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ABSTRACT: We consider correlators for the flux of energy and charge in the background of
operators with large global U(1) charge in conformal field theory (CFT). It has recently
been shown that the corresponding Euclidean correlators generically admit a semiclassical
description in terms of the effective field theory (EFT) for a conformal superfluid. We adapt
the semiclassical description to Lorentzian observables and compute the leading large charge
behavior of the flux correlators in general U(1) symmetric CFTs. We discuss the regime
of validity of the large charge EFT for these Lorentzian observables and the subtleties in
extending the EFT approach to subleading corrections. We also consider the Wilson-Fisher
fixed point in d = 4 — € dimensions, which offers a specific weakly coupled realization of the
general setup, where the subleading corrections can be systematically computed without
relying on an EFT.
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1 Introduction

The fundamental laws of physics, as codified by Quantum Field Theory (QFT), are best
deduced by studying the near-vacuum dynamics. The latter consists of processes involving a
small number of quanta, like for instance 2 — 2 transitions. The Standard Model (SM) was
indeed constructed on those simple methodological grounds. It is nonetheless awe-inspiring
how its very same laws also underlie the vastly more complex macroscopic phenomena one
finds in condensed matter, chemistry, or biology.

Key to the variety of macroscopic phenomena and to their effective dynamical laws is,
obviously, states involving many quanta and, as such, far from the vacuum. The Standard
Model (SM) serves as a perfect example, vividly showcasing the diversity of such states and
their often intricate dynamics. In light of this, any situation where the system’s behavior
can be calculated, bridging the gap between the few quanta and the many quanta regimes,!
becomes conceptually intriguing.

As it turns out, an instance of the desired situation is offered by multilegged amplitudes
in weakly coupled QFT. Broadly, in a QFT with a weak coupling A < 1, one finds that the
perturbative series for n-legged amplitudes is controlled both by A and by An.? In practice

'Or, in the spirit of Anderson [1], across the frontier between less and more.
2Throughout our discussion A will be a quartic coupling.



the dependence on n originates from combinatoric factors in the diagrammatics [2, 3]. For
An < 1 the standard Feynman diagram expansion works well, but at An 2> O(1) it breaks
down signaling the onset of a new regime.? The ranges An < 1 and An > 1 then naturally
and respectively define the few quanta and the many quanta regimes. While these facts were
certainly known long before, significant progress on their study was only made in the early
90’s [4-9]. In particular, focusing on transitions of the type few — n for massive scalars near
threshold, it was shown that the regime n > 1 is controlled by a semiclassical expansion [8, 9]
around a non-trivial complex (and singular) solution, whose “distance” from the vacuum
is controlled by the critical parameter An. While this realization helped sort out crucial
structural aspects, the properties of the saddle solution at An > 1 proved hard to tackle.
Luckily, the computational difficulties have been numerically tackled in a recent remarkable
paper [10]. There it was explicitly shown that the probability for the few — n transition
is exponentially suppressed as n — oo for boost factors v = E/m of the particles in the
range 1 to ~5. The results of [10] thus represent one example where, for energies ranging
from non-relativistic to moderately relativistic, the dynamics across the frontier between
less and more is both understood, in terms of a semiclassical expansion, and computed,
by numerical methods.

The preceding success story prompts the exploration of other scenarios featuring calculable
multilegged amplitudes. Indeed, thanks to recent progress, one such instance is already offered
by the large charge regime in Conformal Field Theory [11-28]. There the number of legs n
essentially corresponds to a global U(1) charge Q.* The main result is that the Euclidean
correlators involving the insertion of large-() operators are described by a semiclassical
expansion around a non-trivial solution, controlled by inverse powers of ). When working on
the cylinder the solution corresponds to a superfluid state with charge density J° ~ @, in such a
way that the behavior at large () is universally and effectively described by the hydrodynamics
of phonons. These results have broad validity and they apply to both weakly coupled models,
like Wilson-Fisher models or large N ones, and to generic strongly coupled CFTs.

The weakly coupled cases [16-18] offer indeed the opportunity to study the behavior of
the system for arbitrary An, thus allowing us to follow the dynamics across the few quanta
(An < 1) and the many quanta (An > 1) regimes. One finds that An crucially controls the
gap of non-phononic modes, such that for An > 1 the system behaves as a simple generic
superfluid at distances larger than 1/An on the cylinder. All these calculations can be carried
out analytically, thus illuminating the less to more regime change without the technical
complications of the case of multiparticle production.

The simple superfluid behavior that can be explicitly proven in weakly coupled theories is
indeed expected at sufficiently large @ for generic CFTs, including strongly coupled ones. This
expectation follows from the hypothesis of semiclassicality and from the simplest choice for
the symmetry of the saddle solution [12]. Crucially, for generic CFTs the large @) description
must be interpreted as an effective one, valid only at lengths larger than the inverse gap

3The naive application of perturbation theory actually breaks down when An? > O(1), but the logarithm
of the amplitude can still be computed perturbatively as long as An < 1.

“Throughout the paper we shall indicate by @ the U(1) charge when dealing with a generic CFT. When
specifically dealing with the U(1) Wilson-Fisher model [17], where the charged operator of interest is ¢" and
Q = n, we will instead use n, to stress this is the number of legs of the operator.
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Figure 1. Penrose diagram showing our setup for a spacetime slice of fixed direction n. The operator
O¢ creates a localized excitation at time ¢t = 0, which propagates radially outwards (red band). The
resulting charge and energy flux in a given direction are measured by the line operators (1.1) and (1.2),
which in the limit » — oo become integrals over future null infinity (blue line). The distribution of
this flux in time is set by the typical scale £ of the excitation.

of the non-phononic excitations on the cylinder. This regime translates into specific ranges
for the conformal cross-ratios of operator positions.

The large charge CFT regime has, so far, been explored in Euclidean signature, or,
equivalently, at spacelike separation. The present paper aims to extend the study to inherently
Lorentzian observables, which are closer to those that can be directly measured in collider
experiments. That would provide a novel (intrinsically ultra-relativistic) situation in which
to study the less to more transition, adding to the above mentioned examples.

One natural set of Lorentzian observables for CFTs was presented in [29]: the charge and
energy flux resulting from a localized excitation created by a scalar operator. In this work,
we consider the same setup as [29], shown in figure 1, for general CFTs with a global U(1)
symmetry, with the local excitation at time ¢t = 0 created by the lowest-dimension operator
Oq with charge () — co. We can then place a detector a large distance away in order to
measure the total charge flux in a given direction resulting from this excitation,

oo
Q(n) = lim rd_2/0 dtn'Ji(t,rn), (1.1)

r—00

where J# is the conserved current associated with the U(1) symmetry, and the spatial unit
vector n specifies the direction in which we measure the flux. Similarly, we can measure
the energy flux

r—00

E(n) = lim rd_2/0 dt n*T%(t,rn), (1.2)

where TH” is the stress-energy tensor.
Following [29] we consider a state of the form

2

Oq(E)) = [ dls e1E " F 0 (2)[0), (1.3)



where 2%, = Y, (##)? is a Euclidean norm ensuring the state is normalizable and localized in

“w
a region of spacetime where all coordinates are less than O(&). In the limit £F > 1 the state
approaches a momentum eigenstate, with P* = (E,(_f) The idea is that the limit £ — oo
is taken after the limit » — oo in egs. (1.1) and (1.2).

In such a state, we compute correlators with multiple insertions of the flux operators®

(Og(E)Qm) - -- Q(ny) Og(E))
(Oq(E)Oq(E)) ’

(Qmy) -+ Q(ny)) (1.4)
with an analogous expression for the energy flux. Conceptually, we can think of the excitation
created by Og(z) as roughly @ charged quanta initially localized at x, which propagate
outwards and are measured at infinity. By measuring the correlation between charge and
energy depositions in different directions, we can determine the makeup and dynamics of
these charged quanta, just like in a collider experiment.

The overall normalization of these correlation functions is fixed by Ward identities,
but in principle they can otherwise have arbitrary dependence on the angular separations
cos0;; = n; -n; between the flux operator insertions. For example, we can write the correlator
with two charge flux insertions in the general form

2

2
Qde

(Qn1)Q(n2)) = (1+hqo(d,0)), (1.5)

where Q4_o = % is the area of the celestial sphere, and § = 615. Charge conservation

imposes the constraint
/mwﬂm¢m:o (1.6)

For Q > 1 in a generic CFT in d spacetime dimensions, the EFT results of [11, 12]
together with, as we shall argue, an additional hypothesis of smoothness of the 4-point
function, imply that hg(d,#) can be expanded in inverse powers of @) as

m@@:M%¢m+$ﬂm@m+“. (1.7)

To be more precise, within the domain of validity of the EFT of [11, 12], the subleading
correction to the 4-point function (@QJ“J YOgq) scales like Q%=1 However the flux
correlators of eq. (1.4) entail integration over a small portion of coordinate space where the
EFT description breaks down. As we discuss in section 4.5, the contribution from this region
is still expected to vanish as Q — oo under a plausible hypothesis of smoothness. In principle
the resulting leading correction could then scale like Q™% with « # %.

