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A B S T R A C T 

We present an end-to-end description of the formation of globular clusters (GCs) combining a treatment for their formation and 

dynamical evolution within galaxy haloes with a state-of-the-art semi-analytic simulation of galaxy formation. Our approach 

allows us to obtain exquisite statistics to study the effect of the environment and assembly history of galaxies, while still allowing 

a very efficient exploration of the parameter space. Our reference model, including both efficient cluster disruption during galaxy 

mergers and dynamical friction of GCs within the galactic potential, accurately reproduces the observed correlation between 

the total mass in GCs and the parent halo mass. A deviation from linearity is predicted at low-halo masses, which is driven by 

a strong dependence on morphological type: bulge-dominated galaxies tend to host larger masses of GCs than their later-type 
counterparts. While the significance of the difference might be affected by resolution at the lowest halo masses considered, this 
is a robust prediction of our model and a natural consequence of the assumption that cluster migration into the halo is triggered 

by galaxy mergers. Our model requires an environmental dependence of GC radii to reproduce the observed low-mass mass 
distribution of GCs in our Galaxy. At GC masses > 10 

6 M �, our model predicts fewer GCs than observed, due to an o v erly 

aggressive treatment of dynamical friction. Our model reproduces well the metallicity distribution measured for Galactic GCs, 
even though we predict systematically younger GCs than observed. We argue that this adds further evidence for an anomalously 

early formation of the stars in our Galaxy. 

Key words: stars: formation – globular clusters: general – galaxies: evolution – galaxies: formation – galaxies: star clusters: 
general. 
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 I N T RO D U C T I O N  

lobular clusters (GCs) are found in all galaxies in the local Universe
own to galaxy stellar masses of ∼ 10 8 M �. GCs typically have
ld ages ( ∼10 Gyr; Strader et al. 2005 ; Forbes & Bridges 2010 ;
andenBerg et al. 2013 ), nearly uniform sizes (e.g. Masters et al.
010 ; Krumholz, McKee & Bland-Hawthorn 2019 ), and a peaked
ass distribution that can be approximated by a lognormal function,
ith a characteristic peak mass that depends weakly on the host
alaxy stellar mass (e.g. Jord ́an et al. 2007 ). The old ages and
mall sizes of GCs have long prevented direct observations of their
ormation – a situation that is changing rapidly with the new JWST
nally in operation (see e.g. Mowla et al. 2022 ; Vanzella et al. 2022 ;
laeyssens et al. 2023 ) 
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For decades, the origin of GCs has represented a largely unsolved
roblem that encompasses the fields of star and galaxy formation.
irst theoretical work on this subject envisioned that GC formation
ould be triggered by special conditions in the early Universe: e.g.
eebles & Dicke ( 1968 ) argued that GCs may have formed before

he first galaxies, with masses determined by the Jeans mass. In a
ater work by Fall & Rees ( 1985 ), GCs were assumed to form during
he collapse of protogalaxies due to thermal instabilities in the hot
aseous haloes. Alternative models pushed for a significantly later
ormation of GCs, possibly triggered by mergers between gas-rich
isc galaxies that can compress and shock the interstellar medium
ISM; Schweizer 1987 ; Ashman & Zepf 1992 ). At present, none of
hese scenarios are thought to explain the origin of the majority of
Cs (see Kruijssen 2014 and Forbes et al. 2018 for re vie ws). 
Important information about the physical processes leading to GC

ormation can be inferred from their present day properties and from
he formation of (young) massive stellar clusters in the local Universe.
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ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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 key insight has been that young GCs are observed to form in the
ocal Uni verse whene ver conditions are present that mimic those in
igh-redshift galaxies, such as high gas pressures and densities (e.g. 
lmegreen & Efremov 1997 ). This has led to the formulation of a

amily of models in which GCs are the byproduct of normal star and
alaxy formation throughout cosmic history (e.g. Kruijssen 2015 ; 
eller et al. 2020 ). 
In our current standard paradigm for structure formation, galaxies 

orm at the centre of dark matter haloes that collapse in a bottom-
p fashion, with small systems forming first and later merging into 
rogressi vely more massi ve structures. In this framework, galaxy 
ormation is a complex physical process that involves both gas 
ondensation at the centre of dark matter haloes, as well as galaxy
ergers and interactions either with other galaxies or with the central 

egions of dark matter haloes (for a classical reference, see e.g. 
o, van den Bosch & White 2010 ). This means that an end-to-end

escription of the formation process of today’s GCs should include 
n explicit treatment of both their formation and their dynamical 
volution within their evolving host galaxy haloes. 

In the past years, different attempts have been made to study
he dynamical evolution of GCs within their host galaxy haloes. 
hese include largely analytical studies that focused on the effects of

wo-body relaxation, gravitational shocks, and mass-loss by stellar 
volution on the mass function of star clusters, starting from an 
nitial distribution approximated by a power law (e.g. Fall & Zhang 
001 ; Prieto & Gnedin 2008 ; Elmegreen 2010 ; Kruijssen 2015 );
ork that has tried to constrain the physical processes leading to the

ormation of GCs by using their observed metallicity distributions in 
he local Universe and a combination of empirical relations and/or 
erger trees extracted from N -body simulations (e.g. Tonini 2013 ; 
i & Gnedin 2014 ; Choksi, Gnedin & Li 2018 ; Chen & Gnedin
022 ); and other empirical approaches that combine numerical 
erger trees with the assumption, based on observations in the 

ocal Universe, of a power-law relation between halo mass and mass
n GCs (Ramos-Almendares et al. 2020 ; Valenzuela et al. 2021 ).
his previous work either focused on specific aspects of GC evolu- 

ion/formation or neglected important physical mechanisms of GC 

volution. 
Resolving the process of GCs formation directly within galaxy 

ormation simulations is prohibitively expensive, because it would 
equire extremely high resolution (particle masses/cells below 

0 3 M �, and sub-parsec force resolution to resolve the bulk of
he GC population and the scales at which they form), as well as
n appropriate treatment of the star formation and stellar feedback 
rocesses. While some work has begun to resolve aspects of GC
ormation in cosmological simulations (e.g. Mandelker et al. 2017 ; 
im et al. 2018 ; Lah ́en et al. 2020 ; Ma et al. 2020 ; Meng & Gnedin
020 ; Li et al. 2022 ), the approach remains limited to small volumes
nd a narrow range in redshifts, preventing a detailed comparison 
ith the wealth of observational data in the local Universe. 
An alternative approach is that of modelling GC formation and 

volution within their parent galaxy haloes resorting to ‘sub-grid’ 
r ‘semi-analytic’ models. The important advantage, in this case, is 
hat the limited computational costs allow an efficient investigation 
f the influence of different specific assumptions, as well as a rapid
xploration of the parameter space. Coupling these techniques to 
ark matter-only and high-resolution cosmological volumes provides 
ccess to a large dynamic range in halo and galaxy masses allowing
tatistical analysis as a function of redshift, galaxy properties, 
nd environment. Efforts in this direction include post-processing 
nalyses of dark matter simulations with the inclusion of baryons 
hrough scaling relations inspired by observational data or physical 
odels (Tonini 2013 ; Kruijssen 2015 ; Choksi et al. 2018 ; El-Badry
t al. 2019 ). 

In more recent years, direct simulations of galaxy formation have 
een used to model the formation and evolution of GCs. For instance,
he E-MOSAICS project (Pfeffer et al. 2018 ; Kruijssen et al. 2019a )
ouples an analytic model that describes the formation, evolution, 
nd disruption of stellar clusters to the EAGLE galaxy formation 
odel. Over the past years, the E-MOSAICS simulations have been 

sed to provide context, interpretation, and predictions for a wide 
ange of GC properties, such as their numbers (e.g. Bastian et al.
020 ), metallicity distribution (e.g. Usher et al. 2018 ; Pfeffer et al.
023 ), formation histories (Reina-Campos et al. 2019 ), mass function
Hughes et al. 2022 ), spatial distribution and kinematics (Trujillo- 
omez et al. 2021 ; Reina-Campos et al. 2022a ), origin (Pfeffer et al.
019 ; Trujillo-Gomez et al. 2023 ), and their use in tracing galaxy
ormation and assembly (Hughes et al. 2019 ; Kruijssen et al. 2019a ,
020 ; Pfeffer et al. 2020 ; Dolfi et al. 2022 ). The success of this
pproach has moti v ated se veral similar initiati ves (e.g. Rodriguez
t al. 2023 ; Reina-Campos et al. 2022b ; Doppel et al. 2023 ; Grudi ́c
t al. 2023 ). The big hurdle faced by all of these models is one of
tatistics, as the requirement of resolving galaxy formation implies 
hat cosmological volumes larger than ∼50 Mpc (see e.g. Bastian 
t al. 2020 ) remain out of reach. 

In this work, we adopt an approach very similar to that used in
he E-MOSAICS project, but take advantage of a state-of-the-art 
emi-analytic galaxy formation model to describe the evolution of 
he galaxy population across a much larger cosmological volume that 
an be spanned by spatially resolved hydrodynamical simulations. 
pecifically, we build on the GC model presented in Kruijssen ( 2015 )

hat explains the observed properties of GCs as the natural outcome
f star and cluster formation in high-redshift galaxies, and include its
asic assumptions in the GAlaxy Evolution and Assembly (GAEA) 
emi-analytic model (De Lucia et al. 2014 ; Hirschmann, De Lucia &
ontanot 2016 ), coupled to a large dark matter-only cosmological 
imulation. In this paper, we provide the details of our model and
iscuss how its basic predictions for the GC population compare with
vailable data. 

