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Abstract

A key challenge across many disciplines is to extract meaningful information
from data which is often obscured by noise. These datasets are typically
represented as large matrices. Given the current trend of ever-increasing data
volumes, with datasets growing larger and more complex, it is necessary to
develop matrix inference methodologies which provide us with the tools to deal
with high-dimensional matrices.

This thesis presents a theoretical exploration of high-dimensional matrix
inference problems. The high-dimensional nature of the matrices makes them
amenable to the application of statistical methods in the high-dimensional
limit. We primarily investigate spectral estimators, which are based on the
spectral properties of matrices and constructed using their singular vectors or
eigenvectors. The methodologies employed are rooted in random matrix theory
and statistical physics, alongside results from the high-dimensional limits
of spherical integrals. This approach provides a comprehensive theoretical
framework for understanding matrix inference in the context of large-scale
data.

We begin by studying low-rank estimation problems in the mismatched
setting, where perfect knowledge of the priors for both signal and noise is not
available. In this scenario, we derive the exact analytic expression for the
asymptotic mean squared error (MSE) in the large system size limit for the
particular case of Gaussian priors and additive noise for both symmetric and
non-symmetric signals. Our formulas demonstrate that in the mismatched
case, effective estimation is achievable, and the minimum MSE (MMSE) can
be attained by selecting a non-trivial set of parameters beyond the matched pa-
rameters. Furthermore, we compare the performance of the spectral algorithms
and Approximate Message Passing (AMP) in the mismatched setting.

In the latter part of the thesis, we explore the extensive-rank matrix inference



2 Abstract

problems using the framework of rotationally invariant estimators (RIEs).
In the symmetric case, we study the asymptotic mutual information and
MMSE of denoising problem under Gaussian noise. Moreover, we extend
RIEs to accommodate rectangular matrices for general rotational invariant
noise matrices. Consequently, we derive the asymptotic MMSE in this setting.
Finally, we investigate a statistical model for matrix factorization, and derive
analytical formulas for the optimal RIE to reconstruct the two matrix factors,
given the noisy observation of their product.

Keywords: Matrix denoising, matrix factorization, Bayesian inference, mis-
matched estimation, rotational invariant estimators, random matrix theory,
spherical integrals, replica method



Résumeé

Dans de nombreuses disciplines, 'un des défis majeurs consiste a extraire de
I'information souvent obscurcies par le bruit. Ces données sont généralement
représentées sous forme de matrices de grande taille. Compte tenu des tendances
actuelles d’augmentation constante du volume, dimension et complexité de
ces données, il est nécessaire de développer des méthodologies d’inférence
matricielle pour se munir des outils nécessaires afin de traiter ces matrices de
grande dimension.

Cette thése présente une exploration théorique des problémes d’inférence
matricielles en haute dimension. La structure de ces matrices permettent
I’application de méthodes statistiques dans la limite de haute dimension. Nous
examinons principalement les estimateurs spectraux, qui reposent sur les pro-
priétés spectrales des matrices et construits a 1’aide de leurs vecteurs singuliers
ou de leurs vecteurs propres. Les méthodologies employées s’inscrivent dans
la théorie des matrices aléatoires et la physique statistique, ainsi que dans les
résultats provenant des limites en haute dimension des intégrales sphériques.
Cette approche offre un cadre théorique complet pour comprendre l'inférence
matricielle dans le contexte de données & grande échelle.

Nous commencons par étudier mes problémes d’estimation de rang faible
dans un cadre non-apparié (ou "mismatch"), o la connaissance parfaite de la
distribution a priori ("prior") du signal et du bruit n’est pas disponible. Dans
ce scénario, nous dérivons I'expression analytique exacte de I'erreur quadratique
moyenne (MSE) asymptotique dans la limite d’un systémé de grande taille,
dans le cas particulier d'un signal gaussien ainsi que d’un bruit additif pour les
signaux symétriques et non symétriques. Nos formules démontrent que dans le
cas non-apparié, une estimation efficace est réalisable, et 'erreur quadratique
moyenne minimale (MMSE) peut étre atteinte en sélectionnant un ensemble
non trivial de paramétres au-dela des paramétres appariés. En outre, nous



4 Résumeé

comparons la performance des algorithmes spectraux et de "I’Approximate
Message Passing" (AMP) dans le cadre non-apparié.

Dans la derniére partie de la thése, nous explorons les problémes d’inférence
matricielle de rang extensif en utilisant le cadre des estimateurs rotationnelle-
ment invariants (RIEs). Dans le cas symétrique, nous étudions l'information
mutuelle asymptotique et le "MMSE" du probléme de débruitage sous bruit
gaussien. De plus, nous étendons les "RIEs" pour prendre en compte les
matrices rectangulaire pour les matrices de bruit invariantes rotationnelles
générales. Par conséquent, nous dérivons le MMSE asymptotique dans ce cadre.
Enfin, nous étudions un modéle statistique pour la factorisation de matrices et
dérivons des formules analytiques pour le RIE optimal pour reconstruire les
deux facteurs de matrice, étant donné 1’observation bruitée de leur produit.

Mots-clés: Débruitage de matrices, factorisation de matrices, inférence bayési-
enne, estimation discordante, estimateurs rotationnellement invariants, théorie
des matrices aléatoires, intégrales sphériques, méthode des répliques
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Introduction

Across diverse fields, from finance and biology to image processing and machine
learning, data is frequently represented as large matrices. In genomics, for
instance, gene expression data forms a matrix with genes as rows and different
experimental conditions or samples as columns. Similarly, in financial analytics,
matrices encapsulate stock price movements over time, with rows denoting time
intervals and columns representing individual stock prices. The impact of noise,
inaccuracies, or missing values within these matrices is substantial, affecting
analyses and model performance. The inevitability of noise is a fundamental
reality in data, stemming from various sources like measurement errors, environ-
mental fluctuations, or inherent randomness. Therefore, the ability to remove
or reduce noise while preserving important features or structures within these
matrices is crucial for extracting valuable insights, making informed decisions,
and advancing research and applications across diverse domains.

This thesis is about estimating a signal matrix of interest from its noisy
observation. Instead of considering real datasets, our focus will be on utilizing
random data, within the context of a probabilistic model. While this approach
may diverge from real-world application, it establishes a consistent mathematical
framework and enables the derivation of precise expressions that can yield
practical insights. In its simplest and general form, the problem can be
formulated as follows: Given the data matrix

Y=§+Z2

the goal is to recover the hidden signal S, where Z is the noise matrix. We
study this problem in large dimensions. This setting is particularly relevant for
modern applications (as “real” datasets always get larger) and presents a lot of
interesting theoretical challenges.

We analyze this problem under various assumptions/constraints on the
signal and the noise matrices, which can be categorized into two main regimes.
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One, is the low-rank regime where the rank of the signal is small compared to the
dimension, and the extensive-rank regime in which the rank is comparable to the
dimension (or more precisely grows with the dimension). In the following two
sections, we provide a more comprehensive introduction to the problem in these
two regimes, covering existing literature and outlining the main contributions
of this thesis.

4.1 Low-Rank Matrix Inference

There exist two main models studied in this regime. One is often called as
spiked Wigner model, in which one observes

Y = %SST vz (4.1)

where the "spike" s € RV, s ~ P; is the signal and Z = ZT7 € RV*Y is the
noise matrix with i.i.d. Gaussian entries N'(0,1). x € R is the signal-to-noise
ratio (SNR).

The second model is the non-symmetric counterpart of the model above,

called spiked Wishart:
Y = %stT vz (4.2)

where s € RV, s ~ P, and t € RM t ~ P, are independent, and Z € RV*M
has i.i.d. Gaussian entries.

In both models , , the goal is to recover the rank-one signal matrix
(ssT or stT) from the observation. We are interested in the regime where
N — oo (in model it is assumed that ¥/m — « > 0). In the rest of this
section, we focus on the spiked Wigner model and review the basic notions
of estimation (both information-theoretically and algorithmically), and briefly
mention the extensions to the spiked Wishart model. Moreover, note that for
simplicity we develop the discussion for the rank-one hidden signal, but the
results can be extended to any finite-rank signal (by finite we mean the rank is
fixed while the dimension N tends to infinity).

4.1.1 Bayesian estimation

In Bayesian inference, it is assumed that the prior distribution of the signal
and the channel characteristics (distribution of the noise and SNR) are known
and one estimates the signal by the posterior mean. The posterior distribution
reads:

P, (e Y ~V/FoalE
[ i Py (z)e Y~ EoelE

P(x|Y) = (4.3)

and the Bayesian estimator is

E[ssT|Y]:/dmmmTP(m|Y) (4.4)
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The performance of the estimator is evaluated using the average quadratic loss,
1 T T 2
mE[”ss —E[ss \Y]HF}

where the outer expectation is over the signal s and the noise matrix Z. For this
choice of loss function, the Bayesian estimator E[ssT|Y] is the best estimator
in the sense that it has the minimum mean-squared error (MMSE). Let ssT(.)
denote an estimator of ss7(Y') given the observation Y. The MMSE is defined
as a function of the SNR parameter as:

1 — 1
MMSEy (x) = min —E[|lss” - 557(Y)|] = mE[HssT - E[sis]Hi]

ssT(.)
(4.5)

The Bayes optimal estimator not only establishes a fundamental benchmark
but also acts as a lower bound for the mean-square error of any estimator,
including those produced by algorithms. In practical scenarios, computing the
MMSE presents challenges due to the typical inaccessibility of true prior and
likelihood distributions. However, when dealing with fully-specified models,
it becomes viable to determine this universal lower bound and assess the
performance of existing algorithms in comparison. The evaluation of MMSE
involves two crucial steps: firstly, computing the normalization factor of the
posterior distribution in (4.3)), and secondly, determining the posterior mean as
expressed in (4.4). Both of these steps entail the computation of N-dimensional
integrals, which becomes intractable for large values of N.

Yet, as presented in the next subsection, there exists a connection between
MMSE and the mutual information between the signal and the observation.
Given the close connection between mutual information and the free energy
in statistical mechanics, tools developed through extensive research on large
disordered systems, can be leveraged to compute the mutual information (and
consequently the MMSE) in high-dimensional regimes.

4.1.2 Mutual information

The mutual information is one of the central quantities in information theory
that can be interpreted as a quantification of the "shared information" between
two random variables. Let X and Y be two random variables with joint
distribution Pxy and marginal distributions Py, 5. The mutual information
between X,Y is defined as:

Pxy(X,Y)

I[(X;Y):=E[In W} (4.6)

I-MMSE relation

As mentioned before, from the estimation perspective, the importance of the
mutual information comes from its connection to the MMSE. The I-MMSFE
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relation |1] is the formula that connects the derivative of the mutual information
to the MMSE, where the derivative is taken with respect to the SNR. In the
simplest case a scalar random variable S observed through Gaussian channel
Y = /kS+ Z where Z ~ N(0,1), then the -lMMSE relation states:

0 1

where here the MMSE is defined for the scalar inference as MMSE(x) =
E [(S - ]E[S|Y])2] .
The I-MMSE relation for the spiked Wigner model reads:
0I(s;Y) 1
N §MMSE(R) (4.7)
The I-MMSE relation allows us to explore the fundamental limits of an
estimation problem by examining the mutual information between observations
and the signal. In particular, the behavior of mutual information can be ana-
lyzed asymptotically to determine the MMSE in high-dimensional regime. This
involves computing the limit of the normalized mutual information, followed
by finding the derivative of this limit using , which ultimately yields the
asymptotic MMSE.
Using the law of total probability P(Y') = [ P(Y |x)Ps(x) dx, and P(Y'|s) =
P(s,Y)/p,(s), from the definition , the normalized mutual information for
the spiked Wigner model reads:

%I(S;Y) - —%E[ln/P(Y@)PS(w) dm} + %]E[lnP(YLs)] (4.8)

The second term can be written as:

1 1 1 1 (vij—/Rsis; 2
~E[InP(Y]s) :NE[lnT [ :0u-ve )]

1 2
= — In2m — N Z E[Z] (4.9)

Therefore, computing the normalized mutual information reduces to computing
the first term in (4.8]), which is the normalized expected logarithm of the
normalization factor of the posterior (4.3)).

It turns out that the first term in has the form of a central quantity
in statistical physics, called Free Energy. For physical systems analyzed in
statistical mechanics, computing this quantity leads to studying the properties
of that system. Therefore, computing the free energy has been a central focus
in this field and various approaches have been proposed. For a more thorough
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introduction of statistical physics and connections to inference problems, we
refer the reader to [2].

Due to this close connection between estimation and statistical mechanics,
several methods developed originally in statistical physics have been used
to analyze estimation problems. These methods not only lead to optimal
algorithms, but they also provide heuristic formulas for mutual information
and MMSE that can be proved rigorously.

The Replica method stands out as a highly influential technique rooted in
statistical physics [3,/4], particularly in its application to spiked models. In the
case of spiked models with a factorized prior on the signal Ps(s) = H@JL Py(s;)
(and similarly for ¢ in the Wishart case), the Replica method was employed to
derive the asymptotic mutual information and MMSE in a study by [5|. These
expressions had been rigorously obtained earlier for binary signals using the
Guerra-Toninelli interpolation method [6] in the work of |7]. Subsequently, [§]
delved into the problem extensively for general signals, utilizing Approximate
Message Passing (AMP) and spatial coupling. Additional contributions include
[9,[10], which applied Guerra-Toninelli interpolation and Aizenman-Sims-Starr
methods, and [11],12], which introduced the adaptive interpolation method to
rigorously establish the limiting expressions of mutual information and MMSE.

4.1.3 Algorithms

There are various algorithms proposed to reconstruct the hidden low-rank signal
matrix. In this section, we discuss two main algorithms spectral algorithms
and Approximate Message Passing (AMP).

Spectral estimators

Spectral estimators reconstruct the signal using eigenvectors (or singular vectors)
of the observation matrix. These estimators are based on the celebrated results
from random matrix theory. Specifically, when the SNR & is sufficiently high,
the top eigenvalue and its corresponding eigenvector (or the top singular value
and singular vector) will be correlated with the hidden rank-one signal.

For the spiked Wigner model, using heuristic replica method it was noticed
in [13] that there exists a critical value of the SNR &, beyond which the largest
eigenvalue of Y/~ escapes from the Wigner semi-circle bulk. This was later
proved rigorously in [14.|15]. The same phenomenon for the Wishart model
was proved in [16]. In [17,/18], it was shown that the correlation between the
top eigenvector (or singular vector) and the signal, also undergoes a phase
transition at the same threshold.

Consider the spiked Wigner model with prior such that Ep,[||s||*] = N,
and let A\; be the top eigenvalue of ¥/v¥ in (4.1) and y; be the eigenvector
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associated to it. Then, almost surely (a.s.) we have

o |2 fk<l 1 ~ |0 ifk <1
A Yo, T (T2 oy = @a0)
\/E—i-\/—g ifk>1" N -+ ifr>1

An analogous statement for the spiked Wishart model is proven in [18|. Using
these results one can estimate the hidden signal with y;y! (with possible
rescaling). A similar phase transition of the eigenvalues/eigenvectors (or
singular values/vectors) is proved for the general case of rotational invariant
noise matrices in [17,[18]. Moreover, the non-symmetric low-rank matrix
estimation under Gaussian noise in the regime with diverging aspect-ratio of
matrices (N/m — oo or N/m — 0) was studied in [19].

While these findings offer a precise understanding of the performance of the
top eigenvectors (or top singular vectors) in recovering low-rank signals, these
naive spectral estimators do not take into account the prior distribution or
constraints on the signal. Therefore, depending on the prior, these estimators
are not necessarily optimal.

Approximate Message Passing (AMP)

AMP algorithms are iterative algorithms that try to maximize the posterior
distribution or to achieve the Bayes optimal estimator E[S|Y]. These algo-
rithms are "approximation" of belief propagation [20] for estimation problems
characterized by densely connected graphical representations. AMP originally
proposed for compressed sensing [21], has been applied to low-rank matrix
estimation in [22-24]. It has also been extended to general rotational invariant
noise matrix in |25.26].

A key property of AMP is that, in the high-dimensional regime, its perfor-
mance can be tracked by a set of equations called State Evolution (SE) [27].
Interestingly, for the majority of cases involving a factorized prior on the signal
P;, AMP achieves the MMSE (in the high-dimensional setting). However, AMP
requires the full knowledge of the prior and channel characteristics.

4.1.4 Mismatched inference

The Bayesian estimation framework typically relies on the assumption that the
statistician has complete knowledge of the priors for both the signal and the
noise. However, this assumption often does not hold true in practice. In the
mismatched inference, a common approach is to assume a conventional prior
(such as a Gaussian distribution) and attempt to recover the signal through
Bayesian methods by calculating the posterior mean. The first part of this
thesis focuses on this issue for both symmetric and non-symmetric cases.
Mismatched estimation in the symmetric case has been explored with
Gaussian noise assumptions in works like [28]29], as well as in [30], which
considers scenarios where the noise is incorrectly presumed to be Gaussian.
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Subsequently, the problem has been rigorously analyzed for separable priors on
the signal and noise by [31]. The non-symmetric case has been examined in
further studies by [32}33|, expanding our understanding of the problem.

4.2 Extensive-Rank Matrix Inference

In this regime, the rank of the signal matrix S increases with the dimension,
resulting in the following observation model:

Y =VkS+Z, (4.11)

where Y is the observed data matrix, S is the true signal matrix, and Z
represents the noise. We refer to this model as denoising problem.

For the symmetric case, S, Z are symmetric N x N matrices, and in the non-
symmetric case, the signal and noise matrices are rectangular with dimensions
N x M. The aspect ratio of these matrices converges to a constant a > 0
as N — oo. Note that we assume that the entries of S, Z are of the order
O(Y/vN), so that the eigenvalues (singular values) are of the order O(1).

This model can be seen as a generalization of the models (4.1)), as
follows: For the symmetric case, the spectral decomposition of S is given by:

R
— E T
S = )\iSiSi,
=1

where )\; are the eigenvalues and s; € RY are the corresponding eigenvectors of
S. For the non-symmetric case, the decomposition is:

R
§=> ms’s”",
=1

(

where ~; are the singular values, sil) € RY are the left singular vectors, and

sgr) € RM are the right singular vectors.
In both scenarios, the rank R of the signal matrix S grows with the
dimension N, capturing the extensive-rank nature of the signal.

Similar to the low-rank case, the posterior mean estimator E[S|Y] is Bayes-

optimal and attains the MMSE:
1
MMSE y () := NE[HS - ]E[S]Y]H%]. (4.12)

Nevertheless, it is important to note that evaluating the N?-dimensional integral
inherent in this MMSE calculation is considerably more complex than in the
low-rank scenario and generally infeasible in practice.

Furthermore, due to the intricate nature of the problem, computing the
asymptotic mutual information is also formidable since conventional techniques
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such as the replica method may yield incorrect results. Consequently, re-
searchers have focused on addressing extensive-rank problems within specific
constrained classes of priors, or by imposing some internal structural on the
signal matrix.

Matrix denoising problem (4.11]) is intimately connected to the more involved
problem of matrix factorization, where one must estimate two matrices S €
RN¥*E and T € RM*K given the observation:

Y = ViST + Z, (4.13)

Many problems in signal processing and learning can be formulated as matrix
factorization, for example sparse coding [34,35], blind source separation [36],
robust principal component analysis [37], interpretations of patterns in images
[38] or also in genomics data [39].

The extensive-rank matrix factorization problem, considering matrices S
and T with i.id. entries, has been previously studied via the application
of the replica method coupled with generic priors and output channels, as
explored in [40]. Furthermore, algorithms leveraging AMP have been proposed
to tackle the factorization challenge in a series of papers [40-42]. However,
recent critical evaluation by [43| highlights that earlier derivations led to
only approximate solutions, which fall short of exactness in the limit due
to oversimplification in the calculations. Consequently, the proposed AMP
algorithms are (theoretically) sub-optimal, despite their practical efficiency as
evidenced in certain applications [44].

In the work by Maillard et al. [43], the factorization problem is revisited
with an improved methodology, employing high-temperature expansions with
fixed order parameters to refine prior analytical efforts [40]. This approach
aims to address and correct the inaccuracies contained within earlier work.
Separately, [45] have introduced an innovative method that integrates the
replica approach with elements of random matrix theory—termed the spectral
replica method—to address the same issue. Their work leads to the derivation
of variational formulas for the mutual information. However, it is important to
note that while these developments offer significant theoretical insights into
the factorization problem, neither provides a direct explicit algorithm for the
problem.

A rather simpler model is the symmetric factorization model, in which one
observes a corrupted version of the matrix § = X X7, with X having i.i.d.
entries drawn from a prior P,. The observed matrix Y = /s X X " + Z tasks
researchers with two main challenges. The first is the denoising task, which seeks
to reconstruct the product X XT. This challenge has been explored in [43],45],
where variational formulas for the mutual information are derived. However,
these advancements do not yield a practical algorithm for denoising, with the
exception of the Gaussian prior case discussed in [43|. The second and more
complex challenge is the factorization task, aiming to recover the matrix X.
Notably, recovery in this context is achievable only up to a permutation of the
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columns of X. Despite various attempts, there is currently no analytical study
providing insights into the mutual information or the MMSE for factorization.
On the algorithmic front, a decimation scheme based on the AMP algorithm
has been proposed in [46,/47], but this method lacks computational efficiency
and its claim to optimality remains conjectural.

Recently, a new version of the (non-rigorous) replica method is used to
derive the asymptotic mutual information for the symmetric factorization
problem in the sub-linear growth regime in [48]. More precisely, the signal has
the form § = X X7 with X € R™M for M = N'~¢, ¢ > 0. Interestingly, the
final result coincides with the asymptotic mutual information of the rank-one
case. Moreover, a decimation algorithm inspired by [46] is proposed which is
conjectured to be optimal.

Given the challenging nature of matrix denoising and factorization tasks
when dealing with large matrices drawn from factorized priors, researchers
have shifted their focus toward a class of priors termed as rotationally invari-
ant. These priors often facilitate the resolution of high-rank matrix inference
problems, as they lead to models that are more amenable to analytical and
computational solutions. The second part of this thesis delves into matrix
inference problems with a particular emphasis on rotationally invariant priors,
exploring their theoretical framework and practical implications in the context
of matrix denoising and factorization.

To proceed, let us introduce rotationally invariant priors. A symmetric
matrix § € RV*¥ is said to be distributed according to a rotational invariant
prior if for any orthogonal matrix O € RV*¥ | the following holds:

Pi(A) = P4,(OAO"). (4.14)

Likewise, a non-symmetric matrix A € RV*M is said to be distributed according
to a bi-rotational invariant prior if for any pair of orthogonal matrices U €
RNXN VvV ¢ RMXM e have:

Py(A) = PA(UAVT). (4.15)

Note that matrices with i.i.d. Gaussian entries are encompassed within this
category for both symmetric and non-symmetric cases.

4.2.1 Rotationally Invariant Estimators (RIEs)

Rotationally Invariant Estimators (RIEs) refer to a class of estimators that
are constructed from the observation matrix by modifying its eigenvalues (or
singular values) while keeping its eigenvectors (or singular vectors) unchanged.

These estimators have been studied for covariance matrix estimation in [49-
52|. They have been employed in matrix denoising, see [53| for the symmetric
case, and [54,55] for the non-symmetric case. Furthermore, their application
in extensive-rank matrix factorization is explored [56], which constitues the
content of the chapter [L1] of this thesis.
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To illustrate the mechanism of RIEs, let us explain their application in
symmetric matrix denoising, as investigated by [53|. In the symmetric scenario
where S = ST and Z = ZT, consider the eigenvalue decomposition of Y to be
Y = Zszl N yryp. Accordingly, a RIE for the signal matrix S is constructed
as:

N
Es(Y) =) &uwy] (4.16)
k=1
Given this structure, for any orthogonal matrix O € RY*" we have:
Es(0OYO") = O=5(Y)O7 (4.17)

justifying the term rotational invariant. Indeed, one can show that any estimator
with property has the same construction given in (4.16). Therefore, both
equations ([4.16]), can serve as the definition for the RIE.

The goal is to minimize the squared error between the true signal matrix S
and the estimator, which leads to the optimal eigenvalues £} being the solutions
to the optimization problem:

2
F’

(i |18 —Es(Y)]

Expanding the error term using (4.16|), we find:

IS~ Es(V)IE = ||S]; + [Es(V)] — 2Tr SE5(Y)

N N
=[Sl +>_& 23 i Su
k=1 k=1

which yields the following equation for the optimal eigenvalues:
& =YiSyr, for 1<k <N (4.18)

Determining these optimal eigenvalues is challenging since they depend on
knowledge of the signal matrix.

In the linear-growth regime, for a rotationally invariant distributed noise
matrix Pz(Z) = Pz(OZOT), Bun et al. [53| leveraged the replica method to
derive an explicit formula for calculating the optimal eigenvalues in the large
dimension limit. Although the derivation is based on the non-rigorous replica
method, it leads to an algorithm that performs well in practice. Remarkably,
this explicit formula does not require any prior knowledge on the signal matrix
S, and involves transforms of spectral measures of the noise matrix and the
observation.

Assuming that S is distributed according to a rotational invariant prior, we
can see that the Bayes-optimal estimator E [S |Y] satisfies the property .
The posterior mean estimator can be written as:

- ly-vax|,
E[S[Y] = [dX Ps(X)Xe

[dx PS(X)e’%”Y*\/EXHi |
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By rotation invariance of Pg(X) under any orthogonal transformation X —
OXOT with Jacobian |detO| = 1 we have

N

4

¥flovor-vix];
E[S|OY O] = [dX Ps(X)Xe .

Jax py(x)e tlovor—vex]l,
[ dx Ps(x)0x07e i [ovor-vroxor],

[dx PS(X)e—%HOYOT_\/EOXOTHi

2
o (fax po(x)xe X Y=vax]l;
-o{ |

[dX PS(X)e—%HY—ﬁXHF
— OE[S|Y]O".

Therefore, the posterior mean estimator is a RIE.

The RIE constructed with optimal eigenvalues has the minimum
MSE among the RIE class. Moreover, the posterior mean estimator achieves the
MMSE and is inside the RIE class. Therefore, we conclude that for rotational
invariant prior on the signal, the optimal RIE is Bayes-optimal. Using this fact,
we can access the MMSE by computing the MSE of the optimal RIE.

4.3 Main Contributions and Organization

The thesis is divided into two main parts. The first part concerns mismatched
low-rank estimation problem, and the second part studies extensive-rank matrix
inference problems. The next two chapters introduce tools from random matrix
theory and spherical integrals which constitute an integral part of the methods
and results derived in the thesis.

Chapter 5| provides an in-depth yet not exhaustive exploration of random
matrix theory and the various analytical methods used to study the asymptotic
behavior of large random matrices. The analyses carried out in this chapter,
under a broadly applicable model of random matrices, will be consistently
referenced in subsequent sections. Moreover, we give a brief introduction to
Voiculescu’s free probability theory which was originally proposed to understand
a special class of von Neumann algebras through the concept of freeness [57).
Two matrices A and B are considered to be mutually free if their sets of
eigenbases are related through a random rotation, meaning that the eigenvectors
of A and B are effectively orthogonal with high probability. The discovery by
Voiculescu [58| that random matrices could asymptotically exhibit freeness has
had a profound impact on random matrix theory. Furthermore, we introduce the
concepts of Free entropy and Free Fisher information, which are the analogues
of Shannon entropy and Fisher information, respectively. The chapter concludes
with a discussion of the replica method, which is used to compute the resolvent
of a large class of random matrices, and leads to optimal RIEs.
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In chapter [0 we introduce the spherical integrals and discuss their asymp-
totic limit. For two symmetric matrices A, B € RY*Y the spherical integral
is defined as:

In(A, B) = <exp {gTrAUBUT}>U
where the average is w.r.t. the Haar measure over the group of (real) orthogonal
N x N matrices. The spherical integrals can also be defined w.r.t. the
unitary or symplectic group. These integrals are often referred to as Harish
Chandra-Itzykson-Zuber (HCIZ) integrals in mathematical physics literature.
The study of these objects dates back to the work of mathematician Harish
Chandra [59] and they have since been extensively studied and developed in
both physics and mathematics [60H64]. We review the asymptotics of these
integrals, both symmetric and rectangular, in low-rank and high-rank regimes.
These theoretical results are applied to derive the limiting mutual information
in inference models and to find explicit formulas for RIEs.

Part [l - Low-rank mismatched inference

In chapter [7] we look at the mismatched low-rank matrix estimation in the
symmetric case. We consider the spiked-Wigner model where s € RY has
i.i.d. elements distributed according to a true prior P, and the noise matrix
has i.i.d. Gaussian entries. The statistician, unaware of the prior and the
channel properties, assumes a Gaussian prior for the signal and an incorrect
SNR, «’. Using a Bayesian estimation approach, he/she attempts to construct
the posterior mean estimator to recover the signal. We are interested in the
asymptotic MSE of the estimation with mismatched parameters. To this end,
we first prove a formula relating the free energy of the system to the mismatched
MSE, as stated in lemma [7.1] This formula generalizes the I-MMSE relation
to the mismatched setting, and we refer to it as the f~MSE relation.
We derive the asymptotic free energy of the mismatched estimation for two
cases of true priors, Gaussian prior (with mismatched variance) in Theorem
and Bernoulli prior in Theorem [7.6] These derivations utilize results on
high-dimensional limits of spherical integrals and the integrals are evaluated
carefully using Laplace method. Subsequently, we compute the asymptotic
mismatched MSE using the f-MSE relation, see Theorems [7.1], Additionally,
we explore the performance of the AMP and spectral estimators in this context.

In chapter [8] we extend the analysis from chapter [7] to the non-symmetric
case. We adapt the spiked-Wishart model with s € RY, t € RM having
ii.d. elements from P;, P,. The statistician assumes Gaussian priors for both ¢
and s and an incorrect SNR. With this framework, we show a similar {-MSE
relation in the non-symmetric scenario, lemma For the case where the true
priors are Gaussian (but statistician assumes a mismatched variance), we derive
the asymptotic free energy, see Statement [8.2] from which we can compute the
asymptotic mismatched MSE.
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Part [l - Extensive-rank inference

In chapter [9] we investigate symmetric extensive-rank matrix denoising prob-
lem, focusing on the denoising model with § = 87 € RV distributed
according to a rotationally invariant prior. For the linear-rank growth with
Gaussian noise matrix, we prove in Theorem that the asymptotic mutual
information is linked to the asymptotic log-spherical integrals. Moreover, using
the Bayes-optimality of the RIE, we find the asymptotic MMSE in terms of
the limiting spectral measure of the observation matrix in Theorem [9.2] Then,
using [-MMSE relation and basic results from free probability, we integrate the
MMSE and find an explicit expression for the asymptotic mutual information
(Theorem . Given the relation between the asymptotic mutual information
and the spherical integrals, the explicit formula for the asymptotic mutual
information can serve as an explicit formula for the asymptotic log-spherical
integral in a special case. An interesting issue is whether the known information
theoretic phase transitions for rank-one, and also sub-linear-rank [48|, still
persist in linear-rank. Our analysis suggests that only a smoothed-out trace
of the transitions persists. In the sub-linear growth regime, we propose an
optimal RIE for the general rotation invariant noise matrices. We compute the
asymptotic MSE of this sub-linear RIE and show that it matches the rigorously
derived MMSE for the particular case of Gaussian noise in [65].

In chapter we study the extensive-rank denoising problem with non-
symmetric matrices. We consider the model with §,Z € RV and
Z is a general bi-rotational invariant noise matrix. We propose rectangular
RIFE which extends RIEs to accommodate rectangular matrices. Utilizing the
replica method, we derive an explicit RIE formula (see eq. (10.5])), which we
conjecture to be optimal for general bi-rotationally invariant noise matrices.
For the particular case of Gaussian noise, we prove a trace relation in Theorem
[10.3] that strongly supports the proposed RIE’s optimality. Analogous to the
symmetric case, if the signal S is also bi-rotationally invariant distributed, the
optimal RIE is Bayes-optimal and its asymptotic MSE equals the asymptotic
MMSE. We derive the asymptotic MMSE under Gaussian noise in terms of
the limiting singular value distribution of the observation in Statement [10.4]
Furthermore, by independent methods we show that the asymptotic mutual
information between signal and the observation is linked to the asymptotic
log-spherical integral, see Theorem [10.5]

In chapter we tackle the extensive-rank matrix factorization problem
([#.13). We study this problem under the assumption that S € R¥*V is a
symmetric matrix from a rotational invariant ensemble and both T, Z € RV*M
are distributed according to bi-rotational invariant priors. The goal is to
reconstruct both factors S, T separately, given the observation Y = /kST+ Z.
Under the rotational invariant assumption of the priors, we show that the RIE
is Bayes-optimal to recover the factors. Using the replica method, we derive
analytical formulas for two RIEs which reconstruct S and T separately given
the knowledge of the priors and the observation matrix.
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This thesis is concluded by chapter [I2| where we summarize its findings
and present possible research directions.



Random Matrix Theory:
Overview and Analytical
Tools

This chapter serves as a review of key principles and ideas from random matrix
theory, which are crucial for the rest of the thesis. While it does not aim to be
an exhaustive overview of the field, it presents a brief introduction to the core
concepts and findings necessary for understanding the following chapters. For
a comprehensive study of random matrix theory, we direct the reader to |66|
for a mathematical perspective, and to |67] by Potters and Bouchaud for an
approach from the physics standpoint.

The study of random matrices originated with Wishart’s work [68] in 1928,
focusing on the distribution of empirical covariance matrices. This early research
eventually led to the development of the Marcenko-Pastur distribution [69].
In the 1950s, Wigner introduced random matrix theory as a statistical model
for the energy levels in heavy nuclei |70|, which contributed to the emergence
of the Wigner semi-circle distribution. random matrix theory, initially rooted
in physical and statistical contexts, has evolved into a dynamic field of study,
yielding numerous significant findings in recent decades. This chapter will focus
on the aspects of random matrices relevant to statistical inference, excluding
some topics. While, the discussion will be focused on square, symmetric
matrices, we also present the tools required to study non-symmetric matrices.

We begin this chapter with an introduction to probability transforms that
will be used later on.

5.1 Large Random Matrices and their Spectral
Distribution

In random matrix theory, it is common to consider matrices of infinite dimension
for theoretical analysis. However, in practice, we deal with large matrices of

15
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finite dimension N. This leads to an intriguing aspect, that as we approach the
limit N — oo, we find that this theoretical model provides remarkably accurate
approximations for the properties of large, but finite-dimensional matrices.
Specifically, it is a well-established fact that the probability distributions
reflecting the fluctuations of large-scale observables often approach certain
stable laws as the size increases. Therefore, we anticipate that the statistical
characteristics of a random matrix A with dimension N (like its eigenvalue
distribution) will exhibit a predictable or self-averaging behavior as N increases.
This tendency towards deterministic behavior in the infinite dimension limit
becomes a crucial tool for characterizing the matrix, assuming it is sufficiently
large. Consequently, our focus will be on the N — oo limit in the following.
In this thesis the focus is on rotational invariant ensemble. As defined in
previous chapter a symmetric real matrix A € RV*¥ is said to be rotationally
invariant if the probability is invariant under an orthogonal transformation,
i.e. Py(A) = P4(OAQT) for any orthogonal matrix O € R¥*¥. A common
example of an invariant measure is of the form of a Boltzmann distribution:

PA(A)dA e 2 V(A gA (5.1)

where V() is called potential function, and dA = [],.,;cy dA;; denotes
Lebesgue measure. Changing variables from the entries of A to its eigenvalues
A1, -, Ay and eigenvectors we find:

N N
Pa(A)dA oc e 2 20 YOI TT [n = Al ([T dn) DO (5.2)
i<j i=1

where the Vandermonde determinant Hf\i ;1A = Aj| appears from the Jacobian

of the change of variables, and DO is the Haar (flat) measure over orthogonal
group (orthogonal matrices of dimension N).

A critical aspect of studying large matrices involves analyzing their eigenval-
ues (or singular values) and corresponding eigenvectors, which have been shown
to have significant practical importance, as discussed in the previous section.
Random matrix theory has been instrumental in providing insights into the
eigenvalues and eigenvectors of matrices. The distribution of the eigenvalues
A1, -+, Ay can be characterized through the Empirical Spectral Distribution
(ESD):

N 1 o
P (0) =+ ;aw ~ ) (5.3)

where 0(.) is the Dirac delta function.

One of the most important property of large random matrices is that
under sufficient conditions, the ESD converges almost surely towards a unique
deterministic probability measure pilN) (x) — pa as N — oo. For example, for
priors like in if liminf ;o V(2)/(61n|z|) > 1 for some 5 > 1, then the
ESD converges weakly almost surely to a well-defined measure with compact
support [66].
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In the next part, we give an overview of different transforms that are
employed to study the spectral properties of random matrices, and in particular
deal with the spectral distribution of sums of random matrices.

5.1.1 Resolvent matrix and Stieltjes transform
Stieltjes transform

We first define the Stieltjes (or Cauchy) transform of a probability density
function p on R as:

z—1

G,(2) = /R ! p(t)dt for z € C\supp(p) (5.4)

The Stieltjes transform has many interesting properties. For example, G,(.)
is an analytic function on C* when range is contained in C~. Moreover, if the
pdf p does not contain Dirac masses, we have:

lim G,(x — ie) = wH[p|(x) + mip(z) (5.5)
e—07t
with H[p](z) = p.v.Z [5 %dt the Hilbert transform of p (here p.v. stands for
"principal value"). Hence, the distribution p can be retrieved from its Stieltjes
transform.
The Stieltjes transform can also be seen as the generating function of
moments of p. If p has compact support contained in [—R, R] for some R > 0,
then for |z| > R G, has the following power series:

Y
G(z) ==+ Zmﬂ (5.6)

=1

where m? is the i*" moment of p.

Furthermore, suppose that {px}x is a sequence of probability measures on
R with Gx the Stieltjes transform of py. If {Gy}n converges pointwise to G
on C* with lim,_, iyG(iy) = 1, then there is a unique probability measure p
on R such that py — p weakly, and G is the Stietjes transform of p. Therefore,
studying the limiting Stieltjes transform of ESD of random matrices can provide
us with the limiting spectrum.

Resolvent matrix

For a symmetric matrix A € RV*¥ the resolvent matrix is defined as:

-1

Ga(z) = (zIy — A) (5.7)

with z € C\{\;})¥;. Consider the eigenvalue decomposition of A to be A =
Zij\; Na;a] with a; € RY eigenvectors of A, then the resolvent of A can
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alternatively be written as:

Ga(z) =Y - E Laal (5.8)

=1

Therefore, the resolvent matrix contains the complete information about
the eigenvalues and eigenvectors of A. It is apparent that the number of
singularities in the resolvent corresponds directly to the number of eigenvalues
of A. Moreover, for z — \; for 1 < i < N, the residue at the pole defines
a projection onto the eigenspace associated to the eigenvalue(s) A;. In later
chapters, we will show how this property can be used to study the eigenvectors
and derive optimal RIEs.

Now, focusing on the statistics of eigenvalues, we examine the normalized
trace of the resolvent

1 e 1
—T = — :
~ TrGal2) N;z—)\i (5.9)

which can be seen as the Stieltjes transform of the ESD defined in (j5.3). Now
consider that the following limit exists for all z € C*:
1

T Ga(2) M2 G(2)

then, the limiting spectral distribution of A can be retrieved using the relation
. This approach is one of the techniques in random matrix theory to study
the limiting spectral measure of an ensemble, and we will follow this approach
to recover the well-known semi-circle law and Marchenko-Pastur distribution.
For z — oo, the normalized trace can be expanded as:
N

1 o0 1 1 Tr AF
NTTGA(Z) = ;—FN;W

Therefore, if one can compute the moments of eigenvalue distribution in the
limit N — oo, it is possible to reconstruct the density of eigenvalue distribution.

R-transform

To define the R-transform, we introduce the functional inverse of the Stieltjes
transform, also known as the Blue transform:

gp_l (gp(z)) =z

and the R-transform is defined as:

Ro(2) = G4 (2) - 2 (5.10)
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Considering the power series of R, one finds:

R,y(z) = Z izt (5.11)
i=1

where kf is the free cumulant of order i of p, which for the first four terms
read:

o _
R =T
2
p__ P
&2—m2—(m1)
3

p p PP p

Ky =mf —dmbmf; — 2(m§)2 + 1Om§(m§)2 — 5(m’f)4
where m/ is the i*® moment of p. Note that, the free cumulants differ from
'standard’ cumulants for 7 > 4.

It turns out that, free cumulants of limiting spectral measures of sum of
random matrices are given by the sum of free cumulants of limiting spectral
measure of each matrix, i.e. k"™ = kP4 4+ K7 see section Therefore,
the R-transform is an important tool to study the spectral measure of sums of
random matrices.

5.1.2 Rectangular random matrices

In the exploration of random matrix theory, the study of rectangular random
matrices presents unique challenges. Unlike their symmetric counterparts, there
is no direct or unified theoretical framework for understanding the behavior
of rectangular matrices. This lack of a straightforward approach stems from
the inherent complexity and variability in the structure of non-square matrices.
However, by leveraging the existing analytical tools and methods developed
for symmetric random matrices, we can effectively investigate the statistical
properties of the singular values and singular vectors of rectangular random
matrices. This approach allows us to extend our understanding and apply
well-established principles from the study of symmetric matrices to the more
complex realm of rectangular matrices.

Consider a non-symmetric random matrix A € RV*M with N < M [[] As
in the symmetric case, we are interested in studying the statistical properties
of this matrix in the limit N — oo. A common assumption is that N, M grows
proportionally with ratio converging to a constant, ¥/ — a € (0, 1].

The ESD of A is defined in the same as in (5.3)):

N

p0(w) = > 6w — )

=1

IFor the purpose of this chapter, it suffices to consider the case N < M. If N > M, we
can consider AT can exchange the role of N with M.
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where vy, - -+, vy > 0 are singular values of A. We can study the singular value
distribution of A by analyzing the eigenvalue distribution of the symmetric
matrix AAT. Let the SVD of A be:

A= UAI‘VATy I'= [ diag(,ylv U 77N) ‘ ONX(M—N) ] € RNXM

with orthogonal matrices Uy € RY*N V, € RM*M_ Then, the eigenvalue
decomposition of AAT reads:

AAT=U, [ diag(1t,--- ,7%) | UJ

So, there is a one-to-one map between the singular values of A and eigenvalues
of AAT. The limiting eigenvalue distribution of AAT can be studied using
the tools developed for symmetric matrices. Suppose this distribution exists,
and with abuse of notation we denote it as ps. Then, the limiting spectral
distribution of A, denoted as p4 can be retrieved by applying a (square-root)
transformation to p4. Using this approach, we derive the limiting singular values
distribution of a non-symmetric Gaussian matrix by applying the square-root
transformation to the Marchenko-Pastur distribution in section [5.2.2

A major limitation of this approach is that we cannot study the statistics
of singular vectors of A. For example, by considering A AT we do not have any
information about the right singular vectors of A, Vjy.

Another approach is to embed a non-symmetric matrix into a symmetric
matrix. Construct the symmetric matrix A € RWTM*N+M) from the matrix

A,
| Oyxny A
[ oA ] -
By Theorem 7.3.3 in [71], the eigenvalue decomposition of A reads:
diag(y1, -+, ) 0 0
A =W 0 _diag(’Yla e 7IVN) 0 wr
0 0 O(nv—N)x(M-N)
(5.13)
with
W ff(flx) l{A(l) ONx(z(\g)—m € RIVEM)X(N+M)
Vit =Vy Vi
where Vi = [ V) V2 | in which Vi € RMV, and V" = L[,

Us=JUa.

Given the decomposition in (5.13)), eigenvalues of A are signed singular
values of A plus M — N trivial zero eigenvalues. The ESD of A can be written
as:

2N
Ny, 1 .y, M-N

i=1
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where 4y, are the non-trivial zero eigenvalues of A, 31 = V1, ..., 98 = YN, IN+1 =
-1, ..., 72Ny = —7Yn. We can go further to get:
My N N _ ey, M-N,
pa (T) N arta ($)+N+MMA ( %’)+N+M (2)

In the limit N — oo, we have:

2c 7()_1_1—04
= Xz
1+a " T 11a

pa() o(x)

where fia(x) = $pa(x) + $pa(—x) is the symmetrization of pa. Therefore,
the spectral distribution of A excluding trivially zero eigenvalues is the sym-
metrization of spectral distribution of A.

Moreover, we can analyze the singular vector by constructing the resolvent
of A. Denote the eigenvectors of A by w; € RM*™N ¢ =1,... M+ N.

Ga(z) = (=1 — .A)f1

2N | MEN
= E —w;w] + — E w;w]
— F T z .
=1 i=2N+1

Note that by , w;’s contain the full information about the singular vectors
of A, hence the resolvent G 4(z) provides us with the full information about
both singular values and singular vectors of A.

The Stieltjes transform is defined in the same way as for 4 and can
be used to retrieve py by the inversion formula (5.5). An important transform
for non-symmetric random matrices is the rectangular R-transform which is
used to study the spectrum of sums of non-symmetric matrices.

Rectangular R-transform

To define the rectangular R-transform, we first need to define some intermediate
quantities. For a probability measure p with support contained in [— K, K] with
K > 0, we define a generating function of (even) moments M, : [0, K %] — Ry
as

1
M () = / (e 1 (5.14)
For a € [0,1], define T (z) = (az 4+ 1)(z 4+ 1) and
H (2) == 2T (M,(2)) (5.15)
The rectangular R-transform with ratio « is then defined as:
o a)—1 z
Cl(l )<Z) = T( ) <(a)—_1> (516)
) ()

Similar to the symmetric case, C,(f") can be written as power series with rect-
angular free cumulants. Therefore, it can be used to characterize the limiting
spectrum of sum of two non-symmetric matrices.
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5.1.3 Random matrix theory in practice

In this thesis, and often in practice, one needs to estimate the limiting spectral
distribution of a given large (data) matrix. As explained in one can
approximate the Stieltjes transform of the spectral measure, and retrieve the
distribution using the inversion formula (5.5). Note that we cannot simply use
the normalized trace to evaluate p(.) at a given a eigenvalue (or signular
value) because using + Tr G 4(z) in the inversion formula gives infinity for
eigenvalues of A. One idea is to apply kernel methods to estimate continuous
density from discrete data.

Given a set of eigenvalues (or singular values) Aj, -+, Ay, a smooth estima-
tor of the density is constructed by replacing the Dirac delta function in
by a proper normalized kernel of width 7, K,,.

N
1
(V) — — E — )\
Y — Ky(z = \i)

where
/ K, (t) dt = 1

Here, we present the Cauchy kernels which we use through the thesis, for
other choices of kernel we refer the reader to section 19.5 of [67]. Cauchy’s
kernel is defined as:

L 7
KC(t) := =
77<) 7Tt2+772

and has the following Stieltjes transform:

1
Gro(z) = . + = signIm 2

Then, the smoothed Stieltjes transform of p¥) is computed as:

N

1 1
G~ Y

=1

where n can be chosen properly at each point, however in the numerical
simulations in this thesis we use this approximation with fixed n = /1/n.

5.2 Semi-circlular Law and Marchenko-Pastur
Law

In this section, we investigate two well-known classes of random matrices:
Wigner and Wishart matrices. Our focus will be on deriving their respec-
tive limiting spectral distributions, specifically the semi-circle law for Wigner
matrices and the Marchenko-Pastur distribution for Wishart matrices.
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Figure 5.1: Comparison of the ESD of a Gaussian Wigner Matrix with the semi-circle
Law. The histogram represents the normalized distribution of eigenvalues for a 1000 x 1000
Gaussian Wigner matrix. The red curve illustrates the semi-circle law, highlighting the
convergence of the empirical distribution towards this theoretical prediction as the matrix
size increases.

5.2.1 Wigner matrix

A Gaussian Wigner matriz X = X7 € RV*¥ is constructed with i.i.d. Gaus-
sian entries as follows:

1
Xij ~ N(0, 5 (1+05)) forl <i<j<N

One can easily see that X is rotationally invariant distributed, and its proba-
bility measure can be described as in (/5.1):

dPx(X) = Cye™ 7 "X ] dx; (5.17)
1<j
where Cy is the normalizing constant. The ensemble described by is
often referred to as Gaussian Orthogonal Ensemble (GOE).
We will prove that the limiting spectral distribution of GOE is the renowned
semi-circle distribution which we define below. In figure 5.1 the ESD of a
Gaussian Wigner is plotted against the theoretical semi-circle law.

Semi-circle distribution

The (standard) semi-circle distribution is the probability measure on [—2, 2]
with density:

1
dpuc(t) = 5-VA— P dt (5.18)

Since the semi-circle distribution is symmetric, the odd moments are zero.
The even moments can be computed to be Catalan numbers C) = k%l (2:)

1/ dd
= t”\/4—t2dt:{0’ no (5.19)

2m ), Cr, n=2keven
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Using the power series expansion of Stieltjes transform (5.6 and the recur-
rence relation of Catalan numbers, we find that G, (z) satisfies the following
quadratic equation:

Gp(2)? = 2Gp () +1=0 (5.20)
with two solutions:
zEVz22—4
Gpee(2) = 5
To choose the correct sign, from (5.19) we see that for z — oo the Stieltjes
transform behaves as /z. Choosing the minus sign in the solution above gives
the correct asymptotic behavior. Therefore, we have:
z—z22—4

gpsc(z) = 5

Finally, we can compute the R-transform of the semi-circle distribution to
be:

(5.21)

Rpu(2) = 2 (5.22)

Proof of convergence of ESD of GOE to semi-circle law

There are various methods to prove the convergence of ESD of GOE towards
semi-circle distribution. One technique is to compute the moments of the
matrix and show that they match the Catalan numbers. This technique
involves combinatorial computations and is able to show the convergence holds
for general prior on entries.

Here, we directly compute the limiting normalized trace of the resolvent of
GOE and show that it satisfies . Then, using the inversion formula (/5.5]),
we find that the limiting spectrum of GOE is the semi-circle distribution.

We will use the following two lemmas in our derivation.

Lemma 5.1. Let Gx(z) be the resolvent matriz of a symmetric matriz X €
RN*N - We have:

1
2

Gx(2) (XGx(2)+1I) forzeC\R (5.23)

Proof. By definition of the resolvent (5.7]), we have:
(ZIN — X)Gx(z) = IN
After expanding and rearranging the terms, we find the result. ]

Lemma 5.2 (Stein’s identity). Let X1, -, Xy be independent Gaussian vari-
ables with E[X;] = 0,Var(X;) = o7, and [ : R* — R be a continuously
differentiable function. If f and its partial derivatives are of polynomial growth,
then for all i we have:

of

E[f(X, X X] = E[ 33

(X1, , Xp)] (5.24)
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Proof. In the univariate case (k = 1), we have:

B ()X] = ——; [at@e i a

1 22
o [ )T

1 / 9 22 1 g x| Te0
= r)o‘e 2z dr — r)o'e =
V2mo? /f (@) vV 27mzf< ) —00
= o’E[f' (X))
For k > 1, we do the same steps for the i-th random variable. O]

In what follows, we show that the expected normalized trace of the resolvent
of Gaussian Wigner matrix X converges to the Stieltjes transform of the

semi-circle distribution. By (/5.23)), we have:

LETrGy(z) = lE[Trl(XGX(z) + I)}
N A (5.25)

Using Stein’s identity, the second term (dropping the factor 1/z) can be written
as:

1 R

i.j=1
N

1
The partial derivatives are given by:

[ 0
0Xi

Gx(2)], = [Gx(9)]

7

[ afgj Gx(2)], = [Gx(2)] + [Gx(2)] [Gx(2)],
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Plugging in ([5.26)), we find:

]17 ”ﬁ[:l Var(X;;)E [a%w [Gx(2)] ji]

i,j=1 ” i,j=1
1 1 2
= WETI‘ Gx(2)2 + mE(TI‘ Gx(Z))

(5.27)

We show that the first term in ([5.27)) goes to 0 as N — oco. Let Ay, -+, Ay
be the eigenvalues of X. For z € C\R, we have:

(z—=X)* = (Rez — )\i)Q + (Imz)2 > (Imz)2
Therefore, by Jensen inequality, we find:

1
FE Tr GX(Z)2

1
S FE| Tr GX(Z)2‘

:ﬁ:[zﬁ]

2w (5.28)
1 1
< 5 — 0as N — oo
N (Imz
The second term in ([5.27)), can be written as:
1 2 1 2
—]E(TrGX(z)> =E (— TrG’X(z))
N2 N
(5.29)

= (%E Tr GX(z)>2 -+ Var(% Tr GX(Z))

Using the Gaussian Poincaré inequality , the variance of the normalized
trace of the resolvent can be shown to converge to 0 as N — oo,

Var(% Tr GX(z)> < % (5.30)

where C, is a constant indendent of N. Putting (5.25)),(5.26),(5.27)), (5.28)),
(15.29)),(5.30) together we find:

%E TrGx(z) = % + %(%E Tr GX(Z))2 + O(%) (5.31)
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Therefore, we conclude that +ETr Gx(z) in the limit N — oo satisfies the
quadratic equation (5.20f), and choosing the correct sign for the solution we
obtain:

lim %ETI“ Gx(z) =G, .(2)

N—oo

which implies that + Tr Gx(z) converges in probability to G, (z). Conse-
quently, since % Tr Gx(2) is the Stieltjes transform of ESD of X, we deduce
that the ESD converges weakly in probability to ps..

We conclude this section with a few remarks about Wigner matrices. Firstly,
it is noteworthy that the convergence in probability discussed earlier can be
extended to almost sure convergence, offering a stronger form of convergence.
Additionally, the convergence of ESD to ps. holds under a broader range of
distributions for the entries of matrix X, not just the Gaussian distribution.
The primary condition for this applicability is the existence of all moments of
the distribution.

5.2.2 Wishart matrix

Wishart matrices with Gaussian entries play a critical role in both statistical
theory and random matrix theory. Such a matrix, typically denoted as W =
X XT, is constructed from the matrix X € RY*M whose entries are i.i.d.
Gaussian random variables of variance /n. In statistical contexts, the Wishart
matrix is particularly significant when the columns of X represent independent
samples from a multivariate normal distribution, making W a sample covariance
matrix. The asymptotic behavior of these eigenvalues is characterized by the
Marchenko-Pastur law, when N — oo with fixed aspect ratio ¥N/m — q € R,
This particular aspect makes Gaussian Wishart matrices indispensable in the
analysis of high-dimensional data.

Marchenko-Pastur distribution

The Marchenko-Pastur distribution with aspect ratio ¢ > 0 is the probability
measure with density:

(1—1f6@y+vqﬁ_A)O+_ﬂ (5.32)

where

and

o+ x ifx>0
o ifx<o0

From the formula (5.32)), one can see that when ¢ > 1, 1 — /4 proportion of
eigenvalues are zero, which is expected since when N > M, W has N — M
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I Eigenvalues of Wishart Matrix I Empirical Singular Values
04— Pup 061 — Hwmp

0.5 1 1.5 2 2.5
Eigenvalue Singular Value

Figure 5.2: Comparison of empirical distributions for a Wishart Matrix. This figure
illustrates two key distributions: the empirical singular value distribution and the empirical
eigenvalue distribution of a Wishart matrix for N = 1000, M = 2000. Both distributions
are compared with the theoretical Marchenko-Pastur law. The histogram on the left
represents the distribution of singular values, showcasing their convergence towards the
square root transformation of the Marchenko-Pastur law. On the right, the histogram
depicts the eigenvalue distribution, aligning with the standard Marchenko-Pastur law.

trivial zero eigenvalues. In figure [5.2], the empirical eigenvalue distribution of a
Gaussian Wishart matrix is plotted against the theoretical Marchenko-Pastur
distribution.

