave packets and extends the field region to the whole R?.

Then, in section 4, we consider again the problem from the view point of time-
independent scattering theory with spherically symmetric potentials. When the magnetic
field is switched on abruptly in space (i.e., a step function), it has been noted a long time
ago that the convergence to the Eisenbud-Wigner time delay is not achieved at fixed en-
ergy because of the existence of oscillating terms. These oscillating terms, whose physical
origin is the interference of reflected waves at the boundaries of the magnetic field, have
been the subject of several discussions in the literature (see for example [4,9,10]). In a
good spin clock, the magnetic field should be responsible for the precession of the spin, but
should not cause additional perturbative effects on the orbital degrees of freedom, which
would interfere with those due to the scattering process under investigation. Our point
here is that this can be achieved if the magnetic field is produced by a macroscopic device
with the following properties: it extends on a region of much larger size than that of the
(microscopic) range of the scattering potential and its spatial switching on occurs on a
much larger scale than the de Broglie wave length of the scattered particle. With such
a model of the magnetic field (precisely defined in section 4) we prove the convergence
to the Eisenbud-Wigner time delay at fixed energy when the field covers the whole space
and its gradient becomes vanishingly small in the transition region.

So far, all the above results have been obtained in the framework of the linear response
theory. In section 5, we address the problem of understanding the functioning of the spin-
clock, for a neutral particle, beyond the linear response regime for the case of a spherically
symmetric potential. With the same model as in section 4, we show that, in the scattering
operator, the magnetic field results asymptotically in a phase factor depending only on the
energy and the spin component, but not on the angular momentum. Consequently, the
magnetic field is transparent in the sense that it causes no deflection of the particle. Then,
we find that in a weak but not necessarily infinitesimal field, when there is no dispersion

1 After submission of this work, the authors of [7] kindly informed us on their forth-
coming paper [8] where the same generalization is considered.
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in energy, the measure of the rotation angle of a spin-1/2 particle after the scattering
process (relative to the free motion) still gives a relevant information, expressed now in
terms of finite energy differences of phase shifts. Of course only the linear term, which
agrees with the energy derivative of the phase shifts found previously, has the legitimate
interpretation of the time delay of the scattering process. Finally, when the incoming
state has some non negligible dispersion in energy, one observes an attenuation of the
outgoing spin vector, due to a spatial splitting, inside the magnetic field region, of the up
and down parts of the incoming wave packet (relative to field direction).

2. Response of a scattering system to a perturbation

We consider a quantum particle in d dimensions (d = 1,2,3), with kinetic energy
Hy = —h2A/2m (A is the Laplacian in R?), which is scattered by a potential v(Z) +
Aw(Z), where Aw(Z) is a perturbation of v(Z); w(Z) is supposed to be bounded and with
compact support, A is a coupling constant in the range |A| < Ap < oo. We denote by
U, = exp(—tHot/%) and V; = exp(—iH(A)t/h) the evolution groups generated by H, and
H()\) = Hy + v + Aw. We assume that for each A in the range|A| < Ao, (Ho, H(A)) forms
a complete scattering system [6] with wave operators

0L()) =shm Qe (), Qz.(N) = Vi, (N Uz (2.1)

t—00

such that Range 2, (\) = RangeQ_(A). The scattering operator is defined by

S(A) =l (NN-()) = s=lim S¢(}) (2.2)
with
Si(A) = AL ,(NQ_(A) = Ui Ve AU (23)

We like to compute the linear response of the scattering operator to the perturbation
Aw. For this, we note that S;(A) can easily be expanded around A = 0, using the usual

time-dependent perturbation (Dyson’s) series at first order in A (the series converge for a
bounded w)

y t
Si(\) =L, (1 - % /ds V;'st) Q_.+0(\?) (2.4)
~t
giving
0 P t
S, = -+ 9l ( [asv; st> .. (2.5)

In (2.4) and (2.5), the operators V; = V;(0),Q; = Q,(0) and S; = S;(0) refer to the
unperturbed scattering system (Ho, H = Hp + v). Permuting the infinite time limit and
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the derivative with respect to A we obtain formally from (2.1),(2.2) and (2.5) the linear
response formula

0 0

axS Wl = Zlimpy ], 26
=20l (/_":jsvgwm) Q..

Using ST, = Q! one can also write (2.6) in the form

ik sfﬂsu)l = T(w) (2.7)
oA A=0 ’ ’
with -
T(w) = Qb (/ dsVsTwV;) Q-

—e (2.8)

- / Tds Ul wQ_U,

where the last equality follows from the intertwining relations V;Qy = Q. U;. In appendix
A we give conditions for the validity of the formulae (2.6)-(2.8). They hold for sufficiently
regular short-ranged potentials on a dense set of states D and the limit (2.6) has to be
understood in the weak sense. If w(Z) = xgr(Z) is the characteristic function of the sphere
of radius R, we see that

(o, T(xr)p) = /_ o:ods | xrVs® I, % =Q-9, 0 €D, (2.9)

is the sojourn time in the sphere of the particle scattered by the potential v and with
incoming state .

3. The Larmor clock

A neutral particle of spin s is scattered by the potential v(Z) and submitted to a static
magnetic field B(Z) = (0,0, B.(Z)) applied in the z-direction on the region where the
scattering takes place. We write the magnetic energy —uB,(Z)X, (X, is the z-component
of the spin operator and p the magnetic moment) in the form Aw(Z)Z, where w(Z)
is a dimensionless local bounded function whose support determines the spatial region
where the field is applied and X is a measure of the field strength (A has the dimension
of a frequency). Specific forms of the cut off function w(Z) will be discussed in the next
section. The total Hamiltonian, still noted H(}), is H()\) = Ho+v+ A w¥E,. The scattering
system (Hp, H())) has wave and scattering operators acting on L?(R?) ® C***! still noted
Q4(A) and S(A).

Let ¢ = ¢ ® x be a normalized incoming state with orbital wave function ¢ € D, spin
state x and ¥ a spin operator (¥ may be for example a combination Xy = X, +1%,).
The average value of ¥ after the scattering process, noted (£)°**(}), is given by

(B)7*(A) = (5(A)¢, 25 (A)¢) (3-1)
66



The response of (£)°**()) to an infinitesimal field can be computed from (2.7),(2.8) with
w replaced by wX,. Using the fact that S = S(0) commute with the spin operators and
THwE,) = T(wX,), we find
‘)
=0

0 oS
a_A A=0 B (éx(/\) A=0 a/\( )
= 2 (¢ [T(wE.), 5)9) (32)

= % (6 [22, Z)x) (@, T(w)g)

where [X,, ] denotes the commutator between L, and . If for instance we set £ = T4
and w = xp in (3.2), we deduce that up to the first order in A

(Z)*(A)

¢, 25¢> + (5¢,

(B2 (0) = (1202 (6, T(xR)9)) (B)" + OV (33)

which means that during the scattering process, the spin vector (%)® =
((Zz)™, (Z,)™) has accomplished an infinitesimal rotation of angle

ap(xr: ) = A (2, T(xr)p) + O(NV?) (3.4)

given by the product of the Larmor frequency of the field with the sojourn time of the
particle in the region |z| < R where the field is applied. If we subtract from a,(xgr, A)
the angle which would occur if the potential v is set equal to zero and then take the limit
of an infinitely extended space region, we obtain

I%I_I}goa_a/\ (a¢(XRa ,\) - ao(p(XR, /\)) lx—_o = }%520 ((‘Py T(XR)‘P) - (90, TO(XR)‘p)) (35)
= (¢, 7p)-

In (3.5), the quantities with an index O refer to the system (Hg, Hy + xrX:.) without
scattering potential v and 7 is the Eisenbud-Wigner time delay operator with energy shell
components [6, ch.7-2]

TE = —ih Sg%
where Sg is the scattering operator of the system (Ho, H) at fixed energy E (i.e., a unitary
operator acting on L?(0?~!), the square integrable functions of the surface o%~! of the
unit sphere in R?). More generally, for any spin observable X, one obtains from (3.2),(3.5)

(3.6)

B (D) - @) =1 (68 Tx) (o) (3.7)

A=0

The existence of the infinite space limit (3.5),(3.7) for suitable wave packets ¢ has
been established in a number of works (e.g., [11,12] for spherically symmetric potentials
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and [13] for potentials which are not necessarily rotation invariant; in the context of one
dimensional tunneling, see [4,14] and also [7] where the corresponding linear response
relation (2.6) can be found). Notice that the existence of the limit (3.5) does not require
the choice w(z) = xgr(z) (corresponding to an abrupt spatial switching on of the magnetic
field), but holds also for sequences w(z) = wgr(z) of smooth spherically symmetric cut off
functions, corresponding to a smooth switching on of the field, such that limp_.,wr(z) =
1 (e.g.,[13,15,16]). In any case, there is a large class of potentials v and cut off functions wg
for which the limit (3.5) holds. We therefore see that the linear response to a magnetic field
of a scattered neutral particle in d-dimensions with arbitrary spin s gives the Eisenbud-
Wigner time delay in the sense of formulae (3.5),(3.7). These formulae involve three
limiting procedures: the infinite time limit (2.2), the linearisation with respect to the
field strength and the extension of the field action to the whole space R%. The infinite
time limit is required as usual to have a complete scattering event. The need for the
existence of the last limit is justified by the request that the spin clock should provide
an intrinsic information on the scattering process, independent of the size of the region
and the manner in which the field is applied. This limit cannot be permuted with the
two first ones. If the field is taken constant on R? at first (i.e., w(Z) = 1 in H(})), it is
clear that the spin decouples from the orbital degrees of freedom and is not affected by
the scattering process.

We have considered, for simplicity, the case of a neutral particle. If the particle has
a charge ¢, the formulae (3.2)-(3.5) remain the same. Indeed, the total hamiltonian for a
charged particle has the form

2
_ (B A+ A B+ L AP
H(N) = Ho+ B, + 3 ~(P- A+ A- P) + 2|4 (3.8)

where P is the momentum and A(Z) is the potential vector (B = V A A). Thus, one has
to replace Aw in the linear response formula (2.6) by the part of the interaction which is
linear in the field strength, i.e., by AwE, + (¢/2m)(P- A+ A - P), but the contribution to
(3.2) of this additional term vanishes since it commutes with the spin operators.

It is worth to emphasize that in (3.1) and the subsequent discussion, we have con-
sidered the average outgoing spin without the specification of any scattering direction.
In particular, since I, is a constant of the motion, it commutes with S(A) and thus
(Z2)(A) = (Z)™

Let P, be the projection on some solid angle €} in momentum space. Then, one can
also consider the average spin when the outgoing particle is found in @ (in one dimension,
the spin associated with the transmitted or reflected waves separately) i.e.,

(ZPa)*™*(A) = (S(A)8, ZPaS(A)¢). (3-9)

Since Py does not commute with the scattering operator, one finds now a change of the z-
component of the spin when the particle is detected in 2. Working out the linear response
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term in this case, we obtain
(2. Pa)**(X) = (2.)" (¢, S'PaSe)

+ zhé@ﬁ)i“ Im(p, ST PaST(w)p) + O(X?). (310

In the context of one dimensional scattering, this observation led Biittiker [17] to associate
transmission and reflection times with this change of the z-component of the spin. The
definition and possible interpretation of these times are also discussed in ref. [18]. In the
present paper, we shall only be interested in the total outgoing spin (3.1) and its relation
to the global (Eisenbud-Wigner) time delay.

4. The Larmor clock on the energy shell: the smooth switching on of the
magnetic field

In the preceding section, we have just seen that in order to observe a non trivial effect
of the scattering on the spin motion it is necessary for the particle to enter and leave the
field region, however weak is the field and large is the region. In principle, the dynamics
of the particle should depend on the nature of the transition region for the field. It is
a non trivial result in the theory of the Eisenbud-Wigner time delay that, when dealing
with wave packets and extending ultimately the field to the whole space, the limit (3.5)
is in fact independent of the details of this transition region (see references quoted after
(3.7)).

The situation is however very different when one works in the formalism of stationary
scattering theory at fixed energy E (without averaging on the energy of the packet).
Let w(r) be a spherically symmetric spatial cut off function, and denote by Sg()) the
scattering operator at fixed energy E for the system (Ho, H())) described in section 2
(Sg(A) acts on L*(0?")). In the rest of this section, we shall mainly be concerned by
the three dimensional scattering problem with a rotation invariant potential v(r). Then,
Sg(A) is diagonal in the basis |I,m) of eigenvectors of the orbital momentum, with matrix
elements

(£,m|Sg(N)]e,m) = SE(A) = =W (4.1)

expressed in terms of the phase shifts §£(}) in the usual way.

The response equivalent to (2.6) in the stationary formalism follows from the obser-
vation that the perturbed and unperturbed phase shifts §5£()\) and 6% = 6%(0) are related
by [19,ch.X,§17)

sin(65(\) — 64) = —% / “drb(r N w(r)ub(r), Bk=v3mE,  (42)
0
where u4(r, )) is the regular solution of the radial Schrédinger equation
K? & R?L(E+1)\ ,
(2—Tn—_dﬁ + E ot v(r) — )\w(r) - §7n- 2 )uE(r, /\) =0 (43)

69




with asymptotic form
b (r, ) = sin(kr — = + 84(4)) + O(r™) (4.4

as r — oo, and u4(r) is the corresponding solution of (4.3) with A = 0. Differentiating
(4.2) with respect to A at A = 0 gives immediately

ih 5L :As‘ | =~ %58 o
. 4—k [t wlr) o)y )
= T{(w)

which are the energy shell and orbital momentum components of the operator (2.7). In
particular, if w(r) = xg(r) (the characteristic function of the sphere of radius R), one
recovers the well-known expression of the sojourn time at fixed energy {5,10]

Th(xr) = 32 [ dr (u(r))" (4.6)

If one consider now the hamiltonian of section 3 (with spin included), the correspond-
ing energy shell scattering operator Sg()) is diagonal in the basis of eigenvectors of X,
and is simply obtained replacing w in (4.2),(4.3) by £,w. In particular, the stationary
representation of (3.2) is

%(2)%’3(’\”&0 = % (%[22, Z1x) T (xw). (4.7)

The asymptotic behavior of TE(xg) for large R has been studied in several papers
(e.g-, [10] in the context of sojourn times and [2,3] in connexion to the spin clock) and is

given by

omR ., 08% k
Th(xr) = S +2h o2~ 5 Sn(2kR — tr +265) + o(1). (4.8)

An important point here is the occurrence of oscillating terms with R as B — oo. Because
of them, the difference

y ¢ 6%
Tg(xr) — Tog(xr) = 2k ‘5E' (49)
- -% sin(2kR — £x + 2 6%) — sin(2kR - br)] +o(1)

of the full sojourn time TE(xr) and the free sojourn time To%(xr) (obtained by setting
6% = 0 in (4.8)) does not converge at fixed energy as R — oo (the oscillating terms do
not compensate). Of course this is not in contradiction with the existence of the limit
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(3.5) for wave packets: when (4.8) is averaged over a smooth energy distribution, the
oscillating contribution vanishes by the Riemann-Lebesgue lemma. As a consequence,
the limit (3.5) is not uniform with respect to the choice of the incoming packet: the
better is the energy definition of the incoming beam, the wider must be the field region.
In fact, the oscillating terms in (4.8) have a clear physical origin which is discussed in
[9] (three dimensional scattering) and [4] (one dimensional problem). They result from
interferences due to reflected waves at the sharp frontiers of the magnetic field (described
as a step potential). These interference terms remain at the linear order in the field. It
has been argued that these terms are ”spurious” in the sense that they do not pertain
only to the scattering process by the potential v under investigation, but originate in the
boundaries of the magnetic field; thus they have to be disregarded in a way or another.

As we have already emphasized, the particle has to enter and leave the field region
and the physical effects of the transition region (if there are some) have to be taken into
account in the theory of the Larmor clock: in principle, they cannot be observationally
disentangled from those due to the scattering potential v alone. To our knowledge, the
existing literature has only discussed the abrupt switching on of the field (step function)
and the resulting oscillating terms in (4.8). This switching on, which idealize a situation
where the field strength changes on a much smaller scale than the de Broglie wave length
of the particle, is admittedly not very realistic if the field is supposed to be produced by
a macroscopic device. In this case, it is more legitimate to assume that in the transition
region the field variation occurs on distances much larger than the de Broglie wave length
of the particle. We model this situation with a cut off function wg(r) such that

wr(r) = {g(rl_Tn) . f g (4.10)

where g(r) is a twice continuously differentiable function with compact support,
0 < g(r) <1 and ¢g(0) = 1. Clearly dwg(r)/dr = O(p™?) for r > R, so p™! is a
measure of the size of the field gradient in the transition region. We have the following
result

Proposition 1. Assume that the potential v(r) fulfills the condition
/ojis sfu(s)] = N(r)< o0, 0<r<oo. (4.11)

Then, for any fixed £ and E > 0, we have

~2h 2 85| = TH(w)

A=0

dét, (4.12)
/drwg(r) +2h —= B

+ O(R‘ )+ 0(p™!) + O(N(R)).
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Proof. Since u4(r) verifies (4.3) (with A = 0), one has the identity

d

(W) = () (@13)
with 5 0 .
hg(r) = (;r " i‘araﬁ)( ) (4.14)

It is shown in appendix B that under the condition (4.11), h%(r) has the asymptotic
behavior as r — oo

R2kdét 1
re(r) = f + %E - sin(2kr — £ + 265) + O(r™*) + O(N(r)). (4.15)

Since h%(0) = 0 (u%(r) is the regular solution of (4.3)) and wg(r) is constant for r < R,
an integration by parts of (4.5) gives

Tt(wg) = / drg £(r)

/drg )Ré (pr+R)

(4.16)

where ¢'(r) = dg(r)/dr. For R large enough, we can insert in (4.16) the asymptotic
behavior (4.15). After an integration by parts of the linear term in r and using ¢(0) = 1,
we obtain

2 R 2 d6t.
Té(wr) = S + =22 [argr) + 20 T2
+ o /0 dr g'(r) sin(2kpr + 2kR — fm + 26%) (4.17)

+ 35 [ d ) (0 + 0 Gr + BY).

Since (pr + R)™! < R™!, the last term is O(1/R) + O(N(R)) for all p. Moreover, after an
integration by parts, we find that the fourth term in (4.17) is less than

(&) 5 (r 1+ [arige)) = 0™ (4.18)

uniformly with respect to R. Finally, the sum of the two first terms of (4.17) equals
(2m/hk) [3°dr wgr(r) and this proves (4.12).

We now see that d6‘
Jim (T(wn) - Tob(wn)) = 20 22 (4.19)

p—0
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for each F and ¢ fixed. Because of the smooth transition region (in the sense kp > 1),
there are no more reflections at the boundaries of the field and we obtain the expected
limit (3.6).

The common divergent term (the first term of (4.12)) is a purely classical quantity.
It can be written as [23ds wgr(s/v), i.e., the time needed by a classical particle of velocity
v = hk/m to cross the field region along its diameter, weighted by the function wg.

It is worth noting that if wg(r) is assumed to be infinitely differentiable (i.e., g(r) is
infinitely differentiable with vanishing derivatives at r = 0), then the correction due to
the transition region (the fourth term of (4.17)) vanishes faster than any power of the
field gradient p~'. On the other hand, if one lets p — 0, wg approach the step function
xR and one recovers from (4.17) the result (4.8) with oscillating terms.

The present analysis can be extended to potentials v which are not necessarily rotation
invariant. For this, one can follow the method of [20], replacing the characteristic function
of the sphere by our wg (4.10). Then, one obtains the result of the main theorem of [20]
as R — oo, p — oo without using the somewhat artificial spatial averaging procedure
introduced there.

5. The spin scattering beyond the linear response

In this section, we consider the scattering of a neutral particle in a weak (but not
necessarily infinitesimal) field. To do this, we first study the scattering, at fixed energy
E > ) and angular momentum ¢, by the potential v + Awg where wg is as in (4.10). We
shall show that in the limit R — oo, p — o0, the matrix elements S%()\) factorise into a
product of two terms, one due to the crossing of the region where Awp acts and the other
one due to the scattering by the potential v at energy £ — A. Equivalently, the effects of
the potentials v and Awg become additive in the phase shifts 65(A).

Proposition 2. Let wg(r) be defined as in (4.10). Assume that there exist a > 0 such
that [ drrlv(r)| < oo and for r > a, v(r) is twice continuously differentiable and v(r),
v'(r), v"(r) are O(r~"), n > 2. Then, for any fixed £, E > 0 and A < E, we have

8(\) = [ dr (s(r) - K) + 8_, + O(R™) + O(s™") (51)

where hg(r) = \/Zm(E — Mwg(r)) and 8% are the phase shifts of the scattering system
(Ho, Ho + ‘U).

Proof. Throughout all the proof we set R > a. Given £, A < E and ¢ > 0, there exist R
sufficiently large such that (we recall that 0 < wg(r) < 1)

y(r) = v(r) + 2&%(((; Y +Awg(r) < E-¢, r2>R. (5.2)
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If r > R, we write the solution of (4.3) in the form (dropping now the indices ¢, E)

u(r) = Co(r)fo(r) + C-(r)f-(r), (5.3)
w(r) = ik(r) (Cs(r) fo(r) = C-(r)f-(r)) (5.4)

where '(r) = du(r)/dr,
hk(r) = \/2m(E — 4(r)) > V2me > 0, (5.5)

and fi(r) has the WKB form

fe(r) = \/Zl(jiexp (ﬂ:i /R;ls k(s)) . (5.6)

It is not difficult to check that u(r) verifies (4.3) if and only if the functions Cy(r) obey
the first order differential system

Cl(r) = cq:(r)%((% exp (:F 2i [ds k(s)) (5.7)

with initial conditions determined by the continuity of u(r) and v'(r) at r = R
1 . —1/2 s
Cx(R) = 5 ((k(R))/*u(R) F i (k(R)/*¢/(R)) . (5.8)

For r < R, one has Awg(r) = A, thus u(r) = u§_,(r) is the regular stationary solution of
the radial equation with potential v(r) and energy E — A. Hence it has the asymptotic
behavior

u(R) = us_,(R) = Asin(kR — €r/2 + 85_,) + O(R™Y), (5.9)
W(R) = (uh,) (R) = A cos(xR — £r/2 + 85_,) + O(R™) (5.10)

where hx = {/2m(E — A), and A is a constant to be determined later. We observe that
according to (5.2),(5.5) one has

k(r) = k(r)+0(r"%), r >R, (5.11)

with k(R) = & and «(r) = k for r sufficiently large (since wg(r) has compact support).
Combining (5.9), (5.10) and (5.11) in (5.8) gives

Ci(R) = :EA%;.f exp (:f:i (kR — 1 [2 + &} __A)) + O(R™Y). (5.12)

Furthermore, it is shown in appendix C that forr > R
Ci(r) = C+(R)+ O(R™Y) + O(p™"). (5.13)
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This implies that for » > R

u(r) = C+(R)f4(r) + C_(R)f-(r) + O(R™") + O(p™") (5.14)

is in fact given by the usual WKB approximation provided that R is sufficiently large and
that the field gradient is sufficiently small in the transition region. In view of (5.6),(5.11),
f+(r) have the asymptotic behavior

1 . o0 -
falr) = e (:u (kr = bR+ [ ds (x(s) - k)) +O(R™). (5.15)
Thus, for r > R, r sufficiently large,(5.12),(5.15) and (5.14) lead to

u(r) = A \E sin (kr ~tn/2+ (k= BB+ [ "ds (x(s) — k) + 555_))

(5.16)
+ O(R™) +0(p™Y).

The comparison of (5.16) with (4.4) shows that A = /k/x. Moreover, since S§(}) is
continuous in A, we choose the determination of §%()\) which is continuous in A with
85(A = 0) = 6% and conclude from (5.16) that (5.1) is true.

We see that the phase shifts have a well defined asymptotic behavior (5.1) without
oscillations. This has to be contrasted with the case wg(r) = xr(r) (abrupt switching
on) which produces the phase shifts

65()) = —kR + arctan (é tan(kR — {x/2 + 627_,\)) + O(R™). (5.17)

If one calculate 2% 365(2)/ a/\{w from (5.1) and (5.17) respectively, one recovers of course
(4.12) and (4.8).

The expression (5.1) has the following interpretation: the Eisenbud-Wigner time delay
associated with the scattering of the particle by the potential v + Mwg ie., TE(X) =
2h965(X)/BE, is equal to the sum of two contributions

TE(N) = 75(\) + 7E_, (5.18)

B0 = [Tar (\/———E_T,,R(r) V%) 1)

and 7f_, is the time delay due to the potential v alone at energy E — A. It is not hard to
check that as R — oo, 7g(A) is the asymptotic form of the time delay corresponding to
the scattering of a classical particle by the potential Awg(r).

where
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The expression (5.1) may also be compared to the standard WKB phase shifts [21].
The difference is that here the semiclassical treatment applies only to the transition region
for Awg (because of its weak gradient), whereas the full quantum mechanical scattering
by the potential v is taken into account.

The main consequence of the result (5.1) is that, in the limit R — oo and
p — oo, the potential Awg has no effects on the scattering by v, except for the en-
ergy shift £ — X and the additional classical time delay (5.19). This is because the first
factor in (5.1) is an overall phase depending only on the energy and thus commuting with
the momentum operator. More specifically, if Fg(p) is any function of the momentum p on
the energy shell (i.e., depending only on the angles p = p/|p] of § with |p] = (2mE/#?)!/?
fixed), the matrix elements of the asymptotic operator

Jim < £,m|SE)Fx()Sp(V)IE,m' >
= Jim SESE) < & miFs@)E,m' > (5.20)

p—0

= e65-1-5523) < ¢, m|Fg(p)I', m' >

converge to those due to the potential v alone. In particular, if v = 0, there is no scattering
at all and the cross section vanishes.

We consider now the scattering of a neutral particle of spin s. For each E and ¢,
S£(X) is now a (2s + 1) x (2s + 1) matrix, diagonal in the basis of eigenvectors of X,
with elements S£(m,)), —s < m, < s obtained by replacing A by m,X in (5.1). For a
spin-1/2, we find according to (5.1)

(S2)Be(N) = e*esln (g ) (5.21)

with
ok (wr, ) = aop(wr, ) + 28k4nnj — Sbonye) + ORT) +0(e7),  (5:22)
aos(wr, \) = 2 [ dr (x-(r) = £4(r)), (5.29)
hea(r) = /2m (B F (h)/2)wr(r)). (5.24)

When there is no dispersion in energy, the spin vector (E)® = ()™, (,)") undergoes
a rotation in the (z,y) plane of angle a%(wg,)) which is the sum of two terms. The
first of these two terms, agg(wr, A), diverges as R — oo and is the rotation angle of the
outgoing spin vector in the magnetic field when the scattering potential v is set equal to
zero. Therefore, the difference

5( _ 51
ob(wr, A) — cog(wr, A) = 2Ak —2222 " E-M2 L O(R™Y) + O(p™Y) (5.25)
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has a well defined limit as R — oo and p — oo which is the generalization of (4.19) for
a spin-1/2 at fixed energy E and /4, for a cut off function given by (4.10). At the first
order in A, one recovers the Eisenbud-Wigner time-delay and higher order terms in A give
access to the higher order derivatives of the phase shifts 6% with respect to the energy.

However, if the incoming state ¢ has some dispersion in energy (but with no contri-
butions below A%/2), (5.21) has to be replaced by

(E2)7*(X) = (Sa)™ [dE e E)Pesobon, (5.26)

Since a%(wg, A) varies rapidly for large R, (£4)$*()) is now subjected to an attenuation
(for instance, an integration by parts of (5.26) gives [(£4)3*(A)| = O(R™?) as R — o0).
This attenuation is due to fact that in the field region, the spin up and down parts of
the wave packet (relative to the field direction) have different effective momenta hx(r)
(see (5.24)) and thus propagate at different speeds. This produces a spatial splitting of
the incoming wave packet which is the reason for the attenuation. This effect has been
discussed in the context of neutron beam experiments [22]. It is easy to check on (5.26)
that this attenuation is negligible if vVmE-3AAR < 1 where A is the energy width of the
wave packet peaked about E.

Obviously, all the results of sections 4 and 5 can easily be specialized to the one
dimensional scattering problem. We define the cut off function as in (4.10) with r = |z,
z € R. If the potential is invariant under the reflection £ — —z, the scattering operator at
fixed energy is diagonal in the representation of even and odd functions of the momentum
hk. Then, £ = 0,1, where 0 corresponds to the odd functions and 1 to the even ones.
The phase shifts §%()) and 65()\) are connected with the transmission and reflection
coefficients by

e = Tp(X) = Rg(}), ¥ = Tp(A) + Re(A) (5.27)

and the results of propositions 1 and 2 are the same for 6§%(\) and §5(}).

In one dimension, it is possible to apply the WKB method of proposition 2 to a
potential v which is not necessarily invariant under space reflection (but still keeping the
same form (4.10) of wg). Working now in the two valued energy representation specified
by E and k/|k|, the S-operator of the scattering system (Hp, Ho +v), on the energy shell,
is given by the following 2 x 2 unitary matrix

_(Te R
Sg = (RE TE ) (5.28)

In (5.28) Tz and Rg are the transmission and reflection coefficients for a particle with
energy E coming from the left and R'g is the reflection coefficient for the particle coming
from the right. The equivalent of proposition 2 is now that Sg(}), A < E, is asymptotic
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to Tog(A) Sg-» as R — oo and p — oo, where Tog()) = exp (2¢ [dr (k(r) — k)) is the
transmission coefficient for the scattering system without the potential v. Notice that
|Toe(A)| =1 i.e., the potential Awg causes no reflections. Since Zog(A) is a pure phase
factor, we find that, at fixed energy E and for a spin-1/2, the length of the difference of
the spin vector in the (z,y) plane

[(E)z () = (E)gm(N)] = 28 |(E)"|

(SE-r2 (SE“"’ : A’;.ZSE‘*“’ 2) Yo+ o) (5:29)

has again a well defined limit as R — oo and p — oo.

6. Concluding remarks

The scattering of a quantum mechanical particle by a (non random) potential (here
v+ Aw) is a fully coherent process: all interactions, wherever they take place, contribute
coherently to the wave function. By a rigorous quantum mechanical treatment of the full
process (field and potential), we have shown that the spin clock agrees with the (classic)
Eisenbud-Wigner time delay, at fixed energy as well as for wave packets, under the fol-
lowing conditions:

(1) one considers the average value of the total outgoing spin (i.e., summing up the con-
tributions of all scattering directions);

(ii) the magnetic field is switched on smoothly in space in a spherically symmetric region;
(iii) one retains the linear response term in the field strength;

(iv) the field region is eventually extended to the whole space.

Under the same conditions (i),(ii),(iv), we have also investigated the functioning of
the spin clock beyond the linear response regime. At fixed energy, a relevant information
can be obtained on finite energy differences of phase shifts. When there is some disper-
sion in energy, the outgoing spin magnitude is attenuated because of a (Stern-Gerlach)
splitting of the spin component waves inside the field region. This confirms the view that
the apparent pure spin rotation occurring in linear response should be interpreted as a
coherent interference between the spin component waves in the field region, rather than
as a classical Larmor precession (see [22] for a discussion of this point).

Conditions (i) and (iv) may also be dropped by performing a spin measurement in
a definite outgoing direction and/or considering cases where the magnetic field acts only
locally on some region of microscopic size.

It is certainly of interest to investigate what information can be obtained on tunnel-
ing processes from a partial spin measurement (for instance, in one dimension, the spin
associated with transmitted or reflected waves separately; see the comment at the end
of section 3). This aspect was not discussed in this paper but we shall come back to
this point in another work in relation with the concept of "angular time delay” (see for
instance [23]).
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If the magnetic field has a strictly local action in some region, there will be in principle
quantum mechanical interferences due to the non vanishing gradients at the finite distance
boundaries of this region. To what extent they can be disentangled from the scattering
waves due to the potential v has to be examined in each case.

The sojourn time has also a local character. As it was emphasized in [24] it is an
idealized quantity obtained by a continuous observation in the limit of weak disturbance
of the system by the measurement procedure. In fact, the linear response of the scattering
system to an applied field, as described in section 2, precisely provides such a measure-
ment. We understand then that the sojourn time unavoidedly embodies also the physical
consequences of the spatial switching on of the field specified by a choice of the cut off
function w.

Many studies are devoted to local tunneling times (see for instance [1,25] and refer-
ences cited there) but, in our opinion (and this is also a conclusion in [1]), the Eisenbud-
Wigner phase shift is the only concept of time delay intrinsically attached to the potential
v: it has to be a non local quantity by the very nature of quantum mechanics (a wave
packet cannot have compact support for all times).

A final remark is in order. To our knowledge, in the present work as well as in almost
all the existing literature, the cut off function w is always chosen spherically symmetric
(or reflection invariant in one dimension). Exceptions are ref. [14] concerning the one
dimensional case and the treatment of [26] for the trace Tr7g of the time delay operator.
A spherically symmetric cut off has the advantage to lead to the expected result (the
usual Eisenbud-Wigner phase shift) and to facilitate the analysis (for instance a simple
application of the WKB method of proposition 2 is only possible with the radial ordinary
differential equation). We think that the reason for this choice is in fact more fundamental:

if more general cut off functions are allowed the convergence (3.5) is no more guaranteed
[27].
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Appendix A

In this appendix, we establish the formula (2.6) for a class of spherically symmetric
potentials. We have from (2.3)

;—Ast(x) = _%ﬂg,t(A)A,(A)n_,,(A) (A.1)

with .
AN = [ dsVIONwV(), (A:2)
| A:(X) IS 2t ||w]f . (A.3)
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One proceeds with the following steps:
(i) the strong limits (2.1) hold on L?(R®) uniformly with respect to A (JA] < Ag);
(i1) there exist a dense set D C L%(R®) such that s—lim;_ A:(A)R-(A)p = A(XN)Q- (M),
uniformly with respect to A, on the set Q_(A)p, ¢ € D, where A(X) = A ()) is given by
the integral (A.2) with infinite integration range;
(i) s—lims—eo At(A)Q- s(A)p = A(A)Q-(N)p, ¢ € D, uniformly with respect to A.

