
Acta Materialia 274 (2024) 119995

A
1
(

Contents lists available at ScienceDirect

Acta Materialia

journal homepage: www.elsevier.com/locate/actamat

Full length article

First-principles thermodynamics of precipitation in aluminum-containing
refractory alloys
Yann L. Müller a, Anirudh Raju Natarajan a,b,∗

a Laboratory of Materials Design and Simulation (MADES), Institute of Materials, École Polytechnique Fédérale de Lausanne, Switzerland
b National Centre for Computational Design and Discovery of Novel Materials (MARVEL), École Polytechnique Fédérale de Lausanne, Switzerland

A R T I C L E I N F O

Dataset link: https://doi.org/10.24435/materia
lscloud:th-d5

Keywords:
Cluster expansion
Alloy theory
Density functional theory (DFT)
Precipitation
Phase stability
Thermodynamics

A B S T R A C T

Materials for high-temperature environments are actively being investigated for deployment in aerospace and
nuclear applications. This study uses computational approaches to unravel the crystallography and thermody-
namics of a promising class of refractory alloys containing aluminum. Accurate first-principles calculations,
cluster expansion models, and statistical mechanics techniques are employed to rigorously analyze precipitation
in a prototypical senary Al–Nb–Ta–Ti–V–Zr alloy. Finite-temperature calculations reveal a strong tendency for
aluminum to segregate to a single sublattice at elevated temperatures. Precipitate and matrix compositions
computed with our ab-initio model are in excellent agreement with previous experimental measurements (Soni
et al., 2020). Surprisingly, conventional B2-like orderings are found to be both thermodynamically and
mechanically unstable in this alloy system. Complex anti-site defects are essential to forming a stable ordered
precipitate. Our calculations reveal that the instability of B2 compounds can be related to a simple electron
counting rule across all binary alloys formed by elements in groups 4,5, and 6. The results of this study provide
viable routes toward designing high-temperature materials for deployment in extreme environments.
Structural alloys that can withstand temperatures exceeding 1000 ◦C
are urgently needed to replace conventional materials used in aerospace
and nuclear applications [1–6]. Multi-component refractory alloys com-
prising elements in groups 4, 5, and 6 of the periodic table are attractive
candidates due to their high melting points and tunable mechanical
properties [6–11]. However, single-phase disordered multicomponent
refractory alloys may not have sufficiently high mechanical strength
for high-temperature structural applications [1,12–14].

Precipitation hardening is a promising route that could improve
the strength of refractory alloys. Age hardening is commonly used to
tune material properties in aerospace, automotive, and energy appli-
cations [15–18]. For example, binary nickel–aluminum alloys form a
thermally stable microstructure comprised of ordered 𝛾 ′ precipitates
embedded within a disordered 𝛾 phase. The 𝛾 − 𝛾 ′ microstructure,
together with the careful choice of alloying elements has led to the
successful deployment of modern nickel-based superalloys with su-
perior high-temperature strength and creep resistance in gas turbine
engines [19–22].

Forming a fine distribution of second-phase particles in refractory
alloys is challenging. Mixing elements from groups 4,5 and 6 results
in the formation of either disordered solid solutions or complex inter-
metallics such as the Laves phase [23,24]. The coarse precipitate sizes
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and the inherent brittleness of Laves phases typically degrade the me-
chanical strength of refractory alloys. A significant strength increment
requires the formation of a nanoscale distribution of coherent ordered
precipitates. Precipitate phases capable of forming such microstructures
are thermodynamically unstable in alloys containing only refractory
elements [23,25–28].

The addition of aluminum to transition metal alloys can induce
precipitate formation [1,3,29,30]. Early studies by Naka and Khan [1]
on aluminum-containing refractory alloys, reported the synthesis of
a single-phase microstructure comprised of an ordering on the body-
centered cubic crystal structure. Subsequent studies demonstrated that
a two-phase microstructure with a disordered bcc solid solution embed-
ded within a continuous ordered bcc phase could be achieved through
modifications to alloy chemistry [12,31–42]. However, samples syn-
thesized in these earlier studies were not ductile due to the inherent
brittleness of the ordered intermetallic matrix phase. Elements such as
ruthenium have recently been shown to also promote the formation of
second-phase intermetallic precipitates [43].

Two-phase microstructures with a continuous disordered solid solu-
tion have only been recently synthesized. A study by Soni et al. [39]
reported the synthesis of an ordered precipitate within a disordered bcc
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matrix in the 6-component Al–Nb–Ta–Ti–V–Zr system. Starting from a
disordered microstructure, the authors aged the 6-component alloy at
600 ◦C. During the initial stages of ageing, the microstructure shows
a dense continuous network of an ordered phase with the disordered
phase appearing as cuboidal inclusions. Upon further ageing, the dis-
ordered inclusions coarsen and develop necking constrictions along
channels of the ordered phase. Eventually, a continuous disordered
phase emerges due to a narrowing of these constrictions. Interestingly,
the ordered precipitates formed in this alloy system are found to show
similar diffraction patterns to that of the well-known B2 ordering.
Further analysis of atom probe data revealed that the ordered phase
is essentially a ternary precipitate containing Al, Ti, and Zr.

