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Abstract

Isolated attosecond (107! s) pulses from an X-ray free-electron laser are in high demand
for attosecond science, which enables the probing of electron dynamics by X-ray nonlinear
spectroscopy and single-particle imaging.

The aim of this thesis is to simulate attosecond pulse trains at the Athos beamline of the
SwissFEL facility. The research project investigates the possibility of generating the shortest
pulse duration by incorporating several advanced configurations at Athos, namely the modular
undulator, the magnetic chicane after each module, and the transverse gradient undulator
configuration. The simulation results confirm the effectiveness of these configurations in
reducing the pulse duration. For a radiation wavelength of 1 nm (1240 eV), the slicing method,
which is basically an energy chirp-based taper on a modular undulator, is able to produce a
pulse train with an average duration of 200 attoseconds. The mode-locking method, realised by
delay control through magnetic chicanes after each module, further reduced the average pulse
duration to less than 100 attoseconds, exceeding the cooperation length limit. In addition, we
explored the possibility of applying a linear taper within the module by incorporating a rotated
transverse gradient undulator for each module. For the 1 nm radiation wavelength, a slight
linear taper within the undulator module can reduce the pulse duration to 85 attoseconds.
For the 4 nm (310 eV) wavelength, the slippage effect is so strong that the pulse duration first
decreases and then increases within the undulator module. To solve this problem, we have
proposed using a strong undulator taper within the module. A 16 % difference taper range
combined with the mode-locking method can generate a pulse train with an average duration
of 110 attoseconds to the end of the module. It is important to note that the results presented
in this work are primarily used to demonstrate the method’s validity. Experimental results in
the SwissFEL machine can differ significantly from the simulation due to many other effects.

In addition to the simulation and presentation of simulation results, the thesis has briefly
included the FEL theory and used the theory to analyse the simulation results, which makes
the result more understanable and plausible. During the discussion of the slicing method, we
presented the bunching evolution in the slicing method and suggested that the superradiance
dynamics can be used to explain many simulation results in this chapter. In the chapter with
TGU, we suggest that the reason for generating such short pulses is mainly because the large
taper provides a large spectrum, which is beneficial for generating short pulses when doing
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mode-locking.
Key words: Free-electron laser, attosecond pulse train, simulation, SwissFEL, SASE, ESASE,

slicing, mode-locking, transverse gradient undulator, slippage effect, superradiance, undulator
taper.
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Résumé

Les impulsions attosecondes isolées (10718 ) d’un laser a rayons X a électrons libres sont tres
demandées pour la science attoseconde, qui permet de sonder la dynamique des électrons
par spectroscopie non linéaire a rayons X et 'imagerie de particules uniques.

L objectif de cette théese est de simuler des trains d’'impulsions attosecondes sur la ligne de
faisceau Athos du SwissFEL. Le projet de recherche étudie la possibilité de générer la durée
d’impulsion la plus courte en incorporant plusieurs configurations avancées a Athos, a savoir
I'onduleur modulaire, la chicane magnétique apres chaque module, et la configuration de
l'onduleur a gradient transverse. Les résultats de la simulation confirment I'efficacité de ces
configurations pour réduire la durée de I'impulsion. Pour une longueur d’onde de rayonne-
ment de 1 nm (1240 eV), la méthode de découpage en tranches, qui est essentiellement un
cone basé sur un chirp d’énergie sur un onduleur modulaire, est capable de produire un train
d’impulsions d'une durée moyenne de 200 attosecondes. La méthode de verrouillage de mode,
réalisée par le contréle du délai au moyen de chicanes magnétiques aprés chaque module, a
encore réduit la durée moyenne de I'impulsion & moins de 100 attosecondes, dépassant ainsi
la limite de la longueur de coopération. En outre, nous avons exploré la possibilité d’appliquer
une conicité linéaire a I'intérieur du module en incorporant un onduleur a gradient transversal
tourné pour chaque module. Pour la longueur d’onde de rayonnement de 1 nm, une légere
conicité linéaire a I'intérieur du module onduleur peut réduire la durée de 'impulsion a 85
attosecondes.Pour la longueur d’onde de 4 nm (310 eV), I'effet de glissement est si important
que la durée de I'impulsion diminue d’abord, puis augmente dans le module d’ondulation.
Pour résoudre ce probléme, nous avons proposé d’utiliser une forte conicité ondulatoire dans
le module. Une différence de conicité de 16 % combinée a la méthode de verrouillage de
mode peut générer un train d'impulsions d'une durée moyenne de 110 attosecondes jusqu’a
I'extrémité du module. Il est important de noter que les résultats présentés dans ce travail sont
principalement utilisés pour démontrer la validité de la méthode. Les résultats expérimentaux
dans la machine SwissFEL peuvent différer de maniere significative de la simulation en raison
de nombreux autres effets.

En plus de la simulation et de la présentation des résultats de la simulation, la thése a briéve-
ment inclus la théorie FEL et a utilisé la théorie pour analyser les résultats de la simulation, ce
qui rend les résultats plus compréhensibles et plus plausibles. Au cours de la discussion sur
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la méthode de découpage en tranches, nous avons présenté I’évolution des paquets dans la
méthode de découpage en tranches et suggéré que la dynamique de la superradiance peut
étre utilisée pour expliquer de nombreux résultats de simulation dans ce chapitre. Dans le
chapitre sur le TGU, nous suggérons que la raison pour laquelle des impulsions aussi courtes
sont générées est principalement due au fait que la grande conicité fournit un large spectre,
ce qui est bénéfique pour générer des impulsions courtes lors d'un verrouillage de mode.

Mots clefs : Laser a électrons libres, train d'impulsions attoseconde, simulation, SwissFEL,

SASE, ESASE, découpage, verrouillage de mode, onduleur a gradient transverse, effet de
glissement, superradiance, conicité de 'onduleur.
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|§ Introduction

This is a simulation-based [1] PhD thesis investigating the generation of attoseconds (1 as =
10718 5) free-electron laser pulses in train form at the SwissFEL facility [2, 3]. By combining
existing configurations of the Athos beamline [4, 5], the research project explores the possibility
of producing the shortest possible pulses in the soft X-ray regime, and demonstrates these
improvements with simulation results.

A free-electron laser is a type of light source that can produce radiation over a wide range
of frequencies, from microwaves to X-rays. It was first invented by John Madey [6] and
experimentally demonstrated by his group in the 1970s [7]. Different from the conventional
lasers, which use bound electrons in atoms or molecules to produce light by stimulated
emission from excited electronic states, an FEL uses a beam of relativistic electrons, which are
'free’ in that they are not bound in any atoms or molecules. Electromagnetic energy can be
extracted from the kinetic energy of a relativistic electron beam to produce radiation [8, 9, 10,
11, 12, 13]. The advantage of such a light source is that it can produce wavelength-tunable,
coherent and high-intensity radiation. A typical high-gain FEL operating in self-amplified
spontaneous emission (SASE) mode [14] is capable of emitting coherent, multi-gigawatt,
femtosecond-long [15, 16] X-ray pulses over a wavelength range in the X-ray spectrum from
several nm down to 0.1 nm or even shorter [17].