The assertions (i) and (iii) imply that for ¥ € L*(R®) and ¢ € D, the sequence of
derivatives

Jim, 50 Si) = = (@4, AN (N)e)
= —= (5, 2L (NAN- (V)

converge uniformly with respect to A. This justifies the exchange of the infinite time limit
with the A derivative and gives (2.6) when A is set equal to zero in (A.4). The point (i)
follows from the standard Cook estimate

(A4)

+o0
(@200 = WO < | [ 1l 0+ M)l I

N ' (A.5)
<|[Tds ot + | s Nwlie |
t t

which is obviously uniform with respect to A, |A| < Ag. To establish (ii), we show that
(A, (A) = Ay (A))Q-(N)ep, t2 > t1, ¢ € D, form a strong Cauchy sequence uniform in A.
We omit the variable A from now on, remembering that the total potential is v + Aw. We
use the inequalities

Ay~ 4,000 | = [4s 24,0 0]
| (Ae, RUALED 8 el A P Thi At 4
-t t2
5/ ds || wV,Qop || +/ds | wViQgp |
—t2 t
~t -t
< d S —Us
< [ dsliwlell + llull [ ds | (V0o - Ue|

t2 t2
+ [ds | wUSe | + llwll [ds || (V0 - US)ell.
t t

(A.6)

We note that the integrability of the functions occurring in (A.6) is precisely the condition
under which the existence of the time delay is proven in [12], i.e., it holds if D = {p €
LA(R3); $(k) = [d3z eF%p(F) is three times continuously differentiable with compact
support and no support in a neighborhood of k= 0}, v is spherically symmetric and
v(r) = O(r~2¢) (we recall that w has compact support). The analysis of [12] relies on
the Cook estimate (A.5) and on the finiteness of the moments

/dr ' v(r) + Aw(r)] < /dr rv(r)] + Ao /dr w(r)], 0<4< g +e. (A.7)
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Both estimates (A.5) and (A.7) are uniform with respect to A, and this complete the proof
of (ii). For (iii), we have with (A.3)
I (Af_e — AQ_ ) || <)l (Ae = A)Q-p || + AN (Q- = Q) |l
(A - A)p || +2lwlit | (- - Q)e |l -
The first term in the r.h.s. of (A.8) tends to zero uniformly with respect to A by (ii). So
does the second term since by the Cook estimate || (-, — Q)¢ [|= O(t™17%),0 € D,
uniformly with respect to A (see [12]). This completes the proof of (2.6) for ¢ € D and
for spherically symmetric potentials v decreasing at infinity more rapidly than r=%/2, The
proof could be extended to non spherically symmetric potentials by the methods of {13].

(A.8)

Appendix B

We give here a proof of (4.15) of section 4. Using the method of variation of constants
it is not difficult to show that the solution of (4.3) with asymptotic behavior (4.4) obeys
the Volterra type integral equation (see [28] for the method)

ul(k,r) = ub(k,r) + vl (k,7), hk=V2mE, (B.1)
with
ub(k,r) = cos 6°(k)je(kr) + sin 6°(k)ne(kr), (B.2)
w(k,r) = :z—mk [asGi(r, syu(snt(h, ), (B.3)
Gi(r,s) = nu(ks)je(kr) — ny(kr)je(ks), (B-4)

where j,(z) and n(z) are the usual Riccati-Bessel and Riccati-Newmann functions with

asymptotic behavior
Je(z) = sin(z — € /2) + O(1/z),

B.5
ne(z) = cos(z — €x/2) + O(1/z). (B:5)
Inserting (B.1) into (4.14) gives (dropping now the indices E and ¢)
Aa,p(ki)
L1 (Busdus  BPug .
h(k,r) = a%;oz—k ( o ok~ Y Brak (k,r). (B.6)

We first derive the asymptotic behavior of Ago(k,r), noting that under the condition
(4.11), the phase shifts 6°(k) are continuously differentiable for k # 0 (see [28]). One
obtains, setting ¢ = kr

Aaoll7) = cos” 6(k) (K2 (' — nf')(z) + 2(3" - 1)) + i ()i (<)

ﬂsd(ki)(n'j —nj')(z) + z(n"n — n'*)(z) + n'(x)n(m)> (B.7)

+ sin §(k) cos 6(k) (m(j”n =3’} z) + ("5 = n'i)(z) + (i'n + n'j)(w))-

+ sin? (k) (k
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Using now the following properties of the spherical Bessel functions
7'(z) = =j(z) + 0(z7?), n"(z) = —n(z)+ O(z7?),

J(2) = () + 0z, n'(z) = —j(z) + O(z"2), (B.3)
n*(z) +7%z) =1+ O(z™?),
(B.7) becomes

1 _1dé(k)  r
groolbr) =50 +3

41k ( (kr)cos 8(k) + n(kr)sin 6(k))(n(kr) cos 6(k) — j(z)sin 6(k)) + O(r’l) (B.9)

1h%kdéy r 1
_ L - kr — £ -1
22de+ 4ksm( r—{fr +26g) + O(r™)
where the last equality follows from (B.5). This is the expected asymptotic behavior of
h%(r). To complete the proof of (4.15) it remains to show that under the conditions (4.11)
the three last terms in the sum (B.6) do not contribute as r — co. As a consequence of
the fact that the spherical Bessel functions are uniformly bounded away from the origin,

we have for k #0 and r > 1

S =0), Dok, Lok ry=00),  (B10)

duo

”o(k 1"),
and also, solving the integral equation (B.1)-(B.4) by iteration

u‘(k,r) = O(1), %(k,r) = O(r). (B.11)

Then one deduces from (B.3)

ug(k,r),‘fi (k,r) = ( / ds|v(s)|> (B.12)
d“l(k ", (‘f;;c(k r) = ( /;°<t>iss|v(s)|), (B.13)

(B.12) and (B.13) imply that all the terms A, g(k,7), (e, 8) # (0,0) are O(N(r)).
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Appendix C

We indicate here a proof of (5.13) of section 5. For this, we write (5.7) as an integral
equation

Ci(r) = Cx(R) + Ax(r) (C.1)

where
2/ ds CZF( q:2if;ds'k(s')_ (C2)

An integration by parts of (C.2) gives
1 k'(s) 72i [2ds' k(s") |
?:Zzt k(s )C;(s)e R R

1 k'(s) " 245" k(s')
1 Rds (kz( )C (s)) eTJr :

We know that the regular solution u(r) of (4.3) and its derivative u'(r) are bounded (see
for instance appendix B); the definitions (5.3),(5.4) imply that the same is true for C(r)
and C_(r). Then, using also (5.5), it is a simple matter to check that for s > R

Ag(r) =

(C.3)

‘k(s

k2(s )C;(s)l < Mily'(s), (C.4)

k(s) 2 "
|(k2( s) F ) I<M (Y'(8))* + Mz |5"(s)|. (C.5)

To obtain (C.5) we have taken into account that, by (5.7), C'4(s) has the same bound as
(C.4). Introducing (C.4) and (C.5) into (C.3) gives, after integrating (7'(s))? by parts
|A£(r)] < My sup [¥(s)| + Ms [ ds|"(s)] (C6)
s>2R R

In view of (4.10) and with the conditions assumed for the potential v, one has the estimates

sup 7/(s)| < o™ suplg/(5)| + O(R™) + O(R"), ()

[t @) < o7 [Tdslg"(s)] + O(R™™) + O(R™), (C8)

implying that (5.13) holds when n > 2.
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V. Précession - versus - effet Stern-Gerlach

1. Introduction

L’interprétation de la phase accumulée par un neutron traversant un champ
magnétique a été I’objet d’une certaine controverse, surtout en relation avec le probleme
de ’observabilité du changement de signe de la fonction d’onde spinorielle soumise a une
rotation de 27 radians, dans les expériences d’interférométrie neutronique [Ra).

Rappelons que pour un spin 1/2, 'opérateur unitaire de rotation autour de ’axe z
est de la forme R.(0) = e*“:/2 avec o, la matrice de Pauli le long de I’axe z. Pour
6 = 27 on a donc R,(27) = ~1, et c’est seulement pour § = 47 qu’on obtient R,(27) = I.
En d’autres termes, un spineur doit étre tourné de 47 radians pour retrouver son vecteur
d’état initial. D’autre part, I'opérateur d’évolution pour un spin 1/2 dans un champ
magnétique homogéne est donné par U(t) = e#B%:/% et est donc équivalent a la rotation
Rz(_”B t/ h)

Dans les expériences d’interférométrie neutronique un faisceau de neutrons est divisé
en deux parties & I’aide d’un cristal (par réfraction de Bragg). Les deux faisceaux sont en-
suite recombinés a I'aide d’un deuxieéme cristal et finissent par interférer sur un troisiéme.
Le premier faisceau, de référence, est décrit par la fonction d’onde ;. Le deuxiéme
faisceau traverse une région de champ magnétique constant et sa fonction d’onde est
2. L’expérience consiste alors & mesurer Dintensité I =|| ¢ ||* de l'onde superposée
¥ = 1 + 2. Si ¢, a traversé un champ magnétique dans la direction 2, on a par
I'argument de la précession ¢ = R,(8)¥;, et on obtient pour I’intensité I la modulation

ERLI "

qui a la périodicité de 47 observée dans les expériences d’interférométrie neutronique [Raj.
Reste le probléme de P’interprétation des résultats de ’expérience: savoir si on doit
attribuer la phase accumulée par le neutron a la précession du spin dans le champ
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magnétique ou, plutét, & un effet Stern-Gerlach longitudinal (sans invoquer la lois de
transformation du spin) qui est lié & I’accélération et décélération des composantes “up”
et “down” a l’entrée et a la sortie de ce dernier. Nous verrons qu’il est possible d’utiliser
le concept de temps de séjour pour trancher entre ces deux alternatives. L’idée est la
suivante: si la phase accumulée 8 est a attribuer a la précession du spin (comme pour un
spin dans un champ homogeéne) alors, méme au dela de 'approximation linéaire, elle doit
étre de la forme § = —uBT/h, avec T qui est le temps passé par le neutron dans la région
du champ magnétique. Nous verrons dans l'article qui suit qu’il n’en est rien.

2. Article

Nous reproduisons ci-apres ’article

Ph. A. Martin et M. Sassoli de Bianchi, Spin précession revisited, Found. Phys., 24,
1994, pp. 1371-1378.
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Spin precession revisited

Ph. A. Martin and M. Sassoli de Bianchi
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. The passage of a spin 1/2 neutral particle through a region of uniform magnetic field
and the corresponding precession mechanism is analyzed from the view point of scattering theory,
with particular consideration on the role of the field boundaries.

For pedagogical purposes, in several good books on basic quantum mechanics, the
Larmor precession of a spin 1/2 particle in a uniform magnetic field is presented as the
simplest example of a quantum dynamical system [1]. For a magnetic field in the 2-
direction, the time-evolution operator is U(t) = exp(ipBo,t/k) with B > 0 the field
strength and p the magnetic moment of the particle (u is negative for a neutron). Using
the commutation relations for the spin components S; = %a;,i = z,Y,z (0; are the Pauli
matrices) one finds that the spin operators Sy = S; + @S, evolve, in the Heisenberg
picture, according to

Si(t) = S:t C:HWt. (1)

In other terms, the spin vector 5(t) = (S,(1), S,(t)) undergoes a rotation with constant
angular velocity w = —2uB/h, the Larmor frequency. The motion (1) is formally the
same as that of a classical magnetic moment in a uniform field.

The price to be paid for this beautiful simplicity is to ignore the translational degrees
of freedom of the particle. We have of course to treat a more general dynamical problem
(considering here a neutral particle with position £ and momentum §') governed by the
Hamiltonian

=L vz B0, 2)

2m

where B(Z) is constant in a region D of finite extension and V(Z) represents some addi-
tional spin-independent potential. If the particle remains localized in D, the picture (1)
is correct. For instance, let the state of the particle be of the form ¢g ® x where x is
any spin state and ¢g is a2 bound state of V(Z) with energy E. If the spatial support of
ve(Z) is well confined inside D, we may neglect the effects of the field boundaries, and

'

treat B(Z) as constant in (2) when acting on pg(Z)
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However, the situation is very different if the particle belongs to a beam traveling
through the region where the magnetic field is acting: one has to take into account that
the particle has to enter and leave the field region.

The problem of a traveling beam has been investigated in the context of neutron
interferometry experiments, in relation with the question of the observability of the sign
reversal of a spinor wave function subjected to a 27-rotation, see [2]-[5] and the literature
quoted in these references. It is also discussed within the theory of the Larmor clock, a
device proposed to measure tunneling times through potential barriers by means of the
spin precession [6]-[9]. It has been recognized in many works that the spin motion of a
neutral particle crossing a region of constant magnetic field shows a Larmor precession as
in (1) under the following conditions:

(i) reflections of the wave packet on the field boundaries are disregarded;
(ii) the field strength is weak.

We do not claim for originality in our forthcoming discussion of the spin precession
mechanism, which is lucidly analyzed in [5], for instance. But in view of various contro-
versies that have appeared in this large literature, we feel of interest to make the above
mentioned points (i) and (1i) mathematically precise in a simple situation, especially con-
cerning the role played by the field boundaries. In this respect, we hope that this note
will also serve a useful didactical purpose.

A neutral particle with spin 1/2 moves in one dimension along the z-direction through
a magnetic field of strength B > 0 pointing in the 2-direction. We characterize the spatial
action of the field by B(z) = Bw(z) where w(z) is a dimensionless cut off function given

by

_{ 1 ifRl<E
wle) = {g(ﬁ%) otherwise ’ ¢,L>0. (3)

We assume that g(z),z > 0, is a twice continuously differentiable function with compact
support, 0 < g(z) < 1 and ¢(0) = 1. The function g(z) describes the switching on and
off of the field in space. Since dw(z)/dz = O(¢~!) for |z| > L, £7! is a measure of the size
of the field gradient in the transition region.

Let 0,x° = ox°, 0 = £1. Then, for this model, the stationary solution ¥%(z) of the
Schrédinger equation associated with the hamiltonian (2) (setting now V(z) = 0) that
describes a particle coming from the left with energy E and spin state x° obeys

(_f_:"i — opBu(z) - E) ¥o(z) = 0 (4)

2m dz?
and behaves asymptotically as

- eikz+R0E e—-ikx’ T — —00
¢E(z) - { Tg eikz, T — 00 (5)

where kk = V2mE, and R%, T are the corresponding reflection and transmission coeffi-
cients. These coefficients are given by the following proposition:
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Proposition. Assume that w(z) is defined as in (3) and that E — |u|B > Eo > 0. Then

s _pfl#B1
RE’O( E k¢

(6)
TS = exp (z I/ de (k°(z) — k)) +0 (%Eﬁ)

where we have set hk?(z) = \/é—r'n(E + opBw(z)).

Proof. Define fg,(z) = k°(z)"/?exp(£i [§ dy k°(y)) and write $%(z) in the form
(dropping now the indices o, E)

P(z) = ar(z)f1(z) + a_(z)f-(z) (7)

Since w(z) has compact support, we have k() = k for z large enough and the comparison
of (5) and (7) as ¢ — Foo leads to

a4(00) = VET exp (~i [ :°dy CORIR 8
a_(-o0) = VERexp (~i [ _dy(k(y) - k),
a_(o0) =0.
To determine the functions e (z), we impose the additional relation
L (@) = ¥(@) = ik()(es @)1 (&) ~ a-(@)- (=), Q
One checks that ¥(z) verifies (4) if and only if
o'(z) = A(z)a(z) (10)
with 0 A
w00 4 won(3) o
and

As(e) = 5 e (72 [ dukw) (12)

The integral equation corresponding to (10)

o(z) = a(0) + [ dy Aw)aly) (13)
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can be solved by iteration, leading to the estimate

lle(£00) — &(0)]] < [lx(0)]| sup

/Ofiy A(y)| exp (/;ioo dy ”A(y)”) (14)

From (12) and the form (3) of the cut off w(z) we find

/d " 0  iflz <L .
oW AL W)= B [y £0) exp (20 (LA(0) + £ 7 doh(2)) otherwise )

where we have introduced the dimensionless quantity

\/2m(E+0#Bg($)) ~.N +aﬁ§ (z). (16)

hz) = Rk - E

Noticing that k(z) > /Eo/E > 0, we clearly have the bound

[wiawl= Y2 [ 20 <o an

which is independent of £. Moreover, an integration by parts on (15), together with the

properties of g(z), shows that
z _AflelB1

We conclude from (14),(17) and (18) that

sup
T

|¢|B 1
a(xoo) = a{0)+ O ( 7 kZ) : (19)
Combining (8) with (19) leads to the result of the proposition.

The methods used in the proposition are familiar in the semiclassical treatment of
reflection and transmission coefficients [10],[{11] (see also proposition 2 in [9]). If w(z) is
n+1 times differentiable the estimate (6) for the reflection coefficient could be improved to
O((k€)~™). However, the estimate for the transmission coefficient appears to be optimal.

Let x™ = ctx* + ¢ x7, |ct]? + |c|* = 1, be the incoming spin state and
(S+)® = (x®,S:x™) = ¢*"c*. Then, when the incoming energy is E, the transmitted
part of this spin state through the magnetic field region is

Xg =T xt +Tgex™. (20)

Hence, according to the proposition, (S4)% = (x%, S:x%) is equal to

(Sa) = (52)° TE°TF = (52 (x40 (U2 L)) ey
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with
05(B) = [ dz(k"() - k*(2))
2L (\/1 PEVIZE 2 e 1 %y(w)) (#2)
L Jo * -]

E E

where v = hk/m is the velocity and w = —2uB/#k is the Larmor frequency. Except for
the condition E > |u|B (the energy is above the potential barriers), the expression (21)
is general: the field is not necessarily weak nor did we specify its form in the transition
region.

From now on, we assume that the switching on and off of the field occurs on a much
larger scale than the wave length of the particle i.e., £ >> k~!. This assumption is natural
if the field is produced by an apparatus of macroscopic size. Then, according to (6),
reflections at the boundaries can be neglected and the spin operator, after transmission,
has undergone a pure rotation!. Can we interpret the spin rotation angle Og(B) as a
Larmor precession? Performing a limited Taylor expansion of ©g(B) with respect to the
field strength B gives

Op(B) = w% (1 +0 (%)) (1 +0 (l_%zg)z) : (23)

Since 2L /v is the time of flight of a free classical particle of velocity v in a field region of

extension 2L, we can interpret Og(B) as a classical Larmor precession if the conditions
Flgik L, (24)

lulB < E (25)

are fulfilled. The two inequalities (24) insure that the effects of the field boundaries can
be neglected and (25) is the weak field condition, making thus assumptions (i) and (ii)
precise.

Still assuming (24), is it possible to interpret the spin rotation (21) as a Larmor
precession beyond the weak field assumption (25)? For this, it would be natural to ask,
according to (1), if ©g(B) can be written in the form wtg(B) where tg(B) is the quantum
mechanical mean sojourn time spent by the incoming particle with energy E and spin
state x™ in the field region [—L, L]. According to the theory of sojourn times [12] (and

! To our knowledge the existing literature has only discussed the abrupt switching on

of the field in space i.e., a step function. In this case, the above conclusion is no longer
valid.
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using the results of the proposition) one finds that {z(B) is given by

L+2 2L |¢|B 1
te(B) = e+ e 4 vo(“e

\/1+MB \/1 E kf

where v* = hk*/m and hk* = |/2m(E % pB). Clearly, since |c*]® + |¢™|> = 1, wtg(B)
agrees with Og(B) at first order in B, but not in general (except at first order in B,

wtg(B) depends on the spin state x'®, which is not the case for the rotation angle ©g(B)).
Thus, the concept of sojourn time of the particle in the field region does not enable to give
a consistent interpretation of the spin rotation angle (22) as a Larmor precession beyond
the weak field regime (25).

Consider however the motion of the transmitted waves for the two spin components
o = +1 corresponding to an initial packet having some smooth energy dispersion ¢(E)
with support E — |u|B > Ey

o (z,t) = /;l#leE T2 o(E) exp (% (hkz — Et)) . 27)

The stationary phase argument together with the result (6) of the proposition (assuming
£ > k~! and the initial packet sharply peaked at about F) show that these wave packets
have experienced the time delays [12]

s, d - m m
E_dEargT /dm <hk"( ) ﬁ) (28)

The expression (28) is nothing but the time delay corresponding to the scattering of a

classical particle of energy E by the potential —ouBw(z).

According to the present analysis, when we let a spin 1/2 particle go through an
homogeneous magnetic field (with weak gradients at its boundaries) classical features
do not show up primarily in the spin evolution, but rather in the particle translational
motion. Indeed, the scattering effect due to the field on both spin component waves
@Z.(z,t) is just the classical time delay 7§. For g < 0, we have obviously 7§ > 7z, as
a consequence of the fact that the "up” and "down” components of the incoming packet
move with different velocities v* > v~ in the field region. On the other hand, according
to formula (22), the spin rotation angle @g(B) results of a genuine quantum mechanical
interference phenomenon between the two wave components. Then it turns out that in
sufficiently weak fields @ g(B) reduces to the usual classical Larmor rotation angle.

This interpretation is in complete accordance with the view expressed in [5] (see also
[9]) that the basic effect is the Stern-Gerlach longitudinal splitting of the wave function
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(see [13] and references therein) and that Larmor precession results of an interference
between these two Stern-Gerlach states. The consideration of the effects of the field
boundaries is important: the presence there of the field gradient is necessary to generate
the spatial splitting, but gradients must be weak enough to insure full transmission of the
particle through the field region.
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Deuxieme partie

Dans cette deuxieme partie nous nous intéressons essentiellement & des systémes uni-
dimensionnels. Partant de la propriété spectrale du temps de retard, nous dérivons au
chapitre VI une version générale du théoreme de Levinson. Au chapitre VII, nous util-
isons ce dernier pour étudier la variation du nombre d’états liés d’un potentiel périodique
fini (superlattice) en fonction de sa période. La méthode nous permettra aussi, pour un
potentiel sans états liés, de donner une borne inférieure pour le comportement du temps
de retard au seuil de I’énergie zéro. Enfin, au chapitre VIII, nous généralisons la méthode
de la phase variable au cas d’une particule dont la masse varie avec la position, et dérivons
dans ce cadre la propriété de factorisation de la matrice de diffusion.
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VI. De la propriété spectrale du temps de
retard au théoréme de Levinson

1. Introduction

La logique de ce chapitre est la suivante. Nous partons de la relation de complétude
pour les états physiques et montrons qu’elle implique la propriété spectrale du temps de

retard. Nous montrons ensuite que cette derniére donne lieu, & son tour, au théoréme de
Levinson.

1.1. La propriété spectrale du temps de retard

Soit H 1’espace des états d’un systeme de diffusion. Ce dernier est dit complet si
H="H,OHs, (1.1)

c’est a dire s’il est la somme directe du sous-espace H, des états de diffusion (s = scatter-
ing) et du sous-espace H; des états liés (b = bound). Plus précisément, cela signifie que
les sous-espaces H, des états avec asymptote libre sortante et H_ avec asymptote libre
entrante coincident i.e.,

H+ = H.. = Hs. (12)

Les espaces H, et H_ sont respectivement les images des opérateurs d’ondes 2, et Q2_
qui vérifient, en tant qu’isométries, la relation d’orthonormalité

QLo =1 (1.3)

Il suit immédiatement de (1.3) que les 0.0% sont les projecteurs orthogonaux de M dans
H.. Soit alors P, le projecteur dans le sous-espace Hy, engendré par les N états liés |E;),
J=1,...,N, du systeme. Siles |E;) sont normalisés a 1 i.e., (E;|E;) = é;;, nous pouvons
écrire, a ’aide de la notation de Dirac,

N
Py=3 |E;)E;l. (1.4)

i=1
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La relation de complétude (1.1) revient alors & écrire
Lol +P =1 (1.5)

et il suit que la trace
Tr[Q4, Q4] = Tr (04 — 1)
=-Tr Pb = —N.

Par la relation (1.6), qui a été originalement dérivée par Jauch [Jau2], nous avons

(1.6)

réussi a exprimer le nombre total d’états liés du systéme entierement en termes des
opérateurs d’ondes. Il est facile de relier le membre de gauche dans (1.6) au temps de
retard total. Il suffit pour cela d’exprimer la trace du commutateur [Q_, Q1] comme la
limite

Tr[0-,0!) = lim /b dz(z|[0_, 0 ]|z) (1.7)
et d’écrire ensuite
(e][2-, L]z} = (0-0L - Ijz)
= [TaE [, dk (el 1B, B - |(<|E. D))
3 I'aide du systéme complet de pseudo-vecteurs propres {|E, k), E € [0,00), k € 52} de

Ho et p = p/|p| (voir la section 1.3). En introduisant (1.8) dans (1.7), on obtient pour
(1.6)

(1.8)

lim [ dETr te(b,) = —27kN (1.9)

T=+00

avec

Tr r5(b,) = /S . dk{klrs(b,)[E)
= |, dk [(KITz(b)1k) — (HTZ(5:)14)] (1.10)

=omh [ db /b ' (|(=I0-1E, ) - (oI, BP)

qui est le temps de retard total pour 1'énergie F, c’est a dire la trace de l'opérateur
78(b,) = TE(b,) — TE(b,) de temps de retard local (dans b,) sur la couche d’énergie E
(voir la premiére partie de cette these).

La relation (1.9) exprime la propriété spectrale du temps de retard total. Sile potentiel
est a symétrie sphérique v(z) = v(r), r = |z, elle se spécialise & chaque sous-espace de
moment angulaire £ et m fixé. II suffit pour cela d’écrire H = L*(R3,d%z), pour d = 3,
comme le produit tensoriel H = H, @ H, entre la partie radiale H, = L?([0, o], r%dr) et
la partie angulaire H, = L?(S%,dz). On introduit ensuite dans H, la base {|¢,m}),¢ =
0,1,...;|m| < £} des vecteurs propres de L? et L, (les harmoniques sphériques) et on
remarque que les opérateurs d’ondes sont de la forme

Qi_ZZQ ® |€, m){£, m| (1.11)

£=0 |m|<¢
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en raison du fait que ’hamiltonien H du systéme commute avec L? et L,. De méme, le
projecteur dans H, est de la forme

[}

Po=> Y Pl ®lt,m)t,m]|, (1.12)

¢=0 m|<¢

avec % et Pf qui agissent dans le sous espace H;,, de moment angulaire £ et m fixé,
isomorphe & H,!. Sion note I, I'identité dans H,, la relation de complétude (1.5) devient

ottt +pt=1,, (1.13)
pour tout £ =0,1,.... Par la méme procédure que ci-dessus, on peut alors récrire (1.13)
sous la forme
lim / dE t4(b,) = —27h N (1.14)
=00 Jo

avec N qui est le nombre d’états liés de moment angulaire £, comptant la multiplicité,
et 75(b,) le temps de retard dans b, pour une onde entrante de moment angulaire £ et
d’énergie F i.e.,

ri(b,) = 2k / " drr? /52 dé (|(z]Q-|E, £, m)[* ~ |(a|E, £, m)|?)
— . (1.15)
- ’ 14 N2 £ n(2
=\ g | o (B - Wi,
Pour la derniére égalité nous avons utilisé (hk = vV2mE)

2m

(2|Q_|E, £,m) = it ! (B, )Y ()

(2|E,,m) =i‘,/%% §(E, )Y (2)

avec u'(E,r) qui est la solution réguliere & I'origine de I’équation de Schrodinger radiale

(1.16)

LiP %(Ti—r“—)-w )+ ] W(E,r) =0 (1.17)

2m

avec comportement asymptotique

v(E,r) = "% sin (kr - %r + 5%) +o(1) (1.18)

! Plus précisément, on dit que H = @gmHm est la somme directe des sous-espaces
Hem = I, ® [£,m){¢, m|H, invariants sous le groupe des rotations.
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pour r — oo. Les phases 6% sont données par les éléments diagonaux

(£, m| S|l m') = ¥*E 8406 (1.19)
de la matrice de diffusion Sg. Dans (1.16) u§(E,r) désigne la solution de Riccati-Bessel
pour le probleme libre et Y,*(&) = (&[4, m).
1.2. Le théoreme de Levinson

Le théoreme de Levinson, dans sa formulation habituelle, exprime le lien entre le
déphasage 6% et le nombre N¢ d’états liés de moment angulaire £ par la relation

68— &, = nN- (1.20)
Pour le cas £ = 0 il faut en plus distinguer entre les deux alternatives
& — 8 =7N° (1.21)

et

53—520=W<N°+%). (1.22)

La deuxiéme est exceptionnelle dans le sens qu’elle correspond a P’existence d’une solution
bornée de (1.17) pour E = 0. On l'appelle parfois un demi-état lié, & cause du terme
additionnel 1/2, mais elle appartient au spectre continu et sa nature est résonnante.

D’autre part, nous avons vu dans la premiere partie de cette thése que le temps de
retard local 75(b,) est donné, pour r — oo, par la formule

TH(b,) = 2k0E6E + RAL(b,) + o(1) (1.23)
avec 1
Af(b:) = 5 [sin(2kr ~ £r + 26%) — sin(2kr — er)] (1.24)

qui est la contribution oscillante d’interférence. Si on introduit (1.23) dans (1.14), on
obtient immédiatement

&~ 6 =N+ lim o [ dE A5(h,) (1.25)
T—00 0

L’égalité (1.25) est tres proche du résultat de Levinson (1.20)-(1.22). La seule différence
est la présence de la contribution oscillante dans la partie droite de (1.25). Nous mon-
trerons dans l’article qui suit comment I’étude de cette contribution permet de dériver
le théoreme de Levinson dans toute sa généralité, c’est & dire tout en tenant compte de
'alternative (1.21),(1.22). Pour cela, nous nous limiterons au probléme a une dimen-
sion spatiale. Si le potentiel est invariant par parité les solutions impaires sont alors
équivalentes au probléme tridimensionnel pour £ = 0. Nous traiterons aussi le cas d’un
potentiel de forme quelconque utilisant au lieu de (1.14) la propriété (1.9) de la trace du
temps de retard.
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2. Article

Nous reproduisons ci-apres 'article

M. Sassoli de Bianchi, Levinson’s theorem, zero-energy resonances, and time delay in
one-dimensional scattering systems, J. Math. Phys., 35, 1994, pp. 2719-2733.
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Levinson’s theorem, zero-energy resonances and time delay
in one-dimensional scattering systems

M. Sassoli de Bianchi
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. The one-dimensional Levinson’s theorem is derived and used to study zero-energy
resonances in a double-potential system. The low energy behavior of time delay is also investigated.
In particular, we show that the quantum mechanical time delay admits a classical lower bound, in
the low energy limit, if the potential has no bound-state solutions.

1. Introduction

The Levinson’s theorem in its usual formulation!? asserts that for a spherically sym-
metric potential V(r) producing the phase shift é,(k) and n, bound states of angular
momentum £, one has, with the convention 6;(c0) = 0,

63(0) = NgT (11)

for £ > 1 and
60(0) = nom (1.2)

or

60(0) = (o + %) . (1.3)

for £ = 0, according to whether there is a zero-energy solution (which vanishes at the origin
and is finite at infinity) or not. The exceptional case (1.3) occurs when the Jost function
of the S-wave vanishes at threshold. One usually speaks of the occurrence of a “half
bound-state” (because of the additional term 1/2 in (1.3)) or of a zero-energy resonance
(since the S-wave total scattering cross section approaches infinity at threshold).

A large literature is devoted to the proof of Levinson’s theorem (1.1)-(1.3) for central
potentials and its generalized versions for scattering by non-spherically symmetric and/or
non-local potentials (see ref. 3 and the references cited there). For instance, the exact
analog, in the case of noncentral potentials, of the S-wave zero-energy resonance (1.3) has
been obtained by Newton®* by the method of Fredholm theory (however, for noncentral
potentials, “half bound-states” do not appear to be in relation with specific values of the
angular momentum).
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Although they bring into play a variety of mathematical methods, all these exten-
sions of Levinson’s theorem are the consequence of a common simple principle. This
principle is the orthogonality and completeness relation for the eigenfunctions of the total
Hamiltonian, as was first noticed by Jauch?®.

The role played by the completeness of states in the derivation of Levinson’s theorem
was recently emphasized by Poliatzky®, showing that the full information on phase shifts
contained in the normalization integral for the scattering wave functions, when combined
with the completeness relation, allows to derive Levinson’s theorem in a simple and general
way. In particular, it was pointed out in ref. 6 that besides the well known “half bound
states”, a second kind of zero-energy solution may occurs for the S-wave scattering, with
an additional term 1/4 instead of 1/2.

Levinson’s theorem may also be considered as the consequence of another basic prin-
ciple. This principle is the spectral property of time delay which states that the total time
delay experienced by an incident plane wave of energy E is proportional to the change of
state density produced by the interaction (see ref. 3).