Despite several decades of research into refractory alloys containing
aluminum, the precise crystal structure of the intermetallic bcc ordering
obtained in previous studies remains elusive. The ordered phase is
referred to as ‘‘B2’’ in the literature as superlattice Bragg peaks similar
to that of the conventional B2 ordering are observed. The B2 ordering
is typically formed in binary alloys, with one element located on the
corners of the conventional bcc cell, while the other element is located
at the body-center. The formation of multi-component B2 precipitates
necessitates either the dissolution of various elements on the two
sublattices of B2 in a random manner or the formation of a more
complex B2 ordering such as the Heusler-type structures. However,
the exact sublattice occupancies and ordering in aluminum-containing
refractory alloys remain open questions. In fact, the formation of B2-
like precipitates in multicomponent refractory alloys with aluminum
is quite surprising as B2 orderings are typically not observed in any
of the binary phase diagrams. Ab-initio crystal structure databases such
as OQMD [44,45], MaterialsProject [46], AFLOW [47], etc. estimate
that B2 orderings formed by aluminum and a refractory element are
unstable by ≈ 0.1–0.4 eV/atom.

In this study, we use first-principles calculations together with
statistical mechanics techniques to unravel the crystal structure and
thermodynamic stability of ordered phases on the bcc crystal struc-
ture in aluminum-containing refractory alloys. We begin by rigorously
analyzing the metastable and stable thermodynamics of the senary Al–
Nb–Ta–Ti–V–Zr alloy. Accurate cluster expansion models are used with
Monte-Carlo simulations to reveal the strong segregation of aluminum
to a single sublattice of the B2 structure at elevated temperatures.
Precipitate and matrix composition calculated with our atomistic model
are in excellent agreement with the experimental observations of Soni
et al. [39]. Taken together, our results indicate that the precipitate
phase formed in experiment has long-range order similar to the B2
phase due to the strong segregation of aluminum to a single sub-
lattice. The formation of B2-like long-range order is found to arise
from low-temperature orderings within a narrow composition range
where aluminum strongly segregates to one sublattice. Our calculations
show that the binary B2 structure is both thermodynamically and me-
chanically unstable at low temperatures suggesting that the formation
of ordered precipitate phases may be limited to a narrow range of
aluminum compositions. Electronic structure calculations reveal that
the instability of binary B2 compounds is due to an insufficient number
of valence electrons in aluminum-containing refractory alloys. Finally,
careful analysis of structural phase transitions suggests potential trans-
formation pathways for the ordered precipitate to transform into more
stable complex intermetallic phases.

1. Methods

Density functional theory (DFT) calculations and statistical mechan-
ics methods are used to predict finite-temperature phase stability in
the senary Al–Nb–Ta–Ti–V–Zr alloy. A disordered solid solution and a
ternary ordered precipitate on the bcc structure are formed during the
age hardening of this alloy [39,48]. Cluster expansion Hamiltonians
are ideal tools to study such order–disorder phase transformations at
elevated temperatures [49,50].
2

t

Within cluster expansion models, orderings of 𝑐 chemical elements
on a parent bcc crystal structure are described by assigning occupation
ariables, 𝜎𝑖 to each site 𝑖. The occupation variable (𝜎𝑖) represents
he chemical specie that occupies site 𝑖. Any arrangement of elements
n the bcc lattice can then be represented as a vector of site occu-
ation variables �⃗� = {𝜎1, 𝜎2,… , 𝜎𝑁}. The formation energy (𝐸𝑓 (�⃗�))
f an arbitrary ordering is expanded as a function of cluster basis
unctions [49,50]:

𝑓 (�⃗�) = 𝑉0 +
∑

𝛼
𝑉𝛼𝛷𝛼(�⃗�) (1)

here 𝑉𝑖 are constant expansion coefficients that are also known as
ffective cluster interactions (ECI), and 𝛷𝛼(�⃗�) are cluster basis functions
hat are polynomials of the site basis functions (𝜙𝑚):

𝛼(�⃗�) =
∏

(𝑖,𝑚)∈𝛼
𝜙𝑚(𝜎𝑖) (2)

ite basis functions derived from Chebyshev polynomials are used
hrough out this study. Though the expansion of Eq. (1) is a sum over
ll possible clusters of sites 𝛼, in practice, the sum must be truncated at
ome maximal cluster size. The unknown ECI of a truncated cluster ex-
ansion can be estimated by training Eq. (1) to reproduce the formation
nergies computed with DFT.

Formation energies of symmetrically distinct orderings are param-
terized with the cluster expansion formalism as implemented in the
lusters Approach to Statistical Mechanics (CASM) software package [51–
4]. Total energies are calculated with the generalized gradient approx-
mation (GGA-PBE) to density functional theory (DFT) and projector
ugmented-wave (PAW) pseudopotentials as implemented in the Vienna
b-Initio Simulation Package (VASP) [55,56]. The pseudopotentials for
l, Nb, Ta, Ti, V, and Zr contained 3, 13, 11, 12, 13, and 12 valence
lectrons each. A plane-wave cutoff energy of 550 eV with a k-point
rid density of 55 Å and a smearing of 0.1 eV were used to relax the
ositions of atoms and lattice parameters of all orderings.

Two different cluster expansion models were parameterized for this
tudy. The ordered precipitate is predominantly composed of Al, Ti,
nd Zr [38,39]. A ternary cluster expansion, trained to reproduce the
ero Kelvin energies of 576 decorations of titanium, aluminum, and
irconium on bcc, was used to model the effect of ordering in the pre-
ipitate phase. ECI were estimated with the LASSO method [57]. The
egularization for the LASSO model was chosen by minimizing a 10-
old cross-validation score with the sklearn[58] package. Care was
aken to reproduce the essential metastable bcc ground states within the
ernary Al–Ti–Zr system by introducing weights that are related to the
nergies of each configuration relative to the energies of the ground
tates [53]. A second cluster expansion was trained to reproduce the
isordered state of the 6-component alloy. Formation energies of 254
rderings, including special-quasirandom structures [59] are included
ithin the training dataset to train the senary cluster expansion.

