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Abstract

In this thesis, we propose to formally derive amplitude equations governing the weakly
nonlinear evolution of non-normal dynamical systems, when they respond to harmonic or
stochastic forcing, or to an initial condition. This approach reconciles the non-modal nature
of these growth mechanisms and the need for a centre manifold to project the leading-order
dynamics. Under the hypothesis of strong non-normality, small operator perturbations suffice
to make singular the inverse of the operator which is relevant to the considered problem.
The adjective “small” is relative to the choice of an induced norm, under which the operator
induces a large input-output amplification. Such operator perturbation can be encompassed
in a multiple-scale asymptotic expansion, closed by a standard compatibility condition. The
resulting amplitude equations are tested in parallel and non-parallel two-dimensional flows,
where they bring insight into the weakly nonlinear mechanisms that modify the gains as we
increase the amplitude of the harmonic or stochastic forcing, or that of the initial condition

Key words: Instability, Nonlinear Dynamical Systems.






Résumé

Dans cette these, nous procédons a la dérivation formelle d’équations d’amplitude gouvernant
I’évolution faiblement nonlinéaire de systemes dynamiques non-normaux, lorsqu’ils sont
sujets a un forcage harmonique ou stochastique, ou a une condition initiale. Notre approche
réconcilie la nature non-modale des mécanismes d’amplifications, avec la nécessité d'une
variété centrale sur laquelle projeter la dynamique al’ordre dominant. Sous hypothése de forte
non-normalité, une petite perturbation suffit a rendre singulier I'opérateur pertinent pour le
probléme considéré. L'adjectif "petite" réfere ici au choix d’'une norme induite, selon laquelle
I'opérateur provoque une forte amplification entrée-sortie. Une telle perturbation d’opérateur
peut étre incorporée dans une expansion a échelles multiples, fermée par I’alternative de
Fredholm. Les équations d’amplitude résultantes sont testées sur des écoulements fluide en
deux dimensions, paralleles ou non. Il permettront d’interpréter les mécanismes faiblement
nonlinéaire a I'origine de la modification des gains tandis que nous augmentons I'amplitude
des forcages harmonique ou stochastiques, or celle de la condition initiale.

Mots clés : Instabilité, Systemes Dynamiques Nonlinéaires.
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Riassunto

In questa tesi si propone la derivazione formale di equazioni di ampiezza che governano
I'evoluzione debolmente non lineare di sistemi dinamici non normali soggetti a una forzante
armonica o stocastica o a una condizione iniziale. Uapproccio considerato concilia la natura
non modale dei meccanismi di amplificazione con la necessita di una varieta centrale su cui
proiettare la dinamica all’ordine dominante. Nell'ipotesi di non normalita forte, € sufficiente
una piccola perturbazione per rendere singolare I'operatore rilevante per il problema trattato.
L'aggettivo "piccola" é relativo alla scelta di una norma indotta, per la quale I'operatore pro-
duce una grande amplificazione tra ingresso e uscita. Tale perturbazione dell’operatore puo
essere incorporata in un’espansione multi-scala, chiusa dall’alternativa di Fredholm. Le equa-
zioni dell’ampiezza risultanti vengono testate su flussi bidimensionali paralleli e non-paralleli,
in modo da interpretare i meccanismi debolmente non lineari che modificano i guadagni

all’aumentare dell’ampiezza delle forzanti armoniche o stocastiche o delle condizioni iniziali.

Parole chiave: Instabilita, Sistemi Dinamici Nonlineari.
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|§ Introduction

Fluid flows have proven to be of considerable phenomenological richness, including pattern
formation, spatiotemporal chaos, turbulence, and many others. The will to order these
phenomena in a comprehensive analysis framework progressively has led to what is known
today as the hydrodynamic stability theory. Over the years, this theory has benefited from
theoretical and numerical advances in mathematics, particularly in the fields of linear algebra,
partial differential equations, and dynamical systems. Many observed phenomena could
thus find at least a partial explanation by characterising the linear response of the Navier-
Stokes equations to infinitesimally small disturbances, in a quiet surrounding or under a
sustained forcing. Such linear response, however, has sometimes proven to be too simplistic,
and substantial progress has been made in extending the hydrodynamic stability theory to
fully nonlinear regimes.

In this introductory part, we propose a review of some concepts stemming from the hy-
drodynamic stability theory, and that have been necessary in constructing this thesis. We
mostly focus on linear and weakly nonlinear techniques, but also give some elements of fully
nonlinear extensions.

1.1 Linear dynamics with nonlinear consequences

We consider the situation of a fluid flow in a spatial domain (2, of dimension two or three. Its
velocity field U (x, t) is governed by the incompressible Navier-Stokes equations

0 U=—U-V)U-Vp+Re 'AU+F, subjectto U(x,0)=Uy(x), (1.1)

where p(x, t) is the pressure field, F(x, t) is some body forcing, and Re is the Reynolds number,
built on relevant length and velocity scales. Because of the (hypothetical) incompressibility of
the flow, the pressure field is such that the velocity field is divergence-free

V-U=0. (1.2)
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Both pressure and velocity fields are linked through a linear Poisson equation. Therefore, it is
understood in (1.1) that p = p[U] (the brackets for a functional dependency) and (1.2) will not
be written explicitly in what follows. For the problem to be well-posed, appropriate boundary
conditions must be appended at the domain boundary, noted 9¢2.

A relevant starting point in analyzing the phase space trajectories of (1.1), is to compute
exact solutions by enforcing simplifying symmetry in time and/or in space. These solutions
include exact invariant states, also called exact coherent states, which encompass equilibrium
states (fixed points and traveling waves) and periodic orbits. Often determined numerically,
invariant states correspond to generally non-trivial flow structures that may be relevant in that,
locally in the phase space, the full trajectory may project well on their associated manifolds
and/or non-normal optimal responses. To illustrate this, let us develop in this introductory
part the case of the linearized dynamic around a fixed point.

In the case of a steady body forcing F(x, t) = Fy(x) in (1.1), a fixed point, also called "base
flow", solution Uy, (x) solves

0=—(Uy-V)U,-Vp+Re AUy + Fy,. (1.3)

We assume such a solution to be accessible, at least numerically and with good accuracy, using
for instance the Newton method. The dynamics of an infinitesimal perturbation u to the base
flow, externally excited by an infinitesimal perturbation f to the body forcing, and initialized
by an infinitesimal perturbation u to the initial condition, is governed by

Oiu=Lu+ f, subjectto wu(x,0)=uy(x). (1.4)

This system is equipped with appropriate boundary conditions on %, and L is a linear operator
acting on u according to

Lu=—(u-V)Up— (Uy-V)u-Vp+Re ' Au. (1.5)

The operator L is defined over the Hilbert space L?(f2). The field u must belong to the said
"domain" of L, a function space denoted 2 (L) € L?({2), which is characterized by boundary
and appropriate regularity conditions on u. These latter for instance consist of requiring u to
belong to the C?({2) function space, as a consequence of the presence of the Laplacian in (1.5),
and generically make 2 (L) more restrictive than L?({2).

The operator L is sometimes referred to as the "direct" linearized evolution operator or more
simply the linearized evolution operator. Owing to the independence of L with respect to time,
the formal solution to (1.4) can be written as

t
u(x, ) = e uy(x) +eLtf e_LSf(x,s)ds, (1.6)
0

the linear operator e’/ being the operator exponential of Lt. It is also called the "propagator"



Introduction Chapter 1

for, in the absence of forcing in (1.6), e’! would directly map the initial condition onto its
evolution at time ¢.

When u was introduced as a "perturbation” to the base flow, we implicitly referred to a size
measure without specifying it. This specific measure of # must be much smaller than the one
of Uy, for the former to be considered as a perturbation to the latter, thereby for (1.4) to hold. A
natural choice of measure is the norm induced by the L? inner product for continuous and
generally complex-valued functions on (2, writing

(uglup) :fQ uglubd(}, 1.7

the superscript "H" designating the Hermitian transpose. In this manner, (u|u) is directly pro-
portional to the kinetic energy of the disturbance field. The perturbation could be measured
by other norms, although, for this specific thesis work, this norm must be induced by an inner
product. In other terms, in this thesis, all fields are required to belong to a Hilbert space. This
is more restrictive than solely requiring them to belong to a Banach space and precludes, for
example, the use of L” norm with p #2.

The choice of an inner product makes possible the construction of the adjoint operator of L,
denoted L', and being such that

<Lu|v>ﬁ<u|L*v>, Yue(L),ve (L. (1.8)

The function space 2(L") < I?(£2) is the domain of the operator L' and contains appropriate
boundary regularity conditions on the adjoint field v. The adjoint operator L' is determined
upon performing integration by part of the term at the left-hand side in (1.8). The arising
boundary terms, when they do not vanish thanks to the boundary conditions on #, are can-
celed by enforcing appropriate boundary conditions on v. Together with regularity conditions,
this fully characterizes the domain @ (L"), provided the latter is chosen as large as possible.
The domain of the adjoint operator 2 (L") need not be the same as the domain of the direct
one 2(L), particularly because different boundary conditions may need to be imposed on the
direct and adjoint fields. The adjoint of the operator L in (1.5), under the inner product (1.7),
is such that

L'u' =Wy -Vyu' - VU u' - Uy -V)u' +Vp' +Re ' Aul, ufea(Lh), (1.9)
and where p' is such that u' is divergence-free. The following terminology is recalled
e Lissaid to be "self-adjoint" if and only if L= L' (where the equality also implies 2(L) =

2(L")). Equivalently, L is self-adjoint if and only if #(L) = 2 (L") and (Lg|h> = (g|Lh>,
Vg, he2(L)=2(L").

e Lissaid to be "normal" if and only if LL' = LTL (where the equality also implies that the
domains are equal). Equivalently, L is normal if and only if 2(L) = 2(L") and (Lg|Lh) =

3
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(L'g|LTh), Vg, he 2(L) =2(L").

e Lissaidtobe "non-normal" ifand onlyif LL" # L' L, either because the domains differ, or
2(L) =2(L") holds but there exist at least one pair (g, h) such that (Lg|Lh) #(L'g|L k),
for g, he 2(L)=2(L".

Note that a self-adjoint operator is necessarily normal, but the reciprocal is not true. From
this classification follows properties concerning the eigenmodes and eigenvalues of the direct
and adjoint operators. We assume the spectra of L and L' not to contain a continuous part,
and denote q; € (L) (with ||g;|| = 1) the eigenmode of the operator L. It is associated with an
eigenvalue o ;, which possesses the ith largest real part of all, such that Lg; = 0;q,;. Accordingly,

we denote qlf € 2(L" (with IIq;

|| =1) the eigenmode of the operator L. It is associated with
the eigenvalue o ("+" the complex conjugation), such that Lquf =07q;. Indeed, if we denote

instead by «; the eigenvalues of the adjoint operator, then we have

L61i=‘7iqi3<q; L‘h>=0i<q: ‘Iz‘>©
<LTq:f qi>:0i<q; qi>© (1.10)
«i (allai)=0i(al|a;), vi

thereby it is clear the eigenvalues of the adjoint operator must be the complex conjugates of

the eigenvalues of the direct one.

e If Lis self-adjoint, then o; € R, Vi and the eigenmodes of L constitute an orthonormal set
under the inner product (1.7), i.e. <ql-

q j> =6;j. In addition, gq; also is the eigenmode

of LT associated with an eigenvalue o7, implying that for each i holds q? =q;.

e If L is normal, the properties mentioned above for the self-adjoint case also hold at
the only difference that eigenvalues and eigenmodes are generally complex, ; € C, Vi
(which doesn'’t affect the orthonormality property).

e If Lisnon-normal, o; € C, Vi, and the eigenmodes do not form an orthogonal set under
the inner product (1.7). Furthermore, for each i the adjoint eigenmode qlf is generally
different from ¢q;.

In all cases, a bi-orthogonality property between the direct and adjoint eigenmode

<q”qj>:0 it i4]. (1.11)

More generally if a mass matrix M had been included in the eigenvalue problem, specifically
if we had had instead Lq; = 0;Mq; and L' q? =0;M q:, then the bi-orthogonality property

would have become <q;f|qu> =0ifi#j.
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Figure 1.1: Cross-wise velocity distribution (left) for the leading eigenmode g, of the linearized
Navier-Stokes operator (1.5) corresponding to the two-dimensional cylinder flow at Re =
46.6 and (right) its associated leading adjoint eigenmode qJ{. Only the real parts are shown.
Reproduced form Sipp and Lebedev (2007).

The specification of the domain of the operators is essential in determining if L is normal or
not. First because if 2(L) # 2 (L"), due for instance to different boundary conditions on the
direct and adjoint fields, L must be non-normal. Indeed, it is not possible to have equality
between direct and adjoint eigenmodes if they are subject to different boundary conditions.
In addition, even in the configuration where 2 (L) = 2 (L"), the operator L could be normal in
an unbounded domain but non-normal in a bounded one. The boundary conditions would
then act as a source of non-normality. To illustrate this, Trefethen and Embree (2005) (in § 12)
proposes the example of the advection-diffusion operator Lu = 1" + 1/, whose domain is the set
of functions in L2([0, 1]) with absolutely continuous derivative and subject to u(0) = u(1) = 0; it
is easily shown that L'u = u" — ' and 2(L) = 2(L"). Thereby (Lf|Lg)— (L f|LTg) =2 (f"|g')+
2 (f’|g”> = Z[f’g’](l) for f,g € 2(L) = 2(L"). This last boundary term would be null in an infinite
domain (replacing [0, 1] by ] — oo;00[) for all the functions f, g, and their derivatives must
vanish at infinity, thereby making the operator L normal. However, this boundary term has no
reason to be null on a bounded domain, which makes L non-normal.

The linearized Navier-Stokes operator in (1.5) is generally non-normal under the inner product
(1.7) whenever the base flow U}, is non-zero. That is because the sign of the term representing
the advection of the perturbation by the base flow has been reversed in (1.9) with respect to
(1.5). Consequently, the direct and adjoint eigenmodes present different spatial support, for
they have been advected in opposite directions. As an illustration, we reproduce from Sipp
and Lebedev (2007) in figure 1.1 the leading eigenmode g, of L and its associated adjoint
mode q”{, for the cylinder wake flow at Re = 46.6. If the direct eigenmode presents oscillations
in the far wake, the adjoint eigenmode is concentrated upstream and in the separating shear
layer at the cylinder boundary. Clearly, g, and qJ{ are not identical (in fact they project very
poorly on each other), which indicates that the operator L must be non-normal.

The non-normality of the linearized Navier-Stokes operator has numerous and important
consequences for the flow dynamics (Chomaz, 2005; Kerswell, 2018; Reddy & Henningson,
1993; Schmid & Henningson, 2001; Trefethen et al., 1993). Some of them will be briefly recalled
in the following lines. Nonetheless, it is important to realize that the degree of non-normality of

5
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an operator depends on the choice of the (induced) norm. That is because the characterization
of non-normality involves the adjoint operator. In the context of plane parallel shear flows,
Heifetz and Methven (2005) have shown a certain measure of the flow non-normality differs
if the adjoint is constructed under the inner product (1.7), or if it is under another inner
product inducing the enstrophy norm (L? norm of the vorticity). In what follows, only the
non-normality with respect to the energy inner product (1.7) will be discussed.

1.1.1 Response to an initial perturbation

The following section focuses on the flow response to an initial perturbation in a perfectly
quiet surrounding, where the forcing term f is null in (1.6). In other terms, we will study the
behavior of the solution

ulx, )= el uo(x), (1.12)

in the most general case where L is non-normal. Assuming that L is diagonalizable and that its
eigenmodes q; form a complete basis of 2(L) (i.e. every function in & (L) can be represented
as a linear combination of the eigenmodes), we define the operator P

[ {al]-) ]
{

a) ‘h>

P=(q,,q,..], anditsinverse P~'= (abl-) |, (1.13)

<q§!qz>

where the operator (g|e) applied to some h reads (g|h). In other terms, (g|+) = (g| in the
quantum mechanics formalism. The expression of P! in (1.13) follows directly from the
bi-orthogonality of the direct and adjoint eigenmodes

[(al|la.) (al|a.)
(alla) (alla) 1 0 ..
plp= <q§ lh> <q§ qz> [0 1 .|, (1.14)
<q; qz> <q§ q2>

which indeed is the identity operator with domain 2(L). In addition

(a)])

(a}]a;)

pp! Zq] (1.15)
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which also must correspond to the identity operator since the eigenmodes g; constitute a
complete basis of 2(L). By introducing the diagonal operator

01
A= (o)) , (1.16)

(0; the eigenvalues of L) such that L= PAP~! thus "' = Pe/A’P~1 the solution (1.12) re-writes

— At p-1 — L0t . )
u=Pe’''Plu, ;q]ef <quj> (1.17)
It is associated with a kinetic energy
||u||2:262%(0j)t|<q; u0>)2 +ZZ e(o‘;+0'k)l<q;|u0>* <q7€|uo> <qj|qk>'
- (1.18)

T [ala)l TE () (aia)

=0 if Lis normal or if ug = q;.

We further discuss the temporal evolution of ||u||> making an important distinction between
the asymptotic and the finite-time regimes.

Asymptotic response

As a consequence of the exponential dependencies, the kinetic energy in (1.18) is dominated by
the term corresponding to the eigenvalue with the largest real part in the regime ¢ — co. This
corresponds to o (as well as g if we have o = O'T). Supposing R(o1) > R(02) (the conclusions
drawn below being easily generalizable if R(01) = R(02)), expression (1.18) reduces to

2
:
[(al]m)|
I|u|I2~eZ§’“‘“”<—> as t— oo, (1.19)

[{aila)|

thereby the kinetic energy of the linear perturbation eventually evolves exponentially at a rate
2R (O' 1 ) .

 If R(0) <0, the perturbation eventually vanishes (||u||> — 0) and the fixed point Uy, is
then said to be "linearly stable" or to be an "attractor". In other terms, any trajectory
initiated or passing sufficiently close to Uy, will end up at U}, from the direction given by
q, . Quantifying how small should the perturbation be for the trajectory to end up at Uy,
eventually amounts to computing the basin of attraction of Uy, for which nonlinearities
have to be reintroduced.
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Figure 1.2: Selected example of emerging unsteadiness in fluid flow. Frames (a) and (b) show
experimental visualizations of single double helical vortex breakdown modes from Sarpkaya
(1971) and Escudier and Zehnder (1982), respectively. Frames (c) and (d), reproduced from
Meliga et al. (2012), imitate an experimental dye visualization and show numerically computed
dye lines transported from an analytic solution; the latter consists of a superposition of the base
flow Uy, and the linearly unstable mode multiplied by an amplitude determined analytically.
Frames (e) and (f) are alternative representations to (c) and (d), respectively, and depict an
isosurface of azimuthal vorticity.

e If R(o1) > 0, the linear perturbation eventually grows exponentially and the fixed point
Uy, is then said to be "linearly unstable". In other terms, any trajectory initiated or
passing sufficiently close to Uy, (but not at Uy, exactly) will eventually deviate from it
exponentially following the direction given by q,. The linear perturbation u ultimately
reaches a critical size where it can't be considered a perturbation anymore, thereby
nonlinearities can’t be neglected rigorously and have to be taken into account.

Whenever o, evolves from R(o;) < 0to R(o1) > 0 (i.e. crosses the real axis), by changing
the external parameter intervening in the operator, is called a "bifurcation”". Whereas
the nonlinear dynamics subsequent to the instability still bear symptoms of q,, in terms
for instance of frequency or structure, is found to be without a general answer. As will
become clear in section 1.2, it depends on the nature of the bifurcation and on the
distance to the latter in the parameter space. In the configuration where a complex
conjugate pair of eigenvalues is unstable o = 03, it is possible that the nonlinear dy-
namics reaches a limit cycle at a prescribed frequency close to S(o1). The associated
flow topology could qualitatively match the structure of the complex unstable eigen-
mode. This scenario, although far from being generic, is illustrated in figure 1.2. In this
figure, the superposition of the base flow and the real part of the linearly most unstable
mode, multiplied by an amplitude determined analytically through weakly nonlinear
considerations (Meliga et al., 2012), shows qualitative agreement with experimental
visualizations (Escudier & Zehnder, 1982; Sarpkaya, 1971).

Note that a fixed point might still be relevant in the flow dynamics despite its linearly
unstable nature. One of the reasons is that the dimension of the unstable manifold
often is significantly lower than the dimension of the stable one; therefore a trajectory
could still spend a lot of time in the vicinity of Uy, in which case the latter would
have a signature in the whole flow statistics in case of a chaotic dynamics. Another

8
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reason is that the unstable manifold tangent to g, in the linear regime could follow a
homo/heteroclinic orbit, which would cause the nonlinear trajectory to return to Uy,
cyclically.

However, even if a trajectory is initiated sufficiently close to Uy, it is possible that the
exponential growth along q, is not observed. The reason is that, as will be elaborated
further in a moment, the double-sum term in (1.18) can’t be neglected if L is non-normal.
In fact, it may lead to transient algebraic growth of u sufficient for nonlinearities to set
in, thus for (1.18) to lose its validity even before the exponential term in contains has
time to declare.

* IfR(01) =0, the present linear theory does not conclude as to the stability of the equi-
librium, and Uy, is said to be "linearly neutral". The associated neutral eigenmode ¢,
is nevertheless essential in the construction of the center manifold (Guckenheimer &
Holmes, 1983), as we shall develop shortly in section 1.2.

It can be deduced from (1.19) that, in the limit # — oo, the kinetic energy of the perturbation
is maximized by selecting u, = qJ{. Thereby, the adjoint eigenmode q“{ can be interpreted
intuitively as the optimal manner to excite the direct eigenmode q,. Accordingly, selecting
<q]{ ‘ u0> =0 guarantees that the asymptotic behavior of || u| 12 is not o< e2R@VI hut contains
only exponential of lower growth rate or larger decay rates.

In the rest of this document, whenever the adjectives "stable", "unstable" or "neutral" are
used, they will systematically refer to linear stability analysis. Furthermore, we insist that it
characterizes a behavior that is asymptotic in time, whereas we argue thereafter that the finite
time behavior might be just as relevant if L is non-normal.

Finite time response

Coming back to expression (1.18) for the kinetic energy of the linear perturbation, the double-
sum term is identically null if L is normal; that is because (q;|q) = 8 ;x, which cancels when
summed over k # j. It is also null in the specific case where u is purely along one of the
eigenmodes, for, by construction, dynamics initiated along an eigenmode remain along it. In
these cases, ||u||? decays monotonously if R(o;) <0, for it is the sum of decaying exponentials
pondered by positive coefficients.

However, precisely because the eigenmodes do not form an orthonormal set, the double sum
term in (1.18) generally is non-zero if L is non-normal (and if %, projects over more than one
eigenmode). Thenceforth, since the coefficients multiplying the terms o< eit79! can be
negative, their decreases can imply the energy ||u||? to grow algebraically fast at finite times.
Algebraic growth means that it remains bounded by a low degree polynomial in ¢. Eventually,
the exponential behavior mentioned in the previous section takes over if the linearization is

still valid. This phenomenon is referred to as "transient growth".



Figure 1.3: Schematic representation of the decomposition of an initial condition u, in the
eigenbasis of a matrix L, in the scenario where L is a 2 x 2 non-normal matrix with real and
eigenvalues. Red arrows are direct eigenvectors whereas green arrows are adjoint eigenvectors.
Blue arrows are u (full) and its decomposition (dotted) in the eigenbasis. Black arrows are the
solution u(t) as some consecutive times.

Let us illustrate it with a simple example, in the spirit of that proposed in Chomaz (2005). If L
is a 2 x 2 matrix with purely real and stable eigenvalues, the perturbation u represented in the
eigenbasis in (1.17) reduces to

e ])

u=q,e <q1|q1>+q2e

This representation is sketched in figure 1.3 for ¢ = 0. Since L is non-normal, g, and q, are non-

(1.20)

orthogonal and <qur ’ q1> is smaller than one. As a consequence, the component of u, along
q,, writing. q, <q7; ’ u0> / <q’; | q, >, is of larger norm than uy itself. If in addition R(o>) < R(01),

u(t) in (1.20) converges towards e?'’ g, <qJ{ | u0> / <q‘; | q 1> faster than it decays along it. This
must correspond to an increase in the energy of u for sufficiently small times. This can also be
seen directly by writing the energy

() Nl o) ol

o) [l (el ()

The first two terms in the right-hand side of (1.21) are decaying exponential pondered by posi-
tive coefficients. If the third term also is a decaying exponential, it is multiplied by a coefficient
that, in the configuration illustrated in figure 1.3, is negative through <q; | u0> / <qur ’ q2> <0.
If R(02) < R(01) the negative third term vanishes faster than the positive first one, therefore
||ze||? must increase initially.

2_ 2ot
|l = =

<‘h|qz>- (1.21)

The description proposed above suggests that particularly large transient growth is expected in

10
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cases where <qur ) q1> « 1, and where R(02) < R(01). Indeed, in the latter case, u(t) converges

so rapidly towards e?'’ g, <q’1L | u0> / <q‘{ ‘ q, >, that the amplitude along the later did not have
time to decay much in the meantime. Note also that transient growth could as easily happen
in an unstable system.

Transient growth phenomena generalize to high (including infinite-) dimensional systems.
Contrarily to the two-dimensional example treated above, a generally vast number of eigen-
modes are then needed to characterize the transient gain. That is because the double sum
term in (1.18) involves mode-mode interactions through the inner product <q i | q k>, which
can take significant values over a large range of indices. As an example, Akervik et al. (2007)
considered the transient growth in the energy of a fluid flow over a separated boundary-layer
flow. Using eigenmodes as a projection basis for analyzing the flow dynamics, they have shown
that about one hundred modes are required for converged results of optimal growth (see their
figure 4a).

For this reason, instead of computing directly eigenmode, the paradigm is modified to find
the initial condition that maximizes the gain in energy at a certain time ¢, (called a "temporal
horizon"). This way, the full potential of the system for transient growth is directly revealed.
We aim to solve the maximization problem

lle"oug|]

u(t
Gltp) = max LI _ o =|le" |
u  ||ugll uw  |uoll
(1.22)
<(eLtg)TeLl'ou0|u0>
=max
uo (uolug)

This amounts to computing the norm of the propagator e’*, or, equivalently, the largest
eigenvalue associated with the problem

(e e i =iy, j=1,2,.. (1.23)

The eigenvalue problem (1.23) is self-adjoint, implying the eigenvalues K?, sorted by decreas-
ing magnitude, to be real and positive. The eigenmodes i are normalized as ||it;[| = 1. The
maximum transient gain G(#,) =1, and the optimal initial condition directly corresponds to
1. The eigenmode it; also coincides with the jth right "singular" mode of el’o, associated
with the singular value « ;

KjilJ]r.:eLt"itj, Kjitj:(eLt")Til}L., (1.24)

where iﬂ; (normalized as IIiLJ]r.II =1) is the jth left singular mode of e’%

. Most importantly,
inherited from the fact that the operator in (1.23) is self-adjoint, both the i and the ilJ]r families
are orthonormal. Thereby the initial condition #y can be decomposed as

uo =) (itjluo)it;, (1.25)

J
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leading to a response at t = t,

u(ty) =eouy =Z(i¢j|uo>e“"itj = Z(itj|uo>1<]—it}r.. (1.26)
J J

We understand now why the change of paradigm operated from computing the eigenmodes
of L to solving (1.23) is fruitful. In doing so, we moved from a poor, non-orthogonal eigenbasis,
to two orthonormal ones into which both the initial condition and the response at ¢ = ¢,
respectively, can be projected. The component of u(¢,) onto it; is directly given by the
component of uy onto i&;, multiplied by the associated gain x;. This permits to rank the
relative importance of each structure ljtj in the response u(t,). For instance, in a configuration

where G(t,) =k} > k2 > k3 > ... (i.e. where el%

is close to being of unitary rank), and where
the actual and uncontrolled initial condition u#y does not project particularly well on one of

the sub-optimal #; for j > 2, the response in (1.26) is well approximated by
u(to) ~ (it | o) kit (1.27)

This simple result has profound consequences: the structure (not the amplitude) of the
response does not depend on the structure of the initial condition, but becomes inherent
to the propagator itself. Indeed, if{ is computed solely from the knowledge of e’>. As soon
as few structures it;r are associated with gains much larger than all the others (i.e. e’ is
low-rank), these leading structures are expected to emerge in the response, regardless of how
it was initiated. They are expected to be distinguishable at least for some times around #,.
This conclusion is all the more relevant in that it permits to make predictions even in an
uncontrolled environment where u, can’'t be known or prepared. In this perspective, note that
the configuration where solely iﬂ{ has a much larger gain than all the others, is particularly

favorable.

Some transient growth mechanisms: Orr, Lift-up, convective non-normality

Again due to the non-normality of the linearized Navier-Stokes operator (1.5), fluid flows
furnish numerous examples of transient growth phenomena. The first step in studying these
generally consists of computing the maximum gain in (1.22) and the associated sets of optimal
initial conditions and responses. This has been first carried out in the context of parallel
shear flows by Butler and Farrell (1992) and by Corbett and Bottaro (2000). The optimal
structures emerging from these calculations can be interpreted physically, and suggest two
main mechanisms for the transient growth in the flow kinetic energy: the Orr and the lift-up
mechanisms.

In the Orr mechanism (Orr, 1907), perturbative vorticity layers are initially oriented against
the base shear. As time evolves, these layers are advected by the base shear and, for purely
kinematic reasons, become more compact in doing so. In virtue of the conservation of the
circulation, this must be associated with an increase in velocity, hence the transient increase
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Figure 1.4: Explicative sketch of the Orr mechanism: a patch of vorticity perturbation ini-
tially oriented against the base shear flow is materially advected by the latter. In virtue
of the conservation of the circulation f u-dl ~ U(t)L(t) = cst, (L(¢t) the perimeter of the
vorticity patch and U(t) some associated characteristic velocity) the kinetic energy gain
G(t) ~ U()2/U(0)? = L(0)2/L(£)? must increase with the perimeter diminishing (between
the first and the second snapshot in the sketch). The gain will then decrease again as the
vorticity patch is reoriented and stretched in the direction of the base advection (between the
second and the third snapshot in the sketch). This sketch and the associated explanation have
been reproduced from Antkowiak (2005).

Table 1.1: Summary of the dependence of the optimal transient gain on the Reynolds number,
in wall-bounded shear flow. This table has been reproduced from Schmid and Henningson
(2001)

plane Poiseuille (Trefethen et al., 1993) 0.20 Re? 0.076 Re
plane Couette (Trefethen et al., 1993) 1.18 Re? 0.117 Re
circular pipe (Schmid & Henningson, 1994) 0.07 Re? 0.048 Re

Blasius boundary layer (Butler & Farrell, 1992) 1.50 Re? 0.778 Re

in kinetic energy (see in figure 1.4 for a schematic representation)

In the lift-up mechanism, streamwise-invariant vortices advect the base velocity successively
upward and downward. This creates strong streamwise velocity perturbations (forming what
is called "streaks"), thus a considerable increase in the kinetic energy of the perturbation
field. In a purely linear regime, the perturbations subsequent to both the Orr and the lift-up
mechanisms will eventually vanish exponentially with time. That is because the associated
base flows, at least those considered in Butler and Farrell (1992) and Corbett and Bottaro
(2000), are linearly stable. Several years of research concerned about transient growth in
parallel shear flows have revealed the optimal gain (1.22) to be increasing with the Re number
as Re?, as summarized in table 1.1 reproduced from Schmid and Henningson (2001). Both the
Orr and the lift-up mechanisms will be analyzed in greater detail in this thesis, with special
attention paid to their effects in a weakly nonlinear regime.

Non-parallelism of the base flow, designating the fact that it varies in the streamwise direction,
was shown in Cossu and Chomaz (1997) and later in Marquet et al. (2008, 2009) to be an
additional source of non-normality. This was also formalized in Trefethen and Embree (2005)
(§11), in the more general framework of variable-coefficients operators. Cossu and Chomaz
(1997) argue that this additional source non-normality is related to the presence of a (locally)
convectively unstable pocket in the flow. This is exemplified in figure 1.5 for the backward-
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(b)

(T)
@;

Figure 1.5: (a) Profiles of the streamwise base velocity of the backward-facing step flow at
Re =500. The dots highlight the inflection points. (b) Temporal and (c) spatial growth rates
arising from a local stability analysis at different streamwise locations. Figure reproduced
from Boujo and Gallaire (2015)

facing step at Re = 500. There, a recirculation zone with negative streamwise velocity is created
past the discontinuous step at x = 0, creating an intense shear layer. Solving a uni-dimensional
Orr-Sommerfeld eigenvalue problem at each streamwise location x, reveals the flow to be
(locally) unstable from x = 0 to x = 27 to a shear (Kelvin-Helmholtz) instability. For each
streamwise location, the instability is further characterized as being "convective". This means
that, locally, a perturbative wavepacket is advected faster than it is growing, thereby it is
decaying if observed from a fixed spatial location. Performing a stability analysis that fully
takes into account the streamwise direction (i.e., that is two-dimensional), and does not treat it
as a parameter for local (one-dimensional) analysis, is called a "global" stability analysis. Due
to the convective nature of the local instability for each streamwise location, the global analysis
would reveal flow to be stable (Huerre & Monkewitz, 1990). And yet, as argued in Cossu and
Chomaz (1997), an initial perturbation initially located upstream, can draw energy from the
base flow and thus grow as it is advected downstream across the convectively unstable pocket.
This pocket being of finite size, the energy of the perturbation will then decay as the latter is
advected out of the pocket, and eventually be washed out of the flow domain. This scenario
is associated with a transient growth in the perturbation. It is illustrated in figure 1.6 for the
backward-facing step flow at Re = 500.

Note also in figure 1.6 the large values taken by the optimal gain in figure 1.6b. In fact,
it was found in Boujo and Gallaire (2015) to increase exponentially with the Re number
for the backward-facing step flow, thereby more rapidly than for parallel shear flows. A
considerable body of work has been devoted to the computation of transient growth properties
of non-parallel flows. Among them, could be mentioned the work of Akervik et al. (2008) and
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Figure 1.6: (a) Contour of the vorticity perturbation evolution seeded by the optimal initial
condition #; (optimized for ¢, = 58) for the backward-facing step at Re = 500 shown in fig-
ure 1.5. As the perturbation progresses in the convectively unstable pocket from x =0 to x =27,
it grows in energy, to eventually decay as it leaves the pocket. (b) The circles are the "envelope”,
meaning the maximum gain in the kinetic energy G(¢,)?, as defined (1.22), and plotted as a
function of the temporal horizon ¢ = ¢,. The continuous lines are the amplification of the ki-
netic energy along a trajectory, each being seeded by the optimal condition for ¢, = [20,60, 100],
respectively. At the black bullets, the optimization time equals the instantaneous time and the
continuous line seeded must collide with the envelope. Both (a) and (b) have been reproduced
from Blackburn et al. (2008).

Ehrenstein and Gallaire (2005) and Monokrousos et al. (2010) for a spatially evolving (Blasius)
boundary layer flow. The works of Ehrenstein and Gallaire (2008) and Alizard et al. (2009), for
their part, were concerned about a separated boundary layer flow.

Nonlinear effects and possible bypass transition

The relevance of linear optimal transient growth and its associated structures #t; and itj in
nonlinear flow regimes is a highly complicated question without a general answer. Neverthe-
less, a well-accepted specific nonlinear scenario where transient growth plays a crucial role
is illustrated in figure 1.7a. Reproduced from Trefethen et al. (1993), figure 1.7a shows the
temporal evolution of the norm of a perturbation over a linearly stable toy system. If the initial
perturbation has a very small (the linearization is still valid at the initial time) yet sufficiently
large amplitude, the gain in energy associated with the transient growth is sufficient to trigger
nonlinearities, which makes the solution escape from its original attractor. In fluid flows,
this can for instance happen as the perturbation nonlinearly feedback onto the base flow,
thus modifying it to render it unstable. This could also be due to the effects of nonlinearly
generated harmonics which feedback on the perturbation itself.

In other terms, through transient growth, the non-normality property of a linearized operator
tends to reduce the size of the basin of attraction of the stable coherent states. If figure 1.7a
shows an example where non-normality helps escape a linearly stable solution, transient
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Figure 1.7: Nonlinear "bypass" transition. (a) lllustration on a toy model, reproduced from
Trefethen et al. (1993). (b) Bypass transition towards turbulence in a pipe Poiseuille flow
at Re = 1750 (the initial condition is not #; but results from a linear optimization problem).
Reproduced from Pringle et al. (2012).

growth may be as relevant in escaping a linearly unstable one by triggering nonlinearities
before the unstable mode emerges.

Figure 1.7b exemplifies the bypass transition mechanism towards turbulence in the linearly
stable pipe Poiseuille flow at Re = 1750 (Pringle et al., 2012). If the perturbation is initialized
with kinetic energies equal Eq = 7.058 x 106 and Ey = 7.077 x 107, the flow relaminarizes
after a strong transient growth episode. If it is initialized with slightly larger kinetic energy
Ey=7.124 x 1075, the transient growth is this time just sufficient to make the flow transit to a
turbulent regime. However, the initial conditions in Pringle et al. (2012) do not correspond
to i1; but result from a nonlinear optimization parametrized by Ey. That is why the curves
in figure 1.7b differ slightly in the initial, linear regime. This does not mean that a bypass
transition would not occur if the perturbation was initiated with i, . Simply, it would require a
larger Ej (Pringle & Kerswell, 2010). The Lamb-Oseen vortex flow also is subject to a bypass
transition (Rossi et al., 1997), as will be studied in detail in this thesis.

In boundary layer flow, the non-normal lift-up mechanism is also found to be an essential
ingredient for the transition to turbulence, but also for its role played in the so-called self-
sustained cycle. In figure 1.8a the streaky structures are observable in a smoke flow. The
authors Matsubara and Alfredsson (2001) report that their initial growth is "closely related to
algebraic or transient growth theory". The streaks are linearly unstable and, further down-
stream, the flow transits to a self-sustained turbulent state. Hamilton et al. (1995) argue that
during the streaks breakdown, nonlinear interactions re-energize the streamwise vortices,
which in turn generate streaks through the lift-up mechanism (although occurring over the
non-linearly distorted mean flow). The loop is closed, proposing a scenario for the turbulent
state to self-maintain (see in figure 1.8b). In this last sense, transient growth, although linear,
can be extended into characterizing turbulent states by considering the coupling between the
mean flow and the most amplified response which feeds back on it through nonlinearities.
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Figure 1.8: (a) Visualization of a smoke boundary layer flow subjected to free-stream turbu-
lence; streaky structures resulting from the lift-up mechanism are observable. Reproduced
from Matsubara and Alfredsson (2001). (b) Mechanism of self-sustained near-wall turbulence
proposed in Hamilton et al. (1995).

In the bypass mechanism presented above, the perturbation is even more amplified in a non-
linear regime than in a purely linear one, but this need not be the case. In fact, nonlinearities
can have a "saturating" effect on the energy of the perturbation, inducing a decrease in the
transient gain with the amplitude of the initial perturbation. This is for instance occurring in
the backward-facing step at Re = 500 considered in Blackburn et al. (2008) (see their figure
12). In this scenario, precisely because the flow did not transit to another structurally different
state, the nonlinear response is expected to still bear symptoms of the linear optimal response
itJ{, at least in a weakly nonlinear regime. In this thesis, a method will be derived to assess a
priori (before doing the nonlinear computations) if weak nonlinearities have a saturating or
an amplifying effect on the optimal transient response.

To finalize this section concerned with the response to an initial perturbation, we propose in
figure 1.9 an iconographic, non-exhaustive summary. It is based on the simulation of a slightly
modified version of the 2 x 2 toy system proposed in Trefethen et al. (1993)

0 -1

0
1

yR7! 1

A% s |ulByu, A=
B REET 0 —2r!

,Bi=R ,Bo=R , (1.28
az 1 2 ( )

and R is a constant parameter. The non-normal matrix A has eigenvalues [yR™!,-2R!]. In
figure 1.9 are shown simulations of the linearized system (i.e. with simply Au at the right-
hand side in (1.28)) as well as fully nonlinear simulations where both B; and B, were used
respectively in the nonlinear terms, leading to different nonlinear behaviors. We distinguish
the results as follows

 If we select y = —1, corresponding to figure 1.9a, both eigenvalues of A are negative
and the system is linearly stable. Therefore, the linear simulation decays exponentially
asymptotically, with a decay rate equal to the largest eigenvalue. In addition, since
A is non-normal, the linear trajectory presents a transient growth episode at a finite
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Figure 1.9: Linear (bold continuous lines) and fully nonlinear amplification || u(t)| 12/]|u(0)|[?
(y-axis in log scale) for the toy system (1.28). The nonlinear simulations were performed for
[1£(0)]|> = 10732, and both the matrices B; (red continuous line) and B, (blue continuous line)
were used, leading to different nonlinear behaviors. We set R =25 and in (a) y = —1, leading to
a linearly stable system, whereas in (b) y = 1 leading to a linearly unstable system. The gray
dashed is the linear behavior that would follow a normal system with the same eigenvalues,
namely, by replacing the component A;, by 0 (instead of 1) in (1.28).

time. Triggering nonlinearities by increasing ||#(0)|| can mitigate this transient gain
(blue curve). On the contrary, it can also amplify the perturbation even more at the
point of making the solution transit to another attractor (red curve, showing the bypass
mechanism). It may also be that the amplifying or saturating character of nonlinearities
depends both on the time ¢ for a given ||u(0)||, and/or on the amplitude ||u(0)|| for a
given time ¢ (clearly, not all possible scenarios are shown in figure 1.9a).

» If we select y = 1, corresponding to figure 1.9b, one eigenvalue of A is positive and
the system is linearly stable. Therefore, the linear simulation increases exponentially
asymptotically, with a growth rate equal to the largest eigenvalue. In addition, since A
is non-normal, the initial growth of the perturbation is not exponential but algebraic,
which can be faster than exponential at finite times. By re-introducing nonlinearities,
the exponential growth observable for sufficiently small ||z(0)|| will saturate eventually.
If ||u(0)]| is sufficiently large (as in figure 1.9b), the exponential growth might not even be
observable, and nonlinearities will directly be brought about by the algebraic growth, the
system then leaves the unstable fixed point not along its most unstable mode, but along
the most amplified singular one. While nonlinearities necessarily have a saturating
character at long times since the linear gain is infinite there, they might magnify the
amplification at finite times (red curve). Again, not all possible scenarios are shown in
figure 1.9b.
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1.1.2 Response to a harmonic forcing

We now proceed by studying the behavior of the linear perturbation (1.6) when subject to
an external and sustained disturbance, i.e. when f(x,) # 0. In what follows, the initial
perturbation uy is set to zero. This falls into the so-called "receptivity analysis". We shall first
consider the response to a monochromatic, harmonic forcing. This will serve as a building
block for the ensuing analysis of the response to stochastic forcing.

A harmonic forcing at a frequency w expresses
fx,0=Ffxe +cc, (1.29)

which, injected in (1.6), leads to

t A . N
u(t) =eLtf e_Lse‘“’sfds+C.c.=eLtf el@I-Lsqs f 1 c.c.
. 0 (1.30)
iwl-A)s -1%
:eLtPf eliwl-Nsqsp=1¥ 4 cc.
0

where only temporal dependencies have been highlighted in the notation. We further distin-
guish between two cases: in the first (i), iw also is an eigenvalue of L, whereas in the second
(ii), it is not.

(i) If iw is an eigenvalue of L, the forcing is said to be "resonant”, as it excites the system at an
eigenfrequency which is not subject to any damping (or growth). Say that iw is the kth (i.e
0k =iw) eigenvalue of L; if L is further assumed to be real, —iw is the (k + 1)th eigenvalue, and

the operator eliwl=A)s expresses
e(iwl—/l)s _ diag(...,e(iw_gk‘l)s, 1, eziws, e(iw—mﬁz)s,m). (1.31)
Thereby

(iw—0k_1)t 2iwt (ilw—0ks2)t
e -1 e -1 e -1
), (1.32)

t . /1
f eliwl- )Sds:diag(..., - t, - ,— ..
0 (iw—-0k-1) 2iw (iw—0k+2)

and the response (1.30) reads

t . A
u(t)= eL‘Pf e(lwI_A)sdsP_1f+ c.c.
0

<q;r€ }‘> eZiwt_ 1 <q};+1 j‘> e(iw—aj)t_l <LfL }‘>

= et i ! .C.

M P P R P P P B e P

B <q]]; }‘> eiwt_e—iwt <q;rc+1 f> eia)t_eajt <qj j">

_ tqk<‘ﬁc|"k> BT (@}|q01) j#i%ﬂqj (iw—07) <‘1H‘H> -
(1.33)
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where we used el’q j= e’itq j» VJj. The first term at the right-hand side of (1.33) grows
algebraically ¢, such that the energy of the perturbation diverges with time lim;_., ||u|| = co.
This is called a "resonance", for it is a consequence of the resonant nature of the forcing.
Specifically, the presence of this term is solely due to the fact that the forcing frequency also is
a neutral frequency of the system. Nevertheless, it appears clearly in (1.33) that the divergence
of the response can be prevented if f is such that <qu|}°> =0. In other words, the resonance
does not occur if the forcing is orthogonal to the adjoint mode associated with the neutral

frequency. This result is sometimes referred to as the "Fredholm alternative", "compatibility
condition", or even "solvability condition", and will be widely evoked along this thesis.

(ii) If iw is not an eigenvalue of L, the said "resolvent" operator R(w) = (iw — L) ! exists and can
be used to directly compute the integral in (1.30) as

t N . PN
u() = ek’ f e10I=Dsdsf + c.c. = e R(w) [ 195 f +c.c.
0

— eL[R(w) [e(iwI_L)t—I]f-f-C.C. (134)
= Y Rf -e"Rw)f+cc.
—

harmonic response

where we used that the resolvent and the propagator operators commute (which can be
shown using their respective series or dyadic representation). Note that (1.34) and (1.33) are
completely equivalent in the absence of a resonant frequency (i.e., if the two first terms vanish
in (1.33) and the third, summation term is made over all indices j). It is easily shown using the
dyadic representation of the resolvent

()

R(w):;q,- (iw-0}) <q§“’j>‘

(1.35)

The second term at the right-hand side in (1.34), elt R(w)f", involves the propagation of
R(w)f'. It is understood as the non-stationary response, which must be present to enforce
that the perturbation is initially null #(0) = 0. It would be identically null upon choosing
uy = R(w) f + c.c., for the solution is then directly initiated in the stationary regime. This non-
stationary response term diverges exponentially if L is linearly unstable. This is true regardless
of the forcing frequency. Furthermore, the exponential growth is associated with its own
eigenfrequency and eventually dominates over the harmonic response ¢/’ R(w) f. The latter
is the first term on the right-hand side in (1.34) and oscillates at the forcing frequency w with
bounded energy. This capacity of an unstable system (in a global sense) to respond with its own
unstable frequency, dominating over the excitation frequency;, is referred to as the "signaling
problem" in the literature (Huerre & Monkewitz, 1990). Again, the dyadic representation of
the response in (1.33) informs that the exponential divergence can be precluded if the forcing
is orthogonal to all unstable adjoint mode(s).

In the configuration where L is linearly neutral or stable, the term e’’R(w) f remains of
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bounded energy. If L is stable, it eventually decays with time and this term represents nothing
more than a transient response. As a side comment, this transient response could in fact, as
we argued in the previous section, have drastic nonlinear consequences among which the
system could transit even before the harmonic response has time to develop. Turning back to
the linear realm, after the transient response fades away, the linear response relaxes towards
its harmonic response oscillating at the forcing frequency. If the forcing is switched off, this
harmonic response also fades away and the flow relaxes towards the base state. We assume L
to be linearly stable in the following lines, and we solely consider the asymptotic response
tlgglo u(t) = ivlw)e'®! + c.c., where it(w) = R(w)f. (1.36)
It is associated with a kinetic energy ||it(w)| 2= IIR(w)fI 2. Using the dyadic representation of
the resolvent (1.35), and remembering that in the case where L is non-normal the g ;s do not
constitute an orthonormal set, the energy ||#1(w)|| again is determined by a potentially large
number of mode-mode interactions. In other words, the harmonic response of a stable system
results from the cooperation of a potentially very large number of eigenmodes. Therefore,
these latter generically constitute an inappropriate basis for the description of the flow. An
exception to this could be found in the very specific case where w is close to an eigenfrequency
with a vanishing damping rate. Say that o, =iw; + v, with y a negative real number with y — 0.

Then
91 <q1{ f>

lw—wy) -y <q1|q1>

i(w) —

ifow—w;andy(<0)—0 1.37)

which simply is a Lorentzian response, along the weakly damped eigenmode q,. Actually,
even if in (1.37) the response is modal, non-normality plays a role through the denominator
<¢fr | q, ). Itis generically smaller than one for non-normal systems (see for instance figure 1.1)
thus enhancing the amplitude of the Lorentzian response.

Harmonic optimal gain

Since in all generality the harmonic response is not well described by a single are even a few
eigenmodes, we shall rely upon the same non-modal tools employed to compute the transient
growth. Specifically, we seek the largest possible response-to-forcing amplification, also called
"harmonic gain" G(w) as

llat(w)]] (R)'R@)F|f)
= ax

G(w) = max - =||R(w)]l. (1.38)
)

— =m =
Folfl (f
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Thereby the optimal gain G(w) is the largest eigenvalue 1; (G(w) = 17;) of the self-adjoint
problem

R@)'R@)itj =n5itj, j=1,2,... (1.39)

where the strictly positive eigenvalues 17?. are sorted by decreasing values. The associated
eigenmodes &; (normalized as ||&;|| = 1) constitute an orthonormal family of forcing struc-
tures. Among them, i, is the most amplified one, and the rest constitutes sub-optimal forcing
structures. The mode #; also is jth right singular mode of R(w), associated with eigenvalue 1)
and a left singular mode ﬁj (normalized as IIit; 1=1)

nji;=R@ij, 1;i;=R@) @l (1.40)

This makes iﬂ{ the most amplified harmonic response.

Note the analogy between the problem of finding the optimal initial conditions in (1.23),
parameterized by the temporal horizon ¢,, and the current problem of finding the optimal
forcing structures, parameterized by the frequency w.

Decomposing a generic harmonic forcing f' into the orthonormal basis formed by the ;s,
then applying the resolvent leads to the following decomposition of it(w)

@)=Y n; (@ |f) . (1.41)
]

Again, the (non-modal) decomposition of #(w) in the singular mode basis (1.41) appears more
fruitful than the dyadic (modal) one in (1.33). The first reason is that the ﬁj are orthonormal
thus there is no redundancy in their respective information and the sum in (1.41) is expected
to converge much faster than the one in (1.33). The second is that the contribution of each
ﬁj is weighted by 7 ;, and two different 1) ;s can be separated by a ratio of several orders of
magnitude. This is again the low-rank approximation. In the most favorable case where
11> 12 > ..., and if f is sufficiently generic in the sense that it does not promote a particular
sub-optimal structure, it(w) is well approximated by

i(w) = G(o) (i | f) al. (1.42)

Thereby the harmonic response is along if{, regardless of the exact shape of f. Only the
amplitude of the response requires the knowledge of f. In other words, at a prescribed
frequency, the structure of the response becomes intrinsic to the operator itself, while the
form of the excitation is unimportant (apart from the fact that it should be non-zero).

The computation of the harmonic gain (1.38) and associated optimal structures were widely
performed in fluid mechanics literature, both for parallel (see Schmid (2007) for a review) and
non-parallel shear flows (Akervik et al., 2007; Alizard et al., 2009; Boujo & Gallaire, 2015; Sipp,
2012). Very large values for the harmonic gain are often found. Sometimes, this can be simply
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Figure 1.10: (a) Top: harmonic gain G(w) (=1:(w)), as defined in (1.38), as a function of the
frequency, and for the flow past a backward-facing step at Re =500 (shown in figure 1.5). The
first sub-optimal 17, (w) is also included as the dash-dotted line. Bottom: spectrum of the flow
in the complex plane. (b) The same figure as the top figure in (a) (just at its left) but shown in a
logarithmic scale for the y-axis to better quantify the ratio between 1, and 7,.

linked to the presence of a very weakly damped eigenvalue, moreover associated with a direct
and adjoint mode having poor spatial support <q1 | q 1> « 1, trough the Lorentzian response
(1.37). This scenario is exemplified in figure 4 in Symon et al. (2018), for the cylinder flow at
Re =47. However, as argued, a huge G(w) may not be linked to any outstanding eigenvalue

with a frequency close to w. This last configuration is illustrated in figure 1.10 for the flow past
a backward-facing step at Re = 500.

The harmonic gain curve reaches very large values up to G = 7480 over a relatively selective
range of frequency, the most amplified being located at w =0.47. Over this frequency range,
the spectrum is essentially flat and reveals only largely damped eigenvalues. Therefore the
harmonic gain can'’t be linked to a specific eigenmodal mechanism, but results from an
interaction between a vast amount of eigenmodes. This was also shown in Garnaud et al.
(2013b) to occur in a jet turbulent mean flow. Figure 4 in Garnaud et al. (2013b) shows large

harmonic gain up to G = 200 over a range of frequencies for which, in their figure 3, no
eigenvalues are standing out.

Convective non-normality

As for the transient gain, large values of harmonic gain in non-parallel flows can be linked to
the presence of a convectively unstable region. Under the assumption that the base flow varies
slowly in the streamwise direction, this can be quantified by a formal weakly non-parallel
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Figure 1.11: (a) Spatial growth rate at different frequencies. (b) The shaded area is the region
of local, convective instability. (c) Amplification factor in thick blue line compared with the
harmonic gain in dashed line. Reproduced from Boujo and Gallaire (2015)

(WKB]J) analysis (Huerre & Rossi, 1998). It leads to an integral amplification factor g(w) directly
as the exponential of the integral of the spatial growth rate, over the convectively unstable
region (thus the boundaries of the integral depend on the frequency)

g(w) =exp ( f —kY (w,x)dx). (1.43)

For the backward-facing step at Re = 500, the amplification factor is reported in figure 1.11,
where it is seen to compare well with the harmonic gain (whereas the latter does not make any
assumptions about the base flow weak non-parallelism). Specifically, it predicts well the most
amplified frequency w = 0.47, which can then be interpreted as the frequency leading to the
largest integral of — kl(.s) over space. Because it is linked to a convective instability, the global
spectrum in figure 1.10a does not show any outstanding eigenvalue at this frequency.

The work of Beneddine et al. (2016) argues that if a large harmonic gain at a given frequency is
associated with a convective instability mechanism, such as in the scenario we just presented
for w =0.47, there is a strong gap between it and the sub-optimal gains at this frequency (i.e.
11 > 12 > ...). Figure 1.10b corroborates this conclusion, for at w = 0.47 the ratio between
G =n; and 1 is particularly important = 200. Thereby, following (1.42), the response of the
backward-facing flow at Re = 500 to a structurally unspecified forcing, at the frequency close
to w = 0.47, will systematically and accurately resemble the most amplified response if{ This
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is an appreciable conceptual progress: by changing the paradigm from computing eigenmode
to computing singular modes, we could reduce the dynamics of the flow to a single (singular)
mode. This is despite the fact that the spectrum in figure 1.10a reveals the dynamics to result
from the combination of a large number of eigenmodes.

Alarge harmonic gain over some frequency interval implies the flow to largely amplify any
sustained small external disturbance whose Fourier decomposition contains these frequencies.
Therefore, as for the transient gain, it also indicates the propensity for the flow to trigger
nonlinearities which could make it transit to another state or regime, for instance, turbulence.
This motivated the development of methods aiming at extending the resolvent analysis in
nonlinear regimes.

Going nonlinear

Among them, the "self-consistent" method outlined in Manti¢-Lugo and Gallaire (2016b)
considered the effect of nonlinearities on the harmonic response to an external harmonic
forcing, under some simplifying hypothesis. The method consists of splitting the flow into
a mean (in time) component and a fluctuation. Both the mean flow and the fluctuation
are unknown to be solved for. The problem is closed by assuming the fluctuation to be
monochromatic (which can’t be exactly true in a nonlinear regime), so as to neglect the effect
of all harmonics. Under this hypothesis the fluctuation, oscillating at a pulsation w, obeys a
linear equation. That is because the quadratic nonlinearity of the Navier-Stokes equations
generates terms oscillating at 2w and w — w = 0 (forcing the mean flow), which don’t feedback
on w. The system of equations in Manti¢-Lugo and Gallaire (2016b) then consists of a linear,
externally forced, equation for the fluctuation at w, and a nonlinear equation for the mean
flow, forced by the Reynolds stress divergence of the fluctuation. This closed system is solved
iteratively for the flow past a backward-facing step at Re =500. It revealed the harmonic gain
to decrease with nonlinearities, as the mean flow presented a smaller recirculation region,
corresponding to a convectively unstable pocket of reduced size.

The technique advanced in Manti¢-Lugo and Gallaire (2016b) can be generalized by including
an arbitrary number of harmonics, at the cost of making the equation for the fluctuations
nonlinear (Rigas et al., 2021). The work of Bengana and Tuckerman (2021) proceeds from the
same generalization of Manti¢-Lugo et al. (2014) in the case of an unforced but unstable flow
(the fundamental frequency is that of the unstable mode). If for instance the 2w harmonic is
included in the fluctuation, the nonlinear fluctuation-fluctuation term will produce in partic-
ular —w + 2w = w and w + w = 2w interactions. Both feedback on their respective component of
the fluctuation, thus their governing equations are nonlinear. The resulting system is made of
N nonlinear coupled equations for N harmonics, and a nonlinear equation for the mean flow,
over which all perturbation feeds back through Reynolds stress divergence. Solving this system
is sometimes also referred to as the "harmonic balance" method. The number N of harmonics
to be included for an accurate description of the nonlinear flow is case-dependent and the
truncation is difficult to justify a priori. Indeed, contrary to asymptotic expansion methods,
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the self-consistent method does not formalize a hierarchical ordering between the amplitude
of the harmonics. In practice, harmonics are gradually included until the convergence of the
results (see figure 7 in Bengana and Tuckerman (2021)). Convergence curves are generally
found to be non-monotonous.

Since it describes a nonlinear response state, it can also be used for a nonlinear extension
of the problem of finding the maximum harmonic gain (1.38) (Rigas et al., 2021). Again, the
convergence of the optimal structures with the number of included harmonics needs to be
verified a posteriori. To the knowledge of the author, there are no conceptual differences
between the "harmonic balance" method and the "self-consistent" method.

In another context, the structures associated with the harmonic gain have sometimes proven
to be successful in reproducing the main feature of self-sustained, statistically steady turbulent
flows (Abreu et al., 2020; Amaral et al., 2021; McKeon & Sharma, 2010; Nogueira et al., 2019;
Pickering et al., 2020, 2021; Towne et al., 2018). In these analyses, the flow is not subject to
an external harmonic forcing but the turbulent fluctuations play the role of an endogenous
source of excitation. More precisely, the Navier-Stokes equations are reformulated as a non-
linear equation for the mean flow, forced by the Reynolds stress divergence of the turbulent
fluctuations, and an equation for the turbulent fluctuations (or several, one per wavenumber,
if written in the Fourier domain). The latter can be seen as an input-output problem through
the resolvent operator linearized around the mean flow, forced by the nonlinear fluctuations-
fluctuations term (see equations (2.11) and (2.12) in McKeon and Sharma (2010)). Say the
resolvent operator around the mean flow is close to being unit-rank for a given frequency,
which often proves to be the case for a turbulent flow with a strong mean advection. Then,
we know from (1.42) that the response is necessarily along its most amplified harmonic re-
sponse regardless of the forcing. Therefore, if only the structure (and not the amplitude) of
the response is sought, the nonlinear fluctuations-fluctuations forcing term needs not to be
computed. The amplitude of the fluctuation would remain unknown though, as it involves the
inner product between the most amplified forcing and the nonlinear fluctuations-fluctuations
forcing. This leads to a closure problem, for the mean flow equation requires knowledge of the
fluctuations through the Reynolds stress divergence term. This problem is typically contoured
by computing the mean flow with a turbulent eddy-viscosity model or reconstructing it from
data McKeon and Sharma (2010). An approximate manner to compute the amplitude of the
fluctuations from weakly nonlinear arguments has also been proposed Rosenberg et al. (2019).

In figure 1.12, are reproduced resolvent modes on a turbulent jet mean flow at M = 0.4 and
computed including an eddy-viscosity model. They are compared with the leading SPOD
modes, which optimally reproduce the flow statistics. The agreement is reasonable, partic-
ularly at St = 0.6 where the low-rank assumption was found in Pickering et al. (2020) to be
particularly well verified. The authors relate this to the fact that the large optimal response
results from a convective instability mechanism of the same (Kelvin-Helmholtz) nature as the
one presented below for the backward-facing step. This interpretation is in accordance with
the conclusions drawn in Beneddine et al. (2016).

26



Introduction Chapter 1

(@) 45

3,0.6 e
= L(:vuqm\'

1,005 |yiWuu| =04 ‘ ¥ Win| =0.72 B . 06m A Mkl = 0.87.
S =~ L O e N

— -~
| ===

0,005  |yiWu|=Qd4 M 002, iWu| =0. ) Q,%ﬂoéﬂ‘ﬂ:\ :se
g—— ) e s = SSSSSSY (M Ydesan s
5 10

0 10 20 30 0 5 10 15 20 0

Figure 1.12: Streamwise velocity perturbation of a turbulent jet flow at M = 0.4 and correspond-
ing to (a) the most energetic SPOD mode and (b) the resolvent response associated with the
largest gain on an eddy-viscosity mean flow. Included azimuthal wavenumbers are m € [0, 1, 3]
and frequencies St =[0.05,0.2,0.6]. The inner product between the SPOD and the resolvent
mode is also shown (the amplitude of the resolvent mode is chosen such as to maximize this
inner product). Reproduced from Pickering et al. (2020).

Thereby, just as transient growth has proven to be an important ingredient in the self-sustaining
of wall-bounded turbulent flow in figure 1.8b, linear non-normal mechanisms at work in the
harmonic response are here found essential in the self-sustained of a turbulent jet flow. In
both cases, the price to pay for linear analysis to be valid in a turbulent regime is that the
relevant operator (propagator or resolvent) should be constructed around a mean flow instead
of a base flow (which renders the adjective "linear" somewhat inappropriate), which goes with
a closure problem.

1.1.3 Response to a stochastic forcing

In this section, we appraise the effect of a stochastic sustained forcing on the linear perturba-
tion by solving (1.6) without an initial perturbation, but under the specific forcing

f(x,0) = f(x)¢(8;0), (1.44)

where f,(x) is a spatial structure and ¢(#;0) is a statistically steady scalar stochastic process,
not necessarily a white noise for the moment. The symbol 0 designates a random variable,
following a certain probability law. As an example, we could have ¢(¢;0) =sin(wt + 270) with 0
arandom phase following an uniform distribution 8 ~ %, 1;. We insist that the shape of the
forcing in (1.44) is far from being general, and a more complete stochastic excitation would
consist of the sum f(x,;0) =3; f ;(x)¢;(£;0;) together with spatio-temporal covariance
matrices.

In order to describe the forcing and the response in a statistical sense, the ensemble averaging
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operation, denoted {e}, is introduced. It consists of averaging over all processes, each corre-
sponding to a different value of . The temporal averaging operation over a finite-time signal
oflength T

1 T
::?f ods (1.45)
0

is also introduced, as well as the finite-time Fourier transform and its inverse

oo . +00 N .
E(w;0) = Lf (0 e e, E(t;0) = ﬁf E(w;0) e dw. (1.46)
VT Jo 27 Jooo

The process ¢(t;0) being by assumption statistically steady, it is unambiguously given by its
Fourier transform without loss of information about a transient regime. The linear response
(1.6) to (1.44) (and without initial condition) reads

ﬁeLt L ~Ls ¢ ¢ iws
Py fof_ooe [¢(w;0)e™ dwds

_VT [

T 27 Joo

u(t;0) =
(1.47)

[ R
e”f eI=Ds 45 (w;0)dw f .
0

Itis clear in (1.47) that if L possesses a neutral eigenvalue at a certain frequency and that & (w;6)
does not vanish at this same frequency, the response is subject to a resonance phenomenon,
namely, to an algebraic growth o ¢ of the neutral eigenmode. As we have shown, that is
because (iwI — L) will possess a null eigenvalue at this frequency, thus the exponential will
contain a unit term which will become ¢ after temporal integration. In the rest of this section,
let us consider the scenario where L is stable, such that (iwI — L)1 exists for all frequencies w.
Thereby (1.47) becomes

S=!

u(1;0) = z—ﬁ f M R(w) [e9TD3] 7 Ew;0)do f
T J-oo (1.48)

o0 ) Lt poo
:‘2/_: | é(w;e)R(w)fselwrdw_‘/Z; | éworrwf .

It is also constituted of a transient response to the forcing (second term on the right-hand side
in 1.48), due to the fact that # must be initially null. Such transient response eventually decays
in a linear regime since L is assumed to be linearly stable. The first term on the right-hand
side is the steady response in which the response is characterized by its Fourier transform

it(w;0) = EW;0)RW) f . (1.49)

In line with previous approaches concerning transient growth and the harmonic response,
for a given process ¢, one can construct an orthonormal basis of forcing structure onto
which an unspecified structure f; can be projected. These structures can be ranked by the
respective contributions of their responses in the variance of the total response. This amounts
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to maximizing the variance-to-intensity gain G; as

£;0)2
G2=max{”u( )“} (1.50)

Sf ILf 1%
The variance of the response can be expressed in the Fourier domain as (Parseval’s theorem)
{lutone} = [~ [ tawionatsom e dads
412 J- o0 J-co

- [ péwort (s,
= <fs|st>

R'RW)f,)do (1.51)

where we used the definition of the Dirac impulse ei!¢6~®) = 276 (s — w)/ T, and where we
defined the self-adjoint, strictly positive definite operator

1 [® .
B:g[ {1€(@;0)1*} R (@) R(w)dw. (1.52)

Subsequently, the maximum stochastic gain (1.50) is also equal to

GZ - max <fs|st>‘
AR D)

The orthonormal set of optimal and sub-optimal stochastic forcing (real) structures are then

(1.53)

found as the eigenmodes f j (normalized as IIf jll=1) of the operator B
Bf;=15f;i=12 (1.54)

associated with real eigenvalues u?. The stochastic forcing structure ]~°1 leads to the largest
variance amplification, equal to G2 = ,u%. The stochastic process ¢(t;8) can be chosen as a

delta-correlated white noise, characterized in the temporal domain as {{(;0)¢(f + 5;0)} =0 (s).
Using Fourier transforms it is shown to correspond to {If (@;0)} = 1, Yo in the frequency
domain. In the latter case, the operator B in (1.52) is similar to the one derived in Farrell and
Ioannou (1993).

Once again the orthonormal family f j is found to be particularly informative if the operator B
is low-rank. Say the linear system is subject to a more generic forcing

N
fx,50)=) fi(x)ét;05) = F(x)&(1;0), with
k=1 (1.55)

F(x) = [flrfz’-“’fN]! and é(t;a) = [f(t)el)’f(t)e?_)n-~)£(t;0N)]T-

where the f s are some unspecified forcing structures. The random variables 6 all follow the
same probability law but are independent of each other, such that the processes ¢(t;0) are
uncorrelated (i.e. {6 (t;0;)é(t;0 j)} =0if i # j and same in the Fourier domain). Thereby the
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variance of the response is
R 1 oo N N
{||u(t;0)||2}=§f Y3 (R@) f e[ {300 E@;0)} R) f ) do
- TS

_ % f Ty (w00 R @R@) ) do
—00 %

- (1.56)
= ; <fk % f N {lE@;601%} RT(w)R(w)dwfk>
= Xk: (FelBfi)
In addition, each f,. can be decomposed in the orthonormal f j family simply as
fk:;<fj|fk>}‘jr (1.57)
which permits to write the variance of the response as
- 2l

If each f does not favor a particular sub-optimal, and under the low-rank assumption for the
operator B, u; > > ..., and the variance of the response is well approached by

{luor} Ul (1.59)

Thereby, in a statistical sense (at least for the variance), the stochastic response is dominated
by the response to f, which greatly simplifies the description of the system. Note that if in
addition the resolvent operator R(w) also is low-rank, each w component of the stochastic
response (1.49) is well described by the leading singular modes of R(w).

Extracting the relevance structures can also be made directly at the response level, by com-

puting the covariance operator C (e) = {u(t;ﬂ) (u(t;H)Io)} of the response to the forcing (1.55).
The operator C (¢) applies over some deterministic, time-independent field g = g(x) as

C(g)= {u(t;e) (u(t;0)|g>}

1 [ . (1.60)
=§f R@)F {§(©;0)§@;0)"} (F'R(@)'g ) do.

with (e) the spatial integration. It was used that it(w;0) = R(w) F&(w;0) and &(w;0) does not
depend on space. In case of white noise {&(w; 0)&(w;0)"'} = I, leading to the same operator as
in Farrell and Ioannou (1993). Note that the operator C (¢) depends on F whereas B does not.
We can postulate the following decomposition of the response

ux, ;0)=) (5000 (x)=D(x)5(£;0), P=[d),¢,,...] (1.61)
k
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with the ¢;s an orthonormal family and the {(¢;0;)s some a priori unknown uncorrelated (i.e.
{((t; 0:,){(t; 6]-)} =0if i # j) stochastic processes. Decomposition (1.61) is associated with the
covariance operator applied to g

C(g)= {u(t;G) <u(t;0)|g>} :Q5$f_oo {(;0)¢(;0)"} dw <q§Tg> :@F<q5*g>,

T

(1.62)

where ['= diag(ﬁ,y%, ...) is a diagonal operator since the {(t;0;)s are uncorrelated, and where
we defined ﬁc =@2m! ffgo{lf(w;ek)lz}dw, the variance of {(t;0}). Since <<pl. "’j> =8;j, we
have (®a|®Pb) = {(a|b) = (u|§Z5T§Z5b> for all a,b. As a consequence, we directly have o=t
From (1.62),

C(g):@F<@T>,Vg€@(C), then Cop=yipr, k=1,2,.. (1.63)

easily shown by selecting g = ¢; for k=1,2,.... Equation (1.63) provides both ¢y as the kth
(real) eigenmode of the real, self-adjoint operator C, and }/i as kth (real) eigenvalue of C.
Ranking ﬁc in decreasing order, the response u is often found to be well approximated by
a few of the leading yi (again C is found to be low-rank). In practice, C is often computed
directly from data, precisely because (1.60) requires the knowledge of the forcing structures
which is difficult to estimate in realistic situations. Then, solving (1.63) amounts to perform
the celebrated "POD" for Proper Orthogonal Decomposition (see Berkooz et al. (1993) for a
review).