The Stieltjes transform of pyp can be shown to satsify the following quadratic
equation:

1
2Gpe(2)? — (2 — rhs 1)Gpn(2) +1=0 (5.33)
from which we can find the (correct) solution to be:

z—%—i—l—\/z—)ur\/z—)\_
2z

Goue (2) =

and, its R-transform is:

(5.34)

1 1 1
= - — 5.35
ql—z+z ( )

RPMP (Z)

The derivation of the Marchenko-Pastur law closely parallels that of the
semi-circle law, utilizing similar methodologies such as moment calculation
or the examination of the limiting normalized trace of the resolvent. Both
approaches involve complex mathematical procedures, and we omit them here.

Singular value distribution

Given the eigenvalues distribution of X X7, we can find the distribution of
singular values of X applying square-root transformation to py,. We assume
that N < M so there are N non-trivial zero singular values. With abuse of
language and notation, we denote the resulting density function by pyp and
refer to it as Marchenko-Pastur distribution.

VE=) (- 1)

mt

(5.36)

M (t) =
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This distribution will be used in the analysis of denoising rectangular ma-
trices which are corrupted by additive Gaussian noise, therefore, one important
transform of this distribution is the rectangular R-transform which is given as :

Hwmp

1
CY (2) = o7 forqg <1 (5.37)

5.3 Free Probability

In inference problems, we frequently encounter matrices that are corrupted by
noise, necessitating an analysis of their spectral properties. Common approaches,
such as examining the Stieltjes transform, often pose significant challenges and
may not always be applicable to these scenarios. This is particularly true when
dealing with matrices that are sums or products of random matrices, where the
complexity of interactions between matrix components complicates conventional
methods. Free Probability theory emerges as a powerful framework in this
context, offering robust tools for investigating the limiting spectral distribution
of such composite matrices.

This section offers a concise introduction to free probability theory, a distinct
approach for analyzing the asymptotic behavior of large-dimensional random
matrices. Specifically, free probability presents a technique for examining
the limiting spectral distribution of sums or products of symmetric random
matrices. In this discussion, we focus on the basic notions of free probability
as it applies to symmetric real random matrices. For a more comprehensive
exploration of the topic, readers are directed to [72].

5.3.1 Freeness

Free probability, originated by Dan Voiculescu, has created a significant in-
terplay between random matrix theory and operator algebra. Voiculescu’s
introduction of this theory, initially aimed to understand specific classes of
von Neumann algebras [57], laid the foundation for a new calculus for non-
commutative operators based on the concept of freeness. For simplicity, we
do not go into details of algebra and work with matrices as non-commutative
objects.

Consider a sequence of random symmetric matrices Ay, By € RV*V with
limiting spectral densities p4, pp, and define the linear functional

1
¢(A) ;= lim NTrAN (5.38)

N—oo

which is the first moment of p4.
Assume that p(A) = p(B) = 0, then Ay and By are called (asymptoti-
cally) free if:

PAMB™ . A BT = (A )p(B™) - (A )p(B™)  (5.39)
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for any integers ny, - - ,ng and mq, --- ,my with & € N. Note that if p(A) # 0
we can consider A — p(A)I (and similarly for B).
For any pair of free matrices Ay, By, we have:

p((A = p(A)I)(B - ¢(B)I)) = 0= ¢(AB) = ¢(A)¢(B)

Therefore, if we consider the trace operator (5.38]) as the non-commutative
equivalent of the expectation value for random variables, then the property
of freeness can be seen as the analogue to the moment factorization
property. In general, freeness facilitates the calculation of mixed moments
of matrix products using the known moments of A, B (or p4, pg), analogous
to how classical independence functions in classical probability theory. For
example:

p((A—(A))(B — ¢(B)I)(A - ¢(A)I)) = 0= p(ABA) = p(A*)¢(B)
and by similar calculation one can find:
p(ABAB) = ¢(A?)p(B)* + ¢(A)*¢(B?) — ¢(A)*p(B)*

This theoretical framework has profound implications for the asymptotic
behavior of large-dimensional random matrices. Voiculescu’s seminal work |73]
revealed that rotationally invariant random matrices asymptotically satisfy
the criteria of freeness. This discovery has considerably impacted random
matrix theory, especially in understanding the relationship between eigenbases
of matrices. Under this framework, if A and B are independent self-adjoint
matrices with spectral densities converging almost surely as N grows, and if B
is rotationally invariant, then A and B are asymptotically free.

5.3.2 Free additive convolution

Besides computation of mixed moments of random matrices, free probability
allows us to compute the limiting spectral distribution of sums and products
of random matrices. Here, we only present the result for the additive case as it
will be used throughout the thesis.

Consider a sequence of random matrices My = Ay + By that By is
assumed to be rotational invariant, so we have:

My = Ay +OByNOT

for any orthogonal matrix O € R¥*Y_ Suppose that ESDs of Ay, By converge
to well-defined probability distributions pa, pg. As mentioned above Ay and
By are asymptotically free, therefore we can use the law of addition for non-
commutative operators to compute the limiting spectral distribution of M.
This law states:

Ropur(2) = Rpu(2) + Rpp(2) (5.40)
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The free additive convolution of two measures is denoted as py; = pa H pp. In
this way, the R-transform can be viewed as the random matrix theory
counterpart to the logarithm of the Fourier transform used in classic additive
convolution. In the next section, we present a derivation of this relation using

replica method.
The formula provides us with a systematic tool to compute the
limiting spectral distribution of a sum of two matrices. Using ([5.10]), we have:
g—l

PM

(2) = G, (2) + Ry (2)
Plugging G,,,(2) as z, after rearranging we find:

gﬂ_Al (gPM (Z)) =z RPB (gpM(z))

Applying G,, () on both sides, we find:

Gons () = Gy |2 = Ry Gy ()] (5.41)

Therefore, we can compute the Stiletjes transform of p,; knowing pa, pp, from
which pj; can be obtained using inversion formula ((5.5)).

Rectangular free additive convolution

In [74], the free convolution is generalized to non-symmetric matrices. Consider
a sequence of N x M matrices built as:

My =Ay+UByNVT

for any orthogonal matrices O € RY*N vV € RM*M  GQuppose that ESDs
(distribution of singular values) of Ay, By converge to well-defined probability
distributions g4, up, and N/m — a € (0, 1]. The law of rectangular-free convo-
lution states that the limiting singular values distribution of M is characterized
as:

Cl(z) =C(2) +C\(=) (5.42)

125,74

and this additive rectangular-free convolution is denoted as py = pa B, pp.
In chapter [I0] we derive this formula as a part of developing rectangular RIE,
utilizing the replica method.

5.3.3 Free entropy and free Fisher information

In a series of papers [75-80], Voiculescu developed information theory for
non-commutative random variables. He introduced two types of free entropy,
see [76,(79,81]. The first type, denoted as x(X), quantifies the asymptotic
volume of matricial microstate spaces, which is closely related to the classical
entropy of random matrix models. The second type, x*(X), is defined through
free Fisher information, which has to do with how the distribution of X interacts
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with differentiation, akin to classical Fisher information. Heuristically, one
expects that both types of free entropy are equal and coincide with large N
limit of classical entropy of random matrix models. However, showing this
equality involves several technical challenges in its proof, as discussed in [81].

Nonetheless, in the one variable case these two types of free entropy are
proved to be equal. For X a self-adjoint non-commutative random variable
associated to a probability measure px with compact support on the real line,
the free entropy x(X) and the free Fisher information ®(X) are given as

3 1
X(X) = // In|s —t|px(s)px(t) dsdt + 1t 3 In 27, (5.43)
472 3
Q(X) = 5 px(s)ds. (5.44)
Moreover, these two quantities are linked through the relation:
(X) 1/°°<—1 (X +VIZ))di+ Shor L (5.49)
= — — — 1 o .
X 2 )y \11¢ o T

where Z is non-commutative random variable associated to the semi-circle
distribution ps., and X and Z are free ([5.39).

In chapter [9, we leverage these relations to derive an explicit formula for
the mutual information in symmetric matrix denoising. This underscores that,
in the large N limit, matrix inference problems can effectively be modeled as
scalar inference problems within the framework of free probability.

5.4 Replica Method

As mentioned before (see ), the analysis of eigenvectors can be approached
through the study of the resolvent. However, methodologies like free probability
primarily provide insights into the normalized trace of the resolvent, offering
limited information about the structure of eigenvectors. To thoroughly examine
the resolvent matrix, it is necessary to employ additional techniques, such as
the Replica method, a technique adopted from statistical physics. In essence,
the Replica method enables the transformation of the expectation value of
a logarithm into a series of moments, computed as expectation values over
multiple copies, or replicas, of the original system. This approach has proven
highly effective in various areas, including random matrix theory and disordered
systems, as evidenced in references [4], and more comprehensive reviews like [82].
It is important to note, though, that despite its effectiveness as a heuristic tool,
the Replica method lacks formal mathematical rigor. Consequently, validating
results derived from the Replica method with other methods, such as numerical
simulations, is crucial.

As a preliminary case, we will outline the methodology for the Stieltjes
transform and subsequently illustrate how this approach can be expanded to
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analyze the full resolvent. We observe that the normalized trace of the resolvent
of a random matrix A can be represented as follows:

N

1 1 1 1 d 1 d
NTIGA(Z):—Z : :——lnl_[l(z—Ai):Nd—lndet(zI—A)

z

(5.46)
_1/2
Then, using Gaussian representation of (det (ZI — A)> , we find:

1
(2m) %

Z(z) = <det (zI—A))_; =

/ ﬁdm exp { ‘%“T(ZI ~A)n} (5.47)

Now, assuming that + Tr G 4(z) is self-averaging (concentrates on its expecta-
tion), we can write:

1 d
NTr Ga(z) = _QEEIH Z(2) (5.48)

where the expectation is over the prior on A, P4. However, computing the
moments EZ(z)" rather than Eln Z(z) is typically more straightforward, and
this is exactly what the Replica trick aims to facilitate. This method was
originally established based on the following identity:

Z"—1
InZ = lim (5.49)
n—0 n
Hence, from (|5.48)) we formally obtain:
1 . dEZ(z)"—1
§ T Galz) = lim - — (5.50)

Thus, instead of we need to compute n replicas of the system in ([5.50]).
This computation involves working with integer values of n and then applying
analytical continuation to extend the results to real n values, followed by taking
the limit as n — oco. The limit n — 0 is often taken after the limit N — oo,
as in the large N limit the integrals can be evaluated using the saddle-point
method. The critical assumption here is the feasibility of analytical continuation
of n, which is not guaranteed, and might lead to uncontrolled approximations.
Despite these concerns, the Replica method offers a straightforward heuristic
for computing the resolvent matrix, which as shown below, is precise for the
quantities considered in this thesis.

We end this section by deriving a resolvent relation for the additive model:

M = A+ OBO' (5.51)

where A, B are two sequences of symmetric N x N matrices with limiting
ESDs p4, pp, and O is a Haar-distributed matrix. For simplicity of notation
we use G(z) = G(z) for the resolvent of a random matrix M.
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First, we express the entries of the resolvent G(z) using the Gaussian
integral representation of an inverse matrix [83]:

Gulz) = \/(27T)Ndet1(zI — M) / <Ii[1dnk> il exp{ B %nT (ZI B M)n}

ﬂ dny | minj exp§ — lnT (zI — M)n
k=1 2
/ (]f[dnk> exp{ — %nT(zI— M)n}

(5.52)

For z not close to the real axis, the resolvent is expected to exhibit self-averaging
behavior in the limit of large N, meaning that it will not depend on the particular
matrix realization. Thus, we can examine the resolvent G/(z) by analyzing
its ensemble average, denoted by (.) in the following.

<Gz’j<z)> = <% / (ﬂdnk> 1in; eXP{ - %WT (ZI - M)"?}> (5.53)

M

where Z is the denominator in (5.52). Computing the average is, in general,
non-trivial. However, the replica method provides us with a technique to
overcome this issue by employing the following identity:

(Gii(2)) = lim <Z”1 / (ﬁm) ni7; exp{ - %UT(zI - M)n}>M
~iy (f (I ?) %0 o - Z" (1= )i}

k=171=1 M

(5.54)

So, the problem now is reduced to the computation of an average over n copies
(or replicas) of the initial system . Note that, the identity is valid
for any random matrix M and is particularly useful when the average over
the probability density Py, can be effectively computed. This equation enables
us to explore the asymptotic behavior of the entries of the resolvent, thereby
providing a more comprehensive insight into the spectral decomposition of M
than what is offered by considering the normalized trace.

Using (5.51)), we can see that Py, is the Haar measure over orthogonal



5.4. Replica Method 35

group, so (5.54)) can be written as:

<Gz] >— h_)m
</ HHdn 771( )nj()eXp{_%zn:n(T)T(zI—A—OBOT)T](T)}>
k=171=1 — o
= Jm (HHdU(T)> S exp{ —%ZU(T)T(zI_A)n(T)}
k=17=1 —

X < exp {% 2”: n(T)n(T)TOBOT) }>
- o
1 (5.55)

where the last term (---)o is the low-rank (symmetric) spherical integral
(explained in the next chapter) which in the large N limit is approximated by:

(en{3 X a"nm0BoN}) ~en{] E:Rm-ﬂmTW)} (5.56)

with N
x):/ R, (t)dt
0

the primitive of R-transform of pg. Plugging (5.56) in (5.55)), we find:

(Gyy(2)) = lim (HHCW)> '

k=17=1
LT A Lo
X exp Z[ 277 (Z ) + PpB( Im ||)
=1
(5.57)

In the next step, introducing delta functions d(p'™ — X [ln™|?), (5.57) can
written as:

(G %ﬂﬁ(HH%)@W>m%

k=17=1

><H5( P\ — ||77 %)
xeXp{zn:[ ;H(T)T(ZI A)n' + PpB( )]}

(5.58)

Then, we replace each delta function with its Fourier transform o (p(T) —
< ?) o [ d¢™ eXp{ — 5¢ (P - %HTI(T)HZ)}. After rearranging, we
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find:

(Gi(2)) / (ﬁ dp™) d¢)) exp {g zn: [Py (07) — ) }

T=1
N n 1 n (5 59)
S e
k=171=1 =1
= O]
The second integral in (5.59)) is a Gaussian integral with matrix:
C=@Gz-C(I-A (5.60)
Let A1, .-, Ay be the eigenvalues of A, then we have:
N
det C") = H(z — ¢ =)
k=1

So, except for the first replica, the Gaussian integral is (up to constants):

exp { - % i In(z — ¢ — )\k)} (5.61)

Noticing that cH = G (z — (M), the integral for the first replica is the
above expression multiplied by [G a(z—C¢ (1))] i Putting these remarks together,

the integral in (5.59) can be written as:

(Giy(2)) / (f[ dp™ dC(T)) [Galz — CM)],, exp{ - %Fo(p, c)} (5.62)

with

n

N
Fo(p, €) = [% Z In(z — ¢ = X)) = P, (p7) + C(T)p(T)}

=1 k=1

S|

In the large N limit, the integral in (5.62) can be computed using the saddle-
points of the function Fy. In the evaluation of this integral, we use the replica
symmetric ansatz that assumes a saddle-point of the form:

VTE{L"'7TL}: p(T):pa C(T):C

One finds that the extremum of the function Fj in the limit N — oo is attained
at:

Pr=0G,(z=¢), =Ry (p")
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To simplify the solution, consider the normalized trace of both sides in
(5.62) which gives
gPM(Z) = gpA(Z - C*) = p*

consequently we find:
C* = RPB (gPM (2)) (563)
Therefore, we have:

Gons(2) = Gou |2 = Ry (Gpus(2) |

which coincides with ((5.41]).

Finally, plugging (5.63) in (5.62), we find:

(Gu(2)) = G (z ~R,, (gpM(z))) (5.64)

which generalizes (5.41)) to matrix entries.






Spherical Integrals

In this section, we discuss spherical integrals, which can be seen as the analogue
of Laplace/Fourier transforms in the context of random matrices. We will
present results on asymptotic limits of various classes of spherical integrals .

6.1 Symmetric Spherical Integrals

For two symmetric matrices A, B € RV*Y_ the spherical integral is defined as:
N
In(A, B) = /DU exp{;TrAUBUT} (6.1)

where DU is the Haar measure on orthogonal matrices of size N. These
integrals can also be defined for Hermitian matrices, with integration over the
Haar measure on the unitary group.

High-dimensional spherical integrals find extensive applications in statistical
physics and random matrix theory. They have been explored in various scenarios,
including their role in spin glass models [84,85]. These integrals play a crucial
role in tasks such as determining the density of eigenvalue distributions of
random matrices [86,87] and analyzing large deviations of eigenvalues [88-92].

For the case that the integral is over the unitary group, Harish-Chandra
[59] initially derived explicit formulas for these integrals for any dimension,
and this was further developed by Itzykson and Zuber [60]. For this reason,
these integrals are often referred to as Harish- Chandra-Itzykson-Zuber (HCIZ)
integrals. However, it is important to note that these formulas, which we
omit here for brevity, are complex and involve determinants, making them less
suitable for straightforward calculations of high-dimensional asymptotics.
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40 Spherical Integrals

We will investigate the high-dimensional limit of the integral (6.1]) in two
cases: one where one of the matrices has low rank, and another where the ranks
of both matrices increase with the dimension V.

6.1.1 Low-rank symmetric spherical integrals
Rank-one case

The simplest case is the case in which one of the matrices is rank-one. This
class of spherical integral will be used in chapter [7] The asymptotic limit of
this class will be used in deriving the resolvent relation (as shown in previous
chapter) which is important in deriving the optimal RIE.

Let B be a rank-one matrix with non-zero eigenvalue 6. From the definition
, one may notice that the integral only depends on the eigenvalues of A,B,
and its high-dimensional limit involves the limiting ESD of A. So, with abuse
of notation, we will denote this integral as:

N
In(0,A) = /DU exp{§ Tt AUBU} (6.2)

Theorem 6.1 (Guionnet and Maida [93]). Suppose, as N — oo, the ESD of
A converges weakly a.s. to pa and the minimum and mazimum eigenvalues
of A converge a.s. to the finite values Apin, Amax, respectively. Let G, =
lm, x, Goa(2), Gmax = lim,,... G,,(2). Then,

J(0.p2) = Jim. % InTy (0, A) = %ey(e) _ 1 / In(1 + 0u(68) — 0t)pa(t) dt

2
(6.3)
where
RpA (9) lf gmin S 8 S gmax

V(0) = Amin— & 110> Gran
>\max - % if 0 < gmin

Note that, for small 8 namely G,,in < 6 < Ghax, one can check, by comparing
the derivatives, that:

000 =5 [ Ry}t = 5P, (0 (6.4)

Finite-rank

The asymptotic limit given in Theorem [6.1] can be extended to the case where
B has rank k which is finite as N — oco. Let 0, -- , 0, be the eigenvalues of
B, then it is shown in [65,93.94] that:

1 :
lim —InTy(A, B) = > T (6i,pa) (6.5)

N—o0 -
=1
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In the replica computations, we often use this asymptotic formula where the
rank is the number of replicas which we assume are finite (because eventually
we take the limit n — oo). However, we only consider the case where all ;s are
small enough to use the formula (see for example . Although, this
might lead to uncontrolled approximations, but numerical simulations show
that results of a replica calculation are exact.

6.1.2 Extensive-rank symmetric spherical integrals
Sub-linear rank

In this scenario, the matrix B has a rank of k(/N) such that ¥(N)/v — 0 as
N — oo. Interestingly, it has been established that the limit of the integral
in this case converges to a sum of k(N) decoupled rank-one integrals, as in
the finite-rank case (6.5). This result was initially demonstrated in [93] for
situations where k(N) = o(N~"27) (for any positive ¢) and the values of ;s
below the transition threshold. Subsequently, this finding was extended in |94]
to any k(N) = o(N). Notably, Husson and Ko [65] recently demonstrated
that the assumption regarding the convergence of maximum (and minimum)
eigenvalues of A in Theorem can be relaxed, and the asymptotic limit holds
for any k(N) = o(N).

Under conditions of Theorem [6.1] and assuming that the empirical distribu-
tion of non-zero eigenvalues of B converges to pp, 1 Ez 10(z —6;) = pp as
N — oo, we have:

1
&gmoo NE(V) InZy(A, B) /j (t, pa)pp(t)dt (6.6)

Authors in [65], used this result to derive the asymptotic MMSE and mutual
information in denoising symmetric matrices of sub-linear rank, which we will
also use it in chapter [9}

Linear rank

The case where both matrices have rank which grows linearly with N is more
involved and cannot be reduced to the rank-one case. It was first demonstrated
by Matytsin [95], that using Dyson’s Brownian motion, one can find:

lim L 10T (4, B) = ;[— 1= S(oapm) + 5 [ dtE(oalt) + p(t)

N—o0 4
— 3 [ s 1l = (oa0pa(6) + puttrpnto)]
(6.7)

where

2
S(pa, pz) /dt/d)\p)\ £ [200 1) + 3p2()\,t)}
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with p(\, t), v(\, t) satisfying the Euler equations:

I p(\, 1) + 0x[p(\, t)v(A, )] =0,
Oy v\ t) + v(\ 1) Oy v(\ 1) = ToNp*(\, 1) (6.8)
p()‘7 0) = pA()‘)’ V()‘> 1) = pB<)‘)

Guionnet and Zeitouni [61] subsequently provided a rigorous proof for the
asymptotic limit of these integrals. They formulated the limit in terms of a
variational problem over probability measures, which we do not present here.
Instead, we only outline the conditions necessary for the existence of this limit.
It is worth noting that, as discussed in [61], the resulting limit aligns with the
findings of Matystin [95] when the integral is over the unitary group.

Theorem 6.2 (Guionnet and Zeitouni [61]). Assume that the support of the
ESD of A is contained in a compact subset of R, and the second moment of
ESD of B is uniformly bounded. Moreover, suppose that the ESDs of A, B
converge weakly towards pa, pg. Then the following limit exists

. 1
J(pa,pp) = lim 7 InIy(A, B), (6.9)

and J(pa, pg) is the solution of a variational problem over a space of probability
measures.

In chapter [9] we use this result to prove the existence of the asymptotic
mutual information for symmetric denoising problem. Moreover, we derive an
explicit expression for the particular case where pp = p4 B ps..

1 1 1
J(pa,pB) = §/t2pA(t) dt — 5//ln\s —tlpp(s)pp(t)dsdt — 3

This formula was previously derived in [43] by solving the Euler equations
for this particular case.

6.2 Rectangular Spherical Integrals

For the matrices A € RM*N B € R¥XM the rectangular spherical integral is
defined as:

Inm(A,B) = /DU DV exp {\/NMTrAUBV} (6.10)

where DU, DV are Haar measures on orthogonal matrices of size N and M
respectively. These integrals can also be defined for Hermitian matrices, with
integration over the Haar measure on the unitary group.

Rectangular spherical integrals are the counterparts to symmetric ones
, emerging from the study of rectangular matrices. They are expected to
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have similar applications, including being useful for understanding the large
deviations of singular values of rectangular matrices. However, as the study of
these integrals is quite recent, the full extent of their applications remains to
be fully explored.

Like the symmetric case, we will investigate the high-dimensional limit of
the integral in two cases: one where one of the matrices has low rank,
and another where the rank of both matrices increases with the dimension N.

6.2.1 Low-rank rectangular spherical integrals
Rank-one case

This class of spherical integrala will be used in chapter [§ and to derive the
resolvent relation (as shown in previous chapter) which is important in deriving
the optimal RIE.

Let B be a rank-one matrix with non-zero singular value 6. From the
definition (6.10]), one may notice that the integral only depends on the singular
values of A, B, and the its high-dimensional limit involves the limiting ESD of
A. With abuse of notation, we will denote this integral as:

Ina(0, A) = /DUDV exp {VNM Tr AUBV'} (6.11)

Recall the transforms defined in (5.14)), (5.15)), (5.16]). We state the asymp-
totic limit of Zy (6, A) below:

Statement 6.3. Suppose that ESD of A converges weakly towards pys and
the top singular value of A converges to Ymax as N — 00. Moreover, assume
N/m — a € (0,1]. Let Hyax = lim,_, 1 H®)(2). Then,

Ymax

.1
T O, py) = J&E}%ONIHIN,M(H’ A)

1 1 1 02
=V — %ln(l—i—al/) - §1n<1+y) _5/111 (1_ T(a)(lj)t )MA(t)dt

with

¢\ (6?) if 02 < Honax
T@OT 0242 ) if 0% > Honax

The expression in Statement is derived in appendix by solving the
non-rigorous (but conjectured to be exact) variational problem proposed in [96|
for the asymptotic rectangular spherical integral. In [64], Statement is
rigorously proved for a smaller interval of §, namely 02 < éax < Huyax-

Similar to the symmetric case, for small § < G,.., one can check, by
comparing the derivatives, that:

0 () (p2 62 (a)
j<a>(9,,m):/ C“B—(t)dtzl/ Cup (1) dtzlgg(92) (6.12)
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In the replica computations for deriving optimal RIEs, we encounter these
types of integral in which the matrix B has higher but fixed rank (> 1). Similar
to the symmetric case, see section we use the formula which is the sum
over singular values of the expression on the rhs of (6.3). For B with singular
values 60, -- ,0:

k
.1 a
lim N IHIN7M(A, B) = Zj( )(017pA)

N—o00
i=1
Although we are not aware if this generalization has been proved, we believe
that the ideas found in [63] can be applied to show it holds. Furthermore, we
use the formula for the case where all 6;’s are small enough to use the formula

6.12).

6.2.2 Extensive-rank rectangular spherical integrals

As mentioned before, compared to their symmetric counterparts, high-dimensional
limits of rectangular spherical integrals have been less explored. However, in
cases where the rank of both matrices grows with the dimension, the asymptotics
of these integrals have recently been investigated, as detailed in [97].

They formulated the limit in terms of a variational problem involving
probability measures, which, we do not present here. Instead, we only outline
the conditions necessary for the existence of this limit which will be used
derivation of asmptotic mutual information in chapter

Theorem 6.4 (Guionnet and Jiaoyang [97]). Suppose that the ESDs of the ma-
trices A, B converge weakly towards i, g, respectively. Moreover, assume the
second moment of the ESD of A is uniformly bounded and the non-commutative
entropy of the symmetrization of jua is finite, [[In|z—y|dia(x)dpa(y) > —oo,
and [In|z|djia(z) > —oco. Then the following limit exists

1
T pa, pp) == lim —MlnINVM(A, B), (6.13)

N—oo
and T (pa, pg) is given in terms of variational problem.

In [98], an explicit expression of this limit is derived for the case where
B = A + Z where Z has i.i.d. Gaussian entries, g = 14 Ba fiyp-



Appendix

6.A Derivation of Asymptotic Rank-One
Rectangular Spherical Integral

Lemma 6.1. (Extension of lemma 4.2 in [64]) Fiz o € [0,1], 6 € [0, v/ Hpax),
and define v = C\*(6%). Then

92

(=) = 6.14
M, (T(a) (’y)) v (6.14)
" o 2 @)1 2 .
Proof. By definition, T(®)(y) = m, SO H,(L) (6%) = T<f)m. Applying
() : — )62
H,.” on the both sides, we get 6% = H,; (T(D‘—M))’
62 62
T(O‘)< ) — ¢
o) M@y

It follows that 7(®) <MM(L)> = T@(5). Since, both Mﬂ(ﬂf—f(fy)) and 7y

T()(v)
are non-negative real numbers, one gets ([6.14) O

Remark 6.1. If u(t) # 6(t), then M, is an increasing function, and v =
CLQ)(HZ) is the unique solution of (6.14)).

6.A.1 Proof of Statement [6.3

We start with the following theorem:

Theorem 6.5. (Kabashima [99]) Assume the ESD of ATA € RM*M converges
weakly towards py. Also, assume that N, M — oo with N/m — «. Assume
moreover that the top eigenvector of ATA converges to Ymax. Let 0 > 0 be the
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only non-zero singular value of B. Then,

A2520521111¥%A4(f1,13)

5 1nf

z,y>0

1
ar+y—(ao—1)Inzx — /dpA()\) In(zy — 62\ | — ra
-Z’ZJZQQ’Ymax

2

(6.15)
Our goal is to solve the variational problem in (6.15)). We are interested in
the limit of % InZy ps, which is
1

1 1
_ inf —y—(1—-—
2 o0 [“”ay (
xf’4292’7max

a)lnx—é/d;m(k)ln(xy—&ﬂ) —

1+ 2

(6.16)

We also assume that, o € [0, 1], which implies N < M. By the assumption
in Theorem [6.5], the empirical spectral law of ATA converges to pa.

1 m
i E Ox, = pA, A; are eigenvalues of ATA
i=1

Since M > N, ATA has M — N zero eigenvalues. So,
1

N
M((M — N)dp + 2(5,\;) — DA, A, are eigenvalues of AAT
i=1

In the limit N — oo, we can write(1 —a)dg +ap’y = pa where p¥ is the limiting
spectral law of AAT.

Replacing pa with (1 — «)dp + ap’ in (6.16]), we find
1

. 1 1 1
7 Jnf, etgy-(1-he—2
$y2027max

a[(l—a)lnm—i—(l—a)lny

141
+ a/dpjg(A) In(zy — 02)\)]} - J; a
. 1 1 1
=3 a:l,zr/l>f0 {x+ay—(1—a)ln$—a[lnx+lny
J73/292')/maux
0? 1+1
dpy(A)In (1 — — - a
ra famoom (-]} -
1 1 1 . 0° 1+2
=3 xgl>fo {x—l—ay—lnx—Elny—/dpA()\)ln(l—w—y/\)}— 5
2y>60%Ymax
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Since p7 is the limiting spectral law of AAT, we find that + Z L0 = ph,
where o0;’s are the singular values of A. So, p% is the pushforvvard measure
(with function f(z) = z?) of 4, which is the limiting ESD of A. Assuming
the the function is integrable, we can write as

1. 1 1 0° 1+2
5 gl>f0 T+ Y- Inx — - Iny — /d,u(t) In (1— x—th) - (6.18)

Define the function f(z,y) as the objective function in (6.18). First, we show
that f(x,y) is convex.

Let g(z,y) = z —Inz + é(y — Iny). It can easily be checked that this
function is convex in the whole plane, in particular in the convex set x > 0,y >
0,2y > 0?07 -

Define h(z,y) = — [ dua(t) 1n(1——t2) on the convex set x > 0,y > 0,2y >
6?02 . The Hessian of h(x,y) reads

max

m- [P M) )
M, (%) M () + 2 ML (5)

62 62 62, . 0

det Hh = y (l’y) + 2[E3_y3M#A(ZL‘_y)M”A(ZL’_y)

First note that, M, is non-negative (in particular positive if § > 0), and
non-decreasing. Thus, det Hj, is non-negative. Moreover, all entries of H are
non-negative. Therefore, H), is positive semi-definite, which implies A(z,y)
is convex. Finally, we conclude that f(z,y) = g(x,y) + h(z,y) is a convex
function.

To find the global minimum of f(z,y), we put the derivative of f(z,y) to
Zero.

et ()] Moy () = -1
Vf““y)—[ 02)]:0:’{MM<%>=5@—1>

Denoting  — 1 = 1(y — 1) = ~, the above equations can be written as

92
My (m) =
By lemma , if 02 < Hypa, then v = C\*(6%) is the unique solution of
equation above. On the other hand, if 6% > H,,., then there is no solution to
the equation above (in the proof of lemma , we use the assumption that

0% < H,,.. to show that H,(f)_l(QQ) is defined. However, if 82 > H,,., this fails
which implies that there is no solution to the equation). So, in this case by
convexity of f(x,y), the minimum is attained on the boundaries of domain of
the function. Therefore, the minimum is attained on the curve zy = 6?02 .
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If 0% < Hyay, then

* «@ 2 * « 2
x —1+C£A)(9), y —1+04C;S)<9)
Denoting C.% (62) by v, we can write (6.18) as
Ml ey — @+ - S+ o)

- - ay) —In — —In(1+a

9 g o g Y o Y

—/d,uA(t)ln(l— - tQ)} k-

T®(7)

2
1 1 1 62
=~ ——1In(1 — =In(1 —— [ dpa(t)In (1 — =———12
1= g1+ ) = 3(149) = 5 [ dina®)n (1= g5
(6.19)
. .. . . . 0 C(a)(tQ)
which coincides with the eq. (29) in [64], and is equal to [, “*—dL.
If 62 > H,,. the minimizer lies on the the curve zy = 0201211&)( = A.
Plugging y = ? in (6.18)) we find
, 1A 1. A 0% , 1+2
Egg :E-Fa;—lnx—aln;—/u(dt)ln(l—zt )| - 5
Computing the derivative w.r.t. x, we get
A1 1-1 ) 1 A
- =0z (1-Jr—--=0
ax x ! a
ositive roo —1)2 4aA -1 _
postive oot /(@ )J;O‘ T @A) +1
«
Therefore,

=T (%02, ) +1, y =al®  (6%2,) +1
It can be seen that 2*y* = T(*) (T(a)_l(QQJI?HaX)) = 6?02, .. Denoting T(O‘)_1(49202 )

max
by 7, f(z*,y*) can be rewritten as (6.19), and we deduce Statement
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Mismatched Estimation
of Rank-One Symmetric
Matrices

In this chapter, we investigate the mismatched estimation in the simplest
case, where the signal matrix is a rank-one symmetric matrix and noise is
Gaussian. Our primary objective is to compute the full asymptotic mismatched
MSE in the large N limit, when a Gaussian prior is employed by statisticians
for estimation. We introduce an additional temperature parameter 3, in the
posterior distribution, which may improve the estimation performance. For
this model,

e We prove a relation which links the free energy of the system to the
mismatched MSE, see lemma [7.1]

e We derive the asymptotic free energy for two cases of true priors: Gaussian
prior in Theorem and Bernoulli prior in Theorem [7.6]

e Using the f-MSE relation, we find the asymptotic mismatched MSE for
Gaussian prior (Theorem and Bernoulli prior (Theorem [7.3)).

e We explore the performance of the AMP algorithm and spectral algorithms
in the mismatched setting.

Part of this work was presented in [28] F. Pourkamali and N. Macris, “Mismatched
estimation of symmetric rank-one matrices under gaussian noise,” in International Zurich
Seminar on Information and Communication (IZS 2022). Proceedings. ETH Zurich, 2022,
pp. 84-88

o1
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7.1 Setting and Preliminaries

Suppose s € RY is generated according to a prior denoted P*. The goal is to
estimate the vector s upon observing the matrix

Y = %SST +Z (7.1)

where k is the signal-to-noise-ratio (SNR), and the noise matrix Z is a symmetric
matrix with i.i.d. N(0,1) off-diagonal and N (0, 2) diagonal entries. This model
is called the Spiked- Wigner model. The purpose of the scaling factor \/LN is to
make the inference problem neither trivially easy nor completely impossible in
the large system limit.

To measure the quality of our estimate, we pick the matriz mean squared
error (MSE). For any estimator (function of Y')  which outputs an estimate
of ssT, MSE is defined as

1 .

MSEy = —Bp-p, || 55" = 0(Y)|[7] (7.2)
where ||.||r is the Frobenius norm of a matrix. Note that it is natural to define
the error in matrix form, since if P* is a centered distribution, there is an
ambiguity of sign inherited in the observation matrix; s can be replaced by —s
without changing the probabilistic aspects of the observation matrix.

It can be proved that the minimum MSE (MMSE) is achieved for § =
E[zzT|Y |, where the expectation is taken over the posterior distribution with
true known parameters and prior distribution.

]
F

where (.), denotes the expectation with respect to the posterior distribution.
Here we adopt the traditional statistical mechanics notation for the internal
(annealed) expectations

1
MMSEy := mEP*VPZ [HssT — (zxT),]

_ [daPr(@)f(@)e Y VETE

e = b ()oY Ve

for any reasonable function f(a) such that the integrals are finite. We necessarily
have MSEy > MMSEy.

7.1.1 Mismatched inference

We consider the mismatched scenario in which the statistician is not aware of
the prior distribution P* and the SNR parameter x. However, he knows that
the channel is additive Gaussian with variance one (and two on diagonal E[)

In fact, as N — oo the variance on the diagonal does not affect the probabilistic behavior
of the problem
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He assumes that the prior distribution is P, and the SNR is x’. Following the
Bayesian approach, he chooses his estimator to be the mean of the posterior
distribution. Our goal is to compute the asymptotic MSE for his estimator.

The statistician considers the posterior distribution which reads up to a
normalizing factor

P{a|Y} o« e iIY-VE=aTI2p g

ox e 4N H$H4+’8\/7Ter:cT (73)
where P is the assumed mismatched distribution. In deriving the second line,
we use the fact that ||Y||r is a constant (because it is being conditioned on).
Note that, by introducing the parameter 5 we consider a more general class of
estimators. Although, in the fully matched case § = 1 is optimal, as we will see,
in the mismatched case this auxiliary parameter may improve the performance
of the estimator for a set of mismatched parameters.

The partition function is defined as the normalization factor of the posterior
distribution

Z(Y) = /d:l:e N “””4+ﬂ\/>%ym’T (7.4)
and the mismatched free energy is defined as

Fn(P* P, B) = —%EP*,PZUH 2(Y)] (7.5)

Now we state a lemma relating mismatched free energy to MSE. Keep in mind
that both mismatched free energy and MSE are functions of P*, P, k, x’, 3, but
for simplicity of notation we drop the arguments.

Lemma 7.1.

1 /k\1 2ﬁ —1d 1-814d
(2= 5V )3 et S et 5 gt e sl
= EMSEN
(7.6)
Proof. Appendix [T.A] N

Remark 7.1. Lemma ([7.1)) generalizes the classical I-MMSFE relation. Here the
mismatched free energy cannot be related to a mutual information. Nevertheless,
note that, in the special case where k' =k, =1 Eq. simplifies slightly
and combining with the I-MMSE relation, we obtain that the difference of MSE
and MMSE is directly related to a derivative of a relative entropy, equivalent to
relations discussed in detail in [100] for vector channels.
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Thus, to find the asymptotic MSE, we need to compute the asymptotic
(mismatched) free energy.

The central assumption in our analysis is that the statistician’s prior is
rotationally invariant. This assumption enables us to apply the known results
from the literature on spherical integrals.

Exploiting the rotational invariance of P and changing variables  — U,
for an orthogonal matrix U € RY¥*¥ the integral in eq. becomes
(|detU| = 1):

Z(Y) :/dweZT\,,UwH4+§\/'J€ITrYUszUTP(Uw>

Br’ B8, /K
— [ aap (@ e e

Since this holds for any orthogonal matrix U, we can take the expectation over
the Haar measure on the group of N x N orthogonal matrices.

2¥) = [ (@)t [pyed T gy

where DU denotes the Haar measure.

7.1.2 Computing free energy

One clearly sees that the inner integral in eq. (7.7)), is the rank-one spherical
integral (6.1) in the rank-one setting. To apply the asymptotic result from
theorem , we can rewrite the spherical integral in eq. (7.7) as

/ DU N T U aeUT (7.8)
The first matrix is \/lﬁ = \/TESST + LNZ , where LNZ is the suitably

normalized Wigner matrix whose limiting spectral measure is the renowned
semi-circle law . Moreover, the spectral measure of \/LN converges almost
surely (a.s) as N — oo to the semi-circle law (see e.g. proposition 1 in [101]).
We have G,,.(z) = 3(z — V2> —4) and R, () = =.

Let Apin and Ayax be the bottom and top eigenvalue of \}’—N, from the results
in [102], we have (a.s.)

{ 2 i VElsl® <
Amin = _27")/max = NEER N -0 /E|s|? - (79)
N T AeE B2
So,
1 if Volsl?
gmin - _17 gmax - { N . \/E]ﬁszQ - (710)
Aer N 21
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N
N rx

is 0 = %EH:BHQ Thus, the asymptotic of the integral in eq. is only a
function of ||| and ||s||, and can be computed by theorem [6.1] for the different
cases of the parameters.

Now assume that P(x) oc e V9= Substituting the asymptotic of the
integral in eq. in eq. (7.7), followed by an application of the Laplace
method, we can find the asymptotics of the partition function, from which we
are able to compute the free energy. Once we obtain the asymptotic of the free
energy, we can find the MSE using lemma [7.1

On the other hand the non-zero eigenvalue of the rank-one matrix

7.1.3 Approximate Message Passing (AMP) Algorithm

The approximate message passing (AMP) algorithm is an iterative algorithm
rooted in statistical physics. A powerful feature of AMP is that its performance
can be tracked by running a simple recursion called State Evolution. AMP and
its state evolution were studied in [27] for the compressed sensing problem,
and |103]| generalized the results for the rank-one matrix estimation problem.

Following the work of [104], the AMP algorithm for the mismatched esti-
mator in ([7.3)) reads

1 = e, )
Vit = (el b)

P . 7.11
=55 (Ve - 62 (S )t (711)
:f:t 2
at = RIS — 88 — )R Y v
for i = 1,..., N, where np is called the denoising function, and np is the

derivative with respect to the second argument, b. The denoising function is
defined as .

2
_ [dzP(z)xetr2

[ deP(z) ebv 20

nP(a7 b)

Note that the AMP equations are derived assuming that the (mismatched)
prior P is i.i.d.

To derive the state evolution equations for (7.11)), we introduce the following
order parameters.

L P R
= TP =l = 3o
m! measures how much the AMP estimate is correlated with the true signal at
iteration ¢, ¢' is the norm of the estimate, and X! is the mean of the variance
of the estimate ;.

Assuming the independence of messages for large enough n, the variables
bt and a' can be approximated by a normal random variables by central
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limit theorem. This enables us to derive the recursion formula for the order
parameters as follows:

m'tt = Ep. p,, [np (Bm’\/? — B(B— 1K' BV KK Mbs + ﬁx/ﬁ’\/?w)s ’
¢ =Epsp,, e (Br'VG — B(B — 1)K, BV ER'mts + B\/ﬁ'ﬁw)Q

S = Epepy, [0p (BK'VE — B(8 — DS, BVEKMEs + B/ K'Vgtw)
(7.12)
where s and w are two independent random variables, w is a Gaussian variables
with mean 0 and variance 1, and s is distributed according to P*. Iterating
over the equations allows us to to assess the MSE of the AMP estimate
at each iteration.
MSE' = Ep- [s] + ¢' — 2m' (7.13)

Remark 7.2. It is also possible to determine the Vector MSE of the AMP
estimate at each iteration. For that purpose, the order parameters and state
evolution equations are slightly different from the ones in ; however, since
our primary object of interest is the matriz MSFE, we refer the reader to the
appendiz for the evaluation of vector MSE.

7.1.4 Nishimori identity

In the Bayes optimal setting in which the model is fully known, the Bayes’ rule
yields a set of identities which are called Nishimor: identities. In its simplest
form, it states that

Ep«p, [<9($1, 332)>J = Ep-p, [<9(Sv 1’)>J (7.14)

where g is a generic function, and x;, xs, € are i.i.d. according to the (true)
posterior distribution, and s is generated from P*. Note that, the Nishimori
identity holds for functions with more than two arguments, however for the
matrix estimation problem the simple version, , is used.

Define the following two quantities

*

Myt = —Ep-py, [Tr ssT<wa>*}

N2
1 2
F}

Qtat = mEP*,Pz [”<me>*

Applying (7.14)), we get

Gt = Epep, | Tr(@i@]), (wow]).| = Epep, [ TrssT(waT).| = mi,,

Therefore, one of the primary identities we have in the Bayes optimal scenario

: * _ *
1S qstat - mstat'
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For the mismatched case, we can similarly define

1
Mstat = ~—5Epp, [ TrssT(xx)p v |

N2
2
g

1
Qstat = mEP,PZ |:H<wa>P,n’

First note that we have access to mZ,,, ¢k, directly from the free energy via

the following relations

4 [k d
Mgtat = _f

B\ W dk

dnd, 420-1)d  41-fd (7.15)

S S - -
Otat = 3 dre 32 a’ "W B dp

As we will see, enforcing the Nishimori condition, mgi.; = @stat in the mismatched

case leads to the minimum mismatched MSE.

7.2 Gaussian Prior

Let s; be i.i.d. random variables generated from N(0,0?) fori =1,..., N. The
statistician observes the matrix Y of the form . Considering the posterior
distribution (7.3]) with P be the centered Gaussian with variance 0’2, we denote
his estimate for ss™ by (xxT), . 5 to stress that the estimation is done with
the mismatched parameters o/, k', 3. The asymptotic MSE of this estimator is
stated in the following theorem.

Theorem 7.1. Assume that the sequence (MSE)n>1 converges uniformly in
(k,K',8) € K C RY. Then for all o,0" (strictly positive) and (k,r', ) € K,
the asymptotic mismatched MSE reads:

lim MSEy (0,0, k, &', 5)

N—o00
2
(1-2B8)Vr'o"?+1 .
ot + [ e ) if (26 —-1)VK > =5,k < 2, (7.16)
-1 A if k> &, /m’Zﬁ,
ol 0.W.
where

Ao [EN L2 11 200 [k 2
“O\TVE) TB|Vee T Brron TRar\l TV W) T reoton

(1 1 2 1 2 (1 1 1 n 2
B) |k BvVrkBo20? B ) kK'ot k3K ot

and
o’? if =1,

o= W(ﬁ—¢ﬁ—w<ﬁ—l>) if 3 # 1
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Proof. First, we derive the asymptotic free energy in Theorem (7.4, This
derivation utilizes the careful application of the Laplace method for computation
of the integrals, incorporating results on asymptotic log-spherical integrals, as
explained in section [7.1.2] Subsequently, we compute the asymptotic MSE
using lemma [7.1] For a details, refer to Appendix [7.B] ]

Remark 7.3. In the fully matched case, uniform convergence of the sequence
(MMSE)n>1 - except possibly at phase transition points which form a set of
measure zero - follows using the concavity of mutual information with respect
to k. Then, using the I-MMSE relation [105], this allows to interchange limit
and derivative to go from asymptotic mutual information (a.k.a. free energy) to
asymptotic MMSE. For the present mismatched MSE, we use a relation similar
to I-MMSE but in terms of mismatched free energies, which lack concavity w.r.t.
k and '. Therefore, uniform convergence is difficult to establish from general
principles. However, we conjecture that it holds on a set K of measure one and
that holds almost everywhere (i.e., except possibly at phase transition
lines).

In the following, we will investigate the asymptotic MSE for different cases
of parameters. Note that the MSE= o* can be achieved by simply & = 0.
Therefore, we are interested in studying the problem where the inference is
possible, in the sense that MSE less than ¢* is achievable. By theorem it is
statistically impossible to achieve a MSE lower than o* when x < ﬁ, even in
the matched case. Thus, the main quantity of interest is the expression A, and
we try to study the behavior of this expression for different cases of parameters.

Also, we investigate the performance of AMP algorithm and compare it
with the spectral methods. For mismatched prior P = N(0,0"?), the AMP

equations ([7.11)) reduces to

At bt
I’l - at+l+2
’ ~ / ~t—1
0 = B/ (Y#), — 5ty ! (7.17)
o

T — g2 1)k
a _/B’i N 5(6 1)at—1+7}2

and the state evolution equations read

4 mt+1 . 52){5/04mt
- 2
(55 /at~B(5- 1w+ 2 |
2
g = (et /a) (7.18)
(6w fat—B(5-1)w5+ 5

Zt+1 — 1

\ B/ \/at—B(B—1)K'St+ Ly

To evaluate the performance of AMP, we can find the fixed points of SE
equations above, which we denote by m}\ip, ¢anp-
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7.2.1 Bayes optimal estimation

Since the true and the mismatched prior are Gaussian, we can have the Bayes
optimal scenario by substituting ' = k, 0’ = . This leads to
2 1 8 4
A=—+—3B3—-5+—=
| 204 ( 3 52)
which attains its minimum for § = 1. Putting § = 1 in (7.16]) implies the
MMSE for the Gaussian prior.

lim MMSEy (o, k) =

N—oo

(7.19)

ot if v <L
2 1 : 1
kK254 1f"12_4

This expression is well known and derived previously by a set of different
approaches (see [8,9,106-108]).

The free energy for the Bayes optimal case can be obtained from theorem [7.4]
from which we can find mZ,,, ¢4, using (7.15). We can see that as predicted
by the Nishimori identity they are equal.

* 2 1

Mot = Gstat = (U - W)Q

Performance of AMP

In this scenario, AMP is optimal, in the sense that it achieves the same MMSE.
This can be checked from the fixed points of the SE equations and the relation

([713).
1

Manp = CAmp = (02 - @)2

Spectral algorithm

A natural and simple algorithm for this problem is to compute the top eigen-
vector of Y. Spectral analysis of the matrix Y yields that if ko* > 1 then the
top eigenvector of Y is correlated with the planted signal [102]. Denote the
(unit norm) top eigenvector of Y by y, and the normalized s by 8. In the limit
N — 00, we have
: 4
.2 0 if ko® <1

(s"y) _{ 1L ifrot > 1 (7.20)
To minimize the matrix MSE, we can rescale y by a factor 6. With this
rescaling, we have

1
|ssT — 52ny||%] =o'+ 6" =280 (1— —)

) 1
MSE = Jin 5|

Minimizing over §, we find that the optimum ¢ is /02 — # Note that there

should be also a factor of v/N in the rescaling. With this rescaling, we can see
that the spectral estimate can also achieve the MMSE.
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Remark 7.4. First, note that the AMP equations form a kind of power iteration
applied to the matriz’Y (In fact this comes from the linearity of the denoising
function for the Gaussian prior), so the fized point of AMP iteration is the
top eigenvector of Y. On the other hand, qi\p coincides with the optimum
rescaling factor (Note that ¢iyp 15 ||2]|*). Therefore, the AMP can be seen as
a spectral method with inherited rescaling.

7.2.2 Mismatched estimation with =1
Corollary 7.2. For 8 =1, the asymptotic MSE in (7.16) reduces to

+ (1 \,Fa’z) ifk < 4,andf<¢ L4
2 B ]
lim MSEy = (1 \2/:/2) + ot men itk > g andVek > o
e ”_%( ) KK 020'
ot 0.W.
(7.21)

Fix ¢ = 1, k = 4, the mismatched MSE is illustrated in Fig. [7.2.1] Through-
out the paper, we stick to this example for simplicity; however, the observations
are generic for ko > 1 (note that o could be absorbed in  in the model
definition, so it is natural to set ¢ = 1), and can be checked analytically from
the expressions of the MSE and MMSE. We observe one phase transition line
and an intermediate region where estimation better than chance is possible,
in the sense that the MSE is smaller than o*. We refer to the caption of Fig.
1 for details. In the case 0 = 1 and xk < 1, or more generally ko? < 1, it is
easy to see from Eq. that the intermediate region disappears and the
MSE is always greater or equal to o* (the phase transition line is still present
technically speaking).

Figures [7.2.2] and [7.2.3] depict the behavior of the MSE along vertical
and horizontal sections of Fig. 1. We clearly observe that the MSE is not
monotonous and that for £/ < 8, the minimal value given by the MMSE may
be achieved.

Putting " = k, the mismatched MSE then reduces to:

4 - 1
. . o if k < 55
if o' <o, lim MSEyx(o,0",k) =< 1,2 1 Z o”
N—o0 Pl H20/2(0_2 - _/2) if k > 2,72
ot if Kk < ﬁ
. . 4,1 2 1 e 1 1
if o’ >0, lim MSEy(0,0',k) =< 0+ — 3 -+ =m if 77 <k< 5
N—oo 2 A - 1
e e G )RR

For o = 1 the MSE is plotted as a function of SNR for various values of ¢’
in Fig. [7.2.4, When ¢’ > o, we observe that the MSE increases as the SNR
increases. Although this happens when we are still in the regime of small SNR
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Figure 7.2.1: Plot of MSE according to Eq. for c = 1,k = 4. The solid
leftmost (red) curve is a phase transition line. On the left of this curve MSE = o% = 1.
In the intermediate region between the solid leftmost (red) curve and the dashed (red)
curve the MSE takes values less than ¢* = 1. In this intermediate region estimation
better than chance is possible. On the dotted (green) curve the MSE attains equal to
MMSE(o, k) = 2 — L1 = 7/16 (even though we do not have k' = k, 0’ = o except for
one point which corresponds to the true parameters, shown by x). This curve has vertical
tangent at x' = 16/9, 0’ = v/3/2. The MSE equals ¢* = 1 on the dashed (red) line and
takes higher values in the region on the right-hand side of this line. Note that this is not
a phase transition line. Finally, we point out that the MSE is continuous throughout,
and the phase transition is, therefore, a continuous phase transition. The analytical
expressions of the phase transition line, as well as dotted and dashed lines can easily be
written down from egs. (7.21)) and ((7.19). For 0 = 1,k = 4 the dotted (resp. dashed)
curves have horizontal asymptotes " = 64/9 (resp. ' = 16/9).

2
— k=1
o /—
—— k=4
154 "8
K'=12
[£a| —— MMSE
=2
=
14
0.5 1 W4
T T T T
0 2 4 6 8 10

Figure 7.2.2: Behavior of the MSE as a function of ¢/. Here 0 = 1,5k = 2. The
horizontal (green) level gives the value of the MMSE = 2 — 521 = 7/16 in the matched

ot T
case. We have lim,/_,,,  MSE =1 — \/% + % and this limiting value is decreasing

(resp. increasing) for k' < 64/9 (resp. £’ > 64/9). For k' > 16/9 estimation better then
chance is possible for large enough o’
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1,

0.8 1

MSE

0.6 1

Figure 7.2.3: Behavior of the MSE as a function of ’. Here 0 = 1,5k = 2. The
horizontal (green) level gives the value of the MMSE = 2 — 1 = 7/16 in the matched
case. For o/ < 1/3/2, the curve does not attain the MMSE, but for ¢/ > 1/3/2 the curve
equals the MMSE at two points (this can also be seen in Fig. ) All curves have
horizontal asymptote o = 1 for K — +00.

MSE

Figure 7.2.4: Behavior of the MSE for matched SNR «/ = k.

and estimation is impossible, we find this behavior rather counterintuitive. A
similar behavior has been observed in Fig. 1 of [100] for the vector case.

As a sanity check of our result for the matched SNR case, with a bit of
work we can check explicitly that

/ OO[MSE(U, o', k)—MMSE(0, k)] dk = 4D, (N(0,0°),N(0,0))  (7.22)

where Dy denotes the Kullback-Leibler divergence. This sum-rule was already
derived in |100] for vector channels (with a factor of 2 instead of 4 in the vector
case).

Remark 7.5. The MMSE achieving curve in Fig. can also be obtained
by enforcing the Nishimori condition, mgat = Gstat- By (7.19)), and (7.30) we

can compute the two quantities Meiar, Gstat- Fquating the two expressions, we
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find the same curve as in Fig. 1. This was observed in [109] by enforcing the
Nishimori identity on the order parameters of estimation of AMP. For more
details, we refer the reader to the appendiz[7.C

Remark 7.6. Suppose instead of the MSE, we choose the angle between the
estimate (xxT), . and ssT as the measure of our accuracy. To find the angle,
we need to compute the normalized inner product of the two matrices.

TrssT(xaxT)y Metat 1

l(@aT) o wllellssTle  Vawao® — rot

This value is the value that also can be get by spectral method, see eq. .
This suggests that, in the case that k > ﬁ, VEK > 022,2 the posterior mean
always has the possible optimum angle with the ground, however due to the
resacling factor qs.e we might get different MSEs. Therefore, the bracket

estimator acts like the spectral algorithm with different rescaling qsiar- Fquating

Qstat With the optimum rescaling in the fully matched case (02 — ;7)2 gives the
MMSE curve.