Finite-temperature thermodynamics in the ternary alloy was esti-
ated with canonical Monte-Carlo simulations in a 10 × 10 × 10

supercell of the conventional bcc cell. Cells with compositions spanning
the ternary Al–Ti–Zr alloy were cooled from a high temperature to a
low temperature. Simulation cells are cooled down from 20’000K to
0 K, first using 500 logarithmic temperature increments down to 5’000K
followed by temperature decrements of 5 K. Ensemble averages are
collected at each temperature and composition ensuring that ensemble
averaged energies are converged to within a precision of 1 meV/atom.
Gibbs free energies were then computed as [60]:

𝐺(𝑇 , �⃗�) = 𝑇
𝑇0

𝐺(𝑇0, �⃗�) + 𝑇 ∫

𝑇

𝑇0
−
⟨𝐸⟩

𝜏2
𝑑𝜏 (3)

where �⃗� is the composition of the cell, 𝑇 is the temperature, 𝐺(𝑇0, �⃗�)
s the reference free energy at 𝑇0, ⟨𝐸⟩ is the ensemble average of
he energy at a temperature 𝜏 and the integral is computed from 𝑇0

o 𝑇 . The high-temperature disordered free energy at 20,000 K was
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Fig. 1. 0 K phase diagram in the ternary Al–Ti–Zr alloy. (a) Equilibrium phase diagram
(b) Metastable phase diagram over orderings on bcc.

approximated using ideal solution entropy and the disordered enthalpy
was computed with Monte-Carlo simulations.

A simpler free energy model is adopted for the 6-component disor-
dered solid solution. The enthalpy is approximated by the disordered
enthalpy predicted with the cluster expansion, while the entropy is
given by ideal solution entropy. Comparison of the solid solution en-
thalpy between the simple 6-component model and the ternary model
at a few different compositions along the binary alloys, i.e., Al–Ti, Al–
Zr, and Ti–Zr, showed that the approximate enthalpy errors are less
than 16meV/atom.

Long-range order parameters were used to estimate the degree of
B2-like order at elevated temperatures. The B2 ordering contains two
distinct sublattices. Sublattice compositions of Al, Ti, and Zr computed
at each step of the Monte-Carlo simulation are related to long-range
order parameters as [61]:

⟨𝜂𝑖⟩ = ⟨

|𝑥𝑖1 − 𝑥𝑖2|
2

⟩ (4)

here 𝑥𝑖𝑗 is the sublattice composition of element 𝑖 on sublattice 𝑗,
𝑖 is the long-range order parameter tracking the degree of B2-like
rder for specie 𝑖 and ⟨.⟩ denotes ensemble averages. Ensemble averages
f long-range order parameters were rescaled with the global alloy
omposition so that they always lie between zero (representing the
isordered phase) and one. A long-range order parameter value of one
ndicates that the cell has the maximal degree of B2-like order that
s achievable at a given alloy composition. A value of 1 for the long-
ange order parameter, 𝜂𝑖, can equivalently be interpreted as complete
egregation of specie 𝑖 to a single sublattice.

. Results

We begin by analyzing zero Kelvin phase stability in the ternary Ti–
3

l–Zr alloy. The 0 K equilibrium phase diagram of Fig. 1a is computed
ased on the formation energies of all crystal structures found on the
pen Quantum Materials Database (OQMD) [44,45] and symmetrically
istinct arrangements of the three elements on the bcc crystal structure.
he formation energy of a configuration (�⃗�) relative to 𝜔-titanium,
cp-zirconium and fcc aluminum is given by:

𝑓 (�⃗�) =
1
𝑁

(𝐸(�⃗�) −𝑁𝐴𝑙𝐸
𝑓𝑐𝑐
𝐴𝑙 −𝑁𝑇 𝑖𝐸

𝜔
𝑇 𝑖 −𝑁𝑍𝑟𝐸

ℎ𝑐𝑝
𝑍𝑟 ) (5)

where 𝐸𝑓 (�⃗�) is the formation energy per atom, 𝑁 is the number of
atoms in the unit cell, 𝐸(�⃗�) is the total energy calculated with DFT,
𝑁𝐴𝑙 , 𝑁𝑇 𝑖, 𝑁𝑍𝑟 are the number of aluminum, titanium, and zirconium
atoms and 𝐸𝑓𝑐𝑐

𝐴𝑙 , 𝐸𝜔
𝑇 𝑖, 𝐸

ℎ𝑐𝑝
𝑍𝑟 are the total energies of Al, Ti, and Zr in

the fcc, 𝜔, and hcp crystal structures. Thermodynamic stability at zero
Kelvin is estimated by constructing the convex hull over the formation
energies of all configurations.

The equilibrium phase diagram for the ternary alloy at 0 K is shown
in Fig. 1a. Orderings on the face-centered cubic crystal structure are
predicted to be stable at aluminum-rich compositions. Titanium and
zirconium-rich compositions are predicted to form orderings with an
underlying hcp and 𝜔 crystal structure. Intermetallic compounds with
complex crystal structures such as hP7-Al3Zr4, C14-Al2Zr, oF40-Al3Zr2
are found to be stable along the Al–Zr binary. Phases predicted to be
stable at 0 K are in close agreement with experimental studies in the
ternary alloy [62–64]. High-temperature phases such as B33-AlZr, D88-
Al4Zr5, tP20-Al2Zr3, D8m-Al3Zr5, and B82-AlZr2 are not predicted to be
stable at 0 K. These compounds may be stabilized at elevated tempera-
tures due to entropic contributions. Though ordered precipitates with a
bcc crystal structure are observed in experiment [39], no such orderings
are predicted to be on the equilibrium phase diagram at 0 K.

