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Abstract

This work investigates how various terrain-induced flow phenomena such as flow sepa-

ration, varying levels of flow shear, and pressure gradient, impact the wake and performance

of wind turbines. We use a combined experimental and analytical approach to study wind

turbines in different complex terrains.

In the first part, wake of a wind turbine sited on an escarpment is investigated. We test five

distinct escarpment shapes, ranging from forward-facing steps (FFS) to ramp-shaped designs.

Flow separation at the leading edge of FFS escarpments induces high turbulence, resulting

in a faster wake recovery and higher turbulence kinetic energy in the turbine wake. A slight

curvature of the leading edge significantly reduces turbulence in the wake, while ramp-shaped

escarpments display slower wake recovery and lower turbulence. The shape of the escarpment

also affects wake growth rate, meandering, and the behavior of tip and hub vortices.

Furthermore, we investigate the influence of wind direction over cliffs and its impact on wind

turbine wakes. With the increase in the obliqueness in the wind direction, the flow becomes

heterogeneous in the spanwise direction, causing spanwise recirculation. This development

of spanwise recirculation in the base flow significantly affects the wake’s shape, recovery, and

deflection.

In the second part, we analyze the effect of terrain-induced pressure gradient on wind turbine

wakes. We introduce an analytical model to account for the impact of pressure gradient on

the velocity deficit in the near wake. This new model is coupled with an existing model for far

wake evolution under pressure gradient conditions and applied to various escarpment shapes.

Our model agrees well with the experimental data and outperforms existing models.

We systematically study the effect of pressure gradient on wind turbine wakes using linear

ramps with different slopes to create a linear speed-up or slow-down in velocity. The wind

turbine power coefficient increases under favorable pressure gradients (FPG) and decreases

under adverse pressure gradients (APG). The wake’s recovery, expansion, and transition from

near to far wake exhibit a systematic relationship with the imposed pressure gradient. Addi-

tionally, we propose an analytical relation to estimate the length of the near wake under a

pressure gradient. The analytical model for wake velocity deficit, along with the new relation

for near wake length, successfully predicts the wake velocity deficits.

We expand this investigation into the cumulative wake of multiple turbines. The cumulative

wake of multiple turbines is shown to be affected by the pressure gradient imposed by the

iii



Abstract

upstream turbine(s). We propose a novel approach to model the cumulative wake velocity

deficit of multiple turbines, considering the pressure gradient imposed by upstream turbines

on downstream ones, eliminating the need for subsequent superposition of individual wakes.

This approach seems to outperform a linear summation method for superposing individual

wake velocity deficits and aligns well with the experimental data.

The third part of our research explores wind turbines within urban environment. We set

up a cubic building surrounded by an urban canopy to install a roof-mounted turbine. We

investigate the impact of roof edge shapes on the turbine’s power generation and wake. Curved

roof edges are found to yield the best performance, while a solid boundary fence around the

roof leads to the worst performance. The shape of the roof edge also affects the turbine wake.

Roof boundary fences are integral to the safety of the building. Therefore, we examine the

influence of fence height, porosity, angle, and curvature on wind turbine performance. Higher

fence heights negatively affect the turbine’s power and thrust performance, while fences

with more than 20% porosity significantly increase available power compared to solid fences.

Inward-angled fences outperform outward ones, with a 60◦ inward angle delivering perfor-

mance similar to a building with no fence. Similarly, inward curved fences enhance power

generation and thrust, outperforming outward curved fences. Therefore, we recommend

using angled and curved fences to enhance the performance of roof-mounted turbines.

Keywords: Wind energy, wind turbines, wakes, wind tunnel experiments, analytical modeling
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Résumé

Ce travail explore comment divers phénomènes d’écoulement induits par le relief, tels que

la séparation de l’écoulement, les niveaux variables de cisaillement de l’écoulement et le

gradient de pression, affectent le sillage des éoliennes et leur performance. Nous utilisons une

approche expérimentale et analytique combinée pour étudier les éoliennes dans différents

terrains complexes.

Dans la première partie, le sillage d’une éolienne implantée sur un escarpement est étudié.

Nous testons cinq formes d’escarpements distinctes, allant des marches orientées vers l’avant

(FFS) aux design en forme de rampe. La séparation de l’écoulement au bord d’attaque des

escarpements FFS provoque une forte turbulence, entraînant une récupération plus rapide

du sillage de l’éolienne et une plus grande énergie cinétique turbulente dans le sillage. Une

légère courbure du bord d’attaque réduit significativement la turbulence dans le sillage de

l’éolienne, tandis que les escarpements en forme de rampe montrent un récupération plus

lent du sillage et une turbulence plus faible. La forme de l’escarpement affecte également

le taux d’expansion du sillage de l’éolienne, le méandre du sillage et le comportement des

tourbillons de bout de pale et de moyeu.

De plus, nous examinons l’influence de la direction du vent sur les falaises et son impact

sur les sillage des éoliennes. À mesure que la direction oblique du vent augmente, l’écou-

lement devient hétérogène dans la direction latérale, provoquant une recirculation dans la

direction latérale. Ce développement de la recirculation dans l’écoulement de base affecte

significativement la forme du sillage, sa récupération, et sa déflexion.

Dans la deuxième partie, nous analysons l’effet des gradient de pression induits par le relief

sur les sillage des éoliennes. Nous introduisons un modèle analytique pour prendre en compte

l’impact du gradient de pression sur le déficit de vitesse dans le sillage proche. Ce nouveau

modèle est couplé à un modèle existant pour l’évolution du sillage lointain dans des condi-

tions de gradient de pression et appliqué à différentes formes d’escarpements. Notre modèle

concorde bien avec les données expérimentales et surpasse les modèles existants.

Nous étudions systématiquement l’effet du gradient de pression sur les sillage des éoliennes

en utilisant des rampes linéaires avec différentes pentes pour créer une accélération ou

un ralentissement linéaire de la vitesse de base. Le coefficient de puissance de l’éolienne

augmente sous des gradients de pression favorables (FPG) et diminue sous des gradients de

pression défavorables (APG). La récupération du sillage, son expansion et la transition du
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sillage proche au sillage lointain présentent une relation systématique avec le gradient de

pression imposé. De plus, nous proposons une relation analytique pour estimer la longueur

du sillage proche sous l’effet du gradient de pression. Le modèle analytique du déficit de

vitesse du sillage, associé à la nouvelle relation pour la longueur du sillage proche, prédit avec

succès le déficit de vitesse du sillage.

Nous étendons cette étude au sillage cumulatif de plusieurs éoliennes. Le sillage cumulatif de

plusieurs éoliennes est affecté par le gradient de pression imposé par la (les) éolienne(s) en

amont. Nous proposons une nouvelle approche pour modéliser le déficit de vitesse cumulatif

du sillage de plusieurs éoliennes, en tenant compte du gradient de pression imposé par les

éoliennes en amont sur les éoliennes en aval, éliminant ainsi la nécessité d’une superposi-

tion additionelle des sillages. Cette approche semble surpasser une méthode de sommation

linéaire pour superposer les déficits de vitesse du sillage et concorde bien avec les données

expérimentales.

La troisième partie de notre recherche explore les éoliennes dans des environnements urbains.

Nous installons une éolienne sur le toit d’un bâtiment cubique entouré d’une canopée urbaine.

Nous examinons l’impact de la forme du bord du toit sur la génération de puissance de

l’éolienne et sur le sillage. Les bords de toit incurvés donnent les meilleurs résultats, tandis

qu’une barrière de bordure solide autour du toit entraîne les moins bonnes performances. La

forme du bord du toit affecte également le sillage de l’éolienne.

Les barrières du toit sont essentielles pour la sécurité du bâtiment. Par conséquent, nous

étudions l’influence de la hauteur, de la porosité, de l’angle et de la courbure de la barrière

sur les performances de l’éolienne. Les barrières plus hautes ont un impact négatif sur la

puissance de l’éolienne, tandis que les barrières avec plus de 20% de porosité augmentent

significativement la puissance disponible par rapport aux barrières solides. Les barrières

inclinées vers l’intérieur surpassent celles inclinées vers l’extérieur, avec un angle de 60◦ vers

l’intérieur offrant des performances similaires à un bâtiment sans barrière. De même, les

barrières incurvées vers l’intérieur améliorent la génération de puissance et la poussée de

l’éolienne par rapport à celles incurvées vers l’extérieur. Par conséquent, nous recommandons

l’utilisation de barrières inclinées et incurvées pour améliorer les performances des éoliennes

sur les toits.

Mots-clés : Énergie éolienne, éoliennes, sillages, expériences en soufflerie, modélisation analy-

tique
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1 Introduction

Climate change is one of the most pressing issues faced by mankind today. A major part of

tackling climate change involves decarbonization of the energy sector. An ever-increasing

demand for electricity with the increase in the world population and electrification of the

energy sector further complicates the situation. In light of these challenges, renewable energy

sources such as wind, solar, hydro, geothermal, tidal and biomass are increasingly being

promoted to replace fossil fuel-based energy sources. According to the international renewable

energy agency (IRENA), onshore wind energy together with solar energy are now cheaper and

more economically viable than their fossil fuel counterparts (IRENA, 2021).

Wind is an abundant resource of energy, and is harvested mainly using wind turbines. A wind

turbine extracts the kinetic energy from the wind and converts it into electrical energy. Wind

energy has experienced an exponential growth in the last few decades, which is associated

with the increase in the demand for clean energy, increase in the size of wind turbines, and

continued improvements in the aerodynamic design of wind turbines. By the end of 2022,

the total installed wind energy capacity stood at 906 GW (GWEC, 2023). However, it is also

estimated that the current growth of wind energy is below the target set to achieve net zero

emissions by 2030 (GWEC, 2023). Therefore, an acceleration in the growth of wind energy

sector can very well be expected over the next decade.

Onshore wind energy currently dominates the wind energy market with a 93% share in the

global installed wind energy capacity. In the onshore environment, wind turbines are often

sited in complex, non-flat topography (Alfredsson and Segalini, 2017). Flow in topography

exhibits several complex features such as varying levels of flow shear and turbulence, localized

flow structures, and terrain-induced pressure gradients. This makes wind resource assessment

in a complex terrain a challenging task. In modern days, wind energy is harvested mainly

from wind farms, which comprise several wind turbines sited in close proximity to each other.

As wind flows through a wind farm, the upstream-most turbines extract the most kinetic

energy from the wind and generate a low-speed and high-turbulence region known as a wake

behind them. As the inter-turbine spacing in a wind farm is finite (typical spacing values

range between 3 to 10 rotor diameters), downstream turbines often experience the wake
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of the upstream ones. This means that the turbines exposed to the wake flow have lesser

available power and experience higher fatigue loads compared to the turbines exposed to the

undisturbed flow.

Understanding how wind turbines interact with the atmospheric boundary layer flow is

identified as a grand challenge in the expansion of wind energy (Veers et al., 2019). The

characteristics of wind turbine wakes are significantly affected by the atmospheric conditions

and terrain features. The development of wind turbine and wind farm wakes in a flat terrain

under a variety of atmospheric flow conditions such as flow shear, Coriolis force, and thermal

stratification have been explored in great detail in the literature (Porté-Agel et al., 2020; Stevens

and Meneveau, 2017). The interaction between terrain-induced flow features and wind turbine

wakes has recently gained attention from the scientific community. A brief review of some

recent developments in the field of wind turbines in complex terrain is provided by Elgendi

et al. (2023).

The current thesis is motivated by the lack of understanding of complex interactions between

wind turbine wakes and topographical flows. In this thesis, we focus on three distinct types of

complex terrains: (i) escarpments, which induce a flow speed-up, variable flow shear, and flow

separation in some cases; (ii) linear ramps, which are used to impose a linear flow speed-up

and slow-down; and (iii) urban environment, where the flow is significantly affected by the

building morphology. The objective of this thesis is two-fold: to provide physical insights

into the complex interactions between wind turbine wakes and topographical flows, and to

advance analytical tools that provide computationally inexpensive but reliable estimates of

wake velocity deficit in complex terrain. For this purpose, we carry out a series of experimental

and analytical studies on wind turbines in complex terrain.

The rest of the thesis is structured as follows. The thesis is divided in three parts. The first part

investigates wind turbine wakes on escarpments, and comprises three chapters: Chapter 2

provides a three-dimensional characterization of a wind turbine wake sited on two distinct

escarpments; Chapter 3 characterizes the effect of escarpment shape on the wake of a wind

turbine; and Chapter 4 explores the effect of wind direction on the flow over a cliff and its

interaction with the wake of a wind turbine. The second part of the thesis deals with the effect

of terrain-induced pressure gradient on the wake of a wind turbine. This part of the thesis

also comprises three chapters: Chapter 5 validates an analytical framework to model wind

turbines exposed to pressure gradient; Chapter 6 presents a systematic experimental and

analytical study of wind turbines exposed to a pressure gradient; and Chapter 7 investigates

the cumulative wake of multiple turbines exposed to a pressure gradient and validates an

analytical approach to model these wakes. In the third part of this thesis, we focus on wind

turbines in an urban environment. This part consists of two chapters: Chapter 8 investigates

the effect of three different roof edge shapes on the power and wake of a roof-mounted wind

turbine; and Chapter 9 presents a parametric study on the effect of roof boundary fence shape

on the performance of a roof-mounted wind turbine. Finally, a summary of the thesis and

some perspectives for future work are given in Chapter 10.
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2 Three-dimensional wind-turbine wake
characterization via tomographic
particle-image velocimetry I

Abstract

Wind turbines are often sited on different topographical features. In the current work, we

performed wind-tunnel measurements of the wake behind a single wind turbine sited on

two escarpments differing in the windward side shape using tomographic particle-image

velocimetry. The escarpments are classified as forward facing step (FFS) and ramp-shape. The

turbine sited on the FFS experiences an inflow with high flow shear and turbulence due to

flow separation from the escarpment leading edge compared to the one on the ramp-shaped

escarpment. As a consequence, the wake characteristics behind the turbine are strongly

affected by the shape of the topography. The velocity deficit in the wake of the turbine is

relatively higher in the forward facing step shape, but it also shows a faster recovery. The

rotation of the wake is stronger for the turbine on the ramp-shaped escarpment, whereas the

meandering of the wake is higher for the FFS case. The spatial coherence is observed to be

higher in the near wake of the turbine sited on the FFS escarpment, while it is very similar in

the far wake for both cases. Instantaneous vortices identified by the Q-criterion show that the

development of tip and hub vortices is affected by the topography as well.

IThe contents of this chapter are published in Dar, A. S., & Porté-Agel, F. (2020, September). Three-dimensional
wind-turbine wake characterization via tomographic particle-image velocimetry. In Journal of Physics: Conference
Series (Vol. 1618, No. 6, p. 062045). IOP Publishing.
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2.1 Introduction

Wind turbine wakes are characterized by highly complex three-dimensional flows due to the

effects of boundary-layer flow shear, rotor rotation and multiple sources of vortex generation

(Vermeer et al., 2003; Zhang et al., 2012). The development of these wakes is further dependent

on different atmospheric conditions: thermal stratification, turbulence intensity and Coriolis

force, to name a few (Abkar and Porté-Agel, 2016; Bhaganagar and Debnath, 2014; Chamorro

and Porté-Agel, 2010; Vollmer et al., 2016). In complex terrain, the presence of different

topographical features further complicates the three-dimensional structure of wind turbine

wakes. Understanding and quantifying these effects is, therefore, of great importance to

predict wake effects in wind farms sited on topography (Fernando et al., 2019; Porté-Agel et al.,

2020). The information on the three-dimensional evolution of the wind turbine wakes can

be useful for accurate estimation of the flow experienced by downstream wind turbines. This

can facilitate the optimization of the turbine placement in a wind farm and provide basis for

accurate power and load predictions. The most common laboratory measurement techniques,

such as hot-wire anemometry, laser-doppler velocimetry and two-component or stereoscopic

particle-image velocimetry (PIV), however, only provide point or planar measurements.

Tomographic particle-image velocimetry (Elsinga et al., 2006) is a powerful technique that

enables instantaneous flow measurements in a volume. The working principle behind the

technique is briefly described in the following. The measurement volume filled with tracer

particles is illuminated by a laser source. Multiple cameras are used to capture the light

scattered by the particles from different angles. The numerical aperture of the cameras is

increased in order to cover the depth of the measurement volume. A three-dimensional volume

reconstruction is done from the acquired images using an iterative algebraic reconstruction

technique. Finally, a three-dimensional cross-correlation is done on the reconstructed volume

to obtain the velocity field. This technique has been proven useful to study three-dimensional

flows, e.g., turbulent boundary layers (Elsinga et al., 2007) and trailing edge vortices (Ghaemi

and Scarano, 2011). The application of the technique for wind turbine wakes on topography is

yet to be explored (to the best of the authors’ knowledge).

In this study we attempt to characterize the three-dimensional flow field behind a single wind

turbine sited on two different topographical features, namely, escarpments with a different

windward side shape. The objective is to highlight the differences in the wake development

that arise solely due to the change in the shape of the escarpment.

The rest of the article is outlined as follows. The experimental setup is presented in section 2.2.

The two cases are analyzed in section 2.3. Finally, a summary of the work is given in section

2.4.
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2.2 Experimental Setup

The experiments are performed in the boundary-layer wind tunnel at the WIRE laboratory

of EPFL. The wind tunnel has a test section of 28 × 2.56 × 2 m3, and a 130 kW fan drives the

flow in the closed-loop tunnel. A contraction with a 5:1 area ratio is present at the inlet of the

test section. Due to the length of the test section a natural boundary-layer develops over the

surface without any tripping mechanism. A three-bladed horizontal axis wind turbine model

(Bastankhah and Porté-Agel, 2017a) with a rotor diameter of 15 cm and hub height of 12.5

cm is placed one rotor diameter downstream from the leading edge of the escarpment. The

turbine model is operated at a tip speed ratio λ≈ 3.8, which corresponds to the maximum

power coefficient of the turbine.

Two topography models are used for the current study. The models are escarpments differing

in the shape of the leading edge of the model. The length and width of the models is 3 m and

2.5 m respectively. The height is equal to the turbine hub height, i.e. 12.5 cm. One escarpment

model is characterized by a sharp 90◦ edge (referred to as forward-facing step), whereas the

second model has a sinusoidal ramp shape at the leading edge (referred to as ramp-shape).

The ramp shape zr is computed using the following equation:

zr (x) =
1

2
H [1+ cos(

πx

2L
)], (2.1)

where H is the escarpment height and L is the half-length of the ramp, equal to 1.25 times

the height, resulting in a maximum slope of about 33◦. Figure 2.1 shows the side view of the

escarpment model shapes.

Figure 2.1: Side view of the topography leading edge. Blue: forward-facing step, and red:
ramp-shaped escarpment.

The incoming velocity profile is characterized by a two-dimensional two-component (2D2C)

PIV setup. The free stream velocity U∞ is 4.37 ms−1, whereas the velocity and streamwise

turbulence intensity at the escarpment height are 3.55 ms−1 and 6% respectively. Figure 2.2

shows the incoming velocity and streamwise turbulence intensity profiles. The boundary layer

thickness is 39 cm, and the roughness length and friction velocity are computed to be 0.04

mm and 0.17 ms−1 respectively.
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Figure 2.2: Vertical profiles of the normalized streamwise velocity (left) and streamwise tur-
bulence intensity (right) in the upstream boundary-layer. The horizontal line indicates the
projected topography height.

2.2.1 Tomographic particle-image velocimetry

A tomographic particle-image velocimetry system is used to measure the flow in a volume

of 2D × 2D × 1.5D (x × y × z) at a spatial resolution of 0.023D , where D is the rotor diameter.

The camera setup consists of four 16-bit sCMOS cameras (2560 × 2160 pixels), mounted on

Scheimpflug adapters with 55 mm objectives. To cover the depth of focus of the target volume,

the aperture of the objectives is set to f /16 (with f being the focal length), and the center of

the focal depth is aligned with the center of the illuminated volume. A double-pulse 435 mJ

Nd:YAG laser is used as the laser source, and a combination of converging and diverging lenses

is used to expand the laser beam into a volume. A helium-filled soap bubble generator system

developed by LaVision is used to generate neutrally buoyant soap particles with a diameter

on the order of 1 mm. The soap bubbles produced this way are much brighter compared to

the conventional oil/aerosol particle seeding methods and facilitate PIV measurements at low

light intensity. The bubbles are injected into the flow using a fluid supply unit at approximately

15 m upstream of the measurement volume. Figure 2.3 shows a schematic representation of

the tomo-PIV setup.

A target calibration using a 3D calibration plate developed by LaVision is initially conducted,

where images at five equidistant planes within the target volume are used. Following the

physical calibration, images are acquired at a sampling rate of 10 Hz and a total of 1000

image pairs are used to obtain the ensemble averaged flow field. The captured images are

pre-processed by subtracting a sliding minimum over each 3 pixels, normalizing with a local

average over 50 pixels and, finally, performing a Gaussian smoothing over a 3×3 pixel window.

The physical calibration is further improved by a self-calibration method (Wieneke, 2008),

following which the volume reconstruction is done. A multiplicative algebraic reconstruction

technique (MART) (Herman and Lent, 1976) is used for this purpose. For the current study, we
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Figure 2.3: Schematic representation of the tomographic PIV setup.

perform six MART iterations for each volume reconstruction. The quality of the reconstructed

volume is ensured by maintaining the signal-to-noise ratio above 5. The reconstructed field is

then used for volume correlation, which is done in three decreasing interrogation volumes

from 96×96×96 voxels to 64×64×64 voxels to 48×48×48 voxels. Each interrogation volume

has 75% overlap and the correlation is obtained after two passes through each volume. A total

of three fields of view are obtained for each case, and an overlap of approximately 10% is kept

between different fields of view.

2.3 Results

2.3.1 Mean flow characteristics

We first focus on the mean characteristics of the wake behind the turbine. Figure 2.4 shows the

normalized mean streamwise component of the flow velocity for the two cases. The hub height

Figure 2.4: Normalized mean streamwise velocity component for the turbine sited on forward
facing step (left) and ramp-shaped (right) escarpments. Isosurfaces correspond to: U /Uh=0.75
(red), U /Uh=0.5 (yellow) and U /Uh=0.25 (blue). Contour plots correspond to information
extracted from highlighted planes in the three-dimensional plot.
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Figure 2.5: Normalized mean streamwise velocity deficit for the turbine sited on forward facing
step (left) and ramp-shaped (right) escarpments. Isosurfaces correspond to: ∆U /Uh=0.5
(red), ∆U /Uh=0.3 (yellow) and ∆U /Uh=0.1 (blue). Contour plots correspond to information
extracted from highlighted planes in the three-dimensional plot.

streamwise velocity at the turbine location without the turbine Uh is chosen for normalization

in respective cases throughout the article. Using isosurfaces, we isolate different features of the

wake flow. In the case of the turbine on the FFS escarpment, the wake appears to be stronger

and has a higher expansion rate compared to the one on the ramp-shaped escarpment. A

downward shift in the wake position is also observed as it moves downstream. The shape of

the wake is relatively more asymmetric for the turbine on the FFS escarpment than for the one

on the ramp-shaped escarpment. This is because the shear induced by the FFS escarpment is

higher than that induced by the ramp-shaped escarpment.

While the streamwise velocity component shows the combination of the wake and the ambient

flow, the streamwise velocity deficit, computed as ∆U = Unw −Uw , is used to determine the

effect of the turbine on the flow. Here, Unw is the velocity without the turbine and Uw is the

velocity in the presence of the turbine. In the current study, Unw is obtained from stereoscopic

PIV measurements and figure 2.5 shows the velocity deficit for the two cases. The isosurface

corresponding to ∆U /Uh = 0.5 encloses the region with high velocity deficit and is observed

to be wider for the FFS case. This isosurface allows to identify the downstream location where

the wake is recovered by 50%, which is around 3.65D and 4.35D for the turbine on the FFS

and ramp-shaped escarpment, respectively. The location where the wake is recovered by

70% is shown by the yellow isosurface (∆U /Uh = 0.3), which also happens earlier for the

turbine on the FFS compared to the one on the ramp-shaped escarpment. The blue isosurface

(∆U /Uh = 0.1) shows the size of the wake itself, and is observed to be bigger for the FFS case.

In general, the velocity deficit is comparatively higher for the turbine on the FFS escarpment,

but it also exhibits a faster rate of recovery.

The information gained from the three-dimensional development of the streamwise velocity
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can be used to estimate the power available for an in-wake turbine. To compare the power

available in the wake of the turbine we use the following expression by Vollmer et al. (2016):

f AP =
1

2
ρ

∫ y2

y1

∫ z2

z1

U 3(y, z)d zd y, (2.2)

where y2 + (z − zh)2 ≤ (D/2)2 and zh is the hub height of the turbine. The computed available

power is then normalized by the reference f AP,r e f = 1/2ρAU 3
h . Figure 2.6 shows a comparison

of the normalized available power for the two escarpment cases. As can be seen, the available

power is higher in the wake of the turbine sited on the ramp-shaped escarpment than in that

on the FFS escarpment. For instance, at a downstream distance of 5 rotor diameters, the f AP

is almost double for the ramp-shaped escarpment case than for the FFS case. This indicates

that a potential wind farm sited on the ramp-shaped escarpment could have a better power

performance compared to a wind farm sited on the forward facing step escarpment.

Figure 2.6: Comparison of the normalized available power in the turbine wake for the two
escarpment cases.

We now compare the strength of the wake rotation in the two cases. Figure 2.7 shows the

streamlines tracking mean flow from different initial points, overlaid by the in-plane velocity

vectors at different planes parallel to the rotor plane. Comparing the two cases, the wake

rotation is relatively stronger for the turbine sited on the ramp-shaped escarpment. It also

lasts a longer distance for the turbine on the ramp-shaped escarpment than for the one on

the FFS escarpment. The relatively weaker rotation of the wake behind the turbine sited on

the FFS escarpment can be associated with higher turbulence in the inflow originating from

the separated flow from the leading edge of the escarpment. In the far wake, the entrainment

of outer flow into the wake can be observed around the rotor top, which plays a role in the

recovery of the wake. In order to understand the trajectory of the wake, the streamlines

tracking the mean flow are discussed here. We first look at the streamlines numbered 1-4 in

figure 2.7 side panels. The streamlines 1,2 originate around the bottom left of the rotor and

the streamlines 3,4 initiate from the upper right part of the wake. These streamlines show

a higher deflection from the wake center with the increase in downstream distance for the

turbine on the FFS escarpment compared to the one on the ramp-shaped escarpment. This

can be associated with the size of the wake observed in figure 2.4 and indicates that the wake

has a comparatively higher expansion rate in the FFS case. Another important observation is
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the downward trajectory of the streamlines, showing a downward motion of the wake with

downstream distance. This downward motion is higher for the turbine on the FFS escarpment,

which shows that the wake gets more attached to the surface in this case compared to the case

of the ramp-shaped escarpment.

Figure 2.7: Streamlines tracking the mean flow trajectory in the wake of the turbine sited on
forward facing step (top) and ramp-shaped (bottom) escarpments. In-plane velocity vectors
are displayed at selected planes parallel to the rotor plane. Side panels show the front view of
the three-dimensional plot.

2.3.2 Dynamic characteristics

The difference in the ambient flow conditions the turbine is exposed to in the two escarpment

cases has an effect on the dynamic wake characteristics. Herein this section we study the wake

meandering, flow coherence and vortical structures from the tomo-PIV measurements.

Meandering is an important dynamic characteristic due to its implications for the fluctuating

loads on the downwind turbines. Here, we characterize the magnitude of the meandering

motions using the three-dimensional distribution of the instantaneous streamwise velocity

minimum (Howard et al., 2015). To obtain a smooth meandering profile, a spatial moving

average filter with a window length of 0.5D is applied on the instantaneous streamwise velocity
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Figure 2.8: Left panel: instantaneous streamwise velocity contours in the lateral and vertical
planes passing through the turbine hub and centerline, respectively, for the ramp-shaped
escarpment case. The projections of the three-dimensional distribution of the streamwise
velocity minimum and spatially filtered meandering profile on two-dimensional planes are
represented by black circles and red line, respectively. Different fields of view are separated by
the black vertical lines. Right panel: normalized standard deviation of the Gaussian fit to the
spatially filtered instantaneous streamwise velocity minimum as a function of the downstream
distance.

minimum. The size of the window length is chosen such as to remove the effect of the small

scale velocity fluctuations, meanwhile maintaining the coherent structure of the meandering

motion. An example of the obtained meander profile in three separate time instants (one for

each field of view) for the turbine on the ramp-shaped escarpment is shown in figure 2.8 (left

panel).

Figure 2.9 shows the distribution of the spatially filtered instantaneous streamwise velocity

minimum for the two escarpment cases. The magnitude of meandering is observed to increase

with the downstream distance, and the instantaneous velocity minimum distribution shows

a downward trajectory for both cases. To characterize the increase in meandering with the

downstream distance, we plot the normalized standard deviation of the Gaussian fit to the

lateral and vertical instantaneous streamwise velocity minimum distribution in figure 2.8 (right

Figure 2.9: Three-dimensional distribution of the spatially filtered instantaneous streamwise
velocity minimum for the turbine sited on the forward facing step (left) and ramp-shaped
(right) escarpments.

13



Chapter 2: 3D wind-turbine wake characterization via tomo-PIV

panel). In the near wake, the lateral and vertical standard deviations are very close to each

other for the respective cases. The difference in these standard deviations, however, increases

with the increase in downstream distance with the lateral standard deviation showing higher

values than the vertical one. Comparing the two escarpment cases, the turbine on the FFS

escarpment shows higher standard deviation values, both in the vertical and lateral direction

than the turbine on the ramp-shaped escarpment. This shows that the meandering of the

turbine wake is higher when it is sited on the FFS escarpment than when it is sited on the

ramp-shaped escarpment. This can be related to the higher turbulence and unsteadiness in

the incoming flow for the turbine on the FFS than for the one on the ramp-shaped escarpment.

The spatial coherence of the streamwise velocity fluctuations is investigated using two-point

spatial correlation in a three-dimensional space. The spatial correlation is computed for the

streamwise velocity fluctuation component as follows:

Ruu =
u′(xr e f , yr e f , zr e f )u′(x, y, z)√

u′(xr e f , yr e f , zr e f )2 ×u′(x, y, z)2
, (2.3)

where u′(xr e f , yr e f , zr e f ) is the reference indicated by black points in the isosurface plots

shown in figure 2.10. In general, the spatial coherence is small for the region closest to the

turbine and it increases with increasing downstream distance. In the near wake region of

the two cases, the spatial coherence is observed to be higher for the turbine on the forward

facing step escarpment, whereas in the far wake it is similar for both cases. As discussed by

Bastankhah and Porté-Agel (2017b), the spatial coherence in the near wake is influenced by

the shear layer developed around the turbine nacelle. The small coherence observed in the

near-wake of the turbine on the ramp-shaped escarpment is found to be consistent with the

fact that the shear layer developed around the turbine nacelle is stronger in this case compared

Figure 2.10: Two-point spatial correlation of the streamwise velocity fluctuations at different
spatial locations for the turbine sited on the forward facing step (left) and ramp-shaped (right)
escarpments. The isosurfaces correspond to Ruu = 0.95 (black) (location of the reference point),
Ruu = 0.5 (red) and Ruu = 0.25 (green, magenta, purple). Green planes separate consecutive
fields of view.
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Figure 2.11: Lateral (left) and vertical (right) profiles of the normalized mean streamwise
velocity component at a downstream distance of 1 rotor diameter. The horizontal black lines
show rotor tips and hub locations.

to the one of the turbine on the FFS (see figure 2.11).

Vortices generated by the rotor blades and the hub are an important dynamic characteristic

of the turbine wake. To identify vortices in the instantaneous three-dimensional field we

use Q-criterion, which quantifies the relative amplitude of the rotation rate and strain rate,

revealing the vortex cores. The Q-criterion is computed as follows:

Q =
1

2
(||Ωi j ||2 −||Si j ||2), (2.4)

where Ωi j = 1
2 (∂ui

∂x j
− ∂u j

∂xi
) is the vorticity tensor, Si j = 1

2 (∂ui

∂x j
+ ∂u j

∂xi
) is the strain rate tensor

and ||.|| represents the Euclidean norm (Haller, 2005). Figure 2.12 shows the isosurface plots

Figure 2.12: Isosurfaces of the normalized instantaneous Q-criterion (QD2/U 2
h = 5) for the

turbine sited on the forward facing step (left) and ramp-shaped (right) escarpments. The
isosurfaces are colored by the instantaneous normalized streamwise velocity. Side panels
show the front view of the three-dimensional plot.
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of the normalized instantaneous Q-criterion for the two cases, colored by the normalized

instantaneous streamwise velocity. Individual spirals from the tip vortices can be identified in

the near wake of the two cases. The helical shape of the tip vortices lasts up to a downstream

distance of about 2 times the rotor diameter for the turbine on the FFS, beyond which break-

down of tip vortices happens. For the case of the turbine on the ramp-shaped escarpment,

these tip vortices last up to 2.5D. The strength of the tip vortices is also higher for the turbine

on the ramp-shaped escarpment compared to the one on the FFS. The weaker strength and

earlier breakdown of the tip vortices in the FFS case can be associated with the relatively

higher turbulence in the inflow compared to the case of the ramp-shape. Another important

observation is the hub vortex, which is broken in the forward facing step case but is still intact

in the near wake of the turbine on the ramp-shaped escarpment. The broken hub vortex in the

FFS case can be seen hitting the tip vortices, which also plays a role in the reduced strength

and breakdown of the tip vortices in this case.

2.4 Summary

Experimental observations of complex three-dimensional flows in a volume are a powerful

tool to understand the spatial development of such flows. In the current work, we performed

tomographic particle-image velocimetry for a single turbine wake sited on two different

topographical features: a forward facing step and a ramp-shaped escarpment. The two

topographies induced different levels of flow shear and turbulence which eventually had a

strong influence on the wake characteristics of the turbine sited on them. Focusing on mean

flow characteristics, we highlighted key differences in the development of the turbine wake

caused primarily by the difference in the shape of the topography. The wake showed a higher

velocity deficit for the turbine on the forward facing step escarpment, but also recovered

quicker compared to the one on the ramp-shaped escarpment. The rotation of the wake was

found to be comparatively stronger for the turbine on the ramp-shaped escarpment. Extending

the analysis to the dynamic wake characteristics, the wake meandering was observed to be

stronger for the turbine wake on the FFS escarpment due to higher turbulence in the inflow

and unsteady nature of the flow separation from the leading edge of the escarpment. The

spatial coherence was higher in the near wake of the turbine on the FFS escarpment which

was associated with the shear in the flow, however it was similar in the far wake for both cases.

Finally, we studied vortex shedding from the rotor tips and hub. The tip vortices shed by the

turbine on the ramp-shaped escarpment lasted longer distance than by the turbine on the

FFS escarpment. The hub vortex in the near wake was broken in the FFS case, whereas it was

intact in the ramp-shaped escarpment case.
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3 Wind turbine wakes on escarpments:
A wind-tunnel study I

Abstract

In this study, the wake behind a wind turbine located on an escarpment is investigated using

particle-image velocimetry in a wind tunnel. Five different escarpment models are used, which

vary in the windward side shape from forward facing steps (FFS) with different curvatures at

the leading-edge to sinusoidal ramp shapes with varying slopes. The difference in the base flow

(flow without the turbine) resulting from the change in the geometry of the escarpment leads

to significant differences in the average and dynamic characteristics of the turbine wake. The

relatively high level of turbulence intensity in the base flow induced by the FFS escarpments

leads to a faster wake recovery accompanied by higher turbulence kinetic energy, compared

with the ramp-shaped ones. The self-similar behavior of the velocity deficit profiles in the far

wake is confirmed for all the cases; unlike turbine wakes over flat terrain, the wake growth

rate is found to be larger in the vertical direction than in the lateral direction. Meandering

of the wake is observed to be higher on the FFS escarpment with an upward wake trajectory,

compared to the ramp-shaped one. Finally, an analytical model is assessed to predict the wake

velocity deficit of the turbine.

IThe contents of this chapter are published in Dar, A. S., & Porté-Agel, F. (2022). Wind turbine wakes on
escarpments: A wind-tunnel study. Renewable Energy, 181, 1258-1275.
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3.1 Introduction

The global wind energy capacity has exceeded 600 GW in the year 2019 (Council, 2020).

Onshore wind energy, in particular, has experienced a tremendous growth since the dawn

of this century, accounting for about 96% of the total installed wind energy capacity. With

the new onshore wind energy installations expected to cost less than the cheapest fossil fuel

alternatives from 2020 onward (IRENA, 2020), it has a vital role to play in our transition from

fossil fuel to clean energy sources. Some key contributors to the success of wind energy projects

are accurate wind resource assessment, wind farm power prediction and layout optimization.

Turbine wakes, characterized by high velocity deficit and enhanced turbulence intensity, are

one of the most important turbine-induced flow phenomena responsible for reduced power

generation (up to 40% when the wind direction is aligned with the turbine rows/columns

in wind farm arrays (Porté-Agel et al., 2020; Stevens and Meneveau, 2017)) and enhanced

fluctuating loads on the downstream turbines. Developing a thorough understanding of

these wakes remains, however, a non-trivial task due to the complex nature of interactions

between the wakes, the atmosphere and the underlying terrain. As wind farms operate in the

inherently turbulent atmospheric boundary layer (ABL), characterizing wakes under different

atmospheric conditions (thermal stability, turbulence intensity, wind shear and veer), wind

farm configurations (size and layout) and surface characteristics (roughness, heterogeneity

and topography) is crucial for the improvement of existing power prediction and optimization

tools, as well as for ensuring optimal integration of wind energy in the electrical grid.

Wake characteristics of wind turbines and farms sited on flat terrain have been studied in great

detail over the last two decades. Earlier works investigating single turbine wakes ranged from

uniform inflow velocity (Medici and Alfredsson, 2006; Troldborg et al., 2010) to accounting

for boundary layer effects (Bastankhah and Porté-Agel, 2017b; Chamorro and Porté-Agel,

2009; Hu et al., 2012) under neutral atmospheric conditions. Further research incorporated

atmospheric stability (Abkar and Porté-Agel, 2015; Bhaganagar and Debnath, 2014; Chamorro

and Porté-Agel, 2010; Vollmer et al., 2016) and wind veer (Abkar and Porté-Agel, 2016) effects

in wake development due to thermal stratification and the Coriolis force. While studying

single turbines is important for a fundamental understanding of wake flows, wind farms

often comprise of multiple turbines grouped together. Flow characteristics inside and above

wind farms, including multiple wake interactions, wind direction effects and the influence of

wind farms on local meteorology have been extensively explored under different atmospheric

conditions (Abkar and Porté-Agel, 2014; Abkar et al., 2016; Allaerts and Meyers, 2015; Baidya

Roy et al., 2004; Calaf et al., 2010, 2014; Camp and Cal, 2016; Chamorro et al., 2011; Porté-Agel

et al., 2011, 2013; Roy, 2011; Siedersleben et al., 2018; van der Laan and Sørensen, 2017).

Insights gained from these works led to the development of computationally fast analytical

tools for single turbine wakes (Abkar and Porté-Agel, 2015; Abkar et al., 2018; Bastankhah and

Porté-Agel, 2014; Katic et al., 1986; Xie and Archer, 2015) and wind farm power predictions

(Niayifar and Porté-Agel, 2016; Stevens et al., 2015, 2016), which are widely used today by wind

farm developers.
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In reality, however, there is a high probability that wind turbines and farms are sited on differ-

ent topographical features, such as hills, ramps and escarpments. Although the flow speed-up

induced by the presence of the topography presents a lucrative incentive, the complex flow

characteristics such as varying levels of flow shear, enhanced turbulence generation and hill-

induced pressure gradients require a comprehensive understanding of the flow in such terrain.

Current literature is rich in studies dealing with flows over complex topography, including

analytical solutions (Jackson and Hunt, 1975), experimental (Ishihara et al., 1999; Mason and

Sykes, 1979; Pearse et al., 1981; Takahashi et al., 2005) and numerical (Clark, 1977; Wan and

Porté-Agel, 2011) works. Field measurements of flow over topography have been carried out

with great success, such as the benchmark studies of flow around the Askervein Hill (Mickle

et al., 1988; Taylor and Teunissen, 1987) and the Bolund experiment (Bechmann et al., 2011;

Berg et al., 2011). The study of flow over escarpments was pioneered by Bowen and Lindley

(1977), who characterized the flow over sharp edged escarpments with varying slopes. Wind

turbine wake behavior in such challenging terrains is far from understood and has resulted in

overestimation of power output and underestimation of mechanical loads in wind farms sited

close to escarpments (Lange et al., 2017). Some examples of wind farms potentially affected by

flow separation across steep escarpments are given by Rowcroft et al. (2019). In the following,

a brief account of recent developments pertaining to wind turbines sited on topography is

presented.

Politis et al. (2012) used two different Reynolds Averaged Navier Stokes (RANS) solvers to simu-

late wake effects of wind farms in complex terrain, highlighting challenges in the modeling of

such complex flows. In addition, they showed that a linear superposition of terrain and wake

effects is insufficient to model wakes in complex terrain. Tian et al. (2013) did an experimental

investigation of a wind farm sited on a Gaussian hill to assess the interaction between the

turbine wakes and the topography. They showed that the presence of the hill affects the power

performance of the turbines and also influences the wake of the turbines. Shamsoddin and

Porté-Agel (2017b) performed large-eddy simulation (LES) of a wind farm located on topog-

raphy and validated the results with the experimental data of Tian et al. (2013). Hyvärinen

and Segalini placed wind turbines on periodic sinusoidal hills and reported that topography

improves turbine performance (Hyvärinen and Segalini, 2017a) and wake interaction with the

terrain leads to a faster recovery (Hyvärinen and Segalini, 2017b). Recently, an extensive field

campaign in Perdigão, Portugal, which aimed at understanding the flow over a double ridged

complex site and its interaction with a turbine wake, was conducted (Fernando et al., 2019;

Mann et al., 2017). A series of studies using data from the Perdigão campaign look to answer

some fundamental questions about wakes in challenging terrains. Menke et al. (2018) analyzed

the wake of the turbine to determine whether it follows the topography or not. Their results

found a dependency on atmospheric stability where the wake followed the terrain in stable

conditions, was deflected upward in unstable conditions, whereas no deflection was observed

in neutral conditions. Han et al. (2018) also found that the wind turbine power performance

and wake has significant dependence on the atmospheric stability. Barthelmie and Pryor

(2019) developed an algorithm to automate the wake identification and characterization over
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a downstream distance of up to 4.5 rotor diameters. Dar et al. (2019) extended the work of

Berg et al. (2017) to study the wakes under different levels of terrain complexity and turbine

locations using large-eddy simulation. They found that wakes remain self-similar in complex

terrain, although, for a very short downstream distance due to faster wake recovery and higher

turbulence compared to the flat terrain. The faster wake recovery is a commonly observed

feature among turbines located in highly complex terrains (Astolfi et al., 2018; Politis et al.,

2012; Tabib et al., 2016).

To analytically model the effect of topography on wakes, the most common practice is to

superimpose the velocity deficit in a flat terrain on topography (Crespo et al., 1993; Hyvärinen

and Segalini, 2017b). This method, however, only works for hills with gentle slopes and yields

inaccurate results for steeper terrains. Recently, Shamsoddin and Porté-Agel (2018b) proposed

a new analytical model for turbine wake development over hills, which accounts for the hill-

induced pressure gradients and the modified trajectory of the wake. Barthelmie et al. (2016)

presented a data set from field measurements across an escarpment located at a coastline.

The height of the escarpment, however, was limited to 14 m compared to the hub height of 80

m for the turbines located on the escarpment. Lutz et al. (2017) performed detached-eddy

simulation of a wind turbine wake in a complex terrain, which can be approximated by an

escarpment with a certain slope upstream. A comparison with a wind turbine in flat terrain

was carried out to highlight the influence of topography. Qian and Ishihara (2019) numerically

simulated a turbine sited on an escarpment and showed that the wake development is affected

by the ratio between the turbine hub height and the hill height. More recently, Dar and Porté-

Agel (2020) performed a three-dimensional characterization of the wake behind a turbine

sited on two different escarpments using tomographic particle-image velocimetry. They

showed that the shape of the escarpment has an influence on the mean, as well as the dynamic

characteristics of the wake.

The current work is motivated by the need of a systematic study of wind turbine wakes sited

on topography. The choice of escarpments as the topographical feature originates from their

common existence in the real world. Coastlines, for instance, have the potential to be very

good sites for wind farms, as they can benefit from the high winds coming from the oceans

and low costs of onshore wind energy installations. Approximately 80% of the ocean coasts

are known to have escarpments of varying heights (Emery and Kuhn, 1982). In addition,

escarpments in an onshore environment are also a common site for wind farms (Lutz et al.,

2017; Uchida, 2017). One distinguishing feature of escarpments is the shape of their windward

side, which can vary from a steep, forward facing step shape to a sloped ramp shape (Lutz et al.,

2017; Qian and Ishihara, 2019; Uchida, 2017). The sensitivity of a turbine wake to changes

in the shape of the windward side of an escarpment is not well understood. In the current

work, we have developed five escarpment models, varying systematically in the shape of the

windward side of the escarpments, where a model wind turbine is placed at a distance of one

rotor diameter from the leading edge of the escarpment. The objective is to characterize the

differences in the wake flow that arise solely due to the change in the shape of the escarpment.

The rest of the article is structured as follows: a description of the wind tunnel, wind turbine

20



3.2 Experimental Setup

model, details of escarpment models and flow measurement setup are provided in section 3.2;

key findings from the study are presented in section 3.3; finally, a summary and conclusions

are given in section 3.4.

3.2 Experimental Setup

3.2.1 Wind tunnel

The experiments were carried out in the boundary-layer wind tunnel at the WiRE laboratory

of EPFL. The wind tunnel is a closed-loop low-speed one, where a 130 kW fan drives the flow

in the test section of dimensions 28 m × 2.56 m × 2 m. A contraction with a 5:1 area ratio is

present at the inlet of the test section. A natural boundary layer develops over the surface of

the wind tunnel without the use of an external tripping mechanism.

3.2.2 Wind turbine model

The wind turbine model used in the current study is a three bladed model with a rotor diameter

D of 15 cm and a hub height zh of 12.5 cm. The blade profile has a circular arc shape with

5% camber and 5% thickness with respect to the chord length. The chord length varies from

12 mm at the blade root to 8.4 mm at the blade tip. The model is specifically designed to

have power and thrust coefficients comparable to those of full-scale commercial turbines.

The turbine rotor results in an aerodynamic blockage ratio of 0.34%. For more details on the

turbine model, the reader is referred to Bastankhah and Porté-Agel (2017a).

3.2.3 Escarpment model

Five escarpment models are studied in this work. The models differ in the shape of the wind-

ward side of the escarpment. The length of the models is 3 m (∼ 20D) and the width is equal to

2.5 m (i.e. covering the width of the tunnel cross-section). The height H of the escarpments

is chosen to be equal to the hub height of the turbine model (i.e. 12.5 cm), resulting in a

solid blockage ratio of about 6.25%. The wind turbine model is placed one rotor diameter

downstream of the leading edge of the models. The escarpments can be sub-divided into two

categories: forward-facing step (FFS) models, and models with a ramp shape upstream. A

description of the model shapes is given in the following.

Forward-facing steps with:

• sharp corner at the leading edge (labeled 90◦ Edge)

• 5% radius of curvature with respect to the escarpment height at the leading edge (labeled

5% r/H)

21



Chapter 3: Wind turbine wakes on escarpments: A wind-tunnel study

• 10% radius of curvature with respect to the escarpment height at the leading edge

(labeled 10% r/H)

The flow separation and turbulence intensity generated by the escarpment are known to be

highly sensitive to the shape of the leading edge (Lange et al., 2017). It will, therefore, be

interesting to see how the turbine wake is affected by adding a radius of curvature as small as

5% with respect to the escarpment height.