Recently, high-intensity attosecond X-ray free-electron lasers have attracted increasing atten-
tion to meet the needs of attosecond science for studying the quantum mechanical motion
of electrons in molecules and solids on the sub-femtosecond timescale [18, 19, 20, 21]. Also,
several experimental results of generating attosecond pulse train have been reported from the
SLAC laboratory [22, 23].

Building on the general concept of generating a sub-femtosecond pulse train on a FEL facility,
the thesis extends the method by employing advanced configurations of the Athos beamline,
presents a simulation-based study and shows the possibility of generating even shorter pulses.



Chapter 1 Introduction

The structure of the thesis

Starting with the basic theory of FEL in Chapter 2, the thesis provides a brief introduction to
the basic concepts of FEL, from undulator radiation, low-gain FEL, and high-gain FEL to the
concept of SASE. In addition, several important parameters are introduced, which are widely
used for simulation evaluation.

In Chapter 3, the thesis provides a brief introduction to the SwissFEL machine, showing the
layout of the machine and some photographs to give the reader a direct impression of the
scientific facility. We use the Athos beamline as the basis for our simulations and report in this
chapter, particularly on the important components related to advanced configurations, which
will be discussed in the following chapters.

Beginning in Chapter 4, we present the results of the simulations. First, we show the basic
functional mode of the FEL operation, the SASE. We show SASE simulations at 1 nm and 4 nm
radiation wavelengths. Due to the nature of SASE radiation, the pulse position distribution is
random and the pulse intensity follows a gamma distribution.

In considering the generation of attosecond pulses, we first considered enhanced SASE (ESASE)
as a candidate method to generate attosecond pulses. We have obtained a pulse train of typical
500 attoseconds for A, = 1 nm. However, the ESASE mode alone is not sufficient to overcome
the strong slippage effect [24] at a radiation wavelength of 4 nm.

Subsequently, three unique configurations in the Athos beamline are studied, that will con-
tribute to the generation of short pulses. They are

e Chapter 5: The energy chirp-based undulator taper on a modular undulator.
* Chapter 6: The precise delay control through magnetic chicanes.

¢ Chapter 7: The rotated transverse gradient undulator.

These novel configurations are connected with established operating methods recognised by
the FEL community, such as

e Chapter 5: The slicing method.
¢ Chapter 6: The mode-locking method.

* Chapter 7: The use of a strong reverse taper.
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Achievements

We utilise an idealized beam for simulation to reduce the impact of electron beam parameter
jitters and enhance our understanding of the dynamics. The simulation intentionally uses
parameters, like energy spread and current, that are less optimal than the actual machine
performance. This setup provides a conservative estimate of the simulation result compared
to the experimental performance.

From the simulation results, the slicing method is able to achieve a well-separated and clean
pulse with an average duration of only 200 attoseconds and a peak power of tens of Gigawatt
for 1 nm radiation wavelengths.

The mode-locking method is able to further shorten the average pulse duration to an average
of less than 100 attoseconds, which is beyond the cooperation length limit, with a peak power
of around 1 Gigawatt.

The linear taper within the undulator module is able to further decrease the pulse duration,
on top of the setting in mode-locking, we applied a narrow-range taper ( ~ 1% ), and we have
achieved pulses with 85 attosecond.

At extended radiation wavelengths, such as 4 nm radiation wavelength, the simulation suggests
a strong undulator taper, with the average pulse duration of the primary pulse only being 110
attoseconds, with a peak power of tens of Gigawatt.

The simulation results we present are primarily to demonstrate the method’s validity. It
should be noted that the actual results from the machine may vary significantly due to other
factors. Nevertheless, the results confirm that the above-mentioned configurations of the
Athos undulator are beneficial for generating attosecond pulses at the SwissFEL.

In addition to employing numerical simulations to demonstrate the feasibility of generating
ultrashort pulses, I have tried to incorporate theoretical knowledge of free-electron lasers
into the analysis of many simulation results to make the results more understandable and
plausible.






4 FEL Theory Basics

In this chapter, the basic theory of free electron lasers will be introduced. The main research
of the thesis work is based on numerical simulations. A basic understanding of FEL theory is
needed to configure simulation parameters and to interpret results. The discussion is limited
to one-dimensional motion since three-dimensional effects like emittance [25] or diffraction
[26] have little impact on the results of this thesis.

The chapter has been structured in a step-by-step manner to explain the increasing complexity
of the theory. It consists of four sections:

* Undulator radiation, low gain FEL

* High gain FEL

* Collective variables, FEL instability

* Self-amplified spontaneous emission

In this initial segment, we deduce the electron dynamics in the undulator field by following
the diagrammatic steps:

. . Electrons with Electrons with
A single electron in varying energy in varying energy in
a helical undulator ry1 8 8y
a helical undulator a planar undulator

We consider both the phase and the energy changes in the electrons. Combining the evolution
of both variables gives the FEL pendulum equation. With the FEL pendulum equation, we
can derive the boundary conditions that determine whether the electrons participate in FEL
resonance and plot these conditions in longitudinal phase space.

In the second section, we extend the model for high-gain FEL analysis. Compared to the first
section, the constant field assumption is dropped. In addition, the undulator is longer, so the

5



Chapter 2 FEL Theory Basics

radiation emitted by the electrons is considerably larger. Subsequently, the emitted radiation
has a feedback effect on the phase change of the electrons, resulting in the formation of a
micro-bunching structure in the beam, accompanied by an increase in the coherence of the
radiation. The process is shown in the diagram below:

Introduce v//E Electron energy

modulation

Emiss& Al-time difference

Increased beam

Amplified radiation }

coherence
(Microbunching)

We then derive the equations in the high-gain FEL that include the electron density modulation.
The derivation requires the assumption that the radiation is smoothly amplified, allowing
us to drop the terms with higher-order derivatives. Under this assumption, we obtain a set
of coupled first-order equations containing three subequations: one for the radiation field
amplitude and phase, one for the electron phase, and one for the electron energy offset. This
set of first-order equations can be transformed by rewriting the three first-order derivatives
as a third-order derivative of a single term for the radiation field. This third-order derivative
equation has an analytical solution, from which we obtain that the radiation field amplitude
evolves exponentially along the undulator, which is the core result for high-gain FELs.

In the third section, we discuss the dynamics through several collective variables, such as
the radiation field, the bunching and the energy modulation, there are two initial collective
variables such as the detuning parameter and the energy spread. We use the Vlasov equation to
model the system and the Laplace method to solve the linear equations. The results obtained
are consistent with those obtained in the high-gain FEL. However, this approach enables us to
evaluate the impact of a non-zero energy spread on the instability of the FEL, which is more
practical for simulation analysis.