The theoretical framework for a non-modal stochastic forcing analysis of the linearized Navier-
Stokes equation, as reconstituted above, was introduced in Farrell and Ioannou (1993, 1994,
1996). Taking the stochastic forcing as white noise processes, the stochastic gains p; and the
associated forcing and response structures f j and ¢, respectively, were computed for the
plane Poiseuille and Couette flow (Farrell & Ioannou, 1993). The analysis was also carried
out for the Lamb-Oseen vortex flow (Fontane et al., 2008) and the non-parallel flow past a
backward-facing step (Boujo & Gallaire, 2015; Dergham et al., 2013). In all these studies,
the stochastic gains are often found to be enormous, revealing these flows to be extremely
receptive to external stochastic disturbances.

Nonlinear extensions

Once again, the linear non-modal analysis of the receptivity to stochastic forcing can be
extended to a nonlinear regime, upon considering fluctuations around a mean flow instead of
a base flow. As mentioned, this approach is nonetheless subject to a closure problem, which
can be circumvented by either modeling are neglecting some nonlinear terms. We presented
in figure 1.12 a case where the mean flow was obtained by an eddy-viscosity model, which
amounts to modeling the Reynolds stress divergence of the fluctuations forcing the mean flow.
Around this mean flow, the structure of the most amplified perturbation can be computed. In
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the following lines, we briefly present another, and presumably non-equivalent, manner to
bypass the closure problem. This will result in a closed coupled system for both the mean flow
and its fluctuations.

It is known under the name of SSST (Stochastic Structural Stability Theory) and was introduced
in Farrell and Ioannou (2003) in the context of two-dimensional turbulent jets in a x-periodic
domain. The idea is to decompose the flow into a mean U(y), averaged in the x direction, and
the sum of fluctuations (not necessarily small) q;(y), each oscillating with wavenumber k in
x. Under some hypotheses, they evolve according to the following system

d k

a _ -Y —diag [%(qkqllj)AT -ruU,

4 (1.64)
% = Lyq+VeFiép, k=1,2,..

where Ly designates the linearized Navier-Stokes operator around the mean flow U. System
(1.64) has been reproduced from Farrell and Ioannou (2019). The nonlinear Reynolds stress
divergence of the fluctuations is included in the mean flow equation (summation term).
However, in the equation for q;, the nonlinear forcing (convolution) term accounting for the
fluctuations-fluctuations interactions (generating wavenumber k) has been modeled by a
series of uncorrelated white (in time) noise processes Fy¢, parameterized by an intensity €.
The covariance matrix of the fluctuation C = {q, q?} in the statistically steady regime obeys

dU k ..
T —nglag[%(qkq?)AT] -rU,
k (1.65)
S _, Ce+CiLl +€Qy, k=1,2
q; - LuCr+ Cely o k=1,2,..

with Qi = FFl1, Fy postulated a priori with physical arguments. In the equation for g, mod-
eling the nonlinear fluctuations-fluctuations forcing term by white noise processes is a strong
hypothesis, often justified by the fact that Ly is generically strongly non-normal. Thereby
the stochastic response g, is dominated by a few leading modes and does not depend on the
details of the excitation. The mean flow is generally stable, but the equilibrium solution(s)
of the coupled system (1.65), which includes a non-normally amplified fluctuation, has no
reason to be. A stable fixed point of (1.65) corresponds to a statistically steady turbulent state.
As represented in figure 1.13, the number and the stability of the equilibrium solution(s) (as
well as their nature, fixed point, limit cycle, etc...) may be modified by increasing the parameter
€. In figure 1.13, the SSST successfully predicts the turbulent flow to reach a statistically steady
state with 7 =4 zonal jets. In another context, it was also efficient in describing the interaction
between rolls and streaks appearing in the transition to turbulence in the three-dimensional
Couette flow (Farrell & Ioannou, 2012).

The fluctuations-fluctuations nonlinear interaction terms in the equation for the fluctuations,
instead of being replaced by white noise, are sometimes simply ignored. This leads to a class

32



Introduction Chapter 1

a)

LR By

. 0 500 1000 1500 2000

e
‘ : : 9 \.
wE Qe S o ¢ 3 S3T U(y.t) , e/e.=20
. . A r . .

oo
oo

0 500 1000 1500 2000
t

Figure 1.13: (a) Stability diagram of the system (1.65) as a function of the number of zonal jets
n of and the normalized parameter €/¢. (¢, the minimum value of € on the dashed line). Below
the dashed curve, the homogeneous state U =0 is stable and no jets appear. Above, U =0 is
unstable and new statistically steady states appear as fixed points in (1.65), characterized but
the number of zonal jets n. A full (resp. empty) circle corresponds to stable (resp. unstable)
fixed points. For €/e. = 20 and n =4, the stable fixed point (finite amplitude equilibrium jets) is
shown as the steady regime of the Hovmdller diagram in (c), which compares well with fully
nonlinear simulations in (b). Reproduced from Farrell and Ioannou (2019).

of models called "semi-linear": nonlinear for the mean, and linear for the fluctuations. It
was recently generalized in Marston et al. (2016) such as to include fluctuations-fluctuations
interactions at the large scales only.

In considering the effect of nonlinearities on the response of the backward-facing step to
external white noise forcing, Manti¢-Lugo and Gallaire (2016a) also chose to neglect the
fluctuations-fluctuations interaction terms, in the equation for the fluctuations. Specifically,
the system was rewritten as (i) an equation for the (temporal) mean flow nonlinearly forced by a
frequency (convolution) integral of the Reynolds stress divergence of the fluctuating part of the
response, and (ii) a linear equation for the latter. Indeed the equation for the fluctuating part of
the response had been linearized around the mean flow and was simply forced by the applied
external forcing. Then, by discretizing the convolution integral in the frequency domain, the
authors could solve the coupled system iteratively until the convergence of the fields and
associated nonlinear stochastic gain. The latter was found to be in good agreement with fully
nonlinear results and to significantly decrease while increasing the forcing amplitude. This
was explained by the fact that the mean flow presented an increasingly reduced convectively
unstable recirculation region.

As a summary, in the present section, we have reviewed the linear dynamics of a small pertur-
bation, both under modal and non-modal aspects. In particular, we have briefly discussed
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how non-modal analyses can lead to a greatly reduced yet accurate description of the flow
dynamics in certain regimes. Aiming at projecting the flow dynamics, many attempts to
import these linear modal and non-modal techniques in fully nonlinear regimes have been
mentioned. They generally rely on a mean-fluctuation decomposition and are subject to clo-
sure problems, circumvented by either modeling are ignoring some nonlinear terms. Different
closures between different models have no reasons to be equivalent, and, in fact, they are not
Nivarti et al. (2022).

The following section also will be concerned with nonlinear effects. Although we will allow
us a strong starting hypothesis, the procedure will enable a careful, mathematically justified,
treatment of nonlinear terms.

34



Introduction Chapter 1

1.2 Weakly nonlinear dynamics

Small amplitude disturbances over a linearly unstable system grow exponentially until nonlin-
earities can’t be neglected anymore. A "weakly nonlinear" analysis unravels the leading-order
nonlinear effects, sufficient to compute a finite-amplitude asymptotic solution in specific
regimes. We briefly recall the procedure in the following lines, focusing on the most simple
configuration. Remarkably, weakly nonlinear behaviors will be captured by solving linear
problems only.

The very first assumption to be made in performing a weakly nonlinear analysis is that the
external parameter should be asymptotically close to its "critical" value, where the system is
linearly neutral. This assumption is primordial for the procedure to find proper closure, as will
become clear in a moment. Thereby, a small quantity € <« 1 is introduced to quantify some
distance to criticality in the parameter space.

For the Navier-Stokes equations, the relevant external parameter in the Reynolds number Re.
We denote L, as the linearized Navier-Stokes operator for Re = Re,, Re, being the critical value
at which L (assumed real) possesses a pair of (neutral) complex conjugate eigenvalues +iw,.
We further assume that these are the only neutral eigenvalues of L, all the others possessing a
strictly negative growth rate.

The weakly nonlinear method imposes to consider Re numbers close to Re,, rationalized as

11,

1.1 _ (1.66)

Re Re;
The scaling (1.66) applies to the inverse of the Reynolds numbers, as it appears in the Navier-
Stokes equations. The reason for which the small parameter € is raised to power two specifically
will be clarified in a moment. At a Re number slightly larger than Re, according to (1.66), the
pair of neutral eigenvalues become unstable with a growth rate of O(e?). This can be quantified
by relying on the sensitivity analysis of the eigenvalues +iw; to a —e> A operator perturbation
of L.. As a consequence, a pair of complex conjugate linearly unstable eigenmodes grow
exponentially, until nonlinearities have an effect after a long time of O(e™2). If the period
2n/w; = O(1), the response then possesses two time scales: a time scale of O(1) over which it
oscillates, and another of O(¢2) over which the amplitude of the oscillations are modulated,
both linearly and nonlinearly. This separation of time scales is illustrated in figure 1.14(g) for
the cylinder flow at Re = 100 (unstable base flow shown in figure 1.14(a)), corresponding to
€2 =1072. Oscillating eigenmodes grow exponentially until, at £ = 0(10?), nonlinearities set in.

Thereby the flow field is thought of as depending on two independent time variables. The
first, 7, is referred to as the "fast" time and captures the phase variations. The second, T, is
referred to as the "slow" time and aims at describing amplitude modulations. The solution
will eventually depend only on # upon evaluating its two intrinsic variables 7 and T over the
lines 7 = t and T =€?¢. Under this description, the partial derivative with respect to t present
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Figure 1.14: Some flow fields for the cylinder flow at Re = 100 (past a Hopf bifurcation at
Re.=47). (a) Base flow and (b) temporal mean flow. (c) Linearly unstable mode around the
base flow and (d) fluctuation instantaneous snapshot around the mean flow. Are also shown
the streamwise component of the Reynolds stress divergence of (e) the unstable eigenmode
and (f) the fluctuation around the mean flow. (g) Monitoring of the streamwise velocity,
revealing its transient evolution from linear instability to nonlinear saturation (the flow was
initiated along its unstable eigenmode with a small amplitude and two different phases). (h)
Associated temporal evolution of the unstable mode amplitude (black is the fully nonlinear
solution and green is the self-consistent approach). Figure reproduced from Manti¢-Lugo et al.
(2015).

in the original equation becomes

8ul—(t) 3 gaui(r, T) + 6_T(9u,~(r, T)
ot ot or (7, T)=(t,€21) ot oT (7, T)=(t,€21) (1.67)
_ 8u,~ +€2 Oui
Cor oT”

By abuse of notation, 7 is sometimes simply written ¢ in the literature. Note that in all general-
ities, times scales that are even slower than T, for instance, T» = €*¢, Ty = €°¢, etc... could be
introduced, but won’t be necessary in what follows.

Furthermore, the solution is sought as an asymptotic power series of €, such that
w(t, T)=Up+eur (7, T) +e*up(t, T) + € uz(t, T) + O(e*), (1.68)

where the spatial dependence was implied, and where U}, . is a neutral fixed point, solving the
fully nonlinear steady Navier-Stokes equations at Re = Re.. Expansion (1.68) will sometimes
be referred to as "multiple scale asymptotic expansion". The relevance of multiple scale
asymptotic expansion is well established, not only in fluid mechanics but more generally in
the field of nonlinear partial differential equations (Bender & Orszag, 1978; Glendinning, 1994;
Hinch, 1991).

Substituting (1.68), (1.67) and (1.66) in the Navier-Stokes equations (1.1), and factorizing terms
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in powers of ¢ yields a cascade of linear problems to be solved successively. At order €° the
steady, fully nonlinear Navier-Stokes equation is recovered

0=—(Up.-V)Up.—Vp+Re, ' AUy, . (1.69)

which is satisfied by the construction of Uy, .. At the next order €, the equation corresponds to
the unforced linearized Navier-Stokes equation around Uy,

Oru1=Lcu. (1.70)

The solution of this equation is given by (1.17), studied in more detail in the previous section.
As we have seen, it is generally subject to transient growth phenomena before relaxing to its
neutral mode, say g, associated with the eigenvalue iw; (i.e. iw) g = L.g). Transient growth is
avoided if the perturbation is initialized along g, corresponding to the solution

w (7, T) = A(T)§e“*" +c.c., (1.71)

valid for all 7. The scalar A(T) is a complex amplitude, for the moment undetermined. It can
be included since 7 and T are independent, thereby 0; (Au;) = AO;u; and A cancels out in
(1.70).

At order €2, is collected a linear but forced equation
Ortty = Loty — AUy . — 2| APCLG, g*1 - (€77 A*Clg, g +c.c.), (1.72)

where we defined the advection operator
~ 1 ~ ~
C[g,h]:i[(g-V)h+(h-V)g]. (1.73)

Owing to the orthogonality of Fourier modes at distinct frequencies, the particular solution to
(1.72) in the asymptotic limit 7 — oo (i.e. in the steady regime after the transients have faded
away) reads

ws(7, T) = g9 + | ACT) Pu + (eZi‘“l’A(T)Zag‘z + c.c.), (1.74)
with
Lettgy=—-AUp,, Leu"=-2C[4,4%], and QiwI-Load =-Clg, 4.  (1.75)

By assumption, L. does not possess an eigenvalue at either 0 or 2iw;, thereby linear problems
in (1.75) can directly be solved for. The fields thus generated are associated with the following
physical interpretations, respectively
2
« Inevaluating the expansion (1.68), the non-oscillating part reads U, o +€2uz g +¢2| Al u .
Consequently, the field u, o corrects the base flow Uy, . with an amplitude €2. It accounts
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for the fact that we consider a Re number slightly above its critical value Re, at which
Uy . was computed.

¢ The field uIZA|2 also is a correction to the base flow, with an amplitude €?|Al%. Tt ac-
commodates the fact that the mode ¢, of amplitude €A and frequency w;, nonlinearly
interacts with its complex conjugate to bring about a non-oscillating term (iw; —iw; = 0).
2 u'ZA|2 represents the difference between the base flow at a given Re
(approximated by Uy, . + €% u, o) and the time-averaged mean flow.

In this sense, €2| A

In (1.75), the forcing term 2C[qg, g *] at the origin of u'zA|2 is called the "Reynolds stress
divergence".

¢ The field %42 is a component of the overall solution with amplitude e? A%, that oscillates
at the first harmonic frequency 2w;. It results from the nonlinear interaction of the
mode with itself.

At this second-order, the homogeneous solution along g with an arbitrary amplitude (say A»)
can be left apart without loss of generality (Fujimura, 1991). This way, A alone carries the
component of the flow field on g, without needing to redefine the latter as A + €A + O(€?).

Pursuing the computation up to order € leads to solving the linear problem
Otz = Loug + (€17 5, + €17 f5 . +c.c), (1.76)
or, equivalently,

Orug pnr = Leug pr + (esw)ﬂfs,nr + C'C') ) (1.77)
01T ¥ : '
Ovuzr=Leus, + (V" f3,+cc), with wug=us, +us .

The operator L. has no eigenvalue in 3iw;, thereby the first problem in (1.77) is non-resonant
(hence the subscript "nr"). Its solution in the asymptotic limit T — oo, is found upon inverting

(Biwy I = L)z pr = jc(‘u,nr =—2A%C[q, itzz], and w3, = e?’i‘””itg,m +c.c., (1.78)
yields the third harmonic component of the flow field.

However, the second problem in (1.77) leads to a resonance as described in section 1.1.2, as
the system is forced at its neutral eigenfrequency. We have shown in (1.33) that the solution
of such a linear, resonant system contains a term o 7 which diverges in the limit 7 — oo, of
interest here. That is true except if its proportionality factor is identically null, which, according
to (1.33), amounts to imposing

<‘7T }‘S,r> =0,
where  f3,=—AAg-2AC(q,u20] - 241 (Clg, w1+ Clg", ")) - gor A

(1.79)
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In other terms, the forcing structure f&, must be orthogonal to the kernel of the adjoint
operator (—iw1 I — LY), which also is the adjoint neutral eigenmode g'. This orthogonality
condition must be imposed under the inner product (1.7), employed for computing the adjoint
operator.

Note that, had the direct and adjoint eigenmodes been calculated by including a mass matrix
in the eigenvalue problems, the condition (1.79) would still hold without including this mass
matrix in the inner product.

non

The "non-resonance", "solvability", or "compatibility" condition (1.79), also sometimes called
"Fredholm alternative", leads to an ordinary differential equation for A

dA
S2_AA— (o + ) ALAP, 1.80)
dT (o 2) |A| (

where we have defined

(a'|cia, g
(a'la)

2014, uz0l + AG) ) <€I*‘2C[fi, u'zA‘2]>

(' .
(a'|a) e (a'|a)

A=— ]>_ (1.81)

, and =

The amplitude equation (1.80) corresponds to the celebrated Stuart-Landau equation (Stuart,
1960). It can be re-expressed in terms of ¢ by evaluating T =¢€*¢

dAE®r)  ,dA(T)
dr AT |pes

=€?AA—€*(ug + p2) Al A%, (1.82)
which eventually gives for the rescaled amplitude a(e?t) = e A(€* 1) e'®?

da . 2 2

d_t:(1w1+€ ANa— (uo+ po)alal. (1.83)
The asymptotic expansion (1.67) for the flow field becomes

2
w=Uy,+(ag +c.c)+euyg+lalu’ + @) +c.c)+0e) (1.84)

with a = O(e), and where we have neglected some transient, decaying terms appearing at 0?)
and O(e%).

The physical interpretation of A and yg in (1.81) is unraveled by noticing that an infinitesimal
displacement 60 ; of an eigenvalue o j, induced by an infinitesimal perturbation 6L of the
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operator L writes
6(Lg;)=06(0;q;)
= (v, )+ (a0, =000 (a,) o a0
. N . . . (1.85)
= (ajjeva;)+(casiea;) =00 (aj]a;) + o, (arioa;)
At A
(aj|ona;)
At| A
(a)la;)
Furthermore, a perturbation § L of the linearized Navier-Stokes operator induced solely by a
perturbation Uy, in the base flow can be written using (1.5) as

:>5(Uj) =

(OL)e =—2C[6Uy, *]. (1.86)

It is associated with an eigenvalue perturbation

<q}|2C[6Ub,a;j]>
(a]a;)

The comparison between (1.87) and the expressions for A and p in (1.81) directly suggest the

Sp=— (1.87)

following interpretations.

* The coefficient A is the displacement (or "sensitivity") of the neutral eigenvalue iw;
induced by the modification u, o to the base flow. Furthermore, the term in Ag takes
into account the effect of increasing the Re number on the mode g itself. In other terms,
the eigenvalue iw; of the linearized operator at Re,, drifts to iw; + €2 (at leading-order)
by considering a Re number slightly above Re. according to (1.66). For this reason, the
real part of A is expected to be positive, and the linear term in (1.83) to describe a linear
instability.

* The coefficient y is the displacement of the neutral eigenvalue iw; that results from
the nonlinearly-induced mean-flow correction u'zAIZ to the base flow. Note that g
enters with a negative sign in (1.83). Thereby if it has a positive real part, the mean
flow correction, with an amplitude lal?, has a stabilizing effect on the mode which

counterbalances the linear instability when a has become sufficiently large.

* The coefficient u, has no eigenvalue sensitivity translation, for it involves §* instead
of g. It quantifies how the second harmonic field itg‘z nonlinearly interacts with the
complex conjugate of the mode §*, which feeds back on the mode and brings about a
modification of its eigenvalue. It enters in (1.83) the same way as p does, thus in effect
itis their sum u = g + o that determines the weakly nonlinear behavior.
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Figure 1.15: Oscillation frequency of the flow past a cylinder (same as in figure 1.14) as a
function of the Re number. The continuous blue line is the weakly nonlinear frequency @
given in (1.88), triangle markers are experimental data, circle markers are data from fully
nonlinear simulations, and square markers results from self-consistent computations (Mantic-
Lugo et al., 2014). Figure reproduced from Gallaire et al. (2016).

If p, the real part of u is positive, equation (1.83) predicts nonlinearities to saturate the
instability towards a limit cycle with equilibrium amplitude 7 and frequency @ given by

A 1 1 A
Fz=ey/~Loxy/=—-—, and @=w;+e*A; —€e*pu; ==, (1.88)
Ur Re. Re Ur

In addition to the linear drift €21; due to the change in Re number, the frequency w; is
nonlinearly corrected by € ;A / ;. For the flow past a cylinder, the comparison between the
weakly nonlinear frequency predicted in (1.88), and the one extracted from fully nonlinear
computations is shown in figure 1.15. The frequency predicted by a linear stability analysis
over the base flow (captured at leading order by w; +€21;) is also included. The latter fails to
predict the limit cycle frequency both quantitatively and qualitatively, but the weakly nonlinear
approximation brings a substantial amelioration.

It was shown in Sipp and Lebedev (2007) that, for this specific flow, || > |u2| such that
weakly nonlinear saturating effects predominantly stem from the mean-flow correction u‘ZAlz.
That is why the self-consistent model introduced in Manti¢-Lugo et al. (2014), and relying
on the assumption that harmonics have no effects, is so effective in predicting the nonlinear
frequency in figure 1.15. The saturating effect of the mean flow correction is physically
understood by comparing figure 1.14(a) and figure 1.14(b). It appears to substantially reduce
the extent of the (absolutely unstable) shear layer behind the cylinder, thereby tending to

stabilize the flow.

In this sense, computing and comparing the weakly nonlinear coefficient o with p» is a
manner to assess a priori if the self-consistent method in its original form (Manti¢-Lugo et al.,
2014) is appropriate, or if it needs to be extended (Bengana & Tuckerman, 2021; Meliga, 2017).
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Figure 1.16: Sketch of a supercritical (left) and subcritical (right) bifurcation as a function of
some external parameter (Re here). Dashed lines for unstable equilibrium solutions and full
lines for stable ones. The vertical line denotes ReRe,. Figure reproduced from Schmid and
Brandt (2014a).

For the flow past cavity Sipp and Lebedev (2007) demonstrate that |ug| ~ |u2|. For this reason,
the self-consistent method needs to be extended by including the effect of second harmonic,
to properly predict the nonlinear saturation (Meliga, 2017).

The equilibrium solution (1.88) characterizes a "supercritical Hopf" bifurcation. The name
"Hopf" designates the fact that it is a pair of complex conjugate eigenvalues that become
unstable, and not for instance a single real one. The adjective "supercritical" results from
the fact that y, > 0, therefore leading-order nonlinearities have a saturating effect and are
sufficient to predict a nonlinear limit cycle (see the left frame in figure 1.16). If y, <0, the
Hopf bifurcation is qualified as "subcritical", and the weakly nonlinear procedure needs to be
pursued to 0O(ed) (at least). This would yield a term in 4| al* in the amplitude equation, from
which a stable equilibrium solution could be predicted. The latter, if existing, can be shown to
persist for Re inferior to Re,, implying the possibility for the flow to transit towards another
attractor before it becomes linearly unstable (see the right frame in figure 1.16). We thereby
make the distinction between a transition and a bifurcation.

Aword on the scaling in €? appearing in (1.66). It is possible to replace, for instance, €? by € in
(1.66). To be consistent, this requires introducing an intermediate slow time in e¢. This results
in the field u, ¢ appearing as a particular solution at first-order. At second-order, it interacts
with g such as to create a resonant forcing term « A oscillating at iw;, and the Fredholm
alternative needs to be imposed already. The computations then need to be pursued at third-
order to capture the cubic nonlinearity in the Stuart-Landau equation. The final amplitude
equation has the same form as (1.83), with a term in A and a term in A|AJ?, but both the
computations and the ensuing expressions for the coefficients are significantly heavier. This
is a consequence of Re being a priori permitted to make a larger excursion above Re.. In
this sense, the scaling in (1.66) is motivated as being the one leading the simplest possible
expression for the coefficients, for the same minimal-order form of the amplitude equation
(which in the case of a Hopf bifurcation is a term in A and a term in AlA]).

As reviewed in Fauve (1998) the reduction of the Navier-Stokes equations to an amplitude
equation, by using weakly nonlinear expansions in the vicinity of a bifurcation point, has been
early performed for a variety of parallel flows (Chiffaudel & Fauve, 1987; Chossat & Iooss, 1994;
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Crawford et al., 1988; Cross, 1986; Golubitsky & Stewart, 1985). The first works of this kind date
back to Gor’kov (1957) and Malkus and Veronis (1958) for thermal convection problems and to
Stuart (1958, 1960) and Watson (1960) for parallel shear flows. The amplitude equation could
systematically discriminate between the supercritical and subcritical nature of the considered
bifurcation. It was for instance shown in Chossat and Iooss (1994) that the Taylor-Couette
instability is supercritical, whereas the instability occurring in the plane Poiseuille flow at
Re, =5772 is subcritical.

Accounting for non-parallelism in the base flow, by considering a second or even a third di-
mension, increases the size of the discretized operators and thus requires larger computational
power. As a consequence, constructing amplitude equations non-parallel base flows was only
performed recently. Among the first to do so were Sipp and Lebedev (2007), Meliga et al. (2009).
Weakly nonlinear expansions still are the object of current research and were recently found
to capture well the double crest swirling motion in a circular sloshing flow Bongarzone et al.
(2022), extended to elliptic-type container excitation in Marcotte et al. (2023). As another
example, Buza et al. (2022) recently derived an amplitude equation for the center-mode bifur-
cation of rectilinear viscoelastic shear flow, showing the nature of the bifurcation to depend
on the Reynolds and Weissenberg numbers.

There exist some other techniques than the multiple scales weakly nonlinear expansion to de-
rive amplitude equations. Among them, is the "center manifold theory", outlined for instance
in Guckenheimer and Holmes (1983) or Haragus and Iooss (2011). The center manifold is a
nonlinear invariant manifold in the phase space (W¢ in figure 1.17) that, at the equilibrium
point, is tangent to the neutral (linear) eigenspace (E¢ in figure 1.17). We consider in what
follows that the unstable manifold (E* in figure 1.17) is empty (i.e., the linearized operator has
no eigenvalues with strictly positive growth rates). The center manifold is characterized by the
graph of a smooth function, say h, that takes as arguments the coordinates along the neutral
eigenspace E°, say x, and maps it into the phase space that includes coordinates along the
stable eigenspace E°, say y. In mathematical terms

We={(x,y) eRY:y=h(x), 0=h(0), Dyhlx-0=0}, (1.89)

where N is the dimension of the system, Dy the Jacobian matrix and (x,y) = (0,0) is an
equilibrium. In other terms, all along the center manifold W¢, the coordinates along the stable
eigenmodes are enslaved into the coordinates along the neutral eigenmodes.

A generic nonlinear dynamical system, diagonalized such that x and y naturally appear as
state variables, can be decomposed as

g—ch+Nc(x )
dt_ ’y’

dy
—~ — L’y +N%(x, ),
ar Y (x,y)

(1.90)

where L¢ and L° designate the projection of the diagonalized version of the linearized operator
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wC

w u
Figure 1.17: In the phase space are highlighted the stable, unstable, and center eigenspaces

(E®, E*, and E€, respectively) as well as the stable, unstable, and center manifolds (W*, W4,
and W¥¢, respectively). Figure reproduced from Guckenheimer and Holmes (1983).

L onto the neutral and stable eigenspaces, respectively. The symbols N¢ and N°® designate
generic nonlinear terms, projected in the same way. By definition, W° must be an invariant of
the system thus the function k must solve the governing equations (1.90). Consequently, it is
determined by injecting y = h(x) into the second equation (1.90), leading to an equation for h

th(x)%:Lsh(x)+Ns(x,h(x)), (1.91)

subject to the boundary conditions specified in (1.89). The ensuing dynamics along the
manifold W€ is found by evaluating the first equation in y = h(x), leading to

dx
— =L°x+ N°(x, h(x)). (1.92)
dt
Such dynamics are particularly relevant to the system, for the center manifold, if not necessar-
ily unique, can be shown to be locally attracting.

Unfortunately, equation (1.91) for k generally is as difficult to solve as the original one. There-
fore its solution is typically sought as being polynomial in x

J J J

where A" is a tensor of order n that contains polynomial coefficients (unknown and to be
solved for). Expansion (1.93) typically is truncated at the minimal, relevant order, and the
polynomial coefficients are determined by identification between the left-hand and the right-
hand sides in (1.91). The amplitude equation is then found by evaluating (1.92) along this
truncated polynomial approximation of k. Indeed the coordinates x, amplitudes along the
neutral eigenspace, play the role of a and a* according to our previous terminology for the
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Hopf bifurcation (1.83).

As previously mentioned, the center manifold need not be unique. This motivated recent
developments from Haller and Ponsioen (2016) and Li et al. (2022) on the computation of a
"spectral submanifold" (sometimes abbreviated in "SSM"), which is the unique, smoothest
possible of all the center manifolds. This was applied for instance in the context of solid
mechanics in Jain et al. (2018) for reducing the dynamics of a Von-Karman beam. In fluids
mechanics, the SSM theory was at the basis of the numerical tools deployed in Kaszas et al.
(2022) for transitions among exact coherent states in the plane Couette flow.

The question of the equivalence between the center manifold and the weakly nonlinear meth-
ods, for the reduction of the Navier-Stokes equation, arises. In Knobloch and Guckenheimer
(1983), concerned with the convection in a horizontal layer rotating about a vertical axis, the
amplitude equations derived by using both methods were found to be identical to each other.
In addition, the paper of Fujimura (1991) has demonstrated in a more general context the
equivalence of both methods under the appropriate definition of the disturbance amplitude.
In the case of the Hopf bifurcation, x = (a, a*) and the polynomial expansion (1.93) for h is
expected to be equivalent to that in (1.84) (for u — U} (). Indeed, the weakly nonlinear expan-
sion (1.84), like h, takes solely the coordinates along the neutral mode as arguments, and
the resulting field u — Uy, . projects over all the stable modes through the higher-order fields.
Thereby, the expansion (1.84) also computes the leading-order nonlinear curvature of E€ in
the phase space, since higher-order fields are generically not along the neutral eigenmodes.

Note that the "normal form theory" (Guckenheimer & Holmes, 1983; Haragus & Iooss, 2011) is
another technique to reduce a nonlinear dynamical system, of generic form
dx
—=N(x), (1.94)
dt
to an amplitude equation. Without loss of generality, we assume x = 0 to be a fixed point of
(1.94), around which the system is expanded as

dx
o7 =L+ 22 Y My xjei + Ol I) (1.95)
i j ok

where L is assumed to be diagonal, again without loss of generality upon a change of variable.
The symbol M""” designates a tensor of order n that contains polynomial coefficients, and e;
is a unit vector in the direction x; (i.e. the eigenmode associated with the ith eigenvalue of the
diagonal operator L). The idea behind the normal form theory is to perform a sequence of
changes in variables such that, in the new variables after a change, the polynomial of smallest
degree in (1.95) has one degree more. This way, by proceeding with the sequence of change
in variables, nonlinear terms are found at higher and higher orders, i.e. are more and more
negligible in the vicinity of the equilibrium point. As a simple example, let us consider the
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following change of coordinates
- ) IV R @ ..
y_x+ZZ;Aijkx]xkel, ie. yl_x,+Z§Aijkx]xk (1.96)
i J

where A™ is a tensor of order n that contains polynomial coefficients, unknown for the
moment. Then the main point of the normal form theory is that these coefficients in A" can
be chosen in such a way that, under the change of variable (1.96), the expansion (1.95) writes
more simply

dy

— = 3, 1.97
T Ly+O(lyll") (1.97)

This is convenient since, as compared with (1.95), nonlinear effects have been mitigated
in (1.97) as long as ||x|| < 1. Proper coefficients in AE.BJ'.)k can be found upon inverting the
coordinate transform in (1.96) according to

x=y- ZZZAﬁj)ky,yke,+O(||y||3), ie. xi=yi- ZZA”ky]yHO(IIyII) (1.98)
Further injecting (1.98) in (1.95) leads to

dx, 3
o4 SO UIZZA,],CJWHZZMZ ) Vivi+OUlyIP) (1.99)

with o; the ith eigenvalue of L. On the other hand, taking the temporal derivative of (1.96)

leads to
dyl _ dx, (3) 3) dxk
a Tear FLLAGEI
dx;
:d—t’+Z;A§3j)kxjxk(0j+ak)+O(||x||3) (1.100)
J
_dxi

= T L L AR+ o)+ OllylP).
7k

By identifying (1.99) with (1.100), we obtain eventually

d .

%—Z;Aﬁ*’;)kyjyk(aj+ak):aiyi—aiZ_ZA(”ky]yk+ZZM(3ky]yk+O(||y|| )

a ! (1.101)
dt—G;J/ﬁZZ(MS)k (@i (@) +a DAL yjye+ OUlyIP).

Therefore, if for the considered i the condition o; #0; + o holds for all j,k, then it is possible
to eliminate the quadratic nonlinear terms in the equation for y; simply by setting

3)

A8 ik (1.102)
ijk O'i—(Uj+O‘k)
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However, if the system is neutral and, for instance, one of the eigenvalues is null, this condition
cannot be verified. For instance if o1 =0, then it is clearly not possible to satisfy the condition
o;#0j+0yforall j,k, since we can always choose j =1 and k = i. This means that for each i,
the quadratic nonlinear term cannot be removed by a polynomial change of coordinates.

Overall, the normal form theory develops a systematic procedure to identify which terms can
and cannot be removed by successive polynomial changes of coordinates. The polynomial
terms that can't be removed constitute the “normal form" of the system and extract the
quintessence of the nonlinear behavior of the original equation in the vicinity of a bifurcation
point. For this reason, amplitude equations, as derived by multiple scale expansions or center
manifold theory, are considered as being normal forms in this thesis. Nevertheless, whether or
not there exists strict mathematical equivalence between these two theories, and the normal
form theory present above, remains unclear to the authors.

1.3 In this thesis: deriving weakly nonlinear amplitude equations
for non-normal responses

All the reduction techniques mentioned in the previous section rely on the existence of a
(non-empty) center eigenspace, and the ensuing amplitude equations describe bifurcations.
However, as we have developed and illustrated in particular in figure 1.10a, there exist some
systems that exhibit very rich dynamics even though they are significantly stable and with-
out an outstanding eigenvalue. For this, they must be (i) non-normal and (ii) excited. The
backward-facing step, for example, has an ample response to harmonic forcing around w = 0.47
whereas the spectrum only shows significantly stable, densely packed eigenvalues (except
around w = 0 but these modes are irrelevant here). Consequently, center manifold or weakly
nonlinear expansion methods cannot be applied to describing the harmonic response around
w =0.47, because there are no neutral or close to neutral eigenmodes around this frequency.
More fundamentally, we have shown the harmonic response to result from an interaction
between a large number of eigenmodes, such that reducing the dynamic to one or even a few
of them is the wrong paradigm. Fortunately, by focusing the analysis on the computation of
singular modes instead of eigenmodes, we have also shown in figure 1.10b that the dynamics
could be reduced to a single one of these singular modes.

These facts motivated the present thesis aiming a computing amplitude equations (normal
forms), not for amplitudes premultiplying eigenmodes, but for non-normal optimal responses
(hence its title).

For this purpose, an important property of non-normal operators is that their eigenvalues are
not robust. That is to say, a perturbation of size € of the operator L can lead to the displacement
of an eigenvalue over a distance > €. This property, although it appeared implicitly in the
previous section, was never mentioned so far. This is illustrated in figure 1.18, considering the

47



Chapter 1 Introduction

o1} s 1 01}
TS

< o » %

01F 01F

0.1 -0.1 -0.05 0 0.05 0.1

(b)

Figure 1.18: Spectrum of A for (a) p = 1, making A is non-normal and (b) p = 0, making A
normal. In both cases, the eigenvalues of A (black dots) are the same and equal to —0.04 and
—0.01. The blue dots are the eigenvalues of A+ AA for one hundred, randomly generated
matrices AA, each of norm || AA|| =1072. In the gray zone, eigenvalues are unstable. Figure
reproduced from Schmid and Brandt (2014a).

spectrum of the matrix

-0.01 0
u -0.04

A= , (1.103)

perturbed by one hundred random matrices AA, each being of norm || AA|| = 1072. The eigen-
values of A are independent from p. However, the matrix is non-normal if ¢ # 0, and normal
otherwise. This has the effect that, for =1 in figure 1.18a, the eigenvalues of the perturbed
operator A+ AA can be located at significantly different positions than the eigenvalues of A.
Specifically, by perturbing 4, its eigenvalues can be dislodged over a distance that appears
to be superior to 1072, That is why perturbed eigenvalues can be found to be significantly
unstable, whereas the least stable eigenvalue of A is at —0.01.

The fact that eigenvalues of a non-normal operator are substantially dislodged by perturbing
the latter, is partially understood by the sensitivity formula in (1.85). As we have mentioned,
for non-normal operators, f]j and g are not identical and can effectively be very different
(cf figure 1.1). This renders the denominator in (1.85) potentially very small, thus the dis-
placement of the associated eigenvalue large. Note that this property is generally undesired
for numerical purposes, for it implies that eigenvalues are difficult to make converge with
the numerical discretization. This phenomenon does not occur if A is normal for y =0 in
figure 1.18b, and the perturbed eigenvalues remain closely around the original ones.

Quantifying how far the eigenvalues of an operator drift by perturbing it with some other
operator of norm €, amounts to computing the e-pseudospectrum (H. Landau, 1976; Trefethen
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& Embree, 2005). Contrarily to the sensitivity analysis in (1.85), the e-pseudospectrum is
not perturbative in € and thus does not require the latter to be small. Three equivalent
mathematical definitions of the pseudospectrum are given as follows (Trefethen & Embree,
2005)

Let A€ €(X) ande = 0 be arbitray. The e-pseudospectrum o.(A) of A is the set of z € C defined
equivalently by any of the conditions

llz— A7 I>e!, (1.104)
z€o0(A+ E) for some E € ZB(X) with ||E|| <€, (1.105)
zeo(A) or|l(z— A)ul|l <eforsome ueP(A) with ||ul|=1. (1.106)

Ifll(z= A)ull <e asin (1.106), then z is an e-pseudoeigenvalue of A and u is a corresponding
e-pseudoeigenvector (or pseudoeigenfunction or pseudomode)

In this definition, o(A) stands for the spectrum of A and € (X) designates the set of closed
operators on X where X is a complete normed vector space over the complex field C. In
addition, %8(X) designates the set of bounded operators on X.

In figure 1.18, all the blue dots are contained in the 10~2-pseudospectrum of A (defini-
tion (1.105) has been used). For the non-normal version of A in figure 1.18a, the 1072-
pseudospectrum is very loose around the two eigenvalues of A, such as to make large ex-
cursions of the perturbed eigenvalues possible. From its definition (1.104), it appears linked
to the fact that the resolvent gain, as introduced previously, is large. Indeed, the larger the
resolvent gain is, the wider is part of the complex plane satisfying (1.104).

In figure 1.18b for the normal version of A, on the contrary, the 10~2-pseudospectrum is
closely around the eigenvalues. That is because for a normal operator (and considering the L?
norm) ||(z — A)~Y| = 1/ dist(z, o (A)). Thereby definition (1.104) implies the e-pseudospectrum
to be the set of z such that dist(z, o (A)) < €. Consequently, the displacement of an eigenvalue,
by perturbing the operator A with some operator of norm 102, is bounded by 1072,

Crucially, by identifying definition (1.104) with (1.38), we deduce that iw is on the border of
the G(w)~! (G(w) the harmonic gain) pseudospectrum of the operator A. By now relying on
definition (1.105), this means that an operator perturbation of norm G(w)~! is sufficient to
make iw a (neutral) eigenvalue. All along this thesis, this fact will make it possible to bridge
non-modality with classical techniques to derive amplitude equations. To do so, we shall
proceed as follows

e PartIis constituted of only one chapter, chapter 2. In the latter, we outline a method-
ology to derive an amplitude equation to capture the effect of weak nonlinearities on
the optimal response to a harmonic forcing. The method is applied to both a parallel
and a non-parallel flow and captures and helps understand different types of weakly
nonlinear behaviors.
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¢ Part II is constituted of four chapters and will deal with the response to stochastic
forcing. In the first chapter of this part, chapter 3, we show that by selecting a different
inner product, we can extend the methodology proposed in the first part to derive an
equation for the weakly nonlinear evolution of the variance of the response to stochastic
forcing. Results are illustrated on the backward-facing step flow.

In the second chapter of this part, chapter 4, we propose a more complicated procedure
to derive a "spectral envelope" equation that, not only describes the weakly nonlinear
evolution of the variance of the response, but also of its entire Fourier spectrum. The
method is first tested on a toy model, then on the same backward-facing step flow as in
the previous chapter, which makes possible a comparison between both approaches.

In the third chapter of this part, chapter 5, the classical modal approach to derive an
amplitude equation is extended to cases where the flow is stochastically forced. The
method is applied on the sudden expansion flow, subject to a supercritical pitchfork
bifurcation above which two equilibria exist. This makes possible noise-induced transi-
tions, which couldn’t occur in the previous configurations where the system had only
one global attractor. The mean return time of the transitions between one attractor to
the other is captured by the amplitude equation, at a very low numerical cost.

The fourth chapter of this part, chapter 6, aims at coupling both approaches from
chapter 3 and chapter 5, such as to derive a system of amplitude equation for both the
bifurcated mode and the non-normal response. Both equations are nonlinearly coupled,
which could help understand the role of non-normality in noise-induced transitions.

e Part III includes three chapters. In the first of them, chapter 7, we derive a weakly
nonlinear amplitude equation for the optimal response to an initial perturbation, over
a time-invariant base flow. The ensuing amplitude equation is tested both on the
backward-facing step flow and on the streamwise-invariant plane Poiseuille flow.

In the second chapter of this part, chapter 8, the method is extended to time-varying
base flows and applied to the Lamb-Oseen vortex flow, which exhibits bypass transition.
The amplitude equation predicts and helps interpret the role of nonlinearities on the
transient gain.

In the third and last chapter of this third part, chapter 9, inspired by the minimal seed
paradigm we incorporate the amplitude equation in a Lagrangian optimization, yielding
weakly nonlinear optimal structures. Their potential to trigger turbulence is tested on
the three-dimensional plane Poiseuille flow.
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Y4 A non-modal weakly nonlinear ampli-
tude equation for the response to a
harmonic forcing

Remark: This chapter is largely inspired by the first half of the article Ducimetiére et al. (2022a),
in collaboration with Edouard Boujo and Francois Gallaire.

2.1 Introduction

Nonlinear dynamical systems can have one or several equilibrium solutions, which form one
of the building blocks of the phase space (Strogatz, 2015). The linear stability of an equilibrium
can be deduced from the eigenvalues of the linearised operator: linear modal analysis thus
helps to detect bifurcations and distinguish between linearly unstable, neutral (marginally
stable) and strictly stable equilibria, when the largest growth rate is positive, null and negative,
respectively. It sometimes remains too simplistic, however, and has therefore been generalised
over the last decades to account for nonlinear (Stuart, 1960) and non-modal (Trefethen et al.,
1993) effects, although these two types of correction have generally been opposed, culminating
into E Waleffe’s paper entitled “Nonlinear normality versus non-normal linearity” (Waleffe,
1995). The objective of the present chapter is precisely to contribute to reconciling nonlinearity
and non-normality, and to rigorously derive weakly nonlinear amplitude equations ruling
non-normal systems when subject to a harmonic forcing.

2.1.1 Strong non-normality

Upon the choice of a scalar product, a linear operator is non-normal if it does not commute
with its adjoint. Consequently, its eigenmodes do not form an orthogonal set, and the response
to an initial condition or a sustained forcing may be highly non-trivial (see Trefethen and
Embree (2005) for an exhaustive presentation). In particular, non-normal systems subject
to harmonic forcing may exhibit strong amplification, much larger than the inverse of the
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Figure 2.1: Cartoon representation of nonlinearity and non-normality, illustrated in the fre-
quency domain for a linearly stable system; the least stable eigenvalue o of the eigenspectrum
in (a) has indeed a negative growth rate. Normal systems subject to external forcing respond
preferentially at frequency o1,;. Non-normal systems can respond at different frequencies,
with an amplification much larger than predicted by o . Nonlinearity may reduce or magnify
the gain.

smallest damping rate, and at forcing frequencies unpredictable at the sight of the spectrum
(figure 2.1). Non-normal operators are encountered in various fields. In laser physics (see
Trefethen and Embree (2005) §60), H. J. Landau described non-normality by developing
the concept of the pseudospectrum, as a pertinent alternative to modal analysis (H. Landau,
1976, 1977). Non-normality in an unstable laser cavity results in a substantial increase in
the linewidth of the laser beam signal compared with a perfect resonator (Petermann, 1979).
In astrophysics, Jaramillo et al. (2021) recently used a pseudospectrum analysis to study the
stability of black holes. In network science, Asllani et al. (2018) have shown that many directed
empirical networks in various disciplines (biology, sociology, communication, transport, etc.)
present strong non-normality. For instance, the non-normality of the London Tube network
can result in the outbreak of measles epidemic, although linear stability theory predicts an
asymptotic decay of the number of contagions.
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In hydrodynamics, non-normality is frequent and inherited from the linearisation of the
advective term (U - V)U. This term gives a preferential direction to the fluid flow, which breaks
the normality of the linear operator. In the context of parallel flows, non-normality is found
for instance in the canonical plane Couette and Poiseuille flows (Butler & Farrell, 1992; Farrell
& Ioannou, 1993; Gustavsson, 1991; Reddy & Henningson, 1993; Schmid & Henningson, 2001),
in pipe flow (Schmid & Henningson, 1994) and in boundary layers (Butler & Farrell, 1992;
Corbett & Bottaro, 2000). Non-normality is also found in non-parallel flows (Cossu & Chomaz,
1997), for instance spatially developing boundary layers (Akervik et al., 2008; Ehrenstein &
Gallaire, 2005; Monokrousos et al., 2010), jets (Garnaud et al., 2013a, 2013b) and the flow past
a backward-facing step (Blackburn et al., 2008; Boujo & Gallaire, 2015). Exhaustive reviews of
non-normality in hydrodynamics can be found in Chomaz (2005) and Schmid (2007). The
crucial role played by non-normality in the transition to turbulence has become clear over
the years (Baggett & Trefethen, 1997; Schmid, 2007; Trefethen et al., 1993). If the flow is non-
normal, low-energy perturbations such as free-stream turbulence or wall roughness can be
amplified strongly enough to lead to a regime where nonlinearities come into play, which may
lead to turbulence through a sub-critical bifurcation. The toy system presented in Trefethen
et al. (1993) is an excellent illustration of this so-called “bypass” scenario.

2.1.2 Weak nonlinearity

This illustrates the importance of combining nonlinearity and non-normality. In the bypass
transition scenario, it is the conjunction of non-normality and nonlinearity which succeeds in
shrinking the basin of attraction of a linearly strictly stable equilibrium, as strong amplifica-
tion triggers nonlinearities (figure 2.1), and may radically change the behaviour of dynamical
systems. Nonlinear effects can be introduced in the analysis either by weakly or fully nonlinear
analyses. Notwithstanding the relevance and usefulness of fully nonlinear solutions (Hof
et al., 2004; Schneider et al., 2010), as well as the existence of a fully nonlinear non-normal
stability theory able to compute nonlinear optimal initial conditions via Lagrangian optimisa-
tion (Cherubini et al., 2010, 2011; Kerswell, 2018; Pringle & Kerswell, 2010), we believe that
establishing a rigorous reduced-order model for weak nonlinearities is relevant. To the best of
our knowledge, weakly nonlinear approaches all hinge on the fact that an amplitude equation
can only be constructed close to a bifurcation point. Indeed, only linearised systems with a
neutral or weakly damped eigenmode may experience resonance, whose avoidance condition
results in the amplitude equation.

Following the insight of L. Landau, who introduced amplitude equations in analogy to phase
transitions (L. Landau and Lifshitz (1987), §26), weakly nonlinear analyses using a multiple-
scale approach were performed in some pioneering works in the context of thermal convection
(Gor’kov, 1957; Malkus & Veronis, 1958), parallel shear flows (Stuart, 1958, 1960; Watson, 1960)
and non-parallel shear flows (Sipp & Lebedev, 2007). In these studies, a so-called Stuart-
Landau equation of the formd7A=1A-x A | A|? is obtained for the bifurcated mode amplitude
A as a condition for non-resonance. When the real part of the nonlinear coefficient is strictly
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positive, R (k) > 0, the cubic term A|A|? is sufficient to capture the saturation amplitude, and
the Stuart-Landau equation is an accurate model for supercritical bifurcations; otherwise it
can be extended to describe subcritical bifurcations as well.

Amplitude equations can be generalised to describe slow dependence on space (see Cross
and Hohenberg (1993) for a review) and are also widely used to describe spatio-temporal
pattern formation in physical systems near the bifurcation threshold. Beyond hydrodynamics,
this occurs in plasma physics, solidification fronts, nonlinear optics, laser physics, oscillatory
chemical reactions, buckling of elastic rods, and many other fields.

While the form of the amplitude equation can often be deduced from symmetry considerations
(Crawford & Knobloch, 1991; Fauve, 1998), its coefficients (1 and « in the case of the Stuart-
Landau equation) are evaluated with scalar products of fields computed at the bifurcation
point. Other approaches exist to deduce the normal form, i.e. the amplitude equation which
distillates the quintessence of the nonlinear behaviour in the vicinity of a bifurcation point
(Guckenheimer & Holmes, 1983; Haragus & Iooss, 2011; Manneville, 2004). Common to all
these approaches is the concept of the centre manifold, along which the dynamics is slow,
while, under a spectral gap assumption, an adiabatic elimination ensures the slaving of quickly
damped modes.

2.1.3 Amplitude equations without eigenvalues

This indicates that the application of asymptotic approaches to describe the weakly nonlinear
behaviour of non-normal systems is not straightforward, because of the absence of a neutral
bifurcation point in many non-normal systems. Note that even when a system has a neutral
or weakly damped mode, it can still exhibit large non-normality, which could jeopardise the
relevance of a classical, single-mode amplitude equation.

The present work proposes to reconcile amplitude equations and non-normality. Specifically,
amethod is advanced to derive amplitude equations in the context of harmonic forcing. We
systematically vary the amplitude of a given harmonic forcing at a prescribed frequency and
predict the gain (energy growth) of the asymptotic response (§2.2). We perform an a priori
weakly nonlinear prolongation of the gain, at a very low numerical cost. The applied harmonic
forcing and initial condition are allowed to be arbitrarily different from any eigenmode. The
method does not rely on the presence of an eigenvalue close to the neutral axis; instead, it
applies to any sufficiently non-normal operator. If such an eigenvalue is nevertheless present
on the neutral axis, we recover a classical, modal amplitude equation. The method is illustrated
with two flows, the non-parallel flow past a backward-facing step (sketched in figure 2.2a)
and the parallel plane Poiseuille flow (figure 2.2b). These two non-normal flows exhibit large
harmonic forcing gains.
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Figure 2.2: Sketch of the flow configurations. (a) Two-dimensional flow over a backward-facing
step, with a fully developed parabolic profile of unit maximum centreline velocity at the inlet.
(b) Three-dimensional plane Poiseuille flow, confined between two solid walls at y = +1, and
invariant in the x (streamwise) and z (spanwise) directions

In both contexts, a generic nonlinear dynamical system is considered,
0;U=N(U) +F, U0)=U,, 2.1)

where N(x) is a nonlinear operator and F is a forcing term. An appropriate and common step
to begin the analysis of (2.1) is to linearise it around an unforced equilibrium. The latter is
denoted U, and satisfies N(U,) = 0. Around this equilibrium are considered small-amplitude
perturbations in velocity eu, forcing € f and initial condition euy, where € < 1. An asymptotic
expansion of (2.1) in terms of € can thus be performed, transforming the nonlinear equation
into a series of linear ones. The fields u, f and u, are recovered at order € and linked through
the linear relation

Oru=Lu+ f, u0)=uy, 2.2

where L results from the linearisation of N around U,. For fluid flows governed by the in-
compressible Navier-Stokes equations, Lu=—(U,-V)u— (u-V)U, + Re lAu- Vp(u), where
the pressure field p is such that the velocity field u is divergence free. Both fields are linked
through a linear Poisson equation. In practice, pressure is included in the state variable,
resulting in a singular mass matrix; it is omitted here, for the sake of clarity.

2.2 Response to Harmonic Forcing

We first derive an amplitude equation for the weakly nonlinear amplification of time-harmonic
forcing f(x, 1) = f‘ (x)e!“°! + c.c in a linearly strictly stable system. In the long-time regime,
only the same-frequency harmonic response u(x, t) = fi(x)e!“*’ + c.c persists. Injecting the
expressions of f and u in (2.2) leads to @t = (iw,I — L)' f = R(iw,) f, where R(2) = (zI — L)' is
the resolvent operator. In the current context, it maps a harmonic forcing structure onto its

57



Chapter 2 A non-modal amplitude equation for the harmonic response

asymptotic linear response at the same frequency. A measure of the maximum gain is

Il . 1
T2 = 1RU@ol = —. (2.3)

o

G(iwo) =max
f

In the following, we choose the L? norm (or “energy” norm) induced by the Hermitian in-
ner product (itg, ity) = [ 0 !l 1,d(2 (the superscript H denotes the Hermitian transpose).
The operator R(iw,)" denotes the adjoint of R(iw,) under this scalar product, such that
(R(iwe) g, tty) = (ila, R(in)Tﬂb>, for any i1,, it,. Among all frequencies w,, the one leading
to the maximum amplification is noted w,, ;;, and associated with an optimal gain G(iw, ) =
1/€pmax- The singular value decomposition of R(iw,) provides G(iw,) = e;l as the largest
singular value, and the associated pair of right singular vector fo and left singular vector it,.
The former represents the optimal forcing, whereas the latter characterises the long-time-
harmonic response reached, after the transients fade away

~ -1 .
Riiwe) ito=eof o [RUwo)'| " Fo=eoto (2.4)

where ||f°0 [| =lftol| = 1. Smaller singular values of R(iw,) constitute sub-optimal gains, and the
associated right singular vectors are sub-optimal forcing structures. Note that one can express
(i, ity = (R, Rf) as (RTRF, f), such that the singular values of R(iw,) are also the square root
of the eigenvalues of the symmetric operator R(iw,)'R(iw,). An important implication is
that the singular vectors form an orthogonal set for the scalar product (*, ). The practical
computation of €,, fo and i1, is detailed for the Navier-Stokes equations in Garnaud et al.
(2013b), for instance. Note that, if the operator L possesses a neutral eigenvalue, w ;, fo and
i1, respectively reduce to the frequency, the adjoint and the direct mode associated with this
eigenvalue.

Since L is strongly non-normal, as assumed in the rest of the present study, none of €, it, and
fa are immediately determined from its spectral (modal) properties. Strong non-normality
implies €, < 1, such that the inverse resolvent R(iw,) ! appearing in (2.4) is almost singular.

We perturb it as
P=R(iw,) ' —€,B with P=Ff(it,, *), (2.5)

where the linear operator P is such that Pg = f'o <il0, g), for any field g (note that (i1, *) would
write more simply "(it,|" in the quantum mechanics formalism). This leads to @i, = 0, such
that @ is exactly singular. The norm of the perturbation operator is small since || P|| = 1. The
field i1, constitutes the only non-trivial part of the kernel of ¢, and its associated adjoint mode
is fo. Indeed, using that P' = 120<f0, *), we have

QST}‘O = [R(iwo)_l]ffo —€Eolly <iorfo>
_ [R(iwo)T]_lfo —pity =0,
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Figure 2.3: Natural and perturbed spectra of the flow past a backward-facing step (sketched in
figure 2.2a) at Re =500. Blue circles: eigenvalues of the linearised Navier-Stokes operator L.
Red dots: eigenvalues of the linear operator perturbed with e, P = eofo (i1, *). By construction,
one eigenvalue of L, = L+ ¢,P lies on the imaginary axis. Green isocontour: part of the
€,-pseudospectrum of L, where ||R(z)|| = 1/€¢,. By construction, the €,-pseudospectrum is
contained in the stable half-plane, except at iw, where it touches the neutral axis.

where we used the fact that the inverse of the adjoint is the adjoint of the inverse. We note
that ¢ can be rewritten as @ = (iw,I — L) where L, = L +¢€,P, such that (2.5) seems to imply
that the state operator L has been perturbed. In this process, the operator L, has acquired an
eigenvalue equal to iw,, and therefore has become neutral. However, it has also lost its reality
and therefore does not, in general, possess an eigenvalue equal to —iw,. By construction, €, is
the smallest possible amplitude of the right-hand side of (2.4) for a given iw,, such that e, P is
the smallest perturbation of L necessary to relocate an eigenvalue of L on iw,. This fact can
be formalised with the pseudospectrum theory outlined in Trefethen and Embree (2005). In
the complex plane, z € C belongs to the e-pseudospectrum A, (L) if and only if | R(z)|| = 1/e. If
E is an operator with ||E|| = 1, eigenvalues of L —¢E can lie anywhere inside A¢(L). Eigenvalues
of L and singularities of ||R(z)|| thus collide with the e-pseudospectrum in the limit € — 0.
As € increases, the e-pseudospectrum may touch the imaginary axis, such that any z = iw,
can be an eigenvalue of L —¢E if the amplitude of the perturbation is greater than or equal
toe=|R(iw,) 171 We recognise € as the inverse gain €, defined in (2.3), and thus E as P. In
particular, if w, = w,,,, the associated €, max is referred to as the stability radius of L since the
€o,max-pseudospectrum is the first to touch the imaginary axis.

As an illustration of the fact that a small-amplitude perturbation can easily “neutralise” a
non-normal operator, we consider the Navier-Stokes operator linearised around the steady
flow past a backward-facing step (BFS), sketched in figure 2.2, at Re = 500. The most amplified
frequency w, = w,,, = 0.47 is associated with €, =~ 1.3-10™* « 1. The spectra of L and L,, are
shown in figure 2.3, together with part of the ¢,-pseudospectrum of L. Clearly, the very small
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perturbation ¢, P locates an eigenvalue exactly onto iw,, despite the strong stability of L. We
stress that neither w, nor €, can be deduced only by inspecting the spectrum of L.

Nevertheless, in what follows, it is really the inverse resolvent and not the state operator L
that we propose to perturb. Indeed, L is generally a real operator whereas L, is necessarily a
complex one, and only one side of the spectrum of L, can generally be made neutral at a time,
depending on whether L is perturbed with P or its complex conjugate P*.

The inverse gain €, « 1 constitutes a natural choice of small parameter. We choose the Navier-
Stokes equations for their nonlinear term (U - V)U, which yields both a non-normal linearised
operator and arich diversity of behaviours. The flow is weakly forced by F = (p\/e_o?’ f pelltc.c,
where f‘ ;, is an arbitrary (not necessarily optimal) forcing structure, and ¢ = O(1) is a real
prefactor. Imposing || f »ll =1, the forcing amplitude is F = </>\/§3. A separation of time scales
is invoked for the flow response: its envelope is assumed to vary on a slow time scale T =€,
(such that d; = 0; + €,07). This ensures a comprehensive distinguished scaling and suggests
the following multiple-scale expansion:

U1, T)=U,+/eoui (1, T) + €0t (1, T) + /65 us (£, T) + O(€5). (2.6)
The velocity field at each order j is then Fourier expanded as

uj(t, T)=uo(T)+Y @) m(T)e™ +c.c), 2.7)

with m=1,2,3.... This decomposition is certainly justified in the permanent regime, of interest
in this analysis. The proposed slow dynamics does not aim to capture the transient regime but
flow variations around the permanent regime. Introducing (2.6)-(2.7) into the Navier-Stokes
equations and using (2.5) to perturb the operator R(iw,)~! appearing from time derivation
yields

\/E[ (@ﬁlyle"‘“"t + c.c) + sl] +e,
\/a?: [ (@ﬁgyleiwot + C.C) + 83+ 2C(uq, uo) + Oruy + (Pﬁlyleiw”t + C.C) ] + O(E%) (2.8)
=py/eo frell + c.c,

(@ﬁz,le”"”t + c.c) +82+ C(uy, ul)] +

where

sj=—Lujo(T)+

Y (imwo— L)t pm(T)e™ " +c.c
m

form=2,3,...,and C(a,b) = %((a -V)b+ (b-V)a). Note that the perturbation €, P modifying
R(iwo)~! into & at leading order is compensated for at third order. Terms are then collected at
each order in /€, leading to a cascade of linear problems, detailed hereafter.

At order /€,, we collect (imw,I — L)u1,, =0for m=0,2,3..., and Pu,,; =0. Since L is strictly
stable, the unforced equation for m # 1 can only lead to u; ,,;, = 0. Conversely, the kernel of
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& contains the optimal response it,, therefore u; 1 (T) = A(T) @, where A(T) € C is a slowly
varying scalar amplitude verifying 0; A = 0. Finally, the general solution at order /€, is written

u (¢, T) = A(T)it,e' " + c.c. 2.9)

At order €,, we obtain the solution uy = |Al? uz g + (A%€*'“°' i1 5 + c.c), where

_LuZ,O = _zc(i‘o, i‘:))

Riwol — LYty » = —Cl(iko, ito).

(2.10)

The homogeneous solution of the system Pu,; = 0 is arbitrarily proportional to it,, and
written Az (T)i,. It can be ignored (7,1 = 0) without loss of generality. It could also be kept,
provided it is included in the definition of the amplitude, which would then become A +¢,A>.

At order ,/e,°, we assemble two equations yielding the Fourier components of the solution
oscillating at w,,

_ . o dA . .
Uz 1 = —AlAP* [2C i, Uz 0) +2C (I}, B22)| — ito— — Af , + O f )y (2.11)

dT
(recalling Pit, = f‘o) and at 3wy, Biwe,l —Lus3s = -2A3C(i,, i1 2). The operator ¢ being
singular, the only way for us3; to be non-diverging, and thus for the asymptotic expansion to
make sense, is that the right-hand side of (2.11) has a null scalar product with the kernel of &,
i.e. is orthogonal to the adjoint mode j"o associated with it,. This is known as the “Fredholm
alternative”. As a result, the amplitude A(T) satisfies

LdA A EY aiap 2.12)
ndT_¢Y n ' '

with the coefficients

=ﬁ» 7/:<fo’fh>’

= (F,,2Clito, u20)), % = (F,2C(0%, t22)). 2.13)

S|e S

The coefficient y is the projection of the applied forcing on the optimal forcing. The coefficient
1 embeds the interaction between i, and the static perturbation u, g, i.e. it corrects the gain
according to the fact that it, extracts energy from the time-averaged mean flow rather than
from the original base flow. In contrast, the coefficient v embeds the interaction between
i1, and the second harmonic i1, . We show in Appendix 2.4.1 that, in the regime of small
variations around the linear gain, the amplitude equation reduces to the standard sensitivity
of the gain Brandt et al. (2011) to a base flow modification induced by u;, and embeds the
effect of the second harmonic @&, as well. Introducing the rescaled quantities a = /€, A
and F = ¢\/€,°, such that the weakly nonlinear harmonic gain G = ||/, u1,1 || / || pv/Eo- f | is
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simply =|al /F, (2.12) becomes

1 da yF p+v lal?

_— —_— - —a

(2.14)
ne, dt €, N€,

The gain associated with the linearised version of (2.14) is G = |y| /€eq, as expected for the
linear prediction. We recover G = 1/€¢, when the optimal forcing is applied (y = 1). We also
note that this expression predicts G = 0 when y = 0, which merely indicates that the linear
response is orthogonal to it,, without stating anything on the gains associated with sub-

optimal forcings except that they should be at most O(e;'/?),

assuming a sufficiently large
“spectral” gap in the singular-value decomposition of the resolvent operator. For the rest of
the chapter, we set y = 1. Expressing a in terms of an amplitude |a| € R* and a phase p € R
such that a(t) = |a(t)| e, the time-independent equilibrium solutions, or fixed points, of
equation (2.14), named (|a.|, p.), solve

+v

F .
Zemte =g+ XY g8, (2.15)

€o )

Squaring and adding the real and imaginary parts of (2.15) leads to a third-order polynomial
for the equilibrium amplitude of (2.14):

|+ v[?
e2|nf®

A+ v
€oT

>0 and B=%R

F 2
DY3+ZBY2+Y=(—) with D= (2.16)

€o

and where Y =|a,|> > 0. Let p(Y) = DY3 +2BY? + Y be the left-hand side of (2.16). We further
distinguish two cases: (i) if B = 0, p(Y) is increasing monotonically with ¥ and can only
cross the constant line (F/e,)? once. We have in addition p(Y) > Y, thus the gain smaller
than the linear prediction and monotonically decaying while F is increasing. Conversely,
if (i) B < 0, we have p(Y) < Y in the interval 0 < Y < —2B/D, and the gain should then
be greater than the linear one in the corresponding range of forcing 0 < (F/e,)? < —2B/D.
Furthermore, p(Y) may vary non-monotonically over this interval and cross the constant
line (F/e,)? three times (leading to three solutions for Y); namely, p(Y) may be decreasing
on a certain interval of Y while dominated by the negative term < Y2, bridging two other
intervals where p(Y) is increasing due to the respective positive terms o< ¥ and o« Y3. A
necessary and sufficient condition for such a case to occur is that the equation dP/dY =
3DY?+4BY +1=0 possesses two real and positive solutions. This is guaranteed if and only
if the determinant A = 1682 — 12D is strictly positive. Finally, for ~2B/D < Y, p(Y) must be
monotonically increasing again with p(Y) = Y, resulting in a gain smaller than the linear one
and monotonically decreasing while F is increasing.

The stability of the equilibrium solution(s) (|a.l, p.) can also be established from the amplitude
equation (2.14). If an equilibrium becomes unstable for a given forcing amplitude, we expect
the flow response to depart from the associated limit cycle. However, the stability of the
equilibria of the amplitude equation does not directly conclude on the stability of the limit
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cycle, for instance, to perturbations in the third dimension, which could be assessed with a
Floquet stability analysis or a direct numerical simulation. Equation (2.14) can be expressed
as a two-by-two amplitude/phase nonlinear dynamical system

d|al . 3
T F[n,cos(p) +n;sin(p)]| —nreolal — (ur +v4) lal (2.17)

do _ 1. , . v al3
lal 1 =F[n;cos(p) —n,sin(p)| —nieolal — (ui +vi) lal®. (2.18)

Perturbing this system around the equilibrium solution (||, p.)+(lal’ (1), p’ (1)) and neglecting
nonlinear terms leads to the following equation for the perturbation d,(lal’, p")" = J(lal’, p)7,
where ] is the Jacobian matrix expressed as

— —_— 2 | - i
;o €olr — 3y +Vy) | el F[nicos(pe) =1,sin(pe)] (2.19)

—€onilacl™ =3(ui+vi)lael —F[n;isin(pe) +1rcos(pe)]lael ™|
If at least one of the two eigenvalues of J has a positive real part, the associated equilibrium is
linearly unstable.

Note that equations (2.17) and (2.18), for the amplitude and the phase of the oscillating linear
response, are similar to those that would be obtained for a classical Duffing-Van der Pol
oscillator with appropriate parameters and harmonically forced around its natural frequency.
If the latter is set to one, 1€, and 1;€, are respectively proportional to the damping ratio
and the detuning parameter. The coefficient (u; + v;) is proportional to the cubic stiffness
parameter (Duffing nonlinearity < x%), and (u, +v,) to the nonlinear damping parameter
(Van der Pol nonlinearity o< xx?).

For the sake of completeness, Appendix 2.4.3 shows how to compute higher-order corrections
of (2.14). Tt is worth mentioning, in particular, that the Fredholm alternative ensures that
higher-order solutions oscillating at w, are orthogonal to the optimal response it,, and that
the action of @ need not be computed explicitly and can be replaced by the action of (iw,I— L)
for all practical purposes.

2.2.1 Application case: the flow past a BFS

Equation (2.14) is the first main result of this study and will be further referred to as the
Weakly Nonlinear non-normal harmonic (WNNh) model. We discuss its performance when
the stationary flow past a BFS sketched in figure 2.2 is forced harmonically with the optimal
structure fo. At Re = 500 and the optimal forcing frequency, fo is shown in figure 2.4a
together with its associated response i1, in figure 2.4b (see Appendix 2.4.2 for details about
the geometry and the numerical method). As shown in Blackburn et al. (2008) and Boujo and
Gallaire (2015), the BES flow constitutes a striking illustration of streamwise non-normality. As
seen in figure 2.4a, the optimal forcing structure is located upstream and triggers a spatially
growing response along the shear layer adjoining the recirculation region, as the result of the
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Figure 2.4: (a) Streamwise (x) component of the optimal harmonic forcing structure §R(}‘0)
for the BFS (sketched in figure 2.2a) at Re = 500 and at the optimal forcing frequency
wo! 2m) = wo,m! (2m) =0.075. (b) Streamwise component of the associated response R(it,).
Both structures are normalised as IIf"OII =|lityl| = 1.

Re €0 n u/ (€om) vI(€on) B
200 7397'  3.66-i-0.0163 5.13-i-1.32 0.137+i-1.13 5.27
500 7456.671 117.1-i-0.653 8.23—-i-2.60 0.364—i-0.396 8.59
700 148080°! 1626.7—i-8.65 9.06—i-4.38 -0.729—i-1.39 8.33

Table 2.1: WNNh coefficients for the backward-facing step flow, when the optimal forcing
structure (y = 1) is applied at the optimal frequency w,/(27) = Wy, / (27) =0.075.

convectively unstable nature of the shear layer. We first set the Reynolds number Re between
200 and 700, and the frequency w, =27 x 0.075 close to the most linearly amplified frequency
wo,m, which varies only slightly with Re. The linear gain grows exponentially with Re (Boujo
and Gallaire (2015)), as seen in table 2.1. Since 7 scales like O(e;” 2) the term in dA/dT in
(2.11) is asymptotically consistent only close to equilibrium points where dA/d T =0, which is
the regime of primary interest in the context of harmonic forcing. In accordance, the temporal
derivative dA/dT is kept in (2.12) to assess the stability of such equilibria, determined by the
analysis of the Jacobian matrix (2.19).