However, the intimate relationship between the number of bound-states and the en-
ergy integral of time delay (the spectral property) is also an immediate consequence of
the completeness and orthogonality relation for the eigenfunctions of the total hamilto-
nian. This will be emphasized in section 2 where a general version of the one-dimensional
Levinson’s theorem is derived. By the way, we shall also point out that there is a missing
in the derivation in ref. 6 and that “quarter bound-state” solutions are unphysical.

Levinson’s theorem is then used in section 3 to study the mechanism of the appearance
of zero-energy resonances in a double-potential system, as the distance d between the two
potentials is varied. The time delay at zero-energy resonance is evaluated and compared
to the E # 0 resonance case. Finally, in section 4, causality in the zero-energy limit is
investigated. It is found that the quantum mechanical time delay obeys to the classical
causal bound not only in the high energy limit, when the particle hardly sees the scatterer,
but also in the low energy limit, if the potential has no bound-state solutions.

2. The one-dimensional Levinson’s theorem

Consider the one-dimensional Schrédinger equation

o

0z?
where z € R is the space coordinate, k£ > 0 the magnitude of the incident momentum
and V(z) the potential. For sake of simplicity we shall assume in what follows that V(z)
is bounded everywhere and that V(z) = 0 for ¢ < z; and z > z,. Then, all the formal

operations in our discussion below are easily proved to be legitimate (see for instance ref.
7,8).

(k,2) + (k* = 2mV (z)) $(k,z) = 0 (2.1)

105



The physical solutions of (2.1) are the two linearly independent solutions . (k,z),
uniquely determined by the boundary conditions

T(k)ei*= ifz >z,

Yi(k,z) = {eikz +L(K)e*  ifz <z (2.2)

and ~ike | R(k)e fr>
e e iz >z,
2[)_(]9,.’17) - { T(k)e—z'kz le S z; (23)

where T'(k) is the transmission coefficient and, L(k) and R(k), are the reflection coefficients
from the left and from the right respectively. The scattering matrix S(k) is a 2 X 2 unitary

matrix defined as T(k) R(k)
S(k) = (L(k) T(k)) .

which can be shown to be continuous and such that”
1
S(ky=I1+0 (E) (2.5)

as k — o0o. The spectrum of (2.1) is known to be complete’. Thus, we have the com-
pleteness relationship

N 1 © .
S5, (@)n () + 5= 3 [ dk vk 2}, (k) = 8(z — 2) (26)
= T =1 Jo

where the g (z), £; < 0 are the bound-states eigenfunctions, normalized according to

] °:° dz [g,(2)]? = 1. (2.7)

On the other hand, for the free particle (V(z) = 0) there are no bound-state solutions
and the completeness relation simply reads

1 il ox O/ 1\ — '
DY | kS (k)i ) = bz - o) (28)

where 3 (k,z) = e¥**. Subtracting (2.8) from (2.6), then setting z = z’ and integrating
from —R to R, one finds

o N
/0 dk %Tr‘r(k, R)=-21 3 /_ }; dz |5, (2)? (2.9)
where . R
ok R)= T T [ de (1atk, @) = w3k, ) ) (2.10)
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is the trace of the (on shell) time delay operator 7(k, R) for a (here one-dimensional) ball
of radius R (see ref. 3). According to (2.7), one then obtains

lim /0 ” dk %Trr(k,R) = _2xN. (2.11)

R—oo

It is worth noting that the same reasoning leading to (2.11) can be easily generalized to
the case of more than one spatial dimension as long as a completeness relation between
scattering states and bound-states holds. Indeed, (2.11) conmstitutes the most general
statement on the link between time delay and bound-states. To derive from (2.11) the
one-dimensional Levinson’s theorem (i.e., the relationship between scattering phase shifts
and bound-states) it is useful to consider the solutions of (2.1) of the form

up(k,2)] _ oo [a (ks 2)
[uf@,x)] =U(k) Lﬂ(k,z)] (2.12)
where
_ 1 R(k)/L(k) -1 _ 1 e2iv(k) -1
U(k)_\/ﬁ( 1 L(k)/R(k)) =577 cew) W)

is the k-dependent unitary transformation which diagonalizes the scattering matrix i.e.,

e2ib+ (k) 0 >

URSEUIE) = () s (2.14)

with
e+ () = T(k) — \/L(k)R(K),  €¥*-®) = T(k) + /L(k)R(k) (2.15)

or, equivalently

T(k) = % (em‘(k) + ezm(k)) = ' C-(+8+(R)) cog(6_(k) — 6,4(K)) (2.16)

and

JLRR(E) = % (€559 — 0+ = -5 D sin(s_(k) — 8, (k). (217)

According to (2.13), we also have

L(k) = -0+ +2vB+3) 5in (§_(k) — 6, (k)) (2.18)
and

R(k) = 6-0+8+(0)=2v8+3) gin(5_(k) — 6, (k). (2.19)

From (2.12) and (2.13), one finds that the solutions u4(k,z) satisfy the boundary condi-

tions
_ o6y (t)(hy) [ sin(kT +y(k) + 64(F))  ifz >z,
uy(k,z) = V2! 6+ RN+ {sin(kx (k) — 6 (k)) fz <o (2.20)
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and
— i6— (k)= (k)) | cos(kz +v(k) + 6_(k)) ifz >z,
u_(k,z) = V2e ¥ {cos(kz TR pLZk (2.21)

Furthermore, U(k) being unitary, they also satisfy the completeness relationship

> ¥, (2)¥E, (') + 21_7r > /Ooo dkus(k, z)u,(k,z") = é6(z — 2'). (2.22)

j=1 p==%

2.1. The symmetric case

For a parity invariant potential V(z) = V(-z), =2 = —z,, we have R(k) = L(k)
implying (k) = 0. Then, u,(k,z) and u_(k,z) correspond to the usual diagonal repre-
sentation of the scattering matrix in terms of odd and even functions of the momentum
k. In this special case, the completeness relationship between scattering solutions and
bound-state solutions holds separately for the odd and even states i.e.,

ng 1 o

S is, (@en, (@) + o= [ dbuikzus(k,a) =8 —2) Fo+2)  (223)
i=1

where the 14 g.(z) are respectively the odd and even bound-state eigenfunctions and
ny + n. = N. Subtracting the completeness relation for the free particles solutions
u3 (k,r) (corresponding to 6.(k) = 0) from (2.23), then setting z = z’ and integrating
from — R to R, one finds

"kt R = xS [ d 2 2.24
fy e By ==y [ delbes, (o) (2.24)
where m R

ralk,R) = 2 [ da (uslh, ) = [l (k, ) F) (2.25)

are respectively the time delays for the interval [~ R, R] and for an incoming odd and even
wave of energy E = k?/2m (see ref. 3). By differentiating the Schrédinger equation (2.1)
with respect to k, one finds the identity®

us(k,r)? = 12 (a“la“i '82“*)(k,x) (2.26)

~ %oz \ 0z Ok _“*axak

from which the time delays (2.25) are readily calculated, for large R, using the asymptotic
form (2.20),(2.21) (here with y(k) = 0) with the result (we use the prime to denote the
derivative with respect to k)

ri(k, R) = 28/ (k) F 73 [sin(2kR + 26, (k)) — sin(2kR)

sin2kR _ sin264(k)
kT k

(2.27)

m

k

(25’i(k) + 27 sin? 6. (k) cos 2kR) .
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Inserting (2.27) into (2.24) we obtain, for R sufficiently large,

sin 2k R
wk

1 fo sm26i(k) _ <t (R 2
=2 2/0 k2220 ook R = -wgf_ﬁdx s, () 2.

§1(c0) — 64(0) £ 7 /0 ” dksin? 64 (k)
(2.28)
k

Moreover, if we define 6, (k) to be continuous for 0 < k£ < oo and such that (use (2.5))

§u(k) = O (%) (2.29)

we find from (2.7) and (2.29) that (2.28) yields, as R — oo (when k£ = 0 we drop it from
the notation i.e., 61 = 64(0)),

b5 =nam+ gsinz by (2.30)

Furthermore, the right hand side of (2.28) being finite (because of (2.7) and the finiteness
of the number of bound-states), the integrals in the left hand side of (2.28) are also finite
(since 84(o0) = 0 and that the continuous functions 64 (k) have a finite limit as £ — 0).
Their integrability at infinity follows from (2.29) but the integrability at the origin of the
second integral implies

sin 263 = 0. (2.31)
Clearly, the only solutions for (2.30) and (2.31) are, for the odd states,

1
6.*_ =n,T, 6+ = (n+ + '2") T (2.32)

corresponding respectively to the case without and with zero-energy solution (or zero-
energy resonance or “half bound-state”). On the other hand, for the even states, one
finds

o = (n_ - %) T, _=n_=x (2.33)

where again the second solution corresponds to the case of a zero-energy resonance.
Notice that the scattering problem for u(k,z) is the same as the three-dimensional
S-wave scattering problem and yields the same solutions (1.2),(1.3) with n, replaced by
the total number ng of bound-states of zero angular momentum. On the other hand, the
even solutions (2.33) differ from the odd ones by an additional term —1/2.
In ref. 6 it was pointed out that

bu= (s %) . (2.34)

are also solutions of (2.30). However, they cannot represent a second kind of physically
realizable zero-energy solutions, since they break condition (2.31).
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A physical zero-energy solution of the one-dimensional Schrédinger equation (2.1) is a
non-zero constant solution outside the range of the potential. Thus, it is not normalizable
and it is part of the continuum. However, contrary to the continuous spectrum which is
doubly degenerate (the particle can come either from the left or from the right), a zero-
energy solution is non-degenerate (as it is the case for the discrete spectrum). Indeed,
the Wronskian of two solutions of a one-dimensional Schrédinger equation is a constant
which, for linearly independent solutions, differs from zero. But the Wronskian of two
zero-energy solutions, which are constant far from the potential, is clearly zero implying
that they must be linearly dependent. Thus, we must have ¥4 (0,z) = ay_(0,z), a € C,
which implies, according to (2.2),(2.3) (here with L(k) = R(k) and we have set L = L(0),
T =1(0)),

14L=T o 1+L=-T (2.35)

corresponding respectively to the even and odd solutions. Moreover, from the unitarity
of the scattering matrix (2.4), it follows that

TP +|L*=1, ReTL"=0. (2.36)
Equations (2.35) and (2.36) may then be easily solved and one finds that the only solutions
are
T=0, L=-1 (2.37)
or
T=-1, L=0 (2.38)
or
T=1, L=0o. (2.39)

According to (2.16),(2.17) we find that (2.37) corresponds to the choice
5+ =n,w, 6. = (n_ - %) ™ (240)

without zero-energy resonance. On the other hand, (2.38) and (2.39) correspond respec-
tively to

6y = <n+ + %) x, - = (n_ - %) T (2.41)
with an odd zero-energy resonance and to
by =nym, o =n_mw (2.42)

with an even zero-energy resonance. In other terms, the reflection probability |R(k)|? is
“normally” unity at threshold, when the potential supports no zero-energy solution. On
the contrary, when a zero-energy solution exists, one observes a resonance transmission
(i.e., a vanishing reflection coefficient) at threshold.
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2.2. The non-symmetric case

Consider now the case of a non-symmetric potential V(). Then, expressing the trace

(2.10) in terms of the solutions (2.12) and using again the identity (2.26), we find, for a
large R,

Ter(k,R) = = p; / Z dz (lu,(k,2)[* - [u3(k, 2)P)
= 2-’;-‘ (8, (k) +8.(k)) - g cos 2y(k) [sin(2kR + 26, (k) — sin(2kR + 26_(k))]
= T_Z. {25;(@ + 26" (k) + cos 2(k) [(‘n sin? 6, (k) ~ 7 sin® 6_(k)) sin 2k R
+ %sin(&-(k) — 6, (k) cos(6_ (k) + 6, (k)) cos QkR]} .

(2.43)
Inserting (2.43) into (2.9), then taking the limit R — oo and using (2.29), we find (with
v =(0)) .
by +6_=7N+ 5 cos 2y (sin2 64 — sin® 6_)

2 (2.44)
=7aN - 5 cos 2vsin(6- — 64 )sin(é- + 64)
together with the condition (the analogue of (2.31))
cos 2y sin(é_ — &4 ) cos(é6- + 64) = 0. (2.45)

To solve (2.44),(2.45), we start by considering the case cos 2y # 0. Then, (2.45) gives
sin(6_ —84) cos(8_+64) = 0. If cos(6_+64) = 0, then (2.44) yields | cos 2ysin(6_ —é;)| =
1. For the case cos2y = 1, the solutions are clearly of the form (with n and m positive
integers)

by =nm, b_= (m - %) T, n+m=N (2.46)
and y

6y = (n+-2-> x, 6_.=mm, n+m=N. (2.47)
On the other hand, for cos 2y = —1, one finds

oy = <n—-12-)7r, bo=mm, n+m=N (2.48)
and 1

by =nm, b= (m + 5) n, n+m=N. (2.49)

However, for the solutions (2.47) and (2.49), u4+(0,z) and u_(0,z) are readily seen to
be linearly independent. Thus, they must be discarded (we recall that a physical zero-
energy solution is non-degenerate). Moreover, by (2.18) and (2.19) one finds that (2.46)
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and (2.48) correspond to L = R = —1 i.e., to a reflection probability which is unity at
threshold.

If cos(6_ + 6;) # 0, then sin(6_ — 6,) = 0 and (2.44) gives 6, + §_ = Nx. Thus, the
solutions are of the form

6+=<n:i:—>7r, 5_=(mq:—->7r, n+m=N (2.50)

or
bp=nm, b_=mmr, n+m=N (2.51)

yielding respectively (use (2.16)) T = —1 and T =1 i.e, a vanishing reflection coefficient
at threshold.

Finally, for cos2y = 0, we also have 6; + 6. = N= but the difference 6. — 6, may
pow in principle take any value and one can only say that a finite portion of the incident
particles is transmitted at threshold. Notice however that T' # 0. Indeed, if T = 0, then
¥+(0,z) = 0 for all z, so that we must have L = R = —1. But for cos2y = 0, it follows
from (2.18) and (2.19) that L = —R, in contradiction to the assertion hereabove.

To summarize, let us reformulate the results hereabove in terms of the phases ar(k) =
arg T(k), ar(k) = arg L(k) and agr(k) = arg R(k) of the transmission and reflection
coefficients. For this, we observe from (2.16) and (2.17) that, modulo =,

1
ar(k) = 6-(k) +6:(k), 5 (aw(k)+ar(k)) = 6_(k) + 6:(k) + 321 (2.52)
Thus, setting .

ar(00) =0, 5 (ar(0) + ar(e0)) = 3 (2.53)

we obtain the solutions (dropping the & = 0 argument)

1 1

ar = (N——i) T, E(aL+aR)=N7r, L=R=-1 (2.54)

and ] ]
ar = N, E(QL+QR)= (N+§) n, T#0 (2.55)

corresponding respectively to the case without and with zero-energy resonance. For the
special case of a symmetric potential we have L(k) = R(k) and, according to (2.37)-(2.42),
(2.54),(2.55) are respectively to be replaced by

ar = (N - %) 7™, ap=Nm, L=-1 (2.56)
and 1
ar=Nr, af= (N + 5) r, L=0. (2.57)
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A different proof of the one-dimensional Levinson’s theorem, with the help of the
analytic properties of the Jost functions, was given in ref. 9. Note that the theorem was
incorrectly stated in ref. 9 but subsequently corrected in ref. 10, footnote 20; see also
ref. 11. A very simple heuristic derivation of the one-dimensional Levinson’s theorem was
also given in ref. 12 for the special case of a reflectionless potential. However, since for a
reflectionless potential L(k) = 0 for all k£, the authors find the result (2.55) with a zero-
energy resonance (or “half bound-state”) i.e., they find the “exceptional” case instead of
the “generic” one.

3. Zero-energy resonances in a double-potential system

The purpose of the present section is to use the results (2.53)-(2.57) to study the
mechanism of the appearance of zero-energy resonances in the one-dimensional scattering

by the potential
Viz)=wv (m + g) +v (:z: - g) (3.1)

where v(z) is a finite range potential with support in the interval [—a/2,a/2]) and d > a.
For this, we first observe that, in one dimension, the scattering matrix (2.4) for a potential
V(z) can be expressed in a rather simple way in terms of the scattering matrices of the
fragments of that potential. To be more precise, we write the potential V(z) as the sum

V() = %2) + Vil2) (32)
where we have defined (y € R)
Vi(z) = V(2)X(=0)(x),  Va(z) = V(2)X(3,00)(2) (3.3)

with xr(z) being the characteristic function of the interval I. Let

T(k) Rk
Si(k) = ( Li((k)) T((k))) (3.4)

be the scattering matrix for the potential V/(z), i = 1,2. Then, we have the factorization

formulal®

1 _R(y 1 _Ri(k) 1 _Re(¥)

M TTw |- (TZ® TEE | [ BO e (3.5)

L{k) 1 Ly (k) 1 La(k) 1 . .
T(k) T(k)* T1(k) T (k)* T2 (k) Ta(k)*

Clearly, the double-potential (3.1) is the sum of two compactly supported fragments and
we may apply the factorization formula (3.5). For this, let

k) r(k
0= (i) k) (34)
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be the scattering matrix for the potential v(z). Under the transformation v(z) — v(z=+
d/2), it is transformed as

t(k) e*”“ir(k)) ‘ (3.7)

s(k) = 5:(6) = (mivayy © 4009
Thus, with S;(k) = s4+(k) and S2(k) = s_(k), (3.5) yields for the transmission coefficient

_ t2(k)
= T I(k)r(k)er "

T(k) (3.8)

For sake of simplicity, let us first consider the case of a parity invariant potential v(z) i.e.,
I(k) = r(k). Then, setting a,(k) = argt(k) and oy(k) = argli(k), we may also write

2 _ [t(k)[*
L) = T cos(2aa (k) + 28d) + IR (39)

and

ar(k) = 2a,(k) + A(k) (3.10)

where we have defined

A(E) = arctan ( |1(k)|? sin(2cy (k) + 2kd) ) .

1 — |i(k)|2 cos(2cy (k) + 2kd) (3.11)

It immediately follows from (3.9) that for a given k£ # 0, the transmission probability
|T'(k)|?> = 1, if the resonance condition

cos(2y(k) + 2kd) =1 (3.12)

is fulfilled. In other terms, for a given potential v(z) and k # 0, there is always an infinite
number of resonance distances

dn(k) = do(k) + -"k—’r n=1,2,...

(3.13)
do(k) = inf{d| cos(2ay(k) 4+ 2kd) =1, d > a}

for which the transmission probability for the double-potential (3.1) is unity. On the other
hand, if v(z) supports no zero-energy solution, we find from (2.56) that

cos(2ay(k) + 2kd) = 1 — 2(a] + d)*k* + O(k%). (3.14)
Thus, as k — 0, the resonance condition (3.12) becomes (A = h(0))

h+d=0 (3.15)
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where we have defined the spatial shift

k
caused by the time delay

(k) = (R)Pr(k) + 1(E)Pr(k) = [t(k) P eb(R) + (k)P0 (k)

3.17

= Zai(k) = Zai(k). o
For the last two equalities in (3.17), we have used |[t(k)|* + |I(k)|2 = 1 and the fact that,
according to (2.52), (k) = m(k) i.e., transmission and reflection time delays are equal
for a symmetric potential (transmission and reflection time delays can be determined by
a stationary phase argument; for a more general treatment see ref. 14). Thus, contrary to
the case with k # 0, as k — 0, there is at most one resonance distance d = —h. Moreover,
since we must have d > @, such a resonance condition can be realized only if A < —a,
which can be the case or not depending on the particular choice for the potential v(z).
More precisely, we have the following

Proposition 1. Let V(z) = v(z +d/2) + v(z — d/2), d > a, with v(z) a parity invariant
potential such that v(z) = 0 if |z| > a/2.
(A) Assume that v(z) hasn # 0 bound-states and there exist € > 0 such that h < —(d+¢).
Then, V(z) has
(i) N = 2n bound-states for d > —h;
(ii) N = 2n — 1 bound-states and a “half bound-state” for d = —h;
(iii) N = 2n — 1 bound-states for d < —h.
(B) Assume that v(z) has n bound-states and a “half bound-state”. Then, V(z) has 2n
bound-states and a “half bound-state” for all d > a.

Proof. Let us apply Levinson’s theorem to (3.10),(3.11). For this, we first observe that
ar(o0) = ai(o0) = 0 implies A(oo) = arctan(0) = 0 (|{(o0)| = 0, by (2.5)). Moreover,
since |I(k)| # 1 for all k # 0, the denominator in (3.11) never vanishes for k& # 0, so that
A(k) is continuous for all k.

(A) According to (2.56), if v(z) has n bound-states, then a; = (n — 1/2)7 and (3.10)
becomes, as k — 0 (A = A(0)),

ar = (2n - 1)7 + A. (3.18)

To determine A, we recall that® I(—k) = I*(k) i.e., |I(=k)| = |I(k)| and ay(—Fk) = —ay(k).
Thus, since (by (2.56)) &y = n7 and |I| = 1, we have, as k — 0,

(B2 =1-ck*+0O(k*), ¢>0

i) ) 1)
ai(k) = nm + hk + O(K>).
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Assuming h + d > 0, we clearly obtain

o 2(h + d)k + O(k3) o
A = pmarctan (2(h T ARt R+ 0(k) " 3 (3:20)
and (3.20) into (3.18) yields
or = (20~ %) . (3.21)

which proves (i), according to (2.56). In the same way, for A+ d < 0, we get A = —7/2,
yielding

ar = ((Qn -1)- %) T (3.22)
and establishing (iii). For the case h + d = 0, we get from (3.11)
: O(k?)
A= l];l—I»I(l) arctan (-Ckz-{-—O(kG)) =0 (323)
yielding
ar=(2n-r (3.24)

and proving (ii), according to (2.57). In the same way, using (3.9), it is easy to check that
|7} = 0 for the case (i) and (iii) and that |T| = 1 for the case (ii).
(B) If v(z) has n bound-states and a “half bound-state”, then [/|] = 0 and (3.10),(3.11)
immediately yields

ar=2nr, Vd2>a (3.25)

which is the desired result according to (2.57).

Condition (i) is always realized for a d sufficiently large, which is consistent with the
limiting case of two infinitely separated potentials. As d approaches the critical value
d = —h, a bound-state level approaches the onset of the continuum and give rise to a
vanishing reflection coefficient at threshold. Then, the zero-energy “bound-state” becomes
unbound when d < —h.

Finally, let us investigate the behavior of the time delay

(k) = %a’T(k) = -’Z-a'L(k) (3.26)

for the double-potential V(z). Writing (3.8) in the form (here with I(k) = r(k))
T(k) = t(k)? + t(k)2I(k)%e¥* + t(k)%I(k)*e*™ 4 ... (3.27)

we observe that the transmitted wave represents a sum of waves passing through the
two potentials once, or after any number 2n, n = 1,2,... of internal reflections. Thus,
according to (3.10),(3.17), we find that

7V (k) = 27(k) + (k) (3.28)
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is the sum of the time delay for the passage through the two potentials once, plus the time
delay caused by the internal back and forth of the particle in between the two potentials

i (k) = %A’(k). (3.29)
When the resonance condition (3.12) is met one finds, after a straightforward calculation,
Vi 2|i(k)[2 ( m )
(k) = 27(k) + T 1K) (k) + ; d (3.30)
and for the spatial shift H(k) = 7V (k)k/m, we have
2ik)I
H(k)= ———=—(h(k) + d). .
(k) = 2h(8) + s (A(E) + ) (3.31)

As |I(k)| — 1 (with k fixed), the multiple reflection mechanism is enhanced and it follows
from (3.30) (or (3.31)) that the time delay (or the spatial shift) approaches in general
plus infinity (provided that the resonance distance d is chosen sufficiently large). This is
in agreement with the intuitive picture of a long lived metastable state associated with a
resonance. .

In the low energy limit the situation is however rather different. Indeed, the zero-
energy resonance condition (3.15) has the following simple meaning: as k — 0, the time
delay 7(k) caused by the potential v(z) approaches the value —dm/k, which is nothing
but minus the time taken by the particle to go from one potential to the other. Thus,
everything happens as if the internal back and forth of the particle takes no time in this
limit. As a consequence, even though |l(k)] — 1 as ¥ — 0, one finds a spatial shift
H = H(0) at threshold which remains finite at resonance. Indeed, expanding (3.29) in
powers of k, one obtains for A+ d =0

1 83a1
Notice however that if & + d # 0, one finds
_ 2(h+d)? +c
H =2h- 2+ d) (3.33)

and the spatial shift H approaches plus (minus) infinity when the resonance condition is
approached from negative (positive) values of h 4+ d. The results of this section may be
considered as a generalization of ref. 15, where the special case of the double delta-function
potential was considered.

The analysis hereabove of the double-potential system is readily generalized to the
case of a non-symmetric potential v(z). In that case, one can easily check that proposition
1 still holds if the (global) time delay 7(k) is replaced by the averaged (total) time delay

(ag(k) + e (k) - (3.34)

1m

1 m o,
ETIT(k) = —k—at(k) = 2 k
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5. Classical causality at zero-energy

Classical causality says that the particle cannot leave the interaction region before
entering it. For a finite range potential v(z), with support in the interval [—a/2,a/2],
it means that the classical sojourn time Ty(k,a/2) in [~a/2,a/2] must be non-negative.
Thus, causality implies that the classical time delay

ra(k) = Ta(k,a/2) — T3(k,a/2) 2 ~T5(k,a/2) = ~a'=. (5.1)
For the spatial shift ha(k) = 7a(k)k/m, we thus find
ha(k) > —a, Vk. (5.2)

The corresponding quantum mechanical causality principle is simply the fact that the
quantum sojourn time T'(k,a/2) is non-negative®. If v(z) is assumed to be parity invariant,
we find for the odd and even scattering states

m re/2
T.(k,a/2)= = [ o lus(b2)P

k k

m (5.3)
§i(k)F = sin(ka + 261(k)) > 0

and therefore

§alk) 2 5 % sin(ka + 264 (k)). (5.4)

For the quantum spatial shift h(k), we thus find

h(k) = %T(k) = §,(k) + & _(k)

> —a+ 2ik [sin(ka + 26+ (k)) — sin(ka + 26_(k))) (5.5)
1
> —a-— .
2 —a A
Because of the presence of the additional interference terms, (5.5) differs in general ap-
preciably from (5.2). However, in the high energy limit £ — oo, (5.5) clearly agrees with
the classical bound (5.2). A similar result holds in the low energy limit k£ — 0, when the

potential v(z) has no bound-state solutions. More precisely, we have the following

Proposition 2. Let v(z) be a parity invariant potential, with no bound-state solutions
and such that v(z) = 0 if || > a/2. Then,

h= }cin% h(k) > —a. (5.6)

Proof. Assume, to the contrary, that A < —a. Then, according to proposition 1, it is
always possible to find a distance a < d < —A for which the double-potential (3.1) gives
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ar = ((2n — 1) — 1/2)x, with n being the number of bound-states of v(z). If n = 0, we
find ar = —37/2, in contradiction with Levinson’s theorem (2.56)-(2.57).

The same result clearly holds for a non-symmetric potential v(z) if (k) is replaced
by Tr7(k)/2.

To conclude, let us illustrate the content of proposition 2 in the simple case v(z) =
Aé(z). The transmission coefficient is

ik
k) = ik —mA (5.7)
and \
a;(k) = —arctan (Tk_) . (5.8)
If we define arctan(0) = 0, we find a;(o0) = 0 and
_[(0-1/2)7 fA>0
a(0) = {(1 1) A<, (5.9)

Thus, according to (2.56), for A > 0 the potential has no bound-states and one bound-state
for A < 0. The spatial shift is

h(k) = (_m%f (5.10)
and yields, in the low energy limit,
h= ii_:}rg)h(k) = ﬁf—an_\ (5.11)
For A > 0 {(no bound-states), we find
h= L >0 (5.12)
mA|

in agreement with proposition 2 (for a delta-function potential @ = 0). On the other
hand, for A < 0, the spatial shift at threshold is

1

h=—;n—m<

0 (5.13)

and thus disagrees with the classical bound (5.2).
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VII. Quel est le nombre d’états 1liés d’un
potentiel périodique fini?

1. Introduction

Dans ce chapitre nous donnons une réponse simple et générale a la question posée
dans le titre.

Considérons d’abord le probleme de diffusion pour un potentiel v(z), z € R, de
forme générale et a support dans 'intervalle [—a/2,a/2]. Notons par Tg son amplitude
de transmission et par of = arg Tr la phase correspondante. Rappelons que pour le
comportement de la probabilité de transmission a énergie zéro, il faut distinguer entre les

deux alternatives (voir chapitre VI)

2m

ITEIZ =c h2

E+O(EY, ¢>0 (1.1)

et
|To)? # 0. (1.2)

Le cas (1.1) est générique et correspond & une probabilité de réflexion qui vaut 1 au seuil
de I’énergie zéro. Dans le cas (1.2), une portion des particules incidentes est transmise
quand E — 0. Une telle situation est exceptionnelle et correspond a l’existence d’une
solution bornée de ’équation de Schrédinger pour ’énergie zéro (demi-état lié).

En partant de v(z), nous construisons un potentiel périodique fini

N-1

on(z,d) = > vz — id), d > a, (1.3)

=0

qui forme un réseau de N potentiels identiques, qui ne se superposent pas, et qui sont
tous séparés par une méme distance d (voir la figure 1). Il est alors nature] de se poser la
question suivante.
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Question
Donnés le potentiel v(z) et son nombre n d’états liés, la période d et le nombre de
répétitions N, quel est le nombre d’états liés de vy (z,d)?

v(x) a
vN(x,d) 4 T<——->
T
d
| 1 >
1 2 Ni

Fig. 1. Potentiel périodique fini de période d > a.

Réponse
Considérons d’abord le cas générique (1.1). Nous définissons les quantités suivantes.
Le retard spatial a énergie zéro

. hk
h= %;I_I%ETE, (14)
associé au temps de retard 75 = h@Eaf;. Les N —1 distances dy_1 < dy—2 < -+ < dy,
données par

d; = —h + \/ccos(jx/N), j=1,...,N -1, (1.5)

avec ¢ qui est la constante positive définie sous (1.1). Nous avons alors la situation
suivante. Pour d > d;, vn(z,d) posséde exactement Nn états liés, en accord avec le cas
limite de N potentiels infiniment séparés. Quand d approche la premiere distance d; (en
supposant dy > a), un état lié approche le seuil du continu et donne lieu, & d = d,, a
une transmission totale a énergie zéro. L’état 1ié se transforme ensuite en résonance pour
d < dy. De maniere analogue, a chaque fois que d traverse une distance de résonance d;
(en supposant d; > a), un(z,d) perd un état lié. Il posséde donc exactement Nn — j états
liés pour d;4; <d<d;,7=1,...,N—2,et Nn— (N — 1) états liés pour a < d < dny_;.

Dans le cas exceptionnel (1.2), la situation est trés différente: vn(z,d) posséde Nn
états liés plus un demi-état lié pour tout d > a i.e., le nombre d’états liés de vy (z, d) reste
constant quand la période d varie.
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En d’autres termes, en général, un réseau périodique fini de N potentiels de forme
quelconque peut perdre au plus N — 1 états liés en réduisant sa période d. Au plus, car
toutes les distance d; ne vérifient pas obligatoirement la condition de non-superposition
dj > a.

Dans Particle qui suit nous démontrons ce résultat a I’aide du théoréme de Levinson et
de la propriété de factorisation de la matrice de diffusion (voir aussi, pour cette derniere,
le chapitre VIII). Ce faisant, nous pourrons aussi dériver une borne inférieure pour le
temps de retard a énergie zéro, dans le cas particulier d’un potentiel sans états liés.

2. Article

Nous reproduisons ci-apres |’article

M. Sassoli de Bianchi et M. Di Ventra, On the number of states bound by one-
dimensional finite periodic potentials, J. Math. Phys., 36, 1995, pp. 1753-1764.
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On the number of states bound by one-dimensional finite
periodic potentials
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Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

M. Di Ventra
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CH-1015 Lausanne, Switzerland

Abstract. Bound-states and zero-energy resonances of one-dimensional finite periodic potentials
are investigated, by means of Levinson’s theorem. For finite range potentials supporting no bound
states, a lower bound for the (reduced) time delay at threshold is derived.

1. Introduction
In this paper we consider the one-dimensional potential function

N-—

Vn(z) =) v(z —id) (1.1)

1=

[

forming a finite periodic chain of N non-overlapping potentials of general shape. The
single potential v(z) has its support in the interval [—a/2,a/2] and d > a (non-overlapping
condition). The system is of practical interest, for instance for the physics of superlattice

electronic devices!

and optical properties of multiquantum wells?. As the number N
increases, it also constitutes a simple model exhibiting a solid-statelike behavior i.e.,
energy bands and gaps®*. Recently, a complete analytical solution of the scattering
problem for Vi(z) has been presented®*, yielding closed compact expressions for the
transmission and reflection coefficients in terms of those for the single potential v(z).
The present work completes the analysis of this system by providing a general descrip-
tion of the bound state structure of Vi(z), in terms of certain quantities characterizing the
single scatterer. More precisely, using Levinson’s theorem and the factorization property
of the scattering matrix, we generalize the analysis of Ref. 5, for the double-potential sys-
tem, and show that Vy(z) admits at most NV —1 resonance distances d;,j =1,...,N—1,
for which the reflection coefficient vanishes at threshold and which correspond to a bound
state level turning into a resonance. As a consequence, we find that, by lowering the
spacing d between the potentials, Vy(z) can lose at most N — 1 bound state solutions.
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For a potential supporting no bound states, the method also allows us to derive a lower
bound for the (reduced) time delay at threshold which improves one recently obtained in
Ref. 5.