Describe system
U FEL instability

Collective variables using di .
iscussion

collective variables

In the last section, we consider the statistical distribution of the individual electrons in the
beam over space and time and its impact on the evolution of the FEL process. This leads us
to discuss the properties of the radiation in the context of statistical considerations. We call
the process of amplification of electron spontaneous emission to saturation self-amplified
spontaneous emission (SASE). The discussion of SASE and its stochastic nature is the basis for
the following chapters.
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The chapter is concise, largely following the work of Schmuser [12] and Saldin [10], and [27]
for the helical undulator part.



Chapter 2 FEL Theory Basics

2.1 Electron’s Motion and Energy Exchange

We start with the dynamics of electron motion in an undulator. The undulator is a periodic
array of magnetic fields produced by permanent magnets with rotating polarities and constant
field strength. This section discusses the case of a helical undulator with transverse magnetic
field polarisation, shown in figure 2.1.

Direction of the magnetization of a permanent magnetic block.
|

Electron beam

B —

gap

Y
One undulator period

Figure 2.1: Schematic diagram of a helical undulator. Permanent magnet blocks are arranged
in a sequence of four different orientations. The arrangement is designed to manipulate the
circular polarity of the magnetic field. The resulting helical trajectory of these electrons is
shown in detail in Figure 2.2.

2.1.1 Electron’s Motion in a Helical Undulator

Consider a relativistic electron moving in a helical undulator within a Cartesian coordinate
system (X, 7, 2). The axis of the undulator is along the z-direction, which coincides with
the primary direction of beam propagation. Since there are no sources in the gaps between
the magnetic poles, the current density j is zero, e.g. j = 0. This leads to a constraint on the
magnetic field:

VxB,=0, 2.1)

where By, is the magnetic field of the undulator. On the axis, the magnetic field can be
expressed as

By = excos(kyz) +eysin(kyz), 2.2)
where k,, = 2n/A, is the undulator wave number, 1, is the undulator period length.

The Lorentz force on an electron in the presence of a magnetic field is

_—= = —ev X Bu, (23)
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Figure 2.2: Three-dimensional representation of an electron trajectory in a helical undula-
tor. The helix-shaped curve illustrates the path of an electron as it propagates through the
undulator, with the z-axis representing the longitudinal direction (z) in centimeters, the x-axis
corresponding to the normalised horizontal displacement (x), and the y-axis denoting the
normalised vertical displacement (y).

where [v| = /v,? + 1,2 + v,? represents the length of the velocity vector. Considering electrons
with charge —e and mass m,, the equations of motion for the electron in the x and y directions
can be derived as follows

dvy . dvy
meyﬁ =ev,By = —ev, Bysin(kyz), me)fﬁ =—ev,B,=-ev,B,cos(k,z), (2.4)
where v is the Lorentz factor. Here the condition that the total energy of the electron is
conserved must be satisfied, since the electron is moving in a magnetic field.

In accelerator physics, it is common practice to replace the independent variable ¢ by the path
length z along the nominal beam path. This substitution simplifies the equations of motion.
For relativistic particles, the approximation dz = v dt ~ cdt holds, since vy, vy, < v, = c. By
defining B = B, + iBy and v = vy + ivy as a complex quantity representing the transverse
magnetic field components, the equations in 2.4 can be combined to give the following
equation:

da -
meyd—z =—ieyzB=—ieszueXp(—ikuZ) 2.5)
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To further analyse the transverse relativistic velocity 8, , we can integrate the left side of the
equation 2.5, which leads to

Ayev;By exp(—ikyz) 7
27TmecC Y

17~_
ﬁJ__zv_ (2.6)

The equation allows us to define the undulator parameter K = ;TL;nBe“C. The typical value of K in
an undulator for Athos is K = 2.7, for the European XFEL, it is K = 10.

The velocity of the electrons in the undulator field can also be expressed implicitly and then
converted into an explicit expression:

BL= %exp(—ikuz) b= g[exCOS(kuz) — eysin(ky,2)] @7

The result shows that the motion of the electron in the undulator follows a constrained helical
trajectory parallel to the longitudinal coordinate z, with the maximum angle between the
direction of electron motion and the forward direction 6 = % For highly relativistic electrons,
it holds 8, = § < 1.

Energy Exchange Between an Electron and the Co-Propagating Wave

We consider a circularly polarised electromagnetic field propagating parallel to an electron in
the longitudinal direction in an undulator. The change in energy between the electron and the
electromagnetic field is due to the transverse motion of the electron, and the rate of change is

d
meczd—z:—ec-ﬁL-El, 2.8)
where
E, =exEycos(w(z/c—1)) —eyEysin(w(z/c—1)) (2.9

is the electric field vector, w is the angular frequency of the radiation. Substituting equations
(2.7) and (2.9) into the right hand side of equation (2.8) we get

K
—ec-f,-E = —ec? [ex cos(ky z) —eysin(kyz)]- (2.10)

lexEgcos(w(z/c—1t)) — eyEp sin(w(z/c—1))]

ecK . .
= T(Eo [cos(ky,z) cos(w(z/c—t)) —sin(k,z) sin(w(z/c— t))])

K
Epcoslkyz+w(z/c—t)] (2.11)

To ensure effective energy transfer between the electron and the radiation, it is necessary to
establish synchronisation between the electron motion and the radiation field. This synchro-

10
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nisation is achieved when the scalar product (—ecf, - E| ) remains nearly constant along the
length of the undulator. The cosine function in equation 2.11 includes the ponderomotive
phase:

G=kyz+w(z/ic—1) (2.12)
The phase evolution is:
w
dp=kydz+—dz—-wdt (2.13)
c

From this, the phase evolution along the undulator can be derived as:

1 1
—¢:ku+k—w—:ku+k—k—, (2.14)
z t By

where f) = \/ p*-p% = \/ 1- % - ’;—22 ~1-L )52. Simplifying the expression, the ponderomo-
tive phase evolution along the undulator is given by:
dp 1+K?
dz " 2y?

(2.15)

To achieve a stationary state and optimize the energy transfer, it is necessary for the phase
evolution equation, d¢p/dz = 0, to hold. By converting the wave vector to wavelength k = 2n/A,
the resonance condition can be expressed as:

)
A= —”2(1+K2), (2.16)
2y

where A is the resonance wavelength. This equation shows that the resonance wavelength
can be tuned continuously by adjusting the electron energy y or the undulator parameter K.
Changing these parameters allows the synchronisation between the electron motion and the
radiation field to be modified.

2.1.2 Energy Offset Analysis for an Electron Beam in a Helical Undulator

Building on the discussion of a single electron in the undulator, we will now extend the
discussion to multiple electrons. We will first consider the case of two electrons and then
progress to a larger number, denoted by N. The energy of each electron is not identical but
varies within a certain range.

So far we have concentrated on the analysis of a single electron in the undulator. This electron
(0) is in resonance, so we refer to its energy as yo, which corresponds to the resonance energy,
e.g. Yo =7 r. Now let’s consider the scenario where another electron(1) has an energy y;, which
is not equal to ¥, and the electron(1) is not fully in resonance. Both electrons experience the
same magnetic field in the undulator.