Predictions from the WNNh model are compared with fully nonlinear gains extracted from
direct numerical simulations (DNS) in figure 2.5a. The DNS gains are the ratio between the
temporal root-mean-square (r.m.s) of the kinetic energy of the fluctuations at w, (extracted
through a Fourier transform) and the rms of the kinetic energy of the forcing (for instance, the
forcing Fj‘oeiwot + c.c, with IIj“OII =1 corresponding to an effective forcing rms amplitude of
V2F). Since the coefficient B defined in (2.16) is strictly positive for all Re, the WNNh model
predicts nonlinearities to saturate the energy of the response, and thus the gain to decrease
monotonically with the forcing amplitude. This is confirmed by the comparison with DNS,
displaying an excellent overall agreement. As shown in the inset (in logarithmic scale), the
nonlinear gain transitions from a constant value in the linear regime to a —2/3 power-law
decay when nonlinearities prevail, as predicted from (2.14). This transition is delayed when the
Reynolds number (and therefore the linear gain) decreases, and compares well with DNS data.
The main plot (in linear scale) confirms the agreement with the DNS, and the improvement
over the linear model. Re-scaled WNNh curves appear similar for Re =200 and Re =700, and a
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Figure 2.5: Weakly and fully nonlinear harmonic gain in the BFS flow (sketched in figure 2.2a).
At each frequency and each Reynolds number, the optimal linear forcing structure fo is
applied. (a) Fixed frequency w,/(27) = 0.075, varying Reynolds number Re = 200 and 700
(larger Re darker). Inset: log-log scale, Re = 200,300...700. (b) Fixed Reynolds number

Re = 500, varying forcing r.m.s amplitude F= 2 [1,2,4,10]-10~* (larger amplitudes darker).

slight overestimate is observed as the forcing amplitude approaches €. Indeed, F ~ €; implies
¢ ~1/,/€,, which jeopardises the asymptotic hierarchy. Nonetheless, the error remains small
for this flow in the considered range of forcing amplitudes. Further physical insight is gained
from the WNNh coefficients gathered in table 2.1. The nonlinear coefficients remain of order
one, which confirms the validity of the chosen scalings. The real part of u being larger than that
of v, the present analysis rationalises a priori the predominance of the mean flow distortion
over the second harmonic in the saturation mechanism reported a posteriori in Manti¢-Lugo
and Gallaire (2016b).

Next, we select Re =500 and report in figure 2.5b harmonic gains as a function of the frequency,
for increasing forcing amplitudes. At each frequency, the corresponding optimal forcing
structure f“o is applied. The comparison between DNS and WNNh is conclusive over the whole
range of frequencies. The saturating character of nonlinearities is well captured. Such a good
agreement may appear surprising in the low-frequency regime, for instance at w,/(27) =0.04
where the second harmonics at frequency 2w, could, in principle, be amplified approximately
four times more than the fundamental. It happens, however, that the associated forcing
structure —C(it,, it,) is located much farther downstream than the optimal forcing at 2wy,
with a weak overlap region which results in a poor projection. Therefore, the second-order
contribution does not reach amplitudes of concern in this flow, as a consequence of its
streamwise non-normality. For w,/(27) = 0.075 the fully nonlinear and predicted weakly
nonlinear structures are compared in figure 2.6. The energy centroid of the fully nonlinear
response shows a clear migration upstream when increasing the forcing amplitude, as already
reported in Manti¢-Lugo and Gallaire (2016b). It is associated with a shortening of the mean
recirculation bubble under the action of the Reynolds stresses, in turn explaining the reduction
of the gain. Although some distortion of the structures due to higher harmonics is observed
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Figure 2.6: Snapshots of the weakly (WNNh) and fully (DNS) nonlinear cross-wise (y) compo-
nent of the velocity perturbation around the mean flow in the BES flow. The frequency is fixed
to w,/(27) =0.075 and the Reynolds number to Re = 500. Three increasing forcing amplitudes
are considered: a), b) and c) correspond respectively to F = [107°,1074,1073]/v/2. The WNNh
structures are evaluated as 2R (,/€, Ae'° i1, +€,A%e* 7! i1, ,), with A the equilibrium solution
of (2.12); the DNS structures are obtained by taking the nw, (n=1,2,3,...) Fourier components
of a DNS simulation in the stationary regime, then by taking two times the real part of their
sum weighted by e/"®°!, In this manner, the phases can also be compared between WNNh
and DNS.

when increasing the forcing amplitude, the fully nonlinear structure remains dominated by
its w,-component. The weakly nonlinear structure does not capture the upstream migration
since it does not include the O(e3'?) corrections of the w,-component structure; thus, the
latter is intrinsically restricted to it,. However, the coefficient y + v is constructed on forcing
terms at O(¢>/?) and indeed embeds the nonlinear interactions responsible for the migration
and the saturation, explaining why the predicted level of energy is correct even though the
structure is not.

2.2.2 Application case: Orr mechanism in the plane Poiseuille flow

The weakly nonlinear evolution of the harmonic gain is now sought for the plane Poiseuille
flow sketched in figure 2.2, a typical flow with component-wise non-normality (Schmid (2007)
and Trefethen et al. (1993)). Periodicity is imposed in the streamwise and spanwise directions
with wavenumbers k, and k;, respectively. The set of parameters (Re, ky, k) = (3000, 1.2,0)

66



A non-modal amplitude equation for the harmonic response Chapter 2

1 3 ),
102 E\ ‘-' .."'-‘. ]
U e g ""00-00-00-0..00-0 ..........
» ‘r’
‘-.\.‘., & e Literature, k, = 1.2
........... S~o - - -Literature, k, =0
==+ e present

© (b) ©
s
et 0 o (o] i
= 0? Co © o o _gof
g 0 oX g |
) -10 i o Literature, k, = 1.2

-20
0.36 0.38 0.4

o Literature, k, =0 8 ,

0.2 0.4 0.6 0.8
frequency

Figure 2.7: (a) Linear harmonic (optimal) gain as a function of the optimisation frequency.
Present results are compared with those reproduced from Schmid and Henningson (2001),
where perturbations are expressed as Fourier mode of streamwise wavenumber ky. (b) Eigen-
spectra.

is selected. According to the classical work of Orszag (1971), the base flow at this Re number
is linearly stable since instability first occurs at Re., = 5772 and ky, = 1.02. In both the
linear and nonlinear computations, the spanwise invariance k, = 0 is systematically main-
tained. While the base flow U(y) has only one velocity component and depends only on
one coordinate, the perturbations are here two-dimensional (i.e, u = (ux(x, y), uy(x, y))). The
computations are performed in the streamwise-periodic box (x, y) € [0,27/1.2] x [-1,1] = (2.
All the scalar products are taken upon integration inside this periodic box, in particular for
the normalisation (it,, it,) = (f,, f,) = 1, and latter for the evaluation of the weakly nonlinear
coefficients.

The linear optimal gain (2.3) is computed in the frequency interval 0 < w, < 0.8 (figure 2.7a),
together with the associated optimal forcing and responses structures. Results are validated
with the one-dimensional results of Schmid and Henningson (2001) based on a Fourier expan-
sion of wavenumbers k, = 1.2 and k, =0 in the streamwise direction. Eigenspectra are also
reported in figure 2.7(b). The SVD algorithm applied to the periodic box automatically selects
the most amplified wavenumber among all spatial harmonics n1.2 with n=0,1,2,... Below
W, = 0.12, the harmonic 0- 1.2 = 0 is dominant due to the concentration of weakly damped
eigenvalues along the imaginary axis. The gain G(w, = 0) = 1216 is equal to the inverse of
the smallest damping rate among all these spatially invariant modes. The large value of the
gain associated with those modes is understood considering that the small pressure gradient
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Figure 2.8: (a) Streamwise component of the optimal forcing R(f,,) for the plane Poiseuille
flow (sketched in figure 2.2b) for (Re, ky, k) = (3000, 1.2,0) and w, = 0.3810. (b) Streamwise
component of the response R(i#, ). Both fields are normalised as IIfOII =|l#tyl| = 1. Only one
wavelength 0 < k,x < 27 is shown.

(2/Re,0)T = (2/3000,0)7 is sufficient to induce the Poiseuille base flow (equal to unity in the
centreline). Above w, = 0.12, the fundamental wavenumber 1-1.2 = 1.2 prevails. The cor-
responding harmonic gain presents a local and selective maximum for w, = 0.38, certainly
linked to the presence of the weakly damped eigenvalue o; = —0.0103 + 0.380i. Nevertheless,
G(w, =0.38) =416 is significantly larger than 1/0.0103 = 97. This is a direct consequence of
the non-normality of the plane Poiseuille flow. Unlike the BFS flow, the non-normality at play
here is not due to the presence of a convectively unstable region but to the Orr mechanism,
suggested for the first time in Orr (1907). Namely, an initial condition or forcing field consti-
tuted of spanwise vortices tilted towards the upstream direction (fig. 2.8a), tilts downstream
under the action of the mean shear (fig. 2.8b), which leads to a significant gain in the kinetic
energy of the perturbation. The coefficient B is shown in figure 2.9a, and the associated WNNh
prolongation of the harmonic gain in figure 2.9b. The coefficient B is negative in the interval
0.378 < w, =0.486, and B and D are such that three equilibrium amplitudes | a,| exist for some
values of F in the sub-interval 0.389 < w, < 0.428. Among them, none or only one is found to
be stable. Consequently, as the forcing amplitude is increased, the harmonic gain curve leans
toward the higher frequencies in figure 2.9b; in the meantime, a frequency interval where no
stable solution is predicted appears and grows larger.

Note that, in the absence of a stable equilibrium, it is natural to consider completing (2.14)
up to O(\/e_OS). It is shown in Appendix 2.4.3, however, that such an approach is problematic
in the present case, because the non-oscillating forcing terms appearing at O(e%) excite the
largely amplified static modes visible in figure 2.7 for w, = 0. The associated gains being of
order 1/¢,, the mean flow correction terms at O(ef)) break the asymptotic hierarchy. This
problem is not encountered at O(e,), because the forcing —2C(it,, i}, in (2.10) projects poorly
on the optimal one for w, =0, and ||uy || remains of order unity.

For comparison with DNS data, two different forcing frequencies with a priori distinct be-
haviours are selected: w, =0.3810 and w, = 0.4025. These two frequencies are highlighted
by the vertical dashed grey lines in figure 2.9. In both cases the coefficient B is negative, and
for the case w, = 0.4025 three equilibrium solutions exist for some values of F. The linear
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Figure 2.9: (a) Coefficient B defined in (2.16) as a function of the optimisation frequency.
The superimposed bold green line indicates that B and D are such that three equilibrium
solutions to (2.14) exist. (b) Weakly nonlinear harmonic gain predicted by the WNNh model
for increasing forcing amplitude F in [0.55,1.45,2.35,3.25,4.15] - 1074 (larger F darker). Solid
lines denote stable equilibrium solutions of (2.14) whereas bold plus markers (+) denote
the unstable ones. The vertical dashed grey lines highlight w, = 0.3810 and w, = 0.4025,
frequencies for which comparison with DNS data is shown in figure 2.10. The grey zone
denotes a negative B.

Wy €o n wl(€on) vI(eon) B
0.3810 (415.6)"1 4.06+i-0.218 -177.0—i-315.6 —17.4—i-197.8i -194.4
0.4025 (190.4)"! 2.78+i-3.89 —160.1+i-24.3 -52.3-i-10.6 -212.4

Table 2.2: WNNh coefficients for the plane Poiseuille flow at (Re, ky, k) = (3000,1.2,0), and
when the optimal forcing structure (y = 1) is applied.

gains and weakly nonlinear coefficients are reported in table 2.2. The corresponding WNNh
prolongation of the linear gain as a function of the forcing amplitude is shown in figure 2.10,
together with DNS results. For comparison, the prediction of a ”classical” (modal) amplitude
equation constructed around the weakly damped eigenvalue 0, and its associated direct and
adjoint modes is also added. Its derivation is briefly recalled in Appendix 2.4.4.

For w, =0.3810 (figure 2.10a), the WNNh gain initially increases with F due to the negativity
of B. As visible in table 2.2, this is mostly due to the contribution of R[u/(e,n)] which is ten
times larger than that of R[v/(e,m)]. Thus, at this frequency, the principal factor for the initial
increase of the WNNh gain is the Reynolds stress of the response ait,. The latter creates a
mean flow that amplifies the linear forcing fo more than the base flow does. This may be
interpreted considering the displacement of the eigenvalue ;. Let g, (respectively @;) denote
the eigenmode (respectively adjoint mode) associated with the eigenvalue . The sensibility
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Figure 2.10: Evolution of the harmonic gain G with respect to F for (a) w, = 0.3810 and
(b) w, =0.4025 (frequencies highlighted by vertical dashed grey lines in figure 2.9). In both,
the grey zone indicates that no harmonic gain could be properly defined, as the kinetic energy
of the perturbation ceases to converge to a constant value. In particular, the inset shows the
monitoring of u, (0, 0) for the flow represented by the circle (the link is indicated by a thin line).

of the latter to the base flow deformation 6 U}, due to the Reynolds stress of ail, is written

<ﬁ1» C[q1’5ub]>
(a1,4q,)

b0, =— (2.20)

where 6U, = Ialzuz,o. For w, = 0.3810, we obtain do; = |al?>(1.2 + i -3.9). Since R[60;] >0,
the eigenvalue is moving toward the unstable part of the complex plane under the action
of the Reynolds stress. This is in accordance with the fact that the plane Poiseuille flow is
subcritical, and may explain the initial increase in the gain with F. Meanwhile, S[60] > 0 and
0 is shifting toward higher frequencies. Thus w, ceases to be the least damped frequency,
which could shed light on the fact that increasing F further leads to a monotonic decay in the
WNNh gain at w,. Because of the flow non-normality, however, this explanation based solely
on the location of o} remains qualitative.

The overall agreement with the DNS results is excellent. Nevertheless, the WNNh model
slightly underestimates the threshold in F above which a stable equilibrium does not exist
anymore. It stands at F/e, = 0.087 against F/e, = 0.11 for the DNS. This loss of a proper
harmonic response may be symptomatic of the fact that o; eventually crosses the neutral line
and becomes unstable. Indeed, for F/e, =0.11 (blue circle in the grey zone in figure 2.10a), the
Fourier spectrum of the flow in its stationary regime presents two dominant neighbouring
frequencies: the forcing one at w = w, and a second “natural” one at w = 0.404. As these
two frequencies are very close, a beating behaviour is visible in the inset of figure 2.10a at a
frequency consistent with Aw =0.404 —0.381 = 0.023.

The classical modal amplitude equation leads to a prediction that is only qualitative. Even for
F =0 the linear harmonic gain |<]"0, a)/({q,,a1)01,r)| (see Appendix 2.4.4 for its derivation)
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is overestimated, as it is deduced from the modal quantities linked to o; only. As mentioned
earlier, in non-normal flows a high number of eigenmodes is generally necessary to describe
its harmonic response, even in the presence of a weakly damped eigenvalue. Thus, relying on
a single mode constitutes a poor description of the response to forcing.

We now consider w, = 0.4025, and the associated results in figure 2.10b. The WNNh model
yields multiple equilibrium solutions in the range 0 < F/e, < 0.0264. Only the one represented
by a thick continuous line is stable, and corresponds to a monotonic growth of the gain
with F. The DNS results validate the existence of this solution. The two other solutions,
depicted by the dash-dotted and dashed lines, are unstable in one eigendirection and two
eigendirections, respectively. Above F/e, = 0.0264 the WNNh model predicts the loss of the
stable equilibrium solution, which is accurately confirmed by the DNS whose threshold is
located around F/¢, = 0.0286. Slightly above, the signal of u,(0,0) in the inset suggests again
the presence of a “natural” frequency due to the subcritical destabilisation of 0. Indeed,
uy(0,0) alternates between an algebraic growth typical of a true resonance (both natural and
forcing frequencies collapse), and a beating-like behaviour whose period is very long (the
natural frequency drifts slightly from the forcing one).

Across this threshold, the evolution of the average kinetic energy of the response appears
discontinuous. This loss of stable equilibrium is to be distinguished with its destabilisation
encountered for w = 0.3810. Overall, the difference of behaviours between figures 2.10a and
2.10b may be explained by the difference of proximity between w, and (o] of the mean
flow. As the forcing is progressively increased above F/¢, = 0.0286, the flow response quickly
becomes chaotic, and then turbulent.

It should be mentioned that, in some situations, the amplitude equation (2.14) may be in
default. First, as just mentioned, when the optimal linear harmonic gain at frequency 2w,
is ~ 1/4/€, or larger and projects well onto the optimal forcing, the asymptotic hierarchy is
threatened as 1, » may be substantial enough to reach order /€, or above. It is thus important
to assess that the norm of #, » remains of order one. A second delicate situation arises, for the
same reason, when a sub-optimal gain at the frequency w, is ~ 1/¢,. In both cases, the model
could be extended by including in the kernel of ¢ the optimal response at frequency 2w,, or
the sub-optimal response at frequency w,, respectively.

Eventually, it should be noted that there are several manners to perturb R(iw,) ! such as to
include #, in the kernel. Among them, the one with the smallest amplitude, i.e. €,, has been
chosen in (2.5). We demonstrate in Appendix 2.4.5 that this is the only choice that leads to a
consistent amplitude equation. Choosing a higher perturbation amplitude is possible, but
implies filling the kernel with another structure than i,.
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2.3 Conclusions

In summary, we have derived an amplitude equation for non-normal systems, describing the
asymptotic response to harmonic forcing in a weakly nonlinear regime. The presence of a
neutral or weakly damped mode was unnecessary. The approach is based on the following
observation: in non-normal systems, the resolvent operator can be made singular by per-
turbing it slightly, therefore the small distance to singularity can be used as a multiple-scale
expansion parameter. The resulting amplitude equation has been compared with fully non-
linear simulations, both in parallel and non-parallel two-dimensional flows. In all cases, it
predicts accurately the supercritical or subcritical nonlinear evolution of the response and
brings insight into the weakly nonlinear mechanisms that modify the gains as the amplitude
of the harmonic forcing varies.

For future research, we believe that the proposed amplitude equation could be employed as
a tool for a variety of different problems. (i) For instance, the efficiency of the WNNh model
in capturing a subcritical behavior may prove useful in the search for optimal paths to chaos
or turbulence. Indeed, equation (2.16) could be included as a constraint in a Lagrangian
optimisation problem, whose stationary point would constitute a weakly-nonlinear optimal.
Such an approach could complement fully nonlinear optimisations, proposed for instance in
Pringle and Kerswell (2010), by providing physical understanding at a numerical cost close to
the linear one. (ii) Amplitude equations could also be exploited for fully three-dimensional
flows, where we expect them to still be valid since the hypothesis of two dimensionality has
never been made in the developments. Again in their quality of reduced-order models, they
would be all the more relevant here because assessing the three-dimensional finite-amplitude
flow behavior from DNS is generally costly.

Furthermore, the method presents numerous possibilities for extension, in addition to higher-
order corrections. For instance, the inclusion of multiple forcing structures or trajectories:
the nonlinear interaction of multiple harmonic forcings or initial conditions is particularly
relevant when distinct structures lead to comparable gains, for instance, perturbations of
different spatial wavenumbers like in jet flows forced with different azimuthal wavenumbers
(Garnaud et al. (2013b)). The ensuing system of coupled amplitude equations may bear a
rich dynamics, such as hysteresis and chaos. Amplitude equations are useful for flow control
and optimisation, as shown for instance in Sipp (2012) in the classical context of a marginally
stable flow, displaying little non-normality, with a well-isolated eigenvalue and a sufficiently
large spectral gap. In the next chapters, we derive amplitude equations for the response to
stochastic forcing, as investigated in Farrell and Ioannou (1993) and Manti¢-Lugo and Gallaire
(2016a) with linear and self-consistent models, respectively.
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2.4 Appendix

2.4.1 Harmonic gain sensitivity and comparison with the WNNh model.

Let G, =1/¢e, designate the linear harmonic gain. Then RTR]A‘U = Ggfa holds by definition, and
implies G2 = (R'Rf,, f,) thanks to the chosen normalisation || f,|| = 1. We are interested in
the squared gain variation 5 G2 (where this notation does not designate the square of the gain
variation) induced by a small perturbation § L of the state operator. The latter results in the
following perturbation 6 R of the resolvent:

SR=(iwl—L-@GL) ' = (iwl-L)7!
= [(iwI-L)I-ROGL)] " -R
~(I+RSL)R—R
=R(SL)R.

The gain variation is therefore

8GE= SR R o Fo) = (GRRF+ RIGRIF 0 F o)
=(R'GORf o fo)+ec
=(ROL)Rf ,, Rf ,) +c.C
={(6L)Goito, G2 f ,) + c.c.,
so finally

8G5=2G3R [((6L)ito, f,)]. 2.21)

For instance, a base flow modification U, results in (0L)it, = —(ity, - V)OU, — (0U,-V)it, =
—2C(i1y,0U,) yielding the same formula as in Brandt et al. (2011) with a different normalisa-
tion.

On the other hand, the WNNh model predicts

2
Y3—|52J|rnv||2 +2Y%R
o

F 2
+Y= (6—) . (2.22)

w+v
€07

where Y =|al?. We identify the weakly nonlinear harmonic gain as G? = Y/F?, and multiply
(2.22) by €3/Y:

1 1

vl 2y L1
G: G*

L2V [uty
n>  Go

n

0. (2.23)

Being interested in small variations around G(ZJ (that correspond to the linear limit Y = lal?> — 0),
we write G* = G2 + 6 G2 with [§G%/G3| < 1. In this manner, 1/G% —1/G* = §G%/Gs + h.o.1,
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eventually leading to

lal®(u+v)

6G2=-2GR + h.o.t. (2.24)

We recognise at leading-order equation (2.21) where (6 L) it, = —|al*[2C (#to, t2,0)+2C (i}, it2,2)].
Thus, in the small gain variation limit, the WNNh model both contains the sensitivity formula
of the harmonic gain to the base flow static perturbation la|? uy 9, and embeds the effect of the
second harmonic i1, » as well.

2.4.2 Applying the WNNh model to the Navier-Stokes equations.

The incompressible Navier-Stokes equations are written after linearising around the equilib-
rium velocity field U,,

dg
B2 _Lg+d, (2.25)
ar 917

with the state vector g = [u, p] T, the forcing d = [f,0] %, the singular mass matrix
q p g g

I 0
0 0

B=

)

and the linearised Navier-Stokes operator

—(U,-V) % —(%-V)U,+Re LA(x) V(%)
V- (%) 0

L=

Several subtleties arise from the peculiarity of the pressure variable, that ensure the instan-
taneous satisfaction of the incompressibility condition: (i) the absence of time derivative
of the pressure results in a singular mass matrix, (ii) forcing terms remain restricted to the
momentum equations as we choose to have no source/sink of mass and (iii) the pressure is
not included in the energy norm of the response. This complicates slightly the practical com-
putation of the gain. For the harmonic response model, the resolvent operator is generalised
as R(iw,) = (iw,B — L)~!, and the gain is measured according to

(q9,9)B
d,dy’

G2 (iwo) =
where we used the following scalar products
o= [ (0t 0y + 8,2) 42, and

A A Ak A Ak A A K A Ak A
Mo qp) = f(} (uu,xub,x TUgyUpyt U Ubzt papb) ds.
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The B-scalar product excludes pressure, such that the pseudonorm (g, §)5 = /4| I% is the total
kinetic energy of the response. The scalar product at the denominator includes pressure, al-
though this will not change the norm of d , namely (03, cf) =| Iof |2, since we have no source/sink
of mass. The weakly nonlinear coefficients must be considered under these scalar products.
Let g, = [ito, pol " with [1g,llz =1, do = [f,,01” with ||d,|l=1, and d}, = [}, 017 with ||d},]| =1,
then

y=(do,dp), 1n=(do,Bl,)=(do,d,)p
PRNG) )
uin={(d,, d3,1>, vin=A_(d,, d3,1>’
~(3) ~3) ~(4) -4 -3 N »@ PPN
where ds,l = [f3’1,0] T dsyl = [f3’1,0] T fg’1 =2C(ity, u2p) and f3’1 =2C(#}), @t22). The pressure
field does not influence the weakly nonlinear coefficients. For instance

l/n=fg(f;xa0’x+f;jyao’y+f‘0ﬂjza0,z)d9, and

: 2 2(3) fx 2(3) fx £3)
win = fQ (f‘:xf(&l),x + f(:yf(s,l),y * f;’Zf(&Uvz) aez

The linear and nonlinear Navier-Stokes equations are solved for (i, uy,p) employing the Finite
Element Method with Taylor-Hood (P2, P2, P1) elements, respectively, after implementation of
the weak form in the software FreeFem++. The steady solutions of the Navier-Stokes equations
are solved using the iterative Newton—-Raphson method, and the linear operators are built
thanks to a sparse solver implemented in FreeFem++. The singular-value decomposition is
performed in Matlab following directly Garnaud et al. (2013b). Finally, DNS are performed by
applying a time scheme based on the characteristic-Galerkin method as described in Benitez
and Bermudez (2011).

For the two-dimensional flow past a BFS presented in §2.2.1, we refer to Manti¢-Lugo and Gal-
laire (2016b) for the validation of the codes with existing literature and the mesh convergence,
since the same codes have been used. The length of the outlet channel is chosen as L,,; =50
for Re = 500 (Manti¢-Lugo & Gallaire, 2016b), Ly, =65 for Re =600, and L,,; =80 for Re =700.
This ensures the convergence of the linear gain and weakly nonlinear coefficients. For the
plane Poiseuille studied in §2.2.2, the validation is proposed in the main text.

2.4.3 Higher-order corrections of the WNNh equation.

Recall (2.11) obtained at order \/53:

_ X o _dA
Uz 1 = — Al AP* [2C i, t20) +2C(#L}, i1,2) ] — o ——

T —Af,+Of 1) (2.26)
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After the imposition of the Fredholm alternative, leading to (2.12) for dA/dT, the relation
(2.26) becomes

Dz =AlAI? [~2C (Lo, Uz 0) — 2C (W, it2.2) + (L,

. . X (2.27)
+A(—f 5 +nite) + G(f ), —nyito)

where ¢ = (u+v). For higher-order corrections of the WNNh model, the field u3 ; is needed and
is solution of (2.27) where the operator @ is singular since i, # 0 belongs to its kernel. Since
by construction fo =e,R(iwy) it,, it follows immediately that (RHS, f‘o) =€, (R(iwy,)RHS, it,).
Thus, thanks to the (imposed) orthogonality of the RHS with fo ((RHS,f0> =0), solving the
equation replacing @ by (iw,I — L) leads directly to us,; being orthogonal to #,. Therefore,
Pu3z;=0and (iw,I — L)us,) = Pus 1, which implies that the field u3 ; computed with (iw,I—L)
instead of @ is directly the particular solution of (2.27). Note that u3,; appears as a true
correction to #, in the sense of the scalar product. This property has the striking and important
consequence that the operator @ never needs to be constructed explicitly, whatever the order
of the amplitude equation. The homogeneous part of the solution of (2.27) is arbitrarily
proportional to #,. It can be ignored without loss of generality Fujimura (1991). Eventually,
the term Pu; ; e'®o! 4 c.c collected at order O(\/e_oj *2) disappears if j = 2. This is due to the
nullity of u; ; for even j, and to the nullity of Pu; for odd j. Overall, the particular solution
at order \/e,° is written

us(t,T) = (gbi;é“l) + Aa) + A AP agﬂ) el + A3e3oliny 5+ c.c, (2.28)
where

(iwol — L)t = f, = nyito,

(iwol - L)t} = = f , +nito,

: ~(C) A~ Ak A A (229)
(iwol — L)itgy = —2C iy, U2,0) — 2C(iky, B2,2) + (ko
Biwol — L)z 3=—2C(iky, it2,2)
The equation at order €2 is assembled as
DUy 16" + c.c) + 4= —2C(uy, uz) — Cuy, up) — Oy + (Plz, 1 €0 + c.c) (2.30)

As mentioned, Pu;; =0 since u,,; =0, and the forcing terms are —2C(u;, u3), —C(uy, u,) and
—Oruy. We first develop C(u;, us) as

Cluy, u) = pAC(ity, y)") + | AP Clito, it)") + | AI*Clito, ")
+ [ PACtg, ) + A*Clt, W) + A2\ AP | Clitg, B) + Clit), tzg) || €2"

+ A4€4lw0tC(ilo, it33) + c.c,
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then C(u», u,) as

Cluz, uz) = |AI*[Clitg,, i85 5) + c.cl + |A|*Cluz 0, uz,0)

+ [2421 AP Clu g, 0) + .| + | A1eM 0 Clity 0, 15.) + .
In addition,
Orl AP = A*0r A+ ADr A* = A* (¢ -nA—-CAIAP) + Algn* —n* A" = A*|APP)
=pnAT +¢n" A— -+ AP~ C+)IAL,
and
Or A? =2A07 A=2¢nA-2nA> - 20 A*|A]?,
such that

Orus =01(| Al u20+A2 le”tA +A*26 2iwot il;z)
= (¢n* Augp+c.0)— ((+{* )|A| uz0— M +n")APuz0
+ [N Al 2 — 20 A%ty o — 20 A?| Al ity 5) €19 + c.c].

Eventually, collecting all terms leads to the following particular solution for uy

uy=| (,bAu(“)+cc 1+1Au )+|A|4uffo

(AR + A% ) + A2 AP BS) € + c.cl + [A"e ' ity 4 + c.c),

with
~Lit\) = —n" up0 — 2C ik, 13)"),
—Lu®) = w9 +1") — [2C o, ") + c.cl,
—LuSy =z 0({ + () = Cluzp, Uz,0) — [Cliz2, i3 ,) + c.c) — [2C o, #§)") + c.cl,
2iwol — L) ity = —2nity  — 2C iy, 1Y),
iwoI - L)it) = 20ty 2 — 2Cito, L)),
QiwoI - L) i) =2 (ilz,z—ZC(uz,oyuz,z)—ZC(ito,A(C)) 2C (i}, itz 3),

(diwol — L)ty s=—C(itz2, 02 2) — 2C(1ho, U3 3).

The norms of the particular solutions at successive orders €, \/6_03 and €2 are outlined in
table 2.3 for the plane Poiseuille flow at (Re, ky, k) = (3000,1.2,0) considered in §2.2.2 and
forced at w, = 0.3810. Despite a large harmonic gain for w = 0 as visible in figure 2.7, the
stationary field u; o remains of reasonable amplitude as the associated Reynolds stress forcing
C(it,, it},) projects poorly on the most amphﬁed smgular mode for w = 0. However, the same
does not hold for the stationary fields i, “ b9 at order €2, all of significantly large amplitudes.

This implies that the asymptotic h1erarchy is only maintained until order \/53. Indeed, if it
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w0l 2l
11.5 2.07
N ~(b A~ A
N1l Wi i)l il
10.6 10.6 21.7 11.4
~ b ~ ~(b ~
Nl lugoll Sl Bl gl lagdll

10.5-10* 4.2-10* 5.3-10* 1.6-10° 4.0-10° 1.6-10°

Table 2.3: Norms of the particular solutions at O(e,), O(\/e_os) and O(e%) for the plane Poiseuille
flow at (Re, ky, k) = (3000,1.2,0) considered in §2.2.2, and forced at w, =0.3810

holds that

N 3 11a ~ (b ~ () N
Veo > ol ol iz a|) > veg (a1, 1) 1 11 11, |1 ies 511)

such that, until order \/&,°, each order appears as a true correction of the previous one, this
does not hold for order 2. As €2 || itfl“é [| is of order unity, it cannot be considered as a correction

of the order \/6_03 but appears directly at the base flow level, which is asymptotically ill posed.

2.4.4 Modal amplitude equation for harmonic forcing.

The dominant eigenmode g, satisfies Lg, = 014,. Let its small damping rate o, (i.e, the
real part of 01), be scaled in terms of €, as 01, =0¢,, where 8 = O(1) (and 6 < 0). The forcing
frequency w, is detuned around the natural one, i.e, w, = w1 + Pe, where w; is the imaginary
part of 07 and = O(1). The shift-operator procedure introduced in Meliga et al. (2009, 2012)
is adopted thereafter, in order to apply the classical weakly nonlinear formalism. Namely, we
perturb L as L= L+¢,S where S satisfies Sg, = 04, and is such that all the other eigenvectors
of L constitute its kernel (i.e, Sg,; =0 for i =2,3,...). In this way, the perturbed operator L
possesses the same eigenvector as L, only the eigenvalue o; associated with g, is shifted of
—0o1,r such as to be truly neutral: Lg, = (L—€,5)§, = Lg, — 01,4, = iw1§g,. The asymptotic
multiple-scale expansion of the forced Navier-Stokes equations is expressed

VEo| @=Ly | +eo| @ = Dtz + Claty, up) | +.
o (2.31)
+ \/as [(8[ —I:)ug +2C(uq, uy) +8Tu1 - Sul] + O(ei) :([)\/agelw”tfo +cC.c.

The equation at order /€, reads

(Or—Luy =0,
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which leads to the solution u; = A(T) g, e’ + c.c. At order €, we obtain for u, the equation

(Or — Dup = —C(uy, uy)
=—-2|AC(q,,q}) - | A2C(gy, e +c.cl,

whose solution is u, = | A|? qr0+ [AZ e2”‘“0t€]2’2 + ¢.c], where

—Lgyy=-2C(qy,47),
QRiwoI—L)gy,=-C(gy,q,).
At order /&,° is assembled
@y — Lyuz = —2C (w1, wp) + Suy — Oruy + p(ePTHOF 4 c.c)
= | 241417 [C@2,,4)) + C(q20,§1)] +0AG, - ‘Ahg_;l +pePTf, | et
+ ¢.c + non-resonant terms

where we used that Su; = 0 Ag,e’'? + c.c. Cancelling the projection of the resonant part of
the forcing term (inside the brackets) on the adjoint @, results in an equation for A:

2C(Gy,47) +2C(qy 0, 4,), & 7 (For @
d—;‘:@A—AlAF( 94229, 920, 91), a1) +¢e’ﬁT<fo a,)

d <q1rﬁ1> (qudly

Note that, for w, = w; (i.e, the detuning parameter = 0), the amplitude in the linear regime,
A;, reads

<fo)al> o A

(f o a1) -
<£’]rdl>

<£’]7 a1>

’

0=0A+¢ =—¢

which corresponds to the following linear harmonic gain:

oo Vel 1 Fot))| €0 |[(Fpa| 1
VeSS €o |[(Gy @) |lonsl <Gy, @) |lo )

which is different from the norm of the resolvent operator, i.e, 1/¢€,. Thus, even the matching
with the linear regime is not guaranteed with this classical, modal approach.

2.4.5 Uniqueness of the operator perturbation

A sort of "proof by contradiction" is proposed : we will perturb R(iw,) ! with an operator of
size larger than its minimum value €, and show that the subsequent amplitude equation leads
to an inconsistent result.
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It follows from R(iw,) ity =€, f , in (2.4) that
€o
(8lito)
holds for all the possible choices of g (in the main text we chose g = #1,). Without loss of

generality we impose ||g[|® = 1. Let us write (§|ito) = | (&|ito) |¢'* and define e = €,/|(§]ito)| =
€,, which is necessarily larger than or equal to €,. We pick a g such that € « 1, and select € as

R(iwy) ™t - Folgl*)|m,=0 (2.32)

our new small parameter. We can define the singular operator as
&= R(iw,) ' —eP. where P:e_i“f0<g|*>, (2.33)

(implying ||P|| = 1). We clearly still have ®it, = 0, and we can show that &' a = 0 with a =
R(iw,)'g (indeed if g = i1,, we have a = fo). We can perform the exact same asymptotic
expansion as in the main text, replacing the small parameter €, by € everywhere. In particular,
the NSEs are forced by F = \/Esf h '’ 1 ¢.c. The amplitude equation that we would eventually
obtain is

1dA A i A +v
Ed_T:¢<a|fh>_|<g uo>|<“|fo>A‘ﬂTA|A|2’ (2.34)
with the coefficients
1 v .
= s %=<ﬁ|2C(ﬁo,u2,0)>, E=<€l|2C(iLU,u2,2)> (2.35)
[0

In the linear regime, the equilibrium solution of this amplitude equation is

Fu)10(8 o) 1(a|f ), (2.36)

A=¢(a
which leads to a linear gain of

CvEARo| 1 Kalf)l 1 Kalfy)!

U ovE ] e el Ialr, ) e 17,

(2.37)

If we force the flow with the optimal forcing structure f = fo, we indeed recover the linear
gain G = 1/¢,. However, the contradiction lies in the fact if we choose to force with f, = @
instead, the linear gain becomes G = (1/¢,)/| ( d| f 0) | = 1/€,, meaning that we found a forcing
structure that led to a larger gain than j"o, which is by definition impossible. To guarantee the
consistency of our amplitude equation (which must predict the correct linear gain), we must
have a = f'o, which implies directly g = i, and € =¢,. As a corollary, a@ = f'o is also the only
choice that guarantees the consistency between the amplitude equation and the sensitivity
formula shown in Appendix 2.4.1.
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8] A non-modal weakly nonlinear am-
plitude equation for the variance
maintained by a stochastic forcing

3.1 Introduction

Some flows experience a transition from laminar to turbulent far below the threshold predicted
by linear stability theory, which relies on the eigenvalues of the linearised Navier-Stokes
operator. In addition, the value of the bifurcation parameter at the transition strongly depends
on the level of external noise. Among them are the canonical Couette and Poiseuille parallel
shear flows, as detailed in Schmid and Henningson (2001). Non-parallel flows such as jets
and the backward-facing step (BES) flow, studied for instance in Garnaud et al. (2013a) and
Blackburn et al. (2008), should also be mentioned. The transition scenario advanced in
Trefethen et al. (1993) relies on the non-normality property of the linearised Navier-Stokes
operator. The latter implies that a linearly stable flow can nevertheless strongly amplify a small
initial structure or a sustained forcing term through non-modal mechanisms (see Schmid
(2007) for a review). Thereby, the response may be carried into a regime where nonlinearities
set in and the flow escapes from its linearly stable solution.

In this perspective, numerous studies have computed the small-amplitude structures that
are the most amplified by the flow: initial conditions, harmonic forcing or stochastic forcing,
resulting, respectively, in the optimal transient growth, harmonic gain and stochastic gain.
Formally, such studies generally consist in finding the singular mode of a specific linear
operator, which can be very different from the eigenmodes of the linearised Navier-Stokes
operator. For the harmonic forcing problem, one could for instance refer to the work of Schmid
and Henningson (2001) and Jovanovi¢ and Bamieh (2005) on the parallel plane Couette and
Poiseuille flows. The problem of the flow response to a stochastic forcing, studied in the rest of
this chapter, mimics more realistic situations. Indeed, unpredictable noise may arise from
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different sources in Nature such as residual turbulence, variation of atmospheric conditions,
acoustic disturbances, geometrical defects, and many others. The response to white noise has
for instance been considered for the plane Couette and Poiseuille flow in Farrell and Ioannou
(1993), and in Boujo and Gallaire (2015), Dergham et al. (2013), and Manti¢-Lugo and Gallaire
(20164a) for the backward-facing step (BES) flow. Owing to the non-normality of the linearised
operator, all these flows can sustain a large variance even if the noise intensity is comparatively
weak.

In the linear paradigm, however, amplifications do not depend on the amplitude of the initial
condition or forcing. The latter are assumed arbitrarily small, such that nonlinear terms are
negligible. Therefore, the nonlinear interactions involved in the subcritical transition or in the
saturation process cannot be captured by definition. For this reason, more elaborate models
accounting for a nonlinear coupling between the mean flow and the linear perturbation
have been proposed. For instance, Marston et al. (2008) considered a barotropic flow on a
rotating sphere, and performed a cumulant expansion of the vorticity statistics that was closed
by neglecting the third and higher cumulants; this amounts to neglecting the fluctuation-
fluctuation interactions while retaining the fluctuation-mean flow interactions. By comparison
with statistics accumulated directly in the direct numerical simulations (DNS), Marston et al.
(2008) showed that this truncation was well justified in certain regimes (see their fig. 5 and
6), for instance when the relaxation time towards a zonal jet was short, in which case the
fluctuations were suppressed by the strong coupling to the jet.

Instead of being neglected, the fluctuation-fluctuation interactions are sometimes replaced
by a stochastic parametrisation, for instance white noise, as originally done in Farrell and
Ioannou (2003). This led to the stochastic structural stability theory (S3T or SSST), which was,
for instance, able to describe sustained coherent structures appearing during the transition to
turbulence in two-dimensional atmospheric flows, as well as in three-dimensional parallel
Couette flow (Farrell & Ioannou, 2012). In these shear flows, the success of the SSST theory,
despite the fact that modelling the fluctuation-fluctuation interactions as white noise seems
to be an oversimplification, is explained as follows in Farrell and loannou (2019):

"In the case of homogeneous isotropic turbulence the stochastic excitation must be very carefully
fashioned in order to obtain approximately valid statistics using a stochastic closure [...] while
in shear flow the form of the stochastic excitation is not crucial. The reason is that in shear flow
the [Navier-Stokes] operator [linearized around the mean flow] is non-normal and a restricted
set of perturbations participate strongly in the interaction with the mean flow. As a result
the statistical state of the turbulence is primarily determined by the quasilinear interaction
between the mean and these perturbations rather than by nonlinear interaction among the
perturbations".

This "quasi-linear" approach, which consists in allowing fluctuations-mean flow interactions
and either neglecting or modelling other interactions, has been extended to a resolvent-based
approach applied to a turbulent pipe flow in McKeon and Sharma (2010). The Navier-Stokes
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equations (NSE) were re-formulated as a nonlinear equation for the mean velocity, and an
input-output equation for the fluctuation, where the latter is the linear response to a forcing
term modelling the nonlinear fluctuating term through the resolvent operator around the
mean velocity. The closure problem for the mean flow equation is avoided by knowing a priori
the mean profile from experimental data. Following an argument essentially similar to the one
quoted above from Farrell and Ioannou (2019), when the resolvent operator is low-rank, in the
sense that there exists a small set of forcing-response pairs of modes associated with gains
much larger than all the others, the fluctuation can be well approximated as a combination of
these leading response modes.

This type of mean flow-resolvent analysis has been performed by numerous authors since
then and has often proven successful in reproducing the main features of self-sustained
turbulence. This was the case for the turbulent jet studied in Pickering et al. (2020), where
the resolvent mode around a mean-flow eddy-viscosity model projected well on the spectral
proper orthogonal decomposition (SPOD) modes that optimally describe the turbulent flow
statistics from large eddy simulation (LES) data. Note that, because of the non-normality of
the resolvent operator, strong amplification may occur even in the absence of a dominant
eigenvalue in the (eigen)spectrum of the linearised Navier-Stokes operator around the mean
flow; for this reason, the question of the relevance of a stability analysis around the mean flow
is discussed in Symon et al. (2018). Recently, a resolvent-based approach was also adopted
in Rosenberg and McKeon (2019) to compute traveling waves in Couette and Poiseuille flow.
Instead of assuming the mean flow to be known a priori, the coupled system was solved
iteratively, requiring only the knowledge of the traveling wave speed and amplitude. Note that
the latter approach is conceptually very similar to that adopted in Manti¢-Lugo et al. (2014).
The only difference lies in the fact that fluctuations-fluctuations interactions are neglected
in the equation for the fluctuation in Manti¢-Lugo et al., 2014, whereas they are treated as
a forcing term whose response is solely along the leading resolvent mode in Rosenberg and
McKeon (2019).

The quasi-linear assumption that the dominant nonlinear mechanism is the Reynolds stress
feedback onto the mean flow excludes, for instance, systems with strong harmonic generation
and subharmonic excitation, as illustrated in Meliga (2017). It has also proven to be in default
in Tobias and Marston (2013) in the case of turbulent zonal jets that are driven too far from
equilibrium (for which the rates of forcing and dissipation go to zero). A generalisation has
been proposed in Marston et al. (2016), leading to a system constituted of a nonlinear equation
for the slowly varying part of the velocity field (instead of just the mean flow), and a linear
equation for the rapidly varying part (instead of the entire fluctuations); in this manner,
the small scales can exchange energy with each other, through their interaction with the
large scales. With a sufficiently large number of modes included in the slowly varying, this
generalised model converges and improves the predictions, at an increased numerical cost.

Amplitude equations for the response of nonlinear systems to stochastic forcing constitute
another class of modelling techniques, in principle restricted to the weakly nonlinear regime,
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but much cheaper to implement. The technique was developed for instance in Rajan and
Davies (1988) and Nayfeh and Serhan (1990) using the method of multiple scales and/or
stochastic averaging on the Duffing and Duffing-Rayleigh oscillators, respectively. Similar
to their deterministic counterparts, however, the possibility to construct these simplified
equations relies on the existence of a resonant frequency, as they describe the slowly varying
modulation of the associated eigenmode.

In chapter 2, we derived an amplitude equation to extend the linear harmonic gain curve
in a weakly nonlinear regime by increasing the forcing amplitude. The method does not
rely on modal quantities, in contrast to classical techniques, and the present chapter aims
at generalising this method to the response to stochastic forcing. Namely, by assuming the
linearized system to exhibit a large response-to-forcing variance gain, we derive an equation
for its weakly nonlinear evolution as we increase the variance of the stochastic forcing. This
amounts to adapting the method proposed in chapter 2 to a slightly more general inner
product.

No assumptions will be made on the dominant nonlinear interaction mechanisms, and
the Fourier (frequency) components of the linear response can be arbitrarily different from
eigenmodes as long as the linear operator is sufficiently non-normal. The weakly nonlinear
evolution of the variance of the flow response to stochastic forcing can be determined at a
numerical cost considerably lower than that of a direct numerical simulation (DNS).

3.2 Linear regime

Let us first characterize the stochastic response of the flow in the linear regime, whose weakly
nonlinear continuation will be studied subsequently. A perturbative flow velocity field u,
around a fixed point U,, forced also at perturbative level by f, is governed by the linear
equation

Ou=Lu+ f, 3.1

where L results from the linearisation of the Navier-Stokes equations around U,. Specifically,
Lu=—U, - VYu—(u-VYUp,+Re ' Au— Vp(u), where Re is the Reynolds number, and where
the pressure field p is such that the velocity field u is divergence-free. Note that both fields
are linked through a linear Poisson equation. In practice, p is included in the state variable,
resulting in a singular mass matrix, omitted here for the sake of clarity.

The specific form f(x, £;0) = f(x)¢(¢;0) is chosen for the stochastic forcing, where f((x) is
the forcing spatial structure and ¢(t; 0) a scalar random process. The symbol 6 designates a
random variable, following a certain probability law. Two different values taken by the random
variable 0 correspond to two different realisations of the random process. The process ¢(t;0)
may be a delta-correlated white noise, but is not necessarily.
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We insist that the form of stochastic forcing f(x, £;0) = f(x)¢(¢;0), considered here, describes
avery specific excitation with typically a strong spatial correlation, and there exist more general
modelisations. For instance, a more complete description of an actual stochastic forcing could
obtained by summing f(x,;0) =) j f 5] (x)¢ (£;60;) together with spatio-temporal covariance
matrices.

We introduce the Fourier transform % (e) of a temporal signal of length [0, T] with T — oo, and
its inverse & 1 (o), as

N 1t —iwt -1.a T (=, iwt
u(w):g(u(t)):—f u(t)e dty, u@®)=% (u(w)):—f w(w)e' 'dw, (3.2)
vTJo 27 J-co

respectively. By computing

o0

vT
FUZ (u(1) = —f
21 J-

(o0}

1 fT —ivb .
— ub)e '*’dpe'®'dw
VT Jo

1 oo pT .
=— f f u(b)e'*"Pdbdw (3.3)
27 J-0Jo

1 T oo |
:_f u(b)f elw(t_b)dwdb,
2w Jo —00

we verify that & “1(F (u(1)) = u(t) if and only if we adopt the following interpretation of the
Dirac impulse 6

f eiw(t—b) dw=2716(t—-b), o

—00

where § (¢ — b) has an infinite amplitude if £ = b, and is null otherwise. This way,

T
FUF (1) :f u(b)o(t— b)db=u(t). (3.5)
0

We assume the stochastic process ¢(t;0) to be statistically steady, such that we can characterize
it in the Fourier domain as

{€;0)1%} = g(w), (3.6)

where {¢} denotes the ensemble average over the different realisations, and where g(w) is the
given power spectral density (PSD) of the process £(¢;0). We show in Appendix 3.6.1 that (3.6)
is equivalent in the temporal domain to

- 1 [0 .
{rf(t;H)é(Hs;G)}:gf gw)e'dw, (3.7)
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where the overbar denotes the temporal ensemble average, i.e.

1 T
‘Z;/'dﬁ (3.8)
0

In the following, we denote by || - || the L? norm induced by the Hermitian inner product
(ltgliey) = f 0 aﬁ;f it,dS? (the superscript H denotes the Hermitian transpose). A relevant mea-
sure of input-output gain of the system (3.1) under stochastic forcing, is the ratio of the mean
square (that we call "variance" in the following by abuse of language) of the statistically steady
response, {Ilu(t; 0)| IZ}, over that of the forcing, {Ilfsf(t; 0)| IZ}. Importantly, the variance can
also be seen as the norm induced by the inner product measuring the resemblance between
two stochastic fields hk(t;0) and g(t;0) as

- === 1 T
{(h(t;9)|g(t;0)>} = {7[0 fﬁh(t;@)Hg(t;H)det}

Y0 i oHa (3.9)
_{271 j;oofgh(wﬁ) g(w,@)dew}

= {[(h(w;0)|g(;0))]},

where we have introduced the operation [¢], a normalized integration over the frequencies as

8 lfwwm. (3.10)

:g -

The transformation from integrating over time to integrating over the frequencies, used in (3.9),
is demonstrated in Appendix 3.6.2 and ensues from the definition of the Fourier transforms
(Parseval’s theorem).

Optimising over the forcing structure f ', the maximum variance amplification attainable by
the system reads

11u(£;0)]1 OV
G:mﬂ{ }'_ {haw; 01171}

—————— =max - . =i2, (3.11)
ro{irgsolret oAl S@olr]} e

where we defined €, as the inverse of the square root of the maximum stochastic gain G.
Furthermore, in the statistically steady regime, (3.1) can be solved in the Fourier domain as
(w;0) = f(w;G)R(w)fs, where

Rw) = (iwl-L)7! (3.12)
is the resolvent operator. The gain (3.11) can be re-expressed

o max AW E@OPR@ RO} 1 (f BV
foo [ @orf )]} [g@)] 1. 1If P2

(3.13)
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where we have defined the operator
1 o0
B® = gf g)Rw) Rw)dw = |g@)Rw) Rw)|. (3.14)

The operator R(w)' denotes the adjoint of R(w) under the L% inner product, such that (R (w) i, ity) =
<i¢a |R(w)Jr itb> for all it,, i}, in the domains of R(w) and R(w)T, respectively. The operator B*®

is positive definite, Hermitian with positive and real eigenvalues associated with mutually
orthogonal eigenvectors.

The maximum gain (3.13) is the largest eigenvalue of B> divided by [g(w)]. The associated
eigenvector, denoted f, and normalised as

(Follg@)] fo)=lIf 1P [g@)] =1, (3.15)

is the optimal forcing structure (hence the subscript "0"), i.e. the forcing structure that leads
to the largest stochastically variance amplification. In other terms,

Boofo = G[g(w)]fo = [ge(—(zu)]fo’ implying <f0|Boofo> =

o

. (3.16)

&)
cml’—‘

We further assume that the largest eigenvalue of B* is much larger than all the others, which
corresponds to sub-optimal gains. In this manner, if the actual (unknown) forcing of the
system does not promote a particular sub-optimal eigenmode of B>, but projects comparably
on all of them, then the response to the actual forcing is expected to be dominated by the
response to the optimal forcing f,. This was demonstrated in (1.59) in the introductive part
of this thesis. This low-rank approximation is commonly done and well justified for strongly
non-normal operators (Symon et al., 2018), and explains why we restrict our analysis to the
response to ¢(£;0) f , and do not include additional forcing modes.

By linearity, forcing the system (3.1) with f(¢;0) =€,¢(£;0) f,, where we recall that we have
defined ¢, = 1/V/G, leads to a response I(t;0) of unit variance, i.e.

{IGOIR} ={[1@0IP]} =5 (f,|Bf,) =1, (3.17)
where we used the expression of the linear response in the Fourier domain,
l(w;0) = eof(w;Q)R(w)fo, or, equivalently, R(w) '1(w;0) =¢€,é (w; 0 f,. (3.18)

Since L is strongly non-normal, as assumed in the rest of the present study, none of ¢, or
[, are immediately determined from its spectral (modal) properties; furthermore, strong
non-normality typically implies €, « 1 (Farrell & Ioannou, 1993).

It follows from the second equation in (3.18) that the inverse resolvent maps a field of unit
norm (induced by the inner product (3.9)), according to (3.17), on a field of norm ¢,, according
to (3.15). Since €, is by assumption very small, this suggests that the inverse resolvent is close to
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being singular, if "close" refers to the induced norm in question. Thereby, it is mathematically
justified to construct a singular operator @(w;8) as a perturbation of the inverse resolvent,
expressing

P(w;0) (+) = R(@) " o —€,P(w;0) (+), where

X N (3.19)

where @(w;0) (¢) simply means that the operator ¢(w;0) is applied on some field . The
parenthesis are included to highlight the fact that, for some scalar A(w;0) and some field
&(w;0)

D(w;0) (Aw;0)8(w;0)) # Alw; )P (w; 0) (& (w;0)), (3.20)

for the application of ¢ (w; ) involves an integration over the frequencies and an ensemble
average. Only if A is a deterministic scalar that does not depend on the frequency, can we
write

D(w;0) (A (w;0)) = AD(w;0) (& (w;0)), (3.21)
(and same for P(w;0) (»)). The linear operator P(w;8) (e) is such that

P(;0) (1(w;0)) =f(w;H)foj[(i(w;9)|i(w;9)>]};=3(w;0)f0.

=1 by (3.17)

(3.22)

Therefore,
®(;0) (1;0)) = R() ' 1(;0) — €, P () (1w;0)) = R(w) ' 1(w;0) — {(w;0) f,=0. (3.23)

In other words, ®(w;0) is a singular operator with (w;0) as a non-trivial kernel. Its adjoint
operator @ (w; 0t (¢), under the inner product (3.9), is such that

{[(2@;0) (2(;0)|h(@;0)]} = {[{2@;0)|@(@;0) (hiw;0))]} V&€ 2@), e D@". 3.29)
It it written

B(;0)" (o) = (R)™) ¢ —,P(;0)T (&) where

A « (3.25)
P;0) () = 1w;0) {[{E(; 0) f ,| )]}
Furthermore, we show in appendix 3.6.4 that the stochastic field
a(w;0) =€,R() 1(w;0), issuchthat (w;0)' (aw;)) =0. (3.26)

In other terms, @(w;0) is the non-trivial kernel of the adjoint operator ®(w;0)" (s).

Expansion (3.19) is a priorijustified in the sense that the induced-norm of the operator P is
{[IIPI1]} =1 (shown in Appendix 3.6.3), and thus the operator perturbation (3.19) is of size ¢,,
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indeed small by assumption.

Note that perturbation (3.19) is essence similar to that in (2.5), extended to a more general
inner product, involving an integration over the frequencies and an ensemble average in
addition to integrating over space. Consequently, the computations proposed in the next
section, in the weakly nonlinear regime, are close to those outlined in chapter 2.

3.3 Weakly nonlinear regime

In this section, we suggest a procedure to derive a weakly nonlinear equation for the amplitude
of the linear stochastic response. We illustrate the method directly on the incompressible
Navier-Stokes equations, which we recall to be

0,U=-C(U,U)-Vp+Re ' AU + FE(1;0) f ), (3.27)
with the nonlinear, bilinear operator
1
C(x,y)z5((x-V)y+(y-V)x)). (3.28)
The stochastic forcing is such that {(£;0) f;, has a unit variance, i.e.

{16EO 4P} ={{1E@ 0 F4l 2] =11f 41 [g@)] =1. (3.29)

This way, the variance of the stochastic forcing F&(t;0) f), is directly given by F2. The forcing
structure f, is for now unspecified. In what follows, we assume F to be small, which is
quantified by scaling

F=¢ye,’, (3.30)

where the prefactor ¢ = O(1) sets the forcing variance. Thereby we seek a solution for the
response in the statistically steady regime under the form of the following multiple-scale
asymptotic expansion,

U(t, Tz, T5;0) =Up + Veour (8, To, T3;0) + €oua(t, Tr, T3;60)

3 ) 3.31)
+VeEo us(t, Tz, T3;0) + O(€y).

where we introduced the slow time scales T» = /€, ¢ and T3 =€, ¢ and where Uy, is a stable fixed
point of the Navier-Stokes equations. We inject both (3.30) and (3.31) in the Navier-Stokes
equations (3.27), and take the Fourier transform (with respect to t) of the resulting expansion,
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leading to

\/G(R_l ill) +
€o (R_lit2+8T2it1+9(C(u1,u1)))+ (3.32)
Veo: (R7Vitg +gyiny + O, it + 2F (C (w2, 1)) — P f ) + O(€?) = 0.

By perturbing the inverse resolvent operator as in (3.19), expansion (3.32) becomes

VEo (P (i) +
€o (P (it2) + O, i1 + F (C (w1, w1))) + (3.33)
VEo' (& (it3) + O, iy + O, Tty + 2.F (C (U, 1)) + P (i1) — ¢ f ) + O(e3) = 0.
At order /€, in (3.33), the following homogeneous equation as to be satisfied
D(w;0) (in (, T2, T5;0)) = 0. (3.34)
Its general solution consists of an arbitrary component on the kernel of @, i.e.

it (w, T, T3;0) = A(T>, Tg)i(w; 0), writing in the temporal domain,

uy(t, T, T3;0) = A(T», T3)1(1;0),

(3.35)

where A(T>, T3) is an arbitrary scalar that solely depends on the slow times scales. It is impor-
tant to notice that A can’t depend on the stochastic argument 6, for A(T>», Ts;0) i(w; 0) does not
belong to the kernel of @ for the reason evoked when describing (3.20).

Pursuing the development up to O(e,) leads to solving
] (ilz) = —87"2121 -F (C (ul, ul)) = —iOTZA - Azg (C(l, l)) . (3.36)

For @1, to yield a non-diverging particular solution, the right-hand side in (3.36) must be
orthogonal to the kernel of the adjoint operator &'. This orthogonality must hold under the
inner product (3.9), for it is under this inner product that &' was constructed in (3.24). This
leads to an equation for the partial derivative of A with respect to T

0A

—— = A?, 3.37
"aTZ 2 (3.37)

where we have defined the (deterministic) coefficients 7 and p» as

n={[{aw;0)|lw;)]} (3.38)
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and
p2 =—{{a(w;0)|F (C(L, D) (w;0))]}
={[{i@:0|i" w;00) |} (3.39)
- {(l(t;0)|u§‘2(t;0)>}.

In (3.39), we have introduced the field

ﬂzz(w;ﬂ) =—€o,R(W)Z (C (1, 1)) (w;0), (3.40)
which amounts to solving in the temporal domain

Oul =Lul —e,C1,1). (3.41)

Injecting (3.37) in (3.36) leads to the new system

D (itp) (w;0) = A (—2((»;9)& ~F(CUD) @0)]=A2F) 0)
A n ’ (3.42)

~~

. A2
=fa.1
where the forcing term f ?i is by construction orthogonal to the adjoint
{[(awo)|f2 @ 0)]} =0
{[<2(‘“‘9)|R(“’)}ﬁ(w;9)>]}:0© (3.43)
{Ki(w;@) itzi(w;e)>] } =0.

where we have introduced the field i

A . .
21 =Rf, | . The particular solution to the second-order

equation (3.42) is directly given by A% i

2 1 since

0@;0) (Aaf (;0)) = A2 R@) " itfl, (@30) - 22¢@;0) f o { [ (1ws )|, ;00 |}

.

-~

=0 by (3.43) (3.44)
~ A2
=Af, | (@;0),

which solves (3.42) indeed. Eventually, the general solution at O(e,) writes in the Fourier
domain

it2 (0, Tz, T3;0) = ATy, T5) 2ty | (@36) + As(Ty, T3)1(w;6), (3.45)

where Aj; is another arbitrary amplitude.
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At order /€,°, the equation
@ (it3) = —Or, ity — O, ey — 2F (C (up, u1)) + P f ), — P (1) = f 5, (3.46)

is unraveled, where the field fg was introduced. Thenceforth, we successively compute

0T, o, 0T (3.47)
_ g 2H2 43 3042
21 n 8T2'
as well as
2F (C(up, uy)) = 2A3F (C(u2 B l)) +2AMAF (C (1)), (3.48)
and eventually
P(iny) = AP (1) = ALf,. (3.49)

Using these results, the right-hand side f3 in (3.46) is written

~ 8A2 0A 3 ~ A2 Zpg A
fa= (aTz 8T3)l A (2%( (uu,l))+uuT)—AAzzg(C(l,l)H((p—A)ffo. (3.50)

Once again, it must be imposed that the latter is orthogonal to @ under the inner product (3.9)

0A 0A
{l “|f3>]} 0 (8T2 a—T3)=Y¢—A+2H2AA2+MsA3- (3.51)

The coefficient y is given by the expression

(EPR'RS,

y={[(aléfi)]} =eo{ [(R'1|éFn)]} =e2
=€%<Boofo|fh>= [g] <fo|fh>'

which, if f, is chosen as being the optimal structure f ,, reduces to

ol (3.52)

Y={aléf )]} =[] (fol Fo) =1, 3.53)

in virtue of (3.15). The coefficient u3 is computed as
A 2 A2 212
/.132—{ <a (9 2C ud | 1))+ i —)>]}
{1 s
- Jl[<l6"1?(5(%(“2*’1))Jruz'l 7 )>” (3.54)

)]}
{(tugh},
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where we have defined the third-order field in the Fourier domain

3

2
il :—eoR(fJ? (2c(us 1)) +i¢§‘iﬂ), (3.55)
' N
which solves in the temporal domain the following evolution equation
A2 2p2

Ol = Luf’ —e,2C (ug‘i l) —eouuT. (3.56)

By using (3.35) and (3.45), the overall component along the homogeneous solution I is assem-
bled as

A(Ty, T3) = A(T>, T3) + /€0 A2 (T2, T3) + O(e,). (3.57)

The total derivative of A with respect to the actual time ¢ is expressed

dA_ O 0T, 0A T3 04

at ot o o1, | 01 0T,

0A 0A, 0A 3
= — 4+ _— + — O
“oor, T ( OT> 6T3) (Ve (3.58)
- GO%AZ + %" (y§— A+2up Az + s A%) + O(VER")
—y € ~ -
- EO%AZ + ?” (yp— A+ s A%) + 0(v/ed).
By introducing the rescaled amplitude a = \/€,A = O(,/€,), this becomes
da_ p_ 2, 3 o
n 1 =yF—eoa+pza” +puza’ + O(e,). (3.59)

The equilibrium solution to (3.59), denoted a, characterizes the statistically steady regime of
the perturbation response, in which the expansion (3.31) becomes

U(t;0)- Uy =al(t;0) + @ ug‘i(t;e) +0(/eg)). (3.60)

The associated response-to-forcing perturbation variance gain is computed as

{lw@o-u,i7} & +at{iuf or}+ow/e)

{IIFf(t;H)thIZ} F? 3.61)
a* +0(€?)
F

where we have used {I 1] Iz} =1and {<l‘ u§‘1>} =0, in virtue of (3.17) and (3.43), respectively.
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Thereby, we define the leading-order stochastic gain as

dZ
Gy = 73 (3.62)

the subscript "WNN" for Weakly Nonlinear Non-normal.

In the linear regime when F vanishes in (3.59), the equilibrium solution tends to a=yF/e,,
corresponding to a gain

2

2
fim G = 5 = & =G = {0 0D (3.63)
where the last equality is demonstrated in appendix 3.6.5, the field u#; having been defined
as the linear response to ¢ f;,. This limit is consistent with the linear regime: if the forcing
structure f, is chosen as being the optimal one f,, then we have y = 1 and the weakly
nonlinear gain reduces to the linear one G (defined in 3.11). On the contrary, if f, is chosen
as being orthogonal to f,, the associated linear response uy, is orthogonal to I and the linear
gain is null. That is precisely because the variance gain Gwnn inherently describes that of [,
and if the linear flow is forced along f, with ( f},|f,,) =0, no component of the response along
1 is created under the inner product (3.9).

In the following section, for a selected application case, we compare the predictions of the
weakly nonlinear stochastic gain (3.62) with fully nonlinear simulations as we increase the
forcing strength F.

3.4 Application to the backward-facing step flow

We consider as an application case the nonlinear evolution of the stochastic gain in the
two-dimensional backward-facing step (BES) flow at Re = 500. As mentioned in chapter 2,
streamwise non-normality mechanisms make this flow particularly receptive to external
excitations (Blackburn et al., 2008). A Poiseuille profile of unit centreline velocity is imposed
at the inlet.

The stochastic process ¢(t;0) is chosen as a Gaussian-distributed, zero-average white noise
of unit intensity, and band-limited with a cut-off frequency w. = #. This corresponds to the
particular case where

w0} =g =1, |ol<wc=n, (3.64)

and |¢(w;0)| = 0 otherwise, implying

1 We=T
[gw)] = —nf gw=1, (3.65)

2 —W=—T

The probability density function of the noise is a Gaussian centered around 0, thus {¢} = 0.
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Figure 3.1: (a) Streamwise component of the optimal stochastic forcing f, in the BFS flow,
Re =500. (b) DNS snapshot of the associated streamwise velocity response (perturbation
around the base flow) to F¢(¢;0) f, with F =0.00025.

Furthermore, the flow is forced with its optimal forcing structure, i.e. f; = f,, such thaty =1.

The nonlinear and linearised NSE are solved with the Finite Element Method (see details in
Appendix 3.6.6). Figure 3.1(a) shows the optimal stochastic forcing f ,, which is remarkably
similar to the optimal harmonic forcing structure at the most amplified frequency w = 0.47,
as determined via a resolvent analysis and shown in figure 2.4(a). The harmonic gain being
relatively selective in frequencies and being maximal at w = 0.47, the associated forcing struc-
ture is naturally favored when maximising the present stochastic gain, since the selected noise
excites all frequencies with the same intensity. Figure 3.1(b) shows a DNS snapshot of the flow
response to F¢(4;0) f, for F=0.00025.

The linear problems and the coefficients yy and u3 are computed in the frequency domain,
where the frequencies have been discretised in N uniformly distributed values w € [0,w,]
with w, = 7. The coefficient u, in front of the quadratic term in (3.59) is found to vanish
after performing the ensemble average. That is because the probability density function of
the noise, denoted P(¢), is a Gaussian centered around zero, and thus it is even, such that
P(=¢&) = P(¢). On the other hand, the coefficient u; in (3.39) can be re-expressed as

wo= e {[(RTRF |7 (C(77 (RFE). 77 (RED)) |} =) (3.6

Due to the linearity of the Fourier transform, the function inside the ensemble average in
(3.66), which we have defined as fi», is an odd function of ¢, i.e., fi2(—¢&) = —[i2(¢). Thereby, its
ensemble average (or expected value) writes

2 = {fin} = f f2(E) P(E)dE =0, (3.67)

since the integrand is odd. The nullity of u; greatly simplifies the ensuing calculations, and
the coefficient u3 is found upon implementing the following algorithm.

1. Choose the values for N and w,, which sets the discretisation of the frequency interval.

97



Chapter3 A non-modal amplitude equation for the variance of the stochastic response

3

x 10

0 200 400 600 800 1000
Number of realisations

Figure 3.2: Evolution of the coefficient u3 as a function of the number of realisations included
in the ensemble average. Each realisation results from a different, randomly drawn, white
noise process.

2. Over the discrete set of frequencies, pre-compute once for all the deterministic scalar ¢,
and fields f,and Rf .

3. Draw randomly a band-limited white noise ¢ and deduce I =€,éRf .

4. Compute I =%~ (1) then itfi =—RZ (C(L D).

5. Compute ug‘i =g! (it’z“i) then 12?3 =—€c,RF (ZC (u?i, l))

6. Compute fi3 = [<i’ ité“3>] and store its value.

7. Update us = {13} and return to (3) until converge of ys.

The algorithm is found to converge to the value
3 =—4.45x1073, (3.68)

after 10 different realisations of the white noise (see convergence curve in figure 3.2, and a
frequency domain w € [0,w] discretized in N = 2741 points. The coefficient 7 is not needed
in determining the equilibrium solutions of (3.59), therefore is not calculated.

The weakly nonlinear gain defined in (3.62) is compared with the fully nonlinear gain extracted
from a DNS of (3.27), and defined hereafter as

Allup (0112} ) {112}

DNS = 72 72

, with u,()=U@®)-U. (3.69)
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Figure 3.3: Weakly and fully nonlinear stochastic gains (defined respectively in (3.62) and
(3.69) ) for the BFS flow at Re = 500. Error bars around DNS points show plus or minus one
standard deviation.

Contrarily to the weakly nonlinear calculations, the DNS are performed in the time domain,
with duration T = 2049 units of times after the transients fade away, sampled at At =7/w,=1
and ensemble-averaged over 10 realisations of the white noise (this lower number of realisa-
tions is the consequence of each one being numerically costly).

The weakly nonlinear gain as defined in (3.62), with a the root of the polynomial at the right-
hand side of (3.59) (with u, = 0 for this particular Gaussian noise case) in represented in
figure 3.3 as a function of F. The evolution of the fully nonlinear gain, as defined in (3.69) is
also added, as well as the linear gain in (3.11). The comparison of the weakly nonlinear gain
with the DNS data shows good agreement: the amplitude equation (3.59) captures well the
monotonous decay of the gain with increasing F. For small F close to the linear regime, DNS
and weakly nonlinear (which collapse to the linear) approach differ slightly, which is believed
to be due to an imperfect convergence of the DNS data, due to the large standard deviation at
small F and the poor number of realisations.