The layout of the paper is as follows: we present the simulation
nd the galaxy formation model used in our study in Section 2 .
ection 3 provides a detailed description of how we have included in
ur semi-analytic model the formation of young stellar clusters, how 

e have modelled their evolution, and how we have tested various
hysical descriptions of these physics. In Section 4 , we present a case
tudy of two model galaxies to illustrate how the mass distribution
f GCs evolves as a function of time. Sections 5 and 6 show the
asic predictions of our model and compare them to observational 
stimates. Finally, in Section 7 , we discuss our results and present
ur conclusions. 

 T H E  SI MULATI ON  A N D  T H E  G A L A X Y  

O R M AT I O N  M O D E L  

he model predictions presented in this work are based on dark matter 
erger trees extracted from the Millennium Simulation (Springel 

t al. 2005 ). This dark matter-only simulation follows 2,160 3 particles
n a comoving box of 500 Mpc h −1 on a side, and assumes cos-
ological parameters consistent with WMAP1 ( �� 

= 0 . 75, �m 

=
.25, �b = 0.045, n = 1, σ 8 = 0.9, and H 0 = 73 km s −1 Mpc −1 ).
n previous work (Wang et al. 2008 ), we have shown that (small)
odifications of the cosmological parameters do not significantly 

ffect model predictions, once the model parameters are retuned to 
eproduce a given set of observational results in the local Universe.
MNRAS 530, 2760–2777 (2024) 
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herefore, we do not expect significant changes with an updated
osmological model. We will verify this in future work, where we
lan to extend our analysis to higher resolution simulations and an
pdated cosmological model. 
In this work, we take advantage of the GAlaxy Evolution and

ssembly ( GAEA ) model of galaxy formation 1 , described in detail
n Hirschmann et al. ( 2016 ), with the updated modelling for disc sizes
escribed in Xie et al. ( 2017 ). While the latter modification does not
ffect significantly the basic predictions of our model, it leads to a
etter agreement between model predictions and observational data
or galaxy sizes – an element that we deem important for the stellar
luster model discussed in this paper. We refer to Hirschmann et al.
 2016 ) and references therein for full details about the modelling
dopted for all physical processes considered. Briefly, we have
our different baryonic components (plus an equi v alent number of
etal components) associated to each model g alaxies: hot g as at

emperature > 10 4 K that; cold gas that is only associated with galaxy
iscs in which star formation takes place; stars; and an ejected
omponent that stores material that is outside the star forming phase
ecause of stellar feedback. Star formation occurs, in galaxy discs, at
 rate that is proportional to the amount of cold gas available abo v e
 surface density threshold that is modelled following De Lucia &
elmi ( 2008 ). The interstellar medium of galaxies is enriched by
etals released by stellar winds and supernovae explosions. Our

alaxy formation model includes a sophisticated treatment for the
on-instantaneous recycling of gas, metals and energy that accounts
or the finite lifetimes of stars and allows us to follow individual
etal abundances (full details about the approach adopted can be

ound in De Lucia et al. 2014 ). The adopted stellar feedback model
s partly based on scaling relations extracted from hydro-dynamical
imulations. Specifically, these relations are used to parametrize the
ate at which cold gas in discs can be reheated and then, assuming
nergy conservation arguments, to quantify the rate at which reheated
as can be ejected in a galactic outflow. This ejected component can
e eventually re-incorporated onto the hot gas, on a time-scale that
epends on the halo mass, and can then later cool onto the central
alaxy of the halo. Full details about the stellar feedback scheme
an be found in Hirschmann et al. ( 2016 ). Galaxy mergers trigger
tarbursts episodes and lead to the formation of stellar bulges; the
as converted into stars is proportional to the baryonic mass ratio of
he two merging galaxies, with model parameters being calibrated
gainst results from controlled numerical experiments. We further
ssume that in case of major mergers, that occur when the mass ratio
s larger than 0.3, the disc is completely disrupted and all the stars
ut in a bulge component. Full details about these prescriptions can
e found in De Lucia & Blaizot ( 2007 ) and De Lucia et al. ( 2010 ). 
In previous work, we have shown that our reference model is able

o reproduce a large number of important observational constraints,
ncluding the galaxy stellar mass function up to z ∼ 7 and the cosmic
tar formation rate density up to z ∼ 10 (Fontanot, Hirschmann &
e Lucia 2017 ), the relation between galaxy stellar mass and gas
etallicity and its secondary dependence as a function of star

ormation rate and gas mass (De Lucia et al. 2020 ), as well as the
bserved evolution of the galaxy mass–gas/star metallicity relations
Hirschmann et al. 2016 ; Fontanot et al. 2021 ). 

For the analysis presented in this paper, we have used only a small
raction (about 10 per cent) of the entire volume of the Millennium
imulation. On the basis of previous work, we consider this sub-
olume representative (it includes a few of the most massive haloes
NRAS 530, 2760–2777 (2024) 
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t  

o  

c  
hat can be identified in the entire simulation volume). In addition,
e have used the same parameter set adopted in Hirschmann et al.

 2016 ) with only one modification: in our published reference model,
e had assumed that galaxies at the centres of haloes with masses
elow 5 × 10 10 M � would inject most of the newly synthesized
etals (95 per cent) directly into the hot gas phase. This modification

ad been included in previous work focused on faint satellites of
ur Milky-Way (Li, De Lucia & Helmi 2010 ) to better reproduce
heir metallicities, and was moti v ated by results of hydro-dynamical
imulations of dwarf galaxies (Mac Low & Ferrara 1999 ). While not
ffecting significantly galaxy (and GC) properties on larger scales, it
oes enter a critical resolution regime for the dark matter simulation
sed in this work: the particle mass is m p = 8 . 6 × 10 8 M �, which
eans that a halo of 5 × 10 10 M � is resolved with only about 40

articles. Therefore, in this work, we assume that all new metals
re immediately mixed with the cold gas in the disc, and explicitly
how when this has some influence on our model predictions (see
ection 6 ). 

 A  TWO-PHASE  M O D E L  F O R  T H E  O R I G I N  O F  

L O BU L A R  CLUSTERS  

o model the abundance and properties of GCs, we build on the ‘two-
hase’ model introduced by Kruijssen ( 2015 ), including additional
mplementations that we detail in the following. We refer to the
riginal study by Kruijssen ( 2015 ) for a detailed re vie w of the
pproach, which attempts to provide an end-to-end description of
he origin of GCs, from their formation at high redshift until the
resent day. In summary: 

(i) young stellar clusters are assumed to form in the high-pressure
iscs hosted by high-redshift galaxies; 
(ii) the clusters undergo rapid disruption by tidal perturbations

rom molecular clouds and clumps in the host galaxy disc; 
(iii) the disruption continues until clusters migrate into the halo of

he galaxy, following e.g. a merger event; 
(iv) finally, clusters undergo a slo w e volutionary phase, in the host

alaxy halo, due to tidal e v aporation. 

In the following subsections, we describe the specific prescriptions
dopted to include each of the four elements listed abo v e in our galaxy
ormation model. As we explain in detail below, we assume stellar
lusters form in the host galaxy disc, and migrate into the galaxy
alo after galaxy mergers. In practice, we have associated to each
odel galaxy two three-dimensional arrays storing the information

bout the stellar clusters that are associated with the disc and the
alo of the galaxy. The three dimensions of each array correspond to
ins of stellar cluster mass (we consider NMBINS = 50 mass bins,
ogarithmically spaced between 10 2 and 10 10 M �), [Fe/H] ( NZBINS
 20, linearly spaced between −3.5 and 0.68), and formation time

 NTBINS = 27, linearly spaced between 0 and 13 Gyr). The disc
nd halo arrays are initialized and evolved as detailed in the next
ections. 