Orderings on the same crystal structure as the disordered solid
solution are often formed during the early stages of precipitation hard-
ening due to small nucleation barriers [16,17]. The metastable phase
diagram constructed over orderings on bcc can shed light on the crystal
structures of ordered precipitates formed in the initial stages of ageing.
The 0 K metastable phase diagram across orderings on the bcc crystal
structure is shown in Fig. 1b. Structures are classified as bcc based on
a similarity metric [65] computed between the fully relaxed structure
and bcc. First, a structure score is computed to estimate the similarity
between the relaxed ordering and 4 parent crystal structures (bcc, hcp,
fcc, and 𝜔). The ordering is assigned to the parent structure with the
highest similarity (i.e., lowest score). Orderings with a score smaller
than 0.014 are used to compute the metastable convex hull for bcc.

The metastable phase diagram of Fig. 1b predicts the formation of
several ordered ground states at 0 K. Orderings are predicted to be
stable not just along the three binaries but also at ternary compositions.
Metastable bcc orderings are predicted to be ≈ 50 meV/atom above the
convex hull at aluminum compositions around 𝑥Al ≈ 0.4. While these
orderings are unlikely to be stabilized through vibrational entropy at
elevated temperatures, they could be formed as transient metastable
structures during the heat treatment of disordered bcc solid solutions.

Interestingly, ground states on the metastable bcc convex hull with
stoichiometries close to equiatomic aluminum–zirconium compositions
have very simple crystal structures. Fig. 2 depicts the crystal structures
of ground state orderings on bcc. All ground states in Fig. 2 can be
viewed as two-dimensional arrangements of Al, Ti, and Zr rods extend-
ing along the [001] direction. For instance, Fig. 2a shows the crystal
structure of the zirconium-rich, Al4Zr8 groundstate. Two adjacent (001)
planes are drawn in the two-dimensional projection of Fig. 2a - atoms
on one of the (001) planes correspond to the atoms at the corners of
the square lattice, while atoms in the neighboring layer (either above or
below) are located at the centers of the squares. The (001) layers drawn
on the corners and centers of the squares are located at different heights
along the [001] direction. The Al4Zr8 ground state is made of zirconium
rods (shown in green) that fill an entire (001) plane. The adjacent (001)
planes contain both aluminum and zirconium rods.

The two (001) planes located at the corners and centers of the

square lattice also correspond to the two sublattices found in a binary
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Fig. 2. Schematic drawings of: (a) to (f) some Al–Zr-rich ground state orderings in bcc,
nd (g) B2 ordering, viewed along the [001] direction. Blue squares, orange triangles,
nd green circles represent rods of Al, Ti, and Zr, respectively, extending along the
001] direction.

2 ordering. The B2 ordering (Fig. 2g) when viewed along the [001]
irection, contains two chemical elements located at either the corners
r centers of the square lattice. The Al4Zr8 ground state has long-range

order similar to B2 as all aluminum atoms occur on a single sub-lattice
located at the centers of the squares. The ‘‘excess’’ zirconium atoms are
accommodated as ‘‘defects’’ on the aluminum sublattice. Ground-states
that are rich in the refractory elements display a similar trend in Fig. 2.
As the aluminum concentration increases from Al4Zr8 to Al4Zr6, some
of the zirconium atoms on the aluminum sublattice are replaced with
Al. The precise ordering of aluminum and zirconium differs slightly
across stoichiometries. Al4Zr8 and Al3Zr5 contain alternating rods of
aluminum and zirconium atoms on a single (010) plane. Both ground
states contain a single layer of pure aluminum that separates two (010)
planes that contain both aluminum and zirconium rods.

The segregation of aluminum to a single sublattice persists upon
4

small additions of titanium. The ground states of Fig. 2e and f suggest
that titanium segregates to the zirconium-rich sublattice at low temper-
atures. Intriguingly, titanium is also found to occur as rods extending
along the [001] direction.

Ground states with aluminum compositions near 𝑥𝐴𝑙 ≈ 0.5 do not
show a strong tendency for aluminum to segregate to a single sublattice.
The metastable ordering with a stoichiometry of Al7Zr7 in Fig. 2d
contains aluminum and zirconium rods across both sublattices of the
ideal B2 ordering. The equiatomic ordering that is predicted to be stable
at 0 K is thus different from an ideal B2 phase and does not have
long-range B2 order.

High-temperature phase stability was estimated by minimizing free
energies computed from Monte-Carlo simulations based on a cluster
expansion Hamiltonian. The ternary cluster expansion parameterized
over orderings of Al, Ti, and Zr had a root mean square error of 9
meV/atom and a 10-fold cross-validation score of 15 meV/atom. The
cluster expansion reproduced all relevant ground states along the Al–Zr
binary and the ground states with dilute additions of titanium. Ground
states with high compositions of Al, Ti, or Zr were not reproduced.
Ground states predicted by the cluster expansion that are not ground
states along the DFT convex hull are found to be within 5 meV/atom
of the convex hull. However, as all ground states for experimentally
relevant compositions are well-reproduced, this model is sufficiently
accurate to model precipitation. The senary cluster expansion had a
root mean square error of 9.9 meV/atom.