5These correlators were first investigated by Korchemsky and Sterman [30] in the study of QCD jets by

Te~ annihilation, and there has recently been renewed interest

relating them to event shape distributions in e
in studying their properties in conformal field theories [31-45]. The semiclassical approach we use here is
complementary to these previous works, which have largely focused on the structure of the light-ray OPE or
correlators in weakly coupled or holographic theories. In light of the energies reached by the LHC, it seems
that the behavior of flux correlators in CFTs can also have direct relevance to collider physics, as was shown

in recent analyses of jet substructure in QCD [46, 47].



For weakly coupled CFTs, the semiclassical computation of hqg at large @ (again here
we set (Q = n) should take the same structure as for all other observables [17, 19]. Focusing
for definiteness on the U(1) invariant Wilson-Fisher model in d = 4 — ¢, where the external
charged operator is simply ¢™, we then have

ho(d,0) — hp(4—e€, An,0) = K (en, 0) + ehM (en, 0) + 20 (en, 0) + . ..

= 7O (en, 0) + % [enh M (en, 0)] + % [(en)?h® (en, 0)] + ..
(1.8)
where A\, = aje + age® + ... is the fixed point coupling. Treating A.n ~ en as a fixed finite
parameter, the expansion in powers of € can be traded with an expansion in inverse powers
of n, as shown in the second line. The function associated with each finite order in the
e expansion (equivalently 1/n expansion) describes the transition from the less (en < 1)
to the more (en > 1) regimes.
In this study, for both the generic case and the Wilson-Fisher model in d = 4 — ¢, we
focus on the leading term in the semiclassical expansion and show that it vanishes

KO, 0)=0,  hOn,0)=0. (1.9)

As shown explicitly in [17, 19], the dynamics of the Wilson-Fisher model for n — oo and e fixed
(implying en — co) matches that of the generic EFT. Eqgs. (1.7)-(1.9) are then seen to imply
lim A" (en,0) =0 VEk. (1.10)

EN—00

The k = 0 equation is compatible with eq. (1.9), but the latter result is stronger.
Overall eq. (1.9) implies homogeneity at @@ — oco. In fact we prove the same result holds
for all higher point functions (with k& = finite)

k k
Q)+ Q) = (52)  (em) ) = (o) @=o0). (LD

This behavior is physically intuitive, since in the limit of an infinite number of outgoing
charged quanta we expect the distribution to be isotropic, as was recently argued in [45],
which explicitly computed flux correlators in the background of large charge states for the
example of N = 4 super-Yang-Mills. However, this emergent homogeneity is rather non-trivial
from the perspective of a standard perturbative diagrammatic expansion. Indeed, based on
the results of section 3 and appendix B, one can see that the O(\n) term in the expansion
of ﬁ(o)(en, ) vanishes, suggesting that an all-order proof can be systematically constructed.
However the existence of diagrams scaling like Ain? with ¢ > p, which with careful scrutiny are
found to exponentiate and factor out, complicates the construction of such a proof. The same
difficulty appears in the diagrammatic computation of the anomalous dimension presented
in [17]. In that case, like in this one,® the physics of the problem is properly captured by
the semiclassical expansion around the leading saddle point. That implies straightforwardly
the structure in eq. (1.8) as well as h(9)(en, ) = 0. Moreover the semiclassical computation
extends to the range A,n > 1 where the naive diagrammatic approach fails.

50r like in the original problem of multiparticle production [9].



In section 2, we discuss the kinematics and present the general procedure for mapping
flux correlators to correlation functions on the Euclidean cylinder. We then consider the
charge and energy flux in free field theory in section 3, to demonstrate the subtleties involved
in their computation. In section 4, we turn to general CFTs with a U(1) symmetry and
use the semiclassical approach to compute the leading order behavior of flux correlators
at large charge. We then compute the same observables in the specific example of the
Wilson-Fisher fixed point in d = 4 — € and discuss the regime of validity of the large charge
EFT in Lorentzian signature. Finally, in section 5 we discuss the possible extension of this
framework to subleading corrections and the challenges involved. Various details of our
calculations can be found in the appendices.

2 Kinematics and coordinate choices

In this section, we would like to review some technical aspects, which mostly concern the
possible choices of coordinates.

The definitions of the flux operators in egs. (1.1), (1.2) are physically intuitive, but the r
and t coordinates are not the most convenient from both the physical and computational point
of view. Because of conformal symmetry, and as confirmed by our computation, the state, and
with it the conserved charges, spread asymptotically at the speed of light. Quantitatively, this
means that at time ¢ in the future, the excitation will be localized around r = || ~ ¢t + O(§),
where ¢ measures its original distribution (see eq. (1.3)). The bulk of the contribution to
the integrals in eqs. (1.1) and (1.2) then comes from the region t ~ r + O(§), which goes
to infinity. In this situation, radial light-cone coordinates, consisting of r* =t 4 r and of
the radial vector n, provide a more suitable parametrization. Indeed, for any value of rT,
the state is localized at finite values of r— ~ £. Now, as shown in appendix A, conformal
invariance guarantees that not only the total charge, but also the time integrated flux, does
not depend on the choice of surface, as long as it approaches future null infinity .#*. The
fluxes in egs. (1.1) and (1.2) are then equivalently given by integrals at fixed r*,

+ d_21 +00
Q(n) = lim <2> 5/ dr=J" (r*,r 7 m),
T o (2.1)
) TR e L Lo
S(n):rllinoo (2> 5/_00 dr=T" " (r",r",n),

as shown in part (a) of figure 2, where the integrals are dominated at finite values of r~. The
above definitions also show explicitly that the integrated fluxes are light-ray operators [31].
While the radial light-cone coordinates describe the asymptotic region more conveniently
than the original x#, they are made slightly inconvenient by their non-trivial metric. Fortu-
nately, following [29], we can make a conformal transformation z* — y*(x) to coordinates
that share the advantages of radial light-cone coordinates, but not their disadvantages,

1 ‘fJ_P j’J-
+_ L - = o T
with % = 20 + 2971, - = (2!,...,2972) and similarly for the y coordinates. This trans-

formation maps £ to the null plane y™ = 0 [29]. Parametrizing z# with radial light-cone



coordinates one also sees immediately that the surface r* = oo (with r~, n fixed), maps
precisely to the plane yt = 0. In particular, on this plane y~ and 7- are finite functions
of r~ and n

2r— Sl Ths

BETETE S wer o 23)

-
and the null line defined by r* = co and fixed n maps to the null line defined by y™ = 0 and

fixed §-. The charge and energy flux operators are then related to the light ray operators
defined by integrals on this null line of the currents in the new coordinates,

o) = [y uwt =0y E@ =2 Tt =07, 24

as shown in part (b) of figure 2. Accounting for the transformation of the currents and the

measure under eq. (2.2) the precise relation is”
1+ |72 d—2 . 1+ 72 d—1 .
om = (ML) o ew= (FHEE) ewh. es)

The flux correlators in eq. (1.4) are then given by correlators of light-ray operators on a
plane. One key advantage of y coordinates is that any explicit dependence on the diverging
coordinate 7+ (or equivalently 1/y*) is removed. Interested readers may find a more detailed
explanation of the relation between flux operators in different coordinates in appendix A.

We are specifically interested in computing these correlators in the background of
operators with large U(1) charge @ > 1, where we can use the semiclassical approach
developed in [11, 12]. However, this semiclassical picture is most naturally formulated with
radial quantization in Euclidean signature, where such operators create a state of finite charge
density, while flux correlators are intrinsically Lorentzian observables. Our strategy will
therefore be to Wick rotate the integrands of eq. (2.4) to the Euclidean plane, y° — iy}, as
shown in part (c¢) of figure 2. We can then use a Weyl transformation to map the Euclidean
plane to the cylinder (part (d) of figure 2),

Jg = €N, (2.6)

where we have set the radius of the cylinder R = 1. The current and stress tensor correlators
on the cylinder are then computed as an expansion around the non-trivial saddle point
created by the large charge background.

In short, our calculational procedure is:

1. Compute the Euclidean correlators
(@1 Ty (11, N1) -+ Ty (7, Ni)IQ), (@I Ty (11, N) -+ Ty, (72, Ni) Q)

on the cylinder using the effective action arising from the finite charge density back-
ground, where |@) is the ground state in radial quantization with fixed charge Q.

"This relation can be also easily obtained by noting that the total charge Q and total energy E are given by

Q= / 09> Q(m) = / ajt o), E= / 092 E(m) = / a (”f) EG),

|

-1 2
and identifying the two integration measures dQq_o = (%) dy— (see appendix A for details).



Figure 2. Diagram outlining our procedure for computing flux correlators, for the example of (QQ).
The flux operator Q(n) is defined as an integral of the U(1) current over time for a fixed point on the
celestial sphere (a). To simplify the computation, the celestial sphere can be mapped to the null plane
yT =0 (b). The Lorentzian correlator of the current J,(y) can then be computed by Wick rotating to
the Euclidean plane (¢) and mapping to the Euclidean cylinder (d), where the semiclassical approach
of [11, 12] can be used. The result can then be mapped back to the original flux correlator via the
same steps in reverse.