.1 Formation of young stellar clusters 

n our galaxy formation model, star formation can take place in a
quiescent’ mode (from cold gas associated with the galaxy disc), and
uring merger driven starbursts. We assume that a (small) fraction of
he star formation occurring only through the quiescent channel leads
o the formation of young massive clusters, that inherit the metallicity
f the star forming gas. We suppress the formation of new stellar
lusters during merger-driven starbursts, as they are expected to be

https://sites.google.com/inaf.it/gaea/
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ssociated with very strong tidal perturbations (See Section 3.3 ). A 

ew population of stellar clusters is initialized for each new episode 
f star formation: if � M star is the mass of stars formed during a
ode time-step 2 , we assume that the corresponding mass in stellar
lusters is �� M ∗, where � quantifies an environmentally dependent 
luster formation efficiency (CFE). We have computed this quantity 
sing the analytic model presented in Kruijssen ( 2012 ), in which
ound stellar clusters collapse in the highest-density regions of the 
nterstellar medium. In the framework of this model, the CFE can 
e expressed as the product of the fraction of star formation that
esults in bound structure and the fraction thereof that survives the 
cruel cradle effect’, i.e. the tidal disruption of star-forming regions 
r young stellar clusters by encounters with in the natal environment. 
e refer to the original paper by Kruijssen ( 2012 ) for full details on

he deri v ation of these quantities. 
The CFE is determined by galaxy scale physics, and can be 

xpressed in terms of the cold gas surface density, the galaxy angular
elocity, and the Toomre ( 1964 ) Q instability parameter. For this
alculation, and throughout this paper, we have set the Toomre 
nstability parameter ( Q ) equal to 1. This value is within the typical
ange observed in star-forming galaxies at z ∼ 2, Q = 0.2–1.6 (Genzel 
t al. 2014 ). The cold gas surface density and galaxy angular velocity
re given by: 

 gas = M cold /πr 2 half and � = V max /r half . 

n the abo v e equations, M cold is the cold gas mass, and r half is the
isc half mass radius. The latter is computed as 1.68 × R d (assuming
n exponential disc), where R d is the scale radius of the disc and
s computed by tracing the specific angular momentum of the gas 
s described in detail in Xie et al. ( 2017 ). V max is inherited from
he subhalo catalogue and is the maximum circular velocity of the 
arent dark matter substructure for each model galaxy (for orphan 
atellites, i.e. those that are no longer associated with an existing 
ubstructure, this is the value at the last time there was a distinct
arent subhalo). The CFE resulting from the model by Kruijssen 
 2012 ) is found to increase with the gas surface density, from � 

1 per cent in low-density galaxies up to � ∼ 70 for surface gas
ensities ∼ 10 3 M � pc −2 . This provides a good match to cluster 
ormation efficiencies that are observed in the local Universe, ranging 
rom a few per cent to as much as 50 per cent in high-density starburst
nvironments (e.g. Adamo et al. 2015 , 2020a , b ; Johnson et al. 2016 ).

A proper calculation of � requires several integrations that would 
lo w do wn significantly our galaxy evolution code. In order to speed
p our computation, we have used tabulated values of � (on a
0 × 30 grid) corresponding to different values of the gas surface 
ensity and of the angular velocity. The entries of the table are then
inearly interpolated at each star formation episode, to compute the 
orresponding CFE. We have verified that values obtained using our 
pproach are very close to those that would be obtained using a full
ntegration calculation. 

Observations of young stellar cluster populations (Zhang & Fall 
999 ; Hunter et al. 2003 ; Larsen 2009 ; Portegies Zwart, McMillan &
ieles 2010 ) have shown that the initial cluster mass function 
 The differential equations go v erning the evolution of the baryonic compo- 
ents associated with model galaxies are solved dividing the time interval 
etween two subsequent snapshots (the available simulation outputs) into 20 
ime-steps, each corresponding to ∼10–19 Myrs up to z = 3, and even smaller 
imescales at higher redshift (where the snapshots are closer in time). We have 
erified, in previous work, that the number of sub-steps adopted is enough to 
chieve numerical convergence. 
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ICMF) is well described by a power law with index α = −2,
hich is consistent with expectations from gravitational collapse 

n hierarchically structured clouds (Elmegreen & Falgarone 1996 ; 
uszejnov, Hopkins & Grudi ́c 2018 ). At low masses, a fiducial

runcation corresponding to M min = 100 M � is typically adopted 
Lada & Lada 2003 ; Kruijssen 2015 , and references therein). How-
ver, this assumption appears in contrast with findings that very large
ractions (up to about 50 per cent) of low-metallicity stars in some
earby dwarf galaxies are bound to their GCs (Larsen et al. 2018 ),
hich implies that few low-mass clusters (or possibly none) could 
ave formed coe v ally with these GCs. In fact, an ICMF extending
own to 100 M � in these galaxies would require the majority of
ow-mass clusters to have been disrupted, returning their mass to the
eld population. This would allow for a maximum of 10 per cent
f the low-metallicity stars to reside in surviving GCs, contrary to
bservations. At the high-mass end, an exponential truncation of the 
CMF is often assumed. Observational studies find truncation masses 
arying from M max = 0.5 to 10 5 M � (Gieles et al. 2006 ; Larsen 2009 ;
astian et al. 2012 ; Konstantopoulos et al. 2013 ). 
In this work, we assume that the ICMF is well described by a

ower law, with exponential truncations at both the high- and low-
ass ends (Trujillo-Gomez, Reina-Campos & Kruijssen 2019 ): 

d N 

d M 

∝ M 

α
i exp 

(−M min 

M 

)
exp 

( −M 

M max 

)
. (1) 

e assume α = −2, and that M max is determined by e v aluating
he mass fraction of a centrifugally limited region that can collapse
efore stellar feedback is able to halt star formation, as detailed
n Reina-Campos & Kruijssen ( 2017 ). In this study, the resulting
pper truncation mass is expressed in terms of the cold gas surface
ensity, the galactic angular velocity, and the Toomre parameter Q ,
ith the latter having a limited impact on the cluster mass scale. The
odel predicts that more massive clusters are formed in environments 

haracterized by larger gas surface densities, providing a natural 
xplanation for the existence of more massive clumps at higher 
edshift. 

As for M min , we adopt the model presented in Trujillo-Gomez et al.
 2019 ), based on empirical scaling relations of molecular clouds in
he local Universe, and on the hierarchical nature of star formation in
louds regulated by stellar feedback. Specifically, the minimum mass 
f stellar clusters is e v aluated by estimating the time-scale required
or stellar feedback to halt star formation, against the collapse time
f clouds with a given mass spectrum. This allows an estimate
f the range of cloud masses that can achieve the minimum star
ormation efficiency required to remain bound after feedback has 
lown out the remaining gas. The resulting values of M min vary by
rders of magnitude from local and quiescent discs to high-redshift 
tarbursting systems, with a strong dependence on the surface density 
f the ISM and no significant dependence on the galaxy angular
elocity and the Toomre parameter Q . Below, we will test explicitly
he impact of assuming an environmentally dependent M min . 

Both M min and M max can be expressed as a function of the gas
urface density and of the galaxy angular velocity, as in the case of
FE, which for all of these quantities reflects an underlying physical
ependence on the gas pressure. For the sake of computational time,
e have generated pre-computed tables giving the minimum and 
aximum truncation mass o v er the same grid used to pre-compute
. The tables are linearly interpolated to e v aluate equation ( 1 ) each

ime the cluster mass function needs to be initialized or updated, due
o a new episode of star formation. 
MNRAS 530, 2760–2777 (2024) 
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.2 Cluster evolution during the rapid disruption phase 

fter their formation, stellar clusters evolve within the host galaxy
isc, and are subject to frequent and strong tidal perturbations by
ense gas clumps (e.g. Gieles et al. 2006 ; Elmegreen & Hunter
010 ; Kruijssen et al. 2011 ). Following Kruijssen ( 2015 , see original
aper and references therein), we describe the rapid disruption phase
riven by these tidal shocks in terms of a mass-loss rate 

d M / d t) cce = −M /t cce , (2) 

here the subscript ‘cce’ stands for ‘cruel cradle effect’ (Kruijssen
t al. 2012a ). The disruption time-scale can be expressed as (Krui-
ssen 2015 ) 

 cce = t 5 , cce 

(f � 

4 

)−1 ( ρISM 

M � pc −3 

)−3 / 2 ( M 

10 5 M �

)
� 

−1 
ad (3) 

here t 5, cce = 176 Myr is a proportionality constant, f � is the ratio
etween the surface density of giant molecular clouds and the mean
as surface density in the galactic mid-plane, and ρISM 

is equated to
he mean density in a galactic disc mid-plane for an equilibrium disc
Krumholz & McKee 2005 ): 

ISM 

= 3 �2 /πG. 

inally, � ad is a correction factor that accounts for the absorption of
idal energy by adiabatic e xpansion. F ollowing Kruijssen ( 2015 ), we
ssume 

 � = 3 . 92 
(10 − 8 f mol 

2 

)1 / 2 

ith 

 mol = 1 / (1 + 0 . 025 � 

−2 
gas , 2 ) . 

n the last equation, � gas, 2 is the surface density of the gas in units
f 100 M � pc −2 . The adiabatic correction is expressed as follows 

 ad = 

[ 
1 + 9 

(ρh /ρISM 

10 4 

)] −3 / 2 
, 

here ρh = 3 M / 8 πr 3 h . 
In the following, we will consider two different assumptions for

he cluster radius. In one case, we will assume that it is independent of
he cluster mass, and equal to r h = 1 . 5 pc . Alternatively, and this will
e the fiducial assumption in our reference run, we will assume that
 h depends on the cluster mass. Specifically, we adopt equation (13)
f Gieles & Renaud ( 2016 ): 

 h � 3 . 8 pc 

(
γGMC 

12 . 8 Gyr 

)2 / 9 (
M 

10 4 M �

)1 / 9 

, (4) 

here 

GMC � 6 . 5 Gyr 
( σ

10 km s −1 

) (
10 M 

2 
� pc −5 

f � · � gas · ρISM 

)
(5) 

nd, assuming an equilibrium disc and Q = 1: 