The ramp shapes are sinusoidal and defined by the following mathematical expression:

zr (x) =
1

2
H [1+ cos(

πx

2L
)], (3.1)

where H is the escarpment height and L is the half-length of the ramp. The two ramp models

are described by:

• half-length L = 2H , leading to a maximum local slope of ∼21.5◦ (labeled 21.5◦ Slope)

• half-length L = 1.25H , leading to a maximum local slope of ∼33◦ (labeled 33◦ Slope)

Figure 3.1 shows the shapes of the five escarpment models.

3.2.4 PIV setup

Stereoscopic particle-image velocimetry (S-PIV) is used to obtain high spatial resolution flow

measurements. The flow is seeded with olive oil particles with a diameter on the order of 1

µm. The field of view is illuminated by a dual head 425 mJ Nd:YAG laser. Two 16-bit sCMOS

cameras (2560 × 2160 pixels) with 55 mm objectives and mounted on Scheimpflug adapters

are used for capturing images. The images are taken at a sampling rate of 10 Hz and mean flow

Figure 3.1: Side view of the escarpment leading edge for the five topography models. The inset
shows a close-up of the leading edge of the forward-facing step models. Black: 90◦ Edge; red:
5% r/H; orange: 10% r/H; green: 33◦ Slope; blue: 21.5◦ Slope.
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Figure 3.2: Schematic representation of the experimental setup and stereoscopic PIV setups
(top view).

quantities are obtained by averaging over 1000 images. The sampling rate used in this study is

not fast enough to resolve the smallest temporal scales, but it is sufficient to provide data for

computing Reynolds averaged flow characteristics. Moreover, the PIV system also provides

instantaneous information on spatial development of the flow in a two-dimensional plane.

Flow fields in the X Z plane passing through the turbine centerline and Y Z planes in the

turbine wake are sampled. Figure 3.2 shows a schematic representation of the two S-PIV

setups. Details of the two setups are given in the following:

• PIV Setup 1: the size of the field of view (FOV) is 4D ×3D with a resolution of 0.0106D.

The angle between the cameras is about 45◦.

• PIV Setup 2: the size of the field of view (FOV) is 3D ×2D with a resolution of 0.014D.

The angle between the cameras is about 42◦.

The post-processing is performed in two steps, with an interrogation window size of 64 × 64

pixels in the first step and 32 × 32 pixels in the second step. An overlap of 75% is kept within the

interrogation windows and the correlation is obtained after two passes through each window

size. In addition to the PIV setups described above, a two-dimensional two-component (2D2C)

PIV setup using one 16-bit sCMOS camera is used to sample the streamwise and vertical

velocity components upstream of the escarpment. The spatial resolution of this PIV setup is

also 0.0106D.
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3.3 Results

3.3.1 Upstream boundary layer and base flow

The upstream boundary layer is characterized using a 2D2C PIV setup. Figure 3.3 shows the av-

eraged streamwise velocity U seven rotor diameters upstream of the topography, normalized

by the free stream velocity U∞ (= 4.37 ms−1) at the same streamwise position. The vertical

coordinate z/D = 0 in figure 3.3 represents the surface, whereas it represents the center of the

turbine on the escarpment in the rest of the article. The boundary-layer height δ is approxi-

mately 39 cm and the mean hub height wind speed Uh,up is 3.55 ms−1. A power law is fitted to

the velocity profile U = Uh,up (z/zh)n , where the scaling exponent n is 0.17. The streamwise

turbulence intensity Iu =σu/U∞, whereσu is the standard deviation of the streamwise velocity

component, is around 0.06 at the hub height. The normalized vertical momentum flux is

higher near the surface due to high shear in that region. A friction velocity u∗ of 0.17 ms−1

and surface roughness length zo of 0.04 mm are estimated by fitting a logarithmic profile to

the lowest 15% of the boundary layer. The logarithmic fit is done according to the following

relation: U = u∗
κ l og ( z

zo
), where κ = 0.41 and the fitted line is shown in figure 3.3 (d). The ratio

zo/D = 2.67× 10−4 scales to a roughness length of about 0.0267 m for a full-scale turbine

of 100 m diameter, corresponding to a terrain with grass and shrubs (Stull, 1988) upstream

of the escarpments. The flow over the escarpments, especially the forward-facing steps, is

affected by the ratio of boundary-layer to step height (δ/H) (Sherry et al., 2010). The δ/H

ratio in the current study is 3.12, which is similar to previous experimental studies of flows on

escarpments, e.g. see Kilpatrick et al. (2016).

The flow characteristics over the escarpments in the absence of the turbine, termed as the base

flow, are now discussed. Figure 3.4 shows the normalized averaged streamwise component of

Figure 3.3: Vertical profiles of the normalized averaged streamwise velocity component (a),
streamwise turbulence intensity (b) and normalized averaged vertical momentum flux (c)
in the upstream boundary layer. The horizontal dashed black line shows the height of the
escarpment (equal to the hub height). (d) Normalized averaged streamwise velocity in semi-
logarithmic coordinates, with the logarithmic fit in black solid line.
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Figure 3.4: Contours of the normalized averaged streamwise velocity component without the
turbine from top to bottom: 90◦ Edge, 5% r/H, 10% r/H, 33◦ Slope and 21.5◦ Slope. In-plane
velocity vectors are overlaid. The prospective turbine rotor is shown by the vertical white line.

the flow velocity on the escarpments in the base flow. A separated flow region can be observed

in the 90◦ Edge escarpment case. The reverse flow region is identified by the dark blue contour

in the figure. This reverse flow zone has a maximum height of about 0.17 times the escarpment

height and the flow reattaches to the surface around two rotor diameters downstream of the

leading edge (x/D = −1). High flow shear induced by the flow recirculation can be observed.

The strength of the flow separation is significantly reduced by just adding a curvature of 5%

radius with respect to the escarpment height at the leading edge. The flow reattachment

occurs around one rotor diameter from the leading edge. As a result, the shear in the flow is

also relatively less in this case. For the forward facing step with a 10% radius of curvature, no

recirculation region is observed in the captured field of view. The ramp-shaped escarpments

show lesser shear closer to the surface. This is due to the absence of any flow separation, and

due to the speed-up of flow closer to the surface over the escarpment.

An important feature of the flow over escarpments (or, in general, topography) is the flow

speed-up across the streamwise transect. This flow speed-up is quantified as the ratio of

velocity across the escarpment to a reference velocity in the upstream at the same height
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Figure 3.5: Flow speed-up across the escarpments (without the turbine). x/D = 0 shows the
location of the turbine model and Uh,up is the streamwise velocity at the hub height in the
upstream boundary layer.

relative to the local surface. Figure 3.5 shows the speed-up across all the different escarpment

models at the hub height. The FFS escarpments have a higher speed-up, with the 90◦ Edge

escarpment showing the highest velocity at the chosen turbine location. The FFS escarpments,

however, have a faster decay in the speed-up with the increase in the downstream distance.

The escarpments with a ramp upstream have a lower speed-up, but also show a slower decay

with the downstream distance compared to the FFS escarpments, which can prove beneficial

from the point of view of siting a wind farm on the escarpment.

Table 3.1 presents some basic flow parameters at the chosen turbine location without the

presence of the turbine. The mean streamwise velocity in the base flow at the hub height of

the chosen turbine location Uh is used to normalize all the flow quantities in the respective

cases. The streamwise turbulence intensity at the hub height is between 0.069 and 0.051

for different cases. It is to be noted that the turbulence intensity in the FFS escarpments is

much higher closer to the ground due to high flow shear induced by the flow separation from

the escarpment leading edge. The shear exponents are computed over the rotor diameter

as n = ln(Uz1 /Uz2 )/ln(z1/z2) (Barthelmie et al., 2016), where z1 and z2 are the heights of the

rotor top and bottom, respectively. The values of the shear exponents for the FFS escarpments

are considerably higher than the recommended value of 0.2 (IEC, 2005) as per IEC standards.

This is understandable, as the IEC recommendation is based on turbines sited on flat terrain.

High shear exponents have been observed for escarpments (Barthelmie et al., 2016; Lange

et al., 2017) and imply high fluctuating loads on the blades. For the ramp-shaped escarpments,

the flow shear is reduced compared to the incoming flow due to the effect of flow speed-up

closer to the ground.

As per IEC standard 61400-1 edition-3 (IEC, 2005), the inclination angle α with respect to

the horizontal axis of the mean flow should be less than 8◦. High inclination angles can

induce significant additional loads on the rotor. Using the streamwise and vertical velocity

components, we compute the flow inclination angles in the absence of the turbine. Very
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90◦ Edge 5% r/H 10% r/H 33◦ Slope 21.5◦ Slope

Uh (ms−1) 4.70 4.60 4.52 4.34 4.27
Iu =σu/Uh (%) 6.9 6.25 6 5.15 5.26

n 0.8171 0.48 0.28 0.12 0.1265

Table 3.1: Overview of key flow parameters at turbine location without the presence of turbine.

high inclination angles are observed over the leading edge of the FFS escarpments, whereas,

ramp-shaped escarpments have inclination angles around 5◦ (see figure 3.6). At the turbine

location, the flow inclination angle ranges from 0◦ to 6◦ for the 90◦ Edge, with a high variation

in the lower half of the rotor. The other two FFS cases show very similar trends with α varying

between −3◦ to 3◦. The ramp-shaped cases have α less than 3◦. It is to be noted that, the

inclination angles are within the 8◦ IEC recommendation for all the escarpment shapes.

3.3.2 Power and thrust coefficients

The turbine rotor is mounted on a permanent magnet direct current machine. To extract

energy from the wind, the DC machine is operated in the ‘generator mode’. The power

coefficient Cp is calculated by:

Cp =
QΩ

1
2ρAU 3

r

, (3.2)

where Q is the torque generated by the rotor, Ω the rotational speed, A the rotor area and Ur

is the rotor averaged velocity in the base flow at the turbine location. In addition, to measure

the thrust force T of the turbine, the tower of the turbine is mounted on a multi-axis strain
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Figure 3.6: Flow inclination angle α at the leading edge of the escarpments (-1D) and prospec-
tive turbine location. The horizontal lines trace the rotor top and bottom tips.
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gauge sensor. The thrust coefficient CT is calculated by:

CT =
T

1
2ρAU 2

r

. (3.3)

Figure 3.7 shows the variation of power and thrust coefficients with tip-speed ratio λ for all

escarpment models. The maximum power coefficient is between 0.31 and 0.35 for the different

cases, with the 90◦ Edge escarpment case showing the maximum Cp out of all the cases. The

thrust coefficient is fairly constant between different cases, with an approximate value of

0.8 for the tip speed ratio corresponding to maximum Cp . The tip-speed ratio is adjusted

by changing the rotational speed of the rotor while keeping the incoming velocity constant.

For PIV measurements, the turbine is operated at the tip-speed ratio corresponding to the

maximum Cp for each case.

3.3.3 Mean flow and turbulence characteristics

We now present some key features of the flow in the wake of the turbine. Figure 3.8 shows

the averaged normalized streamwise component of the flow velocity. In the FFS escarpments,

the recirculation near the surface in the base flow is removed in the presence of the turbine.

The normalized streamwise velocity is lowest in the turbine wake for the 90◦ Edge case, with

values getting higher with the increase in the leading edge curvature. The ramp-shaped

escarpments show even higher normalized streamwise velocity in the turbine wake. This can

be explained by the fact that, as the normalized streamwise velocity in the base flow near the

surface increases with the increase in the leading edge curvature and with the addition of the

ramp, the normalized streamwise velocity in the turbine wake also increases.

The turbulent momentum fluxes play a role in the exchange of energy between the outer

and wake flow, thereby contributing to the recovery of the wake. In addition, these fluxes are

3 4 5 6
0

0.2

0.4

0.6

0.8

1

Figure 3.7: Power (circles) and thrust (triangles) coefficient as a function of tip-speed ratio for
different escarpment models. The colors correspond to same cases as in figure 3.5.
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Figure 3.8: Contours of the normalized averaged streamwise velocity component in the wake
of the turbine for all cases.

responsible for the mechanical production of turbulence along with the mean shear in the flow.

Figures 3.9 & 3.10 show the normalized vertical and lateral momentum fluxes, respectively, in

the turbine wake for different escarpment cases. The magnitude of these fluxes is highest in

the 90◦ Edge case and shows a gradual decrease with the increase in the leading edge curvature.

The magnitude of these fluxes gets even smaller with the addition of the ramp in front of the

escarpment. An exchange of momentum between the turbine wake and the outer flow near

the surface can also be observed in the FFS escarpments at shorter downstream distances

from the turbine.

Contours of the normalized turbulence kinetic energy (tke = 1
2 (u′2 + v ′2 +w ′2), where u′, v ′

and w ′ are the fluctuating part of the streamwise, spanwise and vertical velocity components,

respectively) in the turbine wake are shown in figure 3.11. The highest magnitude of the

normalized tke is observed in the 90◦ Edge case, with maximum energy at around 3 rotor

diameters downstream. The magnitude of the normalized tke decreases with the increase in

the leading edge curvature, and it is almost half for the ramp-shaped cases when compared to

the 90◦ Edge case. In general, the trend observed in the magnitude of the tke with respect to
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Figure 3.9: Contours of the normalized vertical momentum flux in the wake of the turbine.
From top to bottom: 90◦ Edge, 5% r/H, 10% r/H, 33◦ Slope, 21.5◦ Slope. In-plane velocity
components are overlaid. Black circles represent the rotor position.

Figure 3.10: Contours of the normalized lateral momentum flux in the wake of the turbine.
From top to bottom: 90◦ Edge, 5% r/H, 10% r/H, 33◦ Slope, 21.5◦ Slope. In-plane velocity
components are overlaid. Black circles represent the rotor position.

the escarpment shape is consistent with that of the turbulent momentum flux. As explained

by Wu and Porté-Agel (2012), the flow shear around the rotor bottom tip is small which leads
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Figure 3.11: Contours of the normalized turbulence kinetic energy in the wake. From top to
bottom: 90◦ Edge, 5% r/H, 10% r/H, 33◦ Slope, 21.5◦ Slope. In-plane velocity components are
overlaid. Black circles represent the rotor position.

to less turbulence production in this region compared to the rotor top tip, even though the

magnitude of the turbulent momentum flux is almost the same in both regions. As a result,

the region of high tke resembles a horseshoe shape, whose width is highest for the 90◦ Edge

case and decreases for the curved edged FFS and ramp-shape cases. Another interesting

observation is the presence of high turbulence kinetic energy close to the surface surrounding

the turbine wake in the FFS escarpment cases. This high tke region is a result of the high shear

induced by the flow separation from the escarpment leading edge.

3.3.4 Wake structure

In order to characterize the difference in the turbine wake flow with respect to the base flow,

the streamwise velocity deficit is computed. For this purpose, the streamwise velocity in the

base flow is subtracted from that in the wake flow as ∆U = Ub −Uw , where Ub and Uw is

the time averaged streamwise velocity in the base and wake flow , respectively. Figure 3.12

shows the two dimensional velocity deficit fields in several y-z planes at different downstream

distances from the turbine. The presence of the turbine has an impact on the surrounding

flow over the FFS escarpments. This is evident from the negative velocity deficit region

surrounding the lower part of the rotor up to a downstream distance of 3D in these cases. The

magnitude of this negative velocity deficit decreases with the increase in the curvature of the

escarpment leading edge. This negative velocity deficit region is generated as the presence of

the turbine suppresses the development of separated flow from the escarpment leading edge,
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Figure 3.12: Contours of the normalized averaged streamwise velocity deficit in the wake of
the turbine. From top to bottom: 90◦ Edge, 5% r/H, 10% r/H, 33◦ Slope, 21.5◦ Slope. In-plane
velocity components are overlaid. Black circles represent the rotor position.

which causes a decrease in the mean flow shear in the surrounding flow and higher velocity

compared to those in the base flow, thereby leading to a negative velocity deficit region in the

FFS escarpments.

The rotation of the wake up to a downstream distance of 3D is also affected by the escarpment

geometry. Specifically, the vertical velocity induced by the escarpment in the base flow can

affect the wake rotation; high vertical velocity in the base flow of the turbine sited on the 90◦

Edge escarpment results in a weaker rotation. As the base flow vertical velocity component

reduces with the increase in the curvature of the escarpment leading edge and by the addition

of the ramp, the wake rotation gets stronger in these cases. To compare the streamwise velocity

deficit quantitatively, figure 3.13 shows the lateral and vertical profiles in y-z and x-z planes

passing through the turbine axis. The velocity deficit is observed to be higher in the FFS cases

and it also appears to recover faster than in the ramp cases.

To elaborate on the recovery of the wake center velocity deficit, we plot the maximum velocity

deficit for each case as a function of the downstream distance in figure 3.14. The three FFS

escarpment cases have higher velocity deficit maxima in the near wake than the ramp-shaped

escarpment cases. This can be related to the effect of pressure gradient induced by the

topography on the turbine wake. As shown earlier, the thrust coefficient of the turbine is

almost unchanged for different escarpments (see figure 3.7). In topography, however, the

wake velocity deficit also has a contribution from the pressure gradient induced by the terrain

(Shamsoddin and Porté-Agel, 2018a). The streamwise variation in base flow velocity is higher
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Figure 3.13: Normalized averaged streamwise velocity deficit: lateral (top) and vertical (bot-
tom) profiles passing through the turbine axis. Horizontal dashed lines trace the rotor axis
and tip positions.

Figure 3.14: Maximum velocity deficit as a function of downstream distance.

in the FFS escarpments compared to the ramp-shaped ones (see figure 3.4), which implies a

higher contribution from the pressure gradient, and thereby, a higher wake velocity deficit.

The maximum velocity deficit also shows a minimal change in this near wake region. This is

because the shear layer around the rotor tips, which brings outer flow into the wake, has not

grown enough to re-energize the wake center. In the far wake, the recovery of the wake center

velocity deficit is faster for the FFS cases compared to that for the ramp-shape cases. This

is due to the higher levels of turbulence and momentum fluxes for the FFS cases compared

to the ramp-shaped escarpment cases. The far wake region is also characterized by the

Gaussian profile of the velocity deficit and linear expansion of the wake with the increase in

the downstream distance. Both characteristics will be discussed later in this section.

To understand the impact of the wind turbine on the streamwise turbulence intensity in the
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wake, we compute the added streamwise turbulence intensity as follows:

Iadd =

+
√

I 2
u,w − I 2

u,b , Iu,w ≥ Iu,b

−
√

I 2
u,b − I 2

u,w , Iu,w < Iu,b ,

where Iu,b and Iu,w are the streamwise turbulence intensities without and with the turbine at

the same physical location. Figure 3.15 shows the streamwise contours of added streamwise

turbulence intensity for two selected cases. The added turbulence intensity is positive in the

upper half of the rotor due to high turbulence production behind the rotor tip. Its magnitude

is larger for the FFS escarpment compared to the ramp-shaped escarpment. The magnitude of

Iadd is highest at a downstream distance of around 3D where the tke production is highest and

the transition from near to far wake happens. The Iadd is observed to be negative below the

turbine hub height for the FFS escarpment throughout the downstream extent of the domain,

whereas in the ramp-shaped escarpment it is positive except for a small region around the

rotor bottom tip in the near wake region. Change in the flow shear close to the rotor bottom tip

is responsible for the negative Iadd in the ramp-shaped escarpment. In the FFS escarpment,

the negative Iadd appears because the high turbulence intensity region generated due to the

flow shear induced by the leading edge flow separation in the base flow is suppressed in the

wake flow due to the change in the flow shear caused by the turbine.

For a quantitative comparison between all cases, profiles of Iadd in lateral and vertical planes

passing through the turbine axis are plotted in figure 3.16. The FFS escarpment cases show

a gradual decrease in the magnitude of the added turbulence intensity with the increase in

the curvature. The two ramp cases have a lower magnitude of the added turbulence intensity

compared to the FFS cases and show very similar values compared to each other.

Another important characteristic of the turbine wakes is their rate of expansion as a function of

the downstream distance, known as the wake growth rate. The wake is shown to grow linearly

in the far wake (Chamorro and Porté-Agel, 2010; Wu and Porté-Agel, 2012) and, therefore, its

width can be estimated by the following relation:

σ

D
= k

x

D
+ϵ, (3.4)

where the slope k of the linear relation is the wake growth rate and ϵ is the initial wake width.

The wake width σ, defined as the standard deviation of the Gaussian fit to the lateral and

vertical velocity deficit profiles, is plotted in figure 3.17. A linear fit is done on the normalized

standard deviation, the slope of which yields the wake growth rate k. As can be seen, the wake

growth rate in the lateral direction is similar for all the cases. In the vertical direction, however,

the 90◦ Edge case shows the highest wake growth rate, with values gradually decreasing for

the rest of the cases. A relatively higher mean flow shear and enhancement of turbulence

in the vertical direction, compared to that in the lateral direction, can explain the observed

trend. Figure 3.18 shows the maxima of the vertical and lateral turbulence intensities in the

vertical and lateral profiles at the turbine centerline and hub height, respectively. The vertical
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Figure 3.15: Contours of the added streamwise turbulence intensity in the turbine wake for
two selected cases.

Figure 3.16: Added streamwise turbulence intensity: lateral (top) and vertical (bottom) profiles
passing through the turbine axis. Horizontal dashed lines trace rotor axis and tip positions.

turbulence intensity is observed to be higher than the lateral one in the FFS cases, whereas

their difference decreases in the ramp-shaped escarpment cases. This is consistent with

the larger magnitude of the momentum fluxes and, consequently, the wake growth rates in
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Figure 3.17: Normalized standard deviation of the streamwise velocity deficit for the lateral
(top) and vertical (bottom) profiles at the turbine hub height and centerline, respectively.
Black: 90◦ Edge; orange: 5% r /H ; red: 10% r /H ; green: 33◦ Slope; blue: 21.5◦ Slope. The
legend shows the linear fits according to equation 3.4 for each case.

the vertical direction compared with the lateral one. This is, however, in contrast with what

is reported over flat terrain, where the momentum fluxes and, thus, the wake growth rates

are higher in the lateral direction compared to the vertical one (Abkar and Porté-Agel, 2015;

Bastankhah and Porté-Agel, 2017c).

Finally, wind turbine wakes are known to depict self-similar behavior in both flat (Abkar and

Porté-Agel, 2015; Bastankhah and Porté-Agel, 2014; Xie and Archer, 2015) and complex (Dar

et al., 2019) terrains. Here, we plot the normalized streamwise velocity deficit profiles as a

function of distance from the wake center normalized by the wake half-width r1/2. The wake

half-width is defined as the distance from the velocity deficit maximum to the point where

the velocity deficit is reduced to 50% of its maximum value. We verify that the self-similarity

holds for both vertical and lateral profiles in all escarpment cases and the velocity deficit can

be approximated by a Gaussian profile (see figure 3.19). This is important, especially for the

FFS escarpments, as it shows that the interaction between the wake and flow separation does

not affect the self-similarity of the velocity deficit in the far wake.
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Figure 3.18: Maximum of the lateral and vertical turbulence intensity in the lateral and vertical
direction at the turbine hub height and centerline, respectively. The circles and squares
represent the lateral and vertical turbulence intensity values, respectively.

Figure 3.19: Self-similar normalized streamwise velocity deficit lateral (left) and vertical (right)
profiles at the turbine hub height and centerline, respectively. A Gaussian curve is overlaid for
comparison.

37



Chapter 3: Wind turbine wakes on escarpments: A wind-tunnel study

3.3.5 Comparison of experimental and analytically modeled velocity deficit pro-
files

In this section, we test an existing analytical tool to model wakes behind wind turbines sited

on escarpments. The problem under focus is stated as: given that the mean streamwise

velocity at the hub height in the base flow Ub(x) is known, can we then predict the wake

using an analytical model? The dominating effect of the escarpment on the flow is a pressure

gradient that is induced due to the presence of the topography. Therefore, we choose the

model for turbulent axisymmetric wakes under a pressure gradient proposed by Shamsoddin

and Porté-Agel (2018a). For details on the model, the reader is referred to the original work;

here, we will briefly describe the procedure followed to obtain the velocity deficit profiles.

We generate a velocity profile using the power law fit in figure 3.3 to represent the upstream

flow. For model inputs, we choose a thrust coefficient CT of 0.8 (figure 3.7). The wake width

σ0(x) for the miniature wind turbine is computed using the linear relation in equation 3.4,

where the wake growth rate is estimated using the empirical relation k = 0.3T I (Brugger et al.,

2019) and T I is the rotor averaged turbulence intensity in the base flow at the turbine location;

and ϵ is taken equal to 1/
p

8 (Bastankhah and Porté-Agel, 2016). Using these parameters, the

model returns the maximum velocity deficit under zero pressure gradient C0:

C0(x) = 1−
√

1− CT

8(σ0(x)
D )2

, (3.5)

and the invariant ratio of velocity deficit to wake width:

Λ0(x) =Λ(x) =
C0(x)Ui n

σ0(x)
, (3.6)

where Ui n is the upstream velocity at the hub height, Λ0 is the invariant ratio under zero

pressure gradient and Λ is the invariant ratio under pressure gradient. As a next step, the base

flow information and the invariant ratio are used to compute the maximum velocity deficit C

under the pressure gradient induced by the escarpments:

dC (x)

d x
=

−1(
U 4

b (x)

λ2
0(x)

)
(3C 2(x)−2C 3(x))

[
1

4

dU 4
b (x)

d x

C 3(x)

λ2
0(x)

+
(
C 3(x)− C 4(x)

2

)
d

d x

(
U 4

b (x)

λ2
0(x)

)]
, (3.7)

with the following boundary condition:

C (xi ) = C0(xi ), (3.8)

where xi represents the start of the far wake, taken as the streamwise position where the

maximum velocity deficit (in experiments) is equal to the theoretical value (1−p
1−CT ).

Furthermore, the wake width σ(x) is computed using the new velocity deficit and base flow
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Figure 3.20: Comparison of the maximum normalized streamwise velocity deficit (a) and the
equivalent wake width (b) between the analytical models and experiments. Circles mark the
experimental data and solid lines represent the PG model. Color codes for different cases are
same as figure 3.17.

information:

σ(x) =
Ub(x)C (x)

Λ(x)
. (3.9)

Finally, the velocity deficit profiles are computed using the Gaussian shape function:

Ub(x)−Uw (x,r )

Ub(x)
= C (x)e−( r 2

2σ2 ), (3.10)

where Uw is the streamwise velocity in the wake and r is the distance from the maximum

velocity deficit position. It is to be noted that the turbine wakes in the current study are not

perfectly axisymmetric and experience flow shear in the vertical direction due to the effect

of the surface. As stated by Shamsoddin and Porté-Agel (2018a), in such case the wake width

obtained from the model is the equivalent wake width of the lateral and vertical wake widths,

which is computed as the geometric mean of the two wake widths: σeq =
p
σyσz .

Figure 3.20 shows the comparison between the experimentally and analytically obtained

maximum velocity deficit and equivalent wake width. The degree of agreement between the

experiments and the model is observed to be dependent on the escarpment shape. For the

ramp-shaped escarpment cases, the maximum velocity deficit is predicted reasonably well,

with slight underestimation until a downstream distance of 4.75 rotor diameters. For the

forward facing step cases, however, the velocity deficit prediction gets worse with the increase

in the edge sharpness. The escarpment with 10% curvature at the edge (with respect to the

escarpment height) shows good agreement between the experiments and the model beyond 5

rotor diameters. The other two forward facing step escarpments show an underestimation

of the maximum velocity deficit by the model, with the highest difference for the case with

a sharp edge. The equivalent wake width shows a similar trend, with the best agreement

between the experiments and the model in ramp-shaped escarpment cases and worst in the

sharp-edged escarpment. The equivalent wake width width is observed to be underestimated
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by the model.

Finally, a comparison of the averaged streamwise velocity deficit profiles is shown in figure

3.21. As can be seen, the velocity deficit are well reproduced for the ramp-shaped escarpments

and forward facing step with 10% curvature beyond 5 rotor diameters, even though the effect

of wake width underestimation is seen in the vertical profiles. For the rest of the two forward

facing step cases, an underestimation of velocity deficit profiles is observed.

The underestimation of the maximum velocity deficit, as well as the equivalent wake width in

some cases (as shown in figure 3.20) can be related to the fact that the analytical model used

here assumes no pressure gradient in the base flow at the turbine location. This assumption is

embedded in the boundary condition given in equation 3.8. In the ramp-shaped escarpments,

the pressure gradient imposed by the base flow at the turbine location is not very high, which is

why the model gives acceptable results. In the forward facing step escarpments, the agreement

between the model and experiments gets worse with the increase in the sharpness of the

escarpment edge. As a sharper edge induces a higher pressure gradient via the base flow at

the turbine location, the difference between the model and the experiments gets higher. This

highlights the need to develop analytical models capable of capturing pressure gradient effects

in the base flow at the turbine location.

3.3.6 Wake meandering and trajectory

Defined by low-frequency and large-scale coherent oscillations, meandering is an important

dynamical feature of the wake, contributing to the unsteady wake dynamics. To characterize

meandering of the turbine wake over different escarpments, we employ a ‘center of mass’

method (Bastankhah and Porté-Agel, 2017c; Bastine et al., 2015; Howland et al., 2016). The

method quantifies the displacement of the center of the instantaneous velocity deficit in the

lateral and vertical directions using the following equations:

yc =

∫ ∫
∆U yd yd z∫ ∫
∆Ud yd z

, (3.11)

zc =

∫ ∫
∆Uzd yd z∫ ∫
∆Ud yd z

. (3.12)

The information on the instantaneous wake center location in the lateral and vertical direction

is then used to compute the joint probability density function (PDF) for different cases. Figure

3.22 shows the joint PDFs for two cases at different streamwise locations. In general, the spread

of the instantaneous wake centers is observed to increase with the downstream distance. This

spread is higher in the lateral direction compared to the vertical one. The spread in the

joint PDFs is higher for the turbine on the FFS escarpment compared to that for the turbine

on the ramp-shaped escarpment. This indicates that the FFS escarpment enhances the
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Figure 3.21: Comparison of the normalized averaged streamwise velocity deficit profiles
between the analytical models and experiments for different cases. Experimental data is
marked by circles and solid line represents the PG model.

meandering of the wake compared to the ramp-shape escarpment. The unsteady nature of

the flow separation in the base flow of the FFS escarpment can explain the relatively higher

meandering observed in this case.

Another important observation is the vertical displacement of the mean wake center from the

turbine axis in figure 3.22. In the near wake, the mean wake center is shifted above the turbine

axis, followed by a gradual downward shift with the increase in the downstream distance. This

mean wake center displacement is comparatively higher for the turbine on the FFS escarpment
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Figure 3.22: Normalized joint probability density function of the instantaneous wake center at
different downstream locations for the 90◦ Edge (top row) and 33◦ Slope (bottom row). Plus
signs indicate the mean wake center.

than for the one on the ramp-shaped escarpment. In addition, the wake trajectory, defined

as the vertical position of the maximum velocity deficit z∆Umax
at each streamwise location,

is plotted in figure 3.23 for all the cases. The wake is observed to have an upward trajectory

in the near wake region with a downward shift in the far wake for the FFS escarpments. For

the ramp-shaped escarpments, however, the wake is more attached to the surface and shows

a lower trajectory than for the three FFS escarpments. In order to understand this, we first

look at the normalized vertical velocity component without the turbine in figure 3.24 (a).

The vertical velocity component in the base flow is much higher for the turbine on the FFS

escarpment compared to the one on the ramp-shaped escarpment. This high positive vertical

velocity component causes the wake to shift upward in the near-wake region for the turbine

on the FFS escarpment. As the difference in the mean wake center between the two cases

is highest at a downstream distance of 2D, we show the vertical velocity component at this

position in figure 3.24 (b). In the case of the ramp-shaped escarpment, the vertical velocity

component is solely caused by the wake rotation, with positive and negative vertical velocity in

the right and left halves of the wakes, respectively. In the case of the FFS escarpment, however,

there is a positive vertical velocity component around the center of the rotor. This positive

vertical velocity component is a result of the higher vertical velocity faced by the turbine, and

pushes the wake center in the upward direction for the turbine on the FFS escarpment.

3.3.7 Counter-rotating vortex pair and energy entrainment

The non-zero mean vertical velocity component in the base flow also leads to the development

of a counter-rotating vortex pair (CVP) in the far wake of the wind turbines sited on the

escarpments. The CVP is fully developed in the case of the sharp edge escarpment; therefore,

we will focus on the mentioned case in this section. To visualize the formation of the CVP, we

show the normalized out-of-plane vorticity in figure 3.25. In the near wake, there is an outward

flow from the wake, which creates a negative vorticity region surrounding the rotor. However,
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Figure 3.23: Wake trajectory as a function of the downstream distance.

Figure 3.24: (a) Contours of the normalized vertical velocity component on the escarpments
without the turbine. White vertical line shows the position of the prospective turbine. (b)
Contours of the normalized vertical velocity component at a distance of 2D in the wake of the
turbine. The black circle indicates the rotor outline.

as we move downstream (x/D = 3), the positive vertical velocity component around the top

of the wake diminishes and we observe outer flow moving into the wake due to the presence

of a negative vorticity region at the top of the wake. In the far wake, the distribution of the

in-plane velocity components becomes almost perpendicular to the surface at the turbine

center, depicting a strong vertical component. This vertical velocity component is positive

in the region under the rotor center and negative above it, and is believed to give rise to the

development of the CVP in order to satisfy continuity. This mechanism is similar to the one

observed by Bastankhah and Porté-Agel (2016) in yawed wind turbines, where the formation

of a CVP is due to the strong lateral velocity component.

It is to be noted that the vertical velocity component is not as high as the lateral velocity

component in yawed turbines, such that it does not cause a significant distortion in the shape

of the wake. However, it does appear to play a role in the entrainment of energy from the

outer flow into the wake and, thus, contributes to the re-energization of the wake. To explain

this, we show two dimensional fields of the advection term of mean kinetic energy in figure

3.26. The advection term is negative in the near wake surrounding the rotor area, where the

vorticity is negative, showing an outward flow of energy. As we move downstream, however,

when the formation of the vortex pair starts bringing outer flow into the wake, the advection

term becomes positive at the rotor top and around the vortex cores, leading to a faster wake

recovery in the far wake.
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Figure 3.25: Contours of the normalized out-of-plane vorticity with in-plane velocity vectors
overlaid for the 90◦ Edge escarpment. The black circle indicates the rotor outline.

Figure 3.26: Contours of the normalized advection of mean kinetic energy with in-plane
velocity vectors overlaid for the 90◦ Edge escarpment. The black circle indicates the rotor
outline.
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3.4 Summary

Onshore wind energy has grown tremendously over the last two decades, with wind farms

often located in complex terrain. Lack of adequate knowledge of wind turbine behavior in

such challenging terrains is known to result in inaccurate estimation of power performance

and dynamic loads. Understanding wakes in complex terrain, therefore, has become crucial

in today’s renewable energy market for better resource assessment, power optimization and

layout design of wind farms in such sites. In the current study, we have characterized the

wake generated by a single wind turbine sited on different escarpments using stereo-PIV

measurements. Escarpments are a common topographical feature and a potential location for

wind farms.

Focusing on the sensitivity of the wind turbine wake to the geometrical details of the topogra-

phy, we have studied five different escarpment models approximated by forward facing steps

(FFS) and ramp-shaped escarpments. The shape of the escarpment leading edge is found to

have a strong influence on the base flow (flow without the turbine) velocity, shear, speed-up

and turbulence over the topography, which eventually have an impact on the wake of the

turbine. The presence of the turbine suppresses the development of the flow recirculation

near the surface in the wake for the FFS escarpments, and the normalized streamwise velocity

in the turbine wake is lowest for the FFS with a sharp edge.

The turbine wake velocity deficit shows fastest recovery and the turbulence kinetic energy

is observed to be highest in the case of the FFS with a sharp edge, which is consistent with

the highest magnitude of momentum fluxes in this case. By adding a curvature as little as 5%

at the leading edge with respect to the escarpment height, the turbulence kinetic energy is

significantly reduced compared to the sharp edge case. The turbine wake on the ramp-shaped

escarpments shows lower turbulence kinetic energy than the one on the FFS escarpments.

Consistent with the amount of turbulence in the base flow, the near wake length is also

observed to be shorter for the turbine on the FFS escarpments compared to that on the ramp-

shaped escarpments. The streamwise added turbulence intensity in the wake shows that, in

comparison to the base flow, the turbine suppresses the production of turbulence below the

hub height and enhances it above the hub height for the FFS escarpments. This is because the

shear layer formed due to the leading edge flow separation is suppressed in the turbine wake.

For the ramp-shaped escarpments, however, the wake flow is more turbulent compared to the

base flow except for a small region around the rotor bottom tip level in the near wake region.

The wake growth rate in the lateral direction is found to be very similar in all cases; in contrast,

it differs in the vertical direction. The vertical growth rate is also observed to be higher than

the lateral one, which is related to comparatively higher turbulence and mean flow shear in

the vertical direction compared to the lateral one in the turbine wake. The velocity deficit

profiles show self-similarity in the far wake for all the cases.

We have also assessed an analytical model for the prediction of velocity deficit in the wake of

the turbine sited on escarpments. It is found that the performance of the model depends on
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the escarpment shape, as the model works reasonably well for the ramp-shaped escarpments,

but underestimates the maximum velocity deficit and wake width for the forward facing step

cases. This is due to the fact that the analytical model assumes no pressure gradient induced

by the base flow at the turbine location, whereas, in the forward facing step cases, the induced

pressure gradient by the base flow at the turbine location is not negligible. Future research

should address this limitation of the analytical model.

The shape of the escarpment is also observed to affect the instantaneous location of the

turbine wake center and, thereby, the dynamics of wake meandering, with higher meandering

in the FFS escarpments compared to the ramp-shaped ones. This is associated with the

unsteadiness of the base flow, which is higher for the FFS due to the dynamic nature of the

flow separation. The center of the wake is shifted above the turbine hub height in the near

wake of the turbine on the FFS escarpment, with a gradual downward shift in the far wake.

This is associated with a higher vertical velocity component in the base flow. The relatively

large vertical velocity component also leads to the formation of a counter-rotating vortex pair

in the far wake of the 90◦ Edge FFS escarpment, which plays a role in the energy entrainment

from the outer flow into the wake.
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4 Influence of wind direction on flow
over a cliff and its interaction with a
wind turbine wake I

Abstract

This work investigates the effect of wind direction on the flow over a cliff and its interaction

with the wake of a wind turbine sited on the cliff. The cliff is modeled as a forward-facing

step, and five wind directions are tested (θ = 0◦, 15◦, 30◦, 45◦ and -45◦). The flow becomes

increasingly three-dimensional with the increase in the wind direction and a cross-stream flow

separation develops from the cliff leading-edge. The turbulence kinetic energy decreases for

wind directions higher than 15◦, which is due to the absence of the streamwise flow separation

for higher wind directions. The cross-stream flow development in the base flow affects the

shape of the turbine wake. A two-dimensional Gaussian fit is performed on the wake velocity

deficit, where the wake recovery slows down for wind directions higher than 15◦, and the wake

width is larger for higher wind directions. The wake shows higher deflection and tilt angle for

higher wind directions. Analysis of the streamwise momentum in the wake reveals that the

advection terms play a role in slowing the wake recovery for higher wind directions.

IThe contents of this chapter are under review for publication in Physical Review Fluids.
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4.1 Introduction

Concerns over the role of fossil-fuel-based energy sources in climate change have resulted in a

push towards renewable energy sources. According to the International Renewable Energy

Agency (IRENA, 2021), new renewable energy installations are now economically more viable

than their fossil fuel counterparts. Onshore wind energy, in particular, is one of the cheapest

available sources of energy, with the levelized cost of energy falling 56% over the last decade

(IRENA, 2021) while accounting for 95% of the global wind energy capacity (GWEC, 2021).

As countries across the world are setting ambitious goals towards renewable energy, wind

energy is expected to grow at an unprecedented rate. To ensure the successful growth of

wind energy, an improved understanding of the interactions between wind turbines and the

atmospheric boundary layer is needed. Wind turbines are often installed in groups forming

wind farms, where due to spatial constraints, certain turbines have to operate in the wake of

the upstream ones. The low velocity and enhanced turbulence experienced by the in-wake

turbines result in reduced power production and enhanced fatigue loads. Turbine wakes are

very complex and their characteristics depend on a multitude of factors such as the boundary

layer flow shear, surface roughness, terrain features, thermal stability, and turbulence intensity.

Extensive efforts have been made to understand the interaction between wind turbines and

the atmospheric flow under a variety of scenarios. For a detailed review of the state-of-the-art,

the reader is referred to Porté-Agel et al. (2020) and Stevens and Meneveau (2017).

As onshore wind energy grows, the likelihood of wind farm installations in complex terrain

also increases. This is motivated, in part, by the high available resources on top of hills and

partly due to a lack of better alternatives (Alfredsson and Segalini, 2017). However, as stated by

Porté-Agel et al. (2020), most of the existing literature concerning wind turbine and wind farm

flows is limited to flat terrain. Although, the first studies investigating wind turbine wakes in

complex terrain date back to the early 90s (Helmis et al., 1995; Stefanatos et al., 1994; Taylor

and Smith, 1991), the topic has gained a renewed interest from the scientific community

in recent years. For boundary layer flows over complex topography, on the other hand, the

literature is very rich, thanks to a wide range of analytical, numerical and experimental efforts

over the last 50 or so years.

The seminal work of Jackson and Hunt (1975) laid foundations for analytical studies of flow

over hills with low slopes. They presented an expression for two-dimensional flow over

arbitrary hills using perturbation methods. Their work was extended to three-dimensional

hills by Mason and Sykes (1979), and a more rigorous attempt was made by Sykes (1980),

who presented an asymptotic approach to flows over two-dimensional hills. Several studies

attempted to validate the analytical model by Jackson and Hunt (1975) against wind tunnel

(Britter et al., 1981) and field (Taylor et al., 1987) measurements. Attempts to include non-linear

effects into the analytical expressions were made by Xu et al. (1994). Among the most notable

experimental campaigns are the Askervein hill project (Taylor and Teunissen, 1987) and the

Bolund hill experiment (Berg et al., 2011), which have served as benchmarks for numerical

models attempting to capture flow in complex terrain. Since the 90s, large-eddy simulation
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(LES) based numerical approaches have become increasingly popular for investigating flow

over topography (Bechmann et al., 2011; Diebold et al., 2013; Gong et al., 1996; Liu and

Stevens, 2020b; Mason, 1994; Wan and Porté-Agel, 2011). It is to be noted that the list of studies

concerning boundary layer flows in complex terrain presented here is not exhaustive by any

means, and for a more detailed review, the reader is referred to Finnigan et al. (2020).

Changes in terrain elevation can lead to high levels of flow shear, high spatial variability in flow

characteristics, formation of localized flow structures (such as regions of flow separation from

cliffs and wakes of hills), and terrain-induced local pressure gradients. Wake characteristics of

wind turbines sited in complex terrain are strongly dependent on terrain characteristics, which

is why a number of studies exploring turbine wakes in various idealized and real complex

terrains have recently emerged. Mattuella et al. (2016) tested a scaled-down model of a

complex site located in Spain inside a wind tunnel. They concluded that very careful layout

optimization for wind farms in complex terrains is required due to high variation in mean

velocity and turbulence across the terrain. Tian et al. (2013) experimentally investigated the

power performance and wake of a wind farm sited on a sinusoidal hill. They showed that,

compared to a wind farm in flat terrain, the hill influenced the power and wake characteristics

of the wind farm. Yang et al. (2015) performed a numerical investigation of a wind turbine sited

downstream of a three-dimensional hill. They showed that wake characteristics of the turbine

were affected by both the height of the upstream hill, and spacing between the hill and the

turbine. In their experimental study of wind turbine on periodic hills, Hyvärinen and Segalini

(2017b) showed that a hilly terrain leads to a faster wake recovery. Shamsoddin and Porté-Agel

(2018b) presented a combined analytical and numerical study of the wake of a wind turbine

sited upstream of a hill. By dividing the flow over the hill into two regions corresponding to

favorable and adverse pressure gradients, they showed that the wake recovery can be faster or

slower compared to a flat terrain depending on the turbine location across the hill.

Wake trajectory in a complex terrain sited in Perdigão was investigated by Menke et al. (2018),

who showed that the wake follows the terrain under stable conditions, deflects upwards under

unstable conditions and shows no deflection in neutral conditions. Self-similarity of the wake

velocity deficit is a common assumption in many analytical models. This assumption was

verified by Dar et al. (2019) for a real complex terrain. Liu and Stevens (2020a) investigated the

effect of two-dimensional hills on power performance of wind turbines and wind farm sited

across them. They found that, for turbines taller than the hill, a power boost can be observed

due to speed up from the hill. For turbines smaller than the hill, on the other hand, their

performance depend on the location along the hill. For a hill located in the middle of a wind

farm, turbines located downstream of the hill experience the wake of the hill, which can affect

their performance. Liu et al. (2021) performed large-eddy simulation of wind turbine wake

across two- and three- dimensional hills, and varied the ratio of turbine height to hill height.

Interested in the wind turbine wake superposition over complex terrain, they investigated

two different strategies, where one was based on superposition along the turbine hub height

and the other along the streamline of the flow originating from the turbine hub height. From

their results, they concluded that the second superposition method produced better results.
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More recently, Dar et al. (2023) performed an experimental and analytical investigation of a

wind turbine exposed to a range of pressure gradients. They showed that the wake deficit,

expansion and power coefficient vary systematically with the change in the pressure gradient.

Atmospheric stability is another important factor that can have significant effect on turbine

performance and wakes, and its importance in complex terrain has instigated several recent

studies (de Sá S. et al., 2022; Han et al., 2018; Liu and Stevens, 2021; Radünz et al., 2021).

Cliffs are a common topographical feature and a potential site of wind farms. Rowcroft et

al. (2019) presented a brief list of wind farms across the world which are sited close to cliff

edges and potentially affected by the leading edge flow separation. Bowen and Lindley (1977)

were the first to investigate the effect of the cliff shape on the flow over it. Lange et al. (2017)

showed that the flow over the cliff is highly sensitive to minor modifications to the leading

edge shape, which can have significant effects on the power available to the wind turbines.

Schulz et al. (2016) compared the performance of a turbine sited on flat terrain and on a steep

escarpment. They found that the turbine sited on the escarpment experienced higher loads

compared to the one on the flat terrain. Qian and Ishihara (2019) performed detached-eddy

simulation of a wind turbine sited close to the edge of an escarpment. They showed that the

turbine wake characteristics depend on the ratio between turbine hub height and escarpment

height. Dar and Porté-Agel (2020, 2022b) performed wind tunnel experiments to investigate

the wake of a wind turbine sited close to an escarpment edge. They tested different leading

edge shapes of the escarpment and showed that the wake characteristics of the turbine were

affected by the escarpment shape. In addition, they used the experimental data to validate

an analytical model for wind turbines experiencing a pressure gradient imposed by the base

(without turbine) flow (Dar and Porté-Agel, 2022a).

Flow over cliffs has often been approximated by the flow over forward facing steps. A compre-

hensive body of literature has explored flow over forward facing steps and its dependence on a

number of flow and geometrical parameters (Awasthi et al., 2014; Graziani et al., 2017, 2018;

Largeau and Moriniere, 2007; Ren and Wu, 2011; Sherry et al., 2010). Most of the literature

deals with the flow direction perpendicular to the leading edge of the forward facing step.

In the atmospheric boundary layer, however, wind direction is not always perpendicular to

the leading edge. Only a handful of studies deal with the effect of direction on flow over

forward facing steps. Rowcroft et al. (2016) investigated the flow over forward facing steps

under different yaw angles and found that half a cliff height above and downstream of the

leading edge is the optimal position with respect to flow speed-up and turbulence intensity for

turbine placement. Barthelmie and Pryor (2018) performed a combined field and modeling

study to understand the effect of changing wind direction on flow speed-up over a cliff. The

height of the cliff was 12 m, which is relatively small compared to the hub height of modern

wind turbines. They observed that the flow speed-up over the cliff was maintained for wind

directions within ±25◦ from the direction perpendicular to the cliff edge. Hesp and Smyth

(2021) performed numerical simulation of flow over scarps modeled as forward facing steps.