The work is organized as follows. In Section 2 we review some basic facts of the one-
dimensional scattering. In Section 3 we discuss the two-potential system, as a preparative
for Section 4, where we state and prove our main result on the finite periodic potential.
Finally, in Section 5, the lower bound for the zero-energy time-delay, in absence of bound
states, is derived.

2. Preliminaries

In this section we present some well-known results of the one-dimensional scattering
problem, to establish notation and some needed facts.
The S-matriz. Let V(z), z € R, be a finite range potential that we shall assume bounded
everywhere. The associated scattering matrix is the 2 x 2 unitary matrix

T(k) R(k
am=(45 R&), (2.1)

where T(k) = |T(k)le°™®), R(k) = |R(k)|e****) and L(k) = |L(k)|e*+(), are the
transmission and reflection coeflicients, from the right and left, respectively, at energy

E = k?/2m (m is the mass of the particle and we have set & = 1). In addition of being
unitary, S(k) has also the property®”’

S(—k) = S*(k). (2.2)
For our choice of potential, it is a smooth function of & > 0, behaving like®”
S(ky=I+0(1/k), (2.3)

as k — o0o. On the other hand, for the low energy limit, the following dichotomy is known
to hold®®7

IT(k)2 = Ck+0(k%), C >0, (2.4)

for the generic case, and
IT(k))?=C"+0(k*), 0<C'<1, (2.5)

for the exceptional case where the potential supports a zero-energy solution. Notice that
C’' = 1 if v(z) is parity invariant®®. In the following, we shall speak of a zero-energy
resonance whenever |T(0)| = 1.

Levinson’s theorem. Levinson’s theorem establishes the relationship between the low en-

ergy behavior of the phase ar(k) = arg T'(k) and the total number M of bound states of
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V(z) (see Ref. 5 and references therein). If ar(k) is defined to be continuous and such
that ar(oo) = 0, then one has (when & = 0 we drop it from the notation i.e., ar = ar(0),
T = T(0), and so on]

aT=<M-%)7r, L=R=-1 (2.6)
for the generic case, and
ar=Mnr, T#0 (2.7)

for the exceptional case with a zero-energy solution. A zero-energy solution is usually
called “half bound state” because of the additional term 1/2 in Eq. (2.7).

Factorization formula. Write the potential V(z) as the sum V(z) = Vi(z) + Vz(z), where
we have defined (y € R)

Vi(2) = V(2)X(coon) (), Va(2) = V(2)X(3,00)(2), (2-8)

with xs(z) being the characteristic function of the interval I. Let

1y _ [ Ti(k) Ri(k))

s = (10 Tk (29)
be the scattering matrix for the potential V;(z), ¢ = 1,2. Then, we have the factorization
formula®

L Rk 1 _Ri(k) 1 _R(k)

T(k) (k) } — | Talk) Ty (k) T(k) T(k) (2.10)
L(k) 1 Ly (k) 1 La(k) 1 : )
T(k) T(k)* Ti(k) Ti(k)* Ty (k) Ty (k)*

Time delay. Since S(k) is unitary, it can be written S(k) = e*2(), where A(k) =
—tlog S(k) is called the phase shift operator. Taking one half of the trace of A(k) and
differentiating with respect to energy (d/dE = Td/dk) yields the averaged (total) time

delay!®

(k) = %%Tm'(k) - %ZI:—Tr (=iSt(k)S'(R))

= Za(k) = %% (k) + o (R)),

where the prime denotes the derivative with respect to k. Notice that a7 (k) = aR(k) =

(2.11)

o (k) for a parity invariant potential®. In the same way, we also define the spatial shift,
H(k), caused by the time delay 7(k), by

H(R) = (k) = ol (k) =  (ak(k) + o} (k) (2.12)

—
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3. The two-potential system

Consider the potential
V(z) = vi(z) + va(z — d) (3.1)

where v;(z) and wvy(z) have their supports in the intervals [—a;/2,a;/2] and
[—a2/2,a2/2], respectively, and d > (a; + a;)/2. Let

t,' k T3 k
s = (e T8) (32

be the scattering matrix for the potential v;(z), ¢ = 1,2. When the coordinate axis is
shifted by —d, the scattering matrix s;(k) is transformed as ly(k) — lp(k)ei?*?, ryp(k) —
ro(k)e~"%*4, t5(k) — t5(k). Therefore, according to the factorization formula (2.10), we
find for the transmission coefficient

_ __ b(k)ta(k)
TR = T Ri(R

(3.3)

For sake of simplicity, we assume in the following that v, (z) and v,(z) are parity invariant,
ie., li(k) = ri(k), i = 1,2. Then, we may also write

2 _ |t ()ta (k)12
TEN = 1 — 2|l3(k)l2(k)| cos(ay, (k) + ai, (k) + 2kd) + | (k)2(k)|? (3.4)
and
ar(k) = ay, (k) + au, (k) + A(k), (3.5)
where we have defined
B |l (k) o k)| sin(eu, (k) + o, (k) + 2kd)
Al = s (e i i r D) @9

Denoting by h; = lim;_o ¢, (k), ¢ = 1,2, the zero-energy limit of the spatial shifts for
v1(z) and vy(z), respectively, we have the following

Proposition 1.
(A) Assume that v,(z) and vo(z) have n, and n, bound states, respectively. If one can
find a distance d > (a; + a2)/2, such that
(i) hy + ha +2d > 0, then V(z) has ny + ny bound states;
(ii) hy+hy+2d = 0, then V(z) has n; +ny—1 bound states and a “half bound state”;
(iii) hy + ho + 2d < 0, then V(z) has ny + ny — 1 bound states.

(B) If vi(z) (or vo(z)) has in addition a “half bound state”, then V(z) has n; + n, bound
states for all d > (a; + a2)/2.
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(C) If vi(z) and vy(z) have both in addition a “half bound state”, then V(z) has ny + ny
bound states and a “half bound state” for all d > (a; + a3)/2.

Proof. The proof follows essentially the one given in Ref. 5, for the special case of
two identical potentials. We apply Levinson’s theorem to Egs. (3.5),(3.6). We define
ar(o0) = ay,(00) = ay,(o0) = 0, implying A(oo) = arctan(0) = 0 (l;(0) = 0,7 = 1,2,
by Eq. (2.3)). Since |l;(k)l2(k)| # 1, for all k # 0, the denominator in Eq. (3.6) never
vanishes for k # 0, so that A(k) is a continuous function of k.

(A) According to Egs. (2.4),(2.6), we have

LR =1 = (k)P =1-ck+O(k*), >0, i=1,2 (3.7)
and (dropping the k£ = 0 argument)
ay, =(n;—1/2)r, i=1,2. (3.8)

Using Eq. (3.7), the fact that the oy,(k) are odd functions of k (by Eq. (2.2)), and that
Li(k)l2(k) = 1 as k — 0, implying oy, + a;, = 0 (mod =), we find

(hl + h2 + 2d)2k2 + (cl + 62)k2 + O(k4) (3.9)

A = lim A(k) = lim arctan ( 2k + b + 20k + O(K) ) .

k=0 k=0
Thus, A = 7/2, 0, —n/2 if hy + hy + 2d is positive, zero and negative, respectively.
Introducing Eqgs. (3.8) and (3.9) into Eq. (3.5), we obtain the desired result, according
to Levinson’s theorem (2.6),(2.7).

(B) H, say, vo(z) has a “half bound state”, but not v;(z), then a;, = no7w and oy, =
(ny — 1/2)x. Furthermore, according to Eq. (3.6), [, = 0 implies A = 0 for all d >
(a1 + a2)/2, and Eq. (3.5) yields ar = (n1 +ngy — %) 7 for all d > (a; + a;)/2. we
conclude by Eq. (2.6).

(C) We have oy, = n;w, ¢ = 1,2 and, seemingly to point (B), A = 0 for all d >
(a1 + a2)/2, implying a1 = (n1 + ng) « for all d > (a; + a2)/2. We conclude by Eq. (2.7).

The Proposition is readily generalized to the case where v,(z) and v;(z) are nonsym-
metric. In that case, one can easily check that k) + h; is to be replaced by o; + ¢f,. For
point (B), the only modification is that, as k — 0, I;(k) — I € R (see the appendix of
Ref. 8) instead of I;(k) — 0. Then, a;, + oy, = 0 (mod 7), and now A = 0 because of the
vanishing of the sine [the same remark holds for point (C)].

In the non resonant case hy + ko + 2d # 0, the transmission probability |T'(k)|? has
the form (2.4). A straightforward calculation from Eq. (3.4) yields, for the constant C,

G1C2

= (hs + kg + 2d)F
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From Egs. (3.5),(3.6), we also find for the spatial shift at threshold,

1(hi+he+2d) +¢; +c2
H=h +hy—=
1t he =3 hy + hy + 2d

(3.11)

In the special case v;(z) = v2(z) = v(z) [i.e., V(z) = Vi(z) with the notation of Eq. (1.1)],
we recover Proposition 1 of Ref. 5. The resonant condition (ii) becomes k +d = 0, where
h = hy = hy, and corresponds to a transmission probability which is unity at threshold
(zero-energy resonance).

4. The finite periodic potential system

Let
N-1

Vn(z) = > v(z - id) (4.1)

=0
be a finite periodic chain of N non-overlapping potentials. The single potential v(z) has
its support in the interval {—a/2,a/2] and d > a. We denote by

Twn(k) Rn(k t(k) r(k
SN(k)z(L];Ekg ijv((k))) s(k)=(1§k; t((k))) 2

the scattering matrices for Vy(z) and v(z), respectively. Using the factorization for-

mula (2.10) and the Cayley-Hamilton theorem, one can write the transmission probability
|Tn(k)]? in the compact form®*

1

= — 7
1+ U}\,_l(z)l—l—&%};—

where z = cos(oy(k) + kd)/|t(k)|, (k) = argt(k), and the Un(z) are the Chebyshev’s
polynomial of the second kind, satisfying the recurrence relation'!

| T (k)"

(4.3)

UN(Z) - 2zUN_1(z) + UN_z(Z) =0 (4.4)

and boundary conditions U_;(z) = 0, Up(z) = 1. In the following we shall also need the
identity

U_(2) + U4_y(2) — 22Un-1(2)Un—2(2) = 1. (4.5)
It immediately follows from Eq. (4.3) that, for a given incoming momentum k, the
resonance condition |Tx(k){> = 1 occurs when either [t(k)|> = 1 (the single potential is
transparent at this energy) or Un-1(2) = 0. In the former case, the resonance is not

affected by a variation of the distance d separating the potentials. In the latter case, the
resonances are determined by the zeros of Un_y(z), i.e.,

cos(ay(k) + kd)/|t(k)| = cos(jn/N), j=1,...,N—1, (4.6)
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and therefore, for a given k # 0, there is always an infinite number of resonance distances
d > a, for which the transmission probability is unity.

Consider now the low energy behavior of the resonance conditions (4.6). In the ex-
ceptional case [t(0)]* # 0, it immediately follows from Eq. (4.3) that |Tn(0)]*> # 0 [and
|Tn(0)]2 = 1 if |¢(0)]? = 1] so that, if v(z) supports a “half bound state” (or a zero-energy
resonance), the same is true for Vy(z), for all d > a. On the other hand, in the generic
case

t(k)]* = ck? + O(k*), ¢>0, (4.7)
the resonant conditions (4.6) become [use ay(k) = —ay(—k), by Eq. (2.2), and Eq. (2.6)]

h+d 9 : .

7+O(k ) = cos(jx/N), j=1,...,N—1, (4.8)
where h = limg_ a}(k) is the zero-energy spatial shift for v(z) and c is the positive
constant appearing in Eq. (4.7). Thus, contrary to the case k # 0, as k — 0, there are at

most N — 1 resonance distances
d; = —h 4+ /ccos(jx/N), j=1,...,N—1, (4.9)

for which the transmission probability is unity. Notice however that, since we must have
d > a, a resonance condition, say d = d;, can be realized only if d; > @, which can be the
case or not, depending on the given choice of the single potential v(z).

We are now in position to state our result, which relates the zero-energy resonance
conditions (4.9) to the structure of the bound state spectrum of Vy(z).

Proposition 2.
(A) Assume that v(z) has n bound states. If one can find a distance d > a such that
(i) d > dy, then Vn(z) has Nn bound states;
(ii) djyy < d < dj, j =1,...,N — 2, then Vy(z) has Nn — j bound states;
(iii) d < dn-i, then Vy(z) has Nn — (N — 1) bound states;
(iv) d=dj,j=1,...,N —1, then Vy(z) has Nn — j bound states and a zero-energy
resonance;
(B) Assume that v(x) has in addition a “half bound state”. Then, Vy(z) has Nn bound
states and a “half bound state” for all d > a.

Proof. We shall proceed by a recursion procedure. From Proposition 1, the result clearly
holds for N = 2. We assume it holds for some fixed N, 2 < N < N’, and have to prove
it for N = N'+1.

(A) We introduce the notation p = (h + d)/+/c and consider first the “distances” of
the form p = cos(mw/N),1 <m < N —1,2< N < N'. For this, we write the potential
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as the sum Vyii1(z) = Vw(z) + Vawront1(z — Nd), 2 < N < N'. Then, according to Egs.
(3.5),(3.6), the phase ayi41 = ar,,,, may be written as

aniy1 = ay + an-N4y + A (410)

By hypothesis, Viy(z) supports Nn — m bound states and a zero-energy resonance, and
it follows from points (B) and (C) of Proposition 1 that A = 0. Thus,

an+1 = (Nn —m)r + an—N+1- (4.11)

To determine an'_n4+1, we distinguish, for N # N, the following two possibilities: there
exist 1 <m’ < N’ — N, such that (a)

ml

m
N N-N+1 (4.12)
or (b)
m' m m' +1
N-N+1 N -N-N+1 (4.13)
In case (a), by assumption, an—n+1 = ((N'— N + 1)n — m’)r, and hence
any = (N 4 Dn — (m 4+ m'))r. (4.14)

Moreover, Eq. (4.12) is equivalent to m/N = (m + m')/(N’ + 1), implying p = cos((m +
m/)r/(N' + 1)), in accordance with (iv). In case (b), we have

m' +1 m'
Cos (m) < p<cos (m) . (415)

Thus, by assumption, an—n4+1 = (N’ = N+ 1)n — m’ — 1), yielding

aNra1 = ((N' +1)n — (m+m') - %) , (4.16)

which is in agreement with (ii), since Eq. (4.13) is equivalent to

, /
T;’:n; <F< m_:f%_it—l (4.17)
so that ) )
cos (%ﬂ) < p < cos (T;;:_n; ) . (4.18)
For N=N', anyi—-n41 = o = (n — 1/2)7, and
anigy = (N'n—m)r + (n - %) = ((N' +1ln—-m-— %) T, (4.19)

131



which agrees with (ii), if we set m’ = 0 in (4.17),(4.18).

Consider now the case p # cos(mn/N),1 <m < N—-1,2 < N < N'. Then, by
assumption, none of the potentials Vy(z), N = 2,... N’ has a zero-energy resonance.
Thus, writing the potential as the sum Vyi1(z) = Vi(z) 4+ v(z — N'd), we can apply
part (A) of Proposition 1. Setting & = a, and observing that the distance between the
centers of Vy/(z) and v(z — N'd) is (N’ + 1)d/2, we obtain

ani41 = an +a+ A, (4.20)

with

0 ifHy+h+(N+1)d=0 (4.21)

A=
—x/2 i Hy+h+ (N +1)d<0.

Here, Hn' denotes the zero-energy limit of the spatial shift for V/(z). On the other hand,
Egs. (3.10),(3.11) give (with obvious notation)

CN’_2 C ’
C 1_1 = y C = 422
NAZ Hya+ bt (VW —1d)p’ 1~ °¢ (422)
and, with H; = A,
Hyr = Hyroy + h = S(Hyy + h4 N'd) - -GNt € (4.23)
MmN g 2Hyi1 +h+ N'd’ ‘

Setting Fy» = (Hn + R + (N’ + 1)d)/+/c, we have F; = 2p, and Eq. (4.22) becomes

Cni_2 Cni_3 c
Cnio1 = = == (4.24)
1 F]%/I_z F]%[l_zF]%]/_s F]%'—Z e Fl2
Moreover, Eq. (4.23) gives
1 1Cni—
FN’ = 5 (FN'-I - zj}—l-*-c +2p>
M= (4.25)
1 F 1 1 1 49
= 5 N'-1 FN’—-l FN’—l F]%['_z . F12 Pl
where, for the second equality, we have used Eq. (4.24). Then, defining
UN’ EFl'“FNI, (426)

we have F+ = Uns/Uns_; and, after multiplication by Uns—1Un'—2, Eq. (4.25) yields

1
UN'UN'—2 = 5 (U]%/"—l - U]%//_z -1 + 2pUN/_1UNI_2) . (427)
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Multiplying Eq. (4.4) by Uy_; and using Eq. (4.5), one finds that Eq. (4.27) defines the
Chebyshev’s polynomials of the second kind, with argument z = p. In other terms, we
have shown that Eq. (4.21) may be written in the alternative form

/2 if Uni/Uni—1 >0
A= 0 if Uy /Unicy =0 . (4.28)
—7/2 if Uyi/Uni—_1 <0

Assume first p > cos(m/(N’+1)) > cos(w/N’). Then, since the coeficient of p" in the Nt
degree polynomial is unity, Un'/Uns—; > 0, so that A = 7/2. Moreover, by assumption,
an' = (N'n — 1)7. Hence, Eq. (4.20) gives

1 1
aNrg = (N’n -~ 5) T+ (n - 5) 7+ g = ((N' +1)n— %) T, (4.29)

which is the desired result, in view of Eq. (2.6). Next, we assume

COS(M)</)<COS( il ), m=1,...,N - 1. (4.30)

N +1 N +1

Two consecutive zeros of Uy bracket exactly one zero of Un:_;. More precisely,

(m+ )7 (mﬂ) ( mm ) _ ,
cos( N1l < cos N7 < cos N1i)’ m=1,...,N - 1. (4.31)
If ( D
mr mm m—1)7r
Ll o 39
cos(N,)<p<cos<Nl+1><cos( I ), (4.32)

then, sgn Uy» = (—=1)™, sgnUn'—1 = (=1)™"! and sgn (Un'/Un:—1) = —1, implying

QNI = (N’n—(m—l)—%)w%—(n—%)w—%:((N’+1)n—m—%)7r, (4.33)

and we conclude by Eq. (2.6). On the other hand, if

(m+ )7 (m+1)r (m)
cos ( I <cos \ T m <p<cos{ o), (4.34)

then, sgn Un» = sgnUni—y = (—1)™ and sgn(Un//Uni—1) = 1, implying

1 1
aNip1 = (N’n—-m—%>7r+(n—§)7r+%= ((N’+1)n—m—§>7r. (4.35)

In the same way, for the case p < cos(N'x/(N’ + 1)) < cos({N’' — 1)7/N"), we have
sgn Uy = (=1)Y', sgn Unr_y = (—1)V'~? and sgn (Un//Un1—1) = —1, implying

e = (N'm— (N 1) - %) xt (n- %) - T= (V- N - -;-) r. (4.36)
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Finally, consider the case p = cos(mn/(N'+1)),m=1,...,N'. Then, A =0 and

cos (—r%) < cos (ern-:-r 1) < cos (_(m_;”_l)_w) . (4.37)
Thus,
ani4y = (N’n —(m=-1)- %) T+ (n - %) r=((N+Dn—-m)r (4.38)

and we conclude by Eq. (2.7).
(B) If v(x) supports a “half bound state”, then & = nx and, by points (B) and (C)
of Proposition 1, A = 0. Thus,

angr =anr+nr=ang+2nr=---=a+ N'nr = (N' + 1)nr, (4.39)

for all d > a, which is the desired result, according to Eq. (2.7).

It is not difficult to check that, for a nonsymmetric v(z), the result of Proposition 2
remains true. For this, notice that (4.3) holds for any shape of the composing potential
v(z), so the same is true for the resonance conditions (4.9). For a nonsymmetric v(z) the
proof remains essentially the same, apart from the case p # cos(mn/N) where one has to
use the condition o] + «j, + 2d instead of h; + h; + 2d, and the corresponding formulae
for the reflection coefficients®*.

Condition (i) is always realized for a d sufficiently large and is consistent with the
limiting case of N infinitely separated potentials. As d approaches one of the resonance
distances (4.9), for instance dy, a bound-state level approaches the onset of the continuum
and give rise to a vanishing reflection coeflicient at threshold. Then, the zero-energy
“bound-state” becomes unbound when d < d;, and transforms into a resonance. In other
terms, a superlattice composed of N identical potentials admits, in general, at most N —1
zero-energy resonance distances and can lose at most N —1 bound-states by decreasing the
spacing d separating the potentials. On the contrary, if the composing potential supports
itself a “half bound-state” (point (B) of the proposition), then the number of bound-states
of the entire superlattice remains constant as the “period” d varies.

To illustrate the content of Proposition 2, we have plotted in Figure 1 the bound-
state levels and resonances for a system of N = 7 attractive delta-function potentials
Aé(z), A < 0, as a function of d > 0 (a = 0 for a delta-function potential). In this case
h = —\/c = —1/m|\|, where m is the mass of the incoming particle and we have set & = 1.
In the limiting case d — oo, Vy(z) has one bound-state level of energy £ = —mA?/2,
seven times degenerate, which corresponds to the only bound-state level of the single
potential. In accordance with point (A) of the proposition, the superlattice loses, one by
one, six of its seven bound-states (which transform into resonances) as d approaches each
of the resonant distances d; = ;lTﬂ(l —cos(jw /7)), 3 = 1,...,6. Finally, for d = 0, the
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seven delta-function potentials are superimposed at the origin and one is left with only
one bound-state of energy —m(7X)?/2. For the plot we have chosen A = —4 and m = 1.

AN
AN ———

g 16
32
.48 | l N
0.00 022 0.43 0.65

Fig. 1. Bound-state levels and resonances of a superlattice of N = 7 attractive delta-function potentials A6(z), as a function

of the “period” d > 0. The plot is for A= —4 and m = 1.

Figure 2 illustrates point (B) of Proposition 2. For this, we have considered the single
potential v(z) = A(6(z) + é(z — 'nTlN))’ which has exactly one bound-state and a zero-
energy resonance. Contrary to the case of Figure 1, we now observe that the number of
bound-states remains constant as d varies from infinity to a = 1/m|A|.

) .
0.30 0.40 0.50 0.60
d

PR B

Fig. 2. Bound-state levels of a superlattice of N = 7 double delta-function potentials A(§(z) + 6(x — ;lm-)), as a function

of the “period” d > 1/m|)|. The plot is for A = ~4 and m = 1.

A comment is in order. According to Proposition 2, one may be tempted to conclude
that a multipotential system of N non-overlapping potentials can only lose bound-states
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by decreasing the distances separating the potentials. However, this is true only in the
case where all the distances and potentials are the same i.e., in the special case of a finite
periodic potential. To see this, consider for instance the potential v(z) 4+ v(z — d) + v(z —
d —«), where d > a and v > 0 is fixed. It is then an easy exercise to show that the
system loses a bound-state when d decreases below the value —h + %(m — ), but
subsequently gets it back at d = —h, when the double-potential v(z) + v(z — d) has a
zero-energy resonance.

5. A lower bound for the time delay at threshold

For the potential v(z), with support in the interval [—a/2, a/2], we define the reduced

time delay
k 1

#(k) = ~=r(k) = %h(k) = Zai(k). (5.1)
For a classical particle, causality implies 74(k) > —1, for all £. In quantum mechanics,
the same lower bound holds, in general, in the high energy limit!°. In Ref. 5, it was
shown that it also holds in the low energy limit, when the potential has no bound state
solutions. Actually, according to the analysis hereabove, a stronger lower bound can be
proven in this case. More precisely, we have the following

Proposition 3. Let v(z) be a finite range potential, with support in the interval I =
[—a/2,a/2)], supporting no bound state solutions. Then,
F=1lm7(k)> -1+ LE (5.2)
k—0 a
Proof. According to Proposition 2, one has, for a < d < d; = —h + y/ccos(n/N),
any < (Nn — 1)x. If the potential has no bound states, then n = 0 and ay < —m,
in contradiction with Levinson’s theorem (2.6),(2.7). Thus @ > —h + y/ccos(r/N) or,
equivalently,

7> -1+ cos(n/N)—. (5.3)

T

Then, taking the limit N — oo, we find (5.2).
Consider, as an illustration, the case v(z) = Axs(z), A > 0. Then, a straightforward
calculation yields

2
v2mA|sinh(v2mAa)|’

in agreement with Proposition 3, since cosh(v/2mAa) > 1. It is worth noting that, in the
limit of a delta-function potential (A — A/a, a — 0), cosh(v/2mAa) — 1. Hence, the
inequality (5.2) is in fact an equality in this special case.

7= —1+ cosh(V 2m)\a)§, Vve= (5.4)
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VIIIL. Sur la propriété de factorisation de la
matrice de diffusion pour une particule
avec masse dépendante de la position

1. Introduction

Pour le probleme de diffusion unidimensionnel, les éléments de la matrice de diffusion
peuvent s’exprimer en termes des éléments des matrices de diffusion associées aux frag-
ments de ce potentiel. Dans ’article qui suit nous dérivons cette propriété de factorisation
dans le cadre plus général d’une particule dont la masse m(z) varie avec la position. La
méthode nous permettra aussi de dériver pour les amplitudes de diffusion des équations
différentielles non linéaires, du premier ordre, qui présentent des grands avantages dans
le calcul numérique.

2. Article

Nous reproduisons ci-apres ’article
M. Sassoli de Bianchi et M. Di Ventra, Differential équations and factorization prop-

erty for the one-dimensional Schrédinger equation with position-dependent mass, a
paraitre dans Eur. J. Phys., 1995.
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Differential equations and factorization property for the
one-dimensional Schrodinger equation with position-
dependent mass

M. Sassoli de Bianchi

Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

M. Di Ventra

Institut de Physique Appliquée-LTHS, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. The variable phase method is applied to the one-dimensional Schrédinger equation
with position-dependent (effective) mass, to derive first-order differential equations for the trans-
mission and reflection amplitudes, and bound-state energies, which are particularly convenient for
numerical computations. When the mass and potential have the same asymptotic at both ends of
the real line, the method also allows to prove a factorization property of the scattering matrix.

1. Introduction

The study of semiconductor heterostructures and their transport properties has given
rise, in recent years, to a veritable exponential growth of one-dimensional model calcu-
lations (see for instance [1], for a recent paper in this journal). Indeed, in nearly all the
situations of practical interest, the device dimensions perpendicular to the transport z-
direction are greater than z-extension of the potential. This permits a separation of the
three-dimensional Schrodinger equation into a two-dimensional free-electron motion and
a one-dimensional effective problem [2].

Very interesting are the two recent papers [3],[4], where the transmission and reflection
amplitudes of a finitely repeated periodic potential are shown to be entirely expressible
in terms of the reflection and transmission amplitudes of the composing single potential.
A consequence of this result is, for instance, the recover of Bloch zones, by letting the
number of repetitions to approach infinity, and the possibility of characterizing the num-
ber of resonances and bound states of the entire lattice when the number of resonances
and bound states of the single potential and the period are known [3-6]. The basic in-
gredient for these results is the factorization property for the one-dimensional scattering
matrix, saying that the elements of the scattering matrix for a given potential are explic-
itly expressible in terms of the elements of the scattering matrices for the fragments of
this potential (see [7] for a proof). An interesting point was raised in [4]: when one of
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the fragments is of infinitesimal width, the factorization property is transformed into an
ordinary differential equation which is particularly convenient for numerical computations
of scattering amplitudes, especially when the potential has a complicated shape.

However, for a more realistic description of transport properties in semiconductors,
one has to correct the Schrédinger equation by allowing the (effective) mass to vary with
the position, according to the different materials composing the mesoscopic device [8,9].
This leads us to the purpose of the present paper which is twofold. To start with, we show
how to adapt the variable phase method [10] to treat the one-dimensional Schrédinger
problem with position-dependent mass, and derive first-order differential equations for
the transmission and reflection amplitudes, and bound-state energies. These equations
generalize the ones recently derived in [4], and the advantage of their use in numerical
investigations will be demonstrated in an explicit example.

The second point is to derive the factorization property of the scattering matrix from
the differential equations, by integration, in the special case where both the mass and
potential have the same left and right asymptotic. As a consequence, all the results based
on this property remain valid in the case of a position-dependent mass.

2. The scattering matrix

The correct form for the one-dimensional stationary Schrodinger equation with a
position-dependent effective mass m(z), is [7,8],

1d 1 d
[id—za(_x)a_x. +E - v(z)] "»b(k’x) =0, (2'1)

where z € R is the space coordinate, E = k?/2m the energy, m a given reference mass, and
v(z) the potential. We assume that (v(z),m(z)) = (v_,m_)ifz < z_, and (v(z),m(z)) =
(vg,my) if £ > 4, and that £ > vy > 0. Then, (2.1) admits two physical solutions 1,
from the left and 1, from the right, which satisfy the boundary conditions
e*-= 4+ L(k)e - z<z_
Pk, z) = { \/§Te ((k))eik+z z>z, (2.2)
and :
\/gTr(k)e“k-” z<z_
e—ik.,.x +R(k)eik+x T > Ty,
where we have defined the asymptotic (group) velocities vy = ki/my4, and momenta
ky = k\/2£(1 — 3¢). Here T; and T; are the transmission a.mplitudés from the left and
from the right, respectively, and L and R are the reflection amplitudes from the left and
from the right, respectively. Notice that energy conservation is expressed by the equality
E = k% /2my + vi. The scattering matrix S(k) is defined as

T,(k) R(k
S(k) = ( f((k)) T,((k)))' (2.4)

e (k,z) = { (2.3)

141



To derive its basic properties, we observe that since k appears as k% in (2.1), v(—k, 7)
and ¢,(—k, ) are also solutions of (2.1) whenever ,(k,z) and 9,(k,z) are the physical
solutions. Since ki(—k) = —ky(k), we have ¢;(—k,z) = (k,z) and I (—k,z) =
¥, (k,z), implying that

S(—k)* = S(k). (2.5)

To show that S(k) is unitary, let [f,g] = f(z)m™(z)¢'(z) — g(z)m~'(z) f'(z) denotes the
(generalized) Wronskian of f and g, where the prime is for the derivative with respect to
z. Clearly, [f, g] is independent of z. Hence, from the Wronskian of ¢,(k, z) and ¢¢(—k, z)
(using the left and right asymptotic forms), we obtain

Ty(k)Te(—k) + L(k)L(—k) =1, (2.6)
from the Wronskian of ¢, (k,z) and 4,(—k,z), we obtain

T.(k)T.(—k) + R(k)R(—Fk) = 1, (2.7)
and from the Wronskian of 1(k, z) and %,(—k, z), we get

T,(k)R(—k) + L(k)T,(—k) = 0. (2.8)

Equations (2.6)-(2.8), together with (2.5), prove the unitarity of S(k). Finally, considering
the Wronskian of 1,(k, z) with ¥, (k, z), one finds that T(k) = T,(k) i.e., the transmission
amplitudes from the left and right coincide, and we shall simply denote by T(k) their
common value.

For later purpose, we also define the matrix

T
ARy =T T, (2.9)
Tk) Tk

associated with the scattering matrix S(k). From the properties of S(k), it follows that
det A(k) = 1, and

A*(k) = QA(K)Q, Q= ((1) (1)) (2.10)

3. Differential equations for the scattering amplitudes

To derive differential equations for the elements of the scattering matrix (2.4), it will
be useful to introduce the Jost solutions

R e L IR ACORN OGS
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with boundary conditions

EZS P (O DS
fe(k,2) = P [e T® T Tk © x] y TS 2o (3.2)
a* Ky
€ T>
and .
k e—lk_..’t I S I
fe(k,z) = ff [e—ikuﬁ + %(%eik+x] z>z,. (3.3)

For any given potential v(z) and effective mass m(z), we introduce two new potentials

ve(p, z) and v,(p, r), and masses my(p,z) and m,(p,z), which are defined by truncating
from the left and from the right, respectively, v(z) and m(z) at z = p; that is:

-, == - <
o= {5 TS5 men={f 15w
d
an o x)={v(:z:), z<p m( x)z{m(x), z<p (3.5)
P Ut T2 P T\ my, T2 p- .

We denote by f; (k,z) and f?(k,z) the Jost solutions associated with the couples (3.4) and
(3.5), respectively. For any p € R, the two functions fy(k,z) and f](k,z) (respectively
f+(k,z) and f?(k,z)), are defined by the same boundary condition at z = z,. (respectively
r = z_), and satisfy the same differential equation for z > p (respectively z < p). It then
follows that f;'(k,z) = fi(k,z) for > p, and f2(k,z) = f,(k,z) for = < p.