Performance of AMP
For g =1, the AMP (7.17) reduces to

X =
) at_;'_o‘%
t_ K/ ~t K ~t—1 2
i = \/; Yz') — a1y L Ti (7.23)
(e}
at = 1202
N
and SE ([7.18) equations read
P SN,
mt+1 — KK o"m

v

e /2 (HO_th+\/q_t)2
A

By eq. , the MSE of AMP estimate can be tracked by iterating the SE
equations, see Fig. 5. The MSE of the estimate of the AMP can be obtained
from studying the fixed points of the SE equations and the relation
(7.13]), which results in .

In the mismatched case, one may think that the number of iterations
needed for the AMP to converge may help the statistician to find the optimum
parameters, or at least to find the MMSE achieving curve, however as it is
shown in Fig. [7.2.6] the statistician cannot infer any information from the
number of iterations.

By remark [7.5] enforcing the Nishimori identity is equivalent to choose o, &/
on the MMSE achieving curve. Running AMP with the chosen parameters

(7.24)
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Figure 7.2.5: Value of the MSE under iterations of AMP equations ((7.23)) for 10
instances for 0 = 1,k = 4, N = 10000, compared with the SE predictions . The
AMP is randomly initialized with m = ¢ = 1/N. In the left most plot (matched case),
MSE monotonically decreases with iteration, this can be checked by iterating the SE
equations. However, this is not necessarily the case in the mismatched case. In this
scenario, MSE is monotonically decreasing when ¢’ < o. Moreover, we see that the AMP

converges even in the regions where the estimation is worse than the random guess, and
the SE tracks its performance.

87 ]
L 80
6 ;
| 60
e 4+ \\
; 40
27 ;i-w 20
0 B
0 0.5 1 1.5 2

Figure 7.2.6: Averaged (over 100 instances) number iterations that AMP takes to
converge for o0 = 1,k = 4, N = 1000. The dashed black line is where there is a phase
transition in MSE. As it can be seen, the level sets of the number of iterations are not

correlated with the ones of the MSE, and the number of iterations does not reveal any
information.
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Figure 7.2.7: Value of m and ¢ under iterations of AMP equations for 10
instances for o = 1,k = 4, N = 10000, compared with the SE predictions ([7.24]). The
AMP is randomly initialized with m = ¢ = 1/N. In the left most plot (matched case), m
and ¢ are equal through iterations and monotonically increase until the algorithm stops.
In the the two middle plots in which «’, o’ are chosen on the MMSE achieving curve, m
and g are not equal through iterations, and their evolution is not necessarily monotone
(depends on ¢’, see caption of Fig. [7.2.5]), but m = ¢ holds for the estimate when the
algorithm converges. And, the right most plot, illustrates an example that the Nishimori

identity does not hold through iterations and the final estimate.

results in the Nishimori identity m = ¢ holding for the estimation when AMP
converges. However, unlike the matched case, m = ¢ does not hold through
the iterations, even if we initialize AMP with m = ¢.
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Figure 7.2.8: Plot of MSE according to Eq. for c = 1,k = 4. The solid
leftmost (red) curve is a phase transition line. In the intermediate region between the
two dashed (red) curves the MSE takes values less than ¢* = 1. In this intermediate
region estimation better than chance is possible. On the dotted (green) curve the MSE
attains the MMSE(o, k) = 2 — L = 7/16 (even though we do not have v’ =k, 0/ = &
except for one point which corresponds to the true parameters, shown by *). This curve
has vertical asymptote at o’ = 1/3/2. This value is the minimum o’ that there exists an
optimum «’, and is the same as the bracket estimator. The analytical expressions of the

phase transition line and dotted and dashed lines can easily be written down from eqgs.

(7.25) and ([7.19).

Performance of spectral method

As we saw in the Bayes optimal case, for the normal prior, we need to rescale the
top (unit-norm) eigenvector of the the observation matrix Y by /0% — ﬁ to
achieve the MMSE. In the mismatched scenario, we assume that the statistician

will rescale with the factor /o’ — # This rescaling results in a MSE which

we denote it by MSEgpectral. We have
2
F]

SST _ < 10/2 _ L)nyT
R/O.IQ

MSEspectral = IEP*,PZ [

1 2 1 1 (7.25)
_ 4 2 2( 12 .
=0 + (0 B 510_/2) — 20 (U - /1/0'/2)<1 o l€04)

9 12\ 2 1 2 o2 1 0?1 2
=) e T Y e T T e

The MSE of spectral method with rescaling is depicted in Fig. for
k = 4,0 = 1. The MSE is continuous in the plain, and there is no phase
transition. Similar to the bracket estimator, the MMSE achieving curve can
be found either by equating MSE and MMSE, or by equating the mismatched

rescaling factor with the matched one, \/ o2 — 1 = \/ o2 — L

Ko Ko?*
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Figure 7.2.9: Comparison of AMP and spectral method. In black regions, none of the
two algorithms can get an estimate better than a random guess. In regions hatched with
\, AMP converges to an estimate with MSE less than 1, and the spectral method does
not find an appropriate estimate. In the regions hatched with / spectral method, unlike
AMP, finds a good estimate. In the intermediate region both algorithms attain MSE less
than 1, and MSEanp — MSEgpectral is illustrated.

Comparison of AMP and spectral method

First, we compare the two algorithms in the fully mismatched case. We compare
the methods in situations where at least one of them finds a reasonable estimate.
In fact, in the regions where AMP obtains estimates with MSE less than 1, AMP
behaves like the spectral method with different rescaling. Therefore, comparing
the two algorithms is to compare the two different rescaling functions. Fig.
illustrates the difference between the two MSEs’ in the fully mismatched
case.

A remarkable point in the AMP rescaling factor is that it is data dependent,
unlike the spectral method. The AMP rescaling factor is @/\/502 e

P

which depends on the observation matrix via the term /ko?. This value

can be estimated in two ways. First, the top eigenvector of the matrix Y is

approximately /ko? + \/ElUQ. Also, running AMP with any set of ;o' that

K < ﬁ, and Vkk' > 02—10,2 or K > ﬁ holds will converge to a vector with

norm 4//%0? — -1 from which \/ko? can be extracted.

Now suppose one of the parameters x, o is known to the statistician. He
can estimate the other parameter by finding the value \/ko? from the matrix
Y, then he can apply his inference method (whether AMP or spectral) with
one matched parameter and one with a small mismatched. In Fig. [7.2.10] we
compare the MSE of the two methods for this scenario. In the case where k is
known, the MSE of AMP (or equivalently bracket estimator) is close to the
MMSE around the true value; however the spectral method behaves poorly in
the neighborhood of . In the other case, where ¢ is known, both approaches
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Figure 7.2.10: Comparison of the MSE of the Bayesian approach and spectral method
in the partially mismatched scenario. In the left plot, the SNR parameter « is known, and
o' is estimated from the data. In the right plot, o is known and « is estimated.
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Figure 7.2.11: MMSE achieving curves for various values of 3 for o = 4,k = 1. For

4\2
any set of (0/, k") such that 0 < x’ < 100/9 = /@8234;2 there exists a § > 0.2 = ﬁ
such that the mismatched MSE of the bracket estimator achieves the MMSE. For 5 — oo,

k' =100/9 gives the MMSE.

are not sensitive to minor errors around the true value x.

7.2.3 Mismatched estimation with g # 1

Introducing the auxiliary (temperature) parameter § > 0 to the (assumed)
posterior distribution will add a degree of freedom to the problem. This leads
to that for a region in the o', k" plane, for any pair of (¢’ k') there exists a /3
such that MMSE is achieved. The MMSE achieving curves for some values of

are plotted in Fig. [7.2.11] Note that for g < Hﬁ’ the MSE is o* for any pair
of (¢, k) and estimation better than random guess is not possible.

Similar to the case of § = 1, the MMSE curves can be obtained by either
equating the mismatched MSE and MMSE, or enforcing the condition mg.t =
Gstat- Moreover, computing the normalized matrix inner product of the estimate
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with the true signal, we get

Trss™(xxT)orw  Matar 1
[(@xT)or wllellssTlE  /Gstaro? Ko

Therefore, in the case that xk > ﬁ, KK > ﬂaﬁp* the posterior mean always has

the possible optimum angle with the ground truth, however due to the resacling
factor gsa.¢ we might get different MSEs. Therefore, the bracket estimator acts
like the spectral algorithm with different rescaling ¢g.;. Equating qe.c with

the optimum rescaling in the fully matched case (02 — #)2 gives the MMSE
curve.

Studying the fixed points of the SE equation enables us to evaluate
the performance of the AMP in the general case. It turns out that, similar to
the case of g = 1, considering different conditions inserting the fixed points
of SE equations manp, ganvp into the eq. leads to the same MSE as in
theorem [7.1l

Moreover, the estimates of the AMP performed with the optimum £ for
a pair of (0’,r’) satisfies the Nishimori identity. Fig. illustrates the
performance of AMP and SE under various situations.

7.3 Bernoulli-Rademacher Prior

Assume s; be i.i.d. random variables distributed according to the Bernoulli-
Rademacher (BR) distribution with probabaility mass function defined as

2

pls) = l—a ifs=0

{ & if s = +1

where 0 < o < 1 is the sparsity parameter. This prior is often adopted to
model the sparse signals. The observed matrix is defined as in (7.1). The
statistician assumes the Gaussian prior N(0,0"?) as the signal prior, and x’ as
the SNR parameter. Since the assumed prior distribution is not the same as
the true prior, we cannot be in the Bayes optimal case for any set of parameters.
Therefore, we start this section with a short summary on the Bayes optimal
scenario of inference with the BR prior distribution.

7.3.1 Bayes optimal estimation
From theorem 1 in [9] the matrix MMSE with the BR prior reads:

MMSE,, = o? — m*?

where m* is computed numerically through an involved recursion formula which
we omit here. It turns out that, there is a phase transition at x = % that for
k less than this value the MMSE is equal to a? and estimation better than
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Figure 7.2.12: Performance of AMP in general case of 3 for 10 instances for o =
1,k =4, N = 10000, compared with the SE predictions (7.18). In the first two rows, we
applied AMP with the optimum /3 for the two pairs (¢/, k) = (0.1,0.5), (2,2). The MSE
of the final estimates is equal to the MMSE, and the Nishimori identity holds for the final
estimates of the algorithm, although it does not hold through iterations. In the third row,
AMP is applied with an arbitrary 8 for ¢/ = 2, k" = 2. The MSE of the AMP and SE
coincides with the theoretical one as in theorem [7.1] and MSE is greater than the MMSE.
Furthermore, the Nishimori identity does not hold for the final estimates.

chance is not possible. However, for k greater than this value the MMSE is
less than o?.

From an algorithmic point of view, AMP achieves the theoretical MMSE in
the whole plane of (o, k) except for a small region [110] which corresponds to
the high sparsity regimes. In Fig. [7.3.1] we compare the performance of AMP
(predicted by SE) and the spectral method (with optimum rescaling) for two
values . This figure illustrates how the knowledge of the prior distribution
helps to improve on the spectral methods. Computing the best rescaling factor
of the spectral is similar to the case of Gaussian prior by simply substituting
o? by a, see section The MSE of the spectral method with the optimum
rescaling factor is equal to the MMSE when the prior is Gaussian with 0% = .
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Figure 7.3.1: Comparison of MMSE, MSE of AMP (predicted by SE), and MSE of
spectral method for the Bernoulli-Rademacher prior. In low sparsity regimes, the phase
transition of MMSE is the same as predicted by spectral methods, x = ﬁ the vertical
dotted (red) line in the left plot, and AMP achieves the MMSE for all values of . In
high sparsity regimes, oo < 1, the phase transition of MMSE is not continuous and AMP
fails to achieve the MMSE in a small region around the phase transition point. In both
cases, the MSE of spectral method is greater than the MMSE, which demonstrates how
spectral method performs poorly comparing to the Bayesian approach with the knowledge
of the prior distribution.

7.3.2 Mismatched estimation

Considering the posterior distribution as in (7.3) with P be the Gaussian
distribution with variance o’? leads to the following MSE in the N large limit.

Theorem 7.3. Assume that the sequence (MSE)n>1 converges uniformly in
(k,K',B8) € K C R, then for For all 0,0’ (strictly positive) and (k,x', () € K,
the asymptotic mismatched MSE is given :
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lim MSEy (o, 0, k, K, 3)
N—o0

2 L [(1725) n/a’2+1]2

« B2Kk/2074 if (2/8 - 1)\/E > 0%2) R S %7 (726)
N A ifﬁzé",ﬂ{,zﬁa;p*a
ot 0.W.
where
B + 1 1 1 L 2 « ] K 2
- 5 \/_ 5 K214 k! g2 K kK ovo!'?
LfpoLy|2oio2 oyt 2
B) K BVrrPaoc? B) kE'a? k3K a2
and

o' if =1,
7= (- BB -D) 41

Proof. The proof follows similar steps as in Theorem [7.4 For details, see
appendix [7.D] O

The expression in is the same as the one in (7.16)) with o2 replaced
with a. Therefore, the discussion (and plots) on the mismatched estimation
with Gaussian prior holds for the problem with Bernoulli-Rademacher prior
with a major difference. Unlike the Gaussian case, the mismatched MSE (with
BR prior) does not achieve the MMSE. In fact, the minimum of mismatched
MSE is equal to the MSE of spectral method in the Bayes optimal scenario
(equal to the MMSE of Gaussian prior) which is greater than the MMSE.

The AMP equations with the fake prior are the same as in ([7.17)) (note
that in writing the AMP equations only the assumed prior matters). The SE
equations are also similar to (7.18) with o? replaced with . Similar to the
Gaussian prior, studying the fixed points of SE leads to the same MSE as in
. Thus, there is no gap between the theoretical MSE and the MSE of AMP
in the whole region, although they do not attain the MMSE in any cases. In
Fig. [7.3.2], the performance of AMP and SE is depicted.
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Figure 7.3.2: Performance of AMP in general case of 3 for 10 instances for o =
1,k =4, N = 10000, compared with the SE predictions (7.18). In the first two rows, we
applied AMP with the optimum 3 for the two pairs (¢, k") = (0.1,0.5), (2,2). The MSE
of the final estimates is equal to the MMSE, and the Nishimori identity holds for the final
estimates of the algorithm, although it does not hold through iterations. In the third row,
AMP is applied with an arbitrary 8 for ¢/ = 2,x’ = 2. The MSE of the AMP and SE
coincides with the theoretical one as in theorem [7.1] and MSE is greater than the MMSE.
Furthermore, the Nishimori identity does not hold for the final estimates.






Appendix

7.A Proof of Lemma [7.1]

From ([7.5)), (7.4) we have
fN(P*JP7’€7K‘/75)

- %EP*,PZ [ln/da? P(m)e_i%”m”ﬁg@(STm)ug\/ijrzzmT]

N

1 f dm P(m) [%1 / %(sTw>2] 6_%“%”44—% W(STCCF—FL;\/ETI“Z:B:ET]
E

Br! B Vrr! B 4
[ dx P(x)e v 2l R (sTa)2 4 50/ 55 Tr Zaar

1 /
e, ()]

(7.27)
and

d 1 5} B |k
ety = =B = 1Y+ ] ST Do

51

4 \/Kk'n

+ Tr Z(wa>p7,€:,g}

Using a standard Gaussian integration by parts trick (see lemma , we have

]

/
EP*,PZ [TI‘ Z(me>P7H/’B:| = /8 %EP*,PZ |:<||a:H4>P,H’,ﬂ — H(ﬂch)PW/ﬁ

Therefore,

d 1
= Brepa (1= D)), + Bl @

. (7.28)
T

75
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Again by Gaussian integration by parts trick, we get

11

fN 1Nz

7B e |11 = 28) (2], , + 26| (@) o0

_ 2\/@<(ST$)2>P,H',5}

Putting (7.27)), (7.28)), (7.29), with a bit of algebra we find that the left-hand
side of (|7.6) is equal to

ds (7.29)

11
B [[@an)ewsp - 2((5@)) , , + sl
11
= I N2EP Pz [H (22T)pw 5|y — 2 Tr 88T (@ET)p w5 + HSSTH%]
1

7.B  Proof of Theorem [7.1]

First, we compute the asymptotic of the free energy of the system.

Theorem 7.4. For all 0,0', Kk, K, B positive, the asymptotic of free energy for
the mismatched inference is given as:

(12, —lmp -1+l i (28-D)VW < <t
B+ ik +Ino’ +1 if 28— D)VK > 5 k< 2,
1 + 1 o /8
. 46/{’0’4 fUIQ
1L —3Inp*— 1 +Ino’ if(25—1)\/ﬁgﬁ,ingg2gﬁﬁpw
< ﬁ - 4,8/{1’0’4 - %BKJOA if > %7 KK 2> 5U£p*u
1 R O 1
_'_2 w o2 + ngzgzzﬁ
1 2 12
+5In BV kK00 — 5
(0 0.W.
(7.30)
where
o” if 8 =1,
r- mg(_,léq) <2¢+2 - \/40—/4 — K'B(B — )) if 841
Proof Sketch. We have
1
fN = _NEP*PZ [ln Z(Y)}
1 \ (7.31)
— _N/dSP*(S)EPz [ln/de( )e T ||93|| +InZn
where .
Y BYR Ty
Iy = / pUN T RV #E Y (7.32)
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It is not difficult to see that Zy is invariant under the transformation * — Rx
where R is a rotation matrix. Therefore the integrand in the a-integral in ([7.31])
is a function of ||z||. Furthermore recalling ¥ = /% 587+ Z and using rotation
invariance of Pz we see that the integrand of the s-integral is a function of
|Is||. Therefore we can use spherical coordinates (see appendix to reduce
the integrals in to two one-dimensional integrals which yields

N
2-ztl 1 [Fe a2
In ===+ drrN"le 202
0

r(§) o¥
N
1 272t L [ B g
)
(7.33)
where r := ||s||, p := ||z||, and T'(.) is the Gamma function.
Changing variable % -, %2 — p, we obtain
N N
272 N2 1 [*
fn=— —/ drrz"te Va2
F(%) o Jo
N N
1 272N= 1 [T N N( ey 82 i
XEPZ {NIH{T%)J/N /0 dpp2 e 2027 4 PPN N}
(7.34)

To compute the asymptotic of the above integral, first we need to find the
asymptotic of % InZy, then we can find the asymptotic of the expression in the
Ep, by applying Laplace method. This asymptotic is independent of Z, finally
the asymptotics of fy in can be computed using the Laplace method
again. O

Once we have the expression for the free energy, we can compute the MSE
using Lemma [7.1] As explained in remark [7.3] this step uses the assumption
that for (k,x’) € K C R2 the sequence (MSE)y>; converges uniformly.

In the following we explain the steps of the proof of theorem [7.4]

7.B.1 Computation of

With the change of variables |Ian2 = % =7, ”:;”2 = % — p, the maximum and

minimum eigenvalues of Y/v~ are:

N if r <1
min 7 TS Amax T \/ET—{—ﬁ if \/kr>1

So,
1 ifRr<1

gmin = _1,gmax = { ﬁ if \/ET 2 1
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On the other hand the non-zero eigenvalue of the rank-one matrix B ‘F

is 0 = 50 a2 = 24,
From Theorem [6.1], we have for N large enough

%mIN = 0u(h) — % / In(1 + 26v(8) — 260t) dusc(t) + o(N)

= 00(6) — 5 / In(1 4 200(0) — 201) %\/4 ~®dt + o(N)

where

29 lf gmin S 20 S gmax
l/(e) == )\max - % 1f 20 > gmax
>\min — % lf 28 < gmin

Lemma 7.2. For A, B € R, such that A — Bx >0 for =2 <z < 2,

! +In (A+\/ A2 — 432)—%—1112

— ln(A Bx)V4 — 22dx =

2

A
RNy yy:2

Using this lemma, we find the asymptotic of % In Z) under different condi-
tions:

Bols for \/Ar < 1, 4v/ip < 1
BV~ Yinp— Y~ dlnw =3 for vir < 16icp > 1
S for Vr > 1,BVp < 2= (7.35)
B\/ﬁ 26\/:— —Ilmp—L  for Er>1,8VKp > \/1Er
lnﬁ rmr—

\

7.B.2 Laplace method

We want to compute the limit in eq. using Laplace method, however
since we are dealing with nested integrals, we need a generalization of Laplace
method. We apply the following theorem from [111] to find the asymptotics of
the integrals we are interested in.

Theorem 7.5 (Olver [111]). Let k, N be fized positive numbers, and
k
Jn = / e*ﬂp(:ﬁ)ﬁ’t(n,ﬁ)q(n’ x)dx
0

Assume that : (i) p'(x) is continuous and positive in (0,k], and as x — 0
p(x) = p(0) + Pz + O(a), p'(x) = pPa"~' + O(x"71)

(ii) For n > N, the real (or complex) functions t(n,x),q(n,z) are continuous
n (0, k]. Moreover,

|t(n, )] < Tnz", |g(n,z) — Qx| < Qunfa™™!
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where T, o, v, Q, X\, Q1,8 and \; are independent of n,x, and
v>0, A>0, \; >0, a<min(1l,v/pn), B< (AN —N)/u

Then,
Q.. A e—mp(0) 1
LS N Ih— —
where

w=min(u; — p, v — pa, \y — A —f3)

Remark 7.7. If x = 0 is the unique minimizer of p(z) in the interval (0, +00),
then the same result holds for fOJrOO, since the contribution of fl:roo 1S erponen-
tially negligible, for k a positive number.

Remark 7.8. If the minimizer (x = 0) in the interior of the integral domain,
then the asymptotic can be evaluated by splitting the integral to two inteqrals
fi)l,fok. And, the first can be tuned to the conditions of the Theorem by
change of variables, and the final result is multiplied by two.

7.B.3 Details of applying the Laplace method

To compute the limit in eq., we need to apply the Laplace method twice,
first to the interior integral ( the integral over p), then to the integral over r.

For the first integral ¢(N, p) = 1, sowe havethat @ = 1,5 =0,k = 1,k = 2.
The term ¢(N, p) in this integral comes from the error in the asymptotic of the
+ InZy, which is of the order of o(N), so & = 0. By Theorem 4 in [93], and
Theorem 1 in [112], we can set v = 1. As it turns out from the functions we
are dealing with in the exponent, we have iy — u = 1, thus the error of the
asymptotic we find for the interior integral is of the order of % Note that, since
we have the (natural) logarithm of the interior integral, we will only consider
the exponential term in the asymptotic, and drop other factors for simplicity.

For the integral over r, t(N,r) is zero, so « = 0, v = 1. The term ¢(N,r)
comes from the interior integral which is of the form —+ InCye NP (1 +
O(Y/n)) = p(r) — % InCn(1+ O(Y/n)), where Cy is a polynomial factor in N.
For the first term, we can apply the regular Laplace method. For the second
term, we can set () = 0 in theorem which results that the integral with the
second term is asymptotically zero.

Based on the conditions on in eq. (7.38]), we split the integral over different
regions, and substitute the asymptotic of le InZy.

IN

1
1)7" \/_E
1

AN
g

L JY 3

1 1
/ 2)1/ K N,
/BW AP N(5E 485 24 np— 8 ) _ /@W dp N[5 0-p)t 555~ np)]
0 P 0 P
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The function in the exponent is p;(p) = ,02’% (1— )+ 522 — 5 Inp. First note
that this function is undefined at p = 0, so by splitting the integral into two

1
integral fOE , fe sV« the contribution of the first part is exponentially negligible,
thus we need to compute the the second one. Nevertheless, we will keep the
1

integral fom in the following.
If 8 < 1, it is straightforward to check that the minimum of p;(p) is attained

. 1 L L, _
P = K’ﬁ(ﬁ— 1) (20./2 \/40-/4 Hﬁ(ﬁ 1))

And we have that (28 — 1)Vx' < % B\F

For 8 > 1, it can be verified that if (28 — 1)v/k' < 2, then p{(p) = 0 has
two solutions, one corresponding to a local minima denoted by p* and one to a
local maxima denoted by p. We have

at

1 . 1 .
(25—1)\/?§ﬁ:>p Sﬁm<p

On the other hand, if (28 — 1)V/x' > —z there are two cases. First, p/(p) =0

has two solutions, but in this case p* > ﬁ\/;ﬁ Second, p}(p) = 0 has no

solutions, in this case p;(.) is monotonically decreasing. Therefore, in either
. . . . 1 . 1
case the minimum of p;(p) in the interval (0, m] Ve

all together, we find

% —Np1(p*) . _ 1
/M dp N[04 80-5)+ 525 mp] G,N:(’;) if (26— 1)V < 2
0 e "M (20~ DV >

P o
e NG I+ if (268 — )VK < 2%
T N brs i msne) 051y s
(7.36)
1
P> 5w

S /
/ @@_N(ﬁf/ +ﬁ%p2—% lnp—B\/?p—&—% lnp—&-% lnﬁ—i—% lnli'-i-%)

1 17 .7.3 & dp [ K 2 1 N/ }
— e—N(§1HB+ZlnI€ +4)/ _e—N ij +(m—5 /{)p
e #

2

The minima of the function in the exponent is at p = It can be

verified that

~ o
2 1 1

—— <

K:/ 5/‘@/0/2 /8 //ﬁ;/

(25—1)\/E<%<:>
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Therefore, we get

N(L] g /a3 Oodp N[n’z 1 \/7]
e~ (3InB+3Ink"+7) o™ Bp +(m—5 &')p
1
BVK!

—Npo(—1— .
~ e NGImpt+ins'+3) ) € )i (26 = 1)VK < 5z
e~ N if (28 — 1)V > L
- efN(%lnB+%lnn’7%+$+m) if (28 — 1) [ < #
= _N(L Upp/gd 1 1
e N(21n5+41nn+4 45&’0"4—"_\/?0/2 IB) lf (2/6— 1)\/ /{// >

q

(7.37)

1
o2

We need to sum the asympotics in eq. ((7.36)),(7.37) to find the asymptotic
of fooo dp. Since, we are considering the n large limit, we pick the dominant

term under each condition. For the case (25 — 1)\/? < # the term form eq.
(7.36)) is dominant, and for the case (28 — 1)V/x' > # the term in eq.(7.37))

is dominant. Note that in both eq. 1” , when (28 — D)VK' = UL,Q the

exponent in both cases is equal, so we can properly move the equality case of
the condition from one part to the other.

We have

oo /
/ DD N (o285 P4 1np- L Zy)
0

P
5 e NG Em—gimp+]) if (26— )Vr < (7.38)
e NGt T ) i (28 — DV > L

Now, we need to compute the asymptotic of

N ArN
2

2” 2}]\[\7 1 /Oo @e—N(%%Jrﬂ%po—%lnp—%lnIN)
NEIl

To do so, we use the following lemma from |113| which states the asymptotic
of I'(%).

Lemma 7.3. For x — oo,
1
T(z+1) = \/27?:13(%)95(1 +0(2))

Using this lemma, we have

N N N N
F(E) ~ 2#(5 — 1)(5 — 1)%716—%+1 ~ M(g)%fle—%
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Substituting I'(§) with its asymptotic results in

_N N ) ,
272 N2 1 / @G_N(Q;/Q""Ig%ﬁg_%lnp_%lnIN)
0

0 oo o
_N AN
Sy | e N T
VAN EF TN fy

—N(—2%+Ino’) < dp —N(=L5+B85 p2—Lnp—L InTy)
~ Cye 2 —e 2572 TP T3Py LN
0

p
Cye i hin —iehna) if (26 - DVW <
=~ ON@ ( lnﬁ-‘rl Ink’+Ino’ +1_W+ﬁ_ﬁ) if (2/8 o 1)\/? > %
where Cy is a polynomial factor in N. This leads us to
_N N
e L L
N TE) o e b
- ig;—%lnp —}L—Hna 1f(26—1)\/_§6%
%lnﬁ—i-iln/i’—i-lna’%—i—%ﬁ#—ﬁ—ﬁ if (26 — 1)VK' > ﬁ
Define
B %5;—%lnp*—i+lno’ if (28— D)VK < 2
TTY imB+ i o+ - b L B (28— 1)VE >
(7.39)

Thus, in this case the function ¢(NV,r) is independent of r. It remains to
compute the the following limit:

7?N2 \/7 ﬂ_ _ s
lim —— e Vazg
N—o00 F O'N

Applying the regular Laplace method to the integral over r, we get

,f Yo N 2,/ % e—Nﬁ—mU(1jf0(%)) if k <

T2 204 — _ HH .

;fl ~e Ny ti! (1+0(3)) ifk>
R}

q»l = qpl =

Further, we have

_N N 1 N
%i/ﬁdrrgqe—]\f&:z’ sl ﬂe N(—+lna)/fdrr12v_1€_N2;2
o) o 2\ = 0

1 if v <%
~ 1
~ 1 7N(ﬁ+lnﬁ7io'f%) . 1
C’\/—Ne 2V if K >

where C' is some constant.



7.B. Proof of Theorem |ﬂ| 83

Since % + Inz — 1 is positive for z > 1, we find

i 22N —7N2 f - 1Nz = q if/{ﬁ%
N—oo F aN 0 ifk >

Substituting ¢ from eq.(7.39), we obtain

1
1 ﬁ N T
drrzle Nz

X | — iln (% }N /OO @6_]\[(20%_5_5 4 p2—11np—1lnIN))
N g o™ Jo »p (7.40)

}L;L* sInp* — 1 +Ino’ if (28— 1)VK < e
L 5+1ln/<;—|—lna+— f (28 — 1)VK' > % < 4,
B 4650’4 + 7o _ﬁ

0 otherwise

To compute the remaining part of integral, we need to consider two cases.
Throughout the following, suppose (26 — 1)v/x' < % This implies that
P (p) = 0 has two solutions p*, p.

r <

1
2) VE S ,Bx/Wp*
op <

1
BV kKT

/wm dp ~N(5Ep+85 02— 1 Inp— ZH 52
0 P
1
_ /Bﬁ dp —N[o25 50-p)+ 5554 1np]
0 P

In both cases § < 1 and 8 > 1, p{(p) = 0 has solution and p is minimized at
p*. We are in the region where r < 5 \/anap*’ so p* is in the integral domain,

and we get

1
/ Wl Ap N[ 8O- gy ] NGB (7.41)
0 P
.p > ;
BVEK'T
o I 7
/ @efN(QUL,Q%B%pzf%lnpfﬁ@rpf%b’\/"; 241 pt L+ I mpVinr+1)
L p
BV rk!r

S /
7N(4H1T2+%1n6\/,‘£5’7'+%) @efN[B%p2+(2 - B\/Er ,8 & T) ]

BVrer'T
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The function in the exponent is ps3(p) = ’%pQ + (537 — 5@ — Bi/E ),

202

whose minimum is at p°P* = _Lﬁ +/or+ ﬁ It can be checked that, in

this region p* < - ——. Thus, ps(.) is minimized at m (in the integral

domain). So, we get

0 ’ ST
o~ NGz +5 n BVRRTr+3) / @e*N [B%pQH Ly —p¥EEr_pl, /s %)p}
L p

/

BV KK

NG BVRRrd) s (k) (7.42)

T

~ e

- 4kr

_ e—N[ T (1= 3+ 5+ T

Comparing eq. ([7.41)),(7.42]), we obtain

! *
@ efN(zg%Jrﬁ%pzf%lnpfﬁlnIN) ~ efN(iﬁf%lnp*+i)

BVerr

which leads to

_N N ) )
2 z]]\[\f)z 1N / @ e—N(ZGL/Q—&-ﬂ%p?_élnp—%lnIN) ~ e—N(%;’/Q_%lnp*_%_HnU/)
res) o p
2
_N N
_ L [FENE L [dp  NGes s bk inT)
1 N L&)y oNJ p
15 1 2 1 (7.43)
~ 2P * /
i §lnp — Z#—lna

1
N 1 BV rr!p* N r
_— T drrz e Nazg

NG

T o—N(5-Ino) gl <cq< 1

2\/;€ ) ) if Ve — &> BV kK p*
—N(z—=+7Ink

~ le (2\/Eo'2 4 ) lf K < %

N 1 1 o
_ 1 41 NP

%e N(Qﬁ nn/02p*+21nﬁ Iif{p) f 1 < 0-2
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Further, we have

N N 1
2_7]\[7 1 BV kK p* ﬁfl _N_T_
— NN drr2 e ' 22
F(?) g R
1

1 N 1 B ! p* N
o oy [ N (= Ltng) [V N NS
2V 7w 1

v
1 if L<g2< 1
—N(;ﬁ-lln\/ﬁoz—l) VE — — BV p*
~ Ce ~2vro? itk < %

f
742 % 1
K02*+ InBVkK'o?p*—3) if 1 < o2

Ce Nave

where C' is some constant.
Since % + Inx — 1 is positive for x > 1, we find

N N 1
_25NY 1 e N, oV e
lim —— P d?"r%_le N202q: 0 ifk< %
N—oo F(?) oN Ja 0 if 17 o2
K ,Bﬁ *

L ’
Nz 1 /@G—N(%p@—i-ﬁ'z 2—lnp—lnIN))] (744)
P

1 p* 1 * 1 / 1 1

_ 1% —5hp"—7+Ino fTS Sﬁm,p*
0 if o.w.

1

3> 5
1
*P= BV kKT
1
/ﬁmr@e—N(mﬁfrﬁZp )
0 p

1
/WW* dp N[p 8-+ 555~ Ln)
0 P

We are in the region where r > #ﬁ,p*, so p1(.) is minimized at W, and we

get

/amr dp NP E BB+ 52—t mp] NP G
0

P
1 1
_ e

(7.45)
7 +2 lnﬁmr}
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1
ep > B\/WT

00 / ST 7
/ @G—N(ﬁ:, +B5 p?— 1lnp BE5E rp—§ %g-l—%lnp—l—ﬁ;r +%lnﬁx/mr+%)
L p

~N(ghat} maVRRTHY) / T Ao N[ sV a1 )
P

1
BV kKT

The function in the exponent is minimized is at p°P* = —W + \/57" + \/%T.
It can be checked that, in this region p°P* > 5 \/%r. So, we get

(e.)
eN(MlT2+§lnﬁ\/Wr+é)/ dp —N[53p2+(2/2_gmr ENERSH

L p

BV kE T
_ _1 1 75 S N t
~e N(4m2+21n,8\/m< r+2)€ np3(p°Pt)
1 1 1 11 1
_ o N -l et i e (5D e

(7.46)
Comparing the exponent in eq.([7.45)),(7.46)

’
/ dp pieNata VAT Ty

O LG L AV e e (LR e Ry

N N
1 272Nz 1 dp ~N(=2 485 02 1y Ling )
R e e B s
N F(%) o'N p
1 1 1 1 /1 1 1 7.47)
- _ -1 — 2, - /2 S (
4/<ar2(6 ) 48K o' 45"“ +2 H’O'Qr+2 kK02 T
1 1
—5(5—1)—1-511&& KK'T

Now, we need to compute the integral

o0

1 drr>le 2a2q()
BV k! p*

This integral asymptotically is

lna' 2 : 2 1
2\/Fe N (0?) if 0% > NG
- In BV
_]1[6 (25\/ rkrlo2p *+ n VKK p )q( 1
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This leads to

2
it o < Gy

272Nz 1 &
2 BV kK p*
9(02> if 0% > 5\/$p*
~ e_n(wmz w5 InpVeR 0% p" = 3) ( 1 ) if o2 < 1
EAV BV o
So,
_N N 2\ ip 2 1
2-5 N2 o0 N q(o?) ifo® > .
1‘ vl 1 0'2 . ﬁmp*
im / 1 drrz N3 q(r) = {O 1

BV k! p*

Since % +Inz — 1 is positive for x > 1.
Inserting ¢(o?) from eq. 1' we find that for (28 — 1)V’ < C%,

2
(
_N ,
X —lln 2oNe 1 /@e—N(Q;’,ngb’Zp2—§1np—}VlnIN)
N F(%) aNJ p (7.48)

1-8
4kot - 4/8,‘{ o4 - _ﬁﬁa + 2\/_/ 72 lfU 2 ﬁmp
= t——L — L+ L InBVkK'020"

2V kK 020'2

e 2 1
0 if o < GmTr

Now assume (23 — 1)vV/k' > 25

4)r>\/ig

1
.p< BV kKT
1

BV kKT dp N(=L w2 11 52N/ 2

e Ngom B p =g np="7=0%)
0 P
1
Vrrl !
R
0 P

If B <1, then py(.) is mlmmlzed at p*, but since (28 —1)Vk' > 4 and r > f,

it can be checked that p* >
6\/ kKT
If 5> 1, then py(.) is either a monotonically decreasing function, or attains
its minimum at p* (but p* > 5 F ). Therefore, in any case p; is minimized

(over the integral domain) at \/Rr
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/gmr dp _n|p? 5(1_5)+2;2—%1np}
0 , (7.49)
) 28V rrlo! 2 +3 lnﬁ\/ET]

~ 6 |: 4nr2 28

| V

o p
/ —N( ,2—1—5%’;} 1lnp ,6’”m 'rp—lﬁ\/n"—l— Inp+— + lnﬂ\/ﬁnr—s— )

:6_

dp
p

Verr

S ’
N(m+§ ln/B\/mf’r-l-%) @G—N [ﬂ%p2+(20,2 —pXEET \/Wr 52\/7 )p:|
1

BVrrr

The function in the exponent is minimized is at pP' = —W + \/gr + \/#T.

. . . Opt 1
It can be checked that, in this region p°P' > TS So, we get

o0 K/ KK,’V‘ K/
T Y M STt SR

L
BV kT
~ e_N(4m1r2 -‘r% lnBVﬁn’r—i—%)e—npg(pOP“) (750)

B e L AV e T i (O e Rl

Picking the dominant term from eq. (7.49)), (7.50)), we have

N_| _N_£_ _NBE p24InT
dppz~ e 207 P N

—N|: ——(B-1)— W 1Bkr?+1 /5 ET‘FWT LB-1)+3 ln,B\/mﬁr}

~ e 4rvr

which leads to

_N N
g(r) = N [& 1 /dﬂ N (LB 11np;V1nzN)1
NUTE) v
o 1 1, 1 [r1 11 (7.5
4/<;7"2(6 ) 4Bk o 45"“ +2 ,{/U/QT+2 R 2T
1

—5(5—1)—1-%1116 KK'T

Now, we need to compute the integral

/ drrz e Nazg(r)

1

N
This integral asymptotically is

{2\/_6_ (z-mo)g(g?) if 02 >

lnﬁmp ) 1 . 2
Q(ﬁmp*) lfO'

Sl 5=

1 (2 2%
= B
Ne K,KZO'
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This leads to

N N
272Nz 1 [* N r
—_— drrz"te N2 g(r
i@ o), ")
q(c?) if 02 > \/LE
~ ~N(=rtry s+ 1 VR 0%p 1) :
e 28Vrr 02p Q</B\/7+K/p*) lf 0.2 < \/LE

So,

Since % + Inz — 1 is positive for x # 1.

Inserting ¢(o?) from eq. 1} we find that for (28 — 1)v/k' > ﬁ,

_N N o
lim 2 2]]\[\[2 L/ drrzte N2
v
_N N /
X —lln w 1 @G_N(%L/g‘h@%/ﬁ—%lnp—%lnb\;)
N F(%) oV J p (7.52)

1 8 1 2 12
tor—=mm 5t In BV kK 0%0

0 if02<\/LE

{ iﬁ_oﬁ B 4,3/'{ ot —ﬁ/ﬁ}O’ + 2\/_’ if o %

Finally, from eq.(7.40),(7.44),(7.48)),(7.52)), we have limy_,o fv =:

(%p; 1111,0*—1—1—1110’ if (26— 1)VK < 2 /2, Sﬁ
%nﬁ—i—”nﬁ—i—lna—i—— (25—1)\/_> 5, R S%
4[3n Brod T \/,?0/2 -8
1o —llp*— 1 4o if(25—1)ﬁ§$,ﬁ§o2gﬁ :’i/p*,
i;ﬁ—W—iﬂm‘* if (26 = DV < 5, VER' > 50z,
+1 \/_, ,2+2m02 =
+1n BVkK 0202 - &
I kot 4 LB (8- 1)VR > e b
+3vE 52 + sy
+1n BVkro?0™ — &
0 if o.w.
(7.53)
with

. 1 I L, _
pP= K/B(B_ 1) <20/2 \/40/4 Kﬁ(ﬁ 1)>
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Remark 7.9. p* was defined as the minimizer of p1(.). For f =1 we have

pi(p) = 5% — %hl p, so p* = o' and all the steps we went through are valid by

simply substituting p* = o',

The two conditions (283 — 1)\/_’ < %, KK 2 ﬁ or (28 — 1)Vr >

1,2 ,k = =3 can be combined into £k > = K > FaTpr p

7.C MMSE Achieving Curve for g =1

7.C.1 Equating MSE and MMSE
For 8 =1, the asymptotic mismatched MSE reads

[ & +(1 \,ﬁ"/z) ifk < 14,and/<’ %1
04(1— %)z—km—l— ifx’ < ,47and VKK 2;

< +HU(1_\/H_)_W220J2

04(1—\/_) +ﬁ+ﬁ ifs' > J5, and k > %
+25 (1= \/5) - soiean

4

o 0.W.

\

We consider the case where ko > 1 and estimation better than guess is possible.
Equating MSE and MMSE ([7.19) for parameters «', o', we find:

2 2 5 3.8
, KO 1 1 koo 1 1 Ko
K=+t -——————\/4(1 — ko?) + k2050”2 + - ———
1 —koto?  2(kot—1)2 a’\/ ( ) 2 (kot —1)2
-1
0'/ > 2H0——
- ko3
(7.54)
From ( , we see that the curve has vertical tangent at x = T ’234"81)2 o =
2Y ';‘;3 Moreover, the asymptotic of the curve at 0’ — oo is k' = (mz 81)

7.C.2 Enforcing Nishimori condition

For $ =1, the asymptotic free energy is

(

1 1 3 TS 1 /
—dvon T 7o — 1 Tk 440 if Kk < 5, and K > =
1 sInvVkk'o?o"? — L _ ko if & < L. and VEK > =7

4:‘60’ 41 — o = o020
ko
+\/_20',2 + 2\//{,{ 0'2 2 42
—111 /<a/<a020’2 — 5 fg > L and k> 4
4/{0’ 4 o't o

+ H' 20'2 oVt 2V kK 02 2
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Using ((7.15)), we have

4 |F d F 1 L 1 o2 N 1
Mgtat = — -5 J = — —0 — ——F 5 0
tat K dk k! K K 0?2 kK020
2
K 1
Qstat = 4_/%f + _f ( K,O- - KJO’lz)

Imposing Nishimori identity, mgs = Gstar We find the same relation as ((7.54))
for k', 0’.

Remark 7.10. As the fized points of the state evolution equations ([7.24]),
Manp 0nd @ayp coincides with their corresponding statistical parameters, the
same discussion s true for miyp, Gamp-

7.C.3 Spectral rescaling
By remark [7.5] the bracket estimator performs as the spectral algorithm with

2
the rescaling factor gty = <\/— o — m/2> The rescaling factor in the fully

known model is 6% = (02 — L)2. Equating gs.c with true factor gives the

Ko?
same curve as eq. ([7.54)).

7.D Proof of Theorem [7.3

First, we compute the asymptotic of the free energy of the system with the
true Bernoulli-Rademacher prior.

Theorem 7.6. For all o, o', k, k', B positive, the asymptotic of free energy for
the mismatched inference reads:

(

1o Ilmp —141lha if(2ﬁ—1)\/y§a—1/2,m§$,

tInf+ilnk +Ino’ + 1 if(2ﬁ—1)\/g>ﬁ,/<;§a—127
g+ 7 -

1o —llp —Lt4llma f(28-1)VK < 2, %g a<

ﬂ_;_lﬁﬁcﬂ_ﬁ ifﬁZé,‘/ ’>

:8 HK/p* Y

4ra? 451/»@’(7’4 il 2 Bo p*’
K/ (0]
+2 KK oo’? + 2 H' o2
1
+5 In BV KK ao’?
\ 0 0.W
(7.55)
where
o’? if =1,

b= W(—— B — B8 >) if 5+ 1
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Proof. We follow the same steps as the proof of the theorem[7.4]for the Gaussian
prior. We have

fv = —%EP*PZ [(InZ(Y)]

1 P (7.56)
- EP*7PZ |: - N ln/de(aj) e an |l +1HIN]

where

Uﬁ‘ﬁ

IN:/DU n'Tr ==

The integrand in the z-integral in is a function of ||&||. Furthermore,
the function in the expectation Ep- is a function of ||s||. Therefore we can use
spherical coordinates (see appendix to reduce the interior integral in (7.56))
to a one-dimensional integral, and the expectation over P* to the expectation
over the norm ||s|| = r.

1 2731 1 T N1 2B T
/v =Ep,p, _NIH{WTV/ dp pN~le s an st N} (7.58)
2) 9 Jo

where r :=||s]|, p := ||z||, and T'(.) is the Gamma function. r? is distributed
according to the Binomial distribution, B(n,«). Changing variable % —r,

(7.57)

2 .
£ — p, we obtain
n

L, (2 TN2 oo B B o 1
fN:EPT7PZ|: { (ﬂ) / dpp%*le N( /2+ w1 IN}:|
2
(7.59)
where r has the following distribution:
k N
P{r = N} = (k)am —a)V*  k=01,...,N
[

The term % InZy is the same as the case of Gaussian prior, see (7.35)).

7.D.1 Details of applying the Laplace method

To compute the limit in eq.(7.59)), we split the interior integral and the expec-
tation (over r) based on the different cases of the involved parameters.

1
1)?" S \/_E

With similar calculations in we can find the asymptotic of the function
in the expectation which leads us to the following expression that we need to

compute.

1
IEl:'r,lz’z [q I{T < ﬁ}]
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where

Ly —ilnp*— 1 +1no’ if (26 —1)Vk
lnﬁ—i-%lnﬁ’—l—lna’—i—i—m if (26 —1)vVk
+7mom =P

By

'<
>z (7.60)

NN

q is independent of the Z, therefore, we have

Mswz

Ep, [¢I{r < %}] = % (N)om —a)N7ig =

- 1
=0

B (oo

(7.61)
By central limit theorem, we can approximate the Binomial distribution with
a normal one, and for N — oo we have

i—Na 2
<N> (1 —a)V 7~ ! 672(1\""1(\]1*)0‘)
v 2rNa(l — «)

Substituting in (7.61)), we get

i—Na
E I{r< —}| = e 2Na(l-a)
oo } qz 27Na(l — )
N (7.62)
Nz(i(la)j)

1
N qu; \/27TNC¥(1 —a)

where in the last equality we changed the index % — j, and approximate % L\/—Ej

with \/LE for N large enough. Now, for N — oo the sum can be interpreted as
a Riemann sum.

S

1
¢ 1 e_]\,% _ 4N Ve dr e_N2(<:<71(i)j>
‘= V2rNa(l —a) 0 2nNa(l — «)
(7.63)

Thus, it remains to compute the the following limit:

. \F &
lim ¢ dre Naat-a
N—>oo 27TOé 1-— Oé

Applying the regular Laplace method to the integral over r, we get

ﬁ (r—a? NL (1 + O(%)) if K < %
/ dre Neat-a) = e (L a2
dlop) Lo Noaar (14 0(4)) ifw > 4
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Therefore, we have

T—Q ] L
lim g T ppe i [ a ks o7
N%oo 271'0(1—@ 0 1f&>¥

Substituting ¢ from eq.([7.60) - we obtain

1
—— <
Vo TP [I{T

1
)

y ln 2_ N 1 /OO @e_N(%L/z_i_ﬁ%,pZ_%lnp—%lnIN)
) oNJo »p

L2 Mg e i (26— VR S 2k <
_ %lnﬁ—i—lz—llln,k;’—l—llna’—i—L—l1 if(25—1)\/?>%,/{§$’
T 4BkK0’A + NP ﬁ
0 otherwise
(7.64)

To compute the remaining part of integral, we need to consider two cases.
Throughout the following, suppose (26 — 1)v/k/ < %

1 1
2)\/_E <r< B
In this case, the asymptotic of the interior integral is same as in ([7.43)), and
by the discussion in previous section we can approximate P, by a Gaussian
distribution with mean «, and variance o(1 — «). Therefore, in the end, we
need to compute the following limit.

. ﬂ‘/fwc/p* (7‘ a)2
llm 6 2a(1 a) q
N—oo 27ra 1—a)

where
_N N ,
q= —iln {2 o /@e_N(2:’2+5’1p2—§lnp—1{,1nIN)
N r&) oNJ p
1p 1 . 1 ,
157 —51 p —Z+lna

o 1 1
T it = <a< -
) Na<1fix) , VR BVkK'p
BV rr p* N (r— a)2 _N(ﬁ*a) )
/1 dr e " 2a(0-a) ~¢ %6 2a(l—a) if K < é
NV (—F= )2
v 1~ Nt £ 1
~€ 1 NS <«
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which leads to

.f L
Bm Nr=a)? q 1 Vi 1 BV kK p*
lim e Neat- Ag=< 0 ifr< =
N—o00 27ra 1-— a 0 if 1 ¢ <
if g <@

! I{ ! <r<
—— r
N PrPz VK = BVEK p*
_N N ,
% ln (2 2]{]\72 ]_ /@ eN(%%#»B’ZpQélnp;,lnIN)) (765)
rg) oJ p
1p° 1 e 1 1
_ Za' §lnp———|—lna 1f\/—ggagﬁmp*
0 if o.w.
1
3)r > N

In this case, the asymptotic of the interior integral is same as in , and
by the discussion in previous section we can approximate P, by a Gaussian
distribution with mean «, and variance a(1 — «). Therefore, in the end, we
need to compute the following limit. which leads to

i (r—a)?
lim ¢ Naam=a) g (r)
N—o0 27ra 1—a)
Wm'p*

where
1 1 1., 1 [r1
alr) =  dkr? (6-1) ABKo™ Z/B * 2\ o
1 1 1 1
- _ _ /
+2 — 2(6 1)+21n5 RKT
We have
27 if 1
h d NQ(T(la) ) N a(e) B
) re " 2e0-aq(r) ~ _N(B*/ﬁﬂ* ) ) )
BVnlpt ¢ =Gy e < g7

This leads to

N o0 o (r—a)2 (6% lf (0] Z L 7
N
1

N—oo \| 2ma(1l — «
BV o




96 Mismatched Estimation of Rank-One Symmetric Matrices

Inserting g(0?), we find that for (28 — 1)V’ < %,

1
— <7
BVkn p*

_N N ,
< In <2 N2 1 @eN(Q;,ﬁBZﬁglnp}VmIN))]

}

. 1
A =y Eers [I {

F(%) o'N p
1-8 1 1 2 1 : 1
4ra2 465’01’4 o Zﬁ’;a —1{_ 5\/5% if o> BV kK p*
_ _ b 1 / 12
= tovmiaez — 3 T aInfVerac ' 1
0 if a < T
(7.66)

Now assume (23 — 1)VK > 2.

1
4)7’>\/—E

We need to compute the following limit

N L NLr)?
lim —/ dr e”N2at=a1 (1)
N-oo \[ 21 (1 — @) =

where (from ((7.51))

1 1 1, , 1 [x1
Q(T):_él/ir?(ﬁ_ )_46/1’0’4 _Zlﬁm +§ K o
1 1 1 1
+m;—§(ﬁ—1)+§lnﬁ KK'T

We have
21 1
> N - q(a) if a > NG
/ dr e N2et=a1¢(r) & 2
ﬁ 1. N2\§1ﬂx) (L) ifo < L
N q N N
which implies
N > NGl a) ifa>-L
lim —/ dr e N ETT g(r) = ala) i 7
N—oo \| 2ma(l — ) J o 0 ifa < L
VR
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Substituting g(a), we find that for (28 — 1)Vk' > 35,

) 1 1
N8~y Eeeps [I{ﬁ <7}

_N N /
wn (22N 1 /@ o NGEz+B5 PP =5 np—5 InTy)
0 o~ (7.67)
411;04/3; - 4ﬁﬁ1’0/4 B iﬁﬂa? + % %UC’MZ fa=> \/LE
— t——s ’m{w@ _8 >+ 3 In VKK ao”
0 if a < \/LE
Finally, from eq.(7.64]),(7.65)),(7.66)),(7.67), we have limy_,o fv =:
(12 —Ilp —Li+lno (28— 1)VK < 5 k<,
Mg+ e +1na +1 i 28-DVW > Z5,n < &,
*_45,@1'0/4 + \/Egrz -8
i —sp =+’ i (20-1VK S 5 o <a< oA
% - 4[3/{10"4 - 411/8,{;0(2 if (2/8 - 1)\/E S %a KK/ Z B‘i *
1 + 1 8
2 0'2 KJ{ 'ao’?
-I—%lnﬂ KK oo’? g
iﬁ_og - 4,8/{ ot 4115/{/0(2 if (25 - 1)\/E > UL@?’K: > %7
+; N’ 0/42 + mﬁl’aaa
+3In 3 /maa’2 g
L 0 if o.w.
(7.68)

with

* 1 1 1 /
P = Hlﬁ(ﬁ—l) <20/2 o \/40/4 _H’B(ﬁ_l))

Remark 7.11. p* was defined as the minimizer of p1(.). For f =1 we have

pi(p) = 5% — %ln p, so p* = o’ and all the steps we went through are valid by

simply substituting p* = o'

The two conditions (28 — 1)V < %, Vx> &iw or (26 — VK >
S 1

/2 K > -5 can be combined into £ > lg K>
’ Bap

7.E N-Dimensional Spherical Coordinates

ds = d51d82 e dSN
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Consider the variables 0 < r,0 < 0 < 27, ¢y, Pa, ..., Pn_2, where 0 < ¢; < 7
with the following transformation:

S1 = 1 COS ¢

S9 = T Sin (1 COS P

S3 = 1 8in ¢ sin ¢o cosps

SN—2 = rsin le ...sin ¢N—1 COS ¢N—2
SN_1=Trsing; ...sin¢y_1 Sinpn_o cost

SN_1=rsing; ...sin¢y_1 Sinpn_o sinf

The Jacobian of transformation is ™1 HjV: ~Usin¥ =177 ¢, Thus we have
N-1
dsidsy...dsy = drdfdoy ...doy—or™! H sin’V 1 ®;
=1

If the integrand is only function of ||s||?, we can get rid of the integral over the

angles.
N
2

2 N-2 ™ ) At
/ do || / sinV 1 ¢ doy =
0 j=1"0 F(?)




Mismatched Estimation
of Rank-One
Non-Symmetric Matrices

In this chapter, we delve into the analysis of mismatched estimation focusing
on a scenario where the signal matrix is a rank-one non-symmetric matrix and
the noise follows a Gaussian distribution. Our main goal is to calculate the
full asymptotic of the mismatched MSE in the large N limit, specifically when
statisticians use a Gaussian prior for estimation.

e We prove a relation which links the free energy of the system to the
mismatched MSE in the non-symmetric case, see Theorem [8.1]

e We derive the asymptotic free energy for the case where true prior is
Gaussian in Statement 8.2

e Using the f-MSE relation, we derive the asymptotic mismatched MSE for
Gaussian prior.

8.1 Problem Setting

Suppose the ground-truth vectors s* € RY t* € R are distributed according
to Py, Py, respectively. The matrix estimation problem is the task to infer the
matrix s*t*T from the noisy observation:

Y = ,/%s*tﬂ +Z (8.1)

This work was presented in [32] F. Pourkamali and N. Macris, “Mismatched estimation
of non-symmetric rank-one matrices under gaussian noise,” in 2022 IEEE International
Symposium on Information Theory (ISIT). IEEE, 2022, pp. 1288-1293.
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where £ is the signal-to-noise-ratio (SNR), and the noise matrix Z € RV*M has
i.i.d. entries (independent of s*, t*) distributed according to N'(0, 1). We assume
that M scales like N, and ¥/ — a € (0,1] as N — oco. The normalization
1/~ makes the inference problem nontrivial in the limit N — oo.