Concerning the wind direction, they found that the flow deceleration decreases with increas-

ing obliqueness of the wind direction, and showed the flow pattern using streamlines. To the
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best of the authors’ knowledge, the interaction of wind turbine wake with the flow over a cliff

under different wind directions has not been investigated in the literature yet.

This work aims at providing useful insights into the physics of the flow over a cliff modeled

as a forward facing step under different wind directions. A comprehensive analysis of the

interaction between such flow and a wind turbine wake is also performed. Wind farms sited

on cliffs are known to under-perform in terms of power and experience high loads due to the

lack of sufficient understanding of the base flow (Lange et al., 2017), which makes it extremely

important to explore this topic in further detail. Wind tunnel experiments are performed,

where the effect of wind direction is simulated by yawing the leading edge of the cliff. The rest

of the article is organized as follows: the description of the experimental setup is provided in

section 4.2; the results from the study are presented in section 4.3; and finally, a summary and

some concluding remarks are given in section 4.4.

4.2 Experimental setup

The experiments are performed in the closed-loop boundary-layer wind tunnel at the WiRE

laboratory of EPFL. The wind tunnel has a maximum wind speed of 25 ms−1, with an area

contraction ratio of 5:1 at the inlet of the test section. The height and width of the test section

are adjusted to yield an approximately zero pressure gradient along the length of the test

section. At about 20 m downstream of the test section, the height and width are 2 m and 2.56

m, respectively. The test section is 28 m in length, with a smooth aluminum floor. A turbulent

boundary layer develops along the length of the test section without the use of any external

tripping mechanism. The flow in the wind tunnel is driven by a 130 kW fan.

A three-bladed miniature horizontal axis wind turbine named WiRE-01 is used in the experi-

ments Bastankhah and Porté-Agel (2017a). The turbine has a rotor diameter D of 15 cm and a

hub height zh of 12.5 cm. The blade profile is a thick plate with a circular arc shape with a 5%

camber and 5% thickness with respect to the chord length. The chord length varies from 12

mm at the root to 8.4 mm at the tip. The rotor is manufactured by 3d printing using a liquid

photopolymer resin. The nacelle of the turbine is a direct current motor manufactured by

Maxon motors (model: DCX10L), which has a diameter and length of 10 mm and 25 mm,

respectively. The motor is controlled by a servo controller also manufactured by Maxon motors

(model: ESCON 36/2 DC) via a digital encoder (model: ENX10).

The cliff is modeled as a forward facing step with a height H equal to the hub height of

the miniature turbine (i.e. 12.5 cm). The width of the model is 2.5 m and its length varies

between 3-3.5 m along the center of the span in different cases. It is to be noted that the

ratio of length L and width W of the forward facing step to its height H are high enough

such that the flow separation and reattachment from the leading edge are independent from

the dimensions of the step. The reattachment length of the separated flow from the leading

edge is known to become independent from the geometrical dimensions for L/H > 4, and

for flow direction perpendicular to the leading edge W /H > 9 yields a two-dimensional flow
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Figure 4.1: A sketch of the directional and angular conventions (not to scale). Black arrow
shows the local wind direction at the turbine hub height.

(Bergeles and Athanassiadis, 1983; Graziani et al., 2017). As the incoming wind direction is

fixed in the wind tunnel, the leading edge of the forward facing step is yawed at different

angles to simulate the effect of changing wind direction. Five different wind directions are

simulated: θ = {0◦,15◦,30◦,45◦,−45◦}, where 0◦ represents the wind direction perpendicular

to the leading edge of the cliff. The negative angle is simulated to investigate if the rotational

direction of the turbine relative to the incoming wind direction can have an impact on its

wake. The turbine is placed D/cos(θ) from the leading edge of the cliff along the centerline.

This is done considering that in reality, with increasing wind direction, the wind will travel

a longer distance on the cliff to reach the turbine. The resulting distance d from the leading

edge along the centerline is 15 cm, 15.5 cm, 17.3 cm and 21.2 cm for wind directions 0◦, 15◦,

30◦ and ±45◦, respectively. To account for the wind veering effect caused by the interaction

of incoming flow with the yawed leading edge of the cliff, the wind turbine is aligned with

the local wind direction at the turbine hub height. This is done in consideration with the fact

that for commercial wind turbines, the wind vane mounted on the nacelle is used to align

the turbine with the incoming flow. The wind veer φ is extracted from the base flow data

at the turbine hub location: φ = {0◦,4◦,7◦,±8.5◦} for wind directions θ = {0◦,15◦,30◦,±45◦},

respectively. Figure 4.1 shows a sketch of the directional and angular conventions used in the

study.

A stereoscopic particle-image velocimetry (S-PIV) system is used to obtain high spatial reso-

lution cross-stream (y z-plane) flow measurements on the cliff. The S-PIV system comprises

of two 16-bit sCMOS cameras (2560 × 2160 pixels) with 50 mm objectives and mounted on

Scheimpflug adapters to correct the camera focus on to the measurement plane. The camera

aperture is fixed at f /2.8 with f being the focal length of the objective (i.e. 50 mm). An angle

of 45◦ is kept between the two cameras and the size of the field-of-view (FOV) is 4D × 3D at

a spatial resolution of about 0.016D. The field of view is illuminated with a double-pulsed

Nd:YAG laser at a wavelength of 532 nm. Following Zong and Porté-Agel (2020a), the thickness

of the laser sheet is kept at 10 mm to minimize the loss of particle pairs due to out-of-plane

motion. Measurements are acquired at a sampling rate of 10 H z and 1000 instantaneous
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Figure 4.2: A schematic of the experimental setup in the wind tunnel.

fields are used to obtain time-averaged flow statistics. A programmable timing unit (LaVision,

PTU-v9) is used to synchronize the cameras and the laser. Olive oil droplets of several microns

in diameter are generated using an in-house atomizer array and injected into the wind tunnel

through a slot in the floor close to the inlet of the test section. Both cameras and the laser

optics used to expand the laser beam into a sheet are mounted on synchronized high preci-

sion motorized traversing systems (ZABER X-LRT) to facilitate cross-stream measurements

at different downstream positions. For flow measurements without the turbine (base flow),

measurements are taken from the prospective turbine location until 8 rotor diameters down-

stream, whereas for the turbine wake flow, measurements are taken from 1.5 rotor diameters

behind the turbine until 8 rotor diameters. The streamwise interval between measurement

planes is 0.25 rotor diameter for downstream distance up to 5 rotor diameters, whereas it is

0.5 rotor diameters for downstream distance greater than 5 rotor diameters. Following this

procedure, 27 FOVs in the base flow and 21 FOVs in the wake flow are captured for each wind

direction, resulting in a total of 240 FOVs.

The image post-processing is performed in double-pass reducing size interrogation windows

of 64× 64 pixels and 32× 32 pixels with a 75% overlap between neighboring windows. A

universal outlier detection method is used to filter any bad vectors from the PIV data. The

maximum uncertainty in mean velocity is estimated to be around 0.05 ms−1 using a correlation

statistics approach (Wieneke, 2015). A schematic sketch of the experimental setup is shown in

figure 4.2.

The performance of the turbine on the cliff is also characterized. The power and thrust co-

efficients of the turbine are measured and plotted in figure 4.3 for different wind directions

as a function of tip speed ratio. The mean power P generated by the turbine is measured

by multiplying the torque generated by the motor Q with its rotational speed Ω, where the

generated torque is estimated by multiplying the generated current I with the torque con-

stant K of the motor and adding the frictional torque Q f of the motor. For more details on

power measurement, the reader is referred to Bastankhah and Porté-Agel (2017a). The power
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Figure 4.3: (a) Power coefficient and (b) thrust coefficient of the turbine on the cliff for different
wind directions as a function of tip speed ratio.

coefficient Cp is then computed as:

Cp =
P

1
2ρAU 3

h

=
QΩ

1
2ρAU 3

h

, (4.1)

where ρ is the air density, A is the rotor area and Uh is the hub height velocity at the turbine

hub position. A maximum power coefficient Cp of 0.31 is observed for the 0◦ wind direction,

which decreases with the increase in the wind direction. This decrease in the Cp can be related

to the increased wind veer with increasing wind direction and a lower hub height velocity. The

maximum Cp is observed at a tip speed ratio λ of around 3.5, which is used to operate the

turbine for flow measurements. It is to be noted that the tip speed ratio is varied by changing

the rotor rotational speed while keeping the incoming wind at a constant value.

The thrust force T experienced by the turbine rotor is measured using a multi-axis strain gauge

sensor (model: ATI-nano-17Ti). The thrust coefficient CT is computed as:

CT =
T

1
2ρAU 2

h

. (4.2)

Similar to the power coefficient, the thrust coefficient shows a slight decrease with increase

in the wind direction and varies between 0.75-0.8 at the optimal tip speed ratio. The thrust

coefficient CT measured here is comparable to that of real-scale commercial wind turbines.

The hub height velocity Uh for different cases is Uh = {4.56,4.45,4.4,4.15,4.25} ms−1 for wind

directions θ = {0◦,15◦,30◦,45◦,−45◦}, respectively. The hub height velocity for each case is

used to normalize all flow quantities in the respective cases.

The turbulent boundary layer upstream of the cliff is measured using a two-dimensional, two-

component (2D2C) particle-image velocimetry system with a single sCMOS camera. Figure

4.4 shows the normalized averaged streamwise velocity U /Uh and streamwise turbulence

intensity Iu =σu/Uh in the upstream boundary layer flow with σu as the standard deviation

in the streamwise velocity. A power law fit according to U = Uh( z
zh

)n is also shown in figure
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Figure 4.4: Upstream boundary layer profile: (a) normalized averaged streamwise velocity
with a power law fit shown with red dotted line and (b) streamwise turbulence intensity and
(c) normalized averaged streamwise velocity in logarithmic coordinates with a logarithmic law
fit in red line.

4.4 (a), which yields an exponent n equal to 0.17. The boundary layer height is estimated to

be around 36 cm, and the streamwise turbulence intensity at the height of the cliff is 7.3%. A

logarithmic fit according to U = u∗
κ log ( z

z0
) is done on the lowest 15% of the boundary layer,

which corresponds roughly to the height of the surface layer. Here, u∗ is the friction velocity,

which is estimated to be 0.17 ms−1, κ is the von-Karman constant assumed to be 0.41, and z0

is the aerodynamic roughness length estimated to be 0.04 mm. The logarithmic fit is shown in

figure 4.4 (c).

4.3 Results

In this section, we present results from the experiments. First, we discuss the flow over the

cliff under different incoming wind directions without any wind turbine (termed as base flow).

Understanding how wind direction affects the flow over a forward facing step is important

from a fundamental perspective. Following the base flow, we analyze the wake flow, which

mainly deals with investigating the interaction between the base flow and the wake of the

wind turbine sited on the cliff. It is to be noted that averaging in the current work refers to

time-averaging, unless otherwise mentioned.

4.3.1 Base flow

For wind directions perpendicular to the leading-edge of the FFS, a flow separation occurs

from the leading edge with a recirculation. This flow separation and subsequent reattachment

has been found to depend on many factors such as the Reynolds number, ratio of boundary

layer height to step height and incoming turbulence level (Essel and Tachie, 2017; Sherry et al.,

2010). Here we show how the change in wind direction affects the streamwise flow separation
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Figure 4.5: Contours of the normalized averaged streamwise velocity in the base flow. The
three-dimensional plot shows the development of the shear layer from the cliff leading edge.
The three-dimensional contours show steramwise velocity in the range U /Uh < 0.85.

from the leading-edge. Figure 4.5 shows the contours of normalized averaged streamwise

velocity in the base flow. For θ = 0◦, flow separation near the leading edge is observed. The flow

reattaches with the surface at about 2 rotor diameters downstream of the leading edge. For

θ = 15◦, streamwise recirculation (marked by the presence of negative streamwise velocity) is

present and stronger near the leading edge in the spanwise direction. A spatial heterogeneity

in the spanwise direction also starts to develop in the flow. For wind directions higher than

15◦, no streamwise recirculation is observed. The spanwise heterogeneity is also observed to

increase with increase in the wind direction. The streamwise velocity is lower on the side of

the span closer to the leading edge at larger downstream distances.

To investigate the spanwise flow induced by the FFS leading-edge, we plot contours of the

normalized averaged spanwise velocity along with the streamlines of the cross-stream velocity

components in figure 4.6. For the wind direction perpendicular to the leading edge, the

spanwise velocity is very to close to zero over the FFS, indicating a two-dimensional flow.

The streamlines show a vertical velocity, which is induced by the cliff leading edge. With the

increase in the wind direction, the yawed leading edge of the step induces a spanwise velocity.

This spanwise velocity along with the vertical velocity component leads to the formation of a

spanwise recirculation close to the leading edge. The strength of the spanwise recirculation

increases with the increase in wind direction. For wind directions above 15◦, as the streamwise

recirculation disappears, the streamwise velocity advects the spanwise recirculation in the
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Figure 4.6: Contours of the normalized averaged spanwise velocity in the base flow. Stream-
lines of the cross-stream velocity profiles are overlaid on the two-dimensional contour plot.
The three-dimensional contours show spanwise velocity in the range −0.04 >V /Uh > 0.04.

streamwise direction, leading to the helical vortex formation. Further downstream from the

leading edge, the spanwise velocity reduces in magnitude, but it still maintains the directional

preference dictated by the spanwise recirculation and gives rise to a wind veering effect.

We now focus on turbulence characteristics in the base flow. Figure 4.7 shows the contours

of the normalized turbulence kinetic energy tke = u′2+v ′2+w ′2
2 , where u′, v ′ and w ′ are the

fluctuating components of the streamwise, spanwise and vertical velocity, respectively. The

turbulence kinetic energy over the FFS is contributed by that in the incoming flow and that

generated by the shear induced by the separating flow from the leading edge. The second

mechanism usually contributes more than the first one as high shear close to the leading edge

generates most of the turbulence over the FFS. For the wind direction perpendicular to the

leading edge of the FFS, high tke is observed close to the edge which decreases further down-

stream due to the expansion of the shear layer developed from the leading edge. Interestingly,

the normalized tke increases in magnitude for θ = 15◦ compared to θ = 0◦. However, for wind

directions greater than 15◦, a decrease in the magnitude of normalized tke is found. A similar

observation was made by Rowcroft et al. (2016), who found that the turbulence intensity gain

over the FFS maximized at θ = 20◦; no explanation was, however, provided in their work. In

the following, we provide a physical explanation for the tke trend.

To understand the tke trends observed in figure 4.7, we look into the primary mechanism
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Chapter 4: Wind direction effect on the wake of a wind turbine sited on a cliff

responsible for turbulence generation. In a turbulent flow, the turbulence kinetic energy

is extracted from the mean flow. Figure 4.8 shows contours of the normalized turbulence

production via shear in the mean flow. Total production due to all cross-stream gradients is

included, as well as the individual contribution of shear in averaged streamwise velocity and

vertical shear in averaged spanwise velocity are shown. It is to be noted that the contribution

of streamwise gradients is excluded due to relatively longer distance between consecutive

measurement planes. However, this exclusion does not affect our discussion, as streamwise

gradients are relatively less important compared to the cross-stream gradients (Rolin and

Porté-Agel, 2018).

The normalized total production of tke shows a similar trend to that of tke, with a decrease

in magnitude for θ > 15◦ (figure 4.8 (a)). The contribution of shear in averaged streamwise

velocity also shows a similar trend in figure 4.8 (b). The decrease in the contribution of shear

in averaged streamwise velocity can be associated with the streamwise recirculation in the

flow. As shown earlier, the streamwise recirculation is observed for θ = {0◦,15◦}, whereas it

disappears for higher wind directions. As the streamwise recirculation disappears, the shear

in the averaged streamwise velocity decreases which eventually leads to lesser turbulence

production. With increasing wind direction, however, a spanwise recirculation is induced. To

understand its role in turbulence production, we plot contours of the normalized turbulence

production due to vertical shear in averaged spanwise velocity in figure 4.8 (c). As expected,

the contribution from this term to turbulence production increases with increasing wind

direction. However, the magnitude of this term is almost three times less than that of the

turbulence production due to averaged streamwise velocity. Therefore, the increase in the

contribution of vertical shear in spanwise velocity towards turbulence production cannot

compensate for the decrease in turbulence production due to shear in streamwise velocity,

and an overall decrease in turbulence production is observed for wind directions above 15◦. It

is to be noted, however, that for wind directions above 15◦, recirculation in spanwise velocity

still plays a major role in overall turbulence production.

4.3.2 Wake flow

We now turn our attention to the wake of a wind turbine sited on a cliff under different

incoming wind directions. Our primary focus is to understand how the complicated base flow

generated by the cliff interacts with the wake of the wind turbine and affect its characteristics.

Time-averaged flow characteristics

Figure 4.9 shows the contours of the normalized averaged streamwise velocity in the turbine

wake for different incoming wind directions. For wind direction θ = 0◦, the normalized av-

eraged streamwise velocity is observed to be symmetrical in the spanwise direction across

the centerline of the turbine. With the increase in the wind direction, the shape of the wake

is observed to change due to the interaction with the base flow. For θ = 15◦, the streamwise
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Figure 4.7: Contours of the normalized turbulence kinetic energy in the base flow. The three-
dimensional contours show turbulence kinetic energy in the range tke/U 2

h > 0.02.

velocity shows an asymmetrical distribution, with a low-speed region on the right and a high-

speed one on the left of the rotor projected area. This asymmetry in the streamwise velocity is

observed to increase with the streamwise distance and can be observed in the far wake as well.

For θ = 30◦, a similar asymmetrical distribution is observed in the near wake, with low and

high speed regions on the right and left of the turbine, respectively. In the far wake, however,

the streamwise velocity shows a relatively symmetrical profile. Within the rotor projected area

in the near wake, the streamwise velocity minimum is observed to be shifted away from the

rotor center position. The low speed region outside the rotor projected area also appears to be

merged with the turbine wake for θ = {15◦,30◦}, whereas for θ = 0◦, the wake and base flow do

not merge together. For θ = 45◦, the wake shape within the rotor projected area is observed to

be affected significantly by the base flow, where it is shifted away from the rotor centerline

close to the surface. For θ = −45◦, a similar behavior is observed with an opposite orientation.

This shows that the relative rotation of the wake and spanwise recirculation does not have a

significant impact on the spatial distribution of the streamwise velocity in the turbine wake.

The magnitude of the normalized averaged streamwise velocity is also observed to be affected

by the incoming wind direction (see figure 4.9). The wind direction perpendicular to the

cliff leading edge shows lowest normalized averaged streamwise velocity in the turbine wake,

where the values of U /Uh are observed to increase with the increase in the wind direction.

This can be related to the normalized averaged streamwise velocity in the base flow, which
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Chapter 4: Wind direction effect on the wake of a wind turbine sited on a cliff

Figure 4.8: Contours of the normalized turbulence production via shear: (a) total production,
(b) production due to shear in averaged streamwise velocity and (c) production due to vertical
shear in averaged spanwise velocity. From top to bottom: 0◦, 15◦, 30◦, 45◦ and -45◦.
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Figure 4.9: Contours of the normalized averaged streamwise velocity in the turbine wake.
The three-dimensional plot shows streamwise velocity in the range of U /Uh < 0.7. The black
circles in two-dimensional contours show the rotor projected area.

shows a similar trend with wind direction. The increase in the magnitude of U /Uh with the

wind direction can be due to the decrease in the shear in the averaged streamwise velocity

caused by the disappearance of the streamwise recirculation in the base flow.

The spanwise recirculation in the base flow is believed to play a role in determining the

streamwise velocity distribution in the wake. Figure 4.10 shows the contours of the normalized

averaged spanwise velocity in the turbine wake. For θ = 0◦, the normalized averaged spanwise

velocity is the smallest out of all the cases and contributed solely by the turbine wake due to

an almost zero spanwise velocity in the base flow. With the increase in the wind direction,

the normalized averaged spanwise velocity outside the rotor projected area gets stronger. For

θ = 15◦, the negative spanwise velocity close to the surface in the base flow is relatively small.

For wind directions θ > 15◦, however, a very strong negative spanwise velocity can be observed

close to the surface on the right of the rotor projected area. This strong spanwise velocity is

responsible for the change in streamwise velocity distribution from a skewed shape towards

right of the rotor in θ = 15◦ to a relatively symmetric one in θ = 30◦ to the one shifted towards

the left of the rotor in θ = 45◦ in the far wake. The origin of this spanwise velocity and its role

in determining the wake shape will be discussed in detail later.

To characterize the difference in the turbine wake compared to the base flow and to isolate

the influence of the turbine on the wake flow, we compute the averaged streamwise velocity

deficit ∆U (x, y, z) = Ub(x, y, z)−Uw (x, y, z), where Ub is the averaged streamwise velocity in
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Chapter 4: Wind direction effect on the wake of a wind turbine sited on a cliff

Figure 4.10: Contours of the normalized averaged spanwise velocity in the turbine wake. The
three-dimensional plot shows spanwise velocity in the range of −0.025 >V /Uh > 0.025. The
white circles in two-dimensional contours show the rotor projected area.

the base flow and Uw is the averaged streamwise velocity in the wake flow. Figure 4.11 shows

the contours of the normalized averaged streamwise velocity deficit in the turbine wake for

different wind directions. A black contour representing 0.5∆Umax (x)/Uh is also included to

distinguish the shape of the wake between different cases. Similar to the streamwise velocity

contours, the shape of the wake velocity deficit is observed to be affected by the wind direction,

with a symmetric distribution in the cross-stream plane across the turbine centerline for θ = 0◦.

For the higher wind directions, two factors play a key role in determining the wake shape:

the lateral velocity component that develops in the base flow, and the flow speed up at the

spanwise boundary of the wake close to the surface. For θ = 0◦, the flow speed-up close to

the surface outside the wake deficit is also symmetric. As explained by Dar and Porté-Agel

(2022b), this speed-up occurs as the presence of the turbine suppresses the development of the

separated flow from the cliff leading edge, and therefore, reduces the shear in the surrounding

flow which leads to the speed-up observed here. For higher wind directions, on the other hand,

the speed-up is only observed on one side of the rotor, the magnitude of which is much higher

than that for θ = 0◦. The expansion of the wake velocity deficit in the cross-stream plane is

also observed to be affected by the wind direction, which leads to a difference in the recovery

of the maximum streamwise velocity deficit due to momentum conservation, which will be

discussed in detail later in the article.

For now, we turn our focus towards understanding the differences in the shape of the wake

for different incoming wind directions. At the moment, two questions remain: how does
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Figure 4.11: Contours of the normalized averaged streamwise velocity deficit in the turbine
wake. The three-dimensional plot shows streamwise velocity deficit in the range of −0.04 >
∆U /Uh > 0.04. The black contour lines and the white circles in two-dimensional contours
show 0.5∆Umax (x)/Uh and the rotor projected area, respectively.
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Figure 4.12: Isosurface plots of the normalized averaged streamwise vorticity in the turbine
wake. The blue isosurface represents ωx D/Uh = −0.15 and the red isosurface represents
ωx D/Uh = 0.15.

the spanwise recirculation for higher wind directions interact with the wind turbine wake,

and what gives rise to the flow speed-up observed on one side of the rotor for higher wind

directions? To answer the first question, we plot the isosurfaces of the normalized averaged

streamwise vorticity in the flow in figure 4.12. For θ = 0◦, the vorticity in the near wake is

dominated by the tip and hub vortices shed by the turbine, whereas in the far wake a counter-

rotating vortex pair (CVP) is observed to develop close to the surface. As explained by Dar and

Porté-Agel (2022b), the vertical velocity experienced by the turbine from the cliff leading edge

leads to the formation of the CVP with a mechanism similar to how the lateral velocity induced

by a yawed turbine gives rise a CVP in the wake. With the increase in the wind direction, one

leg of the CVP is observed to grow stronger compared to the other and dominates the flow.

The spanwise recirculation in the base flow is believed to be responsible for the increase in the

vorticity, and the leg of the CVP dominating the flow is found to be dependent on the direction

of the spanwise recirculation. One possible reason for the increasing strength of one leg of

the CVP for higher wind directions could be the development of high shear around the rotor

periphery in the near wake which restricts the base flow spanwise velocity on one side of the

rotor.

To investigate the vorticity in the flow in more detail and to answer the second question, we

plot the two-dimensional contours of the normalized averaged streamwise vorticity along
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with streamlines of the cross-stream velocity components in figure 4.13. The streamlines in

the cross-stream planes show some interesting flow structures, the most notable of which is

the formation of a saddle point on one side of the rotor in the near wake of the turbine. This

saddle point divides the wake flow from the outer base flow, creating two distinct regions of

flow and leads to the flow speed up observed on the side of the rotor. The vertical position of

the saddle point is observed to get close to the surface with the increase in the wind direction,

which restricts the vertical extent of the flow speed up close to the surface. The formation of

the saddle point is found to be dependent on the wind direction, as it appears on the left of

the turbine center for the positive wind directions and on the right for the negative one. For

θ = 0◦, the saddle point is replaced by a stable node at the rotor center in the turbine far wake.

The formation of this stable node leads to an enhanced entrainment of flow from outside into

the wake and to the development of the CVP in the far wake of the turbine, as discussed by

Dar and Porté-Agel (2022b).

For higher wind directions, the cross-stream flow structures are rather complex and dependent

on the strength of the spanwise recirculation in the base flow. For θ = 15◦, a spanwise velocity

is induced by the yawed cliff edge, however the spanwise recirculation is relatively small. In

the turbine near wake, a small vortex is observed outside the wake on the right side of the

rotor. This vortex does not merge with the tip and hub vortices developed from the rotor tips

and hub. Further downstream, as the vortices shed by the turbine break down, the spanwise

velocity in the base flow sweeps through the rotor projected area. The presence of a saddle

point on the other side of the rotor, however, restricts further movement of the spanwise

flow velocity in the spanwise direction, which in turn results in the roll up of the vortices and

formation of a CVP with an orientation that is 90◦ rotated compared to one for θ = 0◦. The

saddle point is also observed to move up and away from the turbine center with increase in the

streamwise distance, which could be related to the expansion of the wake in the cross-stream

directions. As the saddle point exists throughout the far wake, the flow speed-up observed on

the right of the rotor does too, which leads to a stronger speed-up in the far wake compared to

θ = 0◦.

For wind directions above 15◦, the spanwise recirculation in the base flow is strong enough to

interact with the vortices shed by the turbine itself. For θ = 30◦, in the near wake, the vortex on

the right side of the rotor limits the development of the hub vortex and induces a high vertical

velocity within the rotor projected area at the interface of the hub vortex and the base flow

vortex. This vortex is also responsible for the shift in the position of the maximum streamwise

velocity deficit away from the turbine center. Further downstream, it dominates the flow and

the positive leg of the CVP observed in θ = 15◦ diminishes in size for θ = 30◦. The spanwise

velocity observed in the turbine wake is induced by this vortex.

For θ = 45◦, a similar observation is made, where the base flow vortex is even stronger than that

for θ = 30◦. The strong base flow vortex affects the hub vortex even more and pushes the wake

towards the left side of the rotor near the surface. As the rotation of the hub and base flow

vortices are opposite, they do not merge into one in the turbine near wake. In the far wake,
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Figure 4.13: Contours of the normalized averaged streamwise vorticity in the turbine wake.
Streamlines based on cross-stream velocity components are overlaid. The black circles show
the rotor projected area. From top to bottom: θ = 0◦, 15◦, 30◦, 45◦, −45◦.

the hub vortex breaks down, whereas the base flow vortex dominates the flow. For θ = −45◦,

on the other hand, the hub vortex and the base flow vortex are observed to merge into one,

which shifts the wake center slightly towards the left of the turbine center. In the near wake,

similar to the positive wind directions, a saddle point is observed. In the far wake, however,

this saddle point is replaced by an unstable node, which divides the vortex developed due to

the merger of the hub and base flow vortices, and the outer base flow. In general, the shape of

the wake and the flow speed-up outside the wake are shown to be affected by the cross-stream

flow structures like the saddle point and the CVP in all cases.

Turbulence characteristics

Typically, the turbulence kinetic energy is contributed by the turbulent momentum fluxes and

mean flow shear (Wu and Porté-Agel, 2012). For a wind turbine wake in flat terrain, the spatial

distribution of turbulence kinetic energy shows a horseshoe shape with a peak around the

rotor top tip level. This is due to high mean flow shear and momentum fluxes around the rotor

periphery at the top. Moreover, the maximum turbulence kinetic energy and related turbulent

momentum fluxes are relatively higher in the turbine wake compared to the surrounding

boundary layer flow (Bastankhah and Porté-Agel, 2017c; Wu and Porté-Agel, 2012).

Figure 4.14 shows the contours of the normalized turbulence kinetic energy in the turbine

wake on the cliff for different wind directions. For the wind direction θ = 0◦, a typical horseshoe

shape of high tke is observed, along with some turbulence in the outer flow closer to the

cliff leading edge due to high shear. With downstream distance, the magnitude of tke in
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Figure 4.14: Contours of the normalized turbulence kinetic energy in the turbine wake. The
three-dimensional plot shows turbulence kinetic energy in the range of tke/U 2

h > 0.01. The
black circles in two-dimensional contours show the rotor projected area.

the turbine wake decreases due to decrease in the mean flow shear, although the shape is

preserved. As shown earlier, the mean velocity and the wake shape are highly dependent

on the wind direction, due to the induction of spanwise recirculation and development of

streamwise vorticity in the wake flow. This has an effect on the turbulence kinetic energy

in the wake, as it affects both the shear in the mean flow as well as the distribution of the

turbulent momentum fluxes. Figure 4.15 shows the contours of the normalized averaged

lateral and vertical turbulent momentum fluxes for different incoming wind directions. The

influence of the streamwise vorticity on the spatial distribution of these turbulent fluxes can

be clearly observed, especially close to the turbine. High turbulence kinetic energy is observed

in areas with high mean flow shear, including the rotor top periphery and the surrounding

base flow closer to the cliff edge. The shape of the high tke region around the rotor periphery

is affected by the shape of the wake, where especially for high wind directions θ = ±45◦, the

peak in the tke is observed to be shifted on one side of the rotor in the far wake. In the base

flow, the normalized tke was observed to peak at θ = 15◦. In the wake flow, the normalized

tke is observed to be highest for θ = 30◦, which can be related to the highest magnitude of

turbulent momentum fluxes observed for this wind direction compared to the rest of the cases,

especially in the far wake (see figure 4.15).
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Figure 4.15: Contours of the normalized averaged lateral (left) and vertical (right) momentum
flux in the turbine wake for two different streamwise positions. The black circles show the
rotor projected area. From top to bottom: θ = 0◦, 15◦, 30◦, 45◦,−45◦.

Volumetric wake characterization

In order to characterize the streamwise wake velocity deficit, we perform a volumetric wake

analysis following Brugger et al. (2019). For this purpose, a two-dimensional (2D) Gaussian fit

is performed on the streamwise wake velocity deficit in the cross-stream direction at several

streamwise positions. The 2D-Gaussian fit is given by:

∆U (y, z) = Cexp(−a(y − y0)2 +2b(y − y0)(z − z0)+ c(z − z0)2), (4.3)

where

a =
cos2(α−90)

2σ2
y

+ si n2(α−90)

2σ2
z

, (4.4)

b =
si n(2(α−90))

4σ2
y

+ cos(2(α−90))

4σ2
z

, (4.5)

c =
si n2(α−90)

2σ2
y

+ cos2(α−90)

2σ2
z

. (4.6)

The maximum velocity deficit is represented by C ; σy and σz are the standard deviations

representing wake widths along the principal axes of the 2D-Gaussian fit; y0 and z0 represent
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Figure 4.16: Schematic of the 2D-Gaussian fit.

the wake center deviation from the rotor center position and α represents the tilt angle of

the wake in the 2D-Gaussian fit. Figure 4.16 shows a schematic of the 2D-Gaussian fit and

different fitting parameters. The fit is performed with a weighted non-linear least squares

regression, where only the positive velocity deficit is used for fitting. To initialize the fit at

x/D = 2, starting values corresponding to C = 4 ms−1,σy =σz = 0.05 m, y0 = z0 = 0 m andα = 0◦

are used. For each subsequent streamwise position, the fitted parameters from the previous

position are used for initialization.

Figure 4.17 shows contours of the normalized averaged streamwise velocity deficit obtained

from the experiments overlaid with the line contours of the 2D-Gaussian fit for different

streamwise positions. Overall, the 2D-Gaussian is observed to fit reasonably well to the

experimental data, where an R2 in the range of 0.93-0.96 is obtained between the 2D-Gaussian

fits and the experimental data for all cases. From the 2D-Gaussian fit, the wake is observed to

have a zero tilt at all streamwise positions for θ = 0◦. With the increase in the wind direction,

the tilt angle increases, especially in the far wake when the development of the cross-stream

velocity alters the wake shape. For θ = {15◦,30◦}, the wake tilts in the counter-clockwise

direction, whereas for θ = 45◦(−45◦), the tilt is in the (counter-)clockwise direction. The trend

in the tilt angle of the wake observed here for different cases is consistent with how the wake

shape is altered by the cross-stream flow development.

Some key wake characteristics are plotted and compared for different wind directions as a

function of the streamwise distance in figure 4.18. The recovery of the wake center velocity

deficit is quantified via the evolution of the maximum normalized averaged streamwise

velocity deficit in figure 4.18 (a). Closer to the turbine, the wind direction perpendicular to the

cliff edge shows the highest value of ∆Umax /Uh among all the cases, with values decreasing

slightly with the increase in the wind direction. This can be related to the difference in

the thrust coefficient observed between different wind directions shown in figure 4.3 (b),

and to the effect of the pressure gradient induced by the cliff leading edge on the turbine

near wake. As discussed by Dar and Porté-Agel (2022b), although the streamwise velocity

deficit in the turbine wake is contributed solely by the turbine thrust in a flat terrain, in

a complex terrain, there is an additional contribution resulting from the terrain-induced

69



Chapter 4: Wind direction effect on the wake of a wind turbine sited on a cliff

Figure 4.17: Contours of the normalized averaged streamwise velocity deficit in the turbine
wake. The black contour lines represent the 2D-Gaussian fit. From top to bottom: θ = 0◦, 15◦,
30◦, 45◦,−45◦.

pressure gradient. As a cliff induces an adverse pressure gradient, this additional contribution

results in a higher velocity deficit than without the effect of the induced pressure gradient. As

shown by Bastankhah and Porté-Agel (2016), the maximum normalized averaged streamwise

velocity deficit in the near wake is around 0.8 for a similar thrust coefficient in a flat terrain for

the miniature turbine used in this study. However, in this study, the maximum normalized

averaged streamwise velocity deficit in the near wake of the turbine is higher than 0.8 for all

wind directions, indicating the effect of the cliff-induced pressure gradient. As discussed by

Dar and Porté-Agel (2022b), the cliff induces an adverse pressure gradient on the flow, which

leads to a higher velocity deficit in the turbine wake compared to a flat case. This cliff-induced

adverse pressure gradient decreases with the increase in the wind direction, as well as, with

the increase in the distance from the cliff edge, which results in a decrease in ∆Umax /Uh at

x/D = 2 for higher wind directions.

Further downstream, the rate of recovery of the wake center velocity deficit is also found to be

dependent on the wind direction. The wind directions θ = {0◦,15◦} show the highest recovery

rate among all the cases. For wind directions θ > 15◦, on the other hand, the recovery rate

is observed to significantly slow down compared to the first two cases. This observation is

consistent with the base flow normalized turbulence kinetic energy, which is observed to

decrease for θ > 15◦. In addition, the induction of a spanwise velocity in the base flow also

results in veering in the vertical direction and leads to the formation of complex vortical

structures as illustrated earlier (see figure 4.13). This cross-stream flow development affects
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the expansion of the wake, which in turn can affect the recovery of the wake center velocity

deficit due to momentum conservation. Figure 4.18 (b) shows the normalized equivalent wake

width computed as the geometrical mean of the wake widths along the principal axes of the

2D-Gaussian fit (σeq =
p
σyσz ). All cases show an approximately linear trend in the normalized

equivalent wake width, which is consistent with earlier studies (Dar and Porté-Agel, 2022b;

Porté-Agel et al., 2020). The normalized equivalent wake width is generally found to be higher

for the wind directions θ > 15◦ than for θ ≤ 15◦, which is consistent with the slower recovery

rate of the wake deficit in the former cases. For θ = 15◦, the normalized equivalent wake width

is observed to be similar to that for θ = 0◦ at x/D ≤ 4, whereas it shows a higher σeq /D at

x/D > 4. This could be related to the formation of the CVP aligned with the saddle point as

shown in figure 4.13, which stretches the wake in the vertical direction leading to a higher

equivalent wake width.

The deflection of the wake center relative to the rotor center in the spanwise and vertical

directions is also shown in figure 4.18. For θ = 0◦, the spanwise deflection is found to be

approximately zero. For positive wind directions, the spanwise deflection is predominantly

positive with overall values ranging between −0.1 < y0/D < 0.1. This is consistent with the

velocity speed-up on one side of the wake, which results in a lateral shift in the wake center

towards the opposite side. For θ = 15◦ the deflection is the highest, which can be attributed to

the strongest velocity speed-up on one side of the rotor. For θ = −45◦, on the other hand, a

significant wake center deflection closer to the turbine can be observed, which reduces with

the increase in the streamwise distance but shows a higher magnitude than majority of the

cases. This spanwise wake center deflection in the θ = −45◦ can be attributed to the merger

of the hub vortex with the base flow vortex, as discussed in section 4.3.2. As the two vortices

(hub vortex and base flow vortex) rotate in the same direction, they merge into one in the near

wake, resulting in a shift in the wake center. For positive wind directions, these vortices rotate

in opposite directions leading to separate vorticity regions in the near wake and relatively less

spanwise deflection.

The vertical deflection in the wake center is shown in figure 4.18 (d). All cases show a positive

deflection of the wake above the rotor center, which is related to the positive vertical velocity

experienced by the turbine from the cliff leading edge. For θ = 0◦, the vertical deflection is the

smallest of all the cases, whereas θ = 45◦ shows the highest vertical deflection. For smaller

wind directions, θ = 0◦,15◦, the vertical deflection is almost constant with the streamwise

distance, whereas for θ > 15◦, it increases with the increase in the streamwise distance.

Streamwise momentum analysis

To further understand the mechanisms behind the recovery of the streamwise momentum in

the turbine wake for different wind directions, we examine different terms of the streamwise

Reynolds Averaged Navier Stokes (x-RANS) equation. In doing so, we neglect the viscous terms

due to high Reynolds number, and no body forces are present in the turbine wake. The RANS
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Figure 4.18: (a) Maximum normalized averaged streamwise velocity deficit, (b) normalized
equivalent wake width, wake center deflection in the (c) spanwise and (d) vertical direction as
a function of streamwise distance.

equation in the streamwise direction can then be written as (Pope, 2000):

Uw
∂Uw

∂x
+Vw

∂Uw

∂y
+Ww

∂Uw

∂z
= − 1

ρ

∂P

∂x
− ∂u′u′

∂x
− ∂u′v ′

∂y
− ∂u′w ′

∂z
, (4.7)

where Uw , Vw and Ww are the time-averaged streamwise, spanwise and vertical velocity

components in the turbine wake, respectively. Similarly, u′, v ′ and w ′ are the fluctuating

components of the streamwise, spanwise and vertical velocity, respectively. Analysis of x-

RANS equation has been used in the literature to understand the recovery of streamwise

momentum, and flow structures in the wake of yawed or tilted turbines (Bastankhah and

Porté-Agel, 2016; Bossuyt et al., 2021).

Following Shamsoddin and Porté-Agel (2018a), equation 4.7 can be written in terms of the

streamwise velocity deficit by adding Uw dUb/d x on both sides. Moreover, the pressure

gradient induced by the base flow can be approximated by the streamwise gradient of base flow

velocity UbdUb/d x (Shamsoddin and Porté-Agel, 2018a). After making the above-mentioned

substitutions and rearrangement, the following equation is yielded:

Uw
∂(Ub −Uw )

∂x︸ ︷︷ ︸
(I)

+Vw
∂(Ub −Uw )

∂y︸ ︷︷ ︸
(II)

+Ww
∂(Ub −Uw )

∂z︸ ︷︷ ︸
(III)

= −(Ub −Uw )
dUb

d x︸ ︷︷ ︸
(IV)

+ ∂u′u′

∂x︸ ︷︷ ︸
(V)

+ ∂u′v ′

∂y︸ ︷︷ ︸
(VI)

+ ∂u′w ′

∂z︸ ︷︷ ︸
(VII)

. (4.8)
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4.3 Results

Figure 4.19 shows the normalized contours of different terms of equation 4.8 at x/D = 4 for

different wind directions. In general, the terms related to the advection of the streamwise

momentum are observed to be affected by the change in the wind direction. Specifically,

the induction of a spanwise velocity and development of strong vortices in the wake are

responsible for the changes in the advection of the streamwise momentum.

The term Uw∂(Ub −Uw )/∂x represents the streamwise advection of the streamwise momen-

tum deficit. This term shows a negative region inside the wake and a positive region on the

outer periphery of the wake. As the averaged streamwise velocity is positive, a positive stream-

wise advection is related to ∂(Ub −Uw )/∂x > 0 indicating a slow down of the flow due to the

cross-stream expansion of the wake with the increase in the streamwise distance. Similarly,

a negative streamwise advection can be associated with ∂(Ub −Uw )/∂x < 0, corresponding

to the recovery of the streamwise momentum deficit in the wake. Comparing different wind

direction cases, the negative region in the core of the wake is strongest for θ = {0◦,15◦}, the

magnitude of which reduces for θ > 15◦. This indicates a faster recovery of the streamwise

momentum deficit for wind directions θ ≤ 15◦ compared to θ > 15◦. This is consistent with

the recovery of the wake center streamwise velocity deficit observed in the previous section,

where two different recovery rates for θ ≤ 15◦ and θ > 15◦ were shown. The positive region

surrounding the negative one gets stronger with increasing wind direction, which can be

related to a higher wake width in higher wind directions.

The spanwise and vertical advection terms (Vw
∂(Ub−Uw )

∂y
and Ww

∂(Ub−Uw )
∂z

, respectively) are

observed to be significantly affected by the development of streamwise vorticity in the wake.

The magnitude of these terms is comparatively smaller than that of the streamwise advec-

tion, which is due to the smaller magnitude of the cross-stream velocity components when

compared with the streamwise velocity. For θ = {0◦,15◦}, the cross-stream advection terms

are mostly positive, indicating that these terms play a role in bringing higher momentum

flow from outside into the wake, thus, contributing to its recovery. For wind directions higher

than 15◦, negative regions start to appear, which could play a role in the slow recovery of

the momentum deficit in the wake. For θ = ±45◦ a quadrupole shape is observed for the

cross-stream advection terms, where the spanwise and vertical advection terms show opposite

sign. The net effect of the cross-stream advection terms would then depend on the relative

magnitude of the individual contributors.

The pressure gradient term is observed to be relatively small, although a positive region in the

wake center is observed for most cases. This indicates that the pressure gradient tends to slow

down the recovery of the streamwise momentum deficit. This is understandable, as the cliff

induces an adverse pressure gradient on the flow, which is known to slow down the recovery

of the turbine wake (Porté-Agel et al., 2020). The ∂u′u′/∂x term shows the smallest magnitude

out of all the terms of the x-RANS equation, and thus, has the smallest contribution to the

streamwise momentum in the wake. The observations regarding the pressure gradient term

and the streamwise normal Reynolds stress are consistent with previous studies (e.g., Bossuyt

et al. (2021)). The gradients of the shear stresses, on the other hand, contribute significantly to
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Figure 4.19: Contours of the terms of the streamwise momentum equation (eq. 4.8) computed
from measurements at x/D = 4. All quantities are normalized by D/U 2

h .

the momentum recovery in the wake for all wind directions. The gradients of the Reynolds

stresses are relatively similar among all cases, both in terms of the spatial distribution and

overall magnitude. This further indicates that the differences in the recovery of the streamwise

momentum are not related to the gradient of the Reynolds stresses, but to the advection terms.

4.4 Summary

Onshore wind energy is currently one of the cheapest available sources of energy. In an

onshore environment, terrain complexity plays an important role in determining the perfor-

mance of a wind farm. Wind turbines are often sited close to cliffs, however, the interaction of

flow with the cliff under different wind directions and its influence on a wind turbine wake are

not well understood. In this study, we performed comprehensive wind tunnel experiments

investigating the flow over a cliff under different incoming wind directions. Moreover, the in-

teraction of this flow with the wake of a wind turbine was also investigated. Five different wind

directions were tested: θ = {0◦,15◦,30◦,45◦,−45◦}, where 0◦ is defined as the wind direction

perpendicular to the cliff leading edge.
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For flow over the cliff without the turbine, known as the base flow, the flow was observed to

become heterogeneous in the spanwise direction with the increase in the wind direction. The

streamwise flow recirculation was absent for wind directions above 15◦, where a spanwise

recirculation was induced with the increase in the wind direction. The strength of the stream-

wise vorticity was observed to be directly proportional to the wind direction. The normalized

turbulence kinetic energy was observed to peak at θ = 15◦, which was related to the absence of

the streamwise flow recirculation for θ > 15◦.

The wake of the wind turbine sited on the cliff was observed to be significantly affected by

the change in the wind direction. The development of the spanwise recirculation in the base

flow had an effect on the streamwise velocity in the wake: it was symmetric in the spanwise

direction for the wind direction perpendicular to the leading-edge of the cliff, but became

asymmetric with the increase in wind direction. Two important observations made in this

regard were the flow speed-up on one side of the rotor and the role of the spanwise velocity on

the other side of the rotor in pushing the wake in one direction or the other. These features

were investigated further by looking at the normalized streamwise vorticity and cross-stream

velocity streamlines. The flow speed-up on one side of the rotor was observed to be a result

of the formation of a saddle point, which bifurcates the outer base flow from the wake flow

and led to a region of high speed flow. A counter-rotating vortex pair close to the surface was

observed to develop in the far wake for the wind direction perpendicular to the cliff. With

the increase in the wind direction, one leg of the CVP grew stronger and dominated the flow,

which played a major role in changing the spatial distribution of the streamwise velocity in

the wake.

The streamwise wake velocity deficit was quantified using a 2D Gaussian fit. The recovery of

the normalized streamwise velocity deficit maximum was observed to slow down for wind

directions θ > 15◦, which was found to be consistent with the decrease in the base flow turbu-

lence. The wake width was observed to be higher for θ > 15◦ compared to θ = 0◦, which could

be related to the increased veering effect caused by the spanwise component of the velocity.

The mean wake center in the spanwise and vertical directions was also affected by the wind

direction, where the vertical deflection increased with the increase in the positive wind direc-

tion. The spanwise wake center position was relatively close to 0 for positive wind directions,

but showed a high negative deflection for θ = −45◦, which was related to the merging of the

hub vortex with the base flow vortex in the mentioned case.

A term-by-term analysis of the streamwise Reynolds Averaged Navier Stokes (x-RANS) equa-

tion was performed. This analysis revealed differences in the mechanisms of the recovery

of the streamwise momentum between different cases. The advection terms in the x-RANS

equation showed significant differences between different wind directions. The gradients of

Reynolds stresses were largely unaffected by the wind directions. This pointed out that the

differences in the recovery of the wake arise from the advection of the streamwise momentum

and not from the gradients of the Reynolds stresses.
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5 An analytical model for wind turbine
wakes under pressure pradientI

Abstract

In this study, we present an analytical modeling framework for wind turbine wakes under an

arbitrary pressure gradient imposed by the base flow. The model is based on the conservation

of the streamwise momentum and self-similarity of the wake velocity deficit. It builds on the

model proposed by Shamsoddin and Porté-Agel, (J. Fluid Mech., vol. 837, 2018, R3) which

only accounted for the imposed pressure gradient in the far wake. The effect of the imposed

pressure gradient on the near wake velocity is estimated by using Bernoulli’s equation. Using

the estimated near wake velocity as the starting point, the model then solves an ordinary

differential equation to compute the streamwise evolution of the maximum velocity deficit

in the turbine far wake. The model is validated against experimental data of wind turbine

wakes on escarpments of varying geometries. In addition, a comparison is performed with

a pressure gradient model which only accounts for the imposed pressure gradient in the far

wake, and with a model that does not account for any imposed pressure gradient. The new

model is observed to agree well with the experimental data, and it outperforms the other two

models tested in the study for all escarpment cases.