Let us first restrict our attention to the right solutions. Beyond the point z = p
the two solutions f,(k,z) and ff(k,z) differ. In particular, for z > p, f#(k,z) has the
asymptotic form (from now on, we drop from the notation the argument k)

ple) — Y= —ik.,.z:.l_ & ikyx
fr (.’B) I/+ [6 Tp + Tpe (36)

fP(z) = —i\/vyv_ e'ik+"—1- - -Iﬁe”“”c . (3.7)
I, T,

Since f?(z) is continuous and coincide with f.(z) for £ < p, we have for z = p:

= [Y= -*kwi .& ikyp
f+(p) ‘/14 [e T, + Tpe . (3.8)

In the same way, from the continuity of m7!f’(z) at z = p, we also find*

and

2
my

1 R

1 ; : {2
) = =i [t = T (5.9

1 We recall that, contrary to the case of a constant mass, it is the derivative of the wave
function, divided by the mass m(z), that has to be continuous in z [8,9].
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The identities (3.8) and (3.9) hold for any choice of p, so one can replace p by z. Comparing
m~1(z) times the derivative of (3.8) with (3.9), we obtain the identity

AN s (&)' ikyz| _ [L ikyz _ Be ik+x]
[(Tz) e + T ) ¢ = 2b,(z) 7€ T ¢ , (3.10)

where we have defined

b(z) = :t% (%z) - 1) : (3.11)

Furthermore, deriving (3.9), then substituting it into the Schrédinger equation (2.1), one

finds o R . L R, .,
[(E) e T — (E) e’ +”l = 2a,(z) [ie R Txe' ”] ; (3.12)
where
0s(z) = i';—j (%ﬁ) - 1) . (3.13)

Finally, combining (3.10) with (3.12), one finds, after a straightforward calculation, first-
order differential equations for the transmission and reflection amplitudes:

R; = e-—2ik+x [b+($) (R$62ik+x _ 1)2 _ a+(:1:) (RzeZik+:: + 1)2]

. _ (3.14)
T, =T, [bi(z) (Ree?+* — 1) — ay(z) (Roe?™+* +1)] .

According to (3.5), R, and T;,, are just the desired reflection and transmission coefficient
R and T for the couple (v(z), m(z)). To find the initial condition we observe that v,(z_, )
and m,(z_, ) are, respectively, a potential and mass step situated at = = z_. Thus, one
has to impose to (3.14) the initial boundary conditions

R, = Vy — V- e~%kee- T 2\/Vyv_ ilk=—k)z— (3.15)
R VN 7 ’ T vy 4o

The calculation for the left solution is similar. It yields the equations

le — glik-z [b_(l‘) (Lx€_2ik_x _ 1)2 _ a_(x) (Lxe—Zik_:c + 1)2]
T, =T, [b(2) (Lo = 1) — a_(z) (L.e**-* +1)],

T

(3.16)

and the boundary conditions are L,_ = L, T,_ = T, and

- - ; 2,/v v
Lx+ = v Vi eZtk_x+, e = Vv et(k-—k+)x+. (317)
vy + v vy + v
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4. Variable phase equations

For the case v- > E > vy, (the situation vy > E > v_ being similar), the reflection
probability is unity and all the information on the scattering process is contained in

the phase of the reflection amplitude which we write as R = —e'?. Thus, inserting
R, = —€'?%= into (3.14), then solving for §,, one arrives to the variable phase equation

6. = 2iby(z) cos® (8; + kyx) + 2iay (z)sin® (8, + kix). (4.1)
The boundary conditions are ¢, = 6, and (mod =)

0, = —kyz_ + arctan (g—’L) , (4.2)
where we have defined {_ = k_/m_ and k- = {/2m_(v_ — E). Notice that for the special
case of a constant mass m(z) =m, z- =0, vy =0, and v_ — oo, (4.1) reduces to (with
the convention arctan(0) = 0)

2
8 = -va( z)sin? (6, + kz), & =0, (4.3)

which is the well known form of the variable phase equation for the s-wave phase shift in
the three dimensional scattering by a symmetric potential [10].

5. Differential equations for the bound-state energies

Suppose that for some value of E, 1/T = 0. Then, the Wronskian [f,, f,] = 0, and the
left and right Jost solutions are linearly dependent. If E < vy, according to (3.1),(3.2),
they correspond to exponentially decreasing functions both as z — oo and z — —o0 i.e.,
to a nondegenerate bound-state. Thus, setting A = 1/T and B = —R/T, one can put
the system (3.10),(3.12) into the form

Az = (a(2) + b(z)) Az + (b(z) ~ a(z))e™*"+“ B,

R (5.1)
= (a(z) = b(z))e™** A — (a(z) + b(z)) Be
where
afe) = (EE—‘_”U(—? - 1) Cbe) ="t (m?(? - 1) , (5.2)
and k4 = 1/2m4(ve — E). The initial boundary conditions are (1 = k+/m4)

S+ 6o (kmri)z §- — &t (x_tx z-

Ar_ =3 N el , B =2 me( +) (5.3)
For E being an eigenenergy, one has to impose at £ = z,. the boundary condition A;, =0
(and any value for B, ). More precisely, one has to solve (5.1)-(5.3) for all energies lying
between min, v(z) and min{v_, v, }, then look for those energies which correspond to a
vanishing A, at z = z,.
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6. The factorization property

Let A4(z) be the matrix (2.9) associated with the truncated potential and mass at
z, from the right. According to (3.10),(3.12), and to the property (2.10), it is a simple
matter to check that A, (z) obeys the differential equation

M(e) = Ar@Ms(e), M) = (Gt 0 MY e

with boundary conditions

pabve gilky ke tomta milky bl
( b gilks+k_)o_ zuiiv: gilk——k4)z_ ) , Ap(zy) = A (6.2)

2\ /v v VU=

Ay(z_) =

In the same way, one shows that the matrix A_(z), associated with the truncated potential
and mass at z, from the left, obeys the equation

(a- +b.) e~ 2k-2(q_ —b_)

A’_(:ZI) = M_(.’E)A_(.’Z:), M_(:E) = ((b_ _ a_)e2ik-z _ (a_ + b_)) ’ (63)

whith boundary conditions

it pilkemho)os  Yembh omifky tho)es
A_(z4) = ( paniY gilky+ho)zs Vetue pilk——ky)zs ) , A_(z-)=A. (6.4)
W W e

According to (6.1),(6.3), the derivative of the matrix product A, (z)A_(z) is
(A+(2)A-(2)) = Ap(2) (M (2) + M_(2))A-(2). (6.5)

In the special case where m, = m_ and vy = v_, one has a4(z) = —a_(z) and b.(z) =
—b_(z), implying My(z) = —M_(z), and (A4+(z)A_(z))’ = 0. Thus, integrating the
latter from z_ to z (or, equivalently, from z to z ), and observing that Ax(z3) = I, one
finds

A = A(2)A_(2). (6.6)

Equation (6.6) is the factorization property. It tell us that the elements of the scattering
matrix for a given mass and potential functions, admit a decomposition in terms of the
elements of the scattering matrices corresponding to the fragments of that mass and
potential.
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7. Numerical example

A standard technique for solving (2.1) and calculating the scattering amplitudes is the
transfer matrix [2] which is particularly suitable in problems where the potential can be
approximated by a relatively small number of constant potentials. However, the transfer
matrix method becomes impracticable in more realistic problems, when the potential
shape is too complicated (problem of loss of significant digits). The equation we derived
in this work overcome this difficulty and any potential and mass shape can in principle
be dealt with.

As an example, we consider the system of Fig.1, which was proposed as a photocon-
ductor device [11]. The potential and mass functions are

( v_, z <9
2
v--{-vl(f , 0<z<d
2
—Vy — ("d?d) , d<z<2d my, z<d
v(z) = 1 —vq, 2d<z<3d, m(z)={m,;, d<z<4d (7.1)
2
—Uy — Wy (x—dsd) , 3d<z<4d ™3, 4d <z,
w(=2)",  dd<z<sd
{ 0, Sd<

where d = 204, and the band-bending potential v; = 50 meV. We assumed the left
barrier v. = 0.3 eV and the well depth v, = 0.2 eV. The electron effective masses are
my = 0.1087 m,, my = 0.0670 m,, and m3 = 0.0837 m,., with m, the free electron mass.

v(x) 3
I3
V.
V1 K .
v I I T bl
220 __ | __J_ 1 X
-f- Lo oy
i
! i ! } z
4 { : l l )
] ) | |
m(x) { I i : |
I t
} i | l |
' | } | l
m)— I i I |
I I { I———l—— mJ
m,} l —— J :
| | i o .
| 1 |
! [ | ! : X
! ! ! I !
d 2d 3d 4d 5d

Fig. 1. Potential and mass functions of the photoconductor device.
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Solving (3.14) for E > v_, we have obtained the transmission probability |T|> =
1 — |RJ? of Fig. 2.

0.8
Transmission Probability
0.6
0.4
0.2
O 1 1 1 1
0 2 4 6 8 10

E (V)

Fig. 2. Transmission probability |T|?, as a function of E > v = 0.3 eV.

For the case 0 < E < v_, Fig. 3 shows the variation of the phase arg R = 26 + =
of the transmission amplitude and of its derivative with respect to energy (time-delay),
as obtained by solving (4.1). The peak in the derivative of the phase corresponds to a
resonance located at 20 meV. Finally, solution of (5.1) gave us the only bound-state of
the potential at -0.139 eV.

4

z phase

0
-2

x 10
-4
-6
phase derivative
-8 | 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3
E (eV)

Fig. 3. Phase of the reflection coeflicient and its energy-derivative as a function of 0 < E < v— = 0.3 eV. The phase

derivative is here scaled by a factor 10.
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8. Conclusion

In this paper we have shown how to derive differential equations for the elements of the
scattering matrix, and bound state energies, for the one-dimensional Schrédinger equation
with position-dependent mass. These equations were also used to prove a factorization
property of the scattering matrix, in the special case where the left and right asymptotic
coincide, and their numerical advantages were emphasized in a concrete example. To
conclude, we observe in view of (3.1) and (3.8), that once the variable scattering ampli-
tudes are known, the method also allows for the complete determination of scattering and
bound-state wave functions.
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Troisieme partie

Les hamiltoniens dépendant du temps apparaissent de maniere naturelle en physique
dans la description approchée de systemes complexes. Il s’agit en général de décrire un
petit sous-systéeme dont l'action sur la plus grande partie restante est négligeable. Si
la dynamique de la plus grande partie est connue, son action sur le petit sous-systéme
peut alors étre approximée par une force qui en général dépendra explicitement du temps.
Plus précisément, nous nous intéresserons dans cette troisieme partie au probléme de la
diffusion quantique par un potentiel V() qui dépend explicitement du temps, avec une
attention particuliére pour le cas de la dépendance périodique. Au chapitre IX, nous
généralisons le concept de temps de retard. Nous dérivons sa propriété spectrale dans
le cas de la dépendance périodique et en déduisons un théoréeme de Levinson. Dans
le chapitre X, nous étudions les régimes adiabatique et haute fréquence, c’est a dire la
diffusion par un potentiel qui varie soit trés lentement soit tres rapidement au cours du
temps.
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IX. Temps de retard et théoreme de Levinson
pour des potentiels dépendant du temps

1. Introduction

Nous considérons un systéme quantique dont ’hamiltonien
H(t)=Ho + V(t), (1.1)

agissant sur l'espace de Hilbert H = L?(R?), est la somme d’une énergie cinétique Hy =
p?/2m et d’un potentiel V(t) qui dépend explicitement du temps. L’introduction d’une
dépendance temporelle explicite dans ’hamiltonien est source d’un certain nombre de
complications. En général [H(t), H(t')] # 0 pour t # ¢’ et 1’évolution U(¢,%,), solution de
Péquation de Schrodinger

zh@tU(t, to) = H(t)U(t, to), U(to, to) = I, (1.2)

n’est plus donnée en termes d’une exponentielle e"#H(=%) comme pour le cas d’'un H
statique, mais par sa série de Dyson (du moins quand elle converge)

Ut = ek [14 5 U1, )] o (13
n=1
avec
2\t ty tha
U§”>(t,to)=<—i) / dt, [ dty--- / dte Vity) -+ Vi(tnr)Vi(ta) (1.4)
h to to to
et, . '
Vi(t) = erfotv(t)e~wHot, (1.5)

Contrairement au cas statique, la dynamique n’est donc plus invariante par translation
du temps et P’énergie du systeme n’est plus conservée. En particulier, il faudra renoncer
a une notion d’état stationnaire.
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Mais il ne faut pas pour autant renoncer a une théorie de la diffusion. En effet, la
caractérisation des états de diffusion releve plutot de la décroissance spatiale du potentiel
que de son éventuelle dépendance explicite dans le temps. Comme les états de diffusion
se propagent en dehors de toute région bornée quand ¢t — Fo00, les variations locales du
potentiel n’ont pas d’importance si ce dernier s’annule a I’infini. Pour une large classe de
potentiels a courte portée, on peut donc faire sens des limites

Qu(7) = s—lim U(t + 7, T)e'%H“ (1.6)

t—to00

et d’un opérateur de diffusion
S(r) = QL (n)a_(r). (1.7)

Ce dernier sera en particulier unitaire si les images des opérateurs d’ondes 2, (7) et Q_(7)
coincident (i.e., si la théorie est complete).

Le parametre 7 € R rend ici compte du fait que la dynamique n’est plus invariante par
translation du temps [U(t + 7,7) # U(t + 7', 7’) si 7 # 7']. Il peut étre compris comme le
temps initial de préparation de ’état entrant ¢ qui est envoyé par S(7) sur ’état sortant

1

S(7)p, toujours défini au temps 7'. Il suit immédiatement de (1.6) que les opérateurs

d’ondes pour des temps initiaux différents sont reliés par la relation unitaire

Qu(r) = U7, 1) (r) R Holr=7), (1.8)
ce qui donne pour les opérateurs de diffusion (1.7)

S(r) = e "HT=) g(p")grHo(r=7"), (1.9)

Dans la suite nous poserons S = S(0) et 4 = Q4(0).

1.1. Diffusion par un potentiel périodique: ’approche quasi-stationnaire

Si le potentiel est périodique dans le temps V(t) = V(t + T), avec T = 27 /w, on a
Ut+T,T) = U(t,0) et QT) = Q. A partir de (1.9) on obtient alors que 'opérateur de
diffusion S commute avec ’évolution libre sur une période i.e.,

S, e~ 35T = 0, (1.10)

La relation (1.10) a des conséquences physiques intéressantes. Pour le voir, placons nous
dans le cadre plus simple d’un potentiel V(t) qui est un opérateur de multiplication par
une fonction v(z,t) = v(r,t), r = |z|, & symétrie sphérique. Dans ce cas, S commute aussi

! Nous renvoyons le lecteur & ’article du chapitre X pour une discussion plus détaillée
des conséquences physiques du manque d’invariance de la théorie par translation du temps.
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avec L? et L, et nous pouvons limiter 'étude de (1.10) & un sous-espace propre Hp,, de
moment angulaire £ et m fixé. Soit S¢ = (¢, m|S|¢, m) la restriction de S au sous-espace
Hem- La relation de commutation (1.10) nous dit alors que

(E', 0, m|[S, e~ #FoT||E, £, m) = (E'|S*|E) (e~%ET — ¢~%E'T) = 0. (1.11)

Le noyau (E'|SY|E) sera donc nul sauf si e #8T = ¢=3E'T, cette derniére égalité étant
vraie seulement si la différence E' — E est un multiple entier de fiw. Ecrivons Pénergie
F € [0,00) comme la somme E = ¢ + nkw, avec n > 0 qui est la partie entiére de E/hw et
€ € [0,hw) la quasi-énergie (i.e., I’énergie modulo fiw). L’égalité (1.11) devient (on écrit
le,n) = |e + nhw)) ' .

(¢, n|S%e, n) (75T — e73<T) = 0. (1.12)

La parenthese dans la partie gauche de (1.12) ne peut maintenant s’annuler que si € = ¢’
et il suit que

(',n'|S%e,n) = (n'|S¢n) b(e — €'), (1.13)

c’est a dire que la quasi-énergie ¢ est conservée dans le processus de diffusion?.

L'interprétation physique des amplitudes (n'|S¢|n) est simple: |(n'|S¢|n)|? est la prob-
abilité pour qu’une onde entrante d’énergie € + nhw (et de moment angulaire £ et m fixé)
soit diffusée avec une énergie € + n'fw. Dit autrement, c’est la probabilité d’un transfert
de n’ —n quanta d’énergie hw, entre le champ extérieur et la particule, durant le processus
de diffusion. Pour une théorie complete on a en plus SIS, = 5.5 = I, ce qui implique
en particulier

Z (n'ISEIn)* = 32 [(r'ISeim) | = 1. (1.14)

Nous voulons maintenant relier les éléments de S¢ aux solutions de 1’équation de
Schrodinger quasi-stationnaire, qui est ’analogue de ’équation de Schrédinger station-
naire pour le cas d'une interaction périodique en temps. Soit 3, = U(t,0)Q2-p 'état de
diffusion au temps ¢ pour un état initial ¢ défini au temps ¢ = 0. Par définition, il obéit
a I’équation de Schrodinger dépendante du temps

Si le potentiel est périodique, de période T = 27 /w, il admet la décomposition de Fourier

V()= Vie ™t (1.16)

? Plus précisément, (1.13) signifie que 'opérateur S° admet une décomposition en
intégrale directe S* = [® deS? sur les quasi-énergies ¢ € [0,%w), dans la représentation

spectrale de e~ #HoT,
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Par la relation (1.8) on a ¢, = Q-(t)e'§H°‘¢, avec _(t) qui est aussi périodique de
période T'. On peut donc écrire

Y= 3 Qe rHotnhal, (1.17)

avec les {2, qui sont les composantes de Fourier de Q_(t). Insérant (1.16) et (1.17) dans
(1.15) on obtient, aprés comparaison des coefficients =",

(Ho + Z | A Q,,) e_%%ttp = Q,(Hp + nhw)e'%H"‘go. (1.18)

Formellement, nous pouvons remplacer le vecteur ¢ dans (1.18) par un pseudo-vecteur
propre simultané |, p, I::) de Hy et p (pour les valeurs propres ¢ + phw et ic) Suite aux
changements de variable 4 = p + n et 0 = p + v, on aboutit a I’équation de Schrodinger
quasi-stationnaire

Ho Q- ple, p, IE) + Z Vi-o Qocple, p, I;) = (e + phw) Qu,le, p, ’;7) (1.19)

Pour un potentiel & symétrie sphérique on peut choisir au lieu de p les observables L2
et L, et poser k = £,m dans (1.19). On a alors la séparation des variables

| 2m 1 mya
(elurle, p, £,m) = z‘,l Tl (e, (), (1.20)
p

avec hk, = y/2m(e + phw). En introduisant (1.20) dans (1.19), on trouve que les fonctions

ufm(e,r), p 2> 0, € Z, sont les solutions réguliéres a 'origine de ’équation radiale

h? K200+ 1
[—%az n %l Up(err) + Do ()it (o) = (e + phaul(err). (121)

Leur comportement pour r — oo s’obtient a partir des conditions asymptotiques ¥, —
e~ #Hoty pour ¢t — —oo et P, — e 7AH'Sy pour ¢ — oo, plus un argument de phase

stationnaire [Y1]. On trouve que

Fi.4 iz

wlylenr) = o [ (e)ewr ) g, omileur= )|+ (1.22)

pour r — 0o, avec 4, , le symbole de Kroenecker et fix, = i\/2m|e + phw| pour g < 0.
Les termes avec p < 0 sont donc exponentiellement décroissants et ne contribuent pas
a la limite r — 0o. On leur donne parfois le nom d’états quasi-liés. D’autre part, pour
g > 0, on a la relation [Y1]

A (e) = [22 (ulSE]p) (1.23)

Ky
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qui établi le lien entre 'approche quasi-stationnaire et celle dépendante du temps.
Nous terminons cette breve introduction en rappelant la relation

2e41_4m

VEuK, Jo

qui nous sera utile par la suite (section 4). Elle se dérive aisément en exprimant sur la
couche de quasi-énergie € la représentation intégrale

(Selp) = 6., — i drug(e + phuw,) 3 vun(r)up, (e, 7) (1.24)

S= I——/dte ot/ (1) Q. (t)e~#Ho! (1.25)

pour P'opérateur de diffusion S (voir la section 6). Dans (1.24), ué(e + phw,r) est la
solution libre de Riccati-Bessel pour ’énergie ¢ + phw. Pour le cas £ = 0 elle vaut
simplement sin(x,7).

2. Temps de retard pour potentiels dépendant du temps

Dans la premiere partie de cette these nous avons longuement discuté de la définition
du temps de retard global pour une diffusion par potentiel statique. Nous allons ici
généraliser une telle définition au cas de potentiels dépendant du temps. Pour cela, nous
commencons par remarquer que le concept de temps de séjour n’est pas affecté par une
dépendance éventuelle de l'interaction dans le temps: si P, est le projecteur dans la boule
spatiale b, et i, l’état de diffusion au temps ¢, la valeur moyenne Py, (b,) = (2| Prtb:)
garde son interprétation de probabilité de présence de la particule dans b, au temps {,
méme si le potentiel V(¢) varie au cours du temps. Donc, tout comme pour le cas d’un
potentiel statique (voir chapitre I), nous pouvons définir le temps de séjour T, (b,) de la
particule diffusée ¢, = U(t,0)Q_¢ dans b,, par la moyenne

To(b:) = [ dtPub;) = (eIT(8)o) (2.1)

avec T'(b,) qui est 'opérateur de temps de séjour

T(b,) = / dt QIU*(t 0)P,U(t,0) Q.-
(2.2)
= [dteifotal (1P, Q. (t)emiFor,

ol pour la derniére égalité nous avons utilisé (1.8).

Pour définir le temps de retard, il faut soustraire & (2.2) un temps de référence libre,
puis prendre la limite r — co. Au chapitre I, nous avons choisi comme temps de référence
le temps de séjour

To(b) = (IT°B.)e),  TO(b) = [ deehep,emiot (23)
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s 1z . i Ce .
associé a 1’état libre entrant e"#"°t, qui coincide avec ¥, quand ¢ — —oo. Un choix

équivalent aurait été le temps de séjour
Tgtp(bf) = <‘PISTTO(br)SS")a (2.4)

associé a l’état libre sortant e~ #HotS ©, qui coincide avec ¥; quand t — co. En effet,

m
TO(b,) = 2r(ply [ p) + o(1) (25)
2H,
quand r — oo, et il suit de la conservation de ’énergie cinétique [S, Hy] = 0 que

lim [T2(6,) — T3, (b,)] = 0. | (2.6)

=00

Mais si le potentiel dépend explicitement du temps, I’énergie cinétique n’est plus conservée
par le processus de diffusion, et la limite (2.6) sera en général divergente.

Ces considérations nous amenent a définir le temps de retard global 7, pour un po-
tentiel dépendant du temps, par la limite

7, = lim 7,(b,) (2.7)

avec T,(b,) qui est le temps de retard local

1
olbr) = Tol(br) = 5 [To(b:) + T8, (6], (28)
défini 4 ’aide d’un temps de référence libre qui est symétrique par rapport aux états
asymptotiques.
2.1. Méthode dépendante du temps

Pour étudier la limite (2.7) nous pouvons procéder comme dans la section 1.6. On
généralise le lemme de Martin [Ma2] en définissant la quantité

1 oo . B
aulb) =5 [ dt [I| Pt tSip [ — || Brem#0t |] ,
1 /0 —i i | :
+ 5/;00 dt [“ Pre ,,Hotcp ”2 _ ” P,e "HOtSQO ”2] ]

Un calcul analogue & celui présenté dans la section 1.6 montre alors, sous la condition
d’intégrabilité des conditions asymptotiques, que
,IHEO [70(b7) — 04(b;)] = 0. (2.10)

Pour étudier le comportement asymptotique de o,(b,), pour r — oo, on écrit

9(br) = {2l S!To(b:), Slo) (2.11)
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avec

o i i 0 i i
To(b,) = % / dt enHot P e=aHot _ % / dt enHot p, g~ nHot (2.12)
0 -0
et on utilise les résultats de Amrein et Cibils [AC] pour montrer que
To(by) = To + o(1), (2.13)

pour 7 — o0, au sens faible sur le sous-ensemble dense D, de H (voir 1.6). Cela donne
pour le temps de retard 7, la formule

= (¢|S"To, Sle), (2.14)

formellement analogue a celle déja dérivée pour le cas d’un potentiel statique, pour autant
que ’on puisse montrer que I'opérateur de diffusion laisse bien invariant un certain sous-
ensemble dense du domaine de définition de ¢2.

Si le potentiel est périodique dans le temps, nous pouvons expliciter d’avantage la
formule (2.14). Pour cela, nous écrivons comme ci-dessus |e,n,l::) = |e + nhw, k) pour
les pseudo-vecteurs propres de I’ensemble complet d’observables compatibles {Hy, p}. Les
relations de fermeture et orthogonalité s’écrivent alors

Z/ de/ dk e, n, k) (e, n, b| = (2.15)
n>0
et

(e,n, kle/,n', k') = 6, 8(c — €')6(k — E'). (2.16)

On notera ¢(€) = (e|p) les vecteurs dans L2(S%"!) ® £5(C), a quasi-énergie ¢ fixée, et par

(@l (e = 3 [ dketle,n, Biglen B, ple,n k) = (en,blp)  (217)
n>0
le produit scalaire correspondant. Nous remarquons ensuite que Ty agit par différentiation
dans la représentation spectrale de e"##°T c’est 4 dire, formellement,
(e|To = —ho.{e|. (2.18)

Il suit que si la matrice de diffusion S, est continiment differentiable par rapport a la
quasi-énergie, (2.14) devient

= —zh/ de €)|S10.5.0(€)). — (cp(e)laeso(i))e]
= —z‘h/o de (so(e)l(slaese)w(s))n

= /Ohw de ((,0(6))7':90(6))&
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avec

7. = —ihS10,S, (2.20)

qui est 'opérateur de Eisenbud-Wigner sur la couche de quasi-énergie ¢.
Si en plus le potentiel est a symétrie sphérique, la restriction de 7. & un sous-espace
propre Mg, de moment angulaire £ et m fixé, vaut

= —ins''s, 8¢, (2.21)

et pour un état entrant @im € Hem, (2.19) devient

hw
Teos,m =/ de (pe,m (5)|"'Z‘P&m(5))e

=28 [ deginle )l mpen(e, ).

v20u20

(2.22)

Dans la limite (monochromatique) d’une onde entrante d’énergie e +nhw i.e., [pe (', n)|?
— 606(e’ — €), on obtient 7, . — (n|rf|n). Il en résulte que les éléments diagonaux

(nlrfn) = ik 3 (nlSE'|1)8.(|S!In)

u>0

= —ih 3 (u]S¥n) "8, (ISt In) (2.23)
u>0

= |(ulStn) | 0y

u>0

de l'opérateur (2.21) s’interpretent comme le temps de retard global pour une onde en-
trante d’énergie £ = ¢ + nhw et moment cinétique ¢ et m fixés. Dans (2.23) nous avons
défini

i (p,m) = 2h 8:6%(p,n) (2.24)

2
avec 8(p,n) = }arg(u|Si|n). Comme ’(/1|Sf|n) est la probabilité pour une diffusion

avec transfert d’énergie € + nhw — € + phw, le temps de retard global (2.23) est une
moyenne pondérée sur les temps de retard conditionnels (2.24).

2.2. Méthode quasi-stationnaire

L’opérateur de temps de séjour commute avec Hj si 'interaction est indépendante
~ du temps (voir chapitre I). Si le potentiel est périodique dans le temps, il commute avec
I’évolution libre sur une période. En effet,

e RHTT () = / dt exHot=T) _ (1) P, Q_(t)e~ *Hot
= / dt exHot Q_(t + T)P, Q_(t + T)e~nHo(+T) (2.25)
= T°(b, )e~5HoT,
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ol pour la derniere égalité nous avons utilisé la propriété Q_(t + T') = Q_(¢). 1l suit de
(2.25) que
To(b;) = (pIT (b))
hw
= [ de (e(IT.(5.)e(e)e

avec T.(b.) qui est Popérateur de temps de séjour sur la couche de quasi-énergie €. Nous
allons ici étudier son comportement pour r — oo. Pour cela, nous nous limiterons au cas
de la symétrie sphérique, c’est a dire aux éléments

Te(be) = (€,m|Te(b,)|€, m) (2.27)

3 £ et m fixés. A aide de (2.2) et de la décomposition de Fourier (1.17) pour _(t), on
obtient

(2.26)

(ulTE(b)lo) = 27rﬁ2 (€, 1, &, m|Q}_ P Qo ,lle, p, €, m)

o (2.28)
ST L e )

ol pour la derniére égalité nous avons utilisé (1.20). Les u’,(e,r) sont les solutions
réguliéres a l'origine de I’équation de Schrddinger quasi-stationnaire radiale (1.21), avec
asymptotique (1.22). Pour déterminer le comportement des éléments (2.28) pour r grand,
on utilise I'identité

Yol (e, ) Ul (e,r) = — 20 (5 ul, dou u‘a,asuf;,,) (e,7) (2.29)

qui s’obtient en dérivant (1.21) par rapport a e. A Yaide de (2.29) on peut alors intégrer
(2.28), puis utiliser la forme asymptotique (1.22) et la relation (1.23). Aprés un long
calcul sans difficultés, on obtient (les termes avec o < 0 ne contribuent pas dans la limite
r — 00)

(kIS (b)lp) = {ul7]p)
+ 30 5 ({018t = 01S!0) + 80

>0

h 1 €]\ i(2rer—Lr) ¢ ~i(2kor—t
_ - 1(2xor—4m) __ 50 x _—1(2rgT—4T) 1).
X 5t ohy 3 LoslolSclole #olSelu)e  +o(1)
- (2.30)
D’autre part, pour le temps de référence libre entrant on trouve
2mr h )
(#cho,e(b")lp) = I:hli - 2(6 + phw) Sln(zK'Pr - eﬂ-)} 5#;9 + 0(1)3 (231)
p
et pour le temps de référence libre sortant
2mr h V
setgoe b.)S¢p) = St *[ - sin 2fcar—£7r] oS p) + o(1).
(WISET8)SH0) = IS |37 = 5oy 9o )| (15216) + (1)
(2.32)
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Les termes linéaires en r se compensent donc dans la différence

1
(klré(B)lp) = (uIT(,) = 5 [T24(6) + SETT(8.)SY] Ip)
= (u|r¢|p) + termes oscillants + o(1).

(2.33)

Quant aux termes oscillants, ils ne contribuent pas dans la limite faible (2.7), & cause du
Lemme de Riemann-Lebesgue, et on retrouve le résultat (2.22) obtenu par la méthode
dépendante du temps.

Remarquons enfin que par la propriété de cyclicité de la trace,

TrT%(b,) = Tr SET*(5,)SY, (2.34)

et il suit que le temps de retard total Tr 7°(b,) demeure inchangé si I’on remplace dans sa.
définition le temps de référence mixte [Tf"(b,) + SfTTf’l(b,)Sf] /2 par le temps entrant
TO4(b,) ou le temps sortant S¢'T94(b,)St. Plus précisément, pour le cas particulier d’un
seul canal entrant n, le temps de retard local pour r — oo se réduit a

(nl7:(b,)In) = (nl7/In)

mhn_h;)—)l n|58|n |Sln[2f{,nr _e’ﬂ' + 261(7’1 n)]
h {in)] s (2.35)
" So4(e + ohw) 26,7 — £
.§>4(6 + ohw) I(UIS,In)I sin(2&,1 — £7)
h -
- m sin(2&,r — 1) + o(1),

et a l'aide de (1.14), on obtient pour la trace

Tr7é(b,) = Z(n|r€‘(b,)|n) = Trr!

n>0

Z < 2 + nhw {I nISlln)l sin[2k,7 — €7 + 265 (n,n)] — sin(2k,r — Zw)} + o(1).

(2.36)

3. Propriété spectrale du temps de retard et théoréeme de Levinson

Pour un potentiel statique, on peut faire correspondre a la caractérisation
“géométrique” des états liés et de diffusion une caractérisation spectrale. Ce résultat,
qui est connu dans la littérature sous le nom de théoréme de RAGE [Ru],[AG], nous dit
grosso modo que le sous-espace H, des états de diffusion, qui se propagent en dehors de
toute région bornée de ’espace pour ¢ — oo, n’est rien d’autre que le sous-espace H**(H)
associé au spectre absolument continu de I’hamiltonien total H3, et que le sous-espace H;

3 Pour simplifier la discussion nous supposons que H n’a pas de spectre singuliérement
continu.
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des états liés, qui restent essentiellement localisés dans une région autour du potentiel,
n’est rien d’autre que le sous-espace HPP(H) associé au spectre purement ponctuel de H
(i.e., les valeurs propres). En d’autres termes, la décomposition “géométrique”

H=H,dH, (3.1)
de l’espace des états H est équivalente a la décomposition spectrale
H =H*(H) ® HP(H), (3.2)

pour ’hamiltonien H, et en particulier la complétude asymptotique de la théorie s’énonce
Image (Q04) = H*(H).

Pour un potentiel périodique dans le temps, grace a la conservation de la quasi-énergie,
on peut encore faire sens d’une caractérisation spectrale des états liés et de diffusion. Cette
fois, le r6le de I’hamiltonien est joué par 'opérateur (dit de monodromie) U = U(T,0),
d’évolution sur une période. Une généralisation du théoréme de RAGE [YK],[EV] nous
dit alors que (3.1) est équivalente & la décomposition spectrale?

H = H=(U) & HP(U), (3.3)

pour l'opérateur de monodromie U, et qu’en particulier on a pour la complétude de la
théorie Image (1) = H*(U).
D’autre part, pour une condition initiale définie a un temps 7 # 0, on a, au lieu de

(3.1),
H = H,y(r) ® Hy(7) (3.4)

avec H,(r) qui est Uimage des Q1(7). Les projecteurs Q.(7)QL(7) sont unitairement
équivalents aux projecteurs Q. Q% [utiliser (1.8)],

Qs (7)Qh(7) = U(r,0) Q0L U'(r,0), (3.5)
et il suit que M (7) est isomorphe & H, i.e., H;(r) = U(7,0)H,. De plus, comme
U(r,0) U UY(7,0) = U(T + 7, T)U(T, 0)U*(7,0) = U(T + 7,7), (3.6)
on a que (3.4) est aussi équivalente a la décomposition spectrale
H ="H*[U(r)] & H*[U(7)] (3.7)

pour U(7) =U(T + 7,7).