The statistician is aware that the channel is additive Gaussian with variance
1. But, he does not know the SNR « and the prior distributions, and he assumes
(not necessarily) untrue priors Q,, Q,, ' instead. Following the Bayesian
inference framework, he chooses the mean of the posterior distribution as his
estimate for s*t*T. The goal is to compute the MSE of this estimation in the
N — oo limit. The MSE is defined as

1 2
MSEy = ——E| [T — (stD);] 8.2
| XA 52)
where E is the expectation over the true prior distributions P, P;, and the
noise distribution P, and ||.|| is the Frobenius norm of a matrix. Adopting the
traditional statistical mechanics notation, we use (.) to denote the expectation

with respect to the posterior distribution from the statistician’s point of view
with the mismatched priors Qg, Q; and the SNR «'.

[f dsdt g(s,t) Qu(s) Quit) e IV VEer,

<g(8,t)> - , .
[f dsdtQu(s) Qu(t) e 2=Vl

for a reasonable function g(s, t) such that the integrals exist.

It is understood that the MSE in (8.2)) is a function of o, k, P, Py, k', Qs, Qv
Also, note that since we are interested in the large size limit, we only use NV in
the subscript for the MSE.

In the matched case, i.e. ¥ = Kk, Qs = Py, Q; = P;, the MSE reduces to
the MMSE which is the best achievable error:

MMSEy = ﬁl@ |

s — <stT>matChedH§] (8.3)

Notation: We often drop the N subscript to denote the asymptotic large N
limit. We may also drop the parameter dependency for notational simplicity. We
use £ to denote the expectation over the true priors and the noise distribution
unless the distribution is specified as a subscript. (.) denotes the expectation
over the posterior distribution with mismatched priors and parameters, unless
the parameters are indicated as a subscript.

Remark 8.1. Studying the problem for the case o € (0, 1] suffices to capture
the problem in the general case. Suppose the observation matriz be Y € RV*M
as in such that N > M (so a > 1). FEzchanging the role of M, N and
rescaling k to #/a, we can apply our method to the matriz YT with the aspect
ratio Ya € (0,1).
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8.2 Main Result

In the matched setting, one method for obtaining the MMSE is to compute
the mutual information between the signal and the observation, and proceed
with the well-known I-MMSE relationship [1|. However, mutual information
cannot be defined in a mismatched setting, and such relationships do not exist.

In the mismatched setting, the average free energy (a similar quantity to
mutual information) is the key to accessing the mismatched MSE. Free energy is
defined as the logarithm of the normalizing factor of the posterior distribution.
Theorem states the relation of mismatched average free energy and MSE
(in the following, we often refer to the mismatched average free energy simply
as free energy).

8.2.1 Asymptotic mismatched free energy and MSE

Given an observation matrix Y and the model (8.1]), the posterior distribution
from the standpoint of the statistician, reads up to a normalizing factor as

P(s,t]Y) x 6_%||Y_\/%StTHiQs(S)Qt(t)

8.4
o e—%||8H2Ht||2+\/%TrYtsTQs(S)Qt(t) -

where Q,,Q; are the priors the statistician has assumed. To derive the second
line, we drop the term HYH?$ in the exponent since it is a constant term (because
the probability is conditioned on Y).

The partition function is defined as the normalization factor of the posterior
distribution

Z(Y):= / / dsdt Qu(s)Qy(t)e v 171+ § TrYest (8.5)

and the mismatched free energy is defined as
1
In(a, k5, Py Py k', Qy, Q) = —NE[III Z(Y)} (8.6)
Now, we state the relation between the free energy and MSE.

Theorem 8.1. For the model (8.1)), with any true priors Ps, P, and assumed
priors Qg, Q; with bounded second moment, we have

d K Kk d 11 9 2 1M
%fN+(2 \/;)\/E%fzv—k imEps[HsH ]Ept[||t|| ] =3 NMSEN
(8.7)

The proof of Theorem is given in section . Eq. , generalizes the
classical -MMSE relation [1], and holds (with a change of constant factors) for
other mismatched inference problems such as symmetric matrix estimation |28|,
and vector channels.
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Remark 8.2. Denote the mismatched distribution of Y by Qy. We have

ko1 2 2 1 * gk 1

5 e [lls] |Ep, [II1811°] - (YY) = SD(Py[Qy) (88
Then, (8.7) links the difference of MSE and MMSE to a derivative of relative
entropy, equivalent to relations discussed in detail in [114)] for vector channels.
The relations of free energy and mutual information and other information

theory notions are discussed in detail in Appendiz[8.A]

v+ Ep, |

8.2.2 Gaussian priors

In this section, we consider the case in which the priors (both true and assumed
ones) are Gaussian and derive the mismatched free energy using the non-
rigorous results in spherical integrals. Suppose s and t are generated with i.i.d.
elements from AN(0,02), N(0,02), and statistician assumes incorrect priors

N(0,0%), N(0,0}%).

Statement 8.2. For all a € (0,1], K, 04,04, K, 0%, 0, > 0, the asymptotic free
energy of mismatched inference model (with Gaussian priors) is given by:

i
( %<F+ (a—1In(1+@) if ko?o? < Va,k'ol’0)? > /a,
—alnya+ ﬁ)
122 12 /2

i(F + (a— 1) In(a+ ko?) if kolo? > \/a,kK'c20lol 0, > a,

—alna+Inko? + ,-ﬁ?)

\ 0 otherwise
(8.9)
where
F=—VA+(1-a)ln(l—a+VA)+nKo0 - % + Vonax
Kol oy
+(a=1in(=20+rol’of*(1-a+VB))
with

492 o 2 2
A= — (a + Kol o) (Vo — \/B)) + (e —1)2
s t

2 72
B:(Oé—l) +4@W

{ 1+ Vo if ko202 < \/a,
Ymax =

(trogo})(atkodo]) ¢ . 2 2
\/ i if koZof > /o

2
KO507
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Figure 8.2.1: Plot of mismatched MSE for Gaussian priors with o = 0.4,05 = 0, =
1,k = 2. The solid leftmost (red) curve is a phase transition (the derivative of MSE is
discontinuous) line. On the left of this curve, MSE = 0202 = 1. In the intermediate
region, between the solid leftmost (red) and the dashed (red) curves the MSE is less
than 0202 = 1 and the estimation better than chance is possible. On the dotted (green)
curve the MSE attains its minimum which is equal to the MMSE, although we do not
have ' = k, 0504 = 0’0} except for one point (which is the point where we are in fully
matched case) depicted by *. The MSE is 0,0, = 1 on the dashed (red) line, and take
higher values on the right of this line. MSE is analytic on this curve, and this line is not a
phase transition. Finally, we point out that the MSE is continuous throughout and the
phase transition is therefore a continuous phase transition.

Proof. The derivation is sketched in section [8.3.2] with details provided in
appendix O

Now, we are able to compute the asymptotic MSE using Theorem We
assume that the sequence (MSE)n>; converges uniformly for (k,x') € K C R.
This allows us to interchange limit and derivative to go from asymptotic
mismatched free energy to asymptotic mismatched MSE. Due to the complexity
of the expression, we omit the detailed presentation of the MSE.

Remark 8.3. In the matched setting, concavity of mutual information with
respect to k implies uniform convergence of the sequence (MMSE)n>1, which
enables us to interchange limit and derivative when using I-MMSE relation.

The MSE is illustrated for the case of « = 04,0, =0, =1,k = 2 in Fig. 1.
The observed behavior is generic when we are above the information theory
threshold, ko20? > \/a. In this case, as we see in Fig. [8.2.1] there is an
intermediate region where the MSE is less than o202, and estimation better
than chance is possible. We refer to the caption of Fig. [8.2.1] for details. In the
case koZo? < y/a, the mutual information between the signal and the observed

matrix is zero and the MSE is always greater or equal to o20?.
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Fully matched setting

Setting ' = k, 0/°0}* = 6207 in (8.9), and using (8.8)), we find the asymptotic
average mutual information:

KR
* gk, __ pfully matched 2 2
I(s"t;Y)=f + —ozio;

20
Kk 2 2 . 9 9
5-050] . if koZo? < \/a (8.10)
1 a _ 1+koso; . 9 9 .
—{ 5 [Rggog +(1—a)ln pa—— if koZo? > \/a

+(1 4 a)Inko?o? —alna

From the mutual information, we can find the asymptotic MMSE using the
[-MMSE relation. The expressions for mutual information and MMSE are
well-known and obtained previously using a variety of methods [10}/11,/115].

Limit « — 0

Setting n = 1, the model (8.1)) reduces to a modified vector channel of the form

y = kut + z (8.11)

where u is a random variable distributed according to N'(0,02), and t € RM
has i.i.d. elements generated from A(0,0?). Similar to the matrix case, we
can define the partition function for this model, and the free energy is defined
as fyir = —LE[In Z(y)] (because N is fixed and M tends to co). With
a slight abuse of notation that we can index the matrix free energy with
M, we can see the asymptotic (mismatched) free energy of vector channel
as lim /o0 limnya—0 % far- Assuming that we are permitted to interchange
vector

the limits, we find limy; o fi7" = lim,—0 af, where f is the asymptotic
mismatched free energy of the matrix model.

lim fy" = = (In(1 + kolo}) — koZoy) (8.12)

g
1
8
N | —

This result seems rather counter-intuitive, since the mismatched free energy
does not depend on the mismatched parameters and it is equal to the matched
free energy. But, independent calculations confirms this behavior.

Caseof a=1

Consider the symmetric rank-one matrix estimation problem defined as

ysm /%s*s” +Z (8.13)

where s* € RY has i.i.d. elements distributed according to A (0,0?), and Z is
a symmetric Gaussian noise matrix with variance 1. The asymptotic average
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mutual information for this model reads

kot if kot < 1

(# + 21n Ii04> if kot > 1 (8.14)

NN

(s Y™) = {

In the non-symmetric case, let « = 1 and o, = 0y = 0. Comparing (8.10]) and

(8-14), we find 2I(s*; Y™) = I(s*,t";Y).

The same relation also holds for the mismatched free energy. The mis-
matched free energy for the symmetric model is computed in previous chapter
with mismatched parameters «’,0’. In the non-symmetric case, with
o, = o0, = 0’ we have

21 (k,0,k',0") = fla =1,k,0,0,K,0",0")

8.3 Analysis
8.3.1 Proof of Theorem
From ,, , we can write
fv = —%E[In//ds dt Q,(s)Qu(t)
o o elslPIE+ 5 (s ) )+ [ TthsT}
From which, we have

CYME R A

Using a standard Gaussian integration by parts trick, we get

atv = 3ol - 5 (e )]

Plugging these two equations into (8.7)), we find

11
SB[t [ =2((s"Ts) (e T8)) + 157 211 1]
11
- mE[H<stT>H§ —2Tes"ET(tsT) + 52
11 1M
= >+7E| (st7)[5] = 535 MSEw

8.3.2 Asymptotic mismatched free energy for Gaussian
priors

The main idea to compute the free energy, is to exploit the rotational invariance
of the mismatched priors Q;,Q;. Changing variables s — UTs, t — V't for
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orthogonal matrices U € RN 'V € RMXM the integral in (8.5) becomes
(|detU| = |det V| = 1):

= // dsdt Qs(UTS)Qt(Vt)e—%||U73H2||Vt||2+\/%TrYVtsTU
= // dsdt Qs(s)Qt(t)ef%H8||2||t|\2+\/%1‘rYVtsTU

We have this relation for any orthogonal matrices U, V', so it also holds for
the expectation over Haar measure on group of orthogonal matrices.

_ / / ds dt Q. (s)Q, (t)e~ el Itl" / DV / DUNFTYVETU (g 15)

where DU, DV denote the Haar measure on group of n x n and m x m
orthogonal matrices, respectively.
We can write the interior integral in (8.15]) as in the definition of the rank-

one rectangular spherical integral (6.10)) with A = \/LM’ B = ‘fvjtsT (which is

rank-one with non- i - \{V?HS” ||t]]), so (8.15) can be rewritten
as

// ds dt Q. (5)Qu () I I Iy s sl F) (g 16

Since the priors Q,,Q; are Gaussian, and the function in the exponent is only
a function of ||s||, ||¢||, we can use spherical coordinates to reduce the integrals
into a two- dlmenswnal 1ntegral over ||s|| = ps, ||t|| = pi. Following by a change

M
2

of variables & — pj, ]\2 — py, We can write:
272 N2 1 272 M
L) o T

1 //+oo dpsdpt
2 S ) O-gM 0 pSpt
y -N |:%( p,Sz—hlps)-&-%%(%—hlﬂt)-i-%,%l?spt—%IHIN,M(\/ ’%Pspt,r)}
e 0'5 Ut
(8.17)

Z(Y) =

By statement converges to a deterministic function J (/% /apspr, paip)

where pyp is the limiting singular law of \/LM Note that since we are interested

in the large N limit, we replaced M = %

The limiting singular law of the matrix \/% is the Marchenko-Pastur law
with density uyp = —W which support is [1 — \/_ 1+ /a] [18].
Moreover, by [74] since } is the rank-one deformation of T has the same
limiting distribution, but the top singular-value of Y can be different. By [18§],
the top singular-value of = converges (a.s.) as N — 00 t0 Yiax given in (8-9).

The prefactors in are independent of the Y and we find:

y L 23Nz 1 275 M=% 1 1(1+1)+1 +11
1m ———1n = —— 1’10' IlO'
Nose N T(X) oV T G2 t
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It remains to find the limy_ o E[ — % In KB(Y)] , where Kp(Y') is the integral
in (8.17). Let us define the function
1 1 K/

ps Pt
V(ps, pr) = 5(0—22 —Inp,) + %(0_22 —Inp;) + L

K-//
= T = psprs pie)

We show in appendix that impy_ oo E[ — % In KN(Y)] is bounded above
and below by min,_,,>0%(ps, pt). Therefore, we have:

(8.18)

) . 1 1 1
lim fy = mmow(ps, pt) — 5(1 + a) +Inol, + - In o, (8.19)

N—oo Ps ,PtZ

from which we can derive .






Appendix

8.A Relations between Free Energy and
Information Theory Notions

8.A.1 Matched setting

Denote the true distribution of Y by Py-.
1 _1 ./ EstT :
Py(Y) = C_//dsdtPs(s)Pt(t)e sy -vise
z

where C'z is the normalizing constant of the distribution of the noise matrix
Z. From the definition of matched partition function (setting Qs = P, Q; =

2
P, =k in (8.5)), we can write Py (Y) = C—lze_%”YHFZf““y matched (") - So,
the matched free energy can written as

]f\1[111y matched _ _lEPY |:1Il qully matched(Y)]
N
1 11 ) 1
— —Ep, [InPy(Y)] = 5By [[[Y][5] - 5 Cz
1 11/ k . . 1
- 240 - 3+ (SB[l PN 17 +E]|2);] ) -+ nc

(8.20)

where h(Y) is the differential entropy of Y. In deriving the last line, we use
the independence of s*,t*, Z.
The average mutual information is

1 1 1

—I(Y: s t) = —h(Y) — —=h(Y]|s", "

VI 0) = ) = ) o
= §h(¥) - Fh(2)

Z is Gaussian matrix with i.i.d. entries, so h(Z) = %E[HZHH +1InCjy.

Putting (8.20)), (8.21) together, we find

ully matche 1 * * 1 * ot
ety £ B[l B[ = 1Y) (522

109
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8.A.2 Mismatched setting
Let Qy denote the mismatched distribution of Y.

Qv (¥) = o [[ dsarquisiquiey 2Vl

From the definition of mismatched partition function (8.5), we can write

Qy( ) o, 2 ”YHFZ . So, the mismatched free energy can written as
1
Iy = —Epy [InZ(Y)]
1 11 2 1
=~ Ery [InQy (V)] = 3B, [|Y[}] - 5 1nC2

The relative entropy between the two distributions Py, Qy reads
Py(Y)]
Qy(Y)
11 2 1
=)+ vt e IV IE] + e
= fn — fuuy matched (From second equality in ({8.20)))

1

SD(PylQy) = < Epy [

From ({8.22)), we can also write

i+ EEIsIPIE[IP) = 5 DPylQy) + LI(Yis' ) (329

8.B Derivation of Eq. (8.19

In this section, we present the detailed derivation of asymptotic mismatched
free energy. We start with (8.16]):

/ / ds dt Q,(s ( e IR 0 T s CRF sl )

= ! //dsdt
(27r)20N ) e oM

2 2
" 7—2 b2 Lok~ gl I+ T s (el 5 (8.24)
6 o .
()2_%+1 1 2_M+1 +Ood d N—1 M 1
= psdp p
T(Y) oV (X4
2
2
s P VK
« 6—72522—72022—21\1 P2 +In Ty ar (G- Lpspt, F)

In (a), we write the explicit distribution functions of Qg, Q;, and in (b) we used
the spherical coordinates to change the integrals into a two-dimensional
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integral. With change of variables é — Ps, % — pt, we have
N N
272 N2 1 2*7M > oo 1 My
Z2(Y) = () O_,N (4 /M // dpsdpt Ps Pi

—N L5 —MQZfQ —WNPSMPFHHIN,]W(TVMNPsPtv\/LM)
s t

_272N2 1 272 M=% 1 //+°° dpsdp;
rg) o TEH a™)le psp
—-N [%(552 —1nps)+%%(%—lnpt)-l-%%ﬂspt—%ljv,nf (\/Tpsptyf)]
s t
(8.25)

where %IN, M(\ /K % PsPt \/LM)’ by statement converges to a deterministic

function 7 (.; uyp) where pyp is the limiting singular law of \/LM

We are interested in limy_,. fnv = limN_mE[ — %ln Z(Y)]. First, we
compute the asymptotic of the integral in (8.25)), denoted from now on by
K(Y). Let us define the function

/

1 Ps 1 Pt K
5(0_22 —Inp,) + 5(0—42 —Inp,) + 50 sl

/f,
- g (\/ Eﬂspt, MMP)

We show that limNﬁooE[ — % In K(Y)} = min,_,,>0¥(ps, pr). Assume that
the minimum of ¥ (ps, p;) is attained at (p%, p;).
To show this limit, we need the following lemma:

V(ps, pr) =
(8.26)

Lemma 8.1. For 6 > 0,
Y

. 1 o
JI_{EOE[N InZy (6, \/_M)} = T8, prp)

and this convergence is uniform over compacts.

Proof. By St‘atement , limy_eo % InZy (6’, \/LM) = J@ (0, prrp), and this
convergence is an almost sure convergence.

Let \/LM = Uy T'y Vy be singular value decomposition of \/LM’ and Xy be an
M x N with all zeros entries except the first entry which is . We can write:

:/DU/DVG\/MNTYFyUEQV
— /DU/DtevM]\mZ?l’YiUﬂVu

< /DU/DV@WH%Q;’)‘

— VMNOvo

IN,M (07

Y
NI
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where 71(11};))( is the top singular-value of \/LM So, we have that % InZn m (9, \/LM> <

,/%9%(11};2(. By [116] (Theorem I1.13), for any N, M we have

N &2
P{’VI(IQ( > 1+ \/Mth} <e ™Mz

From thls and since %(na))( is a positive random variable, we can deduce that the se-

quence 3 LinZy M(fyﬁnaz() N.M is uniformly integrable. Because ~ InZn (9 \/LM) <

\/_e'ymax, SO (i InZy M(@ T)> is also uniformly integrable. There-
N.M

fore, the almost sure convergence of ~InZy M(H M) to J (a)(Q, pvip) implies

th—>ooE|:N InZn (6, \/_M)] = T, ump).
Moreover, similar to Lemma 14 in [62], one can show that for 6,6 > 0 :

1 Y e X < g
‘N IHIN,M(Q, \/M) N 1HIN7M(0 s \/M)‘ S N’Yma |9 0|

Therefore, using Jensen’s inequality, we can write

‘E[% InZn 11 (07 \/LM)] -E [% InZn (9’, L)} ‘

=~lN
< ey 2L 10— o)
= vﬂ@f E[v] 10 — 0

V/__ Hs 1£(} +~2k] 16 — ¢
< \/%(\/Easat +1+ \/%) 6 — 6|

<Clo—0o|

(8.27)

for a constant C' and for N large enough. ymax denotes the top singular-value
of the matrix Z € RV*M and by [116] E[fymaz(] < 1+ /4. In deriving the
last inequality, we also used the fact that for a Gaussian vector € RY with
i.i.d. elements of variance 0%, E[||z|]] < v/No.

Therefore, the family of functions {E[% InZn s (9, \/Lm)}} is uniformly

equicontinuous. So, the point-wise convergence to J (6, unp) is uniform over
compacts. 0
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8.B.1 Upper bound
For any N, M, we have:

T dpgd
=[S
-N

!
< e [% :?S—lnps)-i-%% (:ﬁt—lnpt)-l—%%pspt—% InZy pr (\/ H,%Psptv\/%)]

* p* /
1N |3 2 (i) o Aatoi— T (Vo

> e s t
P3Py
(8.28)
So,
1 1, pk 1M, p; K M
El - ~ImEKW)] < (2 —tnp) + 2 (2 —tpr) + S0 e
-y KM <505 ps)+2N(U£2 Pi)+ 5 PP
1 M Y 1
—E[NhlIN,M( ﬁ'ﬁﬂ?ﬂ?a\/—ﬂ)] + oy e
(8.29)

Since the convergence of E [% InZn p (0, \/LM)] N—oo, T (0, pprp) is uniform

N—o0 /
over compacts, and ,/ﬁ’%p;‘pf — \/ T PEPE, S0

1 M % Y N—oo a K . %
E[N lnIN,M( K/Npspta\/_ﬂ)} — j( )(\/ EpsptaMMP>

Therefore, we obtain

lim E[ — I K(Y)] < (05, 07) (8.30)

N—o0

8.B.2 Lower bound

Denote ay (s, pr) = 3(Zz —In ps) + 375 (L= —Inpr), and by (ps, pr) = e papi—

~ I Ty ar (/K5 psprs \/LM) Let (p, p;) be the minimizer of an (ps, pt)+bn (ps, pt)-
Since % — a, for sufficiently large N, we have p, < N, pj < N.

We can split the integral in K(Y') over different regions in Ri, D, =
(P —€, pl+€) X (p,—¢€, p;+e€) for small constant € > 0, Dy = [0, N] x [0, N]\ Dy,
D3 = R%\(Dy U Dy). For the first part, choosing e small enough, we have:

// dpsdpt efN [aN(ps,pt)erN(Ps»Pt)}
Dy

PspPt
< e~ Nming pep, |:aN(,037Pt)+bN(Ps7pt)] // e
Dy

M
N

PsPt
— o Nming, pien; |:U«N(PS7Pt)+bN(Ps,Pt)j| In pste In prte
= h—e

< e~ Nming, pep, [aN(P87Pt)+bN(Ps,Pt)]
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D, is a closed, bounded, and connected subset of R%r, so by integral mean value
theorem, there exists a point (g, ;) s.t.

—N |an (Fs,6)+0n (st
// dpsdpte—N[aN(ps,pt)+bN(pS7pt):| < A28 [an(s Ap : N (o)
Dy PsPt PsPt

= Cyoe ™ [an (Be,p)+bn (,60)]

For the last part, we have

// dpsdpt efN [aN(ps,pt)+bN (Ps,Pt)}
D3

PspPt
< e~ Nmingg o epg by (ps;pt) // —dpsdpt e_NaN(PSvﬂt)
D3 pSpt

For N large enough, since M > N, the integral in the RHS can be upper
bounded as below:

// dpsdp; e—N% (0252 —In ps> -M1 (:,—g—ln pt)
Ds

t
PsPt

. // dpdp, [( _mps)%(gftfmpt)}
D3 PsPt

This integral can be well approximated by Laplace method (for N large). The

minimum of the function in the exponent (in Dj is attained on the boundaries

at either (¢/% N) or (0)>, N). Without loss of generality, assume that the

minimum is at (%, N).

// dpsdpte-zv[;(i;_mps)@(cgg_lnpt)]
Ds

PsPt

Nllacme )i (X
TR PR

where Cy 3 is a polynomial in N corresponding to the terms in Laplace approx-
imation. So, we have

/ / Apsdps N [an(ps,pe) +o (pop0)]
D3 pSpt

-N [%(17111 0‘é2)+% (o_/l?*ln N) +minps,ﬂt€D3 bN(pS vpi)i|
< Cnge ¢

Putting all together, for NV large we have

K(Y) < B_Nmin [aN(pS7pt)+bN(p57/)t):| (1 4 CNQeiNTN’Q + CNgeiNrNB)

where 7y 2,7n,3 are positive constants (depending on N).
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Therefore,
1
E[ % In K(Y)]

1
> E[min [an (s, 1) + b (ps, )| = 71 (1+ Cyge Nrnz 4 CN,ge—NTst)]

Second term is bounded by % In Cy, where Cy is polynomial in N. By an
application dominated convergence theorem and continuity of log function, this
term vanishes in N — oo. For the first term, we have

]E[mln aN(ps, Pt) + bN(ps> pt)]

1, ps 1M K M
:E[ PLs —lnp) + 222,
min 5 (2 np>+2N( P+ s
| M Y
T (W 5]
T ([ WP )
. 1 M Pt /
—E[min (25 ~np,) + 5 (25— :
min 5 (5 )t on (e np)Jerppt

s t

M Y
— 5 T (| K 57t \/—)+w(ps,pt) w(ps,pt)}
> f)nipl}w(ps,pt)

1M, p; k' M 1, p K
L I
tmingy (g i) 5 e = (g (G ~ e + g 00

K 1 M Y
E[ in 7@ (\/ = pspr, — —InZ [y ’_}
+ f)l;l}plgj ( PsPt ,uMp) N n N,M( K N'O Pt \/—)

In the limit N — oo, it can easily be shown that the second term vanishes.
We show that the third term also vanishes. Similar to the proof of compact

convergence of E [% InZn s (9, \/Lm)] , we have:

W 1 M Y
[i?l,f}j()( _psptaﬂMP)_NlnINM( K S7 PPt )]

! Y
> E[lff)fslipftlj(a)( —PsPt7MMP) - N lnINM( %Pspn \/M)]
K Y 1 M Y
+E[£SIPI:NIHINM( PPt \/_M) — 5 T (| K 57 PP m)}

where both terms converges to 0 as N — oo (see (8.27).
Thus, we find

lim B[~ I K(¥)] > 605, 7) (5.31)

N—o0

From (8:30),(831), we have

lim E[ — %ln K(Y)] = (oL, p) (8.32)

N—oo
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8.B.3 Constant terms

Lemma 8.2. For N — oo,

r(}) = vaN et (o)

2
Proof. From |113], F(%) can be approximated by

N N N_{ _N 1
zﬂg_amg_ng%Qﬂ@+o@w)
from which the result follows. O]

Using this lemma, we have:

=~

. L 273N 1 273M7% 1 1(1+1)+1 L ' (8.33)
1m ——m = —= — no — 1nao .
N—oo N T(5) oV T(E) o 2 o *a !
From (8.32),(8.33), we get
lim fy = min( ) 1(1+1)+1 ’+11 ! (8.34)
R e A SO

8.C Computation of free energy

In this section, we present the computation of free energy from the expression
min,_ ,, ¥(ps, pr), where 9(.,.) is defined in (8.18)). First, we find the expression
of the function J(®(.; pupp).

8.C.1 j(a)<.,,uMp)
From Statement we have that
2

T ap) = V—ﬁln(l +aV)_§ln<1+”)_§/d'uMP(t) o (1_T(a)(’/)t2)

with
e VAR i 62 < Moo
T@OTHO22. ) if 02 > Honax

First, we compute rectangular R-transform for the Marchenko-Pastur distribu-

RV Gt el 1 N

tion punp = —
2
1-(1 — \/ 1—(1 —4daz?
HO () = (14 a)z [1—(1+a)z]” —4az W) Ny o 7
HMP 2002 ’ HMP T(a)<z)

So, we have that C’,S‘Ifgp(z) = z.
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By [1§], the top singular-value of the matrix Y as n — oo converges to
1+ Va if kolo? < \/a
o= { | [EIET i it > v

2
KO0}

yo \/La if kolo? < \/a
= 1 e 2 9
e st Z\/a

. Thus, we can compute

Moreover, we have

1—(1+a)z—\/[1—(1+a)z]2—4az2

In2
2z +in

/duMp(t) In(1—2t%) =—

—a—;lln(l—(leoz)z—i—\/[1—(14—04)2}2—40422)
+1_aln<a—i—1—(—1+a)23—(—1+a)\/[1—(1—1—04)2]2—40422)

(8.35)

Putting all together, J (a)(ﬁ, pvp) can be expressed as the following:
If kolo? < y/a:

30° 02 o 1

2 if 6° < NG

Vaitl 2 L. ) )

T, ) = 2a <\/4O‘02 +(1—+a) — 1) —In6—3 if 6> > 7

—l—lz_—ao‘ln < 2 2 ) _ mTa
\/40‘92+(1—\/5) —Va+l
If HU?U? Z \/aa 7r2nax = (1+H0§?20)2(:§_5030t2) :

( %02 if 02 S #%'?
“n(1- o+ /(CTHaf $4af2,) 622 i

(@) = 1 V(=) Hal 20 14a
J <87 MMP) " 2k0202 + 2c T 2a
ln/ia'saf 11—«
T F o m2-—Inf
—Q
\ +Eln(a+/€080t)

8.C.2 Minimizing of ¢ (ps, pt)

The calculations in this part are carried out using Mathematica [117]. Consider-
ing different conditions, based on these calculations, the minimizer of ¥ (ps, p;)
is unique.

1)ro?0? < \/a
If K'o’?0’? < \/a:

x 12
{ ps _0-52
R |
Pt = 0y
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If /ol %0l? > \/a:

Ps

*

Pt

2)koZ0? > \Ja

If Ko 12 /2< e

Os koZoZ®

If Ko /2 /2> «

2
KoZo

—m+7|:1—06+\/04—

_ 1 + o Utve)?
o I{’O’éz n’ ’2 ’i

=—K§/2+”f [1—a+\/

« 12
{ ps _Us
Pe = 0y

2:
t

+ 40[ (1/+/\§;£)2

Ko} 2a

(l—i-ncfgof)(a—l-na'gaf)
m@’afogzogotz

(1+ko2a})(atro2of)

15125122 2
kKol 0l 020;
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Extensive-Rank Inference
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Extensive-Rank
Symmetric Matrix
Denoising

This chapter focuses on estimating a large, real symmetric signal matrix
S € RY*N from noisy observations. The observations are modeled as:

Y =VkiS+2Z (9.1)

Here, Z is a symmetric Gaussian matrix, and x > 0 is proportional to the SNR.
We study this problem for the case S follows a rotationally invariant prior
and its rank diverges as N — oco. Two growth regimes are considered: linear
(rank grows linearly with N) and sub-linear.
In the linear growth regime:

e We show that the asymptotic mutual information is linked to the asymp-
totic of the log-spherical integral, Theorem [9.1]

e Leveraging the optimality of RIEs, in Theorem we derive the asymp-
totic MMSE is in terms of the limiting ESD of Y.

e Using the [-MMSE relation, we derive an explicit expression for the
asymptotic mutual information in Theorem [9.3]

In the sub-linear growth regime:
e We derive the optimal RIE, see (9.52]).

e We calculate the asymptotic MMSE and mutual information for this
regime, aligning with findings in [65], which supports the optimality of
the proposed RIE in this regime, see section [9.6.2]

The content of this chapter is based on a joint work with Prof. Barbier in [48] F.
Pourkamali, J. Barbier, and N. Macris, “Matrix inference in growing rank regimes,” arXiv
preprint arXiv:2306.01412, 2023.
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9.1 Linear Rank Matrix Denoising

We consider § = ST € RY*¥ distributed according to a rotation invariant
prior, i.e., dPs y(OSOT) = dPs n(S) for any N x N orthogonal matrix O. The
matrix S is corrupted by Gaussian Wigner noise Y = /xS + Z and we are
interested in the asymptotic mutual information and MMSE of this estimation
problem.
The empirical spectral distribution of S is denoted as pgN) (2)de = % Y ey 0(z—

AS)dx where (\?) are the eigenvalues of S. For the rigorous analysis throughout
the linear rank case we shall assume the following;:

Assumption 9.1. The empirical spectral distribution p(SN) converges almost

surely weakly to a well-defined probability measure ps with support in [—C, C]|
for some finite C' > 0 independent of N. Moreover, the second moment of png)
18 almost surely bounded.

Signal instances satisfying this assumption can be constructed as S = OAOT
with O uniformly sampled over the manifold of orthogonal matrices (or Haar
distributed) and A = diag()\{, ..., \%) i.i.d. eigenvalues distributed according
to ps with compact support. Note that for measures pg containing a weight € €
[0, 1] at 0 the random matrices S have rank M = (1—¢)N. When M = N there
is another popular way to construct rotation invariant matrix ensembles, namely
by setting dPs y(S) o exp(—5 Tr V(S))dS where V/(S) is a rotation invariant
“matrix potential”. For such priors almost sure weak convergence of the empirical
spectral distribution is proved in [66] whenever lim inf ;o V(z)/(81n|z]) > 1
for some § > 1. Moreover, under some additional conditions, the largest
eigenvalue of such a random matrix satisfies a large deviation principle, which
implies the almost sure boundedness of the top eigenvalue [66]. Therefore, our
assumption holds for a large class of ensembles described by rotation invariant
potentials.

Recall the spherical integral defined in , and denote the log-spherical
integral as Jy(A, B) := %IHIN(A, B). Let

j[p\/ESH P/xS H psc] = NE\IEOO jN(\/ES, Y)

where p g is the limiting spectral distribution of /&S, ps is the Wigner
semi-circle distribution, and p, g B ps. is the free convolution of p.s and p
which is the limiting ESD of Y.

Our first result for matrix denoising in the linear rank regime is a rigorous
formula for the mutual information.

Theorem 9.1 (Mutual Information for linear rank matrix denoising).
Under assumption

7 B / 2?ps(x) dr — Tp s, pyrs B pscl- (9.2)
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Proof. Proof steps are outlined in section [9.3 O

Although we know that the limiting log-spherical integral is given by a
variational problem, see [61], its computation requires going through Matytsin’s
formalism [95] and is, in general, highly non-trivial. Here, we will provide
another formula (Theorem for the mutual information, which is much
simpler and explicit and which, in turn, also provides an expression for the
log-spherical integral.

The route to this program goes first through the class of RIE. An estimator
2(Y) is called rotation invariant if for any orthogonal matrix O, OZ(Y)OT =
é(OYOT). We may define the best possible reconstruction error within the
RIFE class as

MMSE g x (k) = min %EHS _EY)2 (9.3)
ECRIE
Obviously MMSE N (k) < MMSERgg n(k). However, it is easy to check explicitly
that the MMSE estimator E[S | Y| belongs to the RIE class. Thus we also
have MMSEgg n(k) < MMSEN (k) and hence MMSEy (k) = MMSEgig n (k).

Because of rotation invariance, Y and 2 € RIE can be diagonalized in the
same basis (y;). Thus any RIE is expressed as 2(Y) = 3 &y,y! where (&) are
the eigenvalues of the estimator. Therefore requires minimizing over (fz)
only. In [53] the heuristic replica method is used to show that in the large N
limit, the optimal (£;) can be expressed only in terms of the limiting spectral
measure py of the data Y and its eigenvalues (A\)):

2y) = S e, Lo
= (Y) - ,ngNél yzyz.‘ra fz - \/E(/\f QWH[pYK)‘zY))? (94)

where Hlpy](z) := P.VL [ py(x)/(z — x)dx is the Hilbert transform of py. Note
that py is given by the free convolution py = p, g B ps. which is a continuous
density due to the smoothing effect of the semi-circle law |118|. Based on this
result we make the following assumption here:

Assumption 9.2. The estimator (9.4) is asymptotically optimal in the RIE
class, i.e.,

1 .
Using (9.4]) and (9.5]) we prove the following explicit formula for the MMSE

in linear rank matrix denoising;:

Theorem 9.2 (MMSE for linear rank matrix denoising). Under assump-

tions we have
1 ( 4

MMSEy (x) 2= — (1= = [ p(a) da:) (9.6)

where the data spectral density py = p s B pse. Moreover, MMSE(k) :=
limy_0o MMSEN (k) is continuous in r > 0.
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Proof. Section O

This is an explicit formula that can be used to concretely compute the
MMSE(k) curves for various models of rotation invariant signal ensembles,
and in particular, allows to investigate the existence and nature of phase
transition{]. The continuity of MMSE(k) guarantees that there is no first
order phase transition. In low-rank matrix denoising (as well as other inference
problems) when there is no first order phase transition (but possibly higher
order continuous transitions) the model does not display an algorithmically
“hard phase” for low complexity algorithms (e.g., message passing algorithms
are optimal). The present linear-rank rotation invariant case is no exception
to this picture. Indeed equation suggests an optimal spectral algorithm
to estimate the signal: given an observation Y one computes its eigenvalues
and an estimate of the Hilbert transform replacing the integral by an empirical
sum to use in (0.4). This algorithm is optimal since as remarked above
MMSEy (k) = MMSERig n(%). Finally, we also mention that the optimality of
RIE was also discussed in [43] in a different manner where the authors show
heuristically that the posterior mean E[S | Y] equals Z*(Y) as N — +o00, and
also before in [51].

We now proceed to deduce a simpler formula for the mutual information
(than in Thm. [9.1]) using the I-MMSE relation [1]

IN(S;Y
MMSEy (k) = 4%%
and free probability. Using the concavity of the mutual information w.r.t. the
SNR, also holds as N — 400. One can thus permute the limit N — +oo
with the derivative w.r.t. k. Therefore, it suffices to compute the integral over
the asymptotic MMSE to find the asymptotic mutual information; this is done
using basic results from free probability leading to:

(9.7)

Theorem 9.3 (Explicit Mutual Information for linear rank matrix
denoising). Let py = p, /zs B pse. Under assumptions we have

]N(Sa Y) N—oo 1 1
e 5//1n|s—t]py(s)py(t) dsdt—l—g. (9.8)
Proof. Section O

In appendix we extend Theorem [9.3|to the case where the noise matrix
the realization of a non-Gaussian rotation invariant ensemble. While we are
not quite able to treat this case, we can generalize this theorem to the setting
Y. = kS + Z. where Z. = Z + /e with ¢ from the Gaussian Wigner

ensemble, and € > 0 (so the noise is non-Gaussian rotation invariant).

'Phase transitions are non-analyticity points in the asymptotic mutual information as a
function of SNR. This is a concave and continuous function, and k-th order phase transitions
correspond to discontinuities in the k-th derivative. In particular for a first order transition
the MMSE is discontinuous because of the I-MMSE relation (9.7).
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Figure 9.2.1: MMSE for the Rademacher spectral distribution. From left to right:
Plot (a) MMSE(x) computed from and MSEn rie (k) points computed from ((9.4))
for N = 1000 averaged over 20 runs (error bars are invisible). Plots (b) and (c): first and
second derivatives of MMSE(x) computed using their integral representation (integral
computed numerically). Plots (d) and (e): first and second numerical differentiation of
(c). These suggest that the MMSE” (k) has a vertical tangent at . = 1, and a possible
phase transition (if present) would be 4-th order. A numerical analysis in appendix
is compatible with a weak singularity at k. = 1 of the form (k — 1)3In |k — 1].

9.2 Numerical Examples

As first example in the linear rank regime, we consider the case where pg =
%5_1 + %5+1. Using the technique introduced in [118], we obtain an explicit
analytical expression for py = p zsH psc. For k > 1 the support of py consists
of two disjoint intervals, and for kK < 1 we get a single interval. Therefore,
we expect that, if a phase transition in the mutual information and MMSE
exists, it should happen at k. = 1. As noted before, because of Theorem
we know that MMSE(k) is continuous, so a phase transition can only be
second or higher order. Furthermore, from the explicit formula for py we get
integral representations of the first few derivatives of MMSE(k). Fig.
displays the results of precise numerical integrations for the MMSE and its
first two derivatives, while the third derivative is computed by numerically
differentiating the second derivative. These plots suggest that there is 4-th
order phase transition for this example model at k. = 1. All details and
additional figures can be found appendix

In a second example we consider S = X XT/N where X € R¥*M has i.i.d.
standard Gaussian entries. The limiting spectral distribution of S when the
aspect ratio N/M — ¢ (fixed) is the Marchenko-Pastur law. For this model it is
not difficult to directly compute py (see apendix [0.B.3). Its support is a single
interval for ¢ < 1, and two disjoint intervals for ¢ > 1 and & > ¢(¢"/® — 1),
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Figure 9.2.2: MMSE in the linear-rank regime with sparse spectral priors. The MMSE
of the rank-one problem is also plotted for comparison. (left) Signal with Marchenko-
Pastur spectral distribution for large ¢'s.The vertical dashed lines corresponds to the
critical value where the support of py splits. (right) Signal with rank (1 — p)N and
Bernoulli spectral distribution, pg = pdy + (1 — p)d+1, for p's close to 1.

However, when the intervals merge in this case there does not seem to exist a
phase transition, at least on low order derivatives (investigated numerically).
Fig. (left) shows the MMSE as a function of log &.

We observe in the left part of Fig. that as ¢ — +o0o the MMSE tends
to the one of the rank-one version of matrix denoising with Gaussian prior. In
particular, we recover the second-order phase transition of the rank-one problem
at © = 1, which matches the famous BBP transition [16]. This convergence

towards the rank-one prediction can also be observed in a model with Bernoulli
spectral distribution, see right part of Fig9.2.2]

9.3 Proof Steps of Theorem 9.1

We present the steps needed to prove theorem[0.1] It is convenient to decompose
Assumption 1 in the main text in two parts.

Assumption 1.A The empirical spectral distribution of S converges almost
surely weakly to a well-defined probability measure pg with support included
in [—C, C] for some finite positive constant 0 < C' < 400 independent of N.
Assumption 1.B The second moment of the empirical spectral distribution
of S is almost surely bounded.

Remark 9.1. These assumptions taken together imply that the second moment
o (V)
of the empirical measure pg ’ converges almost surely to the second moment of

Ps-

Remark 9.2. By Theorem 7.12 in ref. [119], these assumptions are equivalent
to the convergence of the empirical distribution in the Wasserstein-2 metric to

Ps-
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We start from the posterior distribution of the model, which is proportional
to

Py(X]Y) o~ XY —VEX3 Ps n(X) 99)
9.9
xer ™ [vexy—sx?] Pgn(X).

The partition function is defined as the normalizing factor of the posterior

distribution
Z(Y) :/dXe];Tr [vaxy—gx°] Psn(X) (9.10)

and the free energy is defined as

1
Fn(k) = —WIEY [InZ(Y)]. (9.11)
One can easily see that the free energy is linked to the average mutual informa-
tion via the identity

1 K 2
in which %E[Tr 52} converges to the second moment of pg by assumption.
Therefore, to prove theorem [9.1] it is enough to show

Jm Fu() =5 [ aps(a) do = Tlpgrs, ps Bl (913)

The proof of is done in two main steps. First we we show that such
a limit holds for the free energy of an independent eigenvalue model. Second,
using the pseudo-Lipschitz continuity of the free energy w.r.t. to the prior
distribution, we deduce that the same limit holds for the free energy of the
original model.

We make the convention that in the eigen-decomposition of a N x N
matrix § = UAUT with A = diag(A), the eignevalues Aj,--- , Ay are in
non-decreasing order.

9.3.1 An independent eigenvalue model

Suppose A € RY is generated with i.i.d. elements from pg and is ordered in non-
decreasing way. Fix A° once for all. Let S € RV*YN the matrix constructed as
UAUT where U is distributed according to the Haar measure, and A = diag(\)
is a diagonal matrix. The distribution of the matrix S is

APs 5 (8) = dyun(U)dpg o (A) = dun(U) T 6CGu = X)dA. (9.14)

i=1
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The independent eigenvalue model is defined as an inference model where
the matrix S is observed through an AWGN channel Y = /S + Z with
SNR proportional to x and Z a symmetric Gaussian Wigner matrix. The
associated partition function and the free energy are defined in the same way

as in (9.10).(1)

(V) = / ax ¥ T VY5 po oy (9.15)
F(r) = ;2E [ Z(V)]. (9.16)

For this independent eigenvalue model, we have

Proposition 9.4. For pgs with compact support and any k > 0, ps-almost
surely

. ~ K
lim F() = [ a%ps(a) o~ Tlpyss, pes B (017

N—o0

Proof. We start from the partition function (9.15),

2V) = / axeH T VY po o)
N
_ /dAd,LLN(U)Hd()\ . )\0)62 Tr[\/RUAUTY — “AQ}
9.18)
= ef%KTTAOQ /dﬂN<U) e% Tr[RUAUTY ]
= e_%”‘TrAO{ZIN(\/EAO, Y)

Recall that Y = /kUA'UT + Z, so the free energy can be written as

Fy(k) = Ey [—T A% — N(\/EAO,Y)}

4N
= ST AY By [T (VAAY, V)]
0 KT A% BB, [y (VRAY VRUADT + UZUT)]  (9.19)
0 %T FAY — ByE, [ 7y (VRAY, VRA® + Z)]
= T A By [T (VRAY, VRA? + 2)

where in (a), we use rotational invariance of the noise matrix Z, and in (b), we
use the fact that Jy is invariant under rotation by U.

By the strong law of large numbers the first term in converges to
& [ 2%pg(z) dz almost surely. Finally proposition follows from the subse-
quent lemma.
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Lemma 9.1. For any k € Ry, the sequence E; [jN(\/EAO,\/EAO + Z)]
converges to J[p /rs: Pyrs B psc] as N — 0o, pg-almost surely.

This lemma is based on an important result on the convergence of log-spherical
integrals [61]. We refer to appendix for the details. O

9.3.2 Pseudo-Lipschitz continuity of the free energy

Consider any two rotationally invariant matrix ensembles P]E} ), P](\,2 ). Let
S ~ P](\,l)(S), S ~ P](VQ)(S') with eigendecompositions § = UAUT, § = UAUT
and

—~
[y

)
) d{" (9.20)

(A) dA

dPy)(S)
APy (S) =

e

2% =

dpn(U)
dun(U)
where P](Vl)(/\), P](\,2 J(A) are the joint probability density functions for the
eigenvalues, induced by the priors. Now consider the two inference problems
corresponding to reconstructing the signals from outputs of an AWGN channel
and define as before the corresponding free energies F ](Vl )(m), F ](\,2 )(n). Then we
have

Proposition 9.5. For all Kk > 0 and N

FQ ) = FP )] < 2 (VEAIINE) + ES[INE] ) (/Eax[IA - A3,
(9.21)

Proof. The proof is based on an interpolation between the two matrix ensembles.
We refer to appendix [0.C.2] ]

9.3.3 The distance between the original and independent
eigenvalue models

Consider the original and independent eigenvalue models, in other words, the
models with prior distributions
dPs n(S) = duy(U) PSN()\) d\®,

dPs v(S) = H5 X —\)d 6-22)

where Pg n(A) is the joint p.d.f. of eigenvalues of S, and A is generated with
i.i.d. elements from pg. Denote H]L 5N — \0) by P v
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Lemma 9.2. Under assumption 1 for X ~ Psn(X) and X ~ Pg’N(S\) we have

1 -
m NIE/\A[HA - Al?] =o0. (9.23)

li
N—oo

Proof. Since Pg () is a delta distribution, we can write
ExallA = A7) = Ea[|x = A7) (9.24)

For a vector A, denote the empirical distribution of its components by jix. The
Wasserstein-2 distance between two empirical distributions, fix, fixo is defined
as

Wa(fix, fixe) = \/ inf By [(z —y)?]

He”’([‘)ﬂ/])\o)

with s(fix, fixo) the set of couplings of (fix, fixo). By lemma in appendix
, we have

1
Waljin, ino) = \/ggv LN

where AU is the permuted version of A%, and Sy is the group of all permutations
of N elements. So, for given A and A° (which have a non-decreasing order), we
have (considering the identity permutation)

1A = A°* = NWa(fin, fixo)*. (9.25)

Now we recall recall the rearrangement inequality: for real numbers z; < x5 <
e <Xy, Y1 S Yo < - -- <y, for every permutation m € Sy we have [120)

Tpyr+ ...+ 11y, < Tr)¥1 +...+ Tr(n)Yn STy + -+ TRYn

For any permutation of A" (in particular the one which achieves the minimum
in (9.25))), using the rearrangement inequality, we get (recall that A is ordered
in non-decreasing order)

1A = X2 = I + AT = 22720
> A7+ AT = 2277
= A\
and consequently
1A = N < NWa(fix, fixo)*. (9.26)
Finally from (9.24)), (9.25)),(9.26)), we obtain

Eyx [IIA = 5‘||2] = Ex[NWa(fia, firo)?]. (9.27)
Lemma [9.9] in appendix allows to conclude the proof. O
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9.3.4 Concluding the proof

By proposition the free energies Fy(x) (defined in (9.11)) and Fy(k)
(defined in (9.16)), satisfy

FP 00 = FP )] < L (VEIINED + ES[INI2]) (/Exx[I1A = A,
(9.28)

The term +||A|? = & > A7 is the second moment of the empirical spectral
distribution of S, which is almost surely bounded by assumption 1.B. So,
~+EA[[[A][?] is bounded uniformly in N. Moreover, ~E[||A[]?] = %~Z A0 s
also bounded uniformly in N. By lemma , Hmy o0 v By x [IA = Al =
Therefore

lim | Fiy(x) — Fy(r)| = 0. (9.29)
—00
Proposition [9.4] together with (9.29)) conclude the proof. O

9.4 Proof of Theorem [9.2] and Rotation
Invariance of the Bayes Estimator

In this section we show how to use the RIE class in order to prove Theorem
under the extra assumption 1.B. Recall that an estimator é(Y) is called
rotation invariant if for any orthogonal matrix OZ(Y)OT = Z(OY OT). Such
an estimator has the same eigenvectors as the matrix Y and denoting the
elgenvectors of Y by yi,...,yn, it can be expressed as é(Y) = ZZ]\; éy,ylT
where 51, e ,f ~ are the eigenvalues of the estimator. The best RIE estimator
corresponds to eigenvalues chosen to minimize the mean-square-error in the
RIE class and a heuristic calculation using the replica method leads to

{f<> zwew%

&= A (sTy)” = T (A = 2mH[py](A))) (9.30)

where (A))i<i<n are the eigenvalues of Y, and H|py] is the Hilbert transform
of the limiting spectral distribution of Y defined as:

Hipy](z _PV/ (9.31)

Z—ZE

We will need the following properties of the Hilbert transform. A proof can be
found in lemma 3.1 of [121].

Lemma 9.3. If f : R — R is compactly supported and sufficiently reqular, then
one has the identities

[ f@ @) de =3 [ P (9.32)
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[ @)@ do = o= ( [ fa)as)” (9.33)

Proof of theorem [9.9. As explained in the main text the best RIE estimator
is optimal in the sense MMSE y (x) = MMSEgig N (%) so our proof proceeds by
a computation of the limit of the r.h.s (the optimality follows from rotation
invariance of the MMSE estimator E(S|Y) and this rotation invariance is
checked later for completeness). From assumption 2, it suffices to compute
the limit of +E||S — =*(Y)||>. Denoting the eigenvectors of S by s1,..., sy.
Expanding the MSE, we find

N N

I8 -2 = 30 |+t 26 Y (e’
N = (9.34)
Z )\52 *2

where we used (9.30]) to get the last equality. Using again (9.30)) we have

N

I -2 @) =308 - &%

1=1

= Z AS? /\Y — 27H[py (A1)
B DECED DETGRES SITIIES) NS SIS P

=1 =1
(9.35)

From linearity of expectation and, as the Hilbert transform H[py| is continuous
on the support of py [118], we find

lim —EHS =(Y)

N—ooo [N

By the independence of S and Z, we have:

1
/J)Zpy(l‘) dr = lim NETI“ Y?

N—oc0

L 1 9 . 1 9 ) 2
_J&%NKETIS —I—A}lgl)ONETrZ +1\}5%0NETISZ
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= Ii/$2ps(l’) +1 (9.37)

Finally, using the identities in lemma 9.3 we get

) 1 ) 1 A4x? 2 1 472
Jim SEIS = S[L=—2 =50 [ @ des D= (1= b de).
(9.38)
OJ

For completeness we provide a check that the MMSE estimator belongs to
the RIE class. The posterior mean given Y is

2
Jdx Py (X)X e ¥ P-vex]l,

E[S|Y] = (9.39)

[dX PS,N(X>€_%HY_\/EXHi |

By rotation invariance of Pg (X)) under any orthogonal transformation X —
OXOT with Jacobian |detO| = 1 we have

lovor-yex|;
E[S|0Y 0] = [dX Psy(X)Xe

[dX P&N(X)e—%HOYOT—ﬁXHi

_ [dX Psn(X)O x Ot |ovor-vroxor||;
JdX PS,N(X)Q_%HOYOT—\/EOXOTHi (9.40)

dX Pey(X) X Y-l
_ 0{ }

[dX P&N(X)e—%HY—ﬁXHF
— OE[S|Y]O.

Therefore the posterior mean estimator is an RIE.

9.5 Proof of Theorem (9.3 Explicit Expression
of the Mutual Information

We derive an explicit expression for the asymptotic mutual information using
the I-MMSE relation [1] and basic results in free probability. This derivation
is completely independent of Theorem in which the asymptotic mutual
information is expressed using the asymptotic spherical integral, J[p /zs, p,/rs™®
Psel-

Free probability (see [72,122]) was initially introduced to study operator
algebras, but has gained considerable importance in other realms due to its
connection with the asymptotic behavior of random matrices. While free
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probability has been exploited in linear estimation and wireless communication
problems [114}|123-125|, the connection with matrix inference setting studied
here is to the best of our knowledge new.

Let X be a self-adjoint non-commutative random variable X associated to
a probability measure pux with compact support on the real line. According
to [75,/76] the free entropy x(X) and the free Fisher information ®(X) are
given as

X(X) = //ln ls — t|px (s)ux(t) dsdt + % + % In 27, (9.41)
B(X) = 4% / i3 (s) ds. (9.42)

Moreover, these two quantities are related through the relation:

1 [ 1 1 1
X)=— — —P(X tZ) ) dt + =1n2 — A4
X(X) 2/0 (1+t ( +Vt )> —|—2n7r—|—2 (9.43)

where Z is a semicircular non-commutative random variable, and X and Z
are free. We apply these relations to X = S and Z, two free non-commutative
random variables (not to confused with the N x NV matrices S and Z) associated
to the probability measures pg and ps.. Since S and Z are free, the sum
VKS + Z is a non-commutative random variable associated to the measure
pyrs B pse = py. Clearly then can be written in the free probability
language as

MMSE(k) = %(1 ~ (VRS + Z)). (9.44)

Proof of Theorem[9.5. An important property of the Gaussian channel is the I-
MMSE relation relating the MMSE to the derivative of the mutual information
w.r.t the SNR. The concavity of the mutual information w.r.t. SNR, implies
that this relation also holds in the limit N — oo. Integrating this relation we
have

1 K
I(S;)Y) = 1/0 MMSE(t) dt + constant (9.45)

where I(S;Y) := limy_,00 72 In(S;Y) and MMSE(t) = limy_, oo MMSEy (£).