IThe contents of this chapter are published in Dar, A. S., & Porté-Agel, F. (2022). An analytical model for wind
turbine wakes under pressure gradient. Energies, 15(15), 5345.
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5.1 Introduction

Wind turbine wakes can result in significant power losses within a wind farm, as they reduce

the power available to the downwind turbines, as well as enhance the fluctuating loads

experienced by these turbines (Porté-Agel et al., 2020). Understanding and predicting these

wakes is crucial, especially during the planning and layout optimization phase of a wind

farm. Computationally inexpensive analytical tools are widely popular in the wind energy

community for this purpose, as they offer fast and reasonably accurate estimations of wind

turbine wakes, which enables testing different layout configurations and wind conditions in a

relatively short time. Given their paramount importance, a number of analytical models for

wind turbine wakes have been proposed over the years.

Most attempts to analytically model wind turbine wakes assume an underlying flat homoge-

neous terrain, which implies a zero pressure gradient situation. Early attempts at analytical

modeling of wind turbine wakes started with Jensen (1983), who applied mass conservation

downwind of the turbine and assumed a top-hat distribution of the velocity deficit. Later,

Frandsen et al. (2006) used mass and momentum conservation around a wind turbine to

estimate the velocity deficit in the wake. Similar to Jensen (1983), they also assumed a top-hat

distribution of the velocity deficit across the rotor cross-section. Based on the empirical

evidence of a self-similar Gaussian distribution of velocity deficit in the turbine wake, Bas-

tankhah and Porté-Agel (2014) proposed an analytical model for the wake velocity deficit

derived from streamwise mass and momentum conservation. Their model has since been

adapted to different scenarios, such as wakes of turbines under yawed conditions (Bastankhah

and Porté-Agel, 2016), or the ones experiencing wind veer effects (Abkar et al., 2018). Recent

advances in the analytical modeling of wakes include the so-called super-Gaussian model,

which transitions from a top-hat profile in the turbine near wake to a Gaussian profile in the far

wake (Shapiro et al., 2019), a model for the wake velocity and added turbulence intensity based

on a combination of analytical and numerical studies Ishihara and Qian (2018), analytical

models for yawed turbine wakes (Lopez et al., 2019) and for added streamwise turbulence

intensity in the wake (Li et al., 2022).

It is highly likely that wind turbines sited in complex flow conditions, such as heterogeneous

surface roughness conditions or topographies, experience a pressure gradient imposed by

the base flow. This pressure gradient can significantly affect the evolution of the turbine

wake, such as the recovery of the wake center velocity deficit and the expansion of the wake.

Most conventional wake modeling approaches, however, assume zero pressure gradient and

a homogeneous base flow velocity. A practical approach to model wakes in topography,

for instance, is to superpose the velocity deficit in the flat terrain on top of the topography.

Although simple, this approach has been shown to work only for terrains with very gentle

slopes (Crespo et al., 1993; Hyvärinen and Segalini, 2017b). Brogna et al. (2020) proposed a

modified form of the Gaussian model (Bastankhah and Porté-Agel, 2014) to be used for their

wind farm optimization study in topography. More recently, Farrell et al. (2021) presented a

wind farm wake model for varying base flow velocity field. They also based their wake model
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on the Gaussian model (Bastankhah and Porté-Agel, 2014), while keeping the reference base

flow velocity spatially variable. Hu et al. (2022) presented a genetic algorithm based approach

for siting wind turbines in complex terrain. To account for wake effects, they used an adapted

Jensen model and Gaussian model based on the Brogna et al. (2020) formulation. These

approaches, however, do not explicitly account for the imposed pressure gradient, as the

underlying models are derived under the assumption of a flat terrain. Recent years have seen

an increased interest in data-driven approaches to the estimation of wake effects in wind farms

on flat terrain (see e.g., Hwangbo et al. (2018), Nai-Zhi et al. (2022), and Zehtabiyan-Rezaie et al.

(2022)). On complex terrain, the problem complexity increases further due to the dependence

of the flow characteristics (such as the imposed pressure gradients) on site-specific terrain

characteristics. This hinders the applicability of data-driven modeling to complex terrains

due to limitations related to available data for training purposes.

The only existing models that account for the effect of an imposed pressure gradient on wakes

are the ones proposed by Shamsoddin and Porté-Agel (2017a, 2018a) and in turn successfully

applied by them to study the wake of a wind turbine sited upstream of a hill (Shamsoddin

and Porté-Agel, 2018b). These models solve an ordinary differential equation (ODE) for the

streamwise evolution of the maximum velocity deficit under pressure gradient, which is

derived by applying streamwise momentum conservation in a control volume. A self-similar

Gaussian profile of the wake velocity deficit is assumed, which has recently been verified by

Dar et al. (2019) and Dar and Porté-Agel (2022b) in different topographies. The invariance

of the ratio between the maximum velocity deficit and wake width to the pressure gradient

is used to close the system of equations, and to obtain the wake width under the pressure

gradient situation. In order to obtain a numerical solution, a boundary condition is required

to solve the ordinary differential equation for the streamwise evolution of the maximum

velocity deficit. In their original work (Shamsoddin and Porté-Agel, 2017a, 2018a, 2018b), the

surrounding base flow imposes a zero pressure gradient at the turbine location and becomes

non-zero from a certain location downstream of the turbine. Therefore, the maximum velocity

deficit at the first streamwise position is assumed to be the same with or without the imposed

pressure gradient. While true for the above-described scenario or for the situations where

the imposed pressure gradient at the turbine location is small enough, the assumption may

not be valid for situations where there is significant imposed pressure gradient at the turbine

location. One such example is a wind turbine sited close to the edge of an escarpment, where

the pressure gradient induced by the escarpment is high closer to the edge and vanishes as we

move further away from it. Dar and Porté-Agel (2022b) applied the model of Shamsoddin and

Porté-Agel (2018a) to predict the wake velocity deficit of a turbine sited close to the edge of an

escarpment. They observed that the model worked well for the escarpments with a sloped or

a smooth leading-edge, but its performance degraded with the increase in the sharpness of

the escarpment’s leading-edge.

The objective of the current work is to develop an analytical modeling framework that can be

applied in situations where the turbine experiences an arbitrary pressure gradient imposed by

the base flow. The new model develops on the one proposed by Shamsoddin and Porté-Agel
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(2018a), where Bernoulli’s equation is used to estimate a theoretical near-wake velocity under a

non-zero imposed pressure gradient. This near-wake velocity is then used to obtain maximum

wake velocity deficit at the start of the turbine far wake, where an ordinary differential equation

is solved. The model is validated against the experimental data and compared with the results

from two existing models (Bastankhah and Porté-Agel, 2014; Shamsoddin and Porté-Agel,

2018a). The rest of the article is structured as follows: the analytical modeling framework is

detailed in Section 5.2; validation of the model against experimental data and comparison

with other models is performed in Section 5.3; finally, a summary of the work and concluding

remarks are given in Section 5.4.

5.2 Analytical Modeling Framework

5.2.1 Problem Formulation

The mean streamwise velocity deficit in a wind turbine wake is known to show a self-similar

Gaussian shape in the far wake in flat terrain (Bastankhah and Porté-Agel, 2014), as well as in

topography (Dar and Porté-Agel, 2022b; Dar et al., 2019), and can therefore be expressed as:

Ub(x)−Uw (x,r )

Ub(x)
= C (x)e

−( r 2

2σ(x)2 )
, (5.1)

where Ub(x) is the velocity in the base flow (flow without turbine), Uw (x,r ) is the velocity

in the wake flow, C (x) is the normalized maximum velocity deficit at a certain streamwise

location, σ(x) is the wake width, x is the streamwise distance, and r is the radial distance from

the wake center. For the sake of brevity, the term velocity is used to refer to mean streamwise

velocity throughout the article, unless otherwise stated. Here, the wake velocity deficit is

assumed to be axisymmetric around the wind turbine center. In situations where the velocity

deficit is not perfectly axisymmetric, as stated by Shamsoddin and Porté-Agel (2018a), the

problem is solved for an equivalent wake width expressed as a geometric mean of the lateral

and vertical wake widths.

The base flow velocity Ub(x) is only represented as a function of the streamwise distance,

although in some situations it can also vary in other directions. For instance, in the case of

two dimensional topography it can vary in both streamwise and vertical directions. Following

Shamsoddin and Porté-Agel (2018b), the base flow velocity in the streamwise direction at

the hub height of the turbine can be used as an approximation for Ub(x). Alternatively, in

the case of highly sheared or three-dimensional base flow, an averaged velocity within the

rotor’s projected area can be chosen to represent the base flow, although this approach would

require more information on the base flow. The imposed pressure gradient is represented

by the streamwise gradient of the base flow velocity, where dUb/d x = 0 corresponds to the

zero pressure gradient (ZPG), dUb/d x > 0 indicates a favorable pressure gradient (FPG), and

dUb/d x < 0 represents an adverse pressure gradient (APG).
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The objective of the current study is to present an analytical modeling framework that can

predict the evolution of a wind turbine wake under an arbitrarily imposed pressure gradient,

provided that the wake evolution under zero pressure gradient and the base flow under

pressure gradient are known. The inputs for the zero pressure gradient wake evolution are

the same as those required by the Gaussian model developed by Bastankhah and Porté-Agel

(2014), i.e., the turbine thrust coefficient and wake width.

5.2.2 Model Derivation

Following Shamsoddin and Porté-Agel (2018a), the integral form of the streamwise momentum

equation for an axisymmetric wind turbine wake under pressure gradient can be written as:

d

d x

∫ ∞

0
Uw (Ub −Uw )2πr dr +

∫ ∞

0

dUb

d x
(Ub −Uw )2πr dr = 0, (5.2)

where the first term on the left-hand side represents the contribution of the turbine thrust,

and the second term accounts for the effect of pressure gradient on the turbine wake. The

term (Ub −Uw ) vanishes far from the wake center in a plane normal to the streamwise direc-

tion. In deriving the above equation, the continuity equation is used, and viscous effects are

neglected. Moreover, the mean pressure gradient is represented by Ub(dUb/d x). Substituting

equation (5.1) into equation (5.2) and replacing
∫ ∞

0 exp(−r 2/2σ2)2πr dr with 2πσ2 under the

assumption of axisymmetry yields the following:

d

d x

[
2πU 2

b (x)σ2(x)

(
C (x)− C 2(x)

2

)]
+πdU 2

b (x)

d x
σ2(x)C (x) = 0. (5.3)

In the case of zero pressure gradient, the second term on the left-hand side of equation (5.3)

vanishes, and the following solution is obtained (see Bastankhah and Porté-Agel (2016)):

C0(x) =
∆Umax (x)

Ub0
= 1−

√
1− CT

8(σ0(x)
D )2

, (5.4)

where C0(x) is the normalized maximum velocity deficit under ZPG, ∆Umax is the maximum

velocity deficit, Ub0 is the reference base flow velocity under ZPG, CT is the turbine thrust

coefficient, σ0(x) is the wake width under ZPG, and D is the turbine rotor diameter. Once

C0(x) is obtained, we can compute the invariant ratio between the maximum velocity deficit

and wake width such as:

λ0(x) =λ(x) =
C0(x)Ub0

σ0(x)
, (5.5)

where λ0 and λ are the ratios under zero and non-zero pressure gradients, respectively.

The assumption of the invariance has been verified for different pressure gradient situa-
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tions(Shamsoddin and Porté-Agel, 2017a, 2018a; Thomas and Liu, 2004) and is used here to

obtain the wake width under pressure gradient:

σ(x) =
C (x)Ub(x)

λ0(x)
, (5.6)

and to eventually solve equation (5.3), which yields the following ordinary differential equation

for C (x) (as obtained by Shamsoddin and Porté-Agel (2018a)):

dC (x)

d x
=

−1(
U 4

b (x)

λ2
0(x)

)
(3C 2(x)−2C 3(x))

[
1

4

dU 4
b (x)

d x

C 3(x)

λ2
0(x)

+
(
C 3(x)− C 4(x)

2

)
d

d x

(
U 4

b (x)

λ2
0(x)

)]
. (5.7)

In order to obtain a numerical solution for C (x) from equation (5.7), a boundary condition

is needed. In their original work, Shamsoddin and Porté-Agel (2018a) defined the boundary

condition as:

C (xi ) = C0(xi ), (5.8)

which implies that at the starting point of the model (xi ), regarded as the start of the far wake

(or alternatively the end of the near wake), the maximum velocity deficit is the same under a

zero or non-zero pressure gradient. This assumption is valid in situations where the imposed

pressure gradient is zero at the turbine location and becomes non-zero from a certain location

in the far wake of the turbine. In fact, in their validation study (Shamsoddin and Porté-Agel,

2018a) and application of the model to wake flows over hills (Shamsoddin and Porté-Agel,

2018b), the pressure gradient by the terrain was imposed in the far wake, which resulted in the

aforementioned boundary condition. However, if we consider a situation where the imposed

pressure gradient at the turbine location or in its near wake is non-zero, the above-stated

boundary condition does not hold. Examples of such situations can be easily found, for

instance, the wake of a turbine sited close to the edge of an escarpment and on top of a hill or

a building.

In the following, we present a simplified theoretical estimation of the near wake velocity under

a non-zero pressure gradient. Prior to that, it is useful to review some basic characteristics of

the wind turbine’s near wake. The flow in the near wake is greatly influenced by the turbine

characteristics, and a common approach is to assume a gradual transition from a top-hat

velocity distribution behind the rotor to a Gaussian distribution at the end of the near wake.

This is due to the growth of the shear layer behind the rotor periphery, which expands radially

with the increase in the streamwise distance, as the outer flow mixes with the wake flow. The

wake center velocity is assumed to be theoretically constant in the near wake region, as the

shear layer does not grow enough to re-energize the wake center in this region. Bernoulli’s

equation has been applied to the regions upstream and downstream of the turbine to estimate

the near wake velocity for a wind turbine under uniform inflow and zero pressure gradient
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(Bastankhah and Porté-Agel, 2016; Manwell et al., 2010). This theoretical near wake velocity

has been used to estimate the end of the near wake and to provide a limit for the maximum

velocity deficit obtained from an analytical model in various challenging scenarios, such as

wind turbines in yawed conditions or the ones experiencing vertical wind veer (Abkar et al.,

2018; Bastankhah and Porté-Agel, 2016). It has also been implemented in different low-fidelity

wake modeling utilities to estimate wake velocity at the start of the far wake (see e.g., Farrell

et al. (2021)).

A schematic of the turbine wake is shown in figure 5.1, where position 1 corresponds to an

upstream location undisturbed by the turbine, position 2 is immediately in front of the rotor,

position 3 is immediately behind the rotor, and position 4 corresponds to the location in

the wake where the wake pressure becomes equal to the base flow pressure and there is no

mixing between the outer (base) flow and wake flow. The conditions defined here for the

application of Bernoulli’s equation are similar to those used for actuator discs placed in a

confined flow with a spatially heterogeneous base flow velocity (Sørensen, 2016; Vogel et al.,

2018). Following Bastankhah and Porté-Agel (2016) and Manwell et al. (2010), Bernoulli’s

equation for the control volumes up- and down-stream of the turbine can be written as:

upstream: Pb1 +
1

2
ρU 2

b1 = P+
R + 1

2
ρU 2

R , (5.9)

downstream: P−
R + 1

2
ρU 2

R = Pnw + 1

2
ρU 2

nw , (5.10)

where Pb1 is the base flow pressure upstream of the turbine (position 1 in Figure 5.1), and

Ub1 is the base flow velocity at the same location, the values of which can be obtained from

the base flow information. Furthermore, P+
R and P−

R are pressure values at the front and back

sides of the rotor, and the velocities at these positions UR are assumed to be the same. The

wake center velocity in the near wake is Unw (position 4 in Figure 5.1).

Subtracting equations (5.9) and (5.10) result in:

[Pb1 −Pnw ]+ 1

2
ρ[U 2

b1 −U 2
nw ]− [P+

R −P−
R ] = 0, (5.11)

where [P+
R −P−

R ] = (1/2)ρU 2
bT CT , UbT is the base flow velocity at the turbine location, and in

the case of ZPG, [Pb1 −Pnw ] = 0. However, in the presence of a pressure gradient in the base

flow, the later pressure difference can be obtained by applying Bernoulli’s equation on the

base flow between positions 1 and 4:

[Pb1 −Pnw ] =
1

2
ρ[U 2

b4 −U 2
b1], (5.12)
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where Ub4 is the base flow velocity at position 4. After substituting the base flow pressure

difference and pressure difference across the rotor in Equation (5.11), we obtain the following

relation for Unw :

Unw =
√

U 2
b4 −U 2

bT CT . (5.13)

In the case of ZPG, Ub1 = UbT = Ub4, and it can be easily shown that the above equation reduces

back to the well known relation: Unw /UbT =
p

1−CT . Finally, the maximum velocity deficit

for the boundary condition of Equation (5.7) can be written as:

C (xi ) = 1− Unw

Ubxi
, (5.14)

where Ubxi is the base flow velocity at the end of the near wake. In the case of a zero pressure

gradient imposed by the base flow at the turbine location, the above equation reduces back to

Equation (5.8).

5.3 Model Validation

Following the derivation, we aim to validate the model with experimental data. For this

purpose, we use the experimental data from Dar and Porté-Agel (2022b). In their experiments,

a miniature wind turbine (WiRE-01) is placed one rotor diameter downstream of the edge

of an escarpment, where the shape of the escarpment is varied between a forward-facing

step with different edge curvatures and a ramp-shaped escarpment. Figure 5.2 shows the

geometrical details of the escarpments used in the experiments, and the normalized base

flow velocity at the turbine hub height. As can be seen, the variation in the base flow velocity

is high closer to the turbine (x/D = 0, where D is the rotor diameter), and reaches almost a

constant value about five rotor diameters downstream of the turbine. Different escarpment

shapes also show differences in their base flow velocities, which indicates a difference in the

imposed pressure gradient. The chosen experiments are well-suited to test the new model,

as the imposed pressure gradient is higher closer to the edge of the escarpment (i.e., at the

turbine location) and differs between the escarpments, which enables us to test the model

under different pressure gradients. Table 5.1 presents a description of the escarpments.

In order to apply the pressure gradient model, we need two main inputs: the base flow

velocity under the pressure gradient and the characteristics of the turbine wake under the

zero pressure gradient (C0(x) and σ0(x)). For the maximum velocity deficit under ZPG C0(x),

we use Equation (5.4), which requires the turbine thrust coefficient CT and wake width σ0(x).

From experiments (Dar and Porté-Agel, 2022b), the thrust coefficient of 0.8 is used, which

does not change between the flat and escarpment cases (Bastankhah and Porté-Agel, 2016;

Dar and Porté-Agel, 2022b). To obtain the ZPG wake width, we use the linear growth of wake
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width in the far wake region (Porté-Agel et al., 2020):

σ0(x)

D
= k0

x

D
+ϵ, (5.15)

where k0 is the wake growth rate in ZPG, and ϵ is the initial wake width. The wake growth

rate k0 can be related to the streamwise turbulence intensity (T I ) in the flow, where several

linear relations between the streamwise turbulence intensity and the wake growth have been

proposed in the literature (Brugger et al., 2019; Niayifar and Porté-Agel, 2016). Here, we use

the relation proposed by Brugger et al. (2019), which states k0 = 0.30×T I , as it fits the wake

growth rate found experimentally for the miniature wind turbine in flat terrain by Bastankhah

and Porté-Agel (2016). As the pressure gradient model does not explicitly relate the turbulence

intensity change in ZPG and PG conditions, we take the rotor-averaged turbulence intensity in

the base flow at the turbine location to compute the wake growth rate for the ZPG wake. This

is performed in order to account for the change in the turbulence intensity between the zero

and non-zero pressure gradient situations. The theoretical normalized wake width ϵ value

of 1/
p

8 is used at the end of the near wake (Bastankhah and Porté-Agel, 2016). Following

(Bastankhah and Porté-Agel, 2016; Vermeulen, 1980), the end of the near wake is assumed

to be the position where the theoretical and experimental velocity deficit maximum on the

escarpments become equal. The near wake length obtained by this criterion is very similar to

the one obtained from theoretical relations derived for flat terrain (Bastankhah and Porté-Agel,

2016; Vahidi and Porté-Agel, 2022b).

In order to use Equation (5.13), we need to define position 4 in Figure 5.1. Mathematically

speaking, this position should be chosen such that Equation (5.13) yields a real value. A

choice of position 4 where Equation (5.13) results in an imaginary number would indicate a

breakdown of the theory, which could be similar to the situation of actuator discs with thrust

coefficients above 1 in the classical one-dimensional momentum theory (Hansen, 2015).

Following Sørensen (2016) and Vogel et al. (2018), from a physical perspective, position 4

should correspond to a location where the pressure in the wake flow becomes equal to that in

the base flow, and there is no mixing between the (outer) base and wake flow. Figure 5.3 shows

the contours of the normalized turbulence kinetic energy in the turbine wake for different

escarpment cases. Behind the turbine top tip level, a region of high turbulence kinetic energy

can be observed, which is relatively thin closer to the turbine but starts to expand in the

vertical direction from a certain position downstream, corresponding to the position where

tip vortices start to breakdown and the outer flow starts to mix with the wake flow. Therefore,

position 4 should be chosen before the region of high turbulence kinetic energy starts to

expand in the vertical direction. However, it should not be picked too close to the turbine to

avoid the influence of the pressure drop across the rotor.

A common approach in the literature (Crespo et al., 1999; Frandsen et al., 2006; Sanderse, 2009)

is to assume one rotor diameter downstream of the turbine as the distance where pressure

in the wake and base flow equalizes. This position also lies within the region where the

turbulence kinetic energy does not start to grow for all the cases. Therefore, we choose one
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Figure 5.1: Schematic of a wind turbine wake.

Figure 5.2: Side view of the escarpment geometry (a) and normalized base flow velocity at the
hub height on top of the escarpments (b). Colors represent the respective escarpment shapes.
The figure is adapted Dar and Porté-Agel (2022b).

Table 5.1: Description of different validation cases and some key parameters.

Case Description Uh [ms−1] k0 = 0.3T I CT Ub0 [ms−1]

FFS-I Sharp 90◦ Edge 4.7 0.0380 4*0.8 4*3.55

FFS-II 5% radius of curvature with respect to height 4.6 0.0290

FFS-III 10% radius of curvature with respect to height 4.52 0.0231

Ramp 33◦ maximum slope 4.34 0.0155
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rotor diameter downstream of the turbine as a common assumption for position 4 in all cases.

It is to be noted that the choice of position 4 used here might not be universal, and future work

should investigate this. The above discussion comes from the one-dimensional momentum

theory for actuator discs, and in reality, the structure of the turbine near wake is much more

complex. As shown by Bastankhah and Porté-Agel (2016), the measured near-wake velocity

deficit for the miniature turbine is higher than the theoretical one and varies instead of being

a constant. This difference is attributed to several factors, including the wake of the nacelle

and rotation of the wake. Although a simplified approximation, the theoretical near wake

velocity provides useful information on the wake flow, such as the end of the near wake and a

theoretical estimation for the velocity at the start of the far wake (Bastankhah and Porté-Agel,

2016; Farrell et al., 2021; Vermeulen, 1980).

Once all the required inputs for the pressure gradient model have been obtained, we compute

the maximum velocity deficit under pressure gradient using Equation (5.7) with the new

boundary condition given by Equation (5.14) and wake width using Equation (5.6). In addition

to the new model, we also test the pressure gradient model by Shamsoddin and Porté-Agel

(2018a), and the Gaussian model by Bastankhah and Porté-Agel (2014).

A comparison of the maximum velocity deficit normalized by the hub height velocity between

the experiments and the analytical models is shown in Figure 5.4 (left panels). The new

pressure gradient model is represented by ‘PG-New’, whereas the pressure gradient model by

Shamsoddin and Porté-Agel (2018a) is named ‘PG-SPA’, and the zero pressure gradient model

(Gaussian model) by Bastankhah and Porté-Agel (2014) is named ‘ZPG’. The imposed pressure

gradient depends on two factors: the shape of the escarpment, as a sharper edge would induce

a higher pressure gradient, and the distance from the escarpment leading edge, as the pressure

gradient would reduce with the increase in the distance from the escarpment edge. As a

result, the differences between the different models compared here are also dependent on

the same two factors. In general, the new pressure gradient model predicts the maximum

velocity deficit reasonably well for all escarpments, as it accounts for the imposed pressure

gradient at the turbine location. The PG-SPA model performs well for the ramp-shaped

escarpment, as the imposed pressured gradient at the turbine location is lowest in this case.

For the forward facing step cases, however, its performance degrades with the increase in the

sharpness of the escarpment edge, where it works for the FFS-III case at distances greater

than five rotor diameters, but underestimates the maximum velocity deficit for the other

two FFS escarpments. This is due to the fact that the imposed pressure gradient is higher

at the turbine location than in the far wake, and the PG-SPA model does not account for it,

thereby underestimating the maximum velocity deficit. The zero pressure gradient model also

underestimates the maximum velocity deficit for almost all the cases as it cannot account for

the contribution of the pressure gradient to the velocity deficit.

The escarpments impose an adverse pressure gradient on the flow, which is known to slow

down the recovery of the turbine wake compared to that under the zero pressure gradient

(Shamsoddin and Porté-Agel, 2018a; Thomas and Liu, 2004). This explains why the models
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that do not account for the imposed pressure gradient at the turbine location underestimate

the maximum velocity deficit. It can also be noted that for the two forward-facing step

escarpments with relatively sharper edges (FFS-I and FFS-II), the PG-SPA and ZPG models

show very similar values of the maximum velocity deficit. This is due to the fact that in the

mentioned cases, the base flow velocity at the start of the far wake is almost the same with

and without the escarpment. In other words, these escarpments not only induce the highest

pressure gradient closer to the escarpment edge, but they also show the fastest decay in

the induced pressure gradient with downstream distance. Therefore, at around four rotor

diameters downstream of the turbine (five rotor diameters from the escarpment edge), the

pressure gradient induced by the escarpments in the FFS-I and FFS-II cases is almost zero; as

the PG-SPA model does not account for the imposed pressure gradient at the turbine location,

it yields values similar to the ZPG model.

Following the maximum velocity deficit, the equivalent wake width obtained from the ana-

lytical models is compared with the experimentally obtained one in Figure 5.4 (right panels).

The ZPG wake width is smaller than the experimental equivalent wake width. This is to be

expected, as an adverse pressure gradient results in a larger wake width compared to the

zero pressure gradient one (Shamsoddin and Porté-Agel, 2018a; Thomas and Liu, 2004). The

PG-SPA underestimates the wake width for the FFS-I and FFS-II cases, but works well for the

rest of the cases. The wake width obtained from the new pressure gradient model is observed

to agree well with the experimental data for all the cases.

A comparison of the normalized velocity deficit profiles between the analytical models and

experiments is shown in Figure 5.5. The velocity deficit profiles obtained from the new pres-

sure gradient model agree well with the experimentally obtained profiles for all escarpment

cases. As shown by Dar and Porté-Agel (2022b), the wake width in the lateral and vertical

directions can vary depending on the escarpment shape. However, as mentioned earlier, in the

current modeling approach, we solved the problem for an equivalent wake width (σ =
p
σyσz ).

Comparing the experimental and (new) analytical velocity deficit profiles in the lateral and

vertical direction shows that this approach works well. The PG-SPA and ZPG models, on

the other hand, yield underestimated velocity deficit profiles for the most part. The PG-SPA

model underestimates the velocity deficit profiles for the FFS-I and FFS-II cases, whereas it

shows reasonable agreement for FFS-III case for downstream distances greater than five rotor

diameters. For the ramp-shaped escarpment, it shows good agreement for all downstream

distances. The ZPG model gives reasonable results at a downstream distance greater than

five rotor diameters in the case of the ramp-shaped escarpment, which can be related to

the fact that the effect of the pressure gradient is lowest for the ramp-shaped escarpment

at high downstream distances. In general, we can say that the new pressure gradient model

can successfully predict the velocity deficit in the turbine wake for all escarpment cases and

outperforms the other two models tested in the study.
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Figure 5.3: Contours of the normalized turbulence kinetic energy in the turbine wake.

Figure 5.4: Comparison of the maximum normalized velocity deficit (left) and equivalent wake
width (right) between the experiments and the analytical models. The solid gray line shows
the theoretical maximum velocity deficit assuming a fixed near wake velocity.
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Figure 5.5: Comparison of the normalized vertical (left) and lateral (right) velocity deficit
profiles between the experiments and the analytical models for different escarpments.
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5.4 Summary

Wind turbines sited in heterogeneous terrain experience varying levels of pressure gradient.

In the current work, we have developed an analytical modeling framework that can predict

the velocity deficit downstream of a wind turbine under an arbitrary imposed pressure gra-

dient. The model is based on the cross-stream integration of the streamwise momentum

conservation equation, and the self-similarity of the wind turbine wake velocity deficit. It

solves an ordinary differential equation to estimate the maximum velocity deficit in the far

wake, where a theoretical estimate of the near wake velocity under pressure gradient is used

as a boundary condition. The current model builds on a previously proposed one, which

only accounted for the effect of imposed pressure gradient in the turbine far wake. With

the new model, we can also account for the effect of an imposed pressure gradient at the

turbine location, which increases the number of applications the model can be used for. The

pressure gradient model requires the base flow velocity under the pressure gradient, and the

wake characteristics (maximum velocity deficit and wake growth rate) under a zero pressure

gradient as input parameters.

A validation of the new model against experimental data is performed. The experimental

study involves a wind turbine placed close to the edge of escarpments of varying shapes.

The turbine experiences varying levels of pressure gradient depending on the shape of the

escarpment. The maximum velocity deficit and equivalent wake width obtained from the

new model agree well with the experimental data for all cases. The velocity deficit profiles

obtained analytically also show good agreement with both lateral and vertical velocity deficit

profiles obtained experimentally. A comparison with another pressure gradient model and

a model without any pressure gradient effects is also included. The new pressure gradient

model is observed to outperform the other two models tested in the study for all cases. The

other pressure gradient model worked for certain cases with relatively small imposed pressure

gradients at the turbine location; however, its performance degraded for the cases with high

imposed pressure gradients at the turbine location. Finally, the zero pressure gradient model

only worked in the far wake of the escarpment with a smooth slope ahead of the turbine.

Therefore, with the new modeling approach, we have extended the capability of analytical

models to predict the wake velocity deficits of turbines experiencing an arbitrary imposed

pressure gradient.
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6 An experimental and analytical study
of wind turbine wakes under pressure
gradientI II

Abstract

This work is dedicated to the systematic investigation of wind turbine wakes under the effect of

pressure gradient. Wind tunnel experiments are carried out with a wind turbine positioned on

straight ramps of increasing angle such that it experiences an approximately linear flow speed-

up/slow-down from the induction region into the far wake. Fifteen ramp angles are studied:

7 favorable (FPG), 7 adverse (APG) and 1 zero pressure gradient (ZPG). The wake center is

shown to follow the base flow streamline originating from a virtual turbine hub height. A

quasi-linear relationship between the pressure gradient and near wake length is demonstrated.

Far wake characteristics such as the recovery of the wake center velocity deficit and wake

growth rate are observed to vary systematically with the pressure gradient. The wake recovery

rate increases (decreases) with the increase in the FPG (APG) and the wake growth rate shows

a linear increase from most favorable to most adverse pressure gradient. The turbine power

coefficient decreases significantly with increasing APG, to a greater degree than the increase

in power coefficient under FPG. The engineering approach of superposing the wake deficit

predicted by the standard Gaussian model on the modified base flow is shown to work for

very moderate pressure gradients. In light of this, a threshold in terms of flow speed-up/slow-

down along the wake trajectory is established, below which the engineering approach can be

reasonably employed. Finally, a physics-based model for wakes under pressure gradient is

tested. A new theoretical relation for near wake length under pressure gradient is proposed.

Using the theoretical near wake length, the pressure gradient model predicts the turbine wakes

for all cases with good accuracy and shows a significant improvement from the engineering

approach.

IThe contents of this chapter are published in Dar, A. S., Gertler, A. S., & Porté-Agel, F. (2023). An experimental
and analytical study of wind turbine wakes under pressure gradient. Physics of Fluids, 35(4).

IIAuthor contributions: A.S.D., A.S.G. and F.P-A. conceived the research plan, A.S.D. led the experimental
campaign with assistance from A.S.G. A.S.D., A.S.G. and F.P-A. laid out the plan for formal analysis. A.S.G. analyzed
experimental data under the supervision of A.S.D. The analytical framework was developed by A.S.D. with the help
of F.P-A. and A.S.G. The manuscript was written by A.S.D. with input from F.P-A. and A.S.G.
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6.1 Introduction

Global wind energy capacity has grown exponentially over the last few decades, with a cumu-

lative installed capacity of 837 GW at the end of 2021 (GWEC, 2022). Despite this growth, it is

estimated that to achieve the goal of net zero emissions by 2050, the yearly new wind energy

installations need to be tripled by 2030 compared to those in 2020 (GWEC, 2022). Although

wind energy has grown significantly - making it one of the cheapest available energy sources

today (IRENA, 2021), even bigger challenges lie ahead if we are to achieve the ambitious

goals set to tackle climate change. According to Veers et al. (2019), we need to address three

grand challenges in the science of wind energy to access its full potential. The first of these

challenges is to improve our understanding of the complicated physical interactions between

atmospheric flows and wind farms, whereas the other two challenges are concerned with

the aerodynamics of large wind turbines and grid integration of large wind farms. The fact

that within wind farms most wind turbines operate in the wake of others makes things even

more challenging. Turbine wakes, characterized by low velocity and high turbulence, depend

mainly on the characteristics of the local flow and turbine operating conditions. A large body

of literature exists which aims at understanding the interactions between wind turbines and

surrounding flows under a range of different flow and turbine operating conditions (Porté-Agel

et al., 2020; Stevens and Meneveau, 2017).

For wind turbines installed onshore, the likelihood is high that wind farms are sited in com-

plex terrain or heterogeneous surface roughness conditions (Alfredsson and Segalini, 2017).

Changes in terrain elevation or surface roughness have significant consequences for the

boundary layer flow developing on top of it, inducing variations in flow shear, generating

localized flow features and imposing localized pressure gradient. Understanding how wind

turbines interact with such complicated flows, and more importantly, how those interactions

differ from the ones in flat terrain is of paramount importance. This is due to the fact that most

existing literature deals with wind turbines on flat terrain, and to what extent that knowledge

can be extrapolated to a complex one remains to be understood.

Recent years have seen an increased interest in wind turbine wakes and power performance

in complex terrain from the wind energy community. Tian et al. (2013) performed an experi-

mental study of a wind farm sited on a two-dimensional gentle hill and showed that the hill

top was the ideal location for power production, whereas turbines sited on the up- or down-

hill slopes produced comparatively less power due to the sheltering effect and wake of the hill,

respectively. Hyvärinen and Segalini (2017a) investigated the power and thrust coefficients

of wind turbines sited on periodic sinusoidal hills. They showed that the thrust and power

coefficients remained comparable between a turbine sited on flat and sinusoidal hills. For two

aligned turbines, they observed that the in-wake turbine performed better in the presence

of hills than in the flat case. Liu and Stevens (2020a) showed that the power performance of

a turbine sited on a two-dimensional hill depends on the relative height of the turbine with

respect to the hill. For a wind farm sited across the hill, the turbines located on the leeward

side of the hill suffered in terms of power production. Atmospheric stability has also been
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shown to have a strong effect on wind turbine power production in complex terrain (de Sá S.

et al., 2022; Han et al., 2018; Radünz et al., 2021). More recently, Troldborg et al. (2022) showed

that complex terrain can change the power curve of a wind turbine compared to a flat terrain

due to a change in the turbine induction.

For wind turbine wakes in complex terrain, several studies have investigated how the terrain

affects some important wake characteristics. Recovery of the wake velocity deficit is an

important factor in determining optimal inter-turbine spacing within a wind farm. Most

studies have shown that turbine wakes recover faster in complex terrain compared to what is

normally reported in a flat one (Astolfi et al., 2018; Dar and Porté-Agel, 2022b; Dar et al., 2022;

Politis et al., 2012; Tabib et al., 2016; Yang et al., 2022; Zhang et al., 2022). This observation is

attributed to the terrain enhanced turbulence production, which leads to higher entrainment

of energy into the wake, and thus, faster recovery. An associated characteristic of the wake

is its expansion in the cross-stream direction, which has also been shown to be higher in

steep terrain (Dar and Porté-Agel, 2022b; Dar et al., 2022; Zhang et al., 2022). The terrain

is also known to affect the trajectory of the wake. Menke et al. (2018) found that the wake

trajectory is dependent on atmospheric stability in a complex terrain. They showed that the

turbine wake follows the terrain in stable conditions, deflects upward in unstable conditions

and propagates horizontally in neutral conditions. Barthelmie and Pryor (2019), however,

made an opposite observation in the same terrain and associated the discrepancy with the

observations of Menke et al., 2018 to the downstream distance over which the wake trajectory

was followed. Liu et al. (2021) performed large eddy simulation of wind turbine wake over two-

and three- dimensional hills, and evaluated different strategies of superposing a turbine wake

on a hill. They found that the strategy of following the flow streamline originating from turbine

hub height works best. Dar and Porté-Agel (2022b) showed that for a turbine sited on an

escarpment, the vertical velocity imposed by the surrounding flow affects the wake trajectory.

They also showed that the meandering of the wake is dependent on the turbulence intensity

induced by the terrain (Dar and Porté-Agel, 2020, 2022b). Moreover, atmospheric stability has

also been shown to influence the development of turbine wakes in complex terrain (Han et al.,

2018; Liu and Stevens, 2021).

Changes in terrain elevation or surface roughness conditions also result in localized pressure

gradients. The effect of pressure gradient on the development of wakes is a classical problem of

fluid mechanics. Hill et al. (1963) investigated the effect of moderate pressure gradients on the

wake of an obstructive rectangular bar. They showed that adverse pressure gradients can cause

the wake deficit recovery to slow down and wake width to grow rapidly. Additionally, they

developed a simple model to capture these effects. Nakayama (1987) performed a combined

study of pressure gradient and streamline curvature on the wake of a two-dimensional airfoil-

like thin plate. They showed that both the mean flow and turbulence quantities are affected

by the pressure gradient and streamline curvature. Liu et al. (2002) performed experiments

to investigate a planar wake exposed to constant adverse and favorable pressure gradients.

They showed that even moderate pressure gradients can affect the wake deficit and growth

rate. In addition, they found that the wake deficit remains self-similar under pressure gradient.
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A follow-up study was performed to investigate the similarities and differences between

symmetric and asymmetric wakes under pressure gradient (Thomas and Liu, 2004). Among

other things, they showed that the ratio of wake deficit to its width remained insensitive to the

imposed pressure gradient. Rogers (2002) performed direct numerical simulations of turbulent

planar wakes. They found a universal profile for the mean wake velocity deficit and observed

that the response of turbulence quantities to the pressure gradient was smaller than that of

the mean flow. More recently, Shamsoddin and Porté-Agel (2017a) proposed an analytical

model for planar wakes and validated it with the experimental data of Liu et al. (2002). All of

these studies consider turbulent planar wakes, where favorable (adverse) pressure gradients

have been shown to enhance (slow-down) the wake deficit recovery and reduce (increase) the

wake expansion rate.

Wind turbine wakes, on the other hand, are three-dimensional with a reasonable axisymmetry

in the cross-stream plane. The effect of terrain-induced pressure gradient on wind turbine

wakes has been explored in some recent studies. Shamsoddin and Porté-Agel (2018a) proposed

an analytical model for turbulent axisymmetric wakes and validated it with their large-eddy

simulations. They then applied this model to the wake of a wind turbine located upstream of a

hill and combined it with the streamline curvature caused by the hill (Shamsoddin and Porté-

Agel, 2018b). They also identified two regions of flow over a hill corresponding to adverse and

favorable pressure gradients and showed how the recovery of the wake depends on its position

relative to the hill. Cai et al. (2021) performed an experimental study of wind turbine wake

under pressure gradient. They placed a turbine at the edge of a ramp and varied the imposed

pressure gradient by altering the ramp slopes. They tested the model of Shamsoddin and

Porté-Agel (2018a) and found good agreement with the data. Furthermore, they investigated

the effect of pressure gradient induced change in velocity on the power output of the turbine.

Analytical modeling of wake velocity deficit is one of the most active areas of research in

the wind energy community, as it provides computationally cheap estimation of turbine

wakes with a reasonable accuracy. Such models are widely used in the industry during layout

optimization phase of wind farm planning, as they enable the evaluation of multiple layouts

and wind directions in relatively short time. For a detailed review of analytical wake models,

the reader is referred to Göçmen et al. (2016), Kaldellis et al. (2021), and Porté-Agel et al.

(2020). Some notable mentions in this context are Jensen (1983), Frandsen et al. (2006), and

Bastankhah and Porté-Agel, 2014. Most analytical models are derived using mass and/or

momentum conservation under the assumption of a zero pressure gradient. The Gaussian

model (Bastankhah and Porté-Agel, 2014) derives an algebraic equation for the streamwise

evolution of the maximum wake velocity deficit and uses the self-similarity of the wake to

produce the velocity deficit profiles. This self-similarity of the turbine wake has been verified

experimentally and numerically for flat and complex terrains (Bastankhah and Porté-Agel,

2017a; Dar and Porté-Agel, 2022b; Dar et al., 2019; Xie and Archer, 2017).

For wind turbines in complex terrain, the assumption of a zero pressure gradient does not

hold. Nevertheless, several studies have tried to adapt the Gaussian model (Bastankhah and
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Porté-Agel, 2014) for application in complex terrain. Brogna et al. (2020) proposed a modified

Gaussian model for their layout optimization study. For different turbines, the local base flow

(flow without turbine) velocity at a given turbine position was used to account for topogra-

phy effects. More recently, Farrell et al. (2021) also proposed an adapted formulation of the

Gaussian model for application in complex terrain. They made the reference velocity in the

Gaussian model spatially variable throughout the wake, thereby, claiming to improve over the

approach of Brogna et al. (2020). They, however, acknowledged that the approach of adapting

Gaussian model to varying base flow velocity violates the conservation of streamwise momen-

tum, as the underlying model is derived under the assumption of zero pressure gradient. Such

approaches of superposing a Gaussian model on a varying base flow can at best be considered

engineering approaches and their simplicity makes them suitable for industrial applications.

A physics-based model for wind turbine wakes under pressure gradient has been proposed

by Shamsoddin and Porté-Agel (2018a). This model accounts for the effect of an arbitrary

imposed pressure gradient on the far wake evolution of an axisymmetric wake. More recently,

Dar and Porté-Agel (2022a) extended the model of Shamsoddin and Porté-Agel (2018a) to

account for the effect of an imposed pressure gradient in the near wake as well.

Current work is inspired by the need for a systematic study of wind turbine wakes under a

range of terrain-induced pressure gradients. We have performed wind tunnel experiments

with a miniature wind turbine, where the pressure gradients are induced by means of constant

slope ramps with different inclination angles. The turbine is placed such that the induction

region, near wake and far wake are all exposed to an approximately constant flow acceleration

or deceleration caused by the pressure gradient. The objectives of this study are threefold:

1. To understand systematically how some important wake characteristics such as its

recovery, expansion, turbulence quantities and near-to-far wake transition change

across a range of imposed pressure gradients.

2. To define a threshold imposed pressure gradient beyond which the simplified engi-

neering approach of superposing a wind turbine wake obtained from a zero pressure

gradient model on a spatially varying base flow velocity does not work.

3. To demonstrate how a physics-based analytical model designed for wakes under pres-

sure gradient can improve the wake deficit prediction, when the simplified engineering

approach fails.

The rest of the article is structured as follows: the experimental setup and results are presented

in section 6.2, the analytical modeling approaches are described and compared in section 6.3,

and finally a summary of the work along with some concluding remarks are given in section

6.4.
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6.2 Experiments

6.2.1 Setup

The experiments are performed in the closed-loop boundary layer wind tunnel at the WiRE

laboratory of EPFL. It is a low-speed wind tunnel driven by a 130 kW fan, with an area

contraction ratio of 5:1 at the inlet and a test section of dimensions 28 m × 2.56 m × 2 m

(length × width × height). The free-stream turbulence intensity in the test section is typically

less than 1%. This is achieved by conditioning the flow through a series of honeycomb meshes

and mesh screens before the beginning of the contraction. In addition, the area contraction

before the inlet further helps to create a laminar and uniform flow at the inlet. A zero pressure

gradient boundary layer is developed in the wind tunnel with the adjustment of the ceiling

height and width of the walls.

The miniature wind turbine used in this study is a three-bladed horizontal axis turbine de-

veloped at the WiRE lab. It is a scaled-down version of the WiRE-01 turbine Bastankhah and

Porté-Agel (2017a), where the scaling ratio is 1:1.43 between the scaled-down and original

turbine. Dar et al. (2022) characterized the power and thrust coefficients of the scaled-down

turbine and showed that scaling-down the turbine does not influence its performance as

long as the Reynolds number is comparable between the original and scaled-down turbines.

The hub height zh and rotor diameter d of the miniature turbine are 8.75 cm and 10.5 cm,

respectively. The rotor is manufactured through 3D-printing using a liquid photopolymer resin

material. The rotor is mounted on a direct current motor (model: DCX10L) and controlled

using a servo controller (model: ESCON 36/2 DC).

We use linear ramps, where the slope of the ramps is varied between 0◦ and 13.1◦ to impose a

range of pressure gradients. In total 15 different pressure gradient cases are studied: one for

the zero pressure gradient, and seven each for the favorable and adverse pressure gradients.

The ramps are 1.35 m (13d , where d is the rotor diameter) in length, 2.5 m in width, and their

heights are: 0 mm (0 d , 0◦), 35 mm (1/3 d , 1.5◦), 52 mm(1/2 d , 2.2◦), 79 mm (3/4 d , 3.3◦),

105 mm (1 d , 4.4◦), 157 mm (1.5 d , 6.6◦), 210 mm (2 d , 8.8◦) and 315 mm (3 d , 13.1◦). In the

favorable pressure gradient (FPG) cases, the ramps have a positive slope and the turbine is

placed at a horizontal distance of 2.5d from the front edge of the ramp, whereas in the adverse

pressure gradient (APG) cases, the ramps have a negative slope and the turbine is placed

at a horizontal distance of 4d from the front of the ramp. The turbine streamwise position

is chosen to distance it from the effect of ramp edges, and the turbine and to position the

turbine and wake in a region of approximately constant pressure gradient. The ramp edges

were smoothed out with tape to reduce the effects of sharp convex corners. In all cases the

turbine tower is pitched to align the rotor with the incoming base flow angle at the hub height.

This choice was made to avoid effects of a rotor tilted relative to the flow, so to better isolate

the effect of pressure gradient.

A two-dimensional two-component (2D2C) particle-image velocimetry (PIV) system is used
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Figure 6.1: Schematic representation of the experimental setup (not to scale).

to capture flow measurements in a vertical (xz) plane passing through the turbine centerline.

Flow measurements are taken with and without the turbine to characterize the wake and base

(without turbine) flow, respectively. The PIV system is comprised of one sCMOS camera (2560

× 2160 pixels) with a 50 mm lens; a 425 mJ double-pulsed Nd:YAG laser (Litron lasers, Nano

TRL 425-10) at a wavelength of 532 nm; and a programmable timing unit (LaVision, PTU-v9).

The measurements are captured at a sampling rate of 10 Hz, where 1000 instantaneous fields

are used (except for one case, where 750 fields are used) to obtain time averaged flow statistics.

The size of the field-of-view (FOV) is 7.5d × 6.3d with a spatial resolution of 0.024d . The flow

is seeded with olive oil droplets of several microns in diameter through a slot near the inlet of

the test section. A sketch of the experimental setup is shown in figure 6.1.