2. Map from the cylinder to the plane to obtain the Euclidean correlators

(OQWef) T (Fr1) - T Uek) O(UEi)),  (O@(Wrs) Ty, (Fe1) - Tuwi (TEk) Oq (TE:))-

3. Wick rotate to Lorentzian signature and integrate over y; , ..., y, to obtain the light-ray
correlators

(Oqyp) Q) -+ Q) Owi)),  (Oqup)EH) - E(Gir) Oq(ui))-

4. Map to the celestial sphere and Fourier transform the positions of the external operators

to momentum space to obtain the final correlation functions®

(Qmy) --- Q(ng)),  (E(n1) -+~ E(my)).

3 Warmup: free scalar

Before computing correlators with the semiclassical expansion, it is instructive to first consider

the case of a free complex scalar field ¢, in order to gain some intuition for the structure of

flux correlators and clarify some technical details of our procedure. Here we will focus on the

two-point charge flux correlator in the background of the operator ¢™ with U(1) charge @ = n,
(¢"(E)Q(n1) Q(n2) ¢"(E))

(Q(n1)Q(ny)) = ()0 (E)) : (3.1)

as well as the energy flux two-point function (£(n;)€(n2)).

As discussed in [29], the one-point flux correlators in the background of any scalar
external source are completely fixed by rotational invariance and the requirement that the

8This second operation corresponds to using the states in eq. (1.3) and then taking the limit & — oo.



integral over all possible directions n gives the total charge or energy, respectively, leading
to the expressions:

@)= g™, Em =g

(3.2)

On the other hand, the two-point correlator can have non-trivial dependence on the
angle nj - no = cos # between the two operators on the celestial sphere. In the case of free
field theory, the correlation function can be computed diagrammatically in terms of the
Wightman functions,? which read

(B(5) H(un)) = D= - (3.3)

(d = 2)Qa—1 (415 — ie12) (Y15 — t€12) — [F15]?) 2

where yi5 = y{' — v4 and the infinitesimal €12 > 0 ensures proper Wightman ordering, i.e.

d(y2) acts before ¢(y1) (see, e.g., [48]).
For a free complex scalar field, the U(1) current is given by

Ju = i(gb(ﬁu@ - (0;@)(;3), (3-4)

which is normalized such that the field ¢ has unit charge. To compute the charge flux
correlator (3.1), we first need the four-point function (¢™.J_.J_¢"). The resulting expression,
normalized by the two-point function of ¢", is

(0" (yp)J—(y1) T (y2) " (i)

(@™ (yr) o™ (yi))
2(d—2) + +
) (B ()
(2924-1)? yff291f29f52y252 Y1 Y1/ \Yr2 Y3 (3.5)
d—2 +
Ly i ((yfgﬁ) (y*+y+>+< 2) <y5>2>
(2Qa-1)? yf %yl s 2 \\vhy - uda/ \udy 93/ \d=2) i,
+...,
where the “...” stand for contributions to the four-point function that vanish upon integration

over y; or y, and therefore do not contribute to the resulting flux correlator, leaving only
the two Wick contractions shown in figure 3. To simplify this expression, we have introduced
the shorthand

ik = (U — iein) (Wi, — iein) — 1551, (3.6)

with € > €1 > e > «.
We then need to integrate over y; and y, to obtain a correlator of charge light-ray
operators. Finally, we can use the conformal transformation in eq. (2.2) to map to -

2—d
9The overall factor of (—1)72 arises from Wick rotation from Euclidean to Lorentzian signature and
ensures that the one-particle state has positive norm.



J-(y1)  J-(y2) J-(y1)  J-(y2)
qb”(yi)@qﬁ”(w) ¢”(yi)@¢"(w)

(a) (0)

Figure 3. The two types of Wick contractions which contribute to the correlator (¢ QQ¢™) in free
theory. The potential contributions from all other Wick contractions vanish upon integrating y; and
y5 . The vertical dots indicate the propagators of the n — 2 “spectator” particles for diagram (a) and
the n — 1 spectators for diagram (b).

coordinates and obtain the charge flux correlator,

(@"(xf) Q(n1) Q(n2) 9" (1))

(57 ()9 (@)
_ (3.7)
_n(n—1) o n gt

Q5 (m-xp)d2(ng-xp)d2 0 Qap (g -ayp)d2

(5(111 - IIQ),

where we have introduced the null vectors ni = (1,n;), and the delta function is defined
such that [dQy_2d(n —n') = 1, for any unit vector n’. The details of this calculation
are shown in appendix B.

This expression only depends on the separation xy; between the two external sources.
Indeed Q(n) is a translation invariant operator.!? Translation invariance of the full correlator
implies that it only depends on x ;. The two-point function (3.1)’s source has definite energy
E, and is thus obtained by performing a Fourier transform of xy;. After normalizing by the

two-point function of ¢" (see appendix B for details), we obtain:

(Q(n1) Q(ny))

_nln=1)_Tln-D()r
0y T((n-2)(%2

7))
D)L ((n+1)(452))

2F1<d_27d_2 (n+1)(%5%); Sng) (3.8)

—+

QZ_Q 5(n1 — ng).

For finite n, this correlator has non-trivial dependence on the angle 6 between the two
directions on the celestial sphere, as shown in figure 4. This dependence is easily understood
from momentum conservation: for a source at rest, measuring charge flux in one direction
increases the likelihood of measuring flux in the opposite direction. This effect is particularly
visible for n = 2, where eq. (3.8) reduces to a sum of delta functions at § = 0 and 6 = 7. At
large n, however, this expression converges to the homogeneous distribution

(Qm) Qtma)) ~ " >2<1+Qd 2{6(n1—n2)—1+(d_2)0089}+0(n_2)). (3.9)

d—2 Qg2

¥Indeed, for an infinitesimal shift z* — x* 4 a*, the celestial sphere is invariant: r* stays at infinity,
while n is invariant. Only the time r~ shifts, which is integrated out to compute the flux. Equivalently, in y
coordinates, only y~ transforms under the shift at y© = 0, such that the flux is invariant.

,10,
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Figure 4. Charge flux two-point correlator (QQ) as a function of the angle 6 between the two flux
operators in the background of ¢* (red), ¢® (gold), ¢! (green), and ¢3? (blue), normalized by the
homogeneous solution (Q)2. The delta function at 6 = 0 is not shown.

The fact that the very non-trivial expression (3.8) simplifies immensely at leading order in
n is understood by noticing that the result can also be found as a saddle point expansion
at large n in the path integral. We therefore already see in free theory a first hint that the
correct framework to study the large charge regime is a semiclassical expansion.

We can repeat this same calculation for the energy flux operator, with the same dia-
grammatic contributions as figure 3. The final result is:

(E(n1)E(n2))

B T((n =P+ r(n(F) +1) o o a0

= Qd 2I‘((n—2)(d 2))F((n+1)(%)+2) 2F1<d 1,d—1;(n+ 1)( 3 ) + 2;sin 2)
E? d—1

0(n; —ng).

T n@—2) ram )
(3.10)
The behavior of this expression is analogous to that of the charge flux correlator, converging

to the homogeneous distribution (£)? in the large n limit

L+(d—1) COS&] + o(n2>> :

E \? d—1Q,
) <1+ 92 1 5(ny — ny) — 5
d—2

EmEm) = (5 ) (1455

4 Flux correlators at large charge

In this section, we compute the charge (and energy) flux correlators (1.4) in a semiclassical
expansion at large charge. For this, we consider CFTs in d > 2 spacetime dimensions with a
U(1) global symmetry and we follow the procedure presented in section 2 to compute the
correlators in the background of the lowest-dimension operator O¢g with U(1) charge Q. We
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present the two possible contexts in which we can do the computation. The first possibility
is to consider general CFTs with U(1) symmetry and to compute the correlators in the EFT
of the Goldstone associated to the U(1) symmetry breaking [11, 12]. After briefly reviewing
this approach, we apply it to the calculation of the two-point functions (QQ) and (EE),
before generalizing to the case with an arbitrary number of flux operator insertions. While
this method has the advantage of being valid for a large class of CF'T5s, it only investigates
the many quanta regime (which in the context of the EFT can be rephrased as the large
chemical potential limit g > 1). We therefore proceed by showing the computation for
a UV-complete theory, the Wilson-Fisher fixed point in 4 — ¢ dimensions, where we lose
the universality of the result but the semiclassical expansion becomes valid for all values
of Aun (or p). Finally, we motivate the validity of the EFT to compute the charge and
energy flux correlators in Minkowski space.