11
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We knew from the equation 2.15, for the electron with resonance energy v, :

d 1+K?
4P ek

=0 2.17
dz 2y? @17

For an electron with energy v, it holds:

dp k(1+K?) 1 Ay (1+K2) Y7
2t o A

In most cases, |y —y| <y, resulting in:

d 2 -
@ _y. [1—Y;]=2kuu 2.19)

dz Yr

The equation shows that the rate of electron phase change in the undulator is proportional to
the derivative of the electron energy from the resonance energy.

We are also interested in determining the energy loss of the electrons. To calculate this, we
substitute dz = cdt into equation (2.8) and evaluate the left side of the equation:

d d K
A = _Eicosg, (2.20)
Yr

dz cdt  myc?

which describes the energy change of the electron along the undulator. The equation shows
that the rate of change of the electron’s energy depends on the resonance energy and the
ponderomotive phase.

We summarise and combine the two previous equations as FEL pendulum equations.

d —
z Yr
dy oK . . (2.21)
—=- cos
dz~ mec2y? "

The FEL pendulum equation describes how the energy deviation from the resonance energy
affects the phase and energy evolution of the electron.

2.1.3 Phase Space Trajectory

We now consider a beam of electrons, where the energy of the electrons is a small fraction of
the difference compared to the resonance energy. The mean value of the energy is v, with
a large number of electrons, denoted by N. A cold beam is assumed, which has no intrinsic
energy spread.

12
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The Hamiltonian is used for the resonance equation. The radiation amplitude E; of the electric
field is assumed to be constant inside the undulator. We postpone taking into account the
effect of changing field strength to the high gain FEL section.

When considering an electron in an ensemble of electrons, the energy of the j*" electron y j
can be different from the central energy y,. We take the central energy to be the resonance
energy, i.e. Yo = y. Itis convenient to introduce the energy offset parameter of the electron
nj = (yj—vr)/yr to measure the magnitude of the energy deviation. The equation (2.21)

becomes
do;
2z = 2K
d’?j oK o (2.22)
- sind;,
dz Mec2y? osing;

with Q = \/ (2eKEp)/ (kymec?y5). Replace ¢ with ¢ — ¢ + 5 to make the equation more
manageable. The item with the dependence of # in the derivation of dn;/dz has been
omitted.

Eliminating n; by substituting eq.(2.22-1) into eq.(2.22-2), and the second order phase evolu-
tion over z gives

d*¢;

—— +Qcos; =0 (2.23)
Z

The form of equation (2.23) is the same as in a pendulum equation in classical mechanics. We
take advantage of the conclusion of the pendulum problem and obtain the Hamiltonian of the
co-propagating electron as

Hj(¢j,n)) = kun); + Q*(1 - cos¢)), (2.24)

where dHj/d¢pj=—dnjldz, dHj/dn; = d¢;ldz. The trajectory for an electron of energy
evolution in phase space (¢, n) is a curve of equal Hamiltonian. Those electrons with periodic
oscillation and bounded are separated from the unbounded by a curve called Separatrix, the
equation of the separatrix curve is

Nsp(¢p) = £Q.cos(p/2) (2.25)
The curve passes through two fix-points: (¢p = £, A = 0) and two extreme points of 1 : (¢p =
0,A = £2Q)). The range in between is called the "bucket". The electrons in the bucket lose or

gain energy depending on their ponderomotive phase: Electrons of phases in [0, 7] lose energy
during the resonance process. In contrast, those in [—7,0] are gaining energy.

13
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Phase space trajectory in free electron laser

2 -
1 -
—— H<Q? (bound electron)
< 0+ —— H=Q? (separatrix)
—— H>Q? (unbound electron)
_1 .
_2 .

- —n/2 0 /2 m

¢

Figure 2.3: Phase space trajectories and separatrix curve in an FEL. The red line represents
the separatrix (Hamiltonian H = Q?), which delineates the boundary between bound and
unbound electron trajectories. The green line depicts trajectories of bound electrons (Hamil-
tonian H < Q?) confined within the separatrix. The blue line shows trajectories of unbound
electrons (Hamiltonian H > Q?), which exist outside the confines of the separatrix.

2.1.4 Dynamics in Planar Undulators

Helical undulators feature a helical configuration of magnetic poles, while planar undulators
possess a flat arrangement of poles in one plane. Although they differ in design, both undula-
tors utilize the core principle of alternating magnetic fields to produce coherent radiation. The
system dynamics for planar undulators can be analyzed using a similar approach to helical
undulators.

In a planar undulator, the undulator field only has one direction. Electrons oscillate in the
x-direction of the transverse plane, and the momentum in the y-direction P), is 0. The electric
field is:

E| =exEjcos(w(z/c—1)), (2.26)
The longitudinal velocity of an electron is

K
BL= ?ex cos(ky2), (2.27)

14
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Direction of the magnetization of a permanent magnetic block.

Electronpﬁeieilir"r] 777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777 gap.

Y
One undulator period

Figure 2.4: Schematic of a planar undulator. The planar undulator is characterized by a
meticulously arranged sequence of oscillating magnets, each displaying two distinct polarities.
These magnets create a straight-line polarized magnetic field across the device. The zig-zag
path electrons take because of this field is shown in Figure 2.5.

30
10
Hlem) 20 g

Figure 2.5: Three-dimensional representation of an electron trajectory in a planar undulator.
The sinusoidal curve illustrates the path of an electron as it propagates through the undulator,
with the z-axis representing the longitudinal direction (z) in centimeters, the x-axis corre-
sponding to the horizontal displacement (x), and the y-axis denoting the vertical displacement
).

The energy change between the field and electron over the undulator is

dy —e —eK
— = p.L-E = Ey[cos(ky, z) cos(w(z/c—1))] (2.28)
dz  mec? Mec?y

—-eK
- Eplcos(kyz+kz—wt)+cos(kyz—kz+wt)] 15
2mec?y
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The mean longitudinal velocity, denoted by ¢; = cos(k,z+ kz — wt), exhibits a resonance
pointwhen k, z+ kz—wt = 0. At this resonance, the phase condition aligns with that presented
in equation (2.14), where

1 K2
Bi=y\/B*-B] = \/1 —am s cos? (kyz) > (2.29)
1 ! K2<1 in(2k,z) >
= -— - —sin z
Yz 2Y2 u
1

i K2 1+K?%/2
= I_F_Z_YZ_I_—ZYZ , (2.30)

and then the resonance condition is

Au K?
= 21+—) (2.31)

2, =24
" 2y2 2

The planar undulator differs from the helical undulator in that the second item in equation
(2.28), ¢p» = cos (kyz— kz + wt) can not be in complete resonance as
g 1+K?