= 

π

2 

G � gas 

�
(6) 

hen considering environmentally dependent cluster radii, we
ultiply our expression for t cce by a factor: 

 r h /r h , 0 ) 
−3 , with r h , 0 = 1 . 5 pc . (7) 

his makes disruption much faster (up to a factor 15) in low-density
nvironments, and is justified by the fact that more extended clusters
ould be more susceptible to tidal perturbations, as observed. 
To implement the rapid disruption phase in our galaxy formation
odel, we need to account for the dependence of equation ( 3 ) on
NRAS 530, 2760–2777 (2024) 
oth the stellar cluster mass and on the physical properties of the
ost galaxy . Practically , equation ( 3 ) must be e v aluated for each
alaxy, at each time-step of the evolution, and for each value of the
luster mass considered. To limit the computational o v erhead, we
ave adopted an approach that is sketched in Fig. 1 , and that can be
ummarized as follows 

(i) for each bin boundary of the mass grid considered at a given
ime t , we use equations ( 2 ) and (3 ) to compute the evolved values
t the following time-step t ′ . In Fig. 1 , this forward integration is
llustrated by the dashed red lines, and M 

′ 
i (with i = 1, 2,...6) represent

he evolved values of the grid boundaries (M i ) at the time t ′ . 
(ii) We then get the interpolated indices for which M 

′ 
i = M i at

he time t ′ . These indices are used to compute the mass values at
he time t that would evolve into the fixed boundaries of the bins at
he time t ′ . This ‘backward’ integration is illustrated in Fig. 1 by the
ashed–dotted blue lines. M 

′′ 
i (with i = 1, 2,...6) correspond to the

alues that would evolve into the fixed grid boundaries at the time t ′ .
(iii) The values obtained as described abo v e can be used to

ompute the evolved cluster mass function at time t ′ (i.e. the number
f stellar clusters in each mass bin considered) starting from the mass
istribution at time t . In the example shown in Fig. 1 , the evolved
umber of stellar clusters in the first mass bin (between M 1 and M 2 

t time t ′ ) can be computed by taking the number of stellar clusters
n the unevolved array between M 

′′ 
1 and M 

′′ 
2 at time t . The evolved

umber of clusters in the second mass bin would be equal to the
umber of stellar clusters between M 

′′ 
2 and M 

′′ 
3 at the time t , etc. 

To simplify our calculation, we assume that stellar clusters are
istributed uniformly 3 in each mass bin. We hav e v erified that our
esults do not change significantly when increasing the number
f mass bins considered, so a more sophisticated treatment is not
xpected to change significantly our results. 

.3 Cluster migration into the galaxy halo 

he rapid disruption phase continues until the stellar clusters that
orm in (and are associated with) the galaxy disc migrate into the
alo. Following Kruijssen ( 2015 ), we assume that the migration agent
s represented by (minor and major) galaxy mergers. Major mergers
ccur when the baryonic mass ratio between the merging galaxies
s larger than 0.3. In this case, we assume that all stellar clusters in
he discs of both the accreted and accreting galaxies migrate into the
alo of the merger remnant. In case of a minor merger, we assume
hat only the clusters in the disc of the accreted galaxy migrate into
he halo of the remnant, whereas the main progenitor instead retains
he stellar clusters in its own disc. During both minor and major

ergers, the clusters in the haloes of both progenitor galaxies are
l w ays transferred to the halo of the remnant galaxy. 

In our model, galaxy mergers can trigger starbursts (for details, see
e Lucia & Blaizot 2007 ; De Lucia et al. 2010 ). We have suppressed

he formation of a new stellar cluster population during this star
ormation channel, because it is expected to be associated with
idal perturbations stronger than those that characterize quiescent
tar formation episodes. We note that this specific assumption does
ot affect significantly our model results, as merger driven starbursts
nly contribute to a minor fraction of the total star formation in our
odel (Wang et al. 2019 ). 
In addition, we also consider the possibility that the rapidly

hanging tidal field during galaxy interactions can lead to an efficient
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Figure 1. A sketch of our implementation of the rapid disruption evolutionary phase of star clusters in our galaxy formation model. The two horizontal lines 
show the mass projection of the three-dimensional array associated with each model galaxy, at two subsequent time-steps. M i (with i = 1, 2,...6) represent 
the boundaries of the mass bins considered; M 

′ 
i (end-points of dashed arro ws) sho w the corresponding evolved values at the following time-step t ′ (these are 

computed using equations 2 and 3 ). Finally, M 

′′ 
i (end-points of dot-dashed arrows) correspond to the mass values that would evolve into the fixed grid values at 

t ′ (see the text for details). The latter values can be used to compute the evolved cluster mass function at time t ′ from the unevolved distribution at time t . 

c
T  

o
u  

(

f

a  

e  

g  

e  

o  

c

3

A  

d
a
o  

a
K  

a  

r

(

w

t

I  

m

[

T  

t
f  

m
f
m  

t  

m

m  

S  

t  

o  

c  

r
a  

m

 

m
c
(

t  

e

 

d
t
n
c

3

W  

g  

f  

h  

e  

t

t

w  

d  

o  

4 This is necessary because the spacing between subsequent snapshots, and 
therefore also the internal time-step, are not constant. Otherwise, it would 
have been sufficient to compute the mapping only once. 
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luster disruption in the galaxy disc, before the merger is completed. 
o model this, we use results from Kruijssen et al. ( 2012b ), based
n numerical simulations of merging disc galaxies. In particular, we 
se their equation ( 10 ) to compute the survi v al fraction of clusters
this is applied to all star clusters independently of their mass): 

 surv = 4 . 5 × 10 −8 M 

2 
min , 2 

(
t depl 

yr 

)0 . 77 −0 . 22 log ( M min , 2 ) 

, (8) 

nd assume M min , 2 = M min / 10 2 M � ∼ 1. In the work by Kruijssen
t al. ( 2012b ), t depl is parametrized as the ratio between the amount of
as available during the merger and the peak star formation rate. We
 v aluate the latter quantity simply as the ratio between the amount
f stars formed during the burst associated with the merger and the
orresponding internal code time-step. 

.4 Cluster evolution during the slow disruption phase 

fter their migration into the galaxy halo, stellar clusters lose mass
ue to different physical processes: mass-loss by stellar evolution 
nd by dynamical effects, like two-body relaxation and stripping 
f stars due to the tidal field in which the star cluster is immersed
nd shocks (see e.g. Lamers, Baumgardt & Gieles 2010 ). Following 
ruijssen ( 2015 , we refer to the original paper for more details), we

lso describe the slow tidal e v aporation phase in terms of a mass loss
ate: 

d M / d t) e v ap = −M /t e v ap , (9) 

ith (Lamers et al. 2005 ): 

 e v ap = t 5 , e v ap 

( M 

10 5 M �

)γ

. (10) 

n the last equation, γ = 0.7 and t 5, e v ap depends on the stellar cluster
etallicity: 

Fe / H] = −1 . 03 − 0 . 5 log ( t 5 , e v ap / 10 Gyr ) . 

his semi-empirical relation was adopted by Kruijssen ( 2015 ) so that
he near-univeral characteristic mass-scale of GC is reproduced as a 
unction of [Fe/H] at z = 0. It reflects the idea that the globular cluster
etallicity correlates with the binding energy of the galaxy in which it 

ormed, which was proposed to be approximately preserved during 
igration. The abo v e relation between [Fe/H] and the disruption

ime is shown by Kruijssen ( 2015 ) to be consistent with the observed
etallicity gradient of the Galactic GC population. 
To implement the slow evaporation phase in our galaxy evolution 
odel, we have adopted an approach similar to that outlined in
ection 3.2 for the rapid disruption phase, but taking advantage of

he fact that equation ( 10 ) does not depend on the physical properties
f the host galaxy and therefore does not need to be e v aluated at each
ode time-step. From the practical point of vie w, this allo ws us to
educe the number of calculations and pre-compute a mass-loss grid 
t each new snapshot 4 rather than for each internal time-step of our
odel. Specifically: 

(i) for each boundary of the mass bins considered, and for each
etallicity corresponding to central values of the metallicity bins 

onsidered, we have pre-computed the time-scales given by equation 
 10 ) and the mapping needed to evolve the star clusters; 

(ii) we have then used this pre-computed mass-loss grid to evolve 
he mass function of the clusters associated with the galaxy halo at
ach internal time-step. 

As for the rapid disruption phase, we assume that clusters are
istributed uniformly within each mass, metallicity, and formation 
ime-bin. As mentioned earlier, we have checked that results do 
ot change significantly when increasing the number of mass bins 
onsidered. 