A double-pass reducing size interrogation window of 64 × 64 pixels and 32 × 32 pixels with a

75% overlap between consecutive windows is used to perform image post-processing. Bad

vectors from the correlation are removed using an outlier detection method, where the maxi-

mum uncertainty in the mean flow is estimated to be around 0.06 ms−1 based on a correlation

statistics approach (Wieneke, 2015).

The power produced by the turbine P is measured by multiplying the shaft torque Q of the

turbine by its rotational speed Ω. The shaft torque is estimated by multiplying the torque

constant K of the DC motor by the generated current I , and adding to it the frictional torque

Q f . The detailed procedure for power measurements is described by Bastankhah and Porté-

Agel (2017a). The power coefficient CP is estimated using the following relation: CP = P
1/2ρAU 3

r
,

where ρ is air density, A is the rotor swept area and Ur is the rotor equivalent velocity at the

turbine position.

Although a natural boundary layer can develop on the smooth wind tunnel floor due to its

length (Dar and Porté-Agel, 2022b), in the current work we facilitate the development of the

boundary layer to further increase its height. We place a picket fence (10 cm in length and

5 cm in height, with spikes of 3 cm in length) at the inlet of the test section and cover the

floor of the wind tunnel with double-rolled chains at a streamwise spacing of 40 cm. This is

done to increase the boundary layer height such that it is more than twice the height of the

ramp in the most extreme case. The inlet velocity of the test section is varied such that the
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turbine hub height velocity is similar in all cases. The hub height velocity is in the range of 6.26

- 6.73 ms−1, except for one case where it is 5.96 ms−1. This is done to achieve a comparable

Reynolds number (Red = Uh d
ν , where ν is the kinematic viscosity of air) in all the cases, which

is found to be in the range of 42500-48000 in all the cases. Although the Reynolds number

in the wind tunnel experiments is smaller than the one for the utility-scale wind turbines, it

is close to the threshold observed by Chamorro et al. (2012) at which the mean wake flow

becomes independent of Reynolds number. In addition, it is well established that most of

the far wake characteristics are dependent on the turbine thrust coefficient (Porté-Agel et al.,

2020). The miniature turbine used in the current study is specifically designed to achieve a

thrust coefficient close to the utility-scale turbines, which makes it possible to extend the

findings of this study to the utility-scale turbines.

To characterize the incoming turbulent boundary layer, a combination of the 2D2C PIV system

described earlier and a laser Doppler velocimetry (LDV) system is used. The LDV system used

in the study is previously described by Dar et al. (2022). A combination of the two techniques

is employed for two reasons: the PIV field-of-view is not high enough to capture the boundary

layer height, whereas for the LDV system, measurements near the ground can not be captured

due to the blockage of one of the laser beams close to the ground. Measurements are taken

20 m downstream of the test section inlet, where PIV measurements for different pressure

gradient cases are taken. A comparison of the normalized averaged streamwise velocity U /Uh ,

where Uh is the hub height velocity, the streamwise turbulence intensity (Iu =σu/Uh , where

σu is the standard deviation of the horizontal velocity), and the normalized averaged vertical

momentum flux between the PIV and LDV is shown in figure 6.2. A good degree of agreement

is observed in the overlapping region of the two measurement techniques for the normalized

averaged streamwise velocity, streamwise turbulence intensity and the normalized averaged

vertical momentum flux. From the LDV measurements, the free stream velocity U∞ is 9.7

ms−1, where by using the criteria of δ = 0.99U∞ the boundary layer height is estimated to be

around 58.5 cm. This shows that the boundary layer height is almost twice compared to the

height of the tallest ramp. A logarithmic profile is fitted to the PIV data in the surface layer to

obtain the aerodynamic surface roughness z0 and the friction velocity u∗. The logarithmic fit

and measured velocity profile are shown in figure 6.2 (d), where a friction velocity u∗ value of

0.386 ms−1 and aerodynamic surface roughness z0 of 0.1 mm are obtained.

6.2.2 Results

This section deals with the results from the PIV experiments. We first show the differences in

the base flow (flow without the turbine) caused by the increase in the inclination of the ramps,

for both the FPG and APG cases. For the turbine, we first show how the power coefficient is

affected by the change in the pressure gradient and follow it up with a comprehensive wake

flow analysis. For the mean flow, we define U as the time-averaged streamwise velocity, which

is defined as U =
√

U 2
x +U 2

z , where Ux and Uz are horizontal and vertical velocity components,

respectively.
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Figure 6.2: Comparison of the (a) normalized averaged streamwise velocity, (b) streamwise
turbulence intensity and (c) normalized averaged vertical momentum flux obtained from
PIV and LDV. (d) Normalized averaged streamwise velocity obtained in semi-logarithmic
coordinates with the logarithmic fit in the brown line.

Base flow contours

We first characterize the base flow under different imposed pressure gradient situations. Figure

6.3 shows contours of the normalized averaged streamwise velocity along with flow streamlines

for different pressure gradients. Here, (x, z) = (0,0) represents the prospective turbine hub

position. For ZPG, the streamwise velocity appears to be constant in the streamwise direction

with a vertical shear, and the flow streamlines are parallel to the ground. Flow acceleration and

deceleration is observed in FPG and APG cases, respectively. In FPG cases, the flow roughly

follows the ramp angle at smaller ramp angles, whereas for higher ramp angles, the streamlines

tend somewhat into the surface of the ramp, following an angle less than ramp angle. In high

inclination APG cases, the flow appears to move away from the ramp surface, rather than

following the ramp slope. No flow separation is observed in any of the modeled cases. As

a more quantitative comparison between different cases, we plot the normalized averaged

streamwise velocity at the local hub height as a function of the horizontal distance in figure 6.4.

It can be readily seen that for the captured field-of-view, the flow speed-up and deceleration

induced by the ramps is linear in all cases, whereas for ZPG the velocity is constant throughout

the horizontal distance captured in this study. A flow speed-up of 1.33 with respect to the

streamwise velocity at the hub height of the prospective turbine is observed for the highest

FPG cases, whereas a deceleration to a value of 0.47 is seen for the highest APG case at x/d = 7.

This translates to a flow speed-up of 4.7% per rotor diameter for the highest FPG case and a

flow deceleration of 7.5% per rotor diameter for the highest APG case at a fixed local height

above the surface with respect to the streamwise velocity at the prospective turbine location.

In Shamsoddin and Porté-Agel (2018a), the imposed pressure gradient is present only in the

far wake, and exhibits a non-linear trend in the horizontal direction. The maximum speed-up

and deceleration is about 1.55% and 0.67% per rotor diameter for the FPG and APG cases,

respectively. For Dar and Porté-Agel (2022a), adverse pressure gradients are induced by the
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Figure 6.3: Contours of the normalized averaged streamwise velocity in the base flow for
different pressure gradient conditions. Mean flow streamlines are overlaid on the contours.
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Figure 6.4: Normalized averaged streamwise velocity at the local hub height above the ramp
as a function of horizontal distance for different pressure gradient cases.

escarpments with high pressure gradients in the near wake, which diminish in the far wake

with a non-linear trend. In Cai et al. (2021), the turbine is located at the edge of a ramp, where

the base flow is initially affected by the curvature of the ramp edge. The flow speed-up in the

highest FPG case is around 1.67% per rotor diameter and its deceleration is approximately

1.45% per rotor diameter in the highest APG case. Therefore, in the current study, we have

created stronger pressure gradients than the ones tested before in the context of wind energy.

Another key difference from previous studies is that the flow all the way from the turbine

induction region through to its far wake is exposed to an approximately constant pressure

gradient.

Figure 6.5 shows the contours of the horizontal turbulence intensity Ix =σUx /Uh for different

pressure gradient situations. For ZPG case, high turbulence intensity near the ground due

to high flow shear is observed, which is approximately constant in the horizontal direction.

The change in the ramp inclination has a significant influence on the mean flow shear, which

results in the change in the turbulence intensity. For FPG cases, as the flow speeds up over the

ramp, the mean flow shear near the ground decreases, which results in a decrease in the hori-

zontal turbulence intensity with the increase in the horizontal distance. For the APG cases, on

the other hand, as the flow moves away from the surface (shown previously using streamlines),

the mean flow shear increases with increase in the horizontal distance and ramp inclination,

thereby resulting in an increase in turbulence intensity. The pressure gradient imposed by

the terrain is characterized by the streamwise velocity gradient ((−1/ρ)∂p/∂x ≈UbdUb/d x)

(Dar and Porté-Agel, 2022a; Shamsoddin and Porté-Agel, 2017a, 2018a), where dUb/d x = 0

corresponds to ZPG, dUb/d x > 0 corresponds to FPG and dUb/d x < 0 corresponds to APG.

Power performance

Several studies have shown that terrain can have a significant influence on the power produc-

tion of a wind turbine sited on it. Cai et al. (2021) showed that the pressure gradient induced

change in velocity can lead to a difference in the turbine power production compared to that

in a flat terrain. More recently, Troldborg et al. (2022) showed that the non-homogeneity of the

base flow can affect the power coefficient of a wind turbine in a complex terrain compared
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Figure 6.5: Contours of the horizontal streamwise turbulence intensity in the base flow for
different pressure gradient conditions.
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Figure 6.6: Wind turbine power coefficient as a function of normalized imposed pressure
gradient.

to a reference power curve obtained in the flat terrain. In this work we are interested in un-

derstanding the variation of power coefficient of a turbine under a systematic change in the

imposed pressure gradient.

Figure 6.6 shows the variation of the power coefficient as a function of normalized imposed

pressure gradient at the turbine position. The pressure gradient is characterized via the

streamwise velocity gradient along the wake trajectory, which will be explained later in section

6.2.2. The miniature turbine is always operated at an optimal tip speed ratio for a certain

pressure gradient situation. For the ZPG case, a value of 0.347 is observed, which is similar

to the one reported by Dar et al. (2022) for the same turbine. This indicates that the power

coefficient for the model wind turbine used in the study is insensitive to the turbulence

intensity of the incoming flow, as the power curve in Dar et al. (2022) was measured at an

incoming turbulence intensity of around 7%.

A general trend is observed, which shows that the power coefficient decreases with the increase

in the adverse pressure gradient, whereas it shows an increase with the increase in the favorable

pressure gradient. The decrease in the power coefficient with the increase in adverse pressure

gradient is observed to be much stronger compared to the increase in the power coefficient

with the increase in favorable pressure gradient. Quantitatively, CP decreases by approximately

9.7% in the highest APG case compared to a 6.7% increase in the highest FPG case. However,

the magnitude of pressure gradient in the highest FPG case is twice that in the highest APG

case. This indicates that an APG can have more severe consequences for a turbine power

coefficient than the benefits obtained in a FPG situation. This can be particularly important for

turbines sited on or around hillsides, where depending on the wind direction, a turbine will be

operating in a favorable or adverse pressure gradient situation. Apart from the general trend,

some anomalies are observed (e.g. 3.3◦ apg case), which could be related to the uncertainties

in the power measurements, as discussed by Bastankhah and Porté-Agel (2017a).
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Wake flow contours

The effect of pressure gradient on the turbine wake development is quantified in this section.

Figure 6.7 shows the contours of the normalized averaged streamwise velocity in the turbine

wake, along with the in-plane streamlines. For the FPG cases, the normalized averaged

streamwise velocity shows an increase in magnitude compared to the ZPG case with the

increase in favorable pressure gradient, whereas for the APG cases, it decreases with the

increase in the adverse pressure gradient. In addition, figure 6.8 shows the contours of the

normalized averaged vertical velocity in the turbine wake. For the ZPG case, the normalized

averaged vertical velocity is the smallest among all the cases. For the pressure gradient cases,

the normalized averaged vertical velocity induced by the inclination of the ramp affects the

vertical velocity in the wake flow. For FPG cases, the vertical velocity is mostly positive where

an increase in magnitude with the increase in the ramp angle is observed. For the APG cases,

a small region of positive vertical velocity is observed close to the turbine, whereas it is mostly

negative due to the downward inclination of the ramps. To isolate the effect of the turbine

on the wake velocity, we compute the streamwise velocity deficit ∆U = Ub −Uw , where Ub is

the time-averaged base flow velocity and Uw is the time-averaged wake flow velocity. Figure

6.9 shows the contours of the normalized averaged streamwise velocity deficit for different

pressure gradient situations. Consistent with the previous studies (Cai et al., 2021; Liu et

al., 2002; Shamsoddin and Porté-Agel, 2018a), the streamwise velocity deficit is observed to

decrease with the increase in the FPG and increase with the increase in APG. This is attributed

to the fact that a favorable pressure gradient enhances the wake recovery, whereas an adverse

pressure gradient slows it down.

Looking at the wake trajectory, which is identified as the vertical position of the maximum

streamwise velocity deficit at each horizontal position, it is observed that the wake does

not follow the terrain for higher inclination angles. For the FPG cases, the wake shows a

downward trajectory and becomes increasingly attached to the surface with the increase in

the FPG, whereas for the APG cases, it moves away from the surface. It is shown that, to

a good approximation, the wake trajectory follows the base flow streamlines - rather than

travelling horizontally, or following a line of constant height above the surface of the hill.

Figure 6.10 shows the normalized averaged streamwise velocity in the base flow along with

flow streamlines and turbine wake trajectory. It can be seen that the wake trajectory follows

the base flow streamlines originating from the turbine hub position to a good degree of

approximation. In situations where wake trajectory is unknown, the base flow streamline

originating from the prospective turbine hub position can be employed as a proxy. In most

cases, the vertical deviation of the wake trajectory from the hub height streamline is less than

0.05d over a horizontal distance of 7d . In the most extreme APG case, however, a deviation of

about 0.2d in the vertical direction is observed at a horizontal position of 7d , which leads to

a difference of about 7.5% at 7d between the velocity at the wake trajectory and that at the

streamline. Following the base flow streamline was in all cases, a significantly better strategy

compared to following the projected hub height.
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Figure 6.7: Contours of the normalized averaged streamwise velocity in the wake flow for
different pressure gradient conditions. Mean flow streamlines are overlaid on the contours.
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Figure 6.8: Contours of the normalized averaged vertical velocity in the wake flow for different
pressure gradient conditions.
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Figure 6.9: Contours of the normalized averaged streamwise velocity deficit in the wake flow
for different pressure gradient conditions. The solid line represents the wake trajectory.
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Figure 6.10: Contours of the normalized averaged streamwise velocity in the base flow for
different pressure gradient conditions. The streamlines of the horizontal and vertical velocity
components are overlaid on the contours. The dark solid lines show the wake trajectory For
two column panels, the left one corresponds to FPG and the right one corresponds to APG.
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This is consistent with the findings of Liu et al. (2021), who showed that for several two- and

three-dimensional hills, the wake follows the flow streamline originating from the turbine hub

position. As a turbine wake is advected downstream by the surrounding base flow, it stands to

reason that its trajectory is similar to the trajectory of the base flow. Therefore, subsequently,

the base flow characteristics along the wake trajectory will be used to quantify the imposed

pressure gradient and for wake modeling. In practical situations, where the wake trajectory

can be an unknown quantity, the base flow streamline can be used as a proxy.

Figure 6.11 shows the contours of the horizontal turbulence intensity. A peak in turbulence

intensity at the upper interface between the wake and the outer base flow is observed, which

is commonly attributed to the high shear between the outer base flow and the low velocity

wake flow. The magnitude of the turbulence intensity in the peak is observed to be dependent

on the imposed pressure gradient. The horizontal turbulence intensity is observed to increase

in peak magnitude with the increase in FPG, and decrease with the increase in APG. This may

be related to the fact that a fixed hub height mean velocity is used to normalize the standard

deviation of the velocity. If an alternate normalization is used, where the standard deviation is

normalized with the base flow velocity along the wake trajectory, the FPG cases still show a

higher peak in Ix close to the turbine. However in the far wake, the APG cases show a higher

peak (for the sake of brevity, the figure is not shown). This is understandable, as the APG slows

down the wake recovery, thereby resulting in higher shear in the far wake compared to the

FPG cases. As the wake does not follow the ramp, the turbulence intensity peak also moves

into or away from the ramp for the FPG and APG cases, respectively.

Pressure gradient and turbulence intensity along wake trajectory

In section 6.2.2 we quantified the flow speed up along the hub height over the ramps, which

is useful and relevant from a resource assessment perspective prior to turbine placement.

However, as seen in the previous section, the wake does not follow the ramp inclination,

especially at high inclination angles. Therefore, here we quantify the velocity and associated

pressure gradient along the wake trajectory. Figure 6.12 shows the normalized averaged

streamwise velocity and the normalized pressure gradient along the wake trajectory. The flow

speed up in the FPG cases is observed to be comparatively similar to that obtained along the

hub height over the local surface. This is due to the fact that the downward trajectory of the

wake is somewhat limited by the presence of a solid surface in the FPG cases. In the APG

cases, on the other hand, the flow deceleration along the wake trajectory is comparatively

less than that observed following the hub height over the local surface. This is attributed to

the fact that, in APG cases, the wake trajectory is away from the surface into high velocity

flow compared to that near the surface. The difference in the flow deceleration along the

wake trajectory compared to flow deceleration along the local hub height is greatest for the

two steepest APG cases. Somewhat surprisingly, the case with 13.1◦ inclination angle shows

weaker wake deceleration at x/d > 4 than does the 8.8◦ case. This is explained by the fact

that the wake trajectory moves away from the surface of the hill most strongly in the 13.1◦
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Figure 6.11: Contours of the horizontal turbulence intensity in the wake flow for different
pressure gradient conditions.
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Figure 6.12: Normalized averaged streamwise velocity (left), and normalized pressure gradient
(right) in the base flow along the wake trajectory across different ramp angle cases.

case. Over all the cases, the maximum flow speed-up along the wake trajectory is 4.3% per

rotor diameter (compared to 4.7%/d along the local hub height), whereas the maximum flow

deceleration along the wake trajectory is 2% per rotor diameter (compared to 7.5%/d along

the local hub height). The deceleration of 2% per rotor diameter is still higher than those

reported in previous studies (Cai et al., 2021; Shamsoddin and Porté-Agel, 2018a).

Figure 6.12 (right) shows the trends in the imposed normalized pressure gradient for all ramp

angles. The pressure gradients observed are approximately constant for most of the cases,

except the extreme FPG case, where it increases with increase in the distance. In addition, the

magnitude of the pressure gradient in the maximum FPG case is more than twice the value

in the maximum APG case. In the rest of this section, we will quantify some important wake

characteristics as a function of pressure gradient along the wake trajectory.

It is well known that the wake characteristics of a turbine depend on the base flow turbulence

intensity. Figure 6.13 shows the rotor averaged turbulence intensity along the wake trajectory

for all the cases. It can be seen that for most of the cases, the turbulence intensity lies within

a close range of 0.12 - 0.14, and no systematic trend between the rotor averaged turbulence

intensity and ramp angle is observed. Therefore, it can be concluded that within the limits of

experimental setup, turbulence intensity has minimal effect on the wake of the wind turbine,

and pressure gradient is the dominating factor responsible for the systematic differences

observed in the turbine wake.

Wake center recovery

Recovery of the wake center velocity deficit is an important wake characteristic, quantified

by the evolution of the maximum velocity deficit with distance from the turbine. Figure 6.14

shows the maximum normalized streamwise velocity deficit for different pressure gradients.

The maximum normalized streamwise velocity deficit in the turbine wake is observed to be

affected by the pressure gradient, with the highest APG case showing the largest deficit and

the highest FPG case showing the smallest one. In addition, the maximum deficit near the

turbine is also shifted higher (lower) in the APG (FPG) cases compared to that in the ZPG

case. This is associated with the effect of the pressure gradient on the turbine induction which

115



Chapter 6: Wind turbine wake study under pressure gradient

1 2 3 4 5 6

0.12

0.13

0.14

0.15

0.16

Figure 6.13: Rotor averaged horizontal turbulence intensity along wake trajectory

affects the maximum velocity deficit in the near wake. A similar observation was made by

Dar and Porté-Agel (2022b), who found that the maximum velocity deficit in the proximity

of the turbine is affected by the adverse pressure gradient imposed by an escarpment. This

is due to the fact that in addition to the turbine thrust, pressure gradient also contributes to

the streamwise momentum in the turbine wake (Shamsoddin and Porté-Agel, 2017a, 2018a).

Depending on the sign of the pressure gradient (favorable or adverse), it either subtracts or

adds to the contribution from the turbine thrust. As an adverse pressure gradient slows the

wake recovery, it adds to the maximum velocity deficit contribution from the turbine thrust,

whereas the favorable pressure gradient subtracts from it.

The effect of pressure gradient can be observed even more clearly in figure 6.14 (right), which

subtracts the maximum streamwise velocity deficit in the ZPG case from all the cases. All the

APG cases show a positive difference from the ZPG cases, whereas all the FPG cases show a

negative one. Interestingly, the difference shows a variation near the turbine, while, in the far

wake it reaches a nearly constant value, which depends on the pressure gradient. The variation

in the difference with respect to the ZPG velocity deficit maximum close to the turbine can

be partly associated with the difference in the near wake length in different cases. The near

wake length is shorter (longer) for the FPG (APG) cases compared to that for the ZPG case.

A shorter near wake length indicates an earlier re-energization of the wake center velocity

deficit compared to that in the ZPG case, which explains why the difference between the FPG

and ZPG cases is more pronounced than that between the APG and ZPG cases. The relation

between the near wake length and the imposed pressure gradient will be discussed in detail in

the remainder of this section.

Near wake length

The near wake of a turbine is characterized as the region close to the turbine where the flow

has a ’memory’ of the turbine geometry. It is a region of complex flow marked by the tip and

hub vortices, rotation of the wake, and wake of the turbine nacelle. A simplified approach

is to assume a gradual transition from a top-hot velocity profile at the turbine position to a
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Figure 6.14: Maximum normalized streamwise velocity deficit as a function of streamwise
distance for different pressure gradient cases (left), and maximum normalized velocity deficit
minus ZPG normalized velocity deficit for different pressure gradient cases (right).

Gaussian velocity profile at the end of the near wake. The length of the near wake, defined

as the downstream distance until which the wake flow has a memory of turbine geometry,

has been shown to depend on many factors such as the incoming turbulence intensity, the

turbine thrust coefficient, and the turbine tip speed ratio (Porté-Agel et al., 2020). Here, we are

interested in understanding the dependence of the near wake length on the pressure gradient

imposed by the terrain. This is motivated by the fact that the end of the near wake region marks

the onset of the far wake, which is of most interest for the wind energy community, especially

from the perspective of wind resource assessment, layout optimization and analytical wake

modeling.

Several methods are used in the wind energy community to characterize the near wake

length. Of these, the most commonly used ones are: the downstream distance at which

the streamwise velocity deficit profiles become Gaussian (Porté-Agel et al., 2020), and the

downstream distance at which the maximum streamwise velocity deficit becomes equal to

the theoretically predicted maximum (Abkar et al., 2018; Bastankhah and Porté-Agel, 2016;

Vermeulen, 1980). In the following, we will compare the near wake length obtained from both

these criteria and comment on their differences. For the first criterion, which is based on

the downstream distance from the turbine at which the streamwise velocity deficit profile

becomes Gaussian, we perform a Gaussian fitting on the vertical profiles of the streamwise

velocity deficit at each horizontal position. The goodness of the fit, identified by the coefficient

of determination (R2 > 0.985), is used to identify the onset of the far wake, and the distance

from the turbine at which it is obtained is classified as the near wake length. For the second

criterion, we employ the definition of the near wake velocity under pressure gradient using

one-dimensional momentum theory given by Dar and Porté-Agel (2022a). The near wake

velocity under pressure gradient is defined as: Unw =
√

U 2
nb −U 2

hCT , where Unw is the near

wake velocity, Unb is the base flow velocity in the near wake, Uh is the hub height velocity and

CT is the turbine thrust coefficient. In the context of Dar and Porté-Agel (2022a), Unb was fixed

at a location near the turbine where the wake flow pressure and base flow pressure equalize -

to ensure that the defined equation yields a real value, which resulted in a constant near wake

117
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velocity. Here, we generalize this approach by keeping Unb variable with the downstream

distance in the near wake. This is done to account for the variation in the near wake velocity

deficit maxima due to the pressure gradient in the streamwise direction. Given that the above-

defined equation yields real values for all cases, it is possible to evaluate the feasibility of this

approach. For analytical modeling in section 6.3, the same approach will be adopted and

validated to account for the effect of pressure gradient in the near wake of the turbine.

Figure 6.15 (a) shows the normalized near wake length obtained from the two criteria defined

above as a function of the imposed pressure gradient. Overall, both criteria show similar trend

between the imposed pressure gradient and the normalized near wake length. In general, the

near wake length shortens with the increase in the favorable pressure gradient, and lengthens

with the increase in the adverse pressure gradient compared to that in the ZPG case. As FPGs

results in base flow acceleration, it leads to an acceleration in the growth of the shear layer

surrounding the rotor periphery, thereby bringing higher energy flow into the wake center at

an earlier downstream position compared to the ZPG case, which explains the shorter near

wake length. The opposite can be said about the adverse pressure gradient, which slows down

the growth of the shear layer between the wake and base flow compared to the ZPG case. A

bivariate correlation coefficient of 0.89 is measured between the imposed pressure gradient

and the normalized near wake length which indicates a strong positive statistically significant

correlation.

Although both criteria for near wake length show similar trend, there appears to be an offset

between the near wake length values obtained from these criteria. This offset is in the range of

0.9-1.3 rotor diameters for different pressure gradient cases. In the following we attempt to

provide a physical explanation for this offset. As noted in previous studies (Bastankhah and

Porté-Agel, 2016; Dar and Porté-Agel, 2022b; Dar et al., 2022), the miniature wind turbine used

in the study usually shows a higher maximum streamwise velocity deficit in the near wake

than what is predicted by the simplified one-dimensional momentum theory. This can be

attributed, among other factors, to the wake of the turbine nacelle. As the one-dimensional

momentum theory is designed for actuator discs with no nacelle, it does not account for the

drag of the nacelle in the near wake of the turbine. It is commonly assumed that as the shear

layer grows enough to reach the wake center, the wake deficit profiles become Gaussian. For

actuator discs without any nacelle, the maximum velocity deficit at this position will be the

same as that predicted by the one-dimensional momentum theory. However, in the current

scenario, the maximum velocity deficit at this position is higher than the one obtained from

the one-dimensional momentum theory, as the wake still has to recover the deficit caused by

the nacelle. Therefore, the maximum velocity deficit at the position where the profiles first

show a Gaussian shape is higher than that predicted by the one-dimensional momentum

theory. It can be assumed that the offset between the values of near wake length obtained

from the two criteria is accounted for by the extra distance it takes to recover the maximum

velocity deficit contributed by the turbine nacelle. The fact that the offset lies within a close

range for all the cases supports this hypothesis
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Figure 6.15: Normalized near wake length as a function of imposed pressure gradient in the
near wake (a), and as a function of rotor averaged turbulence intensity in the near wake (b).
Circles denote the near wake length using the criteria of maximum theoretical streamwise ve-
locity deficit and stars denote the near wake length using the criteria of a Gaussian streamwise
velocity deficit profile.

It is well agreed upon in the literature that near wake length depends on the incoming flow

turbulence intensity, where higher turbulence leads to a shorter near wake length (Wu and

Porté-Agel, 2012). To ensure that the correlations observed here between pressure gradient

and near wake length, are not simply a result of correlated turbulence intensity, we correlate

normalized near wake length as a function of the rotor averaged horizontal turbulence in-

tensity in the base flow in figure 6.15 (b). It can be seen that the rotor averaged turbulence

intensity lies in a relatively tight range of 0.125-0.155 between cases, and that the spread of the

data perpendicular to its linear regression line is large relative to its span parallel to the line.

The bivariate correlation coefficient in the data is -0.61, indicating a statistically insignificant

correlation between near wake length and rotor averaged turbulence intensity.
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Wake growth rate

As the wind turbine wake moves downstream, it expands radially in the cross-stream direction.

This is due to the growth of the shear layer around the rotor periphery and related mixing

of the wake with the outer base flow. The rate at which wake expands in the cross-stream

direction with the increase in the streamwise distance is known as the wake growth rate. In the

far wake, it is well known that the wake grows linearly in flat (Porté-Agel et al., 2020), as well as

complex terrain (Dar and Porté-Agel, 2022b; Dar et al., 2022). To quantify the wake growth

rate, the wake width at any downstream distance needs to be quantified. One approach is to

characterize the wake width as the standard deviation of a Gaussian fit to the cross-stream

profile (either lateral or vertical). The slope at which the standard deviation grows with the

increase in the streamwise distance identifies the wake growth rate. This is done according to

the following relation: σz
d = k x

d +ϵ, where σz is the wake width in the vertical direction, k is the

wake growth rate, and ϵ is the initial wake width.

Here, we are interested in finding a systematic relation between the wake growth rate and the

imposed pressure gradient. Figure 6.16 (a) shows the wake growth rate as a function of the

imposed pressure gradient. Once again, a clear difference between the FPG and APG cases

can be observed, with the ZPG case lying in the middle. The wake growth rate is observed to

decrease with the increase in the FPG and increase with the increase in the APG compared to

that in the ZPG case. A strong positive (statistically significant) trend is measured between the

two parameters, with a bivariate correlation coefficient of 0.92. Moreover, there appears to

be a linear relation between the imposed pressure gradient and the wake growth rate. This

relation is given as k = 0.311×PG +0.053, where PG is the non-dimensional imposed pressure

gradient (−Ub
dUb
d x × d

U 2
h

). The wake growth rates are obtained based on the vertical profiles of

the streamwise velocity deficit only, which could differ from a wake growth rate measure that

takes into account the lateral wake width.

Similar to the near wake length, the wake growth rate is also known to be dependent on the

ambient turbulence intensity (Porté-Agel et al., 2020). We plot the estimated wake growth rates

as a function of rotor averaged horizontal turbulence intensity in figure 6.16 (b). A very wide

spread in the wake growth rates is seen when plotted against turbulence intensity. Additionally,

the wake growth rates are lower for higher turbulence intensity, which is opposite to what

would be expected without the presence of any pressure gradient. It can therefore be said that

the differences in the wake growth rates observed here can only be explained by the imposed

pressure gradient.

6.3 Analytical modeling

Analytical models provide a reasonably accurate and computationally cheap estimation of

the wake velocity deficit behind a turbine. Such models are widely used in the wind energy

community to estimate the effects of wakes on power available within a wind farm, and
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Figure 6.16: Wake growth rate as a function of imposed pressure gradient (a), and as a function
of rotor averaged turbulence intensity in the far wake (b). Dashed line shows a linear fit to the
data.
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facilitate testing multiple layouts and wind directions in a relatively short time. In the following,

we provide an assessment of some common analytical modeling approaches available in the

literature for wakes under pressure gradient.

Standard Gaussian model

One of the most popular analytical models used today is the Gaussian wake model proposed

by Bastankhah & Porté-Agel (Bastankhah and Porté-Agel, 2014, 2016). This model is derived

using mass and momentum conservation under an assumption of a zero pressure gradient,

and uses the self-similarity of the streamwise wake velocity deficit to produce the velocity

deficit profiles. Despite the fact that the model is derived under an assumption of a ZPG, it is

a fairly common practice in the wind energy community to use it in complex terrain with a

pressure gradient. A common approach to implement the Gaussian model in complex terrain

is to superpose the velocity deficit obtained from the model on a varying base flow velocity

field. In other words, the reference base flow velocity in the Gaussian model is assumed to be

a function of the streamwise distance rather than a fixed value. A few recent examples of such

adaptation of the Gaussian model are given in Brogna et al. (2020), Fan et al. (2021), Farrell

et al. (2021), and Hu et al. (2022).

In the current work, our objective is to assess the accuracy of this common approach across a

range of imposed pressure gradient. We aim to find a threshold in terms of the flow speed-up

or deceleration caused by the imposed pressure gradient up to which the simple approach of

superposing the standard Gaussian model on varying base flow can yield reasonable results.

The streamwise wake velocity deficit in the far wake is given by:

Ub −Uw

Ub
= C (x)e

−( r 2

2σ(x)2 )
, (6.1)

where C (x) is the maximum normalized streamwise velocity deficit, r is the radial distance

from the wake center, and σ is the wake width. The maximum normalized streamwise velocity

deficit C (x) is obtained from streamwise momentum balance, and written as a function of

the turbine thrust coefficient CT and the wake width σ in the far wake. Here we use the

formulation of the Gaussian model given by Bastankhah and Porté-Agel (2016):

C (x) = 1−
√

1− σ2
0C0(2−C0)

σ(x)2 , (6.2)

where σ0 is the wake width at the start of the far wake taken from the experiments, C0 is

the maximum streamwise velocity deficit at the start of the far wake obtained from the one

dimensional momentum theory (C0 = 1−p
1−CT , where CT = 0.8), and σ is the wake width

in the far wake. The wake growth rate k needed to compute σ is obtained from the relation
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between the wake growth rate and base flow streamwise turbulence intensity, given as: k = 0.3I

Brugger et al. (2019).

Figure 6.17 shows the comparison of the maximum normalized averaged streamwise velocity

deficit obtained from the experiments and from the model equation 6.2. The model prediction

agrees well with the experimental data for the ZPG case. However, the difference between the

experiments and the model increases with the increase in the pressure gradient. Figure 6.18

shows the comparison of the vertical profiles of the normalized averaged streamwise velocity

deficit between the experiments and the model at several downstream positions. For smaller

imposed pressure gradients, the streamwise velocity deficit profiles seem to show a reasonable

agreement between the Gaussian model and the experiments. However, the error both in

the maximum deficit and the wake width, grows with increasing magnitude of the imposed

pressure gradient, for both favorable and adverse pressure gradients. Furthermore, the model

predicts a slower wake recovery under favorable pressure gradients, and faster under adverse -

opposite to the trend actually observed in the experiments. The superposition of the Gaussian

model on varying base flow fails to capture the correct qualitative trend for wake velocity

deficit under imposed pressure gradients. For the interested reader, this is explainable. This is

explainable: take the case for example of favorable pressure gradients. As the base flow speeds

up along the streamwise direction, the model subtracts the same ZPG wake velocity from a

faster base flow, leading to a greater predicted deficit, and an apparent slowed wake recovery -

contrary to what is experimentally observed.

It is of potential importance to the wind community to define a threshold condition above

which it becomes inappropriate to use the superimposed Gaussian model. For the APG cases,

the Gaussian model yields a reasonable result only up to a ramp inclination of 2.2◦, which

corresponds to a flow deceleration of ≈ 0.57% per rotor diameter along the wake trajectory.

For the 3.3◦ APG case, which corresponds to a flow deceleration of ≈ 1% per rotor diameter

along the wake trajectory, the model shows significant deviation from the experiments. For

the FPG cases, on the other hand, an acceptable agreement between the Gaussian model and

experiments is observed up to a ramp inclination of 3.3◦, which also corresponds to a flow

speed-up of ≈ 0.59% per rotor diameter along the wake trajectory. We have shown that the

range of pressure gradient conditions over which the simplistic approach of superimposing

the Gaussian model predicted deficit on a changing base flow works is relatively small. This

indicates that special attention must be paid to the base flow acceleration before using the

Gaussian model in complex terrain. In practical situations, where the wake trajectory is

unknown, flow acceleration along the base flow streamlines can be used as an alternative, as

discussed previously in section 6.2.2.

Pressure gradient model

In this section, we investigate if an analytical model derived for pressure gradient can provide

a better prediction than the standard Gaussian model. For this purpose, we use the model

initially derived by Shamsoddin and Porté-Agel (2018a) for the effect of an imposed pressure
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Figure 6.17: Comparison of the normalized maximum streamwise velocity deficit C (x) ob-
tained from the Gaussian model (solid line) and the experiments (circles) for different imposed
pressure gradients.

gradient on the far wake, and further extended to account for an imposed pressure gradient

in the near wake by Dar and Porté-Agel (2022a). A brief summary of the model along with

the procedure followed to obtain the velocity deficit profiles is given below. In addition, we

complement the pressure gradient model with a theoretical relation for the estimation of the

near wake length.

Similar to the standard Gaussian model, the far wake streamwise velocity deficit is self-similar

and has a Gaussian shape function under pressure gradient. Therefore, its functional form

is also given by equation 6.1. The streamwise evolution of the maximum velocity deficit,

wake width and the onset of the far wake, however, are dependent on the imposed pressure

gradient. The base flow velocity along the wake trajectory is used as an input for the model.

The normalized maximum streamwise velocity deficit in the far wake is estimated using the

following ordinary differential equation:

dC (x)

d x
=

−1(
U 4

b (x)

λ2
0(x)

)
(3C 2(x)−2C 3(x))

[
1

4

dU 4
b (x)

d x

C 3(x)

λ2
0(x)

+
(
C 3(x)− C 4(x)

2

)
d

d x

(
U 4

b (x)

λ2
0(x)

)]
. (6.3)

where Λ0 is the ratio of streamwise velocity deficit to wake width, which is known to be

invariant to the pressure gradient (Shamsoddin and Porté-Agel, 2018a; Thomas and Liu, 2004).

This invariant ratio is defined as:

Λ0 =
CzpgUzpg

σzpg
, (6.4)

where Czpg , Uzpg and σzpg are the maximum normalized velocity deficit, base flow velocity

and wake width under zero pressure gradient. The wake width under pressure gradient is

estimated using the invariant ratio, and is given by:
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Figure 6.18: Comparison of the vertical profiles of the normalized averaged streamwise velocity
deficit between the experiments (circles) and the Gaussian model (solid line) at selected
downstream positions.
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σ(x) =
CUb

Λ0
. (6.5)

Equation 6.3 is valid in the turbine far wake, and it needs the near wake velocity deficit as a

boundary condition. Dar and Porté-Agel (2022a) provided an analytical equation for the near

wake velocity deficit under pressure gradient:

Cnw (x) = 1− Unw (x)

Ub(x)
, (6.6)

where Cnw (x) is the normalized maximum velocity deficit in the near wake and Unw is the

near wake velocity, which can be obtained as follows:

Unw (x) =
√

Unb(x)2 −U 2
hCT , (6.7)

where Unb is the base flow velocity in the near wake. In the model validation of Dar and

Porté-Agel (2022a), the near wake velocity was assumed to be a constant and obtained at the

position where the base and wake flow pressure equalize. This distance was fixed at 1 rotor

diameter downstream of the turbine. Here, we generalize this approach by keeping the near

wake velocity variable. Contrary to Dar and Porté-Agel (2022a), equation 6.7 yields real values

throughout the near wake due to a linear speed-up/slow down of the base flow in the current

study, enabling us to test this approach.

In addition to the analytical relations for near and far wake velocity deficit, an estimation of

the near wake length is needed to switch the model from near to far wake solution. Currently,

no analytical relations for the length of near wake under a pressure gradient exist. In the

following, we derive a theoretical relation for near wake length under an imposed pressure

gradient.

The near wake of a turbine is characterized by the growth of a shear layer behind the rotor

periphery. This shear layer expands radially as the wake is advected downstream due to the

mixing between the low energy wake flow and the high energy base flow outside the wake.

Following Bastankhah and Porté-Agel (2016), the near wake length can be characterized as the

distance downstream of the turbine where the shear layer width reaches the wake center, thus

energizing the wake center. In their study, Bastankhah and Porté-Agel (2016) generalized the

model for the growth of a shear layer originally proposed by Lee and Chu (2012) to account for

the effects of turbulence intensity and velocity difference between the wake and outer flow on

the development of a shear layer. However, their derivation was meant for the growth of a free

shear layer under a zero pressure gradient. Here, we will further generalize their model for an

arbitrary pressure gradient.

According to Bastankhah and Porté-Agel (2016), the variation of a free shear layer width can
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be expressed as:

1

U∞
d s

d t
=

Us

U∞
d s

d x
=αI +β Ue

U∞
, (6.8)

where U∞ is a constant velocity of the flow outside the wake, s is the width of the shear layer,

t is the time, Us is the characteristic velocity of the shear layer defined as 0.5(U∞+Unw ), Ue

is the relative velocity in the shear layer given by 0.5(U∞−Unw ); finally, α and β are model

constants. Under the assumption of a zero pressure gradient, all the velocities in equation 6.8

are constant, which simplifies the model. For the development of a free shear layer under an

imposed pressure gradient, equation 6.8 can be interpreted as a local relation and re-written

as follows:

1

Ub(x)

d s

d t
=

Us(x)

Ub(x)

d s

d x
=αI +βUe (x)

Ub(x)
, (6.9)

where Ub(x) is the local base flow velocity, Us(x) is the local shear layer characteristic velocity

defined as 0.5(Ub(x)+Unw (x)) and Us(x) is the local relative velocity estimated by 0.5(Ub(x)−
Unw (x)). The integral form of equation 6.9 can be written as follows:∫ σnw

0
d s =

∫ lnw

0

Ub(x)

Us(x)

[
αI +βUe (x)

Ub(x)

]
d x. (6.10)

Inserting expressions for different velocities in the above equation yields:

σnw = (2αI +β)
∫ lnw

0

1

1+ Unw (x)
Ub (x)

d x −β
∫ lnw

0

1

1+ Ub (x)
Unw (x)

d x. (6.11)

Equation 6.11 is a general equation which can be solved for any form of base flow Ub(x) to

estimate the near wake length. Here, we will solve equation 6.11 in the context of the current

work. For this purpose, we assume the base flow to be linear and express it as Ub(x) = (γx+Uh),

where γ is the flow speed-up factor, which will be positive for FPG and negative for APG.

Inserting the functional form of Ub(x) and Unw (x) in equation 6.11 yields:

σnw = (2αI +β)
∫ lnw

0

1

1+
√

1− U 2
hCT

(γx+Uh )2

d x −β
∫ lnw

0

1

1+ 1√
1− U 2

h
CT

(γx+Uh )2

d x, (6.12)

the above equation is solved analytically using MATLAB to obtain the near wake length lnw .

To solve for lnw we need to specify the wake width σnw . Here, we take the σnw for zero

pressure gradient from the experiments, whereas the wake width for different pressure gradient

situations is obtained using the invariant ratio. While solving equation 6.12, all the velocities

are normalized by Uh in the respective cases and all the distances are normalized by the rotor

diameter d . This is done to account for the difference in the reference velocity Uh between

different cases while computing the invariant ratio. Finally, the values for model constants

(α and β) need to be specified. Here we choose α = 0.58 and β = 0.077, which are the same
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Figure 6.19: Comparison of near wake length obtained from the experiments (circles) and the
theoretical model (asterisks).

values as suggested by Bastankhah and Porté-Agel (2016). However, the α and β values chosen

here may not be universal and further research is needed to find universal values for these

constants.

Figure 6.19 shows a comparison of the near wake length obtained from the experiments and

the model. Overall, it can be observed that the model can predict the trend between the

near wake length and imposed pressure gradient with a very good accuracy. The predicted

values are also very close to the experimental ones. Thus, we have derived and validated a

theoretical model to estimate the near wake length under an imposed pressure gradient. For

the prediction of wake velocity deficit under pressure gradient, we will use this newly derived

theoretical near wake length to transition from the near wake solution to the far wake one.

In previous studies (Shamsoddin and Porté-Agel, 2018a; Thomas and Liu, 2004), the invariant

ratioΛ = CUb
σ has been verified under the conditions where the far wake is exposed to a pressure

gradient. Here we check its validity under the condition when the turbine experiences a

pressure gradient from the induction region to the far wake. Figure 6.20 (a) shows the invariant

ratio obtained experimentally for different pressure gradients as a function of downstream

distance normalized by the rotor diameter. It is observed that the invariant ratio shows a

spread between different pressure gradient cases for x/d < 4, beyond which it converges to

similar values for all the cases. The spread in the invariant ratio for x/d < 4 can be attributed

to the difference in the near wake length between different pressure gradient cases. In fact, it

can be seen in figure 6.20 (b) that normalizing the downstream distance with the near wake

length leads to a near-perfect collapse of the invariant ratio in the far wake. We may therefore

state that the invariant ratio holds when properly accounting for the difference in near wake
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Figure 6.20: Comparison of the experimentally obtained invariant ratio with the downstream
distance normalized by the rotor diameter (a) and the near wake length (b).

length caused by the pressure gradient. A similar idea has been recently proposed by Vahidi

and Porté-Agel (2022a), who showed that turbine wake deficit in flat terrain under different

turbulence intensities collapses on a single profile when scaled with respect to the near wake

length.

For the pressure gradient model, the invariant ratio under ZPG Λ0 is obtained from the

standard Gaussian model. The invariant ratio in the far wake is used as an input for the

estimation of the far wake maximum normalized averaged velocity deficit and wake width

for different pressure gradient cases. Figure 6.21 shows a comparison of the experimentally

obtained C (x) and σ(x)/d with that obtained from the pressure gradient model. A remarkable

improvement over the standard Gaussian model is observed, demonstrating the importance

of a physics-based analytical model for wakes under pressure gradient. Overall, the maximum

normalized averaged velocity deficit and normalized wake width show a good agreement

between the experiments and the pressure gradient model for all the cases. In a few cases, C (x)

at the starting point of the pressure gradient model is slightly shifted from the experimental

value. This is due to the difference in the experimental and theoretical near wake length

estimation. This difference is also observed to decrease with the increase in the downstream

distance, as further downstream the model is less sensitive to the chosen near wake length. In

fact, if the model is run with the experimental near wake length as an input, the differences

between the model and the experiments disappear (figure not shown for the sake of brevity).

However, the theoretical near wake length is more useful for practical applications, and it can

be stated that the model yields reasonable results for both C (x) and σ(x)/d .

Finally, figure 6.22 compares the vertical profiles of the normalized averaged streamwise

velocity deficit between the experiments, the standard Gaussian model and the pressure

gradient model at several downstream distances. It can be seen that the pressure gradient

129



Chapter 6: Wind turbine wake study under pressure gradient

Figure 6.21: Comparison of the (a) normalized averaged maximum streamwise velocity deficit
C (x) and (b) the normalized wake width obtained from the pressure gradient model (solid
lines) and the experiments (circles) for different imposed pressure gradients. The color scheme
is the same as figure 6.17.

model predicts well the experimental results, and offers a significant improvement over the

standard Gaussian model, which over (under)-predicts the streamwise velocity deficit for FPG

(APG) cases at moderate and high inclination angles. Therefore, we have demonstrated that

the pressure gradient model is the better option to analytically model wakes under pressure

gradient compared to the engineering approach of superposing the standard Gaussian model

on a varying base flow.

6.4 Summary and concluding remarks

Changes in terrain elevation or surface roughness can impose a pressure gradient on the

flow, which has a significant effect on the evolution of wind turbine wakes. In this study, we

performed a systematic investigation of a wind turbine under an imposed pressure gradient.

Wind tunnel experiments were carried out, where flow measurements were made using a

planar PIV setup. The pressure gradient was imposed by means of ramps, where the slope of

the ramp was varied to impose different pressure gradients. The turbine was placed sufficiently

away from the ramp edges such that it experiences an approximately linear flow speed-

up/slow-down from its induction region to the far wake. The ramp angle was varied at

15 different inclinations to produce a range of pressure gradients. Seven adverse pressure

gradients were produced with inclinations from −13.1◦ to −1.5◦, seven favorable from 1.5◦ to

13.1◦, and one zero pressure gradient case at 0.0◦. In the following, we briefly re-address the

research questions set out at the beginning of the article.

The experimental results showed a clear systematic relation between the imposed pressure

gradient and both the wind turbine performance and wake characteristics. The power co-

efficient showed a non-linear dependence on the pressure gradient, with a decrease of up

to 9.7% for the strongest adverse pressure gradient, whereas a gain of 6.7% was observed for

the strongest favorable pressure gradient. The wake velocity deficit was strongly correlated

with pressure gradient - its recovery slowed down with increase in adverse pressure gradient,

and was enhanced by increase in favorable pressure gradient. A difference between the wake

recovery under pressure gradient and zero pressure gradient was computed, which showed
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Figure 6.22: Comparison of the normalized averaged streamwise velocity deficit profiles
obtained from the experiments (circles), the standard Gaussian model (dashed lines) and the
pressure gradient model (solid lines) for different imposed pressure gradients. The profiles are
shown for x/d = 5,6,7.
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some variation in the near wake before reaching a constant value in the far wake. This was

related to the difference in the near wake length for different pressure gradient situations.