4.1 Review of semiclassics at large charge

Consider a general Euclidean CFT correlation function of the form

(Oq(WEr)O1(FE1) - Or(FEr) Oq(¥E:)), (4.1)

where the intermediate operators O; have fixed U(1) charges ¢; < @ and scaling dimensions
A; < Ag (such as the conserved current J, or stress tensor T),). Applying conformal
transformations, we can always set y; — 0 and yy — oo. Then, by Weyl mapping to the
Euclidean cylinder, we relate eq. (4.1), up to a known rescaling factor, to the cylinder correlator

(Q|O: (71, N1) - - - Op(7h, N}y) |Q), (4.2)
where
Q)= _lim_e B 0p(r M)0), (@] = lim 247 (0]0g(r, N),

is the ground state in radial quantization of the conformal multiplet generated by Og. The
insight of [11, 12] is that, for large @Q: (%) eq. (4.2) can be computed by a systematic expansion
around a saddle point in the path integral; (i) the dynamics around the saddle configuration
can be largely determined by symmetry considerations. The simplest option as concerns the
second point is that the saddle configuration realizes the spontaneous symmetry breaking

SO(d +1,1) x U(1) — SO(d) x D', (4.3)
where D’ is the unbroken combination
D' =D+ uQ, (4.4)

of dilatations D and of the U(1) charge @), which implements the time translation invariance
of the saddle solution. Such a symmetry breaking pattern characterizes the configuration as
a conformal superfluid. The parameter p has then the standard interpretation of a chemical
potential (see for instance [49]). Eq. (4.3) dictates the presence of (just) one soft Goldstone
mode whose properties are largely fixed by symmetry. This is the analogue (with the addition
of conformal symmetry) of the hydrodynamic sound mode of ordinary superfluids. The
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simplest and most natural option is that this is the only soft mode, while all other modes,
which have no symmetry reason to be light, are gapped at the only available mass scale
in the system, u. In several specific calculable models, this natural set of assumptions has
been explicitly verified [16-19].

Under the above hypotheses, the computation of the correlators reduces to a path integral
controlled by the effective action for the Goldstone mode. The inserted operators are matched
to local functions of the Goldstone field and its derivatives, precisely like in QCD when
mapping quark-gluon operators to mesonic ones. At leading order in the derivative expansion,
the effective Lagrangian is given by

d
2

['eff[X] ~ _Cl(_auxa,uX) +... (45)

with ¢ is a theory-dependent Wilson coefficient. Setting the cylinder radius to R = 1,
the boundary condition corresponding to the state |@) is implemented by adding the term
ix@/Qq—1 to the Lagrangian [12] in the path integral. The resulting equations of motion

:8['eff_. Q

JY = =i ,
ox Qg1

have the spatially homogeneous solution
x(7,N) = —iut + constant, (4.6)

with the chemical potential p satisfying
i1 @

_1
pt T & a0 = pu~QIT. (4.7)

Replacing the solution back into the action finally gives the relation between scaling dimension
and charge

d— d—1 Nnd 2
A = (lel)dda(l +0(1/Q7T)). (48)

We can now use the classical solution to compute the leading behavior of correlation
functions at large (). To do so, we match the conserved currents in the correlation functions
to the corresponding objects built out of eq. (4.5). For example, the U(1) current is given by

d—2
2

Jy = c1d(—0%x0ax) 2 OuX, (4.9)

while the stress tensor is

d— d
2

T = c1d(—0°X0aX) T 0uxBux + ¢1(—3°X0aX) ? Guv- (4.10)

Using eq. (4.6) in the above expressions, at leading order in the large @) expansion we then have

(Q|Ju(m,N)|Q)

V=T 2”1@‘1‘152:&? e
- - (4.11)
_ QI ,/(T,N)‘Q>_ ror 1 . d Ag /(1
<Tl/«l’> = ?Q|Q> —_Cldﬂd((su(sl,_agw/) __ﬂgd_l (5u5y—gg;w).

,13,



4.2 Application to flux two-point function

Our goal is to now adapt the semiclassical approach to the calculation of the flux operator
correlation functions (3.1). Following the procedure laid out in section 2, we first need
to compute the associated correlator on the Euclidean cylinder using the semiclassical
solution (4.6). For the current two-point function, we obtain the simple expression,

(Q1Ju(r1, N1) Ju (12, N2) Q) QN
E) = (Ju) () = (le) 87,07, (4.12)

Next, we need to map this correlation function from the cylinder to the Euclidean plane,

with all four operators at arbitrary positions. The most general way to do so is to decompose
this four-point function into the set of independent tensor structures allowed by conformal
symmetry, whose behavior under conformal transformations is known.

Fortunately, because this leading contribution factorizes into a product of CFT two- and
three-point functions, which are completely fixed by conformal invariance, we can directly
map the individual terms to the Euclidean plane, then Wick rotate to obtain the resulting
Lorentzian correlator in y-coordinates. Focusing on the only relevant component J_, one

then finds

(Oqys) - (1) J-(y2) Oq(yi)) _ (Og(yy)J-(y1) Oq(:)) (O (ys) J-(y2) Oq(y:))

(Oq(yr)Oq (i) (Oq(yr)Og(yi))?
2(d—2)

— () (L) (U ),

201/ iyl s vk vt vk B

(4.13)
The more general analysis in terms of four-point function tensor structures, which is needed
for computing subleading corrections in 1/@Q), is shown in appendix B.

The position-dependence of the four-point function (4.13) is identical to the first term in
the free theory result from eq. (3.5). We can therefore repeat the same analysis to obtain
the resulting charge flux two-point function in z-coordinates,
(Oq(x1) Q(n1) Q(nz) Og(1)) _ (2 ) wy

(Oq(z5)Oq(xi)) - \Qa2/ (- zp) 2 (o wp) 2

The charge flux two-point function for a source with definite momentum is then found the

(4.14)

same way as for the free scalar field, though in this case, we can only keep the leading
behavior of the Fourier transform at large @, as subleading terms get contributions from
higher orders in the EFT expansion as well as non-perturbative effects. We therefore obtain
the resulting leading order behavior

Q

d—2

2
(Q(n1) Q(ng)) ~ (Q ) (140(1/8g)) (@ ). (4.15)

We can repeat this same procedure for the energy flux two-point function, obtaining

(E(n1)E(my)) ~ (QE )2(1+o<1/AQ>) (Q — o0). (4.16)

d—2
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We thus found that in any U(1) symmetric CFT satisfying the broad hypotheses of
the large charge expansion, the lowest-dimension operator Og with charge @ creates a
state of homogeneous charge and energy density as () — oo, with any inhomogeneities
suppressed by 1/Ag.

4.3 Generalization to higher-point functions

This analysis can be extended to correlation functions involving an arbitrary number of flux
operator insertions, so long as the number of operators k is sufficiently small compared to the
total charge Q). Starting with the k-point function on the cylinder, the leading semiclassical
result is simply a product of k£ expectation values,

<Q‘J1(7—1’N1)"'J#k(7—k7ﬁk)’@> _
K <Q‘Q> - <JH > <Jﬂk>7 (4'17)

with an analogous expression for k£ insertions of the stress tensor.

Because this k-point function factorizes into a product of two- and three-point functions,
we can again easily map to the Euclidean plane, Wick rotate, and integrate to obtain a
similarly factorized Lorentzian correlator in z-coordinates:

(Og(zp)Q(ny) -+ Q) Og(x)) ([ Q@ \" i
<6Q($f)OQ(l‘z > N <Qd—2> (nl . xfz')d_Q . (nk,’ . xfi)d_2 (418)

While the Fourier transform of this general correlator to momentum space is unknown, we
can still determine its leading behavior at large @, as explained in detail in appendix B.
The result is

Q

d—2

k
(@) o) ~ (g2 (1+0(2/Q7) (@), (4.19)

with a similar expression for the energy flux k-point function,

k
€+ Em) ~ () (14002/Q7) (@ ). (4.20)

So long as k < /A, we therefore expect all flux correlation functions to be homogeneous
in the background of the large charge operator Og.

4.4 Large charge at the Wilson-Fisher fixed point

The EFT calculation presented above describes the universal large charge regime for a broad
class of CFTs that meet the generic hypotheses outlined in section 4.1. As demonstrated
in [17], this EFT can be effectively applied to the Wilson-Fisher fixed points in the asymptotic
regime Ayn > 1. On the other hand, Wilson-Fisher models admit a semiclassical description
for arbitrary values of A\.n (as long as n > 1), offering a well-defined framework to thoroughly
explore the transition from the few (Asn < 1) to the many (A.n > 1) quanta regime. This
subsection is devoted to the simplest Wilson-Fisher model consisting of a complex scalar field
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¢ with quartic coupling %((E)(Z))Q at its fixed point in d = 4 — € [17].1! The UV completeness
of the Wilson-Fisher model also allows us to bypass the issue of the potential breakdown
of the EFT description, which we discuss in section 4.5.