Note that such good agreement in figure 3.3 is probably made possible by the frequency selec-
tivity of the BFS flow. Specifically, is apparent in figure 3.4 that, for a given noise realisation, the
L? norm of the leading order field IIiI 12 = ||$€0Rf0||2 islocalized around w = 0.47, due to the
selectivity of the forcing structure f,. The quadratic nature of the nonlinearity implies that the
L? norm of the second-order field ”agzl |12 is localized around w = 0 and w = 2 x 0.47. In turns,
the L? norm of the third-order field ||ﬂ§43 |2 again is localized around the frequency w = 0.47.
As a consequence, the first and third-order fields have a very similar energy distribution as a
function of the frequency in figure 3.4, which makes the coefficient u3 in (3.54) non-negligible.
Such resemblance between the leading and third-order fields justifies all the more enforcing
their orthogonality in the sense of the inner product (3.9) (which also integrates over the
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Figure 3.4: For a given noise realisation ¢, are shown the L2 norm of the leading order field
A 2 2
l=€,¢Rf,, of the second-order particular solution itf L =Rf Q , and of the third order field

it} given by (3.55).

frequency) such as to preserve the asymptotic hierarchy. This presumably is why the results
ensuing this orthogonality condition are so effective in capturing fully nonlinear results. Nev-
ertheless, the performances of the amplitude equation (3.59) are expected to be perhaps less
impressive in a configuration where ||1]|? is less localized in frequency, but exhibits large values
over a wide range of frequencies.

3.5 Conclusion

In this chapter, we have shown that the methodology outlined in chapter 2 for the response
to a harmonic forcing can be extended to the response to a (specific) stochastic forcing, by
selecting a more general inner product in (3.9), involving an integration over space, time
(or frequencies) and and ensemble average. The linear system experiences a large response-
to-forcing amplification of the norm induced by such an inner product. Consequently, the
resolvent operator is close to being singular and exactly is by perturbing it with a small operator
perturbation. Accordingly, the adjective "small" refers to the norm induced by the generalized
inner product. The ensuing amplitude equation predicted well the weakly nonlinear evolution
of the gain for the BFS flow at Re = 500 as the induced norm of the stochastic forcing was
increased. This good performance remains to be established in more complicated flows, less
selective in frequency.

Note that the approach could easily be extended to cases where the flow is subject to several
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(say N) stochastic forcings, i.e. to
N
F0)=3 f;$i(56), (3.70)
j=1

as long as the forcing processes f ;{(;0) are orthonormal under the inner product (3.9), i.e.,
as long as

{[(£:8/@0p|Fuén@;0)]} =6)n. 3.71)
Indeed, in the latter case, the operator perturbation (3.19) can be straightforwardly completed
as

N
P(;0) (*)=R@) " o= €;Pj(@;0) (), with
=t (3.72)
Pj(@;0)) (9)=&(w;0) f i {[(1j(w;0)]e)]},
and where

ij(w;H) :ejfj(w;ej)R(w)fj, and € is such that{[llzj(w;e)llz]} =1. (3.73)
Precisely due to the orthonormality property in (3.71), the operator @ is such that
D (w;0) (ij(w;H)) =0 foreach j=1,2,.. (3.74)

Thenceforth, one can proceed with the nonlinear expansion to eventually obtain a system of
N nonlinear coupled amplitude equations.

Nevertheless, coming back to the simplest case where N =1 was detailed in this chapter, the
amplitude equation is limited to the description of the variance, a simple integrated measure
of the flow response. Corollary, because the inner product selected in (3.9) is integrating
over space, frequency, and taking the expected value, the amplitude is condemned to be a
deterministic scalar that does not depend on the frequency.

For this reason, in the next chapter we consider the same problem but, for the perturbation of
the inverse resolvent, return to the simple L? inner product considered in chapter 2. This will
have the consequence that the amplitude for the stochastic response will generically depend
on the frequency and will also be stochastic. At the cost of an operator perturbation less
well justified and analytical developments becoming substantially more complex, the weakly
nonlinear evolution of the whole Fourier spectrum of the linear response can be captured.
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3.6 Appendix

3.6.1 Linkbetween the PSD and the auto-correlation function

Upon taking the inverse Fourier transform of (3.6), we obtain

F {0 =77 (gw) <,

/ T 0T oo | V4 (&9 .
rl / f {E(t;0)E(b;0)} f e =9 qydrdb = 2_; f gw)e"'do &,
o Jo —co —00

27[?
1 T 0T ‘/T (o) it
ﬁfo fo {é(t,@)f(b,@)}6(t—b+s)dtdb_E[_mg(w)e do <,

1 ! . . _ 1 2 ist
?fo {é(tﬂ)f(Hs,G)}dt—gf_oog(w)e dw o,

gw)e s dw.

— 1
{6(t;6)é(t+s;9)}:§f

3.6.2 Norm in the frequency domain

-3 [ e[t
) 8\1; —T 0 471_2 I w;
zﬁf f (h(w;0)|8(s;60))6(s - w)dwds

1 [ .
:gﬁoo<h(a),6)

= [(h(;0)|g(;0))].

£(5:0)) " dwdsdr

g(w;0))dw

3.6.3 Norm of the perturbation operator

{{1P(;0) (8(w; D) 11?]}

{IP@i0) @) 1P} =max == o)
_max{[llf(w;e)fo{[ﬁ(w;ﬂ) gw;N) I}
g {[11&8(w;0)112]}
{[(1;0)|g(;0))]}

= {[1E@:0)£,|I°]} max
=1 byv(3.15)
=1,

{[11g(w;11%]}

where selecting g (w;0) = I(w;0) leads to the largest possible amplification.

(3.75)

(3.76)

(3.77)
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3.6.4 Kernel of the adjoint operator

B(@;0)' (@(;0) = (R@) ™) a(w;0) - €,P@)' (@(@;0))
=0 (R@) ™) R@)'T@;0) - 2 P©)' (R@)1(;0))
—o(R)') " R@'1w:0) - Sl 0) | [(¢wi0)f,
=€01(30) — o1 (;0) {[{1(w;0)[1(; 0)) ]}

=1 by (3.17)

R(w)*i(w:9)>]} (3.78)

-0,

where we used that the inverse of the adjoint is the adjoint of the inverse.

3.6.5 Linear gain for a generic forcing structure

Let us denote by u(#;0) the response to the stochastic forcing ¢(£;0) f},, i.e. @,(w;0) =
f (w;0)R(w) f1,- The projection of &ty (w;0) onto i(w; 0) under the inner product (3.9) reads

{Kn@;0)]i@;0)]} =e0{ [ (1) é@:OPR@ R@IF,)]| |

=€0<fh|Boof0> (3.79)
=[g@](Fulfo) VG
=yVG.

3.6.6 Numerical implementation

The linear and nonlinear NSE are solved for (uy,uy,p) employing the Finite Element Method
with Taylor-Hood (P2, P2, P1) elements, respectively, after implementation of their weak
form in the software FreeFem++. The steady solution of the nonlinear NSE is found using
the iterative Newton—Raphson method, and the linear operators are built thanks to a sparse
solver available in FreeFem++. The optimal forcing structure f, is found on the software
MATLAB after discretizing the integral expression for B> and performing the lower-upper (LU)
decomposition of the resolvent operators to speed up their application. Finally, DNS are
performed in FreeFem++ by applying a time scheme based on the characteristic-Galerkin
method. We refer to Manti¢-Lugo and Gallaire, 2016b for the validation of the codes with
existing literature when possible and for the mesh convergence analysis since the same codes
have been used.
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Weakly nonlinear evolution of
stochastically driven non-normal
systems

Remark: This chapter is largely inspired by the article Ducimetiere et al. (2022c), in collabora-
tion with Edouard Boujo and Francois Gallaire.

4.1 Introduction

In this chapter, we also propose a theoretical approach to derive an amplitude equation
governing the weakly nonlinear evolution of non-normal systems subject to stochastic forcing.
As in the previous chapter, the approach does not rely on the presence of an eigenvalue close
to the neutral axis, applying instead to any sufficiently non-normal operator, and the Fourier
components of the response are allowed to be arbitrarily different from any eigenmode.

Nevertheless, the approach followed in the present chapter differs from that proposed in the
previous one, in that the amplitude equation now depends on the frequency. In that, it can be
seen as a "spectral envelope" of the Fourier spectrum of the linear response.

The methodology is outlined for a generic nonlinear dynamical system, and the application
case highlights a common non-normal mechanism in hydrodynamics: convective non-normal
amplification in the flow past a backward-facing step.

4.2 Linear regime

A generic nonlinear dynamical system is considered,

0;U=N(U)+F, 4.1)
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where N(:) is a nonlinear operator and F a forcing term. The first step of our analysis is to
linearise (4.1) around an unforced equilibrium U, solution of N(U,) = 0. Small-amplitude
forcing and perturbations, € f and eu (¢ < 1), are considered around U,.. An asymptotic
expansion of (4.1) in terms of € can thus be performed. At order ¢, the fields # and f are linked
through the linear relation

Oou=Lu+ f, 4.2)

where L results from the linearisation of N around U,. For fluid flows governed by the incom-
pressible Navier-Stokes equations, we recall Lu = —(U,-V)u— (u-V)U, + Re ' Au—Vp(u),
where Re is the Reynolds number, and where the pressure field p is such that the velocity field
u is divergence-free.

Exactly as in the previous chapter, the specific form f(x, ) = f (x){(f) is chosen for the
stochastic forcing. The field f(x) is the forcing spatial structure and ¢(#) a Gaussian band-
limited white noise process with unit intensity, zero mean, and a cut-off frequency at w. =7,
i.e.

{lEP}=1, lol<w.=m, {EDB}=0, (4.3)

and the cut-off frequency is such that the noise has a variance

- T (o0} OOA N .
{f(t)2}={4—ﬂ2f_ f_ -f(w)*g‘(s)e”(s‘w)dwds}

:{%f f f(w)*f(s)e”(s‘w)dwds}

1o o
:Ef_oof_oo{f(“’) §(8)}6(s— w)dwds

(4.4)
1 [ . 2
=— d
Zﬂ[mﬂaw|}w
1 We=—T
=— ldw
27 —W=TT
=1.

where we have used the interpretation of the Dirac impulse in (3.4). Note that the variance
(4.4) diverges in case of an actual white noise with w, — co. Thereby, setting a finite cutoff
frequency w. guarantees the noise to have a finite variance.

The white noise ¢(#) is the only source of randomness of the system. In this chapter, we omit
the dependency on the stochastic argument, to lighten the formalism.

As we saw in the previous chapter, a relevant measure of input-output gain of the system (4.2)
is the ratio of the statistically steady variance maintained by the stochastic forcing, {Ilu(t) (12 },
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divided by that of the forcing

{ico £z} ={e@z g =g (4.5)
—_——

=1by (4.4)

Optimising over the forcing structure, as in (3.13) the maximum attainable gain is

{lm@iP}f

1
G:n}?xwig. (4.6)
We have seen that, using the inverse Fourier transform of u(#), we can write
{1} = (f|B¥f ), 4.7)
with B* given in (3.14), which in this particular case reduces to
e L [" Rw)"R(w)dw = [g(w)R(w)*R(w) . (4.8)

2 J-n

We recall the operator B* to be positive definite Hermitian with positive and real eigenvalues
associated with mutually orthogonal eigenvectors. The maximum gain (4.6) is the largest
eigenvalue of B®. The associated eigenvector, denoted f, and normalised as {f,|f,) =
f 0||2 =1, is the optimal forcing structure (hence the subscript "0"), i.e the forcing structure
that leads to the largest stochastically maintained variance amplification. As we said, if in
addition the largest eigenvalue of B* is much larger than all the others, which correspond
to suboptimal gains, and if the actual (unknown) forcing of the system does not trigger a
particular suboptimal eigenvector of B but projects comparably on all the eigenvectors, then
the response to the actual forcing is expected to be dominated by the response to the optimal
forcing f ,, regardless of the specific shape of the actual forcing. This low-rank approximation
explains why we restrict our analysis to the response to ¢(f) f, and do not include additional
forcing modes.

By linearity, forcing the system (4.2) with f =¢,¢{(1) f,, where we defined ef, =1/G, leads to a
response I(f) of unit variance, {Ill(t)llz} = e?, <f0|B°°f0> =1, and zero mean, {I(#)} =0. In the

Fourier domain, i(w) = eog9 (WRw)f,= é (w) q(w) where we introduced the deterministic field
q)=€e,R(w)f,, or

R) ') =eof,. (4.9)

Since L is strongly non-normal, as assumed in the rest of the present study, neither of €, or
f, are immediately determined from its spectral (modal) properties; furthermore, strong
non-normality implies €, < 1 (Farrell & Ioannou, 1993). It follows from (4.9) that we can
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perturb the inverse resolvent as

(q)]-)

P(w) =Rw) ' —€e,P(w), where P(w)=f,~—=,
(W) =R(w) " —€,P(w), where P(w) f"||q(w)||2

(4.10)

&) 11g(w)||~2, for any field
£(w). This leads to ¢(w)gq(w) =0, for all w, such that $(w) is a singular operator for each

i.e. the linear operator P(w) is such that P(w)g(w) = f,, <i](w)

frequency and g(w) its non-trivial kernel.

Crucially, note that the perturbation of the inverse resolvent in (4.10) is different from that in
(3.19), in that the perturbation operator now only involves integration over space. That is also
why the division by ||§(w)||? is required in (4.10), because the linear response I(w) only is of
unit norm when the integration of the frequencies and the ensemble average are included.
Consequently, the well posedeness of the perturbation (4.10) is less clear than the one (3.19),
for it it not true that || P(w)|| = 1. Typically, for the frequencies where ||g(w)|| <« 1, expansion
(4.10) is ill-posed.

Expansion (4.10) is justified a priori only over the range of frequencies for which
IR@) 71> €l P@)l] = [[R@) f |17, (4.11)

where we have used that [|P(w)|| = ||§(w)||"!. Since ||R(w) !|| is equal to the inverse of the
smallest singular value of R(w), the inequality (4.11) can be re-expressed as

[IR()f,ll > ”r;lll;glllR(w)fll (4.12)

In other words, the expansion is justified for all frequencies that amplify the optimal forcing
structure f, much more than the least amplified structure, which can be seen as a condition
of large “spectral” gap in the singular-values.

Note also that, contrarily to (3.19), both P(w) and ©(w) are currently deterministic operators.

Using that
<f 0|'>
P) = gw)—2-, (4.13)
KT TOSITE
we can show that the non-trivial kernel of the adjoint operator &(w)" is
a() = R(@)'q(w), (4.14)

such that &(w)"é@(w) = 0.
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4.3 Weakly nonlinear regime

We now develop a method to derive an amplitude equation for the weakly nonlinear amplifi-
cation of a stochastic forcing.

4.3.1 Generic nonlinear system and application to a toy model

The method is based on a multiple-scale asymptotic expansion, for which the gain inverse
€, < 1 constitutes a natural choice of small parameter. The system (4.1) is weakly forced by

F=¢e fLE0). (4.15)

In general, the spatial forcing structure f; need not be chosen as the optimal one f,. We
impose || f},]1* = 1 such that the prefactor ¢ = O(1) sets the forcing effective value

Fz \/ {19 1801} = pellif 11 = e, (4.16)

A separation of time scales is assumed for the response, with the slow time scale 71 = ¢,¢
aiming at capturing slow variations of the response

U(t,11) =U,p+e€ouy (£,71) +€5up(1,71) + O(€D) 4.17)

around the statistically steady regime. Introducing the expansion (4.17) into (4.1), isolating
the Fourier component at w and perturbing R(w) ! according to (4.10) yields

€0 [Dit] + €2 [Pty + dy, ity — F (N2 (1)) — o f & + Piy | + O(€3) =0, (4.18)
where

N@WU)=N(U,)+e€,Luy +€> [Luy + No(u1)] + O(€3) (4.19)
and with @; = it; (11;w) fori=1,2, ...

At O(e,) of the expansion (4.18), we obtain

P(w)in (T1;0) =0 (4.20)
Since by construction g(w) is the non-trivial kernel of ¢ (w), the general solution is

it (11;0) = B(r;0)§ (), (4.21)

with B a slowly varying complex scalar amplitude to be determined.
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At O(€2), we assemble

Pty =—gd;, B+ g, Bl +f ¢~ f,B, (4.22)
for which we used that PBg = Bf , and defined

8:1B1=F (N2(F 7' (Bq)). (4.23)

Note that because the slow time scales as ¢,, the term i]d,lfj’ and the term g, [B], which
compute the nonlinear interaction of the O(¢,) solution with itself, appear at the same order in
(4.22). Therefore, the slow time scale can be physically interpreted as the time scale at which
the (weak) nonlinearities are influential.

The operator ¢ being singular, the only way for (4.22) to yield a non-diverging solution and
thus preserve the asymptotic hierarchy is if the right-hand side is orthogonal to &, the kernel
of &', This solvability condition (or Fredholm alternative) yields an amplitude equation for
d., B,

(a|g)ds, B=g(B)+(a|f,) ¢ ~(a|f,) B, (4.24)
where we have defined the functional

8:1B1 = (a|g,1B1). (4.25)

If f'z designates the right-hand side of (4.22), the solvability condition

0=(f,|a)=(Rf,|q) (4.26)
implies i1, = sz to be directly the particular solution. By defining u, (¢) =.% ! (it,), one can
easily show that the solvability condition also implies that

—— 1 [®., . ;
(uz(t)ll(t—r))zgf E(folaye ™ dw=0, V1. (4.27)

In words, a physical implication of the solvability condition is that, on average in the temporal
domain, the second-order field must not project on the optimal response (which exhibits the
largest possible maintained variance) or on any of its time-shifted versions. This preserves the
asymptotic hierarchy thereby guaranteeing that the expansion is well-posed.

We will refer to (4.24) as the Weakly Nonlinear Non-normal stochastic (WNNs) model. De-
pending, for instance, on the nature of the nonlinearity, it may already capture dominant
weakly nonlinear effects, without the need for higher-order correction. This will be the case
of our first application case, and in this scenario, an equilibrium solution is found by solving
(4.24) for a statistically steady regime d,, B = 0. In any case, and by definition, an equilibrium
solution B(w) does not depend on the slow time scale(s) and is associated with the weakly
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nonlinear stochastic gain

{leam P} {lie,i@IP]} 2{[(B@)d@)]Ba@)]}

2 F? - F?
S [{IB)PH{g)]|gw)] (4.28)
_ =

1 ©
:Wf {IB@)*}lg)*do.

GwNNs =

since F? = ¢l

Note that, in the time-independent case d, B = 0, the method presented in this chapter is in a
certain sense more general than the method of harmonic balance, but in another sense more
restricted. More general because the nonlinear evolution captured by the amplitude equation
does not rely on the assumption that the dominant nonlinear mechanism is the Reynolds
stress feedback onto the mean flow, thus does not neglect the nonlinearity arising from the
cross-coupling between different frequencies. These cross-couplings are fully embedded
in the term g, [B]. More restricted, however, because our method explicitly relies on an
asymptotic expansion, which makes it simpler to implement but in principle also limits its
validity to weak forcing. This is not the case for the harmonic balance technique, which has
been shown to work also in the strongly nonlinear regime, where the spatial structure of the
saturated response differs considerably from that of the linear regime (Manti¢-Lugo & Gallaire,
2016b). Specifically, the harmonic balance technique typically retains the spatial degrees of
freedom, whereas the space-independent amplitude equation condemns the response to be
structurally close to the linear one.

In the linear regime ¢ — 0, the equilibrium solution of (4.24) is simply

s Lalfy)
B=pé~—T1L (4.29)
P alr)
implying
K (DL} = eg{ Fu| BXF o) = d{(F 1l fo)- (4.30)

Therefore if the applied forcing is orthogonal to f,, the response to the former will be in
average orthogonal to the response of the latter, which is consistent. Conversely, if the optimal
forcing is applied, the linear solution is B = ¢¢ and leads to the expected gain G =1/ €2. In the
rest of the chapter, we choose f;, = f, for the sake of simplicity.

The weakly nonlinear gain defined in (4.28) will be compared with the fully nonlinear gain
extracted from a DNS of (4.1), and repeated hereafter as being

llitp (@)|Pdw, with u,(1)=U1)-T. (4.31)

Al 1 foo

OONs = =

—00
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In constrast to the WNNs approach, the DNS are performed in the time domain for ¢ € [0, T].

We first discuss the performance of the WNNs model on a toy model, for which our results
should be easily reproducible. We consider the 2 x 2 system

—1/Re 1
0 —2/Re

0

-1 (4.32)
-1 ’ :

’

dUu
E:LU+|IU|IMU+F§(t)fO, with L=

thus the nonlinear operator in (4.1) is N(U) = LU + ||U||MU. This system is a slightly modified
version of that in Trefethen et al. (1993) (where M>; = 1), such that its only stable equilibrium
solution is U, = 0 (two other equilibria exist but are unstable).

Provided Re > 1, the matrix L is strongly non-normal and amplifies energy transiently, al-
though its two eigenvalues —1/Re and —2/Re are strictly stable. For Re = 160 we compute
f,=10.0125,0.9999] T associated with the gain 1/6% =3.4143 x 10°. We solve the WNNs model
numerically, with the amplitude equation (4.24) for d,1]§ = 0 uniformly discretised with N
frequencies w € [0, w.] where w. = 7. More details are provided in the Appendix 4.5.1.

In figure 4.2, predictions from the WNNs model are compared with fully nonlinear gains,
where U(¢) is extracted from a DNS of (4.32), for ¢ € [0, T] with T = 6.6-10° simulated and
sampled at At =n/w, = 5. For both the WNNs and the DNS approaches, the results have been
ensemble-averaged over 10* realisations of the white noise. The agreement is remarkable for
all the considered forcing amplitudes, thus we need not correct the amplitude equation with
O(€3) terms. The WNNs model correctly predicts the monotonic decrease of the gain with the
forcing amplitude (Fig. 4.2a) and the modification of the frequency distribution (Fig. 4.2b), in
particular the significant increase of the most amplified frequency. We propose a tentative
explanation for the shift of the response peak to higher frequencies as follows

In figure 4.2b, the peak of the linear response in w = 0 is due to the presence of both eigenvalues
on the imaginary axis (although their location alone is insufficient to deduce the stochastic
gain, due to the non-normality of the operator). We explain the shift of the peak to higher
frequencies with increasing nonlinearities as follows. The equilibrium solution (d, B = 0) of
the amplitude equation (4.24) reads

€o
lgl1?

B=—"=%[B]+¢, (4.33)

where we used that (a|f,)=(g
of the absolute value of

q)/eo=11gl1*/e,. We plot in figure 4.1 the ensemble average

1. the solution: {|B[},
2. the nonlinear term : €,/1g1/72 {|82[B]l},

3. the same nonlinear term but replacing B by its solution in the linear regime ¢¢ :

eollqll2 {1g21pE11},
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4. the linear stochastic forcing term : {|¢p¢|} = .

In the linear regime for F = 10716 (¢ — 0) in fig. 4.1a, B = ¢¢ is solution, for the nonlinear term
&, is virtually zero. However when we increase the forcing up to F=2 x 1077 in fig. 4.1b, the
nonlinear interaction of the linear (optimal) response ¢¢ g with itself is no more negligible and
creates a strong response peaked around w = 0, which projects back on the optimal response
(see dash-dotted blue line in fig. 4.1b). Thereby, B = ¢¢ cannot be solution anymore, and B
must adapt around = 0 such as to enforce the solvability condition. In more physical terms, B
must adapt around w = 0 such that the nonlinear interaction of Bg with itself is less amplified
around w = 0 that the one of ¢¢ g, thus preserving the asymptotic hierarchy. This is indeed
what we observe in fig. 4.1b, where the red curve (with the bullet markers) is significantly
less amplified than the dashed-blue one. Whether this new B must have a larger of lower
amplitude than its linear value ¢ is given by the phase difference, that we call y, between the
nonlinear and the forcing terms in (4.33). It is easy to show that | B| < ¢ if and only if

—2¢cos(y) = €,l1gl17%182[B]| (4.34)

For this reason we show —2¢ {cos(y)} in fig. 4.1b (see the magenta dotted line). In the range
0<w=<0.012, {cos(y)} decreases monotonically from —1 in w = 0 (the forcing and the nonlinear
terms are in anti-phase) to —0.2 in w = 0.012; in addition the magenta dotted line is above
the red one, thus {IBl} < ¢ and the nonlinearities are saturating in the sense that the weakly
nonlinear response is of lower amplitude than the linear one. On the contrary, for w = 0.012
the phase difference between the forcing and the nonlinear terms is such that {|B|} = ¢ and
the nonlinearities are desaturating. Therefore the maximum of ||Bg|| is now increased to
o =0.005. This tendency is conserved for all the considered F.

We have also verified that the predictions for the stochastic gain (see inset in Fig. 4.2a) and the
Fourier spectra (not shown) remain very good for different values of the small parameter ¢,
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Figure 4.2: (a) Weakly and fully nonlinear stochastic gains (defined respectively in (4.28) and
(4.31) ) for the toy model (4.32), Re = 160. Inset : same for Re =20 (continuous blue line) and
Re =1280 (dash-dotted red line), but in log-log scale with the x-axis rescaled by the linear
gain. (b) For the case Re = 160, associated ensemble-averaged Fourier spectra of the response
it Where €,i1; = eoéil in the WNNs approach and i@, in the DNS), normalised such that G
is twice the area under the curve. Insets: single realisations of €3 ||u, (¢)||*/ F? as a function
of time in the statistically steady regime (red solid line), and ensemble average in the linear
regime (black dashed line).

namely for Re =20 and Re =1280.

4.3.2 Bilinear system and application to the backward-facing step flow

The weakly nonlinear evolution of the stochastic gain is now sought for the incompressible
Navier-Stokes equations (NSE). The nonlinear term C (U, U), where C(a,b) = ((b-V)a+ (a-
V)b)/2, is bilinear. Therefore, we expect essential nonlinear interactions to arise at third
order in the expansion parameter, which we want to account for in the amplitude equation.
Although it is certainly possible to correct (4.24) at order O(e3) after introducing a slower time
scale 75, it is simpler to rescale the forcing and the linear term such that they appear directly
at the third order. In this manner, we avoid a response at second order, which would interact
at the next order and obscure the amplitude equation unnecessarily. We propose the rescaled
multiple-scale expansion

U(t,71,72) = U+ eoui (1,71,T2) +€oUp(1,T1,T2) + \/€_o3u3(t,T1,T2) +0(€?), (4.35)
where 71 = /€, and 72 =€, t. The flow is weakly forced by
F=¢\e, f (1) (4.36)
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(a second advantage of the rescaling is that the forcing amplitude

F=¢\/e,° (4.37)

can be larger than that previously defined by a factor 1/,/€,). Following the method outlined
in the previous section, we introduce (4.35) in the NSE, take the Fourier component at w and
perturb the inverse resolvent according to (4.10). The solution at O(,/€,) is again

it (11,72;0) = B(11, 72, 0) § (). (4.38)

At O(e,) we unravel

ity =—q0;, B+ &,IB], (4.39)
with

&B1=-Z (CF ' (Bg),Z7 ' (Bg)). (4.40)

A

Imposing the Fredholm alternative such that the right-hand side (= f,) of (4.39) is orthogonal
to a yields

(a

4)0r, B={(a|g,(B1) = &I[B). (4.41)
The field @iy = Rf, is such that
(a3 |a)=(f.|a)=o0. (4.42)

thus @iy = R™'i; and ity constitutes the particular solution of (4.39). The general solution
can be written as it = ﬁgL +B, g, with an arbitrary component B, g on the kernel. We set B,=0
in the following, such that the component on g of the overall response is fully embedded in
B, which can be corrected at higher order thanks to its dependence on slower time scales.
Consequently,

i1, [B] = 0 (B) :R(gz[é] —<a|q>‘1g2[é]q). (4.43)

Collecting terms at 0(,/e), injecting the expressions for #; and #1; and using the Fredholm
alternative leads to an expression for 8,23,

(a|q)o,,B= (alf,) (@pé-B) - <l71|3rlit2[l§]> +&3(B), (4.44)

with the functional

A

83[B1=—(a|Z (2c(F ' (Bg), 7 (i21B1)))). (4.45)
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Figure 4.3: Same as Fig. 4.2 for the BFS flow, Re = 500. Error bars around DNS points show
plus or minus one standard deviation. In (a) we also reproduce as the continuous black line
the results from the equilibrium solution amplitude equation (3.59), derived in the previous
chapter, and already shown in figure 3.3.

The total slow temporal evolution of B for a given frequency is found by combining partial
derivatives with respect to the slow time scales (Orchini et al., 2016) as

A8 0B 0, 08 0B 0B
dB _0B 0Or, OB _0B 95 4.4
&, Oy 0,0, Oy VD, (4.46)

1 2

Eventually, it leads to an ordinary differential equation for B (remember that f, = f,):

(a|a)dr, B =B+ Ve, [(a|f ) @& - B) + §(B] - 9r, (]2 [B1)]. (4.47)
An equilibrium solution B(w) of (4.47) is sought for given choices of ¢ and phase distribution
for &. It is associated with the statistically steady stochastic gain (4.28). In the linear regime,
¢ — 0 and B — ¢¢, so the gain reduces to G = 1/€2 as expected. All the nonlinear terms
such as & [B], 3[B] and 0, (ﬁ| it [B]) are convolution integrals accounting for the nonlinear
interactions between the Fourier modes. They can be discretised in the frequency domain
as quadratic or cubic products of the Fourier components of B(w). Detailed expressions are
given in Appendix 4.5.2, together with an algorithm to solve for the equilibrium solution.

We now consider the weakly nonlinear evolution of the stochastic gain in the two-dimensional
backward-facing step (BES) flow at Re = 500, the same as in the previous chapter. As mentioned,
the nonlinear and linearised NSE are solved with the finite element method. Figure 3.1(a)
shows the optimal stochastic forcing f, and a DNS snapshot of the flow response to F¢(1) f,
for F=0.00025.

The results of the WNNs model are reported in Fig. 4.3, where the amplitude equation (4.47)
for d;, B =0 was uniformly discretised with N frequencies w € [0,w.] with w, = 7, and the
results were ensemble-averaged over 500 realisations of the white noise. Predictions from
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the DNS are also shown, resulting from simulations of duration T = 2049 after the transients
fade away, sampled at At =m/w, =1 and ensemble-averaged over 10 realisations of the white
noise (this lower number of realisations is the consequence of each one being numerically
costly). Unlike the toy model of section 4.3.1, the amplitude equation built from a forcing
introduced at second order and stopped at second order did not capture significant nonlinear
effects (not shown). Introducing instead the forcing at third order, as described above, the
comparison with DNS data is conclusive: the stochastic gains experience a monotonic decay
with increasing F, also associated with a decreasing standard deviation for the DNS data.

We now emphasise that the fully nonlinear stochastic gain in (4.31) considers perturbation
around the temporal mean flow, and not around the base flow U,. This distinction was unim-
portant in the previous application case since the nonlinearity did not generate a temporal
mean. The creation of non-zero temporal mean (U(t) # 0) is associated with a diverging
behaviour of the Fourier component at w = 0, as the normalisation in (3.2) directly implies
i (0)=U(H)V'T — oo. Since this divergence is unlikely to be captured by B(0), we omitted its
contribution in the gain calculation, but noted that this did not change the gain. However, the
WNNs model certainly takes into account the effects of temporal mean flow corrections on
it; (w), as such steady corrections are created at the next order and embedded in u,(?).

For small F close to the linear regime, DNS and WNNs show some discrepancies (Fig. 4.3a)
that are believed to be due to an imperfect convergence of the DNS data, because of the
large standard deviation at small F and the limited number of realisations. The limit of
large F is also associated with a slight departure of the (well-converged) DNS data from the
WNNs predictions, although it is believed this time to be due solely to increasingly strong
nonlinearities. In fig.4.3b, the Fourier spectra reveal that increasing F conserves the most
amplified frequency, which may be due to the fact that the forcing structure is fixed to f,
extremely similar to the optimal harmonic forcing for w = 0.47. In the inset, from the temporal
evolution of the signal o< [|u(?)] |2 we recover that, for this particular flow, nonlinearities not
only saturate the average level of energy of the response, but also significantly reduce the
amplitude of the oscillations (i.e, the standard deviation).

In figure 4.3a, we also reproduce as the continuous black line the results from the equilibrium
solution amplitude equation (3.59) derived in the previous chapter, and already shown in
figure 3.3. Results are remarkably similar with the current WNNs approach. This is particularly
interesting by recalling that in (3.59), the quadratic term vanished (i.e. yz = 0) due to the nature
of the considered noise. Thereby, if the WNNs results were obtained by including quadratic
nonlinearities embeded in the convolution g, their effects vanish upon taking the ensemble
average.

If interested solely in the gain variation, the agreement between both weakly nonlinear ap-
proaches clearly advocate in favor of (3.59), considering its simplicity with respect to the
WNNs equation. Equation (3.59), however, would not predict well the weakly nonlinear evo-
lution of the response at each frequency in figure 4.3b, for it possesses only one degree of
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freedom and does not depend on the frequency. In other terms, it can only rescale the linear
spectrum in figure 4.3b, without modifying its shape. Yet, as we said, if it is inherently unable
to describe the details of the Fourier spectrum variation at each frequency;, it predicts very well
the evolution of its integral, i.e. the stochastic gain.

Finally, note that the asymptotic expansions (4.17) and (4.35) have been scaled differently in
order for the linear (o< B) and forcing (o ¢$ ) terms to appear at the last considered order. This
raises the question of how to know a priori, and for a given nonlinearity, the minimal order
that should be considered. Although a "trial and error" process is always arguably acceptable,
we postulate that it is the earliest order where the nonlinear term generates a component
oscillating at w,, in the limit where the linear response ¢ is monochromatic and oscillating at
w,. Indeed, if we impose the solvability condition solely at the order(s) before, B will conserve
its linear value, for the nonlinear term will naturally yield a null scalar product with the adjoint
for all frequencies (both fields being non-zero at different frequencies). This scenario, which
we want to avoid, does not occur in the opposite limit where the frequency spectrum of g is
flat. Of course, the linear optimal response has generally no reason to be monochromatic, but
might still show a maximum in energy at selective frequencies, as was the case in Fig. 4.2b and
Fig. 4.3b. If we express u; = Bge!“°! + c.c, the nonlinearity of the toy system at second order
(i.e. |luy||Mu;) already generates terms oscillating at w,; therefore it was sufficient to consider
only up to this second order to see an improvement over the linear prediction. For the NSE,
however, one needs to go to the third order to recover terms in w, (specifically B|B|>e'“°%, as
well known for classical weakly nonlinear equations for an eigenmode amplitude).

4.4 Conclusions

By generalising the method proposed in chapter 2 to include several frequencies in the leading
order response instead of only one, we have derived an amplitude equation describing the
weakly nonlinear, statistically steady response to stochastic forcing in arbitrarily stable yet
non-normal systems.

Contrarily to the paradigm proposed in chapter 3, the inner product involved in the perturba-
tion operator remains purely over spatial dimensions despite the fact that the linear response
varies continuously over the frequencies. This has the consequence that the operator pertur-
bation is less well posed than that proposed in chapter 3. Indeed, in the previous chapter, the
operator perturbation was such that

{llleoP(w; NN} =€, < 1, (4.48)

whereas in the current chapter we have

€o

g’

lleo P (W)l = (4.49)

which may be very large. This results the fact that the norm induced by the L? inner produced
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is not the one associated with a large amplification 1/¢,, the latter having also involved
integration over frequencies. Thereby, (4.49) can't lead a unit perturbation of size €, for each
frequency. The perturbation is only valid over a certain range of frequencies, the one leading
to the largest amplification of the f, trough application of the resolvent operator (i.e., around
the peak of the linear transfer function || R(w) f , I1).

Nevertheless, relaxing the inner product to be solely over space gives the possibly for the
amplitude to vary over the frequencies. Thereby the amplitude equation can describe the
weakly nonlinear evolution of the Fourier spectrum of linear response over a continuous
range of frequency. This constitutes an amelioration over the equation derived in chapter 3,
condemned predict the evolution of the integral of the Fourier spectrum (i.e., the stochastic
gain). However, such amelioration is at the cost of making the computations, and the final
amplitude equation to be solved for, considerably more complex as nonlinear interactions
between frequencies are accounted for trough convolution products. One is then left to the
choice between the amplitude (3.59) whose equilibrium solution simply is the root of a third-
order polynomial but describing only an integrated quantity, and a much more complicated
but for informative amplitude equation.

The amplitude equation derived in this chapter may still save a significant amount of com-
putational resources compared to fully nonlinear simulations, where long simulated times
and/or many realisations are needed to ensure statistical convergence, which becomes rapidly
impracticable for large systems like fluid flows. The amplitude equation has been successfully
compared to fully nonlinear numerical simulations, and predicts well the variation of both the
stochastic gain and the Fourier spectrum with the forcing amplitude.

Future research may include applying the methods developed in the previous and current
chapter to realistic flows (e.g. atmospheric flows subject to weak forcing, such as zonal jets
in barotropic flows (Bouchet et al., 2013)), and developing extensions towards systems with
multiple attractors and noise-induced transitions.

The latter subject is considered in the next chapter. Specifically, we consider a stochastically
forced fluid flow past the onset of a supercritical pitchfork bifurcation, where two attractors
exist. The dynamics is reduced to a stochastically forced modal amplitude equation, from
which the statistics of the noise-induced transitions between the two attractors can be pre-
dicted. This will serve as a building block for the ultimate chapter of this second part, coupling
amodal stochastic response which transits between attractors, and a non-normal one.
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4.5 Appendix

4.5.1 discretisation of the amplitude equation in the frequency domain

We recall from the main text (Eq.(3.5) for f;, = f,) that we seek the equilibrium solution of the
amplitude equation

dB R ¢ A
q) a =&I[Bl1+{al|f,) (¢pé-B)=0. (4.50)

(a

The first step is to discretize it, in the frequency domain. For this purpose, let ws designates
the sampling frequency of the corresponding temporal signals, that are discretized using
2(N - 1) (a power of two) uniformly distributed points between ¢t =0 and ¢ = T. In this
manner, we have in practice —w. < w < w, where w. = w;/2, and the positive part of this
frequency interval is discretized with N uniformly distributed points between w =0 and w = w,.
Namely, the discrete set of positive frequencies writes w, = (n — 1) Aw for n=1,2,...N and
Aw=w:/(N -1). The discrete Fourier transforms varying over this interval are real-valued in
w1 =0and wy = w,, but generally complex everywhere else; for instance, B(w) is discretized as
[Br1,Br2+iB;,..., B N-1+iB; n-1, By, y] which amounts to 2(N-2)+2 = 2(IN-1) independent
components in total. Only the variation over the set of positive frequencies is needed, as the
Fourier component of a real-valued signal at a negative frequency is the complex conjugate
of the one at the opposite frequency : B(~w) = B(w)*. With (4.50) discretized, the following
simple procedure is implemented in MATLAB:

Algorithm:

1. Choose the values for N and w., which sets the discretisation of the frequencies.

2. Over the discrete set of frequencies, pre-compute once for all the determinitic fields f ,
q,a.

3. Choose a value for ¢ (which sets the forcing amplitude).

4. Draw a white noise (If (w)| =1 Yo, but random phases uniformly distributed between 0
and 27), for instance with the commands xi = exp(1i*2*pi*rand(1,N)), then

xi(1)=real(xi(1))/abs(real(xi(1))) and
xi(N)=real(xi(N))/abs(real(xi(N))).

5. Find the B that solves r(B;¢,¢) = 0 where r(B;¢,&) = §,[B] + <d|f0)(<p$— B), using
the nonlinear solver "fsolve"; the functional g, [B] is evaluated using the commands
"ifft" and "fft".

6. Update the statistics on B, for instance its ensemble average, and, if not converged go
back to (4).
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Of course the convergence in terms of N and w. must be ensured.

4.5.2 The particular case of the NSE: discretisation of the amplitude equation in
the frequency domain

We recall from the main text that

A

OB R
OB _ s
67)8T1 &[B], and

(a

OB 0(ali,[B1) (4.51)
PPN ~ aju)
a|g) — =(a —B)+&B - ———L
(ala) 5 =(alfo) @S- B+ gs1B1 - ——5
The equilibrium solution(s) of the assembled amplitude equation solves :
dB 0B OB
—=—+ —_— = 0
dT1 8171 \/5871 < (4 52)
A . e s .~ O(a|i]B] '
&2(B]+ /e, |{a|f o) @ - B) + g31B] - % - 0.
1
In the following, after re-expressing the nonlinear terms g» (B], 83 [B] and Or, <€z ity [E]> in

(4.52) as convolution integrals, we discretize them in the frequency domain. In this manner,
we make their dependency on the discrete set of ]§l~ (i=1,2,...,N) as explicit as possible. All
the other, linear, terms are simple to discretize.

Derivation of the convolution integral

We first develop:

2C(F i1a), F~ (@) =VF (1)) F " (i) + VF ' (i) F 1 (i)
T (o) X (e} X T (e 9] . S8 .
- Vﬁa(p)el’”dpf i, (s)eStds + —f Vitb(s)e’”dsf it,(p)e'P'dp
47’:2 —00 —00 4”2 —00 —00

T ([ ,

) Wff_ 2C(a(p), tp(s)e" P9 dpds (4.53)
T ([ ,

) Wﬂ 2C(#a( - 5), ity (s)) €' dwds

gl (\z/_anoo 2C (i (w— s),itb(s))ds),

121



Chapter 4 Weakly nonlinear evolution of stochastically driven non-normal systems

from which it comes immediately that :

T o0
F(CF ), F 7 (i) = g/ Clitg(w—s), ity (s))ds. (4.54)

Discretisation of the convolution integral

Let w; designates the sampling frequency of the temporal signals, such that we have in practice
—w¢ <0 < w; where w, = w;/2. Over this set of frequencies, the integrand in (4.54) is defined if
and only if we have both —w,; < s<w; and w —w; < s < w + w.. From now on considering only
positive frequencies, i.e 0 < w < w,, the integrand is then defined if and only if

W—wWe<S<we. (4.55)

Thereby
(o) We
f C(ita(w—S),ftb(S))dszf Clirg(w—ys), iy (s))ds
—00 w—w,

0 We
=f C(ita(w—s),itb(s))ds+f C(itg(w—s), itp(s))ds.
0

wW—w,

(4.56)

The first of the two terms of the sum in (4.56) is transformed as

0 we—w
f C(ita(w—S),itb(S))dS=f Clitg(w+5s), ity (—s))ds
W= 0 (4.57)

_ f " Clitg(+9), i ())ds,
0

where we used that it;,(—s) = itz (s) arising from the fact that all temporal signals are real-valued.
The second of the two terms of the sum in (4.56) is transformed according to

We

Clitg(w— ), i1p(s))ds

=f C(ita(w—S),itb(S))dHf CC(ita(w—S),itb(S))ds

0 o (4.58)
=f C(ita(w—s),itb(s))ds+f Clity, (s — w), inp(s))ds

0 w

We—w

w
:f C(ﬁa(a)—s),ﬂb(s))ds+[ C(it;,(s), (s + w))ds.
0 0

In this manner, only the knowledge of @, and #;, over positives frequencies is required. Overall,

f " Clita(@— ), ity (s))ds =
w—w, (4.59)

We—w

f Clitg(w—s), ip(s))ds +f Clitg(w + s), i, (5)) + Cliny(s), ity (s + w))ds.
0 0
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Let us now discretize (4.59). As said in the previous section, positive frequencies are discretized
using N uniformly distributed points between w =0 and w = ., (0. the cut-off frequency).
Namely, the discrete set of positive frequencies writes w, = (n—1)Aw for n=1,2,...N and
Aw=w./(N —1). Eventually, the discrete version of expression (4.54) reads

F(CF ), F ™ (i) =

\/T n . . N+1-n B . . . . (4.60)
P Y 81Clian-k+1,Bpi)+ Y, O C(”a,k'"bv"”f—l)+C(““'”+k‘1’ubvk)] ’
k=1 k=1

where we used for instance @t,(w, — sx) = @t (Aw(n—1-k+1)) = i@t, n—k+1. The scalar 6{ isa
quadrature coefficient where i € [1, j] is a running index. In our computations, we used the
trapezoidal method such that

w/2IN-1) ifi=1
61=0, and 6/={w./(N-1) ifl<i<j, for j>1. (4.61)
wel 2Q(IN-1)) ifi=j

Discretisation of the amplitude equation

Discretisation of & (B]:

Using (4.60), the functional [B] = —(4|F (C(F ! (i), F ' (in)))) with @; = Bg is dis-
cretized as :

no R N+1-n R R
Son=)_ Buk1BiOnk+ Y. Bnik-1BjEnk, (4.62)
k=1 k=1
with
VT ) i R
Onk = __5Z <an|C(qn—k+1'qk)>' l<k=n,
27
ﬁ (4.63)
Sk = —752’“‘”<&n|C(€1n+k_1,€i}i)>, l<k<N+1-n.
The sums in (4.62) can also be written in matrix form :
Quél 0 Bl 51131 ElNBN Bik
&[B] = : I : : (4.64)
@1]\]3]\] @NNEI BN ENIBN 0 B;]

Discretisation of Jr, {@|it2[B]) = (@|0;, it2[B]) :
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Since

(a|g,1B)) .
A 4d)
(a|q)

£,(B1) = :(B], expression (4.62) results in the following discretisation

it[Bl=R|g,[B] - (4.65)

where we recall that (@
for the field ity [B]:

m. A N+l-m R
i‘z,m:ZBm—j+lBjdmj+ Z Bm+j—lB;hmj; (4.66)
j=1 j=1
with
A ﬁ A ~ ~
dmj=Rm —567C(qm_j+1,q,-)—aqum )
\/T (4.67)
hmj:Rm —76§y+1_mc(‘7m+j—l’£7;)_:ijfim]»

§,,)- The fields d,,; and
hu  verify <i]m|¢fmj> = <i]m|fzmj> =0, implying (g, | #t2,m) = 0; therefore, each Fourier com-
ponent generated at second order (i.e Oe,) is orthogonal to the Fourier component of the

and where we defined a,j = O/ (@m|q,,) and Bmj=ZEmjl (@m
optimal linear solution at the same frequency. The partial derivative of i, ,, with respect to 7;

follows directly from (4.66):

n n
611 i‘2,n = Z (8TIBn—k+1)Bkdnk + Z Bn—k+1(aTlBk)dnk
k=1 k=1

N+1-n R A N+1-n R A (4.68)
+ Z (8an+k—1)B]thnk + Z Bn+k—1(arlB;)hnk-
k=1 k=1
Since Or, B = §,(B1/ <d| ), we can again use (4.62) and
. m. R N+1-m R R
O, Bm=) Bm-jr1Bjamj+ Y. Bmsj-1B]Bmj. (4.69)
j=1 j=1
Evaluating (4.69) in m=n—-k+1, m=n+ k-1 and m = k yields, respectively:
. n—k+1 . . N-n+k R .
O Buoks1= ). Buoj—juaBjdn_jsrj+ Y Bn—k+jB;ﬂn—k+1,j» (4.70)
J=1 Jj=1
. n+k-1 . . N-n—k+2 R R
Or,Bpsk-1= Z Byik-jBjanik-1,j + Z Bn+k+j—zB7,5n+k—1,j, (4.71)
j:l j:l
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and

k N+1-k
., . R
O, Bi = ZBk jrBjag+ Z BL, ;1 BiBy;- (4.72)

After injecting (4.70),(4.71) and (4.72) in (4.68), and projecting on the adjoint, we end up on

no n—k+1A R N—n+kA .
<ﬁn|3rlit2,n>=ZBk( Y Buok—ju2BjGuki+ ). Bn—k+137=75’nkj)

k= j=1 j=1
no k N+1-k
"‘ZB Z k- ]+].Bj nkj + Z Bk+] lB Fnkj
: : ] 1
N+1- +k- N-n-k+2 ) (4.73)
Z Z Bt k- jB]‘anj + Z Bn+k+j—ZB;$nkj
k=1 =1 =1
N+1- k . N+l-k .
Z -1 ZBk—jHBj“%’lkj-" Zl Biyj1BjNnkj |
: = J:
where we defined the following third-order tensors
sﬁnkj:an,kﬂj@n link>, l<sjsn-k+1, l<ks<n
Fnkj = Pn- k+1]<dn¢in > l<j<N-n+k, l<k<n
ﬂnkj_ak]<an L'ink>, 1<jSk, l<k<n
Inkj=Bij(an|dni), 1=j<N+1-k 1<ks<n
~ (4.74)
J{nk]_an+k1,< ,,h,,k> l<j<n+k-1, 1<sk<N+1-n
gnk]:ﬁn+k 1]<Ani\ln,k>, l<sjsN-n-k+2, 1<sksN+1-n
/%,,k]:a;;j<anfzn,k>, l=sj<k, 1<ks=sN+1-n
,/Vnk]:ﬁ,’;j<anﬁn,k>, l<j<N+1-k 1<k<N+l-n.
Discretisation of g3 (B]:
We recall that
8Bl =—(a|F 2C(F " (in), F " (i))). (4.75)
Using again (4.60) leads to the following discretisation
-1 ,x -1 ,x _
(ZF (2C(F ™ (), F " (1)) =
ﬁ n . . N+1-n B A . . . (4.76)
- Y ORCy k1, B2 )+ ) 5];2”1 "[C(u;k,uz,ﬁk_l)+C(u1,n+k_1,u;k)] .
k=1 k=1
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In addition, using (4.66) and it; ; = B;§;, we can further express

Clly p—k+1,001) =

k —
C|Bu-k+18p_is1> 2 Br—jBjdij+ > Bk+j—lB}'khkj)
j=1 j=1

ko R . N+l-k . .
ZBk—j+lBjC(Qn—k+1’dkj)+ Z Bk+j—lB;C(£,n—k+l’hkj) ’
j=1 j=1

=Bp—k+1

as well as

n+k-1 N-n—k+2
* Ak ) 5 7 ) b * 1,
quk’ Z Bn+k—ijdn+k—1,j + Z Bn+k+j—ZBj hn+k—1,j
j=1 j=1
n+k-1 N-n—k+2
. N x4 N . Y
Z Bn+k—ijC(qk»dn+k—1,j)+ Z Bn+k+j—ZBjC(qk’hn+k—1,j) )
= =

A% N
Cliy ., 2, p+k-1) =

(4.78)

and eventually
C(alv"+k—1’ﬂ;,k):C(Bn+k 19 4 k- 1»ZBk j+1]§ ‘ik1+ Z éZ+j—1Bjﬁkj)

—Bn+k 1

N+1-k R .
ZBk J+1B C(qn+k l’dkj) > Bk+j—1BjC(qn+k—1’hkj) :
This results in the following discretisation for g3[B]:

ZBk ]+1B]=Q¢nk]+ Z Bk+] lB %nk]
j=1
n+k-1 . N-n—k+2
Z Bn+k—ij(€nkj+ Z Bn+k+] ZB @nk] (4.80)
j=1 j=1
k . N+l-k R
By_j1Bj&nkj+ Zl By j1BjFnkj |

]:

g?;n—ZBn k+1
k=1

N+1-n .
+ ) B
k=1
N+1-n .

+ )
k=1

N+1-k ]
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where we defined the following third-order tensors

vT /.
dnkj = —752<an

vT /.
%nkj = —762<un

Gk = —?5%1—”(&”
Dij = _gdllel—n <dn
Enkj = _gallel—n <ﬁn
Fukj = —gaﬁ“—"@n

C(qu ‘in+k—1,j)> }
C(i]z, i:ln+k—1,j)> »
Clpik-1 i)

)
C(fin+k—1»illtj)>

l<sj<sn+k-1,

l<jsN-n-k+2,

l=sj<k,

1<sjsN+1-k,

CWW%HJﬂﬂ> I1<j<k 1<k<n

C(qn_k+1,izkj)>, 1<j<N+1-k l<ks<n

l1<ksN+1-n

l1<ks<sN+1-n

l1<ksN+1-n

As a summary, upon the choice of ¢ and & we are led to solve

r(B;¢,€)=0, with

r(B;¢,8) = 82181 + Ve, [y (¢ — B) + §51B1 — (@ 0r, it2)],

(4.81)

l1<ksN+1-n

(4.82)

where we defined y = (ﬁ| fo)- At the discrete level, this amounts to solving for a system of N
nonlinearly coupled equations for the N unknowns Bn (n=1,2,...,N):

I'n= gZ,n + \/ah/n((,bén _Bn) +§3,n - <dn|8ni‘2,n>] =0, n=12,..,N,

(4.83)

where 85,5, 83, and (@, |6T] iy, ) are evaluated using respectively the simple sum (4.62) and
the double sums (4.80) and (4.73). This suggests the following procedure:

Algorithm:

1. Choose the values for N and w., which sets the discretisation of the frequencies.

2. Over the discrete set of frequencies, pre-compute once for all the determinitic fields f ,,
q, 4, the scalar y, and the tensors 0, =, « ,98,6¢,2,6,%,4,7,%, ¢, K% , L, , N .

3. Choose a value for ¢ (which sets the forcing amplitude).

4. Draw randomly a white noise (|¢c (w)| =1 Yo, but random phases uniformly distributed

between 0 and 27).

5. Solve the system (4.83) by means of a nonlinear solver, for instance fsolve on MATLAB.

6. Update the statistics on B, for instance its ensemble average, and, if not converged go

back to (4).
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Of course the convergence in terms of N and w, must be ensured.
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Noise-induced transitions past the
onset of a steady symmetry-breaking
bifurcation: the case of the sudden
expansion

Remark: This chapter is largely inspired by the submitted manuscript Ducimetiére et al. (2024),
in collaboration with Edouard Boujo and Frangois Gallaire.

5.1 Introduction

Fluid flows, governed by the Navier-Stokes equations, are known to exhibit an extremely
rich phenomenology, including pattern formation, spatio-temporal chaos, turbulence, etc...
Specifically, some fluid flows can reach an attracting coherent structure (e.g. fixed point) where
they appear to be locally stationary for possibly extremely long times, but, from time to time,
because of a rare fluctuation, exit the basin attraction of such coherent structure and transit
towards another one. Although possibly restricted to some specific regimes in the parameter
space, rare transitions are observed in completely different contexts. These include three- or
two-dimensional experimental turbulent flows (Sommeria, 1986), for instance, wakes behind
an Ahmed body (a simplified car model) (Grandemange et al., 2013) or an axisymmetric
(Brackston et al., 2016; Callaham et al., 2022) bluff body. Other examples are found in magneto-
hydrodynamics experiments (Berhanu et al., 2007), two-dimensional numerical turbulent
flows (Bouchet & Simonnet, 2009; Bouchet et al., 2019; Dallas et al., 2020) and atmospheric
flows (Schmeits & Dijkstra, 2001; Weeks et al., 1997).

In the framework of equilibrium statistical mechanics, steady states of the system minimize
a potential. Thenceforth, some laws describing the probability of rare transitions can be
analytically derived. The Arrhenius law, in particular, considers a bi-stable overdamped
system driven by a stochastic noise ¢(¢) at temperature I, d;x = —d,V(x) + \/mf (0,
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with V a double-well potential of potential barrier AV. The law predicts the expected time
{AT} between two transitions to scale like the exponential of minus the potential barrier
separating two attractors, divided by the square of the fluctuations intensity, i.e. {AT}
exp(—AV/(kgle)).

However, fluid flows are mostly out-of-equilibrium systems, for energy is constantly injected
(typically at boundaries) and dissipated by viscosity. In addition, Navier-Stokes equations have
a continuously infinite number of degrees of freedom, which, after discretization, translates
into thousands or millions of degrees of freedom, depending on the flow complexity. Therefore,
characterizing rare transitions from one basin of attraction of the Navier-Stokes equations to
another is a current scientific challenge.

There exist some specific numerical approaches in considering these transition events. All are
motivated by the fact that a direct numerical simulation of the system is inappropriate in the
statistical study of transition events, both because they occur over possibly extremely long time
scales, and because the large number of degrees of freedom makes the numerical simulations
of the Navier-Stokes equations unreasonably slow and energetically costly. Instead, the used
numerical techniques incorporate some elements of the large deviation theory (Freidlin &
Wentzell, 1998), which considers non-equilibrium dynamical systems in the limit where they
are forced by weak noise (consistent with the fact that transitions are rare). The general idea
is to compute the most likely trajectory that links two given stable and distinct states. This
specific trajectory is called an instanton, and was shown in Freidlin and Wentzell (1998) to
minimize an action in the path integral representation of the system. The probability of the
transition along the instanton can also be computed and used to estimate the expected time
between two transition events.

The instanton was numerically computed in different fluid flow modelizations, from two-
dimensional geophysical turbulence (Bouchet & Simonnet, 2009; Bouchet et al., 2011) to
one-dimensional Burgers turbulence (Grafke et al., 2013), to the transition between the plane
Poiseuille flow and a traveling wave solution in a two-dimensional periodic domain (Wan et al.,
2015). More recently, Schorlepp et al. (2022) considered the three-dimensional stochastically
forced Navier-Stokes equations, and obtained the most likely configurations for extreme
vorticity and strain events as the numerical solutions of the instanton problem. A more
indirect manner to determine the instanton is by using the adaptive multilevel splitting
algorithm (Cérou & Guyader, 2007), which is a rare event algorithm whose effect is to magnify
the number of transition events. Thereby, very large statistics of transition paths can be
produced, which are expected to concentrate around and reveal the instanton. Recently, this
method was successfully employed in Bouchet et al. (2019) for the turbulent flow obtained
from a simplified model of Jupiter troposphere’s dynamics. The work presented in Lestang et al.
(2020), concerned about extreme mechanical forces exerted by a turbulent flow impinging on
a bluff body, constitutes another example. It was also shown in a recent work Lecoanet and
Kerswell (2018) that the computation of the instanton trajectory could be linked to a more
basic nonlinear maximization problem of the flow kinetic energy (Pringle & Kerswell, 2010).
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To the knowledge of the authors, all the works mentioned so far relied on numerical tools.
In the present chapter, we shall employ a different strategy, expected to be valid at least in
some simplified situations. In the spirit of Cates and Nardini (2023), who focused on the
extension of the classical nucleation theory to an active phase-separating system, we first
aim at analytically reducing the dimensionality of a flow forced by a weak and slowly varying
stochastic noise. Then, analytical tools from statistical mechanics such as the Fokker-Planck
equation will be deployed to compute the statistics of the reduced-order system, which is
substantially easier to study and physically interpret than the original equation.

A general method for reducing the dimensionality of a nonlinear system was developed
in dynamical system theory, and is valid asymptotically close to a bifurcation point in the
parameter space, where an eigenmode of the linearized operator becomes unstable and
grows exponentially. The idea is to derive an equation for the amplitude(s) of the bifurcating
eigenmode(s). Such an equation is of minimal dimension (and nonlinear order) yet extracts
the core of the nonlinear behavior of the original equation in the vicinity of a bifurcation point
(Guckenheimer & Holmes, 1983). Its derivation relies on a clear multiple-scale asymptotic
expansion procedure, and its first use in fluid mechanics dates back to Gor’kov (1957) in
the context of thermal convection. It was used in numerous studies since then and still is
nowadays, for instance in (Buza et al., 2022; Kerswell et al., 2004; Ohm & Shelley, 2022; Shukla
& Alam, 2011; Sipp & Lebedev, 2007; Zampogna & Boujo, 2023) to cite only a few.

Of particular interest here, the analyses in Camarri and Mengali (2019), Hawa and Rusak (2001),
and Rusak and Hawa (1999) derive a Stuart-Landau weakly nonlinear amplitude equation, for
the steady symmetry-breaking eigenmode in the flow past a two-dimensional plane sudden
expansion. Thereby, the two asymmetric attractors of the flow after the bifurcation could be
approached as the equilibrium solutions of a single-degree-of-freedom equation, with good
accuracy for Reynolds numbers asymptotically close to its critical value at the bifurcation.
Note that a substantial body of work is devoted to the sudden expansion flow, due to its
common appearance in the industrial or academic context. In addition to the ones already
presented, could also be mentioned the studies in Lanzerstorfer and Kuhlmann (2012) and
Debuysschere et al. (2021), concerned with the stability of the two-dimensional plane sudden
expansion for different geometries, and inlet velocity profiles, respectively.

The construction of amplitude equations can be generalized to nonlinear dynamical systems
subject to a stochastic forcing, as shown in Rajan and Davies (1988) and Rong et al. (1998) and
Nayfeh and Serhan (1990) for the Duffing and Duffing-Rayleigh oscillators, respectively. The
inclusion of a noise term in an amplitude equation would have the effect of making its solution
transit from one of its equilibrium solutions to another, for instance when the latter equation
describes a supercritical or subcritical pitchfork or a subcritical Hopf bifurcation. The statistics
of these transitions could be obtained with low computational efforts, yet in principle apply
to the original equation, under the simplifying hypothesis made for the derivation of the
amplitude equation.
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However, if stochastic amplitude equations were found to be accurate models for some specific
flows indeed (Brackston et al., 2016; Callaham et al., 2022; Pétrélis et al., 2009), the noise term
systematically resulted from an ad-hoc addition. In other words, the rigorous method deployed
for the Duffing oscillators in Rajan and Davies (1988) and Rong et al. (1998) and Nayfeh and
Serhan (1990) to recover a noise term at the level of the amplitude equation directly from
the stochastically forced original equation, does not seem to have been yet applied to the
Navier-Stokes equations. Therefore, this will be the primary focus of the present chapter.

For this purpose, we will consider a flow experiencing a supercritical pitchfork bifurcation,
such that our method is a generalization of that outlined in Camarri and Mengali (2019) and
will result in a stochastically forced Stuart-Landau equation. Yet, the proposed method is
expected to be adaptable to other fluid flows subject to multi-stability, thus to noise-induced
transitions, closely after a bifurcation. Such situations include other flows experiencing a
supercritical pitchfork bifurcation, such as the one in a pipe junction for some junction angles
(Chen et al., 2017) or between a co-rotating disk pair for some gap ratio (Randriamampianina
et al., 2001). Supercritical pitchfork bifurcations also occur in laminar (or turbulent) three-
dimensional wakes of rectangular prisms for some aspect ratios (Zampogna & Boujo, 2023),
in the granular plane Couette flow for some parameters (Shukla & Alam, 2011), in active
suspensions of elongated swimming particles (immotile shakers or motile pullers/pushers) for
some swimming speed (Ohm & Shelley, 2022), in the two-dimensional flow past an inverted
flag if the aspect ratio is large enough and the mass ratio small enough (Tavallaeinejad et
al., 2020), etc. The method could also be extended to flows subject to a subcritical Hopf or
subcritical pitchfork bifurcation. In the latter case, three stable equilibria exist, and some
examples are found in the infinitely diverging channel (Jeffery-Hamel flow) (Kerswell et al.,
2004), in active suspensions (Ohm & Shelley, 2022), in an axisymmetric liquid bridge subjected
to axial flow (Lowry & Steen, 1997) and many others.

The method to derive a stochastically forced Stuart-Landau equation directly from the stochas-
tically forced Navier-Stokes equations is outlined in § 5.3. The probability density function
of its solution, as well as the statistics of the transition time between its two deterministic
attractors, will then be computed by means of the Fokker-Planck equation. The results are
reported and compared with direct numerical simulations in § 5.4.

5.2 Problem definition

We consider fluid flows governed by the incompressible Navier-Stokes equations (NSE)

0;U=—C[U,U]-VP +Re ' AU + F¢(aet) f
0=V-U,

(5.1)

where U is the velocity field, P is the pressure field ensuring U to be divergence-free, and Re is
the Reynolds number. The nonlinear advection operator Cla, b] = (Va)b + (Vb)a)/2 has been
defined. We will restrict the analysis to Re numbers asymptotically close to a critical value Re,
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where the flow experiences a steady and supercritical symmetry-breaking bifurcation, also
called supercritical “pitchfork" bifurcation. Note that in the rest of the chapter, the use of the
term “symmetry" will always refer to a discrete symmetry. Specifically, we will consider cases
where a distance to criticality, defined as

eiRe_l—Re_l, issuchthat O<e<x1, (5.2)

c

in accordance with Camarri and Mengali (2019) and Sipp and Lebedev (2007). In other terms,
the symmetric flow at Re > Re, possesses a steady symmetry-breaking eigenmode unstable
with a growth rate of O(e). In the linear regime, this mode thus grows exponentially until
nonlinearities have an effect after a long time of oY, implying its amplitude to be both
linearly and nonlinearly modulated over a slow time scale 7 = €t.

In addition, the flow is stochastically forced with F¢(aef?) f, where f = f(x) is the forcing
spatial structure. The term ¢ (aet), with @ > 0 and a = O(1), is a random signal with zero mean.
Since € is by assumption very small, this signal varies slowly as compared to ¢ (), and according
to the same slow time 7 as that of the symmetry-breaking eigenmode. The signal () is a
Gaussian sampling-limited white noise signal. The latter has a typically large band-limiting
frequency wy, given by the sampling time step At as wg =/ At.

In order to characterize these random processes, we introduce the Fourier transform & (x) of
a temporal signal of length [0, T] with T — oo, and its inverse & ~! () as

oo

N 1t —iwt -1.o I il iwt
u(w):g(u(t)):—f u(t)e dty, u@t)=% (u(w)):—f (w)e' 'dw. (5.3)
vTJo 27

—0o0
In the Fourier domain, the random signal é (w) =F (é(1)) is constructed as
1E()] = ave, for || < w,4, and If(w)l =0 elsewhere. (5.4)

Note that a+/e does not depend on the frequency. The choice of this specific value for the
intensity of {(¢) is made purposely so that the Fourier transform of the noise ¢(aet), when
taken over the slow time 7 =€, yields a unit intensity. Since «a is not included in the definition
of the slow time 7, its square root is not taken in (5.4), whereas that of € is. The calculations will
be provided in the next section. For each w, the phase of é (w) is random and drawn according
to a uniformly distributed law between 0 and 2.

We emphasize that the stochastic forcing considered in the present chapter is not general but
specific for at least two reasons. The first is that it consists of a scalar noise process depending
solely on time, multiplying a structure that is frozen in space. The second is that the (sampling-
limited) white noise defined in (5.4) has a constant value for If (w)], whereas it would be more
generally characterized by a constant value for {If ()|?}, if {*} denotes the ensemble average.
This generalisation matters in the cases where T is finite and/or if the noise is not an ergodic
process.
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Figure 5.1: (a) Example of random signals as a function of time. The blue continuous line is a
sampling-limited white noise ¢ (#) (multiplied by a factor 10 for better visualization), whereas
the blue continuous line with bullets is the slowly varying version ¢(aet). (b) Module of the
Fourier transforms of the signals shown in (a). The specific values € =0.0026, « =1/8 and a
sampling time step A =0.025 have been selected; this sets w,; = 125.7 and w, = 0.04.

From the definition (5.3), it follows that

1
aeV'T

(which is a well-known property of the Fourier transform) therefore,

aeT X R
f f(s)e_lsw/(ae)dszif(ﬁ), (5.5)
0

ae \ae

T .
g(f(aet)):%fo E(aen)e " Pldt =

1
|F (& (ael))| = % for |w| = w¢o, (5.6)

where we have defined
Weo = aewy, andwhere werecall that a=0(1). (5.7)

Therefore, the frequency w,, is the cut-off frequency ( hence the subscript “co" ) of the slowly
varying noise ¢ (aet). Although it was implicit, in (5.5) we have also used the fact that, since
we take the limit of infinitely large T and a,€ > 0, integrating between 0 and T or between
0 and aeT leads to the same result. The small parameter € being set by the Re number, the
parameter a gives the freedom to change w, as long as « is of order unity. Accordingly, the
small parameter ae = w.,/w4 = O(€) <« 1 takes the immediate meaning of the ratio between
the shortest measurable time scale (i.e., the sampling one = 7/w ), and the shortest time scale
excited by ¢(aet).

Some random signals ¢(¢) and ¢ (aet) are shown in figure 5.1 in both the temporal and Fourier
domains. We stress that, as long as the slow noise is band-limited with a cut-off frequency
around w,, the results are not expected to depend on the specific shape of its spectrum (see
also a more detailed discussion in section IV.D.)
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Table 5.1: Characterization of the dimensionless parameters

Parameter Mathematical constraint Permit to fix independently ...
€ <1 ... the Re number, according to (5.2)
a o) ... the noise cut-off frequency w., according to (5.7)
10) o(1) ... the noise intensity F, according to (5.9)

We also introduce the Hermitian inner products

Ug
Pa

Uup

(u |u)if ulu,d? and
alp 0 ab < b

> if_() uI;ub-lrpgpbdQ, (5.8)
p

where the superscript H denotes the Hermitian transpose and the symbol {2 the spatial domain.
In (5.8) the second inner product includes the pressure (hence the subscript p) whereas the
first doesn't. In the following, || * || designates the norm induced by the first scalar product in
(5.8). The spatial structure of the forcing in velocity f has a unitary norm, i.e. || f|| =1, and we
scale the forcing amplitude F as

Fz¢ye <1 with ¢=0(). (5.9)

The characterization of the parameters €, a, and ¢ is summarized in table 5.1. Their respective
presence gives sufficient freedom for the Re number, the slow noise cut-off frequency w.,, and
the forcing amplitude F, to be chosen independently of each other. For instance, a noise with
the same intensity and cut-off frequency could force flows with two different Re numbers; in
the latter case, the parameter € would be different between the two flows but a and ¢ could be
adapted to conserve w., and F.

5.3 Weakly nonlinear expansion

We now derive an equation for the amplitude of the bifurcated steady mode, in the presence
of a weak and slowly-varying noise. In the absence of this stochastic forcing, the calculations
would be similar in all respects to those of Camarri and Mengali (2019). Moreover, the deriva-
tion of an amplitude equation for the Duffing oscillator subject to a narrow-band noise was
proposed already in Nayfeh and Serhan (1990), Rajan and Davies (1988), and Rong et al. (1998),
among others. The rigorous procedure outlined in these latter works to include a noise term
in an amplitude equation is applied to the Navier-Stokes equation thereafter.