4 Encore une fois, on suppose par simplicité ’absence de spectre singulierement continu.
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On appelle souvent les états liés |€;) € HPP(U), les états cycliques. En effet, en tant
que vecteurs propres de U, ils vérifient I’équation

I&;(T)) = U(T,0)|¢;) = Ul&;) = &;1¢5) (3-8)

avec [£;] = 1 (puisque U est unitaire). Il suit que si [¢;) est I’état du systéme au temps
t = 0, il n’aura acquis au temps ¢t = T qu’un facteur de phase globale. Le systéme
évolue donc de maniere cyclique, dans le sens qu’il revient sur le méme rayon de I’espace
de Hilbert au bout d’une période. Remarquons que si |{;) est vecteur propre de U,
|€;(7)) = U(7,0)|¢;) est vecteur propre de U(7), pour la méme valeur propre. En effet,

U(T)Ei(7)) = U(T + 7,7)U(7,0)I§;)
=U(T + =, T)U(T,0)|&;)
=§U(T + 7, 7)) (3.9)
= §U(r,0)I¢;)
= &§1¢;(T)).

T

2 . N I , . .
Ecrivons les valeurs propres de U sous la forme £; = e~ #%* avec les énergies £, qui
J ? J

sont définies dans l'intervalle [0, Aw), et soient les vecteurs

le5(r)) = €737 [g(r). (3.10)
IIs ont la propriété d’étre périodiques. En effet,
le3(r +T)) = 3+ Djg(r + 7))

= eTRTERTU(r) 6(7) (3.11)
= €876, () = les(r)),

ou pour ’avant derniére égalité nous avons utilisé (3.9). On a donc pour les |¢;(7)) la
décomposition de Fourier

le5(r)) = 3 lejome. | (3.12)

En particulier, la condition d’orthonormalisation (¢;(7)|e;(7)) = 6é;; (qui est héritée de
celle pour les |€;(7))) s’écrit

Y (ei,nle;, mye=mmT = 6, (3.13)

n,m

ou encore, apres intégration de (3.13) sur une période,

Z(&,‘,?’Ll&j,ﬂ) = 5,'J'. (3.14)

n
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D’autre part, en dérivant (3.10) par rapport a 7, on découvre que les vecteurs |e;(7))
obéissent & 1’équation

B,le;(r)) = [Ho + V(r) - ] e5(7)) (3.15)

qui n’est rien d’autre qu'une équation aux valeurs propres pour 'opérateur (dit de quasi-
énergie ou de Floquet) Ho + V(1) — i%0,, restreint a ’espace des fonctions périodiques de
T a valeurs dans H. Dans la base de Fourier (3.12), elle prend la forme manifestement
stationnaire

Holej,n) + 3 Vaoslej, 0) = (€5 + nhw)le;, n) (3.16)

avec Vy = & [T drV(1)e™" les coefficients de Fourier de V().

Dans le cas particulier d’un potentiel a symétrie sphérique, les solutions de (3.16) sont
de la forme |g;,n,2) @ |£,m) avec |e;,n,€) € Hym (le sous-espace invariant de moment
angulaire £ et m fixé). En posant v¢(e;,r)/r = (rle;,n,€), (3.16) se transforme dans
Péquation radiale

h2

2m

h? 1
9 + —g%j—zl] Vi (€5, + O Vn-o(r)vi(es,r) = (g5 + nhw)vi(e;,r)  (3.17)

pour les fonctions v (e;,r), réguliéres & l'origine, et normalisées selon
Z/ dr |t (e;, 72 = 1. (3.18)
0
n

Aprés ce bref détour, revenons a la relation de complétude (3.4),(3.7). En termes des
projecteurs Q4(7)QL(7) et du projecteur

N N
Py(r) = 2_16(IN& ()] = X les(1)es(7)] | (3.19)

J=1 j=1
dans HPP[U(7)], elle s’écrit
Qu(7)QL(7) + Pi(r) = 1, (3.20)
ou encore
Tr [04(r),24(r)] = ~Tr By(7) = =N (3.21)

avec N qui est le nombre d’états cycliques du systéme. En raison de la périodicité des
Q4(7), nous pouvons introduire dans (3.21) la décomposition de Fourier (1.17). Cela
donne

Tr Y (200, = 6106m0l) €™ = —N (3.22)

n,m
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ou encore, apres intégration sur une période,

Tr 3 (8 — b201) = —N. (3.23)

n

En procédant comme au chapitre VI, si on écrit la trace dans (3.23) comme la limite de
Ji, @*z(z|(-)|z) pour r — oo, et on utilise la relation de fermeture (2.15), on obtient

Rw
lim A de Trr.(b) = =27k N (3.24)
avec
Ter.(b,) = :‘;3 /S ., dk (n, kir.(b,)In, k) (3.25)

qui n’est rien d’autre que la trace de 'opérateur de temps de retard local
1
7e(b;) = Tu(br) — 5 [T2(8,) + SIT(5,)S:] (3.26)

sur la couche de quasi-énergie €.

La relation (3.24) exprime la propriété spectrale du temps de retard total pour un
potentiel périodique en temps. Tout comme pour son analogue statique (voir chapitre
VI) elle est une conséquence directe de la relation de complétude pour les états. Pour
un potentiel a symétrie sphérique elle se réduit, bien entendu, & chaque sous-espace de
moment angulaire fixé, et devient

lim Ohw de Tr 74(b,) = —27hA N (3.27)
avec Tr7{(b,) qui est le temps de retard total (2.36) et N’ le nombre d’états cycliques de
moment angulaire £ fixé (comptant la multiplicité).

Dans larticle ci-apres, nous partons de la propriété (3.27) pour dériver une
généralisation du théoréeme de Levinson. On pourrait s’attendre a un résultat compliqué,
en raison du fait que tous les canaux contribuent en principe a la description du proces-
sus de diffusion. Nous obtiendrons par contre un réponse étonnamment simple: seule la
phase du canal élastique est porteuse de I'information sur le nombre d’états cycliques du
systeme.

4. Article

Nous reproduisons ci-apres ’article

Ph. A. Martin et M. Sassoli de Bianchi, Levinson’s theorem for time-periodic poten-
tials, preprint EPFL, 1995.
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Levinson’s theorem for time-periodic potentials

Ph. A. Martin and M. Sassoli de Bianchi

Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. Levinson’s theorem is generalized to quantum scattering with time-periodic potentials.
The zero-energy limit of the phase shift in the elastic channel is linked to the number of bound
(cyclic) states of the time-dependent potential by the same relation as in the static case.

In its usual and simplest formulation, Levinson’s theorem states that for a spherically
symmetric short-range potential V(r) producing the s-wave phase shift §(E) and N,
bound-states of zero angular momentum, one has, with the convention §(o0) = 0,

50)= Nor  or  6(0) = (Nb + %) . (1)

where the second case occurs if there is a zero-energy resonance (or half bound-state) [1,2].
In this letter, we give the appropriate generalization of relation (1) to the case where the
potential is a short-range time-periodic function V(r,t) of period T = 27 /w,

Virt)=V(rt+T) =) Va(r)e ™ (2)

The s-wave solutions u(r,t) obey the time-dependent Schrodinger equation (we have
set the mass m = 1/2 and Plank constant i = 1)

i0u(r,t) = [~0% + V(r,0)] u(r,t) (3)

with boundary condition u(0,t) = 0, for all t. The time-periodicity U(¢,0) = U(t + T, T)
of the corresponding evolution operator implies that energy is conserved in the scattering
process only up to an integer number of energy quanta w. More precisely, we write a
positive energy E = ¢ + mw, where m > 0 is the integer part of E/w and 0 < ¢ < w
the conserved quasi-energy. Then, the scattering operator S (here in the sector with
zero angular momentum) can be reduced to its quasi-energy shell components S(¢), with
elements S,m(g), n,m > 0, giving the probability amplitudes for scattering with initial
energy ¢ + mw and final energy € + nw. The unitarity S(¢)St(¢) = St(e)S(e) = I implies

2 Sum(E) = 2 [Sum(e) =1 (4)

n>0 m20
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and phase shifts é,,(¢) are defined (mod =) by
Spm(€) = |Snm (€)]€2mm ), (5)

Energy conserving transitions (n = m) are referred to as the elastic channel and we shall
write Sq(E) = Spmm(€) for the elastic amplitude with incident energy F = € + mw, and
dei(E) = bmm(€) for the corresponding phase shift.

The system may also have cyclic-states v;(r,t) that are normalized eigenstates of the
evolution operator U(t + T, t) over one period (monodromy operator),

Ut +T,0)v; (1) = e Tho;(8)),  (wi(®)lv;(2)) = b0 (6)

Then, Levinson’s theorem for time-periodic potentials can be stated as follows. Let N,
be the number of cyclic states and 6¢(0) the elastic phase shift at zero energy. With the
convention ég(00) = 0, one has the relation

§a(0)= Nax  or  6a(0) = (Nc + %) . (7)

where the second case occurs if the elastic channel is resonant at threshold.
To prove the result (7), it is useful to introduce the quasi-stationary Schrédinger
equation by looking for solutions of (2) of the form

u(r,t) =Y un(e,r)e etk (8)
Introducing (8) into (3) gives the quasi-stationary equation

—0fun(e,r) + ? Vaok(r)ur(e,r) = (e + nw)ua(e, ) 9)

for the components u,(g,r), with boundary condition u,(g,0) = 0 for all n. Scattering

~-tKmT

solutions upm(€,7), corresponding to an incoming spherical wave e of energy 2, =

€ + mw, m > 0, are specified by the asymptotic behavior

Unm(€,7) = % (Aﬂm(e)e""" ~ 6,,,me""'"’) + o(1) (10)

as r — oo, with k, = /e +nw for n > 0, k, = #\/le + nw| for n < 0, and 6, is the
Kronecker symbol. The amplitudes A, () are related to the elements of the scattering
matrix and to the scattering solutions by [3]

K

A (€) = bpm — 2 S / " 42Ty (Fuim(esr) = \/Esnm(s). (11)
; Y0 n Kn
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Since the uim(e,r) are uniformly bounded with respect to ¢, we see that for m # 0,
Som(€) = O(e'/*) as € — 0. Hence, we conclude from the unitarity relation (4) that

|Som(0)] = [Smo(0)] = bo.m- (12)

It also follows from (11) that, as m — oo,

Som(e) =140 (’-};) (13)

that is, only the elastic channel is open in the low- and high-energy regimes.
The cyclic states, with components v,(¢j, ), are solutions of (9) decaying at r — oo,
normalized according to

Z/w drlon(e;r)P=1, j=1,...,Ne. (14)
n YO

In the static case, it has been noted long ago [4] that Levinson’s result may be seen
as a consequence of the completeness relation for the set of eigenfunction for the total
Hamiltonian. In the time-periodic case, it is also known that for short-range potentials
the scattering solutions of the quasi-stationary equation form, together with the cyclic
states, a complete set [3,5]. For the s-waves, the completeness relationship reads [6]

1 w e
-~ Z Z / deiu;m(e, nm(e,7) + z v (e, )vn(gjy ) = 8(r — ') (15)
T2 m>70  Em j=1

and we shall exploit this relation along the same lines as in [7,8]. Subtracting from (15)
the corresponding relation for the free solutions w3, (€,7) = énm sin £m7, then integrating
from 0 to R and using (14) leads to

lim /0 " de tg(e) = —2r N, (16)

R— o0

where

7(e) = 0 X 2 [ dr (eI (eI (17)

n m0 fom

To find the asymptotic behavior of rg(€) for R — oo, one can use the identity
Z [t (€,7)[* = &, Z [Brttg (€ 7)etinm (€,7) = Unpn(€,7)0; Bethnm (€, 7)] (18)

obtained by deriving the quasi-stationary equation (9) with respect to . After a long but
straightforward calculation, it yields, using (10) and (11), as R — oo,
n>0

2 (B 2 _
zﬂ:;:/o drlunm(e,r)[ =
|Smm (€)]

— ——=sin[26n R + 26,mm(€)]+ o(1).

2
2k2,

> {-iS:m(e)aesm(e) + % [1Sam(e)? + an,m]} (19)
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Since the contribution of the u,n(€,7) with n < 0 are exponentially decreasing, the
summation in the right hand side of (19) runs only over n > 0. Subtracting the analogue
of (19) for the free solutions [set Sym(€) = bnm in (19)], then summing over m > 0 and
using the unitarity (4), the linear terms in R cancel and the final result is

tr(¢) = —iTr 57(6)6 S(e)
-y = 2 T {|Smm ()] sin[2km R + 28mm(€)] — sin(26mR)} + o(1).

m>0

(20)

When 7g(¢) is integrated on ¢ from 0 to w, the R-dependent terms with m # 0 vanish as
R — o0, because of the fast oscillations in the integrand. The terms with m = 0 are

~ [ de [1Soo(e) | cos 26o(e) — 1] ﬂ%@ (21)
_ / de | Soo(e)| sin 26g0(e )°°52fR (22)

The integrability at € = 0 of (22) implies, in view of (12), that
sin 2660(0) = 0. (23)

Hence, (22) vanishes as R — oo. On the other hand, using (12) again, (21) tends to
—7[cos 2600(0) — 1]/2 = 7 sin? 6p0(0). We thus find

lim /w de tr(e) = —1 /Ow de Tr S1(€)0.5(e) + 7 sin? 00(0). (24)

R—o0 Jo

The final step consists in using the formula
Tr 51(€)8.5(¢) = A}imoo Tr S3f (€)0:Sum(e) = A}imoo 0, log det Sp(e) (25)

where we have defined the truncated matrix [Sp(€)jpm = Snm(€) for n,m < M and
[Sam(€)]nm = 0 otherwise, and its inverse S} (). Integrating (25) gives
e det Sy (w)
_ 1 - — =M\
i /0 de Te $'(6)0.S(e) = — i Jim log G-
det Sps(w)

m 2500(0) —1 hm log SMM((.U)

(26)
The second equality in (26) follows from the property S,i1m+1(0) = Spm(w) which holds
by the very definition of S(¢). Thus, by (12), S(0) has a block-diagonal structure and
det Spr(w) = e%%0(0) det Sps_;(w). For the last equality in (26), we expand det Spr(w)
with respect to its last line and use the fact that the off-diagonal elements S,p, n # M,
have to vanish as M — oo. Therefore, det Sy (w) = Saar(w) det Spr—1(w) + 0(1) and (26)

= —2600(0) — ¢ hm log
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follows [9]. Since Sym(w) = |Sma(w)|exp 28ppr(w) — 1 because of (13), we can fix the
determination of the high energy elastic phase shift by 6a(c0) = limpa—eo Spramr(w) = 0.
Hence, with this convention, combining (16),(24) and (26), we find that the elastic phase
shift 8e)(0) = 6g0(0) at zero energy obeys the relation

8a(0) = Nt + gsinz 8a(0) (27)

and the solutions of (27) which are compatible with (23) are precisely those given by (7).

Some final remarks are in order. The same method applies straightforwardly to the
sectors with angular momentum £ > 0, as well as to the one-dimensional scattering
problem. It is remarkable that in all cases, the number of cyclic states is determined by
the phase shift of the sole elastic channel, without the explicit occurrence of quantities
pertaining to the inelastic processes. We should however say that, as far as we know,
there is no example at the moment of cyclic states in potential scattering. The result
of this letter suggests that the formation of such states has to be traced back to certain
delicate interference effects in the elastic channel, like the total reflection mechanism put
forward in [10].
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5. Complément a Darticle

Cette section se présente comme un complément a l’article de la section 4. Plus
précisément, nous voulons montrer ici comment contréler les limites (25) et (26) qui nous
ont permis d’intégrer la trace du temps de retard et de dériver la généralisation (7) du
résultat de Levinson pour des potentiels périodiques en temps. Contrairement aux autres
sections en frangais de cette these, nous gardons ici les mémes notations que celles de
Varticle ci-dessus.

Nous faisons les hypothéses suivantes: (i) L’opérateur $7(€)3,S(¢) est de classe trace,
Cest & dire |||St(g)0.S(€)||ly < o0, avec en particulier

Tr S1(€)8.5(¢) = A}Enoo f: S (€)0eSnm () < 005 (5.1)

n,m=0

(ii) le comportement des éléments S,n(¢) pour n et m grands est majoré par®

1Sur(€) = 6| < ﬁl_g g(n —m), (5.2)
g(n) = O(In|/?). (5.3)
Alors, pour M — oo, on a
Tr $51(£)0. Spe(e) — Tr SH(€)D.S(e) (5.4)
et Y
/0 de Tt S (€)9: Sar(€) — 2i60o(0). (5.5)

Nous commengons par examiner le point (5.4). Solent Py = Y M, |n){(n| et Py =

I — Py =Y uoum|n){n]. On a Sp(e) = ParS(€)Pu, et Punitarité S(e)St(e) = I implique
(dans la suite on oublie, pour simplifier, I'argument ¢)

SuSl + AuAl =1, (5.6)
avec Ap = Py SPy. Multipliant (5.6) & gauche par S;;, on obtient
Sk =S (1- Anal), (5.7)

et si [[AmAls]l<1,0na
-1

Sit = Sl (I - AuAl) (5.8)

5 Une estimation de la forme (5.2) peut &tre obtenue de la série de Born a couplage
faible, voir la prochaine section.
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Cela donne

Tr S;,!lasSM =Tr BCSMS;;
= Tr [assMsjw (1- AMA;,)'I]

- (5.9)
= Tr [0SuShy (1 - AwAly + Aualy) (1 - Awaly)”]
= Tr $}8.5m + Tr (3:5mS};0m)
avec )
Om = AnAly (I- AnAly)" . (5.10)

Le premier terme dans (5.9) n’est rien d’autre que ’expression dans la partie droite de
(5.1). Elle converge par définition vers Tr 579.S, quand M — co. Pour le deuxieme
terme, on a
Tr (0.50530m) = Tr (Pu8.SPuS' PrOnr)
= Tr (PySS5'0.SPy St PrOnr) (5.11)
<llOum |l llIS*@eSllls,

ol pour la derniére inégalité nous avons utilisé le fait que Pus, S et St sont tous des
opérateurs bornés par 1. Comme par hypothése |||S18,S|||; < oo, il nous reste & montrer
que || Opr||— 0 pour M — oo i.e., que || AprAls |— 0 pour M — oo. Or, nous savons que
([Ka] p.144)

| AnAls||< sup s (5.12)
n>0
avec
=Y [andl] =Y 2 8,55, (5.13)
m=0 m=0 p=M+1
Insérant (5.2) dans (5.13), on obtient

3 ¢ g9(n — p)g(m — p)

lan| <
T VR m_op_M+1 Rov/ Em

. g(m ~ p) (5.14)
9 n -
\/'E:’CMH ,,_%:.H mz—:o vE
Par ailleurs, '
2 gm—p) & g(j)
m=0 V Km I=—p V Kj+p
_ ), § sl)
j=-p K’j+ﬁ j:—p/2 vV ’cj+p (5.15)
L3 g+ —— 2 40)
< — qly)+ (W)
Ko j=—p mg——p/Z
=0 (loI™),



ol pour la derniére égalité nous avons utilisé (5.3). Donc, (5.14) devient

o =_1_ “12) © n — -1/4
" mO(M ),,=§+19( p)O (lo|™/4). (5.16)

Il suit que pour n > M/2,0n a

0w =0 (M) 3> gln—p)O (o)

p=M+1

(5.17)
=0 (M) 0 (M) T g(j) =0 (M™).
De méme, pour n < M/2,0n a
1-M/2
=0 (M) T g(j)=0 (M), (5.18)

ou a nouveau pour la derniére égalité nous avons utilisé (5.3). On conclut que a, =
O(M™!) pour tout n, et par (5.12) que

| Am Al =0 (M), (5.19)

ce qui prouve (5.4).
Pour démontrer (5.5), nous partons de la formule (pour la premiére égalité voir par
exemple [Y2], page 43)

/ow de Tr S3 (€)0:Sm(e) = /ow de 0. log[det Sps(e))]

det Spr(w) det Sp(w) (520)

= log det Sps(0) det Spr_1(w)’

= 2i600(0) + log

ou, pour la derniére égalité, nous avons utilisé
e2i600(0) ees 0

Su@© =1 . S | (5.21)
0

Le développement du déterminant par rapport & la derniére ligne de Sps(w) donne (on
oublie dans la suite, pour simplifier, 'argument w)

M
det Spr =D _(—1)*M Sy, det Sy (M, 5)

§=0

et (5.22)
= Spymdet Sy + Z (—1)j+MSMj det Sp(N, 3),

3=0
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avec Sp(2,7) qui est la matrice obtenue a partir de Sy, en supprimant la i-éme ligne et
la j-éme colonne. Par l'inégalité de Hadamard® et 'unitarité de S, on a immédiatement
que | det Spr(N, )| < 1. Le deuxiéme terme dans (5.22) est donc majoré par

M-1
S (=1Y*M|Sy;| = 0 (M7, (5.23)
j=0
par les mémes arguments que ci-dessus. De plus, en raison de (5.7),
M
| det Sar|? = det(SmSYy) = det(I — AprAly) = TT(1 = 1) (5.24)

1=0

avec les A; qui sont les valeurs propres de AMAR,,. Grace a (5.19), nous savons que

sup A = || AmAl || < —, (5.25)
0<i<M M
et il suit que
c \ M
| det Spl? > (1 - —> S et>0 (5.26)
M
pour M — oo. En conclusion, de (5.23) et (5.26) on obtient
det SM _1/2
_ " = 27
Tetg, - = Swm+0 (M), (5-27)

et (5.5) suit de Spyrpr — 1 pour M — oo.

Reste bien entendu, pour compléter la preuve, & démontrer que 'opérateur de Eisen-
bud-Wigner est bien de classe trace. Ce point ne sera pas abordé dans cette thése. Nous
nous bornons ici a remarquer que I’hypothése est assez naturelle puisque la trace (5.1)
apparait dans la dérivation de la section 4 comme une conséquence plus ou moins directe
de ’existence d’une relation de complétude pour les états physiques. D’autre part, pour
ce qui est du comportement de la matrice diffusion a haute et basse énergie (5.2),(5.21),
il sera étudié dans la prochaine section dans le cas particulier d’'un potentiel a faible
couplage.

6 Si A est une matrice n x n, l'inégalité de Hadamard nous dit que

| det A|2 < Z |A,’1|2 Z |A.’2|2 R Z IAin|2.

=1 =1 i=1
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6. Série de Born et comportement a haute et basse énergie

Dans cette section nous dérivons la série de Born pour la matrice de diffusion S, et
étudions son comportement a haute et basse énergie. Une maniere possible de procéder
est d’employer le formalisme homogéne de Howland [H], qui permet de reformuler le
probleme de diffusion par le potentiel dépendant du temps en un probléme avec potentiel
statique, dans un espace de Hilbert augmenté dans lequel le temps joue un role de variable
canonique. On peut alors résoudre le probléme de perturbation & ’aide des méthodes
stationnaires habituelles. Nous allons ici employer une méthode plus directe, qui part
directement de la série de Dyson (1.3),(1.4), et dont ’avantage pédagogique est celui de
n’utiliser que des quantités dont I’'interprétation physique est immédiate.

Pour cela, nous partons de la représentation intégrale (1.25) pour 'opérateur de dif-
fusion”. A Daide des pseudo-vecteurs propres (2.15),(2.16), on obtient pour les éléments
(€', p'|S|e, p), l’expression (on revient ici a la notation des sections 1 & 3)

1ot ’ g Lle'—e '—p)hw /A
(&, F1Sle, ) = 8(e' = €8y, — = [ d R+ SV ()0_(1)fe,p).  (6.1)

Introduisant les représentations de Fourier (1.16) et (1.17) pour V(t) et Q_(t), on arrive,
apres une redéfinition des indices de sommation, a la relation

(', '|Sle, p) = (p'|Selp} (" — ¢) (6.2)

avec

(P'|Selp) = 61,01 — 27ri2<5’ PNVoremQm—l€, p)- (6.3)

Il suffit donc de déterminer la série de perturbation de ,,_,|¢, p) pour obtenir, via (6.3),
celle pour les éléments de S, i.e., la série de Born.
Notre point de départ est la série de Dyson (1.3),(1.4), qui s’écrit, a I'aide de (1.16),

Ur(t,to) = I + fj UM (¢, 1) (6.4)

n=1
avec
1

n ¢ tn— . n 4.
0P = (—5) B [l [ bVt Vo) B (65)
G1 om0 ¥ 20 to

et
Vo(t) = enHoty, e~ rHot, (6.6)

T Pour dériver (1.25) il suffit d’utiliser le truc familier qui consiste a écrire S(t,%p) =
enfotlJ(¢,t0)e"nHoto comme l'intégrale de sa dérivée, et & remarquer ensuite que S =
lim S(¢,t0) pour ¢t — oo et g — —oo.
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Remarquons que
|t

o eols 5 (SRS v 67)

et que donc (6.4) converge en norme si [t —to| < co et 3., || Vi i< 0.
D’autre part, pour l'opérateur Q_(t) nous avons

Q_(t) = s-lim Ul(to + ¢, t)e=Hoto

tg——o00
) ; (6.8)
= ¢~ nHot [s—lim Ul(t, to + t)] enflot,

to——00

Nous devons donc étudier (6.4) dans la limite t — —o0. Pour pouvoir prendre cette limite
tout en préservant la convergence de la série, nous introduisons une coupure adiabatique
de I'interaction i.e., nous remplagons V(t) par e®*V(t), § > 0. L’opérateur d’onde _(t, §),
pour le potentiel avec coupure, est alors donné par la série

Q_(1,6)=1+3 0 ,8), (69)
n=1
avec i\ t t t
(n) _(_* ' O R ~#Hot
N7, 6) = ( ﬁ> al;ﬁ /_w dh /_oo # /-oo don TR (6.10)

X Ve (1) - Ve (ta)] ¥t s lemstidls

qui est bien convergente puisque

n 1 [€ n
100 o< 3 (1) (6.12)

A la fin du calcul, il faudra bien entendu prendre la limite 6 — 0, mais la convergence de
la série ne sera alors plus garantie car la borne (6.11) explose dans cette limite.
Effectuons dans (6.10) le changement de variables t,, = 372, s;, m = 1,...,n. Cela

Q(_")(t,ﬁ) _ (_%)n Z /t ds, /0 dsg.../o dsne‘%H°‘x
01 4e0es0n ¥ =X e e
y {f[ e—;‘l[Ho—ﬁZ?=m(“’”j+i5)]smV } C%HO(f-ZLI ‘f)

m=1

donne

(6.12)

c’'est a dire une expression qui ne contient plus que des intégrales “désemboitées”. 1l
devient alors possible d’effectuer les intégrations & 1'aide de la formule (Im z > 0)

t i i
/ ds ex(Ho=2)s — i1 By (7)eh (Ho-2t, (6.13)
-0

ou nous avons défini

Ro(z) = (z — Hp) ™. (6.14)
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Appliquons pour cela, formellement, un pseudo-vecteur propre |e, p) & (6.12), afin de nous
débarrasser de la derniére exponentielle. Utilisant (6.13) puis le changement de variable
Pi =P+ Lmen—(j-1)9m, J = 1,...,n, on aboutit a

O (t,8)le, p) = e 3 QL) (6)]e, pyeilpn=rlut (6.15)
Pn

avec

QE):)—p(‘S)Ie’p) = Z R0[5+B(in+i5)]v;n—pn-1 T sz—plRO[5+h(/’1w+i5)]Vm—p|5,P)-

PlseessPn=1
(6.16)
Si on fait § — 0 dans (6.15), le facteur €™ — 0, et on retrouve la série de Fourier de
Q(_")(t)le,p). Soit alors
Go(E) = lim Ro(E + 16). (6.17)

>0

On a pour Q,,_,le, p) la série formelle

Qmple, p) = Bmplesp) + 3 Ol le,p) (6.18)

n=l

avec

Qg:)-l’ls’ P> = Z Go(6 + mhw)vm—al o Van—z—dn-x Go(€ + Un—lhw)von—x-plsv P)-

0140490 n—=1
(6.19)
Enfin, l'insertion de (6.19) dans (6.3) nous donne la série pour les éléments de S.. Plus
précisément, on a
Se=I-2niT, T.=35 T®W (6.20)
n=1

et

(p'|T€(")1p) = z (€, P/ |Vor—0,Gole + 01hw) Vg =0, - - Gol€ + On1hw) Vs, _ - sl€, p).

01,000 n—1
(6.21)
C’est la série de Born généralisée, pour un potentiel périodique en temps. Dans le cas

particulier d’une interaction statique V, = §5,,0,41V oOn retrouve, bien entendu, la

7541 Oy41
série de Born habituelle. On peut d’ailleurs donner & (6.21) une forme plus proche de

cette derniére en introduisant la notation matricielle

V=> Vam|n)(ml, (6.22)
N =) nln)(n|, (6.23)
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qui nous permet d’écrire (6.21) sous la forme compacte
T™ = (e]V [Go(e + Nhw)V]" |e). (6.24)
Pour le cas d’un potentiel a symétrie sphérique, on a en particulier pour les éléments
(¢'ISelp) = (¢, £,m|S.|p, £, m) (6.25)

le développement
(0'15El0) = 61,5 — 2mi{p'| T |p)

= by =211 Y (#'|TE™p)

n=1

(6.26)

avec

n 2m 1 o o .
(P77 o) = S [T [T drauble + 0h0,mi) vp0 (i) X
-1

32
Th VErl'Ep oy,..0n

X (r1|Gg(e + orhw)lrz) - - 05,y —p(rn)ug(e + phw, 1),
(6.27)

qui se déduit de (6.21) a l’aide de

. 2m 1 e
(zle, p, &, m) = l T 2 (e + pho, DY), (6.28)
P

6.1. Comportement a haute énergie

Nous nous limitons ici & étudier (6.26),(6.27) pour l'onde £ = 0. On a alors simplement

uo(e + phw,r) = sin(,r) (6.29)
et . in(r )¢ ,
n L [sin(kr)e™em, <7
(rlGo(e + pho)ir) = = { Go i TS (6.30)
1l suit que®
[{r|Go(e + phw)|r'})| < min(r,r') < Vrr, (6.31)

pour tout p € Z. Supposons aussi, pour simplifier, que le potentiel est de la forme

v(r,t) = At)w(r) = (Z )\ne“"“") w(r) (6.32)

8 Cette majoration n’est certainement pas optimale, surtout pour r et 7' grands, mais
nous ne voulons rien sacrifier ici a la simplicité de I’exposé.
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avec w(r) qui est telle que C' = max(Co, Cy/2, C1) < 00, Cp = [5° dr|w(r)|rP. 1l suit que
(6.27) est majorée par

n 2m 1
/Tt() i<_ n /\’—a “'/\a _
(110 < = mc X Dol Dol
om (6.33)
_ O [ dae i)
T Tkt \ //s,,:/c,, o
ou pour la derniére égalité nous avons défini la fonction 27-périodique

j{j]xnie-'“° A(—a) (6.34)

et utilisé 'identité
o Z ina Z a = 27n). (6.35)

Enfin, introduisant la borne (6.33) dans (6.26), nous obtenons

Hp'|Selp) = 81,0] < 9(p' = p) (6.36)

1
A /Kplfcp

avec g(n) qui est donnée par

2m [or d CMa)

— — L ine 6.37
2l 10X (6.37)

g(n) =
pour autant que C|A(e)| < 1, c’est & dire que le potentiel est & faible couplage. La fonction
g(n) va a zéro d’autant plus vite, pour n — oo, que A(t) est differentiable. En effet, il
suffit pour cela d’intégrer (6.37) par parties et remarquer ensuite que les dérivés de (6.34)

font bien sens en raison de la décroissance des coefficients ), elle méme conséquence de
la différentiabilité de A(t).

6.2. Comportement a basse énergie

Pour contréler le comportement & basse énergie, on procede comme ci-dessus mais
cette fois en majorant le sinus (6.29) non pas par 1 mais par «,7. Il faut alors demander
une décroissance supplémentaire au potentiel i.e., Cg < 0o pour § = 3/2 et 2. On trouve
dans ce cas

(p|Selp) = 8y, + O (\/ K'p”‘;p) ) (6.38)

c’est a dire en particulier (0{Sp|0) = 1 (le canal élastique a énergie zéro n’est pas résonnant
dans le régime de faible couplage).
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X. Théoreme adiabatique et théoréme
“haute fréquence” en théorie quantique
de la diffusion

1. Introduction

Dans ce dernier chapitre nous nous intéressons aux régimes adiabatique et de haute
fréquence pour la diffusion quantique par un potentiel dépendant du temps. Le régime
adiabatique, ou basse fréquence, est celui qui considere 'approximation d’un potentiel qui
varie de maniére infiniment lente au cours du temps. Une telle approximation est justifiée
si, dans un sens a préciser, le mouvement de la particule est rapide comparé aux variations
du potentiel. A I’opposé, le régime de haute fréquence considére 1’approximation d’un
potentiel qui varie de maniere infiniment rapide au cours du temps.

Une littérature de taille existe déja sur 'approximation adiabatique pour des hamil-
toniens qui possedent en tout temps deux projecteurs spectraux isolés. Il n’y a eu cepen-
dant que trés peu d’études pour ce qui concerne le probleme de la diffusion!. Quant a la
limite de haute fréquence, qui est d’intérét par exemple dans la physique des atomes dans
des champs de laser intenses, nous avons remarqué qu’il n’y avait pas encore eu a ce jour
de résultats rigoureux.