The effect of pressure gradient on near-to-far wake transition has remained unanswered in

the literature. In the current work, we showed that the near wake length is approximately

linearly dependent on the imposed pressure gradient, with a decrease (increase) in the near

wake length for favorable (adverse) pressure gradient compared to the zero pressure gradient

situation. This was related to the fact that an accelerating base flow results in a faster growth

of the shear layer, leading to a shorter near wake length and vice versa. We also showed that

the rate of cross-stream expansion of the wake varied linearly as a function of the imposed

pressure gradients in our study.

The experimental data was then used to assess different analytical modeling approaches for

prediction of wake velocity deficit. In this context, we first assessed the engineering approach

of superposing the streamwise velocity deficit obtained from a zero pressure gradient model

on the base flow obtained under pressure gradient. This approach is currently the most

popular one for practical applications. However, we showed that such approach has serious

limitations, as it only worked for moderate pressure gradient situations. We established a

threshold in terms of the flow speed-up/slow-down along the wake trajectory up to which the

approach yielded acceptable results. This threshold was found to be a speed-up/slow-down

of the base flow by 0.57%-0.59% per rotor diameter along the wake center trajectory. We

recommend that this threshold must be monitored before applying the standard Gaussian

model to pressure gradient situations.

Finally, we showed that a physics-based model developed for wind turbine wakes under

pressure gradient can provide accurate wake deficit prediction. Existing physics-based models

provide relations for near/far-wake maximum wake velocity deficit and wake width under

pressure gradient situations. However, analytical relations for near wake length under pressure

gradient were lacking. In this context, we derived an analytical relation for the near wake

length based on the growth of a shear layer around the rotor periphery. The analytical relation

was validated with the experimental data, and integrated in the physics-based model to predict

the wake velocity deficit under pressure gradient. The approach was shown to yield excellent

results, and significantly outperform the engineering approach described earlier. We therefore

strongly recommend the use of a physics-based analytical model for practical applications

involving even moderate pressure gradients, instead of the common engineering approach.
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7 Wind turbine wake superposition
under pressure gradientI

Abstract

We investigate the effect of pressure gradient on the cumulative wake of multiple turbines in

wind tunnel experiments spanning across a range of adverse (APG), zero (ZPG), and favorable

(FPG) pressure gradients. Compared to the upstream-most turbine, the in-wake turbines

exhibit lower (higher) wake velocity in APG (FPG) than in the ZPG. The maximum velocity

deficit shows lesser difference for the in-wake turbine between different cases compared to the

upstream-most one. This is linked to the effect of the wake of the upstream turbine. Conversely,

the wake width varies more for the in-wake turbines. A new analytical approach to model the

cumulative wake velocity deficit is proposed. This approach extends the application of the

analytical pressure gradient model to multiple turbine wakes. Specifically, the new approach

explicitly accounts for the effect of the pressure gradient induced by the wake of the upstream

turbine on the wake of the downstream one. It also eliminates the need for superimposing

individual wake velocity deficits. The new method is compared to the linear summation

approach and experimental data. It agrees well with the experiments and outperforms the

linear summation approach.

IThe contents of this chapter are under review for publication in Physics of Fluids.
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7.1 Introduction

Onshore wind energy constitutes about 93% of the installed global wind energy capacity

(GWEC, 2022). The continuous decrease in the levelized cost of electricity (LCOE) of onshore

wind projects (IRENA, 2021) and a push towards renewable energy sources have resulted in

the rapid growth of onshore wind energy. Wind turbines are often installed in clusters, known

as wind farms, where depending on the wind farm layout and wind direction certain wind

turbines operate in the wake of others. Turbine wakes, marked by lower velocity and higher

turbulence, compared to the undisturbed flow, are responsible for lower available power and

higher fluctuating loads on the in-wake turbines. While most of the existing literature on wind

turbine wakes assumes a flat terrain Porté-Agel et al. (2020) and Stevens and Meneveau (2017),

wind turbines are often sited on non-flat topography in onshore conditions.

Flow over topography is inherently complex and depends significantly on the changes in

surface elevation and roughness. The interaction of wind turbine wakes with the flow in

complex terrain has been investigated in several wind-tunnel (Dar and Porté-Agel, 2020,

2022b; Hyvärinen and Segalini, 2017a; Tian et al., 2013), numerical (Dar et al., 2019; Liu

and Stevens, 2020a; Politis et al., 2012; Troldborg et al., 2022; Zhang et al., 2022) and field

(Han et al., 2018; Menke et al., 2018; Radünz et al., 2021) studies. These studies have shown

that the turbine power performance and wake characteristics such as its recovery, trajectory,

expansion, and turbulence quantities are significantly affected by the flow in complex terrain.

One key feature of flow in topography is the streamwise variation in velocity which imposes a

pressure gradient on the flow. The effect of pressure gradient on the development of planar

wakes has been explored in several studies (Hill et al., 1963; Liu et al., 2002; Rogers, 2002;

Shamsoddin and Porté-Agel, 2017a; Thomas and Liu, 2004). These studies showed that a

pressure gradient can affect the recovery of the mean wake center velocity, where an adverse

pressure gradient (APG) tends to slow it down and a favorable pressure gradient (FPG) tends to

speed it up compared to a zero pressure gradient (ZPG) situation. In addition, the expansion

of the wake in the cross-stream direction is also affected by the pressure gradient, with a higher

wake width under an APG and a lower wake width under an FPG compared to that under a

ZPG. The mean wake velocity deficit profiles were shown to be self-similar under pressure

gradient situations, and the turbulence quantities were comparatively less affected by the

pressure gradient.

The effect of pressure gradient imposed by the flow on wind turbine wakes has been recently

investigated in several studies. Shamsoddin and Porté-Agel (2018a) proposed an analytical

model for the far wake of a wind turbine under an imposed pressure gradient. In addition,

they simulated a wind turbine wake using large-eddy simulation (LES), and extended some of

the findings of planar wakes under pressure gradient to the axisymmetric ones. Shamsoddin

and Porté-Agel (2018b) also performed a combined LES and analytical study of wind turbine

wake flow over a two-dimensional hill. They used their analytical model (Shamsoddin and

Porté-Agel, 2018a) together with the model of Hunt et al. (1988) to model the wake of a wind
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turbine sited upstream of a hill with moderate slope. The LES results were used to validate the

analytical framework. Using the LES, they also simulated several turbine positions across the

hill, and divided the flow over the hill into two regions of faster and slower wake recovery rate

compared to a turbine in flat terrain. They associated this behavior with the pressure gradient

experienced by the turbine wake. Cai et al. (2021) conducted wind tunnel experiments to

investigate the effect of pressure gradient imposed by linear ramps on the turbine wake and

power production. They also validated the model of Shamsoddin and Porté-Agel (2018a) with

their experimental data. More recently, Dar et al. (2023) performed a systematic study of

wind turbines exposed to pressure gradient imposed by a flow linearly speeding up/slowing

down from its induction region to the far wake. They showed that the wake deficit varies

systematically with the change in pressure gradient, and the near wake length and wake

growth rate showed linear relationship with the pressure gradient. They also showed that

compared to ZPG, the power coefficient of the turbine increased with the increase in the FPG,

whereas it decreased with the increase in the APG.

As wind turbine wakes can lead to significant power losses in a wind farm (especially when

the turbines in a row are fully aligned), it is of great interest to estimate these wake losses

during the planning and layout optimization phase of a wind farm. For this purpose, simpli-

fied engineering wake models are extremely popular, as they offer reasonably accurate and

computationally inexpensive estimation of mean wake velocity behind turbines. There are

two categories: models for stand-alone wind turbine wakes, and models which superpose

multiple wakes to provide estimation of cumulative wake velocity behind a row of turbines.

For stand-alone wind turbine wakes, several models have been proposed to estimate the mean

wake velocity deficit in flat (Abkar et al., 2018; Bastankhah and Porté-Agel, 2014; Bempedelis

and Steiros, 2022; Frandsen et al., 2006; Ishihara and Qian, 2018; Jensen, 1983) and complex

(Brogna et al., 2020; Dar and Porté-Agel, 2022a; Dar et al., 2023; Shamsoddin and Porté-Agel,

2018a; Sun et al., 2019) terrain. As for the wake superposition models, several strategies have

been proposed in the literature. The most popular of these are the linear summation principle

(Lissaman, 1979; Niayifar and Porté-Agel, 2016) and the sum of squares approach (Katic et al.,

1986; Voutsinas et al., 1990). These superposition models are, however, for the most part

empirical, and more recently some physics-based approaches have been proposed by Zong

and Porté-Agel (2020b) and Bastankhah et al. (2021). Although, these superposition methods

are designed for wind farms in flat terrain, they have been applied for wake superposition

in complex terrain as well (see e.g., Brogna et al. (2020) and Sun et al. (2019)). Lanzilao and

Meyers (2022) also proposed a wake superposition method for a varying base flow velocity

field with application to offshore wind farms close to coastlines.

In this work, we perform a combined experimental and analytical study of multiple wind

turbines exposed to a base flow pressure gradient. As the existing literature isolating the

effect of pressure gradient on wind turbine wakes focuses on single turbine cases, we look to

provide useful physical insights into the case of multiple turbine wakes exposed to a quasi-

linear surrounding base flow. In addition, we propose two different strategies of modeling

the cumulative wake behind multiple turbines in flat, as well as, compelex terrain. The first
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approach is a modified version of the linear sum approach proposed by Niayifar and Porté-

Agel (2016) adapted for streamwise variation in the base flow. The second approach is to

use the pressure gradient model (Dar et al. (2023) and Shamsoddin and Porté-Agel (2018a)),

which accounts for the effect of the upstream turbine(s) in the base flow term. This approach

eliminates the need for any superposition method to combine stand-alone wakes of the

turbines and can model the cumulative wakes, both in flat and complex terrain. The rest of

the article is organized as follows: section 7.2 presents a description of the experimental setup

and results from the experiments; section 7.3 details the modeling approaches and compares

them; and section 7.4 provides a summary of the work and some concluding remarks.

7.2 Experiments

7.2.1 Setup

The measurements are carried out in the boundary layer wind tunnel facility at the WiRE

laboratory of EPFL. The wind tunnel is a closed-loop type with a test section of dimensions

28 m × 2.56 m × 2 m (length × width × height), and a contraction with an area ratio of 5:1 is

present at the inlet of the test section. The flow is conditioned through a series of honeycomb

meshes and screens before the contraction. This ensures a low free-stream turbulence intensity

(< 1%) and a uniform flow at the inlet of the test section. The flow in the wind tunnel is driven

by a 130 kW fan, which is capable of generating wind speeds up to 25 ms−1 in the test section.

A three-bladed horizontal axis miniature wind turbine with a rotor diameter D of 10.5 cm and

hub height zh of 8.75 cm is used in this work. The turbine rotor is a scaled-down version of the

WiRE-01 turbine Bastankhah and Porté-Agel (2017a), where a scaling of 1:1.43 is kept between

the original and the scaled-down rotor models. The power and thrust characteristics of the

scaled-down turbine are characterized by Dar et al. (2022), which showed that the turbine

performance is unaffected by scaling it down as long as the Reynolds number is comparable

between the original and the scaled-down models. The rotor is 3D printed using a liquid

photopolymer resin, and is mounted on a direct current (DC) motor manufactured by Maxon

Motors (model: DCX10L). The DC motor is connected to a servo controller in order to acquire

data and control the operation of the turbine. For all the experiments, turbines are operated

at the tip speed ratio corresponding to maximum power extraction. The power extracted by

the turbine P is quantified by multiplying the shaft torque Q of the turbine by its rotational

speed Ω. A frictional toque Q f is added to the torque estimated by multiplying the generated

current I with the torque constant K in order to estimate the total shaft torque. The details of

the power measurement procedure are given in Bastankhah and Porté-Agel (2017a).

Seven different pressure gradient situations are tested in this study, including one zero pressure

gradient (ZPG) case corresponding to flat terrain. For non-zero pressure gradients, linear

ramps are used to generate terrain-induced pressure gradients. The ramps used in this

study are the same as the ones used by Dar et al. (2023). The ramps are 13 rotor diameters
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long, and their height h is varied to change the slope. Three different ramp angles are used,

corresponding to 13.1◦, 8.8◦ and 4.4◦, where a positive slope leads to a favorable pressure

gradient (FPG), and a negative one induces an adverse pressure gradient (APG). The cases

are labeled as ‘ZPG’ for the zero pressure gradient one, ‘APG-I’, ‘APG-II’ and ‘APG-III’ for APG

cases with 4.4◦, 8.8◦ and 13.1◦ angles, respectively, and ‘FPG-I’, ‘FPG-II’ and ‘FPG-III’ for FPG

cases with 4.4◦, 8.8◦ and 13.1◦ angles, respectively. In the ZPG case, three wind turbines are

placed in a fully aligned configuration, with an inter-turbine spacing of 5 rotor diameters. In

the FPG and APG cases, however, two turbines are placed on the ramp with a spacing of 5

rotor diameters. This is due to the limitation of the ramp length, which can only allow for two

turbines to be placed. The first turbine is placed 3 rotor diameters from the upstream edge of

the ramp. This is done to ensure that the base flow (flow without the turbine) experienced by

the turbine is unaffected by the ramp edge. The choice of ramps is made in order to generate a

quasi-linear base flow increase or decrease with streamwise distance under different pressure

gradient situations. The turbines are placed such that their axis of rotation is parallel to the

ramp surface. As the turbine motor has a current limitation for optimal operation, the inflow

velocity is adjusted between different cases such that all turbines can be controlled at their

optimal tip speed ratio.

Velocity measurements are performed using a two-dimensional two-component (2D2C)

particle-image velocimetry (PIV) setup also known as a planar PIV setup. The measurements

are performed in a vertical plane normal to the rotor plane and passing through the turbine

centerline. The flow without any turbines, termed the base flow, and the flow with the turbines,

termed the wake flow, are captured in the current study. The PIV system used in the study

comprises a sCMOS camera (2560×2160 pixels) with a 50 mm lens, a dual pulse Nd:YAG laser

(model: Litron lasers, Nano TRL 425-10), and a programmable timing unit (model: LaVision,

PTU-v9). The size of the field-of-view (FOV) is 6D × 5D, with a spatial resolution of 0.0189D,

with an overlap of approximately 1D in the x direction between consecutive FOVs. The image

pairs are captured at a sampling rate of 10 H z, and 1000 instantaneous flow fields are used

to obtain time-averaged flow statistics. Olive oil droplets of diameter on the order of several

micrometers are used as seeding particles for flow measurements.

Image processing is performed using the DaVis software developed by LaVision. Reducing size

interrogation windows of 64×64 pixels and 32×32 pixels are used for image cross-correlation.

An overlap of 75% is kept between consecutive windows and the correlation is obtained after

two passes through each window size. Bad velocity vectors are removed from the data using a

universal outlier detection method, and replaced using interpolation based on surrounding

vectors. The maximum uncertainty in mean velocity is estimated using the correlation statis-

tics approach (Wieneke, 2015), which gives a value of 0.06 ms−1 in the regions of high flow

shear.

The floor of the tunnel is covered by double-rolled chains with an inter-chain spacing of 40 cm.

In addition, a picket fence of dimensions 10 cm in length, and 5 cm in height with spikes of 3

cm in length is placed at the inlet of the test section. This is done to facilitate the growth of a
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Figure 7.1: Schematic of the experimental setup (not to scale). The shaded green rectangles
show the particle-image velocimetry field-of-views.

turbulent boundary layer (TBL) in the tunnel. Figure 7.2 characterizes the incoming turbulent

boundary layer using the 2D2C PIV setup described above. The hub height velocity Uh is used

for normalization with a high gradient in the normalized averaged streamwise velocity close

to the wall. The boundary layer height is more than 5 rotor diameters and is similar to the

one developed in Dar et al. (2023). The streamwise turbulence intensity Iu =σU /Uh , where

σU is the standard deviation in the streamwsie velocity, shows an almost linear decrease with

height. The streamwise turbulence intensity at the hub height of a prospective turbine is

0.135. A logarithmic fit is performed on the velocity data in the surface layer (≈ 20% of the

boundary layer height). The result of the fit is shown in figure 7.2 (c). The aerodynamic surface

roughness z0 and friction velocity u∗ are found to be 0.24 mm and 0.44 ms−1, respectively. It

is to be noted that the height coordinate z in figure 7.2 is set on the tunnel floor, while it is set

on the first turbine hub position in the rest of the article.

7.2.2 Results

Here we present the results from the wind tunnel experiments. The results are sub-divided

into two categories: we first report the results related to the flow without any turbines, which

is followed by the results related to the turbine wake flow. For mean flow statistics, we define

the mean streamwise velocity as U =
√

U 2
x +U 2

z , where Ux and Uz are the mean horizontal

and vertical velocity components, respectively. It is to be noted that (x, z) = (0,0) represents

the hub location of the first turbine in each case.
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Figure 7.2: Vertical profiles of the normalized averaged streamwise velocity (a), streamwise
turbulence intensity (b), and normalized averaged streamwise velocity with the height coordi-
nate in log scale. The solid black line shows the experimental data and the dashed black line
shows the logarithmic fit.

Base flow

Figure 7.3 shows the base flow contours of the normalized averaged streamwise velocity,

together with the streamlines of the in-plane velocity vector field. The flow is homogeneous

in the streamwise direction for the ZPG case, but shows an acceleration and deceleration

for the FPG and APG cases, respectively. The flow acceleration/deceleration increases with

the increase in the ramp angle for the pressure gradient situations. The flow streamlines

are approximately parallel to the surface for the ZPG and smallest ramp angles (‘APG-I’ and

‘FPG-I’), whereas they move away from the surface in the APG situation, and move towards it

in the FPG situation, with the increase in the ramp angle.

Figure 7.4 (a) shows the normalized averaged streamwise velocity along the streamline orig-

inating from the hub position of a prospective turbine, and along the local hub height for

different pressure gradient situations. For most of the cases, the two velocities are comparable.

However, the difference between them is significant for the APG-III case. This shows that the

deviation of the flow streamlines from the ramp slope is marginal for the majority of the cases.

For the APG-III case, the streamlines move away from the surface into a higher velocity flow,

which causes an increase in the velocity compared to that at the local hub height. It can also

be observed that the increase or decrease in velocity with the increase in streamwise distance

is approximately linear for all the cases, with the speed-up or slow-down in velocity increasing

with increasing ramp slope.

Following previous works (Dar et al., 2022; Shamsoddin and Porté-Agel, 2017a, 2018a), the

streamwise pressure gradient is approximated by UdU /d x. A zero pressure gradient corre-

sponds to UdU /d x = 0, a favorable pressure gradient corresponds to UdU /d x > 0, and an

adverse pressure gradient corresponds to UdU /d x < 0. Figure 7.4 (b) shows the normalized

averaged pressure gradient along the velocity profiles shown in figure 7.4 (a). For the favorable

pressure gradient cases, a clear increase in the pressure gradient with the increase in the
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Figure 7.3: Contours of the normalized averaged streamwise velocity in the base flow. The
streamlines of the in-plane velocity vectors are overlaid on the contours.

ramp angle can be observed for both velocities i.e., the one along the streamline and the one

along the local hub height. For the adverse pressure gradient cases, a clear increase in the

pressure gradient can be observed for the velocity along the local hub height, however, the

values get closer for the velocity along the streamline. The development of a shear layer along

the ramp length in the adverse pressure gradient cases causes the streamlines to move away

from the surface. As the shear layer is stronger in the APG-III case compared to the APG-II

case, the deflection of the streamline is also larger, which leads to a decrease in the pressure

gradient compared to that along the local hub height. As shown previously by Dar et al. (2023),

a stand-alone wind turbine wake follows the base flow streamline originating from the virtual

hub height position, therefore, the velocity and pressure gradient profiles along the base flow

streamline are more relevant for characterizing the wake flow.

The contours of the turbulence intensity based on the horizontal component of the velocity

are shown in figure 7.5. High levels of turbulence intensity close to the surface are observed in

the ZPG case. For the pressure gradient cases, the turbulence intensity also shows a significant

change with the streamwise distance. For the APG cases, the turbulence intensity close to

the surface increases with the streamwise distance from the ramp edge. Due to the negative

slope of the ramp, the flow close to the surface of the ramp is sheltered from the upstream flow,

which creates a shear layer with high mean velocity gradient, and thereby, high turbulence
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Figure 7.4: Normalized averaged streamwise velocity (a) and normalized pressure gradient (b)
in the base flow along streamline originating at (x, z) = (0,0) (solid lines), and along local hub
height (dashed lines) for different pressure gradient situations.

Figure 7.5: Contours of the horizontal turbulence intensity in the base flow.

intensity. For the FPG cases, on the other hand, the turbulence intensity close to the surface

is observed to decrease with the increase in the streamwise distance. This can be related to

the decrease in the mean flow shear close to the surface as the flow speeds up on the ramp.

Figure 7.6 shows the turbulence intensity along the hub streamline in the base flow and the

local hub height for all the cases. For all the cases, the turbulence intensity ranges between

0.12 and 0.155 along the streamline, with values increasing with distance for the APG cases,

and decreasing for the FPG cases.
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Figure 7.6: Horizontal turbulence intensity in the base flow along streamline originating at
(x, z) = (0,0) (solid lines), and along local hub height (dashed lines) for different pressure
gradient situations.

Figure 7.7: Contours of the normalized averaged vertical momentum flux in the base flow.

The vertical momentum flux along with the mean flow shear is responsible for the production

of turbulence in turbulent boundary layers. The vertical momentum flux can be associated

with the coherent motions that are responsible for energy transfer from the mean flow to

the turbulent flow (Deshpande and Marusic, 2021). Figure 7.7 shows the contours of the

normalized averaged vertical momentum flux in the base flow for all the cases. The normalized

averaged momentum flux shows the highest magnitude in the APG cases in the shear layer,

which corresponds to high turbulence intensity. For the FPG cases, the magnitude of the

normalized averaged momentum flux is lower than for the APG ones, and it is distributed over

a larger vertical extent. In general, the trends in the normalized averaged vertical momentum

flux are consistent with those in the turbulence intensity.
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Figure 7.8: Contours of the normalized averaged streamwise velocity in the base flow.

Wake flow

In this section, we present results related to the wake of multiple fully aligned wind turbines

(3 in the case of ZPG and 2 in the pressure gradient cases). Figure 7.8 shows the contours of

the normalized averaged streamwise velocity in the wake flow for different pressure gradient

situations. Previous studies (Cai et al., 2021; Dar et al., 2023; Shamsoddin and Porté-Agel,

2018a) have focused on stand-alone turbine wakes under base flow pressure gradient. Here

we can observe that the normalized averaged streamwise velocity behind the second turbine

is also affected by the ramp angle. In general, it is observed that the mean wake velocity

decreases with the increase in the APG and increases with the increase in FPG, compared to

the ZPG case, which is consistent with the previous studies (Cai et al., 2021; Dar et al., 2023;

Shamsoddin and Porté-Agel, 2018a). For the ZPG case, the in-wake turbines have a lower

velocity close to the turbine, but a higher velocity further downstream compared to the turbine

in the free flow. This is due to the turbine-added turbulence intensity, which enhances the

wake recovery. For the APG-I case, a similar observation to the ZPG case is made. For the

APG-II and APG-III cases, however, the wake velocity is observed to be lower for the second

turbine compared to the first one. This can be related to the lower velocity in the base flow

for the second turbine. For the FPG cases, an opposite trend is observed where the second

turbine shows a higher wake velocity compared to the first turbine due to an increase in the

base flow velocity with the increase in the streamwise distance.
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Figure 7.9: Contours of the horizontal turbulence intensity in the wake flow.

The horizontal turbulence intensity in the wake flow is shown in figure 7.9. A peak of tur-

bulence intensity behind the rotor top tip can be seen in all the cases, which is associated

with high mean flow shear around that region (Wu and Porté-Agel, 2012). For the ZPG case,

the turbulence intensity increases behind the second and third turbines compared to that

behind the first one. This is associated with the turbulence intensity added by the upstream

turbine(s). For the FPG cases, a higher turbulence intensity is observed compared to the ZPG

one, which increases with the increase in the FPG, and in the wake of the second turbine

compared to the first one. For the APG cases, on the other hand, the peak of the turbulence

intensity is lower than the FPG cases, and there seems to be no significant increase in the

turbulence intensity behind the second turbine compared to the first one. As can be seen in

figure 7.9, for the FPG cases, the peak region of turbulence intensity behind the two turbines

is approximately aligned, resulting in an overall increase in the turbulence intensity behind

the second one. In the APG cases, as the wake moves away from the surface, the peak regions

behind the two turbines are not completely aligned, which results in a turbulence intensity

distribution downstream of the second turbine with a peak value similar to that behind the

first turbine, and a larger vertical spread compared to the FPG cases.

Vertical momentum flux acts as a mechanism to re-energize the wake by bringing high mo-

mentum flow from the outside into the wake. The inclination of the terrain also has an effect

on the vertical momentum flux in the wake flow. Figure 7.10 shows the contours of the nor-
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Figure 7.10: Contours of the normalized averaged vertical momentum flux in the wake flow.

malized averaged vertical momentum flux in the wake for different cases. For the ZPG case,

the normalized averaged vertical momentum flux shows a negative value around the upper

wake edge and a positive value around the lower wake edge, indicating the entrainment of

energy from above and below into the wake. For the APG cases, the negative region behind the

rotor top tip grows stronger in magnitude and shows high expansion in the vertical direction,

similar to the expansion of the horizontal turbulence intensity profile. This is consistent

with the expansion of the wake velocity profiles, which in the APG cases have a larger width

(Dar et al., 2023). The magnitude of the normalized averaged vertical momentum flux gets

stronger with the increase in the ramp angle. For the FPG cases, the negative region of the

vertical momentum flux behind the rotor top tip is smaller compared to the ZPG and APG

cases, whereas the positive region behind the rotor bottom tip gets larger with the increase

in the positive ramp angle. This indicates that the ramp inclination has an influence on the

distribution of momentum flux in the wake.

We now focus on characterizing the wake velocity deficit behind the turbines for different

ramp cases. Here, the streamwise velocity deficit ∆U is defined as the difference between

the base and wake flow velocities such that ∆U (x, z) = Ub(x, z)−Uw (x, z), where Ub and Uw

are the base and wake flow velocities, respectively. The mean wake trajectories identified

by the position of the maximum averaged wake velocity deficit are also shown. Following

Shamsoddin and Porté-Agel (2018b), we plot contours of the averaged streamwise velocity

deficit normalized by the base flow velocity at the hub position of the first turbine (figure

7.11 (a)), and normalized by the base flow velocity along the wake trajectory (figure 7.11 (b)).

For the ZPG case and for the first turbine in the pressure gradient cases, both normalizations

show similar trends. The normalized averaged wake deficit is higher in the APG cases and
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Figure 7.11: Contours of the averaged streamwise velocity deficit in the wake flow normalized
by the base flow velocity at the hub position of the first turbine (a), and by the base flow
velocity along the mean wake trajectory (b) along with the mean wake trajectories (black dots).

lower in the FPG cases, compared to the ZPG one behind the first turbine, which is consistent

with the previous studies (Cai et al., 2021; Dar et al., 2023). For the in-wake turbine, when

normalized by Uh , the APG cases show a lower velocity deficit compared to the FPG ones,

whereas when normalized by the base flow velocity along the wake trajectory, it shows a higher

value for the APG cases than the FPG ones. In this case, it makes more sense to use the base

flow velocity along the wake trajectory as a reference, as it yields trends that are consistent with

those for the first turbine wake deficit. It must be noted, however, that for the second turbine,

the streamwise pressure gradient is due to the streamwise variation of the wake velocity of

the upstream turbine(s), which can be approximated from the evolution of the wake center

velocity of the first turbine in the absence of the second one.

To further characterize the wake velocity deficit, we show the evolution of the wake center

velocity deficit in figure 7.12. It can be observed that the difference in the wake center velocity

deficit between different cases is higher behind the first turbine compared to the second one,

no matter what normalization is used. This is an important finding and can be related to

the effect of the wake of the first turbine on the second turbine. As all wakes recover with

the increase in the downstream distance, they impose a favorable pressure gradient on the

downstream turbine(s), which together with the enhanced wake turbulence leads to a faster

recovery of the downstream turbine compared to the upstream one.

Figure 7.13 shows the normalized wake width for different cases. The wake width is obtained by

fitting a Gaussian function to the vertical profile of the wake velocity deficit at each downstream
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Figure 7.12: Wake center velocity deficit normalized by the hub position base flow velocity (a),
and by the base flow velocity along the wake center (b).
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Figure 7.13: Comparison of the normalized wake width between different pressure gradient
cases.

distance. Consistent with previous studies (Cai et al., 2021; Dar et al., 2023; Shamsoddin

and Porté-Agel, 2018a), the wake width behind the first turbine is higher for APG cases and

decreases for the ZPG and FPG cases, respectively. In the wake of the second turbine, the same

trend holds but the difference between different cases increases compared to that in the first

turbine’s wake. In addition, the difference is higher between the ZPG and APG cases than that

between the ZPG and FPG cases. This is likely due to the fact that the wake moves away from

the surface in the APG cases giving it more space to expand with the streamwise distance,

whereas it moves towards the surface in the FPG cases, which limits the expansion of the wake.

Some recent studies have shown that a wind turbine wake follows the base flow streamline

originating from the hub position (Dar et al., 2023; Liu et al., 2021). Here we investigate the

trajectory of the cumulative wake of multiple turbines to see if it follows the wake trajectory

of the upstream-most turbine or deviates from it. For this purpose, we show the mean wake

center trajectory overlaid on the base flow velocity and streamlines in figure 7.14. For majority

of the cases, we can see that the wake trajectory for different turbines is approximately aligned

with the base flow streamline originating from the hub position of the free flow turbine. One

exception is the APG-III case, where for the in-wake turbine the trajectory is almost horizontal

and does not necessarily follow either the upstream turbine or the base flow streamlines.

Overall, for most cases, following the base flow streamline from the hub position of the first

turbine seems to be a reasonable approximation for the wake trajectory of the cumulative

wake of multiple turbines under pressure gradient.
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Figure 7.14: Contours of the normalized averaged streamwise velocity in the base flow along
with the streamlines of the in-plane velocity vectors(arrow lines) and the mean wake trajecto-
ries (black dots).

7.3 Analytical modeling

In this section, we focus on analytically modeling the cumulative wake velocity deficit of

multiple turbines under a pressure gradient. For this purpose, we test two different strategies.

The first strategy is based on an adapted version of the linear summation approach proposed

by Niayifar and Porté-Agel (2016), whereas the second one is based on the pressure gradient

model proposed by Dar et al. (2023) and Shamsoddin and Porté-Agel (2018a). In the following,

we will provide details of the two strategies and compare the results obtained from them. For

both approaches, the wake velocity deficit in the far wake is assumed to follow a Gaussian

distribution given by:

Ub −Uw

Ub
= C (x)e

−( r 2

2σ(x)2 )
, (7.1)

where Ub is the base flow velocity, Uw is the wake flow velocity, C (x) is the normalized maxi-

mum velocity deficit, r is the radial distance from wake center and σ(x) is the wake width.
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7.3.1 Adapted linear summation approach

The linear summation approach for wake superposition proposed by Niayifar and Porté-Agel

(2016) states:

Uw (x, y, z) = U∞−∑
i

(ui
0 −U i

w,s(x, y, z)), (7.2)

where Uw is the cumulative mean wake velocity, U∞ is the mean base flow velocity, ui
0 is

the mean velocity perceived by the ith turbine, and U i
w,s is the mean wake velocity of the

ith wind turbine in stand-alone conditions. In order to adapt the superposition method for

a streamwise varying base flow, two changes are made: the base flow velocity U∞, and the

turbine perceived velocity u0 are expressed as a function of x as Ub(x) and u0(x), respectively,

to account for the variation in the perceived velocity along the wake. The adapted model is

then written as:

Uw (x, y, z) = Ub(x)−∑
i

(ui
0(x)−U i

w,s(x, y, z)). (7.3)

To model the stand-alone turbine wake, we use the Gaussian model proposed by Bastankhah

and Porté-Agel (2014, 2016). The normalized maximum wake velocity deficit C (x) is modeled

as:

C (x) = 1−
√

1− σ2
0C0(2−C0)

σ(x)2 . (7.4)

In the above equation, C0 is the maximum wake velocity deficit at the start of the far wake

obtained from 1-D momentum theory (C0 = 1−p
1−CT , where CT = 0.8). The start of the far

wake is estimated by the near wake length model proposed by Bastankhah and Porté-Agel

(2016). The wake width in the far wake σ is assumed to grow linearly with a growth rate k,

which is a function of the horizontal turbulence intensity (k = 0.3T I Dar et al. (2023)). The

wake width at the start of the far wake σ0 is obtained from experiments. The horizontal

turbulence intensity is taken from the base flow information for the free-flow turbine, whereas

for the in-wake turbines, the added turbulence intensity of upstream turbines is accounted for,

where the total turbulence intensity is then T I =
√

I 2
0 + I 2

a , with I0 the base flow turbulence

intensity and Ia the added turbulence intensity. The added turbulence intensity is modeled

using the Frandsen model (Frandsen, 2007):

Ia =
1

1.5+ 0.8p
CT

x
d

. (7.5)
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7.3.2 Pressure gradient model approach

The pressure gradient model proposed initially by Shamsoddin and Porté-Agel (2018a) and

further developed by Dar and Porté-Agel, 2022a; Dar et al., 2023 accounts for the effect of a

base flow streamwise pressure gradient on the evolution of a wind turbine wake. So far this

model has only been applied for stand-alone wind turbine wakes (Cai et al., 2021; Dar et al.,

2022; Shamsoddin and Porté-Agel, 2018b; Zhang et al., 2022). Here we look to apply the model

for the case of multiple turbines in an aligned condition. The idea behind this is the following:

for the first wind turbine, the pressure gradient is solely due to the streamwise variation of the

base flow, whereas for the turbines in the wake of upstream ones, the pressure gradient is due

to the streamwise variation of the wake flow of the upstream turbines - which already includes

the effect of the base flow pressure gradient. In this approach, the effect of the upstream

turbine wake(s) is modeled into the base flow term for the downstream turbine wake, which

eliminates the need for a subsequent superposition of wakes. In the following, we describe

the procedure for applying the model to a multiple turbine case.

The first step is to model the wake of a turbine exposed only to the pressure gradient imposed

by the base flow i.e., the turbine in no-wake condition. For this purpose, we solve the ordinary

differential equation for maximum velocity deficit:

dC

d x
=

−1

(
U 4

b

Λ2
0

)(3C 2 −2C 3)

[
1

4

dU 4
b

d x

C 3

Λ2
0

+ (C 3 − C 4

2
)

d

d x
(
U 4

b

Λ2
0

)

]
, (7.6)

where Ub is taken as the base flow along the wake trajectory and Λ0 is the invariant ratio

defined as:

Λ0 =
CzpgUh

σzpg
, (7.7)

where Uh is the hub height velocity at the turbine location, Czpg is the maximum velocity

deficit under zero pressure gradient condition, andσzpg is the wake width under zero pressure

gradient. In order to solve equation 7.6, an estimation of the maximum velocity deficit at the

start of the far wake is needed in the form of a boundary condition. This is defined as:

Cnw (x) = 1− Unw (x)

Ub(x)
, (7.8)

where Cnw (x) is the normalized maximum velocity deficit in the near wake and Unw is the

near wake velocity, which can be obtained as follows:

Unw (x) =
√

Unb(x)2 −U 2
hCT , (7.9)

where Unb is the base flow velocity in the near wake. The estimation of near wake length is
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made by solving the following equation (Dar et al., 2023):

σnw = (2αI +β)
∫ lnw

0

1

1+
√

1− U 2
hCT

U 2
b

d x −β
∫ lnw

0

1

1+ 1√
1−U 2

h
CT

U 2
b

d x, (7.10)

where lnw is the near wake length, σnw is the wake width at the end of the near wake, α and β

are model constants taken as 0.58 and 0.077, respectively.

Finally, the wake width under pressure gradient can be obtained from the invariant ratio:

σ(x) =
CUb

Λ0
. (7.11)

For an in-wake turbine, the wake flow of the upstream turbine(s) becomes the new base flow.

In this work, we approximate that base flow from the modeled minimum wake velocity of

the upstream turbine and plug it in equation 7.6, where now Ub = U i−1
w,mi n . We also need to

estimate the invariant ratio for the in-wake turbine using equation 7.7. Here, Uh is now the

wake velocity of the i-1th wind turbine at the hub location of the ith turbine in its absence.

In order to obtain Czpg and σzpg , we once again need the wake growth rate k, which in this

case depends on the base flow turbulence intensity and wake added turbulence intensity, and

similar to the linear sum approach can be written as k = 0.3
√

I 2
0 + I 2

a . The added turbulence

intensity is estimated using the Frandsen model. The process is repeated in an iterative

manner, where for each downstream turbine, the base flow velocity and invariant ratio are

updated based on the cumulative wake velocity of the upstream turbines.

Due to the lack of experimental data for U i−1
w in the overlapping region of i-1th and ith turbine

wakes, an additional step is needed in order to perform a comparison between the model and

the experimental data. This involves re-scaling C (x) and σ(x) for the ith turbine with respect

to the base flow in the absence of any upstream turbines. The maximum deficit C obtained for

the ith turbine can be written as:

C i (x) =

[
U i−1

w −U i
w

U i−1
w

]
max

, (7.12)

which can be used to get the minimum U i
w , and eventually compute the maximum deficit

with respect to the base flow without any turbine:

C (x) =

[
Ub −U i

w

Ub

]
max

. (7.13)
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In order to compute the wake width, the invariant ratio is computed as:

Λi
0 =

C i
zpgUb,xi

σi
zpg

, (7.14)

where Ub,xi is the base flow velocity at the position of the ith turbine. This eventually gives the

wake width:

σ(x) =
CUb

Λi
0

. (7.15)

Finally, the wake deficit profiles with respect to the base flow can be computed using equation

7.1. Alternatively, we could use equation 7.1 such that we get U i
w and then subtract it from the

global base flow Ub . Both methods of computing global wake deficit yield equivalent results.

7.3.3 Comparison between experiments and models

We now compare the results from the two modeling approaches described above with the

experimental data. Figure 7.15 compares the normalized maximum velocity deficit in the wake

between the experiments and different models. Both approaches yield reasonable results for

the ZPG case. By definition, the normalized maximum velocity deficit is the same for all the

cases in the linear summation approach, whereas it changes for the pressure gradient model,

as it accounts for the effect of the change in the base flow in the computation of the normalized

maximum deficit. This is why the result of the pressure gradient model (red line) is observed to

change depending on the case, whereas the linear summation (green line) remains the same.

For the APG cases, the pressure gradient model is able to predict the normalized maximum

velocity deficit well in the far wake of both turbines, whereas the linear summation approach

under-predicts it. The under-prediction of the normalized maximum deficit is higher in the

wake of the first turbine compared to that in the wake of the second. This is explained by the

fact that the difference between the ZPG and pressure gradient wake deficit is higher in the

first turbine wake than in the second turbine one. Similarly, for the FPG cases, the pressure

gradient model can predict the normalized maximum velocity deficit well for the FPG-I and

FPG-II cases; however, it under-predicts in the FPG-III case. This could be related to the fact

that the normalized maximum velocity deficit in the second turbine’s wake is comparable

between different FPG cases, however, the wake velocity of the first turbine varies. While the

experimental data shows a comparable maximum velocity deficit, the one predicted by the

model decreases due to the higher FPG of the upstream turbine. As the turbine wake has a

downward trajectory into a low momentum region close to the surface with the increase in

the ramp angle for FPG cases, this could result in an apparent slowdown of the wake recovery

observed in the second turbine wake. It is to be noted that, in the near wake of the turbines,

the experimental normalized maximum velocity deficit is higher than the modeled one. This

can be associated with the effects of the turbine hub drag and the rotation of the wake, which

are not included in the simplified theoretical estimation of the near wake velocity deficit
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Figure 7.15: Comparison of the normalized maximum velocity deficit in the wake between
the experiments (circles), linear superposition approach (green line), and pressure gradient
model (red line).

(Bastankhah and Porté-Agel, 2016; Dar and Porté-Agel, 2022a; Zong and Porté-Agel, 2020b). In

addition, the Gaussian-based models are applicable in the far wake region and do not conserve

momentum in the near wake region. A region of increased normalized maximum velocity

deficit can also be observed upstream of the in-wake turbines in the measurements, which

is associated with the induction of the turbines. This increase in the normalized maximum

velocity deficit in the induction region is most pronounced in the ZPG case and is relatively

less significant in the pressure gradient cases. However, this effect is not captured by the

analytical wake models.

Figure 7.16 compares the vertical profiles of the normalized streamwise velocity deficit in the

wake for different pressure gradient cases. For the ZPG case, the pressure gradient model

is able to predict the velocity deficit profiles behind all three wind turbines with reasonably

good accuracy. As a reference, the linear summation approach for wake superposition is

also shown to predict the velocity deficit profiles well. This shows that the pressure gradient

model can actually be used for predicting the velocity deficit profiles in a wind farm in flat

terrain without the need for any subsequent superposition of wakes. For the APG cases, the

pressure gradient model predicts the velocity deficit profiles well for all the cases. The linear

summation approach, on the other hand, does not yield satisfactory results. Behind the first

turbine, there is a significant underestimation of the velocity deficit profiles compared to the

experimental data, both in terms of the maximum deficit and wake width. For the second

turbine, the prediction of maximum velocity deficit improves, whereas the wake width is still

significantly underestimated compared to the experimental velocity deficit profiles. For the

FPG cases, the pressure gradient model agrees reasonably well with the experiments for all

cases except the second turbine in the FPG-III case. The linear summation approach results
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Figure 7.16: Comparison of the vertical profiles of the normalized averaged velocity deficit in
the wake between the experiments (circles), linear superposition approach (green line), and
pressure gradient model (red line).

in an overestimation of the maximum velocity deficit for all the cases, except the first turbine

in the FPG-I case.

Through this comparison, the pressure gradient model approach to estimate the cumulative

wake of multiple turbines in flat and non-flat terrain is validated. The model conserves

momentum in the far wake and eliminates the need for any empirical approach to superpose

individual wakes. The linear summation approach, on the other hand, does not yield good

results for non-flat cases. This can be related to the fact that while it can approximately

conserve momentum in the flat case (Zong and Porté-Agel, 2020b), it cannot account for the

pressure gradient imposed by the base flow in non-flat cases.
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7.4 Summary

Wind turbines in complex terrain can experience pressure gradients due to the change in

surface elevation or roughness characteristics. In this study, we systematically investigated

the wake of multiple turbines under a range of terrain-induced pressure gradients using wind

tunnel experiments. The pressure gradients were imposed by means of linear ramps, where

in total 7 different pressure gradient cases were investigated. The flow speed-up/slow-down

was linear in all cases, and two turbines were sited on the ramps at an inter-turbine spacing

of 5 rotor diameters, and three turbines were used in the zero pressure gradient case. The

focus of the study was to understand the effect of pressure gradient on the cumulative wake of

multiple turbines.

The normalized averaged streamwise velocity was shown to decrease behind the in-wake

turbine with the increase in the APG compared to that behind the turbine exposed to the

free flow. For the ZPG and FPG cases, on the other hand, the normalized streamwise velocity

behind the in-wake turbine increased with increasing pressure gradient magnitude. This

was related to the turbine-added turbulence and the flow speed-up in the FPG cases. The

horizontal turbulence intensity showed a peak at the rotor top tip level due to high mean

flow shear. The magnitude of the turbulence intensity peak was observed to increase in the

cumulative wake of multiple turbines in the ZPG and FPG cases, compared to the upstream-

most turbine, whereas no considerable increase in the magnitude was observed for the APG

cases. This behavior was associated with the wake trajectory and overlapping of the peak

turbulence intensity region of the two turbine wakes. The vertical momentum flux was also

observed to change with the ramp slope, which was likely associated with the inclination of

the ramp. The vertical momentum flux showed a higher magnitude around the rotor top tip

level in APG cases, whereas in the FPG cases, it was stronger near the bottom tip of the turbine.

The wake velocity deficit was also characterized. The velocity deficit behind the first turbine

showed a higher difference between different pressure gradient cases than behind the second

turbine. This was related to the change in the pressure gradient due to the wake of the

upstream turbine. The normalized wake width, on the other hand, showed a higher difference

between different cases behind the second turbine than behind the first one. This is likely

due to the larger distance traveled by the cumulative wake, leading to a larger cross-stream

expansion of the wake.

We proposed a new approach to model the cumulative wake velocity deficit of multiple wind

turbines. In this approach, we use the pressure gradient model proposed previously to model

stand-alone wind turbine wakes in topography. This is the first instance of the application of

the model to a case with multiple wind turbines. To model the wake velocity deficit behind an

in-wake turbine, the wake velocity minimum of the upstream turbine(s) wake flow is used as a

base flow to estimate the maximum wake velocity deficit, and the invariant ratio is used to

obtain the wake width. This eliminates the need for any subsequent superposition to model

the cumulative wake. The new approach is tested against the linear summation approach
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to superpose the wake velocity deficit of stand-alone turbines and against the experimental

data. For the wind farm in flat terrain, both methods of modeling the velocity deficit yield

reasonable results. For the two turbine cases under pressure gradient, the new approach is

found to agree well with the experiments for most of the cases and outperforms the approach

based on the linear summation superposition. Therefore, with the new approach, we can

model wind farm wakes in flat and complex terrain without the need for any superposition

principle.
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8 An experimental investigation of a
roof-mounted horizontal-axis wind
turbine in an idealized urban environ-
mentI II

Abstract

Wind-tunnel experiments are performed to investigate the effect of minor modifications to

the roof edge shape on the power performance and wake characteristics of a horizontal-axis

wind turbine sited on a cube-shaped building. Three roof edge shapes are considered: a sharp

edge, a rounded edge, and a solid fence. The power performance of the turbine is dependent

on its streamwise position, and on the roof edge shape due to the difference in the flow shear

induced by different roof edges. The sharp edge and solid fence cases show high variation in

power with the turbine position, which is reduced significantly in the rounded-edge case. The

turbine shows the worst power performance regardless of its position in the fence case. The

roof edge shape is also found to affect the wind turbine wake. Specifically, the wake recovery

and expansion rates are found to be greatest for the fence case, and they decrease with the

increasing smoothness of the roof edges. This is related to the difference in the base flow

turbulence induced by different roof edge shapes. Compared to the base flow, turbulence

intensity in the wake is reduced on the building, except at the rotor top tip level.

IThe contents of this chapter are published in Dar, A. S., Armengol Barcos, G., & Porté-Agel, F. (2022). An
experimental investigation of a roof-mounted horizontal-axis wind turbine in an idealized urban environment.
Renewable Energy, 193, 1049-1061.

IIAuthor contributions: A.S.D., G.A.B. and F.P-A. conceived the research plan, A.S.D. led the experimental
campaign with assistance from G.A.B. A.S.D., G.A.B. and F.P-A. laid out the plan for formal analysis. G.A.B. and
A.S.D. analyzed the experimental data. The manuscript was written by A.S.D. with input from F.P-A. and G.A.B.
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8.1 Introduction

Our world has undergone intense urbanization, with the global population living in urban

areas increasing from 30% in 1950 to 55% in 2016 (Division, 2001; Ritchie and Roser, 2018). In

the developed world, these numbers are even higher, with more than 80% of the population

living in urban areas (Ritchie and Roser, 2018). This rapid urbanization has also resulted in

an overall increase in the global energy demands. Although most of the world energy needs

are currently provided by fossil fuels; renewable energy sources have emerged as a promising

alternative to decarbonize the energy market, and potentially mitigate the harmful impact of

fossil fuels on the environment. In this context, it is also relevant to highlight the sustainable

development goals (SDGs) promoted by the United Nations (Desa et al., 2016), two of which

concern the promotion of renewable energy sources and the development of sustainable cities.

Localized micro-generation of energy within urban environments via renewable sources can

play a crucial role in achieving the above-mentioned SDGs. While wind energy is traditionally

harvested from wind farms sited away from urban settlements, wind energy generation within

the urban environment has been highlighted as an under-explored potential for clean energy

generation closer to the end consumer (Rezaeiha et al., 2020).