As already mentioned, since we consider Re numbers close to a critical value for a steady
bifurcation, as expressed in (5.2), the temporal variations of the flow perturbation around the
neutral equilibrium are assumed to occur over the slow time scale 7 = €¢. This assumption
and the ensuing scaling are consistent with the fact that the flow is forced by the slow noise
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&(aet) =&(ar). The flow field is approached by the following expansions

U=U.+eu (1) + s (1) + Ve uz (1) + O(e?), and

3 ) (5.10)
P=P.+Vep1(1) +ep2(1) + Ve p3(1) + O(€),

where U (x) is a velocity field in a neutral equilibrium at Re., symmetric in space around a
generic plane for three-dimensional flows, or around a generic axis for two-dimensional flows.
Considering a two-dimensional flow with a symmetry axis located at y = y;, the symmetry
assumption of U implies

Uc(x,y)
VC(x) _V)

U.(x)= (5.11)

Uc(x,2ys—y)
“Ve(x,2ys— |

By increasing the Re number above Re,, the flow U, is subject to a steady bifurcation which
breaks the symmetry of the overall flow.

Introducing the expansions (5.2) and (5.10) into (5.1) leads to a cascade of linear problems to
be solved successively. At order O(y/€), we collect

0
0

—-2C[U., ] +Re;'A -V
\VA

u (7,x) q(x)
Pq(x)

(5.12)

u
=L|"'| with L= , therefore = A(1)

)

p1 p1(7,%)

where [g(x), pq]T is the eigenmode of the linear operator L that is associated with a null
eigenvalue. We normalize it such that ||q|| = 1. Note that q is also the non-trivial kernel of L. In
addition, the eigenmode ¢ is anti-symmetric: therefore, again considering a two-dimensional
flow and a symmetry axis at y = ys, the velocity field g satisfies

—qx(x,2ys—¥)
qy(x,2ys—y)

qx(x,y)
qy(x,y)

. (5.13)

q(x) =

In the following, the adjoint mode associated with [q, p4] T will be denoted by [q, pg] T In
other terms, it corresponds to the eigenmode associated with the null eigenvalue of the
operator L', adjoint to L under the second scalar product in (5.8). The slowly varying and real
scalar amplitude A(7) in (5.12) is for now arbitrary.

At O(e) we obtain the solution u, (1, x) = A(1)? ug‘z (%) + uZA (x), where

A2 A

—-L u1242 = _C[q,q] ,and—L uzA = AUC (514)
p; 0 p5 0

The operator L being singular, the compatibility condition needs to be verified for the particu-
lar solutions to the systems in (5.14) to be non-diverging. The latter condition requires the
right-hand side to be orthogonal to the kernel of the adjoint of L, i.e. orthogonal to [q, pf,].
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The symmetric fields Clq, ] and AU, yielding a null inner product with the anti-symmetric
one g, this condition is naturally satisfied and the two systems can directly be solved for.
In practice, this can for instance be done with a pseudo-inverse algorithm. The component
of ug‘z and uZA on the kernel g that stems from the homogeneous part of the solution is set
to zero according to <qT’u§2> = <qT’u?_A> =0. Indeed, accounting for a non-zero homoge-
neous solution was shown in Camarri and Mengali (2019) to have no consequences on the

coefficients of the final amplitude equation.

At O(\/Es) we assemble the system

2Clq,up']
0

2Clq, uZA] +Aq
0

us
P3

dA
dr

f

-L =—A Sy +¢pé(ar) ol (5.15)

q
0

This time, the compatibility condition is not naturally satisfied but leads to an equation for
A(T)

dA 3 dv
— - 5.16
i AA(T) + pA(T)” +ndpé(at) 1A +n¢pé(art), (5.16)

with the coefficients

(dpomatiosn)  (dpows)
A=- T , H=— - and n=-—. (5.17)
(a'|a) (a'|a) (a'|a)
In addition, the double-well potential
2 4
vovia st pA (5.18)
2 4

has been defined. Equation (5.16), for the amplitude of the anti-symmetric bifurcated mode,
is the classic Stuart-Landau equation for a real-valued amplitude, with the difference that it is
now stochastically forced. The stochastic term was not an ad hoc addition to a pre-existing
amplitude equation, but was derived rigorously from the forced Navier-Stokes equations (5.1).
The explicit formulas for the coefficients in (5.17) can be directly evaluated numerically and
do not require any a posteriori fitting. Indeed, they involve scalar products of fields that are

A

all known: the eigenmode g, the adjoint mode g, the second-order fields u;~ and ué“z, all

defined at Re = Re,, as well as the forcing structure f.

The Fourier transform over the slow time scale, noted % (*), of the noise ¢ (a 1) reads

Fr ((at)) = Lfech(ozT)e_’.“”dr: ﬁfTE(aet)e"""”dt
VeT Jo VT Jo

1
a\/eV'T

aeT X
f E(s)e i @slads (5.19)
0

1 ~jw
:a_\/gf(a)r
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therefore, following (5.4), we have that
| E(aT) =1 for |w|<awg, (5.20)

and |%; ({(at))| = 0 everywhere else. This profile is illustrated by the black dotted line in
figure 5.1b. It is important to notice that %; ({(at)) is independent of the small parameter
€, which was done intentionally and explains the peculiar choice of intensity in (5.4). In this
manner, the amplitude equation (5.16) does not depend on € and the ensuing results need not
be re-computed for each Re considered, if everything else is fixed.

Let us briefly discuss the deterministic regime where ¢ = 0. The coefficient A contains the
sensitivity of the null eigenvalue to a base flow modification +€u2A induced by the fact that we
consider a Re > Re,. Therefore, €A is directly the growth rate of the bifurcated steady mode and
is positive. Accordingly, the equilibrium solution Ay = 0 of (5.16), corresponding to a symmetric
flow, is unstable. The coefficient ¢ contains the sensitivity of the null eigenvalue to a base flow
modification +e A? u§‘2, non-linearly induced by the Reynolds stress of the perturbation /€ Aq.
If 1 is negative, then nonlinearities have a stabilizing effect that counteracts linear instability.
Therefore two additional equilibrium solutions + A, with A= \/=1/u > 0, exist and are stable.
They are the two minima of the potential V. On the contrary;, if i is positive, nonlinearities
included in (5.16) have a destabilizing effect and no stable equilibrium exists at that order: the
bifurcation is subcritical and the expansion must be pursued at higher orders. This latter case
will not be treated in what follows.

In the stochastically forced regime where ¢ # 0, the amplitude A may randomly switch back
and forth between the two attractors A and — A after unpredictable and possibly long times.
Therefore, we are particularly interested in the probability distribution of A. The probability
density function (PDF) P of the amplitude A can be computed directly by means of the Fokker-
Planck equation (Risken, 1996). For this, the state space needs to be augmented in order to
account for the fact that ¢ (a7) is a band-limited white noise because of the presence of the
constant a in the argument. Following Risken (1996) (Appendix Al and Supplement S.10),
¢(ar) is treated as a system variable resulting from low-pass filtering, at a cut-off frequency
of aw, of a white noise (on the slow time scale) y(r) whose band-limiting frequency is the
largest achievable by the system, w,. We insist that w, is chosen sufficiently large for none of
the results presented in this chapter to depend on it. For the sake of simplicity, a first-order
low-pass filter of cut-off frequency aw, is chosen and thus ¢(a ) is approached by the solution
of the first order stochastic differential equation

d¢

— tawgé=awgy, (5.21)
i s aX

where y(7) is a white noise such that |F; (y)| = 1 for |w| < w,. Equation (5.21) leads to
|F: (&) 12 = 1/(1 + w?/ (awy)?), which is a rather coarse approximation of (5.20). This mat-
ters little, however, since as mentioned, the results aren’t expected to depend too much on the
exact shape of the noise as long as they conserve the cut-off frequency. Again following Risken
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(1996) (Chapter 4.7), the Fokker-Planck equation associated with the system consisting of the
equations (5.16) and (5.21) writes

P _

2
5 —8—8A [AA+pA® +np)P] +awd8(€P) + (awq)? F°P

o e (5.22)

where P = P[A, ¢, 1] vanishes for | A|,|¢| — co. By definition of a probability density function,
P has a unitary area: fffgo PdAd¢ =1, V1. We introduce P = P[A] the PDF of only Ain a
stationary regime, reached after infinitely long 7, such that

p= f ~ (hm P[A,f,r])d(f. (5.23)

—00 T—00

We also define PV to be P in the “pure" white noise limit where aw,; — oo, which possesses
the analytical expression

PY= lim P-= 1 exp (——V) , Z anormalization constant. (5.24)
awi=eo” — Z 0\ ()2

In the next section, the stochastically forced weakly nonlinear (WNL) amplitude A4, its probabil-

ity density function P, and the statistics of the escape time AT of A between its two attractors

+ A will be computed for a selected flow geometry. Furthermore, results will be compared to

direct numerical simulations (DNS).

5.4 Application case: the flow past a sudden expansion

The application case is chosen as the two-dimensional plane flow past a sudden expansion
(see the non-dimensional geometry in figure 5.2a). The Reynolds number is defined as
Re = hUy /v, where h is the inlet channel height, U, the centreline (maximum) velocity of
the inlet parabolic velocity profile and v the kinematic viscosity. The inlet is located at the
streamwise coordinate x = —5 (made non-dimensional by £). At x =0, the flow goes through a
sudden expansion of expansion ratio ER = 3, and the outlet of the expansion is situated further
downstream at x = L =40, where the flow re-parallelized.

The linear and nonlinear Navier-Stokes equations are solved for the velocity field U = [U, V] r
and the pressure by means of the finite element method with Taylor-Hood (P2, P2, P1) ele-
ments, respectively, after implementation of the weak form in the software FreeFem++. The
steady solutions of the Navier—Stokes equations are solved using the iterative Newton—-Raphson
method, and the linear operators are built thanks to a sparse solver UMFPACK implemented
in FreeFem++. The mesh is constituted of approximately 4 x 10* triangular elements, whose
edge size varies between a minimum value of 0.015 near the expansion corners and a maximal
value of 0.15 farther upstream and downstream, leading to about 2 x 10° degrees of freedom
for the global flow field (velocity and pressure).
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Figure 5.2: Deterministic case ¢ = 0. (a) Snapshots of the streamwise velocity of the stable
steady solution(s) obtained by DNS at Re = Re. = 79.3 (top) and at Re = 100 > 79.3 (center &
bottom); in the latter case, two equilibrium solutions are found. (b) Measure M that quantifies
the asymmetry of the flow, as defined in (5.25), and computed in the steady regime for both
WNL and DNS approaches. The continuous blue line is associated with the stable equilibrium
solutions predicted by the deterministic amplitude equation +M with M = \/¢ 8 A, whereas the
dotted line corresponds to the unstable equilibrium.

5.4.1 Deterministic regime

The critical Re number before the steady bifurcation is numerically found to be Re, = 79.3,
which compares relatively well with the value Re. = 81.4 reported in Camarri and Mengali
(2019). As we checked the convergence of Re. with respect to the spatial discretization, the
slight difference is rather explained by the fact that our entrance length is half of the one
considered in Camarri and Mengali (2019). For Re < Re,, the flow is symmetric in the sense of
(5.11) around the centerline axis at y = ys = 1.5, as can be seen in the uppermost snapshot in
figure 5.2a.

For Re > Re,, the symmetry of the flow is broken, as we can observe on the snapshots at the
center and the bottom of figure 5.2a. The degree of asymmetry is quantified according to a
scalar measure that we call M, and whose definition is always arguably arbitrary. Nevertheless,
we propose it to be the signed L?-norm of the cross-wise velocity component evaluated along
the symmetry axis (located at y = ys = 1.5). The sign is chosen as being that of the cross-wise
velocity along the symmetry axis and at x = 2, for it is where the cross-wise velocity component
qy of the anti-symmetric eigenmode q = [qy, qy] T (with ||g|| = 1) reaches its (chosen positive)
maximum. In other terms, g, (x =2, ys) = max,[qy (%, ys)] = 0.136. Eventually, M reads

[ L
M =sgn[V(x=2,ys)] f V(x, ys)2dx. (5.25)
0

The WNL approximation of M is given by evaluating V (x, ys) according to the expansion (5.10),
then using that V. (x, ys) = va(x, ¥s) =0, Vx (V; the cross-wise velocity of the base flow and v»
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that of the second order field u,) for a symmetry reason, leading to

L 2
M:sgn[\/qu(z,ys)A+O(\/53)]\/ f (Veaqytx,yo+0we")) dx
N — 0

>0

L (5.26)
= sgn(A) Vel Al | fo Gy (x, y9)2dx + O(V/e)

= VeBA+O(E),

with = fOL qy(x, ys)>dx =0.266 a proportionality constant.

The coefficients in (5.17) are found as A = 5.984 and u = —0.02962, leading to A= \/—A/u=14.21.
We stress that the coefficients are evaluated from known fields, without any fitting parameters.
For a given Re number (setting €), the equilibrium amplitudes + A are associated with the
equilibrium asymmetry measures +M with M = \/¢SA. The slope of the red dashed line
in figure 4b of Camarri and Mengali (2019) corresponds to our definition of A. By visual
inspection, we estimate for the former a value of = 5.8 which indeed agrees well with our 1; no
numerical value is given for y in Camarri and Mengali (2019).

In the deterministic case where ¢ = 0, the DNS and WNL steady solutions are compared
under the measure M in figure 5.2b as a function of the Re number. Close the threshold
value Re., both approaches are in excellent agreement, thus validating the well-posedness
of the weakly nonlinear expansion (5.10). Note that, interestingly, the latter implies the
scaling M o< y/1/Re; — 1/Re when Re is asymptotically close to Re.. The agreement between
both approaches progressively degrades as we increase Re, presumably due to higher-order
nonlinearities neglected in the expansion. Nevertheless, the relative error remains reasonable
for the considered range of Re, with a maximum value of = 11% for Re = 110. Overall, the
agreement between both approaches is comparable with the one already reported (with a
different measure) in figure 5 of Hawa and Rusak (2001).

In the rest of the study, we will fix the Re number to Re = 100.

5.4.2 Stochastic regime: amplitude statistics

Let us now activate the stochastic forcing (¢p # 0). We choose the forcing structure to be
f = q', which maximizes the absolute value of 7 in (5.17), thus the impact of the forcing.
We numerically find n = 1.492. For Re = 100, we show in figure 5.3 some temporal signals
of M for four gradually increasing forcing amplitudes ¢, of the same given noise realization
¢(aet). The cut-off frequency w, of the slowly-varying noise is set at w., = 0.04. Due to the
non-normality of the operator L, this specific choice is not arbitrary and will be detailed in
the last section of the chapter. The WNL predictions and the DNS data are compared directly,
as they are forced by the exact same noise. For both signals, under the stochastic forcing, M
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Figure 5.3: Temporal signal of M in a stochastically forced regime, with forcing amplitudes
¢ € [10,14,18,22]. The noise realization {(act) is the same for all the results shown. A Re
number of Re = 100 is chosen, implying € = 0.0026. A time step At = 0.025 was found sufficient
for the convergence of the results, which sets w4 = 125.7. We further choose w., = 0.04, which
determines a = 1/8 that we check to be O(1) indeed. The two deterministic attractors + M
with M = /e8A=0.1935 are highlighted by horizontal black dotted lines. The small crosses
highlight a “transition” (see definition in text) of the WNL signal from the neighborhood of
one attractor to the neighborhood of the other.
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experiences some random oscillations in the neighborhood of one of the two attractors. After
some time, these oscillations may by chance become sufficiently strong such that M transits
to the neighborhood of the other attractor, as it overcame the potential barrier separating the
two. This scenario is increasingly likely with the forcing amplitude. With the exception of some
relatively short episodes, the agreement between WNL and DNS signals is visually excellent in
figure 5.3, at least for the considered noise realization. A small but systematic overestimation
of the WNL prediction is to be noticed though, already present at the deterministic level and
observable in figure 5.2b for Re = 100. Some discontinuities can also be noticed in the DNS
signal, due to the multiplication with the sgn function in the definition of M.

A more quantitative and systematic comparison of both approaches is performed by running,
for a given forcing amplitude, nine additional simulations to that of in figure 5.3, each cor-
responding to a different random noise realization. This generated a sufficient amount of
data for convergence of the PDF of |M]|, shown in figure 5.4 for ¢ € [10,14,18,22]. We also
show P, the PDF associated with the steady solution of the Fokker-Planck equation (5.22),
defined in (5.23). Its asymptotic shape in the limit where aw, tends to infinity, PV defined in
(5.24), is also visible. First, we observe that P agrees poorly with PV, from which we conclude
that accounting for a filtered noise in the Fokker-Planck model, at a cut-off frequency awy
(over the slow time, thus eaw, over the fast), has a significant effect. The probability density
function P is more localized than PV around M, presumably because the noise corresponding
to the former is filtered and thereby has a lower root-mean-square (by Parseval’s theorem)
than the noise of the latter, thus is less efficient is dislodging M from one of its attractors.

On the other hand, from the excellent agreement between P and the PDF obtained from
direct simulations of the amplitude equation (5.16), we also conclude that the results are
robust to the order of the filter that generates the slow noise; indeed, P is associated with a
first-order filtered noise whereas the noise in (5.16) is infinite-order filtered (square signal in
the frequency domain). Therefore, one does not need to be too careful in the way the slow
noise is constructed.

The agreement between P and the PDF reconstructed from the DNS is globally satisfactory
when plotted over |M|/M. When plotted over |M| (see inset of figure 5.5a), both PDFs are
slightly offset due to the difference between deterministic attractors. In addition, the agree-
ment seems to degrade for | M| — 0. This is explained by the fact that M, due to its definition as
a L? norm of the cross-wise velocity (5.25), is null if and only if the cross-wise velocity is strictly
null everywhere along the symmetry axis; because, for instance, of higher-order nonlinear
terms neglected in the expansion, this condition is very unlikely to be met in the DNS. This
effect is all the more pronounced by increasing ¢.

5.4.3 Stochastic regime: escape time statistics

By considering the absolute value | M|, the transition events from the neighborhood of one
attractor to the other were not considered. However, as developed in the introduction, they are
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Figure 5.4: Probability density function of | M| for the four different forcing amplitudes consid-
ered in figure 5.3. The external parameters are also the same as for figure 5.3. For the blue dots
“WNL" and the red dashed-dotted line with the square markers “DNS", ten simulations, each
corresponding to a different noise realization and long of ¢ = 1.1 x 10* units of times, were per-
formed and post-treated. The magenta line “WNL, P", defined in (5.23), is the steady solution
of the Fokker-Planck equation (5.22). The black dashed line “WNL, PY" defined in (5.24), also
corresponds to the steady solution of the Fokker-Planck equation but in a case of “pure"” white
noise where aw,  — oo. The insets show to the same data as the main figures, but as a function
of |M| instead of | M|/ M. The vertical red dashed line is the deterministic attractor M of the
DNS whereas the vertical, dotted, blue line is the one from the WNL approach (see figure 5.2b)

of great interest in practice and thus are studied thereafter. Let us first put a formal definition
of what we mean by “transition". A “transition” from the neighborhood of one attractor to the
other is decreed whenever the following scenario occurs: at some 1, M goes above —cM < 0
(resp. below cM > 0), and doesn’t go below (resp. above) this same threshold again before
going above (resp. below) the opposite one cM (resp. —cM) at some 3, where the constant
¢ > 0 is chosen, perhaps arbitrarily, as ¢ = 0.8; then a transition has occurred at the largest
of all time(s) in the interval [#;, t3] for which M is null. Under this definition, the transitions
are highlighted for the WNL signal by the black crosses in figure 5.3. For ¢ = 10 the time
interval AT separating two transitions, shown with an arrow in figure 5.3, sometimes called
an “escape time" or “first passage time", seems to be on average extremely long. This also
underlines the importance of using a reduced-order model. In a simulation long of 7 = 30
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Figure 5.5: Probability density function of the escape time AT between two transition events
from the neighborhood of one attractor to the neighborhood of the other. Lighter colors
correspond to larger forcing amplitude ¢ where ¢ € [10,18,26]. The parameters are the same
as for figure 5.3, specifically Re =100 and w., = 0.04. For the markers “WNL" (dots for ¢ =10,
squares for ¢ = 18 and diamonds for ¢ = 26, ten direct simulations of (5.16), each corresponding
to a different noise realization and long of ¢ = 1.1 x 10° units of times, were performed and post-
treated. The continuous lines “WNL, E-P" (E-P. for Fokker-Planck), are obtained by marching
in time the Fokker-Planck equation (5.22) with appropriate initial/boundary conditions (see
main text). Subfigures (a) and (b) show the same data, (a) in linear-linear scale and (b) in log-
linear scale. The thin black dashed- lines are exponential laws bexp (—bAT), where b = b(¢) is
a fitted parameter.

(corresponding to ¢ =7/e =1.1 x 10*) units of times, only two transitions could be captured, at
a large computational cost for the DNS. By increasing ¢ to ¢ = 22, the oscillations of M around
+M are more intense, and the transitions are more frequent (thirteen transitions could be
captured).

In order to approximate the PDF of the escape time AT between two transitions, a sufficiently
large number of these transition events has to be reported, and the simulations have to be
sufficiently long to also capture very large AT, constituting the tail of its PDE For this reason,
for each of the considered forcing amplitude, ten simulations of the amplitude equation
(5.16) to an extremely large final time of 7 =3000 (correspondingto t=71/€=1.1 x 10%), were
performed. Each of these simulations corresponds to a different realization of the slow noise.
Some PDF of AT reconstructed by post-processing the so-generated data are proposed in
figure 5.5 (lin-lin scale in figure 5.5a, and log-lin scale in figure 5.5b).

Alternatively, the PDF of AT can be computed by marching in time the Fokker-Planck equation
(5.22) with appropriate boundary and initial conditions (Bonciolini et al., 2018). The initial
condition is set as

_ €eXp|-—507
P[A,f,TZOJ:(S(A—A)L) (5.27)

145



Chapter 5 Noise-induced transitions in the sudden expansion

which translates the fact that trajectories are systematically started at the attractor A, whereas
the initial condition for the noise is random and follows a centered normal distribution of
standard deviation o, i.e. {(£=0) ~ .4 (0,0?). Precisely because the noise has zero mean, the

2

variance o is equal to the root mean square of the signal, which is expressed by Parseval’s

theorem

200 QWg @

= = — (5.28)
€2m b4 At

T 0o
g2 t0 L f Elaen?dt = — f \F E(aet) Pdw =
T Jo 27 J-c0

(i.e. two times the area below the red or black curve in figure 5.1, divided by 27). For the
boundary condition, P =0 for ||, A — oo is maintained, but instead of also imposing P =0
for A — —oo, we set P[—cA,&, 1] =0, VE,7. As expressed in Bonciolini et al. (2018): “this
boundary condition is a probability sink, which leads to a monotonic decay in time of the
integral | f f P[A,¢,t]d Ad¢E, which] represents the probability of not having crossed the threshold
[—cA] before time t . Consequently the PDF of the escape time is the temporal derivative
of 1 - [[ P[A,¢& t1dAd¢, for the latter expression is the probability of having escaped to the
neighborhood of the attractor —cA, while (5.27) guarantees that all trajectories initially were
at the other attractor A.

The PDFs resulting from this approach are included in figure 5.5 and compared with those
obtained by post-processing the data generated from direct simulation of (5.16). The agree-
ment between both approaches is globally good. Moreover, it is observed in figure 5.5b that
the PDF of the escape time decays exponentially for sufficiently large AT; thereby it can be
thought of as following an exponential law, reading be™” AT The parameter b is fitted on the
PDF obtained with the Fokker-Planck equation, and gives a fair approximation, particularly
for the lowest ¢ considered in the figure. It is also clear that increasing the forcing amplitude
implies a faster exponential decay of the PDE Indeed, by increasing the intensity of the external
excitation, crossing the potential barrier between the two attractors is made easier, thus large
escape times are less and less likely.

The mean escape time {AT} and its standard deviation std(AT) associated with the PDFs in
figure 5.5 and those for others forcing amplitudes are shown in figure 5.6 as a function of the
forcing amplitude. The agreement between the results from the Fokker-Planck equation and
from direct simulations of the amplitude equation is good for the mean escape time. They
also collide on the value 1/b predicted by the exponential law. Although the differences are
barely visible in figure 5.6a, the value 1/b is all the closer to { AT} obtained from Fokker-Planck
than ¢ is small; in other words, the PDF of AT tends towards an exponential law in the limit
where ¢ — 0. This result is well-known from the large deviation theory.

In the “pure" white noise limit where aw,  — oo, and for vanishing forcing amplitude, the
mean escape time is given by the Eyring-Kramers formula (sometimes also called Kramer’s
escape rate) according to

VAV Oy | 220, (6:29

lim lim {AT}:l 5
€ 27 (ne)

(/)—.0 awqg—o00
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Figure 5.6: Mean value and standard deviation of AT. The parameters are the same as for
figure 5.3, specifically Re = 100 and w., = 0.04. The blue dash-dotted line is obtained as
follows: for each forcing amplitude ten direct simulations of (5.16), each corresponding to
a different noise realization and long of ¢ = 1.1 x 10° units of times, were performed and
post-treated. The continuous magenta line “WNL, E-P." (E-P. for Fokker-Planck), is obtained
by marching in time the Fokker-Planck equation (5.22) with appropriate initial/boundary
conditions. In the subfigure (b) the inset shows the fitted parameter b of the exponential law
writing bexp (-bAT). The mean value and the standard deviation reconstructed from this
exponential law, both equal to 1/b, are shown by means of the blacked dashed line. The red
dotted line is the Eyring-Kramers formula as given in (5.29).

where

2
AV =V(A) -V (0) = j—#, V'(A)=2A, and V (0)=-A (5.30)

Expression (5.29) can be found in Risken (1996), Chapter 5.10, formula (5.111). Without the pre-
factor multiplying the exponential, (5.29) is referred to as the Arrhenius law in thermodynamics.
The relevance of the Eyring-Kramers formula here might appear surprising given the out-
of-equilibrium nature of the system (5.1). Nevertheless, it stems from the fact that, in the
specific situation considered in this chapter, the Navier-Stokes equation could be reduced
to a one-dimensional noisy dynamic, with the deterministic part deriving from a potential.
Note that the factor 1/¢ in (5.29) accounts for the fact that the amplitude equation is written
over the slow time scale 1 = €f. The Eyring-Kramers formula (5.29) is drawn as the red-dotted
line in figure 5.6a, and appears accurate until relatively large ¢ = 15. Above this value, it is
interesting to notice that the parameter b increases rather linearly with ¢, such that the mean
escape time decreases as a rational function, thus faster than (5.29).

The evolution of the standard deviation of AT with ¢, shown in figure 5.6b, is quantitatively
and qualitatively similar to the one of {AT}.

Note that the statistics of the escape time AT shown in figure 5.5 and figure 5.6 have not been
directly compared with those from DNS. That is because, as said, they have been produced
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over simulations long of £ =1.1 x 10° units of time, deliberately extremely long to capture large
AT. We could not afford DNS of such extreme length, and this is precisely what motivated the
approach proposed in this chapter. If, as mentioned in the introduction, specific algorithms
exist in computing the escape time directly from the fully nonlinear Navier-Stokes equation in
(5.1), their implementation is out of the scope of this chapter. Note, however, that a complete
comparison between fully and weakly nonlinear escape time statistics would be necessary,
since a good agreement between the steady statistics in figure 5.4 generically does not imply
a good agreement between dynamical quantities such as AT. Results shown in figure 5.3,
however, suggest that such a comparison would be successful.

5.4.4 Stochastic regime: choice of the cut-off frequency

Let us now say a word about the choice of the cut-off frequency w,. First, it is important to
notice that the band-limiting frequency w4 = 1/ At can be chosen, in theory, to be arbitrarily
large. Therefore, w., = €aw,, € being set by the Re number and a = O(1), could also be
arbitrarily large (as long as it is much smaller than w,). However, if the linearized operator L,
defined in (5.12), is non-normal, there is a specific value of w., above which we expect the
predictions from the amplitude equation to become inaccurate. To determine it, we consider
the response of the flow linearized around the neutral, symmetric equilibrium at Re,, U, to a
stochastic forcing f¢(1), where || f11 =1 and ¢(¢) is a white noise such that Igg (w)| =1, Vw. In the
linear paradigm, the amplitude of the forcing term is irrelevant and is set to one for the rest of
the reasoning. In the Fourier domain, valid in the limit of large times after the transients fade
away, the response writes #t(w) = R(w) f f (w), the operator R(w) = (iwl — 0! being called the
resolvent operator. By decomposition on the basis of eigenmodes of L, the resolvent operator
has a dyadic representation (Luchini & Bottaro, 2014; Schmid & Brandt, 2014b)
= 1 4,(q)

Rw)=) *>

B (o)

(5.31)

where q i (with [|q j|| =1), qj. (with IIqJ]r.II =1) and y; are the jth eigenmode, associated adjoint
mode and eigenvalue of L, respectively. Eigenvalues are ordered such that ®(y;) = R(y»2) = ...,
implying y1 =0, g, = g and qJ{ = gq'. The forcing structure considered in the chapter was
chosen to be f = g, which generates

po 1l g X1 qi<q}|qT>
Rw4q ‘iw(q*|q>+j§zi‘”_w (aila;)

(5.32)

Had the operator L been normal, both the direct modes and the adjoint modes would form
an orthonormal basis and all the inner products <q]; ’ qT> for j =2 would be identically null.

This way, the transfer function ||R(w) q*f ()]|/ IIqTf (W]l = IIR(a))qTII reduces to a classical
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——Transfer function (Linear)
= =Lorentzian
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Figure 5.7: The red continuous line is the (linear) transfer function ||R(w) f|| (norm of the
expression (5.32)) with f = g of the sudden expansion flow linearized around its symmetric
neutral equilibrium at Re = Re.. The blue dashed line is the Lorentzian function (5.33) only
accounting for the response of the virtually neutral mode g, resonant at w = 0. Both curves
would collide exactly if L was a normal operator, for g would then excite only q. Four
horizontal black dashed-lines are drawn at w € [4,8,16,32] x 1072,

Lorentzian (resonant) response peaked around the resonant frequency w =0

IR()q" 1> = (5.33)

—_—
w*(qlq’)
However, L is generally non-normal due to the linearization of the advection term, and neither
the direct eigenmodes nor the adjoint ones constitute an orthonormal basis. Therefore the
sum in (5.32) does not vanish, and the Lorentzian (5.33) is only accurate in the limit |w| — 0,
where the term in 1/(iw) in (5.32) dominates the sum.

To illustrate this, we compare in figure 5.7 the transfer function IIR(w)qTII of the sudden
expansion (at Re = Re.), with the Lorentzian response (5.33). As expected, both curves coincide
in the limit |w| — 0, where the virtually neutral eigenmode enters in resonance and thus
dominates the flow response. Nevertheless, by increasing the frequency above w =0.04, both
curves depart from each other and the Lorentzian significantly underestimates the response.
This is the consequence of the non-normality of the operator L, which implies that g" has
anon-null projection over all the other adjoint modes, thus exciting in the response all the
associated direct modes; far from the resonant frequency, the eigenmode g has no reason
to dominate over this response. Consequently, if the noise term contains frequency above
W¢o =0.04, reducing the first-order dynamics of the system on the single mode q, which was
the case in the weakly nonlinear expansion, see (5.12), might be a poor approximation.

This is exemplified in figure 5.8, where we show the probability density function of |M],
similarly as in figure 5.4, but for a fixed forcing amplitude ¢ = 12 and four increasing values of
the cut-off frequency, w., € [0.04,0.08,0.16,0.32]. The agreement between the PDF obtained
from the WNL approach (direct simulation or Fokker-Planck), and the one extracted from
DNS, seems to progressively degrade by increasing w.,. This is particularly true for M close to
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Figure 5.8: Probability density function of | M|, similarly as in figure 5.4 but for a fixed ¢ = 12;
to save some computational time, the ten simulations, each corresponding to a different noise
realization have been shortened to ¢ = 1.1 x 10® units of times with respect to the computations
shown in figure 5.4. The data are shown for four different values of the cut-off frequency
weo € [4,8,16,32] x 1072, These four specific frequencies are highlighted with vertical black
dashed lines in figure 5.7.

zero where the weakly nonlinear PDF largely overestimates the nonlinear one. As explained
previously, that is because for too large w., the eigenmode ¢, which is the only one described
by the amplitude equation, does not dominate the flow response anymore, and other modes
reveal themselves. Due to the activity of these auxiliary modes, the probability of having a null
or very low cross-wise velocity along the symmetry axis is reduced, and it becomes more and
more unlikely for | M| to take null or small values. Presumably for the same reasons, it appears
in figure 5.8d that for the largest considered w., = 0.32, on the contrary, large values of | M|
become more likely in the DNS than in the WNL method. As a side comment, note also that
increasing w,, incidentally makes P converge towards PY, as expected.

5.5 Summary and perspectives

In summary, based on the existing literature we have proposed a method to derive a stochas-
tically forced equation for the amplitude of the slowly varying dominant eigenmode, after
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a steady symmetry-breaking bifurcation. To this purpose, the noise too was assumed to be
slowly varying, in other words, filtered at a certain cut-off frequency much slower than the
band-limiting frequency of the overall system. We gave a precise manner to evaluate a priori
the cut-off frequency for which the weakly nonlinear expansion, that reduces the linear dy-
namics to a single eigenmode, is justified. It is the frequency above which the transfer function
of the linearized flow departs from a Lorentzian, that only encompasses the dominant mode.
We also showed that the order of the filter, generating the slow noise from a classical white
noise, mattered little.

The probability density function of the mode amplitude obtained from the amplitude equation,
either by direct simulations or by solving the related Fokker-Planck equation, compared well
with the stochastically forced direct numerical simulations. Unsurprisingly, this is particularly
true for small forcing amplitude, as increasing the latter increases the relative importance of
higher-order nonlinear terms that have been neglected in the weakly nonlinear expansion,
and renders small values of the asymmetry measure M unlikely.

The amplitude equation has reduced the dynamics of the flow to a single coordinate whose
dynamics derive from a potential. This is particularly convenient when it comes to computing
escape time statistics. Indeed, for vanishing forcing amplitude, the waiting time between two
events where the solution transits from the neighborhood of one attractor to the other, was
found to increase as the exponential of the inverse of the forcing intensity squared. Clearly,
this precludes the utilization of direct numerical simulations. On the other hand, as a reduced-
order model, the amplitude equation can make predictions at a low numerical cost.

Nevertheless, even in different cases where the obtained amplitude equation will contain
more than one degree of freedom, therefore where generically no potential function exists, the
method proposed in this chapter can be seen as bridging a system of very high dimension, gov-
erned by the Navier-Stokes equation, with the large deviation theory and/or the Fokker-Planck
equation that are very effective in systems of low dimension. In this manner, predictions about
rare transition statistics could be made without relying on intensive numerical techniques.

For future research, the method outlined in this chapter shall be extended to more general
stochastic forcings than a single spatial structure multiplied by a slow noise. Instead, one could
consider forcing the flow as in Farrell and Ioannou (1993) with a sum of orthonormal forcing
spatial structures, multiplied by uncorrelated white noise processes. As in Farrell and Ioannou
(1993), this orthonormal family of forcing structures can be sorted in descending order from
largest to smallest maintained variance of the linear response. Because of the non-normality of
the linearized operator, it is possible that only a few of the leading forcings contribute to most
of the total variance and thus need to be included. The leading (also called “optimal") forcing
structure will be the adjoint mode, as considered in this chapter, for the associated modal
response is resonant in w = 0 thus its variance (proportional to the integral of (5.33) over the
frequencies) diverges. The sub-optimal forcing structures, however, will be orthogonal to the
adjoint and trigger streamwise convective non-normal amplification in the flow at non-zero
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frequencies. At a nonlinear level, the modal and non-normal responses will interact with each
other, which is not taken into account in the present analysis, and knowing the role played by
the non-normal response at non-zero frequencies over the noise-induced transitions would be
of great interest. For this purpose, the method proposed in Ducimetiére et al. (2022b, 2022c) to
derive amplitude equations for non-normal responses, could be coupled with that proposed
in the present chapter for the modal one. In considering noises that are not slowly varying,
one could think of splitting slowly and rapidly varying parts and consider the linear response
to the rapidly varying part in the Fourier domain at third-order.

Eventually, we believe that, although concerned with the rather specific configurations of
laminar flows past a supercritical bifurcation and subject to external stochastic forcing, the
present study could be seen as part of a more general and fundamental study on out-of-
equilibrium systems with infinitely many degrees of freedoms. This includes fluid flows in a
turbulent regime, where rare transitions are observed in numerous situations, as presented in
the introduction. It could be interesting to extend the method proposed here to transitions
between turbulent large-scale coherent structures, where the stochastic driving is endogenous
and results from nonlinear interactions of the fluctuations. For instance, the construction of a
stochastically forced amplitude equation could be done on a turbulent mean flow obtained a
prioriwith a quasi-linear analysis as developed in Farrell and Ioannou (2012). Indeed, such
turbulent mean flows are also subject to bifurcations and multi-stability, as clearly shown in
Constantinou et al. (2014), Farrell and Ioannou (2012), and Parker and Krommes (2013) and
many others.

The scope also covers other physical systems governed by other stochastic ordinary or partial
differential equations. This includes active matter, population dynamics, adaptive networks,
microbiological systems, climate science, and many others. As an example, it could be interest-
ing to apply the present method in the spatiotemporal system of bacteria considered in Gratke
et al. (2017) and subject to a subcritical pitchfork bifurcation above a critical mean bacterial
density. Consequently, a stable solution made of a dense bacterial colony appearing at one
boundary of the domain co-exists with another symmetrically placed at the other boundary of
the domain. It was shown in Grafke et al. (2017) that, in certain regimes, the introduction of
noise triggers rare and aperiodic transitions between these two solutions.
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Coupling modal and non-modal
stochastic responses past the onset of
a steady symmetry-breaking bifurca-
tion

6.1 Introduction

The present chapter aims at generalizing the developments made in the previous one, in that,
here, the noise process in the stochastic forcing term is not a priori assumed to vary over a
slow time scale. In other terms, the noise is not filtered at a very small cut-off frequency. Yet,
we show that it is still possible to formally reduce the dynamics of the bifurcated mode to a
stochastically forced amplitude equation.

As shown in the previous chapter, this is at the cost of taking into account the possibly sub-
stantial response of the system at larger frequencies and resulting from the non-normality of
the linearized operator. That is because the forcing structure, even if purely along the adjoint
of the neutral, resonant mode at the null frequency, still yields a non-zero projection on the
adjoint of all the other eigenmodes, thus making these latter contribute to the response. This
specific contribution, which decomposes in all the eigenmodes but the neutral one (in the
sense that it is triggered by the part of the forcing that is orthogonal to the adjoint of the
neutral mode), is called the "non-normal response" in the rest of this chapter. It can become
substantial if non-modal mechanisms are active. For instance, at larger frequencies, the
Kelvin-Helmholtz (convective shear instability) mechanism around w = 0.3 was important in
the sudden expansion flow at Re = 100 considered in the previous chapter. If this non-normal
amplification is so large that the response-to-forcing amplification can be scaled in terms of
the inverse of the weakly nonlinear expansion parameter, the non-normal response threatens
the asymptotic hierarchy and has to be taken into account.

This is formally done in this chapter by proposing an operator perturbation of the inverse
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resolvent, in line with the techniques proposed in chapters 2, 3 and 4. The relevant non-
normal amplification is here sought and assumed to be very large in terms of the inner product
inducing the mean square norm, which we also call "variance" in what follows. Therefore, it is
this specific inner product that is used in the inverse resolvent perturbation, to incorporate the
non-normal response in its kernel, as done in section 6.2. Accordingly, it is under this specific
inner product that the adjoint of this singular operator is constructed. The singular operator
then contains two elements in its kernel: (i) the non-normal response by construction via
the operator perturbation, and (ii) the neutral mode, naturally present and left untouched
by the operator perturbation. As shown in section 6.3, the operator perturbation can be
encompassed in a classical weakly nonlinear expansion, closed by the Fredholm alternative.
The latter consists here in imposing orthogonality of the higher-order forcing terms with both
the adjoint eigenmode and the adjoint of the non-normal response, under the spatiotemporal
inner product. Eventually, this leads to a system of coupled equations for the amplitude of the
bifurcated mode and the non-normal response, respectively.

We purposely do not include the ensemble average in the inner product, since, from the
results of chapter 3, we anticipate that this would preclude the amplitudes to depending on
the stochastic argument (i.e., they would be deterministic) whereas these precisely are the
stochastic oscillations of the amplitudes that are sought here.

In section 6.4, the method is tested on a toy model past the onset of a supercritical pitchfork
bifurcation. The linearized model at neutrality is constructed in such a way as to show a
substantial non-normal response at larger frequencies, in addition to the resonance at zero
frequency. The probability density function of the bifurcated mode amplitude, as predicted
by the system of amplitude equations, is compared to those resulting from fully nonlinear
simulations and for increasing forcing amplitudes. The agreement is conclusive and reveals
the nonlinear coupling between the modal and the non-modal response to be an essential
ingredient.

6.2 Problem definition and linear regime

Let us consider the specific nonlinear dynamical system
O U=-C(U,U)+(L+€e*5L)U +F, (6.1)

where C (U, U) is a bi-linear, nonlinear operator whereas both I and 6L are linear ones with
0 < €? « 1 an external parameter. The term F denotes a body force. For € =0, the system (6.1)
possesses an unforced equilibrium denoted U, ., satisfying

0=-C(Uec,Uec)+LU,p. (6.2)
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By considering asymptotically small perturbation u# around U, and F to also be asymptoti-
cally small and equal to f, follows the linear equation

Omu=Lyu+f, (6.3)

where Lyu=—C (U, u)— C(u,U,.) + Lu. We assume L, to be a neutral, singular operator
with a null eigenvalue and denote by g, normalized as ||q|| = 1, the steady, real, and neutral
eigenmode of L,,. In other terms, g is such that L,,q =0g = 0. We also define its adjoint mode
g, such that L! g = 0. In what follows, the adjoint eigenmode is normalized such that

<q*|q>:1, 6.4)
which generically implies || qfl | #1.

We also assume the system to bifurcate to a steady, symmetry-breaking (pitchfork) bifurcation
assoon as €2 > 0. As an example, in the case of the previous chapter, we identify ¢ = Re;! ~Re ™!
and 0L = —A (with A the Laplacian appearing in the Navier-Stokes equations).

Exactly as in chapter 3 and chapter 4, the specific form

fx, 0= f (x50 (6.5)

is chosen for the stochastic forcing. The field f(x) is the forcing spatial structure and ¢ ()
a Gaussian band-limited white noise process with unit intensity, zero mean, and a cut-off
frequency w. = 7. It is expressed in the Fourier domain as

If(a))l2 =1, lw|<w.=n, aswellas %: 0. (6.6)

Note that the definition of the noise above is not equivalent to that proposed in chapters 3
and 4 in (4.3), but is more restrictive, for it characterizes directly Ié (w)|? and not its ensemble
average. As said in the introduction, in deriving the amplitude equations, the ensemble average
is not taken in this chapter since we are interested in how the amplitude of the bifurcated
eigenmode varies over time and transits from one attractor to the other. This information is
lost (integrated) upon performing the ensemble average.

The value of the cut-off frequency guarantees the noise to have a unitary variance. By "vari-
ance" of a signal, we mean its mean square, and not its mean square deviation (the mean value
is not subtracted). We also insist that, in the rest of this chapter, the term "variance" does not
involve an ensemble average, as was the case in chapters 3 and 4. Instead, is meant here that

/4

— 1 [ 1
f(t)zzgf |§(w)|2dw:2— ldw=1. (6.7)

-7

It is again possible to optimize the stochastic gain of the system at neutrality given in (6.3),
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over the forcing structure f ;. It amounts to solving

— o oo
lw@I? _ - Ka@)laod) - (fBf)

G=max————=m = 5 (6.8)
FoNEDFIE o Ew2NfF1e s I
where we recall the operation [¢] to denote
1 o0
[e] = —f e dw, (6.9)
27 J-—o
and where, in the context,
1 W= 1 b4
B¥=—— f @R Rwdo=— | R Rw)do, (6.10)
27 —We=—T0 21 -7
with
R(w)=({wI—-L,) . (6.11)

In the definition (6.8) of the stochastic gain, the selected inner product also does not involve
an ensemble average. The associated optimal forcing structure, denoted f, with || f, || =1, is
the leading eigenmode of B*. The optimal forcing structure f, can be shown to be along the
adjoint eigenmode q' (i.e. f, x g"). Indeed, let us say that g and q" are associated with the
real eigenvalue § with § — 0. Then, using the dyadic representation of the resolvent operator,
its application on some field f; reads

.‘.
q;\f
ROf=Y q;- (9 32 (6.12)
7 w=0)(d}la;)
implying in turn,
+
qi|q;)(4;|f
R R f=Y Y q!- < J9.)¢ - ;) e (6.13)
7 " apteio-op (a]a,) (adal)
Thereby, the application of B on f'; is dominated in the limit 6 — 0 by
op L [" + T<qT|fs>_ n
B fs_nfo R@w)'R@)f do — ¢ Tl tan(a) (6.14)

From (6.14), it is clear that the structure that maximizes the gain (6.8) is along qT, and that is is
associated with an diverging gain lims_.o G = co. This is simply due to the resonant nature of
the system in w = 0, making the integral over the frequencies diverge.

Let us now come back to the case where § = 0. By using once again the dyadic representation
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of the resolvent operator, the linear response to f,¢(¢) reads in the Fourier domain,

. 3 t
¢ (q'|f.) {w (g}|£,)
S latlay i,

1‘“<q |q> j=2 (1w—aj)<qj

T qj>

where 01 =0and all 0, j =2 have a strictly negative real part (i.e. are linearly stable). In (6.15)

iw) =R f ,lw) =q =it (w) + it (w).  (6.15)

we have defined

{@)(a'|fo)

n (6.16)
iw (a'la)

i (w)=q

as the Lorentzian part of the response, triggered by the fact that <qT| fo) #0 (i.e. the Fred-
holm alternative is not satisfied) and being solely along the neutral, resonant mode q. The
Lorentzian is associated with an infinite gain, for the integral of (iw) ! over the frequencies
does not converge (remember that If (w)| =1 for |w| < w¢).

We have also defined
HOICHIS
i)=Y q; ilr) 6.17)

q j>
the superscript "L" highlighting (cfr’itL (w)) = 0 for all w, as the part of the response that

is induced by the non-normality of the operator L,, in the sense that this part would be
identically null if L,, was normal. Indeed, f, is along q' by construction, and <quT> for

jzz2  (iw-0j) <qj

Jj =2is zero if and only if L, is normal since the adjoint modes constitute then an orthogonal
family. But it is not the case if L, is non-normal, as considered here, and forcing the system
solely along the adjoint of one of the eigenmodes also excites all the others, which contribute
to the linear response.

In the previous chapter, it (w), which describes the non-normality-induced departure of the
linear response from a Lorentzian, was undesired, for the amplitude equation we have derived
could only describe a Lorentzian along the neutral mode g. Thereby, the noise & (w) was filtered
accordingly and #t* (w) became negligible. The latter approach was arguably artificial, and the
present chapter aims at more generality. In particular, both the Lorentzian response and the
non-normal one will be considered. The former will be associated with a modal amplitude
equation as in chapter 5, and the latter with a non-modal amplitude equation for the variance
as in chapter 3. Both equations will be nonlinearly coupled.

For this purpose, the first step is to decompose the forcing structure f, into the sum of two
terms: the first, oc g, generates solely the Lorentzian response it (w), the second, denoted f2,
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Figure 6.1: Schematic representation in the Euclidian space of the decomposition of the
forcing structure f,=nq + f j according to (6.18). Note that, by construction (qT| f j) =0,

foox q'1If,lI=1and (q'|q)=1.

solely the non-normal response it (w). Ttis easily shown that this decomposition writes

<qw~fo> <qT|fo> L
f =q + f -q an+f ’
o lafle) "7 T (a'|a) ° (6.18)
——— . ~ 9
= I8
where the superscript " L" again highlights the fact that { g | f é) =0. We check that
=0
@ (g|a)
é(w) qT q ¢ (q:|q
R(w)nq=nq+w|>> 245 - 619
lwiqg'|\q j=2 (1w—0j)<qj|qj> (6.19)

Ew  (4'fo)éw .
o Tigilg)

owing to the bi-orthogonality of the direct and adjoint eigenmode families. In addition,

=(aj|f.)
Ew {(qt|fL (6.20)
R f;=).4;- < / +0> = it (w),
j=2 (1a)—aj)<qj qj>

)=

The decomposition (6.18) of the forcing f, is sketched in dimension two in figure 6.1.

where <q;r f 0> for j = 2 is a consequence of the fact that f é is orthogonal to gq'.
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The "non-normal response” it (w) = é’ (W)R(w) f j, although non-normality is also involved
in the Lorentzian response through the denominator (cfr | q), is associated with a finite gain
which can be very large. It is computed as the ratio between the variance of the non-normal
response u~ (1) (the inverse Fourier transform of it (w)), and the part of the forcing triggering

it, i.e. £(6) f

Il @2 [E@R@ 51 (f71B¥f5) 1

IEOFIE B ’ 6.21)
IHGYAE ik IFL112 e

where €, has been introduced. In the following, we assume the non-normal gain in (6.21) to
be very large, such that €, < 1 can be scaled in terms of the small parameter ¢ according to

€,=0¢*, with 6=0Q). (6.22)

In agreement with the line of thought proposed in chapter 2 and chapter 3, a large response-
over-forcing amplification under the inner product

(x(0)|y®) = [(X()|3@))], (6.23)

used in (6.21) and inducing the variance norm, implies that a small perturbation ("small"
referring to the same norm) suffices to make the inverse resolvent singular. Indeed, let us
define the normalized non-normal response I (¢) as

I+(t) = Hf—‘i“ul(t). (6.24)
In this way,
@i —Lyut () =Emf: = (at—Ln)lL(r)zn;—j”at)fj, (6.25)

implying I (¢) to have a unit variance since

2
€o

“fl“2<uL(t)|uL(t)>:l (6.26)

(o|itw)=

according to the definition (6.21) of €,.

Crucially, (6.25) indicates that the spatiotemporal operator (J; — L) is close to possessing
a second non-trivial element in its kernel (the first being q), in the sense that it maps the
response [ L), of unitary spatiotemporal (variance) norm, onto the field €,¢(¢) f j [f ﬁ 7L, of
spatiotemporal norm €, <« 1, very small by assumption. Therefore, we can perturb (9; — L)
according to

t 1
I(t) (*) = (D¢ — L) s —€,P() (), with P(t)=ﬂ<llm|->, 6.27)

Vil
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where the induced norm of the perturbation operator is unitary, i.e.

I1P(2) (y(D) 112
aX—
y ly(D11?

[|P(1)]1% = =1, (6.28)

achieved for y(t) = I*(¢). The operator I"indeed possesses the non-normal response as a
non-trivial element in its kernel since

00 (IH(0) = 0, - L0 - P(2) (1H (1)

€08, — Lout(r) - ﬁé(t)ﬁ (6.29)

T
=0

by definition. Furthermore, the eigenmode g, in the kernel of (0; — L), also is in the kernel of
I'since

(1* )] q)

> ) (6.30)

where we have used that the non-normal response yields a null temporal average, i.e.

nr,
“”(")=2fz-£fz-€f|ff
=0 =0

. f()fL<l
Ty 2T )

=0

=0 (6.31)

since it is the linear response of a noise chosen to also have a zero average in (6.6). Thereby, we
insist that the non-trivial kernel of the operator I(¢) (¢) contains two elements: It (1) and q.

The operator perturbation was performed in the temporal domain in (6.27), but, in the statisti-
cally steady regime, it is strictly equivalent to perturbing the inverse resolvent (in the Fourier
domain) as

gg(a))foL [<2J_( )

D) (+) = R@) " o —€,P@) (+), with P(w)= T w)|+)], (6.32)

whose non-trivial kernel is composed of il(w) as well as

F(q)= = f emiotd = an;w)q (6.33)

Nevertheless, computations shall be made in the temporal domain in this chapter to avoid
carrying the term 276 (w)/V/T all along the calculations, and thus lighten the formalism.
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The adjoint operator of /'under the inner product (6.23), writes

D EDrile),

10 = @ L' e -0 (€0 f5le)=-0-1]
R o " IIfLI (6.34)

Vil

g

~pt (o)

where (0; — Ln)T denotes the adjoint operator of (0; — L,) under the spatiotemporal inner
product (6.23), i.e.

(@i~ Loglh)=(g|@:—LTh), VgeD (O~ L), he (@~ Ly (6.35)

Its non-trivial kernel is constituted of g', together with
a(t)=y (@0~ L™ 1), (6.36)
with y a normalization constant, or equivalently,

a()=F ' (aw), with aw)=yRw 1 (). (6.37)

Indeed, it is easily checked that

lJ_
(0 (@(®) = 1@ ~ L)' (@~ L)) 1 () - ye o r O lewrb](@ L) o)
t AR lL(f) -1 1L
=X @=L (@ L)) PO - xeo—1 o\ @ L 0L ) e3g)
) 7 ’ ’ ut (o)
=10 = x| (0)
=0,

where we have used that the adjoint of the inverse is the inverse of the adjoint. The scalar y is
chosen such that

_— -1
(a[Ih ) =1 x=((I*®]@ - Ly "1+ ®)) (6.39)

The kernel of I also contains the adjoint eigenmode g'

ey ()
(Cfslat)y=- ||fi|| f()fo

> =0. (6.40)

In the next section, a weakly nonlinear expansion is proposed for the system, which we recall

Ilféll

Jalt) (qT) =—0,q"- L q" ¢,
N~ N~
=0
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to be past the onset of a pitchfork bifurcation for 0 < € « 1 and subject to stochastic forcing.
The expansion will result in a system of two non-linearly coupled equations: one for the
bifurcated, symmetry-breaking eigenmode ¢, the other for the variance of I (), the part of the
stochastic response constituted of all the other eigenmodes (i.e. the non-normality induced
part of the response). For this purpose, we are equipped with the forcing decomposition in
(6.18), followed by the operator perturbation in (6.27) to fill the kernel with the non-normality
induced part of the response.

6.3 Weakly nonlinear expansion

The nonlinear system (6.1) is weakly stochastically forced by
F(x,t)=F¢{() f,(x), with F<«1, scaledas F:(p€3. (6.41)

We recall €2 < 1 to also be a small parameter measuring the distance to the critical point in
the parameter space, where the system succumbs to a supercritical pitchfork bifurcation.

The process ¢(t) was characterized in the previous section, and we repeat that the structure
f,ox q'isnormalized as || f,|| = 1. The prefactor ¢ = O(1) directly sets the variance F? of the
stochastic forcing.

The weak forcing variance suggests the solution to (6.1) to be sought in terms of a multiple-
scale asymptotic expansion in terms of the power of € as

U=U,+€ecu(t,11,72) +€2u2(t,T1,Tg) +e3u3(t,rl,rz) + O(e4), (6.42)

with the independent variables 7, and 7, evaluated as 7y =€t and 75 = €?t, thus corresponding
to slow times. Injecting (6.42) in (6.1) leads to the expansion

€ (Oruy — Lyuy) +
€? (Oup — Lyutp + Op, g —SLU . + C (w1, wy) ) + (6.43)
€ (0ru3 — Lyus + Or, up + O, uy — 5 Luy +2C (U, uz) — P f ,&) + O(e*) =0,

The operator (0; — Ly) in then perturbed according to (6.27), and the small parameter ¢, linked
to the expansion parameter as in (6.22) (i.e. €, = 0¢e? with 6 = 0(1)), eventually leading to the
expansion

e '(uy) +
€? ((u2) + Or, uy —SLU , + C (uy, uy)) + (6.44)
€ (I'(u3) + O,z + Op, 1 — 5 Luy +2C (uy, uz) — b f )& +OP (u1)) + O(e* =o0.
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The equation to be satisfied at O(e) reads

I'(w)=0, (6.45)
whose general solution is

wi(£,71,72) = A(T1,72)q + B(11, 7)1 (1), (6.46)

where A and B are undetermined scalars that depend solely on the variables 7; and 7>,
independent of t, such that A and B can be taken out of the temporal average operation and

I'(Aq+BI*)=AT'(q)+BI(I1*)=0
=0 =0
holds indeed. Contrarily to the developments in chapter 3, the amplitudes here are stochastic
quantities. That is made possible by the fact that the operator perturbation purposely does
not involve an ensemble average, only a temporal one. Thereby, even if stochastic, A and B
can be taken out of the inner product, leading to (6.47).

At O(€?),

A OB
Iuy)=—q— — 11— - A%C(q,q) - 2ABC(q,1-) - B>C (1, 1) +5LU
(2) = —q 5~ 17— (9.9) (q.17) (L, 17)+6LU, 649
=f2

must be satisfied. For this equation to yield a non-diverging particular solution, the right-hand
side must be orthogonal to the kernel of I'" under the inner product (6.23). Specifically,

(a'£2(0)=(a'|F20) =0, (6.49)
as well as
(a®)|f,(0)=0, (6.50)

must both be enforced. In Appendix 6.6.1, we show that (6.49) leads to

0A o __latlel L
G = @B’ with ar=-{q'|c(t,1Y)), (6.51)

then that (6.50) leads to

gTB:,BlAB, with By =—-(al2C(q,1%)). (6.52)
1
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Injecting (6.51) and (6.52) back in (6.48) yields

I'(up) =-A*C(q,q) - AB(2C(q,11) + 11 1) - B*(C (I, 1) + a19) + 6 LU,

2 > s (6.53)
=A% f3 + ABFB+ B2 FY + f9,
whose particular solution reads
up = Aul + ABuf® + B2ub + ud, (6.54)
with
2 2
@ ~Louy =f3 =—C(q.49)
O - LpuyB = f48 = —2C(q,17) -1,
B? _ ¢B? 1L (6.55)
Or—Lpu, =f, =—C(I-,1")-a1q
@ —Lyud = fS=6LU,.
Indeed,
0= <u(f§‘2> - X<F(t)|(8t —L,,)—lfg‘2> = (- () |u), (6.56)
implying
() =@ - Louf’ = £5° (6.57)

indeed, and the same reasoning applies to all the other components of the particular solution.
Crucially, note that both fields 4" and u? tend toward a constant value, and that the field u{?

yields a null temporal average (i.e. ufB =0) since it is the linear response of a forcing term with
a null temporal average. The homogeneous solution is ignored in (6.54), presumably without
loss of generality.

The equation to be solved at O(€®) is written

I(uz) = —qg—i -~ ngT—i + ASLq +BSLI* — 0, up — 2C (w1, up) + ¢ f ;& — OP (uy) 658
=fs.
We make explicit
Or uz =21 AB*ul + (a1 B% + B A°B)us® + 28, AB*ul’, (6.59)
followed by

C(u;,uy) =AC (q, ug) + BC(lL, ug) + A3C(q, u?z) + B3C(IL, ufz)
(6.60)
A’B (C(q, ug‘B) + C(lL, ufz)) + AB? (C (q, ufZ) + C(ll, ué‘B)),
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as well as
P(ul)_f( "(lL(t)|Aq+Bli(t)> AE( )f0< 0) q> 5 f" (-(n|-)
il Ifoll \~>~ foll ~———
= =1 (6.61)
'S(t)fl

||fi||

Furthermore, in (6.58), the stochastic forcing term ¢(#) f, requires a special treatment. First,
we recall the latter to be decomposed as

FE(D=ngé(®O)+ fLew, (6.62)

where, by construction, the first term at the right-hand side only excites the neutral, steady,
eigenmode g and thus generates a Lorentzian transfer function peaked around w = 0. The
second term excites all the other eigenmodes by non-normality. Then, let us introduce the
noise process ((f), defined from £(#) in the Fourier domain as

F (L) () =€2F (1) ()| pee2sr IS < w_2 or, equivalently,
) . 0, ¢ (6.63)
{(s)=€*E(e2s), Is1= .

On the other hand, it was shown in (5.5) using the definition of the Fourier transform and
performing a change of variable, that

1
F (D) () = 6—29 €(0) () s=wre2- (6.64)

As a consequence, defining { () as in (6.63) guarantees that

1
F (D) () =€* 5 F E(1) ()| paezsmcrwrer = F (D) (0) &
{(e? t)=5(r), V.

(6.65)

In words, we constructed a new stochastic process {(¢) which varies much faster than £(¢), in
such a manner that taking its slow variations { (2 t) directly is equal to &(¢). This construction
is convenient, in that { (€2 ) = { (t,) varies over the slow time scale 7, thereby can be included
as stochastic forcing term directly at the amplitude equation level.

This construction could have been made in the previous chapter but would have been useless
since the noise ¢ naturally depended on the slow time scale, due to the necessity to select
a very small cut-off frequency to neutralize the non-normal response 1. Here, the cut-off
frequency w. = 7 can’t be scaled in terms of the small parameter, and ¢(t) itself does not
naturally depend on a slow time scale as { (€21) does.

In (6.62), the relation & () = {(€%t) = { (1) is used solely in the first term ng¢(t) in the right-hand
side, whereas ¢ (1) is kept as is when multiplying f é in the second term in the right-hand side,
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i.e.
ol =nql2) + fLEWD. (6.66)

This way, the first term will act as a source of stochastic excitation in the equation for A,
therefore the Lorentzian part of the linear response will be carried by the amplitude A, which
must be since the latter multiplies the constant mode g. On the other hand, the amplitude
B should not be stochastically forced in the linear regime, but, on the contrary, should be a
deterministic constant. That is because B multiplies I* which already encompasses the full
spectrum of the non-normal linear response.

Injecting (6.66) back in (6.58), we show in Appendix 6.6.2 that imposing

(a'lf50)=(a'[Fs0)=0 (667
yields
0A 3 2
g=a2A+a3A + a4 AB +¢n(, (6.68)
2

with

ap=— <qT’—6Lq +2C (q, ug)>,
a3 =— <qT'2C (q, u§2)>, and eventually (6.69)

ay=— <qT‘2,61u§2 +2C(q,@) +2C (1, u‘qu)>.

Then, is shown that imposing

(a(®)|f5(0)=0 (6.70)
leads to

aB 1 3 2

g; lf,1l—0B+ B2B+ B3B° + Py A°B (6.71)

with

B2 =—(a|-6L1*++2C(1+,uf))

B3 =—(ala u?B +2C (ll, u§2)>, and eventually (6.72)

1 =—alprug® +2C (q,uf®) + 2C (IX,uf).

The total derivatives of the re-scaled amplitudes a = €A and b = ¢ B with respect to the time ¢ is
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written

dd (8‘[1 0A 812 8A)

— +—=
dt (91,‘ 8‘[1 (‘)t 3‘[2 (T1,T2):(€t,€2 ) (6 73)
et iem |
on Ot2 ) |2y, )=(et.e?n)
and similarly for b, which eventually leads to the system of amplitude equations
da _, 2 3 2
=e“ara+ a1 b° + aza’ + azab” + Fné(t)
de (6.74)
d .

b
1 =€ B2b+ FIIf51I—€ob+ Prab+ psb’ + faa’h

where the definitions { (%) = £(¢), F = ¢63 and fe? = ¢, have been taken into account.

In the linear limit F — 0 the system decouples, and if further evaluated at neutrality where
€ =0, reduces to

—_ FlIIft
%:an(t)ﬁd(w) FnE and b—»b:y:cst, (6.75)

thereby the linear response to F¢() f, reads in the Fourier domain

(w) =

. | .
n%w 1f5 ||,L <q|fo>@

+ it (w) (6.76)
(q']q) v

awq+Dbl (@) =F
which is exactly as computed in (6.15) (multiplied by F by linearity since the forcing also is
multiplied by F). Thereby, the system of amplitude equation is exact in the linear regime and
recovers the response to be the sum of a Lorentzian rescaled by F (captured by a(¢)) and a
non-normal response whose entire spectrum is rescaled by F (captured by b).

Note that the coefficients in (6.74) can be physically interpreted.

* The coefficients e?a, and €? B, are the sensitivity of the neutral eigenvalue and linear
non-normal gain, respectively, to the +€25 L modification of the linear operator. Thereby,
they multiply a term linear a and b, respectively.

* The coefficient a; takes into account the fact that the nonlinear interaction of the non-
normal response with itself (oc b?) yields a non-zero temporal average value which may
project on g thus acts as a source of a. Note that this coefficient is identically null here
since f, o q' has the same spatial symmetry as q", therefore C (1 L1 l) has the opposite
symmetry and their spatial inner product is null.

* The coefficient B, is the sensibility of the non-normal linear gain to a + aq modification
of the base flow, thus it multiplies a term o< ba. This coefficient also is identically null
here since f, had the same spatial symmetry as q'.
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* The coefficients a3 (resp. f3) contain the retro-action of the nonlinear interaction of the
neutral mode (resp. non-normal response) with itself, on itself.

¢ The coefficient a4 contains the sensibility of the neutral eigenvalue to the fact that the
mean flow has been distorted by the nonlinear interaction of the non-normal response
with itself oc b (i.e., it contains the sensibility to a +b?u8* modification of the base flow
into a mean flow). Thereby, it multiplies a cubic coupling term in ab?. This coefficient
also contains the fact that the second-order field, created by the nonlinear interaction of
the non-normal response with the mode, has a nonlinear retroaction on the non-normal
response which creates a non-zero temporal average, and projects on g' to act as a
source of a.

* The coefficient §, contains the sensibility of the non-normal response amplitude to
the nonlinear distortion of the base flow resulting from the nonlinear interaction of the
mode with itself. In other words, it contains the sensitivity of the non-normal response
toa +a® ug‘z modification of the base flow, hence multiplying a cubic coupling term
in ba?. Tt also contains the effect of the nonlinear interaction, with the mode, of the
second-order field ensuing from the nonlinear interaction of the non-normal response

with the mode.

The same system as (6.74) would be obtained in the configuration where f, was not purely
along the adjoint mode (that is why we did not replace f, = " and did not cancel a; and 8 in
the developments). In the latter case, b would be non-null even if L;, was a normal operator.

In the next section, we test the performances of the system (6.74) in a weakly nonlinear regime
and for a toy model. Of particular importance, is the question of the improvement of the
predicted statistics of a by the coupling with the nonlinear response b, as compared to a
configuration where the non-normal response is ignored and a considered independently (as
a traditional weakly nonlinear approach would consider).

6.4 Application to a toy model

The method outlined in the previous section is applied to the specific stochastically forced
nonlinear system writing

dUu

2 2 3
E:(Ln'i‘e 6L)U+||U|| BU +¢€ (pfffo, (677)
=L
with
0 c c 1 1 1
L,=|0 -2nws -w?|, 6L=|0 1 1|, and B=-10"'5L. (6.78)
0 1 0 0 1 1

168



Coupling modal and non-modal stochastic responses Chapter 6

The symbols ¢ > 0, ws > 0 and 1 > n; > 0 denote free parameters, and the matrix L,, possesses
the eigenvalues

01=0, 02=-nws+iwg\/1-13 and o03=-nw;—ivg/1-n5 (6.79)

Thereby, L, is linearly neutral and singular, o, being null and o, and o3 being damped. These
latter eigenvalues have an eigenfrequency close to w; and a damping rate equal to nsw;. The
parameter c is a coupling constant that controls the degree of non-normality of the system
but doesn't affect the eigenvalues. The steady, neutral eigenmode q associated with o; reads

1
£
]
C(Zns—ws)

Ws

q-= , and its adjoint ¢’ = (6.80)

(=

normalized as ||ql1* = (q|q) =1 and (q'|q) = 1, respectively. In the context, (s|*) denotes
simply {(al|b) = alb.

The unforced system (6.77) is subject to a supercritical pitchfork bifurcation at € = 0, where the
unique equilibrium solution is U, . = 0 yields a linearized operator L, which is linearly neutral
along the eigenmode (6.80). For € > 0, the equilibrium U, = 0 still exists but is unstable and
the system possesses two additional stable equilibria

+ev10
U,= 0 . (6.81)
0
In the rest of this section, we set rather arbitrarily
ws=0.2, 1ny=0.01, and c=10. (6.82)

In figure 6.2, we show in the Fourier domain the norm squared of the linear response to f,¢(¢)
of the system (6.77) for € = 0, reading

i)l = [IR@) f o @) = IIR@) f,ll, |wl<wc.=7 (6.83)

where we used that If(w)l =1 for |w| < w,. We recall that R(w) = (iwI — L,;) "}, and that fox qT
with || f,| = 1. The decomposition (6.15) of the linear response into the sum of a Lorentzian
it; (w) around w =0 and a rest it (w) generated by non-normality, is also illustrated by adding
itz ()]|? and ||ie* (w)||? to the figure. Even though the forcing structure f, is purely along
the adjoint of the neutral mode at w =0, non-normality of the matrix L, in (6.78) implies that
J ,¢(1) also excites the two other eigenmodes of L,,. Consequently, we observe in figure 6.2 that
the system also responds substantially around w; =0.2 and it* (w) is dominant there, whereas
negligible around w = 0 since the Lorentzian is diverging in the latter region.
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10" ‘ ‘
——Transfer function, ||R(w)f,|[?
—-—-Lorentzian part, ||t (w)|[?

-------- Non-normal part, ||a*(w)||?

1010 J

105 b sy
0 0.1 0.2 0.3 0.4 0.5
w

Figure 6.2: Norm squared of the linear response ||it(w)||? = [|R(@) f,|1? = |tz () + &t (w)||? as a

function of the frequency, together with the squared norm of its components, || (w)| |2 and
||it* (w)]|?. Note that the equality ||t (w) + @t (w)||? = ||it; ()]|? + ||it* ()]|? generically does
not hold.

The non-normal response far from w = 0 being significant, we expect the latter to have an
influence on the nonlinear dynamics of the bifurcated mode g for € > 0, which we aim at
capturing in the weakly nonlinear regime by postulating the expansion

U=U,+eu(t,71,7T2) +€*up(t,71,72) + € u3(t,71,72) + O(e?),
—~ (6.84)

=0

The nonlinear operator N (U) = ||U||> BU is expanded around U, . = 0 as
N(0+ew +e%up + 63 us) = elurl|>Buy + O€*) = €3 N3 (u1, uy) + O(e®), (6.85)
with

N3 (a,b) = - ((alb) Ba+ (bla) Ba+||al’Bb) # N3 (b, a). (6.86)

W =

The nonlinear operator yields no contributions at O(e?) and the ensuing second-order coeffi-
cients appearing in (6.51) and (6.52) also vanish. This implies that the amplitudes A and B do
not depend on 7,. The second-order particular solution u, is also null, and we easily obtain
the following system of coupled amplitude equations by closing the expansion at third-order

dA 3 2
—=apA+az3A’ +as AB” + ¢n(,
dT2
dB (6.87)
I =¢llfs1|-0B+ B2B+ B3B% + B4 A*B,
2
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with the slightly modified coefficients
eu=(a'ota).
s = <qT’Ng (a.9)), (6.88)
= (q'[38: (I, 0)),

as well as
B2=(aloLl")
Bs=(a|N;(I*,1+)), and eventually (6.89)

Ba=(al3Ns(q,17)).
The re-scaled amplitudes a =€ A and b = ¢ B obey the equations

d
d_ctl =elaya+ aza’® + agab® + Fné,

db

5 =FlIfl—eob+€*Bab+ B3b® + Byba®.