.5 Dynamical friction 

hen computing the evolution of the most massive clusters in the
alaxy disc, it is important to account for the effect of dynamical
riction, which can cause them to spiral in to the centre of the
ost galaxy. Following Kruijssen ( 2015 , see their equation 18), we
 v aluate the dynamical friction time-scale for each central value of
he mass bins considered: 

 df = 2 Gyr 
(10 6 M �

M 

) ( R 

2 kpc 

)2 ( V 

200 km s −1 

)

here we assume R is equal to the half-mass radius of the galaxy
isc and V = V max . We then simply set equal to zero the number
f stellar clusters in all those bins of our three-dimensional array
MNRAS 530, 2760–2777 (2024) 
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M

Figure 2. Evolution of the mass distribution of stellar clusters associated with a model galaxy that has a stellar mass of ∼ 1 . 3 × 10 9 M � at z = 0, and that 
experiences a single major merger at z ∼ 1.8. The top left panel shows the mass distribution of stellar clusters associated with the two progenitors of the final 
galaxy, o v er the redshift range indicated in the legent. Solid and dotted lines indicate the stellar clusters associated with the disc of each progenitor, respectively. 
The top right panel shows again the mass distribution of the stellar clusters in the two progenitors right before the merger, and the evolution of the mass 
distribution of clusters associated with the halo of the remnant galaxy as dot–dashed lines. The same distribution, evolved down to z = 0, is shown in the bottom 

panels. 
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hat hav e e xperienced more than one dynamical friction time-scale,
nte grated o v er their lifetimes. 

As we will see in the following, our implementation of dynamical
riction might be too aggressive. This might be due to the fact that
ur implementation does not account for the mass-loss of the clusters
s they spiral in: the environment gets increasingly disruptive, which
auses them to lose more mass and spiral in more slowly. 

.6 Alternati v e physics 

o study the impact of the physics discussed in this section, we
av e run alternativ e models in which we hav e switched off specific
rocesses one by one. In particular, we have considered the following
ases: 

(i) no environmental dependence of GC radii (equations 4 –7 ); 
(ii) no efficient cluster disruption in the galaxy disc during galaxy
ergers (see equation 8 ); 
(iii) no dynamical friction (see Section 3.5 ); 

Additionally, we have considered a run where we assume that
he minimum cluster mass scale ( M min ) is al w ays equal to 10 2 M �.

e find that, for the range of masses considered in this work,
his assumption gives results that are indistinguishable from those
btained using our reference run, that assumes the model presented
NRAS 530, 2760–2777 (2024) 
n Trujillo-Gomez et al. ( 2019 ) to determine M min . Finally, as
nticipated abo v e, we hav e also considered a run where metal ejection
n small haloes is treated as in the model published in Hirschmann
t al. ( 2016 ), i.e. almost all newly synthetized metals (95 per cent) are
irectly injected into the hot gas component in haloes less massive
han 5 × 10 10 M �. 

 CASE  STUDIES:  E VO L U T I O N  O F  T H E  G C  

ASS  F U N C T I O N  

efore analysing the predictions of our model in detail, we discuss
wo ‘case studies’ to show how the mass distribution of stellar clusters
volves due to the physical mechanisms discussed in Section 3 and
mplemented in our model. Our case studies correspond both to
elati vely lo w-mass galaxies because this allows us to visualize in
ome detail the evolution of their stellar cluster population. The
orresponding history for more massive galaxies becomes more
ifficult to visualize, depending on the number of merger events
uffered. 

Fig. 2 corresponds to a low-mass galaxy (the galaxy stellar mass at
 = 0 is ∼ 1 . 3 × 10 9 M �) that experiences one single major merger
vent between z = 1.91 and z = 2.07. The top left panel of Fig. 2
hows the mass distribution of stellar clusters associated with the two
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Figure 3. As in Fig. 2 , but for a galaxy that has a stellar mass of ∼ 3 . 2 × 10 9 M � at present, and that suffered one minor merger at z ∼ 1.6 (with a galaxy of 
mass ∼ 2 . 7 × 10 8 M �) and two major merger events at z ∼ 1.3 ∼1.8 (in this case, the merging galaxies have mass ∼3 and ∼ 5 × 10 8 M �, respectively). The 
mass distributions of stellar clusters discs are shown by solid, dotted, dashed, and long dashed lines (solid is for the main progenitor, while other linestyles are 
used for other progenitors when present). The mass distribution of clusters in the halo is shown with dot–dashed lines. 
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rogenitors of the final galaxy at high redshift (a second progenitor 
xists only for those snapshots where a dotted line is plotted, i.e.
rom z = 3.06 to z = 2.07). At these early times, the distribution of
oung stellar clusters (those that are associated with the disc of our
odel galaxies) results from a ‘competition’ between ongoing star 

ormation and the efficient rapid disruption of clusters by tidal shocks. 
t the final redshift shown in this panel, the total mass in stellar

lusters is actually larger than that predicted at even higher redshift
or the most massive progenitor (compare the red solid line with the
lack solid line). The distributions shown in this panel also highlight 
he strong effect of our dynamical friction implementation, which we 
ill return to below. The top-right panel again shows the distribution
f stellar clusters in both progenitors at z = 2.07 (solid and dotted
lack lines) and the distribution of clusters associated with the halo 
f the remnant galaxy after the major merger (dot–dashed lines). As
etailed in Section 3.3 , we assume that the rapidly changing tidal field 
uring the interaction leads to an efficient cluster disruption before 
he stellar clusters associated to the merging galaxies migrate to the 
alo of the remnant galaxy (dot–dashed brown line). At this point, 
he evolution of stellar clusters is driven by the slow evaporation 
hase described in Section 3.4 . This slow evolution of the cluster
ass function can be appreciated, down to z = 0, in the bottom

anels of Fig. 2 . At present, the mass distribution of the clusters
ssociated with the model galaxy considered in this example peaks 
t ∼ 1 . 5 × 10 5 M �, and corresponds to a specific frequency of ∼13.8
 ∼6.3 when considering only stellar clusters more massive than 
0 5 M �). 
Fig. 3 corresponds to a just slightly more massive galaxy (the

tellar mass at present is ∼ 3 . 2 × 10 9 M �) with a more complex
erger history . Specifically , the galaxy considered in this case has

uffered one minor merger episode at z ∼ 1.5 and two major mergers
one at z ∼ 1.8 and the second at z ∼ 1.3). At the redshifts shown in
he top left and top right panels, there are two and four progenitors
or this galaxy. The mass distribution of star clusters in the disc
volves rapidly because of disruption and new star formation. The 
hree merger events occurring during the redshift interval shown 
n the bottom-left panel lead to the formation of a stellar cluster
omponent, associated with the halo of the model galaxy, which 
hen e volves slo wly as a result of e v aporation. At present, the mass
istribution of GCs associated with the example galaxy considered 
hows a double peak, one at a mass slightly larger than ∼ 10 5 M �
nd one at a mass ∼ 3 . 6 × 10 3 M �. The specific frequency of GCs
easured for this galaxy is ∼235 if we consider all stellar clusters

own to 10 2 M �, and ∼16.5 when we consider only stellar clusters
ore massive than 10 5 M �. 
In the two example cases considered above, GCs form at early

osmic times and migrate to the halo, where they are no longer
ubject to rapid disruption, at z > 1 − 1.5. Since the merger activity
eaks at high redshift, most of the surviving GCs associated with
odel galaxies will be old. Fig. 4 compares the formation history of
MNRAS 530, 2760–2777 (2024) 
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M

Figure 4. Formation history of GCs (solid lines) compared to the star 
formation history of all model galaxies in the simulated volume considered. 
The thick dashed black line corresponds to galaxies more massive than 
∼ 10 9 M �, while the thinner dotted and dash-dotted lines correspond to 
galaxies more and less massive than 3 . 2 × 10 10 M �, respectively. In the top 
panel, all lines have been normalized to unity to ease their relative comparison, 
whereas the middle and bottom panels show the actual formation rate of GCs 
and stars, respectively. 
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5 For ‘orphan’ g alaxies, i.e. g alaxies that are no longer associated with a 
distinct dark matter substructure, we have considered the number of particles 
associated with the last identified parent substructure. 
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urviving GCs (solid lines, with the red line showing the formation
istory of GCs more massive than 10 5 M �) with the star formation
istory of all model galaxies in the simulated volume considered. The
lack dashed line shows the average star formation history obtained
onsidering all model galaxies more massive than 10 9 M �, while the
range and cyan lines correspond to galaxies more and less massive
han 3 . 2 × 10 10 M � respectiv ely. All lines hav e been normalized to
nity in the top panel to ease the comparison, while the middle and
ottom panels show the actual values of the GC and star formation
ate, respectively. The figure shows that surviving GCs correspond
o the oldest stellar component formed in our model galaxies: the
ormation history of GCs peaks at lookback time ∼11.5 Gyr, about
ne Gyr earlier than the peak of the star formation when considering
ll surviving galaxies (abo v e our mass limit). The figure also shows
 trend for more massive GCs forming earlier than their less massive
ounterparts. This is a survivor bias – low-mass clusters are disrupted
ore rapidly, and any surviving low-mass GCs are therefore more

ikely to be young. In Section 6 , we will analyse in more detail the
ge (and metallicity) distribution of GCs associated with galaxies of
ifferent stellar mass. 
NRAS 530, 2760–2777 (2024) 
 SCALI NG  R E L AT I O N S  A N D  SPECIFIC  

REQUENCY  O F  G L O BU L A R  CLUSTERS  

e veral observ ational studies hav e highlighted the e xistence of
ell-defined scaling relations between the GC population and the
roperties of their host galaxies. In particular, the total mass in GCs
cales almost linearly with the host galaxy’s halo mass across at
east three or even four orders of magnitude in halo mass (from