=ky+k
dz T (2)/2

)>0. (2.32)

It is essential to account for the impact of energy evolution in the longitudinal direction, as
it can not be neglected. As a result of the sinusoidal trajectory, the longitudinal component
of the electron oscillation is not a fixed value but varies. From page 20 of [28], the energy
evolution can be written as:
% = ijfzyEO [cos(kyz+ kz— ysin(2k,z) —wt)

+cos(kyz—kz—ysin(2k,z) —wt) + wi)] (2.33)

(k+k)K* _ 1 _K* _ _K*
k8y2f. P2 A+2KE T 4+2K*°

where, y = Equation 2.33 can be written as a series expansion [8]:

dy _ —eKEy & B .
az - 2macty m:z—oo( D" Um() = Im+1 (X1 - cos (@ +2mky z), (2.34)

where J,(y) is the Bessel function of the first kind with m being an integer. The above
result suggests that the effect of a longitudinal oscillation component produces higher-order
harmonics in the radiation spectrum. To express the forward coupling in the equation, the
coupling parameter []]] is introduced, where

UJl=J (m—Kz)—] (’"—KZ) —on+1 (2.35)
“In\grerz) T ok T '

When [J]] =1, the instance becomes a helical undulator.
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2.2 High-Gain FEL Model

In this section, we discuss the one-dimensional high-gain FEL theory. In the high-gain FEL,
the undulator is rather long and the radiation amplitude is significantly amplified along the
z-direction, an effect that can not be neglected. The discussion is based on planar undulators,
but with [JJ] =1 the case for helical undulators is obtained.

2.2.1 Electron Density Modulation

In the one-dimensional model, the radiation field with horizontal polarisation can be written
as

E(z,t) = Ex(2)exp(i(kz - wt)), (2.36)

where the tilde over the field indicates the complex notation, and k,w correspond to the
radiation at the resonance frequency. To analyse how the electric radiation field affects
electrons, we use the Maxwell’s equation:

ajx

)Ex(z, 1) = —pg——= (2.37)

(02 1 62
ot’

022 c2or?

where V? is reduced to a single second-order partial derivative with respect to z due to the
one-dimensional approximation, assuming that field variations in the transverse directions
are negligible compared to the longitudinal direction. j is the current density in the x-
direction. The main contribution in equation 2.37 is the sinusoidal motion of the electron
beam. Inserting the equation (2.36) into the equation (2.37), we obtain:

0jx

expli(kz—wt)] Z,UOE, (2.38)

0E,(2) 0%Ey(2)
0z 0z2

2k

where the time derivative is dropped using the steady-state approximation. Assuming smooth
changes in radiation amplitude over z and small changes over a single radiation wavelength,
the Slow Varying Envelope Approximation (SVEA) can be applied:

0%E,
0z2

‘ il < |kEy| (2.39)

‘OEX
0z |’

¥4

With SVEA, the second-order derivatives are neglected, and the first-order derivatives, although
also small, highlight the gradual change in amplitude. This evolution of the amplitude can be
summarised as follows

dEx _ J Ho 6]7 X

P ——ﬁﬁ-exp[—l(kz—wt)], (2.40)
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where the temporal variation in current density can be expressed as:

cos(kyz), (2.41)

[a_jx] _0jz KUJI
ot

z=const ot Yo

and the current density in the longitudinal direction j, can be written as
Je=jo+ 1 (@ exp(—i(kz - w1)), (2.42)

where the item with j; (z) represents the complex amplitude of a wave-like perturbation in the
current density. The amplitude deviation in the transverse direction becomes
dEx _ pocKUJl -

e ~ 470 J1-(1+exp(i2k,z)) (2.43)

Finally, considering an average across an undulator period, the factor exp(i2k,z) will be
averaged to zero. Thus, there is

dE,  pocKUJl -
== J1

dz 4)’0

(2.44)

2.2.2 Micro Bunching

Micro-bunching occurs when radiation modulates the energy of electrons based on their
position relative to the radiation wave. Electrons with higher energies will move forward,
while those with lower energies fall backward. As electrons traverse the undulator, they
accumulate at the nodes of the radiation wave where the energy change is zero. This results
in the electron beam splitting into small bunches, separated by 1,, as shown in 2.6. At these
bunched positions, the radiation intensity is amplified due to the enhanced coherence of the
emission. This process is cyclic and the radiation is constantly amplified, forming the core
mechanism of the high gain FELs. In addition to coherent emission, there is also coherent
absorption, which is more of a factor to be considered in the saturation regime.

Our main focus is on the amplitude of the electric field in the z-direction, which is derived
from the one-dimensional model based on Maxwell’s equation. The electric static field from a
modulated charge density is given by V- E = p/€g, where p stands for the charge density. In an
FEL, it could be written as:

0E,(z,1) _ p1€ (2) exp(i), (2.45)

0z

with p7 the first Fourier coefficient of the current density distribution. Since the space charge
modulation is periodic, the derivative along the z-direction can be approximated using the
SVEA approach % ~ ikE,(z). By substituting this expression into Equation 2.45, we can
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Initial State Energy Modulation Density Modulation

Energy Deviation
o
o

|
o
N
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Figure 2.6: Visualisation of the electron beam micro bunching process. The first figure depicts
the initial state with a uniform distribution of electrons. In the middle figure, the electrons
introduce an energy modulation after interaction with radiation. The energy modulation is
converted into density modulation and forms the microbunch in the right plot.

conclude that

B0 =gy = -2 ) (2.46)
z B 6‘0kp1 B wo ]1 '

Equation 2.46 demonstrates the relationship between longitudinal forces and changes in
charge density. The concentrated electron beams within the microbunch cause an increase in
the Coulomb force between the electrons, leading to their repulsion and consequent space

charge effect.

For the space charge effect in a single microbunch, the following result can be obtained by
combining equation (2.46) with equation (2.44) and eliminating j;, according to [12] :

i4yoc dE,

—_— 247
woKJJ] dz @47

Ez(z) =-

2.2.3 FEL Equation Sets Including Beam Density

In the first section, we have derived the phase space trajectory of an ensemble of electrons
in the presence of an electromagnetic field in an undulator, as well as in the presence of a
radiation wave. The phase evolution in the longitudinal direction of a relativistic electron is as
follows:

a¢

— =2kyn, 2.48
dz ul] ( )

19



Chapter 2 FEL Theory Basics

where 1) represents the relative deviation in energy from the resonant energy. Its change along
the undulator coordinate due to the coupling of fields in the case of a planar undulator is:

dn _ eEK[JJ] c

=- 0S (2.49)
dz  2mec?y? ¢

So far, we have treated the electric field amplitude Ej as a constant to simplify the complexity
of the dynamics. This applies to the short undulator. In cases of high gain, the amplitude
may undergo significant changes and exhibit exponential growth. It must be treated as a
z-dependent variable. Although the electric field E,(z) has a complex form, for simplicity, it is
considered to be a real quantity. Hence, the equation (2.49) can be expressed conveniently as
follows:

dn

eKUJI .\ = o
iz 2?R(Exe ) (2.50)

coupling 2me 027/0

The space charge force has been discussed in the context of the micro-bunching of the
electron beam. This force has an impact on energy deviation through the electric field in the
longitudinal direction in 1D approximation, the change rate without the undulator field can
be written as

e ~ .
=————R(E;e'"?) (2.51)
space-charge meC=Yo

dn
dz

Combine the two fields yields

= ° % (K[]]]E"+Ez)e"d’ (2.52)

dn
dz T Mec? 2
space-charge eCY0 Yo

dz

dan
dz

dn
+ —_—
dz

coupling

The next step is to evaluate how this combined field acts on the electrons and changes beam
density. If we look at the particles as point-like, their longitudinal distribution can be written
as