Ensemble averages of the long-range order parameter (Eq. (4)) and
internal energy computed from Monte-Carlo simulations in a cell with
a composition of 33.8%, 11.1%, and 55.1% Al, Ti, and Zr are shown
in Fig. 3. A first-order phase transition is predicted to occur at a
temperature of ≈800 K. The nature of the high- and low-temperature
phases are quantified with the long-range order parameters of Eq. (4)
in Fig. 3b. Three long-range order parameters are computed with the
sublattice compositions of aluminum, titanium, and zirconium. Long-
range order similar to B2 corresponds to an order parameter value
of one, while the disordered phase has an order parameter value of
zero. At temperatures below 800 K the titanium and aluminum order
parameters are close to one. Similar to the ground states of Fig. 2,
aluminum and titanium are found to strongly segregate to a single
sublattice in the Monte-Carlo simulations. Zirconium occurs on both
sublattices at lower temperatures, resulting in an order parameter that
is between zero and one. Above the phase transition at 800 K, the
titanium order parameter decreases to ≈ 0.2, indicating that titanium
is found across both sublattices of the B2 structure at elevated tem-
peratures. Aluminum continues to segregate to a single sublattice even
at temperatures exceeding 800 K. The disordered phase is predicted to
form at temperatures exceeding ≈ 3600 K in the ternary alloy through
a second-order phase transition. All long-range order parameters are
close to zero at such high temperatures. Our simulations suggest that
a ternary alloy constrained to form the bcc structure is likely to melt
before it disorders into a solid solution.

Additional insights into the order–disorder transitions of this system
can be derived by investigating Monte-Carlo snapshots at two temper-
atures. Fig. 3c depicts the ordered phase at two temperatures, 500 and
1500 K. At 500 K, the system contains rods of aluminum, titanium,
and zirconium extending along ⟨001⟩. Most rods are made of only a
single element with occasional point defects arising due to entropic
effects. Aluminum segregates to one sublattice of B2 while titanium
segregates to the other sublattice at low temperatures. The system
partially disorders at temperatures exceeding 800 K. Rods of Al, Ti,
and Zr are found to contain a larger number of defects than the low-
temperature phase. Additionally, we also predict that titanium atoms
are distributed over both sublattices of B2, i.e. on both the aluminum
and zirconium-rich sublattices. The elevated concentration of titanium
on the aluminum sublattice lowers the long-range order parameter
of Ti below one. Our Monte-Carlo simulations are in agreement with
experiment as we predict the existence of a partially ordered phase

containing B2-like order due to the segregation of aluminum.
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Fig. 3. Plots of (a) the internal energy and (b) the long-range order parameter (LROP)
normalized by the concentration as a function of the temperature. Snapshots of the
simulation cell at 500 K and 1500 K are shown in (c). All data are obtained from
canonical Monte Carlo simulations with a composition of 33.8 at.%Al 11.1 at.%Ti 55.1
at.%Zr.

Fig. 4. Ternary plot with the computed long-range B2 order parameters evaluated at
1375 K for aluminum. Strong segregation of aluminum at compositions between 0.2
and 0.4 is predicted. The metastable bcc convex hull is also shown in the figure.

Aluminum is predicted to segregate to a single sublattice across
a narrow band of ternary compositions. Our finite-temperature sim-
ulations at 1000 ◦C, shown in Fig. 4, suggests the persistence of
B2-like order for aluminum compositions between ≈ 0.2 − 0.4. Inter-
estingly, the segregation of aluminum, and thus long-range B2-like
order vanishes as the aluminum composition approaches 𝑥 = 0.5. Our
5

Al
Fig. 5. Plot of the computed thermodynamic driving force to form an ordered
precipitate from a supersaturated solid-solution at 600 ◦C. The composition of the
precipitates observed experimentally in Ref. [39] is indicated by a green star. The
composition with the highest driving force and the equilibrium composition are shown
as blue stars.

Table 1
Comparison between the predicted and experimentally measured [39] compositions of
the phases observed after aging a senary alloy at 600 ◦C for 120 h.

Al Nb Ta Ti V Zr Phase fraction

Precipitate Exp. 32.4 2.2 0.2 10.6 0.2 52.8 30.2
Comp. 30 0 0 20 0 50 33

Matrix Exp. 1.8 24.1 17.3 33.5 6.9 7.4 69.8
Comp. 0 30 24 35 6 5 67

high-temperature simulations are in agreement with the lack of low-
temperature ground states with long-range B2-like order at equiatomic
aluminum compositions.

Finite-temperature phase stability and driving forces for precipita-
tion were estimated from the free energies of the ternary precipitate
phase and the disordered senary solid solution. Equilibrium phase
stability is estimated by constructing the common tangent between the
Gibbs free energies of the ordered and disordered states. The alloy
composition reported in the experiment by Soni et al. [38] is used as
the total alloy composition. In the early stages of ageing, precipitate
compositions with the highest thermodynamic driving force are likely
to be formed. At longer ageing times, the precipitate should evolve
towards its true equilibrium composition. The equilibrium composition
and the composition with the largest driving force provide a range
of plausible compositions that may be transiently observed during
precipitation.

Fig. 5 and Table 1 show the measurements from experiments to-
gether with our predictions from theory for a Al0.5NbTa0.8Ti1.5V0.2Zr
alloy aged at 600 ◦C. Precipitate compositions predicted by theory
are in excellent agreement with experimental measurements. In fact,
the precipitate composition is found to lie between the composition
with the highest thermodynamic driving force and the equilibrium
precipitate composition. The predictions of Table 1 also show very good
agreement with the experimentally measured volume fraction of the
two phases.