10 11 to ∼ 10 15 M �; Blakeslee, Tonry & Metzger 1997 ; Spitler &
orbes 2009 ; Hudson, Harris & Harris 2014 ; Harris, Blakeslee &
arris 2017 ). The relation possibly extends for another two orders
f magnitude (down to halo masses ∼ 10 9 M �), with no significant
eviation from linearity but an increased scatter towards low-halo
asses (Forbes et al. 2018 ). 
The observed correlation appears surprising because, if GC

ormation is related to star formation, one would expect a more
atural correlation between the total mass/number of GCs and
he stellar mass of the galaxy. Virtually all studies mentioned
bo v e interpreted the strong quasi-linear relation observed as an
ndication that GCs formed at early times, with the process being
naffected by the stellar/AGN feedback that introduces a non-linear
orrelation between galaxy stellar mass and halo mass. An alternative
xplanation was provided by Kruijssen ( 2015 ), who argued that the
early constant ratio ( η) between the total mass in GCs and the
alo mass arises from the combination of galaxy formation within
ark matter haloes and strongly environmentally dependent cluster
isruption. Recent work by El-Badry et al. ( 2019 ), based on a semi-
nalytic model for GC formation coupled to dark matter merger
rees, has argued that a constant value of η is a natural consequence
f hierarchical assembly, with the relation being sensitive to the
etails of GC formation at low-halo masses ( < 10 11 . 5 M �). These
rguments have been revisited in a recent work by Bastian et al.
 2020 ), based on the E-MOSAICS simulation suite. In particular, the
atter study argues that the normalization of the relation is primarily
et by cluster disruption, while the downturn also predicted by El-
adry et al. ( 2019 ) at low-halo masses is imprinted by the underlying

elation between galaxy stellar mass and halo mass. 
Fig. 5 shows our model predictions. The left panel shows the

redicted correlation between the total mass in GCs and the parent
alo mass, for all model central galaxies in the simulated volume
onsidered (solid circles with error bars show the 25th and 75th
ercentiles of the distributions). We have considered only central
alaxies because observational work typically uses scaling relations
hat are calibrated on central galaxies to infer the parent halo mass.
n addition, to have a fair comparison with observational data, we
onsidered all stellar clusters with masses > 1 . 2 × 10 5 M �, age
 7 Gyr, and −2.54 < [Fe/H] < 0.34. These limits are moti v ated by the

roperties of the Galactic GC population (e.g. Kruijssen et al. 2019b ).
e also show results obtained when splitting our model galaxies into

wo subsamples according to their bulge-to-total stellar mass ratio
solid and open squares correspond to bulge/disc-dominated systems,
espectively). In the right panel of the same figure, we show how the
atio between the total mass in GCs and the halo mass varies as a
unction of the halo mass. Empty symbols with error bars correspond
o the median and percentiles of the distribution obtained including
lso satellite galaxies. In this case, the plotted halo mass is obtained
y multiplying the number of bound particles associated with the
arent dark matter subhalo 5 by the particle mass. Lines with different
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Figure 5. Left panel: total mass in globular clusters as a function of the parent halo mass. Circles with error bars show the median and percentiles (25th and 
75th) of the distributions obtained considering all central model galaxies. Individual values are shown as grey symbols. Filled and open squares show the median 
and percentiles obtained for galaxies with bulge-to-total stellar mass ratio larger than 0.8 and smaller than 0.4, respecti vely. Dif ferent observ ational estimates 
are shown with lines of different styles, as indicated in the legend. Right panel: as for the left panel but this time showing the ratio between the total mass in 
globular clusters and halo mass. Empty symbols with error bars show the median and percentiles of the distribution obtained when including satellite galaxies. 
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tyles in both panels show observational estimates, as indicated in 
he legend. 

Fig. 5 shows that our model predicts a quasi-linear relation between 
he total mass in GCs and halo mass, for haloes more massive than

3 × 10 12 M �. A deviation from linearity is predicted for lower-
ass haloes. As mentioned abo v e, a curvature at low-halo masses has

een found in previous work (e.g. Choksi et al. 2018 ; El-Badry et al.
019 ; Bastian et al. 2020 ). In our model, the curv ature is not af fected
y the alternative physical models considered (see Section 3.6 and 
he discussion below). The curvature is also only slightly weakened 
y the inclusion of satellite model galaxies. The latter has a more
ronounced effect in the E-MOSAICS simulation suite (Bastian et al. 
020 ). We note here that haloes with mass ∼ 10 12 M � are resolved
ith about 850 particles in the Millennium Simulation, so it would 
e interesting to verify the trends predicted with a higher resolution 
olume – a higher resolution would allow smaller mergers to be 
esolved, and these could potentially bring into the halo a larger 
umber of GCs from lower mass accreted galaxies. In addition, 
ne should bear in mind that observed halo masses of low-mass
alaxies are affected by relatively large uncertainties, which limits 
he statistical significance of a downturn in observational data (see 
iscussion in Bastian et al. 2020 ). 
Our model also predicts that bulge-dominated galaxies are typ- 

cally characterized by a larger total mass in GCs compared to 
alaxies of similar stellar mass but later morphological type. This 
s not surprising given that the main channel for bulge formation 
n our model is represented by galaxy mergers (De Lucia et al.
011 ), and that we have assumed that mergers trigger the migration
f stellar clusters from the disc to the halo. A positive correlation
etween the number of GCs and the number of mergers was also
ound in the E-MOSAICS simulation suite (Kruijssen et al. 2019a ). 
arly observational studies did not find any significant dependence 
f η on the environment or the morphological type of the galaxy 
Spitler & Forbes 2009 ; Hudson et al. 2014 ). Larger statistical
amples and revised analysis methods have highlighted a second- 
rder difference between ellipticals and spirals (Harris, Harris & 

udson 2015 ) in the same sense that is predicted by our model, but
ess pronounced. This could suggest a weaker correlation between 
ulge formation and stellar cluster migration than that assumed in our
odel. 
Analysing our results based on alternative physical prescriptions, 

e find that both efficient cluster disruption and a treatment for
ynamical friction are needed in our model to predict both the
orrect slope and normalization of the relation. Fig. 6 shows the
mpact of efficient cluster disruption during mergers (left panel) and 
ynamical friction (right panel) on the relation between the total 
ass in GCs as a function of the parent halo mass. As in Fig.
 , we plot the median relation (and percentiles) obtained for all
odel galaxies (filled circles), and for different morphological types 

filled and empty squares). Switching off both physical modifications 
ause an increase of the number (and total mass) of GCs associated
ith model galaxies. This affects the o v eral normalization of the
redicted relation. Since galaxy mergers are, by construction, more 
mportant for early-type galaxies, the lack of an efficient cluster 
isruption during mergers has a stronger impact for early-type rather 
han late-type galaxies, thus further strengthening the morphological 
ependence and implying that our fiducial model is more consistent 
ith observations. Since early-type galaxies represent a larger 

raction of the o v erall population with increasing galaxy stellar
ass, these particular physical ingredients also affect the predicted 

lope of the relation. Our treatment for dynamical friction reduces 
he mass of GCs that is associated with model galaxies, more
r less independently of the galaxy type. This translates into a
ignificant effect only on the o v erall normalization of the relation,
ut a negligible effect on its shape. 

Fig. 7 shows the predicted dependence of the GCs’ specific 
requency, as a function of galaxy stellar mass. For this comparison,
e have considered the same cuts in GC mass, age, and metallicity

ndicated abo v e, and we hav e only considered galaxies (both centrals
nd satellites) with bulge-to-total stellar mass ratio larger than 0.7 
nd residing in haloes more massive than 10 14 M �. These limits have
een considered to have a fair comparison with the observational data
y Peng et al. ( 2008 , empty symbols with error bars in the figure),
ased on the Virgo Cluster Surv e y conducted with the Hubble Space
elescope . Our simulated sample considered here consists of about 
000 galaxies, i.e. about 40 times larger than the number of galaxies
MNRAS 530, 2760–2777 (2024) 
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Figure 6. As in the left panel of Fig. 5 but for a model in which no efficient cluster disruption during galaxy mergers has been considered (on the left), and for 
a model where no dynamical friction has been considered (on the right). 

Figure 7. Left panel: specific frequency of globular clusters as a function of galaxy stellar mass. All galaxies with bulge-to-total larger than 0.7 and residing in 
haloes more massive than 10 14 M � have been considered in this case, so as to have a fair comparison with observational estimates by Peng et al. ( 2008 , empty 
circles). Filled symbols with error bars show the median and percentiles (25th and 75th) of the distributions of all model galaxies (these are shown as dots in 
the background). Right panel: ratio between the total mass in GCs and galaxy stellar mass for the same model galaxies considered in the left panel, compared 
to observational estimates. 
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ncluded in the observational data set o v er the same stellar mass
ange. 