Working directly on the cylinder (we again take R = 1), the action for the O(2) Wilson-
Fisher model reads:

5= [ayg [ w9, G0 + (d 2) 56+ —(qbgb) ] (4.21)

where the mass term is dictated by conformal invariance and controlled by the spatial
curvature of the cylinder. It is convenient to reexpress the complex field as
P 5%
= —e'X, 4.22
=2 (422

In the charge n ground state created by ¢", the spatially homogeneous solution of the
equations of motion takes the form

p = f = constant, X = —iuT + constant, (4.23)
with the parameters satisfying the constraints
d—2\* X\
u? — (2) = ZfZ, pfiQy_ 1 =n. (4.24)

The first constraint corresponds to the equations of motion, while the second fixes the
total charge to n.
Expanding the action at quadratic order in the two independent fluctuations o(z) and 7(x)

pla) = f+ota),  xa)=—ipr+ T, (4.25)

we obtain the spectrum

912 912\ 2
A0 = T3 - (527 £ (32 - (452)%) +aspe, (1.26)

with J? = ¢(¢ + d — 2). Taking the large p limit (or equivalently An >> 1), the w, (¢) modes
decouple as they exhibit a gap u, while the w_(¢) modes reduce to the spectrum of the
Goldstone mode of the EFT. The EFT Lagrangian (4.5) is recovered by integrating out
the radial mode r(z).

Like in the EFT, the operators are local functions of the fields. The U(1) current is

Ju = ip%0,x, (4.27)
while the stress tensor is
2 1
Tuy = pza,uXaVX + gaupaup - gpauaup
9 (4.28)
o [P ez L Ly r 2 d2> Ax 4}
v | =5 (OX) +2(8p) 88 2( 5 P + 167 |

In the limit where the radial mode decouples, we recover egs. (4.9) and (4.10).

1 Other possible weakly coupled models offering a UV completion of the superfluid EFT include the CPY !
model at large N [16], or the supersymmetric fixed point with a single chiral superfield ® and superpotential
W = @3 [11].
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The expectation values of J, and 7}, in the background of ¢", when expressed in terms
of the quantum numbers n and A, coincide with the EFT result in eq. (4.11) for any
value of A\,n ~ en, not only for A\yn > 1. This is unsurprising as this result is dictated by
Ward identities. At leading order in the semiclassical expansion, the higher-point current
correlators therefore exactly match those of the EFT found in section 4.2, as they are simply
given by products of the expectation values. Repeating the same analysis as for the EFT,
we therefore find

A (en, 0) = 0. (4.29)

Crucially, this result holds for arbitrary en (~ A.n), as long as n > 1.

Besides offering an explicit realization of the generic EFT, the Wilson-Fisher theory
enables us to study better the transition from few to many quanta. Contrary to what happens
for the scaling dimension Ag studied in [17], which exhibits qualitatively different behavior
in the two regimes, we find that the leading correction to homogeneity ﬁ(o)(en, ) vanishes
identically in both regimes.

4.5 Breakdown of Lorentzian EFT

In section 4.2, we derived the Lorentzian correlators by first computing on the Euclidean
cylinder at leading order in the EFT and then analytically continuing the result to the
Lorentzian plane. However, the computation on the Euclidean cylinder is reliable only in the
kinematical regime of validity of the EFT. With the charge () and —Q operators inserted
at respectively 7 — —oo and 7 — +o0 (see section 4.1), the EFT regime corresponds to
separations between individual insertions of the current or stress tensor that are larger than
1/p. Equivalently, the EFT is defined by an expansion in powers of d/u. In particular, for
the insertion of just two currents, as in eq. (4.12), the condition takes the form

|
|7y — 2 + |arccos(N1 . N2)| > ek (4.30)
Considering the corresponding correlator on the plane
(Oq(5)J (1) J (x2) O (),
eq. (4.30) is phrased in terms of the conformal ratios
2 .2 2 ,.2
_ T1iTyy _ Tia%y 2 _ 2
u= ) v= , Top = (xq — xp)° ), (4.31)
$%fx%z x%f‘r%z ( ¢ ‘ )
as )
1 1 — 1
og4(u) 4 arccos? (—;\ufuv> 2 2 (4.32)
For p > 1 the above condition can equivalently, and more simply, be expressed as
1 1
1—wul2— and/or vz —. (4.33)
I I

It is instructive to study these conditions for finite Euclidean x; and x, a choice similar
to the one implied by the form of the state in eq. (1.3) when working in the Lorentzian plane.
Using conformal transformations one can see that the coordinate choices satisfying eq. (4.33)
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Figure 5. Value of the conformal invariant fgpr(u,v) = w + arccos? (%) as a function of

the position of the insertion x5 in the Euclidean plane. For simplicity, the function is plotted in two
spatial dimensions x> = (23, 23). z; and x; are respectively chosen to be (—1,0), (1,0), represented
on the plot as the two red points, and z is sent to infinity. The EFT is valid for computing the
four-point function as long as frppr(u,v) 2 # We observe that this is the case as long as x5 is

~

approximately inserted in a compact region of radius ~ p|z;y|, close to the “source” insertions x; /5

can always essentially be mapped into a configuration where x; and x9 are located in a
compact region of size ~ px;¢ encircling x; and x ¢, while remaining sufficiently separated,
with roughly z12 2 @;f/pu. This result is physically compatible with a picture where the
insertion of Og(w;) and Og(z) creates a medium with a density of charge and energy, which
is large in the surrounding region and decays at infinity. The power law nature of this
decay is simply dictated by the 3-point function <@QJ Oq). According to this picture, it
is then physically intuitive that the semiclassical description works in the region of high
density x12 S @/, so long as x12 is larger than the typical length x;;/u associated with
the medium density. Notice that, simply applying an inversion starting from the above
configuration, we can always map one of the two observation points, say x1, to co. As shown
in figure 5, the region of EFT validity then simply consists of the points where s is in a
ball of size px;; enclosing z; and xy.

When considering the analytic continuation to Lorentzian signature, the range of u and
v is extended to include all real values, not just positive ones. By analyticity, we expect the
domain of validity of the EFT description to still be defined by eq. (4.33), with an added
absolute value for v.12 Now, the flux correlators we have considered in this work are (partially)

2Because in Lorentzian signature we also expect oscillatory behavior, this requirement should more precisely
be stated in integral form: only quantities smeared over regions of |1 — u| and 4/|v| larger than 1/u can be
reliably computed within the EFT description.
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integrated quantities with respect to the coordinates defining u and v. As we will now discuss,
the integration region extends outside the domain defined by eq. (4.33), so that the flux
correlators receive a contribution that cannot be systematically computed within the EFT,
i.e. in terms of its Wilson coefficients. However, the region where eq. (4.33) is violated shrinks
to a point in the limit @ — oo (for which u — o). Therefore, provided the correlators are
not too singular in this region, we still expect this out-of-EFT contribution to vanish relative
to the leading bulk contribution for () — oco. It is under this assumption that the EFT
computation done in the previous sections should be taken. While we think this assumption
is justified, as indicated by the examples of UV complete models like Wilson-Fisher, we
leave to future study a more detailed investigation of the effects due to this vanishing region
of integration. In the remainder of this section, we will limit ourselves to discussing the
spacetime description of the constraints in eq. (4.33) to offer an intuitive physical picture.

The relevant coordinate configuration is one where x; and xy are finite (with separation
smaller than the length scale £ defined in (1.3)), while 21 and z9 are sent to infinity in a
nearly lightlike direction. In light-cone radial coordinates this means 7,75 — oo with
ry ,7o fixed. In this limit, the conformal ratios take the form

(ry —=n1-a;)(ryg —ng-xy) -T?cinl M2

U = , v = — — , 4.34
(ry —m 2y sz 2y —map)(ry —mm) (4.34)

where n; are the null vectors on the celestial sphere defined below eq. (3.7).

From (4.34), for ; # xy and ny # ng one finds that u — 1 and v — 0 as [ry 5| — oo.
However, the EFT requirement (4.33) is satisfied in a region of the (r;,r; ) plane that grows
with u. In figure 6, we show the shape of that region for spatially separated x; and x f.13
One sees that the EFT region corresponds to a choice of (r{,r; ) such that at least one of
the two observation points is near the light cone of the midpoint (x; + xf)/2.

Like in the Euclidean case, this result has an intuitive physical interpretation. The
insertion of the two charged operators essentially creates a shell of width controlled by x;
and centered around (z; + x¢)/2 that expands at the speed of light. One then expects the
semiclassical description to apply well for 1 and x5 around the peak of this shell, where
the charge density is large, and less so in the tails, where the density goes to zero and
non-universal quantum fluctuations may become important. Notice that the EFT situation
where both x1 and x5 are around the peak is conformally equivalent to one where only one
is (similarly to what happens in the Euclidean case depicted in figure 5). This explains
the shape of the EFT regions in figure 6.

The computation of flux correlators also requires integrating over the coordinates x;
and zy to comply with the definition (1.3) of our chosen external state. We expect this
integral to be dominated by the region |z ;| ~ 1/E, |z; + 2¢| < & The EFT will therefore
apply for all configurations except those where both observation points x1 and z9 lie far
outside of a thick light-cone-shaped region centered at (x; + x¢)/2 and whose thickness is
controlled by |zf;| ~ 1/E.