Nous nous limitons dans cette introduction a une dérivation heuristique de ces deux
limites, dans le cadre de ’approche quasi-stationnaire. Elles seront ensuite étudiées de
maniere plus précise, ainsi que leurs premieres corrections, par les méthodes dépendantes
du temps que nous développons dans ’article de la deuxieme section.

1.1. La limite adiabatique

Considérons la diffusion d’une onde d’énergie E par un potentiel périodique v(z,wt),
de période 27 /w, a une seule dimension d’espace pour simplifier. Au chapitre précédent

1 Voir les références citées dans l’article ci-apres. Rappelons que ’hypothese de gap dans
le spectre n’est pas naturelle en théorie de la diffusion, & cause du spectre absolument
continu de I’hamiltonien libre.
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nous avons montré que ce probleme est gouverné par 1’équation de Schrédinger quasi-
stationnaire, qui s’écrit dans le cas présent (nous renvoyons le lecteur a ce chapitre pour
les notations)

2
_:2% 33%;»(5, z)+ Z vu—a(x)¢0p(53 :t) = (5 + phw)d’up(a’ z), (1-1)

ou nous avons écrit 1’énergie incidente £ = € 4+ phw. Pour une particule qui vient par
exemple de la gauche, on a le comportement asymptotique

_ [ Bupe™ T + Lyy(e)e™ 2 — —o0
buolera) = { e Sl A, (12)
et en particulier la probabilité de transmission vaut
K
Pp =) 2| T.(e) (1.3)

u>0 Kp

Nous sommes intéressés par le comportement de la probabilité (1.3) dans la limite
w — 0, c’est a dire dans la limite d’une variation infiniment lente du potentiel. Pour cela,
il est préférable de travailler dans une base qui fixe de maniére explicite I’énergie incidente
de la particule. Cela revient a poser

Yu-p(E, ) = Ypp(e, z) (1.4)
dans (1.1)-(1.3), qui deviennent
2
—;T-; Fha(E,2) + Y Vno(a)b6(E, 2) = (E + nhw)y,(E, z), (1.5)
iknz —iknz g, _
et k
Pe= Y ;3 IT.(E), (1.7)

n2-[E/hw]

avec hk, = (/2m(E + nhw), et [E/hw] la partie entiére de E/hw. Il suit que dans la
limite w — 0, la probabilité (1.7) devient

Pg=limPg =Y IT(E) (1.8)

avec formellement 7.°(E) = lim,_07,(E). Pour obtenir les amplitudes limite 7.2(E),
posons, sans autre forme de proces, w = 0 dans (1.5). Cela donne

—Qh_m B2pn(E,2) + D Vno(z)¥s(E,z) = Etpo(E, z) (1.9)
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ce qui n’est rien d’autre que la transformée de Fourier de I’équation de Schrddinger sta-
tionnaire

2
[—Qh—m oz +v(w,a)] ¥v*(E,z) = E¢*(E,z) (1.10)
pour les composantes L
balEy2) = 5= /0 day*(E, z)e. (1.11)

En écrivant Tg§ pour I’amplitude de transmission pour le potentiel statique v(z,a), on
obtient alors

1 gon .
0 —_ o _tna
T.(E) = 5 o da Tge™, (1.12)
et il suit de (1.8) que
0 o 2 _ L+ [* a2
Ph=SITXEN = 5 | dalTl" (113)

La diffusion par le potentiel dépendant du temps se réduit donc, dans la limite adi-
abatique, & un probléme statique effectif, dans le sens que la probabilité de transmission
converge vers la moyenne des probabilités de transmission associées a la famille de poten-
tiels statiques v(z, a).

1.2. La limite “haute fréquence”

Pour dériver la limite de haute fréquence, on peut procéder comme suit. A Taide de
[IX, (6.22),(6.23)], écrivons (1.7) sous la forme matricielle

(Ho+V — Nhw— E)4(E) = 0. (1.14)

Introduisons ensuite les projecteurs Py = [0)(0] et Pop = I — Py = T ,40|n)(n|. Par le
sandwich de 'opérateur dans (1.14) avec P, + Py = I, utilisant le fait que Hy commute
avec Py, Py et N, et que PyV Py = VP, nous obtenons les deux équations couplées

(Ho + Vo — E)o(E) + PoVH(E) =0 (1.15)
et
(H0+POVPO—hwpoNpo—E)J)(E)-f-PoV’d)o = 0, (116)

pour ¥o(E) = Poy(E) et $(E) = Pyyp(E). La deuxieme équation s’inverse formellement
pour donner

P(E) = ~G(w, E)PoVyo(E) (1.17)

avec G(w, E) = (Ho+ PyV Py — hwPyNPy— E)~*. On obtient ainsi que o(E) est solution
de ’équation
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Dans la limite w — 00, G(w, E) — 0, et (1.18) se réduit & I’équation de Schrédinger
stationnaire

(Ho + Vo — E)to(E) = 0 (1.19)
pour le potentiel statique V;. Il suit en particulier que
Pg = lim P = [To(Vo)[" (1.20)

La diffusion par le potentiel dépendant du temps se réduit donc, dans la limite de haute
fréquence, & un probleme statique effectif, dans le sens que la probabilité de transmission

converge vers la probabilité de transmission pour le potentiel moyenné dans le temps
Vo= 4% 2" da V(a).

2. Article

Nous reproduisons ci-apres ’article
Ph. A. Martin et M. Sassoli de Bianchi, On the low- and high-frequency limit of

quantum scattering by time-dependent potentials, J. Phys. A, 28, 1995, pp. 2403-
2427.
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On the low and high frequency limit of quantum
scattering by time-dependent potentials

Ph. A. Martin and M. Sassoli de Bianchi
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Abstract. Using time-dependent methods, we study the scattering of a quantum mechanical
particle by short-range potentials with very slow or very fast periodic variations in time. The low
and high frequency limits are derived as well as their first non-vanishing corrections, and their
physical significance discussed.

1. Introduction

The scattering of a quantum mechanical particle by a time-dependent short-range
potential v(z,t) has been the subject of numerous investigations, at a general theoretical
level and for specific systems. Typical examples are
(1) tunneling of a particle through a modulated barrier

v(z,t) = wy(z) + A(t)we(2), (1.1)

where w;(z) and w,(z) are static potentials, and A(¢) a time-dependent coupling
strength (see for instance [1-6]);
(i) scattering by a moving center [5-10]

v(z,t) = v(z — a(t)), (1.2)

where a(t) is a prescribed classical trajectory. Such time-displaced potentials occur for

instance in the study of the a-c Stark effect and in the modeling of chemical reactions

at surfaces.

In this paper, we consider time-dependent potentials of the form v(z,wt), where w™?
is a very large or very small parameter. We shall mainly be concerned with potentials
periodic in time, v(z,t) = v(z,t + 27), so that w — 0 is referred to as the low frequency
(or adiabatic) limit and w — oo to the high frequency limit. This includes, for instance,
the system (1.1) with an oscillating barrier Mwt) = Ao cos(wt), and the system (1.2) with
an oscillating center a(wt) = aq cos(wt).

Although the general formalism is rather well developed (existence of wave operators,
unitarity of the scattering operator, see for instance [11-17]), it is notoriously difficult
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to perform explicit analytical calculations of scattering probabilities, even in the simplest

models. It is therefore of interest to control the limit situations w — 0 and w — oo, as well

as the corresponding asymptotic expansions, and to discuss their physical significance.

The result is that in both cases, for suitably smooth and short range potentials, the
scattering by the time-dependent potential reduces to an effective static one. In the low
frequency limit, according to the discussion of Section 2, we show that the scattering
probabilities converge to the average probabilities associated with the family of time-
independent potentials v(z,a), 0 < @ < 27. In the high frequency limit, we obtain
that the scattering quantities approach those associated with the static average potential
vo(z) = o [7, dav(z,a).

In Section 2, we discuss general aspects of scattering with time-dependent potentials,
and in particular implications of the fact that the dynamics is not invariant under time
translations. One point is that particles entering the interaction region at different times
do not experience the same configuration of the potential. We are thus led to distinguish
two situations, the first one being the more commonly realized:

(a) the arrival times of the particles in the interaction region have no relation with the
characteristic time scale w™? of the variation of the potential. This happens when there
is no control on the times at which the particles in the incident beam are prepared.
One has the same effect with a single particle if the energy spreading AE of the
incoming wave packet is sufficiently narrow to give a time dispersion At ~ h/AFE
larger than w=!. In all these situations, only averages of scattering probabilities over
the time scale w™! can be observed;

(b) the incoming beam consists in regular short pulses in phase with the variation of the
potential so that all particles feel the same potential when they enter the interaction
region. '

Section 3 is devoted to the adiabatic limit of the scattering operator. The limit has
been studied in [4,11,20,21], and an asymptotic expansion of the S-operator is presented
in [21]. Here we state and prove the result up to first order in w.? At the lowest order,
the transition probabilities reduce to those associated with the static potential v(z, @), o
fixed, in case (b), or to their average in case (a).

The first order correction in w can be split into the sum of two terms. The first
one involves again only static transition probabilities, but for the potential shifted in
time, according to the time of incidence of the incoming particle. It thus makes explicit,
at first order in w, that incoming states prepared at different times (i.e., differing by

1 We recall that the proper sense of the time-energy uncertainty relation AEAt ~ F,
for a free particle, is that one is unable to say when it will cross a given surface with an

exactitude greater than At ~ i/AE; see for instance [19)].
2 Ref. [22] has appeared during the completion of this work, and the proof of Proposition

1 is similar.
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energy-dependent phase factors) see different configurations of the potential. This term
contributes non trivially in case (b), but its average vanishes so it does not contribute
in case (a). The second term has a more complicated structure: it embodies, at order
w, dynamical effects due to the effective time variation of the potential, and can be
expressed in terms of energy derivatives of static quantities. Then, we discuss briefly the
first correction to the adiabatic limit of scattering events when a fixed number n of energy
quanta fiw is exchanged with the external field (sidebands) as well as the corresponding
energy transfer.

In Section 4, we address the problem of the high frequency limit of the scattering
operator. The limit is of interest in the physics of atoms in intense laser fields [7-9] (it
has also been investigated numerically in [5]), but we are not aware of a general proof of
its existence and of its first non-vanishing correction.

In Section 5 we specialize our results to the case of transmission and reflection prob-
abilities in the one-dimensional scattering problem. In particular, the statistics of quanta
will be obtained explicitly in the case of the time displaced potential (1.2). Finally, in
Section 6, we present some concluding remarks.

2. The scattering problem for time-dependent potentials: general setting

We are concerned by scattering systems with time-dependent potentials V(wt), where
V(wt) is a multiplication operator by a sufficiently short-ranged function v(z,wt) in con-
figuration space R?, d > 1. The total Hamiltonian is

H(wt) = Ho + V(wt), (2.1)

where Hy = —A/2m is the free hamiltonian (m is the mass of the particle and we have set
the Planck constant 2 = 1) and w is a parameter. We denote U, (t,to) the corresponding
evolution operator with initial condition U, (to,%0) = I. It is known that for a large class
of potentials v(z,t), that we do not need to specify here (see Section 3), and any real 7,
there exist wave operators

Qs (w,7) = s=lim Ul (¢ + 7, 7)e~Fot (2.2)

t—to0

and a unitary scattering operator
S(w,7) = A (w, 7)Q_(w, 7). (2.3)

The wave operators Q4 (w) = Q4 (w,0) and Q4 (w,7) are related by the generalized inter-
twining property
Qs (w, ) = Uy(r,0)Qs(w)eoT, (2.4)
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which in turn yields for the scattering operators S(w) = S(w,0) and S(w, 7) the relation
S(w,7) = e Ho7 §(w)etHor, (2.5)

Let F be an arbitrary projection operator in H = L*(R?), commuting with H,. We
are interested in the quantity

Pr(w,7,¢) =l FS(w,m)¢ [l3= FS(w)e™ e |13, (2.6)

which is the probability to find asymptotically the scattering state in the subspace F'H,

Hor ., Clearly, ¢ and e'Ho”

for an incoming wave packet e ¢ represent two identically
prepared states, except for a time lag 7. Since the interaction is not invariant under
time-translations, all possible scattering events are not described by a single scattering
operator, but by the whole family S(w,7), 7 € R.

In the discussion hereabove, the origin of time was conventionally fixed such that the
potential has amplitude v(z,0) at ¢t = 0. It could as well be chosen such that the potential

equals v(z,a) at t = 0, for some a # 0. In this case, we replace (2.1) by
H(wt+ a) = Hy + V(wt + a), (2.7)

with corresponding evolution UZ(t,t,), wave operators 2§ (w, ) and scattering operator
S5%(w, 7). Now, we have the equality

U:T(t,to) = U'w(t + T, to + T), (28)

since both evolution operators in (2.8) obey the same differential equation with the same
initial condition at t = ¢. Setting S*(w) = 5%(w, 0), this implies, in view of the definitions
(2.2), (2.3), that

S(w,7) = §“T(w). (2.9)
Combining (2.5) with (2.9) yields
5%(w) = el §(w)etHod (2.10)
or, in differential form,
w0,S5%(w) = [Hy, 5%(w)]. (2.11)

Equations (2.9) or (2.10) may be seen as a precise version of the simple statement
saying that two incoming packets with a time lag 7 will feel the external potential with
the time difference 7. Let us restrict our attention to potentials periodic in time V(t) =
V(t + 2r), so that V(wt) has period 27 /w. This implies immediately, by (2.10),

2

S%(w) = §*"(w) = e~ HOY GO ()i Ho ¥ (2.12)
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le., the scattering operator commutes with the free evolution over one period. The
commutation relation (2.12) is the precise law of quasi-energy conservation saying that,
while Hy may not be conserved by scattering, the energy can be changed only by discrete
quanta nw, n = 0,%1,%2,...[14,18]. In view of the periodicity S*(w) = S*+?"(w), we
can introduce the Fourier decomposition of the scattering operator

S w)y= ) SMw)e (2.13)
with )
S w) = o da S%(w)e™. (2.14)

The coefficients S™(w), n # 0, are called the “sideband” contributions to the total scat-
tering operator. The relation (2.11) implies obviously

nwS™(w) = [Hyp, S™(w)]. (2.15)

Thus, every sideband S™(w), n # 0, describes scattering events with an energy shift equal
to nw, or, in other words, with emission (n > 0) or absorption (n < 0) of exactly » quanta
of energy w. The probabilities of such events are

Prw,p) =l FS"(w)e |z - (2.16)

In particular, for F =1,
P (w,p) =] S™(w)e II2 (2.17)

is the probability of emitting (n > 0) or absorbing (n < 0) n quanta during the scattering
process.

The scattering probabilities that are relevant to the situations (a) and (b) described
in the introduction are

Pr(w, @) =|| FS*(w)e 3= i (¢, SN W)FS™(w)p) €™, (2.18)

n,m=-=00

if the scattering is sensitive to the precise time at which the interaction occurs (case (b)),
and by the corresponding average

Prog) = 5 [ daPhog)= 3 Pu,v) (2.19)

n=-—oo

in the other situations (case (a)). Formula (2.19) applies for instance if the initial beam

is constituted of a succession of incoming wave packets with a small time lag dr, that are
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scattered independently, and the counters integrate all events during the period 27 /w.
Then, the observed probability will indeed be

7 fw _
= [ drPe(w,m,0) = Pr(w, ) (2:20)

% —-mfw

where the equality follows from (2.9) and (2.10). It applies also if the incoming state
¢(FE), as a function of energy E, has support in an interval AF < w, since then, as
a consequence of (2.15), the off-diagonal contributions (¢, S™(w)FS™(w)y) vanish for
n # m. Thus, for a small spreading in energy, i.e., for an uncertainty in time larger than
27w, (2.18) reduces also to (2.19).

Notice that since the asymptotic observable F*(w) = S*1(w)FS*(w) also obeys (2.11)
ie.,

108, F® () = [Ho, Fo(w)], (2.21)

the average F(w) = = [T da F*(w), as well as the sideband contributions F™(w) =
5™ (w)FS™(w) commute with the kinetic energy Ho. Thus, case (a) involves only the on
the energy shell part of these observables, whereas in the situation (b), the probabilities
(2.18) depend in particular on the phase of the incident wave packet and cannot simply
be reduced to on-shell calculations.

Finally, let us consider the total energy variation of the particle during the scattering
process

A%(w) = HE(w) - Ho, (2:22)
where Hg(w) = $*M(w)HS%(w) is the asymptotic outgoing energy. According to (2.11),
this quantity is related to the scattering operator by
A%(w) = w8 (w)0,5%(w). (2.23)
Introducing the sidebands (2.13) in the right hand side of (2.23) and averaging over «
gives the quasi-energy conservation law for an incoming state ¢

> wPYw,¢) = (¢, Aw)e), (2.24)

n=—0o0

where the P*(w, ) are defined in (2.17). Equation (2.24) is an energy balance: the loss
or gain in energy of the scattered particles equals the average energy emitted or absorbed
from the external field.
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3. The low frequency limit

3.1. The adiabatic theorem
Throughout the paper, we assume that the potential satisfies the bound

lv(z,t)] < b(z)™", 7 >1, (3.1)

where b is a constant independent of ¢ and we have introduced the notation
(z) = (1+]z]?)*/2. Note that an equivalent formulation of (3.1) is to require that (¢)"V(¢)
is bounded uniformly with respect to ¢, where ¢ = (g1, ..., ¢q4) is the multiplication oper-
ator by z = (z1,...,24)-

Then, one knows that the wave operators Q3 (w) associated with the hamiltonian (2.7)
exist as strong limits. In the periodic case, it is shown in [12] that they are complete,?
and the scattering operator S%(w) is unitary. Unitarity of the wave operators has also
been proven for repulsive potentials, not necessarily time-periodic [15], and for potentials
switched on and off in time [11]. We quote also the results of [16] for the case of moving
potentials , and of [17] for Hamiltonians asymptotically constant in time.

For the adiabatic as well as for the high frequency limit (Section 4), our proofs rely
on the fact that, for suitably smooth incoming states, scattering states leave sufficiently
fast a localized region in configuration space. This is expressed in the following

Lemma. Consider the scattering system (H, Ho), H = Ho+V, where V is the multipli-
cation by a static potential v(z) such that both v(z) and z - Vv(z) satisfy (3.1). Let Q4
be the corresponding wave operators and D the dense subset of H of vectors ¢(z) such
that their Fourier transform @(k) are infinitely differentiable functions of k with compact
support and no support at the origin. Then, for any ¢ € D and € > 0, there exists a
constant ¢, independent of t, such that

I {@)"e™ Qe [l < e (1 + ). (3.2)

The same estimate holds for }_ replaced by Q.

The Lemma is an immediate consequence of Proposition 2 of Ref. [23].4 It asserts
that the scattering state e=*#*Q_¢ propagates away sufficiently fast as ¢ — +oo, provided
that the incoming state is smooth and has non vanishing kinetic energy, and 7 is large
enough.

3 Complete means that the ranges R(%(w)) = R(Q*(w)) = absolutely continuous
subspace of the monodromy operator U2 (27 /w,0).
4 Since ¢(k) is assumed to be infinitely differentiable, ¢ is in the domain of |g|?, for all

p > 1, and we have set the function ¢(H) occurring in Eq. (30) of Ref [23] equal to 1 on
the support of @, by intertwining.
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The above mentioned results hold for a wider class of potentials allowing also for
local singularities (see [12],[22]). To avoid technical development, we deal here only with
bounded potentials.

To formulate the adiabatic limit, we introduce the scattering system (H(«),Ho),
H(a) = Hp+V(«), determined by the static interaction V(a), a fixed, with corresponding
wave operators 05 and scattering operator S* = 93102, Then, we expect that S*(w)
approaches S% as w — 0. More precisely, we have the following

Proposition 1.
(i) If V(¢) satisfy (3.1) with n > 1 and is norm continuous with respect to t, then

s—lim §%(w) = (3.3)

w—0
(ii) If in addition V(t) is continuously differentiable in norm with respect to t, v(z,t),
z - Vo(z,t) and dyv(z,t) satisfy (3.1) with n > 2, then, for ¢ € D,
S*(w)e = S% +w STe + wg*(w) (34)
where

S%p = —1 / "t etV (@)% e~ ot (3.5)

and V'(a) = 0,V(a). The vector g*(w) has a uniformly bounded norm and converges
weakly to zero as w — 0.

Proof. (i) We set

Qf = eHhemiHot - Q2() = UZH(t,0)e (3.6)
Then,
I(Q3(w) = 9%)e ll2 <IHO%(w) = L (W)e llz +1 (2 - We iz + 37)
+ (@) =)o iz -
We have the standard estimate for ¢ € D,
| (@5) = 98)e lla< [ ds || Via+ws)e ™ | 58

< sup | V(e +ws){g)" || / ds || {q ¢~ Hos ella.

Using (3.1) and applying (3.2) in the free case with n > 1 and € sufﬁciently small, we see
that (3.8) tends to zero as t — oo, uniformly with respect to w. The same is obviously
true for the second term in the r.h.s. of (3.7). To estimate the last term in (3.7) we write

R t .
Q%(w) = UsH(t,0)e"H Qe = o _j /0 ds Ut (s,0)(V(ws+a)— V(a))eH@02 (3.9)
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leading to ,
1 (@5) =99l < [ ds | Viws +a) = V(a) I, (3.10)

which tends to zero as w — 0, for any fixed ¢, because of the norm-continuity of V().
Thus, letting first w — 0, and then ¢t — oo in (3.7), we have shown that lim,_.o Q% (w)p =
Q% for any ¢ € D, and the same proof clearly holds for 2% (w). Since the Q§(w) are
uniformly bounded with respect to w, the result is true for all ¢ € H, implying that
5%(w) converges weakly to S* as w — 0. But, since the S%(w) are isometric, S*(w) — S*
strongly.

(ii) Consider the scattering system defined by the pair (H(wt + «), H(a)). It is easy
to see that the corresponding wave operators 0% (w) exist on the range R(Q%) = R(Q2).
For this, it suffices to note, following the estimate (3.8), that for ¢ € D,

| (V(wt+ @) = V(a)e™ 20 [, < (| Vwt +a)(@" | + 1| V(e)(9)" ) x

' 3.11
x| (g) e 102 |l < 2be (1 + 1), (311)

which is integrable for ¢ sufficiently small. This enables to represent the full scattering
operator S*(w) by, the chain rule [15], as

§*(w) = Q218*(w)0e, (3.12)

where QO are the wave operators belonging to (H(e), Hy) and 5%(w) = 031 (w)e (w) is
the scattering operator of the system (H(wt+a), H(a)), defined on R(Q%). Let ¢ = Q% ¢,
@ € D. One can represent S%(w) as a weak limit in R(%) by

(X, S’a(w)z,b) = }E& (X, S’a(w;t,to)d’), X € R(Qc:), (313)
to——00
with
5o (w;t,to) = e HENYE (2, 15)e~H )

. t : 3.14
= I — i1y (3,0) / ds UY(s,0)(V(ws + a) — V(a))e H (@), (3:.14)
to

It is clear that the formal limit ¢{¢ — —o0, ¢t — o0 and w — 0 of the second term of
(3.14), when inserted in (3.12), gives the expression (3.5) of the first order correction.
The relevant estimates to prove (3.4) are as follows. From (3.14), we have (omitting from
now on the index and argument o)

| Gwitite) = D < [ ds Il (V(ws) = V) oy s (3.15)

As seen in (3.11), the integrand in (3.15) is majorized uniformly in w by an integrable
function of s, and it tends pointwise to zero by the continuity of V(¢). Thus, dominated
convergence implies

lim sup || (S(w;t,to) — ¥ ||2=0, (3.16)

w=—0 t.to
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and in view of the unitarity of S(w; 1, ), the limit (3.16) can be extended to all € R(Q_).
Then, we write the equality (3.14) in the form

(X S(wit, to)¥) = (x, %) — w /t : ds s (x, eV e Hoy)

(3.17)
+ w (X’ gl(w; t’ to)) +tw (Xa 92("‘); t, tO))’
with
. t -— .
(x, g1(w; t,t0)) = —i (UJ(t,O)e"H‘x,/ dssUl(s,0) (Y(wz—)sz - V’) e"Hsz[)) ,
to
(3.18)
. t - . .
(og(wityto)) = =i [ dss((3(witis) = Dy, e®Ve#og). (319)
0
By the Schwartz inequality we have for g;(w;t,1,)
o0 V(iws) =V N\ il
oot <lxle [T sl | (KEL=Eov) ey e. aan)

By assumption, -(V(ws) — V) — V" satisfies the bound (3.1) and tends in norm to zero
as w — 0. By (3.2) with n > 2, the integrand of (3.20) is majorized uniformly in w by
an integrable function and tends pointwise to zero as w — 0. We conclude by dominated
convergence that lim,_o(x,g1(w;%,%0)) = 0, uniformly with respect to ¢, and ¢. For
g2(w; t,t9) we have

I(X1g2(w7tat0))l S /;o:o ds |S| ” (S(W,t,S) - I)X “2 ” V,e-iHs"L' ”2

] o ; (3.21)
<sup || (Swit,s)=Dxlla [_dslsl | Ve ™oy | .

We conclude from (3.16) that lim,_o(x, g2(w; t,%5)) = 0, uniformly with respect to ¢, and
t. Finally, using once more the decay property (3.2), it is easy to see that, as ty — —o0,
t — 00, the limits of all terms in (3.17) exist so that, for ¢ = Q_¢p, p € D,

Sy = —iw [ : ds s EHVIe 5 4 0w (g1(w) + 92(@)), (3.22)

where g;(w) and gz(w) obviously still converge weakly to zero, as w — 0, in R(Q_).
When (3.22) is inserted into (3.12), we obtain the result (3.4), (3.5), by setting g(w) =
Q% (¢1(w) + g2(w)) and using the intertwining relations H(a)Q% = Q% Ho.

3.2. Discussion of the adiabatic limit

For a time-periodic potential, assuming that we are in the situation (a) described in
the introduction, we conclude from (2.20) and (3.3) that

= Lo, |
i Pr(w,¢) = 3= [ daPE(p) (3.23)
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where

PE(e) = || S0 I3 (3.24)

is the transition probability for the static potential V(«). Thus, in the adiabatic limit,
the average scattering probability (2.20), for the time-dependent problem, converges to
the average of the static quantities associated with the family of static potentials V(a),
0 < a < 27. According to (2.14), we also conclude from Proposition 1 that

slim §™(w) = 5" = 2% [ daseeine, (3.25)
so that all the sidebands contribute to the low frequency limit of (2.19). In particular, the
statistical distribution P™(w, ) of emitted and absorbed quanta (2.17) has a non trivial
limit as w — 0, and an explicit example is given in Section 5.

Let us discuss now the general structure of the first order correction. According to
(3.4), the linear correction to an asymptotic observable F*(w) = SN (w)FS5%(w) is, for
v €D,

(0, Fo(w)¢) = (%%, FS°¢) +w Re (5, F52) + o{w). (3.26)

From now on, we analyze the structure of this linear correction in formal terms, writing
simply
F*(w) = F* + wF{ + o(w), (3.27)

where
Fo = §otpge, = S{’TFS"‘ + S"‘TFS;”. (3.28)

Equations (3.27) and (3.28) must be understood in the sense of the quadratic form (3.26),
with ¢ € D. Introducing the expression (3.5) into (3.27), (3.28), leads to

(=) . iH
Fe=i / di ¢ o[z polemiHot Zo = Qatyr(a)Qe. (3.29)
—o0
At this point, it is useful to introduce the symmetric operator (the formal “time operator”)

171 1
To==|—p-g+q-p— 3.30
0 4(H0P(Z QPHO), ( )

which represents the derivation with respect to energy in the spectral representation of

Ho [25] i.e.,

0 f(Ho)
= 3.31
[TO’ f(HO)] t 8H0 ( )
on D, for differentiable functions of Hy. From the relation
8,5% = —i / % dt eiHot gomemitot, (3.32)
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we deduce -
O F =i / dt eHot[z> po]e-ifot (3.33)

and then, using [Ty, e**Ho!] = Fte*iHot we find that F* can be transformed into the sum

of the two contributions

F& = K& + D&, (3.34)

where ] o
Kf=—5{T0,0.F}, D= [ dteot{T,,[22, P, (3.35)

and {A, B} = AB + BA denotes the anticommutator. Notice that [Hy, D] = 0, whereas
[Ho, K§] = 10, F*, implying that F{ does not commute in general with Hy,. However,
since K{ is a derivative of a periodic function of a, it has zero average so that

—_ 1 ” o 1 g o«
F, =2—7r/_1rdaF1 _5;/_7rdaDl =D, (3.36)

is indeed an on-shell quantity, in accordance with (2.21).

The term K{ may be called “kinematical”. It involves only static quantities and it
is a manifestation, at first order in w, of the fact (already discussed in Section 2) that
the incoming state will find the potential in a configuration which depends on its time
of arrival in the interaction region (we recall that, classically, the observable —T; has
the meaning of an arrival time at the origin). This is illustrated in the one-dimensional
example of Section 5.

On the other hand, the contribution D§ may be called “dynamical” since it incorpo-
rates the genuine new dynamical effects of the potential on the scattering. The structure
of D% is also briefly analyzed in Section 5. Here we conclude from the following corollary
that potentials of the form v(z, u(t)), depending on ¢ only through a single real scalar func-
tion u(t), have no first order dynamical corrections to the averaged probabilities (2.20).
This includes for instance potentials of the form (1.1), setting A(t) = u(t), and potentials
of the form (1.2) with a(t) = a(u(?)).

Corollary. Let u(t) be a 2n-periodic real function of t, and v(z, u(t)) a potential satis-
fying the assumptions of Proposition 1, part (ii). Then F, = D, = 0.

Proof. One has v'(z, u(t)) = p'(t)w(z, p(t)) with w(z, u(t)) = 0,v(z, #)|=p(s).- According
to (3.29), FY is of the form F{ = u'(a)G§ where G§ is defined as (3.29) with v'(z, u(a))
replaced by w(z, u(e). Clearly, for ¢ € D, the function (¢, G¢¢) = g(p(a)) depends on
a only through p(a), and g(x) is finite for each p (¢ in compact sets) by the estimate
of Proposition 1, part (ii). Thus, the first order correction can be written as (¢, F¥¢) =
©'(a)g(p(a)), and its average

™

(¢ Frg) = 5 [ dar'(@lo(u(@)) = o= [ dugw) =0 (331)

-
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vanishes as a consequence of the periodicity of u(a).
The linear order correction to the adiabatic limit of sidebands is

S™"(w) = 8" + wST + o(w), (3.38)
with 1
p=o [ daSge, (3.39)

For the asymptotic observables F™(w) = $™(w)FS™(w), we obtain
F*w) = F" + wF] + o(w), (3.40)

where

Fr=S"F8"  Fr=SMFS 4 S*tFST, (3.41)

Introducing [T, e *H°t] = te~*Hot into (3.5), we can write S¢ as the sum
S¢ = 52, + 52, | (3.42)
where 57 4 = —8,5°Tq (use (3.32)) and S g, which commutes with Hy, is given by
tp=—i [ diefetsempenifot (3.43)

According to this decomposition, we find that

where
n _ ¢ont n n t n . BF"
: AT, oH,
and
Fip=S""FSig+ Syl FS™. (3.46)

For the last equality of (3.45) we have used (3.31), and ST 4, ST are the Fourier compo-
nents of S§ 4, and S7 5 respectively. The first order contributions to sidebands sum up to
the total first order correction to scattering (3.36) i.e.,

In general, individual sidebands have nonvanishing first order corrections. However, for
the class of potentials considered in the Corollary, these corrections have to sum to zero.
Examples are given in Section 5.
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3.3. Energy transfer in the adiabatic limit

Since the energy of the scattered particle is not conserved, it is of interest to investigate
in more details the energy transfer (2.23) between the particle and the external field. The
expression of A%(w) up to second order in w is readily obtained by inserting the expansion
(3.4) into (2.23). One finds

A%(w) = wA] + w? A + o(w?), (3.48)

with
=i8°10,5%, Af =i (5710,5% + 5°10,57) . (3.49)

We first comment on the first order term, which is given by (see (3.32))

Aa / dte:Hot o -zHot (350)

For a time-dependent perturbation of the type (1.1) with wz(z) > 0 (resp. wq(z) < 0)
we clearly have =% = M(a)Q21W,0%, where Q*1W,02 is a positive (resp. negative)
operator. Hence, the sign of the energy transfer is determined by that of A'(a).

However, for the class of potentials considered in the Corollary, the averaged first
order energy transfer A, vanishes by the same arguments and one has to examine the av-
eraged second order term A;. After an integration by parts, using (3.5) and [Ty, e**0?] =
Fter*Hot one can write A; in the form

&, = 2% " da (S215°A% + AgSTS?)