(6.90)

Again, in the system (6.90), the coefficients e2a, and €2 B2 are the sensitivities of the neutral
eigenvalue and the linear non-normal response amplitude, respectively, to a +e>5 L pertur-
bation of the operator L,. The coefficients @3 and 3 multiply cubic terms arising from the
nonlinear interaction of the eigenmode, respectively the linear non-normal response, with
itself and retro-acting on itself. The coefficient a4 multiplies a cubic coupling term stemming
from the fact that the bifurcated mode evolves on a mean flow that has been distorted under
the action of the nonlinear interaction oc b? of the non-normal response with itself. Similarly,
the coefficient §, takes into account the mirror effect that the non-normal response evolves
over a base flow that has been distorted by the nonlinear interaction  a? of the bifurcated
eigenmode with itself.

For a given F (F? being the variance of stochastic forcing) and a given ¢, both amplitudes are
determined by integrating the system (6.90) numerically with a time step At = 107!, This
way, the largest frequency captured by the numerical solution (i.e. the Nyquist frequency)
w4 =1/ At, is ten times larger than the cut-off frequency of the noise. Each simulation lasts 10%
units of time, which was found largely sufficient for the convergence of all temporal averages,
in particular for the coefficients.

The accuracy of the leading order description (6.91), denoted with the acronym "WNL" in
what follows, is compared with direct, fully nonlinear simulations ("DNS") of the original
system (6.77). Fully nonlinear simulations are also performed with a time step of Af=107!
until a final time T =108,

We recall that the amplitudes a and b are associated with the leading order description of the
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system
U(t) = anq+bEnlt () +0E), (6.91)

with a,b = O(e). Thereby, the first measure of comparison between both WNL and DNS
approaches is simply chosen as the root mean square v/E of the respective signals

—— aq+ bl*+  for the WNL approach
VE=\/IyI2, where y={ "7 PP (6.92)
u for the DNS approach.

The results are proposed in figure 6.3 as a function of F, and for
€2 =€,=3.52x107%, (6.93)

corresponding to 6 = 1 (which is a way to ensure that 8 = O(1) indeed). For comparison, we
also show some WNL results obtained after having artificially decoupled the equation for a
and b by setting to zero a4 and f4 in (6.90)

d

d—? =€2a2a+ a3a3 +M+ Fné,
db
o = FIIf 1l —€ob+ €2 Pab + B3 b° + b,

(6.94)

Still in figure 6.3, are also included some results where the amplitude b was artificially set to
zero, such that we only simulated
da ,

E:e ara+asa® + Fné, (6.95)

as a classical (modal) amplitude equation would result in.

In the limit F — 0 where the system is unforced in figure 6.3, the r.m.s from the DNS converges
to that of the equilibrium solutions vE = €v/10 = v3.52 x 10~4 x 10 = 0.06. The WNL also
converges toward this exact value since b — 0 and the equilibrium solution for a, denoted a,
reads

a=\/—2e= /10, (6.96)
as

which occurs to be the exact solution. This is inherent to the chosen toy system and is not
expected to be generically true. By increasing the forcing amplitude F, the r.m.s of the DNS
response first slightly decreases, then substantially increases. In doing so, the WNL is revealed
to be an accurate model. Most importantly, the inclusion of the non-normal response (with
amplitude b) and its coupling with the modal one (with amplitude a) improves the agreement
with the DNS as compared to the classical (modal) case where only the amplitude equation for
a is considered. That is because the non-normal response is largely amplified by the system,
thus feeding back on the mean flow over which the bifurcated mode is evolving. From a
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0.3 ‘ ‘ I T T - 0.3
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Figure 6.3: Root mean square defined in (6.92) of the stochastic response of the toy system
(6.77), as (i) extracted from a DNS (continuous line with diamond markers) (ii) approached
by the weakly nonlinear system of amplitude equations (6.90) (dash-dotted line with circle
markers) (iii) approached by the weakly nonlinear system of amplitude equations in which
the coupling terms have been artificially suppressed (6.94) (dashed line with square markers)
and (iv) approached by the weakly nonlinear amplitude equation for a only and where b
not considered (6.95) (dotted line with triangle markers), as would be the case in a classical,
modal approach. We recall that €? = ¢, = 3.52 x 10, value at which the system possesses two
equilibria solution at [+0.06,0, 0] T both with a root mean square VE =0.06. In frame (a) the
results are shown in lin-lin scale, whereas they are shown in log-lin in frame (b).

mathematical perspective, the classical modal approach cannot capture this coupling, for the
non-normal response cannot be incorporated in the non-resonance condition; in other terms,
in a classical approach, the non-normal response is thought of as remaining at third-order,
whereas it is shown here that, precisely because it is largely amplified, it must feed back at
leading order to yield a system of coupled amplitude equation.

The improvement induced by accounting for the modal and non-modal coupling is also clear
in figure 6.4, where we compare the density probability function (PDF) of a, denoted P[al,
with that where a is extracted from the DNS, P[aPN%] with

)
ons, . (@U@ /.
iy =(q'|vw). (6.97)

The coupled system of amplitude equations shows a significantly better agreement with
the fully nonlinear probability density function than the decoupled one. In particular, from
F=2.01x 10~° onward, the coupled system can capture that the PDF is no longer bi-modal,
presumably because the mean flow distortion by the non-normal response had restored 0 as
being the unique and stable equilibrium of the system. The decoupled system lacks the term
in ab? and thus can’t capture the restoration of the symmetry by increasing b (ensuing from
the increase of F) and remains bi-modal for all considered forcing amplitudes.
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Figure 6.4: Probability density function of the amplitude a of the bifurcated mode g, where a
is either extracted from a DNS according to (6.97) (continuous line), or a solution of the weakly
nonlinear system of amplitude equation (6.90) (dash-dotted line), or a solution of the weakly
nonlinear system of amplitude equations where a and b have been artificially decoupled (6.94)
(dashed line). The thin vertical lines highlight the two deterministic attractors at +0.06.

6.5 Conclusions and perspectives

In this chapter, we have decomposed the linear response to a stochastic forcing into the

sum of (i) a modal, Lorentzian response along a neutral mode, and (ii) a response along all
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the other eigenmodes, ensuing from the non-normality of the linearized operator. The non-
normal response was assumed to experience a large response-to-forcing gain, as measured
by the mean square norm induced under the spatiotemporal inner product. Thereby, in the
lineament of the ideas advanced in the previous chapters, a perturbation operator involving
the spatiotemporal inner product was sufficient to make singular the inverse resolvent or its
equivalent in the temporal domain. The singular operator thus constructed contained both (i)
the neutral mode and (ii) the non-normal response.

A weakly nonlinear expansion encompassing the inverse resolvent perturbation led to a system
of nonlinearly coupled equations for the amplitude of the mode and the non-normal response,
respectively. These equations have been obtained by satisfying at each order the Fredholm
alternative generalized to the spatiotemporal inner product, for it is under this inner product
that the adjoint of the singular operator had to be constructed. Enforcing a spatiotemporal
orthogonality with the adjoint of the neutral mode is equivalent to saying that the temporal
mean of the forcing term must be orthogonal to the adjoint under the spatial inner product.
This is an intuitive condition that would also be found with a classical weakly nonlinear
expansion. The originality of the method lies in the fact that an amplitude equation for the
non-normal response is also derived, by enforcing a spatiotemporal orthogonality of the
forcing term with the adjoint of the non-normal response. These two orthogonality conditions
preserve the asymptotic hierarchy. The first one because it prevents resonance from occurring
at higher orders, the second because it prevents the forcing terms from being largely amplified
by non-normality, and thus emerging at leading order since the non-normal gain scales as the
inverse of the square of the small parameter.

The system of amplitude equations is exact in the linear regime. There, the stochastically
forced amplitude for the mode shows an inherent Lorentzian response, and the amplitude for
the non-normal response reduces to a deterministic constant which was the proper re-scaling
of the normalized non-normal response. The system of amplitude equation captures the
leading order nonlinear interaction between the modal and the non-modal responses, and
the coupling terms made intuitive physical senses.

The method has then been tested on a relatively caricatural toy model and has shown promis-
ing results. Specifically, the prediction of the probability density function of the mode ampli-
tude in a weakly nonlinear regime was greatly improved by the coupling with the non-normal
response, which can’t be taken into account by a classical weakly nonlinear expansion. The
coupled system of amplitude equations successfully predicted the restoration of the equilib-
rium symmetry by increasing the forcing amplitude, thereby the strength of the non-normal
response, implying the density probability function to recover a unique global maximum at
a =0 after some threshold F.

The method remains to be applied to the Navier-Stokes equations. For this, the sudden
expansion flow considered in the previous chapter, for Re = 100 past a supercritical pitchfork
bifurcation at Re, = 79.3, has also been considered as an application case here. However,
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this corresponds to €? = Re;! — Re™! = 0.0026, whereas the inverse of the square root of the
non-normal gain at Reg, €,, was found to be rather weak €, = 0.12. Consequently, the scaling
(6.22) does not hold, for we can’t say anymore that 8 = O(1). Instead, it is the scaling

€p=0¢, with 6=0(1), (6.98)

which is the proper one. This does not pose fundamental analytical problems, and the weakly
nonlinear expansion can be adapted to this new scaling. However, the computations are
rendered far more complex and the expressions of the coefficients are considerably heavier, to
the point where physical interpretations are obscured.

As a potential application case, one could think of selecting a sudden expansion with a
smaller aspect ratio, which is known to increase the critical Reynolds number Re. at which the
bifurcation occurs (Lanzerstorfer & Kuhlmann, 2012). Thereby, since the non-normal gain (at
Re.) is expected to increase with Re., there may exist an aspect ratio below which the scaling
(6.22) holds and the ensuing system of amplitude equation (6.74) is directly applicable.
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6.6 Appendix

6.6.1 Fredholm alternative imposed at second order
In deriving (6.51) from (6.49), we have used that

(a

q

(o) - o
(q c(q,li)>:<quc(q,li)>=o and
{

—

C(q,q)>=<q*ﬂc(q,q)>=0 and

—

6LUe> = <qJr ’6LU6> =0 for symmetry reasons, as well as
(6.99)

—r

1.

q ll> =0, since by construction I+ =0.

Then, in deriving (6.52) from (6.50) we have used that, since by construction the adjoint a(¢)
as a zero average, i.e., @ =0, the following terms cancel naturally

(a|C(q,q))=(alC(q.9))=0,
(al6L,U,)=(a|6L,U.)=0 and (6.100)
(alq)=(alq)=0.
In addition, the scalar
f=—(a|C(I0),1"(1))=—y <((at —L ™! li(t)(c(ll(t), li(t))> (6.101)
is an odd function of I, such that
B(-1-(0)=-B(1*+1). (6.102)

By assuming that f is an ergodic process, its temporal average is equal to its ensemble average.
But the ensemble average of an odd function of I must vanish since I* is the linear response
of a process with a Gaussian distribution, thereby it must also have a Gaussian distribution.
Consequently, under the ergodic hypothesis for 3, the amplitude equation (6.52) does not
contain a term in B2,
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6.6.2 Fredholm alternative imposed at third order

In the derivation of (6.68) from (6.67), we have used successively

(a'[15)=(q'[1+) =0,
(a'[ug®)=(q'[ug®) =0,
(a'lc(t,ud))=(q'|c(1*,u3)) =0,
(a'[(C(q.us®) +C (1, uf)) = {q'|(c(a us®) + c i uf))) =0,

(a'lers)=(a'fers)=

A

(6.103)

In virtue of ll = uzB 0, ¢ =0, and that u2 and u2 are constant. We have also used that

<61T |2061 u§‘2> by symmetry, and that

(qtlna¢@2) (q'la)
——————=n((12) ——— =7n((12),
(qa'|q) “(a'|a) ’
and that the coefficient

~2(qtlc (it uf))=-2(q'|c (14 uf))
I+

vanishes under the ergodic hypothesis since C(

In the derivation of (6.71) from (6.70), we have used successively

(alq)=(alq)=0,

<a|uA2 = <ﬁ‘uA2> =0,

(a|C(q,ud)) < |C(q,u2)>=0

(a|C(q,ui’))= <a|C(q, u22)> =0

since @ =0. In addition

(alefs)=eo (Oi= L) 1| fs)
=eo(I* |0 — L)1 f5)

=eo(lt|ut)
e ||fo||<lL|lL>
=11f5 1l

ugz) is an odd function of I+.

(6.104)

(6.105)

(6.106)

(6.107)
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Eventually, the term

—(a|2B1uf’ +2C(q,ul’) +2C (I, uf?)) (6.108)

is odd in I thereby vanishes under the ergodic assumption.
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gd A non-modal weakly nonlinear am-
plitude equation for the transient
response

Remark: This chapter is largely inspired by the second half of the article Ducimetiére et al.
(2022a), in collaboration with Edouard Boujo and Francois Gallaire.

7.1 Introduction

Some flows experience a transition from laminar to turbulent far below the threshold predicted
by the linear stability theory which relies on eigenvalues. Sometimes, such thresholds do
not even exist. In addition, the value of the external parameter at which the flow transits
strongly depends on the level of external noise. Among them are the canonical Couette and
Poiseuille parallel shear flows, as comprehensively reported in Schmid and Henningson (2001).
Non-parallel flows such as jets and the backward-facing step flow, documented respectively in
Garnaud et al. (2013a) and Barkley et al. (2000), could also be mentioned.

The transition scenario advanced in Trefethen et al. (1993) relies on the non-normality property
of the linearized Navier-Stokes operator. The linear response of a non-normal operator
generally results from an intricate cooperation between a large amount of eigenmodes. The
leading, i.e. least stable or most unstable eigenvalue solely provides the asymptotic (long-time)
linear behavior of the energy of the unforced system. At finite time, restriction to the leading
eigenmode is generally irrelevant. In particular, a negative growth rate for all eigenvalues is
not a guarantee that the energy decays monotonically for all initial conditions. That is because
eigenmodes of a non-normal operator are not orthogonal under the inner product that induces
the energy norm. Consequently, some small-amplitude perturbations may experience a large
transient amplification (figure 7.1). Through these non-modal mechanisms, the response may
be carried in a regime where nonlinearities set in and the flow escapes from its linearly stable
solution (figure 7.1).
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Figure 7.1: Cartoon representation of nonlinearity and non-normality, illustrated in the time
domain (see figure 2.1 for an illustration in the frequency domain), for a linearly stable system.
In the linear regime, the amplitude of the perturbations eventually decays like exp (o, £). non-
normal systems can experience a very large transient growth. Nonlinearity may be stabilising
or destabilising.

In this perspective, numerous studies computed the initial condition structures that are the
most amplified by flow, i.e., leading to the optimal transient growth gain. Formally, such
studies generally consist of finding the singular mode of the propagator for a given temporal
horizon, and the eigenmodes of the linearized Navier-Stokes operator are mainly irrelevant.
For the transient growth problem, one could for instance refer to

In the linear paradigm adopted in all these works, quantities do not depend on the amplitude
of the initial condition. The latter is assumed arbitrarily small such that the nonlinear terms
are negligible. Thus the nonlinear interactions involved in the subcritical transition, or in the
saturation process, can't be captured by definition.

In the vein of previous chapters concerned with responses to forcings, the current one ad-
vances a method to derive an amplitude equation for the linearly most amplified transient
response. The amplitude equation makes possible the prolongation of the transient gain, at a
selected time ¢ = t, in a weakly nonlinear regime. Specifically, at a very low numerical cost, we
predict the transient gain of the response as we increase the amplitude of the linearly optimal
initial condition (§7.2). Once again, the method does not rely on the presence of an eigenvalue
close to the neutral axis.

The analysis proposed in the present chapter can be seen as another extension of that in chap-
ter 2. However, in contrast with chapter 3, the extension does not consist of generalizing the
inner product operated by the operator perturbation of the inverse resolvent. While keeping
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the same L? inner product as in chapter 2, it consists of perturbing the inverse propagator op-
erator instead of the inverse resolvent one. This is a consequence of the nature of the problem
considered here. The resolvent operator does not appear naturally because it characterizes
response to forcing in a time-asymptotic, statistically steady regime. The propagator, on the
contrary, naturally appears in the current problem of an unforced, finite-time response. It is
the application of the propagator operator that leads to a strong amplification, thereby, it is the
application of the inverse propagator that leads to a strong reduction. Consistently with the
logic unfolded throughout this thesis, it is then the latter operator that should be perturbed.

The method is illustrated with two flows, the nonparallel flow past a backward-facing step
(sketched in figure 7.2a) and the parallel plane Poiseuille flow (figure 7.2b). These two non-
normal flows exhibit large gains, both in the context of harmonic forcing, as we studied in
chapter 2, and transient growth (§7.2.1-7.2.2).

Let us first consider a generic nonlinear dynamical system,
0;U=N(U) +F, U0)=U,, (7.1)

where N(x) is a nonlinear operator and F is a forcing term. An appropriate and common step
to begin the analysis of (7.1) is to linearise it around an unforced equilibrium. The latter is
denoted U, and satisfies N(U,) = 0. Around this equilibrium are considered small-amplitude
perturbations in velocity eu, forcing € f, and initial condition ez, where € < 1. An asymptotic
expansion of (7.1) in terms of € can thus be performed, transforming the nonlinear equation
into a series of linear ones. The fields u, f and u, are recovered at order € and linked through
the linear relation

Oru=Lu+ f, u0)=u,, (7.2)

where L results from the linearisation of N around U,. For fluid flows governed by the incom-
pressible Navier-Stokes equations, Lu=—(U,-V)u— (u-V)U,+ Re™! Au—Vp(u), where the
pressure field p is such that the velocity field u is divergence-free. Both fields are linked trough
a linear Poisson equation. In practice, pressure is included in the state variable, resulting in a
singular mass matrix; it is omitted here, for the sake of clarity.

7.2 Transient Growth

Next, we derive an amplitude equation for the weakly nonlinear transient growth in an un-
forced (f = 0) system, without restriction on its linear stability. The solution to the linearised
equation (7.2) is u(t) = e**u(0), where e!! is the operator exponential of Lt. In an unforced
context, the propagator e maps an initial structure at time ¢ =0 onto its evolution at ¢ > 0.
The largest linear amplification at ¢, > 0 (subscript o for “optimal”) is

I oy 1

G(t,) = max —.
€o

7.3
u(© |lu(0)| (7.3)
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(a) (b)

Figure 7.2: Sketch of the flow configurations. (a) Two-dimensional flow over a backward-facing
step, with fully developed parabolic profile of unit maximum centerline velocity at the inlet.
(b) Three-dimensional plane Poiseuille flow, confined between two solid walls at y = +1, and
invariant in the x (streamwise) and z (spanwise) directions

The singular-value decomposition of the propagator el

Lt,

provides the transient gain G(t,)
as the largest singular value of e“*, as well as the left and right singular pair v, and u,,
respectively,

-1
e oy, =eou,, [(e“")f] Uo=€oVo, (7.4)

where ||v,|| = ||uoll = 1. The field u, is the optimal initial structure for the propagation time
t=t,, and v, is its normalised evolution at #,. The corresponding amplification is 1/¢,, as
defined in (7.3). Smaller singular values are sub-optimal gains, associated with orthogonal
sub-optimal initial conditions. Their orthogonality is ensured by the fact that singular vectors
of the operator e’” also are the eigenvectors of the symmetric operator (e/%) e, the singular
values of the former being the square root of the eigenvalues of the latter. Of all the ¢,, the time
leading to the largest optimal gain will be highlighted with the subscript m (for “maximum”)
such that max;, o G(f,) = G(Zo,m).

By construction, the linear gain is independent of the amplitude of the initial condition %(0).
As this amplitude increases, however, nonlinearities may come into play and the nonlinear
gain may depart from the linear gain G. Similar to the previous section on harmonic gain, we
propose a method for capturing the effect of weak nonlinearities on the transient gain.

Due to the assumed non-normality of L, the inverse gain is small, ¢, <« 1. While the previous
section focused on the inverse resolvent, it is now the inverse propagator e~*% that appears
close to singular. The first equality of (7.4) can be rewritten as (e Lo —eouy(v,, %) v, =0,
which shows that the operator (e Lto— €olo{V,, *)) is singular since v, # 0 belongs to its kernel.
Mirroring our previous reasoning for the WNNh model, we now wish to construct a perturbed

inverse propagator whose kernel is the linear trajectory
L(D) =eoe™ u, (7.5)

seeded by the optimal initial condition u#, and of unit norm in ¢ = t, since I(¢,) = v,. One
conceptual difficulty lies in the fact that the linear response is not a fixed vector field, but a
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time-dependent trajectory; therefore, the perturbed inverse propagator too should depend on
time. We propose to perturb the inverse propagator for all £ = 0 as

uo(l(1), *)

d(t)=e L —¢e,P(t), where P(1)=H(t) .
(163l

) (7.6)
and where the Heaviside distribution H(¢) satisfies H(0) =0 and H(¢ > 0) = 1. As the time
t — t,, the perturbation operator P — u,(v,, *) such that ||P|| — 1 and the expansion (7.6) is
certainly justified. The non-trivial kernel of @(¢) is I(¢) for all ¢ > 0; the kernel reduces to 0 at
t =0 since #(0) = I. We show in addition that, for ¢ > 0, the non-trivial kernel of the adjoint
operator o) is

a0 = () 101, 7.7)

Indeed, using that PY=1()(my, )1 (L(1), 1(1)) for ¢ > 0, we have

(o, a(t))

GNIG)

(eMu,, 1(D))
20, 1)

(0t a = (e ) a() - e l(p)

eI a) —e, 100
(

(e a(n) - 1()
-1

=[] a-100
= 0.

As an illustration of the singularisation of e Lo parts of the spectra of e Ll and P(t,) are

shown in figure 7.3 for the plane Poiseuille flow sketched in figure 7.2. The red dot at the origin
is the null singular eigenvalue of ¢(t,) associated with I(z,). Since ||P(t,)|| = 1, this singular
eigenvalue lies on the e,-pseudospectrum of e~'%, meaning that a perturbation of amplitude
€, is sufficient to make the inverse propagator singular.

Recalling that L is assumed strongly non-normal, we choose ¢, <« 1 as expansion parameter,
introduce the slow time scale T =€, t and propose the multiple-scale expansion

U(t,T)=U,+eouy (1, T) +€2uy(t, T) + O(€d). (7.8)

The square root scaling of the previous section is not made here, as resonance at second order

cannot be excluded a priori. The flow is initialised with U(0) = ae?u,, where a = O(1) is a

prefactor. After injecting this expansion in the unforced Navier-Stokes equations, we obtain
€0(0r — Duy +€%[(0r — )uy + C(uy, wy) + Oruy ] + O(e3) =0, (7.9)

subject to u,(0) = au,, and u;(0) = 0 for i #2. In its primary quality of inverse propagator,
the following property holds for e~*: 9,(e~'!) = —e~L!L, where the commutation of e~
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2t | | | (o) Ake’LtO)
o A(Q(2))

ag;

Figure 7.3: Restricted spectra (fifteen least stable eigenvalues) of the natural and perturbed
inverse propagators of the plane Poiseuille flow (sketched in figure 7.2b) for t = t, = 10 and
(Re, ky, k;) = (3000,0.5,2) (purely one-dimensional computations using the code of Schmid
and Henningson (2001) based on a Fourier expansion of wavenumbers k, and k; in x and z,
respectively). Blue circles: eigenvalues of e % Red dots: eigenvalues of ®(t,). By construc-
tion, one eigenvalue of @(1) lies at the origin. Thin red lines: full locus of the eigenvalues of
@(1) for ¢ < t,. Green line: €,-pseudospectrum of e L%, such that || (e~ % — zI) || = 1/e,.

and L has not been used. Thanks to this relation, we write (9, — L)u; = e'0,(e *'u;). As a
result, L disappears from the asymptotic expansion but e~* appears. The latter is perturbed
according to (7.6), leading to e/0,(e " u;) = e 0,(P(Hu;) +€,e" 0, (P(t)u;) for i =1,2, ... The
asymptotic expansion (7.9) becomes

o€t 0y (Puy) + €2 | e 0, (Puy) + Cluy, uy) + druy + e 0, (P(Huy) |+ 0(€3) =0.  (7.10)

Note that the transformation performed from (7.9) to (7.10) is not restricted to time-independent
base flows, as the property 9;(@(#)~!) = —¥(#) "' L(¢) holds for a time-varying operator L(t)
and the associated propagator ¥(t). This can be shown easily by taking the time derivative of
()~ u(t) = u(0). Terms of (7.10) are then collected at each order in €,, leading to a succession
of linear problems, detailed hereafter.

At order ¢,, we collect 9;(Pu;) = 0, subject to u;(0) = 0. We obtain Pu; = ¢(0)u,(0) = 0,
therefore u, (¢, T) is proportional to the kernel of @(¢) for all £ = 0. We choose the non-trivial
solution

u (1, T)= A(MH®I), (7.11)

where the initial condition u, (0) = 0 is enforced by H(¢), while the slowly varying scalar ampli-
tude A(T) is continuous in T and modulates the linear trajectory. This choice is motivated by
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the observation that, since A must be constant in time in the linear regime, we expect it to be
weakly time-dependent in the weakly nonlinear regime. We stress that A(T) does not depend
explicitly on ¢, such that 9; A = 0. Note that the choice u, () = A(¢) H(t)1(t) would also have
been possible, and the assumption of the amplitude depending on a slow time scale is made
solely to simplify the ensuing calculations.

At order e%, we collect
2y ,-Lt dA _;,
0¢(@u,) + A°He C(l,l)+Hﬁe 1+ Ad,(HPl)=0, (7.12)
subject to u,(0) = au,. We have used the property H(t)?> = H(t), which will henceforth be

understood. The particular solution of (7.12) yields

up (1, T) = us® (1) + A(D*u (1) + #uéﬂ 0+ AU (1), (7.13)

where
d;(eus®) =0, d;(oul’)=-He M 'C,D),
d;(Puy?)=-He M1, and d;(®u®)=~d;(HPD,

subject to the initial conditions ug") (0) =au, and uéb )(0) = uéc) 0) = ugd) (0) =0. Time integra-
tion can now be performed without ambiguity as all the partial derivatives (J;...) have been

replaced by total derivatives (d;...). After time integration between ¢ =0 and ¢ > 0, we obtain a

series of problems for u\?, ugb), u{” and u;d):

PO us® (1) = D) us® (0) = auy,
since ®(0) = I;

S(u (1) =~ fo He I, 9)lds = e i ()
where

dit

E:Lﬂg—C(l,l), u(0) =0, (7.14)

and where we used that the general solution of d,;x = Lx + F is x(£) = e"/ [x(0) + [ e " F(s)ds];

t
P(u (1) = - fo H(s)e 1(s)ds

t
:—f H(s)eou,ds=—€,upt,
0
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since e~ L*1(#) = €,u, holds by construction; and
d(ul? (1) =~ [HOPDL(1) - HO)PO)(0)] = —uo,

since, by construction, H(t)P(t)l(t) = H(t)u,. Note that the presence of the Heaviside distri-
bution inside the integral is unimportant. Eventually,

) —€eot—u,— Au,, t>0. (7.15)

du, = au, + A%e
2 0 dT

Invoking again the Fredholm alternative, (7.15) admits a non-diverging particular solution if
and only if its right-hand side is orthogonal to a(¢) for all £ > 0. This leads to

2/ Ltz dA
(o, a(t)) (@—A)+ A (e uz(t),a(t))—eotﬁ (U, a())=0, t>0. (7.16)
Dividing (7.16) by (u,, a(?)) leads to

dA
(a—A)+eoA2u2(t)—€otﬁ:0, >0, (7.17)

where

(e Mmp),a(t) (ip(0), L)

el =€ iy ) (7-18)

Equation (7.17) is re-expressed as E(t, T) = 0 for t > 0, where E(t, T) = (a — A) + €,A? > (t) —
€otdrA. Since ftt—»O O0sE(s,T)ds = E(t,T) — E(t — 0,T), solving E(t,T) = 0 is equivalent to
solving 0;E(t, T) =0 for ¢ > 0 subject to E(t — 0, T) = 0. Thereby, the partial derivative of (7.17)
with respect to the short time scale ¢ is taken, leading to

A2 duo (1) B dA

€ €o—=0, 0<t, (7.19)
° dt °dr

where we have used that 0; A = 0 by construction since A= A(T) does not explicitly depend
on t. Furthermore, the relation (7.19) is subject to E(t — 0, T) =lim;_.¢(a — A) = 0 where we
have used that @, (t — 0) = it (0) = 0. To be meaningful, equation (7.19) and its initial condition
must be re-written solely in terms of ¢, which is done by evaluating T along T =€, ¢. The total
derivative of A, denoted d; A, is now needed, as it takes into account the implicit dependence
of A on t. By definition, d; A= 0;A+€,01A=€,dr A, such that the final amplitude equation
reads

dA _ AZ d,UZ(t)

E_eo T with A(0)=a«, (7.20)

aslim;_q (@ — A(eot)) =0 implies A(¢ — 0) = a, and the amplitude A is extended by continuity

in £=0so as to eventually impose A(0) = @. Note that the evaluation in T =€, ¢ and the passage
to the total derivative would lead to indeterminacy in its solution if performed directly in
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Figure 7.4: (a) Streamwise (x) component of the optimal initial condition u, for the BFS
(sketched in figure 7.2a) at Re =500 and at ¢, = t,,,,;, = 58 .(b) Streamwise component of the
evolution v, at t = ,. Both structures are normalised as ||u,|| = ||v,|| = 1.

(7.17), since that equation is not subject to any initial condition. Indeed, at linear level for
instance, it would yield d; A = (a — A)/ t, which admits the family of solutions A(¢) = a + Ct,
with C an undetermined constant.

We stress that the inverse propagator is not needed to solve the amplitude equation (7.20). Just
like the original problem considered in this section, (7.20) is unforced and has a non-zero initial
condition. In the linear regime, A = «a for all times, and the linear gain is lle,a ()|l / || aeg || =
LDl /eo. At £ = t,, in particular, we recover that it is equal to 1/¢, since [[1(,) ]| = v, = 1.

In the following, we call equation (7.20) the Weakly Nonlinear non-normal transient (WNNt)
model. It can be corrected with higher-order terms, which requires solving the linear singular
system (7.15), as detailed in Appendix 7.4.2. We show in particular that singular higher-order
solutions are orthogonal to the first order order solution I(#), and that the action of ¢ need

not be computed explicitly but can in practice be replaced by the action of e,

7.2.1 Application case: the flow past a backward-facing step

The WNNt model is applied to the backward-facing step flow for Re =500 and ¢, = ¢,,,, = 58.
See Appendix 7.4.1 for details about the numerical method. For these parameters, the linear
optimal structures (fig. 7.4) and gain are validated with the results presented in Blackburn
et al. (2008). The quadratic term in (7.20), although asymptotically correct, happens to be
insufficient to capture the nonlinear saturation of the transient gain for this particular flow,
in particular because of the weak value of the coefficient u,(t). Indeed, I(t,) = v, appears
to be dominated by a specific spatial wavenumber (see figure 7.4b), thus the field it,, being
generated by the nonlinear interaction of I(#) with itself, is dominated by spatial harmonics
and its projection on I() is close to zero. For this flow the WNNt model therefore needs to be
extended to order €5 (see Appendix 7.4.2), yielding

dA 2 d/.lg

e A
ar % qr

dus

2 43
+e A )
o7 dt

A0) = a, (7.21)
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Figure 7.5: Transient gain in the flow past a BFS (sketched in figure 7.2a) for Re = 500. (a)
Gain squared G(t,)? for t, = to,m =58 as a function of the amplitude of the initial condition.
(b) History of the gain squared for 0 < ¢ < ¢, ;;, and for three amplitudes of initial condition,
Up/e, =1[0.025,0.08,0.25] (vertical dashed lines in (a)); larger amplitudes darker. Inset: weakly
nonlinear coefficients py (¢) (continuous line) and u3(¢) (dashed-dotted line) as a function of
time.

where
(g0, L(D)
) ———, 7.22
== 0,10 (7:22)
and
dits . . s 3
E:Lus—z[C(l,uz)—uzC(l,l)+uz(uz—uzl)], i13(0) = 0.

Equation (7.21) is similar to (7.20), although corrected by a cubic term. We formulate the
amplitude equation (7.21) in terms of the rescaled quantities a = ¢, A and the amplitude of the
initial condition Uy = [|U(0)|| = ae?:

da ,dys  gdys Uo

—=a"—+a —, al0)=—. 7.23

dt dz dz © €0 (7:23)
In this manner, the weakly nonlinear transient gain becomes G(t,) = a(t,)/Up. Note that in
(7.23) the amplitude a(t) does not depend on Uy nor on €, independently, but on their ratio
Uop/e,. Thus, as expected, increasingly nonlinear regimes are found when the amplitude of the
initial condition increases with respect to the linear gain.

Predictions from equation (7.23) are shown in figure 7.5 together with the linear and fully
nonlinear DNS gain evaluated as Gy (t) = ||U(t) — U,l|/Up. In figure 7.5a, the WNNt model
extended to O(e3) appears to capture the weakly evolution of the transient gain with satis-
factory precision. When the amplitude of the initial condition is too large, the higher-order
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Figure 7.6: (a) Optimal initial condition u, for the plane Poiseuille flow (sketched in figure 7.2b)
for (Re, ky, kz) = (3000,0,2) and £, = fo,m = 230. Arrows: cross-sectional velocity field (1,2, Uo, ).
Contours: streamwise component i, . (b) Evolution v, at f = ¢,. Both fields are normalised
as |lu,ll =1lv,ll = 1. Initial vortices have a null streamwise component u, x, and streaks at ¢ = ¢,
have negligible cross-sectional components (v, z,Vo,y). Only one wavelength -7 < k;z<m is
shown.

fields i1y, i3, ... are expected to have a significant amplitude, and thus the WNNt prediction
deteriorates since it is based on an asymptotic hierarchy. In figure 7.5b, the gain history of
Gior(2) for all times 0 < £ < £, is successfully compared to a(#)|[1(£)||/Uy. The coefficient u3(z)
is much larger than p» () (inset), and is largely dominated by the part of #13 generated by the
forcing term C(l, #1,). Since p3(f) is monotonically decreasing toward us(t,) = —7.77, larger
times are subject to a stronger saturation. This leads to a decrease of the time for which the
specific initial condition u, leads to a maximum transient gain, consistently with the DNS
results.

7.2.2 Application case: lift-up in the plane Poiseuille flow

The WNNt is now applied to the plane Poiseuille flow. The set of parameters (Re, ky, kz, to) =
(3000,0,2, ty,, =230) is selected. In both the linear and nonlinear computations, the wavenum-
ber ky = 0 is maintained such that the fields are constant in x, and only the dependence in
y and z is computed. Contrarily to the application case in chapter 2, perturbations can
now be fully three-dimensional (i.e. u = (ux(y,2), uy(y,2), u;(y,z)). The computations are
performed in the spanwise-periodic box (y, z) € [-1,1] x [-7/2, /2] = {2. All the scalar prod-
ucts are taken upon integration inside this periodic box, in particular for the normalisation
(o, Uy) =(Vy, Vo) =1, and for the evaluation of the weakly nonlinear coefficients. The linear
optimal gain is validated with the result of Schmid and Henningson (2001); the associated opti-
mal initial condition and its evolution at ¢ = £, are shown in figures 7.6a and 7.6b, respectively.
The optimal initial condition consists of vortices aligned in the streamwise direction; as these
streamwise vortices are superimposed on the parabolic base flow, they bring low-velocity
fluid from the wall towards the channel centre and high-velocity fluid from the centre of the
channel towards the walls, thus generating alternated streamwise streaks. Due to the spanwise
periodicity of the optimal initial condition u,, all the solutions at even orders €2" (n=1,2,3,...)
only yield even spatial harmonics in k, and are orthogonal to I(), such that the coefficient
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Figure 7.7: Transient gain in the plane Poiseuille flow (sketched in figure 7.2b) for (Re, ky, k;) =
(3000,0,2). (a) Gain squared G(t,)? for t, = to,m = 230 as a function of the amplitude of
the initial condition. Streamwise invariance k, = 0 is enforced in the DNS as well. (b) His-
tory of the gain squared for 0 < ¢ < ¢, ,, and for three amplitudes of initial condition,
Up/e, =1[0.088,0.18,0.37] (vertical dashed lines in (a)); larger amplitudes darker. Inset: weakly
nonlinear coefficient u3(t) as a function of time.

U2 () defined in (7.18) is null at all times. Therefore, (7.23) reduces to

da ;dus Uy
——a =, 0)=—, 7.24
dt “ dt o €o ( )

and it solves the simplified equation

d
f = Lits — 2C(itp, I), i3(0) = 0. (7.25)

The analytical solution of (7.24) is written

Us Uo 2 -1/2
a(t)=—|1—-|—| 2us(t) . (7.26)
€0 €o
We show in Appendix 7.4.3 that, at first order in the gain variation, (7.26) reduces to the
sensitivity of the transient gain to the base flow modification (Uy/ 6‘0)2 it (1).

Predictions from equation (7.26) are shown in figure 7.7 together with the linear and fully
nonlinear DNS gains. These DNS gains are evaluated in two ways: using either the total
perturbation around the base flow, for G, (already defined), or using only the part of the
perturbation fluctuating at k, along z, for G, (in the same manner that we considered only
the component oscillating at w, in the computation of the gain in the harmonic forcing part).
Indeed, a(t) multiplies the linear trajectory field I(¢) that is purely fluctuating at k, along z.
The WNNt model predicts G, accurately in the weakly nonlinear regime for ¢ = £, ;,, which
supports our approach (figure 7.7a). In the strongly nonlinear regime, beyond Uy/¢, = 0.4, the
model overestimates Gy . This can be interpreted by noting that G, is twice as large as Gy,
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Figure 7.8: Gain envelope in the plane Poiseuille flow for Re = 3000 and k, = 0 (maintained
in the DNS as well); the numerical box has a length of 7 and periodic boundary conditions
in the spanwise (z) direction, so the optimisation algorithm automatically select the most
amplified wavenumber among all harmonics k; =2n with n=1,2,.... Optimisation times are
t, =20,70,120,...620: the times t, = 20 (horizontal dashed line), ¢, = 70 (horizontal dashed-
dotted line) and ¢, = 120 correspond respectively to k; =6, k, =4 and k, =2 . Four amplitudes
of initial condition, Up/€,,,, = [0.088,0.18,0.37,0.77] are selected, the larger amplitudes are
darker.

i.e. more energy is contained in the higher-order terms generated by the linear response than
in the linear response itself. Therefore, this is not the amplitude equation (7.26) that breaks
down, but the very idea of an asymptotic expansion. Whether higher-order terms remain
smaller than the fundamental is certainly flow dependent, and the WNNt model is expected to
be even more accurate when this is the case, as shown in §7.2.1 for the flow past a BFS, which
generated rather weak higher-order fields.

Figure 7.7b compares for ¢ < t, the history of the approximated gain a(#)||I(¢)||/ Uy with that of
the DNS gain Gy, and shows a convincing overall agreement. The coefficient u3(f) is negative
and decays monotonically with time until u3(z,) = —3.30 (inset), enhancing the saturation.
This results in a reduction of the approximated optimal time with the amplitude of the initial
condition, as also observed in the DNS.

The impact of the optimisation time ¢, (and therefore the one of ¢,) on the WNNTt predictions
is studied in Fig.7.8. The weakly nonlinear evolution of the gain envelope for an increasing
amplitude of the initial condition is reported together with DNS data. For each optimisation
time, the (linear) corresponding optimal initial condition is applied. The agreement between
WNN't and DNS is satisfactory over the whole range of optimisation times ¢,, particularly
those associated with lower linear gain as they require higher Uj to reach a fully nonlinear
regime; on the contrary optimisation times for which the linear gains are large are subject to a
more pronounced degradation of the predictions in the considered range of U,. However, the
decrease of both the maximum gain and the time for which it is reached is well captured by
the WNNt model.
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7.3 Conclusions

In summary, we have derived an amplitude equation for non-normal systems, describing the
transient response to a linearly optimal initial condition, in a weakly nonlinear regime. We
shall highlight once again that, in the derivation of the amplitude equation, the presence of a
neutral or weakly damped mode was not assumed. In analogy with the approach proposed
in chapter 2, the procedure is based on the fact that the propagator operator can be made
singular by perturbing it slightly, which can be encompassed in a multiple scale asymptotic
expansion closed by a classical compatibility condition.

Predictions of the amplitude equation have been compared with fully nonlinear simulations,
both in parallel and non-parallel two-dimensional flows. In all cases, they predict accurately
the supercritical nonlinear evolution of the response as the amplitude of the initial condition
is increased.

The method presents numerous possibilities for extension. (i) Multiple trajectories could be
encompassed in the weakly nonlinear expansion, resulting in a system of coupled amplitude
equations. The nonlinear interactions of transient responses are particularly relevant when
distinct structures lead to comparable gains, for instance, optimal and sub-optimal initial
conditions (Blackburn et al., 2008; Butler and Farrell, 1992). (ii) The assumption of a time-
independent state operator and the associated operator exponential formalism is unnecessary,
and the developments can be adapted to time-varying base flows. (iii) Since the amplitude
equation characterizes the transient gain in a weakly nonlinear regime, it can be accounted
for to yield a slightly more general optimisation problem than that in (7.3). For a given
amplitude of the initial condition, this generalized optimisation problem would result in the
maximum gain attainable in the weakly nonlinear regime (at least under the approximation of
the amplitude equation). Only in the limit where the initial amplitude vanishes should the
problem be equivalent to (7.3). The ensuing structures would constitute weakly nonlinear
optimal structures, which could be compared with fully nonlinear ones Pringle and Kerswell
(2010).

Extensions (ii) will be treated in the next chapter, chapter 8, where we adapt the method
to characterize the transient response over the diffusing (time-varying) Lamb-Oseen vortex
flow. This particular flow was also selected as it is notoriously known to experience a bypass
transition. In other terms, nonlinearities have an "anti-saturating” role, in contrast with that
considered in this chapter, in figure 7.5a and figure 7.7a, and the relevance of the amplitude
equation in such case will be studied in details.

Extension (iii) will be realized in chapter 9. For a given pair of wavenumbers, the distortion
of the optimal initial condition as we account for weak nonlinearities and increase the initial
amplitude will be illustrated on the three-dimensional plane Poiseuille flow. The question
of whether this weakly nonlinear optimal is more relevant than the linear ones to trigger
turbulence will be discussed.
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Finally, it should be noted that the proposed method is not restricted to the Navier-Stokes
equations, but applies to all nonlinear systems whose linearised operator exhibits strong
non-normality (see Trefethen and Embree, 2005 §55-60 for a comprehensive discussion,
as well as the situations discussed in the introduction). For instance in ecological models
describing the temporal evolution of a population, such as the canonical Lotka-Volterra
predator-prey equations, the so-called resilience of a community (spectral abscissa of the
Jacobian of the system) is known to be sometimes a misleading or incomplete measure
(Neubert & Caswell, 1997). The conjunction of non-normality and nonlinearity is then key to
predicting a population’s extinction/survival.

7.4 Appendix
7.4.1 Applying the WNNt model to the Navier-Stokes equations.
For the transient growth model, the linearised problem writes

u(0)
0

Bd_q—Lq subjectto ¢g(0) =

= , 7.27
4 (7.27)

with the state vector q = [u, p] T the singular mass matrix

I 0
0 o0

B=

)

and the linearised Navier—Stokes operator

—(Ue-V)*—(x-V)U,+ Re"LA(x) V(%)
V- (%) 0 |’

L=

Several subtleties arise from the peculiarity of the pressure variable, that ensures the instan-
taneous satisfaction of the incompressibility condition: (i) the absence of time-derivative
of the pressure results in a singular mass matrix, (i) forcing terms remain restricted to the
momentum equations as we choose to have no source/sink of mass and (iii) the pressure is
not included in the energy norm of the response.

The gain is measured as

_ (q(t0),q(t))B

- , (7.28)
(q(0),9(0))B

G(t,)?

where the pressure component of the initial condition can be chosen as p(0) =0. We used the
following scalar product

U ) = fg(a;,xab,ﬁ i), i,y + a;zab,z)drz, where
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the B-scalar product excludes pressure, such that the pseudonorm (g, g) 5 = 1|4/ I% is the kinetic
energy.

The orthogonality properties holds under the B-scalar product, and the weakly nonlinear
coefficient py (#) writes

(a,(0, 4,(0)) 5

(B=€co——, (7.29)
He “(q,(1),q,(0))
where g, (1) = [1(1), p; (D17, and where g, = [it2 (1), ()] is solution of
dg, _ |cp| _
BE —qu 0 y qz(O) =0. (730)

Again, pressure does not influence the weakly nonlinear coefficient since only velocity fields
are involved in the scalar product. In particular at £ = t,, q;(%,) = [vo, p1(£o)] T thus

(q,(10),q;,(t0)) 5 =1 (7.31)

by construction, and

o (o) =€, fQ li2,xVo,x + U2,y Vo,y + U2,z Vo, dS2. (7.32)

The software FreeFem++ is again used to solve for the velocity and pressure by means of the
Finite Element Method with Taylor-Hood elements, (P2 for velocity and P1 for pressure). The
practical computation of the gain (7.28) proposed in Garnaud et al. (2013a) is followed. The
application of the propagator el! (resp. its adjoint (et

the linearised problem (7.27) (resp. the adjoint problem) with the Crank-Nicolson method.
—Lt

T) are performed by integrating in time

The application of the inverse propagator e™*' is never needed.

For the transient growth past the backward-facing step studied in §7.2.1, our linear optimi-
sation codes are validated upon comparison with the results of Blackburn et al. (2008). For
(Re, t,) = (500,58), we obtained G(#,)? =62.8 x 103, against G(t,)? =63.1 x 103 in Blackburn et al.
(2008). The = 0.5% relative error could be explained by the fact that our entrance length is
L; =5, against L; = 10 in Blackburn et al. (2008). For the plane Poiseuille flow analysed in §7.2.2,
the validation was performed thanks to the open-source results of Schmid and Henningson
(2001), obtained with a Chebyshev polynomial discretisation, and where the singular value
decomposition of the matrix exponential e’’ is performed directly. For the chosen set of
parameters (Re, ky, kz, t,) = (3000,0,2,230), convergence was achieved for a squared linear
gain of G(t,)?>=1761.8, against G(t,)?=1761.9 in Schmid and Henningson (2001).
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7.4.2 Higher-order corrections of the WNNt equation.

Recall the equation (7.15) obtained at order €2:
dA
Puy = au, + A%e My - d—Teouot — Au,.

After satisfaction of the Fredholm alternative, which leads to an equation for the amplitude A,
the relation (7.15) can be re-expressed as

Duy = A* (e ity —eoupu,) for t>0, (7.33)

where the orthogonality of the right-hand side (RHS) with a(#) is ensured by construction of
U2 (2) =i (1), L(2)) 1 <L(2), 1(1)) in (7.18). The general solution to (7.33) reads u, = uél” + Asl(1).
The particular solution of the system, uéu), is obtained by solving (7.33) after replacing ®(t)
by e~!*. Indeed, such u$"" must be orthogonal to I(1), since 0 = (RHS, a(t)) = (" (RHS), L())
= <u£“), l(t)>. On the other hand, the term A,I(f) constitutes the homogeneous part of the
solution, where A, is a scalar amplitude. It can be kept in further calculations, provided it is
included in the final amplitude for 1(#), which would then become ¢, A + G%Ag + O(ef’,). Instead,

and without loss of generality (Fujimura (1991)), we propose to set A, = 0 such that
up =uStV = A2 (@i, — ppl)  for t>0. (7.34)

In particular, this implies that the term J;(Puy) that appears at order O(e?,) actually vanishes

(LD
2

since Pu, = Pu =0. If this is performed at each order j = 3, all the terms 9;(Pu j) vanish. In

. ” : ” : 1 2
this way, the "retroaction” forcing due to the operator perturbation only appears at O(e).

Deriving a higher-order amplitude equation for transient growth requires introducing a very
long time scale 7 = €27, such that A= A(T, 7). The total derivative in T should then replaced as
partial derivative, and the amplitude equation derived at order €2 writes 97 A = A% i, subject
to lim;_.o(a — A) =0. One gathers at order ei for t>0:

Op(Puz)=—2A%e"MCl, up) — e M oruy — e 10wy — 0, (Puy)
=—2A%He M [C(l, itp) — 2 C(L, D] = 2A07 A) (e Lty — o pintes) — €010 A
=—2A% L [CL i) — paCL, D) + fi (it — pal)] — €010 A, (7.35)

since (i) Orup =2A(1A) (it2 — pi2l), (i) Pup =0, and (iii) e ' 0ruy = He 10, A= Heouo0; A.
Equation (7.35) is subject to u3(0) = 0. Its particular solution yields

0A(T, 1)

us(t, T,7) = AT, 1)°u® (1) + o

ul) (1), (7.36)
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where

d, [gpug’) =—2e" L [CL, itp) — O, 1) + fia (it — o 1)), and

d; [{Puéb) =—€oly,
subject to the initial conditions ué“) 0)= u(gb) (0) = 0. After time integration, we obtain
Pus = ABe i —eougtd A, >0, (7.37)

where i3 is solution of

di
;= Lita = 2[C, ) = p2C D + iz itz = izD)] - 830 =0,
Canceling the projection of the RHS of (7.37) on a(¥), dividing the ensuing relation by (a(?), u,),

and taking the partial derivative with respect to ¢ leads to

eer‘%:eO%A, £>0, (7.38)
where

a0 (e (0, a) _ (a0, 1)

3 =€y =

(wg,a(t)y A, 1) "

To be meaningful, equation (7.38) and its initial condition must be re-written solely in terms

of t, which is done by evaluating T =€,t and 7 = 6% t. The total derivative of A, denoted

d: A, is now needed, as it takes into account the implicit dependence of A; it reads d;A =

OtA+e,0rA+€20; A=€,07 A+€20; A, such that

dus (t dus(t) dA
Ho (1) A3 Ha(t)

—, >0,

A? =,
€o dr 0 dr dr

subject to lim;_q(a — A(e,t, e?, 1)) =0 so A(t — 0) = a and the amplitude A is extended by

continuity in # =0 so as to impose A(0) = a.

7.4.3 Transient gain sensitivity and comparison with the WNNt model.

We consider a linear system O, u = Lu subject to the initial condition #(0) with ||z(0)|| = 1. The
linear transient gain at ¢ = ¢, writes G, = ||u(?,)||. A variational method is used to derive the
variation of the optimal transient gain induced by a small perturbation § L of operator. Let us
introduce the Lagrangian

to
x:cﬁ-fo (Oeu—Luutyde-(1-11uO]P),
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where the Lagrange multipliers u" and 8 enforce the constraints on the state equation and on
the norm of the initial condition, respectively. Imposing (0, %Z,du) =0 for all Su leads to the
adjoint equation 0;u' = —L'u', to be integrated backward in time from the terminal condition
uT(to) =2u(t,). Eventually, the gain variation induced by 0 L is

0% t
5(G? :<—,5L>:f SLu,u')dr. 7.39
CARIG= - (0Duu’) (7.39)

(Note that formula (7.39) was also derived in Meliga (2018) although using a different ap-
proach). On the other hand, we derived in the main text for the WNNt model:

-1/2

Uy Up\?
a(t) = — 1—(6—) 2us3(t) (7.40)

€o 0

The weakly-nonlinear transient gain squared can be expressed as G(t,)? = (a(t,)/ Up)?, while
the linear gain squared is Gg = (1/€,)?, such that

! L UR2ps(1y)
Glio)?  Gg ooHster
We are interested in small variations around G2, thus we write G(£,)? = G5+8 G2 with |6 G2/ G3| <
1. In this manner, 1/G2 - 1/G(t,)? = §(G?)/ G4 + h.o.t, eventually leading to

2 Ug
0(Gy) =2u3 (o) —-
6‘0
In addition,

—Lt, ~
_ _1<e 0u3(t0),a([0)>
Halto) = o at)

’

with it3(£) = —el! [ 2e7E5Cliny (s), 1(s)1ds. Therefore

(6) = ! (Jo> 275 Clina(s), 1(s)]ds, alt,))
Hllol= =% (U, alty))

o oto<2€_LSC[5€2(S),l(S)],a(to)>ds

¢ (U, a(ty))

By definition, a(t,) = (eX)'1(t,) and (u,, a(t,)) = (e u,, 1(t,)) = 1/¢,. In addition, (e_LS)T (elto)t =
(elto e‘Ls)T = (e7Hs~ tﬂ))T, such that

to +
patto) == [ (2129, 19 (e 1010 ) s
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Chapter 7 A non-modal amplitude equation for the transient response

In terms of our previous notations, we have the direct correspondence u(t) = I(¢f)/e, and
ut(s) = (e72671)) 2u(1,), s0 we can write

2
2U3

2 to
—4) (‘e_ofo <2cm2(s),u(sn,(e‘“s‘”")fz““o)>ds)

5(G?) =
(G3) ; 5

12
- _f <2c[(U0/eo)2u2(s),u(s)],uT(s)>ds.
0

The sensitivity relation (7.39) is immediately recognised, where 6L is here induced by the
addition of (Uy/€,)?it> to the base flow. Indeed, Uy/e, = ay;n is the linear solution of (7.40)
corresponding the limit Uy — 0, such that the flow field is described in this limit by U(#) =

Ue+ ainl(1) +aj; iy (1) + O(€,).
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A weakly nonlinear amplitude
equation approach to the bypass
transition in the two-dimensional
Lamb-Oseen vortex

Remark: This chapter constitutes the article Ducimetiere and Gallaire (2023).

8.1 Introduction

The two-dimensional axisymmetric Lamb-Oseen (Gaussian) vortex flow, the vorticity of which
is a strictly decreasing radial function, is linearly stable: the eigenvalues of L, the linearized
Navier-Stokes operator around this flow, all possess a positive or null damping rate. In fact,
even in the absence of viscosity where all damping rates are null, linear perturbations ex-
perience an inviscid exponential decay; this phenomenon, called “Landau damping", was
observed and interpreted for instance in Schecter et al. (2000). In particular, it was analytically
derived that the Landau damping rate can be related to the vorticity gradient, at the specific
radius where the angular velocity associated with the dominant Landau pole is equal to that
of the base flow.

The Landau damping can be interpreted in mathematical terms. In an inviscid framework,
Schecter et al. (2000) consider at first a “top-hat" base vortex, for which the vorticity decreases
slowly then rapidly drops to exactly zero for r = r,,. This vortex supports a continuum of
modes whose critical layers are located at some r < r,, where they are singular since the base
vorticity gradient is non-zero there; it also supports a discrete (“Kelvin", according to the
terminology of, for instance, Balmforth et al. (2001)) mode whose critical layer is located at
rc = r, where the base vorticity gradient is exactly zero: for this reason, the discrete mode is
smooth, regular and can be interpreted as a classical eigenmode. Secondly, Schecter et al.
(2000) consider a base vortex that is equivalent to the first, with the addition of a low-vorticity
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Chapter 8 Weakly nonlinear response of the Lamb-Oseen vortex

“skirt" that extends radially to a new, larger, r, = r.. This introduces a non-zero base vorticity
gradient at r. which ruins the regularity of the previously discrete mode. However, Schecter
et al. (2000) argue that symptoms of the original discrete mode remain; some of the continuum
modes closely resemble the latter in terms of structure and frequency and combine to form
what Schecter et al. (2000) call a “quasi-mode". Therefore, if the discrete mode is used as an
initial condition, it will excite the continuum following a Lorentzian distribution that is peaked
around the discrete mode frequency (see figure 3 in Schecter et al. (2000)). As time evolves, the
continuum modes disperse, and their superposition behaves like an exponentially damped
version of the original discrete mode (hence the appellation “quasi-mode").

Schecter et al. (2000) also consider the response of a Gaussian vortex, such as the one con-
sidered here, to a generic external impulse. Although the response does not behave as a
single damped wave but projects well on a very large number of structurally different modes,
the Landau damping is still found to be relevant and to dominate the initial decay of the
perturbation.

Nevertheless, Rossi et al. (1997) evidenced that the Gaussian vortex flow, despite its linear
stability, could relax to a new non-axisymmetric, called “tripolar”, state when subject to an
arbitrary perturbation of sufficiently large amplitude. Such phenomenology is symptomatic
of a subcritical bifurcation. This tripolar structure is well described for instance in Nolan and
Farrell (1999) as a vortex for “which the low vorticity of the moat pools into two satellites of an
elliptically deformed central vortex, with the whole structure rotating cyclonically". It has been
observed in the laboratory experiments of Denoix et al. (1994) as well as in Kloosterziel and
van Heijst (1991), Van Heijst and Kloosterziel (1989), and Van Heijst et al. (1991), and described
in this last article as being “a very stable structure, even persisting in a highly sheared fluid
environment".

This corroborates its importance in geophysical contexts, where tropical cyclones sometimes
show rotating elliptical eyes, as was reported for instance by Kuo et al. (1999) for Typhoon
Herb, which occurred in Taiwan in 1996. A radar located on the Wu-Feng mountain could
measure the horizontal distribution of maximum reflectivity for the Typhoon, from which
we observe an elliptical eye (see their figures 1 and 2). The eye was rotating cyclonically with
a period of 144 min. Concerned with Hurricane Olivia, which was part of the 1994 Pacific
hurricane season, the work of Reasor et al. (2000) also documented an elliptical eye (see their
figure 16). The ratio of minor to major axis was approximately 0.7, and the period of (cyclonic)
rotation was found to be around 50 min.

A substantial body of theoretical work has therefore been devoted to the apparition and per-
sistence of the tripolar state. Some of them reflect on the problem in terms of the Landau
damping, for instance, Balmforth et al. (2001), Le Dizes (2000), Schecter et al. (2000), Turner
and Gilbert (2007), and Turner et al. (2008). Common to all these latter works is the following
idea: if the perturbation is large enough to nonlinearly feedback on the mean vorticity (av-
eraged in the azimuthal direction), in such a way that the mean vorticity gradient vanishes
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near the radius where the angular velocity associated with the dominant Landau pole equates
to that of the base flow, then the Landau damping is deactivated. Indeed, it was shown in
Schecter et al. (2000), Turner and Gilbert (2007), and Turner et al. (2008) that such cancelling
of the Landau damping goes with the appearance of an undamped Kelvin mode. The effects of
flattening the mean vorticity distribution have been thoroughly studied in Schecter et al. (2000)
and Turner et al. (2008), although it was introduced rather artificially to a posteriori mimic
nonlinear effects. It has, however, been rigorously quantified using a matched asymptotic
expansion in Balmforth et al. (2001), the small parameter being directly linked to the amount
of vorticity near the critical radius r. of the neutral Kelvin mode of a compact vortex, whose
vorticity there would be zero otherwise. The developments result in an amplitude equation
for the weakly nonlinear quasi-mode, that can predict a secondary instability for a sufficiently
strong disturbance amplitude.

Under certain conditions, the vorticity tripole has also been shown to be the nonlinear fate of
a shear instability (also sometimes called “barotropic” instability, in opposition to “baroclinic”
instability, this latter requiring density stratification). This was illustrated clearly for instance
in Carnevale and Kloosterziel (1994), Carton and Legras (1994), Carton et al. (1989), and Kossin
etal. (2000), and many other works. If the mean vorticity profile (averaged along the azimuthal
direction) presents a local extremum at some radius, a necessary condition for shear instability
is satisfied according to a generalization of the Rayleigh theorem of inflectional point by Billant
and Gallaire (2005). This is, for instance, the case of the family of shielded monopoles, where
the vortex core of positive vorticity is surrounded by a ring of negative vorticity. By increasing
the intensity of the shear, the shielded vortex becomes unstable with a maximum growth
rate for perturbations of azimuthal wavenumber m = 2; by increasing the shear further, m =3
becomes even more unstable (see figure 7 in Carnevale and Kloosterziel (1994)). Inspired
by velocity measurements of Hurricane Gilbert that occurred in 1988, Kossin et al. (2000)
considered the vorticity of a piecewise-constant vorticity profile. The latter is constituted
of four distinct regions of vorticity: an inner region of very high vorticity, a moat region
of relatively low vorticity, an annular ring of positive vorticity, and an irrotational far field.
Kossin et al. (2000) then show that, by narrowing the moat, a shear instability appears with a
maximum growth rate at a wavenumber m =2 (see their figure Al). This shear instability can
be conceptualized as resulting from a wave interaction across the moat, between two Rossby
waves riding respectively the inner edge of the annular ring, and the outer edge of the central
vortex. Note that what we designate here as a “Rossby" wave, according to the terminology of
Kossin et al. (2000), is similar to the “Kelvin" mode discussed until now. Nonlinear simulations
have then shown this instability to saturate into a tripolar state.

Furthermore, an important ingredient to the subcritical transition towards the tripolar state
was found to be the non-normality of the linear operator L. An operator is non-normal if it
does not commute with its adjoint, the expression of the latter being relative to the choice of
an inner product. The eigenvectors of a non-normal operator do not form an orthogonal basis
under this inner product, thus a negative growth rate for all eigenvalues is not a guarantee for
the associated norm to decay monotonically. In fact, some small-amplitude perturbations
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may experience a large transient amplification. In particular, the linear transient growth
analyses conducted for instance in Antkowiak (2005), Antkowiak and Brancher (2004), Heaton
and Peake (2007), Mao and Sherwin (2012), and Pradeep and Hussain (2006), have revealed
the Lamb-Oseen (and Batchelor) vortex flow to support such strong transient energy growth.
Therefore, perturbations to the base flow field, such as free-stream turbulence or acoustic
disturbances, can be amplified strongly enough through non-normal, linear, mechanisms
to lead to a regime where nonlinearities come into play; the flow may then escape from its
linearly stable solution. This conjunction of non-normality then nonlinearity corresponds to
the “by-pass" scenario proposed in (Trefethen et al., 1993) and contextualized to the Lamb-
Oseen vortex flow in Antkowiak (2005). Recently, the transient growth analysis of the Lamb-
Oseen vortex has been numerically extended in the fully nonlinear regime via a Lagrangian
optimization in Navrose et al. (2018).

The present work aims at reconciling the simplicity of a weakly nonlinear model (such as in
Balmforth et al. (2001) and Sipp (2000)), in the sense that it is easier to solve and interpret
than the original equation, with non-normality. Specifically, the objective is to construct
an amplitude equation that is not restricted to the description of close-to-neutral modes or
quasi-modes, but that extends to responses associated with optimal transient growth.

The amplitude equation analytically derived in this chapter will not restrict the shape of the
base flow in order for the latter to support a close-to-neutral mode or a quasi-mode, and
will tolerate arbitrary temporal dependence of this base flow; this is precisely because these
complexities are already incorporated in the optimal transient growth analysis of which we
study the weakly nonlinear continuation. This makes possible the weakly nonlinear analysis
of optimal responses on vortices with more realistic vorticity profiles from field measurements.
For instance, this could be applied to the profile reported in figure 1 of Kossin et al. (2000),
from flight-level radar measurement of Hurricane Gilbert.

The derivation of a weakly nonlinear reduced-order model will make it possible to distinguish
the regimes where weak nonlinearities reinforce the transient gain, from the regimes where
they cause it to decrease. It will also provide a rough criterion for the minimum amplitude
of the initial condition required to trigger a bypass transition away from the axisymmetric
state. It will also help us quantify the importance of the distortion of the flow averaged in
the azimuthal direction, called “mean flow", with respect to the importance of the second
harmonic in nonlinear effects at stake.

After a brief derivation on the linear formulation in §8.2, the method advanced to derive the
amplitude equation is outlined in §8.3; specifically, we vary the amplitude of a given initial
condition and predict, at low numerical cost, the gain of the response at a selected time ¢ = #,.
The (general) method is then illustrated with the two-dimensional Lamb-Oseen vortex flow
with azimuthal wavenumber m = 2 in §8.5, exhibiting large gain and subcritical bifurcation.
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8.2 Linear formulation

In the following subsection, the formulation of the linear transient growth problem is briefly
recalled. In the rest of the chapter, we shall consider a purely two-dimensional flow, invariant
and with zero velocity in the axial direction. This two-dimensionality implicitly assumes
the flow not to be subject to any three-dimensional instabilities, or any kind of spontaneous
axial variations. This assumption is often made in considering vortex flows, and will not be
discussed further in the present chapter. Note that the restriction to a two-dimensional flow
is not intrinsic to the analytical development proposed in the following, but is simply made
to ease the computations thus concentrating our efforts on the analysis of the subcritical
transition toward the tripolar state.

Let Uy (r, 1) = [0, Up 917 (1, 1) denote a reference vortex flow, satisfying the Navier-Stokes equa-
tions exactly (without body force) and supporting a small-amplitude perturbation field of the
form

[;] r.0,1) = Z (r.0e™ 4 c.c. 8.1)

and @u(r, t) = [ily, flg] ” (r, £). The invariance of the base flow along the azimuthal (6) coordinate
justifies the Fourier mode expansion of the perturbation in this direction; m € Z denotes the
wavenumber in the azimuthal direction. Linearizing the Navier-Stokes equations around
Uy (1, t) leads to an equation for the temporal evolution of the velocity field #(r, t)

5 ioe (Ap—1/r*)/Re—imf2  —2im/(r*Re)+212 8-t i
= imI2Re) - W,  (Am—1/r2)/Re—im2 mP
L g 2 (8.2)
=An (1)
=L (Dit
where V,,, = [0,,im/r]T and
Q=Upglr, W,=0Q+0,Upg, Am=0p+1Ir0—m?Ir?. (8.3)

The letter {2 denotes the angular velocity of the base flow, where W is its vorticity along the
z-axis. The operator im{? is the advection by the base flow, and A, is the Laplacian associated
with viscous diffusion: it is therefore systematically multiplied by 1/Re. The presence of the
pressure term in (8.2) ensures the velocity field & to be divergence free for all times. Indeed,
the pressure is linearly linked to the velocity field according to the Poisson equation

Ampw) = =2i(md, Uy g/ 1) ity + 20y + 1/1)(20g), (8.4)

obtained by taking the divergence of the momentum equations, then enforcing the continuity
(Or + /1)1, +imilg/r = 0. The perturbation fields are subject to the following boundary
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conditions over r € [0; +oo], valid for all times

Oy Uy r=0=0;0glr=0 =0
for m even, and{ ritrlr=0 = Ordglr-0 for m odd, (8.5)

ar|r:0= fl6|r:0=0
ﬁ|r:0:0

armr:O:O

aswell as lim,_., #t = 0. As shown in the appendix of Kerswell and Davey (1996), by imposing
the parity conditions (8.5), “the correct axial behaviour automatically follows without need to
explicitly impose the regularity conditions".

Only the temporal dependence of the operators will be made explicit in the rest of the chapter;
for instance, L, (), whose temporal dependence is inherited from the base flow, is actually
L, (t) = Ly, (1, t; Re). Precisely due to the fact that it depends on time, the operator exponential
formalism cannot be used to solve (8.2). Instead, and given the value of the perturbation
field at a time ¢;, its temporal evolution at a further time ¢ according to (8.2) formally reads
(1) =U(¢, t;)i(t;). The operator ¥(t, ;) is traditionally named the propagator, for its action
directly maps #i(¢;) onto i(t) (Farrell & Ioannou, 1996). If ¢; =0 in particular,

() =v(t,0)it(0). (8.6)
The propagator responds to the semigroup properties
(e, t;) =W(t, V(s 1), 8.7)

and ¥(t;, t;) = I (the identity operator). Injecting it(t) = ¥(t, t;)it(t;) in (8.2), and enforcing the
equation to be satisfied for all #(¢;) leads to an evolution equation for the propagator

OW(t, 1) = L (DW(L, 1;). (8.8)
By evaluating (8.7) at ¢ = t; and s = t, it follows that
I=Y(t;, )¥(t, t;) thereby [U(t, t,-)]_1 =yY(t;, t). 8.9)

Eventually, taking the temporal derivative of the first equation in (8.9) results in an evolution
equation for the inverse propagator

OW(t;, t) = —W(t;, ) Ly (1). (8.10)

Note that in presence of a forcing term f(z) at the right-hand side of the system (8.2), its
solution (8.6) generalizes into

¢
(1) =W(t,0)2(0) +W(t,0)f ¥(0, s)f(s)ds. (8.11)
0

This formula will turn out to be useful in a moment.

The transient growth analysis amounts to constructing an orthonormal basis for the initial
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flow field, with the particular feature that elements of this basis are ranked according to how
much they are amplified at a given temporal horizon ¢, > 0. The first element of this basis is
the initial condition that is most amplified at ¢ = ¢,, the second is the most amplified under
the constraint that it must be orthogonal to the first, etc ... Due to the non-normality of L, (1),
the first few elements often lead to amplifications that are much larger than all the others. In
the case where the initial condition projects equivalently on each element of the basis, the
flow response at ¢ = ¢, is dominated by those stemming from the few first elements of the basis
only. In other terms, the key idea behind a transient growth (and/or a resolvent) analysis is
that the response of a system to external perturbations is intrinsic to the operator, thus the
precise form of these external perturbations matters little.