N
S) =) 6p—¢n), ¢.Ppel0,27] (2.53)
n=1

We keep the assumption of treating an infinitely long electron beam. Initially, the beam
density is assumed to be homogeneous everywhere. With the presence of the radiation field,
the electron beam is modulated, grouped and bunched with a distance equal to the radiation
wavelength. The electron beam is divided into several short slices, which allows us to expand
the distribution into the Fourier series:

2 .
Y cretk|, (2.54)

Co
S(p)=—+R
2 k=1
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with the coefficients,

1 r2n X

Cr=— f Sp)e % de (2.55)
T Jo

The current density can be expressed in Fourier coefficients. Initially, it is a DC current

density proportional to the zeroth order Fourier coefficient. Thus, ¢y/2 = N/27n. We define a

segment of the electron bunch with transverse size Aj, then the number of electrons within

one wavelength is n, = N/(ApA;). Applying jo = —ecn, yields the result:

2m ¢
ApA, 2

Jo=—ec ) (2.56)
where n, is the number of electrons per unit volume, N is the number of electrons within the
slice area of A; and the longitudinal length A,, jj is the electron density at DC current. jj
denotes the electron density with a DC current, while the modulation current j; is proportional
to the first-order Fourier coefficients c;:

~ 27
=—ec
J1 AgA

2 N
cr=2jocr/co = jors Y e in (2.57)

n=1
withc; =1/7n nyzl e~ '¢n the first order coefficient.

With these results, we can finally write down the coupled equation in the first-order coupled
equation for a periodic model. They are, respectively,

d
4n okmn n=1,2,3..N, (2.58a)
dz
d KUNE, -

UI———— UJ] X L Byeltn |, (2.58b)
dz mec?yo 270

- 2 N

h=jo= e 'n (2.58¢)

Nn:l

dE KUJ -
- LSV (2.58d)
dz 4yo

Equation (2.58a) shows how the phase, ¢;;, changes, and equation (2.58b) explains the change
in energy, 1, for each electron (n = 1,2,3...N). Equation (2.58c) describes how the charge
density scale with the collective of bunching, while equation (2.58d) shows the change in
radiation amplitude along the undulator coordinate. Because the number N is very large,
finding an exact solution to 2N + 1 sets of equations is computationally costly.
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2.2.4 Analytical Solution of the FEL Equation

Given its large number of electrons, the first-order equation set becomes a complex many-
body problem, which can be computationally expensive. However, this can be reformulated
into a third-order differential equation.

The approach is motivated by three first-order differential equations, as shown in Equation
(2.58). Instead of treating these equations individually over variables like phase, energy offset,
and radiation field, they can be transformed into a single third-order differential equation
concerning just the radiation field E,. This transformative approach eliminates parameters
¢y and n,, paving the way for an analytical solution that details power growth.

A derivation of this procedure is provided in Section 4.7 of [12]. By following this methodology,
the resultant equation is:

E, +i4kunE, + (ki — 4kin*) B~ iG°Ex = 0 (259

Equation 2.59 represents the third-order equation of the high-gain FEL for a cold electron
beam.

It is important to note that 11 here does not measure the distance between electron energy
Y; and resonance energy y, due to the assumption of non-constant radiation intensity. If
one were to discuss the process on an individual electron basis, a high gain FEL could not be
achieved. Instead, 7 reflects the collective impact of the entire electron beam, demonstrating
the average energy 7, of the beam relative to the resonance energy y,. We will delve further
into collective variables in a later section.

In this equation, two novel coefficients have been incorporated to consolidate all the constants
for concision. The first is the gain parameter, symbolized as G, and the second is the space
charge parameter, denoted by k. The definitions of these coefficients are as follows:

1
3

1
2

2uo jokye
woYoNe

(2.60)

oo [HOKZ[]]]ZJOkue
il S — p

4y3mec

We can rewrite Equation (2.59) using a normalisation factor to provide context for the FEL
parameter. This involves dividing both sides of the equation by G, resulting in:

G3 G )G?

~/

E .
=< _jE,=0 (2.61)
G

2
Kp _ (4kur”
2 | &

To further simplify the equation, we introduce a scaling parameter and define the FEL param-
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eter p [14] as:
G K2 2n %
p=— =Ko Ve 3[]£] e (2.62)
2ky 32y kume

The dimensionless FEL parameter p, also known as the Pierce parameter [29], characterises
the interaction intensity between the electron beam and the radiation field as well as the
efficiency and performance of the FEL process. A higher value of p implies a more significant
interaction, resulting in a faster FEL process.

Analytical solution of cubic equation

We begin by addressing the simplest form of the cubic equation. Assuming the space charge
force is negligible (k, = 0), and all the electrons are in resonance (i.e., n = (y —y,)/y, = 0), the
cubic equation 2.59 simplifies to:

B, —iG’E,=0 (2.63)
With the ansatz E,(z) = Eyexp(az), the roots of this equation are:
3 - 51 - 97
a;=e'sG ar»=¢e's G az=¢e's G (2.64)

By applying Euler’s formula, these roots can be rewritten in a more explicit form:

(i+V3)G (i—V3)G
= — afzz—

a3 =-iG 2.65
2 > 3 (2.65)

a)

The three roots are illustrated in figure 2.7, which contribute to amplification in unique ways:

* aj has a positive real part, which results in exponential power growth.

* a, has a negative real part, leading to exponential decay.

* a3 lacks areal part, causing oscillations with constant amplitude as a function of z.
The general solution for equation (2.63) can be expressed as a combination of these three

solutions, which represents the diverse behaviours of the electron beam and its interaction
with the radiation field:

~ E . . ,
Be(2) = ?0 e2(+V3G2) | 3(i=V3IG2) | oGz (2.66)

This solution (2.66) assumes that both the first and second derivatives of E, are zero at the
entrance of the undulator, e.g. £}, = 0, E”/ = 0, which is a simplified initial condition.
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Roots of the FEL Cubic Equation
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Figure 2.7: The diagram visualizes the three roots of the FEL cubic equation plotted on a
complex plane. The roots are labeled as a;, a2, and a3, positioned at angles %, %”, and
3n

=, respectively, from the positive real axis. The surrounding circle indicates the boundary

lajl=G.

In the power profile, the three roots of the equation contribute with similar strength, resulting
in an increase in power that is not observed in the initial stage of the FEL process. This stage
is called the lethargy regime, as shown in Figure 2.8, where for the first three gain lengths,
the obtained power growth from the approximation characterises this region as the lethargy
regime.