; (3.51)
= / do / dt PO (ZOTyAS — AST,=e e Hot,
This formula can be further reduced if the spectrum of Hj is simple. For instance, for
potentials of the form (1.1) invariant under rotations, we can restrict the formula to a
subspace with fixed angular momentum. In such subspaces, A{ reduces to a function of
energy only, given by

A%(E) = 2n(E|=°|E), (3.52)

where, in the spherically symmetric case, |E) stands for the improper eigenvector of Ho
with fixed angular momentum. Then,

By(E) =i [ daO3(E) (E[Z°TIE) - (EIT,="|E))
T (3.53)
= [ dans(B)0p(BI=IE) = ;-0 [ da (A3(B),

where for the second equality we have used (E|Ty = i0g(E|. Thus, at given energy
E, there is a positive or negative energy transfer according to the sign of the quantity
(3.53). One can check on examples that both signs can occur and that these signs are
very sensitive to the value of the incoming energy E.
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4. The high frequency limit

4.1. The high frequency theorem

As mentioned in the introduction, the high frequency limit is also of interest in various
physical situations, in particular in the theory of ionisation of atoms in strong laser fields.
The point here is that the fast oscillating Fourier components of the potential do not
contribute to the scattering as w — oo. We introduce explicitly the Fourier series of the
periodic interaction V(t) = V(¢ + 27),

Vit)= 3 Ve, (4.1)

n=—00

where V,, is the multiplication operator by

va(z) = 5}; /-: dtv(z,t)e”™ = v (z). (4.2)

In this section we make the hypothesis that the potential is sufficiently differentiable with
respect to its time and space variables. More precisely, we shall assume that v(z, t) satisfy
the conditions

(1) v(z,t) is twice continuously differentiable with respect to ¢, and both v(z,t) and its
time-derivatives satisfy (3.1).

(2) the average potential vo(z) defines a static scattering system (H, Ho), H = Hop + Vs,
with complete wave operators 1. and scattering operator S, for which the propagation
property (3.2) is true;

(3) v(z,t) is n-times differentiable with respect to z and the partial derivatives 87 v(z,t)
and 9,07 v(z,t) satisfy (3.1), m = 1,...,n, n > 1, where 7 = G7;*---07¢, m =
my + - + my.

According to (1), by partial integration, one has
c -
on(a)l < 5 (2)7 n> 1, (43)

so that the series (4.1) are norm convergent. We decompose the time-dependent hamil-
tonian (2.7) as (setting here a = 0)

Hwt)=H+V(wt), H=Hy+V, (4.4)

where -
V) =V({t) = Vo= Voe™ (4.5)

n#0

has the same properties as V/(t). By condition (2), we can apply the chain rule to the
pair of scattering systems (H(wt), H) and (H, Hy). The arguments are identical to those
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leading to (3.12) in the previous section. This enables us to represent the scattering
operator S(w) of the full time-dependent problem as

S(w) =USw)-, Sw) =0t ()N (w). (4.6)
Proposition 2. (i) Assume that conditions (1)-(3) hold for n > 2. Then,

s—lim S*(w) = S, (4.7)

W=00

where S = QL Q_ is the scattering operator for the static average potential vo(z).
(ii) If in addition (3) holds for n > 6, then for ¢ € D

S*w)p = S + w2 Sy +w? fA(w), (4.8)
where -
Spp = / dt eFotQl MQ_e~iFoty, (4.9)
M=y 1 (%(WV,IH +HVV - V,vanf) . (4.10)
n#0

The vector f*(w) converges strongly to zero as w — 0.

Proof. (i) We consider the case a = 0, dropping the index c. In view of (4.6), it suffices
to show that s—lim,_, S(w)z/z =1, for = Q_¢p, ¢ € D. We can represent S(w)y by
the formula

Sy = —1i st—hm ds eFtU, (¢, 8)V (ws)e™Heep, (4.11)
tg——00
Introducing }
V(t) = dVl(t), Vi) =-3" 2y, eint (4.12)
dt ey S s

and performing an integration by parts in the last term of (4.11), one obtains

t . - . . . .
—i | dseFtU,(t,s)V (ws)e Hop = —i eH U, (¢, s)Vi(ws)e Hoep :0
to

1t 3 ) ) . (4.13)
— = | dsePtU, (8, 8)(V(ws)Va(ws) + [H, Vi(ws)])e 2.

W Jtg

Using that V;(ws) is bounded uniformly with respect to w, the limit ¢y — —o0, t — oo,
of the integrated term vanishes by the estimate (3.2) (¢ = _¢). On the other hand, the
last term in (4.13) can be estimated by

1 [ [/ ; —iHs 1 fee £/ —tHs
- /_ ds || V(ws)Va(ws)e ey |l += /_ " ds || [H aws)le B g . (414)
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By (3.2), the first integral in (4.14) is convergent. To control the second one, we observe
that

d d
L Y GO L LTERES ot LT0) ICED

i=1
where §; are the partial space-derivatives, and p; are the components of the momentum
operator. Thus, the second term in (4.14) is majorized by a sum of contributions of the
form

1 fe ¥ ~iHs
= [ ds | 0, (wsIpiew I (4.16)
and

1 foo . .
= /_ ds || 2V (ws)e" e ||, . (4.17)

Our hypothesis on the potential imply that 8;V}(ws) as well as 632‘71(ws) verify (3.1) so
that the s-integral in (4.17) is finite and independent of w, by (3.2). For (4.16), using the
intertwining relation, we write

Il 85Va(ws)pse™ 79 Jla= || B;Va(ws)p;(H + p) "™ Fox Iz

<11 0;7a(ws)a)” 111 (@) w(H + ) (@) || % (4.18)

x |l (g) ™" ox ||z -
In (4.18), (H 4+ p)~! is the resolvant of H evaluated at a sufficiently large positive number
¢ (H is bounded below) and x = Q_(Ho + )y, with (Hg + p)e still belonging to D. It
is known that the second factor in the r.h.s. of the inequality is finite (Lemma 3 of [20],
see also Appendix B), so the decay (3.2) applies also to (4.18). We conclude that the
quantity (4.14) is O(w™'). Thus, S(w) — S strongly on D, as w — 0, and since S(w) is
uniformly bounded with respect to w, the convergence holds on the whole H. The proof
is the same for $%(w), a # 0, since it amounts simply to replace everywhere V, by V,e""*.

(ii) To find the first non vanishing correction to the high frequency limit (4.7), we

carry on the integration by parts on the last term of (4.13). Introducing

- dva(t) - 1
== =-3 Ve 1
e = T, =5 e (4.19)
and observing that V(¢)V4(t) = (1/2)dV;3(t)/dt, one finds the following contributions
t
- LU (t,9) (1H, Vo)l + 372(ws)) e
w 2 to
3 t . ~ .
+ %/ ds eHtU, (¢, s)[H, [H, Va(ws)]]e"H*y
W Jto
ot . . .
+ ﬁ ds e'BtU,,(t, 5)V (ws)[H, Va(ws)]e~H*p (4.20)
to

ot 1. - .
+ —25 dseTtU, (¢, 8)=[H, Vi (ws)]e=H*ep
W to 2

¢ ¢ : 1e () ~iHs
+ -2—&/% dse’HtUw(t,S)EV(ws)Vf(ws)e Hsy,
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Using the same arguments as for (4.13), the integrated term goes to zero as ty — —oo,
t — oo. Introducing
dvi(t)

Va(t) = Z Ly, e (4.21)
n#0 1t
and V(t)V2(t) = (1/3)dV3(t)/dt, the first and last integral of (4.20) can be integrated
by parts one step further and seen to be O(w™2) by an immediate generalization of the
treatment of the terms (4.13). The multiple commutator of local potentials with H can
be rearranged as in (4.15) as sum of monomials of derivatives of these potentials times
powers of the momentum, provided that assumption (ii) holds. Then, bounds can be
obtained as in (4.18) using the result of Appendix A. For the second and third integrals,

we write
[H, ‘712(t = — Z T_z_[H V V ] i(n+m)t
,m¢0
, (4.22)
Z [H VoV, E ———[H, Van]ez(n-f-m)t
n;éO nmz0 1L
n¥Em
and 1
VAIH, V()] = = > =5 ValH, Vi]eltt™)
" ‘ (4.23)
==Y v, [H V)= Y —1—2Vn[H, Vi Jefrtmlt,
n#o n,m#0 m

n¥EmM

The time-dependent contributions of (4.22) and (4.23) can be integrated by parts (inte-
grating the phase factors e/»t™)*) and controlled by the same arguments as hereabove.
Finally, combining together the time independent contributions of (4.22) and (4.23), we
remain with the term

3 t . .
u_%[ ds U, (t, s)Me™Heoy, (4.24)
0

up to a correction of order w™3. As a consequence of the same estimates as in part (i)

of the proposition, one sees easily that e**U,(t,s) tends pointwise strongly to e*#*

as
b
w — oo, uniformly with respect to ¢t (note that for any s, e~y = Q_e~*Hosy with
e~ € D). Thus, using dominated convergence, the strong limit ¢p — —o0, t — 00
and w — oo of the integral (4.24) exists and, by intertwining and (4.6), is given by the

result of part (ii) of the proposition.

4.2. Discussion of the high frequency limit

According to Proposition 2, as w — oo, the scattering operator S*(w) approaches
the static S associated with the time-independent average potential vo(z). Since the
latter is independent of a, we also find that, in this limit, the scattering process becomes
independent of the initial phase a of the potential or, equivalently, of the time of incidence
of the incoming particle in the interaction region.
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According to (2.14), we also conclude from part (i) of Proposition 2 that

s—lim S™(w) = 0. (4.25)

W—00

for n # 0. Contrary to the adiabatic case, the sidebands do not contribute to the high
frequency limit of (2.19). In fact, if the potential satisfy the assumptions of part (ii) of
Proposition 2, we have the stronger result

S™(w) = o(w™?) (4.26)

for n # 0, since the correction (4.9) is independent of a.
The first non vanishing correction to the asymptotic observable F%(w) =

St (w)FS*(w) is, for ¢ € D,
(¢ F*(w)g) = (S, FS¢) +w™? Re(Sp, FSzp) + o(w™). (4.27)
On a more formal level, we can also write
Fw)=Fo+w™? F + o(w™?), (4.28)
where Fy = StFS and

Fy=S'FS,+ SIFS =i / 7 dt eFot Ry, Ot MQ_]emFot, (4.29)

For a potential of the form (1.1), the operator M is given by

Anl? An]?
M = Z Pal ' + (WEH, + HoW} — 2W,HoW,) = Z '2 L[[Ho,Wg] A
e I AP 1 A (4.30)
== 2—2‘—2 (8;W2)",
n=-0o n i=1

where for the last equality we have used (4.15), and W, denotes the multiplication operator
by the function wq(z).

5. Application to one-dimensional scattering

5.1. The adiabatic limit for transmission and reflection probabilities

We introduce the improper eigenvectors |E, +) of Hy, corresponding to positive and
negative momentum p, satisfying the orthogonality relation

(E,o|E' 0"y = 6,,6(E — E'), (5.1)
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and the projection operators
/0 dE|E,+)(E,+|=Fy, Fy+F =1 (5.2)

onto the set of states with positive and negative momentum. Then, if ¢ is an incoming
state describing a particle approaching the potential from the left ie., Fio = ¢, the
corresponding average transmission and reflection probabilities are given by

Pawig) =5 [ dall FeS*@le I2= [T dEPL@ BIWE.  (53)

According to Proposition 1, one obtains

i Palw,o) = [ 4B (5 [ dalaz(BIF) le(B)P: (54

where A (E) = (£|S%(E)|+) are respectively the transmission and reflection amplitudes
for an incident particle with momentum k = v2mE and static potential v(z, a).

One can use (5.4) to investigate the effect, on the static transmission and reflection
probabilities, of a slow time-dependent perturbation of the potential. For the case of
a displaced potential of the form (1.2) the answer is clear since the A (F) differ from
Ax+(E) = AY(F) only by a phase factor and thus the average probability (5.4) is equal
to that determined by v(z). However, for an additive time-dependent perturbation, both
increase or decrease of the transmission and reflection probabilities can occur. More
specifically, consider an interaction of the form (1.1) with A(wt) = Ag cos(wt), Ao > 0, and
denote by Ai(E,)) the transmission and reflection amplitudes for the static potential
w1(z) + Awq(z). If, for a given energy E, |A+(E, ))|? is a convex (concave) function of A,
|A] < Ao, then the perturbation of the coupling will increase (decrease) the probability in
the adiabatic limit. To show this, we have to compare the average (5.4) with the static
(Ao = 0) probability |A+(E,0)]*. If |AL(E, X)|? is convex, we have

|AS(E)|? = |A+(E, Ao cos @)|* > |AL(E,0)|* + Ao cos @ Br|A+(E, M), (5.5)

yielding )
T o 2 > 2 .
o /_ _da|AZ(B)” 2 |A«(E,0)P%, (5.6)

and conversely for the concave case (see also the related discussion in [24]).
Let us now analyze the form taken by the first order “kinematical” and “dynamical”
corrections (3.35) to transmission and reflection probabilities. For K we have

(¢ K39) = ~3 (# {To, 01431} ) = —Re (Top, 0o 45 )

— /0 ” dE B/(E)0a| A%(E)lp(E) P2,
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where for the last equality we have used (3.31), and B'(F) = Og arg o(E). If o(FE) is real,
this correction vanishes. On the contrary, if ¢(E) has a nonvanishing phase S(FE), we
observe that the mean position of the incoming state ¢ is expressed by

(er99)= [ dEzplp(E)P, (5.8)

where g = —v B'(F) and v = k/m, k = V2mE, is the velocity. Thus, we may write, to
first order in w,

(0 (P +wK3)p) = [ dE (|43(B) - E 8,5 (B ) [o(E)P

- , (5.9)
= /0 dE |ATC= ) (E)| [o(E) + o(w).

For ¢(FE) real and well peaked at about E, —zg /v represents the time difference between
the preparation of the two initial states e¥(®)p(E) and ¢(E), so that (5.9) is a mani-
festation, at first order in w, of the fact that the two states experience the action of the
potential with a time lag —zg/v.

To analyze the structure of the “dynamical” contribution Df, we note that, formally,
(E,£|To = i0g(E, x|, and find

(v, Do) = [ EDIB)I(E)P, (510)
where
D{(E) = ix(E,+|{Ts, [Z%, F*]}E, +) = 27 Re 0g/(E, +|[E%, FOIlE",+)|gieg - (5-11)
Working out (5.11) one step further, D$(E) can be rewritten as the sum
D{(E) = 2n(E,+|=%|E, +)0s|AS(E)|* + I°(E), (5.12)
where the interference contribution I*(E) is given by

I*(E) = 27 Re 0 [AS™(E) A2 (E) (E', +|2°|E, -)

(5.13)
— AL(EVAZ(E')(E,—[2°|E, +)]

E'=E’
Here we shall not work out any further the expressions for (5.12),(5.13), which are rather
complicated. Notice however that in the special case of a barrier (or well), the matrix ele-

ments (E’, 0'|=%|E, o) are entirely expressible in terms of the transmission and reflection
coefficients, by simple integration (see [26] for the method).
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5.2. The adiabatic limit for sidebands
The adiabatic limit of transmitted and reflected sidebands

Piw,9) =Il FuS™@)p ;= [~ dBPR(w, E)lp(E)I". (5.14)
1s o
lig P3(w,0) = [ dEPL(E)e(E)P, (5.15)
where \
PL(E ’ o " do A%(E)eme (5.16)

For a modulated potential of the form (1.1), the adiabatic sidebands probabilities (5.16)
cannot in general be evaluated excplicitly (an exception is the modulated é-function bar-

rier which was considered in [4]). On the other hand, for a displaced potential of the form
(1.2), one has S = e?2(*) Se~74(®) yielding

PLUE) = 8nolA+(E)?, PL(E) = |ea( E)*|A-(E)P, (5.17)

where A1 (FE) are respectively the transmission and reflection amplitudes for the potential
v(z), and

cn(E) = / da eimo—2ka(), (5.18)
Thus, the statistics of quanta (2.17) i.e.,
P*(E) =PL(E)+ PL(E) (5.19)

is fully determined by the coefficients ¢,(E) in the adiabatic limit. In particular, for
a(e) = ag cos , we have ¢,(E) = i"J,(—2kay), where the J, are the Bessel functions of
the first kind.

For the displaced potential we can even find explicitly the n-dependence of the first
order corrections. Indeed, one has

S;X,B = a/(a)eia(a)pSI’Be—ia(a)p (520)

with -
Sip=—i [ dteMSETe 2 =0l (8,V)0- (5.21)

independent of a. Thus, using

L i / t(na—2ka(a)) — °_ '
o | dad(ae = - cu(E), (5.22)
we immediately find for the reflected sidebands

P w,E) =P(E)+wP.(E) + o(w) (5.23)
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where P?*(E) is given by (5.17) and
P (E) = n85P™(E) + 2% lea(E)2B(E). (5.24)

The first term of (5.24) arises from the contribution (3.45) and B(E) is the on-shell part
of the operator

B=F,(S'"F.S15+S]gF_S) F.. (5.25)

In the same way, one finds that the correction to the transmitted sidebands vanishes for
all n, i.e.,

P2 (w, E) = PE) + o(w). (5.26)

One sees that the statistics of sidebands at first order is again determined by the knowledge
of the coeflicients c,(F), given by (5.18). At this order, only the reflection of the particles
is accompanied by a process of emission or absorption.

5.3. Energy transfer

We can also immediately deduce the form of the second order energy transfer from

(2.24), (5.23) and (5.26),

Ao(E) = ij n (P2 (E)+ Py, (E)) = %(—f—) /_ de:(a' (o). (5.27)

The last equality follows from (5.24) and the fact that
4mFE

> r (B = 2= [ de(a(@))?. (5.28)
The function C(FE) determines the sign of the energy transfer and can be found from
(5.24),(5.25). We can give a more explicit expression for C(E) in the case of a parity
invariant potential v(z) = v(—z). For a particle coming from the left, we have to compute

the restriction of (3.51) to the subspace F,H. According to

A% = d'(a)eP®) A e (5.29)
where -
A, = /_ CdtefiEesi, == 0l (0,v)0, (5.30)
and to .
PN T emPal@) — o 4 \/% pa(a), p=>p/lpl, (5.31)

one obtains

F+_A—2F+ = % /" da (al(a))z /°° di eiHotiF+(EToA1 _ AITOE)F+e—iHot
N - (5.32)
+ (@) ale | [ dt MHPLEH A - ABE)Fye
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Using p = F;y — F_, the second contribution in (5.32) vanishes. For the first one we insert
the identity ] = Fy 4+ F_ between = and A;, and use the fact that F,=ZF_ = —F_ZF,
(since 0,v(z) = —0,v(—z)). This yields,

—

OA?
5H,

FyAoF, = 5 (¢(a))? Fy

5 F, (5.33)

and the same result remains clearly true for a particle coming from the right (i.e., replacing
F, by F.). Finally, introducing the improper eigenvectors (5.1), we immediately find that
the on-shell part C(F) of (5.33) takes the form of an energy derivative, given by (= defined
in (5.21))

C(E) = 4n*0g ((E, +|E|E, +)* + (E, ~IE|E, +)]*) . (5.34)

This quantity can be positive or negative, depending on the value of the incoming energy

E.

5.4. The high frequency limit

We conclude our study of one-dimensional examples by asking what is the effect, on the
transmission probability, of introducing a high frequency time-dependent perturbation.
For modulated barriers of the form (1.1), with A(wt) = A cos(wt), the average potential
is equal to the static one (Ag = 0). Thus, the addition of a time-periodic perturbation of
zero average has no effect on the scattering process in the limit w — oo. The situation is
different for an oscillating position potential of the form (1.2), with say a(wt) = ag cos(wt),
since the effective static potential

vo(z) = 2_17r- /_: dav(z — ag cos @) (5.35)

may in general differ appreciably from the static v(z). For instance, if v(z) is a barrier and
ao is sufficiently large, vo(z) is considerably broader and reduced in height with respect to
v(z). It can also develop a bimodal structure which may give rise to interesting resonance
effects at some specified energies. The effective potential (5.35) is known as the “dressed”
potential associated to v(z), in the theory of atoms in intense, high frequency laser fields
[7-10].

Finally, we specialize the correction (4.29) in the case of an oscillating potential of
the form (1.1) with A(t) = Agcost. According to (4.30), we find for the transmission
probability the formula (A, (E) denotes here the static amplitude for Ag = 0)

7’+(W,E) = |A+(E)|2

" (g) 1 (43(B)A-(B) [ dz (0uu@)62 (B, ) (B,2) ) + o).
(5.36)
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where the kernels ¥4 (E,z) = (/2mk/m (z|Q_|E,+) are the usual solutions of the sta-
tionary Schrodinger equation for the averaged potential vo(z) = w;(z). When wy(z) = 0,
the w™? term vanishes in (5.36) (since A_(E) = 0). But, by unitarity, P,(w,E) =
1-P_(w, E), and after a straightforward calculation of the reflection coefficient P_(w, E),
one finds

Pi(w,F)=1- (ﬁ)4 ’KZ dz (B w(z))? e ’ + o(w™*). (5.37)

W

6. Concluding remarks

We have proven that the scattering by a local time-periodic potential has well defined
low and high frequency limits, and we have studied the first terms of the corresponding
asymptotic expansions of scattering probabilities for suitably smooth potentials. All our
considerations are non perturbative with respect to the potential strength. Inspection of
the proofs of both limits shows that they will also apply to potentials with other types
of time variations, not necessarily periodic, for instance potentials switched on and off in
time.

The status of both expansions is not the same. The validity of the low frequency
expansion requires differentiability of the potential in its time variable and a fast spatial
decay (to have the n-th order term defined one needs to apply the Lemma of Section 3
with 7 sufficiently large, see [22]). On the other hand, as seen from Proposition 2, the high
frequency limit will necessitates strong local differentiability properties of the potential
with respect to its spatial variables.

Already at the lowest order, the corrections to the adiabatic limit have a complicated
structure. Their explicit calculation requires in principle the full solutions of the static
scattering problems for the potentials v(z, @), and this complexity increases considerably
for higher order terms. One can however emphasize an interesting point: for smooth
potentials of the form (1.1) and (1.2), the first non vanishing correction to scattering
probabilities at low and high frequency are of order w? and w2 respectively (see Section
3 and part (ii) of Proposition 2). Thus, scattering with these types of interactions has
a certain stability with respect to dynamical perturbations. In particular, a potential
with oscillating coupling and zero average is essentially transparent in the high frequency
regime (see (5.37)).

A number of questions deserve further investigations. We mention some of them. The
first correction terms can be worked out in more detail in specific cases: for instance if the
static potential has a resonance, how stable is the resonance under slow oscillation of the
potential and what is the nature of the energy transfer with the external field? We have not
established here the high frequency expansion beyond the w=2 term of Proposition 2,(ii).
In particular, one expect the sideband probabilities to be very small for sufficiently smooth
potentials. They have been shown to be o(w™2), but what is their asymptotic behavior?
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Also, interesting comparisons with the corresponding classical scattering problems could
be made in a semi-classical regime. In the case when the potential has local singularities
(square potential barrier, Coulomb potential), what is the behavior of the correction to
the high frequency limit? For instance, we have checked that for a perturbation by a
modulated §-function, the corrections are O(1/+/w) only.

Finally, in this paper, we have only used the time-dependent formulation of scatter-
ing theory. How to recover the results in the quasistationary formalism [14] is an open
problem. We plan to come back to these questions in future work.

Appendix A

According to Lemma 3 of [22],

1) ™"(H + )™ Ha)" | < 00, | {@)"ps(H + 1)7{9)" || < o0. (A.1)

To prove part (ii) of Proposition 2, we also need the result

| {¢)™"p"(H + u)™™(g)" || < oo, (A.2)

where p” = p; ---p;, and n is a given integer. We shall prove (A.2) by a recursion

n

procedure. We assume it is true up to n and have to show it for n + 1. To simplify the
notation we write p = p; for all j = 1,...,d without distinction between the different
components of p. We have,

PPNH 4 p) Y = p(H + p) T (H + ) +plp" (H A+ p) ) H + )™ (A3)
The first term of (A.3) is bounded by assumption. For the second term we observe that
", (H +p)7 " = (H + )7 (H,p"[(H +p)7 = (H+p) " V,p" ) H+p)7 (A4

Inserting
prv1=3 (1) -1y e (45)

in (A.4), then using (A.l), one finds that the second term of (A.3) is also bounded,
provided that all the partial derivatives 82V, j = 1,...,n, satisfy (3.1). Thus, (A.2) is
true for n + 1.
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Conclusion et commentaires

La plupart des articles présentés dans cette thése comportent déja des conclusions
indépendantes. Sans vouloir ici paraphraser ces derniéres, nous allons plutét rappeler
quelques points importants du travail et essayer d’ouvrir des perspectives sur des
développements éventuels.

Une partie importante de la these concerne le concept de temps de retard qui a
été généralisé essentiellement dans trois directions. Tout d’abord, en caractérisant son
domaine de validité, pour ce qui est du role joué par les régions de localisation. Ensuite,
en considérant des conditions arbitraires d’observation de la particule diffusée. Enfin, en
montrant que le concept continue a faire sens lorsque le potentiel dépends du temps.

Chacune de ces trois généralisations met ’accent sur le role joué par le temps de
référence dans la définition du temps de retard. Dans la premiére, on montre que seules
les régions a symétrie sphérique sont admissibles et que le choix de leur centre n’est pas
innocent. Dans la deuxieme, on apprend que le choix d’un temps de référence associé a
la trajectoire libre sortante (plutét qu’entrante) est crucial pour la définition du temps
de retard conditionnel. Dans la troisieme, qui considére la définition du temps de retard
global pour des potentiels dépendant du temps, on doit par contre faire intervenir un
temps de référence mixte, associé a la fois aux trajectoires libres entrantes et sortantes.

Il est alors naturel de se demander s’il est possible d’écrire une définition pour le
temps de retard qui considere a la fois la possibilité d’observer la particule sortante dans
un certain sous-espace F'H de I’espace de Hilbert (spécifié par un projecteur F' compatible
avec I’évolution libre) et le fait que l'interaction puisse aussi varier au cour du temps.
Pour cela, il suffit de remarquer que, en définitive, le temps de retard n’est rien d’autre
que ce qui reste du temps de séjour une fois soustraite sa contribution libre, qui diverge
linéairement avec le rayon r de la boule de localisation. Il suit que la définition la plus
générale possible pour un temps de retard conditionnel, qui garde aussi son sens si le
potentiel dépends explicitement du temps, est exprimée par la limite

74 (¢) = lim {T[b.(c)/F] - r 8,T[b,(c)/F]}, (1)
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avec T'[b.(c)/F}] qui est le temps de séjour conditionnel [II,(1.11)].

Dans la définition du concept de temps de retard conditionnel, un point important a
été celui de mettre en évidence 'impossibilité d’une définition non-ambigué pour le temps
de séjour conditionnel en mécanique quantique. Nous avons en effet montré qu’un tel
concept repose sur une question jointe sur deux propriétés incompatibles. D’autre part,
dans la célebre controverse sur la durée de ’effet tunnel (tunneling time problem), on pose
précisément un question sur un temps de séjour conditionnel, associé & la transmission.
I1 s’agit donc d’un probleme mal posé en mécanique quantique, du moins tant que 1’on
reste dans le cadre de son interprétation standard.

Donc, si I'on veut a tout prix dire encore quelque chose d’intelligent sur ce probléme,
il n’y a plus que deux chemins possibles a parcourir. Pour le premier, il faut étre un
grand expert des fondements de la mécanique quantique, et proposer une nouvelle théorie
qui dépasse les problemes conceptuels liés aux relations d’incertitude de Heisenberg. Les
enjeux dépassent alors, bien entendu, le stricte cadre du probleme posé dans la controverse
sur la durée de l’effet tunnel (voir par exemple [AV] et [S]). Le deuxiéme est plus modeste.
Il se limite a remarquer que la question du temps de séjour conditionnel ne fait pas de
sens en mécanique quantique, et qu’il faut tout simplement la remplacer par une question
sur le temps de retard, comme nous ’avons fait au chapitre II.

Reste cependant un petit malaise. Pourquoi tant de chercheurs, souvent trés proches
d’une physique appliquée, attachent tant d’importance a la question du temps de séjour?
Ce fait est & priori d’autant plus surprenant que le temps de retard et le temps de séjour
sont deux concepts qui, du moins pour un potentiel & support compact, sont classique-
ment équivalents. Pour mieux comprendre ce point, il faut revenir a ’article de Bittiker
et Landauer [BL] qui, certainement, est celui qui a le plus enflammé la controverse. Une
lecture attentive de ce travail montre que ces auteurs sont plutét a la recherche de ce
qu’on pourrait appeler, en termes vagues, un temps caractéristique associé a la transmis-
sion. Non pas dans le sens précis du temps effectivement passé par la particule dans la
région d’interaction (méme si, un peu maladroitement, les auteurs I’appellent temps de
traversée), mais plutét dans le sens d’un temps d’interaction de la particule avec un degré
de liberté dynamique additionnel. Vue sous cette optique 13, la question est trés différente
de celle qui est habituellement posée, et la controverse sur le “tunneling time” se révéle

étre, a notre sens, surtout d’ordre sémantique.

Cela nous ameéne tout naturellement & la derniére partie de la theése ou, justement,
dans le dernier chapitre, il était question de I'étude de deux régimes particuliérement
importants dans le probleme de la diffusion par un potentiel périodique en temps: les
régimes de basse et de haute fréquence. En particulier, nous avons réussi a montrer
que, pour une large classe de potentiels, on a les comportements (par exemple pour la
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probabilité de transmission),
ad ad)? 2
Pe(w) = P3 + (wri) + o(w?) (2)

pour w — 0, et \
Pp(w) = PE + (wrf) " +o(w™) (3)

pour w — 00. Les corrections (2) et (3) & ces deux régimes définissent, bien entendu, deux
temps d’interaction 72 et 7. Ces temps sont en général trés compliqués, surtout parce
que la dépendance temporelle du potentiel n’est pas traitée ici de maniére perturbative.

Une autre maniére de procéder, plus proche de 'optique originale de Buttiker et
Landauer, consiste a traiter la partie de I’interaction qui dépend explicitement du temps
seulement de maniére perturbative, mais d’étudier ensuite les variations de la probabilité
Pg(w) pour toutes les valeurs possibles de la fréquence w. Cet aspect n’a pas été étudié
dans ce travail, mais nous pensons que les méthodes dépendantes du temps que nous
avons développées au chapitre X soient particulierement bien adaptées pour mener a bien
une telle étude. En particulier, nous pensons qu’il soit possible de généraliser le calcul
de Bittiker-Landauer pour la barriere opaque, et de tester dans un cadre élargi I’idée de
I’existence d’une (ou plusieurs) fréquences de “cross-over” pour de tels processus.

Concernant la limite de haute fréquence, un point mérite attention. Si ’on parcourt
la preuve de la Proposition 2 du chapitre X, il est facile de se convaincre que rien ne
s’oppose a poursuivre le développement de l'opérateur de diffusion en puissances inverses
de w, si le potentiel est infiniment différentiable. Il est aussi facile de se convaincre que les
corrections ainsi obtenues concernent seulement la composante élastique de 'opérateur de
diffusion. La conclusion est que dans la limite w — o0, les contributions inélastiques au
processus de diffusion décroissent plus vite que toute puissance inverse de w. Ce résultat
mérite une investigation plus approfondie. 1l laisse en effet sous-entendre qu’il existerait
pour les “sidebands” quelque chose comme une loi de décroissance exponentielle, ce qui
constituerait un résultat de nature complémentaire au théoréme adiabatique habituel de
la mécanique quantique.

Nous terminons cette discussion par quelques mots sur le théoréme de Levinson.
La dérivation présentée dans la deuxiéme partie de la theése est essentiellement limitée
au stricte cadre des modeles unidimensionnels. 1l serait intéressant de comprendre sa
généralisation au cadre plus général d’un potentiel a trois dimensions d’espace sans
Phypothése de la symétrie sphérique. Plus intéressante encore est, & notre avis, la
dérivation du théoréme au chapitre IX, pour des potentiels périodiques en temps. Ce
resultat, bien que mathématiquement tres plausible, nécessite une étude plus approfondie.
En particulier, des questions comme I’appartenance de I'opérateur de Eisenbud-Wigner
a la classe des opérateurs tracables, la continuité des amplitudes de diffusion aux points
exceptionnels ou I’énergie incidente est un multiple entier de la fréquence, et leur com-
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portement a basse et haute énergie, restent encore, du point de vue mathématique, mal
comprises.

Enfin, le fait méme que I’on puisse écrire un théoréme de Levinson pour des potentiels
périodiques, nous ramene tout naturellement a la question de I'existence d’états liés (cy-
cliques) pour de telles interactions. La conjecture généralement admise est que ces états
n’existent pas pour des potentiels décroissant a I'infini. Nous pensons par contre que, bien
qu’instables sous des petites perturbations, ces états ont bien des chances d’exister, et que
le mécanisme physique qui leur serait associé est la possibilité d’obtenir, avec un potentiel
dépendant du temps, une réflexion totale élastique & énergie non-nulle (ce qui est impossi-
ble pour une interaction statique) [KOS]. Voici une question ouverte, bien excitante, que
nous jugeons parfaite pour mettre une fin & cette conclusion.
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Comme Schopenhauer, je pense que ce qui pousse les
hommes a s’occuper d’art ou de sciences, c’est essentielle-
ment le désir d’échapper a la routine quotidienne, d sa
douloureuse grossiéreté, a sa désespérante tristesse, et 4
laliénation de nos désirs toujours changeants. C’est la
marque d’une nature bien équilibrée que de vouloir s’évader
hors de la vie personnelle, et d’aspirer au monde de la
perception et de la pensée objective. Cette aspiration est
en tout point comparable au désir qui pousse les citadins,
pour échapper a l’emprise de leur environnement bruyant,
@ s’évader vers les cimes neigeuses, ld ot dans l'air pur
et tranquille, le regard peut détailler a loisir les contours
immobiles des sommets apparemment élernels.

Albert Einstein