The first step is to define according to which measure the amplification is sought for. In the
following, we choose the norm induced by the Hermitian inner product

o0
(g ip) if i, rdr, (8.12)
0

the superscript 'H’ denoting the Hermitian transpose. Note that (it|it) = ||it||? is directly the
kinetic energy of the perturbation. The largest linear amplification (or “gain") between an
initial flow structure and its evolution at ¢ = t, > 0 (subscript o for 'optimal’) reads

) T(to)ll . 1
G,(t,) =max =—,
olfo) w0 20| €,

(8.13)

The optimal gain does not depend on the time itself, but only on the temporal horizon ¢,. In
the following, G, alone implies G,(t,). The propagator formalism (8.6) is used to re-write the
maximization problem (8.13) as an eigenvalue problem

2 (i(ty) (L)) (D(t,,0)T(0)[P(1,,0)8(0))
o = MaAX —————"——— =nax - -
a0) (@(0)|&(0))  @© (@(0)|&(0)) 8.14)
B ((0)[W(to,0) (2,,0)2(0) ) '
~ R0 (#(0)]22(0)) ’

where the operator ¥( t,,0)" denotes the adjoint of ¥(t,,0) under the inner product (8.12).
From (8.14), it is clear that G2 is also the largest (necessary real) eigenvalue of the self-adjoint
operator ¥(t,, 0)"¥(¢,,0), and the associated eigenvector, named i1, in what follows, is the
optimal initial condition. The latter is normalized such that (#,|it,) = 1. Smaller eigenvalues
and corresponding eigenmodes constitute sub-optimal gains and initial conditions, and the
family of eigenvectors is orthonormal. Let 1, be the unit-norm response to the optimal initial
condition i, at t = ,, such that I, = ¥(t,,0)it,/ G, and (20|io> =1. From this definition, and
using that ¥(z,, 0)T( to,0)it, = G(z, i1, and that the inverse of the adjoint is the adjoint of the
inverse, two relations follow

(0, 1)1, = €olt,, and W(0,1,) ity =€ol, (8.15)
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where we recall that ¢, is the inverse of the optimal gain. Note that these two last relations
also indicate the optimal initial condition and its associated response to be respectively the
right and left singular vectors of ¥(¢,,0), associated with its largest singular value. Since the
operator L,,(f) is assumed in the rest of the study to be strongly non-normal, the structures
it, and I, generally project poorly each of its direct and adjoint eigenmodes (except in the
limit £, — o0).

The full linear response seeded by €,1it, and such that i(to) = io reads 2(t) =€,¥(t,0)it,, or
(0, H)1(f) = €,it,. The gain associated with this full linear response reads

GG

lleoitoll €o

G(t 1) = =1¥(t,0)dtoll, (8.16)
where the parameter ¢, after the semi-colon in G(¢; ,) highlights that this gain was optimized
for the time ¢, specifically. Therefore, the gain (8.16) evaluated in ¢ = ¢, equals to that defined
in (8.13), i.e., G(t,; to) = Go(t,). Nevertheless, we insist that the gain (8.16) depends on the
time t and is parameterized by the temporal horizon ¢,, whereas the optimal gain (8.13)
depends only on the temporal horizon t,. In the following, the shortened notation G(¢) will
systematically imply G(¢; ,), and will be sometimes used to lighten the writing.

Of all the temporal horizons ,, the one leading to the largest optimal gain will be highlighted
with the subscript ‘max’ such that

1

max G, (ty) = Go(fo,max) = (8.17)
1,>0

€0,max

8.3 Weakly nonlinear formulation

In the linear paradigm, the gain is independent of ||#(0)|, for the latter is assumed to be
arbitrarily small. In reality, ||#(0)|| may be sufficiently large for the nonlinear corrections to
the response not to be negligible anymore, thus for the transient gain to depart from its linear
prediction. Building on our previous work (Ducimetiere et al., 2022a), we propose thereafter a
method for capturing weakly nonlinear effects on the transient gain over a time-varying base
flow.

In the rest of the present study, we subject the two-dimensional, unforced, Navier-Stokes
equations governing the flow field U(¢) to a small-amplitude initial perturbation around the
reference vortex flow Uy, (¢). The initial perturbation has an azimuthal wavenumber m and its
radial structure &y, with ||it|| = 1, is for now arbitrary. The strong non-normality assumption
justifies further assuming the transient gain to be large, that is to say, €, < 1, such that ¢,
constitutes a natural choice of small parameter with which to scale the amplitude of the initial
perturbation. Specifically,

U0) — Up(0) = av/ey (itne™ +c.c.) = Uy (i e™ +c.c.), (8.18)
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where the amplitude of the initial condition, Uy = &, /€,°, can vary through the real prefactor
a = 0(1). We intend at capturing the variation of the transient gain by increasing Uy.

For this purpose, the total flow field U is developed as a multiple-scale asymptotic expansion
in terms of powers of /€, around the reference vortex flow Uy, (¢)

U(t, T)=Up(t) +Veou  (t, T) +eou(t, T) + \/6_03u3(t, T)+ O(ef,). (8.19)

The slow time scale T = ¢, t was introduced, aiming at capturing the slow modulation of the
linear trajectory as nonlinearities progressively set in. The reason for which the expansion and
the scaling of the initial condition are made in terms of powers of /€, shall be specified later.
Injecting (8.19) in the Navier-Stokes equations, then expanding each u; as a Fourier series in
space according to

. _==(0) —(n) inmo
u](t, T)_uj (¢, T)+Xn:(uj (t,Te +c.c.) (8.20)

with n=1,2,3,..., yields

\/e_o[ (8t—Lm(t))ﬁ(1Deim9 + c.c.] +§1] +
€0 [ (0 — Lm(t))ﬁ;”eimg + c.c.] +35,+Cluy, ul]] +
) (8.21)
NG [ @ = Ln(0)u ™ + c.c.] +83+0ruy + Cluy, up]l +Clup, up ]| +
0(€%) =0,
where the nonlinear advection operator
Clx,y] = - Vy+r" [~xoy0, (soyr + x,¥0)/2]", V=10,,r7"p), (8.22)

has been defined. The fundamental field, corresponding to n = 1, has been isolated at each
order in (8.21), and the harmonics have been incorporated in s; with

8= 0~ Loy’ + ) [(& ~ Lm()u" "™ +c.c. (8.23)

forn=2,3,.... From (8.18), the only field with a non-zero initial condition is the fundamental
one appearing at third order, specifically, ﬁél) |t=0 = aft,. On the other hand, the relation

O = L& =0(£,0)9), (@(0, t)ﬁg.”) (8.24)
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can be established using (8.10). Further injecting (8.24) in (8.21) leads to

Veo [ [W(t, 0)0; (W(O, t)ﬁgl)) e 4 c.c.] +§1] +

eo | [2(1,000; (0, 07" ) ™ +c.c.| + 5o+ Clug,m] | + (8.25)

\/53 [ [W(t, 0)0; (W(O, t)ﬁél)) e 4 c.c.] +383+07u1 + Clu, us] + Cluo, ul]] +
0(e3) =0,

We recall that the application of the operator (0, ) is equivalent to integrating the system
backward from ¢ to 0, and that it maps the optimal response I, on a field of very small
amplitude €, «< 1 (by assumption) in (8.15). The main idea behind our method is to take
advantage of this by perturbing the operator ¥(0, t) for all ¢ = 0 according to

ity (1(0)]*)

> (8.26)
(5112

D0,1) =W(0,1) —€,P(r), with P(t)=H(1)
and where the Heaviside distribution H(?) is defined as H(0) = 0 and H(¢ > 0) = 1. The
operator {I(#)|*) applied to any field g simply results in (I(?)
@(0,0) = I and $(0, H)1(¢) = 0 for ¢ > 0, and therefore is singular for all strictly positive times;
the linear trajectory 1(1) constitutes its non-trivial (time-evolving) kernel. We further show in
Appendix 8.7.1 that the non-trivial kernel i)(t) of the adjoint operator ¢(0, 0t for r >0, such
that (0, ) b(z) =0, reads b(r) = ¥(z,0)"1 ().

&). The operator &(0, 1) satisfies

Note that

@(0,1)=9(0, 1) (I =10 (8.27)

<2(t)|*>),

(012

where the term in parenthesis is an orthogonal projection operator: it is self-adjoint, linear,
idempotent, and its application projects into the subspace that is complementary to (0.
Therefore (8.26), by stating that ¥(0, t) = ©(0, ), implies that applying ¥(0, f), or applying
&(0, ¢) that first removes the component on i(t) then applies ¥(0, £), both lead to very similar
initial states. That is precisely because ¥(0, t) maps 2(1‘) on €,it, of very small amplitude
€k 1.

In principle, expansion (8.26) requires

€o 1

!pO,If > Pt = — = = .
900, 011> €olIP(Dl| = &= oo

(8.28)

By using that the norm of the inverse of an operator is the inverse of its minimum singular
value
-1

(0, 0ll=|  min [[¥(,0)&)l| , (8.29)
(0),l|(0)]=1
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the condition above is equivalent to

i U(t,0)ie(0)]] < [|P(t,0)it,ll.
A(O)'lﬁ}zl(l(}m:lll( Vit (0)|| < [[¥(t,0) i, (8.30)

In other terms, the operator perturbation a priori holds for the times ¢ such that the response
to the initial condition that is the least amplified at ¢, is much smaller than the response to
it, that is the most amplified at z,. This is certainly verified for times around ¢ = ¢, which is
appropriate, for the response I is expected to be nonlinearly modified at first at these times.

By then perturbing the operator (0, t) in (8.25) according to (8.26), we are left with

]

(1,00, (00, 0 ) e + c.c.| + 5| +

(@(O L‘)u(1 ) ™0 4 cc. ] +32+C[u1,u1]]
(8.31)
|

(£,000; ( +c.c||+0E?) =0.
[lp o (P(t)_ 1)) im6 ” 2

W(t,0)0, (@(0 t)—“) el 4. ] + 53+ Oruy + Cluy, uo] + C s, uy] +

Note that the perturbation operator €, P(t), modifying ¥(0, ) in $(0, t) atleading order O(,/€,),
is compensated for at third order O(\/e_og) specifically. This was made purposely and explains
a posteriori why the asymptotic expansion was outlined in terms of integer powers of /e,
instead of being for instance in terms of integer powers of €,. More precisely, we anticipated
the forcing term C [u;, u2] + C [u, u;] appearing at third order, to have a non-zero component
on the fundamental wavenumber m, due to the bi-linearity of the operator C [*, *]; therefore,
making the term in P(¢) appear at third order as well, was a way of putting all forcing terms
oscillating at m at the same order.

Note also that only the propagator associated with the wavenumber m was perturbed, al-
though harmonics may equally lead to significant transient gains. This selective perturbation
is justified a priori by the fact these harmonics are not externally excited like the fundamental
pair is through the initial condition, but are only generated nonlinearly at higher orders. If,
however, the harmonic responses are a posteriori found to endanger the asymptotic hierarchy,
they can always be included in the kernel of their associated propagators in the manner of
(8.26).

Terms in (8.31) are collected at each order in /€,, yielding a cascade of linear problems. At
order /€, we assemble (9; — an(t))ﬁ(ln) =0 with ﬁg") l;z0=0for n=0,2,3,...and

W(t,0)0, (qﬁ(o t)—(”) 0 with @"|,=0. (8.32)

This leads to ﬁ(ln) =0 for all times and n # 1. In addition, multiplying (8.32) by ¥(0, ), then
integrating in time and using ¢(0,0) = I, gives 9(0, ?) um 0. The kernel of (0, #) being equal
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to H(1)1(¢) for r > 0, the solution for ﬁgl) reads
u(t, )= AMH®I( for =0, (8.33)

where A(T) € C is a slowly varying scalar amplitude verifying 0; A = 0. Eventually, the general
solution at /€, is written

u (t,T) = AT HDI(H)é™ +cc. for t=0. (8.34)

In the linear regime, A would be constant over time; therefore, by continuity, we expect its
variation to be small in the weakly nonlinear regime. This is what is implied in the fact that A
depends on the slow time T, since d;A=0; A+ (0; T)Or A=€,01 A= O(€,) < 1.

At order €,, the solution is
wy(t,T) = | ACT) Pu (0)+ (A2 (12" + c.c.| (8.35)
for t = 0, where

@ - Loy’ ==Cp |17, 1] +cc., 4 (©0)=0, and
- (8.36)
@ = Lom(0)i? = ~Cy [1,7], @ (0) = 0.

The advection operator in the Fourier space C,, [%, J] is as (8.22), excepted that V is replaced
by V,; it computes the transport, by the field %, of the field y oscillating at m. In principle,
the Heaviside distribution H(#) multiplies the forcing terms in (8.36). However, it can be
ignored here without loss of generality, for the forcing terms appear inside an integral between
0 and ¢ in the formal expression of the solution, where the presence of a Heaviside distribu-
tion is unimportant. In (8.35), the homogeneous solution A, (T)H (t)i(t), solving the system
(0, t)ﬁ;l) =0 for ¢ = 0, was ignored. In this manner, the component of the overall solution on
i(t) is fully embedded in A, without needing to be corrected.

At order \/(:‘_03 in (8.31) are gathered two equations: the first yields the Fourier component of
the solution oscillating at m

(2,000, (0, ) == AIAP HF - (dr A) HI - AW(£,0)0; (P(1) HI), (8.37)
subject to ﬁé” | =0 = aity, and where we defined
F2Com |1 02+ Co |02, 1]+ Co [Lu? |+ Cn [, 1], (8.38)

depending only on the fast time scale ¢. The second equation governs the Fourier component
oscillating at 3m

O = Ly (VTS == 4 (Com [i, af)] +Cim [uf), 2] ). (8.39)
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subject to u(?’) ;=0 = 0. Noticing that P(£) HI = H% i1, = Hit,, that ¥(0, 1)1 = €, it, (by definition)
and multiplying (8.37) by ¥(0, ¢) results in

O (45(0 t)_(l)) —AlAPHY(0, O F - (d7A) Heito — AD; (Hity). (8.40)
Integration over the time ¢, detailed in Appendix 8.7.2, leads to

@0, U = air, + AIAPWO, Hit - (dr Aeotity— AHit, (8.41)
where

(O; — Ln (1)@= — f, subject to i(0) = 0. (8.42)

Evaluating (8.41) in ¢ = 0 in particular, we check that u(l) |t=0 = aity, indeed. The operator $(0, t)
being singular for strictly positive time, (8.41) admits a non-diverging particular solution if
and only if its right-hand side is orthogonal to B(t) for all £ > 0 (Fredholm alternative). This
condition results in
(blitn)

~

,(b|w0, n)ix)
4 ~ A+ AJAP———
dT (b

uo> <i7|i‘0>

for t > 0. The adjoint field ia(t) =U(t, O)Ti(t) tends towards iJ(O) = 2(0) =€,lt, when t tends
towards 0. Therefore, in this limit, (8.43) reduces to

(8.43)

ltii%A: alility), (8.44)

where we also used that the limits of both the left-hand side and the nonlinear term in (8.43)
are 0 when t goes to 0; the former because of the presence of the factor ¢, and the latter because
i1(0) = 0. Solving (8.43) is equivalent to solving its partial derivative with respect to the fast
time scale ¢, reading

dA «d ((b|uh>)+A|A

6 —
°4T -

45
P (8.45)

( b|w, t)u)),

<b|“0>

subject to the initial condition (8.44). The system is written solely in terms of ¢ by evaluating
(8.44) and (8.45) at T =¢,t, and remembering that d; A =€,d7 Al 7=, leading to

i), 2. (88008
(bliro) dr\ - (blio)

dA
dr

) , with A(0) = a(@iyliy) . (8.46)

The amplitude A, previously undefined at ¢ = 0, was prolonged by continuity there by stating
A(0) =lim;_o A(#). Note that such rewriting of the amplitude equation in terms of ¢ was not
done directly for (8.43), since it would have given an ode without an initial condition, (8.44)
being intrinsically satisfied.

Introducing the rescaled amplitude a = /€, A and remembering the amplitude of the initial

215



Chapter 8 Weakly nonlinear response of the Lamb-Oseen vortex

condition to be Uy = a\/603, equation (8.46) writes

da Upd ((i;|ah>)

duy Uy . .
— = — 2—, th 0 = — , 847
a e, dr (b ﬁ0> + alal| s with a(0) - (Lol iey,) ( )

o

and where we defined the nonlinear coefficient

L 1 (b@|v0,nawm) 1 (We0M@|P0 0aw) (1o|am)

= — = —— =— (8.48)
€o <b(t) uo> €o <W(ty0)fl(t) uo> I1L(D)]1?
From here, the weakly nonlinear transient gain corresponding to the wavenumber m for ¢ > 0
is simply
_(1) A
€o Uy (L
Gw(t;to):“\/_o 1 ( )||_|d(l‘)|||l(t)||' (8.49)

Uodupll U

The parameter ¢, after the semi-colon in Gy (¢; f,) underlines that it is the weakly nonlinear
prolongation of a gain that was linearly optimized for ¢ = ¢,. Again, in what follows, the
shortened notation Gyy(t) will systematically imply Gy (t; t,). Note that Gy (t,) = |a(t,)|/ Uy.

The linear regime corresponds to the limit Uy/e, — 0, or simply Uy — 0, since if the amplitude
of the initial condition is much smaller than the linear gain, then the amplitude of its response
is much smaller than one. In this limit, the nonlinear terms in (8.47) becomes negligible, and
the solution tends towards

_@(iﬂ(t)
€o (b(t)

i) (10| Up¥(t,0)y,)
i) 110112

a(t) (8.50)

which is the properly normalized projection on 1(1) of the response to the initial condition
Upiry, as expected at a linear level since a(¢) is the amplitude along i(t).

1), with &
any trajectory, would also have led to a singular operator with I as a non-trivial kernel, but

Note that in (8.26) any other perturbation operator of the form P = Hii, (X|*) / <5c

with b =¥(t,0)" % as a non-trivial kernel of its adjoint. Choosing % = I implying b = ¥(t,0)'1, as
was done so far, is the only choice leading to a coherent result in (8.50), thereby guaranteeing
the uniqueness of P in (8.26); as a side comment, it should be noted that among all &, & = I
also leads to the P of the smallest possible norm.

For the gain at t = t,, (8.50) corresponds to

1 b(t)|ip)l 1
lim Gw(to):—M=—l<uoluh>l, (8.51)
Uo—0 €o |<b(to)|uo>| €o

since i)(to) = eOSP(tO,O)TEP(tO,O)itO = it,. The result (8.51) also is as expected from the linear
prediction. In particular, we recover limy,—¢ Gw(f,) = 1/¢, = G, when the optimal initial
condition is applied (@, = it,). It also predicts the gain to be null when #;, is orthogonal to it,,
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indicating the linear response at t = t, to be orthogonal to I, without taking into account the
gains associated with sub-optimal forcings. Therefore, these latter should be O(1/,/€,) to be
mathematically consistent.

For the rest of the chapter, we set itj, = &t,. In physical terms, this choice, although very specific,
is found to be the most natural in the absence of information regarding the structure of the
actual initial condition #;,. Note, however, that it;, might project very poorly on it,, and in the
latter case reducing the dynamics to the response to it, would give inaccurate results.

Further expressing a(f) in terms of an amplitude |a(r)| € R* and a phase ¢(¢) € R such that
a(t) =|a(t)]e'??, the amplitude equation (8.47) becomes

dial _ |a|3d'u’, with |a(0)| = % and

de dt €0 (8.52)
d _ |a|2d“i, with ¢(0) = 0.

ds ds

“_.n

the subscripts “r" and

“w=en
1

denoting the real and imaginary parts, respectively. The equation
for |al, in particular, bears the following analytical solution

Ia(t)lzﬂ ! , thus Gy (1) = S0

For any time ¢, the gain decreases strictly monotonically with Uy if u, (¢) <0, thus is maximum
in the linear regime. Moreover, the gain stays constant with Uy if u,(¢) = 0, and increases
strictly monotonically if u,(f) > 0. In the latter case, by increasing U the gain eventually
becomes singular (tending towards +oo at time ¢) for

Uy = 6—0, defined if u, () > 0. (8.54)

20, (D

In the following, we call (8.53) the Weakly Nonlinear Non-normal transient (WNNt) model.
In Appendix 8.7.3 we show that at first order in the gain variation, (8.53) partly reduces to
the sensitivity of the gain G(¢) to the axisymmetric base flow modification +a§ ug)) (1), where
a; = (Up/e,) is the amplitude of the response in the linear regime. In this sense, our model
states that small gain modifications by increasing Uy, are partly due to the fact that the
perturbation now evolves over a base flow that is distorted through the action of the Reynolds
stress forcing —C,, [aﬂ*, aﬂ] + c.c. of this very same perturbation (nonlinear feedback). In

addition, (8.53) also includes the effects of the second harmonic oscillating at 2m.

In Appendix 8.7.4, a second method that is more immediate, although perhaps less rigor-
ous, is proposed to derive the amplitude equation (8.43). This method does not rely on the
singularization of the propagator, and was named the “pseudo-forcing method".
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8.4 Linear and fully nonlinear transient growth in the diffusing, two-
dimensional, Lamb-Oseen vortex

Equation (8.53) is employed thereafter for the analysis of the transient gain experienced by a
two-dimensional Gaussian vortex in a weakly nonlinear regime.

8.4.1 Flow geometry

Vortices are flows combining rotation and shear, and the majority of them possess a localized
distribution of vorticity. The Lamb-Oseen vortex is perhaps the simpler solution of the Navier-
Stokes equation containing these ingredients, thus is adopted in the rest of this chapter. It
expresses

_ e—rZ/(1+4t/Re)
Up,r(r,£)=0, Upg(r,t)= . (8.55)
r

The associated vorticity field, W7, has a Gaussian radial profile

Ubo , OUppy 2 —r2/(1+4t/Re)

W,(r,t) = =
=00 9y ~ 1+A4t/Re

) (8.56)
that diffuses with time for finite Re values. For the linear velocity perturbation, we select the
azimuthal wavenumber m = 2, since it is the wavenumber associated with the subcritical
bifurcation towards the tripolar state described in the introduction (see for instance Rossi et al.
(1997)). Only the response to an initial condition with m = 2 will be considered in this chapter.

8.4.2 Numerical methods

In practice, the Poisson equation (8.4) for the pressure is never solved directly, the latter being
included in the state space instead:

A

u

A

p

|, it . | o
| =Bn(®)| |, with M=
p p

0 0

Ap(t) =V
Vi 0

Mo, . (8.57)

Systems (8.57) and (8.2) lead to the same solution for the velocity field, and (8.2) was se-
lected for the analytical development only because it does not contain the singular mass
matrix, which lightens the writing. To produce the linear and weakly nonlinear results, (8.57)
is discretized on Matlab by means of the pseudospectral Chebyshev collocation method.
Specifically, the variables are collocated at the N Gauss-Lobatto nodes s = cos(jz/(N —1)),
with j=0,1,..., N -1, which includes the endpoints s = -1 and s = 1. This grid is mapped
on the physical domain 0 < r < Ry, 45 using an algebraic mapping with domain truncation
r=L01+5)/(smax — 5), where L is a mapping parameter to cluster the points close to the origin,
and is set equal to 3. The parameter s, is defined as $;4x = (2L + Riax)/ Rmax (see Canuto
et al. (2007) and Viola et al. (2016)). In the present work, R4, =50 and N =300 proved to be
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sufficient for the convergence of all results. The lines corresponding to r =0 and r = Ry, 4x
in the discretized version of (8.57) are replaced by those enforcing the boundary conditions
there; this also avoids the problem of the singularity in r = 0.

The action of the propagator ¥(t,0) is computed in practice by marching (8.57) in time using a
Crank-Nicholson scheme. Specifically, if the pressure and the velocity field are known and
A(n)] T

equal to [, p at a time t,, their values at ,,41 = t,, + At are obtained upon inverting the

system

(ﬂ—lB (t ))
At 2 m\ln+1

o
) (8.58)

a(n+l)
ﬁ(n+1) =

M+IB (t))
Ar 27

ﬁ(n)

which is done employing the command backslash on Matlab. The solutions to the other linear
time-dependent systems at higher orders are also approximated upon discretizing in time
with a Crank-Nicholson scheme. The adjoint system to (8.57) reads

it
i

ot
o, [
p

= B! [;T , (8.59)

where we used M = M, and where the expression of Bm(t)T and the boundary conditions for
the adjoint field are derived in Appendix 8.7.5. The action of the adjoint propagator ¥(t,0)",
necessary for the linear optimization, is determined by time marching (8.59) backward. That is,
from known adjoint velocity and pressure fields at a time ¢,,1, their evolution at t;, = ¢, — At
are obtained by solving

aT.(n) ﬂT,(n+1)

M 1 M o1,
( =(E+§Bm(tn+1) shnen | (8.60)

—- —BI,,(tn))

At 2 ph

A time step of At=0.02 was selected and was found sufficient to guarantee convergence of
the results.

The fully nonlinear simulations (DNS) were performed using the spectral element solver
Nek5000. A two-dimensional square grid (x, y) € [—Rmax, Rmax] X [—Rmax,» Rmax] Was used,
with a particularly high density of elements near the vortex core region where the flow gradients
are intense. Convergence of the results by refining the mesh and extending the size of the
computational domain has been checked.

8.4.3 Linear results

The results of the linear transient growth analysis for m = 2 and varying Re € [1.25,2.5,5,10] x
103 are presented below. The optimal gain G,(¢,) defined in (8.13), also called “envelope", is
shown as a function of ¢, in figure 8.1a and for different Re. For all considered Re values, G, (f,)
reaches a clear maximum at relatively small #,, before decreasing and plateauing by further
increasing #,. The values G,(f, max) Of these maxima, and of the corresponding temporal
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Figure 8.1: Linear transient growth in the two-dimensional, time-dependent Lamb-Oseen
vortex flow for varying Re number € [1.25,2.5,5,10] x 103, larger Re corresponding to lighter
colours. The perturbation has wavenumber m = 2. (a) Optimal gain as defined in (8.13) as a
function of the temporal horizon #,. The star marker corresponds to its maximum value over
t, and for a given Re, that is, to G, (£y,max) = 1/€o,max- (b) Top panel : €, max multiplied by Re!/3
and plotted as a function of Re; bottom panel : £, max multiplied by Re™'/3 and shown as a
function of Re.

horizons t,max, seem to increase monotonically with the Re number.

The type of dependence is made explicit in figure 8.1b, where we propose in the top panel
to plot €, max multiplied by Re!’? as a function of Re, demonstrating that G, (£o,max) < Re'’3.
In the bottom panel, £, ma multiplied by Re~'/2 is also shown as a function of Re: while the
data align slightly less well on a constant line, the agreement remains correct and stating

Lo, max X Re!/3

is a fair approximation. All these results are in excellent agreement with those
presented in chapter 3 of Antkowiak (2005). In particular, the power-law dependencies of both
Gy (to,max) and £, max have already been observed and interpreted physically, and discussed

next.

In figure 8.2, by fixing Re = 5000, the optimal gain G,(t,) over ¢, is reproduced from figure 8.1,
as well as the gain G(#) associated with the linear trajectory optimized for t, = 5 max = 35
specifically. We check that G(0) =1, that G(35) = G,(35) and that G is below G, everywhere else.
At the times corresponding to the black dots, the axial vorticity structure, expressed as

&=Q0/r+0.) 0y — (m/r)dy, (8.61)

is shown in figure 8.3. For the panel in the top-left corner, we observe that the optimal
initial condition consists of an arrangement of vorticity sheets, or “spirals”, orientated in
counter-shear with respect to the base flow. As time increases, the sheets unfold under the
effect of advection by the base flow, in analogy with the Orr mechanism. Antkowiak and
Brancher (2004) and Antkowiak (2005) also argue that a Kelvin wave (corresponding to a core
mode) is transitorily excited in the heart of the vortex, by induction of the vorticity spirals.
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Figure 8.2: The continuous line is the reproduction of the envelope shown in figure 8.1a for
Re =5000. The dash-dotted line is the gain G(¢) associated with the linear trajectory optimized
for t, = to,max = 35, defined in (8.16). By definition, both curves collapse at ¢ = 35. The black
dots correspond to ¢ =0, 15,30, ...,105, for which the corresponding vorticity structures are
shown in figure 8.3.
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Figure 8.3: Temporal evolution of the vorticity structure @(r, t) of the optimal linear response,
shown at the specific times corresponding to by the black dots in figure 8.2. Each subfigure
shows only [x, y] € [-4,4] x [-4,4]. The plus sign denotes the origin, the dotted circle is the
unit circle, and the dashed circle highlights the radius r; as defined in (8.63).

By “induction” is meant that a radial velocity perturbation is induced in the heart of the
vortex as the spirals unfold, and advects the base vorticity which is large here, thus acting
as a source for the vorticity perturbation. The core mode is particularly visible in the heart
of the vortex in the top-right panel corresponding to ¢ = 45. However, it quickly disappears
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for later times, as the vorticity spirals roll up in the other direction, this time in line with the
base advection (see the panel for ¢ = 60). Doing so, the vorticity perturbation decays with
time due to a shear-diffusion averaging mechanism studied by Rhines and Young (1983) for a
passive scalar and in Lundgren (1982) for vorticity. In particular, Lundgren (1982) concludes
that, as long as the vorticity perturbations are rapidly radially varying, the shear-diffusion
homogenization mechanism is qualitatively identical to the passive scalar case. This was
confirmed numerically a few years later in Bernoff and Lingevitch (1994), where is further
demonstrated that the decay of the perturbation vorticity spirals acts on a Re'’? time scale.
From here, Antkowiak (2005) argues that, in the limit of vanishing viscosity, the evolution
equation for the perturbation vorticity @ becomes time reversible; therefore the unfolding
(Orr) amplification mechanism can be seen as the “mirror” of the shear diffusion, a damping
one. Indeed, the curve for G(¢) is fairly symmetric around ¢ = ¢, in figure 8.2, and would be
even more for larger Re values. In this sense, the Orr mechanism has an “anti-mixing" effect.
This explains why the temporal horizon leading to the largest amplification is also in Re'’3,
because it is the “natural” amplification time scale of the vortex. It should be noted that this
conception of the Orr and shear-diffusion mechanism as “mirroring" each other was already
present in Farrell (1987) in the context of plane shear flows. As a side comment, Antkowiak
(2005) also derives the Re!/ dependence of £, max by simply balancing the unfolding and the
diffusion (in the radial direction) time scales.

We insist that, apart from a tenuous transient excitation of a core mode by vortex induction,
the amplification mechanism of the perturbation is essentially the Orr mechanism. Farrell
and Ioannou (1993) have shown that this mechanism was associated with the scaling law
Gy (t,) x t, (note that the gain defined in Farrell and Ioannou (1993) is the square of the gain
presently defined). From here, the scaling law G, (5 max) Rel’3 follows immediately.

The shear-diffusion (thus the Orr) mechanism is in essence non-viscous. The only role played
by viscosity is to select the radial length scale of the initial vorticity structure (which would
tend to be infinitely thin in the absence of viscosity, and the optimal gain and associated
temporal horizon follow). Indeed, vorticity sheets that are too thin will be smoothed out

by viscosity. If both the optimal gain and the decay time are < Re!/3

, then the decay rateis
independent of Re. In fact, the decay of the vorticity moments associated with the structures
observable in figure 8.3 after ¢ = 35, can also be interpreted in terms of the Landau damping

phenomenon, which is purely inviscid (Schecter et al., 2000), as developed in the introduction.

More precisely, the exponential decay rate of the vorticity moments can be obtained from a
Landau pole of the vortex base profile, as first demonstrated in Briggs et al. (1970). For this,
one first needs to define the m-th multipole moment of the vorticity perturbation as

Q" () :f ™o, odr = [F" N (g — 100)] r— o (8.62)
0

Then, to quote Schecter et al. (2000), “A Landau pole is a complex frequency w4 — iy at which
the Laplace transform of Q(m) (2) is singular [...]. A Landau pole contributes a term to Q(’”) (1) of
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Figure 8.4: Temporal evolution of the vorticity moment Q'? (¢) corresponding to the linear
response shown in figure 8.2 and figure 8.3; the black dots again denote the specific times
where the vorticity field is shown in figure 8.3. (a) Phase ¢(¢) divided by 27. (b) Amplitude
IQ(Z) (2)|. The black dashed lines correspond to a pure Landau damping Q(Z) (f) = e 10ql=Y1,
where we use fitted values for w, and y.

the form e Y'~™®a!" A Landau pole, like an eigenvalue, is a property of some specific linear
operator acting on a perturbation and, in this sense, depends on the base profile and the
wavenumber of the perturbation, but not on the specific radial shape of the latter. A Landau
pole is generally not unique, and its calculation amounts to solving an eigenvalue problem
along a radial contour that was deformed in the complex plane (see the appendix in Schecter
et al. (2000)); however, one can reasonably expect one of these potentially multiple Landau
poles to dominate over the others.

In considering the response of an inviscid Gaussian vortex to a generic external impulse with
m =2, Schecter et al. (2000) indeed find that the quadrupole moment Q® (z) of the vorticity
perturbation “decays exponentially, and the decay rate is given by a Landau pole". In addition,
is also mentioned that “the vorticity perturbation |...] is poorly described by a single damped
wave [...] Rather, the vorticity perturbation is rapidly dominated by spiral filament". This is
also the structure observed from ¢ = 60 in figure 8.3, which closely resembles the figure 9 in
Schecter et al. (2000). In other terms, the response excites a very large number of structurally
different eigenmodes, yet it does not invalidate the relevance of the dominant Landau pole.

By writing the quadrupole in terms of amplitude and phase, Q(Z) (1) = |Q(2) ()] we display
in figure 8.4a the temporal evolution of the phase ¢(#) normalized by 27 and corresponding to
the response shown in figure 8.3. The amplitude |Q® (#)| is also shown in figure 8.4b. The best
fit of the form of a pure Landau damping Q® () = e~ “4/~Y! is also proposed. Clearly, the phase
changes at a constant rate in figure 8.4a for 15 < ¢ < 65, and |Q'? (¢)| decays exponentially
in figure 8.4b for 40 < t < 65. Therefore, we confirm that the quadrupole moment Q® (¢),
associated with the linear response in figure 8.3, is well approximated by a Landau pole in its
decaying part, although we consider a viscous flow over a time-dependent base vortex, which
is not the case in Schecter et al. (2000). The Reynolds number Re = 5000, however, seems
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sufficiently large for the conclusions drawn in Schecter et al. (2000) to also hold here. In the
following, reference will be made to the Landau pole to qualitatively interpret the nonlinear
effects, even if the fact that Re is finite possibly makes it less rigorous. The precise value of y in
figure 8.4b is unimportant, for the comparison with any analytical prediction of the Landau
pole is outside the scope of this chapter. Note that the exponential decay is followed by an
algebraic one for large times, which is also observed in Schecter et al. (2000). The fitted value
w4 =0.42 in figure 8.4a is, however, important, for it gives the location r of the radius where
the angular velocity w,/m associated with the Landau pole is equal to that of the base flow

mirq(1),1) = wgy. (8.63)

The radius solving (8.63) at each time is highlighted by a dashed circle in figure 8.3. It takes the
value rg =~ 2.16, very weakly dependent on time.

It can be shown that the decay rate of the Landau pole is linked to the radial derivative of the
base vorticity at r4 specifically. In fact, as demonstrated in Schecter et al. (2000), Turner and
Gilbert (2007), and Turner et al. (2008), the exponential damping mechanism can be removed
from any vortex, in particular a Gaussian one, by cancelling such derivative at r.

The poor modal description of a perturbation evolution over a Gaussian vortex, mentioned in
Schecter et al. (2000) and confirmed in figure 8.3, is the reason for which non-modal analytical
tools are deployed in the present study, in particular for studying nonlinear effects. We address
these latter now.

8.4.4 Fully nonlinear results

We introduce the fully nonlinear results obtained from DNS in the present section. Let us
define u,, as being the perturbation between the fully nonlinear solution U obtained from a
DNS, and the reference Lamb-Oseen solution Uy, in (8.55); in other terms, uy, = U — Up. We
recall that this perturbation is initialized along the wavenumber m =2 with the linear optimal
initial condition with an amplitude Uy, such that

upli—0=Uo it,e™ +c.c.. (8.64)

Owing to nonlinear effects, u, generally does not oscillate purely along m for strictly positive
times. For this reason we need to further extract ﬂg), the component of u,, oscillating at the
fundamental wavenumber m, hence the superscript ‘(1)’. For this, a Fourier series is naturally

used as

1 271 g 2
ﬁg) (r)= —f uy(r,0)cos(mb)do - L/ u,(r,0)sin(m0)do, such that
21 Jo 21 Jo (8.65)

u;,l) (r,0) = itg) (e +c.c.
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Figure 8.5: (a) Amplitude of the fully nonlinear fundamental perturbation itg) as defined in
(8.65), initialized with the linear optimal condition for (Re, m, t,) = (5000, 2,35). Larger Uy
values correspond to lighter colours. (b) The same data are divided by their corresponding Uy,
yielding the nonlinear gains as defined in (8.66). For the largest considered Up = 2.82 x 1072,
black dots are located at £=0,30, 60, ...,210, for which the corresponding vorticity structures

are shown in figure 8.6.

From here, the fully nonlinear gain (associated with the fundamental pair) is immediately
defined as

iy ||
G = . (8.66)
DNS UO

By fixing Re = 5000 and ¢, = 35, we report in figure 8.5a the fully nonlinear evolution of
the perturbation amplitude IIit%D ||, for different amplitudes of the initial condition Uy. The
associated gain, that is, the same data divided by the corresponding Uy, is shown in figure 8.5b.

Figure 8.5a illustrates well a bypass transition, also called “bootstrapping effect” in Trefethen
etal. (1993), where linear transient growth and nonlinear mechanisms interact to bring about a
transition to a new state, distinct from the reference one. Indeed, as we increase the amplitude
of the initial condition (linearly in log scale), the transient growth of the perturbation, initiated
by the linear Orr mechanism as we have seen, becomes sufficient to trigger nonlinear terms;
for the two largest considered Uy, this prevents the flow to re-axisymmetrize to the Lamb-
Oseen vortex. Interestingly, for the third and fourth largest considered Uy, the flow seems to
temporarily approach a new state but nevertheless relaxes towards the reference one.

For the largest considered Uy = 2.82 x 102 and the set of times highlighted by the black dots,
we report in figure 8.6 the structure of the vorticity perturbation. From ¢ = 60, the flow has
reached a new nonlinear quasi-equilibrium state, that diffuses very slowly due to viscous
effects, and rotates counterclockwise with a period of approximately 45 units of times. The
corresponding total vorticity field, which is obtained by adding to figure 8.6 the Gaussian
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Figure 8.6: Temporal evolution of the vorticity structure of the fully nonlinear perturbation for
Up = 2.82 x 1072, shown at the specific times highlighted by the black dots in figure 8.5. Each
panel shows only [x, y] € [—4,4] x [—4, 4], the plus sign denotes the origin, and the dashed line
is the unit circle.

reference vorticity (8.56), takes a tripolar shape. This is shown in figure 8.7 for ¢ = 120, where
the heart of the vortex takes an elliptical shape that is surrounded by two satellite vortices of
low and negative vorticities (corresponding to the two blues spots in figure 8.6 from ¢ = 60).
As developed in the introduction, this tripolar state was already largely reported in a variety
of contexts. In particular, its spatial structure compares well with the one reported in figure
2 of Antkowiak and Brancher (2007) for Re = 1000, or with the experimental visualization in
Kloosterziel and van Heijst (1991).

In terms of the gain in figure 8.5b, we notice that all the curves corresponding to different Uy
collapse for small times, confirming the linearity of the initial growth mechanism. However,
they significantly depart from each other at larger times. If nonlinearities seem to saturate the
gain for times around ¢, = 35, they clearly increase the latter up to three orders of magnitude
for large times; as said, that is because the flow bifurcated to another state, thereby the
perturbation that is measured around the reference vortex remains large.

The weakly nonlinear model is now employed to assess the gain evolution with Uy shown in
figure 8.5b.
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t =120 t =180

Figure 8.7: Same as in figure 8.6 but the reference vorticity field (8.56) has been added, so as to
visualize the total, fully nonlinear, vorticity field; some isolines are also shown to better expose
the elliptical deformation of the vortex core.

8.5 Weakly nonlinear transient growth in the diffusing Lamb-Oseen
vortex in dimension two

In the weakly nonlinear paradigm, the perturbation field u,, is approached by u;, = /e, u; +
€Eolly + \/6‘_03 us + O(ef,), as can been seen in (8.19). Consequently itg) is approximated by

€o ﬁgl) + eogﬁén + O(\/QS), therefore the fully nonlinear gain Gpys defined in (8.66) is
expected to reduce to the weakly nonlinear one G, defined in (8.49), since €, < 1. These
two quantities are compared in this section. Note that we checked that for all considered Re
values the first sub-optimal transient gain was O(1/,/€,), in contrast to 1/¢, for the optimal
one, which mathematically justifies focusing on the response to it, only.

8.5.1 Transient change from nonlinear saturation to nonlinear amplification

The real part of the weakly nonlinear coefficient, defined in (8.48), is shown in figure 8.8a
for Re = 5000 and #, = ty,max = 35. It is further split into the sum of a mean flow distortion

contribution, p(,o), arising from ug” only, and second harmonic contribution, p(rz), arising from

itéz) only. In this manner, p, = Oy,

Remarkably, after having significantly decreased until reaching a minimum at ¢ = 59, the
coefficient i, increases again and changes sign at ¢ = 87. It then reaches its maximum at
t =107, and decreases again until plateauing around zero for ¢t = 150. A change of sign
in u, brings diversity to the behaviours reported in Ducimetiére et al. (2022a), concerning
transient growths in the streamwise-invariant Poiseuille flow, and in the flow past a backward-
facing step. There, only negative coefficients, corresponding to saturating nonlinearities, were
observed. In the present work, however, nonlinearities appear to reinforce the gain for some
time. When it is negative, the behaviour of i, seems largely dominated by the contribution
from the mean flow distortion p(ro). When the former is positive, however, p(ro) is reduced and
the second harmonics appear to contribute as much to the sum.

Upon taking the derivative of the square the weakly nonlinear gain in (8.53) with respect to
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Figure 8.8: (a) Real part of the weakly nonlinear coefficient u defined in (8.48) (black continu-
ous line). It is further split as the sum of a contribution from of a mean flow distortion (red
dash-dotted line), plus a contribution from the second harmonic (blue dotted line). In the
grey zone, the weakly nonlinear gain G, defined in (8.49) increases monotonically with Uy,
since y, > 0. In the white zone, it decreases monotonically. (b) The coefficient u, is compared
with its reconstruction from DNS data (magenta dashed line) according to (8.68).

Ug, we obtain

(G2 2
( Vzv): e A (8.67)
oy  e5-2U5ur

Therefore, the coefficient y, relates directly to the rate of change of G2, with respect to Ug in
the limit where Uy tends towards zero as

2 2
6"(1' L 9Gy) . (8.68)

=—| lim —-
Hr Uo—0 G2, O(U?)

By using (8.68), the coefficient u, can be reconstructed directly from DNS data. For this, the
derivative in (8.68) is estimated by using a first-order finite difference approximation between
DNS data for the gain squared, corresponding to the two lowest considered Uy =2.26 x 1074
and Uy =2.82 x 107%. The result is shown as the magenta dotted line in 8.8b, and compared
with the actual ;. The good agreement between both curves for ¢ < 130 a posteriori validates
for these times our weakly nonlinear expansion, a least in the limit of small Uy. However,
both curves depart significantly after ¢ = 130, presumably due to the violation of the condition
(8.30) ensuring that the asymptotic expansion is well posed. Indeed, the response to the initial
condition optimized for ¢ = ¢, = 35 was shown to rapidly decay in amplitude for larger times
in figure 8.2; therefore the norm of the perturbation operator, ||P(£)|| = 1/|I(¢)||, increases
accordingly.
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Figure 8.9: Weakly and fully nonlinear gains as defined in (8.49) and (8.66), respectively. Larger
Up €[0.03,0.45,1.12,2.82] x 1072 correspond to lighter colours (direction of increasing Uy is
also indicated by the arrow). The continuous line stands for DNS data whereas the dash-dotted
is for the weakly nonlinear model. Temporal horizons are £, = £y max = [25,30, 35,40] (times at
which a black star is shown) for Re = [1.25,2.5,5,10] x 103, respectively.

8.5.2 Comparison of fully and weakly nonlinear gains

In figure 8.9 the weakly nonlinear gain, associated with the coefficient in figure 8.8, is compared
with the fully nonlinear one. For the moment, only short times where the gains are large are
shown. The later evolution, being associated with orders of magnitude smaller gains, will be
considered in figure 8.10 in log scale. On the time interval chosen for figure 8.9, the coefficient
Uy is negative, thereby the model predicts the gain to decrease monotonically with Uy. For
values of Uy small enough so that the linear gain (black curves in 8.9) is only slightly modulated,
the agreement with DNS data is excellent. By increasing Uy, the agreement degrades only
slowly and remains very good for these relatively small times, for instance over 0 < ¢ <40 in
the panel corresponding to Re = 10%. This corresponds to times when the nonlinear structure
remains symptomatic of the linear one, in the sense that the flow has not yet reached the
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Figure 8.10: Weakly and fully nonlinear gains for Re = 5000 and increasing amplitude of the
initial condition Uy € [4.5,7.1,11.2,17.8] x 1073, Each panel corresponds to a different Uy. The
grey box denotes the time interval (8.69) over which the weakly nonlinear gain is undefined.
The latter is singular at the boundaries of this interval.

tripolar state (temporarily or not, as shown in figure 8.5). Indeed, the amplitude equation
(8.52) is independent of space, which condemns the response to be structurally close to the
linear one. For later times and large Uy, as soon as the fully nonlinear gain begins to oscillate
and to bear a non-monotonic behaviour, the agreement with our weakly nonlinear model
rapidly degrades. The reason is precisely that, the response whose nonlinear evolution is
approached by our model, is not selected by the flow anymore, which has reached another
state, temporarily or not, and that is structurally completely different; about this new state,
the amplitude equation has no information.

Nevertheless, while the proposed amplitude equation fails to predict the gain and the structure
of the flow when at the tripolar state, it does predict a bifurcation threshold. This is illustrated
in figure 8.10, where the same data as in figure 8.9 for Re =5000 is shown, although the time
interval is extended until ¢ = 150 to include the time interval where the real part of the weakly
nonlinear coefficient becomes positive, indicating “anti-saturation”. The weakly nonlinear
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gain is undefined on the time interval where

2
p,(t)zl(e—") >0, (8.69)
2\ U

which widens by increasing Uy. The gain is singular (tends to infinity) at the times corre-
sponding to the boundaries of this interval. The latter is highlighted by the grey zones in
figure 8.10.

8.5.3 Bifurcation thresholds

By looking at the panels corresponding to Uy =1.12 x 1072 and Up = 1.78 x 102, we observe
that over the time interval where the equation has no solution, i.e. the grey zone, the fully
nonlinear simulation seems to have reached the tripolar state (although for Uy =1.12 x 1072 it
is only temporary as it eventually relaxes towards the reference state). In this sense, a loss of
solution in the amplitude equation could indicate that the DNS has left the state around which
the weakly nonlinear expansion was constructed. The minimum Uy for which the weakly
nonlinear gain becomes singular may then be considered as an approximation of the actual
bifurcation threshold. Such minimal Uy, named Ug is what follows, reads

€o
V2 ()

and is defined if and only if y; (z) > 0.

Ug = where p,(ts) = mtaxpr(t), (8.70)

A bifurcation threshold in the DNS solutions must also be defined and compared directly with
(8.70). To the knowledge of the authors, there is no clear and universal subcritical bifurcation
criterion, and the choice made is always arguably arbitrary. Nevertheless, we will opt for the
criterion proposed in Antkowiak (2005), based on the observation that the tripolar state is
characterized by a deformed, non-axisymmetric, heart. Therefore a characteristic aspect ratio
A of the heart is established as

+R
422 5 with ] = U+ Joa)y R=/Uzo = Joo)? + 477, and ®.71)

IJmn= [ x™y"®(x, y)dxdy a vorticity moment. A characteristic eccentricity is further defined
as e = V1-1/A%. From here, Antkowiak (2005) computes the typical half-life time (that is
where the criterion is rather arbitrary) of the heart deformation as

T

7, such that f

1[4
e()dt= —f e(ndt, (8.72)
0 2Jo

where ¢ =500 is the final time of the fully nonlinear simulations.

We report the half-life time as a function of Uy and for different Re values in figure 8.11a. For
each Re number, we also highlight an inflection point in 7 at a certain Uy, and we declare the
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Figure 8.11: (a) Typical half-life time of the heart deformation defined in (8.72), as a function of
the amplitude of the initial condition Up. Larger Re = [1.25,2.5,5,10] x 103 correspond to lighter
colours. A star highlights an inflection point, for which the corresponding Uj is declared as
being the threshold amplitude for the subcritical bifurcation. Such thresholds Uy are reported
in (b) as a function of Re (also with a star symbol). The prediction from the weakly nonlinear
model, Ug defined in (8.70) is also shown. The thin continuous line is a power law fitted on
the DNS data for the first three considered Re, with o« Re™%88, whereas the thin dashed line is
fitted on the weakly nonlinear data with o« Re™%%. The inset shows the same in log-log scale.

latter as being the subcritical bifurcation threshold. It is reported directly as a function of Re
in figure 8.11b, and compared with the weakly nonlinear prediction Uy, in both linear and log
scales. Both approaches clearly highlight a decreasing power-law dependence of the subcritical
bifurcation threshold with the Re number. For the fully nonlinear data, the fitted exponent
—0.88 found in the present study, agrees relatively well with the one reported in Antkowiak
and Brancher (2007), which is —0.8. However, since little information is given regarding how
the threshold amplitude was computed in Antkowiak and Brancher (2007), the agreement
with our results is perhaps fortunate. In any case, the negative power-law dependence with Re
implies that the threshold amplitude above which the flow goes into the basin of attraction of
the tripolar state, and in the direction given by the linear optimal, vanishes for increasing Re.
This may explain the formation and persistence of elliptical vortex eyewalls in some tropical
cyclones (Kuo et al., 1999; Reasor et al., 2000). We insist that we only consider perturbations
in the direction of the linear optimal, whereas nonlinear optimal perturbations can also be
found by relying on the techniques presented in Pringle and Kerswell (2010). The latter would
be associated with a threshold amplitude Uy for a subcritical bifurcation even smaller than
the one shown in figure 8.11. The fitted exponent for the weakly nonlinear model is found as
being —0.66, thereby the threshold amplitudes between both models differ significantly by
decreasing Re in figure 8.11b.

This discrepancy between exponents may be explained as follows. For the DNS, our bifurca-
tion criterion aims at computing the threshold above which the flow has definitely bifurcated,
whereas the loss of solution in the amplitude equation refers to a specific time interval. The
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Figure 8.12: Same as in figure 8.11, although the inflection point is sought in Gpns(f = %),
where t, defined in (8.70), is the first time for which the amplitude equation predicts a loss of
solution. In (a), the inset shows the same data in linear scale. In (b), the thin continuous line is
a power law fitted on the DNS data with o« Re %9, whereas the thin dashed line o« Re~%5¢ is
similar to figure 8.11.

importance of this conceptual difference is well illustrated in the bottom-left panel in fig-
ure 8.10 for Uy = 1.12 x 102, Here, the amplitude equation predicts that no solution exists over
some time interval; thus, according to the criterion (8.70), the flow has bifurcated. However, if
the DNS data seem indeed to have reached the tripolar state over this time interval, it relaxes
to the reference state at longer times; thus, the criterion based on 7 concludes that the flow
has not yet bifurcated.

For this reason, we propose another criterion, rather artificial, for which both “bifurcation"
refer to the same specific time £;, the first time for which the amplitude equation predicts a loss
of solution (see (8.70)). The threshold Uy in the DNS is decreed as being the one corresponding
to an inflection point in Gpns(f = £,), as shown in figure 8.12a despite a quite coarse resolution.
The agreement with U improves significantly in figure 8.12b (as compared with figure 8.11b).
Note that, for both models, the power-law dependence of the threshold amplitude cannot be
only explained by the power-law dependence of the linear optimal transient gain, for the latter
was shown to be in —1/3.

8.5.4 Physical interpretation of the nonlinear “anti-saturation": mean flow distor-
tion and inversion of the vorticity gradient

We now propose to interpret physically the behaviour of the coefficient associated with the
(azimuthal) mean flow distortion, ,u(ro) shown in figure 8.8, and attempt to discuss the reason
why it changes sign and leads to the subcritical behaviour discussed above. In the following
discussion, we will focus on the case Re = 5000. First, the energy of the mean flow distortion

ug)) is shown as the red curve in figure 8.13a.
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Figure 8.13: (a) For Re = 5000, the evolution of the energy || * |2 of the linear response 1
(black dashed line), of the second harmonic agz) (blue dashed-dotted line) and, mainly, of
the mean flow distortion u(o) (red continuous line). The red dots correspond to the specific
times ¢ =30,40,...,100, for which the vorticity structure of u(o) is reported in figure 8.14. Two
horizontal dotted lines are drawn at ¢ =35 and ¢ =85. (b) Slope of the vorticity at the radius ry,

ie. arwg)) |r=r,» as a function of time.

For comparison, the energies of the linear response and of the second harmonic are also
shown. As written in (8.36), the mean flow distortion is forced by

O-_c, [2*,2] +ec, 8.73)
which is the Reynolds stress of the linear response. Under its action, the energy of uz0 increases
until reaching a maximum around ¢ = ¢, = 35, before decaying until ¢ = 65. From here, the
energy rebounds very slightly, then decays extremely slowly for ¢ = 85. It is striking to notice
in figure 8.13a that u(o) can persist for extremely long times, even when the linear response,
whose nonlinear interactions force u2 , has vanished. This suggests that u( ) can persist even
in the absence of sustained forcing. This is also illustrated in figure 8.14, where we show w(o)
the vorticity structure associated with ugo), for the different times highlighted by the red dots
in figure 8.13a. If we observe a transient regime until the panel for ¢ = 70, the vorticity field
does not seem to evolve afterward, except by slow diffusion.

It will simplify the rest of the analysis to notice that u(o) only possesses an azimuthal com-

ponent, i.e. ug)) = u eg That is because ug)) is associated with the wavenumber m =0, for

which the equation for the radial perturbation i 1s 8 (r u(o)) =0 from the continuity. This leads
to ugo) =0 and a forced diffusion equation for u2 0 readmg

Oyul’) =Re™" (Ao - 1/r)u(0) f“” (8.74)

The panels in the first row in figure 8.15 show the evolution of f © (left) and u(o) (right) over
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Figure 8.14: Temporal evolution of a)g”, the vorticity structure of ug)), the mean flow distortion

induced by the Reynolds stress of the linear response shown at the specific times correspond-
ing to the red dots in figure 8.13a. Each panel shows only [x, y] € [-4,4] x [-4,4]. The plus
sign denotes the origin, the dotted circle is the unit circle, and the dashed circle highlights the
radius r4 solving (8.63) with w4 = 0.42.

(0)
2,0

conserving its shape, which ug)(); seems to imitate closely, although logically with some delay.

0 < t = 35. The Reynolds stress forcing grows in amplitude (since I does) while roughly
This direct structural link between the forcing and the response is certainly due to the absence
of an advection term in (8.74).

The panels in the second row in figure 8.15 show the evolution over the times 35 < ¢ < 85.
Notice that the forcing fz(fg has shapes at £ =30 and ¢ = 40 that are similar but have opposite
signs. As developed in section 8.4.3, this is because the spiral structures in I, that unroll in one
direction until ¢ = 35, roll up symmetrically in the other direction afterward. Under the action
of this forcing that is now adverse, the velocity ugg
figure 8.15, which implies its momentary flattening, therefore ué% rapidly loses energy. This

tends to invert in the bottom-right panel of

energy would have grown again (which it does shortly after ¢ =65 in figure figure 8.13a) if the
forcing could maintain its intensity, but the latter decays rapidly with the one of 1.

)
2.0 18

then easily understood once it is realized that the diffusion operator in (8.74) possesses a

After t = 85 the velocity ug)é evolves freely, for fz((g is negligible. The persistence of u

continuum of orthogonal Bessel eigenfunctions (the domain is infinite). They are associated
with eigenvalues spanning the strictly negative part of the imaginary axis. Accordingly, after
discretization, we found an extremely dense packing of eigenvalues all along the negative
part of the imaginary axis, increasingly dense with the number of discretization points. The
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Figure 8.15: Temporal evolution of the forcing fz((g (panels at the left) and of the velocity

response u;% (panels at the right). Panels at the top and the bottom lines correspond to two
different and successive time intervals. The top line is for £ =0,5,...,35 (on the left of the first
vertical line in figure 8.13a) and the second for ¢ = 35,40, ...,85 (between the two vertical lines
in figure 8.13a). Larger times correspond to lighter colours.

velocity structure left by the forcing that has vanished at ¢ = 85, projects over a significant
number of these Bessel eigenfunctions, including some with very low damping rates of the
order of 107%. It is therefore not surprising to see this structure subject to very slow diffusion
in figure 8.13a and figure 8.14.

After having proposed some elements to understand the evolution of uéoé, let us study now

;0) at the specific

how it feeds back on the response. We show in figure 8.13b the slope of w
radius r; where the angular velocity w,/ m associated with the Landau pole is equal to that
of the base flow. We recall this specific radius to be found by solving (8.63) with the fit value

wq =0.42, resulting in r; ~ 2.16, very weakly time dependent.

The slope is negative until ¢ = 60, where it changes sign. As a consequence, from ¢ = 60 onward,
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the addition of w;m to the reference vorticity has a positive contribution to the total vorticity
slope at r4. In parallel, we recall that p can be directly interpreted as the sensibility at a time
t of the transient gain to the addition of ug); to the reference flow. For this, u*’ computes the
integrated effect of this addition between 0 and ¢ (see formula 8.94). Therefore, the decreasing

tendency of p(ro) until # =60 in figure 8.8, results from the negativity of the slope of wg))

at
rq, which enhances the Landau damping rate of the response, whose integrated effect is to
reduce the gain. Such an effect of the mean vorticity slope at r; on the Landau damping was
reported in Schecter et al. (2000), Turner and Gilbert (2007), and Turner et al. (2008). On the
contrary, from t = 60 onward the coefficient ,u(,o) increases, for the presence of a)g)) now reduces
the Landau damping rate; the integrated effect of such mitigation of the Landau damping
rate over time leads to a coefficient that becomes positive, traducing a weakly nonlinear gain
larger than the linear one. In other words, we interpret the subcritical behaviour of our am-
plitude equation as being partially because the mean flow distortion reminiscence, shown in
figure 8.14 for large time, tends to erase the vorticity slope at the specific radius rg, therefore
letting the perturbation persist. This conclusion is comparable to the one drawn in Balmforth
et al. (2001). In addition, the present amplitude equation leads to the conclusion that, when
Uy is at its maximum, the effect of the second harmonic is just as important as the one of the
mean flow, although it is harder to interpret.

We insist that the conclusions drawn below relate only to predictions of the amplitude equa-
tion, thereby possibly explaining DNS behaviour only when both approaches agree. However,
precisely because they do not at large Uy and after increasingly short times in figures 8.9
and 8.10, the departure between weakly and fully nonlinear responses there remains to be
interpreted. This can still be done by using the amplitude equation, although in an indirect
manner.

In figure 8.16, we compare the linear stability to m = 2 perturbations of the (azimuthal) mean
flow extracted from the DNS, and the one predicted by the weakly nonlinear approach. This is
done for Uy = 2.82 x 1072, the largest considered initial condition amplitude in figure 8.9. The
weakly nonlinear mean flow is simply obtained by evaluating the weakly nonlinear expansion
as Up g + a? ué%, where a solves the amplitude equation. The linear stability is assessed by
replacing the reference flow by the mean one in (8.2), then assuming a temporal dependence
as it(r, 1) = i(r)e’’, and solving the subsequent eigenvalue problem. The azimuthal mean
is linearly unstable if and only if there exists an eigenvalue ¢ such that Re(g) = o, > 0, and
the corresponding eigenmode grows exponentially to the extent that the growth rate is much
smaller than the rate of change of the base flow. The mean vorticity profiles are also shown in

figure 8.17.

For 10 = ¢ < 20 in figure 8.16, both DNS and weakly nonlinear mean flows appear unstable, with
an excellent agreement between the growth rates, and between the corresponding vorticity
profiles in figure 8.17. For ¢ =15 and ¢ = 20 in figure 8.17, these profiles consist of a central
region of large vorticity, surrounded by a ring of locally enhanced but relatively smaller vorticity.
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Figure 8.16: Left: maximum growth rate of the eigenvalues of the Navier-Stokes operator
at Re = 5000 and linearized around the (azimuthal) mean flow, in order to describe m =2
perturbations. Mean flows corresponding to Uy = 2.82 x 102 are obtained either from DNS
data (continuous line linking red dots) or by evaluating the weakly nonlinear expansion (dash-
dotted line linking blue diamonds). Positive growth rate values imply linear instability. At the
right, is shown the eigenmode corresponding to the most unstable eigenvalue of the operator
linearized around the DNS mean flow, at ¢ = 20. The radius of the dotted circle is equal to
one, the radius of the dashed circle is equal to 4, and the radii of the continuous-line circle
highlight the extrema of the mean vorticity profile. The color scale is arbitrary.

Alocal minimum is to be noticed at r = 1.6 between these two regions, as well as a second
one a little further at r =2.5. Note the qualitative resemblance with the profiles considered in
Kossin et al. (2000) (see their figures 1 and 12). The structure of the most unstable eigenmode
supported by the DNS mean vorticity profile at ¢ =20 is shown at the right of figure 8.16. It
bears several characteristics of a shear instability. Specifically, its phase velocity is very close
to the angular velocity of the mean flow at the radius of the vorticity extremum (see the largest
dot in figure 8.17). This radius, highlighted by the first black continuous circle in figure 8.16, is
also the zero amplitude isoline of the eigenmode structure. Tightly around, the eigenmode
reaches its largest amplitude under the form of four external lobes, rotated of = /2 in the
anticlockwise direction with respect to four internal ones. This structure is similar to the
one shown in figure 2 of Carton and Legras (1994), who interpret it under the Rossby-wave
interaction paradigm. In words, the mean vorticity profile can be thought of as supporting
Rossby (vorticity) waves at the “edges” (sharp slope) at one side and the other of the local
minima. These two vorticity waves are precisely the internal and external series of lobes of the
eigenmode structures. The velocity perturbation induced by a vorticity wave has a phase lag
of /2 with respect to the latter. Therefore, since the lobe series are also rotated of = /2 with
respect to each other, the velocity perturbation induced by one is in phase with the vorticity
perturbation of the other, thus reinforcing its growth. In addition, Carton and Legras (1994)
mentions that both waves interact in such a way as to travel with the same phase speed, thus
the reinforcement of the one by the other is preserved in time, eventually leading to instability.
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Figure 8.17: Mean (axisymmetric) vorticity profiles corresponding to Uy = 2.82 x 1072, extracted
from DNS data (red continuous) and reconstituted from the weakly nonlinear expansion as
W, + azwg)), where a solves the amplitude equation (blue dashed-dotted line). The largest dot
(respectively diamond) is located at the radius for which —m{2=o0; where o, is the imaginary
part of the most unstable eigenvalue of the DNS (respectively weakly nonlinear) profile. This
also corresponds to the critical radius of the most unstable mode. The respectively smaller dot
or diamond (if exists) stands for the second most unstable mode.

From 20 < ¢ in figure 8.16, growth rates determined with both approaches depart significantly
from each other, and so do the mean vorticities profiles in figure 8.17. This is because the
unstable mode grows and evolves in the DNS and feeds back on the mean flow, whereas in our
weakly nonlinear approach, the structure of the mean flow distortion is fully determined by

the Reynolds stress of the linear response.

Overall, it is plausible to think of the departure of the fully nonlinear solution from the weakly
nonlinear one, observable in figure 8.9 for large Uy, as resulting from a shear instability. This
instability reaches its maximum growth rate around ¢ = 20, and requires some time for the
unstable mode to gain in amplitude and for its nonlinear evolution, taking a tripolar shape, to
dominate the energy of the response from ¢ = 40 and for Uy = 2.82 x 1072 in figure 8.9. This goes
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in the sense of Carton and Legras (1994) and Kossin et al. (2000), who have also shown shear
instability modes to saturate into a tripolar state. The weakly nonlinear expansion does not
predict an amplitude for the unstable mode, for the latter only declares as a “secondary” mode,
on the top of the optimal response. Therefore the predictions from the amplitude equation,
for the optimal response, depart from DNS results after the time needed for the shear-driven
unstable mode to become dominant.

8.6 Summary and perspectives

In conclusion, we believe our work to have brought a twofold generalization to existing
literature. The first lies on a purely methodological level. We have derived an amplitude
equation for non-normal systems, describing the transient response to an initial condition, in
a weakly nonlinear regime. Unlike in Ducimetiere et al. (2022a), the reference state of these
systems can now depend arbitrarily on times, owing to the propagator formalism, without
the need for this latter to take its particular operator exponential shape. This offers numerous
possibilities of applications, and weak nonlinearities could be modelled, for instance, in
pulsating pipe flows, which play a key role in the hemodynamic system of many species (Pier
& Schmid, 2017, 2021); it could also be applied to time-dependent stratified shear flows, which
have revealed to support strong transient growth, for instance in Arratia et al. (2013) and Parker
et al. (2021). Not only could the weakly nonlinear evolution of the gain associated with the
linear optimal perturbation be captured, but the amplitude equation could also be included
in a Lagrangian optimization problem whose stationary conditions would constitute a weakly
nonlinear optimal, parameterized by the amplitude of the initial condition.

The method does not rely on any modal (“eigenmodal") quantities, therefore the existence of a
continuous spectrum and/or the absence of discrete eigenmode is not problematic. Corollary,
the shape of the reference flow is not constrained, apart from the fact that it should lead to
strong energy growth at some finite time. The equation is derived for the amplitude of the
time-dependent (linear) optimal response, whose computation already encompassed the
entirety of the spectrum, regardless of its precise nature. This was particularly convenient
when applied to the two-dimensional Lamb-Oseen (Gaussian) vortex flow, the linear optimal
response of which is characterized by vorticity filaments under constant shear by the reference
flow. The work of Schecter et al. (2000) has shown this response to project well onto a very large
number of eigenmodes constituting the continuum, all with different shapes and frequencies.
Therefore it was extremely poorly described as a single eigenmode, which invalidates the use
of classical weakly nonlinear methods.

Instead, by using the amplitude equation (8.52), we could correctly predict for different Re
values the nonlinear evolution of the response for 0 < ¢ < 130, and for small amplitudes of
the initial condition. In this specific regime, at Re =5000 as an example, nonlinearities have
been found to reduce the transient gain for 0 < ¢ < 87, but to enhance it for 87 < t < 130,
as confirmed by DNS. Owing to the simplicity of the amplitude equation and its link to the
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sensitivity formula, this could be further related to the creation of an azimuthal mean flow
distortion from the Reynolds stress of the linear response, which affects the Landau damping
controlling the non-viscous dissipation of the response. The second harmonic effect has also
been found to be important over the time interval where nonlinearities reinforce the gain.

However, for relatively large amplitudes of the initial condition, the predictions of the ampli-
tude equation are found to remain accurate at small times only. After a well-captured episode
of diminution of the gain, the DNS simulations with the largest considered initial condition
amplitudes depart from the weakly nonlinear prediction and evidence a bifurcation towards a
tripolar state. By performing a mean flow stability analysis, this departure can be related to
the emergence of a shear instability. Specifically, the mean flow distortion by the Reynolds
stress of the linear response, at the same time that it enhances the Landau damping by its
effect at the radius r,, generates a vorticity ring closely around the central part of the vortex.
A shear instability results from an interaction between the inner “edge" (sharp slope) of this
annular ring and the outer edge of the central region. The weakly nonlinear approach does
not predict an equation for the unstable mode that emerges on the mean flow. Therefore, as
soon as the unstable mode dominates the response, around ¢ = 40 for the largest considered
Up =2.82 x 1072 and Re = 5000, the weakly nonlinear description rapidly degrades in terms of
both energy and structure.

Nevertheless, at larger times, the amplitude equation can still give indirect information about
the fully nonlinear response. Specifically, for Re = 5000, for a given and above a certain value
for the amplitude of the initial condition, the amplitude equation has no solution over a finite
time interval contained in 87 < ¢ < 130, where the coefficient y, is positive. The non-existence
of any solution over a time interval may imply that, at least over the same time interval, the
fully nonlinear solution must have reached another nonlinear state. This seems confirmed by
the DNS. In this sense, the threshold initial condition amplitude predicted by the amplitude
equation could be a reasonable approximation of the fully nonlinear one, even if a direct
comparison between the former and the latter is found to be delicate.

For future research, the nonlinear self-sustaining mechanism(s) of the tripolar state remain
to be clarified. In this perspective, a semi-linear approach such as the one deployed in Yim
et al. (2020) could be appropriate. This approach relies on the assumption that the dominant
nonlinear mechanism is the Reynolds stress feedback onto the mean flow, thus neglecting the
nonlinearity arising from the cross-coupling between different frequencies. In this sense, it
is less rigorous than the weakly nonlinear expansion proposed here. Nevertheless, the semi-
linear model does not assume the fluctuation over the mean flow to be small and typically
retains its spatial degrees of freedom. Therefore the nonlinear structure it predicts is possibly
considerably different from that of the linear regime and could evolve towards a tripole.

Eventually, we believe that the fact that the proposed method does not make assumptions on
the shape of the base profile, nor on the values of external parameters, only that the reference
flow should lead to some energy growth, could be exploited further. For instance, the proposed
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amplitude equation could be employed to assess and interpret weakly nonlinear effects on the
optimal response on vorticity profiles from actual field measurements such as those reported
in Kossin and Schubert (2001), Kossin et al. (2000), Kuo et al. (1999), and Reasor et al. (2000).
Indeed, the mean vorticity profile predicted in figure 8.17 of this work is qualitatively very
similar to the one of Hurricane Gilbert shown in figure 1 of Kossin et al. (2000). This raises
the question of the relevance of non-normal mechanisms combined with nonlinear effects in
tropical cyclones.

8.7 Appendix

8.7.1 Kernel of the adjoint of the perturbed inverse propagator

We demonstrate in the following that the non-trivial kernel E(t) of the adjoint operator ¢(0, nt
for > 0 reads b(t) =¥(t,0)"1(z).