Since for k = 0, I(S;Y) = 0 the integration constant vanishes. Therefore,
we just need to compute the integral over the asymptotic MMSE given by
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Theorem [9.2] Using (9.44)), we have

1(S;Y) = 411/0 (% - %@(\/ES + Z)) dt

:}l/:(%_%cbwﬂ@@)dt

:}L/;OG_@(&L\/EZ))W (%_”J)
@ i/oo (i_mp(\/ﬁSﬂ/@Z)) du (9.46)

3

5 — (VRS + \/QZ)> dy (kr —y)

ﬁﬂ\

[e.o]

=
l\DI'— g N i R

(
(H%—(I)(\/Es—i-\/t"i‘—lZ)) dt (y—t+1)
( ! \/_S+Zo+\/_Z)>

0
1
VES + Zy) — = ln 21 — 1 (from (9.43))

=

where in (a), we use the relation ®(cX) = 5®(X) for ¢ > 0, and in (b) Z
and Zy two (mutually) free semi-circular non-commutative random variables.
Therefore, we obtain

]\}I_I};OWIN (S;Y) //1n|5—t\,0y )py (t )dsdt—i—g (9.47)

where py = p /zg B psc. O]

9.6 Sub-Linear Rank RIE and MSE

The signal matrix § € RV*¥ is taken from a rotationally invariant prior and

observed through an additive channel,
Y =\VkS+2Z

where the noise Z € RY¥*¥ is also distributed according to a rotationally
invariant ensemble. Here we allow non-Gaussian noise. It is assumed that S
has M = | N®] non-zero i.i.d eigenvalues sampled from a distribution pg(x)
with finite second moment and bounded support. By construction the empirical
distribution of non-zeros eigenvalues - SM 8(z — A%) tends weakly to pg(z).
Moreover we assume that Z has a limiting spectral distribution pz. Since we
are in the sub-linear regime, the limiting spectral measure of Y (normalized
by 1/N) is the same as the one of Z. But note that Y may have sub-linear
number of eigenvalues outside the support.
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We propose a sub-linear rank RIE and an associated algorithm to estimate
S from Y, which we conjecture to be optimal. Arguing as in the linear case
it is not difficult to see that the optimal RIE (i.e., the one minimizing the
MSE in the general RIE class)must have a MSE which equals the MMSE. We
conjecture that the proposed RIE, and associated algorithm, are indeed the
optimal. Evidence for this conjecture comes from numerics discussed below
(at least for some range of «), but also from the particular case of Gaussian
noise. Indeed for Gaussian noise we have the I-MMSE relation so by integrating
the MMSE we find the mutual information. Thus our proposed sub-linear
rank RIE predicts an expression for the mutual information. On the other
hand the mutual information has recently been rigorously computed from
the asymptotics of sub-linear rank spherical integrals [65]. By comparing the
expressions obtained by these two independent approaches we validate the
conjecture analytically, at least for Gaussian noise.

9.6.1 Sub-linear rank RIE

Let the eigen-decomposition of S and Y be § = S As;sT, Y = S0 Wyl
For a RIE Z(Y) = 3V, &yy], the MSE can be written as:

1
I8 ~=)lE = = ZASs sl — Z&yzyl I+

y (9.48)
= MZ& + szi - MZ&Z& (s79)
i=1 i=1 =1 j=1
Minimizing (9.48]) over &;’s, the optimum is achieved at
M
&= N(sly)" =yl Sy. (9.49)
j=1

This estimator is called oracle estimator since it requires the knowledge of the
signal.

To compute the optimal eigenvalues we need to know the overlap between
the eigenvectors of the signal and the observation. For finite-rank additive
perturbation, X of a rotationally invariant matrix Z, the eigenvalues and the
overlap between the eigenvectors of the perturbation and the perturbed matrix
X + Z has been computed rigorously in [17]. In [126] this is extended to
sub-linear rank perturbations. Essentially the same formulas (as for finite-rank
perturbations) give the eigenvalues of the perturbed matrix and overlap in the
large size limit.

These results could presumably be used to get a rigorous computation of
the asymptotic MSE predicted by the oracle estimator but this is left for future
work. Here we use these results in an heuristic way to propose a specific RIE
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and associated algorithm. We use the notation a — b to mean that |a — b|
tends to zero with high probability as N — +oco. Theorem 2.7 in [126] suggests

-1 if L€ (G,,(a),G,, ("))
v (o vy € Wosl@), 9, (07)),
(sTs)” — & w0, (972 (42 Z ) (9.50)
0 else.

where G,, (%) is the Cauchy transform of pz, constrained on R\supp pz, and
a,b are the infimum and supremum of the support of pz, and G,,(a”) =
lim, ,,- G,,(z) and similarly for b*. The overlap in ((9.50]) is expressed in terms
of eigenvalues of S, but since the corresponding eigenvalue of Y is affected
by A7, we can express the overlap in terms of eigenvalues of Y. Theorem 2.1
in [126] suggests

g;zl(\/ﬁl/\f> if \/El)\f S (gpz (a7)7 gpz (bJr)):

A = (b if ﬁ > G,,(b"), (9.51)
a if ﬁ >G,,(a).

From (9.51)), we can see that if an eigenvalue of Y is outside the support of pz,

then the corresponding eigenvalue of the signal can computed as \f ~ W
PZ\"Y

From (9.50)), we deduce that for an eigenvalue A} € (a,b) there is no
spike aligned with y;, because otherwise A\}” would be outside of the support
of pz. So, the corresponding &’s are zero for the eigenvalues in (a,b). On the
other hand, since there are M spikes, at most M £’s are non-zero which makes
the whole expression in for the optimum &’s O(1).

Finally the proposed RIE estimator is naturally constructed as follows

=(Y) =30, &yl

& = —I(\ ¢ [a,]) Gz () (9.52)

G, (\)

This provides an algorithm with the following steps to reconstruct the signal
(i) Compute spectral data (A, ;) from the matrix Y.
(ii) Apply the function f7 to the eigenvalues

1 Gpy(@) .
fﬂ@:{_ﬁ%%>ﬁx¢mm

0 else.

(iii) Construct the estimate as S = Zf\il fzO0N) iyl

The second algorithmic step requires knowledge of the limiting distribution of
the noise which can in principle be computed from its distribution.
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9.6.2 Gaussian noise
For pz = 3=v/4 — 22, we have that G, _(2) = % V="=1  Thus, given matrix
Y the estimator reads:
A N e
{: (Y> = Zi:l & yiyz‘T7

& = LI(|AY] > 2) sign(\) /A — 4.

MSE

To compute the MSE, we use ({9.50) which is in terms of the eigenvalues of S
We have
1— Ly if e > 1,

(sTy)” = o (9.53)
0 else,
so the optimal eigenvalues of the estimator are

P N T T
£ — mA (9.54)
0 else.

The MSE can be written as,

1 1 &, 1Y
. 2 - E 5°_ E *2

where, we used that, in the limit N — oo, at most M number of {’s are
non-zero. Taking the limit N — oo (or M — o0), we find

Jin IS -2 W)= [Soside— [ (o= = )psla)de (950)

o> R

Mutual information in Gaussian noise

As already explained the MSE computed above should be equal to the MMSE,
thus by integrating over k we should recover the mutual information. Moreover,
the mutual information can be computed using the limit of the spherical
integrals of sub-linear rank [65]. In this section we explicitly check for a few
priors that the two expressions indeed coincide.

We first present the main formula of [65]. The asymptotic mutual informa-
tion between S and the observation Y = \/kS + Z is

. 1 ) _ Kk 2 . 1 Ny /kSUYUT
]\}I_I)I})O W]N(S7 Y)= E/x ps(x) dx ]%E)noomln/DUw :
(9.57)
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The integral [ DUe% ™VRESUYUT ig the spherical integral of sub-linear rank,
and its asymptotic limit has been studied in [65|. For matrix A with M positive
eigenvalues, by Theorem 2.5 in [65], we have that

lim —ln/DUe2TrAUBUT =

Jim lim —ZK 0:, N, 11) (9.58)

1

2 N—oo M
where 6;’s are non-zero eigenvalues of A, \;’s are the top eigenvalues of B, and
pp is the limiting spectral distribution of B. Note that the result of [65] also

covers the case of negative eigenvalues, however for simplicity we only consider
matrices with positive eigenvalues. The function K is defined as

K0, M 1) = 6X + (v — N)Gu(v) — In 8] — /m v — 2| du(z) — 1
where X' = max(\, 7(u)) (r(u) is the rightmost point of the support of ),

N when 0 < G,(XN) <fOorf <G, (N)<0
(A 0) =9 .
G, (0) else

and G, is the Stieltjes transform of .

Example 1: Sub-linear Wishart signal

Consider the signal matrix S to be + X X7, with X € R"*M hasi.i.d. standard
Gaussian entries, and M = [N*]. In the limit N — oo, one can show that the
limiting distribution of non-zero eigenvalues of S is §(x — 1). For this example,

the MSE given by (9.56) reads

1 if Kk <1,
MSE(k) = {1(2 S1) itk (9.59)

Integrating over x, we find the mutual information to be:

1
A gy ISy = {

which is the mutual information in the rank-one case when the prior for the
spike is a Gaussian vector.

Now, we compute the mutual information using spherical integrals. All
the non-zeros eigenvalues of sub-linear rank matrix /xS, 6;’s, converge to a
single number, \/k. By [17], the limiting top eigenvalues of Y, \;’s, can also
be computed. So, all the summands in r.h.s. of are equal in the limit,
and we have:

lim ——In DUez2 Tr\[SUYUT %K(\/Ea 27 psc) if k< 1,
LK (VR E+ 2= pee) if k> 1
2 ) \/Eu Sc ll
(9.61)

if K <1,

9.60
%—F%ln/@ if k> 1. ( )

[ Ll Y
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Case k < 1: we have N =2 and v = G, 1 (\/k) = /K + \/ig Thus

Psc

2)Gp.. (Vi + %) —Invk

1
ln‘\/ﬁ—i—ﬁ—aﬂd:p—l

1 1 k1
:2\/E+(\/E+ﬁ—2)\/ﬁ—§lnﬁ—(§—§ln/<a)—1

K(\/E,Q,psc)=2\/g+(\/g+%_
_/Wm
_o 2w

T2
(9.62)

where we used the integral formula

L ln(A Bx)V4 — 22dx =

27

+1In (A+ VA2 —4B?)

A

A+ VA2 —iDB?
1

—Z—In2
2

Case k > 1: Wehave)\’:\/E—l—\/LEandv:X:\/E—i—\/LE. Thus

=\/E(\/E+%)—ln\/E

: T

K(Vk, \/_+\/—7psc)

1
~———In|vVek+—=—z|dz—1

o 2m VE
—/<;—|—1——ln/<a— (ll—i-—ln/i) -1
B 2 2k
11
=k—5-—lnk
(9.63)
From (§51), (0:62), and (§:63), we obtain
a if Kk <1
lim ——1In [ DUe> TVrSUYUT _ J 1 : " (9.64
NI—I>I<1>oMNn/ . g—%%——ln/ﬁ it Kk > 1. (9.64)
Replacing this result in (9.57) we get
if Kk <1,

1
W N VS = {

L Ll SN

%‘i‘%lnli ifk>1.

which is the same as the mutual information computed from the MSE, (9.60]).

In Fig. [9.6.1], we compare the performance of the sub-linear RIE and the
oracle estimator (9.49) with M = |/N| for various values of N. We observe
that the performance of the RIE is very close to the one of oracle estimator
(which requires the knowledge of the signal). Moreover, the MSE is close to
the theoretical predictions.
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Figure 9.6.1: Comparison of the sub-linear RIE and the oracle estimator ((9.49)) for
Gaussian noise with sub-linear Wishart signal with M = |v/N|. Horizontal lines are
MMSE computed from (9.59). Points are averaged over 10 experiments (error bars might
be invisible).

Example 2: Uniform distribution

Let ps be the uniform distribution on [1,2]. From (9.56)), the MSE can be
computed to be

% for 0 <k < }L,
MSE(k) =q -3+ — 535+ 3z for ; <k <1, (9.65)
% - ﬁ for 1 <k
Integrating over k, we find the mutual information to be
) %FL for 0 <k < i
Aim I (S Y) = § 5 FInk+2(In2 —1) + 5/ —an for <K<
%ln/§+2ln2—1+§ for 1 < k.
(9.66)

Now, we proceed with the computation of the mutual information using
the asymptotic of spherical integrals. In the limit N — oo, r.h.s. of (9.58))
becomes an integral (expectation w.r.t. pg). For pg = U([1,2]) we have

R
]\}lm —1n/DU62Tr‘fSUYU 5/ K(\/E:B,M\/E:E)apsc) dr  (9.67)
—>OO 1
with
h(\/_) 2 if rx <1,
Kr) =
\/E:E—I—ﬁ if kx> 1.
%/@ﬁ for0 <k < %,
1ga? for !<k<landz<-Li,
K( kx,h mc,sc>: 2 4= = VR
v (\/_)p mc2—%%—ln/<$2 for}lgmglandxzr
Iil‘Z—%m—lnlﬂE for 1 < k.



142 Extensive-Rank Symmetric Matrix Denoising
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Figure 9.6.2: Comparison of the sub-linear RIE and the oracle estimator ((9.49) for
Gaussian noise with sub-linear signal with ps = U([1,2]). Horizontal lines are MSE
computed from ({9.65)). Points are averaged over 10 experiments (error bars might be
invisible).

Thus we find:
lim —ln/DUeTr\fSUYUT
N—)oo
Lk for 0 <k <3, (9.68)
=<2k —Ink+2(1-In2) - 3f+ = for1<k<1
%ff—§/<o—i-l—21n2—8—l€ for 1 < k.

Replacing in (9.57)), we find the same mutual information as in .

In Fig. [9.6.2] we compare the performance of the sub-linear RIE and the
oracle estimator with M = [v/N| for various values of N as well as with
theoretical predictions for a uniformly distributed signal.

9.6.3 Uniform noise

We now consider non-Gaussian noise, a noise matrix with eigenvalues which
are uniformly distributed pz = U([1,2]). We have Gy(p1,2))(z) = In2=5. Thus
the eigenvalues of the proposed estimator are:

* 1 Y )\Y 1 Y Y

K

MSE

Writing the overlap in terms of the eigenvalues of the signal, for 1 <¢ < M we

have
1 1

4 /<;>\Z$2

(csch 3 )2. (9.69)

AV
Note that, Gy 1,2 (17) = —o0 and Gy ,2)(2"7) = +00, so for any £ > 0 we have
an outlier eigenvalue for each spike in the signal. From , the eigenvalues

(Sz‘Tyz‘)2 —
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Figure 9.6.3: Comparison of the sub-linear RIE and the oracle estimator for
noise with uniform spectral distribution and sub-linear Wishart signal, for M = |v/N|.
Horizontal lines are MSE computed from 1 — T%%(cschﬁ)zl. Points are averaged over
10 experiments (error bars might be invisible). Note that unlike the Gaussian noise, for

any SNR the estimation is possible and MSE is less than 1.

of the estimator are 11 i
2
_y Z h )

& o (g o)

Using (9.55)) we find in the asymptotic limit

(9.70)

o1 I A 1
]\}TOOMHS—H (Y)||F—/ [x ~ 16 (CSChQ\/E:v) ]pg(a:)dx. (9.71)

Example: Sub-linear Wishart Signal

As mentioned in section [0.6.2] the limiting measure of the signal in this case
is ps = 041, so the MSE is 1 — %%(csehﬁ){ In Fig. 19.6.3 we compare
the performance of the sub-linear RIE and the oracle estimator (9.49)) for
M = |/N| for various values of N. We observe that the performance of the
RIE is very close to the one of oracle estimator (which requires the knowledge

of the signal). Moreover, the MSE is close to the theoretical predictions.







Appendix

9.A Discussion of Models with Rotation
Invariant Noise

Suppose that the noise matrix Z in our basic model is the realization of a
rotation invariant ensemble. While we are not quite able to treat this case, we
can generalize Theorem [9.3| to the setting Y, = \/kS + Z. where Z. = Z + /e
with ¢ from the Gaussian Wigner ensemble, and € > 0 (so the noise is non-
Gaussian rotation invariant). We call this model the Additive Rotation Invariant
Noise (ARIN) model.

Proposition 9.6 (Explicit Mutual Information for the ARIN model).
Assume that the conditions in assumption 1 hold for both Sand Z. Then, we
have for the ARIN model:

I Y.) Novoo,
N(S al //ln|s—t|py )py. () dsdt

=5 [[ s = oz (s)pz ) ds e

The proof leverages only on the simple formula for the mutual information
for Gaussian noise in theorem and does not really hinge on assumption
Finally we would like to take the limit € — 0. This however is a subtle problem
which would require more specific hypothesis on the rotation invariant ensemble
of Z. For example it is quite apparent that one would need the existence of
a density for the limiting empirical measures py and py,. Moreover, this also
requires an argument to permute the limits N — +o00 and € — 0.

(9.72)

Proof. Set X = +/kS + Z. We have the information theoretic equalities (Hy
are Shannon entropies)
In(Ye; S) = Hy(Ye) — Ha(Ye|S)
= Hn(Ye) — Hl(
= [Hn(Ye) = Hn(Q)] — [Hn(Ze) — Hn(C)] (9.73)
= [Hn(Ye) = Hn (Y| X)] = [Hn(Ze) — Hn(Zc| Z)]
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Figure 9.B.1: MMSE and the MSE of RIE (9.4)) for the signal with spectrum pg =
301+ 3641. The MMSE is continuous w.r.t. k. The RIE is computed for N' = 1000,
and the results are averaged over 20 runs (error bars are invisible).

The two mutual informations in the last line correspond to the inference
models for two AWGN models with strength ¢, namely Y, = X + /e¢ and
Z. = Z + /€€, and inputs from rotation invariant ensembles. By the formula
in Theorem [9.3| which holds for these channels we obtain

1
Nl_l)l}rloo F[N Y.;S) = // In|s — t|py.(s)py. (t)dsdt

: / / In s — t|pg (5)pz. ()dsdt.

(9.74)

]

9.B Examples and Numerical Calculations for
Linear Ranks

9.B.1 Signal with Rademacher spectrum

In this example, we consider the case where pg = %(5,1 + %(5“. Using the
technique introduced in [118], we compute py = p, /g B ps in Appendix .
Fig. shows the support of py which consists of two disjoint intervals
when x > 1, and one single open set when x < 1. Therefore, we expect that a
phase transition, if it exists, should happen at a value k. = 1. By Theorem
the MMSE is a continuous function of x, and the phase transition (if it exists)
is of the second or higher order. The MMSE and the performance of the RIE
for this example are plotted in figure [0.B.1]

From the expression of py in Appendix and from Theorem we
provide integral representations of the derivatives of the MMSE w.r.t. k. These
integrals are computed numerically and the result illustrated in figures 9.B.2
(a-b-c) for the MMSE and its first and second derivatives. For the third and
the fourth derivatives the integral representation become unwieldy, so we only
computed it numerically from the second derivative, as shown in figures
(f),(g). Based on these plots, we see that the third derivative (of the MMSE)
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Figure 9.B.2: Analysis of the MMSE in example . In plots (a),(b),(c) MMSE
and its first and second derivatives are computed using the the expression . Plots
(d), (e), (f) are the numerical differentiation of plots (a),(b), (c) respectively. The fourth
derivative of the MMSE is computed from the curve in plot (c) by numerical second order
differentiation. The first three plots shows that the MI\/ISE its first and second derivatives
are continuous. But, plots (f), (g) suggests that the MMSE( ) has a vertical tangent
at k. = 1, and MMSE has a phase transition of thlrd order at this point.

at k. = 1 does not seem to exist, and therefore the free energy (or
mutual information) might have a fourth order phase transition at this point.
Further numerical analysis in appendix is compatible with a behavior of
the function MMSE(k) close to the point k. =1 of the form

MMSE() ~ MMSE(1) + MMSE'(1)(x — 1) + %MMSE”(l)(n )
+ a(k — 1)3(111 |k — 1] + B) + 0((/{ — 1)3)

(9.75)

with o ~ —0.06125, 8 ~ 1.411.

9.B.2 Signal with Bernoulli spectrum

Let ps = pdg+ (1 — p)dy1. The corresponding signal matrix is not full-rank but
it has a rank linear in N. For this prior, the spectrum of py = p /g H ps is
computed in Appendix using a similar technique as in the previous example.
Depending on the SNR parameter « the support of py can be a single interval
or is composed of two disjoint intervals as shown on figure [9.E.I, The MMSE
and the MSE of RIE are illustrated in figure for the two values p = 0.9
and p = 0.3.

In figure [9.B.4] the suitably normalized MMSE is plotted for the highly
sparse case where p tends to 1. The MMSE is normalized by dividing by
p(1 —p). We observe that as p — 1 the MMSE approaches the MMSE of the
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MSE

5-1072 ‘““\‘\‘\‘\‘

Figure 9.B.3: MMSE computed for the signal with Bernoulli spectrum pgs = pdy +
(1 = p)dsq for p=10.3 and 0.9. The MMSE is continuous w.r.t. k. The vertical dashed
lines corresponds to the values of «, i.e., 2.92 for p = 0.9 and 3.78 for p = 0.3, where the
disjoint intervals of the support of py merge. We do not observe any phase transition for
any low order derivative at these values. The MSE of RIE is computed for N = 1000,
and the results are averaged over 20 runs.
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Figure 9.B.4: Normalized MMSE for the signal with spectrum pg = pdg + (1 — p)d1
for p — 1. The MMSE of the rank-one problem is also plotted for comparison.

rank-one symmetric matrix estimation problem, which has a phase transition
at k. = 1.

9.B.3 Wishart matrix

In this example, we consider the signal matrix S to be %X XT, where X €
RN¥*M has ii.d. standard Gaussian entries. We look at the limit of aspect ratio
% — ¢. Then, the limiting spectral distribution of S is a rescaling of the usual
Marchenko-Pastur distribution by the factor a:

p— (- (& 1) s
ps<x><1—§>*6<x>+\/< ~ 225” )

(9.76)

The limiting spectral distribution of Y is computed in Appendix [9.F] For ¢ > 1
the support of py is the union of two disjoint intervals if k > q(\?/a — 1)_3, and
is a single interval otherwise. As in the previous example, we expect that in
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Figure 9.B.5: Normalized MMSE for the signal with the Marchenko-Pastur spectral
distribution for large ¢'s . The MMSE of the rank-one problem is also plotted for
comparison. The vertical dashed lines corresponds to the critical value where the support
of py splits into two intervals. We do not find any phase transition on low order derivatives

the high sparse regime, the MMSE behaves like the low-rank case. In figure
the MMSE is illustrated large ¢’s.

9.B.4 Finite-rank deformation of a Wigner matrix as
signal

First, consider the case where S is a standard Wigner matrix, then by inde-
pendence of S and Z, Y is also a Wigner matrix with variance x + 1, and py
is a semi-circle law of variance x + 1. From (9.47), we find that > In(S;Y)
converges to % In(k+1). This limit could also be obtained using the Gaussianity
of entries of the matrices.

Now, let S be a finite rank deformation of a Wigner matrix, S = A+, where
A is a finite-rank symmetric matrix, and ¢ € RV is a symmetric Gaussian
matrix with variance % for non-diagonal, and % for diagonal entries. We have
the observation Y = /xS + Z. Since A has finite rank, the limiting spectral
measure of S is the semicircle law, and average mutual information 1z /y(S;Y)
converges to 5 In(s+1), (9.47). Since Z and ¢ are independent, the observation
matrix Y has the same distribution as the matrix Y = VKA + VE+ 1Z,

where Z is a symmetric Gaussian matrix, so H(Y) = H(Y"). Define the matrix
Y'=,//7A+ Z'. By symmetry of the matrices, we have:

Hu(Y') = Hu (V) — N(NT“) InvrE1. (9.77)

Here Y’ has the form of the observation matrix in the low-rank matrix esti-
mation, which has been extensively studied in [8,9], and in particular, it has
been shown that under suitable assumptions, the average mutual information

+In(A;Y") converges to a finite value. By definition of mutual information,
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and (9.77]), we have:

1 v 1 / 1 /
N]N(A,Y) = NHN(Y> NHN(Z)
1 1 ~ N+
_ L _ _ 9.78
THNY) = SHA(Z) - S ek 1) (07
1 N+1
= LIN(S:Y) - 4+ In(k + 1)
Dividing by N and taking the limit, we find the asymptotic mutual information
lim Iy (S:Y) = Jim — Iy(A:Y") + L (e 4 1)
N—oo N2 N—oo N2
1 (9.79)
=12 In(k +1).

where we used the fact that + Iy (A; Y”) has a finite limit. Moreover, from
the finite-size correction term for the asymptotic average mutual information
can be derived as
) 1 1 1 N1
Jim N(WIN(S; Y)-— Zln(lﬁ—l—l)) = lim N[N(A;Y )+ Zln(/{+1). (9.80)
Therefore when S is a finite rank deformation of the Wigner matrix, the
finite-size correction term is directly related to the mutual information in the
low-rank matrix estimation problem, which may exhibit a phase transition.
Now, let A be a rank-one matrix. S = ‘/Wﬁa:aﬂ + ¢ where € RY has i.i.d.
components distributed according to the standard normal distribution. The

/IR
matrix Y’ = YFaxa’ + Z' is a rescaling of the rank-one model studied in [9],
and since mutual information is invariant under rescaling, using Theorem 1
in [9], we have:

1 /L if e < q
lim —Iy(x;Y') = 4rtl el — 7 9.81
N—oo N w( ) {%Hn—f—i—%ln:—fl else. (9.81)

Fix n < 1. For all kK > 0, we have H”—Jfl < 1 and there is no phase transition in
the mutual information. On the other hand, for > 1 mutual information has
a phase transition at xk = n—il From random matrix theory [17], we know that
For n <1, in the limit N — oo, all the eigenvalues of S are inside the bulk,
whereas for 7 > 1 one eigenvalue (which is the largest one) is outside the bulk.
Therefore, for this particular signal, we can relate the phase transition of the
correction term to the existence of an eigenvalue outside the bulk of pg in the
asymptotic limit.

9.C Further details for proof of Theorem 9.1
9.C.1 Proof of lemma

To prove lemma we first need four preliminary lemmas.
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Lemma 9.4. For any N, and N x N symmetric matrices A, B with spectral
radius A r(B)

1
_L0B) < (A, B) < =rAp(B),

1
2 2"

Proof. Let A =UaAAU)}, B =UgApgUf be the eigendecomposition of A,
B. We can write

Ix(A, B) / DU MUAAUTAS / DUes DN

For each for all i,j € {1,..., N}, —r(A)r(B) < )\ )\ B) < p(a)pB), Therefore,
we get

In(A, B) /DUe Zw)‘EA) (B)U2

/DU N (4),(B) SN 172

/ DU N2 () (B)

NZ (A (B)

e—NT2r(A)r(B)

Similarly we can obtain Zy(A, B) > . Therefore

1 1
L]

Lemma 9.5. Let 1Y) denote the spectral radius of the matriz Y VEA® + Z.
For k > 2+ \/kC, we have

P{r™) >k} < 4o~ i (b-vRO-2)7,

Proof. Denote the top and bottom eigenvalues of Y by )\fn};X, )\I(n}:n By Weyls’
inequality,

n

Aok < ViEmax X! + A2 < \/rC + A2

max

m

=.

n>\/_m1n/\0—i—>\mm2 —V/RC + 22

where )\ng)x,)\mm are the top and bottom eigenvalues of Z. Thus, we can write

max

=P{\Z) >k — /rC}.

PAT) > k} < P{AZ) 1 V/aC > k)
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By [116] (Theorem II.ll), for k — \/kC > 2, we have

P{A2) >k — \/C} < ¢ 3 (h-VRC-2?

max

and therefore we get

>k} < o~ 1 (kHVEC=2)* (9.82)

max —

P{)\
For the bottom eigenvalue we have
PO < k) <P{— VaC + A2 < k)
=P{\2 < /kC - k} (9.83)

< 67%(167\/@72)2_

From (9.82), (9-83)), we get

P{r™) >k} < PN > k) + P{Mmm\ > k}
<PO®) >k} POAY) < k) + P{)\mm >k} + P{)\mm < —k}
<P A\Y) >k} 4+ 2P{/\mm < —k}
< fe Y hmvRO—2)?
for k > 24 /rkC. O

Lemma 9.6. For any polynomial function g, and k a sufficiently large constant,
we have that

NI{r™) > kY] = 0.

"<II

lim E[g(

n—0o0

Proof. By linearity of expectation, it is enough to consider the case g(x) ="

Let X = r(’:’)l]l{r(’:’) > k} a non-negative random variable. We have
E[X] = /OOP(X > x)dx
0
P(X > 22" tdx
P(r(’:/)i]l{r(}:/) >k} > a2')a' e

(7‘({,) >, rY) > r)z'tdr

w

"<II

k - 00 )
P(r (Y>k)11dx—|—z'/ P(rY) > z)a " lde
k

< 4o T (k=VRO=2) i + 44 /OO e 1 (@=VRC=2)? 1
k

< 4o~ 1 (k=VRO=2? i + 41 /00 e~ 1@ VRO=2)? =14,
0
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The first term converges to 0 as N — oo. The second term involves moments of

a Gaussian with variance ﬁ, one can see that the second term also converges

to 0. Thus, limy_,. E[X] = 0. O

Lemma 9.7. For the sequence of random matrices l:/, the log spherical integral
jN(\/EAO,Y) converges almost surely to a well-defined limit, denoted by
j[p\/ESa Prs H psc]'

Proof. By assumption 1.A the support of ,&Ej?AO is included in a compact subset
of R,[—v/kC,/kC], for all N € N. Moreover, by the law of large numbers,
[LE?QAO converges weakly towards p_zg.

Consider the sequence /kA° + Z. For each matrix in the sequence, the
second moment of the empirical spectral distribution is:

1 . 1 2 N T
NTr(\/EAO +Z)? = N/{TrA(ﬂ 1 N\/ETr A°Z + ~ 0 A

The first term is bounded (for all N) by the construction of A°. The last term
is also bounded since the second moment of the sequence of Wigner matrices
converges to 1 almost surely. For the second term, we have

i 077 i 02,/ 72
NTrAZSN\/Zmi Tr Z

1 ~
SC NTI‘Z2

which is bounded for all N, since + Tr Z? is a convergent sequence (a.s.).

Therefore, the sequence of matrices /kA" + Z has bounded second moment
for all N almost surely. Moreover, according to [66], by the independence of A°
and Z, the empirical spectral distribution of this sequence converges weakly,
almost surely to the free additive convolution of p ¢ with the semi-circle law

pSC'
Therefore, the conditions of theorem 1 in [61] hold a.s. for the sequence

A% \/EA® + Z. Hence, jN(\/EAO,Y) has a well-defined limit which is a
function of p g and p /g B psc, and is dented by T [p zs, P /rs B psc)- O

Now, we are ready to prove lemma [9.1]

Proof. of lemma . For simplicity of notation, we denote Jy(v/kAY, l?) by
In, and J[p /rs, pyrs B psc] by J. By Jensen’s inequality (note that the
expectation is over the matrix Z ), we have
[E[Jn] — T| <E[|In — T (9.84)
Let Xy = v — J. For € > 0 We can write
E[|Xy|] = E[|Xn|H{|Xn| < €}] + E[|Xn|I{|Xn] > €}]

< e+ E[|Xy| | Xn] > ¢}]. (6.85)
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By lemma , |In| < %\/ECT(’:’), so the second term in ((9.85)) can be bounded
as,

E[|Xx| {1 Xx| > }] < E[[Wx|1{|Xx| > ¢} (9.56)

where
Wy = max{|j — %\/ECT({,)‘, |j + %\/EC’T&)‘} = %\/ECT‘(}:/) + sign(J)J .

For any positive constant ¢, we have

E[|Wy|I{|Xn| > }]
=E[|Wn|I{|Xn| > e} {|Wx| < t}] + E[[Wn|I{|Xn| > €} I{|Wx]| > t}]
<E[|[Wy|I{|Xn| > e} I{|Wy| < t}] + E[|Wx|{|Wy| > t}]

(9.87)
For the first term in ((9.87) we can write
E[[Wn|I{|Xn| > e}I{|Wy| < t}] <HE[I{|Xn| > €}] (0.88)

< tP(|XN| > 6)

and the second term in (9.87)) can be rewritten as

E[|Wx|I{|Wx| > t}] = E[|WN\]I{T(1:’) > %(t - sign(j)j)}]. (9.89)

From (0.86), (0.87), (9.88), we obtain

E[|Xx|I{|Xx| > e}] < tP(|Xy| > ¢)

+E [\WN| ]I{r(}:’) > %(t — sign(J)J) }] .
(9.90)

N — oo for sufficiently large constant t. By lemma P(|Xy| > ) SNy}

For a fixed t > 0, the first term in goes to 0 in the limit N — oo.
Therefore, taking the limit of both sides in ((9.85)), for any € > 0, we find:

Notice that Wy is a polynomial function of r(Y), SO bilemma , vanishes as
9.7,

]\}EEOIEUXNH <e (9.91)

From which, by (9.84), we deduce that limy_,.. E[In] = J. O

9.C.2 Proof of proposition

Consider two matrices with the same eigenvectors, S = UAUT and S =
UAUT, where U is a Haar orthogonal matrix, and A, A are distributed
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according to Pz(vl )()\), P](\,2 )(5\), respectively. For two such matrices, we write
(S,S) ~Qn(U, )\,)\) where Qn (U, A, )\) is the joint p.d.f. of U, X, A,

dQn(U, A X) = dun(U) PP(A)dA PP(X) dA.
For t € [0,1] an interpolating parameter, consider the following observation

model:
{Yf“ = VrlS + Z,

— /RIS + 2,

where Z), Z, are Wigner matrices independent of each other, and (S, S ) ~
QN (U, A, A). The free energy for this model can be written as :

(9.92)

Fy(t) = —NLEY@W){ / 1Qn(U, A X)

X e % [\/>XY<t) Ntx2 /H(l th(f) ’4(1 t) X2]:|

1
= _FEY“) Y(t){ /dQN(U AN

« o3 TrlRXSHVRIX Z) — 5 X2 4r(1-) X S+ n(l—t)X’ZQ—H(IQ_t)XZ}:|

where X, X has the same eigenspace, X = UAUT, X = UAUT. Note that,
for ¢ = 0 the only term depending on A (in both the inner and outer expectation)

is the pdf P](V1 )(/\) and we can integrate over A in both of the expectations, to
get Fy(0) = F](\,Q)(m). Similarly, we have Fy(1) = FJ(VI)(R).
Taking the derivative w.r.t. ¢, we get:

4 pe(t) = —LE [g Tr(XS), + i\/gTr Z (X)), — ZTr(XQ)t

N
’; (X S), — %, | -= T Zy(X )+ g Tr(X2>t]

where (.); denotes the expectation with respect to the posterior distribution of
the model (9.92). By integration by parts, we have

E[Tr Z\(X )] = \/EE[TMXQ)t _ Tr(X)f],

E[Tr Zo(X))] = /(1 — OE| Tr(X?), - Tr(X)?]

Therefore,
d 1k 5 - . -
ZFy(t) = —7E [2 (X S), — Te(X)? — 2Te(X S), + Tr<X>t]

= %ZE[TIKXS% — (XS’)tH (By a Nishimori identity).
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Tr [S(X — X)— (S — S)X] > ] (By Jensen)

<of(jmsor )] -£[(fres- e

<E||Slr(IX - Xlr] +E[IS ~ Sl X |r).]

TrS(X — X)

+E|(|Tr(S — 8)X]

< \/E[HSH%]ERHX — XHF>t2] (By Cauchy—Schwarz)

N \/E[Hs ~ SIE|E[(1X e,

gvﬁmm@mRmX—Xm%} (By Cauchy-Schwarz)

+\[BLIS - SIJE[(1X12)

= VE[ISIZ]E[IS - §112] (By Nishimori)
+E[IS - SIZ]E[IS]2]

= (VENISIZ] + VENISIE] ) ENIS - 512

— (/B DI + ES LA} Eas LI — AT

We obtain the result by integrating over ¢ from 0 to 1. U

9.C.3 Proof of technical lemmas

Lemma 9.8. Given two vectors w,v € RN, denote their empirical distributions
by ., v respectively. We have

1
— in — — 2
Wa(p, v) Vﬁ%NW Ur|

where v, 1s a permutation of v.

Proof. By definition we have

Wap,v)* = inf By [(z—y)°].

KER (1)
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Any measure in k(u,v) can be represented by a doubly stochastic N x N
matrix. Thus, we have

W(,U/a = inf —Z

PEBN

where By denotes the set of doubly stochastic matrices. This minimization
problem is a linear optimization problem on the bounded convex set By. By
Choquet’s theorem, the solutions to this problem exist and are the extremal
points of By, which are permutation matrices (by Birkhoff’s theorem). There-
fore, the minimization can be written on the set of permutation matrices to

get:
1
Wa(p, v)* = min = > (ui = vxi))*,

TESN N .
/L?]

]

Lemma 9.9. Suppose A € RY s distributed according to Psn(X), and \°
1s generated with i.i.d. elements from ps. Let jix,fixo be their empirical
distribution. We have:

]\}li%o Ex[Wa(fix, fixo)*] = 0.
Proof. By the triangle inequality

Wa(fix, fxo) < Wa(fix, ps) + Wal(fixo, ps). (9.93)

The first term approaches 0 as N — oo almost surely, by remark 0.2 By
lemma [9.10] the second term also converges 0 as N — oco. Therefore, we have
Wo(fix, fixo) — 0 almost surely. Consequently, we have that Wy (fix, fixo)* — 0
almost surely. Denote Wy (fix, fix0)? by Xy which is a non-negative random

variable. We have:
E(Xy] =E[Xy{Xy < €}] +E[Xn[{Xy > €}] (9.94)
<e+E[XyI{Xy > €}]. '

By definition, one can see that Wa(jix, fix0)? < 2(m£122 + mfi)o), where mfj =

~ > A7 and mgo = LS \% For the second term in (9.94) we have

E[Xy{Xy > e}] < 2E[(m) + m) ) I{Xy > ¢}]
=2m) BE[I{Xy > €}] + 2E[m{) {Xy > e}]  (9.95)
_ QmL P[Xy > € + 2E[m{) I{Xy > €}].

For the last term in is decomposed as
E[m) ]I{X > ¢}]
=E[m{) {Xy > ¢} ]I{m <t} +E[m Xy > e} H{mY) > t}] (9.96)
< tP[Xy > ¢ +E[m H{m@) > t}]
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where t is a fixed sufficiently large constant such that ¢ > C. From (9.94)),

([9-99)), (9.96), we get:

E[Xy] < e+2mY) P[Xy > ¢ + 2tP[Xy > ¢ + 2E[ml) I{m{) > t}]. (9.97)

A0

Since Wy(fix, fixo)? — 0 almost surely, P[Xy > €] approaches 0 as N — oo. By
construction mi)o is bounded (by the constant C'), so the second and the third
terms approaches 0 as N — oo. The last term also converges 0, by lemma [9.11}
Therefore, for arbitrary ¢ > 0 we find

lim E[Xy] <e.

N—oo

]

Lemma 9.10. Let Xy,..., Xy be i.i.d. random variables distributed according
to distribution p, which has finite support. Let uyn denote their empirical
distribution. Then

lim Wy(un, ) =0  almost surely.
N—o00

Proof. By the law of large numbers, puy — p almost surely. Moreover, since p
has bounded support, the second moment of py converges to the one of p. By
Theorem 7.12 in [119], we have the convergence in the Wasserstein-2 metric
almost surely. n

Lemma 9.11. Under assumption 1.B, for t large enough, we have:
: @) (2) _
]\}%E[mm I{m;, > t}] =0.

2
Proof. Boundedness and a.s. convergence of miu)

mg), which is bounded since pgs has compact support. Denote

imply that limpy_,« E[mf}\)] =
2 2
Xy =m Hm <t}
Then, Xy — mE;ZS) a.s. and by bounded convergence we also have that
limy o E[XN] = m,(,i). Therefore,

lim E[mi) ]I{m!(i? > t}] = lim E[m@) XN} = 0.

N—o0 N—oo fix

9.D Derivation of the limiting spectral
distribution for the model 0.B.1]

Suppose we want to find the density p(x), which is the free convolution of the
density p(x) with the semi-circle density ps.(x). This density is given in |118§]
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by
p(P(u)) = v(:)
U(u )—U+/ (=27 1 o) sp(z) dz, (9.98)
v(u) = 1nf w>0|/ /;€+w2da:§1}.

This result will be used repeatedly.

To compute the density py = p /zs B pse where p rg(z) = 30(z + k) +
+0(z — /), we compute functions v(u) and ¢ (u)

itk <1:
1 . 1
v(u) = ﬁ\/l —2u?+ k) +V1+16ku? if |u] < 75\/1+2fi+1/1+8/<
0 else.
LSl Ieomlif |uf < Ly/T+ 26+ 1+ 8%
1/J<U) = u(u?—k+1)
R else.
(9.99)
ifk>1:
1 _ 2 9 . .
v(u) = \/5\/1 2(u? + k) + V1 + 16ku?  if u satisfies (9.101])
0 else. (9.100)
% ‘J“W it u satisfies (9.101))
V(1) = 4wt else
u2—k :

with the condition:

1 1
E\/1+2/€—\/1+8f@§|u\SE\/1+2/£+\/1+8/1 (9.101)

Solving the equation py (¥(u)) = @, we find:

ifk<l: py(z f\/l R—i_ﬁfp)—i_ 1+144‘42 if |z] < U(k)
else.
ifk>1:
py(z) = \f”\/l - 2( T ﬁAz) V1t 144142 if L(k) < |z| <U(k)
0 else.
(9.102)
where

32 x 2/3(=3 4 3k + 2?)

22/3 B
5 +

A =16z +
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Figure 9.D.1: The continuous line is the asymptotic spectral density of the observation
matrix Y in example py (z) = prs B psc where p ro(z) = 56(x + k) +
$0(z — \/k) for k =2 and k = 0.5. Compared to the histogram of a realization of size
N = 5000.

B = {’/5763: + 1152k — 12823 4 64+/22(9 4 18k — 222)2 — 4(—3 + 3k + 22)3

(=3+vVI+8k)V1+2k—VI+8k

b = V2(— 1+ Vit 8n)
Uie) = (3+VI+8k)V1+2k+VI+8k

V2(1+ V1 +8k)

From , one can see that the support of py is constituted of two disjoint
intervals for Kk > 1, and of one single interval for x < 1.

Once we have the expression , we get from Theorem an explicit
integral representation for MMSE(k), as well as for the derivatives. We show
the details here for £ > 1. Since in this example py () is symmetric we have
for k > 1

1 8 2 U(k)
MMSE(x) = ;(1 - % » () d:v). (9.103)

By the Leibniz integral rule (all derivatives are w.r.t k) we have using that py
vanishes at the end-points of the interval [L(k), U (k)]

1 18x2 [V

oy L 3
MMSE'(k) = - + 23 o py(x) dx
1 872
B (R U ) — (L) ()
U(k) ) ,
+ [ ., W@ ) o)
] 1872 [U) , ]r2 (UK ) ,
= —? ?T o) pY(CU> dx — 7 o pY(x)pY(x) dx.
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Figure 9.D.2: Analysis of the MMSE in example In (a), MMSE is plotted from
for 0 < k < 10 with step-size h = 0.01. The numerical first derivative of the
curve in (a) is illustrated in (d), which is computed using five-point stencil [127] f'(z) ~
_f(x+2h)+8f(m+}i)2;8f(z_h)+f(z_2h). In (b), the first derivative is plotted from with
step-size h = 0.01, and its numerical first derivative is plotted in (e). The second derivative
of MMSE, computed from (9.105), is depicted in (c) with step-size h = 0.005. The inset
plot is with step-size h = 0.00025. The third derivative of MMSE in (f) is obtained
from the numerical differentiation of the curve in (c). The fourth derivative is computed
using the five-point stencil f”(z) as —£(@+2h)+167(w+h) =30/ (w)+16/(x—h)=f(2=2h) o the

12h2
curve in (c).

Moreover, p3-(z)ps-(x) can also be checked to vanishes at the end-points of the

interval [L(k),U (k)] so

2 1167 [V 1672 [V
MMSE" (k) = w3 Py (1) do + P py(2)py (x) dx
87T2 U(k)

120y () (py (2))* + Py () p5- ()] da.

K JLw)

(9.105)

A similar and somewhat simpler calculation also provides integral representa-
tions for K < 1.

It is not clear how to compute these integrals analytically but precise results
can be obtained from numerical integration. Integral represenations of higher
derivatives can also be obtained in principle but become unwieldy. In fact the
numerical integration of the formula for the second derivative is precise enough
to get a good numerical calculation of the third and fourth derivatives. All
numerical results are summearized in figure [9.D.2]

Plots (f),(g) in figure suggest the existence of a third-order phase
transition at k. = 1. Note that this is the point where the support of py
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(@) log|f(k)| for k — 17. The (b) log|f(x)| for K — 1F. The
fitted line has slope o = 2.929, and fitted line has slope o & 2.929, and
log |¢| = —0.5511. log |¢| ~ —0.5511.

Figure 9.D.3: log|f(kx)| as a function of log |k — 1|

d® MMSE (k=1)
dK®
>
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log €

Figure 9.D.4: Numerical third derivative of MMSE at x = 1 computed from
MMSE (1+6);6MMSE (=9 a5 a function of loge. A linear function —0.8463loge —
0.8249 is fitted to the points.

transitions from a single to two intervals. Since the singularity seems to appear
in teh third derivative we define the function

F(k) = MMSE(x) — MMSE(1) + MMSE'(1)(x — 1) + %MMSE”(U(K —1)2

If one tries the ansatz f(k) = c¢|k — 1|* with 2 < a < 3, or in other words
log | (k)| & log |c|+alog |k —1| we find a & 2.929. This is shown in figure[0.D.3]
where f(k) is plotted on a log-log scale on both sides of k. = 1%. However, the
appearance of this exponent is not consistent with the fact that the expression
for py is fully algebraic and an excat integration could only give an
integer exponent or a logarithmic singularity. To further investigate the behavior

of the MMSE, we study the third numerical derivative obtained from the curve

of MMSE" (k) using the relation j—;MMSE(l) R~ MMSEN(HE)Q_EMMSEHO_G). As

plotted in figure , j—;MMSE(l) diverges linearly as € decays exponentially.
This suggests that the behavior of the correction term for the second derivative

is of the form a(k — 1)(log|x — 1| + b). Define the function

g(k) = MMSE" () — MMSE"(1) (9.106)
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line has slope a =~ —0.8463, and line has slope a =~ —0.8463, and
ab ~ —0.8249. ab ~ —0.8249.
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Figure 9.D.6: Comparison of the second derivative of the MMSE(x) and the
expansion (9.108)) (plotted with dashed line).

for x close to 1, we have:

9(K)
k—1

~ alog |k — 1| + ab (9.107)

From the plots in figure [0.D.5] we deduce that a ~ —0.8463 and b ~ 0.9746.
Therefore, the MMSE" (k) can be described by the following expansion close to
the point kK =1

MMSE" (k) = MMSE"(1) 4+ a(k — 1)(log|x — 1| + b) + o((k — 1)). (9.108)

From this expansion, we conjecture that the MMSE has a third-order phase
transition at Kk = 1.

9.E Derivation of the limiting spectral
distribution for the model [9.B.2]

We indicate the main steps to compute the density py = p, /zs B psc where
pyrs(x) = pé(x) + (1 — p)é(x — y/k). Following the same procedure as in the
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previous example, functions v(u) and 1 (u) can be derived as :

(
%[—QuQ—i—Q\/ﬁu—/@—i—l if u € Supp(v)

[un

v(u) = +\/\/E(\/_—2u)(—2\/ﬁu+/<a+4p—2)+12

0 else.

78u2+6\/Eu+\/\/E(\/Ef2u) (72\/Eu+li+4p72) +1-k—1
Plu) = 2(V22)
u+ 2+ ul_;\% else.

if u € Supp(v)

Supp(v) = {ulg(u) < 0}
and
g(u) = u* — 2vku® + (k — 1)u® + 2pv/Ku — pr. (9.109)

Solving the equation py (@D(u)) = %“), we find the analytical expression for
py () which we omit here.

The set Supp(v) determines the support of py. For a given 0 < p < 1 the
degree four polynomial g(u) has either two or four real roots, depending on
k. The former case corresponds to the situation where the support of py is
a single interval, and the latter corresponds to the case where the support of
py is a union of two intervals. Using Theorem 3.7 in [128|, a critical value &,
is found such that for x < k. the polynomial g(u) has two real roots and for
Kk > K. 1t has four real roots. We have

ke =1+ 3v/p*(1 —p)+ 3v/p(1 —p)2. (9.110)

An example is illutrated on figure |9.E.1] But contrary to the previous example
we have not identified any singularity in MMSE(x) due to the merging of the
two intervals.

9.F Derivation of the limiting spectral
distribution for the model [0.B.3

In this example, we find the limiting spectral measure py = p, g B py directly
using the free additive convolution formula. The limiting spectral measure
of S is the Marchenko-Pastur law rescaled by factor ¢, which we denote by

pmp. The R-transform is R, = %ﬁ Using the relation R4, (2) = aR,(az),
we have that R, ﬁs(z) = ‘/TE 1_\1/%2. The free additive convolution formula is

R, . (2) + R, (2) = R, (2). Substituting z by the inverse of the Cauchy
transform of py, G, and using that R, () = z we get:

N 1 1 .
pr(z)+71_\/Epr(Z)+pr(z) = z. (9.111)
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Figure 9.E.1: The continuous line is plotted from the analytical expression for the
asymptotic spectral density of the observation matrix Y in example for p = 0.7.
py (z) = p s B psc where p g(z) = 0.75(z) + 0.36(z — /k) for k =3 and k = 7.
The critical value for p = 0.7 is k¢ ~ 3.78. This is compared to the histogram of a
realization of size N = 5000.

Solving this equation for G, (2), and using the Stieltjes inversion formula,
p(x) = Llime o IS, (@ + i€), we find the density of py to be

Y2422 (qn(w2—3)—qﬁx+q+3ﬁ)

if 2 € Supp(py)

py(z) = 723 \/3gr YA (9.112)
0 else.
where
A=gq° (VEz —2)(k(22® = 9) + VEz — 1) + 9y/qr(VEz + 1) + / f(2)

(9.113)

where

f(x) = q(q(\/ﬁx —2)(2k2® + Kz — 9k — 1) + I(k2x + m))z
\ (9.114)
— 4((]/{@2 —3)—qVkr +q+ 3/@)
and

Supp(py) = {x’f(x) > O}. (9.115)

If ¢ <1, then the support of p /g is only a single interval, and the support
of py is also an interval. However, for ¢ > 1, p g has a delta at zero, and the
support of py can be a single interval or union of two intervals, depending on

k. For fixed ¢ > 1, the intervals merge at the critical value k. = ( i )3: if
31

Kk < K¢, Supp(py) is a single interval, while if k > k., Supp(py) is the union of

two intervals. In Fig. the density is plotted for ¢ = 8, for which x, = 8.
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(a) k=6 (b) k=16

Figure 9.F.1: Asymptotic spectral density of the observation matrix Y in example
for ¢ = 8. kK° = 8. It is Compared to the empirical density of a realization of size
N = 10000.
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In this chapter, we consider denoising a non-symmetric rectangular matrix
under additive bi-rotational invariant noise. We consider the model:

Y =VkS+2Z

where S, Z € RV*M are non-symmetric matrices,Z is distributed according to
a bi-rotationally invariant distribution, and S has rank which grows linearly
with N.

For this model,

e We extend the rotational invariant estimators to rectangular matrices.
We conjecture that the proposed estimator is optimal among the RIE
class under general bi-rotational invariant noise, see ({10.5).

e For the particular case of Gaussian noise:
— We prove a trace relation which gives a solid justification for the

optimality of the proposed RIE (Theorem [10.3)).

— Using the optimality of the RIE, we derive the asymptotic Bayes-
optimal error in terms of the limiting singular value distribution of
the observation matrix, presented in Statement [10.4]

— We prove by independent methods that the mutual information
between S and Y is linked to the asymptotic log-spherical integral

(Theorem [10.5]).

e We provide numerical simulations under various settings, which

Part of this work was presented in [54] F. Pourkamali and N. Macris, “Rectangular
rotational invariant estimator for general additive noise matrices,” in 2023 IEEE International
Symposium on Information Theory (ISIT), 2023, pp. 2081-2086.

167
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— support the optimality of the proposed (general) RIE, as suggested
by the derivation based on (non-rigorous) methods from statistical
physics.

— suggest that RIE is not limited to the rotational invariant signals,

and can be applied regardless of of the prior to get non-trivial
(although non-optimal) estimates.

10.1 Denoising Model and Rotational Invariant
Estimators

Let § € RV*M he the signal matrix that we aim to estimate from the observa-
tion matrix Y:

Y = &S+ Z (10.1)

where Z € RY*M s a bi-rotationally invariant matrix, i.e. Pz(Z) = Pz(UZVT)
for any orthogonal matrices U, V', and k € R, is proportional to the signal-to-
noise-ratio (SNR). We assume that M scales like N, and N/M — «. Moreover,
we assume that the empirical singular value distributions (ESD) of Z and
Y have well-defined limiting measures as N — oo. We denote them gz, py
respectively and refer to them as limiting ESD. Studying the problem for the
case a € (0,1] suffices. Indeed, suppose the observation matrix Y € RY¥*M
has dimensions N > M (so « > 1), then exchanging the role of M, N, we can
apply our results to the matrix YT with aspect ratio 1/« € (0, 1).

10.1.1 Rectangular RIE Class

Given the observation Y, the class of Rotational Invariant Estimators (RIE)
Es(Y) of S have the same singular vectors than Y. More precisely, consider
the SVD of Y to be:

Y =UyI'VY], T =[dag(y, ) | Ovxu-n) | € R

with v1,--- ,yn > 0 singular values of Y, and orthogonal matrices Uy €
RVN*N V5 € RM*M | RIEs E5(Y) are constructed by definition as :

N
Es(Y) =) &uyv! (10.2)
j=1

where u;, v; are columns of Uy, V3. The goal is to have the minimum squared
error, therefore the optimal singular values are the solution to the following
optimization problem:

min |5 — Es(Y)|I? (10.3)

€

One can easily see that the solutions to optimization problem ((10.3)) are:
§ = u;Sv; for 1<j<N (10.4)
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The particular estimator constructed with the singular values (10.4) is denoted
by E5(Y), and is called oracle estimator as it involves the signal matrix S.

10.1.2 Algorithmic RIE

Our main contribution is the derivation of an explicit formula for the optimal
singular values which only involves the observation matrix and the knowl-
edge of spectral measure of the noise. This formula leads to an algorithm for
the estimation, which we conjecture, has in the asymptotic limit a performance
matching the one of the oracle estimator (in the sense of the mean-square-error
(110.3)).

The optimal singular values can be approximated for sufficiently large N,
as:

- Imc(a)<1;,a”H[ﬂy](w>+a(WH[ﬂY](%‘))2

(10.5)

l—«

- oz(?fﬂy(%))2 + imfiy ()

J

+2aﬂH[ﬂy]<w)))]

where iy (7) = 3(uy (7) + py (—7)) is the symmetrization of the limiting ESD of

Y, Cff)Z‘) is the rectangular R-transform of y1z, and Hlfiy| is the Hilbert transform

of fiy. Derivation of the estimator (10.5)) is sketched in section [10.4.1}
The algorithm to estimate S proceeds as follows:

1. Compute the SVD of Y, Y = U, TV

2. Approximate G, (z) from the singular values of Y, from which fiy ()
and H[fiy](7y) can be evaluated using (5.5)).

3. Compute 5;‘ asin ({10.5)), and construct the estimator é\g(Y) = Zj\[:l g;‘uj'v] :

10.1.3 Bayes optimality and MMSE

From the Bayesian estimation point of view, considering a prior distribution
for the signal Ps(S), one wishes to minimize the average mean-squared-error
(MSE), which is defined for an estimator ©g : RV*M — RNXM a4

1
MSEe, = GE[S - 0s(Y)[

where the expectation is over S, Z. It is well known that the estimator which
has the minimum MSE is the posterior mean estimator ©%5(Y") = E[S|Y].
Note that for model the oracle estimator ((10.4)) is the best estimator
among the RIE class (in the sense that it minimizes the MSE in this class).
Furthermore the derivation of the explicit estimator does not involve

T
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Bayesian methodology and does not require any knowledge of the prior of the
signal.