Several studies have explored the potential and challenges associated with urban wind energy.

Stathopoulos et al. (2018) reviewed recent developments in the field of urban wind energy.

They stressed on the need to further explore the influence of building aerodynamics on the

potential wind energy generation and wind resource assessment. Micallef and Van Bussel

(2018) also presented a review of urban wind energy research with a special focus on urban

aerodynamics. They highlighted that urban wind energy research suffers from a lack of

synergistic efforts between different areas of research, which is crucial for the success of urban

wind energy. Walker (2011) reviewed the methods used for urban wind resource assessment,

and showed that the most common approach of combining a wind turbine power curve

with the wind rose information gives inaccurate estimation of potential urban wind energy

yield. This was associated with the complexity of flow in an urban environment including the

influence of the shape of the buildings. Concerns regarding the noise generation and public

acceptance of urban wind energy also present a challenge (Evans et al., 2011; Micallef and Van

Bussel, 2018). Despite these challenges, the assessment of urban wind energy on a national or

regional scale shows that it can play a significant role in providing decentralized renewable

energy. Mithraratne (2009) performed an assessment of urban wind energy generation using

roof-mounted wind turbines in New Zealand. They showed that, while urban wind energy

cannot act as an alternative for the large-scale wind energy generation, it has the potential

to reduce the carbon footprint of New Zealand’s electricity generation. Drew et al. (2013)

assessed the potential of wind energy generation within the Greater London area in the UK.

They found that most areas with high wind energy potential were located towards the outskirts

of the city, although some areas closer to the city center also had high potential for wind energy

generation. Grieser et al. (2015) studied the economic feasibility of small wind turbines in

urban environments in Germany. They showed that optimized positioning of wind turbines
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in an urban environment based on flow conditions is crucial. In addition, combining a

wind energy generation system with an energy storage system was observed to enhance the

economic feasibility of urban wind energy generation. More recently, Rezaeiha et al. (2020)

developed a framework to assess wind energy potential of roof-mounted wind turbines. When

applied to the Netherlands, they found that across existing high rise buildings in 12 cities of

the Netherlands, an annual energy production of 150.1 GWh can be achieved.

Assessment of wind resources in an urban environment is, however, a challenging task due

to the complex nature of urban flow and its strong dependence on building aerodynamics.

Different studies have been reported in the literature that assess the potential energy yield of

wind turbines in an urban environment. Bayoumi et al. (2013) developed a tool to optimize the

integration of a vertical axis wind turbine in the building design in order to achieve a certain

energy yield. Their model relied on some pre-computed computational fluid dynamics results

of flow around the buildings, and was able to provide an estimation of the optimal number,

position and size of the turbines required to generate the target energy yield. Abohela et al.

(2013) investigated the effect of wind direction, turbine position and roof shapes (such as

flat, dome-shaped, pyramid-shaped and vaulted) on the energy yield of wind turbines. They

concluded that an informed decision based on the understanding of flow around the building

and optimal placement of wind turbines can result in an increase in the potential energy

yield. Al-Quraan et al. (2016) compared wind tunnel measurements of flow around buildings

with field data to assess the accuracy of wind tunnel measurements. They concluded that,

while wind tunnel data showed good agreement with the field data for an initial assessment

of wind energy potential, the agreement between the two decreased with the increase in the

inhomogeneity of the surrounding terrain. Emejeamara and Tomlin (2020) proposed a new

method for estimating power production of vertical axis wind turbines, which could also

account for unsteady power performance of the turbine due to turbulent nature of the flow.

Rezaeiha et al. (2020) developed a framework to assess the wind energy potential using the

information of building aerodynamics, wind speed at building height, turbine characteristics

and number of turbines. They demonstrated the use of the framework by computing the

annual energy production using roof-mounted turbines across the Netherlands. Ruiz et al.

(2021) presented an optimization of ducted openings in high rise buildings for wind energy

harvesting. They optimized the design of the ducted opening by changing the fillet radius and

diameter of the duct, and showed that aerodynamic design of the buildings can significantly

enhance wind energy production. Li et al. (2021) showed that an array of vertical axis turbines

optimized for the roof shape can lead to enhanced power performance. More recently, Higgins

and Stathopoulos (2021) took an artificial intelligence (AI) approach to assess the potential of

urban wind energy. They developed artificial neural network (ANN) and tested its performance

for different city configurations against wind tunnel data. They concluded that AI modeling

can prove to be a useful tool for identification and assessment of potential turbine locations in

an urban environment.

While the potential of urban wind energy has been readily reported in the literature, the

interaction of wind turbines with the atmospheric boundary layer in an urban environment
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is relatively under-explored. For the large-scale wind energy, this has been the focus of

research over the past few decades (Porté-Agel et al., 2020; Stevens and Meneveau, 2017).

The general working principles of horizontal axis wind turbines, their aerodynamics and

momentum theory are covered in detail in (Hansen, 2015; Sørensen, 2016). The wake of a

turbine, characterized by its low velocity and turbulent nature, is responsible for reduction in

power available for downstream turbines. Accounting for the turbine wake effects is, therefore,

important for clustering of wind turbines in an urban environment. In addition, these wakes

can also alter the fatigue load distribution on downstream turbines, as well as on any built

structures downstream of the turbine. It is, therefore, of great interest to understand how

turbine wakes evolve in urban environments. Due to their potential impact on the success

of any wind energy project, several studies investigating wind turbine wakes in an urban

environment have recently emerged. Ge et al. (2020) investigated the effect of the wake of a

turbine on an urban district model located downstream, where the turbine hub height and

diameter were twice the height of the buildings. They found that the urban district resulted

in a faster recovery of the turbine wake and modified its trajectory. The turbine wake also

reduced the wind speed in the streamwise streets of the urban district. Ge et al. (2021) also

performed large-eddy simulation of single and multiple wind turbines located downstream of

a cube-shaped building. They showed that the building resulted in a decrease in power and

increase in power fluctuations of the first turbine located downstream. The turbine wake also

showed faster recovery due to higher turbulence and secondary mean flow induced by the

building. A second turbine placed downstream of the first one showed higher power output in

the presence of the building than in its absence. Fan et al. (2021) studied the effect of buildings

and trees on the performance of roof-mounted wind turbines. Their results showed that trees

higher than buildings caused a decrease in the power output of the turbines compared to the

case with trees lower than the building height. The wake of the turbine was asymmetric and

had a downward trajectory. Xu et al. (2021a, 2021b) studied vertical axis wind turbines located

on the side of and between buildings. For wind turbines on the side of the buildings, different

flow scenarios and arrangements of turbines were simulated. From these simulations, they

deduced that for a stand-alone turbine, tailwind position performed best, whereas for multiple

turbines a combination of crosswind and tailwind arrangement proved best. For wind turbines

installed between the buildings, counter-rotating turbine arrangement performed better than

the co-rotating arrangement. They also placed five arrays of wind turbines between the

buildings, and showed that their performance was rather complex and dependent on the flow

conditions. The effect of wind direction was also investigated, revealing best performance at

15◦ incoming wind direction. All of the above-mentioned studies utilize numerical tools, and

there is an obvious lack of experimental work investigating the interaction of wind turbines

with an urban environment.

Urban wind energy can also benefit from recent advances in the field of wind energy in

complex terrain. Several studies have shown that local changes in terrain elevation can have

significant effects on wind resources available for wind turbines (Dai et al., 2017; Nedjari et al.,

2017). In addition, atmospheric stability has also been shown to have significant effect on
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available power for wind turbines in complex terrain, with higher spatial variability during

stable conditions (Radünz et al., 2020). Especially, the studies focused on wind turbines

located on escarpments can be relevant for urban wind energy, as an escarpment can be

considered as a building with infinite length and width. Lange et al. (2017) showed that the

edge of the escarpment can have a significant effect on the flow over it, and consequently on

the power available for turbines. Qian and Ishihara (2019) showed that the ratio of escarpment

height to the turbine height can have an effect on the turbine wake deflection. More recently,

Dar and Porté-Agel (2020, 2022b) showed that the shape of the escarpment leading-edge

significantly affects the wake of a wind turbine sited on it.

In the current study, we have performed wind tunnel measurements on a roof-mounted wind

turbine in an idealized urban environment, where the building is represented by a cube-

shaped block. Of particular interest is the shape of the roof edges, where minor modifications,

such as slight curvature or addition of a boundary fence, are introduced in addition to a sharp-

edged roof. The sensitivity of the turbine power output to the roof edge shape and streamwise

position of the turbine on the building is first investigated. The wake of the turbine placed at

the position corresponding to maximum power output is then compared between different

roof edge shapes. To the best of the authors’ knowledge, this is the first wind tunnel study

investigating the effect of seemingly minor modifications of the roof edge shapes and turbine

position on the power performance and wake characteristics of a roof-mounted wind turbine.

The rest of the article is structured as follows: section 8.2 documents the experimental setup

and the urban boundary layer developed; results from the study are reported and discussed in

section 8.3; finally, a summary of the work and conclusions are presented in section 8.4.

8.2 Experimental Setup

The experiments are conducted in the closed-loop boundary layer wind tunnel at the WiRE

laboratory of EPFL. The wind tunnel has a test section of 28 m length, 2.6 m width and 2 m

height, with a contraction of 5:1 area ratio before the inlet. A 130 kW fan drives the flow in the

wind tunnel.

A miniature three-bladed horizontal axis wind turbine is used in this study. The miniature

turbine is a scaled-down version of the WiRE-01 miniature turbine developed at WiRE, EPFL

(Bastankhah and Porté-Agel, 2017a; Bastankhah and Porté-Agel, 2017c). A scaling ratio of

1:1.43 is established between the scaled-down and original turbine models. This scaling results

in a rotor diameter d of 10.5 cm and a hub height zh of 8.75 cm for the scaled-down turbine.

The blade profile has a circular arc shape with a sharp leading-edge, where the chord length

varies from 8.4 mm at the blade root to 5.88 mm at the tip. The rotor is built from a liquid

photopolymer resin by 3D printing. The rotor is mounted on a direct current (DC) motor

manufactured by Maxon motors (model: DCX10L), which has a diameter of 10 mm (leading to

a rotor to nacelle diameter ratio of 10.5) and length of 25 mm. The DC motor is controlled by a

servo controller (model: ESCON 36/2 DC) via a digital encoder (model: ENX10).
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The performance of the scaled-down turbine is first characterized and compared with the

original turbine model. For this purpose, power and thrust measurements are made in a flat

terrain. The power produced by the turbine P is measured by multiplying the shaft torque

Q with the rotational speed Ω of the turbine. For more details on power measurements

procedure, the reader is referred to Bastankhah and Porté-Agel (2017a). The power coefficient

Cp is then calculated by the following relation:

Cp =
P

1
2ρAu3

h

=
QΩ

1
2ρAu3

h

, (8.1)

where ρ is the air density, A is the rotor swept area and uh is the mean streamwise velocity

at the hub height. In order to measure the thrust force T , the turbine is mounted on a multi-

axis strain gauge sensor (model: ATI-nano-17Ti). Similar to the power coefficient, the thrust

coefficient CT is calculated by:

CT =
T

1
2ρAu2

h

, (8.2)

where T is the total thrust force measured by the strain gauge sensor. The averaged streamwise

velocity at the hub height uh (measured by a pitot static tube) is kept at 6.7 ms−1 for these

measurements. The velocity uh is chosen to establish a dynamic similarity in terms of the

Reynolds number Red (based on uh and rotor diameter d) between the original and scaled-

down turbine models. For the original WiRE-01 turbine, the power and thrust coefficient

data is obtained from Bastankhah and Porté-Agel (2016), which has approximately the same

Red (∼ 47000) as in the current experiments. Figure 8.1 shows the comparison of the power

and thrust coefficients as a function of tip speed ratio λ between the scale-down and original

turbine models. Here, it should be noted that the tip speed ratio is varied by varying the

rotational speed of the turbine, while keeping the incoming velocity constant. Both turbines

show very similar trends and values of the power and thrust coefficients. The maximum power

coefficient is 0.34 and 0.35 for the scaled-down and original turbines, respectively, at a tip

speed ratio of around 3.8. The thrust coefficient at λ corresponding to maximum Cp is about

0.8 and 0.82 for the scaled-down and original turbine models, respectively. This comparison

shows that scaling down the turbine does not affect its performance characteristics. For

subsequent measurements in the urban boundary layer, the turbine is operated at the λ

corresponding to maximum Cp for each case.

A two-component frequency-shifted laser Doppler velocimetry (LDV) system developed by

TSI is used to measure the streamwise and vertical velocity components in the flow. The LDV

probe containing the transmitter and receiver optics is mounted on a 3 degrees-of-freedom

(DOF) traversing system outside the test section of the wind tunnel. In order to increase the

focal length of the transmitter, a beam expander is fitted in front of the LDV probe. The total

focal length of the LDV transmitter is 2.29 m. The flow is seeded with olive oil droplets, which
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Figure 8.1: Comparison of the power (top) and thrust (bottom) coefficients as a function of tip
speed ratio between the original and scaled-down turbine models.

have a diameter on the order of several micrometers. Flow seeding is done through a slot in

the tunnel floor at the inlet of the test section. This ensures that the seeding method does

not influence the flow in the test section, especially, around the building. Data is acquired

using the FlowSizer-64 software (also developed by TSI). The velocity statistics are weighted by

the transit time (also known as the gate time) of the tracer particles to compensate for high

velocity bias, which occurs because the particles with higher velocity travel further and, thus,

have a higher probability of getting sampled.

An idealized urban canopy model is set up inside the test section to simulate an urban bound-

ary layer. The idea is to have a relatively taller building surrounded by a set of smaller ones.

The small buildings are represented by square base prisms, with the base dimensions of 8 cm

× 8 cm and height of 10 cm. The square base prisms are arranged in a staggered configura-

tion, with a spanwise and streamwise spacing of two and four times their length, respectively.

Similar arrangements have been used in the past to investigate flows within and above urban

canopies. Castro et al. (2006) performed wind tunnel measurements using a staggered con-

figuration of cubic blocks to understand urban boundary layer flows. Similarly, Cheng and

Porté-Agel (2015) compared the staggered and aligned configurations of cubic arrays using

large-eddy simulation to investigate the adjustment of boundary layer to urban surfaces. A

picket fence of 2.5 m width with a total height of 13 cm, including saw-tooth shaped spikes

of width and height equal to 3 cm, is also placed at the inlet of the test section to enhance

turbulence production.
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The taller buildings used for mounting a turbine are cube-shaped, with a height of 40 cm. This

yields a ratio of 4 between the height of the tall building and surrounding urban canopy. The

ratio between the building height and turbine hub height is 4.5, showing that the turbine is

considerably smaller than the building it is placed on. Minor modifications to the roof edges

inspired from roof shapes found in reality are made. Three different roof edge shapes are used,

which are described in detail below:

1. Roof with sharp 90◦ edges (labeled: Cube).

2. Roof with a curved edge shape, where radius of curvature is 5% with respect to the

building height (labeled: Round).

3. Roof with a solid boundary fence, where fence height is also 5% with respect to the

building height (labeled: Fence).

A schematic representation of the experimental setup, along with a picture of the cubic

buildings used for mounting the turbine, is shown in figure 8.2.

Measurements can be sub-divided into two parts: power measurements and velocity measure-

ments. All measurements are performed with the turbine placed in the center of the building

span. For power measurements, the turbine is placed at different streamwise locations to

investigate the effect of its distance from the building leading edge on power performance.

Once the streamwise position corresponding to maximum power is identified, that position is

chosen to place the turbine for velocity measurements, which are carried out with and without

the turbine. In the vertical direction, measurements are taken with a spatial resolution of

1 cm, which yields 10 points across the rotor. Above the building, measurements are taken

until a height of 2d ; whereas behind the building, measurements are taken from 1d below the

building height to 2d above it. This results in 21 and 33 measurement points in each vertical

profile on and behind the building, respectively. Vertical profiles of mean and turbulence

quantities at several representative streamwise locations are measured (8 in the base flow and

6 in the wake flow). In total, 204 measurements points for the base flow, and 162 measurement

points for the wake flow are considered in each case, where 15000 instantaneous velocity

samples are taken at each measurement point to ensure statistical convergence.

The turbulent boundary layer 1 m upstream of the cubic tall building is measured using LDV

with a spatial resolution of 2 cm. Figure 8.3 shows the vertical profiles of the normalized

averaged streamwise velocity, streamwise turbulence intensity and normalized averaged

vertical momentum flux. In this figure, z/d = 0 represents the test section floor; whereas in

the rest of the article, it represents the building roof. The streamwise velocity at the projected

height of the turbine center on the building zh,up = 48.75 cm in the upstream flow uh,up = 6

ms−1 is used for normalization in figure 8.3. The normalized averaged streamwise velocity

shows higher shear closer to the surface and increases with height. A power law fit according

to u = uh,up ( z
zh,up

)n is also shown with a blue line in figure 8.3 (a). The shear exponent n of the
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Figure 8.2: (a) Sketch of the experimental setup inside the test section; L = 8 cm, h = 10 cm and
H = 40 cm. (b) A picture of the cubic tall buildings with modified roof edges.

Figure 8.3: Vertical profiles of the normalized averaged streamwise velocity with power law
fit in blue line (a), streamwise turbulence intensity (b) and normalized averaged vertical
momentum flux (c). The normalized averaged streamwise velocity is also plotted in a semi-
logarithmic scale with a logarithmic law fit in blue color (d).

167



Chapter 8: Roof-mounted wind turbine in an urban environment

power law fit is 0.26, which indicates high shear in the flow. The velocity at the maximum height

of the boundary layer is 7.29 ms−1. Due to the limitation of optical access, measurements

above this height (i.e. 90.5 cm from the test section floor) cannot be taken. Therefore, the

boundary layer height is assumed to be equal to 90.5 cm. This assumption is reasonable

since the velocity only increases by 1.5% between z/d = 8 and z/d = 8.6. It is important

to note that the boundary layer height is more than twice the height of the cubic building,

which means that both the turbine and the building are fully immersed in the boundary layer.

Considering that a logarithmic layer constitutes the lowest 10-15% of the boundary layer

height, a logarithmic fit is done on the lowest 12.5% of the boundary layer. Following Stull

(1988), the logarithmic fit is done using the following relation:

u =
u∗
κ

ln

(
z −d0

z0

)
, (8.3)

where u∗ is the friction velocity, κ is the von Karman constant taken as 0.41, z0 is the aero-

dynamic roughness length, and d0 is the displacement height. The displacement height is

implemented to account for the effect of the urban canopy height on the development of the

boundary layer. The normalized averaged streamwise velocity together with the logarithmic

fit is shown in figure 8.3 (d). The values of friction velocity u∗, aerodynamic roughness length

z0, and displacement height d0 obtained from the logarithmic fit are 0.41 ms−1, 0.2 cm, and

8.34 cm, respectively. The streamwise turbulence intensity is around 0.2 at the bottom of the

boundary layer and decreases almost linearly with height. The decrease in streamwise turbu-

lence intensity with height is related to the decrease in the mean flow shear with height. At the

projected height of the turbine center on the building, the streamwise turbulence intensity is

0.12 in the upstream boundary layer. The normalized averaged vertical momentum flux also

shows highest values closer to the surface, due to high shear in the flow. Table 8.1 summarizes

key flow parameters in the upstream boundary layer.

uh,up (ms−1) u∞ (ms−1) n u∗ (ms−1) zo (cm) d0 (cm) δ (cm)

6 7.29 0.26 0.41 0.2 8.34 90.5

Table 8.1: Key flow parameters in the upstream boundary layer.

8.3 Results

8.3.1 Base Flow

We first investigate the flow development across the mid span of the building without the

turbine, termed as the base flow. Figure 8.4 shows a comparison of the vertical profiles of

the normalized averaged streamwise velocity in the base flow for different roof edge shapes.

For the building with sharp 90◦ edges (named as ‘Cube’), a region of high shear and reverse

flow is observed near the building leading edge, close to the surface. With the increase in the
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streamwise distance, the flow velocity close to the surface increases, along with the height of

the high shear region. This is related to the growth of the shear layer that develops across the

building roof due to the interaction of the separated flow closer to the surface and the free

flow away from the surface. Immediately behind the building at x/d = 4.5, there is a sharp

transition between the flow under the building height and that above it. This is due to the wake

of the building, which has not mixed with the flow above at the given streamwise location.

With the increase in the streamwise distance, the building wake grows and mixes with the flow

above it, leading to a smoother velocity profile.

For the curved roof shape (named as ‘Round’), rounding the roof edges leads to higher velocity

and lesser shear across the building roof compared to the Cube case. This is because rounding

the roof edges leads to a reduction in the adverse pressure gradient induced by the building,

and no flow separation is observed in this case. Behind the building, an even stronger transi-

tion between the flow under the building height and that above it is observed compared to the

Cube case.

The addition of the solid boundary fence (‘Fence’ case) results in a stronger separation, with

the position of maximum shear located higher than that for the Cube case, which is likely

caused by the blockage induced by the boundary fence. Across the building, the Fence case

shows highest shear and lowest velocity compared to the rest of the cases. Behind the building,

the Fence case also shows highest shear and lowest velocity compared to the other cases,

where the differences between different cases reduce with the increase in the downstream

distance. It is to be noted that, from here on, x/d = 0 represents the building leading edge and

z/d = 0 represents the building roof surface. The averaged hub height streamwise velocity at

the turbine position on the building uh in each respective case is used to normalize all the

flow quantities. The choice of the turbine position on the building will be discussed later in

section 8.3.2. The normalization velocity uh is 6.5 ms−1, 6.54 ms−1 and 6.38 ms−1 for Cube,

Round and Fence cases, respectively.

Figure 8.5 shows the development of the normalized averaged vertical velocity for the three

cases. As can be seen, high vertical velocity values are observed closer to the building leading

edge. As expected, the Fence case shows highest vertical velocity, with the values decreasing

gradually for the Cube and Round cases. For streamwise positions x/d ≥ 2.5, the vertical

velocity is very close to zero above the building height for all cases. Below the building height,

positive and negative velocities are observed at x/d = 4.5 and x/d = 6.5, respectively. This

can be related to the flow recirculation that develops behind the building. A turbine would

experience high vertical velocity across the rotor if it is located close to the leading edge of the

building, and the vertical velocity magnitude would be highest in the Fence case and lowest in

the Round case.

In order to characterize the evolution of turbulence across the building, we compute the

streamwise turbulence intensity Iu = σu
uh

, where σu is the standard deviation of the streamwise

velocity. Figure 8.6 shows a comparison of the streamwise turbulence intensity between the
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Figure 8.4: Vertical profiles of the normalized averaged streamwise velocity in the base flow
across the building. The horizontal black solid line traces the height of the building, whereas
the black dashed lines trace the prospective rotor bottom tip, hub and top tip locations.

three building cases. High streamwise turbulence intensity values are observed for all cases,

where values close to 0.1 are observed in the free stream flow for all cases. The streamwise

turbulence intensity is highest in the shear layer developed from the roof leading edge. Peak

streamwise turbulence intensity values of around 0.45 are observed for the Fence case at

x/d = 1.5,2.5, and for the Cube case at x/d = 1.5. The streamwise turbulence intensity showed

highest values and stronger variation in the vertical direction for the Fence case, and lowest

values for the Round case, with the Cube case showing values somewhere in between. The

trends observed in the evolution of streamwise turbulence intensity are consistent with the

shear observed in the mean flow, as higher shear in the Fence case would lead to higher

turbulence production compared to the other cases.

The vertical position of the maximum streamwise turbulence intensity also changes with the

roof shape. Following Kiya and Sasaki (1983), the peak location of the streamwise turbulence

intensity can be used to characterize the center of the shear layer that grows from the building

roof edge. Figure 8.7 shows the growth of the shear layer center for different roof shapes. The

shear layer center initially moves vertically up with streamwise distance from the leading edge,

but reaches an almost constant value for each case, which is consistent with the observations

of Kiya and Sasaki (1983). The center of the shear layer is observed to be highest for the Fence

case, coinciding with the turbine hub height at x/d > 1.5. For the Round case, it is below the

turbine bottom tip height for all locations, except the last one; whereas it is slightly above the

bottom tip height for the Cube case. The vertical position of the shear layer center with respect

to the rotor is important, as it determines the turbulence profile experienced by the turbine

and can have an effect on the fatigue loads on the rotor.

8.3.2 Power Performance

We now focus on the power extracted by the turbine from the base flow. More specifically,

we want to understand how the power production is affected by the turbine position on the

building, as well as by the roof edge shape. For this purpose, we first plot the maximum
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Figure 8.5: Vertical profiles of the normalized averaged vertical velocity in the base flow across
the building. The horizontal black solid line traces the height of the building, whereas the
black dashed lines trace the prospective rotor bottom tip, hub and top tip locations.

Figure 8.6: Vertical profiles of the streamwise turbulence intensity in the base flow across the
building. The horizontal black solid line traces the height of the building, whereas the black
dashed lines trace the prospective rotor bottom tip, hub and top tip locations.
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Figure 8.7: Growth of the shear layer center as a function of downstream distance. The
horizontal black solid line traces the height of the building, whereas the black dashed lines
trace the prospective rotor bottom tip, hub and top tip locations.

mean power produced by the turbine at different streamwise positions for the three cases in

figure 8.8(a). The Cube case shows highest power production among all cases at a streamwise

position of x/d = 0.5, with the maximum mean power dropping for x/d > 0.5, where values

less than half compared to the peak are observed at x/d ≥ 2.5. Adding a solid boundary fence

leads to not only a decrease in the maximum mean power, but also to a higher variability in the

maximum mean power with the streamwise position. Mean power values of approximately

10% compared to the peak value are observed at x/d ≥ 2.5. Rounding the roof edges leads to a

slightly lower peak value compared to the Cube case at x/d = 0.5, but it shows the least amount

of variation in power with the streamwise position among all the cases. As the wind direction

can change in the real world, the variation in mean power production with streamwise distance

from the building leading edge is important, and roof shapes with least amount of variability

should be preferred for urban wind energy installation.

Another important factor in consideration to the power performance of a turbine is the fluctua-

tions in power. Figure 8.8(b) shows the standard deviation in power production normalized by

maximum mean power extracted by the turbine at a certain position. Closer to the roof leading

edge, all cases show similar values of normalized standard deviation in power of around 0.3,

which in itself is a high number and can be attributed to high turbulence in the upstream

boundary layer. Cube and Round cases initially show comparable values closer to the roof

edge, where the difference between the two grows for x/d > 1. The Fence case, on the other

hand, shows a significant increase in normalized standard deviation, with the values reaching

as high as 1.29 at x/d = 3. In addition to the flow separation from the roof leading edge, the

poor performance of the turbine on the back end of the roof in the Fence case can also be

related to the additional blockage caused by the fence at the back end of the building.

To understand the effect of the turbine rotational speed on the power production, figure

8.9 shows the power production of the turbine at two different streamwise positions for

different roof shapes. These positions correspond to the maximum and minimum values of

Pmax across the streamwise extent of the building, as observed in figure 8.8(a). The range

of the turbine rotational speed differs in different cases to ensure that the tip speed ratio

remains the same. Similar to the trend of power coefficient seen in figure 8.1 for flat terrain,

the extracted power for a certain case first increases with the increase in rotor speed before
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Figure 8.8: (a) Maximum mean power produced by the turbine and (b) normalized standard
deviation in power as a function of streamwise distance.

reaching a maximum value beyond which, a decrease in power is observed with an increase

in the rotational speed. The effect of roof shape is observed for the whole range of rotational

speed, where the difference in power between different cases is smaller at x/d = 0.5, but grows

significantly at x/d = 3.

To explain the variation in power production with the turbine position and roof edge shape,

we plot the vertical profiles of averaged streamwise velocity and its standard deviation for

several streamwise positions in figure 8.10. Power available for a turbine scales with the cube

of velocity, therefore higher velocity across the rotor would mean that more power is available

for the turbine. As can be seen in figure 8.10, at x/d = 0.5 the Cube and Round shape cases

show similar velocity profiles, whereas the Fence case shows high shear in the bottom half of

the rotor. For each case, this is the streamwise location where maximum velocity is observed

across the rotor, thereby resulting in maximum power produced by the turbine. The relatively

Figure 8.9: Mean power produced by the turbine as a function of turbine rotational speed for
different streamwise positions.
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Figure 8.10: (a) Vertical profiles of averaged streamwise velocity and (b) standard deviation of
streamwise velocity across the rotor for different streamwise positions. The dashed horizontal
lines trace the rotor bottom tip, hub and top tip locations.

lower velocity encountered across the rotor at x/d = 3 results in the low power production

obtained at this location, where the Fence case shows lowest values across the whole rotor

compared to the other cases. The differences between the velocity profiles at 0.5 and 3 rotor

diameters for each case appear to be consistent with the differences in the power production

observed between these positions. For the fluctuations in power observed in figure 8.8(b),

the standard deviation in the streamwise velocity profiles provides useful insights. Highest

standard deviation values across the rotor, with a peak around the turbine hub height are

observed for the Fence case at x/d = 3, which is consistent with the highest fluctuations in

power observed at this location. The peak value of standard deviation at x/d = 0.5 is similar

to that at x/d = 3 for the Fence case, although the location of peak is in the lower half of the

rotor, with relatively smaller values in the upper half of the rotor, thereby resulting in lesser

fluctuations in power. The Round case shows smaller standard deviation values compared to

the other cases, which explains lower power fluctuations in this case. The Cube case shows

standard deviation higher than the Round case, but smaller than the Fence one, resulting in

power fluctuations more comparable to the Round case than the Fence one.

The dependency of the power produced by the turbine on its streamwise position, as well as

on the roof edge shape is clearly shown. Building with curved roof edges is found to perform

best and in a practical scenario, such building should be preferred for wind turbine siting. For

the wake flow analysis in the following section, the turbine is placed at the streamwise position

of x/d = 0.5, as it performs best in terms of power at this streamwise position. This is in

accordance with how a turbine siting would be done in reality, where turbines are commonly

placed at positions corresponding to the highest available resources.
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Figure 8.11: Vertical profiles of the normalized averaged streamwise velocity in the turbine
wake across the building. The base flow profiles are added for reference. The horizontal black
solid line traces the height of the building, whereas the horizontal black dashed lines trace the
prospective rotor bottom tip, hub and top tip locations.

8.3.3 Wake Flow

We now investigate the wake of the turbine; specifically, we are interested in the comparison

of the turbine wake for different roof edge shapes. Figure 8.11 shows vertical profiles of the

normalized averaged streamwise velocity in the turbine wake for different roof shapes. The

profiles of normalized averaged streamwise velocity in the base flow are also included as a

reference in this figure. The normalized averaged streamwise velocity in the wake is found

to be highly dependent on the roof shape, where its magnitude is highest for the Round case

and lowest for the Fence case. The symmetry of the velocity profile, especially on top of the

building, is also observed to be affected by the roof shape, with relatively more symmetric

profiles for the Round case. For the Cube and Fence cases, the profiles become asymmetric,

with the Fence case showing highest asymmetry. Both the magnitude of the velocity and

symmetry of the velocity profiles in the wake are consistent with the base flow velocity profiles,

which showed least (highest) shear and highest (lowest) velocity for the round (Fence) case.

The Fence case is particularly interesting, as it shows negative velocities in the wake below the

hub height on top of the building. This can be related to the relatively strong flow separation

from the leading edge, as well as to the blockage and formation of a vortex in front of the back

fence on the building. Behind the building, an enhanced expansion of the wake is observed,

where the velocity differences between different cases follow the same trend as that on the

building. Below the building height, the differences between the turbine wake and base flow

increase with the increase in the distance, which could be associated with the downward

trajectory of the turbine wake and its interaction with the building wake.

To quantify the differences in the wake flow with respect to the base flow, we compute the

streamwise velocity deficit ∆u = ub −uw , where ub and uw are the averaged streamwise

velocities in the base and wake flow, respectively, at the same physical location. Figure 8.12

shows the comparison of vertical profiles of the normalized averaged streamwise velocity

deficit between different cases. Compared to the streamwise velocity profiles, the streamwise
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Figure 8.12: Vertical profiles of the normalized averaged streamwise velocity deficit in the
turbine wake across the building. The horizontal black solid line traces the height of the
building, whereas the horizontal black dashed lines trace the prospective rotor bottom tip,
hub and top tip locations.

Figure 8.13: (a) Maximum normalized velocity deficit, (b) vertical position of the maximum
velocity deficit and (c) normalized standard deviation of the streamwise velocity deficit as a
function of downstream distance. The horizontal black solid line in (b) traces the height of the
building, whereas the black horizontal dashed lines trace the rotor bottom tip, hub and top tip
locations. The vertical dashed black line marks the end of the building.

velocity deficit profiles show less difference between different cases. On top of the building

the profiles appear to be fairly symmetric for all cases, whereas behind the building they show

a relatively wider profile. A region of negative streamwise velocity deficit is observed close to

the building leading edge for all cases. This is a result of flow speed up near the surface, as

the turbine hinders the development of the separated flow from the building leading edge. To

further characterize the streamwise wake velocity deficit, we plot the normalized maximum

wake velocity deficit, the vertical position of the maximum wake velocity deficit and the

normalized wake width as a function of downstream distance in figure 8.13.
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The normalized maximum velocity deficit is used to characterize the recovery of the turbine

wake center (figure 8.13 (a)). On top of the building, the normalized maximum velocity deficit

is observed to be highest for the Fence case, with values decreasing for the Cube and Round

case, respectively. As discussed by Dar and Porté-Agel (2022b), the normalized maximum

velocity deficit is affected by the pressure gradient induced by the topography. Here the Fence

case induces the highest pressure gradient on the wake, resulting in the highest value of the

wake velocity deficit. The recovery of the velocity deficit is observed to be remarkably fast on

top of the building, which could be related to the high turbulence intensity in the base flow.

Behind the building, however, the recovery of the wake center slows down significantly for all

cases. This can be related to the fact that, as the wake undergoes enhanced expansion due

to the sudden absence of a surface, the recovery of the maximum velocity deficit has to slow

down in order to conserve momentum.

To characterize the trajectory of the wake, we plot the normalized vertical position of the

maximum velocity deficit (also called the wake center) in figure 8.13 (b). On top of the

building, the wake center is observed to be above the hub height of the turbine for all cases,

which can be related to the high vertical velocity experienced by the turbine in the base flow.

The wake trajectory is also observed to be almost constant for all cases above the building.

The Round and Cube cases show very similar wake trajectory above the building, whereas

the Fence case shows a slightly higher location of the wake center compared to the rest. The

presence of the fence above the building roof results in a high vertical velocity, which can

explain the upward shift in the wake trajectory in this case. Behind the building the wake

center moves down for all the cases, which indicates toward a downward movement of the

turbine wake.

As the turbine wake moves downstream, it undergoes an expansion due to the shear layer

developed from the rotor edge, which plays a role in the transport of energy in the wake from

the outer flow. Wind turbine wakes are known to expand linearly as a function of downstream

distance in the far wake in flat, as well as complex terrain (Dar and Porté-Agel, 2022b; Porté-

Agel et al., 2020). As a result, the wake growth rate k in the far wake can be estimated by the

slope of a linear fit to the wake width such that:

σz

d
= k

x

d
+ϵ, (8.4)

where σz is the wake width estimated by the standard deviation of a Gaussian curve fitted

to the vertical profile of the streamwise velocity deficit at each downstream position and ϵ

is the initial wake width. Figure 8.13 (c) shows the normalized wake width as a function of

downstream distance, along with the linear fit according to equation 8.4 for the three cases.

The wake growth rate is found to be highest for the Fence case, and decreases for the Cube

and Round cases. It is also found to be significantly higher than the values typically reported

in flat terrain (see, e.g. Cheng and Porté-Agel, 2018) or those reported for a turbine sited on

escarpments (Dar and Porté-Agel, 2022b). This is consistent with the relatively high streamwise

turbulence intensity across the building compared to the flat terrain or escarpment studies. In
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addition, the sharp changes in the streamwise pressure gradient induced by the building could

also play a role in different rate of expansion compared to flat terrain. The streamwise velocity

deficit profiles are found to be Gaussian at x/d = 2.5 for all cases. This indicates that the near

wake length is shorter than 2 rotor diameters, which is consistent with the high turbulence

intensity in the base flow, as higher turbulence usually leads to a shorter near wake length.

Focusing on turbulence characteristics in the wake, we first plot the normalized averaged ver-

tical momentum flux in figure 8.14. The vertical momentum flux is a key factor in determining

the exchange of momentum between outer and wake flow, and plays a role in production of

turbulence together with the mean flow shear. In the near wake (x/d = 1.5), all three cases

show similar values of normalized averaged vertical momentum flux. However, in the far

wake, the Fence case shows significantly higher values than the rest of the cases, with a peak

around the rotor top tip height at x/d = 3.5. In previous studies on flat (Bastankhah and

Porté-Agel, 2017c) and complex terrain (Dar and Porté-Agel, 2022b), the vertical momentum

flux is observed to be negative in the upper half of the rotor and positive in the lower half,

especially for downstream distances shorter than 8 rotor diameters. In the current study, only

the Round case depicts the behavior described above, whereas the Cube and Fence cases

show predominantly a negative vertical momentum flux across the whole rotor, with relatively

smaller values in the lower half of the rotor. Relatively high vertical momentum flux in the

shear layer developed from the building leading edge in the base flow is believed to play a role

in the above described behavior. The fact that the peak of the vertical momentum flux in the

base flow on top of the building is located closer to the surface and found to be significantly

higher than that in the wake flow helps explain the observed trend. Behind the building, the

vertical momentum flux in the turbine wake is found to be comparable to that in the base flow,

with slightly higher values in the turbine wake than the base flow.

The streamwise turbulence intensity in the turbine wake is shown in figure 8.15. Consistent

with the vertical momentum flux, the streamwise turbulence intensity is observed to be

highest in the Fence case, with values decreasing for the Cube and Round case. On top of the

building, the streamwise turbulence intensity shows a peak around the rotor top tip height. Wu

and Porté-Agel (2012) performed a kinetic energy budget analysis to show that even though

momentum fluxes are high across the whole rotor projected area, the peak in turbulence

intensity at the rotor top tip height appears due to high mean flow shear around that height.

A similar reasoning can be used here to explain the peak around the rotor top tip height. In

addition, the peak value of streamwise turbulence intensity in the wake is observed to be

smaller than that in the base flow. This will be discussed in detail below. Behind the building,

the streamwise turbulence intensity profile flattens out, mainly because the mean flow shear

becomes almost constant (see figure 8.11).

The streamwise turbulence intensity in the turbine wake is contributed by two sources: the one

in the base flow and the one added or subtracted by the turbine. To quantify the streamwise

turbulence intensity contributed by the turbine, we compute the added streamwise turbulence

intensity Iadd :
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Figure 8.14: Vertical profiles of the normalized averaged vertical momentum flux in the turbine
wake across the building. The base flow profiles are added for reference. The horizontal black
solid line traces the height of the building, whereas the horizontal black dashed lines trace the
prospective rotor bottom tip, hub and top tip locations.

Figure 8.15: Vertical profiles of the normalized averaged streamwise turbulence intensity in
the turbine wake across the building. The base flow profiles are added for reference. The
horizontal black solid line traces the height of the building, whereas the horizontal black
dashed lines trace the prospective rotor bottom tip, hub and top tip locations.

Iadd =

+
√

I 2
u,w − I 2

u,b , Iu,w ≥ Iu,b ,

−
√

I 2
u,b − I 2

u,w , Iu,w < Iu,b ,

where Iu,w and Iu,b are the streamwise turbulence intensities in the turbine wake and base

flow, respectively. Figure 8.16 shows the vertical profiles of the added streamwise turbulence

intensity. The peak of the positive added streamwise turbulence intensity around the rotor

top tip is found to be the same in all three cases. This indicates that the difference in the peak

of streamwise turbulence intensity between different cases in the turbine wake comes from

the difference in the base flow turbulence intensity, whereas the turbine contribution remains

constant.
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Figure 8.16: Vertical profiles of the added streamwise turbulence intensity in the turbine wake
across the building. The horizontal black solid line traces the height of the building, whereas
the horizontal black dashed lines trace the prospective rotor bottom tip, hub and top tip
locations.

A region of negative added streamwise turbulence intensity above the building is observed

in all cases. The negative added streamwise turbulence intensity means that the turbine

suppresses turbulence in the wake compared to that in the base flow. Dar and Porté-Agel

(2022b) explained that this negative added streamwise turbulence intensity appears because

the turbine suppresses the development of the shear layer from the escarpment (in the current

work, the building) leading edge in its wake. As the mean flow shear in the turbine wake close

to the surface is lower than that in the base flow, the turbulence production is suppressed.

While the positive added streamwise turbulence intensity is insensitive to the roof shape,

the negative added streamwise turbulence intensity depends on the roof shape. The Fence

case shows highest suppression of the streamwise turbulence intensity. In the Fence case,

apart from the region around the rotor top tip, the profile is predominantly negative, with the

magnitude of the peak value higher than that for the positive added streamwise turbulence

intensity. The peak position and magnitude of the negative added streamwise turbulence

intensity decrease for the Cube case, which further decrease for the Round case. Behind the

building, all three cases show similar profiles, with approximately constant values at x/d ≥ 6.5.

8.4 Summary

In this study, we performed wind tunnel experiments on a roof-mounted horizontal-axis wind

turbine placed in an urban environment. Of particular interest was the effect of roof edge

shape on power performance and wake characteristics of a turbine sited on top of a tall cubic

building. In addition, the effect of streamwise position of the turbine on its power performance

was also investigated. The roof edge shapes were inspired from the ones observed in reality: a

roof with sharp 90◦ edges (Cube case), a roof with slightly curved roof edges (Round case) and a

roof with a solid boundary fence (Fence case). The modifications in the roof edge shapes could

easily be deemed minor in a conventional resource assessment study, however, our results

showed that such small modifications can significantly affect both the power performance
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and the wake of a turbine sited on top of the building.

The flow velocity, shear and streamwise turbulence intensity in the base flow were observed

to be highly dependent on the roof edge shape. This was related to the growth of the shear

layer due to flow separation from the building leading edge. This shear layer was found

to be strongest in the Fence case, followed by the Cube and Round cases, respectively. As

a result, the power available for a turbine was also dependent on the roof edge shape. All

cases showed maximum mean power production at a streamwise distance of about half rotor

diameter from the leading edge of the building. The Round case showed least variation in

the maximum mean power production with the streamwise position and least amount of

normalized standard deviation in power production. For the Cube case, maximum mean

power production decreased after x/d = 0.5, where an increase in the normalized standard

deviation was also observed. The Fence case showed highest drop in maximum mean power

production, with values reaching approximately 10% at the back end of the building compared

to those at the front end. The normalized standard deviation in power was also observed to

be highest at the back end of the building for the Fence case, with values greater than 1 at

x/d ≥ 2.5.

For wake flow measurements, the turbine was placed at x/d = 0.5, as it corresponded to the

position with highest power production. For all cases, the wake characteristics on top of the

building and those behind the building showed significant differences, which were related to

the sudden absence of a surface after the building edge. On top of the building, the normalized

averaged streamwise velocity profiles in the wake showed differences between different cases,

with higher velocity and relatively symmetric profiles for the Round case. The wake velocity

was observed to be smaller and have more asymmetric profiles for the Cube and Fence cases,

which was related to the separation induced by the leading edge in the base flow. The Fence

case showed the highest normalized streamwise velocity deficit above the building, with values

decreasing for the Cube and Round case, respectively. The recovery of the wake center velocity

deficit was found to be faster on top of the building, whereas it slowed down behind the

building due to the sudden expansion of the wake. The wake growth rate was found to be

highest in the Fence case, with values decreasing for the Cube and Round cases. The wake

growth rate was also observed to be higher than the values typically reported in flat or complex

terrain, which was associated with high base flow turbulence intensity across the building.

The Fence case also showed relatively higher turbulence in the wake compared to the rest of

the cases, whereas the turbulence added by the turbine was found to be the same around the

rotor top tip height in all cases. The turbine also suppressed the turbulence production near

the surface, as it suppressed the growth of the shear layer due to flow separation from the

building leading edge. This negative added turbulence was found to be dependent on the case

with the highest magnitude in the Fence case and lowest in the Round case.

In conclusion, the sensitivity of both the power production and wake characteristics to the

roof edge shape is clearly shown. Ideally, building shapes with least variation in power with

position should be chosen to account for wind direction changes. The flow separation and
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shear layer development from the building edge are found to be the differentiating factors for

the power and wake characteristics of a turbine. For the numerical modeling and resource as-

sessment community, these results emphasize the importance of accurate building modeling,

as seemingly minor differences in the roof edge shape can result in huge differences in the

estimation of power production and wake effects of a roof mounted turbine.
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9 Effect of roof fence shape on flow
over a building and its impact on
wind turbine performanceI II

Abstract

We investigate the effect of roof boundary fence shape on the flow over a cubic building

and on the power and thrust performance of a roof-mounted wind turbine via wind-tunnel

experiments. The effect of fence height, porosity, angle, and curvature is investigated, with

the turbine placed at several streamwise positions along the mid-span of the building. For

the flow without the turbine, the flow separation and shear layer growth from the roof leading

edge are significantly affected by the fence shape. Vertical fences result in a decrease in the

mean power and thrust with the increase in the fence height and streamwise distance from

the roof leading edge. Increasing the fence porosity improves the turbine performance for

streamwise distance greater than one rotor diameter. Inward-angled fences improved the

turbine performance, with the 60◦ inward angle leading to a power performance similar to a

case with no fence. Rounding the fence outward also led to a smoother flow, which resulted

in higher mean power and thrust compared to inward-curved fences. The power and thrust

coefficients were computed using rotor equivalent and hub height velocity magnitude as

reference velocity, where the former one yielded physically feasible results for all the cases.

IThe contents of this chapter are to be submitted for publication.
IIAuthor contributions: A.S.D., F.W. and F.P-A. conceived the research plan, A.S.D. led the experimental campaign

with assistance from F.W. A.S.D., F.W. and F.P-A. laid out the plan for formal analysis. F.W. and A.S.D. analyzed the
experimental data. The manuscript was written by A.S.D. with input from F.P-A. and F.W.
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9.1 Introduction

Wind energy has emerged as a major player in the transition towards renewable energy sources.

Approximately 7.6% of the global electricity was generated by wind energy in 2022 (EMBER,

2023), with its contribution expected to grow in the coming years. While wind farms are

typically installed in remote areas, wind resources in urban environments offer the potential

for electricity generation using small-scale wind turbines (Rezaeiha et al., 2020). Some of

the benefits associated with urban wind energy are the generation of electricity closer to the

consumer, which significantly reduces transportation costs and transmission losses, and the

contribution towards the development of sustainable cities. High-rise buildings offer ideal

locations for wind turbine installation due to high wind resources on rooftops. The variability

of wind resources due to urban morphology, high turbulence levels in urban flows, and public

acceptance are some of the challenges in the development of urban wind energy (Micallef and

Van Bussel, 2018; Toja-Silva et al., 2013).

The impact of building shape or urban morphology on available wind resources for roof-

mounted wind turbines has been investigated in several studies. Ledo et al. (2011) compared

flow over flat, pitched, and pyramidial roofs. They concluded that flat roofs offered the best

wind conditions for wind turbine installation. Abohela et al. (2013) investigated the effect of

roof shape and wind direction on available power for a roof-mounted wind turbine. They

showed that, for each roof shape, the optimal position of the turbine is different, and vaulted

roofs offer the highest potential for wind energy production. Yang et al. (2016) performed

a combined field and simulation study to investigate wind resources in a real urban site.

They showed that surrounding high-rise buildings can have a blockage effect on a potential

site, and rounding the building edges can result in higher available power. Toja-Silva et al.