5 t
A . I(t o
@0, b(t) = | (0, 1) (I—l(t)< A( )M” b(p)
HGIE
I(t A
= 1-1(¢ )< Lo)+) (0,0 b
(D112
I(t R 8.75
=1~ ()< Lolx) [W(£,00%(0, 01" 1(2) (870)
(D112
I(t
;- )<()| ) i
(D112
=0.
8.7.2 Temporal integration of the third-order equation.
From (8.40) The particular solution for u(l) reads
(¢, T) = i) (1) + ADIAD) Pall) (1) + dr AT (1) + AT ) (1) (8.76)
where
0|00, 04| =0 with &) (0) = air,
O (@0, nal) | =-HPO,0f with @) (0)=0,
(8.77)

[20.nig)
(200}

8t(@(o,t)itglc))=—Heoao with &) (0) =
[20.nag)

0 [P0, )| = =0, (Hir) with i) (0) =
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Integrating in time the first equation in (8.77) and using ¢(0,0) = I yields
B0, it () = (0,00 &) (0) = i,
Integrating the second gives
B0, i) (1) = - fo ' H(sW0, 9 F(s)ds =~ fo 00,9 F(s)ds =00, Dt
where we have defined
i(t) = —¥(t,0) fo IW(O, ) f(s)ds,
or, equivalently using (8.11), it solves
0y — Ly ()it = —f, subject to i(0) = 0.
By integrating the third
@0, i) (1) = fo t H(s)eoltods = —[H(s)eosito] =5 + fo té(s)eositods
=—€olily,
and eventually the fourth
B0, ) (1) = —H(1) ik,
Injecting these four solutions in (8.76) and combining it with (8.40) leads to

@0, Uy = airy, + AIAPW(O, i — (dr Aleo tit, — AHi,.

(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

8.7.3 Transient gain sensitivity in time-varying base flow and comparison with

the amplitude equation.

We recall that the gain squared associated with the linear trajectory optimized for t = ¢,,

through the choice of the initial condition it,, reads

G(t; 10)? = I10(2, 0) | = (it

gp(t,())*zlf(t,omo>.

(8.85)

Note that, by definition, G(#,; t,) = G, (t,) = 1/€, as defined in (8.13). We recall as well that G(¢)
is used as a shortened notation for G(t; ¢,). We derive thereafter the variation §(G()?) of this
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linear gain induced by a variation 6 L,,(¢) of the operator L, (t). We first compute

5(GwA) =ity
- <a0
= (BW(1, 0) it (1, 0) Lo} + (B(1, 0) it |6W(1, 0) i) (8.86)
=2R ((W(t,0)it,|0¥(t,0)it,))
=2¢," Re ((1(1)|6%(2,0)it,)),

S, 0 (r,0)ty )

s, 00wt 0y, + Wiz, 0) 6, 0) it0>

where we used that §(@(t,0)") = (6¥(t,0))': the variation of the adjoint is the adjoint of the
variation, as easily shown by using the definition of the adjoint operator. Next, we link 6¥(t,0)
with 6 L, (t) by taking the variation of (8.8), which leads to

0 (0W(t,0)) = (6L, (1)¥(£,0) + L, (£)0W(t,0). (8.87)
Multiplying (8.87) by ¥(0, ¢) and using (8.10), stating that L,,(#) = —¥(t,0)0;¥(0, ), leads to

W(0, 1)0¢ (6¥(£,0)) =¥(0, 1) (6 Ly (0)¥(1,0) — (9,%(0, 1))6¥(2,0), thus

(8.88)
0:(W(0, 1)6U(t,0)) =¥(0, 1) (6L, (1) ¥(2,0).
Integrating (8.88) in time and imposing 6%(0, 0) to be null results in
t
ov(t,0) =U(t, 0)[ Y(0, 8) (O Ly, (8)¥(s,0)ds
0 (8.89)

t
=f Y(t,s) (0L, (s)¥(s,0)ds.
0
In the particular case where L,, does not depend on time the propagator writes ¥(t,0) = e-n?,
and relation (8.89) reduces to the formula (6) at p.175 of Bellman (1997). By injecting (8.89) in
(8.86) we obtain

t
5(G(H*) =2¢, Re (<i(t) f W(t,5) (8 Ly (8)W(s, O)itods>)
0

¢ (8.90)
= 2¢;2Re U <W(t, s)Ti(t)‘éLm(s)i(s)> ds).
0

On the other hand, by re-formulating (8.53), the weakly nonlinear gain G,y is found to satisfy

G(1)? 2(U0

2
_ 7 _ol2 8.91
G (02 eo) Hr (D) (#90

Considering small variations around the linear gain Gw(D)? = G(1)%+8(G(1)?) with 8 (G(1)2) 1 G(1)? <

1, (8.91) reduces to

2
5(G(1?) :2G(t)2(UO) 1 (), (8.92)

€o
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but

oo (lam) A0 0) fy 90,5 [ (s)ds)

HGIE (0112
B ACGORIGIVONN (8.93)
- L0112
1

t
1 -
) (eoG(t))zf() (e, 90| F ) ds.

Combining (8.92) with (8.93) results in

Up)? t NP

5(G(H*) =—2¢,? (—0) Re U <W(t, DRIG) ‘f(s)> ds) : (8.94)
€o 0

Identifying (8.90) with (8.94) leads us to conclude that the small variation of the weakly

nonlinear gain around the linear one, as predicted by our model, reduces to the sensitivity of

this linear gain to a perturbation 6 Ly, (#) satisfying

. Up)? -
6Lm(t)l(t)=—(€—) f. (8.95)
o

From the definition of f(#) in (8.38), such §L,, corresponds to an axisymmetric perturbation of

the base flow from Uy, to Uy, +(Up/€,)* ul’

izé”. Note that (Uy/€,) is the amplitude of the response in the linear regime.

, and also embeds the effect of the second harmonics

8.7.4 The pseudo-forcing method

We add to the asymptotic expansion (8.21) the trivial equality
0=| oo A(T)E(D)ity) — veo (A(T)S(Dity) | €™ + c.c. (8.96)

where 6(t) =dH(t)/dt such that f0t>0 6(t)dt=H(t>0)— H(0) = 1. The terms are then directly
collected at each order without ever perturbing the propagator. According to (8.96), the term
€0 A(T)6(1) 1, will act as a forcing at order /€,, whereas the term —A(T)6(#) i1, will act as a
forcing at order ,/e,°.

The equation assembled at /€, is therefore
@1 = Ln ()" = Abeoito, withu” |9 = 0. (8.97)
By postulating ﬁgl) (t, T)=A(T) it(ll) (1), the field il(ll) solves

) t ) 0 ifr=0
i (t):@(t,O)f Y(0, s)0(s)eyit,ds = . (8.98)
0 W(t,0)e, ity = 1(2) ift>0,
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thereby (" () = H®)1(#) and " (¢, T) = A(T)H(1)(p) for ¢ = 0 exactly as in (8.33). The
equations and their solutions at order ¢, are the same as in the main text. At order \/&,°, the
equation for the Fourier component at () reads

Ot = L)y’ = —A|APHF — (dr A HI - Adit,, with U |0 = ity (8.99)

where A is still undetermined. The Fredholm alternative cannot be invoked since (8.99) is
directly solvable, but is replaced by an asymptotic-preserving argument of the same nature.
As ﬁg) oscillates at m and is subject to a non-zero initial condition, it is susceptible to be
amplified of a factor 1/¢, at ¢ = ¢,, thus conveying the response at order /€,; to avoid this

(1)
3

scenario ruining the asymptotic hierarchy, we impose the orthogonality of &’ with the linear

response that is the most amplified at ¢ = t,, that is i(t), which closes the system. Is it easily
shown that the solution to (8.99) reads

u) =W(t,0)aiy, + AlAPa— t(dr Al -e,* AHI (8.100)
whose condition of orthogonality with I(z) for all ¢ > 0 results in

(U@ = a(dwc, 0, + A AR (i) - edr I - €5  AHITT =o0. (8.101)
Multiplying (8.101) by e,/I/111> = 1/ {b|it, ) gives eventually

da_ (blay)

b, )i
€ot— =a— A|2(|(—)u)_
dT (b

N YN (8.102)
ito) <b’"0>

which is exactly the amplitude equation (8.43) derived in the main text by perturbing the
propagator.

As a side comment, note that ﬁél) in (8.100) is also the particular solution of (8.41). Indeed, the

orthogonality condition guarantees <i|ﬁé”> =0 such that &(0, t)ﬁél) =y(0, t)ﬁgl) and (8.41) is
automatically satisfied. Therefore, not only are the amplitude equations the same for both
methods, but also the higher-order terms of the development, requiring knowledge of the
field ﬁé”. This holds as long as the homogeneous solution on ﬁg)

method of the singularization of the propagator, is ignored.

, not necessarily null for the

8.7.5 Expression of the adjoint operator

The adjoint of the operator B,,(f) under the scalar product defined in (8.12) is such that
(Bmd,|a,) = <£1a Bjniib> forany g, = [its, pal and g, = [ity, pp). By performing integrations
by parts, the following relations are easily demonstrated

Origling) = (riling)|y oo — (HLal Oy + 1/ 1) ik, ©.103)
(Amingliny) = [0, wh iy r — w10, )1~ o + (gl Apity) . '
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From here, the explicit expression of B, () is derived immediately as being

(Ap—-1/12)/Re+im2  -2im/(r’Re) - W, -0,
B0 = 2im/(r’Re) + 20 (A, —1/1%)/Re+im2 —im/r (8.104)
or+1/r im/r 0

and the cancellation of the boundary terms resulting from the integration by part imposes
—rprahy+carph+r@to,ar —aro,ah +r@'o, 0* - 0*6,0MH =0 (8.105)

to hold at r — co. Using the far-field condition on the direct field, stating |, .. = 0, condition
(8.105) implies the adjoint velocity field to also vanish at infinity, i.e., iﬁl r—oo =0.
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Weakly nonlinear optimization

9.1 Introduction

The work of Reddy et al. (1998) numerically considered the response of the three-dimensional
plane Poiseuille flow, to different initial perturbations. They found that streamwise vortices
and oblique wave initial perturbations require less energy density to induce a transition to
turbulence than random noise, or than the linearly unstable mode (known as the "Tollmien-
Schliching" wave). This result is reproduced in Fig. 9.1a.
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=)

(s}
/%/

%
1]
o,
y

o d
P F‘J
10 103 104 (b) From Shimizu and Manneville (2019)
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(a) From Reddy et al. (1998)

Figure 9.1: (a) Threshold initial perturbation energy density, for the transition to turbulence in
the three-dimensional plane Poiseuille flow. Initial perturbations take the form of Tollmien-
Schlichting waves (TS), random three-dimensional noise (N), streamwise vortices (SV) and
oblique waves (OW). The circles correspond to data from simulations. (b) One-sided Laminar-
Turbulent" regime in Poiseuille flow at Re = 850.

The irrelevance of the linearly most unstable mode, in this specific context, motivated instead
linear transient growth analyses which identified streamwise vortices as being the initial
perturbation leading to the largest energy growth. In this, transient growth analyses led to a
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more realistic prediction than the linear stability analysis, as can be deduced by comparing
the curves for (TS) and (SV) in Fig. 9.1a).

However, Reddy et al. (1998) identified oblique waves as requiring slightly less energy than
streamwise vortices to initiate the transition, which was not captured by the linear transient
growth analyses. This was later confirmed by the computations of the nonlinear optimal
perturbations Farano et al. (2015), as well as by many fully nonlinear simulations performed
in very large channels, which uncovered oblique turbulent bands in the transitional flow
regime (see Fig. 9.1b for an example). These results suggested that both non-normality and
nonlinearity were necessary ingredients to capture the spontaneous oblique patterns. They all
were, however, obtained at a substantial numerical cost.

In the previous chapters of this part, chapter 7 and chapter 8, we have suggested a method to
reconcile non-normality, at the origin of the non-normal transient response, with nonlinearity.
This was done at a low computational cost, by restricting the analysis to a weakly nonlinear
regime. It resulted in a scalar equation that could account for the influence of leading order
nonlinearities on the amplitude of the linearly optimal structure.

The objective of the present chapter is to compute, for the plane Poiseuille flow, initial per-
turbation structures that lead to the largest possible energy growth in the weakly nonlinear
regime. We hope that such weakly nonlinear optimal structures will be more efficient than
the linear ones also in triggering turbulence, although there are a priori no mathematical
reasons for that. In other terms, by accounting for leading order nonlinearities only, we aim to
approach the minimal seed structures (Kerswell, 2018; Pringle & Kerswell, 2010; Pringle et al.,
2012) at alow numerical cost. Indeed, minimal seed structures also ensue from maximizing
the kinetic energy of the flow in a fully nonlinear regime, and for a sufficiently large temporal
horizon. The latter aspect is important since, as seen, perturbation over a stable base flow
can yield a very large transient growth in energy at finite times, and yet decay afterward. In
the case where the flow has only one global attractor, the maximal transient gain at a certain
temporal horizon can only vanish by increasing the temporal horizon, since perturbations
must decay asymptotically with time. If, however, the flow possesses another attracting state
(e.g. a turbulent attractor) the transient gain does not vanish with the temporal horizon if the
perturbed flow has transited toward this other state. That is because the perturbation is taken
as the difference between the current flow and its initial attractor. Therefore, in maximizing
the transient gain for a sufficiently large temporal horizon, the scenario where the initial
perturbation leads to a transition (thus a finite transient gain due to a persistent perturbation)
is logically favored over the scenario that leads to a re-laminarisation towards the base state
(thus a vanishing transient gain).

After having briefly introduced the flow configuration and recalled the weakly nonlinear am-
plitude equation in section 9.2, we outline an optimisation algorithm in section 9.3. The latter
results from the cancellation of the first-order variations of a Lagrangian, where the amplitude
equation has been included under the form of a constraint. This requires also including as
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constraints the linear equations governing the higher-order fields, involved in the inner prod-
uct for the coefficient of the amplitude equation. In section 9.4, we implement the algorithm
to compute the weakly nonlinear initial condition that yields the largest energy growth in the
plane Poiseuille flow, for a given streamwise-spanwise wavenumbers pair, temporal horizon,
and initial amplitude. We then compare the efficiency of the weakly nonlinear optimal initial
conditions with that of the linear ones, in triggering turbulence.

9.2 Flow configuration and governing equations

Let Uy (y, ) = [Up(3, 1),0,01 7 (r, ) denotes a three-dimensional plane channel base flow, bounded
in the y (crosswise) direction but invariant in the x (streamwise) and z (spanwise) ones. We
refer for instance to the Poiseuille flow sketched in figure 2.2, and satisfying the Navier-Stokes
equations (NSE) subject to a constant pressure gradient. It supports an infinitesimal perturba-
tion field of the form

iy (x,y,2,t) =i (y, 1)el@x+ha 4 ¢ o 9.1

The invariance of the base flow along the x and z coordinates justifies the Fourier mode
expansion of the perturbation in these two directions. Linearizing the Navier-Stokes equations
around Uy (¥, t) leads to a linear equation for the temporal evolution of the perturbation field
i1,. written as

O¢ity = Liny, or, equivalently, ity () = W(t,0) it (0). 9.2)

The operator ¥(t,0) is called the "propagator”, associated with the linearized Navier-Stokes
operator L. It maps the field at time 0 onto that at . Without loss of generality, the initial
condition for the perturbation is normalized as ||#; (0)|| = 1. The linear trajectory is associated
with a transient gain

lin@ll

G = =
® [1i1 (0)1]

[l (D11, 9.3)
where || ¢ || here denotes norm induced by the L? inner product over y

1
A~ 2 A A A 2 N 2 A~ 2
[|Ze1 ]| =(u1|u1)=f [By,|” + 21,y |” + |01 |°dy. (9.4)
-1

In the previous chapter, we studied the effect of perturbing the NSE initially with the same
initial condition #; (0), but multiplied by an amplitude Uy which is small but non-vanishing.
We have shown analytically that the linear gain could be prolonged in a weakly nonlinear
regime, such as to take into account leading-orders nonlinearities affecting the response.
Specifically, upon proposing an asymptotic expansion of the flow in terms of powers of
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G(t,)"Y2, t, being the temporal horizon of interest, we have derived

_ B@)Ilu ()]
Gw() = U 9.5)

where B(t) is a scalar given by

1
B(1) = U

——
V1-2U20,(0) 09

The time-varying coefficient 1, that appears in (9.6) is the real part of

_ {0l (1)

- , 9.7
H= @l () 6.7

where the field i3 is induced by linear interactions stemming from i, . It is found by solving
successively (9.2) for it;, followed by

Ol = 1P u? - Cliy, i), with @ (0)=
E)tu L(O) —2C[@], 0], with u(o) 0)=0 (9.8)
Oty = Ltz —2C [ul,u(z)] -2C [ul ug)) ,  with u(O) 0)=0

The superscript "+" denotes complex conjugation and C is the nonlinear, bilinear advection

operator. It describes the transport by some field g, associated with the wavenumber pair
(ma, mp), of some other field h, associated with the wavenumber pair (na, n8), such that

Clg h] == (& Vh+(h-V,)g), with V,=[ipa,dy,ippl, (9.9)

N =

In (9.8) the field ﬂ;m is the second harmonic associated with the wavenumbers pair 2a,2p).
By the application of spatial derivatives, the linearized Navier-Stokes operators depend on the
wavenumber pairs and L@ associated with (2«, 2), governs the dynamics of i i, . @ The field

g)) is the mean flow correction associated with a non-oscillating field in space with wavenum-
bers pair (0,0) (hence its designation of "mean flow") and whose dynamics is governed by the
operator LO The field i3 is associated with the same wavenumbers pair (a, B) as i1, and the

weakly nonlinear behavior is determined by their normalized inner product in (9.7).

In the linear limit where Uy — 0, the amplitude B in (9.6) tends towards Uy and the gain
Gyw in (9.5) reduces indeed to the linear one G in (9.3). By selecting the specific trajectory
() =1/ €, =¥(t,0)i1,, where the initial condition #, leads to the largest possible gain at ¢,,
G(t,), and where €, = 1/G(¢,), results of the previous chapter are recovered exactly.

Crucially, note that any other choices of trajectory presumably degrade the prediction stem-

)—1/2

ming from the asymptotic expansion in terms of G(, , precisely because the truncation

errors of the expansion scale in terms of some power of G(,)~'/2. In particular, the perturba-
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tion making the inverse propagator singular along a generic trajectory is written

117 (0) 7oy ()| %)

(0,0 -P(t), with P(t)=H()———— : (9.10)
(i (D (1))
For a given temporal horizon t,, the perturbation operator P has a norm
— 1
[1P(to)ll = (9.11)

(i)l ~ Glto)

which is minimized by selecting it; (0) = &,. Trajectories seeded by any other initial condi-
tions lead to a larger perturbation operator size || P(%,)||, possibly to the point of making the
expansion (9.10) questionable.

In the next section, we propose a variational approach to maximize the weakly nonlinear
gain Gy in (9.5), for a given initial amplitude Uy, and by acting on the structure of the initial
condition.

9.3 Weakly nonlinear Lagrangian optimization

In the linear regime, maximising the gain (9.3) at some temporal horizon t,, or its square G2,
amounts to canceling the first-order variations of the Lagrangian

PL=G*°-1, (9.12)

where I; enforces the constraints that #t; must solve the linear evolution equation (9.2), with a
unit-norm initial condition. Specifically,

lo
h=h[in,a, a1 :f (D¢~ Lin | ) de+ a (1= 10 0)1) +c.c, 9.13)
0

the field if{ being Lagrange multiplier. In the weakly nonlinear regime, the Lagrangian (9.12)
is augmented as

L=G-NL-1P-1" - -vf, (9.14)

where

B(to)?|li1 (2,) 112

G2 = Gy 1B, 1; to, Upl? = 2
UO

(9.15)
is the gain (squared) at t = t,, to be maximized. Note that including nonlinear effects implies a
parametric dependency of the gain in the amplitude of the initial condition Uj. Expression
(9.6) evaluated at t = £, gives B(Z,), the weakly nonlinear amplitude of the response at time #,,
and is included as a constraint in the Lagrangian through the term —y f. Indeed, the scalar y is
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a Lagrange multiplier enforcing the equation f =0, where

1 1

1
f f[B ul)u3!t0rU0] (Uz B(t0)2

)—ﬁr (i1 (20), 13(20)] (9.16)

so that f =0 is equivalent to (9.6). Through the coefficient p,, the amplitude B(%,) requires

i1'? and ug)). Thereby their evolution

the knowledge of the field it3, which itself depends on u
equations (9.8) also must be included as constraints in the Lagrangian, which is done according

to the terms

to
19 = fo (0, - L2982 + Clavy, i) P Yo+ cc. 9.17)
for it(z ) associated with the Lagrange multiplier u(z) d
0 fo
I§>:f0 <8tu ~ L0y +2c[i¢;‘,u1]| >dt (9.18)
for uéo) associated with the Lagrange multiplier u(zo)’T and eventually

I :foto (Oetts — Lisg +2C [}, 4| +2C [y, u? || @] Y d e + c.c. 9.19)

for i3 associated with the Lagrange multiplier it; The dependencies of the Lagrangian (9.14)
are made explicit as

£ = 3[3 ul,ul,a u2 ,itézﬁ,uz ,ug)”, us,y, to,Up|. (9.20)

Optimality conditions are classically found by canceling all first-order variations of the La-
grangian. If £ depends on some function g appearing inside a spatiotemporal inner product,
the first-order variation of £ with respect to g reads

fta <5££
o \08§

(where the dots imply the other functions to remain unperturbed, as for a partial derivative).

Ll g e, ) =L
g>dr:lim (.§+¢8 ) =28 ) 9.21)

e—0 €

T ~2),t _ (0),T
pa&U; Uy
it:’; and v, the respective corresponding constraint equations are recovered. Canceling the

variations with respect to B, i1, uéz), ug)) and i3, in contrast, leads to non-trivial equations for

By computing the variation of £ with respect to the Lagrange multipliers i

the Lagrange multipliers. We first compute

0% - 6G> Of = |4y (2,) 112 B
—B=—YB-y—B=2BB——F— —y— )
5B 6B V5B U? Vg3 9.22)
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(where B is evaluated at f = t,). Thereby, imposing

0L - - 2B(t,)* i1y ()17
°% 50, VB implies _ (£0)* 1781 (2p) 1]

55 o : 9.23)
0
which determines the Lagrange multiplier y. Then,
il oe=(Galoo) |~ (Gl por= oL Var
7] - i -
0 \oin din |/ iz, Jo \din o \od |
24)

to /51 o [ 513 H,
- iy Ydi— | (=i Yde+
J <6a1 m ar- | <6a1 "1> Y<6 i "1>

All the variations with respect to it; involved in (9.24) are computed explicitly in Appendix 9.6.1,
from which we can show that

A

fo <5u1

(to)2 ul(to)> <~
h

+j(;fu<ﬂ1|a[ﬂI+LTﬂT>dt f u1|2CT[u1, T]>dt (9.25)

_fo <u1|2CT[u1,u(OH >dt f <u1)2CT[u(2)* AT*]+2CT[u20),i¢§ >dt

+ 5 <ﬁ1(to)|F(ft1(l‘o),ils(l‘o))> +c.c.=0, V.

t=t,

>dt 0 Vil1:>

(T (t) 01 () = (1 (£5)

it} (0) + @ity (0) )

This leads to three equations, one valid at £ = ¢,,

B to 2 . .
o)™ g1y (1) - I(to)+%F(ul(ro),ug(to)ho:
v B ) (9.26)
it (1) = —2— iy (t,) + — F(ul(to),us(to)),
0
another valid at =0,
lin@i=1| - 17} (0)
(0)+au1(0) 0 i 0)= ——— (9.27)
Ilu 0)]12

and, eventually, a third one valid for all times between 0 and ,,

Ol

t=-rtal+2ct @, aP"| +2c" ], udT| +2C" (@, al* | +2c" [ul?, al] | ©9.28)

The latter evolution equation needs to be integrated backward from the knowledge of & (to)
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~ (2)

We proceed with the calculations by imposing that the variation of £ with respect to #,;” must
also be null at optimality. In mathematical terms,
o [ & to [ 5I% to | 61
f < i dt:—f 2 |a®? dt—f Is |72\ aroo, va? =
0 5A(2) 0 6A(2) 0 6A(2)
_ <i£(2)(t )‘u(zm( to)> (9.29)

+[ )|8 Y+ L(Z)'*af)’T—2C‘“[u1,u*]>dr+cc =0, vad

where results from Appendix 9.6.2 have been utilized. This leads to two new equations, the
first being valid at £ = ¢,

Pt (t,)=0) 9.30)

and the second for all times between 0 and ¢,

ot =1t aP s+ oct ay, ] | 9.31)
to be integrated backward from the knowledge of itgz)'T(to). Similarly,
o | 6% to [ 513 o | 81
~(0) _ 2 |40 Y8 |- (0) ~(0)
f W u2 dt——f W uz dt—f (0) dr= 0 Vu2 =
0 \bu, 0 \du, 0 \du
_< (0)( t,)|u 0) T(t0)> (9.32)
2 |0,u®" + LOF O T tlar b _ - (0)
+ O u,”'+L -2C" iy u3 =2C" oy, iy dr=0, Vau,
0
using the developments in Appendix 9.6.2. This implies directly
ul(t,)=0) 9.33)
as well as
ot = 1O v 2Ct [, | + 2 [}, b7 | 9.34)

to be integrated backward from u(o) T(to) Eventually,
=0, Viz>

0L Lo / 613 5_
dr=- dr it
fo <5u3 > fo <6u > +7<6A >t:t,,

~((15) ag(t0)>+f0tu<a3|ata§+ﬂa§>dt (9.35)

Z (i3 (o)1 (25))
2 iy (o) 11y (25))

c.c.=0, Viug
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from Appendix 9.6.4, implying

"T Y ill(to)
w(ty)==——"—"7""—1) 956
3250770 (i (t) i ()
as well as
ata; o o (9.37)

for 0 < t < t,, to be integrated backward from ilj;(to). All the computations done so far can be

assembled into the following optimization algorithm,

10.

. From the knowledge ﬁ;(t), compute a;zm(t) and u

. Choose a temporal horizon ¢, and an initial amplitude Uy.
. Pick an initial guess for #; (0) (for instance, the linear optimal corresponding to that ¢,).

. From the knowledge of @, (0), integrate the evolution equations (9.2) and (9.8) from =0

to t = t, to obtain the fields 1 (1), a;z) (D), ug)) (1) and 13 (1) over t € [0, t,].

. From the knowledge of i, (t,) and it3(z,), compute the weakly nonlinear amplitude

B(t,) with (9.6), and evaluate the associated weakly nonlinear gain according to (9.15).

. From the knowledge of @, (¢,) and B(f,), compute the Lagrange multiplier y using (9.23).

Compute il; (1) over t € [0, t,] by integrating (9.37) backward from its condition at ¢ = t,
given in (9.36) (and which requires the knowledge of y).
gw(t) over t € [0, t,] by integrat-
ing (9.31) and (9.34) backward from their conditions at ¢ = ¢,, given (9.30) and (9.33),
respectively.

. From the knowledge (1), itéz)’T(t) and ug))'T(t) compute iﬂ;(r) over ¢ € [0, t,] by inte-

grating (9.28) backward from its condition at ¢ = £, given in (9.26).

. From the knowledge of iti (), choose the new initial condition i, (0) according to (9.27),

possibly with some relaxation factors, and go back to step 3 until convergence of the
weakly nonlinear gain.

To check for other existing maxima, it is appropriate to restart the algorithm with a
completely different initial guess for i; (0).

The algorithm proposed above is implemented for the plan Poiseuille flow in the following

section.
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Figure 9.2: Optimal linear transient gain as a function of the temporal horizon ¢,, for the plane
Poiseuille flow shown in figure 2.2 and for Re = 3000. Two different pairs of wavenumbers («, §)
are considered. Optimal transient gains produced by the open source codes given in Schmid
(2007) are also shown. The black bullets for ¢, € [22,45,68,90] highlight the temporal horizons
that will be further studied.

9.4 Application case: the plane Poiseuille flow

In this section, initial perturbations along a given wavenumber pair that are optimal in the
sense of the weakly nonlinear amplitude equation, are computed for the three-dimensional
plane Poiseuille flow. Their relevance in a fully nonlinear regime, as compared with the linearly
optimal ones, is then studied.

In the linear regime, the perturbation possesses a single wavenumbers pair («, §), thereby
is periodic in x and z with a wavelength 27/a and 27/(, respectively, and no harmonics
are generated. In the fully nonlinear regime, simulations are performed inside the three-
dimensional domain with coordinates

x€e0,2n/al, yel-1,1], zel-m/B,m/pP], (9.38)

with periodic boundary conditions in x and z. This makes possible the nonlinear production
of harmonics (na, pB), n=0,1,2,... and, independently, p=0,1,2,....

In figure 9.2, we show the maximal linear transient gain for the plane Poiseuille flow at Re =
3000 as a function of the temporal horizon f,, and for two different wavenumbers pairs.
Results from the Schmid and Henningson (2001) are recovered. Motivated by the work of
Reddy et al. (1998), showing that oblique perturbations are more efficient than streamwise
ones in triggering turbulence in the plane Poiseuille flow, in what follows, we will restrict the
analysis to the case (a, 8) = (1,1) shown in figure 9.2b. In addition, the temporal horizons
t, € [22,45,68,90] (black bullets in figure 9.2b) are selected for a more detailed study.

Let U(x, y,z, t) be a fully nonlinear solution, obtained from a DNS in the x-and-z periodic
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three-dimensional domain (9.38). This solution can be decomposed as the sum of pertur-
bation u,(x, y, z, t) plus a mean flow (over space) U(y, t). The latter and the former field are
extracted according to

’3 2nla pmlp

U(y, 1) = U(x,y,z,t)dzdx, then

21 21 —nlp (9.39)
u,(x,y,2,0=Ux,y,20-U(Qy,1).

In all generalities, the perturbation does not oscillate purely along the pair (a, ) but contains
harmonics. Thereby, the component of the perturbation along (a, §), denoted u, g, needs to
be extracted as

Ue p(X,Y,2,8) = Bq p(1)€ PP +cc., with

'3 2nla
g p(yt)= f_n,ﬁ uy,cos(ax + fz)dzdx (9.40)

2nla prlpB
i + Bz)dzdx.
47;2 f”/ﬁ upsin(ax + fz)dzdx

(Note that, in the linear regime no harmonics exist and u, reduces to u,,g). The perturbation
uy is associated with an energy E,, computed as

nlp 2n/a )
E,= 8n2 _n/ﬁf f px y+up,zdxdydz. 9.41)

The normalization prefactor in front of the integral guarantees the consistency with the
induced norm || ¢ ||2 introduced in (9.4) and used in the previous section. Indeed, the energy
of uy g is computed as

Eqp= n/ﬁf fzma .t W, +u’ . dxdydz,
871’2 _nip a,B,y a,f,z
Oéﬁ /B

2nla
f f 20itg,p* +2litg,py|* +2litgp,.[*dxd ydz,

82 Jompd-1do (9.42)

1
N 2 A 2 A 2
:/ |ua,ﬁ,x| +|ua,,[7’,y| +|ua,,6,z| dy,
-1

= (g, p|ita,p) = lita,pll*.

We show in figure 9.3 the energy E), of the (total) perturbation u, as a function of time, for
the plane Poiseuille flow. The flow was initiated with the optimal linear initial condition for
(a, B, t,) = (1,1,45) with an energy E,(0) = Eq,5(0) = 1073, The energies E, and Eq p are initially
equal since the flow is initiated solely along its (@, ) component. However, they generally
depart from each other due to nonlinearities as time evolves and E, g is also represented.
At the specific times corresponding to the black crosses in figure 9.3, the structure of u,, is
shown in figure 9.4. At this Re value and for this wavenumber, the flow is linearly stable.
Yet, the initial perturbation experiences a transient growth episode with a peak in energy
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Figure 9.3: For the plane Poiseuille flow at Re = 3000 in a three-dimensional x-and-z periodic
box (9.38), are shown the energy E, of (total) perturbations u, (thick lines) as well as the
energy E, g contained in the (a, f)-component (thin lines). It was initiated with the linear
optimal initial condition for (a, B, t,) = (1, 1,45). The energy of the initial condition is E,(0) =
Eq5(0) = U =1073. The black crosses highlight 7 € [1,31,61,91,121,151,181,211], times at
which the flow is shown in figure 9.4

around ¢ = 15, as the initial thin vorticity layers oriented against the main shear unfold in
figure 9.4 (Orr mechanism). The perturbation decays only but slightly afterward, and thin
wavy structures seem to develop on the top of unfolded vorticity rolls, as visible on the frames
corresponding to £ =61,91 and 121 in figure 9.4. These wavy structures appear to break down
in the frame corresponding to ¢ = 151 in figure 9.4, and the flow becomes turbulent rather
abruptly, as visible in the frame corresponding to ¢ = 181 in figure 9.4. This is associated with a
strong surge of perturbation energy in figure 9.3. By becoming turbulent from ¢ =151 onward,
the flow develops many length scales, and E), and E, g depart from each other in figure 9.3
(whereas the energy was dominated by the (a, §) oblique wave before). This phenomenology,
which consists of a perturbation that initially grows according to a non-modal mechanism, in
turn bringing about nonlinearities that make the flow escape from its attractor, is typical of a
bypass transition. It says nothing more than, in the phase space, the initial optimal condition
for (a, B, t,) = (1,1,45), with an amplitude Uy, is outside the basin of attraction of the plane
Poiseuille flow.

In the following, we implement the weakly nonlinear optimization algorithm outlined in the
previous section. In the spirit of Pringle and Kerswell (2010) and Pringle et al. (2012), we hope
to compute, for a given set (a, B, t,), an initial condition structure that is more efficient in
triggering turbulence that the linear optimal one. Here, being more efficient means that the
weakly nonlinear initial condition would trigger turbulence for a lower amplitude U than the
linear one.
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(8 r=91 (h) t=211

Figure 9.4: The plane Poiseuille flow at Re = 3000, initiated by the linear optimal initial con-
dition for the parameters (a, B, t,) = (1,1,45) and with an initial amplitude Uy = 1071, The
+10~2 isocontours of the crosswise velocity are shown. The energy of the perturbation at the
corresponding times is shown with black crosses over the continuous line curve in figure 9.3.
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Figure 9.5: For the set of parameters (a, B, t,) = (1,1, 22), is shown the weakly nonlinear tran-
sient gain Gy, (f,) as a function of Uy, the amplitude of the linear optimal initial condition (red
dashed line) or of the weakly nonlinear ones associated with U? = 1073 (black continuous)
and U = 10715 (yellow continuous). A star marker is placed at Uy = Ug, i.e. when the initial
amplitude is equal to that for which the structure was optimized. The corresponding struc-
tures (isocontours of the cross-wise velocity) are also shown.

Let us first consider the set of parameters («a, B, t,) = (1,1,22) and different optimization
amplitude of the initial condition, denoted Uy in what follows. The latter enters as a parameter
in the weakly nonlinear optimization algorithm, in the same manner that a, §, or ¢, do. By
definition, when computing the evolution of Gy (#,) as a function of Uy, that associated with
the structure optimized for Uy should be larger than all the others at Uy = U specifically.
Some results are shown in figure 9.5, where we compare the linear optimal initial structures,
with the weakly nonlinear ones for U? =107 and Ug = 1071, It appears that the optimization
amplitude Uj = 1073 is sufficiently low to yield the same results as the linear optimization
algorithm (which simply consists of a singular value decomposition of the propagator, without
the initial amplitude entering into the calculations). Selecting the optimization amplitude
Ug =10"15, however, significantly distorts the optimal initial structure. We check that the
transient gain that was optimized for Uy = 1071 is larger than the linearly optimal one when
Uo=Uy = 1071 (i.e. the yellow curve is above the red-dashed one at the location of the yellow
star).

We further consider three larger values for the temporal horizon, such that ¢, € [22,45,68,90]
(black bullets in figure 9.2). For each value of ¢,, we gradually increase the optimization
amplitude of the initial condition U7, and report the results in figure 9.6. For all the considered
parameters, the optimization algorithm seems to be effective in maximizing the gain, in
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Figure 9.6: Each frame shows the evolution of the weakly nonlinear transient gain Gy, (¢,) with
Uo, and for several values of the optimization initial amplitude Uy . Different colors correspond
to different values of Uy, and a star is placed when Uy = Uy . Different frames correspond to
different ¢,. For fy =22, some results are redundant with those shown in figure 9.5.

that the Gy (%,) curve, corresponding to a given Uy, is above all the others at Uy = Ug. More
prosaically, in figure 9.6, the curve associated with a star is above all the others at the location
of the star. This is particularly visible in figure 9.6a, corresponding to t, =22, where optimizing
over increasing U seems to lead to significantly different gain variations over Up. Particularly,
it modifies the optimal structure in a way that substantially decreases the linear gain (in the
limit Uy — 0).

As seen in the previous chapter, the weakly nonlinear gain Gy/(f,) is subject to a singular
explosion for a sufficiently large initial amplitude Uy. Thereby, the optimization algorithm will
select the initial structure that leads to such singularity whenever the optimization amplitude
Ug is sufficiently large to make it possible. We interpret this singularity (loss of solution) as
a conservative indication that the flow has transited to another structurally different state.
Otherwise, the weakly nonlinear prediction would still yield a solution. Therefore, in figure
9.6, we interpret the Uy at which the gain curves become singular as the minimal initial
amplitude at which the flow has transited to turbulence at ¢ = t, (i.e., the weakly nonlinear
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approximation of the minimal seed energy in Pringle et al. (2012)). Such minimal Ué’ , at which
the gain becomes singular and the flow presumably has bifurcated, is denoted by UZ"*, the
superscript s for "singular". Figure 9.6 also reveals that U"" is a decreasing function of the
temporal horizon, supposedly because the initial perturbation had more time to be effective
for larger t,, thereby its amplitude can be smaller. We obtain US’ $=10712% 107151072 and
1072 for t, = 22,45,68 and 90, respectively. Note the coarse discretization in U, %5 due to the
rather large numerical cost of the optimization algorithm.

Note in figure 9.6 that the structures optimized for U;"* are associated with a poor linear gain
close to unity, thus the asymptotic expansion used to determine the weakly nonlinear gain
prolongation is hardly justified. These weakly nonlinear optimal structures, optimized for
Ug = U(‘)’ *$ are shown in figure 9.7 together with the linear optimal ones (just to their respective
left).

Let us now study in figure 9.10 to which extent the weakly nonlinear optimal initial per-
turbations are more efficient than the linear optimal ones in bringing about the transi-
tion to turbulence. To this end, we initiate a DNS with the weakly nonlinear optimal for
(a, B, to, U(‘)’) =(1,1,45,10715= Ug's). We then compare the results with those already shown
in figure 9.3, where the DNS was initiated with the linear optimal initial perturbation for the
same parameters (except for Uy which doesn’t apply). Both DNS were initiated with the same
amplitude Up = UY = Uy"* =107, for which the weakly nonlinear optimal initial condition
should by definition lead to a larger amplification at ¢ = ¢, = 45 in a weakly nonlinear regime.
We hope this to hold also in a fully nonlinear regime, although there are no a priori reasons
for that. A comparison of the energies E), and E, g, as extracted from the DNS, is proposed in
figure 9.8. The results are not conclusive: all along its evolution, the perturbation seeded by the
weakly nonlinear optimal yields much lower energy than that seeded by the linear optimal one.
In particular, the former never breaks down to turbulence whereas the latter does. We further
illustrate in figure 9.9 the evolution of the perturbation flow field initiated with the weakly
nonlinear optimal. If the initial evolution resembles the Orr mechanism, and the unfolded
structure at ¢ =61 also tends to develop wavy structures, these latter and not energetic enough
to grow and break down to turbulence as in figure 9.4, but rather relaminarize towards the
plane Poiseuille flow.

We further study how generic these bad results are, by launching two fully nonlinear simu-
lations for each of the four #, considered. Again, the first is initiated with the linear optimal
structure, shown at a given line in figure 9.7, left column. The second, with the weakly non-
linear one, at the same given line in figure 9.7, but right column. Both initial conditions have
an initial amplitude Uy = Ué’ = Ug S for which the weakly nonlinear initial condition has in
principle a larger (singular) gain at ¢ = t,. The resulting gains are reported in figure 9.10,
where the DNS gains relevant for the comparison are computed as E,, p(1)/ Eq g(0), since the
amplitude equation only describes the evolution of the (a, f) component.

The results are generally not convincing, in the sense that the weakly nonlinear optimal initial
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(f) t,=68, U =Uy* =1072

(8) o =90, linear (h) 1,=90, U =Uy* =102

Figure 9.7: Optimal initial conditions in a linear regime (left column) and a weakly nonlinear
one (right column)
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Figure 9.8: For the plane Poiseuille flow at Re =3000 in a three-dimensional x-and-z periodic
box (9.38), are shown the fully nonlinear energy Ej, of (total) perturbations u, (thick lines) as
well as the energy E,, B contained in the (a, f)-component (thin lines). The continuous lines are
the same as in figure 9.3 (now shown in lin-log scale). For the dashed-dotted lines, the flow was
initiated with the weakly nonlinear optimal initial condition, for the same parameters together
with an optimization initial amplitude of U = 107° (the same as the initial amplitude Up). In
all cases, the energy of the initial condition is E; (0) = E,, p(0) = Ug =1073. The black crosses
highlight ¢ € [1,31,61,91,121,151,181,211], times at which the flow is shown in figure 9.4
(when initiated by the linear optimal) and in figure 9.9 (when initiated by the weakly nonlinear
optimal)

conditions almost systematically yield a lower gain than the linear optimal ones. In other
terms, in figure 9.10, the black continuous line almost systematically is above the red one.
An exception is found for the frame corresponding to ¢, =22 in figure 9.10a, where the DNS
initiated with the weakly nonlinear optimal (red continuous line) seems to yield slightly larger
gain values than the DNS initiated with the linear optimal (black continuous line), for short
time episodes.

Is also observed that the agreement between the DNS and the weakly nonlinear predictions,
i.e. between the continuous and the dashed line for a given color, rapidly degrades as time
increases. This seems particularly true for the weakly nonlinear prediction of the trajectory
seeded by the weakly nonlinear optimal (i.e. the dashed red line compares particularly poorly
with the continuous red line). The quick degradation of the weakly nonlinear prediction in a
subcritical flow regime was also found to occur in the previous chapter in figure 8.9. It was
explained by the fact that, if the considered Uj is too large, the nonlinearly distorted mean flow
became unstable to a mode that the amplitude equation was inherently unable to account for.

This seriously calls into question the approach adopted here, for the relevance of the weakly
nonlinear optimal structures implicitly is based on the assumption that the weakly nonlinear
amplitude equation (9.6) is an accurate model even for Uj that are not too small. If (9.6) fails
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() r=181

(8 r=91 (h) t=211

Figure 9.9: The plane Poiseuille flow at Re = 3000, initiated by the weakly nonlinear optimal
initial condition for the parameters (a, B, t,, Ug) = (1,1,45, 10710 = U(;’ %) and with an initial am-

plitude Uy=U{ =U,"* = VEa,50)=/E,(0) = 10712, The +10~* isocontours of the crosswise

velocity are shown. The energy of the perturbation at the corresponding times is shown with
black crosses over the dashed-dotted line curve in figure 9.3.
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Figure 9.10: The black dotted line is the linear trajectory seeded with the linear optimal struc-
ture, with a star at the temporal horizon ¢,. The continuous black line is the DNS initiated with
the linear optimal and an amplitude Uy. The dashed black line is the prediction of the weakly
nonlinear amplitude equation concerning the trajectory initiated with the linear optimal. The
continuous red line is the DNS initiated with the weakly nonlinear optimal and an amplitude
Uy = U = Uy"* for which it was optimized, and lead to a singular explosion of the gain in
figure 9.6. The dashed red line is the prediction of the weakly nonlinear amplitude equation
concerning the trajectory initiated with the weakly nonlinear optimal (by construction, it
should explode at the star where ¢ = £,). The DNS gain is computed on Eg g, after extraction of
the (a,8)=(1,1) component.

to propose an accurate description for some times and/or initial amplitude Uy, it is clear that
the results of an optimization algorithm based on this model are not encouraging.

As in the previous chapter, the agreement between weakly and fully nonlinear models seems
to remain good for small times, at least for the considered U. Consequently, the weakly
nonlinear optimal structure for t, = 22, in figure 9.10a, gives the most convincing result as
compared to larger t,.
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9.5 Conclusions

In this chapter, we have developed an optimization algorithm to maximize the transient gain
in a weakly nonlinear regime. Specifically, the algorithm results from a Lagrangian where an
amplitude equation, that describes the evolution of a linear trajectory in a weakly nonlinear
regime, was included as a constraint. In its framework, the algorithm succeeds in finding a
structure that yields a larger transient gain for some Uy than the linear one, as computed by
the amplitude equation. Nevertheless, this structure was then found to be mostly irrelevant in
a fully nonlinear regime of a subcritical flow. Many reasons could be advanced to explain this
failure, some listed thereafter

e If the temporal horizon f, and/or the initial amplitude Uy are chosen too large, the
predictions of the amplitude equation are found to be mostly irrelevant, for the fully
nonlinear trajectory has already bifurcated at early times. Thereby, for large ¢, and/or
Uy, since there the amplitude equation is an inaccurate model, the results from an
optimization algorithm based on it logically also give inaccurate results. This suggests
that the optimization procedure should mostly be used for small ¢, where the amplitude
equation remains a good model.

* For large f,, the weakly nonlinear initial conditions, optimized at Ug s thought of as
being close to the smallest possible amplitude for the flow to nonlinearly transit, are
associated with linear gains that are close to unity (see in figure 9.6 the value for the
singular curve crosses the y-axis, corresponding to the limit Uy — 0). Thereby the
asymptotic expansion with small parameter €, = 1/G(,) (the inverse of the linear gain),
has no mathematical justification and the truncation error is likely to be large.

» Turbulence generates many length scales, and figure 9.3 has shown that the (a, §) Fourier
component of the perturbation does not dominate the turbulence spectrum. With the
current approach, however, the weakly nonlinear optimal only can optimize the y
profile for a given (a, B) pair. In other terms, even is relevant in a fully nonlinear regime,
the algorithm optimizes Ey (f)/ Eq 5(0) and not E,(f)/E,(0), whereas it is the latter
gain that matters in a turbulent regime. It is possible to compute three-dimensional
weakly nonlinear optimals, that do not enforce a particular wavenumber pair for the
perturbation, but this would require a computational time substantially larger.

As a perspective, the structures computed by the optimization algorithm are believed to be
more relevant in supercritical flows, where the amplitude equation was found in chapter 7
and 8 to remain a good model even for large ¢ and/or Uy. This is simply because the fully
nonlinear flow structure remained symptomatic of the linear one over which the amplitude
equation was constructed.

For subcritical flows, we believe the weakly nonlinear structures to only be valid when opti-
mized for small temporal horizons. In the spirit of Mannix et al. (2022), this could be automati-
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cally coupled to a DNS routine that performs a time-marching of the flow for very large times.
If it is thus found that the flow re-laminarizes, the routine repeats the optimisation procedure

for a slightly larger initial condition parameter Uy . The procedure is stopped whenever the
DNS confirms the flow to have reached turbulence.
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9.6 Appendix

9.6.1 Variations with respect to the first order field.

We successively compute

<6G2
5

2 2
>:?«ulmmmlmm:?<ul|a1>+c.c., (9.43)

0 0
followed by

ol | _
dt
fo <6u1 >

to
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where we have computed the adjoint advection operator, Ct[e, o], in Appendix 9.6.5. We
proceed with

lo

N
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o,
~
I
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as well as
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and, eventually,
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9.6.2 Variations with respect to the second harmonic order field.

We compute

to 512(2
b

2) ’r(o)>

7@ MO PN O ®)
>dt (& (t0)| @ (1))~ (i
_[ (2)|8 - @)t +L(2)'Ti¢(22)'T>dr+c.c. (9.50)

< 2(t.) u(Z)T([0)>_f < (2))8 NURIN Ltz),faéz)wd”&&’

where we used that itéz) (0) =0 in virtue of the initial condition itéz) (0) = 0. Variation of I3 with
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9.6.3 Variations with respect to the mean flow distortion field.

We compute
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9.6.4 Variations with respect to the third order field.

We compute
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in virtue of #13(0) = 0 inherited from it3(0) = 0. Furthermore,

5 ~ A
2< Er ~3>:<f‘3|f‘1>+cc (9.55)
Ot (i i)
9.6.5 Adjoint advection operator
In the context, the bi-linear advection operator is
2Cla,b) = (b-V g np)a+(a-Vya pp)b, (9.56)

with ?a, p=(ia, 0y, iB), and where n and p are the harmonic indices of a and b, respectively.

For instance, it is equal to 1,—1,0,2 for i1, iti‘, ug)) and itgz), respectively. We define the adjoint
of C as
(Cla, bl|c) = <a|c*[b, c]>, Va,b,c. 9.57)

We can compute (C|a, b]|c) explicitely as
1
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where the boundary terms vanish under the no-slip boundary condition at the rigid walls.
Eventually,

1
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i (9.60)
H * * S H
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which implies

2CIb, )" =—cdy b} — (b -Vyanp)c+ (Vpa,ppb) e (9.61)
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{1 Summary and perspectives

The methods proposed in the three parts of this thesis, each being concerned with an excitation
of a different nature, can be seen a particular cases of the same backbone principle. We state it
as follows

* The choice of the nature of the external excitation to the system suggests a choice of an
inner product whose induced norm measures the input-output amplification.

In partI, the applied excitation was a monochromatic sustained forcing, thereby the
inner product naturally was chosen as the spatiotemporal inner product, consisting of
the L2(f2) inner product over the spatial domain {2, then taking the temporal average.
Since the excitation was monochromatic, this was equivalent to considering solely the
L2(£2) inner product of the Fourier component at the forcing frequency.

In partII, the applied excitation was a stochastic sustained forcing, thereby the inner
product, whose induced norm was a relevant measure of the system state, was also
selected as the spatiotemporal inner product. Generally, it also included an ensemble
average over the different realizations of the stochastic forcing process.

In part III, the applied excitation took the form of an initial perturbation, leading to
a transient response that does not persist in time. Thereby we were interested in an
instantaneous measure of the system, and the inner product was selected as being
simply the L?(f2) inner product over the spatial domain, without temporal integration.

* If the excited system is non-normal, it is reasonable to expect the largest attainable
amplification (or "gain"), under the norm induced by the properly selected inner prod-
uct, to be large. This generically results from interactions between a large number of
eigenmodes of the linearized system and does not require the presence of a neutral or
close-to-neutral one.

Each problem can thus be explicitly rewritten as being the excitation greatly amplified
by the application of a specific operator. The latter operator typically is the resolvent for
statistically steady systems subject to a sustained forcing, whereas it is the propagator for
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arbitrarily time-varying systems subject to an initial perturbation. This naturally implies
that the application of the inverse of this specific operator, mapping the response on its
forcing, induces great mitigation under the selected induced norm.

For instance, in part I we have rewritten the input-output problem as

R(iw)™!

i eof. -
— if.ﬂ (10.1)
llell=1  Jjel=¢,

Therefore, the inverse resolvent generates a strong reduction under the norm induced
by the L?(£2) inner product, since it, with |it,|| = 1, is mapped on eofo with IIGOfOII =
€k 1.

In partII, chapter 3, we have rewritten the input-output problem as
Riw)™" 1@;0) =eof ,{(;0).
S—— [ —
{eP3=1 V/ATeIPT}=e,

In other terms, the inverse resolvent also generates a strong reduction under the

(10.2)

norm induced by the spatio-ensemblo-frequential inner product, since 2((1);9) with
VA[Il@;0)112]} =1, is mapped on e, f ,é (@; 0) with \/{[Ileofof(w;e)llz]} =€p < 1.

In part III we have rewritten the input-output problem as

W0, ty) L(to) = €y,
—_ =

[lell=1 lell=€,

(10.3)

which stipulates that the inverse propagator brings about a strong reduction under the
norm induced by the L2(f) inner product, since i(to) with ||2(t0)|| =1, is mapped on
€olty With ||e,lto]| =€, < 1.

* From here, the key idea, largely exploited in this thesis, is based on the following mathe-
matical fact: if the application of an operator on a structure maps it to another with a
much smaller size, "size" measured under some norm, then an operator perturbation
that is small under this same norm is sufficient to make the operator singular.

In part I, we thus built the singular operator by manipulating (10.1) as

B(iw) () = R(iw) o —€, f , (ilole), with @(iw) (AiL,) =0,
N————

(10.4)
[lell=€0
for any scalar A that does not depend on space.
In part II the singular operator, suggested by (10.2), took the form of
D(;0) () = R(iw) ' o —e, f ,E(;0) {[{T(;0)]*)]}, with P(w;0)(Al(w;0))=0, 105)

VAllleI]}=¢,
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for any scalar A that depends neither on space, nor on the frequency, nor on the stochas-
tic argument.

In part III the expression of the singular operator at ¢ = ¢, comes from (10.3) as

B0, 1) () =W(O0, 1) » —€,ito (1(£p)]*), with D(0,1,) (Al(£,)) =0,
—_— (10.6)

[lell=€0
for any scalar A that does not depend on space.

* The construction of a singular operator, for which the response to the excitation consti-
tutes the non-trivial kernel, makes it possible to bridge the gap with traditional weakly
nonlinear expansion methods even in the absence of a neutral mode. It is indeed key
that the operator characterizing the input-output dynamics is singular to rigorously
derive an amplitude equation, for the latter precisely ensues from a non-resonance
condition.

Due to the generic lack of a bifurcation point, we do not immediately have the small
expansion parameter as the distance to the critical parameter. Nevertheless, due to the
strong non-normality, we do have a large parameter as the gain under some induced
norm. Thereby, we simply define the small parameter as the inverse of the large pa-
rameter. As shown in (10.4), (10.5) and (10.6), the former coincides with the distance to
criticality, in the sense that it also is the size of an operator perturbation sufficient to
make singular the operator characterising the input-output dynamics.

In each of the three parts, a multiple-scale asymptotic expansion was thus performed in
terms of some power of the gain inverse. The expansion was systematically rewritten
such as to make appear, at each order, the inverse of the operator characterising the
input-output dynamics. The latter was then perturbed according to (10.4), (10.5) and
(10.6) in partI, part II and part III, respectively, which could be rigorously encompassed
in the expansion. Consequently, the leading order was constituted of the linearly optimal
response, multiplied by some undetermined scalar that was constant with respect to
the variable(s) over which the selected inner product made the integral(s). (Note that
the latter fact led in chapter 4 to consider, for the perturbation operator, an inner
product different from that yielding a large gain). The problem was then closed at higher
orders by satisfying the Fredholm alternative. In this context, the latter stipulated that
the resonant forcing terms must be orthogonal, under the selected inner product, to
the adjoint of the leading-order (optimal) response. This led to an equation for the
amplitude of the optimal response, which describes the weakly nonlinear evolution
of the gain under the selected induced norm, while the amplitude of the excitation is
increased.

The satisfaction of the Fredholm alternative had an intuitive physical interpretation in
this context: to build a solution in the form of an asymptotic expansion, each of the
higher-order responses must be orthogonal to the optimal (leading-order) one, under
the inner product measuring a large amplification. If this is not the case, and precisely
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because the expansion is made in terms of the inverse of the optimal amplification
measured by such inner product, the higher-orders go up the orders of the expansion
so as to find themselves at an order that is lower than that postulated. This breaks the
validity of the ansatz, and must be avoided for the latter to remain relevant.

In table 10.1 we propose an exhaustive, chapter-by-chapter summary of which operator was
perturbed up to singularity, according to which operator perturbation, and we also report the
resulting kernel.

Table 10.1: Summary table of the operator perturbations carried out in this thesis. Each color
denotes a different type of external excitation: harmonic forcing (green), stochastic forcing
(lavender), and initial condition (cream).

Perturbed 1 Perturbation
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In some sense, this thesis operated a change of paradigm from assuming a large spectral gap,
making it possible to reduce the weakly nonlinear dynamics of the system to a few neutral
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or close to neutral eigenmodes, to assuming a large singular value gap, making it possible to
reduce the weakly nonlinear dynamics to a few largely amplified responses.

As perspectives, we sketch in sections 10.1 and 10.2 some other relevant configurations where
the general principle outlined above could be applied, and we highlight in sections 10.3 and
10.4 some fundamental interrogations that the method raises, and which shall need to be
clarified in the future.

10.1 Application to a harmonic resolvent analysis

Anatural extension of the method outlined in chapter 2 would consist of deriving an amplitude
equation for the optimal response associated with the harmonic resolvent operator (Padovan
& Rowley, 2022; Padovan et al., 2020). The latter operator results from the linearization of
the system around a time-periodic base flow, such that the resulting L can be expanded as a
Fourier series

L=L(t)= Y Lxe™, 2=1{.,-2,-1,0,1,2,..}.

(10.7)
kel2

The harmonic resolvent applies on the whole set of Fourier components {f,,} acf of the
perturbative forcing f(¢), the latter being such that

SN

FO=Y fq.ev, Q:{...,—

1 0 1 2 }
y T T Uy Ty T e () (10.8)
(XEQ n nn

with 7 a natural number, and whose choice sets the fundamental forcing frequency 1/n.
Application of the harmonic resolvent gives as an output the whole set of Fourier components
{fta} ¢ ) Of the perturbative forcing u(z), the latter being such that

u()=y ige'. (10.9)
aef2
Note that, in this sense, it necessarily is of a higher dimension than the original system. It is
generically not block diagonal, as it encompasses the convolution of the base flow frequencies
with those of the perturbation.

Upon perturbing the inverse harmonic resolvent operator, the weakly nonlinear equation
would not be for the amplitude of the optimal response structure oscillating at a single fre-
quency, but more generally for the amplitude of the left singular mode of the harmonic
resolvent operator. As said, the latter is a block vector collecting all structures {i,} qef) con-
stituting the optimal response. Thereby, the amplitude equation could predict the weakly
nonlinear evolution of the harmonic resolvent gain as the amplitude of the linearly optimal
f(t) is increased.
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10.2 Application to a wavelet-based resolvent analysis

Although motivated by the pragmatic reason that it lightens the formalism in chapter 6,
performing the computations in the temporal domain has another substantial advantage:
they can be rather straightforwardly adapted to a configuration where the base flow evolves
with time. This is particularly relevant in a case where the base flow is not statistically steady,
thus where the Fourier transform is not appropriate, and the resolvent operator does not
appear as the relevant one in the calculations. In other terms, the version of the method that
consists of perturbing (9; — L) using a spatiotemporal inner product, is more general than that
perturbing (iw! — L) using a spatiofrequential inner product, precisely because moving from
the temporal to the Fourier domain implies a statistically steady regime.

A forced system linearized around a time-dependent base flow writes
Oru(t) - L(Du(t) = f(1) (10.10)

where L(¢) highlights the temporal dependency of the linearized operator (inherited from
that of the base flow). In the context where the statistics of the latter depend on time, the
recent works proposed by Ballouz et al. (2022, 2023) suggest decomposing the forcing and its
responses on a wavelet orthonormal basis. The wavelet transform is two-dimensional and can
capture the temporal evolution of the frequency content of a signal. That is because wavelets
are typically localized wavepackets, thus containing both frequency information conveyed by
the carrier wave, as well as temporal information since it is localized at a specific time. This
is in stark contrast with the Fourier transform, which is one-dimensional and only extracts
a frequency content of the signal, precisely because it aims at capturing the persistence of a
given frequency all along the signal. In this sense, wavelet transforms are well indicated for
capturing intermittency (bursting events) in a signal, typical to some turbulent flows (Lucas &
Kerswell, 2014), whereas Fourier transform is inherently unable to do so.

Let us define a wavelet family

{w- (r)—iw(t_zj")} (10.11)
" Vi 2] (j,n)eZz, '

constituting an orthonormal basis of L?(R). Each member v jn(2) stems from a mother wavelet
w (1) (typically resembling a wavepacket) that is shifted according to the parameter n and
dilated according to the parameter j. The forcing f(¢), even if not statistically steady, can be
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decomposed in this wavelet family according to

M N o]
fxn= ) Fin@wjn(n), with fj,,(x)zf F& 0y j0de=[f(x Dyj(0)],
j=—Mn=—-N 0
fom-n
f—M+1,—N
=[Y-m-NLY-mi1, N ymNI] (1) , (x)
W
© Fun
~——
=f®

=00 f(x),
(10.12)

where in this context [¢] denotes the temporal integration. The response can be decomposed
accordingly

M N
ux, =y Y ujppXyj,(0), with wj,®) ={ux, 0y, (0],
j=—Mn=—N (10.13)
=U(t)in(x),

Under these decompositions, system (10.10) becomes
O in— LW (=¥ f. (10.14)

Equation (10.14) is multiplied from the left by ¥( H* and integrated over time, which, owing to
the orthonormality property of the wavelet basis gives

1

I
O LOIE . : (10.15)

eventually leading to

[ 0w a- [T LW i=Ff, or equivalently
= (w000 - (w0 Lyww)])” §

v

(10.16)

ii=AF.
where we recognize equation (8) in Ballouz et al. (2022).

After discretisation, system (10.16) typically remains of very large dimension, for it and f are
not response and forcing structures associated to a single wavelet pair (j, n), respectively, but
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a collection of them all according to the definition (10.12). The number of included wavelets is
set by the temporal discretization. Even if the the forcing is chosen such as to only contain a
single wavelet pair (j, n), the response generically decomposes in all the other pairs. That is
because the operator L(t) is time-dependent and thus frequencies have no reason to uncouple.

Let us simplify the problem and force the system with the single wavelet pair, say (j, n) = (a, b),
such that (10.10) becomes

t—2“b)
(10.17)

1
atu(t)—L(t)u(t)=fabWab(t):fabﬁW( o4

This amounts to considering the specific case f = PT f ap D (10.16) where P is the relevant
projector mapping all the wavelet component on solely f ,;, (and PT has the reverse action,
augmenting the dimension of f,;, to that of f with the inclusion of null vectors). We are
interested in optimising the structure f ,;, such as to maximise the response-to-forcing spa-
tiotemporal induced norm

) IGIE NZGYE ||a]|? |APTf 7
Gw:max:=max—2:max Z:max >
Fo Wfap@ap@I2  Far WFapl?  Fan WFapl? ™ Fu 1 apll (10.18)
1
-7

where once again the orthonormality of the wavelet family was invoked. It is clear that the
optimal wavelet structure f ,, is the leading singular vector of #PT, and that the associated
leading singular value is the largest wavelet gain under the spatiotemporal norm, as defined
in (10.18)

We defined in (10.18) the parameter €, as the inverse of the wavelet gain. By assuming once
again €, <« 1, the developments of chapter 6 can be adapted to derive an equation for the
slowly varying amplitude of the normalized wavelet optimal response, denoted I(), solving

Ol () = L(OL(t) =€of upWan(D), (10.19)
and being such that ||1(#)||2. Equation (10.19) suggests perturbing (9; — L(t)) according to
I)=0;— L(t) —€,P(1), with P(8) =y ap(0) f 4 (L(E)]®) (10.20)

and P(t) is an operator with unitary spatiotemporal norm. Proceeding with the weakly nonlin-
ear expansion and imposing spatiotemporal orthogonality of higher-order nonlinear forcing
terms with the adjoint of the optimal wavelet response, is expected to lead to an equation for
the slow-time variation of the amplitude of I(#).

In a statistically steady regime, forcing with a single wavelet that is infinitely peaked in fre-
quency is equivalent to applying a harmonic forcing. Thereby, it should be checked that
the amplitude equation that would be obtained with the procedure sketched above gives
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equivalent results as that derived in chapter 2.

10.3 Some methodological clarifications

In some situations, even if not externally excited, responses along a sub-optimal structure for a
given temporal basis function, and/or that project along other members of the temporal basis,
can be excited via nonlinear interactions of the leading-order response. For instance, in the
case of the harmonic forcing treated in part I, the selected temporal basis was constituted of
time harmonic functions. There, if the leading order response was structurally optimal for the
frequency w,, nonlinearities excited multiples of this frequency and the higher-order forcing
terms projected into other members of the Fourier basis, each being associated with its own,
potentially large, harmonic gain. Similarly, in the stochastic forcing part II, the higher-order
responses had no reason to be purely along the same stochastic process as the leading-order
one but generically decomposed into many other, uncorrelated, stochastic processes. Each of
these processes is associated with its own stochastic gain that is potentially very large.

This fact may be problematic in a situation where these sub-optimal or "orthogonal" (in the
sense that projects into other members of the orthogonal basis) gains are comparable to that
of the optimal response. Indeed, in the latter case, the asymptotic hierarchy is threatened not
only by the optimal response but also by the nonlinearly, endogenously excited sub-optimal
or "orthogonal" ones.

This could presumably be prevented by extending the Fredholm alternative such as to also
enforce orthogonality with these sub-optimal and "orthogonal" responses. For this to be
formally possible, the latter responses have to be a priori included in the kernel of their
respective operator (even though they are not externally excited). For the moment, we do
not know to what extent such an extension of the Fredholm alternative, to also prevent the
nonlinear excitation of largely amplified responses that are not the optimal one, improves
the accuracy of the weakly nonlinear model. Indeed, if it makes sense a priori to derive an
equation for the optimal response, since it is by construction the only one that is excited by
the forcing, it is less clear to us if the other responses that it nonlinearly excites should also be
included from the beginning in the analysis.

We give concrete examples in the two following subsections.

10.3.1 Coupling with sub-optimal responses

In the thesis, the question of whether or not sub-optimal responses should be included in the
kernel was systematically circumvented. To do so, we assumed that the first sub-optimal gain
was one order smaller in terms of the relevant power of the small parameter (the one used in
the expansion), than the optimal one. For instance, in chapter 2, the optimal gain was equal to
1/€, and the expansion was proposed in terms of an integer power of \/€,. Thereby the first
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sub-optimal was assumed to scale like O(1/,/€,). This assumption justifies the non-inclusion
of the first sub-optimal mode. Indeed, the projection of the resonant forcing appearing for the
first time at O(\/as) on the sub-optimal structure yields a response potentially at O(e,). In
contrast, projection on its optimal structure yields a response potentially at O(,/€,), which is
the leading order. Thereby; it is primarily the latter scenario that should be avoided, for it is
the one that is the most threatening to the asymptotic hierarchy.

Nevertheless, let us consider a scenario where the first sub-optimal scales like the optimal
one, and yet it is only the optimal structure that is externally forced. The inclusion of the
first sub-optimal response mode in the kernel, by summing two operator perturbations (the
second not affecting the first since the responses are orthogonal) would lead to a system of
two coupled amplitude equations that we can anticipate to be of the form

dA 9 9
d—T:a1A+a2A|A| + a3z A|B|” + as,

dB
7 b1 B + b,B|B|? + b3B| Al?,

(10.21)

with A the amplitude of the optimal response and B that of the sub-optimal one. The equation
for B is excited only through its nonlinear coupling with A, the latter being also externally
excited. Whether or not the coupling with B ameliorates the predictions for A, as compared to
a case where only an equation for A is derived (which also makes sense since it is only A that
is externally forced), is a question that remains to be clarified.

10.3.2 Coupling with harmonic optimal responses

Along the same line of thinking, we recall that in chapter 2, in studying the response to a
harmonic forcing of the BES flow at Re = 500, we have considered in particular the forcing
frequency w,/(27) = 0.04. For the latter frequency, the linear harmonic gain of the second
harmonic (at 2w,) is larger than that of the fundamental, although of the same order of
magnitude. Therefore, it would make mathematical sense to perturb (i2w,I — L) to singularity
in addition to doing so for the inverse resolvent of the fundamental. One can then proceed
with the nonlinear expansion, where the inverse of the optimal gain of the second harmonic
frequency is scaled in terms of that of the fundamental, and both operator perturbations can
be encompassed in the same expansion. Doing so, the leading-order response is along both
the optimal response at w, and the optimal response at 2w,. The second order is already
resonant, as the nonlinear interaction of the optimal response at w, with itself generates
a forcing oscillating at 2w, (whose operator was made singular as well). Furthermore, the
interaction of the optimal response at 2w,, with the complex conjugate of the optimal response
at w,, produces a forcing at w,. Imposing the Fredholm alternative there and pursuing the
calculations up to the third order would lead to a system of coupled amplitude equations of
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the form
dA _ * 2 2
d—_alBA +as A+ asAlA|° + a4 A|B| +a4(P
dg (10.22)
i7" by A’ + by B + b3 B|B|* + by B| A%,

with A the amplitude of the optimal response at the fundamental frequency w,, and B the
amplitude of the optimal response at the second harmonic frequency 2w,. At the cost of
increasing the dimensionality of the system, having included an equation for B guarantees
that the large gain at the second harmonic frequency does break the asymptotic hierarchy, as
the latter is nonlinearly excited by the interaction of the fundamental with itself.

And yet, in the (convincing) results shown in figure 2.5b, only an independent equation for A
was derived, as B was not included in the expansion. The agreement with the DNS remained
very good. This was explained by the naturally poor spatial projection of the second harmonic
nonlinearly generated forcing on its optimal structure at 2w,. To what extent is that generic,
and to what extent does the coupling with B improve the agreement of A with DNS results, is
a question that was not addressed in this thesis despite its fundamental importance.

The same question would certainly arise in considering the response to stochastic forcing or
wavelet forcing, sketched in section 10.2. In the latter case, the Fredholm alternative would
solely prevent the projection of the higher-order fields on the optimal response associated
with the member vy, (%) of the wavelet basis. Yet, these higher-order responses generically
energize other wavelet members whose respective gains, as defined in (10.18), might also be
large and invalidate the asymptotic expansion ansatz.

10.4 Mathematical clarification

This project perspective aims at linking the method proposed in this thesis, based on multiple
scale expansions, with the center manifold theory, presumably more mathematically rigorous.
If the equivalence between both methods has been ruled in Fujimura (1991) in the reduction
of Navier-Stokes equations to modal amplitude equations, this equivalence remains to be
shown for the non-modal amplitude equations derived in this thesis.

The simplest case would be to try to re-derive the simple Stuart-Landau-like amplitude equa-
tion for the non-modal response to a harmonic forcing in (2.12), by using the center manifold
theory. The linearized operator being strictly (and significantly, without outstanding eigen-
value) stable, the operator perturbation would also need to be included somewhere in the
calculations, for the center manifold, by definition, must be tangent to the center (neutral)
subspace at the location of the fixed point in the phase space. In doing so, one could extend
the works proposed in Breunung and Haller (2018), Li and Haller (2022), Li et al. (2022), and
Ponsioen et al. (2020) to non-normal harmonic responses that are not directly linked to the
presence of neutral or weakly damped modes.
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