As we are dealing with a CFT where signals asymptotically propagate at the speed
of light, we expect the bulk of the contribution to the integrated flux to come precisely

13Notice that there is no correspondence between the Euclidean variables of figure 5 and the light cone
variables of figure 6.
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of r{ and r; in the Lorentzian plane. z; = (0,0.5,0,0) and ¢ = (0,—0.5,0,0) are chosen to be
space-like separated, though the result is qualitatively similar if the two points are time-like separated.
We chose ny = (1,1,0,0) and ne = (1,0,1,0), hence the asymmetry between r; and r;. Other
choices for ny 2 give qualitatively similar results, with the one shown here being the most asymmetric

configuration. The EFT is valid for computing the four-point function as long as fgpr(u,v) = /%

Figure 6. Value of the conformal invariant fgpr(u,v) =

from the region centered around this thick light cone where the EFT applies, with the
non-EFT tail giving a contribution that vanishes p — co. We have explicitly checked that
our computations in free field theory and in the leading semiclassical approximation agree
with this expectation for the distribution of flux and are therefore confident that our leading
order result from the EFT is physically meaningful. A precise determination of the scaling
with 1/@Q for the leading non-EFT contribution from the tail is instead a more subtle issue
that deserves a dedicated study [50].

5 Summary and outlook

The goal of this work has been to formulate a general procedure for applying the recently
developed semiclassical approach for large charge CFT operators to Lorentzian observables.
We focused specifically on correlation functions of the charge and energy flux created by spinless
large charge operators. The results we obtained cover two related, but different, situations:

e The leading asymptotic contribution in the inverse charge expansion of generic d-
dimensional CFTs possessing a U(1) charge (in this case we indicated the charge

by Q),
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<Q(H1)Q(n2)> = R+ @t R +
Q(n1)  Q(n2) Q(n;)  Q(ng)

Figure 7. Schematic representation of the semiclassical contributions to the charge flux two-point
function. The leading contribution, computed in this work, comes from the product of expectation
values (Q)?, while the leading correction comes from the exchange of the fluctuations 7 or o. There
are also tadpole diagrams which we do not show.

o The limit € — 0 with en = fixed of Wilson-Fisher fixed points (in this case we indicated
the charge by n, in keeping with the standard notation for the charged operator, ¢™).

The result, expressed by eq. (1.9), is that in these limiting situations the flux correlators are
perfectly homogeneous. Also, in view of the free field theory result in section 3, this leading
order behavior is physically intuitive, but not trivial. This can be appreciated by approaching
the same computation in the Wilson-Fisher fixed point using the standard perturbative
Feynman diagram approach. Even in the regime en < 1 the possibility of perturbatively
expanding in this parameter can only be inferred by detailed and non-trivial diagrammatics.
The basic difficulty, already pointed out in [17], lies in proving that the contribution of the
class of diagrams involving powers of en? (which is in principle > 1) exponentiates. The
semiclassical approach bypasses these complications and, moreover, provides the answer also
in the regime en > 1 where standard perturbation theory irremediably breaks down.

The next step would now be to compute the flux correlator at the next order, which we
parametrized in the general case and in the Wilson-Fisher model by respectively h(l)(d, 0) in
eq. (1.7) and 2 (en, 0) in eq. (1.8). The expectation is that these two functions will have a non-
trivial angular dependence thus providing the leading contribution to inhomogeneity. These
corrections are simply associated with quantum fluctuations around the semiclassical solution.

In the Wilson-Fisher model, corresponding to the expansion in eq. (4.25), the current
(and similarly 7)) is expanded as

o1
JN’ — f2,u(5u0 + 2f |:O'($N[) +22\/§8//'7T:| + e

n Qa1 1
= 1+2¢—— — R
Ot ( + - |:05#0+’L2\/§3H7T} + )

The quantum fluctuations of o and 7 then lead to a diagrammatic expansion of the two-point

(5.1)

flux correlators, as shown in figure 7. The subleading correction is simply controlled by
the propagator of the bi-field (o, 7), while the tadpole diagrams have no effect because the
current is not renormalized. Notice that, by the above equation, one can immediately infer
that the correction to the flux correlator has relative size Qy_1/nu — 47%/nu. Since, for
en > 1, one has i ~ (en)'/3, we can infer that for n — oo the subleading correction scales as
~ n~4/3 (this also corresponds to lime,_oe A (0, €n) ~ (en)=4/3).

While the above scaling arguments are straightforward, the computation of the 6 de-
pendence of the correction is not. The main obstacle is that we presently do not possess
the propagator in closed form. The propagator can be easily written as an expansion in
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the modes over the cylinder. For instance, the (77) propagator in the EFT limit u — oo,
where o decouples, takes the form

1 1 S (£+ %)e_wlhlﬂ (%) . .
cdld—1DQq 1\ 2 N - N
Cld(d - 1)Qd—1 < 2 ‘7—12‘ + 4:21 (d — 2)0.)[ CZ ( 1 2)) 3

(5.2)
where Céa) (x) are the Gegenbauer polynomials, and the energies of the individual modes are

(w(1, N1)m (19, N)) =

0l +d—2)

S 0/QT). (5.3)

Wy &
On the Euclidean cylinder, this expansion is fast converging for |1, — 72| 2 1/u. However,
when continuing to Lorentzian signature and integrating over the light-cone variables, the
expansion does not seem to apply, at least not straightforwardly. On the other hand, [51] offers,
for the specific case of the O(N) model at large N, an alternative integral representation of
the propagator. The adaptation of the integral form to our case and the study of its possible
value in the computation of the flux correlators are certainly tasks worth undertaking.
The computation of the next order for the case of a generic d-dimensional CFT in the
asymptotic large charge regime, which is parametrized by A1) (d,#) in eq. (1.7), requires
instead the tackling of two obstacles. The first, principally technical, is again the computation
of the Lorentzian (77) correlator in a convenient form. The second, more conceptual,
concerns the possible contributions that are not captured by the Wilson coefficients of the
EFT Lagrangian and which come from the region of integration over the light-cone variables
where the EFT breaks down. We gave a detailed illustration of this problem in section 4.5.
There we argued that the contribution from this region should definitely be suppressed as
() — oo but we did not attempt an estimate, for which we clearly need additional assumptions.
A preliminary study indicates that, under plausible assumptions on the structure of the UV
completion of the EFT, the contribution from this region is subdominant to that coming
from (77r) in the regime of EFT validity. The latter contribution scales as @@ — oo like
Q~%/(@=1) 5o that in eq. (1.7) we indeed expect o = d%'ll. The Wilson-Fisher model offers a

specific UV complete EFT where to test this expectation. Indeed, as argued below eq. (5.1),

—4/ 3. consistent with

the next order correction in the model around d = 4 does scale like n
the expectation of our preliminary study.
We consider the facts and the questions reported above as strong motivation for further

investigations [50].
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A Fluxes in different frames

We would here like to review the basic properties of fluxes and conserved charges that are
relevant in our context. Let us consider for that purpose a generic conserved current

B J" =0, (A1)

which may equally well be associated to an internal symmetry or to a spacetime one. In the
latter case, we would have J#* = &,TH” with £ a Killing vector. The conserved charge is
defined (for a general coordinate choice and with an obvious notation) by

1
Q= (d-l)!/dmm/\ RN dﬁUﬂd_l\/.aEm.‘.udfmJu(x): (A_Q)
2

where the integration runs along a (d — 1)-dimensional hypersurface 3. The standard choice
for X is a spacelike surface, typically at constant ¢

Q= / dx JO(z). (A.3)

t=const

Current conservation guarantees that J does not depend on the choice of 3, provided there
is no leakage at infinity. In suitable physical situations the charge J may then even be
equivalently computed by choosing a timelike or null . Our case, where an originally
localized perturbation eventually spreads (at basically the speed of light) to infinity, indeed
satisfies that property. In particular, we can choose ¥ to be a surface of constant radius 7.
Indeed, integrating eq. (A.1) over a ball of radius r between times ¢; and ty results in

t2 .
Qu(t1) — O (ts) = 2 /t dt / dQy_on' T (t,rn), (A.4)

where J,(t) is the charge within the ball at a given time ¢ and n is a unit vector normal to
the surface of the ball. The spreading of the state to infinity implies J,.(c0) = 0 so that

r—00 T—00

Q = lim Q,(0) = lim r%72 /oo dt /dﬂd_g n'J'(t,rn). (A.5)
0

The surface 7 over which the charge is computed, depicted as the blue cylinder in figure 8§,
approaches for r — oo future null infinity " (see figure 1). Eq. (A.5) sets the normalization
of the total integrated flux, implying in particular eq. (1.6).