Fig. 7 shows that the model predictions co v er the same region
f observational estimates, with a few noticeable differences. In
articular, for the lowest-mass galaxies considered, the observational
stimates tend to be larger than our model predictions. The latter
xhibits a significant bending of the median GC mass per galaxy
tellar mass towards lower values. This might be due to resolution, i.e.
o the fact that an artificially low number of mergers are resolved in
his stellar mass range. For galaxies with intermediate stellar masses
between ∼10 10 and 10 11 M �), the median values of our model
redictions lie systematically abo v e the observational measurements,
ith a large number of model galaxies that are characterized by a

pecific frequency larger than that measured for Virgo galaxies of
omparable stellar mass. We note that model predictions shown in
ig. 7 correspond to an ensemble of massive haloes. By contrast, the
bservational data sample is based on one galaxy cluster only. Given
he large variations of halo mass accretion histories, and the large
xpected stochasticity in the merger history of their hosted galaxies,
NRAS 530, 2760–2777 (2024) 
osmic variance can significantly affect the comparison illustrated in
his figure. 

An interesting result shown in Fig. 7 , which is valid in general
nd not specific to the cluster environment, is the relatively large
catter of the predicted specific frequency/mass in GCs at fixed
alaxy stellar mass. This result, which can be appreciated already
onsidering the two specific case studies discussed in Section 4 , is
 natural consequence of the stochasticity of the merger events and
f the large scatter of galaxy physical properties and GC population
t the time of mergers. While a general trend as a function of galaxy
tellar mass (see also the next section) exists and is expected (the
verage number of galaxy mergers increases as a function of galaxy
ass), this scatter is important and needs to be taken into account to

orrectly interpret the observational results. 
As discussed abo v e, the mass in GCs (and as a consequence also

he specific frequency of GCs) increases significantly without an
fficient cluster disruption, or when no treatment for dynamical
riction is included. Fig. 8 shows that, when these two physical
rocesses are switched off, both the number and the total mass in
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Figure 8. As in Fig. 7 , but showing results for two alternative models where no efficient cluster disruption during galaxy mergers (empty squares) or no 
dynamical friction (filled squares) is considered. 
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Cs associated with model galaxies increase significantly to values 
hat are considerably larger than current observational estimates. 
he left panel of the figure shows that the difference is larger for the
pecific frequency, suggesting a different shape of the cluster mass 
unction in these alternative models. We will come back to this in the
ext section. 

 MASS,  META LLICITY,  A N D  AG E  

ISTR IBU TION S  O F  G L O BU L A R  CLUSTE RS  

n this section, we analyse the physical properties of GCs and their
istributions in terms of mass, metallicity, and age. We will compare 
hese with available observational measurements for the Milky Way 
nd analyse how the distributions vary as a function of galaxy 
tellar mass. For the analysis presented in this section, we have 
onsidered only model galaxies that host at least one GC. This does
ot significantly affect the results presented below, except for the 
wo lowest galaxy stellar mass bins considered. For such low-mass 
alaxies, the large number of model galaxies with zero GCs (likely 
ue to resolution limits) has a non-negligible effect on the median 
istributions presented. 
Fig. 9 shows the mean (dashed line) and median (solid line) 
ass distributions of GCs associated with Milky Way-like model 

alaxies, compared with the observed GC mass function of the Milky
ay (filled circles with error bars; from Harris 1996 ). The model

ample used for this figure consists of 16 916 galaxies that are disc
ominated (the bulge-to-total mass ratio is smaller than 0.2) and that 
re centrals of haloes with mass between 8 × 10 11 and 3 × 10 12 M �.
he dotted lines show a few individual (random) examples. These 
ighlight the existence of a large g alaxy-to-g alaxy variance (in terms
f normalization, peak mass, presence of a double peak), which is
etermined by the different merging histories and physical properties 
f galaxies at the time of GC formation/migration, even though we 
onsider only a limited halo mass range and galaxies with a low
umber of mergers (as reflected by the cut in morphological type). 
 or e xample, when considering individual MW-like galaxies, we find 

hat the peak mass varies between ∼ 10 3 M � and ∼ 4 . 5 × 10 5 M �.
The median distribution obtained for model galaxies follows the 

bservational measurements quite well, with a small deficit of GCs 
t the peak of the distribution, and a more significant deficit at masses
arger than ∼ 6 × 10 5 M � that could be impro v ed by using a less
aggressive’ treatment for dynamical friction (see Section 3.5 ). This 
an be seen in the middle panel of Fig. 10 , where we show the
ame model predictions, but from a run without a treatment for
ynamical friction. In this run, the predicted GC mass distribution 
or Milky Way-like galaxies extends up to ∼ 10 8 M �, with a gradual
ecrease for masses larger than ∼ 2 × 10 5 M �. At variance with
odel predictions discussed in the previous section, we find that 

he results shown in Fig. 9 are not significantly affected if no
fficient cluster disruption during galaxy mergers is considered 
see the top panel of Fig. 10 ). This is not surprising, given that
he sample of galaxies considered in this case is dominated by
ate-type g alaxies, i.e. g alaxies that did not experience a signif-
cant number of mergers. Switching off this physical ingredient 
ctually brings model results in somewhat better agreement with 
he observed peak of the mass distribution. Ho we ver, as we have
iscussed in the pre vious section, an ef ficient cluster disruption
uring galaxy mergers is needed to reproduce the normalization of 
he relation between the total mass in GCs and halo mass. Finally,
MNRAS 530, 2760–2777 (2024) 
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Figure 10. As Fig. 9 but (i) in the top panel no efficient cluster disruption in 
the galaxy disc during galaxy mergers is considered; (ii) in the middle panel 
no model for dynamical friction is considered; (iii) in the bottom panel no 
environmental dependence of cluster radii is considered. 
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he bottom panel of Fig. 10 shows that, when the assumption of
n environmental dependence of cluster radii is relaxed, the peak
f the mass distribution is mo v ed to lower masses (for the Milky-
ay like galaxies considered here, it mo v es to ∼ 5 × 10 4 M �), and

he number of GCs below the peak increases by a factor of 2–3.
his is a consequence of the treatment adopted (see Section 3.2
nd equations 4 –7 ), which leads to longer survi v al times for stellar
lusters less massive than 10 4 M � if a constant, compact radius is 
dopted. 

Fig. 11 shows the age-metallicity distribution of GCs associated
ith the same Milky Way-like model galaxies considered above

nd compares it with observational estimates of GCs in our Galaxy
circles with error bars). Considering that observations are cut at
NRAS 530, 2760–2777 (2024) 
Fe/H] = −0.5, the agreement in terms of the metallicity distribution
s fairly good. As for ages, our model predictions are systematically
ounger than the observational estimates by ∼0.75 Gyr, on average.
 similar shift was found for the E-MOSAICS simulations (Kruijssen

t al. 2019b , 2020 ). Specifically, Kruijssen ( 2019 ) found a median
alue of τ 25 (the assembly time of 25 per cent of the final halo mass)
f 10.78 Gyr, against 11.5 Gyr estimated for the MW. The same was
ound for the GCs: the median age of GCs in the MW is 12.26 Gyr,
hereas for galaxies in E-MOSAICS the median GC age was found

o be 10.73 Gyr. This shift might be explained by an anomalously
arly formation time of our Galaxy. In fact, there are several further
bservations confirming the idea that the Milky-Way is not a ‘typical’
alaxy for its stellar mass, such as the offset from the Tully–Fisher
elation (Hammer et al. 2007 ), the unusual satellite population (e.g.
eha et al. 2017 ; Nashimoto et al. 2022 ), and the tension between

he early formation of the Milky Way’s disc inferred from galactic
rchaeology and state-of-the-art numerical simulations (Semenov
t al. 2023 ). In order to verify if this is a generic prediction of the
odel, or if there are a subset of haloes that would reproduce the

ata, we have considered only those MW-like model galaxies that
ave an age distribution ‘similar’ to that measured for our Galaxy. To
o so, we have computed, for each model galaxy the Kolmogorov–
mirnov statistics and associated probability that the model age
istribution is significantly different from the observed distribution.
onsidering only galaxies with a low-KS probability, we obtain a GC
etallicity distribution that is still very similar to the one observed

or our Galaxy. Ho we ver, the resulting GC mass distribution has a
ignificantly different shape and lower normalization than observed,
s a consequence of the earlier formation and longer time available
or disruption. 