However, if the prior on the signal is bi-rotationally invariant, i.e. Ps(S) =
Ps(USVT) for any orthogonal matrices U, V', these estimators are intimately
related to the Bayesian one. As shown in section for bi-rotationally
invariant signal distributions the posterior mean estimator E[S|Y’] belongs to
the RIE class. Since the oracle estimator has minimum MSE among the RIE
class, we have that MSEz: < MSEe:. On the other hand, by definition, we
have MSEz: < MSEg:. Therefore, the oracle estimator is Bayes-optimal under
bi-rotational invariant prior and achieves the MMSE.

Moreover, the "exact" analytical derivation of the explicit estimator
suggests that it has the same performance as the oracle estimator as N — oc.
Therefore, the above algorithm should be asymptotically Bayes-optimal with an
asymptotic MSE equal to the MMSE. Denoting the rhs in as a function

of singular values of Y, £* : supp(uy ) — R, we are led to the following result.

Statement 10.1 (MMSE). Suppose that S, Z have bi-rotational invariant
priors, and Assume their ESDs converge to well-defined measures jis, jtz with
bounded second moments. We have:

lim MMSEy (k) = /xZHS(x) dx — /g*(a:)?uy(w) dx (10.6)

N—oo
where py s the limiting ESD of Y, py = ps B, iz.

Remark 10.1. Note that, for non-rotation invariant priors the estimator
(10.5)) still can be applied, however it may results in a sub-optimal estimate
of the signal. However, this estimate can be used as a "warmed-up" spectral
initialization for more efficient algorithms (see for example [25,/24)]).

10.2 Gaussian Noise

10.2.1 RIE

In this section, we consider the case of Gaussian noise matrix, more precisely we
suppose that Z € RM*M has i.i.d. Gaussian entries of variance 1/n, and k € R,
is proportional to the signal-to-noise-ratio (SNR). We make the following
assumptions:

Assumption 10.1. The operator norm of S, and the ratio M/N are bounded
by some numerical constant K > 0 independent of N, M.

Recall that the resolvent of the matrix YYT, evaluated at 22 is defined as:
GYYT(ZQ) = (ZQI — YYT)il

Now, define two random functions of z € C\R as:

1 1
G(z) = N Tr Gyy+(2?), L(z) = ~ Tr Gyy+(2*)Y ST (10.7)
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Proposition 10.2. For 1 < j < N, and for any € > 0 such that [y; —€,v; +
el N o{m, - ,w} = {v;}, the optimal singular values ((10.4) satisfy

S m L + i) de
= lim — J
n—0 f];j: Im {(m +in)G(x + in)} dx

& (10.8)

The proof of the above Proposition is presented in section [10.4.3, Note that
(10.8) is an exact formula for the optimal singular values {7, but in practice
given an explicit expression for L(z) we use the following approximation to
evaluate £;:

Im L(z) ~

R = for z =7, +in, withn<1 10.9

The definition of the function L(z) in the numerator of the estimator (10.9)),

involves the signal matrix. Therefore, to use the estimator, we need to find a

way to estimate this function only from the data. In the following theorem, we
give an asymptotic approximation of L(z), which we prove in section [10.4.4

Theorem 10.3 (Estimation of L(z)). Let ag = N/m. For any z € C\R with
‘Im z‘ < 1, the function L(z) defined in (10.7) satisfies

L(z) = % [G(Z)w +1- aio) ~ 2GR (2) — 1] ten (10.10)

where the error term ey is bounded as:

< Cxk+X

o= N‘Imz‘3

with Ck a constant depending on K, and X is a complex sub-Gaussian random

variables with finite sub-Gaussian norm depending on K.

Remark 10.2. We believe that adopting the methodology developed in 129,130/
the approximation (10.10) can be improved, with the error term controlled by

(N|Im z|)71. We numerically verify this conjecture in section|10.3.2

Algorithm
Using the explicit expression ((10.10]) for L(z), we are led to the following

approximation to evaluate &;:

L1 Im{G(z)(zQ—i-l—alo) —22G2(2)} B 1
§=r Im {2G(2)} for = =05+ 75 (101
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Remark 10.3 (On imaginary part of z in (10.9)). Approzimating the ezact
formula with the expression 18 more accurate when z 1s closer to
the real line (small n). On the other hand, for z close to the real line the error
of the approximation gets worse. Considering that the error in
is controlled by (N]Imz|)_1, we can see that n = 1/ne with any 0 < € < 1
should work properly as N increases. We study the effect of choice of € in the

numerical section, see Fig. [10.3.30.

Remark 10.4 (Relation to the formula (10.5)). First note that 2G(z) in the
denominator of is the Stieltjes transform of empirical symmetric spectral
measure of Y, and in the limit 1 — 0, Re {2G(2)} = 7H[fy](z). Therefore,
from , for z = ~y; +in with n < 1, we have

ImL(z) _ 1 Re{G(@)}2yn+Im{G()} (5} —n* +1- )
Im {:G(z)} V& 1Im {G(2)} + Re {G(2) }n
- %ZRe {2G(2)} (10.12)

~ % [%’ +(1- i)i - QWH[/?W](%')}

Qo” 75

For Z with i.i.d. Gaussian entries of variance /N and with the assumption
that oy — o we have C’,(f;)(z) = éz, and thus the expression in (10.5) reduces
to (10.12).

10.2.2 MMSE

Given the rather simple expression for the optimal singular values, we can
compute the asymptotic MMSE for the particular case of Gaussian noise, see
section [[0.4.5] for the derivation.

Statement 10.4 (Gaussian MMSE). Assume that the prior on S is bi-
rotational invariant, and the ESD of S converges to a well-defined limiting
measure jtg with compact support and bounded second moment. We have:

lim MMSEy () = 1[1—(1 - 1)2/’“‘Y(f) dz — %Q/W(x)?’dx] (10.13)

N—oo K x
where py s the limiting ESD of Y and py = s By povp-

Remark 10.5. In the symmetric case, the asymptotic MMSE of a Gaussian
channel is linked to the free Fisher information of non-commutative random
variables |48]. Using this link, we can deduce the continuity of the MMSE
as a function of SNR, which rules out the existence of the first-order phase
transitions. Moreover, using the I-MMSE relation [1), this link also implies a
rather explicit expression for the asymptotic mutual information. We believe
that similar relations hold for the rectangular case and the MMSE should be a
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continuous function of k. However in the rectangular case free probability [151]
1s much less developed than its symmetric counterpart, and these considerations
are beyond the scope of the present paper.

10.2.3 Mutual information

In this subsection we prove that the asymptotic mutual information is linked
to the asymptotic rectangular spherical integral. The rectangular spherical
integral is defined for two matrices A, B € RV*M as:

Inu(A, B) = / DU DV N TrATUBVT

where DU, DV denote the Haar measures over the groups of N x N and

M x M orthogonal matrices. The asymptotic behavior of these integrals has

been studied in [132] which proves that the limit limy_,o0 5z InZy, 1 (A, B)

exists and equals a variational formula given in terms of limiting ESD of A, B.
We make the following assumptions on the prior of S

Assumption 10.2. The empirical singular value distribution of S converges
almost surely weakly to a well-defined probability density function ps(x) with
compact support in [Cy, Ca] with Cy, Cy € Rsg. Moreover, the symmetrization of
s has bounded second moment [ x? djis < oo, finite non-commutative entropy

[[In|z — y| dis(z) diis(y) > —o0, and [In|z|dps(z) > —occ.
Assumption 10.3. The second moment of M(SN) 15 almost surely bounded.

Let
1
(a) pr— 1 —_—
T it yrs rs Ba pvp] N1—1>r£oo N InZym(vVES,Y)

where 1 /g is the limiting spectral distribution of /&S and pyp is the
Marchenko-Pastur distribution.

Theorem 10.5 (Mutual Information). Under assumptions and
M/ < K, we have:

: 1 N
]\}I_I)noo WIN(S; Y) = ka /xQuS(x) de — J' )[,u\/gs,u\/gs Ha unvp] (10.14)

Remark 10.6. In (98], the asymptotic log-spherical integral J ) (1t /mss 1 msHa
pmp| is computed explicitly, which together with Theorem gives an an
explicit expression for the asymptotic mutual information under Gaussian
noise.
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(a) Uniform spectral noise matrix, (b) Sum of rank-one factors noise
N =M = 1000 matrix,

N = 1000, M = 2000, L = cN

Figure 10.3.1: Performance of the algorithmic RIE based on ((10.5)) as compared
to the oracle one. Signal matrix § € RV*M has i.i.d. Gaussian entries of variance
1/N. Results are averaged over 10 runs (error bars are invisible). Average relative
error is also reported. In both examples, the Hilbert transform of the observation is
computed numerically using Cauchy kernel method in [67].

10.3 Numerical Simulations

10.3.1 General bi-rotational invariant noise

In Fig. [10.3.1] the performance of the algorithmic RIE based on (10.5) is
compared against the oracle estimator for two cases of noise distribution
and Gaussian signal matrix, i.e. S is a matrix with i.i.d. Gaussian entries of
variance 1/n.

Uniform spectral noise. For this prior, the noise matrix Z € R¥*¥ is con-
structed as Z = Udiag(ry,- -+ ,7y)VT, where U,V € RV*Y are independent
Haar distributed matrices, and the singular values rq, - - - , 7y are chosen indepen-
dently uniformly from [0, 2]. The limiting spectral measure of the uniform noise

distribution U]y ) has rectangular R-transform Cb({l[z ) (2) = 2y/z coth (2\/5) - 1.

Sum of rank-one factors. For the noise matrix we take a sum of rank-
one matrices, Z = Zle uv], where u;’s and vy’s are independent uniform
random vectors of the unit norm in RY, R™. Denoting the limiting ratio
L/N — ¢, the liming symmetrized ESD of Z is the rectangular analogue of
the symmetrized Poisson distribution with parameter ¢, with rectangular R-
transform C®(2) = ¢#/1-» (see section 4.3, Proposition 6.1 in [133]).
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(a) Relative error (b) Error term

Figure 10.3.2: Validity of the estimation (10.10). Plots are average of 100
experiments and 95% confidence interval is also depicted. The signal matrix
S € R¥*M has i.i.d. Gaussian entries of variance /N, and M = N/qa,. the
expressions are evaluated for z = 1 + i/V/~. In the left panel, the relative error
(10.15)) is plotted for various values of N. On the same simulations, the error
term is plotted in the right panel which behaves as N~"/* which matches with the

conjecture of remark [10.2,

10.3.2 Gaussian noise
Validity of Theorem [10.3]

In Fig. [10.3.2] we numerically verify Theorem and check the behavior of
the error term ep. For simplicity, we set the SNR parameter to one, k = 1. In

Fig. [10.3.2al the relative error is plotted,

x| ‘L(z) — [G(z) (2 +1— L) = 22G%(2) - 1] '
()]~ ()] (10.15)

for the case of a signal matrix with i.i.d. Gaussian entries of variance !/n. In Fig.
10.3.2b| the behavior of the error term is depicted, which verifies the conjecture
stated in remark [10.2, namely that the error is controlled by (N|[Im z])_l.

Gaussian Signal

If we consider the signal matrix to have i.i.d. Gaussian entries of variance
1/N, then each entry of Y can be viewed as an independent scalar AWGN
channel. For this scalar channel, the MMSE equals ——— [1]. Therefore, the

N 1+r
(normalized) MMSE of the matrix problem is %Hﬁ — éﬁ for N = 00. As a

sanity check of Statement [10.4] using the fact that uy is the Marchenko-Pastur
(MP) law rescaled with v/x + 1, we compute the MMSE analytically (with the
help of Mathematica [117]) and find it equal to +—. In Fig. , MSE of
RIE is compared to the theoretical MMSE for o = 1, &« = /2. Note that, for
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24 a = 1, Theoretical MMSE 0.025 | 4
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(a) Performance of the RIE for (b) Performance of the RIE using
the Gaussian signal and noise. Signal (10.11]) for the Gaussian signal. The for-
and noise matrices S, Z € RY*M have  mula (10.11)) is used to estimate the op-
i.i.d. Gaussian entries of variance 1/n. timal singular values with z = ~,; +iN .
The MMSE is plotted for two aspect RIE is applied to N = 1000, M =
ratios @ = 1,1/2, and the RIE 2000, < = 2, and results are averaged
is applied to N = 1000. Results are over 10 runs.

averaged over 10 runs.

this example, we use the RIE , and the Hilbert transform used in RIE
is the exact Hilbert transform of the symmetrization of MP law rescaled with
Vi +1, which is Hp, (2) = 55- — 52,

In Fig. [10.3.3b] we investigate the performance of the RIE using the relation
for various values of the imaginary part of z. In this plot, the difference
of the MSEs of the RIE and the oracle estimator for the Gaussian signal
and noise matrices is depicted. The RIE is applied with z = v; +iIN"°. A
few remarks about this plot are in order. First, it supports the conjecture
stated in remark [10.2| that the error term in ({10.3)) is controlled by (N [Im z|)71.
Moreover, we can see that as the imaginary part of z increases (e decreases) the
difference increases. For this regime, the error term in becomes small,
however the approximation of the exact formula is inaccurate.
On the other hand, for z with small imaginary part, this approximation is more
accurate, but the error of the estimation in becomes large.

Signal with sparse spectrum

RNXM

The signal matrix S € is constructed as

S = U[diag(al, s ,O'N),OM,N]VT

where U € RV*N V' ¢ RM*M are independent Haar distributed matrices, and
the singular values oy, ,0n are independent Bernoulli random variables,
ps = pdo + (1 —p)dyq for 0 < p < 1. In Fig. MSE of RIE is compared
to the MSE of oracle estimator with a = 1/2 for p = 0.2,0.9. We observe that,
in the high-sparsity regime p = 0.9, the model behaves like finite-rank signal
and the MSE is close to the rank-one MMSE computed in [10].
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— Rank-one MMSE
v p=0.9,0racle-MSE

A p=0.9RIE-MSE
p = 0.2,0racle-MSE

A p=0.2,RIE-MSE

MSE/(1 — p)

Figure 10.3.4: Signal with Bernoulli spectrum. MSE is normalized by the norm
of the signal, 1 — p. The RIE is applied to N = 1000, M = 2000, and the results
are averaged over 10 runs (error bars might be invisible).

10.3.3 Non-rotational invariant signal distribution

We consider S to have i.i.d. entries from the Bernoulli-Rademacher distribution,

+\/LN with probability %
0 with probability p V 1<i<N, 1<53<M

_\/LN with probability %

Sij =

With normalization 1/v~, the spectrum of S does not grow with the dimension
and has a finite support, thus we can apply our estimator to reconstruct S.
Note that the prior of S is not rotationally invariant, and neither the oracle
estimator nor the RIE are optimal. In Fig. [10.3.5] the performance of the RIE
is compared with the oracle estimator for two cases of noise priors. Note that
under Gaussian noise, the MMSE can be computed simply by considering the
MMSE of scalar channel, and the MMSE is also plotted. We can see that RIE,
although it is sub-optimal, can give a non-trivial estimate of the signal for
non-rotationally invariant priors.

10.4 Analytical Derivations and Proofs

10.4.1 Derivation sketch of the explicit rectangular RIE

Let the SVD of the signal be § = SN | aks,(cl)s,(:)T where s,(:)/s,(f) is the
right /left singular vector of S corresponding to the k-th singular value oy.
From ((10.4)), the optimal singular values of the oracle RIE can be written as:

N
£ =ujSv; = Z Ok (UJT‘SI(;)) (”JTS;T))

k=1
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(a) Gaussian noise, N = 1000, M = 2000 (b) Sum O_f rank-o.ne factors
noise matrix,

N = 1000, M = 2000, ¢ = 1

Figure 10.3.5: Performance of the RIE ( (10.5) and ([10.11))) and oracle estimator
for non-rotational invariant signal. Signal matrix § € R¥*™ has i.i.d. Bernoulli-
Rademacher entries (divided by 1/v/N. Results are averaged over 10 runs (error bars
are invisible).

The main assumption is that in the large-/V limit, £;’s can be approximated by
the expectation, 5:* = Z;VZI aj<(u;s,(€l)) (v}s,(:))>, where the expectation (—)
is over the singular vectors of the observation Y.

Therefore, to compute the optimal singular vales, we need to find the
overlap <(u;s,(€l)) (v}s,(;))> between singular vectors of S and singular vectors

of Y. In what follows, we will see that (a rescaling of) this quantity can
be expressed in terms of j-th singular value of Y and k-th singular value
of S and the limiting measures, indeed. Thus, we will use the notation

O(vj,01) = N< (u}s,(j)) (v]Tsl(:))> in the following and write

N

~ 1

&=+ > 0Oy, %) (10.16)
k=1

In the next section, we discuss how this overlap can be computed from the
resolvent of the "Hermitized" version of Y.

Relation between overlap and the resolvent

Construct the symmetric matrix ) € RVFM>*NEM) from the matrix Y,

_ | Onxv Y
By Theorem 7.3.3 in |71], the eigen-decomposition of Y reads:
diag(717 e 77N) 0 0
y=w 0 —diag(y1, -, W) 0 | WT (10.18)

0 0 0
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B Uy Uy Onsx(—n)
W=|vo _yo @)
L Vy
with Vi = [ 0 % | in which Vi € R, and Vi = LV, Oy =
\%Uy. Denote the eigenvectors of Y by w; € RM*Y i =1,..., M+ N. Define

the resolvent of Y )
Gy(z)=[20-Y ]

For z =z — in, we have:

Gy(x —in) = —  _ww] + —— wiw;
=D Rt e 2

where 4, are the non-trivially zero eigenvalues of Y, which are in fact the (signed)

singular values of Y, 91 = 71,...,9n = I, IN+1 = —V15---, 72N = —IN-
Define set of vectors r;,l; € RV ™™ for i =1,..., N as:
On s
(5] g
We have
2N .
r]T (Im Gy(r — in))lj = Z CEEAET (r}wk)(wkl])
k=1
U (10.19)
xr+in
(rjwi) (wily)
2 . 2 j
TN SN

%(uzsgl)) (v;sy)) forl<k<N
(rjwg)(wil;) = —%(uzsﬁ»l)) (v;sgr)) for N+1<k<2N
0 for 2N +1<k< M+ N

Taking an average over singular vectors of Y in (10.19)), we find:

12N

r] <Im Gy(l’ ”7)>ly N ; (ZL‘ — &k)Q + 772( 1) O(’Wﬁ U]) ( 0. O)

Now, taking the limit N — oo, we obtain:

P1(Im Gyl — in))l; 22 /R (x_t’;2+n20(t,aj)gy(t)dt

where O(t, 0;) is extended (continuously) to arbitrary values inside the support
of iy (the symmetrized limiting singular value distribution of Y') with the
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property that O(—t,0;) = —O(t,0;). Sending n — 0, we find the following
formula valid in the large N limit:

r](Im Gy(x — in))l; = wiiy ()O(x, 0;) (10.21)

Eq. is important because it enables us to investigate the overlap
through the resolvent of Y. In the next section, we derive a relation between
this resolvent and the signal S which will allow us to find a formula for the
optimal singular values £’s in terms of the singular values of the observation
matrix Y.

Resolvent relation

To derive a resolvent relation between the observation and the signal, we

consider the model
Y=S+UZVT (10.22)

with Z a fixed matrix with limiting singular value distribution pyz, and U €
RY*N 'V ¢ RM*M yandom orthogonal matrices. Note that for convenience the
SNR parameter has been absorbed into S, so to obtain the estimator for model

(10.1]), this estimator should be divided by \/x eventually.
In Appendix we derive the relation ((10.23)) for the resolvent Gy(z),

in which (.) is the expectation w.r.t. the singular vectors of Y, and Ggrg is
the resolvent matrix of STS.

GYTY(22)YT ZGYTY(ZQ)
N [ A B ]
BT C
where each block is:
A=(z—() v+ (2= () 'SGsrs((2 = G) (2 — (7)) ST

B =5S8Gss((z—G)(z— ()
C=(2—()Gsrs((z=G)(z =)

2)) = Z_lIN+Z_1YGYTY(Z2>YT YGYTY(ZZ)
(Go(2) <[ }> .

with
A
¢ = z—(z) ¢ = az
«Q

Moy (32) +10
1 1
21 e (1o (s, (1))

As a sanity check, by considering the normalized trace of the first block on
both sides of ((10.23)), one can recover the free rectangular addition formula

C\ (u) + 2 (u) = ¢ (u) for u = 5T (MW (Z%)) (see Appendix |10.B)).

(10.24)
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1.5 4 —Sim. (k = 800)

_ — Th. (k = 800) (a) Computation of the rescaled overlap.
E"”T 7%3'(9:2%%?) Both S and Z are N x M matrices with
2 17 ‘ i.i.d. Gaussian entries of variance 1/N,

and N/M = 0.25. The simulation results
are average of 1000 experiments with fixed
S, and N = 1000, M = 4000. Some
of the simulation points are dropped for
1152 25 3 clarity.

Overlap and optimal singular values
From the lower-left block of ((10.23)), we get:
)T * *
P (Gy() L = 8 Grs (= = ) (= = (1) ST

0j

(2= ¢)(z = () —05?

and using ((10.21)), we find:

1 ) o
R R B

where ¢ is in the support of the limiting singular value distribution of S, ug.
In Fig. we illustrate on an example that theoretical predictions for the
overlaps from ([10.25)) are in good agreement with numerical simulations.

The optimal estimator for singular values reads:

N
-1 1 i
SjZNEZUkO(%‘»Uk) Nt () . m Imz (z—G) Z—Cl)_ai

—1 NT('/LY (’)/] z—y;—i0+

1
————— lim Im TrSGs5((z — )z —())ST
NW/LY(’YJ) 2—yj—i0F S S(( Cz)( Cl))

(10.26)

Comparing the left-upper blocks in the first and second lines of (|10.23)) we find
ST = (4 S 2y1) (10.27
SGSTS((Z CZ)(Z Cl))S = > IN+ ( )YGYTY( )Y ( . )

The trace of the r.h.s of (10.27) is (with multiplication by 1/N)

1 N 2 * 2 1 N
P - D) - 4] -GS e gy
k=1
1

f 2 -2V 2l 22—
S GG () + M ()
= _szgpy (Z2> + Z2gPY (Z2) -1
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The last expression on the r.h.s can be expressed in terms of the symmetrized
limiting spectral distribution of Y. Indeed if we denote the Stieltjes of jiy
by Gu, (2), using the relation zG,, (2*) = Gz, (2), the above trace implies with
(110.27)):

1

= Tr8Gsns (2 = G)(= = ()8 ~ —GiGay (2) + 2Gpy (2) — 1

Moreover ¢} in ((10.24) can be written as,

=0 (2o I (1-ar gy )) 02

Replacing these results in ((10.26) we easily deduce (10.29) for the optimal
singular values of the RIE.

Cxo_ 1 C- 0t
J Wﬂy(’)/j)lm nguy(% i0 )
1
—Ciy (—gﬁm —i0%) (1= a+ ar G (3 - iO*)))]
i
1 ofl—« _ _
== ol (£ eHla]) + (M 0,)°

— a(rmfiy(v))* + imfiy () (—— + QO‘WH[NY](%‘)))

J

(10.29)

10.4.2 Optimality of oracle estimator

In this section, we show that for rotational invariant priors, the posterior mean
estimator belongs to the RIE class. We proceed by presenting an equivalent
definition of the RIE and then show that posterior mean estimator satisfies
this definition.

Lemma 10.1. Given the observation matriz Y , let ©g5(Y) be an estimator
for 8. Then ©g(Y) is a RIE if and only if for any orthogonal matrices
U e RVN 'V e RMXM:;

Os(UYVT) = UO4(Y)VT (10.30)

Proof. 1f ©¢(Y) is a RIE, then this property clearly follows from the definition
. Let us now show the converse.

Suppose that an estimator Og(Y") satisfies (10.30]). First, we show that if the
observation matrix is diagonal, then the estimator is also diagonal. Consider
the observation matrix to be Y4 = [ diag(yy,...,yn) ‘ Onxa—n) |- Let
I € RN J- € RM*M he diagonal matrices with diagonal entries all one
except the k-th entry which is —1. Note that for 1 < £ < N, we have
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Ydies = [-ydiag J - Moreover matrices I, ,J, are orthogonal thus or any
1 <k <N, from (10.30)) we have:

O5(Y48) = O4(I, Y8 J ) = I, O5(Y8)J (10.31)

This implies that all entries on the k-th row and k-th column of ©g(Y 4i28)
is zero except the k-th entry on the diagonal. Since this holds for any k, we
conclude that ©g(Y 4i8) is diagonal.

Now, for a given general observation matrix Y = UyI'VJ], put U =

U/, V = V{ in the property (10.30). We have:
Os(T) = Uy 05(Y)Vy
From the argument above, the matrix on the 1.h.s is diagonal. Consequently, the

matrix Uy.©¢(Y ) Vy is diagonal which implies that the columns of Uy, Vi are
the left and right singular vectors of ©g(Y). Therefore, ©g(Y) is a RIE. [

Now, we prove that the posterior mean estimator ©%(Y') = E[S|Y] has the

property ([10.30), and thus belongs to the RIE class. For simplicity, we drop
the SNR factor \/k. For any orthogonal matrices U € RM*¥ V € RM*M e

have:
_ [dSSPs(S)P,(UYVT - 8)
~ [dS Ps(S)P,(UYVT - S)
(@ [ dSUSVTPs(S)P,(UYVT—USVT)
[ dSPy(S)P,(UYVT—USVT)
) U{ de:é Pg(:é‘)PZ(Y —~S) }VT
[dS Ps(S)P4(Y — S)
— UE[S|Y VT

E[S|UY VT

where in (a), we changed variables § — USVT, used |detU| = |det V| =1,
and bi-rotational invariance of Ps, Pg(S) = Ps(USVT). In (b), we used
the bi-rotational invariance property of Pz, namely P,(UY VT —USVT) =
P,(Y - S).

10.4.3 Proof of Proposition [10.2]

Define the two measures:
1 1
vi=on w0y, —0,), = oy (0, 40
j=1 j=1
Using the Stieltjes inversion formula, for any € > 0 such that [y, —€,7; + €|/ N
{7, v} = {7}, the optimal singular value §; can be expressed as:
I G, (@ + in) da

& = lim —2— _ (10.32)
7 00 fgﬂi Im {G,(z +in)} dz




184 Extensive-Rank Non-Symmetric Matrix Denoising

with G,, G, the Stieltjes transforms of v, 7. The first Stiltjes transform can be
written as:

N
1 .
_ N Z Vj Tr ST’U,]"U;- (1033)

Similarly, we get

G-(2) = 2G(2) (10.34)
Finally (10.8)) follows from (10.32), (10.33]), (10.34]). O

10.4.4 Proof of Theorem 10.3l

For simplicity of notation, we drop the z-dependence of the random functions
G(z), L(z). Let
g =EG, [:=EL

where the expectation is over the noise matrix Z in (10.1)). We will need the
following lemma whose proof is deferred to subsection [10.4.4]

Lemma 10.2. There is a numerical constant ¢ > 0 (depending on K ) such
that for any z € C\R and for any t > 0, we have:

3\ 2
P(lG _ g| > t) < Qefc(tN‘Imz| )
The same s also true for L,I.

Consider the decomposition

L=1+(L-1)
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from the lemma above, L — [ is a sub-Gaussian random variable with sub-
Gaussian norm O(ﬁ) Therefore, to prove the Theorem, it suffices to
N|Im =z

show that

z=g<z2—aio>—g(ng—n—Ho(m)

(10.35)
Let G := Gyy+(2%). We start by expanding the following matrix products:
GYY" =rkGSS"+VkGSZ" + \/kGZST + GZZT
GYS" = \/kGSS™+ GZS"
Using the identity 22G — I = GY' YT, we have:

1
GYST= - (ZQG I GZZT) —GSZT (10.36)

Taking expectation and trace of the both sides:

1 1 1

The next step is to compute the last two terms in (10.37) through a use of
gaussian integration by parts.

e Expansion of E Tr GSZT: Using cyclicity of the trace and the fact that
G is symmetric, we have:

N M N
ETrGSZ'=ETtGZS™=> > Y EGuZyS; (10.38)
i=1 j=1 k=1
Gaussian integration by parts yields:
1 0G
EGiZy = NE(aij>ik (10.39)
We have:
oG I(FI-YYT)
= -G G=G(YJ" +J*YT)G
07 970 (YT + J7YT)
with J® € RVM Ja — §{i = a, j = b}. Thus, we find:
0G . .
= [GY J"'Gy + [GIMY TG,

= Z Gia Y;Lb Jckb] Gck + Z Gia Jfg ifcb Gck
a,b,c a,b,c (1040)

= Z Gia Yo Gi + Z Gir Yej Gk

= G (GY), + Gix (GY )y

g
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Joining ((10.40)) with ((10.39)), (10.38) can be written further to be:

N M N
1
ETTGSZ =+ 3 [Gkk (GY),, + Gix (GY )15 | Sy
i=1 j=1 k=1 (10.41)

1 1
= VE[(TrG)(TrGY ST)| + TE Tt GGY ST
e Expansion of E TrGZ ZT:

N M N
ETrGZZ =Y Y Y EGuli Z; (10.42)
i=1 k=1

=1 j=1 k=

Using again gaussian integration by parts:

1 0GiZ;
E i Z Z,L == —]E . Y
Gl = 07
1 0G 1
N ﬂ(azkj)lk Toli= Rk} ECu
1 . 1
= <EZ; <Gkk (GY),, + Ga (GY)kj> + 8{i = k} L E G
(10.43)
Plugging in ((10.42)), we find
ETtGZZ
1 N N 1 N M N
=522 D EZyGu (GY), + 5> > Y EZ,;Cu (GY)
i=1 j=1 k=1 i=1 j=1 k=1
1
+ % Z;é{k = i}E Gy,
4,75

1 1 M
= CE[(Tr@) (T GYZT)| + LETGGY ZT + TE Tt G -
10.44
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Replacing and ((10.44)) in (10.37)), we find:
ETrGY ST
- S PETG - E[(TG)(TQYST)| - -~ E[(Tr@) (T @Y 2T)]
7 ¥ N
1 11 1 M 1
= T_ T_ 7
NIE TrGGY S \/EN]E TrGGY Z NG NIE TrG — \/EN
1 1 1 1
= = - BTG - TN]E[(Tr G)(TGYYT)]
1 1
- = T_
\/ENE TrGGYY \/EN
-l DEme- LiIE:[(TrG) (*TrG - N)|
\/E %) \/EN
11 ) 1
\/_NE Tt G(*°G - 1) _ﬁN
(10.45)
Dividing by N and rearranging terms we find:
O B P Ve I R :_ L
= \/E(z +1 ao)g NG EG?—1- 2B TrG* — —g  (10.46)
Using lemma [10.2]
EG’=¢"+E(g—G)*+29E (¢ — G)
1 (10.47)
=P+ 00—
! <N|Imz|3>
and,
|—2’2E TrG2‘<]E‘ z TrGQ‘
1 al 22
< —E
N2 ‘; (22 _7]3)2’
< —E
N ;|(z2 —%3)2‘
N
1 1 1
< —E =0
- ON? ; (Imz)2 (N(Imz)2>
Similarly, we have that . .
—g=0—— 10.49
Ng (N(Im z)2> ( )

Combining ((10.46)), ((10.47)),(10.48)), ((10.49)), we obtain the result:

=l =g = o)

This completes the proof of Theorem [10.3
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Proof of Lemma [10.2]

To prove lemma [10.2] we use a Gaussian concentration inequality:

Theorem 10.6 (Gaussian concentration inequality). Let X = (Xi,..., X,)
be a vector of n independent Gaussian random variables of variance o*. Let
f : R* — R denote an L-Lipschitz function (w.r.t Euclidean norm in R™).
Then, for anyt > 0,

1 ¢2

P(|f(X) —Ef(X)| >t) <2 222

that is, f(X)—Ef(X) is sub-Gaussian with sub-Gaussian norm O(7).

Using the above result, it suffices to show that G(z), L(z) as functions of

the noise matrix Z € RV*M are Lipschitz with constant O(ﬁ)
N|Imz

Consider the Hermitization Y of Y in ((10.17)). Given the decomposition

(10.18)), we have:

1 —1
G(z)=—Tr (Z’T-YY"
()= 5 T )
N
1 1
:_Z 2 _ 2
Nkzlz Vi
N
1 1 1 1
==y — 10.50
N;%(Z’_%JFZJF%) ( )
N
11 1 1 17 M—-N1
- M_N ] L
N2z[;(z—7k Z+’7k)+< ) 2N 22
11 1 M-N1
= — — Tr(zI — — —
Na: (I -Y) IN 22
and
L(z) =T (ZI-YYT) YST
1 Y ST
-y (Z o pul)
k=1
| (10.51)
:NZ T2 5 Trupu Y ST
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On the other hand, letting 8 be the Hertmitization of S, and wy the k-th
column of W in (|10.18)), we have:

u; Svy for 1 <k <N
wiSw, = —ul ySve_y N+1<k<2N
0 IN+1<kE< M+ N

Therefore, denoting eigenvalues of Y by 7, we find

M+N

1 1

1
—Tr(zI - Y) 'S = — T 'S
N r(zI =) N ; p—— r ww,
11 |
= — Truiv! S — Tr upv] S
N
1 1 1
= — — Tr upv] ST
N;(Z’—% Z‘i"m) e
2 & vy
_ k T
=¥ ; g Trupv, ST
(10.52)
From ((10.51)), (10.52]), we obtain:
1
L(z) = =—=Tr(z2I - Y)'S (10.53)

2N

Now, to show Lipschitz continuity of the functions we consider a variation
of the noise matrix Z — Z + ¢z. From now on, variables evaluated at Z + 0,
are denoted with a "tilde" symbol, for example:

1 1

G(z2) = %Tr (21 — f’f/T)_ = %Tr (ZPI—(S4+Z+62)(S+Z+62))

We have:
G(2) - G(2)] = %‘ T2 YY) - (A1 7YT) ]
@ %ﬁ o[-y - (- 9)7
= %ﬁ T (21 -Y)  (Y-Y)(I-Y)"
SR ler-»r e wer-»7
@@ﬁ\((u—yrl Jer-97 |@-»)|
© 1 1
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where in (a) we use the identity in (10.50), in (b) we use the following resolvent
formula, namely that for any square matrices A, B:

(zI — A)

-1 1 1

—(:I-B)'=(:I-A) 7 (A-B)(:I-B)"" |

in (c) we use the inequality for any matrix A € RV*V:

| Tr A| < VN|| A,

in (d) we use a non-commutative Holder-type inequality (see e.g. [134], Thm
2.8), namely for any product A;---Aj of matrices with any size and any
i=1,..k
| AL Ay, < H | Aj[op [|AillF,
J#i
and finally in (e) the constant C' depends only on K and we use that the
operator norm of (ZI — 57)71 is bounded by Im z:

1 1 1
= max < =
op {04mam} |z — x| T [z —Rez|  |Imz]

Jir-3)°

Similarly for L(z), we have:

IL(2) — L(2)] = % T[T -¥) s - (:1-9) 7S] ‘
B 1
" 2N
4 \(a—y)‘l— (zf—av)—l

ol

Tr |:(ZI— y)‘l — (ZI— 57)_1}8 ‘

IN

(10.55)

zI — 37 (zI 37

'’ 1

= \/NWH(SZHF

with C” a positive constant depending only on K.

10.4.5 Computation of MMSE for the Gaussian noise -
Statement 10.4]

From (10.6) and (10.12)) we see that to compute the MMSE we must compute
the following expectation:

/ (a: el iy >)2uy<x> da

a T

In the following, using properties of the Hilbert transform, we show this integral
equals:

/xQMY( ) dx + (l - 1)

Y¥dr—=  (10.56)
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Putting these relations together, we deduce (for Gaussian noise):

[ @ ia)dr = [ susta) ds
_lp;wl_n{/%g%m—g/ﬁﬂqu

Replacing this identity in (10.6)), we get (10.13)).

Derivation of (|10.56|)

For simplicity we denote H[fiy](z) by H(x). Expanding the square in the
integrand, we find

1-— )2i _ 21 @ 47r2(|:|(:c))2 — draH(z) + 47T1__O‘@ (10.57)

:1:'2+( 5
«Q T Q a T

To compute the expectation of the last three terms, we need the following
properties of the Hilbert transform.

Lemma 10.3. If f : R — R is compactly supported and sufficiently reqular,
then one has the identities

[ @@ ar = [ P (10.58)
/RH[f](x)xf _ % /f )dr) (10.59)
[ R g L ([ 10, (10.60)

Proof. The proof of the first two properties can be found in Lemma 3.1 of [121].
To prove the last equality, we apply the same idea as in remark 3.2 of this
paper to write:

[0 // T
o [[ S s sy
By

We remark that the Hilbert transform of an even function is an odd function
(see e.g. [135]), in other words for the symmetrized measure fiy we have
H(z) = —H(z). From (10.58) we have:

/(H(x))zw(w) dr = %/uy(x)?’dx (10.61)

]
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The 1.h.s can be written as:

1

: /R (H@) () drt g /R (@) (o) d
=5 [ g [ ) e
— %/& (H(.Qj))Q,uy(.I) dx +%/R+ (H(i'?))QMY(m) dx

T

(2))° py () dx

I
T

i

The rhs in (10.61) equals 5 [ py (z)* dz. Therefore, the expectation of the
fourth term in ((10.57)) is:

Ar? / (A(z))py (x) dx = %2 / 1y () da (10.62)
Similarly, using symmetry properties of A and fiy we have that:
[ ati@y @) ds = [ B @y(a) da
Thus, by , the expectation of the fifth term in is:
dr / e () () d = —2( /R v(e)de) = 2. (10.63)

Again, by symmetry we have:

/

Thus, by (10.60]), the expectation of the last term in (10.57)) is:
[ il 2
/ Q(Ux),uy(x) dr = (/ ”Y—(m)dx> =0 (10.64)
R

T
where we used that 22® is an odd function.

Finally putting together (10.57), (10.62), (10.63), (10.64) we get (10.56)).

;x>uy(x) dx = / #uy(aj) dx

10.4.6 Proof of Theorem [10.5
We start from the posterior distribution of the model ((10.1)) which reads (up

to some constants):

P(X|Y) o e 2 IV —VEXIE pg( X))

i (10.65)
oc N [VexyT-5xx7] Ps(X)
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The partition function is defined as the normalizing factor of the posterior

distribution (({10.65)):

Z(Y) = / dX N [x/EXYT—%XXT] Ps(X) (10.66)
and the free energy is defined as:
1
Fn(k) = —WEy[ln Z(Y)} (10.67)

One can easily see that the free energy is linked to the (average) mutual
information via the relation:

1 K
WIN(S; Y) = Fn(k) + mE[Tr SST]
in which ﬁE[Tr ST S] converges to the second moment of ug rescaled by the

factor . Therefore, to prove theorem [10.5] it is enough to show that

: K N
lim Fiv() = 5o [ us(e)de = Tl es. s B ]

N—oo 2

To prove this limit, first, we show that this limit also holds for the free energy of
a simpler model. Then, using the pseudo-Lipschitz continuity of the free energy
w.r.t. to a distance between two models which converges to 0 as N — oo, we
deduce that the same limit holds for the free energy of the original model.

An independent singular value model

Suppose o € RY is generated with i.i.d. elements from jg, and is ordered in
non-decreasing way. Fix o once for all. Let S € RN*M the matrix contructed
as UXVT where U € RV*V .V € RM*M are independent and distributed
according to the Haar measure, and ¥ € R¥*M with & on its main diagonal
for & € RYN. The distribution of the matrix S is :
N
dPg(S) = dun(U) dpn(V)dpg(6) = dun(U) dpn (V) [[ 8(6: — of) de
i=1

(10.68)
Matrix S is observed through an AWGN channel as in (10.1), Y = /sS+Z.

The partition function and the free energy can be defined in the same way as
n ((10.66)),(10.67)) denoted by Z(Y), Fi(k) respectively.

Proposition 10.7. For pug with compact support, and any x > 0, we have
ls-almost surely

N—oo

_— K N
lim Fiv() = 5o [ s(e)de Tl es. s By

Proof Appendix [10.C.1]
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Pseudo-Lipschitz continuity of the free energy

2)

Consider two bi-rotationally invariant matrix ensembles P, P®?) je. for

S ~ PW(S), § ~ PA(S) with SVDs § = UZVT, § =UXVT
dPY(S) o dpn (U) dpne (V') pY (o) dor
AP (8) o dun (U) dpne (V) p® (6) d
where p") (&), p® (&) are the joint probability density functions for the singular

values, induced by the priors. Suppose each of these distributions to be the prior
of an inference problem in model ([10.1]). The free energy can be defined similarly

for each of the priors, which are denoted by F ](Vl )(ka), F 1(v2 )(/f) respectively. Then,
we have

Proposition 10.8. For all kK >0 and N :

FY () = FP ()] < 55 (VEo o] + y/Bs [1612) ) y/Bos [l — &1

(10.69)

Proof Appendix

The distance between two models

Recall that
dPs(S) o< dun(U) dpn(V)ps(o) do

where pg(o) is the joint p.d.f. of singular values of S. Moreover, dPs(S) is
defined in (10.68) with ps(o) = H,]L §(c; — 0?), where o is generated with
i.i.d. elements from pug

Lemma 10.4. Under assumptions for o ~pg(o), 6 ~ps(a) , we
have:

1
lim <Eq 5 [lle—a|*] =0 (10.70)

N—oo

Proof Appendix

Concluding the proof

By proposition [10.8] the distance between the free energies Fiy(k) (defined in
(10-67)) and F(x) is upper bounded by rhs in (10.69). The term ~llel? =
+ > o? is the second moment of the empirical spectral distribution of S, which
is almost surely bounded by assumption @ So, %Eq[|le|?] is bounded.
Moreover, LE[[|&]]%] = & 3" 0°7 which is bounded by C%. By proposition
limy oo +Eo s [lo — &]|?] = 0. Therefore limy_o |Fy (k) — Fy(x)| = 0 and
Proposition [10.7] gives the result. O




Appendix

10.A Derivation of the Resolvent Relation

From (|10.22)), we have
y— 0 S 4 U 0 0 Z ur o0
ST o0 0V ZT 0 0 V7 (10.71)
=S8S+0Z2Z07

Let G(z) = Gy(z). First, we express the entries of G(z) using the Gaussian
integral representation of an inverse matrix [83]:

Gal) = \/(27T)N+M dit GI-) / ( g dne) iy exp { - %"T(ZI - Y)n}
iy ol -9

[ (TE ) exo{ = b1 =)}

(10.72)

For z not close to the real axis, the resolvent is expected to exhibit self-averaging
behavior in the limit of large N, meaning that it will not depend on the particular
matrix realization. Thus, we can examine the resolvent Gy(z) by analyzing its
ensemble average, denoted by (.) in the following.

M+N

(Gij(z)) = <% / ( H dm) nin; eXp{ - %nT(zI - )’)n}> (10.73)

where Z is the denominator in (10.72)). Computing the average is, in general,
non-trivial. However, the replica method provides us with a technique to

195



196 Extensive-Rank Non-Symmetric Matrix Denoising

overcome this issue by employing the following identity:

(Giy(2) = lim <zn—1 / (M]jN dnk> — eXp{ . %nT(zI - y)n}>

M+N n 1 n
— | _Z (1)
=t ([ (TLTTan) o e { =5 2on " (1 =97}
(10.74)
For the expression in the exponent, we have:
n M+N n M+N
——Z Z ’flk Z5kl YVu)n = ——Z Z M Z5kl Skz)ﬁz( )
=1 k=1 =1 k=1
n M+N
1YY iozon,
=1 k=1
(10.75)
The first term in the RHS can be written as
1 n
—5 217 (2In = )0 (10.76)
T=1

Given the structure (10.71) for OZ0T, the second sum in ((10.75) can be

written as:

N M+N M+N N
Z Z UJ(CT)(UZVT)k,ZfN??z(T)JF Z ZUIET)(VZTUT)I%NWJ(T) (10.77)
k=1 [=N+1 k=N+1 =1

b(™)
The expression in (10.77)) can be rewritten as 2 TrbMa MU ZVT. So, we have
(dropping the limit term for brevity):

()
Split each replica n(”) into two vectors a(”) € RN, b)) e RM pn(n) = [ @ } .

M+N n

(G /(HHd” )i exp{“z" (i =)}
x < exp Z Tr b(T)a(T)TUZVT}>

U\v
(10.78)

Using the formula for the rectangular spherical integral [64] (see (6.4)) for the
last term we find:

< exp { 3T b(T)a(T)TUZVT}>
T:1 U7V
N < 1 . .
~exp {5 Y Quu (7 la” 1671 }
T=1
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(M7

where we used that for each replica, the non-zero singular value of b™a(™" is

laD ][5
Therefore, we find

(Gij(2)) = / (AﬁNﬁdn};)) O

k=1 7=1

- 1 7— 1 T T
coxp{ X [= 31T CL - S0 + 0 (I 161 |
T=1
(10.79)
Introducing delta functions 5(pgT) — % la™|?), 6(p§7) — 7 [16]1?), (10.79)
can be written as:

M+N n

(Giy(2)) :/( 11 Hd'rh(f)> <Hdp1 dpy’ )m n!

k=1 7=1

a T 1 T T T
<107 = e 2)5 (87 — - 167)]7)
T=1
1L oty N (r), (7)
X exp Z 57 (ZI 8)77 + 7 Quz(pl D2 )
T=1

(10.80)

In the next step, we replace each delta with its Fourier transform 5(pg7) —

~la™)?) o f ¢ exp{ - %Cl(ﬂ (pgT) — %Ha(T)HQ)}. After rearranging, we
find:

<Gij(2 /(Hdpl dp2 d<1 dC(T))

n

N 1 T T
XeXp{EZ [Qu, (7P — ¢7p -= ol )]}
T=1
M+N n
x /( 11 Hdn;(f)) ng
k=1 7=1
- T T 1 T T
cexp{ 3 [ 37T - )+ 3¢+ 31601 |
T=1
(10.81)
The second integral in (10.81)) is a Gaussian integral with matrix
—_ _
M@ — | B )y 5 (10.82)
=57 (2 — G )
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Using the formula for determinant of block matrices, we have

det M@ = det [(z — ¢TIy — (= = ¢7)188T] det [(2 — ¢{7) Iu]
N

CZT H C1T Z_QQ )_Uk}

Except for the first replica, the Gaussian integral is (up to constants):

exp{—§[<M—N>1n<z—<§T>>+i (CRISRIC “)—ak?}}}

And, the integral for the first replica is the above expression multiplied by
(M(l)fl)ij. By Proposition 2.8.7 [136]), MM ™" can be written as

A B
-
M { BT C } (10.83)
with blocks given as:
1 1
A= —5Iv+ ——55Gsis((z — )~ ()5
z—=G z—Q

B =8Gss((z— ")z~ ")
C=(z—G")Gsrs((z = )z — )

with Ggrg the resolvent of the matrix STS.
Putting all this together, the integral in ((10.81]) can be written as

n - - - - —1
G2y [ (Hdp§>dpé>d<£ dg ))(M“’ )i
=1

Nn

TFO(plap%ChCQ)}

(10.84)
X exp{ —
with
Fo(p1,p2,C1,C2)

:-z[ Z ()=~ 0t~ (L= 2 In(e — ()

_Q,uz(pl (T))+C1 p1 ‘l’ CQT)pQ ]

In the large N limit, the integral in (10.84)) can be computed using the saddle-
points of the function Fj. In the evaluation of this integral, we use the replica
symmetric ansatz that assumes a saddle-point of the form:

el ) =p ) =m =G =G
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One finds that the extremum of the function is then at:

(07 = (2 = 6)Gs (= ()= = &)
pi=(1—a) "z +alz = )G ((z — )= = ¢))

¢r = GRir) (10.85)
Y
* Cua (PIPE)
\QQ = Zps

where G, is the Stieltjes transform of the matrix §ST, whose limiting eigenvalue
distribution is the squared transform of the limiting singular value distribution
of S.

To simplify the solution, we compute the normalized trace of both sides in
(10.84)). First on the r.h.s we compute the trace of the matrix M~ in (10.83))
plugging (7, ¢;. The trace of the first block is:

Similarly, the trace of the last block can be computed to be pj.
The matrix in the Lh.s of (10.84) is Gy (z), which has the blocks

Gy(z) = (=1 — y)‘l

[ 2 N+ 2 Y Gy (RDYT Y Gyry(22) (10.87)
- Gyry (YT 2Gyry (2?)
The trace of the first block is:
N N

L1 2 1 1

Nz [1+ 2% 2}:_22 2 2

Nzt 22— N &2y (10.88)

~ ZgPY (z2)

Therefore, from ([10.86]), we find pj = 2G,, (2?). The trace of the last block can
be evaluated to be azG,, (2%) + (1 — a)i. So, p5 = azG,, (2?) + (1 — a) 1.
Thus we find

(10.89)

and
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which implies

s (Z%T(a) (Mw(z%)n

CIZZ Muy(zig)"‘l )

ci? (31 (1, () )

G =az

10.B Derivation of Rectangular Free
Convolution

Consider the normalized trace of the first block on each side in ((10.23]). The
trace of the first block of the lhs is computed in ((10.88]) which is %MMY (Z%) + %
The trace of the first block in rhs is computed in (10.86)) which is (2—(3)G, ((z—

Gz =)

Moy () 42 = (2= G (2 - )=~ )
G- M e ) Y
1 1 1
“rmatmaeme) g

From which, we get:
1 1
z— (M vl=)+2— | = 2zM
(= Mo () + 2= 6 =2 Mus (5

Taking the (f to the rhs, and plugging the expression for (i from ((10.90)),
after a bit of algebra we find:
1 1 1 1
2y (o) _T(a>< - )
Moy (5) = Mo m—er) + €2 (57 (M () )

Let 5T (MW (Z%)> = u. Then, & = H,y (u). Moreover, from the
-1
definition one can see that M, (H,(f;) (u)) = C\?(u). So, (10.91) can be

written as:

)+ 2

Cl(AO;/) (u) = Mus(
From ,
. . Cyy (u) aCyy) (u)
(z=G)z—¢) = 22<1 M—1> <1 - T)J

() +
1 N a >+ oz(C,([;)(u))2 }
Cu)+1  aClYw)+17  T@(CY ()

(c) u )
oG- tew (1091

— 2 {1 - cffg(u)(

22

—— = 7@ c@) -y
T(a)(cl(f;)(u))T (C“Y( ) Cuz( ))
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The first factor, using the definition of Cff;) (u), is:

22 1 1

1

So, (10.91)) can be written as

C(u) —CYu) = M

By pz

u

(7 (G () = € () )

One can see that, if the limiting singular value distribution of S, is not

d(x), the unique solution to the equation M, (T<+)(x)) =1, is 2 = C\(u) (see

lemma 4.2 in [64] for a particular case). Therefore, we find:

CY(u) — C'(u) = C'(u) (10.92)

my 1z Hs

as we expected.

10.C Detailed proof of Theorem [10.5
10.C.1 Proof of proposition

We start from the partition function,

20 =[x beeved px

N
= /// do dun(U) dpp (V) H(S(&i — 00 N TVRVETUTY -5 2T

=1

e—%nTronz:O // dpn (U) dpns (V) eNTr[\/EEOTUYVT]

f%nT‘rEOTEOIN’M(\/Ezoj f/)

3y

(10.93)

where, we change variables U — U7,V — VT in third line to match the
definition of the spherical integral.

Recall that Y = /kUE'VT + Z, so denoting ~- In Ty (VrE’,Y) by
jNyM(\/EEO, f’), the free energy can be written as:

Fy(k) = Ey [ﬁ TreTs0 — jN,M(\/EEO, f/)}

iy (10.94)
K 02 . ) ~
~ oM Zai —Eyv.z [jN,M(\/EE VRUSOVT Z)}

=1
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By bi-rotational invariance of Z. the second term equals
Ey v 2 [jN,M (VAE, VRUSVT + UZVT)]

and then, both matrices U,V can be absorbed into the integration in Jy .
So, the free energy equals:

N
Fn(r) = ﬁ Y o -E, [jMM(\/EEO, VRS + 2)]
=1

By the strong law of large numbers, the first term in (10.94) converges to
s [ 2?pus(x) dz almost surely, and proposition follows from the following
lemma.

Lemma 10.5. For any k € R, the sequence E; [jN,M(\/EE(), VEX? + Z)}
converges to J@ [t /mss thyms Ba pap] as N — 00, pg-almost surely.

Proof. We first show that the assumptions of Theorem 1.1 in [132] holds a.s.
for the sequence /wX°, \/kX? 4 Z, so Ty converges to J@) a.s. .