The radial light cone coordinates introduced in section 2, offer another natural definition
of J. That is by integrating over the surface Yo, defined by ™ = constant and depicted by
the golden cone in figure 8. In the limit r* — 0o eq. (A.2) becomes

rt d_21 400 4
Q= lim <) f/ dr_/de,Q JT(rt,rT n). (A.6)
rt—oo \ 2 2/

Now, the surfaces X1 and X for respectively r — oo and r* — oo approach .#+. While on
the plane, this horizon is singular, one can use Weyl invariance to map the charges and current
to the Lorentzian cylinder, where .# T is not singular. The currents are therefore smooth on
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Figure 8. Left: different choices for the surface 3, where the blue surface corresponds to r = constant
while the gold surface corresponds to 7+ = constant. The red surface is the light cone corresponding to
the perturbation. Right: cross-section of this configuration for fixed n. Signals from the perturbation
(black lines) eventually cross both surfaces: r = constant (blue) and 7+ = constant (gold). Eq. (A.9)
shows equality of the fluxes integrated over either the gold or blue line bounding the gray shaded region.

this surface and all components scale similarly. The scaling of the currents at ™ — oo is hence
entirely fixed by the change of coordinate from the cylinder to the plane, and this implies
lim,+ o0 J™ /J = lim, 4 o J/J rt =l Moreover, using current conservation, one can
obtain the scaling of the dominant term J"* with #+: lim,+_(rt/2)42J"" = 2j(r~, n)
with j a function independent of r™. This is confirmed by our computation as well as by
the study of the three-point function, which is completely fixed by conformal invariance.
Synthesizing: on .# T only the one component of the current, .J = Jr_, survives and up to
a trivial scaling with r4 it is described by a function j(r~,n).

The above result implies asymptotically
2r

d—2_i 7i _ d—2qr
r it JH(t,rn) =1 (t,rn) (2r+r‘

d—2 .
> jt—r,n) llmTﬁ)j(lﬁ—r,n) (A.7)

and, consequently
+\ 4—2 1 rtoo +o00 o
Q(n)= lim <r_> —/ dr=J"" (r*,r7,n) = lim rd_Q/ dtn'J'(t,rn) (A.8)

2 /) r—00 0
+o00
:/ dr=j(r~,m). (A.9)

This is stronger than the equality of the two expressions for the charge in egs. (A.5) and (A.6):
the time-integrated fluxes at each point on the celestial sphere coincide. All this is consistent
with the fact that #T is not a singular surface in a conformal field theory and thus its
integrated flux is independent of the way this surface is approached.

We can now consider the computation using y coordinates. For t ~ r — oo (or
equivalently, y© — 07), we have the relation

1L/1+ |72 _ 1/1+ |72 1— |72\
t=—(—|y | +y ) r=—< 7] —( |‘Qfl|2>y ) (A.10)
2\ —y* 2\ —y* 1+ [y

14We thank Jodo Penedones for pointing that out to us.
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or equivalently,

1 =1 |2 112 1 =12 -
R _< 7 )w tly lt -y (A1)

—yT 1+ |72 —yt 1+ [

Under this change of coordinates, our definition for the charge flux, both in terms of ¢

and 7~ becomes!?

' 1_‘_—'J_2d*2oo du— 3 . o
Qm) = Jim ('y') | Y Py )

1‘Hyl|2 -2 +_ — |
5 dy J-(yT=0,y".7"),
Taking into account the relation
it = (2>yﬂ (A.13)
Lt gt /)7
we can express the integral over the celestial sphere in terms of i as
92 d—2 N
2= (1) 4 (A.14)
L+ |7+
which guarantees the normalization
= [y dgt st = 0.7, 5). (A.15)

For completeness, we show how the mapping works for the energy, in which case we have

ag £GY)

1 —*LQ 1 | 12
E= /dQ _2( +|2 |> < 17 |) /dy T _(y* =0,y y"). (A.16)

E(n)

B Details of flux correlator computation

In this appendix, we present various details of the calculation of flux operator correlators,
both for the free scalar and the semiclassical analysis for more general CFTs.
B.1 Free theory calculation in position space

As discussed in section 3, there are two contributions to both the charge flux two-point
function (QQ) and the energy flux two-point function (£€), corresponding to diagrams (a)

Note that when the conserved current corresponds to a higher-spin operator, such as the stress-energy
tensor, the behavior of J, under the conformal transformation (2.2) can involve additional multiplicative
factors depending on 7 (e.g., eq. (A.16)).
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and (b) in figure 3. The U(1) current correlation function corresponding to diagram (a) is

(6" () T—(y1) I (y2) " ()
= n2(n— 1)2(d(ys) T (1) é(w)) (D(ye) I (y2) d(wi)) ("2 (ws) 6" 2 (wi))

2—n)(d—2
B AL N, U NS B (y}Fl + yf) <yﬁ i y;)
((d—=2)Qa-1)" (2Qa-1)? y§2y1 2y 55208, 2 \vh - v/ \vhy  uai /)
(B.1)
while the current correlation function for diagram (b) is
(0" () - (y1) I (y2) 9" ()"
=1 (6(ys) T (y1) I (y2) 6(y0)) (6" () 0"~ (w2)
i nl n y(l—n)(d—?)
= (1)t 7)) i fi (B.2)

((d = 2)Qa-1)" (22-1)* y, *yi5 2u5; 2
+
Y Y\ (Y2 | Y 2\ ()’
X 7t 5 R d—9 i |
Y1 Yie/ \WUi2 Yz Y12

To obtain the resulting charge flux correlator, we need to integrate over y; and y, for

both of these expressions. Starting with diagram (a), we see that eq. (B.1) factorizes into
independent functions of y; and y9, such that we have

(0" (ys) Q) QFy ) 8" (i)™

~ - (B.3)
=n’(n = 1)*($ys) Q) b)) (D(yr) QT ) (yi)) (6" (yr) 8" (wi))-
We therefore just need to evaluate the integral
on =, n(,.. (71)—7(11 - 1 y? yt
(¢ (yf)Q(ij)ng (vi)) = (d29c211/d W<yfj + ng) (B.4)

The integrand has two poles, corresponding to the points along the integral where y; crosses
the light cone of y; or yy. Due to the Wightman ordering of this correlator, the pole
associated with g; is in the upper half-plane while the pole associated with y; is in the
lower half-plane. We can therefore close the integration contour in either direction and
obtain the resulting expression

( 1)2—d2d—2 1

(d—2)2q-124-2 (yF.) a2 (yﬁ)dgz( - _ P |yLl2>d 2’

; T +
13 fi Ysj Yji

(@(yr) QT ) (i) = (B.5)

which we can map to z-coordinates with the conformal transformation from eq. (2.2),

: | (4)% 1
We therefore obtain the full expression for diagram (a),
(6" (r) Q1) Q(n2) " ()
=(-1)"5Y nt n(n—1) a7 (B-7)

(d=2)Qa-1)" Gy (na-zp)? 2 (ng-wpi)?=?
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Turning to the contribution from diagram (b), we see that eq. (B.2) does not factorize into a
product of three-point functions. We instead need to compute

(@™ () Q) Qi) 6™ (i) =n* (d(yy) Q) QT ) ¢(y:)) (" (yy)¢™ ' (wi)),  (BB)
which contains the double integral

(D(yr) Q) QT ) $(u:))

_1)2-3d 1 yT + + + 9 +32
= s s (0 ) (% )+ (5) )
A(d —2)8%_4 Y1 Y12 Y2i Y1 Y12/ \Yi2 Y2 d—=2/) yi
(B.9)
The simplest way to evaluate these integrals is to close the contour for y; in the lower

half-plane (picking up the pole from y¢) and close the contour for y; in the upper half-plane

(picking up the pole from y;), such that we obtain'®

(6(yr) Q) QT ) ¢(ui))

o (—1)Fdd2 1 5(h) (B.10)
T (d—2)Q1Qa 2, a2, a2 gHER |ghipyd-2 T
(?Jf1) 2 (yy;) 2 (?in vh A )
Using the relation
e A
(FEE) s = oom) (B.11)
we can map this expression to z-coordinates,
(B Q) Qna) ey = DT Loilmom) (B2
f 1 2 7 — (d — 2)Qd_1Qd_2 (n]_ } .’L‘fi)d_Z 1 2)- .
We thus find the resulting expression for diagram (b),
(¢" (w5) Q(n1) Q(na) 6" ()"
(1—n)(d—2) (B.13)
_ ! Ty,
— (—1)"(59) " fi d(n; — ny).

(@~ 2)@_1)71 O R

This particular diagram therefore only contributes if n; = ny. Intuitively, this is because
both insertions of ©Q are “measuring” the same free particle, which can only occur if they’re
located at the same point on the celestial sphere.

This exact same procedure can be repeated for the energy flux correlator, resulting
in the contribution

(" ()€ (M1)€ (ng) " ()@

(2—n)(d—2)
T S US U 7 o
((d —2)Qq-1) 07, (n - @ pa) =t (g - wp)

63ee the appendices of [42] for a detailed discussion of the evaluation of integrals of this form.
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from diagram (a) and

(@™ (x7)& (1) E (n2) 9" (2)) )
n! n(d — 2)? m%_")(d—% (B.15)
((d - Q)Qd—l)n Qd_2 (nl . xfi)dfl 5(111 - ng),

= (-

from diagram (b).