3. Discussion

This study has focused on unraveling the crystal structure and
thermodynamic stability of ordered precipitates formed in a senary Al–
Nb–Ta–Ti–V–Zr alloy. Our calculations show that precipitates formed
during the early stages of ageing in the senary alloy are partially
ordered phases that emerge from the ternary Al–Ti–Zr system. Alu-
minum atoms are predicted to segregate to a single sublattice of the
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B2 structure while titanium and zirconium are disordered over both
sublattices at elevated temperatures. Orderings on the bcc crystal struc-
ture are metastable relative to more complex phases as shown in Fig. 1.
The ordered phase is likely metastable even at elevated temperatures
and should dissolve to form more stable and complex intermetallic
compounds at longer ageing times. Monte-Carlo simulations using a
cluster expansion parameterized from the DFT formation energies re-
veal that long-range order due to aluminum segregation persists at
elevated temperatures and across a large part of the ternary composi-
tion space (Fig. 4). However, the long-range B2-like order vanishes as
the aluminum composition approaches 0.5. Precipitate composition and
volume fraction predicted with our model are in excellent agreement
with the values measured in experiment.

The finite-temperature free energies derived from our cluster expan-
sion serve as a valuable tool to guide alloy designers. For instance,
the model can be used to identify compositional modifications to
the alloy used in [39] that may form precipitates with higher solvus
temperatures. Using the free energies obtained from our rigorous sta-
tistical mechanics simulations, we computed the solvus temperatures
of precipitates formed in alloys with compositions similar to those
studied by Soni et al. [39]. Solvus temperatures of ordered phases
were computed by estimating the temperature at which the driving
force to form an ordered phase from a disordered phase is zero.
Our calculations suggest that the thermal stability of the precipitates
may be improved by increasing the concentrations of aluminum and
zirconium or vanadium and tantalum, while simultaneously reducing
the niobium content. However, increasing the vanadium composition is
generally undesirable due to the low melting temperature of its oxide.
Increasing the concentration of aluminum and zirconium could induce
the formation of more complex intermetallic phases.

It is important to note that there could be quantitative discrepancies
between theory and experiment due to several reasons. One possible
source of error is the lack of vibrational entropy in our free energy
model. Anharmonic vibrations play an important role in stabilizing bcc
phases that are rich in titanium and zirconium [66]. These effects are
likely to be more pronounced at higher temperatures. Additionally,
our thermodynamic model for the ordered precipitate is restricted
to the ternary composition space spanned by Al–Ti–Zr. As a result,
we are unable to capture the small amounts of vanadium, tantalum,
and niobium seen in experiment. Coherency strains, and interfacial
free energies could also play a significant role in determining pre-
cipitate compositions as the precipitates are formed coherently or
semi-coherently within the microstructure. Finally, even small amounts
of oxygen contamination could have marked effects in experiment that
would not be reproduced by our model [67,68].

3.1. Thermodynamic and mechanical stability of B2

Though B2-like long-range order is observed in experiments, the
conventional B2 ordering with an aluminum composition of 0.5 is not
stable. Sections of the 0 K formation energy along the three binaries
and along a line with 𝑥𝑍𝑟 = 0.5 are shown in Fig. 6. Phases on the
black line are thermodynamically stable at 0 K while the blue line
in Fig. 6 corresponds to the metastable convex hull constructed over
orderings on bcc. The results of Fig. 6 show that orderings on bcc are
thermodynamically competitive near binary equiatomic compositions.
Aluminum-rich concentrations tend to destabilize bcc orderings, with
complex intermetallic phases being more stable.

Surprisingly, B2 and related orderings such as D03 and L21 are not
predicted to be thermodynamically stable at 0 K in the ternary Al–
Ti–Zr alloy. The formation energies of B2, D03, and L21 are indicated
by red stars in Fig. 6. D03, and L21 show similar long-range order
to B2. Al is found on a single sublattice, with additional titanium or
zirconium defects being accommodated on the aluminum sublattice in
both structure prototypes. The plots of Fig. 6 clearly reveal that B2 and
6

conventional B2-like orderings are not thermodynamically stable at 0 K.
Fig. 6. Plots of binary sections along Ti–Al, Zr–Al, Zr–Ti, and TiZr-AlZr. The formation
energies of B2, D03, and L21 structures are indicated with red stars. The black and the
blue lines correspond to the equilibrium and metastable-bcc convex hulls, respectively,
of the ternary Al–Ti–Zr system. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Remarkably, the inclusion of ‘‘defects’’ on the B2 structure stabilizes
orderings with long-range B2-like order at aluminum compositions
between 0.25 and 0.5. These ground state orderings can be derived
by replacing aluminum atoms on the conventional B2 structure with
zirconium atoms as shown in Fig. 2.

Binary orderings with the B2 crystal structure are also predicted
to be mechanically unstable with respect to structural distortions.
First-principles calculations predict binary B2 orderings to be unstable
relative to Bain or Burgers distortions, similar to the transformations
found in the pure elements of group 4. Straining a body-centered
crystal structure along ⟨100⟩ directions can transform the crystal into
ither fcc (along the Bain path) or hcp (along the Burgers path). The
ransformation is schematically shown as a function of a strain order
arameter (denoted 𝑒3) in Fig. 7. Elongating the reference crystal along
001] results in the formation of fcc, while compressing along this
irection transforms the (110) planes of bcc into a triangular lattice. The
cp crystal structure emerges when alternate (110) triangular planes
re shuffled. A detailed description of the transformation pathway,
rder parameters, and shuffle transformations can be found in other
tudies [23,69].