By assumption , the symmetrized ESD of \/kX° converges weakly
to fi,szg by construction. The ESD of Z converges a.s. to the MP law
tvp, so by independence of 30, Z the limiting ESD of /kX° + Z is the
rectangular free convolution of i /g, pvp denoted by p, g By pimp - Moreover,
by assumptions , , the second moment of ESD of /X is boounded
and fig has finite non-commutative entropy [[In|z — y|ds(x) dps(y) > —oo,
and [1In|z|dfis(z) > —occ. Therefore, the sequence Ji u (vEE?, VEE° + Z)
converges a.s. to J (i /zs, ftms Ba pvp)-

Now, we prove that the limit also holds under the expectation E. For sim-

plicity of notation we denote Jiv, i (vEE?, vEE+Z) by T, and T 1 s, 1t /msBa
/{Mp] by J. By Jensen’s inequality (note that the expectation is over the matrix
Z), we have

|E[IN] — T| <E[|In - T] (10.95)
Let Xy = Iy — J. For ¢ > 0 We can write

E[|Xnl] = E[|Xnl H{IXn| < &}] + E[|Xn|1{| Xn| > ¢}]

< e+ E[|Xy| | Xn] > ¢}]. (10.96)

By lemma [10.6} |7n| < /kCy7n, where Yy is the top singular value of /X 4
Z. The second term in (|10.96)) can be bounded as,

E[| Xy I{|Xy| > €}] < E[|Wy|I{|Xn]| > €}] (10.97)

where

Wy = max{‘j — VECoAN|, | T + \/ECQ’VN|} = VECyyn +sign(J)J .
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For any positive constant ¢, we have

E[|Wx|{|Xn| > €}]
=E[|Wn|{|Xn| > e} {|Wx| < t}] + E[|Wn|I{|Xn| > e} I{|Wy| > t}]
<E[[Wyl I{| Xn| > HI{|Wy| < £}] +E[[Wy|I{|Wy| > }]

(10.98)
For the first term in ((10.98)) we can write
E[[Wn|I{|Xn| > e} I{|Wy| < t}] < E[I{|Xn| > €}] (10.99)

<tP(|Xn| > ¢
and the second term in (10.98]) can be rewritten as

2
ViCs

E[[Wx|I{|Wy| > t}] = E{|WN| H{%V > (t— sign(j)j)}} (10.100)

From (10.97), (10.98)), (10.99), we obtain

E[|Xx| {1 X > ¢}]

< tP(|Xn| > ) +E[|WN|H{%V > %(t - sign(j)j)}}
(10.101)

Notice that Wy is a polynomial function of 4, so by lemma [10.8] vanishes as

N — oo for sufficiently large constant ¢t. By almost sure convergence of Jy to
N—oo

J, P(|Xn| > €) —= 0. For a fixed ¢ > 0, the first term in (10.10I) goes to 0
in the limit N — oo. Therefore, taking the limit of both sides in j10.96), for
any € > 0, we find:

J&iinooEUXNH <e (10.102)
From which, by (10.95)), we deduce that limy_,.. E[Tn] = J. O

Technical lemmas

Lemma 10.6. For any N, M > N, and N x M symmetric matrices A, B

with top singular values o, oX

—oyoy < Ivm(A, B) < ooy

Proof. Let A =UX,V/], B=UgXpVy be the SVD of A, B. We can write

Inu(A, B) = / / DU DV NTEUEsVT _ / DU DV N Elj=10ito7 UV
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The term in the exponent can be bounded as:
N N
A_B A_B
Z 0; 05 UyVij < Z ‘Ui 7j Uij%j‘
ij=1 ij=1

N
< ohoB Z ‘UijVij‘ (10.103)
ij=1
< [UlelVilroyon
<VNMoiyok

which implies Zy (A, B) < eNVNMogol  Similarly, we get Inu(A,B) >
e~NVNMoyof  Therefore, we obtain
N N
—1/ MU}(‘,(JE, < Ivm(A,B) < MO’}?;O']I\;/
The result follows since N < M. O

Lemma 10.7. Let 4y be the top singular value of the matriz /kX° 4+ Z. For
k> 1+ VK + /kCy, we have

]P){:YN > k} < e*%(k*\/ﬁCgflf\/E)zh

Proof. By triangle inequality, we have:
n < Vrmaxo; + 7% < V/KCy + 74
where ’yﬁ is the top singular value of Z. Thus, we can write
P{n > k} < P{v% + VrCy > k}
=P{7% >k — VrCy}.
By [116] (Theorem I1.13), for k — /kCs > 1 + VK > 1+ /M/N, we have
P{Ay > k — /RCy} < e 3 (k- vRCam1-VE)?
and therefore we get the result. ]

Lemma 10.8. For any polynomial function g, and k a sufficiently large con-
stant, we have that

lim E[g(33)I{x > k}] = 0.

n—oo

Proof. See Lemma H.3 in [48]. O
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10.C.2 Proof of proposition [10.8|

Consider two matrices with the same singular vectors, § = UXV'T, S = Uf]VT,
where U € RV*N V' € RM*M are Haar orthogonal matrices, and o, & are
distributed according to P](\,1 )(0'), P](\,2 )(Er), respectively. For two such matrices,

we write (S, 8) ~ Qnm(U,V ,o,6) which is the joint p.d.f. of U,V , 0,0,
dQnm(U,V,0,6) = dun(U) dup (V) P (o) do P (&) d&

For t € [0, 1], consider the following observation model:

YY) = VktS + Z,
= /e(1—1)8 + Z,
where Z1, Zo € RV*M are Gaussian matrices as in (10.1]), independent of each

other. (8,8) ~ Qvm(U,V,0,6). The free energy for this model can be
written as

(10.104)

1

FN(t) = MNEY(z) Y(t)|: /dQNM(U V.o 0')

% N Tr[VREXTY Y — 5 XTX 4 /n(1-t)XTY2(t>—”“2‘”XTX]]

1

= —MNEY(t) Y(t)|: /dQNM<U V o 0')

o N THRtXTS+VRIXTZ1— 5 XTX +r(1-1) XTS5+ /5(1—t)XTZQ—”<12t)XTX]]

(10.105)

where the singular vectors of X, X are the same, X =UXVT, X = UXVT.
Note that, for ¢t = 0 the only term depending on o (in both the inner and

outer expectation) is the pdf PJ(V1 )(a) and we can integrate over o in both of
the expectations, to get F(0) = F](VQ)(/{). Similarly, we have Fy (1) = F](Vl)(li).
Taking the derivative w.r.t. ¢, we get

d 1 1 [k
_ - T .= T
thN(t) ME[KTI‘(X S>t+ 2\/;TI'Z1<X>

. 1 . .
—nﬂ@vS%—gdli{nzyxn+giuxnwt
(10.106)

To(XTX),

le

where (.); denotes the expectation with respect to the posterior distribution of
the model ((10.104)). By integration by parts, we have

E[Tr Z](X)] = VFE[E&XKXN—TR ),
E[Tr Z](X \/L4EﬁkWXtJMXmX”
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Therefore (10.106)) can be written as:

%FN(t) = —?gE [2 Tr(XTS), — To(X)(X), — 2Tr(XTS), + Tr(X)(X),
= —Ma]E[TrKXTS) (X7S)]] (By Nishimori)
(10.107)
We have:
% CZFN( 0| = E[< Tr [ST(X — X) — (87— 5)X]>J

<E <‘ Tr [ST(X — X) — (§7 - §)X] ‘>t]

<E <‘TrST(X—X)‘> +E <]Tr(5‘—S)X’T]

151 (1X = Xle)e| +E[IIS = Slled| X lr)e]

(Is1]E[(1x - X1e)?] + /B[S - SIR]E[(1X )]
IISIZE[(IX — X3),] + \/E[HS — SIFIE[(IX12),]
ISIE]E(

IS1IE

IS — 512] +/E[IS - SI2]E[S]3]
E[IS]12] +/E[IS12]) ) /E[IS - S112]
E, [lo]2] + /Es [1512] ) {/Eos [llo — 5112

(10.108)

We obtain the result by integrating ([10.108)), over ¢ from 0 to 1, and using
N <M. O

iy
e
= E
= (
= (

10.C.3 Proof of lemma [10.4

First, note that by rotational invariance, ps(o) is invariant under permutations,
so without loss of generality, we can assume o is in non-decreasing order.
Since pg(o) is a delta distribution, we can easily write

Eoglllo —o|’] =E.[|le —o°|?] (10.109)

For a vector o, denote the empirical distribution of its components by /i,
The Wasserstein-2 distance between two empirical distributions, i, figo iS
defined as

W2 (ﬂaa ﬂao) = \/ inf E'y(m,y) [(37 - y)2}

“/GF(ﬂa,ﬂao)



10.C. Detailed proof of Theorem [10.5 207

with I'(fie, fig0) is the set of couplings of f[is, figo. By lemma H.5 in [48| ,the
Wasserstein-2 distance can be written as

1
Witos i) = |/ mip -l = o4 (10.10)

where o? is the permuted version of 6%, and Sy is the set of all N-permutations.
So, for a given o and ¢ (which have a non-decreasing order), we have (consid-
ering the identity permutation)

o —a°|> > NWs(jiy, figo)? (10.111)

On the other hand, for any permutation of o (in particular, the one which
achieves the minimum in ((10.110))), we have

lo = o2l* = llo]” + oz ] — 20707

> |lo|* + loz]* — 2070° = [lo — o”|?
where we used rearrangement inequality [120] to get the inequality in the second
line. So,

o — o] < NW(jie, figo)? (10.112)
From ({10.109)), (10.111)),(10.112)), we have
Eos|llo — o] = Eo[NWa(fie, f1g0)’] (10.113)

Lemma [10.9| concludes the proof.

Lemma 10.9. Suppose o € RY is distributed according to ps(o), and o
15 generated with 1.i.d. elements from pus. Let [ig, jlgo be their empirical
distribution. We have:

. ~ ~ 21
Aim Eg [Wa(jio, fig0)?] = 0
Proof. By triangle inequality, we have:

W2(,aa'7 ,[110'0) < W2(/:LO'7IJ/S) + W2(/10'07 ,uS) (10114)

From the weak convergence and convergence of second moment, assumptions
and imply that the second moment of the empirical spectral distribu-
tion converges almost surely to the one of pg. Thus, by [119](Theorem 7.12),
the empirical singular value distribution in the Wasserstein-2 metric to pug.
Hence, the first term approaches 0 as N — oo almost surely.

By law of large numbers and since the support of jg is bounded, the second
term also converges 0 as N — oo. Therefore, we have Wy (fig, figo) — 0 almost
surely. Consequently, we have that Wy (i, figo)? — 0 almost surely.

One can see that:
2 2 2
WAG,A,,2<—E 0»2+—E o)
< 2m{) + 203

with mfi) the second moment of ji, which is almost surely bounded by assump-

tion. Therefore, the result follows by using dominated convergence theorem. []






Extensive-Rank Matrix
Factorization

In this chapter, we consider the extensive-rank matrix factorization (MF)
problem. We approach the problem from a Bayesian perspective and assume
that an observation or data matrix

Y =\/kST+ Z

is given to a statistician who knows the prior distributions of S and T as
well as the prior of the additive noise matrix Z and the SNR x > 0. The
task of the statistician is to construct estimators Eg(-), B¢ (-) for the matrix
factors S, T, that ideally, minimize the average MSE E||S — Eg5(Y)||% and
E|T — E7(Y)||? (the expectation is w.r.t S, T, Z). We consider priors which
are rotation invariant for all three matrices S, T, Z and for S we furthermore
impose that it is square and symmetric. We look at the asymptotic regime
where all matrix dimensions and ranks tend to infinity at the same speed.
We propose:

e an explicit RIE to estimate S, which requires the knowledge of the
priors of both S, T and of the noise Z (see (11.6])). Moreover, under the
assumption that S is positive-semi-definite, a sub-optimal RIE can be
derived which does not require any prior on S (see (11.9)).

e an explicit RIE to estimate T' (see (11.11])), which requires the knowledge
of the priors of the noise Z and S only (the prior of Y is not required).

e combined with the singular value decomposition (SVD) of the observation
matrix, our explicit RIEs provide a spectral algorithm to reconstruct
both factors S and T'.

Content of this chapter was presented in [56] F. Pourkamali and N. Macris, “Bayesian
extensive-rank matrix factorization with rotational invariant priors,” in Thirty-seventh
Conference on Neural Information Processing Systems, 2023.

209
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11.1 Matrix Factorization Model and Rotation
Invariant Estimators

11.1.1 Matrix Factorization Model

Let 8§ = ST € RV*N 3 symmetric matrix distributed according to a rotationally
invariant prior Ps(S), i.e., for any orthogonal matrix O € RY*Y we have
Ps(OSOT) = Ps(S). Let also T € RY*M be distributed according to a
bi-rotationally invariant prior Pr(T'), i.e. for any orthogonal matrices U €
RV*N 'V € RM*M we have Pr(UTVT) = Pr(T). We observe the data matrix
Y ¢ RNXM’

Y = ViST + Z (11.1)

where Z € RM*M ig also bi-rotationally invariant distributed, and x € R, is
proportional to the signal-to-noise-ratio (SNR). The goal is to recover both
factors S and T from the data matrix Y. For definiteness, we consider the
regime M > N with aspect ratio N/M — « € (0,1] as N — oo. The case
of @ > 1 can be analyzed in the same manner and is presented in appendix
[11.E] Furthermore, we assume that the entries of S,T and Z are of the order
O(1/v~N). This scaling is such that the eigenvalues of S and singular values of
T,Z and Y are of the order O(1) as N — oo.

Assumption 11.1. The empirical eigenvalue distribution of S converge weakly
to measure pg, and the ESD of T', Z converge weakly to measures pr, iz with
bounded support on the real line. Moreover, these measures are known to the

statistician. He can deduce (in principle) these measures from the priors on
ST, Z.

Remark 11.1. In a general formulation of matrix factorization the hidden
matrices have dimensions 8§ € RN*H T ¢ RTXM  gnd in the Bayesian
framework with bi-rotational invariant priors for both factors, the optimal
estimators are trivially the zero matriz. Indeed, from bi-rotational invari-
ance we have Pg(—=S) = Ps(S), Pr(=T) = Pr(T), which implies that the
Bayesian estimate is zero. Here, by imposing that § € RY*N s symmetric
and Ps(OSOT) = Ps(S), we can break this symmetry and find non-trivial esti-
mators. This is due to the fact that the map S — —8 cannot be realized as a
(real) orthogonal transformation, so Ps(—S) = Ps(S) does not hold in general
(various examples are given in section and appendices). Of course, if the
prior is even, e.g. Wigner ensemble, again the Bayesian posterior estimate is
trivially zero for both factors. As we will see our RIEs are consistent with these
observations.

Related literature and discussion

In extensive-rank regimes, when the rank grows like the matrix dimensions,
despite various attempts there is no solid theory of MF. One approach is
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based on Approximate Message Passing (AMP) methods developed in [40/-42].
Despite acceptable performance in practical settings [44], as pointed out in [43]
the AMP algorithms developed in these works are (theoretically) sub-optimal.
Other approaches rooted in statistical physics have been considered in [43,45-47]
but have not led to explicit reconstructions of matrix factors or algorithms.
A practical probabilistic approach to MF problem is based on variational
Bayesian approximations [137-139], in which one tries to approximate the
posterior distribution with proper distribution. In [140] it is shown that under
Gaussian priors, the solution to the MF problem is a reweighted SVD of the
observation matrix. We point out here that these estimators can be seen as
a RIE and therefore there seems to be a rather close relation between the
RIE studied here and the variational Bayesian approach. This also suggests
that adapting RIEs to real data is an interesting direction for future research.
Finally, let us also mention optimization approaches where one constructs
estimators by following a gradient flow (or gradient descent) trajectory of a
training loss of the type ||Y — ST||Z + reg. term (see [141], [142] for analysis
in rotation invariant models). Benchmarking these various other algorithmic
approaches against our explicit RIEs (conjectured to be optimal) is outside the
scope of this work and is left for future work.

Constraints such as sparsity or non-negativity of the matrix entries which
have important applications [38| are not covered by our theory. Despite this
drawback, we believe that the proposed estimators are important both for
theoretical and practical purposes. Even in non-rotation invariant problems
our explicit RIEs may serve as sub-optimal estimators, and as we show in an
example they can be used as a "warmed-up" spectral initialization for more
efficient algorithms (see for example [23]24] for related ideas in other contexts).
The methodology developed here may open up the way to further analysis in
inference and learning problems perhaps also in the context of neural networks
where extensive rank weight matrices must be estimated.

11.1.2 Rotation Invariant Estimators

To recover matrices S, T from Y, we consider two denoising problems. One
is recovering S by treating both T, Z as "noise" matrices, and the other is
estimating T by treating S, Z as "noise". As will become clear the procedure
is not iterative, and the two denoising problems are solved independently and
simultaneously. In the following, for each of these two problems, we introduce
two rotation invariant classes of estimators and discuss their optimum Oracle
estimators. We then provide an explicit construction and algorithm for RIEs
which we conjecture have the optimum performance of Oracle estimators in
the large N limit.



212 Extensive-Rank Matrix Factorization

RIE class for S

Consider the SVD of Y = UyT'V{, where Uy € RV*N V4 € RMXM are
orthogonal, and I' € RV*M is a diagonal matrix with singular values of Y’
on its diagonal, (%)1 <i<N” A rotational invariant estimator for S is denoted
Hs(Y'), and is constructed as:

2s(Y) = Uy diag(&sq, - - -, &) Uy (11.2)
where &;q,...,& are the eigenvalues of the estimator.
First, we derive an Oracle estimator by minimizing the squared error

Y) 2 for a given instance, over the RIE class or equivalently over

1
xS Iy

the choice of the eigenvalues ({SZ) Let the eigen-decomposition of S be

1<i<N*
S = Zfil \; 8;8] with s; € RY eigenvectors of S. The error can be expanded
as:

1 _ 2 1 & o 1 Y s 2 a = To )2
NHS—ds(Y)HF:N;)‘z""Ngfsi_N;@i;/\j(uisj)

where u;’s are columns of Uy. Minimizing over &,’s, we find the optimum
among the RIE class:

N N
= Zf;uiull Z)\j u; S] = u,Su; (11.3)
=1

7=1

Expression defines the Oracle estimator which requires the knowledge
of signal matrix S. Surprisingly, in the large N limit, the optimal eigenvalues
(5;)1 <j<y Can be computed from the observation matrix and knowledge of
the measures pg, jir, f1z. In the next section, we show that this leads to an
explicitly computable (or algorithmic) RIE, which we conjecture to be optimal
as N — oo, in the sense that its performance matches the one of the Oracle
estimator.

Now we remark that the Oracle estimator is not only optimal within the
rotation invariant class but is also Bayesian optimal. From the Bayesian
estimation point of view, one wishes to minimize the average mean squared
error (MSE) MSE¢ = NIE”S S (Y) i, where the expectation is over S, T, Z,

and S(Y') is an estimator of §. The MSE is minimized for §*(Y') = E[S|Y]
which is the posterior mean. Therefore, the posterior mean estimator has
the minimum MSE (MMSE) among all possible estimators, in particular
MSEg. < MSEg; for any N. In appendix [IT.A.T} we show that, for rotational
invariant priors, the posterior mean estimator is inside the RIE class. Thus,
since E5(Y") is optimum among the RIE class MSEz: < MSEg.. Therefore,
we conclude that the Oracle estimator is Bayesian optimal in the sense
that MSE=; = MSEg. = MMSE.
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RIE class for T

Estimators for T from the rotation invariant class are denoted Z¢(Y’), and are
constructed as:

Er(Y) = Uy [ diag(&y,-- .. &n) | Onxu—ny | VY (11.4)

where &, ..., &y are the singular values of the estimator

Let the SVD of T be T = "N 6,7 with ¢V € RY (") € RM the left
and right singular vectors of T'. To derive an Omcle estzmator, we proceed as
above. Expanding the error, we have:

1 _ 1 & 1 & )
N”T_':'T(Y)Hf::N;UZ‘Q‘FN;&?— thlZUj ut l Tt( ))

where v;’s are columns of Vy. Minimizing over &,’s, we find the optimum
among the RIE class:

N
Y)=) gun], & = Za] tO) (0It")) = ulTw;,  (11.5)
=1

Expression defines the Oracle estimator which requires the knowledge
of signal matrix T'. Like for the case of S, in the large N limit we can
derive the optimal singular values (ft*l)l <i<y 10 terms of the singular values
of observation matrix and knowledge of the measures pg, p1z. This leads to an
explicitly computable (or algorithmic) RIE, which is conjectured to be optimal as
N — o0, in the sense that it has the same performance as the Oracle estimator.
Note that unlike the estimator for S, we do not need the knowledge of pp.

In appendix [II.A.2] we show that for bi-rotationally invariant priors the
posterior mean estimator T%(Y') = E[T|Y] belongs to the RIE class, which
(by similar arguments to the case of S) implies that the Oracle estimator
is Bayesian optimal.

11.2 Algorithmic RIEs for the Matrix Factors

In this section, we present our explicit RIEs for S, T and the corresponding
algorithm. We conjecture that their performance matches the one of Oracles
estimators in the large N limit and they are therefore Bayesian optimal in this
limit.
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11.2.1 Explicit RIE for S

The RIE for S is constructed as é?g(Y) =V, é“lulug with eigenvalues

~
*

( Si) 1<i<N :

E:fi - mlm zﬁlgir?iw {é[gps< Z/;CS,Q) +gps<_ \@ﬂ}

(11.6)
where ~; is the i-th singular value of Y, fiy is the symmetrized limiting ESD
of Y, and

1

@

and (3 satisfies E|:

Cfs) (G (2) G, (2) + ——27) (117

z

(2= C1)Gy (2) — 1 = C©) (é (G, (2) + 1704} [(2 = ¢) Gy (2) — 1}) (11.8)

Remark 11.2. If pg is a symmetric measure, ps(x) = pg(—x), then G, (—z) =
—G,4(2). This implies that the optimal eigenvalues (§;1)1<¢<N in (11.6) are all

zero, and é?g(Y) =0, see figure|11.4.1|

An estimator for S?

It is interesting to note that we can construct a RIE for S? as E:, (Y) =

SZ
Zi]\il f;‘ziul-'u,} with eigenvalues (§:Zi)1§i§N:
— 1 1 — 1
& = — Im lim =g, (2) (11.9)

K iy (i) soy—iot Gz Y a 5

with (1,3 as in (11.7), (11.8)). Note that, (;,(3 can be evaluated using the

observation matrix and the knowledge of yr, iz, and therefore this time the
statistician does not need to know the prior of S. Furthermore, assuming that
S is positive semi-definite (PSD), we can construct a sub-optimal RIE for S

by using ,/E;Z , for the eigenvalues of the estimator.

Case of Gaussian T', Z

If T, Z have i.i.d. Gaussian entries with variance 1/n, then C\2(z) = C\¥(z) =
“/a. Consequently, (i, (3 can easily be computed to be ¢(; = (3 = Gz, (2) +
(1-)/(az), thus the estimator can be evaluated from the observation
matrix. In particular, the estimator simplifies to:

1
a(wQﬂY(’Yi)2 + (WH[IEY}(%) + 1@7?)2)]

1¢1, C3 are the only parameters which appear in the final estimator. However, in derivation

of the RIE, we have defined other parameters which do not appear in the final estimator and
we omit them here.

—14

1
= — 11.10
&= - (11.10)
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11.2.2 Explicit RIE for T

Our explicit RIE for T is constructed as é\;(Y) = & uv] with singular
values (gzi)lgiSN:
1 1

- Tm i 11.11
&= N (11.11)

where ~; is the i-th singular value of Y, and ¢4 is the solution to the following
system of equations [}

()
(51 = M ‘l- ( ps (Q4 + \/CI1Q3) S(C]4 - \/Q1Q3)>

Bi = %(Rps (91 + vquza) +Rps (04 — V/7165) (11.12)
guY( )7 QQ:agﬂY(2>+(1_a)
\93 e 51) guy( ) — ZEL%BI? G == ﬁlQﬂY( ) — i

Similarly to the estimator derived for S, if pg is a symmetric measure then the
optimal singular values for the estimator of T" are all zero, see remark [11.5]
If S is a shifted Wigner matrix, i.e. § = F + cI with F = FT ¢ RV¥
having i.i.d. Gaussian entries with variance /v and ¢ # 0 a real number, then
R,s(2) = 2+ ¢. Moreover, if Z is Gaussian matrix with variance 1/n, then the
set of equations simplifies to a great extent, and we can compute ¢4

analytically in terms of Gy, (%), see appendix [11.C.4]

11.2.3 Algorithmic nature of the RIEs
The explicit RIEs (11.6) and (11.11)) proposed in this section, provide spectral

algorithms to estimate the matrix factors from the data matrix (and the priors).
An essential ingredient that must be extracted from the data matrix is Gz, (2).
This quantity can be approximated from the observation matrix using Cauchy
kernel method introduced in [67](see section 19.5.2), from which fy(.) can
be approximated using (5.5). Therefore, given an observation matrix Y, the
spectral algorithm proceeds as follows:

1. Compute the SVD of Y.
2. Approximate G, (z) from the singular values of Y.

3. Construct the RIEs for S, T as proposed in paragraphs [11.2.1] [11.2.2]

2Like the case for S, we omit some of the parameters which do not appear in the final
estimator.



216 Extensive-Rank Matrix Factorization

* v Oracle estimator, Z5(Y")
0.12 4 * ARIE. é\z(y)
“VER(Y)
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*
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Figure 11.3.1: MSE of estimating S. MSE is normalized by the norm of the signal,
|S||%. S is a Wishart matrix with aspect ratio 1/4, § = HHT with H € RYV*4Y haying
i.i.d. Gaussian entries of variance 1/N. Both T' and Z are N x M matrices with i.i.d.
Gaussian entries of variance 1/N. RIE is applied to N = 2000, M = 4000, and the results
are averaged over 10 runs (error bars are invisible).

11.3 Numerical Results

11.3.1 Performance of RIE for S

We consider the case where T', Z both have i.i.d. Gaussian entries of variance
/N, and S is a Wishart matrix, § = HHT with H € RY**N having i.i.d.
Gaussian entries of variance 1/n. For various SNRs, we examine the performance
of two proposed estimators, the RIE , and the square-root of the estimator
(11.9)) (since S is PSD), which is sub-optimal. In figure the MSEs of
these algorithmic estimators are compared with the one of Oracle estimator
(11.3). We see that the average performance of the algorithmic RIE 23 (Y) is
very close to the (optimal) Oracle estimator Z5(Y") (relative errors are small
and provided in the appendices) and we believe that the slight mismatch is due
to the numerical approximations and finite-size effects. Note that, although

the estimator «/E/*\XQ(Y) is sub-optimal, it does not use any prior knowledge of
S. For more examples, details of the numerical experiments and the relative

error of the estimators, we refer to appendix [11.B.3]

11.3.2 Performance of RIE for T

We consider the case where Z has i.i.d. Gaussian entries of variance 1/n, and S
is a shifted Wigner matrix with ¢ = 3. Matrix T is constructed as T' = Ur XV}
with Up € RVN Vi € RM*M are Haar distributed, and the singular values
are generated independently from the uniform distribution on [1,3]. MSEs of
the RIE and the Oracle estimator are illustrated in figure .
We see that the performance of the algorithmic RIE E/%(Y) is very close to
the optimal estimator Z4.(Y).

Non-rotational invariant prior In another example, which we omit here,
with the same settings for S, Z, we consider the case where T is a sparse
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* vOracle estimator, Z4.(Y")
ARIE, E3(Y)
0.3 7
=
2
- 024 =%
*
0.1 *
* . . .

Figure 11.3.2: MSE of estimating T'. MSE is normalized by the norm of the signal,
|T||%. T has uniform spectral density, ¢([1,3]). S is a shifted Wigner matrix with ¢ = 3,
and Z is a N x M matrix with i.i.d. Gaussian entries of variance 1/n. RIE is applied to
N = 2000, M = 4000, and the results are averaged over 10 runs (error bars are invisible).

matrix with entries distributed according to Bernoulli-Rademacher prior. The
RIE is not optimal in this setting (since the prior is not bi-rotational invariant),
however applying a simple thresholding function on the matrix constructed by
RIE yields an estimate with lower MSE. This observation suggests that for the
case of general priors, the RIEs can provide a spectral initialization for more
efficient estimators. For more details and examples, see appendix [11.C.4]

11.3.3 Comparing RIEs of matrix factorization and
denoising

The proposed RIEs, namely (11.6) and (11.11]), simplify greatly when the
matrices Z,T are Gaussian, and S is a shifted Wigner matrix. We perform

experiments with these priors, where for a given observation matrix Y, we look
at the RIEs of S, T for the MF problem, and simultaneously at the RIE of the
product ST as a whole for the denoising problem with formulas introduced
in [54] (which can also be obtained by taking S to be the identity matrix, see
appendix [11.C.3). Figure illustrates these experiments. In particular
the MSE of the denoising-RIE matches well the one of the associated Oracle
estimator, and as expected is lower than the MSE of the product of MF-RIEs.

11.4 Derivation of the Explicit RIEs

In this section, we sketch the derivation of our explicit RIE for S. The RIE
for T is derived similarly, but requires more involved analysis and is presented
in appendix [11.C] For simplicity, we take the SNR parameter in to be
1, so the model is Y = ST 4+ Z. The optimal eigenvalues are constructed
as &, = Zjvzl A (ugsj)z. We assume that in the large N limit, &, can be
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* v Oracle estimator, Z§(Y") 0.9 vOracle estimator, Z7.(Y") 0.8 L4 v Oracle estimator, Z5,(Y")
ARIE, E5(Y) ARIE, E,T%(Y) ARIE, E5,(Y)
e 084 064§ SOE)
= ) &)
2 * <] * z
= 0.3 = 07 “ 044 *
+ * *
* 0.6 * 0.2 H
0.2+ * * %

(a) Estimating S (b) Estimating T (c) Estimating ST

Figure 11.3.3: MSE of factorization problem. MSE is normalized by the norm of the
signal. S is a shifted Wigner matrix with ¢ = 1, and both T and Z are N x M matrices
with i.i.d. Gaussian entries of variance 1/N. RIE is applied to N = 2000, M = 4000. In
each run, the observation matrix Y is generated according to , and the factors S,
T are estimated simultaneously from Y. Results are averaged over 10 runs (error bars
are invisible).

approximated by its expectation and we introduce

R N
;ki = E )\]E[(’U,IS])Q]
i=1

(11.13)

where the expectation is over the (left) singular vectors of the observation matrix
Y . Therefore, to compute these eigenvalues, we need to find the mean squared

overlap E[(’u,}sj)z] between eigenvectors of S and singular vectors of Y. In

what follows, we will see that (a rescaling of) this quantity can be expressed in
terms of i-th singular value of Y and j-th eigenvector of S (and the limiting

measures, indeed). Thus, we will use the notation Og(7;, A;) := NE [(u}sj)q

in the following. In the next section, we discuss how the overlap can be
computed from the resolvent of the "Hermitized" version of Y .

11.4.1

Construct the matrix ) € RWVHMX(N+M) from the observation matrix:

y:[ONxN Y }

Relation between overlap and resolvent

Yt 0M><M

By Theorem 7.3.3 in [71], Y has the following eigen-decomposition:

yUYﬁyoFONggﬁyvyoT

= ~ (1 ~ (1 2 —LiN S (1 S (1 2

AR AR 4% o o ollW -wY v
(11.14)

with Vi — [ VD y® ] in which Vi € RV, And, VI = LW,

Uy = \%Uy. Eigenvalues of Y are signed singular values of Y, therefore the
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limiting eigenvalue distribution of Y (ignoring zero eigenvalues) is the same as
the limiting symmetrized singular value distribution of Y. Define the resolvent
of Y,
Gy(2) = (I = Y)~!

We assume that as N — oo and z is not too close to the real axis, the
matrix Gy (z) concentrates around its mean. Consequently, the value of Gy (z)
becomes uncorrelated with the particular realization of Y. Specifically, as
N — oo, Gy(z) converges to a deterministic matrix for any fixed value of
z € C\R (independent of N). Denote the eigenvectors of Y by y; € RMTN
1=1,...,M + N. For z = x — ie with x € R and small ¢, we have:

A r4ie N
Gy(x —ie) = Z ﬁyky,l +t 5 Z YrYj,
=1 (= k)2 + e e N

where 7, are the eigenvalues of Y, which are in fact the (signed) singular values

of Y7 5/1 :717"'75/1\7 = f)/N?;?NJrl = _717"'7;?21\/ = —IN-
Define the vectors §; = [s],0,]T for s; eigenvectors of S. We have

2N ] ) . N+M )
5 (Im Gyl ~10)8 =3 G (8T o
S ( m Gy(z '6))3 ; (T — )2 + & (8 yk) 72 1 2 k_;ﬂ (S yk)

(11.15)

Given the structure of y;’s in (11.14]), (.’s“lTyj)2 = %(s}uj)z = (§ZTyj+N)2 for
1 < j < N, and the second sum in (|11.15)) is zero. We assume that in the limit
of large N this quantity concentrates on Og(7;, A;) and depends only on the
singular values and eigenvalue pairs (7;, A;). We thus have:

5T(1 - < N—oo
5] (Im Gy(z —ie)) §; /R(x—t

where the overlap function Og(t, \;) is extended (continuously) to arbitrary
values within the support of iy (the symmetrized limiting singular value
distribution of Y') with the property that Og(t,\;) = Os(—t, \;) for t €
supp(py) . Sending € — 0, we find

5] (Im Gy(z —i€)) 8; = mhy (x)Os(z, \;) (11.17)

€
)2+€2

Os(t, \)jiy(H) dt (11.16)

This is a crucial relation as it allows us to study the overlap by means of
the resolvent of Y. In the next section, we establish a connection between
this resolvent and the signal S, which enables us to determine the optimal
eigenvalues values £, in terms of the singular values of Y.

11.4.2 Resolvent relation

To derive the resolvent relation between Y and S, we fix the matrix S and
consider the model
Y = SU,TV] + U, ZV,)]
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with T, Z € RMM fixed matrices with limiting singular value distribution
ur, iz, and Uy, Uy, € RN V1V, € RMXM jndependent random Haar ma-
trices. Indeed, if we substitute the SVD of the matrices T, Z in model
we find the latter model. Now, the average over the singular vectors of Y
(with fixed S) is equivalent to the average over the matrices Uy, Us, Vi, Vs. In
appendix [II.B.] using the Replica trick, we derive the following relation in
the limit N — oo:

B CgflGSQ(fol) 0
(Gy(2)) = 0 © (eI (11.18)

with (1, G, (3 satisfying set of equations (L1.37)). (.) is the expectation w.r.t.
the singular vectors of Y (or equivalently over Uy, Uy, Vi, V;), and Gg: is
the resolvent of S?. As stated earlier, we assume that the resolvent Gy(z)
concentrates in the limit N — oo, therefore we drop the brackets in the
following computation.

11.4.3 Overlaps and optimal eigenvalues

From (|11.17)), (11.18)), we find:

1 . _ z2—(
Os(7, M) ® ————Im lim s8] ¢ 'Ggo s;
s T i e () (11.19)

1
=— Im lm —mMM——
Ty () 2oy—i0t 2 — (g — (A7

In Fig. [11.4.1) we illustrate that the theoretical predictions (11.19)) are in good
agreement with numerical simulations for a particular case of S a Wigner

matrix, and T, Z with i.i.d. Gaussian entries.
Once we have the overlap, we can compute the optimal eigenvalues to be

3 Ly 1 1 s
R D Ai0s(i ) & m lim —S5S — N (119
ész N ; J S(fy ) j) 77'/1}/(’71) m Z_W]in_]ioJr N 2. - Cl = C3>\§ ( 0)

With a bit of algebra, we find the estimator in ((11.6)) in the limit N — oo, see
appendix [[1.B.2]
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Figure 11.4.1: Comparison of the theoretical prediction (11.19)) of the rescaled overlap
with the numerical simulation. The rescaled overlap between 200-th and 800-th left

singular vector of Y and the eigenvectors of S is illustrated. S = ST € RV*N has i.i.d.
Gaussian entries with variance 1/vN and is fixed. Both T" and Z are N x M matrices
with i.i.d. Gaussian entries of variance 1/N. The simulation results are average of 1000
experiments with fixed S, and N = 1000, M = 2000. Some of the simulation points are
dropped for clarity.

One can see that the overlap is an even function of eigenvalues \;, so the optimal
eigenvalues &, = Zjvzl Aj (uZ-Tsj)2 are all zero, as discussed in remark (11.2]






Appendix

11.A Posterior Mean Estimator is in the RIE
Class

In this section, we show that for rotational invariant priors, the posterior mean
estimator is inside the RIE class. For each of the estimators of S, T, we present
an equivalent definition of the RIE, then we show that posterior mean estimator
satisfies this definition.

11.A.1 S Estimator

Lemma 11.1. Given the observation matriz Y, let S'(Y) be an estimator
of S. Then S(Y) is a RIE if and only if for any orthogonal matrices U €
RNXN V e RMXM'.

SWUYVT") =US(Y)UT (11.21)

Proof. If §(Y) is a RIE, then the property clearly follows from the
definition (11.2). Now we turn to the converse.

Suppose that an estimator S(Y) satisfies (11.21). First, we show that if the
observation matrix is diagonal, then the estimator is also diagonal. Consider
the observation matrix to be Y& = [ diag(y1,...,yN) ‘ On (M- } Let
I, € RN J- € RM*M be diagonal matrices with diagonal entries all one
except the k-th entry which is —1. Note that for 1 < k < N, we have
Ydiee = 1Ydiee J - Moreover, matrices I, ,J, are indeed orthogonal. For
any 1 < k < N, from the property we have:

S(ydiee) = §(I; e ) = I S(Ydee) 1, (11.22)

This implies that all entries on the k-th row and k-th column of § (Ydiag) are
zero except the k-th entry on the diagonal. Since this holds for any k, we
conclude that S(Y442) is diagonal.

Now, for a given general observation matrix with SVD Y = Uy T'V{, put
U =U/,V =V} in the property (11.2I)). We have:

~ A

S(I) = ULS(Y)Uy

223
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From the argument above, the matrix on the lhs is diagonal. Consequently,
the matrix Uy.S(Y )Uy is diagonal which implies that the columns of Uy are

eigenvectors of §(Y). Therefore, S(Y) is a RIE. O

Now, we prove that the posterior mean estimator $*(Y') = E[S|Y] has the
property ([11.21}), and therefore belongs to the RIE class. For simplicity, we
drop the SNR factor y/k. For any orthogonal matrices U € RV*N V' ¢ RMxM
we have:

E[S|UY V] = [dT dX X Ps(X)Pr(T)P,(UYVT — XT)
[dT dX Ps(X)Pr(T)P,(UY VT — XT)

@ [dT dX UXUT Ps(X)Pp(T)P,(UY VT —UXU'T)

T [dTdX Ps(X)Pr(T)P,(UYVT —UXU'T)

® [dTdXUXUT Ps(X)Pp(T)Pz(UYVT —UXUTUTVT)

B [dT dX Ps(X)Pr(T)P,(UYVT—UXUUTVT)

© {f dT dX X Ps(X)Pr(T)P,(Y — XT) }UT

[dT dX Ps(X)Pr(T)Pz(Y — XT)

=UE[S|Y]UT
where in (a), we changed variables X — UXUT, used |detU| = 1, and
rotational invariance of P, Ps(X) = Ps(UXUT). In (b), we changed variables
T - UTVT, used |detU| = |det V| = 1, and bi-rotational invariance of Pr,

Pr(T) = Pr(UTVT). In (c), we used the bi-rotational invariance property of
Pz, namely P,(UYVT-UXTVT) = P;(Y — XT).

11.A.2 T Estimator

Lemma 11.2. Guwen the observation matriz'Y , let T(Y) be an estimator
for T. Then T(Y) is a RIE if and only if for any orthogonal matrices U €
RNXN,V c RMxM.

TWUYVT) =UT(Y)VT (11.23)

Proof. 1f T(Y) is a RIE, then this property clearly follows from the definition
. Let us now show the converse.

Suppose that an estimator T(Y') satisfies (11.23). First, we show that
if the observation matrix is diagonal, then the estimator is also diagonal.
Consider the observation matrix to be Y428 = [ diag(s1,...,sN) ‘ Onx(M—nN) ]
Let I, € RVN J- € RM*M he diagonal matrices with diagonal entries all
one except the k-th entry which is —1. Note that for 1 < k < N, we have
ydiee = -y diag J - Moreover, matrices I, J, are indeed orthogonal. For
any 1 < k < N, from the property we have:

T(Ydee) = T(I; YY) ) = I, T(Y98)J, (11.24)
This implies that all entries on the k-th row and k-th column of T'(Y 9#2) is

zero except the k-th entry on the diagonal. Since this holds for any k, we
conclude that T'(Y 48) is diagonal.
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Now, for a given general observation matrix Y = UyI'V{, put U =
UJ.,V = V{ in the property (11.23]). We have:

T(T) = UL T(Y)Vy
From the argument above, the matrix on the lhs is diagonal. Consequently, the

matrix U;T(Y)Vy is diagonal which implies that the columns of Uy, Vi are
the left and right singular vectors of T'(Y). Therefore, T'(Y) is a RIE. O

Now, we prove that the posterior mean estimator T*(Y) = E[T|Y] has
the property (11.23)), and it is inside the RIE class. For simplicity, we drop
the SNR factor \/k. For any orthogonal matrices U € RM*¥ V € RM*M e
have:

[dSdX X Ps(S)Pr(X)P,(UYVT — SX)
[dS dX Ps(S)Pr(X)P,(UYVT— SX)
[dSdXUXVT Ps(S)Pr(X)Pz(UYVT - SUXVT)

[dSdX Ps(S)Pr(X)P,(UYVT—-SUXVT)
® [dSdXUXVT Py(S)Pr(X)P,(UYVT -USUTUXVT)
B [dSdX Ps(S)Pr(X)P,(UYVT—-USUTUXVT)

{dedXXPS( VPr(X)Pz(Y — SX)}VT
[dSdX Ps(S)Pr(X)Pz(Y — SX)
— UE[T|Y]VT

ET|UY VT =

—
©
=

where in (a), we changed variables X — UX VT, used |detU| = |det V| =1,
and bi-rotational invariance of Pr, Pr(X) = Pr(UXVT). In (b), we changed
variables § — USUT, used |detU| = 1, and rotational invariance of Pk,
Ps(S) = Ps(USUT). In (c), we used the bi-rotational invariance property of
Pz, namely P,(UYVT-USXVT)=P;(Y — SX).

11.B Derivation of the RIE for S

In this section, we consider estimating S, and treat both T and Z as noise.
We consider S to be fixed, and the observation model:

where T, Z € RV*M are fixed matrices with limiting singular value distribution
pr, iz, and Uy, U, € RVN V)V, € RM*M are independent random Haar
matrices.

Construct the hermitization ) € RIN+TM)X(N+M) fr.om Y as

y_[ONxN Y }

YT Oumxm

For simplicity of notation, we use W = SU,TV,T, W € RWHM)x(N+M) the
hermitization of W, and Z denotes the hermitization of the matrix U, ZV}.
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11.B.1 Resolvent relation

We want to find a relation between G(z) = Gy(z), and the signal matrix S.
We have

(Gyj(2) = lim, (Nlj ﬁ D
% (exp{ -3 ZW(T”(ZI - Y)n™

}>U17U2,V1,V2

N+M n
_ nlgrolo H Hd 772 77] eXp{ . _ZT’(T)TT’ T)}
k=1 T=1
1 n
X <exp{§z?7 "W T)}> <6Xp{ Z"? >U2,V2

Il
—

' (11.26)
Split each replica n™ into two vectors a(™ € RN b € RM n(1) = [ b((:)) } .
The exponent in the first bracket in can be written as:
2D Wn® = o SUTVIB + bV TTUT Sa)
=2a"TSU, TV b (11.27)
= 2Trb"a M SU,TV]

Using the formula for the rectangular spherical integral [64] (see (6.12))), we
find:

(exp { > ToaSUITV})
T=1

U1
(11.28)

N . [0 1 T T
~exp {5 D0 (55718 IP16717) }
T=1

(a)
with O\ (z) = IS C“TT(t) dt. In (T1.28)), we used that b a(?'§ is a rank-one

matrix with non-zero singular value Hb(T I|Sal™].
Similarly, for the second bracket in (11.26)) we can write:

n(T)T;':_Ijn(T) - a(T)TUZZVZTb(T) + b(T)TVZZTUQTa(T)
a U, ZV; b (11.29)
=2Trb"a UL ZV])

which using the formula of rectangular spherical integrals, implies

e ——
T=1 V2

g , (11.30)
~exp {5 > Q) (7 lla®2167)%) }
T=1
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From (11.26)), (11.28), (11.30), we find:

N+M n
. T 1 1
(Gij(2)) = lim [ ( TT TTam™)ni"n"
k=1 =1
IS 2 o (I1Sa”|P([b]?
X exp{ — 5;,5“77( |12 - NQLT)( e ) (11.31)

o (la™ 262
_NQLZ)< NM )

Now, we introduce delta functions & (pgT) — M), 5 (pg) — M), and § (p:(;) —

N M
w), and using them, the integral in (11.31)) can be written as (for brevity

we drop the limit term):

: ||a<f>||2 o IBOIRY 57 1Sa)?
(7 =)o = ) o0 - 5

N+M n
(G / H H Hdp(T dpy” dpy) ni Y
<Ll

n

1 T o T T
xexp{ =332l P = NQE (b ) — NQ (7 p) |

=1

(11.32)

In the next step, we replace each delta with its Fourier transform, ¢ (p{ —
~lla™|?) o [ d¢T exp{ — 5 (p] - %||a7||2)}. After rearranging, we find:

(Gy(2)) o / ([T o o aps e dcs” aes?)
=1

X exp { Z Q 2 pg ) + Quz (plT)pgT)>

T T 1 T T T T
— (0l - L - )

N+M n
></( [T dn”) ninf”
k=1 7=1
1 - T T T
xexp{ =35> 2”2 = ¢ a

=1

— 1B - PlIsa 2}
(11.33)
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The inner integral in (11.33]) is a Gaussian integral, and can be written as:

N+M n

[ CTL T o
k=1 7=1
" (z = ¢TIy — &7 82 0
(n)T 1 N 3 (r)
X exp ——n T n
{; 2 [ 0 (2= &)

(11.34)

Denote the matrix in the exponent by Cg). Its determinant reads:

N
det CF) = (= = M [z =67 = ¢7W)
k=1

where \;’s are eigenvalues of S. So replacing the formula for the Gaussian

integrals, (11.33]) can be written as:

- T T T T T T -1
(Gij(2) / (Tt dps” apsy ac ac” acl”) (e

T=1 K

Nn

X exp{ - TFOS(plap%p?nClaC?aC?))}

(11.35)

with
F§<p17p27p37C1762aC3)
n N
1 1 T T 1 T
=EZ{N;m<z— U =GP+ - @)

=1
a ) (1 a ) (1 ) (1 1 ) (1 ) (1
=) = Q) + (7R + — GV + G
(11.36)

In the large N limit, the integral in (11.35)) can be computed using the saddle-
points of the function F. In the evaluation of this integral, we use the replica
symmetric ansatz that assumes a saddle-point of the form:

Vre {1, n}: p1="pr1, Py =D2, D3 =D3
G=0, G=0 =0
The saddle point is a solution of the set of equations:

el

* C(a)(**) * « [ * ok @ *pk x (p5p8)
G = RO = e (o) + O ), G = D

* 1 St * 1 x _ 2=(] z—(7 1
=g (G =g B=E0e 05 g (11.37)
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Now, since the relation (11.35)) and the solutions ((11.37)) hold for arbitrary

indices 7, j, we can state the relation in matrix form. The inverse of C;’l, and

the block structure of Gy (z) are computed in sections From (|11.104)),
(11.105)) we have (for sufficiently large NV):

(Gy(2)) [ [ M+ Y Gy (DY Y Gy (27)
YE v v = Gyry (YT 2Gyry(27)
- (11.38)
_| g% o
0 z—_lggIM

With this relation, we proceed to simplify the equations (11.37)).
The normalized trace of the upper-left blocks of <Gy<2)>U1 U ViV, 15

|
i D (11.39)

~F el ) =0 )

AN—= 2= 2+%
and the normalized trace of the upper-left block in C% ™' is C%Qpﬁ (ZECI) = pi.
3 3
Therefore, we have p} = G, (2).
The normalized trace of lower-right block of <Gy(z)>U17U27V1 Va reads:
N
1 [ 1 1
W ZﬁHM—N)—Q]
ML 2 % z (11.40)
N M—-N1 1
= Mgﬂy(z) t—r c T aGny (2) + (1 - 04);
and the normalized trace of the lower-right block in Cg_l is z—lc* = pi.
Therefore, we have py = aGy, (z) + (1 — a)2. Moreover, we also have that
207y (z)—-1

G2 = 2 e P orimar
Therefore, the saddle point equations ((11.37)) can be rewritten in a simplified
form, which does not involve pg2, as:

= ) (01p3) G5 = qp—Iny (2)-1 = e (p5p3)
1 — P} ) 2 azGpy (2)+1-a’ 3 P3

p? - gﬁy(z)7 p; - agﬁy(z) + (1 - O‘)%? p§ = ZZ;I gﬂy<z) - é
(11.41)
Note that (;, (5 can be computed from the observation matrix, and we only
need to find (3 satisfying the following equation:

(2= Gy () =1 =CL) (é [aGpy (2) + 1[(z=¢)Gay (2) — 1}) (11.42)

l—«
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11.B.2 Overlaps and optimal eigenvalues

We restate the relation between the resolvent and the overlaps from the main
text (11.17). For §; = [s], 0p]T with s; eigenvectors of S, we have:

8 (ImGy(x — ie))8; = mfiy (v)Os(x, \;) (11.43)
From (IT.43), (TT38), we find:

1 . _ z— (5
Os(v,\i) = ———Im  lim 7} 'Gge LY s,
SRS T i G G () (11.44)

1
Thy () -0t 2 —(F — GA?

Once we have the overlap, we can compute the optimal eigenvalues from
(11.13)) in section [11.4, Note that, until now we had absorbed /k into S.
Therefore, we should use ((11.44)) with Og(v, v/kA;). This leads to:

Z OS %,\/_)‘ )

—_

= Im lim —
Thy () zmiot N ; 2= — GRS

N
1 1 1 A
= — Im lim E Z—C*—J
mly () st KGN =
N N
1 1 /11 1 11 1
=——Im lim —(—— _—_ = —)
mr,uy(%) z—y;—i0t <3 2N JZI ZZC*T _ )‘j 2N ]Zl Z*C*ik + /\j
K63 K63

Q

1 : Z2—(\ 11 L
I 1 1y _ -~ 1
Kby (7s) . z—wlirflio+ {2 ¢ gps< k(G ) 2( gp*S( k(3 )

s e (31D )

Estimating S?

The resolvent relation we have found in is in terms of Gg2. Therefore,
like other RIEs in other problems [53}54], we can express the estimator for S?
without any knowledge about pg or pg2. One can see that, the optimal RIE
for S? is constructed in the same way as for § with eigenvalues denoted by
&22,;- To compute the optimal eigenvalues, we absorb VK into S and we use the
exact expression in . In the end, we only need to divide by k to find an
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estimator for the true S2.

N
— 1
~ 5 DA 0s(3i,Ay)
j=1

N 2
1 1 )2
~———Im lim — [ —
Ty (Vi) =owmiot N ; 2= (=GN
N 2
1 11 A
= — Im lim zC—]
Ty (7:) z—y;—i0t C3 N = C*l _ )\2
N z2=¢G _ y2 _ z=¢
= ;Im lim — Z C*l A~ Cgl
ity (7:) 2=y —i0F 2= 41 — )2 (11.46)

1 11 z— 1
= — Im lim ——— [1 — L ]
Ty (Vi) zom-ior GG N Z G =S )\2

J=1 ¢ J
1 1 z—(F z—(f
- Im lim —— + Lg !
Ty (’YZ) z—y; —i0T ; §2 Ps2 ( ; )

—

a

N

— Im lim p;
Ty (’77, ) z—y;—i0t 3
1

1 : -4
= ———1Im lim —*Q— z) — =
Thy (Vi) =m0t (G e (2) G
where in (a) we used ((11.37)), and for (b) we used ((11.41]). Thus, the optimal
eigenvalues for S? read:

—~ 1 1 . ¢ 1
Y, = ——— Im lim —=G; —
5527, K Ty (71) 2= —i0+ Cs ny ( ) g;

Note that the parameters (7, (3 can be computed from (11.41)), (11.42)), without
the knowledge of pg or pg2.

—~
=

(11.47)

Remark 11.3. The main barrier to find an estimator for S is that the resolvent

relation (11.38) is in terms of G, ,. Moreover, in the estimator for S, second

equality in (11.45)), we have the sum ZJ 1 ZC’\W which cannot be written
1 3

in terms of gpSQ.

Remark 11.4. If we add the assumption that the matriz S is positive semi-

definite, without any further knowledge on the prior, we can use @Z for the
eigenvalues of Eg(Y'). However, note that, this estimator is sub-optimal for S

as (/S0 02 (uls))’ # SN (uls))®)

11.B.3 Numerical examples

In this section, we will illustrate the derived formulas (11.38), (11.44)), and
(11.45)) with numerical experiments.
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We consider matrices T, Z € R¥*M to have i.i.d. Gaussian entries, so
C\2(z) =C(z) = 12 which leads to a simplification of saddle point equations
(1.41):

* 1, % * 2Gay (2)—1 * 1, %
{Cl = oP2; CQ = azazgﬂl;y(z)+17a7 g?, = P2

) . R (11.48)
Pi =G (2), P3=aGp (2)+(1-a), pj="51Gu(2) - &

Resolvent relation

We take k = 1. In model , without loss of generality we can consider S
to be diagonal. In figures [11.B.1| and [11.B.2] respectively, we consider the S to
be a diagonal matrix obtained by taking the eigenvalues of a Wigner matrix
and a Wishart matrix respectively.

Note that py and G;, (z) can be computed analytically using tools from
random matrix theory, but the computation is highly involved. In our exper-
iments, we use instead a numerical estimation of Gy, (z) obtained from the
observation matrix with the help of a Cauchy kernel to compute the parameters
(i, ¢ (see section [p.1.3] and [67] for details on the Cauchy kernel method).

Unlike the simpler models [51] for which the fluctuations are derived to
be of the order /v, based on our derivation we cannot assess the order of
fluctuations. However, from our numerics we observe that the fluctuations are
of the order o(N). Moreover, fluctuations near the edge points of density are
larger (in particular for the last row in both figures 11.B.1], [11.B.2)), which is
due to the fact that the limiting measures have higher fluctuations on their
edge-points.

Another observation, from comparison of figures [I1.B.1], [11.B.2] is that the
fluctuations for the first example are relatively larger than the second one.
One possible guess could be that this is due to the symmetry of pg in the first
example. However based on more extensive numerical observations (which we
omit here) we speculate that this issue is in fact related to the existence of small
eigenvalues of S. In other words, if S has eigenvalue 0 or small eigenvalues, we
have higher fluctuations in the relation (11.43)).

Overlaps

To illustrate the formula for the overlap , we fix the matrix S and run
experiments over various realization of the model . For each experiment,
we record the overlap of k-th left singular vector of Y and the eigenvectors
of S. To compute the theoretical prediction, we find (; = ¢ for z = 3, — 0"
where 7 is the average of k-th singular value of Y in the experiments.

To find ¢; = (3, we use the set of equations which for T', Z Gaussian
can be written as:

G=2Lps, G=pi+p5, G=21p
(11.49)

* Z—Cf 1

_ 1 _ 1 _
b= ag%‘? (§_1)7 pg_mv p?;_q_?gPSQ (é_l) _E



11.B. Derivation of the RIE for S

233

ReGy(z)

Im Gy(z)
i

0.8 1

ReGy(2)

(a) Entry i = j =1, first diagonal entry in the upper-left block

0.6 4

ReGy(z)

Im Gy (2)

0.2 o

0.14

—0.1+

(c) Entry i = 4999, j = 5000, a non-diagonal entry in the lower-right block

' 0.24
|

ImGy(z)

H

= 5000, an entry

0.5+

ReGy(2)

—0.5 4

in the upper-right block

1

0.5

Im Gy (z)

|
1

(e) Entry i = 1,j = 2, a non-diagonal entry in the upper-left block

Figure 11.B.1: lllustration of . S is diagonal matrix from the eigenvalues
of a Wigner matrix and T', Z are Gaussian matrices with N = 2000, M = 3000. The
empirical estimate of Gy(z) (dashed blue line) is computed for z = ~; — i\/% for
1 <i < N. Theoretical estimate (solid orange line) computed from the rhs of
with parameters obtained from the generated matrix. Note that, the theoretical estimate
has also fluctuations because the parameters ¢}, (5 are given by the numerical estimate

of Guy (2).
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)

ReGy(
Im Gy (z)

ReGy(z)

0.05

z)

ReGy(z)
Im Gy (

—0.05

(c) Entry i = 4999, j = 5000, a non-diagonal entry in the lower-right block

i
i
014 h
"
i

)

ReGy(
Im Gy (z)

(d) Entry i = 1, = 5000, an entry in the upper-right block

ReGy(2)

ImGy(z)

—0.24 lf

(e) Entry i = 1,j = 2, a non-diagonal entry in the upper-left block

Figure 11.B.2: lllustration of ((11.38)).S is diagonal matrix from the eigenvalues of a
Wishart matrix with aspect ratio 1/2 and T, Z are Gaussian matrices with N = 2000, M =
3000. The empirical estimate of Gy(2) (dashed blue line) is computed for z = v; —iy/ 5%
for 1 <i < N. The Theoretical estimate (solid orange line) is computed from the rhs of
(11.38]) with parameters obtained from the generated matrix. Note that, the theoretical

estimate has also fluctuations because the parameters (', (5 are given by the numerical
estimate of Gy, (2).
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Now we proceed to simplify the solution above:

* £ * 1
G =p) +p3= Q*2gPSQ(C1 1)‘&
= [ S
2T -G (2= &G (5 1) +1
L= —ph = g 1) 1=
C p2 CIZ Cl PSQ(Cl + _Oé
1 *
:>Q,,S2(Zf 1) f2+(1—a)%1
e (11.50)
»Go1=a(@ -9
. 1 _ _ LG
S graopg Tel@0 DY)

Thus, (7 is the solution to (11.50]). For each example, we solve this equation
and compare the obtained theoretical overlap against the average over the
experiments.