B.2 Fourier transform to momentum space

Once we’ve obtained a flux operator correlation function in position space, we need to Fourier
transform with respect to the positions z; and x; of the external operators to obtain the
desired momentum space expectation value. Based on the structure of the k-point function
in eq. (4.18), we must evaluate the general Fourier transform

1
(nl-x)ﬁ--'(nk-fv)ﬁ'

Féa’ﬂ)(nl, co, g p) = /ddx eip'm$2a (B.16)

Our strategy will be to evaluate this expression recursively with the convolution theorem.
We therefore need to first evaluate the Fourier transforms of the individual terms

d+2

B J eip-:p - (_1)aﬂ.7p2a—d
fa(p) - /d . ((m+ — ie)(x_ — ie) — |fl‘2)a - 22a—d—1f(a)r(06 — %)@(p(])@(p%’
(B.17)
and
eip-z T d
gs(n;p) = /dd:v 2 (FQ(B)) Py "8(p — pom) O(po), (B.18)

where O(z) is the Heaviside step function.
Using these building blocks, we can evaluate the Fourier transform for £ = 1,

d
i) = [ 55 fulo =) i)

= F(lﬁ) /Omqu 4" fo(p — qon) (B.19)

(_1)aﬂ% p2latB)—d

= 22a+ﬁ—d—1r(a)r(a +8— %) (n -p)ﬂ @(po)@(p2)7

where we have used the fact that f,(p — q) o ©((p — ¢)?) to limit the integral over g
to a finite range.

We can then apply the convolution theorem again to obtain the Fourier transform of
k = 2 for the simplified case where p* = (E,0)

el 1 B o o
F miomai B) = s [ dava ™ F sy oo

d+2

(_l)aﬂ7E2a+257d
220426-d=1T ()T (a + 28 — 452)

oFy (B, B+ 28 — 452, 12) O(E).
(B.20)
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Unfortunately, the necessary integrals become increasingly complicated for higher k. However,
the expression simplifies dramatically if we focus on the limit a — co with 5 and k fixed.
Looking at the integral for k& = 2 again (for general p*), we have

Fg(a’ﬁ) (ny,ny;p)

d+2 2 _ 4
- (-1)em /mfwdqo W 0% - 2q0ms - p)o s (B21)
220+5—d-1()T'(B)T (e + B — %52) Jo (n1-p— qony - n2)P

If we interpret the factor of (p? — 2qons - p)aJ”B*g as an overall derivative and integrate by
parts, the boundary terms both vanish due to the positive powers of gy and p? — 2qons - p,
leaving us with the new integral

. —1 _d
/ 7 dqo g6 (> — 2qonz - p)* P2
0 (n1-p—qoni - ng)?

2 d—2

1 o f=202 _9 p)etB—E

= — / 27 dgo ((ﬁ ~- 1k (P” — 2q07m2 - p) ; (B.22)
2”2'1?(064‘5—7) (nl'p—QOm'nz)

B—1/ 2 at+p-42
— 2qomno - 2
Bny - ng q (p qon2 p) )

(nl P —qony - n2)5+1

As we can see, each integration by parts brings down an overall factor of 1/a. The leading
contribution as o — oo will therefore come from the fewest actions of integration by parts
that lead to a non-vanishing boundary term, which is obtained by repeatedly acting with
derivatives on the initial power of qg ~! in the numerator until its exponent vanishes (as [ is
a positive integer). We thus find the leading behavior at large «:

d+2 _
F{*% (ny,my;p) ~ (-1)em pretti
2 ) ) 22a+2ﬁ*d*11—‘(a)1—‘(a+2ﬁ_%) (nlp)ﬁ(nQP)

s(1+o/).  (B.23)

We can apply this same analysis recursively to higher values of k, obtaining the general
leading order behavior

(—1)%¥ pRot2kB—d

F,ga’ﬁ)(nl,...,nk;p)% — (v — 00).
220+kB—d=17 (o) + k3 — %) (n1-p)8 - (ng - p)?
(B.24)
The next-to-leading order correction comes from acting with one derivative on any of the
factors of (n;-p—qomn; - nj)ﬁ+1 in the denominator while integrating by parts and is, therefore,
O(k?/a) relative to the leading behavior (with a suppression of 1/a due to the extra derivative

and an enhancement of k(k — 1) due to combinatorics).

B.3 Map from the cylinder to the plane

In order to use the semiclassical approach of [11, 12] for the calculation of flux operators,
including subleading corrections, we need to map expectation values on the Euclidean cylinder
to correlation functions on the Euclidean plane. Here we’ll present the details of this mapping,
focusing mainly on the two-point function of the U(1) current J, before discussing the
generalization to higher-point functions and correlators of T}, .
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Our starting point is the cylinder four-point function from eq. (4.12):

b(r1, N1) T (73, 2
(Q[J# (71, N1) J" (72, N2)|Q) _ _( Q ) shgv. (B.25)
(QlQ) Qa1
Because all four operators are primary, we can use the Weyl transformation in eq. (2.6) to
obtain the correlator on the plane!”
<@Q(OO);]u(yl)Jy(y2)OQ(0>> _ o (d-1)(ri+m) (Q|J*(r1, N1) J" (12, N2)|Q)
@) Op(0
(Oa(o)0g(0)) 2 @) 526,
_ _( @ ) vi ys
Qa-1/ yi ys

We now need to perform a conformal transformation to move the external operators
away from zero and infinity to arbitrary positions y; and y;. The most systematic way to
do this is to decompose this correlation function in terms of the basis of tensor structures
allowed by conformal symmetry. For a four-point function with two scalar operators and two
insertions of the U(1) current, there are five independent structures, allowing us to write
any such correlator in the general form [52]

(Oq(ys) " (y1) " (y2) Oq(yi)) _ 1
(

@Q(yf)OQ(yz-» = E (90(% v)Hiy + g1(u, U)foivzljfz’ + g2(u, U)Vllffiv;jli

+ gl 0) V5V g+ 91,0V 2V ),
(B.27)
where the tensor structures are defined as

2 .2 H L
_ _ Y ¥ Y Y

HYyY = ymg™ — 20y Vi = “05% (f;b - g) (B.28)

Yoe Yab Yac
and the various coefficients g,(u,v) are theory-dependent functions of the conformal invariant

cross-ratios ) o .

Y Y
=53 V=9 o
YyaYii Yy Y1i

(B.29)

We can determine the functions g, (u,v) by taking the limit y; — 0, yy — oo of the general
four-point function in eq. (B.27) and matching it to our semiclassical result in eq. (B.26). In
this limit, the tensor structures and cross-ratios take the simpler form

2,2 /o1 I 2 9
Y12¥%2 (Y12 | Y2 Y2 Y12
Vi vt Voot Vi SRR R) uof 0ot

(B.30)
From this limiting behavior, we can rewrite eq. (B.26) in the manifestly conformally co-
variant form

(Og(00) JH(y1)J" (y2) O0(0)) 0 QLLd )
(Og(00)0g(0)) N _<Qd1> 2 g VI iVa g (B.31)

1"For notational simplicity, in this appendix we suppress the “E” subscript on y-coordinates, with the
understanding that all correlators here are Euclidean.
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from which we can read off the functions

v

gl(“? U) = —a> 90(u7 U) = 92(u7 U) = 93(u7 1)) = 94(u7 U) = 0. (B'32>

[N]isH

We can now evaluate this Euclidean four-point function for any location of the external

operators,
_ , 2(d—2)
Oalu)"(0) 7 n)0o) (2 Y'__Uy (U ) (Ve )
(Oq(yr) Oq(yi)) Qar/ yh2yl 2y s 2 vk vh ) \uh s
(B.33)

While this result for the leading behavior is simple, corresponding to the product of three-point
functions (OgJ"O0q)(OgJ"Og), this same approach of decomposition in terms of tensor
structures can be applied to more complicated expressions arising from subleading corrections
in the large charge expansion, allowing us to readily translate Euclidean correlators on the
cylinder to Lorentzian correlators on the plane.

We can also extend this procedure to Euclidean correlators with & insertions of the
conserved current, with the similar semiclassical result at large @,

(Og(00) 7" (y1) -~ T () Og(0)) _ , - x( Q@ \Fult
(Oq(0)0g(0)) = (ch) vioooun .

While the set of possible tensor structures is more complicated for higher k, for the leading

N e

behavior as () — oo we again find that only one combination contributes to this correlator,

(Oq(00) JH1 (1) - - - JH () O (0)) 1 k
(Og(0)0g(0)) o foz’ T Vk‘ffi, (B.35)

allowing us to reconstruct this correlation function for arbitrary y; and yy.

Finally, we can consider correlation functions involving the stress-energy tensor, such
as the four-point function

(Og(00) T (y1) T (y2) Og(0)) _ ( dAq >2<yi‘y1” 1 gﬂ) (yé’yg 1 gﬂ“)
(0q(22)0g(0)) CN@=1)Qa1 ) P2 dyd )\ 22 dydd )
(B.36)

We can again write down all possible tensor structures built from H 5;’ and Va“ pe and match

that general expression to this particular correlator. Fortunately, just like for the U(1) current,
this semiclassical expression factorizes into a product of three-point functions, allowing us
to obtain the simple result

(O ) T (y1) T (y2) Oq (i)
(O(yr)Oq(yi))

dAo 2 dtl 1, 1,
- ((d — 1) 1) 2 T (Wffivfffi — 5 Vind" ”) (Vzp,fivfﬁ - dVQ,figp">,
- 1

(B.37)

with an analogous expression for k£ insertions of the stress tensor.
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