We have tested the impact of all rele v ant parameters in the GC
odel (see Section 3.6 ), and we find that the only physical process

hat has a significant impact on the age–metallicity distribution
hown in Fig. 11 is the treatment of chemical enrichment (more
pecifically metal ejection) in small haloes. Fig. 12 shows the age–
etallicity distribution of GCs associated with MW-like galaxies,

n a model in which 95 per cent of the metals in small haloes are
jected directly into the hot gas phase. The figure shows a bimodal
istribution of metallicities with a second peak at very low values
[Fe/H] ∼ −2.5). These GCs all have very old ages ( ∼13 Gyr) and
re therefore associated with very early episodes of star formation in
ow-mass haloes. The ‘bimodality’ that is observed in Fig. 12 could
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Figure 12. As in Fig. 11 but for a model in which 95 per cent of the metals 
in small haloes are ejected directly into the hot gas phase. 
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e affected by the limited resolution of the simulation adopted: a 
igher resolution would resolve a larger number of mergers with 
ower mass galaxies. This could increase the number (and total mass)
f GCs associated with low-mass galaxies and affect the metallicity 
istribution. Although we plan to investigate this in future work, 
e note here that this feature suggests the prescriptions adopted for

hemical enrichment within low-mass haloes may need revisiting. 
 similar conclusion was also reached independently by studies 

ocusing on the abundances and properties of Damped Ly α absorbers 
redicted by our GAEA model (Di Gioia et al. 2020 ). 
Finally, we consider the mass distributions and age–metallicity 

istributions for model galaxies in bins of galaxy stellar mass, 
ndependently of the parent halo mass and morphology. Fig. 13 
hows that the peak of the mass distribution increases weakly with 
alaxy stellar mass, varying between ∼ 1 × 10 5 and ∼ 2 × 10 5 M �
 v er two orders of magnitudes in galaxy stellar mass, in qualitative
greement with findings by Jord ́an et al. ( 2007 ) based on the Virgo
luster Surv e y. Fig. 14 shows the median mass distribution obtained

n runs where different physical ingredients in our model have been 
witched off. The left panel corresponds to a run with no efficient
luster disruption during mergers; the middle panel to a run with no
ynamical friction; the right panel to a run with no environmental 
ependence of cluster radii. The impact of these model prescriptions 
s consistent with what was discussed for the mass distribution of
Cs in Milky Way-like galaxies. In addition, the figure shows that 

he lack of a prescription for dynamical friction virtually remo v es
he already weak dependence of the peak of the mass distribution
n the stellar mass of the galaxy for galaxies more massive than

10 10 . 5 M �. 
Fig. 15 shows the age–metallicity distribution of GCs associated 

ith model galaxies of increasing galaxy stellar mass, as indicated 
n the different panels. For the lowest mass galaxies considered, 

ost of the GCs have very old ages and a relatively narrow range of
etallicities. As the galaxy stellar mass increases, both the ranges of

ges and metallicities widen, extending to younger ages and larger 
etallicities (the two are of course correlated: younger GCs are 

ormed in gas that has been enriched by previous generations of
tars, and therefore also have larger metallicities). 

Fig. 16 shows the age–metallicity distribution of GCs associated 
ith galaxies of different stellar mass, for a model where 95 per cent
f the metals in low-mass haloes are ejected directly into the hot
as phase. The figure shows that this different assumption about 
etal enrichment in small haloes leads to the development of 
econdary density peaks around very old ages and low metallicities, 
or all galaxy masses considered. This secondary peak at very low
etallicities and old ages is dominant in the least massive galaxies

onsidered, supporting the warning given above that this result might 
e affected by resolution. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

n this paper, we present an end-to-end description of the formation
rocess of GCs, that combines a treatment for their formation 
nd dynamical evolution within galaxy haloes with a modelling of 
he latter through a state-of-the-art semi-analytic model of galaxy 
ormation and evolution. This theoretical framework has been con- 
tructed by ef fecti vely coupling the GC model presented in Kruijssen
 2015 ) and the GAlaxy Evolution and Assembly (GAEA) semi-
nalytic model (De Lucia et al. 2014 ; Hirschmann et al. 2016 ). A
imilar approach has been recently used in the framework of the
-MOSAICS project (Pfeffer et al. 2018 ; Kruijssen et al. 2019a ).
eing based on hydrodynamical simulations, ho we ver, these studies 
re limited to relatively small cosmological boxes ( ∼50 Mpc on a
ide) or to a few individual resimulations. Our fully semi-analytic ap-
roach requires significantly shorter computational times, allowing 
s to: 

(i) efficiently explore the coupling between the galaxy and star 
luster formation physics parameter space by running a large number 
f model variants; 
(ii) model large populations of galaxies to study the effect of 

nvironment and assembly history with exquisite statistics; 

Our approach also impro v es upon previously published models 
hat parametrize the formation of the GC populations using dark 

atter accretion histories extracted from cosmological simulations 
e.g. Kruijssen 2015 ; Choksi et al. 2018 ; El-Badry et al. 2019 ), by
ncluding an explicit treatment for galaxy formation and the effect 
f the evolving galactic environment on star cluster formation and 
isruption. 
Our model reproduces naturally the observed correlation between 

he total mass in GCs and the parent halo mass (Spitler & Forbes
009 ; Harris et al. 2017 ). The predicted relation is linear for haloes
ore massive than ∼ 3 × 10 12 M �, with a deviation from linearity

or lower halo masses. In the framework of our model, such a
eviation is not affected by GC formation physics, at least not by
he processes that we have explicitly varied: a fixed/varying value 
or the minimum cluster mass scale, the environmental dependence 
f GC radii, the efficiency of cluster disruption during mergers, and
ynamical friction. In our model, the turno v er at low masses is driven
y a significant dependence on morphological type in this mass range: 
ulge dominated galaxies host, on average, larger masses of GCs than
heir late-type counterparts resulting in a closer to linear behaviour 
t low-halo masses. This dependence is a natural consequence of 
ur assumption that cluster migration from the disc to the halo
s triggered by galaxy mergers, and that bulges are predominantly 
uilt through mergers. Although a similar dependence is seen in the
bservational data, the observed effect is not as strong as predicted by
ur model, which might suggest a weaker correlation between bulge 
ormation and the migration of stellar clusters than predicted by our
odel. 
One caveat to bear in mind is that haloes with mass ∼ 10 12 M �

re resolved with ∼800 particles in the Millennium Simulation that 
e have employed in our study. This might result in merger trees

hat are not resolved well enough to give convergent results for the
orresponding central galaxies: increased resolution would lead to 
MNRAS 530, 2760–2777 (2024) 
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Figure 13. Mass distribution of globular clusters associated with model galaxies of different stellar mass, as indicated in the legend. The left and right panels 
show the mean and median of the distributions, respectively. The vertical arrows correspond to the peaks of the corresponding distributions. 

Figure 14. Median mass distributions of globular clusters associated with model galaxies of different galaxy stellar mass (as indicated in the legend), for 
three alternative models considered. The left panel corresponds to a run where no efficient cluster disruption in the galaxy disc during mergers is considered; 
the middle panel corresponds to a run with no dynamical friction; the right panel corresponds to a run where no environmental dependence of cluster radii is 
assumed. 
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 larger number of mergers (with smaller haloes) and these could
otentially bring in a larger number of GCs from accreted galaxies.
his could reduce the bending of the predicted relation at low-halo
asses, and potentially also the different mass of GCs predicted

or the corresponding central galaxies that have late and early-type
alaxies. Such a difference is, however, predicted also for galaxies
hat are well resolved within the simulation employed in this study,
nd therefore represents a robust prediction of our model. 

We find that both the slope and the normalization of the predicted
elation between halo mass and total mass in GCs depend on cluster
hysics. In particular, our model requires both an efficient cluster
isruption during galaxy mergers and a rather aggressive treatment
or dynamical friction to bring model predictions in close agreement
ith observational results: the former affect both the slope and the
ormalization of the relation because of the stronger impact on early-
ype galaxies and the varying fraction of these galaxies as a function
f galaxy stellar mass; the latter has a significant effect on the o v erall
ormalization but a negligible impact on the slope. 
Our reference model reproduces quite well the observed mass

istribution of GCs in our Galaxy, with a deficit at GC masses
arger than 6 × 10 5 M � that could be impro v ed with a less ag-
ressive treatment for dynamical friction. At lower GC masses,
NRAS 530, 2760–2777 (2024) 
ur model requires an environmental dependence of GC radii (i.e.
o wer survi v al times for less massi ve clusters) to bring model
redictions in agreement with observational data. The model GCs in
ilky-Way galaxies tend to be systematically younger (by ∼1 Gyr)

han those observed in our Galaxy. A similar result was found in
he E-MOSAICS simulations (Kruijssen et al. 2019b , 2020 ) and
ould be explained by an anomalously early formation of our
alaxy. The metallicity distribution is unimodal, with a peak at

Fe/H] ∼ −0.5. When considering the o v erall galaxy population,
ur model also predicts a weak increase of the peak of the GC
ass distribution with increasing galaxy stellar mass, in qualitative

greement with observational results. The predicted age–metallicity
istribution depends significantly on galaxy mass: both the age and
etallicity ranges widen for more massive galaxies, that include

ounger and more metal rich GCs. Again, there is no clear sign
f bimodality in either the age of metallicity distributions obtained
hen considering the entire galaxy population in the simulated 
olume. 

As mentioned abo v e, the large volume of the simulation translates
nto large statistical samples of galaxy populations. Our sample of

ilky-Way like galaxies, selected only on the basis of halo mass
nd bulge-to-total mass ratio and using only about 10 per cent of
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Figure 15. Age–metallicity distributions of globular clusters associated with model galaxies of different stellar mass, as indicated in the legend. 

Figure 16. As in Fig. 15 but for a model where 95 per cent of the newly synthesized metals in small haloes are ejected directly into the hot gas phase. 
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he Millennium Simulation volume, is made up of about 600 000 
alaxies. Our results highlight the existence of a very large galaxy- 
o-galaxy v ariance, e ven in the limited halo mass bin of Milky-Way
ike haloes, that is driven by the different galaxy merger histories
nd physical conditions at GC formation and migration. When 
onsidering individual galaxies, bimodal or multi-modal metallicity 
nd age distributions become not uncommon. In future studies, we 
lan to investigate in further detail how the predicted properties of
Cs depend on the mass accretion and merger history of their parent
alaxy/halo. 
MNRAS 530, 2760–2777 (2024) 
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