(2015) investigated the effect of different roof shapes and roof edge shapes on wind energy

potential. They showed that curved roof shapes such as vaulted or spherical ones and curved

edge shapes are favorable for wind energy deployment. Toja-Silva et al. (2016) developed

a tool for optimizing building and roof geometry for wind energy exploitation. Using this

tool they showed that cylindrical buildings with a spherical roof offer highest available wind

resources. Zhou et al. (2017) showed that a composite prism diffuser geometry is ideal for

wind energy installation in low-rise buildings. Juan et al. (2021) investigated the effect of urban

morphology on wind energy potential on high-rise buildings. They showed that reducing

plan area density can reduce turbulence levels and rounded building corners improved power

density. In addition, they showed that staggered building layouts offered low wind energy

potential compared to aligned layouts. In another study, Juan et al. (2022) showed that

for building layout of 2×2, a smaller spanwise gap between buildings offered higher wind

potential between upstream buildings and a larger gap showed high available power between

downstream buildings. Comparing different turbine types, they showed that horizontal axis

wind turbines outperformed vertical axis ones.

Several studies have also explored the performance of wind turbines in urban environments.

Kooiman and Tullis (2010) investigated the performance of a vertical axis wind turbine in an
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urban environment and concluded that the turbine performance was affected for turbulence

intensity above 15%. Pagnini et al. (2015) compared the performance of horizontal and vertical

axis wind turbines in an urban environment. They showed that the horizontal axis wind

turbine produced higher power but was more susceptible to wind gusts and wind direction

changes compared to the vertical axis one. They also observed that the power curves of both

turbines were below the reference power curves provided by the manufacturer. Cooney et

al. (2017) tested the performance of a large-scale horizontal axis wind turbine in an urban

environment. They observed that the measured power curve correlated well with the one

provided by the manufacturer. This correlation can in part be due to the scale of the turbine

compared to that of the surrounding buildings. Longo et al. (2020) carried out numerical

simulations to study the effect of surrounding buildings on the performance of a vertical axis

wind turbine. They concluded that the turbine’s performance can be severely affected by

surrounding buildings, and careful investigations must be performed to assess the feasibility

of installing wind turbines in urban environments. Pellegrini et al. (2021) investigated the

performance of a small-scale horizontal axis wind turbine in an urban environment, and

showed that the project was not economically feasible. Most of these studies are field or

simulation based, with turbines located in complex urban environments. There is currently a

need to isolate the effects of certain parameters on the performance of wind turbines sited

on buildings. To this end, some wind-tunnel studies have been performed on roof-mounted

wind turbines recently. Jooss et al. (2022a) conducted an experimental study on a vertical axis

wind turbine sited on several locations on two aligned cubic buildings. They showed that the

turbine had a significant impact on the flow over the buildings, which eventually affected its

own power performance as well. In a separate study, Jooss et al. (2022b) studied the effect of

turbine position and wind direction on the power curve of a vertical axis wind turbine. For the

sake of simplicity, they chose the streamwise velocity upstream of the building as a reference

for computing the power coefficient. They showed that the maximum power coefficient is

significantly affected by the turbine position and wind direction, where a gain of up to 41.1 %

and a loss of up to 87.5 % was observed for certain wind directions and turbine positions.

Dar et al. (2022) performed a wind-tunnel study on a roof-mounted horizontal axis wind

turbine. By changing the roof edge shapes between a sharp edge, a rounded edge and an edge

with a boundary fence, they showed that the turbine performance and wake characteristics

are affected by the roof edge shapes. The turbine on the building with boundary fence showed

worst performance, both in terms of mean power and power fluctuations. However, boundary

fences are integral to the buildings from a safety perspective. Due to their significance, some

recent studies have explored their effect on the flow over a building. Zou et al. (2021) performed

wind tunnel experiments to investigate the effect of a building with a boundary wall on the

incoming flow. They showed that the flow close to the surface of the building was significantly

affected by the boundary wall, whereas the effect of the building on the flow decreased with

the increase in the measurement height. More recently, Dai et al. (2022) showed that the effect

of boundary fence height on flow over a building depends on the location on the roof and

wind direction.
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For the success of roof-mounted wind turbines, it is important to understand how boundary

fences affect the flow over a building, and what impact they can have on the performance

of a wind turbine. It is also of interest to identify fence shapes that can benefit wind turbine

performance while preserving the safety feature of the fence. In this study, wind tunnel

experiments are performed, where a horizontal axis wind turbine is mounted on top of a cubic

building. We investigate a variety of boundary fence geometries to quantify the impact of

different fence shapes on turbine performance characteristics, and to identify optimal fence

shapes. The effect of several fence characteristics such as height, porosity, curvature and

angle is investigated. The rest of the article is organized as follows: section 9.2 provides details

of the experimental setup, building and fence geometries, wind turbine, and measurement

techniques; results from the study are presented and discussed in section 9.3; and section 9.4

provides some concluding remarks.

9.2 Experimental Setup

The experiments are performed in the closed-loop boundary layer wind tunnel at the WiRE

laboratory of EPFL. The wind tunnel has a test section of 28 m length, 2 m height and 2.6 m

width. A 130 kW fan drives the flow in the wind tunnel and a contraction of 5:1 area ratio is

present at the inlet of the test section. A three-bladed horizontal axis wind turbine model is

used in the experiments. The turbine model is the same as the one used by Dar et al. (2022).

It is a scaled-down version of the WiRE-01 turbine model, where the scaling ratio between

the scaled-down and original rotor is 1:1.43. The hub height zh and rotor diameter d are 8.75

cm and 10.5 cm, respectively. The rotor is manufactured by additive manufacturing using a

liquid photopolymer resin. The rotor is mounted on a direct current motor (model: DCX10L)

to measure the power extracted by it. The motor is controlled by a servo controller (model

model: ESCON 36/2 DC). The details on the rotor geometry can be found in Bastankhah and

Porté-Agel (2017a).

Flow measurements on the roof of the cubic building are performed using a two-dimensional

two-component (2D2C) particle-image velocimetry (PIV) system. The measurements are

performed in a vertical plane passing through the middle of the span of the building model.

Horizontal and vertical velocity components are measured by this setup. The PIV system

comprises of an sCMOS camera (2560× 2160 pixels), a 50 mm objective, a 532 nm Nd:YAG dual-

pulsed laser with energy of 425 mJ and a programmable timing unit. The flow is seeded with

olive oil droplets of diameter on the order of several micrometers. Image post-processing is

performed using the DaVis software developed by LaVision. The cross-correlation is performed

using a double-pass strategy using reducing size interrogation windows, where the window size

in the final pass is 32 × 32 pixels and an overlap of 75% is kept between neighboring windows.

Bad vectors are removed using a universal outlier detection algorithm, and subsequently

replaced by interpolation. The captured field of view is 6d ×5d in size with a spatial resolution

of 0.0187d. In order to obtain flow statistics, 1000 instantaneous images are acquired at a

sampling rate of 10 Hz. Figure 9.1 shows a schematic of the experimental setup.
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An urban canopy model similar to Dar et al. (2022) is set-up inside the test section. The model

comprises of square base prisms of base dimensions 8 cm × 8 cm (L×W ) and height of 10 cm

arranged in a staggered fashion. The streamwise and spanwise spacing between consecutive

prisms is four and two times their length, respectively. A picket fence of 2.5 m width, 13 cm

height with spikes of 3 cm height and width is placed at the inlet of the test section to facilitate

the development of a turbulent boundary layer. The building used for mounting the turbine

has a cubic shape with a height H of 40 cm, leading to H/d = 3.8. It is placed approximately

20 m downstream from the inlet of the test section surrounded by the urban canopy model.

Different fence geometries are mounted on the cubic building. These can be sub-divided into

five categories:

1. Cube with no fence, used as a reference base case

2. Fences of different vertical heights:

(a) 1 cm vertical height, leading to fence to a building height ratio of 0.025

(b) 2 cm vertical height, leading to fence to a building height ratio of 0.05

(c) 3 cm vertical height, leading to fence to a building height ratio of 0.075

3. Fences of 2 cm height with varying porosity:

(a) circular holes with 7% porosity

(b) circular holes with 20% porosity

(c) circular holes with 40% porosity

4. Fences of 2 cm height with different angles from the vertical:

(a) 30◦ inward angle

(b) 30◦ outward angle

(c) 60◦ inward angle

(d) 60◦ outward angle

5. Fences with circular arc shapes:

(a) inward curvature with a radius of curvature of 1 cm

(b) outward curvature with a radius of curvature of 1 cm

(c) inward curvature with a radius of curvature of 2 cm

(d) outward curvature with a radius of curvature of 2 cm

Figure 9.2 shows the geometric sketches of different fence shapes with labels used to represent

different cases throughout the rest of the article.

Turbine performance is characterized as a function of the fence shape and streamwise distance

from the roof leading edge. For each fence shape, the turbine is placed at seven streamwise
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Figure 9.1: Schematic of the experimental setup (not to scale).

positions along the middle of the span of the building. These positions correspond to 0d, 0.5d,

1d, 1.5d, 2d, 2.5d and 3d from the leading edge of the roof. Power and thrust measurements

are performed to characterize the performance of the turbine. For power measurements,

the current generated by the turbine I is multiplied by the torque constant of the motor k,

which gives the electrical torque. The frictional torque Q f estimated using the relation given

in Bastankhah and Porté-Agel (2017a) is then added to the electrical torque to obtain the total

mechanical torque. The mechanical torque is multiplied by the rotational speed of the rotor

to obtain the power P produced by the turbine. More details on power measurements can be

found in Bastankhah and Porté-Agel (2017a). The thrust force T is measured using a multi-axis

strain gauge sensor with a resolution of 1.5 ×10−3 N. The turbine is operated at the optimal tip

speed ratio for each fence shape and streamwise position. Power and thrust measurements

are recorded for 100 seconds at 1 kHz sampling rate.

A two-component laser Doppler velocimetry (LDV) system is used to characterize the turbulent

boundary layer developed above the urban canopy model. More details on the LDV system

are provided in Dar et al. (2022). The boundary layer measurements are performed 1 m (2.5

times the height of the building) upstream of the cubic building. Figure 9.3 shows some key

characteristics of the turbulent boundary layer. It is to be noted that in figure 9.3, z/d = 0

represents the surface of test section floor, whereas in the rest of the article, it represents the

roof surface of the cubic building. Figure 9.3 (a) shows the normalized averaged streamwise

velocity as a function of height. A power law fit according to U = Ur e f (z/zr e f )n is also shown

in the plot. The power law exponent is found to be 0.23, which indicates high shear in the flow.

The reference velocity Ur e f = 6.22ms−1 is the streamwise velocity in the upstream boundary

layer at a reference height zr e f equal to the combined height of the building and turbine
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Figure 9.2: Sketches of different fence geometries (side view, not to scale).
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Figure 9.3: Vertical profiles of the normalized averaged streamwise velocity with power law fit
in blue line (a), streamwise turbulence intensity (b), normalized averaged vertical momentum
flux (c), and normalized averaged streamwise velocity with the height coordinate in log scale
with logarithmic fit in blue line (d).

hub. The same reference velocity is used throughout the article. The streamwise turbulence

intensity Iu =σu/Ur e f , where σu is the standard deviation in the streamwise velocity, is shown

in figure 9.3 (b). High shear in the flow results in high turbulence intensity close to the height

of the urban canopy, which decreases with height. The normalized averaged momentum

flux is also plotted in figure 9.3 (c), which shows a higher magnitude close to the surface and

decreases in magnitude with the increase in height - showing similar trend to the streamwise

turbulence intensity. Figure 9.3 (d) shows the normalized averaged streamwise velocity with

the height in log coordinates. A logarithmic fit according to U = u∗
κ log ( z−d0

z0
) is also performed

on the lowest 15% of the boundary layer. Here, u∗ is the friction velocity, κ is the von Karman

constant, d0 is the displacement height and z0 is the aerodynamic roughness length. The

von Karman constant is chosen to be 0.41, and the friction velocity, displacement height and

aerodynamic roughness length are 0.4 ms−1, 6.65 cm and 0.3 cm, respectively.

9.3 Results

This section presents results from the experimental study. In particular, we look at how flow

over the building without the turbine changes with the change in the fence shape, and its effect

on the power and thrust characteristics of a roof-mounted wind turbine. We also compare

two different methods of computing power and thrust coefficients of a turbine in an urban

environment.

9.3.1 Parametric study

Based on different categories of fence shapes described in section 9.2, the effect of fence

height, porosity, curvature and angle on the flow over the roof without any turbine, and on
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the performance of a turbine are investigated. The case with no boundary fence is taken as a

reference case for comparison.

Effect of fence height

The fence height causes an additional blockage to the incoming flow. Figure 9.4 (a) shows

the contours of the normalized averaged streamwise velocity magnitude (Umag =
p

U 2 +W 2,

with U and W the horizontal and vertical velocity components, respectively) along with the

streamlines of the flow for different fence heights. For the building with no fence, a flow

separation close to the leading edge of the roof is observed which leads to the growth of a shear

layer between the low-velocity flow near the surface and the high-velocity one away from it.

The strength and size of the separation bubble are observed to increase with the increase in the

fence height. A bigger separation bubble leads to higher shear and lower horizontal velocity

at a given streamwise position. This is evident in the comparison of the vertical profiles of

the normalized averaged horizontal velocity (as shown in figure 9.4 (b)). At the roof leading

edge, the location of the maximum flow shear is shifted vertically upwards with the increase in

the fence height. Further downstream, the negative velocities in the separation region have

a higher magnitude with the increase in the fence height, which results in higher shear and

lower velocity in the prospective rotor area. The normalized averaged vertical velocity shows

an increase in magnitude and the point of maximum velocity is shifted vertically upwards

with the increase in the fence height. This indicates that a turbine will have a lower available

power, and will face high flow inclination angle with the increase in the fence height. A higher

inclination angle can lead to a reduction in the power performance of the turbine (Bianchi

et al., 2014).

The effect of the fence height on the horizontal turbulence intensity is shown in figure 9.5.

High turbulence intensity is observed in the flow separation and high shear regions. Close

to the roof leading edge, the case with no fence shows the highest turbulence intensity. In

the center of the roof, the peak magnitude of the turbulence intensity is comparable between

different cases, whereas it is higher for the taller fence at the back end of the roof. This can

be related to the evolution of the mean flow shear with distance from the roof leading edge.

The position of the peak turbulence intensity is also shifted vertically due to the shift in the

shear layer center. Following Kiya and Sasaki (1983), the shear layer center slc is quantified

by the vertical position of the peak location of the horizontal turbulence intensity at each

streamwise position. Figure 9.6 compares the normalized shear layer center between different

fence heights. As expected, the shear layer center is observed to get higher with the increase in

the fence height. For the no fence case, the shear layer center stays within the lower half of

the rotor. For the higher fence cases (2 cm and 3 cm Vertical), the shear layer center reaches

or goes higher than the turbine hub height for downstream distances greater than 1 rotor

diameter. Higher shear and turbulence intensity variation across the rotor results in a highly

fluctuating flow, which can eventually affect its power performance and induce high fatigue

loads.
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Figure 9.4: (a) Contours of the normalized averaged streamwise velocity magnitude on the
building roof for different fence heights along with the streamlines of the in-plane velocity
vectors. Comparison of the vertical profiles of normalized averaged streamwise velocity (b)
and vertical velocity (c) between cases with different fence heights. The horizontal dashed
lines show the turbine top tip, hub level, and bottom tip heights.
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Figure 9.5: (a) Contours of the horizontal turbulence intensity on the building roof for different
fence heights. Comparison of the vertical profiles of the horizontal turbulence intensity (b)
between cases with different fence heights. The horizontal dashed lines show the turbine top
tip, hub level and bottom tip heights.

Figure 9.6: Comparison of the shear layer center between cases with varying fence heights.
The horizontal dashed lines show the turbine top tip, hub level and bottom tip heights.
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Figure 9.7: Comparison of the normalized mean power (a) and normalized standard deviation
in power (b) between cases with different fence heights.

Focusing on the wind turbine performance, figure 9.7 (a) shows the normalized mean power of

a turbine placed at different streamwise positions on the roof for different fence heights. Here,

the reference power Pr e f is the mean power at x/d = 0 in the No Fence case. All cases show

similar trends, where the normalized mean power increases from x/d = 0 to x/d = 0.5, followed

by a gradual decrease. Increasing the fence height results in a systematic decrease in the

normalized mean power due to a decrease in the available power to the turbine. Understanding

the effect of streamwise position is important to account for a 180◦ change in the wind

direction. High turbulence intensity in the flow can also have an impact on the fluctuations

in the power. This is quantified by the standard deviation in power normalized by the mean

power at a given position (see figure 9.7 (b)). For all cases, the normalized standard deviation in

power is approximately constant and comparable between cases up to x/d = 1.5. For x/d > 1.5,

the normalized standard deviation increases with the increase in the streamwise distance.

In addition, the 2 cm Vertical and 3 cm Vertical cases show a higher normalized standard

deviation in power than the other two cases, with the 3cm Vertical case showing values more

than twice the mean power. As the peak in the turbulence intensity moves upwards with

the increase in the fence height, the upper part of the rotor (where the velocity is higher)

experiences high turbulence, which results in an increase in power fluctuations.

Figure 9.8 shows the normalized total mean thrust force as a function of streamwise distance.

The total mean thrust force is computed as Ttot =
√

T 2
x +T 2

y +T 2
z , where Tx , Ty and Tz are the

thrust components in x, y and z directions, respectively. The normalized total mean thrust

force shows a trend similar to the mean power, i.e. a decrease in the normalized thrust force

with the increase in the fence height. The values for the normalized thrust are closer between

different cases compared to those for the normalized power. This is due to the fact that power

has a cubic relation with the flow velocity, whereas thrust has a quadratic one, making power

results more sensitive to the changes in flow velocity compared to thrust force with the change

in fence height.

Effect of fence porosity

For a given fence height, its porosity can affect the flow over the roof. To investigate the effect

of fence porosity, we fix the fence height to 2 cm (0.05 fence to building height ratio) and
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Figure 9.8: Comparison of the normalized mean thrust force between cases with different
fence heights.

vary the porosity between 0% and 40%. Figure 9.9 (a) shows the contours of the normalized

averaged velocity magnitude along with the velocity streamlines. The flow separation and

shear layer development from the building leading edge are not considerably affected by the

fence porosity for cases with porosity in the range of 0-20%. For the case with 40% porosity, the

separation bubble is observed to be smaller than the rest of the cases. Similarly, comparing the

vertical profiles of the horizontal velocity (figure 9.9 (b)), we can observe that the porosity only

causes a noticeable increase in the velocity for the 40% porosity case. However, the normalized

horizontal velocity is considerably smaller than the No Fence case for all porosity cases. Close

to the roof leading edge, the vertical velocity decreases with the increase in the fence porosity

(see figure 9.9 (c)). This can be related to the fact that more flow can go throw the porous

frontal area of the fence with the increase in the porosity, which decreases the blockage and,

therefore, the vertical deflection of the flow. In general, it can be stated that increasing fence

porosity above 20% have a favorable effect on the available wind resources on a building roof.

Figure 9.10 shows the contours and vertical profiles of the horizontal turbulence intensity.

The horizontal turbulence intensity is affected by the fence porosity. Compared to the No

Fence case, a lesser turbulence intensity is observed close to the roof leading edge for all

fence cases, whereas a higher turbulence intensity is observed at the back end of the roof.

Increasing the porosity decreases the turbulence intensity magnitude, with the 7% porosity

case showing similar values to the case with zero porosity. For 20% and 40% porosity cases, a

gradual decrease in the turbulence intensity magnitude is observed. This is due to the fact

that higher porosity leads to lesser blockage to the incoming flow, which reduces the flow

shear, eventually leading to lesser turbulence production. The vertical position of the peak

turbulence intensity is used to quantify the shear layer center in figure 9.11. Consistent with

earlier discussion, the shear layer center is observed to be similar for cases with the porosity

in the range of 0%-20%. The 40% porosity case shows a lower shear layer center than the other

fence cases. However, it is still significantly higher than the no fence case.

We now focus on comparing the performance of a turbine located on buildings with different

roof fence porosity. Figure 9.12 (a) shows the comparison of the normalized mean power for

different cases. The values for the No Fence case are shown as a reference. For streamwise
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Figure 9.9: (a) Contours of the normalized averaged streamwise velocity magnitude on the
building roof for different fence porosity along with the streamlines of the in-plane velocity
vectors. Comparison of the vertical profiles of normalized averaged streamwise velocity (b)
and vertical velocity (c) between cases with different porosity. The horizontal dashed lines
show the turbine top tip, hub level and bottom tip heights.
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Figure 9.10: (a) Contours of the horizontal turbulence intensity on the building roof for
different fence porosity. Comparison of the vertical profiles of the horizontal turbulence
intensity (b) between cases with different porosity. The horizontal dashed lines show the
turbine top tip, hub level and bottom tip heights.

Figure 9.11: Comparison of the shear layer center between cases with different fence porosity.
The horizontal dashed lines show the turbine top tip, hub level and bottom tip heights.
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Figure 9.12: Comparison of the normalized mean power (a) and normalized standard deviation
in power (b) between cases with different fence porosity.
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Figure 9.13: Comparison of the normalized mean thrust force between cases with different
fence porosity.

positions close to the roof leading edge (x/d ≤ 0.5), all fence cases show similar mean power.

At further downstream positions, increasing porosity leads to higher power production. It is

interesting to note that even though the difference in the mean velocity was very small for

fence porosity in the range of 0%-20%, an improvement in power production is still observed.

This is because of the cubic relation between the power and velocity. In addition, it could

be due to the reduction in the flow inclination angle, which can also contribute to a better

turbine performance (Bianchi et al., 2014). Fence porosity reduces power fluctuations, as

shown in figure 9.12 (b). For porous fences, the normalized fluctuations are similar to the

No Fence case at x/d ≤ 1.5. At higher streamwise distances, 7% and 20% porous fences show

an increase in the power fluctuations. The 40% porous fence shows values similar to the No

Fence case for all distances, except the last one. This shows that even a very small porosity can

have positive effect on both the mean power and power fluctuations compared to the case

with a solid fence.

The effect of fence porosity on the normalized thrust force is shown in figure 9.13. Fence

porosity has a less significant impact on the normalized thrust force. The case with 40% porous

fence shows a higher thrust at x/D ≥ 2 than the other porous cases. This is because compared

to the power results, the thrust force is less sensitive to velocity, and as the velocity difference

between various porosity cases is not very high, the thrust force is comparable.
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Effect of fence angle

For a given fence height, its angle can affect the development of the separation bubble and the

subsequent shear layer. In order to understand the effect of fence angle on the flow over the

building, we try four different geometries: with fence angles of 30◦ and 60◦ pointing inward

and outward of the building. Once again, the 2 cm Vertical fence case is chosen as the reference

case.

Figure 9.14 (a) compares the contours of the normalized averaged velocity magnitude along

with the flow streamlines for different fence angle cases. It can be clearly observed that the

fence angle has a significant impact on the flow separation from the building leading edge.

For the 30◦ fence, an inward angle shows very similar flow behavior compared to the 2 cm

Vertical fence, whereas the outward angle results in a smaller reattachment length but a higher

separation bubble. For the 60◦ fence, an inward angle leads to a more attached flow with a

smaller separation bubble and shorter reattachment length. An outward angle in this case

leads to a shorter reattachment length but a higher separation bubble. The height of the

separation bubble and its reattachment length affect the shear in the flow. Figure 9.14 (b)

compares the vertical profiles of the normalized averaged horizontal velocity between different

cases. Close to the roof leading edge, the outward-angled fences show lesser velocity than the

2 cm Vertical fence. This is due to the larger separation bubble height in the outward-angled

fences compared to the vertical one. Further downstream the 60◦ outward fence shows a

higher velocity compared to the vertical one, and the 30◦ one shows a horizontal velocity

similar to the vertical one. For the 30◦ inward-angled fence, the horizontal velocity is slightly

larger than the for vertical fence at some streamwise positions. For the 60◦ inward fence, the

velocity profile is much closer to the one for the No Fence case than to the vertical fence one,

indicating a higher available power in this case. Finally, the normalized averaged vertical

velocity is compared in figure 9.14 (c). The magnitude of the normalized averaged vertical

velocity close to the roof leading edge depends on the fence angle, where the 60◦ fences show

a lower vertical velocity magnitude than the 30◦ one. The position of the peak vertical velocity

is lower for the inward-angled fences than for the outward-angled ones. The difference in the

vertical velocity magnitude between different cases lasts for downstream distances up to 1.5

rotor diameters, beyond which all cases show similar vertical velocity magnitude.

The horizontal turbulence intensity is compared between different cases in figure 9.15. In

general, an inward fence angle leads to a smaller horizontal turbulence intensity compared

to a vertical fence, whereas an outward fence angle leads to a larger one. Comparing the

vertical profiles of horizontal turbulence intensity, an outward fence angle leads to a higher

horizontal turbulence intensity close to the roof leading edge compared to a vertical fence,

whereas further downstream the values get closer to the ones in the vertical fence case. For the

30◦ inward fence angle, the horizontal turbulence intensity is smaller than the vertical fence

close to the roof leading edge, but the difference between the two reduces with the increase

in the streamwise distance. The most interesting case is that of the inward 60◦ angle, which

shows the smallest magnitude of horizontal turbulence intensity, with peak values smaller
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Chapter 9: Effect of roof fence shape on wind turbine performance

Figure 9.14: (a) Contours of the normalized averaged streamwise velocity magnitude on the
building roof for different fence angles along with the streamlines of the in-plane velocity
vectors. Comparison of the vertical profiles of normalized averaged streamwise velocity (b)
and vertical velocity (c) between cases with different fence angles. The horizontal dashed lines
show the turbine top tip, hub level and bottom tip heights.
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Figure 9.15: (a) Contours of the horizontal turbulence intensity on the building roof for differ-
ent fence angles. Comparison of the vertical profiles of the horizontal turbulence intensity (b)
between cases with different fence angles. The horizontal dashed lines show the turbine top
tip, hub level and bottom tip heights.
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Figure 9.16: Comparison of the shear layer center between cases with different fence angles.
The horizontal dashed lines show the turbine top tip, hub level and bottom tip heights.

than or equal to the No Fence case at all streamwise positions. This can be related to the fact

that the flow separation in this case is similar to the No Fence case.

Comparing the shear layer center positions in figure 9.16, it is observed that all angled fences

except the 60◦ inward fence show similar shear layer center positions. The 60◦ inward fence,

on the other hand, shows a shear layer center position closer to the No Fence case. This can

have a significant impact on the power fluctuations as will be discussed in the following.

Coming to the turbine performance, we first show the turbine power characteristics in fig-

ure 9.17. The outward-angled fences show normalized mean power values similar to the

vertical fence case for all streamwise positions. The 30◦ inward fence shows a better power
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Figure 9.17: Comparison of the normalized mean power (a) and normalized standard deviation
in power (b) between cases with different fence angles.
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Figure 9.18: Comparison of the normalized mean thrust force between cases with different
fence angles.

performance than the outward fence cases, whereas the 60◦ inward fence case shows the

best power performance among all the fences compared. It even shows normalized mean

power comparable to the No Fence case for x/d ≥ 1. In terms of the normalized fluctuations

in power, the outward fence cases show higher fluctuations than the vertical fence for x/d > 1.

Both inward fence shapes show lower power fluctuations than the vertical fence for all stream-

wise positions, where the 30◦ inward case shows values greater than the No Fence case for

x/d > 2 and the 60◦ inward fence shows values lower than or equal to the No Fence case for

all streamwise positions. This makes 60◦ inward case an ideal fence angle in terms of power

performance, as it provides performance comparable to the No Fence case while keeping the

safety feature of the boundary fence.

Figure 9.18 compares the normalized total thrust force for different fence angles. Away from

the roof leading edge, the outward fence angles show a lower normalized thrust compared to

the vertical fence case. The inward fence angle cases have a higher thrust, with the 60◦ inward

fence case showing values comparable to the No Fence case at x/d ≥ 1.

Effect of fence curvature

As shown by Dar et al. (2022), a rounded roof shape is favorable for a roof-mounted wind

turbine. Here, we attempt to incorporate a similar rounded design into the shape of the fence

and investigate its effect on the flow over the building and on the turbine performance. The
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fence height, radius, and direction of curvature are the variable parameters.

Figure 9.19 (a) shows the contours of the normalized averaged velocity magnitude along

with flow streamlines for different fence curvatures. An outward curvature leads to a smaller

separation bubble with a shorter reattachment length for the same radius of curvature. This

is because an outward curvature provides a smoother path for the incoming flow, thereby

reducing the flow separation. A comparison of the vertical profiles of the normalized averaged

horizontal velocity is shown in figure 9.19 (b). The profiles of the No Fence, 2 cm Vertical, and

1 cm Vertical cases are also shown as a reference. The inward curvature cases showed profiles

similar to the vertical fence cases for the respective fence heights. This indicates that inward

curvature would lead to no significant benefit in available power to the turbine. An outward

curvature, on the other hand, leads to a significant increase in the velocity compared to the

vertical fence. The 2 cm outward curvature case shows higher velocity than both the 1 cm

Vertical and 1 cm inward curvature cases. This means that, if a higher fence height is necessary,

outward curvature can help achieve similar turbine performance as a smaller vertical fence.

For the 1 cm outward curvature case, the velocity profiles in the rotor limits are very similar to

the No Fence case for x/d ≤ 2, whereas a slight decrease in the velocity is observed at higher

downstream distances. Figure 9.19 (c) compares the profiles of the normalized averaged

vertical velocity between different cases. The vertical position and magnitude of the maximum

vertical velocity near the roof leading edge are affected by the fence curvature. Among the

fenced cases, the outward curvature ones show the smallest magnitude with the maximum

located close to the roof surface, whereas the 2 cm Vertical and inward curved cases show

the highest vertical position and magnitude of the vertical velocity. Higher vertical velocity

leads to higher inclination of the flow, which can be detrimental to the turbine performance

(Bianchi et al., 2014).

Figure 9.20 (a) shows the contours of the horizontal turbulence intensity for different fence

curvatures. An outward fence curvature results in a lower turbulence intensity, with peak

turbulence intensity located close to the surface. A comparison of the vertical profiles of the

horizontal turbulence intensity is also shown in figure 9.20 (b). Close to the roof leading edge,

the No Fence case has the highest peak turbulence intensity, followed by the 2 cm Vertical case,

whereas the rest of the cases show a comparable peak value. Towards the back end of the roof,

the No Fence and 2 cm Vertical cases have the lowest and highest peak values, respectively.

The 2 cm inward curved case shows a similar profile to the 2 cm Vertical one, whereas the 1

cm inward curved case shows a profile similar to the 1 cm Vertical one. The 2 cm outward

curvature shows a lower turbulence intensity than the 1 cm Vertical and 1 cm inward curved

case, whereas the 1 cm outward curvature case shows a profile similar to the No Fence case at

the back end of the roof. Similar trends can be observed for the shear layer center location

shown in figure 9.21.

Focusing on the turbine performance, we first discuss the power performance of the turbine

for different fence curvatures in figure 9.22. In general, all fence curvature cases show higher

normalized mean power than the 2 cm vertical fence with no curvature. At the position
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Figure 9.19: (a) Contours of the normalized averaged streamwise velocity magnitude on the
building roof for different fence curvatures along with the streamlines of the in-plane velocity
vectors. Comparison of the vertical profiles of normalized averaged streamwise velocity (b)
and vertical velocity (c) between cases with different fence curvatures. The horizontal dashed
lines show the turbine top tip, hub level, and bottom tip heights.
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Figure 9.20: (a) Contours of the horizontal turbulence intensity on the building roof for
different fence curvatures. Comparison of the vertical profiles of the horizontal turbulence
intensity (b) between cases with different fence curvatures. The horizontal dashed lines show
the turbine top tip, hub level, and bottom tip heights.
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Figure 9.21: Comparison of the shear layer center between cases with different fence curva-
tures. The horizontal dashed lines show the turbine top tip, hub level, and bottom tip heights.
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Figure 9.22: Comparison of the normalized mean power (a) and normalized standard deviation
in power (b) between cases with different fence curvatures.

corresponding to the maximum normalized mean power, the difference between different

fence cases is the smallest. Further downstream, the 2 cm inward curved fence shows a slight

improvement in power, whereas a significant improvement in power is observed for the 2 cm

outward curvature compared to the 2 cm Vertical case. At x/d > 1, the 2 cm outward curved

fence produces more power than the 1 cm inward curved. The 1 cm outward curved fence

shows the power production close to the No Fence case for x/d > 1. However, it is interesting

to note that the improvement in power between the inward and outward curved fences for a

fixed radius of curvature is higher for the 2 cm case than for the 1 cm one. Fence curvature has

a significant impact on the distribution of turbulence intensity in the flow, which affects the

fluctuations in power production. Figure 9.22 (b) shows the normalized power fluctuations

for different fence curvatures. The two outward curved fences show lower power fluctuations

than the No Fence case, whereas the 1 cm inward fence shows the same normalized standard

deviation, and the 2 cm inward fence shows a higher normalized standard deviation at the

majority of the turbine positions compared to the No Fence case. Overall, curved fences

are shown to be effective in improving the mean power and reducing power fluctuations

compared to vertical fences.

The normalized total thrust force on the turbine is compared between different fence curva-

tures in figure 9.23. As the thrust forces are less sensitive to changes in velocity than the power

production, a much tighter spread in the normalized mean thrust force is observed. Close to

the roof leading edge, at x/d ≤ 1, thrust force values are very close to each other for different

fence curvatures. At x/d > 1, the two outward curved fences show a higher thrust due to a

higher velocity, followed by the 1 cm inward curved case. The 2 cm inward curved fence shows

values similar to the 2 cm Vertical case due to comparable velocity profiles between the two

cases.

9.3.2 Performance coefficients

Wind turbine performance coefficients such as the power and thrust coefficients are im-

portant parameters used to evaluate the efficiency of the turbine and to estimate its wake
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Figure 9.23: Comparison of the normalized mean thrust force between cases with different
fence curvatures.

characteristics. The power coefficient CP is defined as:

CP =
P

1
2ρAU 3

, (9.1)

where ρ is the air density, A is the rotor swept area and U is a reference wind velocity. In a

similar fashion, the thrust coefficient CT can be defined as:

CT =
T

1
2ρAU 2

. (9.2)

For wind turbine manufacturers, it is a common practice to provide reference power curves

for the turbines. However, it has been reported in the literature that wind turbine performance

decreases in the urban environment compared to the manufacturer-provided data (see e.g.,

(Pagnini et al., 2015)). According to the IEC 61400-12-1 standard (Commission et al., 2005), the

wind velocity at the hub height can be used as a reference wind velocity in the evaluation of the

wind turbine power and thrust curves. However, this approach of defining the performance

coefficients only works if the wind shear in the flow is approximately constant (Van Sark et al.,

2019). In an urban environment, especially on rooftops, the wind shear is not constant due

to the development of a shear layer from the roof leading edge (as discussed in detail in this

article). For a flow with a variable shear, the idea of a rotor equivalent wind speed is proposed

(Wagner et al., 2014). For urban wind turbines, currently, there is no comparison of the two

approaches, and no standard approach exists. For instance, in Jooss et al. (2022a, 2022b), the

inflow velocity upstream of the building is used to compute the power coefficient. However, it

can be argued that such an approach does not capture the velocity variation on the roof itself

and assumes that the power available to the rotor is the same in any position on the building

as it is upstream of the building.

Our goal here is to perform a comparison of the performance coefficients of the turbine

accounting for the local variations in the wind speed. For this purpose, we use the time-

averaged hub height velocity magnitude and the time-averaged rotor equivalent velocity

magnitude (computed using the method described in Wagner et al., 2014). Using the velocity
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Figure 9.24: Comparison between the normalized averaged velocity magnitude at the hub
height (dashed lines) and the rotor equivalent one (solid lines).

magnitude enables us to account for the resultant velocity based on the horizontal and vertical

velocity experienced by the rotor. Figure 9.24 compares the normalized averaged velocity

magnitude at the hub height of the prospective turbine, and the rotor equivalent one. The

building with no fence shows the least difference between the rotor equivalent and hub height

velocity magnitude. Close to the roof leading edge, the hub height velocity tends to be higher

than the rotor equivalent one, whereas it drops below the rotor equivalent one towards the

back end of the building for the majority of the cases. This can be related to the growth of

the shear layer. When the shear layer center lies close to the bottom tip of the rotor, the rotor

equivalent velocity magnitude is lower than the hub height one. However, as the shear layer

center approaches the hub height, the rotor equivalent velocity magnitude tends to be higher

than the hub height one. This can be explained by the fact, that if the hub height lies outside

the shear layer, the hub height velocity magnitude does not account for the sharp gradient of

velocity in the shear layer, which leads to a higher value of the velocity magnitude than the

rotor equivalent one.

Figure 9.25 compares the power coefficient computed from the two reference velocities for

different fence shapes. Focusing on the power coefficient based on the hub height velocity

magnitude (figure 9.25 (a,c,e,g)), one can observe that, for the No Fence case, the computed

power coefficient shows the least amount of variation with turbine position. It first tends to

decrease with an increase in the distance from the roof leading edge, and then after x/d = 2

starts to increase again. For the vertical fence cases, the power coefficient shows a value similar

to the No Fence case close to the roof leading edge (x/d = 1 for 1 cm and 2 cm Vertical cases

and x/d = 0.5 for 3 cm Vertical case). Away from the roof leading edge, the power coefficient

shows unrealistically high values, which even exceed the Betz limit for certain cases. This is

because, for such positions, the hub height lies within the shear layer and cannot represent the

actual available energy to the turbine. For the porous fences, a similar behavior is observed,

where the 40% porous case shows values closer to the No Fence case than the other cases. For
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the angled fences, the 60◦ inward fence shows the power coefficient similar to the No Fence

case. The rest of the cases exceed the Betz limit at x/d ≥ 1.5, showing that the power coefficient

definition breaks down at these positions. A similar observation can be made regarding the

curved fences, where the outward-curved fences show lesser variation in the power coefficient

with turbine position, and the inward-curved ones show an increase in the power coefficient

with distance for x/d > 1. In general, it can be concluded that the hub height velocity does

not yield a reliable estimate of the power coefficient for streamwise positions where the shear

layer center is close to the turbine hub height and the velocity profile has a variable shear

across the majority of the rotor swept area.

We now compare the power coefficient based on the rotor equivalent velocity magnitude in

figure 9.25 (b,d,f,h). Immediately, one can observe that the nonphysical variation in the power

coefficient observed earlier is resolved by this method of computing the reference velocity.

For the vertical fences, the 1 cm Vertical fence shows the same trend as the No Fence case,

whereas for the higher fences, the power coefficient first increases with the distance from the

leading edge, followed by a gradual decrease. Among other factors, this can be due to the

additional blockage caused by the fence at the back end of the building. For porous fences,

the 7% and 20% porous cases show the highest power coefficient at x/d = 1.5, whereas the

40% porous case shows values comparable to the No Fence case. For the angled fences, the

60◦ inward fence shows the same power coefficient as the No Fence case, whereas the rest

of the cases show an increasing-decreasing trend, with peak values at x/d = 1.5. Finally, for

the curved fences, the 2cm inward curved fence shows a trend similar to the 2 cm Vertical

fence due to similarities in the flow fields, whereas the rest of the cases show trends similar to

the No Fence case with differences in the power coefficient values. Overall, the power curves

show two types of trends: for the cases with the shear layer center approximately below the

bottom one-third of the rotor, the power coefficient shows a steady increase in value with

an increase in the streamwise distance from the roof leading edge; whereas for the cases

where the shear layer center reaches approximately the hub height of the turbine, the power

coefficient first shows an increase in the value with distance up to x/d = 1.5, followed by a

decrease for x/d > 1.5. Although the mean power results showed similar trends for all the

cases, the turbine efficiency shows a rather complex behavior. This can, in part, be related

to the fact that the turbine placement can have an effect on the surrounding flow, which can

change the power available to the turbine compared to the one estimated from the base flow. It

is known in the literature that the turbine wake can have an effect on the turbine power curve

(Troldborg et al., 2022), especially in complex environments. As the turbine wake development

can differ based on turbine position and fence shape, this could help explain the different

trends in the power coefficient. However, the lack of experimental data on the wake flow

warrants future investigation on the subject.

Figure 9.26 compares the turbine thrust coefficient obtained from the two methods. Similar

observations as to the power coefficient can be made regarding the comparison between

the two approaches. Regarding the thrust coefficient obtained based on the rotor equivalent

velocity magnitude, certain cases show thrust coefficients close to or higher than 1. This
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Figure 9.25: Comparison of turbine power coefficient computed with hub height velocity
magnitude (left column) and rotor equivalent velocity magnitude (right column) for vertical
(a,b), porous (c,d), angled (e,f), and curved (g,h) fences.
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Figure 9.26: Comparison of turbine thrust coefficient computed with hub height velocity
magnitude (left column) and rotor equivalent velocity magnitude (right column) for vertical
(a,b), porous (c,d), angled (e,f), and curved (g,h) fences.

indicates a potential reverse flow in the turbine wake. Indeed, in Dar et al. (2022), the solid

fence case showed negative velocity in the turbine wake. If the reverse flow in the wake

becomes strong enough, it could block the flow going through the rotor, which could also help

explain the drop in the power coefficient after a certain streamwise distance from the roof

leading edge.

9.4 Conclusions

Urban wind energy offers a potential for renewable energy generation close to the end con-

sumer. Rooftops are ideal for turbine placement in an urban environment due to high wind

resources over buildings. Building aerodynamics plays a crucial role in determining the flow

over it. Boundary fences are an integral safety feature of buildings, however, their effect on the

flow over buildings and on the performance of roof-mounted wind turbines is not well under-

stood. In this article, we performed a systemic study on the effect of fence height, porosity,

angle, and curvature on the flow over a building and on the turbine sited at several positions
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on the building. A building with no boundary fence was used as a reference base case for

comparison.

The key findings of the study can be summarized as follows:

1. Fence shape can affect the flow separation and consequently the growth of the shear

layer from the roof leading edge. This has a direct effect on the available power across

the rotor-swept area.

2. Fence porosity has a considerable effect on the flow for a porosity higher than 20%.

3. Inward-angled fences have the smallest separation bubble for a fixed fence height, with

an angle of 60◦ yielding a flow similar to the building with no boundary fence.

4. For curved fences, the outward-curved fences show better flow conditions for a given

fence height compared to the inward-curved ones.

5. In terms of normalized mean power and thrust, certain cases such as the 60◦ inward-

angled fence and the outward-curved fences show values very close to the No Fence

case, making them ideal fence shapes for urban wind energy.

6. Although none of the fence shapes yield a mean power higher than the No Fence case,

several cases, such as the inward-angled and outward-curved fences have lesser normal-

ized standard deviation in power than the No Fence case at certain turbine positions.

This indicates lesser variation in power production and lower fatigue loads on the tur-

bine and can be related to the distribution of turbulence intensity in the base (without

turbine) flow.

7. Power and thrust coefficients based on the hub height and rotor equivalent velocity

magnitude are compared. The hub height velocity magnitude only gives reasonable

results if the shear layer center lies within the lower 1/3 of the rotor height. The rotor

equivalent velocity magnitude yields more consistent results for all cases.

8. Based on the power and thrust coefficients computed from the rotor equivalent velocity

magnitude, two trends are identified: for cases with shear layer centers close to the

bottom tip of the turbine, the coefficients show a slight but gradual increase in value

with the increase in turbine’s distance from the roof leading edge. For cases where the

shear layer center gets close to the turbine hub height, the performance coefficients

show an increase-decreasing trend with the streamwise location of the turbine, and

maximum value at x/d = 1.5 is observed.
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10.1 Overall summary

This work presents a collection of experimental and analytical studies on wind turbines in

complex terrain. Some key findings of these studies are summarized in the following:

• We performed a combination of tomographic and stereoscopic particle-image velocime-

try measurements to investigate the effect of the windward side shape of an escarpment

on the wake of a wind turbine sited on it. Two types of escarpments were studied:

forward facing step (FFS) escarpments, for which the leading edge curvature was varied,

and sinusoidal ramp-shaped escarpments, for which the ramp slope was varied. The

turbine wake showed a high sensitivity to the escarpment shape, with a faster recovery

in the FFS escarpments than in the ramp-shaped ones. The presence of the wind tur-

bine suppressed the development of the flow separation from the escarpment leading

edge in the FFS cases. The meandering of the wake was observed to be stronger for

the wind turbine wake on the FFS escarpments than on the ramp-shaped ones due to

high turbulence kinetic energy. Moreover, the tip and hub vortices shed by the turbine

were observed to be broken much more quickly in the FFS escarpment case than in the

ramp-shaped one.

• The effect of wind direction on the flow over a cliff and its interaction with a wind

turbine wake were then investigated using stereoscopic particle-image velocimetry. The

flow became increasingly three-dimensional with a cross-stream flow separation with

the increase in the obliqueness in the wind direction. The wake shape, recovery, and

deflection were affected by the cross-stream flow separation and by the change in the

distribution of streamwise velocity and turbulence kinetic energy in the base flow. The

analysis of the streamwise momentum in the wake was performed to investigate the

physical mechanism behind the change in the wake recovery.

• An analytical modeling framework that accounts for the effect of pressure gradient on

the turbine wake velocity deficit was developed. In this context, an estimation of the
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maximum near-wake velocity deficit under a pressure gradient was made using 1-D

momentum theory, and coupled with a model for the far wake velocity deficit. The

analytical model was validated with the measurements of the wake velocity deficit on

the escarpments with different windward side shapes.

• A systematic investigation of wind turbine wakes exposed to linear flow speed-up and

slow-down from its induction region to the far wake region was performed. The study

showed that, for a range of pressure gradients from adverse to zero to favorable ones,

the wake of a wind turbine responds in a systematic manner. The wake velocity deficit

increased for the adverse pressure gradient (APG) and decreased for the favorable (FPG)

one compared to the zero pressure gradient (ZPG). The near wake length and the wake

growth rate behaved in a quasi-linear fashion with the change in the pressure gradient.

A new relation for the near wake length under pressure gradient was introduced, which

together with the analytical model developed earlier, was used to model the turbine

wakes.

• The cumulative wake of multiple wind turbines under a pressure gradient was exper-

imentally investigated. A new analytical approach to model the cumulative wake of

multiple turbines was proposed. The new approach accounts for the effect of the pres-

sure gradient imposed by the upstream turbine(s) on the wake velocity deficit of a

downstream one. It also eliminates the need for superposition of wake velocity deficit of

standalone turbines and was shown to work for wind farms in flat and complex terrain.

• For roof-mounted wind turbines in an urban environment, the effect of roof edge shape

on the power and wake of a wind turbine was investigated. The turbine on a roof with a

rounded edge shape performed best, whereas the one on a roof with a solid boundary

fence performed worst. The turbine wake was also shown to be affected by the roof edge

shape. As boundary fences are an integral part of building safety, a parametric study

on the effect of fence shape on the performance of a wind turbine was performed. The

study revealed that several fence shapes, including inward-angled and outward-curved

shapes, significantly improved the turbine performance.
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10.2 Future perspectives

The work carried out within this thesis can be expanded into multiple dimensions. Some

interesting areas of future research are suggested below:

• All work carried out in this thesis was under neutral atmospheric stability. In reality, the

atmosphere is predominantly either under stable or convective stability. The work done

under neutral conditions is a good starting point, and most often the only possibility

in wind-tunnel studies. However, with the new thermal control system at the WiRE

wind tunnel, it is possible to develop stable and convective boundary layers. It will,

therefore, be of great interest if some of the studies performed in this thesis are extended

to different thermal stability conditions. In this context, a validation of the analytical

modeling framework under different types of thermal stability will also be useful for

low-order modeling of wind turbine wakes in different atmospheric conditions.

• In terms of terrain, two-dimensional topographical features such as escarpments and

ramps were considered in this thesis. Three-dimensional hills are another important

topographical feature. Therefore, A natural extension of the current work will be to study

wind turbine wakes on symmetric and asymmetric three-dimensional hills. In addition,

the topography is often multi-scale, therefore, it will be interesting to investigate wind

turbine wakes on multi-scale topography.

• For urban wind energy, a single high-rise building surrounded by an urban canopy was

used. It is important to consider the effect of surrounding buildings with comparable

heights on the performance of a wind turbine sited on a high-rise building. In addition,

a case study resembling a real urban terrain can provide useful insights into the effect of

surrounding buildings on the performance of a roof-mounted wind turbine.
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