The energy landscape, computed along the Bain and Burgers path,
or B2 AlZr is shown in Fig. 8. DFT calculations predict that the bcc
rdering, occurring at 𝑒3 = 0, can lower its energy by transforming to
ither hcp or fcc. The B2 ordering is thus mechanically unstable at 0 K.
nterestingly, applying the Burgers shuffle to the ideal B2 ordering is
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Fig. 7. Schematic drawings of the structural transformations from bcc to fcc and hcp.
(a) Structural transformation through strain along 𝑒3. (b) Atomic shuffles of (110) bcc
planes needed to form hcp.

Fig. 8. Strain energy landscape computed with DFT for B2-AlZr along the Bain
(unshuffled) and Burgers (shuffled) pathways.

predicted to lower the energy of the structure even without the addition
of any strain deformations. The instability of this phase is similar to that
of pure titanium and zirconium which are also found to be unstable in
the bcc crystal structure at 0 K [23].

The structural instability of B2-AlZr can be correlated with an
elevated electron density at the Fermi level. The projected density of
states for B2-AlZr in Fig. 9 shows several distinctive features. At the
Fermi level, there is a sharp peak arising from an elevated density of
zirconium 𝑑-electrons. A small number of aluminum 𝑝 states are also
found at the Fermi level, suggesting minimal 𝑝 − 𝑑 bonding. The 𝑑-
lectron density is significantly lower at energies slightly below and
bove the Fermi level. Interestingly, 𝑠-states arising from aluminum are
ound to be sharply peaked at energies around 6eV below the Fermi
evel.

Transforming the bcc crystal to either hcp or fcc significantly re-
uces the density of states at the Fermi-level as depicted in Fig. 9.
r 𝑑-states show a shallow valley near the Fermi level in the hcp
tructure, while the overall electron density is greatly reduced after
ransformation to the fcc structure. The reduced density at the Fermi
evel for both hcp and fcc results in a much lower energy as compared
ith bcc. The structural phase transformation also results in a delo-

alization of aluminum 𝑠-states. Charge density plots in the distorted
lZr structure reveal the formation of a delocalized aluminum 𝑠-state

hat spans the aluminum sublattice — thus facilitating metallic bonding
etween aluminum atoms.

First-principles calculations, shown in Fig. 10, predict that nearly
very binary B2 ordering comprised of a refractory element with
7

Fig. 9. Plots of the projected density of state for AlZr in structures as follows: hcp (top),
bcc B2 (center), fcc L10 (bottom). The corresponding number of valence electrons per
atom is listed at the top of each graph. The Fermi level is indicated by the dashed
black line.

aluminum is mechanically unstable at 0 K. With the exception of
aluminum–chromium, all other chemistries are found to be unstable
in the bcc crystal structure. The binaries involving group 5 elements
are the most unstable, with a transformation from B2 to L10 in AlTa
lowering the energy by almost 300 meV/atom. Projected densities of
states computed with DFT in Fig. 11 for each of the unstable binary
B2 compounds shows a pronounced peak in the electron density at the
Fermi level.

Our analysis of the density of states of binary B2 compounds sug-
gests that the instability and peak in electron density at the Fermi level
of B2 are related to the number of valence electrons per atom. It is
well-known that valence electron counts around 5 or 6 are required
to stabilize the bcc crystal structure in pure elements [70–72]. For
instance, titanium contains 4 electrons per atom and is found to occur
in the hcp crystal structure. In contrast, elements such as niobium and
molybdenum contain 5 and 6 electrons in their valence shell and are
found to be stable in the bcc crystal structure. Valence electron counts
below 5 typically result in sharply peaked electronic densities near
the Fermi level, and induce a Jahn–Teller–Peirls type structural phase
transition [73]. The change in structure from bcc to hcp along the
Bain transformation opens a pseudogap at the Fermi level in titanium,
zirconium, and hafnium.

The simple electron counting rule also predicts the instability of

B2 compounds formed by aluminum with the elements of groups 4,
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Fig. 10. Energy landscape computed with DFT along the Bain pathway for B2-AlX
orderings, with X being an element of group 4, 5, or 6.

5, and 6. Group 4 elements have 4 valence electrons per atom —
these include the 𝑑-electrons and the outer-most 𝑠-electrons. Aluminum
has 3 valence electrons per atom. B2 compounds formed between
group 4 elements and aluminum contain 3.5 valence electrons per
atom on average. The number of electrons per B2 cell shown in Fig. 9
confirms this. B2 orderings between Al and elements of groups 5 and
6 have 4, and 4.5 valence electrons per atom respectively. Thus all
B2 compounds between aluminum and elements of groups 4, 5, and
6 contain less than 5 valence electrons per atom. This correlates with
the elevated density around the Fermi level for all binary B2 orderings
and the instability of the bcc phase. DFT calculations suggest that the
mechanical instability essentially vanishes in B2 compounds formed by
aluminum with elements of group 7 (containing 5 valence electrons),
as illustrated in Fig. 12 for the B2-AlRe compound.
8

The instabilities of conventional B2 and B2-like orderings have sev-
eral consequences. Orderings such as B2, D03 and L21 cannot be used
to assess the properties of the precipitates observed in aluminum con-
taining refractory alloys. The thermodynamic and finite-temperature
analysis based on our cluster expansion model demonstrates the im-
portance of defects. More complex orderings such as those depicted
in Fig. 2 together with finite-temperature simulations are required to
quantify key inputs to mesoscale models such as free energies, stacking
fault energies etc. Next, the correlation between the instability of B2
and the average valence electron count per atom could serve as a tool
for alloy designers. For instance, the addition of elements in groups
7, and 8 could be a viable route to forming stable precipitates in
refractory alloys with aluminum. The precise role of anti-site defects,
and electronic structure in stabilizing B2-like orderings with aluminum
compositions around 0.3 remains an open question.