Wigner S. Let S € RY*Y be a Wigner matrix, then R, , () = 1.
(11.50|), we can compute the overlap using ((11.44)). In Fig. [11.B.3a, we compare

the theoretical computation with simulations for N = 1000, M = 2000. As in
previous cases fiy () is approximated using a Cauchy kernel [67].

Square root Wishart S. Let § € RV*Y be the square root of a Wishart
matrix S = ,/iHHT with H € RV having i.i.d. Gaussian entries. Then

Ry (2 ) = iL, o/ = N/n. Solving (11.50]), we can compute the overlap

1
usmg . In Fig. [11.B.3b| we compare the theoretical computation with
snnulatlons for N = 1000, N = 4000, M = 2000.

RIE performance

In this section, we investigate the performance of our proposed estimators for S.
We compare performances of the optimal RIE (11.45) with the one of Oracle
estimator . Moreover, we illustrate the performance of the estimator for
S? , and the sub-optimal estimator of S derived from it, see remark
114
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Fig

- Sim. (k — 800)
—Th. (k - 800)
Sim. (k = 200)
—Th. (k = 200)

/
05 -
1 15 2 25 3
Ai
(a) Wigner S (b) Square root Wishart S with o/ = 1/4

ure 11.B.3: Computation of the rescaled overlap. Both T and Z are N x M matrices

with i.i.d. Gaussian entries of variance 1/N, and aspect ratio N/M = 1/2. The simulation
results are averaged over 1000 experiments with fixed S, and N = 1000, M = 2000.
Some of the simulation points are dropped for clarity.

5*
524

For T', Z with Gaussian i.i.d. entries, (|11.47]) simplifies to:

L1 2= 1
=——Im lim —>=G; . (2)— —

K Ty (71) z—;—i0F ; ry ( ) C;

1 1 I I 2z G (2)—G 1
=——+—Im lim —G;,.(2)—Gs ——

K Ty (i) amyiiot CFOMY Hy *

11 p .
=———Im lim G (2) — G (2) — _

ST o G et o ) e BT g e

1 1 Vi

Im — sy
K iy (i) { mH[ay] () + mifiy (i) + 1525

B (WH[[LY] () + Wiﬂy(%)) B mH[iy (i) + ;/11/(%‘) + l_—al}

(wHay] () + mify ()

—E#W7Y i)\ — : :
=) m( Ha(mﬂywm(wH[fwK%H_1“)2)>

Vi

1
06<7T2ﬂY(%')2 + (mH[ay] () + 1;;)2)]

—14

3

(11.51)

For our first example, we consider two priors for S

Shifted Wigner §. We consider § = F + cI where F = FT € RV*Y has
i.i.d. entries with variance !/n, and ¢ # 0 is a real number. Then, the spectrum
of S is a shifted version of the Wigner law

4—(A—c¢)?
ps(A) = 2( C), forc—2< A <c+2,
m
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and the Stieltjes transform reads:

z—c—/(z=2-¢c)(z+2—0)
2

gps(z) =

Wishart S. Take § = +HHT with H € RV having i.i.d. Gaussian
entries, with ¥/n = o/ < 1. Then, the spectrum of S is the renowned
Marchenko-Pastur distribution:

\/[)\— (- (k1) -]

ps(A) = Y
for (\/%7 — 1)2 <A< (\/107 + 1)2, and the Stieltjes transform reads:
= G0 [~ -0 G+ 0]
gps(z) = 2%

In Figure [11.B.4] the MSE of Oracle estimator, RIE (11.45)), and v/ S2-RIE

is illustrated for shifted Wigner S with ¢ = 3, and Wishart with aspect-ratio
o/ = 1/42. We see that the performance of RIE is close to the one of Oracle

estimator, which implies the optimality of the proposed estimator ({11.45)).
Moreover, we observe the sub-optimality of estimating S using @(Y)

Note that, in the low-SNR regime, the estimated eigenvalues Esil might be

negative which makes the estimator @(Y) undefined, so the MSE is not
depicted in this case.
In Figure [11.B.5], the MSE of estimating S? is shown. We see that in the

high-SNR regimes the RIE (11.51)) has the same performance as the Oracle
estimator.

Bernoulli spectral distribution. In this case, the matrix S is constructed
as 8 = UsAU! with Ug a N x N orthogonal matrix distributed according
to Haar measure on orthogonal matrices, and A = diag(\) where A has i.i.d.
Bernoulli elements. Thus, ps = pdy + (1 — p)d4, for p € (0,1), and the Stieltjes
transform is:

1 1
Gps(2) = P+ (1 —p);

For this prior, we have that S = S?, so both estimators 2%(Y") and gg:(Y)

—

should have the same performance. However, note that Z%,(Y) does not use
any knowledge of pg. In Figure [I1.B.6] the MSE is illustrated for these two
estimators for two sparsity parameter, p = 0.5 and 0.9. We observe that, except
for for the low-SNR regimes, both estimators have the same MSE. The poor
performance of 2%,(Y’) in the low-SNR regimes might be due to the fact that,



238 Extensive-Rank Matrix Factorization

$47 v Oracle estimator, S5(Y) ) vOracle estimator, 23(Y)
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(a) Shifted Wigner, ¢ =3 (b) Wishart, o/ = 1/

Figure 11.B.4: Estimating S. The MSE is normalized by the norm of the signal,
| S||&. Both T and Z are N x M matrices with i.i.d. Gaussian entries of variance 1/N,
and aspect ratio N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and the
results are averaged over 10 runs (error bars are invisible). Average relative error between

RI éi*g(Y) and Oracle estimator is also reported.

A vOracle estimator, 2%, (Y) 0.26 - v20%  vOracle estimator, E(Y)
0.24 7 ARIE, E5,(Y) ARIE, 5 (Y)
v 10.37% . 0.24 - ’
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= v 246% = 0.2 406%
0.18
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(a) Shifted Wigner, ¢ =3 (b) Wishart, o/ = /4

Figure 11.B.5: Estimating S?. The MSE is normalized by the norm of the signal,
|S?||%. Both T and Z are N x M matrices with i.i.d. Gaussian entries of variance 1/N,
and aspect ratio N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and the
results are averaged over 10 runs (error bars are invisible). Average relative error between

RI éé(Y) and Oracle estimator is also reported.
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()‘1@7? vp=0.5, Ora(:l/e\Eg(Y) 4 vp=0.5, Oracle/\Egz(Y)
0.8 " 4p =05, RIE Ey(Y) 0.8 ™™~ 4p=10.5,RIE EL(Y)
p = 0.9, Oracle E5(Y) 3.03% p = 0.9, Oracle E%,(Y’)
- 0.6 Ap=10.9, RIE Z4(Y) - 0.6 Ap=0.9, RIE E%,(Y)
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= 2 0% P = 3‘19% >
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(a) Estimating S

(b) Estimating S?

Figure 11.B.6: Estimating S and S? with Bernoulli spectral prior distribution. The
MSE is normalized by the norm of the signal, || S||% = ||S?||%. Both T and Z are N x M
matrices with i.i.d. Gaussian entries of variance 1/N, and aspect ratio N/M = 1/2. The
RIE is applied to N = 2000, M = 4000, and the results are averaged over 10 runs (error
bars are invisible). Average relative error between RIE é\g(Y) and Oracle estimator is
also reported.

0.07 4 * 4% vOrauchi\estimautor7 =Z5(Y)
ARIE, E4(Y)
U()6 i (Jval%‘
= ;
% 0.63%4
= 0.05 |
0.76%‘
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1.05%;‘:
T T T T
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a

Figure 11.B.7: MSE of estimating S as a function of aspect-ratio «, prior on S is
shifted Wigner with ¢ = 3, and kK = 5. MSE is normalized by the norm of the signal,
|S||%. Both T and Z are N x M matrices with i.i.d. Gaussian entries of variance 1/N.
The RIE is applied to N = 2000, M = 1/aN, and the results are averaged over 10 runs
(error bars are invisible). Average relative error between RIE é?;(Y) and Oracle estimator
is also reported.

some of the estimated eigenvalues E;; are negative although the true eigenvalue
is 0. This makes the estimation more difficult for the sparser prior, see Figure
11.B.6b, However, this problem is resolved in Z5(Y") by taking the knowledge

of G,,(z) into account.

Effect of aspect-ratio a. In Figure [I1.B.7] we consider S to be shifted
Wigner with ¢ = 3, and the MSE is depicted for various values of the aspect-ratio
«. As expected, as M increases (« decreases) and we have more observation or
more data samples, the estimation error decreases.
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11.C Derivation of the RIE for T

In this section, we present the derivation of the optimal RIE for T'. For
simplicity, the SNR parameter in is absorbed into T, so the model is
Y = ST + Z. Therefore, the final estimator should be divided by 1/« to give
an estimate of the original T'.

The optimal singular values are constructed as &/, = Zjvzl o; (u}tg.l)) (v] ty)).
We assume that, for large N, £, can be approximated by its expectation:

N
G~ > oy B[ (uit)) (ot!) ]
j=1

where the expectation is over the singular vectors of the observation matrix

Y. Therefore, to compute the optimal singular values, we need to find the
0
J

vectors of Y. In the following we will see that (a rescaling of) this quantity
can be expressed in terms of i-th singular value of Y and j-th singular value

of T (and the limiting measures, indeed). Thus, we will use the notation
Or(vi,0j) == NIE[(uthgl)) (v;tgr))] in what follows. In the nest section, we

discuss how the overlap can be computed from the resolvent of the Hermitized
matrix of Y.

mean overlap E [(u}t ) (v] ty))} between singular vectors of T' and singular

11.C.1 Relation between overlap and the resolvent

Construct the matrix Y € RWHM)X(N+M) 60 the observation matrix:

| Onxy Y
y_ |: YT Onrxm :|

By Theorem 7.3.3 in [71], Y has the following eigen-decomposition:
U T R R
= (1 (1 2 —tN (1 (1 2

TASI VAR 'A% o o ollW -V v
(11.52)
with Vi = [ O %@ | in which K & RMY. and, % = Ly,
Uy = \%Uy. Eigenvalues of Y are signed singular values of Y, therefore the

limiting eigenvalue distribution of Y (ignoring zero eigenvalues) is the same as
the limiting symmetrized singular value distribution of Y.
Define the resolvent of Y

-1
Gy(z): ( zI—)J)
Denote the eigenvectors of Y by y; € RM*N 4 = 1....,M + N. For
z:x—iewith$€Rande>>%,Wehave:

2N . . N+M
T+ 1€ T 4+ 1€

Gy(:t - iE) = ~—ykyT + 'ykyT
; (z— )2 4+ 2777k 7 g2 4 2 k;-kl K
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where 7, are the eigenvalues of Y, which are in fact the (signed) singular values

OfY7,5/1:/}/17“‘7’7]\7:7]\[);5/]\[—1—1:_717‘~~7’3/2N:_’YN.
On ¢V (r) L) . :
Define the vectors r; = MONE L = N for t;’,t;” right/ left singular
i M

vectors of T', we have

r] (Im Gy(x — ie))li = Z m(rjyk) (liTyk)

k=1
T tie X
T3 e Z (rlyn) (L)
k=2N+1
(11.53)
Given the structure of yx’s in (11.52), we have:
L(uft") (vrt!") for 1<k<N
(rly) (Tye) = § =1 (u]_pt") (o] _yt') for N+1<k<2N
0 for 2N +1<EkE< N+ M

In the limit of large N, the latter quantity is also self-averaging, due to the fact
that as N — oo, these overlaps exhibit asymptotic independence, enabling the
law of large numbers to be applied here. We can thus state that:

. N—o00 €
r] (Im Gy (z —ie))L; /]R T

where the overlap function Or(t,0;) is extended (continuously) to arbitrary
values within the support of fiy with the property that Or(—t, 0;) = —Or(t, 0;)
for t € supp(py) . Sending € — 0, we find

rI (Im Gy(z — i€))l; = Ty (x)Or(z, 0;) (11.55)

In the next section, we establish a connection between the resolvent Gy (z2)
and the signal T', which enables us to determine the overlap and consequently
the optimal singular values values &, in terms of the singular values of the
observation matrix Y.

11.C.2 Resolvent relation for T

In this section, we consider estimating 7', and treat both S and Z as noise.
We consider the model to be:

Y =0SO'T +UZV?T (11.56)

where § = ST € RV Z € RV*M are fixed matrices with limiting eigen-
value/singular value distribution pg,pz, and O, U € R¥VN 'V ¢ RM*xM
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are independent random Haar matrices. For simplicity of notation, we use
W = OSO™T, and W € ROFMxN+M) the hermitization of W. And Z
denotes the hermitization of the matrix UZVT.

As in the case for S, we express the entries of G(2) = Gy (z) using Gaussian
integral representation, and after applying the replica trick, we find:

(Gij(2))

=i [ (TL T (oo (= 5 3on =2
(1)

k T=1

I
—

N n

= lim [ ([T [Ldn”)n"nf" exp { - g Z ™)
T=1

n—00
1 7=1

1 o 1 o ~
(oL S (e (50200,
T=1 =1 ’

(11.57)

+
S

i

9

(1)
Split each replica n{™ into two vectors a(™” € RY (") € RM 57 = [ Z(T) } .
The exponent in the first bracket in ((11.57)) can be written as :

rr’(T)TWn(T) _ a(T)TOSOTTb(T) + b(T)TTTOSOTa(T)
=TrOSO™ (T a™" +ab")'TT) (11.58)

T(T)

where T is a symmetric N x N matrix with two non-zero eigenvalues
a™'Tv™ + ||a || T4 by lemma [11.3]
Using the formula for the spherical integral [62] (see (6.4)), we find:

1l « N
< exp {— Z Tr OSOTT(T)}>
2 o
T=1
N Lo T @) o 1 O ) 11.59
~ exp EZPPS(N(CL b + ||a@][||Tb ||)> (11.59)
T=1

+ PPS <l

aTTH — ) |

By the same computation as previous section, for the second bracket we
have:

<exp{zn:Trb<T>a<f>TUZVT}>U Nexp{NZQ(a( la® 26 }
=1 4

(11.60)
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From (11.57)), (11.59), (11.60)), we find:

N+M n
(Gi(2)) = lim ( TI T ) nton
k=1 7=1
1 . )2 e’ 1 )12 )2
xwp{—§§ghm“n—Naggﬁwm“nw“n>

1 T T T T
= NPy (5 (@0 + ] T57]))

~ NPy, (3 (T uaﬁwmzw“wo)}}
(11.61)

Now, we introduce delta functions (for brevity we drop the limit term):

N+M n n
(Gij(2)) / H H NI v das” das” dgi”) nVnf”
k=1 =1 T=1
n T 1 B
<107~ §laIP) 6(as” — <o)

1

3
Il

T 1 T T 1 T T
x 6(a5” — S 1T671) 5(as” - +@ 7o)

n

1 T 6% T T
xexp{ =33 2In?IF - NQ (e a”)
T=1
= NP (a7 + V" al”) = NP () — el a) |

(11.62)

In the next step, we replace each delta with its Fourier transform. Note that
for the parameters g1, g2, g3 we use 6(¢] — ~||a”||?) o [ dB] exp { — 387 (qf -
%HaTHQ) }, and for ¢4 we use 5(qf) — %a(T)TTb(T)) o [ dp] exp { —Npj7 (qf) —
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Lag®T

~a Tb(T)) } After rearranging, we find:

(Giy(2)) / (TTdat” dgs” dqs” dqs” apt™ api” dps” ds”)
T=1

n

N T T T
XeXp{ng,ﬁ‘?( 07 a") + Pos (a7 + /@ a”) + P (087 — V' as”)

T=1
— 6040 - 1040~ 600 25040}
N+M n 1 n
< CILTL )t oo { = 5 32 oAl = 67 1a = 57167
k=1 7=1 =1
5§T)||Tb(T)||2 B(T) T }
(11.63)
The inner integral is a Gaussian integral, and can be written as:
N+M n
1
/ CTI TTdnd) nions”
k=1 7=1
n 1 _plm) 1G]
Xexp{z__n(T)T (= £ ) I o Py’ T - ,,7(7)}
~ 2 =6 "TT (2= By )y — B3"T™T
(11.64)

Denote the matrix in the exponent by Cg). Using the formula for determi-
nant of block matrices (see proposition 2.8.4 in [136]), we have::

T T T 2 T T -
det C\7 = det [(z — BN Iy — BT (2 — BV Iy — B TTT) lTT}

x det [(z — 5‘”)IM — BTTT)
2

BIT) z ﬂ H 53 Uk) (Z_BzT))M_N
M2

3 k=1

::]2

el

:1

= (z— 6;7))M7N

—=

[(2— Bz — Bé” — B002) — 8767

k=1

= (== BV T [ - B)e = 87) = (87 4 50 = 7))l

k=1

=z |

where o;’s are the singular values of T'. So computing the Gaussian integrals,

(11.63) can be written as:
. T (0 g (D) () (1) 1a() o) o) oy (e
(Gij(2)) “/(li[ld% dgy " dgs " dgy dBy dBy " dBs” dby )(CT )ij

Nn
X eXp{ - TF(,)T(qlaq%qi’n q47/6171627/837/84)}
(11.65)
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with

FOT(QhQ27Q37Q4,ﬁ1,52,ﬁ3>54) = %Z [(é - 1) In(z — éT))

T=1

N
F 23 m (=)= ) — (B + 87— 7))
k=1

_ Q(a)( (7) (T)) — P, ((L(;T) . / ) Pps )q§, ))

+ﬁ1 Q1T)+ 52 ‘JQ +@3 (T)_|_254 q4 ]
(11.66)

We will evaluate the integral (11.63)) using saddle-points of the function F7 .
From the replica symmetric ansatz at the saddle-point we have:

VTE{L--‘,TZ}: {ql_Q1> o = q2, (43 =43, (G4 = Q4

61—2617 B2T:/627 /8:;:637 5471—:54
Finally, we find the solution to be:

(@)
By = 2] 4 1 ( os (03 + VEG) — Ryps (4 \/QTQ§)>
* __ c(a)(qqu)
-
;= %[( 0 (5 + VETE) — Rys (0 — VETE) )
B %( ps ( q4+\/q1q3)+72ps(q4 VQi‘q;)) (11.67)

T: Zg 64 ng( ;)—{—Zf?z)

(

*

)

* z 5 Z1(z 11—«
92 = 22(;)ng( i ) + 5

« _ (2=B1)Z1(2) Z (2) z—B7
43 = o ZZ{(z ; ng(z;(z)) g Zg(zl)
\qZ =7 1z)2 gPT( ) ~ %)

with

Zo(2) = Bi* + B3(2 — B7)
where pr is the limiting eigenvalue distribution of TT'T.

The relation ((11.65)) and the solutions (11.67]) hold for arbitrary indices 7, 7,
so we can state the relation in the matrix form. Computing the inverse of C !

(see section [L1.F]), we have:

lIN lYGYTY 22 YT YGYTY 22
<Gy(2)>o,U,V - < { : _Iz;;y(z2)Y(T ) ZGYTY((Z2)) } >

TGTTT ( Z1(2) ) TT %TGTTT (2%2 ) ]

{zﬂz) = (z—B) (= — B5)

_ o= ) 7()
_ ﬁ Z1(2) z—B7 Z1(z)
[ GTTT ( )T #EHGrr(Z25)




246 Extensive-Rank Matrix Factorization

With this relation, we can further simplify the solution (11.67)).

We start with comparing the trace of upper-left block in ((11.68]). The
normalized trace of the first block in <Gy(z)>0 u v 1s computed in (11.39) to

be Gu, (). The normalized trace of the upper-left block in C; ™" is:

! - i 2:(2)\
w0t g T )T
1 1 N *2 0,2
- 1 4 k
Nz — 5 kz:; 1+ Zy(2) 28 _ 013]
11 k) 1 i
- Nz-p ; [ Z3(2) 38 —o? o Zz(Z)} (11.69)
_ 11 BPA4G) XN: 1 1 Bi(z—B)
Nez=pp Z3(z) Z §8 -0z 2-5 2(2)
(=887, Z(2) 3
==z 20t %0
=q

Thus, ¢; = Gz, (2).
The normalized trace of the lower-right block of (Gy(2)), ., 1 is @G, (2) +
(1 — )i (see (T1.40)). The normalized trace of the lower-right block in C% ™

z

1S:

1 z— B Z1(2)
A [zg(z) GTTT(@@)”
12— B & 1 M — N z— B3 Zo(2)
M Zy(z) Zl 28 g2 M Z(2) Zi(2)
N1z f 1 M—Nz— B (11.70)
T M N Zy(2) 2 mE M Zi(z)
2 k=1 Zo(x) ~ %k 1
z— B Z1(2) l—a
Z) 9 %) T
=q

So, ¢5 = Gy, (2) + (1 — a)=.
With a bit of algebra, we can express the parameters ¢;, q; in terms of

qi, 81, Bi:

* 2_6*2* Z_B* * Z_ﬁ** 1
43 = ( *21) q, — 2 17 4y = qul - E (11.71)
4

4 4 4
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Therefore, the solution can be written without involving G,,., as

. C)aias) — —
Br = —qtlhqz + é\/ L < os (@3 + V@G E) — Rps (44 vq1q3)>
Gl eia)

é\/%(Rps (2 + Vaia5) — Ryps (a3 — \/CJTCI§)>
5 = 3 (Rys (0 + V) + Ry (63~ VTT)) (11.72)

;

7 = Gy (2)

¢ = aGpy (2) + (1 - a);
% = 5, (=) -
|0 = 5O ()~ 3

Remark 11.5. The simplifications in are derived with the assumption
that By # 0. Howewver, in the initial set of equations , if ps is symmetric
measure then i = q; = 0 is a solution. If pg is symmetric, then R,i(—z) =
—R,s(2), and plugging q; = 0 in the expression for [ in , we find that
8 =0.

11.C.3 Overlaps and the optimal singular values

From (11.55)), (11.68)), we find:

1 *
Or(vy,0;) = — Im lim P

—4t§T)TGTTT(

7Wq(’Y) zmy—iot Zp(2) i Zs(2) (11.73)
= Im lim ‘
w0 e B2 — Za()?
From the overlap, we can compute the optimal singular values:
- 1 X
1~ NZUjOT(%‘ij)
j=1
1 o2
~ Im lim J
Ty (Vi) z—y;—i0t Nzﬁ4 Z1(2) — Zy(z )
1 1
= — Im lim
Ty (Vi) oot NZQ jz1 2 o~ a?- (11.74)
N Z1(2)
1 . 1 B; [ Z2(2) }
= Im lim — —= 1
Ty (i) e—om—iot N Zo(z )Z Z;Ej) o}
. B Z1(2) Z1(2) Bi
~ — Im lim g
mi ) ez 7 26 T T

= Im lim ¢

Y (’}/,L> z—y;—i0F
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where in the last equality we used the solution we have found in . Note
that, based on ((11.72)), we do not need to have any knowledge about pr to
compute ¢;. In the end, we need to divide the estimator by 1/ as we have
absorbed it into T'.

Recovering the rectangular RIE for a denoising problem

Note that if in the model , we put S = I the model reduces to the
additive denoising of T', and we recover the estimator derived in previous
chapter (10.5) ( [54]) for the rectangular case.

For S =1, R,;(z) =1, so (11.72) reduces to:

" C(Dt) * ok . C(a) . % . .
Bl — MZ((Z}qu2)7 ﬁg — uz;?‘lz), 63 _ 07 54 —1
= G (), 45 = Gy (3) + (1 — ! (1175

G = (2= B1)°Guy (2) = (2 = B7), @i = (2= B1)Guy (2) — 1

From (|11.74])), we have:

&, = e Im z—>1~}£li0+ 4y
- Wﬂ}/l(%) tm z—>1vi£li0+ Gy (2) =BGy (2) =1
- Ty (7s) fm z—}viir?imr G (2) = %ﬁfwg)gw -1
= gy G ()~ € i) 1

= — 1 Im lim  2G;, (2) — Cl(f;) <gﬂy(z) (agﬂy(z) +(1- O‘)_)> -1

Ty (’}/1) z—;—i0F

@ 1 -
Ty (Vi) - [fy Gay (i —107)
1 ) _
o Cl(f;) (%guy (%’ — |O+) (1 —a+ Oé%‘gpy (%’ - I0+)))]
@ L 1 () 11—« _ ' 3 ' 9
= % Wﬂy(%)lmci‘z ( > wH[ay () + a(WH[,uy](%))

—

— a(mfiy (1))” + imfiv (%) (1

1

+ 2anhla]) )
(11.76)
where in (a) we used the analyticity of rectangular R-transform [74], and in

(b), we used Plemelj formula (5.5). Note that, the final estimator should be
divided by the /k.



11.C. Derivation of the RIE for T 249

11.C.4 Examples

Throughout the numerical experiments, we consider the matrix Z to have
ii.d. Gaussian entries with variance 1/n, so C,(f;)(z) =21z And, S=F +cI
where F = FT € RV*Y has i.i.d. entries with variance 1/n, and ¢ # 0 is a real
number, so R,.(z) = z 4+ ¢. With these choices, the solution (11.72]) simplifies
to:
Bi=t¢+a. Bs=q¢, B5=d, Bi=d¢+c
67 =G (2), @3 =Gy (2) + (1= )] (11.77)
x (z—Bf)Qg_ 2B « _ 2B g_ 1
qs = BT MY(Z) B 4, = gy Jhy (Z) B3

Note that in , qi, ¢ are given in terms of the observation, so to find the
solution we only need to find the parameters ¢3,¢;. In , one can see
that we have the relation g5 = %
of g5, 43, q;, after a bit of algebra we have the following relation:

q;. Writing the parameters g7, 8] in terms

4 = a1 (11.78)

In the expression for ¢ in (11.77), using (11.78) we can rewrite 55, 85 in terms

of ¢5,q;. After some manipulations we find that ¢; is the solution to the
following cubic equation:

1—al
203 + 3ca? + [c2+2— (z—gﬁy(z) - O‘—)gﬂy(z)} x
€f B Z 1 (11.79)
= e[ (2 = Gay (2) = =) Gy (2) = 1] = 0
Based on our numerical simulations, we pick the following root for g;:
12—-3c2+6A VB
G == c o4 VB (11.80)
2 3v/B 12
with
gﬂy (Z) 1

A=Gu(2)" - 7(1 - a) — Gy (2)2

B = —216cA + 4\/4(12 —3¢2 + 6A)" + 542242

Once we have ¢}, we can find ¢3 using (11.78). In the end, 87, -+, 8} can be
evaluated. Note that, for the RIE, only ¢} is required. Other parameters are

used to evaluate the resolvent relation ((11.68) and the overlap (11.73)).

Resolvent relation

We take k = 1. In model ((11.56|), without loss of generality we can consider T'
to be diagonal.
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In figure I1.C.I], T is the diagonal matrix obtained from the singular values
of a Gaussian matrix with i.i.d. entries of variance 1/n. In figure [11.C.2] the
non-zero entries (on main diagonal) of T" are uniformly distributed in [1,3]. As
in previous cases, 1y, Gz, (%) are estimated numerically using Cauchy kernel,
from which the parameters 5, --- , 5} are computed.

Overlap

To illustrate the formula for the overlap ((11.73), we fix the matrix T and run
experiments over various realization of the model . For each experiment,
we record the overlap of k-th singular vectors left and right) of Y and singular
vectors of T'. To compute the theoretical prediction, we evaluate the parameters
B, 55, Ba, By, for z =7, — 0" where 74, is the average of k-th singular value of
Y in the experiments.

In figure [I1.C.34] the overlap is shown for T" with i.i.d. Gaussian entries of

variance =, so pip is the Marchenko-Pastur law with aspect-ratio . In figure

N?
11.C.3b, matrix T is constructed as T = UrX V], where Ur € RVN Vi €
RM>M are Haar distributed orthogonal matrices, and singular values oy, - - - , oy

are chosen independently uniformly from [1, 3], so pur = U ([1, 3]).

RIE performance

In this section, we investigate the performance of our proposed estimators
for T'. To construct the RIE for T', we only need ¢; which we use .
We compare performances of the optimal RIE ((11.74)) with the one of oracle
estimator ([11.5]).

In figures the MSE of RIE and the oracle estimator is plotted
for three cases of priors: T with Gaussian entries, T' with uniform spectral
density, and T" with Bernoulli spectral density. In all cases, observe that the
RIE has the same performance as the oracle estimator.

Effect of aspect-ratio a. In Figure [11.C.6] we take T to have Gaussian
entries (with variance ), and the MSE is depicted for various values of the
aspect-ratio a. We see that as M increases (« decreases) the estimation error

(of T') decreases.

Sparse T': a non-rotation invariant example. We consider T to have
i.i.d. entries from the Bernoulli-Rademacher distribution,

=

+v  with probability 52
0 with probability p V 1<i<N, 1<j;j<M
—  with probability 57

T =

With the normalization 1/vN, the spectrum of T' does not grow with the dimen-
sion and has a finite support, thus we can apply our estimator to reconstruct T'.
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Figure 11.C.1: lllustration of (T1.68)). T' € RY*M is a diagonal matrix obtained from
the singular values of a N x M matrix with i.i.d. entries of variance 1/n, S = ST is
shifted Wigner matrix with ¢ = 3, and Z is a Gaussian matrices with. The empirical

iNforlgiSN,

estimate of Gy(z) (dashed blue line) is computed for z = v; — i
for N = 2000, M = 4000. Theoretical one (solid orange line) is computed from the
rhs of (11.68) with parameters computed from the generated matrix. Note that, the

theoretical one has also fluctuations because the parameters /7, - -

the numerical estimate of G, (2).

- B are computed from
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Figure 11.C.2: lllustration of (I1.68). T"€ RV*M is a diagonal matrix with (main)
diagonal entries uniformly distributed in [1,3], S = ST is shifted Wigner matrix with
¢ =3, and Z is a Gaussian matrices with. The empirical estimate of Gy(z) (dashed

blue line) is computed for z = ~; — i LN for1 < i < N, for N = 2000, M = 4000.

Theoretical one (solid orange line) is computed from the rhs of (11.68)) with parameters
computed from the generated matrix. Note that, the theoretical one has also fluctuations
because the parameters 37, --- 3} are computed from the numerical estimate of Gy, (2).
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Figure 11.C.3: Computation of the rescaled overlap. S is a shifted Wigner matrix with
¢ =3, and Z has i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The simulation
results are average of 1000 experiments with fixed T', and N = 1000, M = 2000. Some
of the simulation points are dropped for clarity.
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Figure 11.C.4: Estimating T. MSE is normalized by the norm of the signal, || T'||2.
S is a shifted Wigner matrix with ¢ = 3, and Z has i.i.d. Gaussian entries of variance
1/N, and N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and the results
are averaged over 10 runs (error bars are invisible). Average relative error between RIE

E%(Y') and Oracle estimator is also reported.

Note that the prior of T is not rotationally invariant, and neither the oracle
estimator nor the RIE are optimal. Therefore, taking the prior into account,
we apply a thresholding function on the entries of the matrix obtained from the

RIE, E%.(Y). We apply the following function on each entry of the estimator:
TR h
+\/_N if T > \/_N
frn(z) =40 if |z] < \/_hﬁ : for h € [0, 1]
— ifz< _\/h_ﬁ

In figure [11.C.7] the MSE of the oracle estimator, RIE, and RIE+ f,(z) (with
h = p) is plotted. A few remarks on this figure are in order. First, RIEs are
not limited to rotationally invariant priors and can give non-trivial estimates



254 Extensive-Rank Matrix Factorization

1
b vp = 0.5, Oracle E4(Y")
0.8 | w02 Ap=0.5, RIE E.(Y)
. #* 0.65% p = 0.9, Oracle E4.(Y)
Ap= =
m 0.6 ou% p=10.9, RIE E%(Y)
w0
2 & 0.54%
(]4 _ 0.13‘/‘
& 0.44%
0. 13%
0.2 ond o 0.22_‘/13(; UZ‘(’J/‘W/‘ oo
T T : ‘ : ‘
0 1 2 3 4 5

K

Figure 11.C.5: Estimating T with Bernoulli spectral prior. MSE is normalized by the
norm of the signal, | T'||2. T has Bernoulli spectral distribution with parameter p. S is a
shifted Wigner matrix with ¢ = 3, and Z has i.i.d. Gaussian entries of variance 1/N, and
N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and the results are averaged
over 10 runs (error bars are invisible).Average relative error between RI E/EF(Y) and
Oracle estimator is also reported.
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Figure 11.C.6: MSE of estimating T as a function of aspect-ratio a, T has Gaussain
entries of variance 1/n, and k = 5. MSE is normalized by the norm of the signal, || T'||3.
S is a shifted Wigner matrix with ¢ = 3, and Z has i.i.d. Gaussian entries of variance
1/N. The RIE is applied to N = 2000, M = 1/aN, and the results are averaged over 10
runs (error bars are invisible). Average relative error between RIE E./';T(Y) and Oracle
estimator is also reported.
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Figure 11.C.7: Estimating T with Bernoulli-Rademacher entries. MSE is normalized
by the norm of the signal, | T||%. S is a shifted Wigner matrix with ¢ = 3, and Z
has i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The RIE is applied to
N = 2000, M = 4000, and the results are averaged over 10 runs (error bars are invisible).

x — 14 x ——
0.8 4 ARIE, E4(Y) Ax ARIE, E4(Y)
. <RIE + fu+(x) 08 a <RIE + fue(x)
0.6 x i N
&) m 061 .
2 A 2 x
<049 0.4 A
A A
a A .
0.2 4 . 0.2 - «
% A A x
X X
T T T T T >\< 0 7\ T T T T >\<
0 1 2 3 4 5 0 1 2 3 4 5
(@) p=05 (b) p=10.9

Figure 11.C.8: Estimating T with Bernoulli-Rademacher entries. MSE is normalized
by the norm of the signal, | T||2. S is a shifted Wigner matrix with ¢ = 3, and Z
has i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The RIE is applied to
N = 2000, M = 4000, and thresholding function is applied with the best h among
{0,0.1,--- ,1}. Results are averaged over 10 runs (error bars are invisible).

for non-rotationally invariant priors, although they are sub-optimal. The RIE’s
output can be refined, or used as a warmed-up initialization for other algorithms
to get a better estimate.

In figure [I1.C.§8| for one experiment, the MSE is plotted for RIE and
RIE+ f(x) with the best A among {0,0.1,--- ,1}. We observe that for the
particular case of Bernoulli-Rademacher prior, the thresholding stage can
improve the MSE when SNR is greater than 1, however the parameter h should
be chosen properly.
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11.D Comparison of RIEs for Matrix
Factorization and Denoising

For estimating S, we have derived the estimator for general priors
ps, liT, pz. This estimator simplifies greatly, with parameters in (11.48)), when
both ur, uz are Marchenko-Pastur distribution, i.e. both T, Z having i.i.d.
Gaussian entries of variance 1/n. Similarly, although the RIE for T in
is derived for the general priors, it reduces to a rather simple estimator if
ps, pz are taken to be shifted Wigner, and Marchenko-Pastur distribution,
respectively. Therefore, in our numerical examples on factorization problem, we
consider S to be a shifted Wigner matrix, and T', Z to be Gaussian matrices.

In each experiment, the factors S, T are estimated simultaneously using
RIE from the observation matrix Y. In addition to the MSE of estimating
each factor, we also compute the MSE of estimating the product ST. We
compare the MSE of the product with the MSE of the oracle estimator and
the RIE introduced in [54] for the denoising problem. The oracle estimator for
the denoising is constructed as:

N
Y) =) &unl, &, =ulSTy, (11.81)

where wu;, v;’s are left /right singular vectors of Y. In the RIE proposed in [54],
the singular values are estimated by (see section [11.C.3])

Gu= [%- - ) (a0 + a (et (00)

- a(wﬂy(%‘))z + iWﬁY(%')(l

i

2 2a7TH[ﬂY](%’))>]
(11.82)

Note that, in general the MSE of the denmsmg RIE ._.ST(Y) is less than the
MSE of the prdouct of the estimated factors S(Y)”i}(Y)

In figures I1.D.IJ[T1.D.2] the MSE of estimating the factors is illustrated for
¢ =1 and ¢ = 3 respectively. The MSE of estimating the product is shown in

figure [TD3)

11.E Caseof a>1

In this section we consider the case where M < N and N/M — « > 1 as
N — oo. Throughout this section I' € RV*M s a (tall) matrix with T'y; in
its upper M x M block, and the rest zero entries. I'y,; is diagonal matrix
constructed from 4 € RM which are the singular values of Y.
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Figure 11.D.1: MSE of factorization problem. MSE is normalized by the norm of the
signal. S is a shifted Wigner matrix with ¢ = 1, and both T' and Z are N x M matrices
with i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The RIE is applied to
N = 2000, M = 4000. In each run, the observation matrix Y is generated according to
, and the factors S, T are estimated simultaneously from Y. Results are averaged
over 10 runs (error bars are invisible). Average relative error between RIEs and Oracle
estimators is also reported.
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Figure 11.D.2: MSE of factorization problem. MSE is normalized by the norm of the
signal. S is a shifted Wigner matrix with ¢ = 3, and both T and Z are N x M matrices
with i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The RIE is applied to
N = 2000, M = 4000. In each run, the observation matrix Y is generated according to
(11.1), and the factors S, T are estimated simultaneously from Y. Results are averaged
over 10 runs (error bars are invisible). Average relative error between RIEs and Oracle
estimators is also reported.
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Figure 11.D.3: MSE of the product of the factors. MSE is normalized by the norm of
the signal || ST||2. S is a shifted Wigner matrix with ¢ = 1,c¢ = 3, and both T and Z
are N x M matrices with i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The
RIE is applied to N = 2000, M = 4000. Results are averaged over 10 runs (error bars
are invisible).

Similar to the case of a < 1, resolvent of the matrix ) € RWHM)x(N+M)

plays a central role in deriving the RIEs. For the case of M > N, with
Y = UyT'V}, the matrix Y has the following eigen-decomposition:

~ (1 ~ (1 2 FM 0 0 (1 (1 2 T
S L e I Sl ) e
(11.83)
with Uy = [ U U2 | in which U € VY. and, 0 = LU,

Vy = \%Vy. The resolvent of Y can be written as:

M T+ i€ T+ 1€ g
Gy(x —ie) = Z 3 YkY]. 7 T 2 Z YrYjp
k=1 (= 3k)? +e T € o

where 7y, are the eigenvalues of Y, which are in fact the (signed) singular values
of Y, 1 =m1,...,%m = VM, TM+1 = =1, -, Yam = — VM-

11.E.1 Estimating S

The RIE for S is constructed in the same way as in the case of a < 1, (11.2).
However, in the present case the observation matrix Y has M (non-trivially
zero) singular values and we need to estimate N eigenvalues for the RIE. As it
will be clear, the N — M eigenvalues are chosen to be equal.
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Relation between overlap and the resolvent

Define the vectors §; = [s],0y]T for s; eigenvectors of S. We have

oM ) ) . M+N ,
TGy~ i0)8 =Y. o (6T e > (@
S ( m Gy(z |e))s ; (1 — )2 + & (3 yk) 72 + 2 k:%;H (S yk)

(11.84)
Given the structure of y;’s in (11.83)), we have:
1 (.sTuk)2 for 1<k<M
(.§ka)2 = (s U M)2 for M +1<k<2M
(sukM)2 for 2M +1<k< M+ N
We assume that in the limit of large N this quantity concentrates on
Os(7;, Ai) and depends only on the singular values and eigenvalue pairs (7;, ;).
This assumption implies that the singular vectors associated with 0 singular

values (u; for M +1 < j < N) all have the same overlap with the eigenvectors
of S, Og(0, \;). We thus have:

~T o = N—o0 l € N
51(m Gy —ie)) 5 7% /R e L PO OL
1 €

(11.85)

where the overlap function Og(t, \;) is extended (continuously) to arbitrary
values within the support of iy (the symmetrized limiting singular value
distribution of Y) with the property that Og(t,\;) = Og(—t, \;) for t €
supp(py) . Sending € — 0, we find

8] (Im Gy (x —ie)) 8 — éWMY(ZE)OS(ZE, Ai)+ (1= é)ﬁé(x)OS(z, Ai) (11.86)

Resolvent relation

We derive the resolvent relation for the same model as in (11.25]). The derivation
is similar to the procedure explained in section [I1.B.I] and we omit here. The
final resolvent relation is the same as ([11.38)), with parameters satisfying'
o(Y/a) )

« (Pip}) ) (e (o) (s (P5p3)

C1 = éT”a C2 = ( (plpg) +C/J,T (p2p3))7 <3 = awp_323
_ 1 z—¢1 _ w« _ 2—¢] z—¢f 1
pT_Tgpsz( g;;l)’ p2_@’ pS_ngPﬁ( g;l)_g

(11.87)
Again, with the same procedure as (|11.39)),(11.40)), the saddle point equations
(11.87)) can be rewritten in a simplified form, which does not involve pg2, as:

o« * 1o * ook
cr=1 {0 wipy) Cr=p— 1 G = 1 Chy” (p3p3)
17« P} v52 Gay ()7 3 7 a 3

Pr=2Gm () + (1= p=Ga(2) (11.88)
= () (-2
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with fiy the limiting ESD of non-trivial singular values of Y. Note that ¢}, (5
can be computed from the observation matrix, and we only need to find (3
satisfying the following equation:

wrl 1,1
(z — Cl)[agﬂy(ZH(l - a);] —1
1 w1 wrl 1,1
= 20 (5 9m () = DG () + (1= )2))
(11.89)
Note that both sets of equations , and , match

for a = 1.

Overlaps and optimal eigenvalues

From (|11.86)), (11.38), for v a non-trivially zero singular value of Y we find:

Os(v, \) ~ % 1m lim sT GG (Z _fl ) s;
7le,y("}/) ZﬁW*iOJﬁ CS (11 90)
Y Im i ! ‘
= m 1m _—
Thy () zv-ior 2 —(F — GAZ

And, in the case of M > N, for zero singular values we have:

05(07 AZ) ~

I li T x—1 Z = gik ;
(o — D7 B e G Gsz( ¢ )S

a I li !
=——Im lm —
(=17 zm—iot 2 —(F — G

(11.91)

Finally, the optimal eigenvalues can be derived in the same way as in (11.45)).
For 1 <i < M, we have:

R R A= A =)

And, foral M +1<i< N :

= g gl () + o (- 520

Numerical examples

For matrices T, Z € RY*M with i.i.d. Gaussian entries of variance /N and
1

M > N, we have that CLIT/Q)(Z) = C/SZ/Q)(Z) = 2z which leads to a simplification
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Figure 11.E.1: Estimating S. The MSE is normalized by the norm of the signal, || S||%.
Both T" and Z are N x M matrices with i.i.d. Gaussian entries of variance 1/N, and
aspect ratio N/M = 2. The RIE is applied to N = 2000, M = 1000, and the results
are averaged over 10 runs (error bars are invisible). Average relative error between RIE
é\*S(Y) and Oracle estimator is also reported.

of equations ([11.88|):

(i = a5, C§=Z—m7 G = D3
Pi= 20 (=) + (1= Db 25 =0s(2) (11.94)
* 2=} z=¢
b3 = aggl Gay (2) + Tl(l - l)l - é

Therefore, ¢ = ¢§ = 2Gg, (2).

In Figure [I1.E.1], the MSE of the Oracle estimator and the RIE (11.92),
is illustrated for shifted Wigner S with ¢ = 3, and Wishart with
aspect-ratio o/ = 1/4.

Effect of aspect-ratio a. In Figure[I1.E.2] we take S to be a shifted Wigner
matrix with ¢ = 3, and the MSE is depicted for various values of the aspect-ratio
a > 1. We see that as M decreases (« increases) the estimation error (of T')
increases.

11.E.2 Estimating T

Relation between overlap and the resolvent

0 © .
For the vectors r; = l t(]’"V) ], l, = [ 31 } with tg ),tz(l) right/ left singular
i M

vectors of T', we have

2M
k=1
x (11.95)

€
+l,2—+62 Z (rTye) (T ye)

k=2M+1
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Figure 11.E.2: MSE of estimating S as a function of aspect-ratio o > 1, prior on S
is shifted Wigner with ¢ = 3, and k = 5. MSE is normalized by the norm of the signal,
|S||2. Both T and Z are N x M matrices with i.i.d. Gaussian entries of variance 1/N.
The RIE is applied to N = 2000, M = 1/aN, and the results are averaged over 10 runs
(error bars are invisible). Average relative error between RIE é@(Y) and Oracle estimator
is also reported.

Given the structure of y;’s in (11.83)), we have:

%(“th('l)) (’U;Itl(r)) for 1<k<M
(rToe) (Ty) = $ =2 (a2 0) (0], t7) for M+1<k<2M
0 for M +1<k< N+ M

Therefore, in the limit N — co, we have:

€

P (Im Gy — i)l 2= L /R Ot (1190

«

where the overlap function Or(t,)\;) is extended (continuously) to arbitrary
values within the support of iy with the property that Or(—t, \;) = —Or(t, \;)
for t € supp(uy) . Sending € — 0, we find

r] (Im Gy(r — ie))li ~ éﬂ'ﬂy(l‘)OT(x, i) (11.97)
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Resolvent relation

The resolvent relation for the model (11.56)) with M < N is the same as in
(11.68]) with parameters satisfying:

5y = L) 4 ) 5 (Rys (5 + VaTG5) — Ros(d — Vaai))

a4
B* C(a) (q1 fIQ)
2 2

(

Q

8 = 1/ (Ros (01 + VEE) — Ry (61— VTE))

Bi = 5(Ros (@ + V@TG) + Ros (a5 — (Mg)) (11.98)
G = A0, () + Al + o

D) Z(Bj) ng (ﬁzg )

* (2 1 2—B7
43 = Eﬁ Zg(z ng( Zs(z) ) _ﬁoz Zs( 1)
1 812 ( Z1(2) 1
L ng(Z; z)) aZzzlz)

Z1(2) = (z = B1)(= = B3)
Zy(2) = Bi* + B3 (= = B7)

With the same procedure as (11.69)),({11.70]), the saddle point equations (|11.98))

can be rewritten in a simplified form:

(

" c(a) * —
By = 1oz 4 ( os (@ + V@G G) — Ros (43 \/qlqg))
* C(a)(‘h‘b)
52 - HZq;
85 = 3/ 5 (Rys (a5 + VETE) — Ry a1 — VaTa))
* 1 * >k *
Bi = §<Rps(q4 +Vaq 3) +RPS q — Vq1q3)> (11.99)
¢ =39 (2) + (1-3)3
q; - gﬁY(ZQ)
q; = Sl gr - 54
q* — z2=B1 x 1
(14 By 11 B

Note that both sets of equations (11.97)), (11.99) and (11.55)), (11.72)) match
for a = 1.

Overlaps and optimal singular values

From (|11.68)), (11.97]), we have:

« T
O )~ ———1 li S e
T(ry? g ) Wﬂy(’}/) m z—)H—niOJf ZQ(Z) i T T(
=2 Im lim N 7i

7T[Ly("}/) z—y—i0t 421<Z) — ZQ(Z)UZ2

N
o
—~

w
S~—
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Figure 11.E.3: Estimating T. MSE is normalized by the norm of the signal, || T2
S is a shifted Wigner matrix with ¢ = 3, and Z has i.i.d. Gaussian entries of variance
1/N, and N/M = 2. The RIE is applied to N = 2000, M = 1000, and the results are
averaged over 10 runs (error bars are invisible).

Similar to (11.74)), we can compute the optimal singular values to be:

& — 2 Im lim g 11.101
Y mhy () om0t fa (11.101)

Numerical examples

We consider the matrix Z to have i.i.d. Gaussian entries with variance 1/n,
s0 42 (z) = z. And, § = F + cI where F = FT € RV*V has i.i.d. entries
with variance /N, and ¢ # 0 is a real number, so R,,(z) = z 4+ ¢. With these
choices, the solution simplifies to:

Bi=Lig+q. Bi=q, Bi=dq, Bi=q+c

¢ =390 () +(1-3)2 & =0 () (11.102)
(Z_BI)Q * z—p7 2=B7 1

G="33"0~ 57 U="TF U 5

After a bit of algebra, we find that ¢} is the solution to the following qubic
equation:

1 1 —1
223 + 3ca® + [02 +2- (2 Egﬁy<2)) (Egﬂy(z) " aO‘Z )] v

— e 20 () G () + ) —1] =0
(11.103)

In figure [11.E.3| the MSE of RIE and the oracle estimator is plotted for two
cases of priors: T with Gaussian entries and T with uniform spectral density.

Effect of aspect-ratio a. In Figure [11.E.4] we take T to have Gaussian
entries (with variance ), and the MSE is depicted for various values of the
aspect-ratio v > 1. We see that as M decreases (« increases) the estimation

error (of T') increases.
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Figure 11.E.4: MSE of estimating T as a function of aspect-ratio @ > 1, T has
Gaussain entries of variance 1/N, and k = 5. MSE is normalized by the norm of the signal,
|T||2. S is a shifted Wigner matrix with ¢ = 3, and Z has i.i.d. Gaussian entries of
variance 1/N. The RIE is applied to N = 2000, M = 1/aN, and the results are averaged
over 10 runs (error bars are invisible). Average relative error between RIE E/.;T(Y) and
Oracle estimator is also reported.

11.F Auxiliary Lemmas and Calculations

Proposition 11.1 (Inverse of a block matrix, Bernstein [136]). For a block

matriz F = ég with A € RVXN B € RVM € ¢ RMXN D ¢ RM*M

if A and D — CA~'B, are non-singular, then,
1 A'+A'B(D-CA'B)"'CA™' -A'B(D-CA'B)!
N —-(D-CA'B)"'CcA! (D-CA'B)!

Block structure of Gy(z) The matrix Gy(z) is:

Gy = (1= = | 7 ]

Using Proposition , first we need to compute the inverse matrix (zI M —
(=ST)(2Iy)"*(—S))  which simply reads:

1

) )

Consequently, we find:

[ N+ Y Gyry (A)YT Y Gyry(22)

Gy(Z) - GYTY(Z2)YT ZGYTY(Z2) (11'104)
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Inverse of C'§ For C% since the blocks B, C' are zero, the inverse is simply:

oo | [E=Iv-¢s? o
] 0 [(z = ¢)In]~
i z—(f -1
— glgtn - 57 0 (11.105)
0 — C*IM
_  LGe(FH) 0
0 — C*IM

Inverse of C7. Let the block structure of C7 be as in Proposition then

(D—-CA'B)! = ((z — By — BTTT — _j’f;*:rv_r)1
*2 1
= (== B Iw — (B3 + 7 TT)

-1

= (2= 1) (Za(x) D - ZQ(Z)TTT>
- Z_ﬁf< )y TTT)1

Z2( ) \Zs(2)
- b7 Z\(z)
= %0 €m0

where Grrr is the resolvent of the matrix TTT. So, we have
Z1(2) 1(2)

Col = [ (z = B7)" 1IN + ﬁ’—)’”GTTT(zQ DT 4 (ZBTGTTT( ()z)) ]

22 (2) GTTT(Z;(Z))TT Z3 zl) GTTT( Za( ))

Lemma 11.3. Consider two vectors ¢,y € RY. The symmetric matriz xyT +
yxT has rank at most two with non-zero eigenvalues x7y £ ||z||||y||.

z

Proof. Construct the matrices A € RN B € RV*2 as follows:

A= 2] B[y =]

Then, we have that xyT™ + yxT = BA. Using the lemma we have that:
2% det (ZIN — BA) = 2N det (ZI2 — AB)

So, the characteristic polynomial of zyT + yxT is 2V "2 det (ZIQ — AB), which
implies that the xy™ + yxT has eigenvalue 0 with multiplicity N — 2, plus the
eigenvalues of the 2 x 2 matrix AB. The matrix AB is:

zTy | z|? }
AB —
{ lyl* =Ty

which has two eigenvalues Ty + ||z||||y]|. O
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Lemma 11.4. For matrices A € RM*N B ¢ RY*M " we have:
zMdet (2Iy — BA) = 2" det (2I); — AB)

Proof. Construct the matrices C, D € RM+N)IX(M+N) a5 follows:

. ZIM A . IM 0M><N
C1_|i.B IN:|’ D_|:—B ZIN:|

We have:
det CD = 2" det (2I)y — AB), det DC = 2" det (zIy — BA)

The result follows from the fact that det CD = det DC. O]






Conclusion and Future
Directions

In this thesis, we leveraged diverse tools from random matrix theory, statistical
physics and information theory alongside results on high-dimensional limits of
spherical integrals to study high-dimensional matrix inference problems. In
part [[, we investigated mismatched estimation of finite-rank signal matrices
corrupted by Gaussian noise both in symmetric and non-symmetric scenarios.
We derive the asymptotic MSE of estimation assuming incorrect Gaussian prior,
and we compare performance of the spectral algorithms and AMP. In part [[]
we explored the matrix inference problems in growing-rank regimes through the
lens of rotation invariant estimators (RIE). In the symmetric case, using the
optimality of RIE we deduce the asymptotic MMSE of denoising problem under
Gaussian noise with rotational invariant priors. In the non-symmetric case, we
derive explicit optimal RIE for the denoising problem, and consequently we
computed the asymptotic MMSE under Gaussian noise. Finally, we explored a
solvable model of the matrix factorization problem in the extensive-rank regime
and derived analytical formulas for the optimal RIEs to reconstruct the two
matrix factors.

In inference problems, the assumption of perfectly known priors (on both
signal and the noise) is often unrealistic, highlighting the significance of mis-
matched estimation in practical scenarios. In chapters[7] and [§ we considered
a simple model in this scenario where the statistician assumes Gaussian pri-
ors. However, considering models (in both low and extensive-rank regimes)
where the estimation is conducted with more general priors (which are possibly
incorrect) is an interesting research problem with practical importance.

The problems we studied in this thesis involved scenarios with proportional
aspect ratios, which align with conventional settings in high-dimensional matrix
inference. However, in many practical cases the number of samples is much
larger than the dimension or vice versa, for example in genomics the number of

269
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sequences (subjects) is a few thousands, while the number of genes can be of
the order of hundreds of thousands. This necessitates a shift in focus towards
diverging aspect ratios, which requires developing tools in random matrix
theory and high-dimensional statistics suitable for such regimes. Developing
these tools will enable us to effectively tackle the unique challenges posed by
large-scale datasets, paving the way for more robust and applicable statistical
models in the field of high-dimensional data analysis.

In the extensive-rank regime, our exploration included the application of
RIEs to denoising problems and matrix factorization, as detailed in chapters
9], [10, and [11} A major limitation in the current methodology of RIEs is their
lack of consideration for the internal structure of the signal. The framework
developed so far, while effective in various problems, does not account for the
internal constraints and priors on the signal itself. This represents a significant
area for future research and development. Incorporating an understanding of
the signal’s internal structure into RIEs could enhance their effectiveness and
applicability, which may also broaden their utility in more complex inference
scenarios.

As we conclude our discussion, it is important to acknowledge that despite
various progress made, several crucial problems in the extensive-rank regime
remain open. One such example is the analysis of denoising models like
S = X X with separable priors (non-rotational invariant) on entries of X . This
particular problem presents unique challenges and opportunities for advancing
our understanding of high-dimensional inference. The exploration of such
models is not only critical for deepening our theoretical knowledge but also
for practical applications in fields like machine learning and data science.
Addressing these open problems will require innovative approaches and possibly
the development of new theoretical tools, continuing the evolution of the
interdisciplinary collaboration between statistical physics, random matrix theory
and high-dimensional statistics. Tackling these challenges will not only push
the boundaries of existing theories but also pave the way for advancements in
the analysis and application of extensive-rank problems.
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