3.2. Structural phase transformations

Longer ageing times of aluminum-containing refractory alloys in-
variably lead to the precipitation of more complex intermetallic phases.
While complex phases are expected to nucleate at defects such as grain
boundaries, recent research suggests that some of these phases may
form within the ordered precipitates [38,74].

The high concentration of aluminum and zirconium in the ordered
precipitate results in the formation of an intermetallic compound found
along the Al–Zr binary. Fig. 13 shows the 0 K formation energies of
6 binary intermetallic compounds that have been reported to form in
binary Al–Zr alloys. Though Al3Zr4 is the only stable complex inter-
metallic phase, all other phases have been reported to occur as either
metastable phases or at elevated temperatures [64]. Sharma et al. [74]

reported the formation of Al4Zr5, while Soni et al. [38] observed the
Fig. 11. Projected density of states of B2-AlX orderings, with X being an element of group 4, 5, or 6. The number of valence electrons per B2 cell is indicated on each plot.
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Fig. 12. Strain energy landscape for B2-AlRe along the Bain pathway.

Fig. 13. Formation energies of orderings on the binary Al–Zr system. The equilibrium
(black line) and metastable bcc (blue line) convex hulls are shown in the figure. Vertical
dashed lines connect bcc orderings with the corresponding complex intermetallics that
are experimentally observed. White circles correspond to orderings on bcc that relax to
structures other than the complex intermetallics. Pathways between the unstable (white)
structures and complex intermetallics were computed by only relaxing the volume of
the endpoints. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

precipitation of AlZr2. Both phases are essentially orderings on the 𝜔
crystal structure. The crystal structures of hP16-Al3Zr5, tI32-Al3Zr5,
tP20-Al2Zr3, and hP7-Al3Zr4 are more complicated. To analyze viable
structural phase transformations, the structure mapping algorithm as
implemented in the CASM software package [65] was employed to
enumerate transformation pathways relating the complex intermetallic
phases to orderings on the bcc crystal structure. Energy landscapes
along the transition path were computed using DFT.

AlZr2 and Al4Zr5 can be formed by transforming bcc to 𝜔 along the
de Fontaine-Silcock pathway [75,76]. Our DFT calculations in Fig. 14,
predict that orderings on bcc can undergo a barrierless homogeneous
structural transformation to form 𝜔. In contrast, as depicted in Fig. 15,
hP16-Al3Zr5, tI32-Al3Zr5, tP20-Al2Zr3, and hP7-Al3Zr4 phases are all
separated from orderings on bcc by a barrier. Interestingly, AlZr2 can be
derived from a bcc ordering where aluminum is segregated to a single
B2 sublattice, while the formation of Al4Zr5 requires aluminum atoms
to be dispersed over both sublattices of B2. B2-like orderings could also
transform to form Al3Zr5, and Al2Zr3. However, our calculations predict
a barrier separating the bcc phase from the more complex intermetallic
phase. The ordering on the bcc phase that forms the Al2Zr3 structure
is a ground state on the metastable bcc convex hull.

The transformation energy landscapes of Figs. 14 and 15 suggest
a few potential nucleation pathways for more complex phases. The
ordered B2-like precipitates could serve as potential nucleation sites
for AlZr2, Al3Zr5 and Al2Zr3. Local composition fluctuations within
the ordered precipitate could nucleate the AlZr2 phase that can grow
and consume the precipitate over time. Similar ordering fluctuations
within the disordered phase could serve as nucleation seeds for the
9

Fig. 14. Energy landscapes computed with DFT for a transformation pathway relating
orderings on bcc to (a) AlZr2 and (b) Al4Zr5.

formation of Al4Zr5 with the 𝜔-like crystal structure. Due to the pres-
ence of barriers separating bcc from the complex intermetallic phases
in Fig. 15, defects, such as grain boundaries, dislocations, stacking
faults, etc. are likely to play a more significant role in the formation of
the more complex intermetallic phases. Additional efforts are needed
to rigorously quantify the homogeneous and heterogeneous nucleation
mechanisms of these complex intermetallic phases.

4. Conclusion

Finite-temperature simulations with statistical mechanics techniques
informed by first-principles electronic structure calculations were used
to assess the thermodynamics of precipitation in a senary Al–Nb–Ta–Ti–
V–Zr alloy. Precipitates observed in experiment are predicted to have
B2-like order due to the strong segregation of aluminum to a single sub-
lattice. Titanium and zirconium are predicted to partially disorder over
both sublattices of B2 at elevated temperatures. Our models suggest
that increasing aluminum and zirconium or vanadium and tantalum
compositions may improve the solvus temperatures of the precipitate.
However, increasing the aluminum and zirconium concentrations could
also encourage the formation of more complex intermetallic phases. We
have shown a clear correlation between the valence electron counts of
B2-like orderings and their structural instabilities. Our results indicate
that orderings such as B2, L21 and D03 are not representative of the true
precipitate crystal structure due to their thermodynamic instability.
Rather, the presence of more complex anti-site defects is necessary
to stabilize ordered phases. Insights from this study suggest viable
pathways to design better alloys for high-temperature applications
through careful tuning of alloy chemistry.
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Fig. 15. Energy landscapes computed with DFT for transformation pathways relating orderings on bcc to intermetallic structures (a) hP16-Al3Zr5, (b) tI32-Al3Zr5, (c) tP20-Al2Zr3
and (d) hP7-Al3Zr4. The intermediate energies along the transformation pathways are obtained by only allowing for volume relaxation.
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