However, when the beam and radiation are propagating together in a long undulator, the
exponential growth rate of a@; will eventually dominate as it grows faster than the other two.
Thus the contributions of @, and a3 become negligible and the field simplifies to:

E V3Gz
Ey(2) = ?Oexp( 5

) (2.67)

The power of the radiation then becomes:

~ 2 Eg Eg Z
P(z) x |Ex(2)|” = —exp(\/ng) = —exp(—), (2.68)
9 9 LgO

where a new parameter is introduced in 2.68: the gain length Lg, defined as follows:

1 1 Ay
Lgo = — = e
V3G 4mnyV3 p

(2.69)

The gain length measures the rate of FEL power growth under ideal conditions. The subscript
'0’ indicates fundamental mode operation, distinguishing it from Lg, which is the gain length
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Power Distribution P(z) in a Free Electron Laser
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Figure 2.8: Power distribution P(z) plotted on a semi-logarithmic scale. The solid line rep-
resents the full power distribution P(z) ~ |Ex(2)|?, while the dashed line shows the power
distribution Py(z) ~ | Exo(2)|? for the first root of the electric field expression, as described in
Eq.2.67. The figure shows that the approximation is mainly valid for long undulators.

measurable in real experiments. A shorter gain length indicates greater efficiency in the energy
transfer from the electron beam to the radiation, resulting in increased amplification over a
shorter undulator length. Minimising the gain length is often a key objective in an FEL facility
design.

2.3 Analysis of Ensemble of Electrons with Collective Variables

Beyond the perturbation method, a more general approach can be used to represent the
system using the Vlasov equation, as it includes the effects of finite energy spread. We start by
looking at the system through collective variables.

2.3.1 Collective Variables

Given the vast number of electrons, a single electron’s description is not sufficient to fully
characterize the electron beam. Therefore, to fully capture the behaviour of the beam, we
will adopt a collective approach and adjust multiple parameters. There are two different
types of collective parameters, one type is the z-dependent parameters: the bunching, energy
modulation and radiation fields, where the bunching is commonly used for FEL simulation
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analysis; another type of collective parameters are z-independent, such as the detuning
parameters and the energy spread, which are input variables.

* Bunching factor

The bunching factor quantifies the coherence of particle clustering in the phase space
of an electron beam. It is defined as :

) (2.70)

1Y .
b= ’N]Z:lexp(ngj)

where N is the number of electrons, ¢; describes the position of the j th electron in
longitudinal phase space.

When all electrons cluster at a particular phase, the bunching factor approaches 1,
indicating strong bunching. If the electrons are uniformly distributed in phase space,
the bunching factor is near 0, indicating no bunching.

¢ Detuning parameter

The energy detuning parameter, A, has been already introduced in the high gain FEL,
where the FEL radiation gain is considerable. The parameter is defined as:

A= <Y>_Yr’

Yr

(2.71)

where < y > represents the average energy of the electron beam.

Although the detuning parameter can range from -1 to infinity, the relativistic electron
energy loss in an X-ray FEL is only a small fraction of the total energy, so the detuning
parameter is typically very small. A 0.1% change can result in a significant difference in
laser efficiency.

¢ Energy spread parameter

The detuning parameter determines the average deviation in energy, but it does not
account for the natural variation in the initial energy of each electron. To address this, we
must calculate the average squared deviation. We define the energy spread parameter
as:

<(y-<y>)?%>

0125 _ (2.72)

<y>?

In the X-ray FEL, the energy spread varies from 0 to 1. Nonetheless, even a minimal
increment in the energy spread parameter, such as 0.1%, could negatively impact the
resonance while assessing the beam’s overall performance.
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2.3.2 Vlasov Equation and Laplace Techniques

When utilizing the perturbation method, it is assumed that employing a uniform electron
distribution with minimal energy and phase variations simplifies the computations. However,
computing the direct derivative over the dispersive equations poses a challenge, particularly
with a non-zero energy spread.

We are examining a group of electrons characterized by a distribution function f(¢,1n, z). It
is assumed that the interactions between electrons are much weaker than their interactions
with collective magnetic and radiation fields. As stated by Liouville’s Theorem, the electron
phase distribution f remains unchanged throughout co-propagation despite the collective
interaction, as long as a Hamiltonian can describe it. It holds:

af _or ord¢ ofdn_,

= — —_— 2.73
dz 0z 0¢pdz O0Ondz @73

The system’s evolution is described by the Vlasov equation and the distribution function

fn,¢,2).

In line with our previous section’s methodology, we assume a minor perturbation in the
electron beam’s energy distribution, denoted by f; (7). We can express f as a Taylor series
expansion up to the first order, given by f = fy + fie'? + s e~ Y. We have obtained the first
order equation in (2.58a, 2.58b). As a reminder,

dgj
— =2kun;, (2.74a)
dan; E _ .
T]] __ e [K[]]]Ex +EZ el([) (274b)
dz Mec?y3 2y,

In Equation 2.74b, every electron’s energy is measured relative to the resonance energy. To
break down the deviation, we can separate it into two components - the deviation of the j*"
electron from the average energy and the deviation of the average energy from the resonance
energy. The latter is known as the energy detuning parameter. We can reformulate the phase
evolution as:

o :Zkuy—<y>+<y>—yr
dz Yr
~ 2k, r=-m_ w-v
Yr Yr
=2ky (5 +A), (2.75)

where A is the detuning parameter defined in Equation 2.71. The variable 6 denotes the energy
deviation of a particle from the average energy <y >, while A represents the gap between the
resonance energy and <7y >.

In the Vlasov equation, when discussing a certain phase, all the terms, when grouped by the
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power of the item e’? after inserting the Ansatz in Eq 2.73, will be individually zero. To apply
this simplification, two conditions must be met. Firstly, Slowly-Varying Envelope Approxima-
tion (SVEA) must be applicable to slow down energy changes. Secondly, the distance z being
taken into consideration should be considerably larger than an undulator period. If both
prerequisites are fulfilled, it is possible to exclude the term e’? without affecting the validity of
the treatment. The terms proportional to e’? gives:

N ik G+ f - —2

5 0 (2.76)
< MeC=Yo

Zfl KUJE; | E] afo _

2)/() 06 B

In order to obtain solutions to the Vlasov equation, we need to set boundary conditions. If we
assume that the initial electron beam is homogeneous with no density or energy modulations,
we can have the boundary conditions as follows:

fol,eo=NoF®),  fi|,.,=0, f F6)ds=1 (2.77)

F is the energy distribution function of the electron beam, representing the electron energy
distribution at the undulator entrance. This is a normalised function, so the integral of F over
the entire electron beam equals 1. Ny represents the number of electrons. After applying
the boundary conditions, we observe that for f; the Vlasov equation 2.76 takes the form
of y(z)' — iAy(z) = x(z), where A is a constant. The general solution of this type of partial
differential equation can be written as follows:

Z . .
y(2) = f x(s)e" 9 qs + ¢y et h? (2.78)
0

| ,_o =0, upon unmodulated

beam the constant C; is 0. The solution to equation 2.76 is therefore

C, is an arbitrary constant. Since there is an initial condition f;

enyg dF (*

dF (%[ KUJ1Ex(2))
Mec?yo dd Jo

+ E,(2))| 2RO NE=D g ! (2.79)
2')/()

fl(éyz):_

The quantity f; represents the first-order perturbation of the electron distribution. As a
reminder, the particle distribution can be separated into a zeroth-order and first-order per-
turbation terms, such that f = fy + fie!” + c.c.. The current density of the beam can be
obtained by integrating the particle distribution over energy and multiplying by c and e, which
yields j, = —jo + j1€'? + c.c.. We must integrate the distribution function f to determine the
perturbed current density j;. This integration results in the following expression:

KIJJ1Ex(2")
270

e’no /00 dF [*

il + E,(2) | 2k ®+N(E=2 g547" (2.80)
MeCYo J-c0 d6 Jo

f1=—ec[flda=—

We can now use the previously derived equation 2.44 and equation 2.47

dE cK[JJ] -~ _ idyoc dE
x Ko fi Balg)=———0C s

dz 4y woK[JJ1 dz 2.81)
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Now, we reach the last step of the section by substituting 2.80 and 2.47 into 2.44 and obtain:

dEx _ e’ nouoKUJ] foo dar fz[K[]]]Ex(z’)_ i4yoc dExZ)] iak,0+00-2) g5 4,0
dz 4)/31’}13 —00 d0 Jo 2Y0 woK[JJ1 dz
(2.82)

Equation 2.82 is an integrodifferential equation that combines integration and differentiation.
It describes the evolution of the electric field E, as a function of the position z. It contains a
convolution integral that accounts for the interaction of the electric field at different positions
along the z-axis, including the electron energy distribution and bunching.

The equation includes a term involving F, which describes energy spread and can not be
accurately described using perturbation methods in the previous section. It can have various
shapes, such as rectangular, Gaussian, and Lorentzian distributions. If we set F as Dirac delta
distribution such as F = ny6(d) and perform a partial differentiation on the electron bunching
scaling z’ in Equation 2.82, we obtain a result involving multiple partial derivatives of E,
similar to what has been discussed in the section without collective variables.

To solve the integral equation in the presence of energy spread, we employ a unique method
that utilizes Laplace transforms, inverse Laplace transforms, and the Gaussian residue theorem.
The derivation of the solution to the integro-differential equation (2.82) is given in Appendix
A . While the results are consistent with those obtained using the perturbation method, the
latter approach has the additional advantage of taking into account the energy spread.

2.3.3 FEL Instability and Saturation

Electrons would synchronize perfectly with the radiation phase in a setting without detuning.
This synchronization leads to an optimal energy exchange and maximum radiation growth.

However, the introduction of detuning changes the phase-matching condition between the
electrons and the radiation wave throughout the FEL process. Electrons that were initially
synchronised with the radiation field can fall out of phase, reducing the efficiency of the energy
exchange. Similarly, energy spread within the electron beam can further affect this efficiency.
These factors affect the instability of the growth rate, which determines the rate at which the
radiation intensity increases. The growth rate is highest in the absence of detuning and energy
spread.

The amplifying radiation extracts energy from the electron beam throughout the process. A
significant fraction of the electrons lose energy until they are out of resonance. As a result,
the amplification begins to slow down due to increased losses. Eventually, a point is reached
where the gain of the radiation is neutralised by its loss, resulting in a stabilised radiation
intensity. This state of equilibrium is called saturation. Typically, the saturation energy is
scaled with ~ p.
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2.4 Start From Noise: Self-Amplified Spontaneous Emission

This section explores the principles and characteristics of Self-Amplified Spontaneous Emis-
sion (SASE) [14, 30, 31, 32]. We first investigate the initial shot noise characterization, showing
the stochastic nature of SASE. We then delve into the coherence properties, bandwidth, spec-
trum, and peak intensity, examining their interdependence and influence on FEL performance.
The spontaneous emission serves as a seed for the amplification process, the basis for the
simulations in this thesis study.

2.4.1 Shot-Noise Characterization

We begin with the shot-noise characterization, where the electrons in the beam are randomly
spaced, and their arrival time at the entrance of the undulator varies. The beam current is
given by

N
I(N=(-e) ) 8(t-1), (2.83)
k=1

where N is the number of electrons within a finite electron slice with duration T, #; denotes a
random arrival time of an electron. The Fourier Transformation of the current is:

oo | N
I(w) = f etI(ndr=(-e))_ ek (2.84)
—oo k=1

which is the sum of many complex phasors with random phases wt;. We calculate the first-
order correlation of the Fourier harmonics, namely I(w) and I(w"):

N N | .
T)T (@) =eX(). Y el@hemivn (2.85)
k=1n=1

N
<Z l(w—w’)tk> + 62 < Z eiwtk—iw’tn> (2.86)
=1 k#n

The second term is the contribution of incoherent bunching, which is entirely random. To
simplify the result, assume that the number of electrons is infinite, e.g., N — oco. The result
becomes

I (") = dim e <Z el k> (2.87)
When we take the beam duration as infinity, the expression can then be written as:

T T (") =2melyd(w - ), (2.88)

where I is the average current over the duration T, with eN = [y T. Equation 2.88 represents
the first-order spectral correlation.
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2.4.2 SASE Power in the Linear Regime

The initial shot noise is defined by the first-order correlation, which is based on the properties
of 'white noise’. The second-order correlation function is expressed as 1+|g; |2. This function is
used to evaluate the intensity fluctuations of the noise over time, where g; represents the first-
order correlation. To establish the connection between the output signal and its corresponding
input noise signal, we use Green’s functions. The radiation field can be expressed as:

1 [®= .
Ey(z,0) = o— f E(w,2)e' dw, (2.89)
—00

with the Fourier harmonics of radiation field E(w, z) written as
Ew,2) =gw 2w, ©>0, (2.90)

here g(w, z) is the spectral Green’s function. When w < 0, the Fourier transform turns into
E (0,2)=E(-w,2).

In the linear regime of SASE, the stochastic process follows the central limit theorem [10],
which results in the probability distribution p as

_1
p1) = o° (2.91)
with an intensity fluctuation of 100%. Each electron contributes to a given radiation frequency,
which are different only in radiation phases. Even though each electron’s contribution might
be random and possibly not normally distributed, the sum of all their contributions will tend
to be a Gaussian distribution. On page 363 of [10], the radiation energy in one radiation pulse
is derived. Applying Poynting’s vector and Parseval’s theorem, the result is

_ (wfwo)z

CS oo X 9
(Esasp) = — f Ae o (I(w))dw, ©>0 (2.92)
471+ Jo

where S is the transverse surface of the electron beam, and

4 (Ep\? s 2 pw
A:—(—O) V32, g, =3P (2.93)
9\ Iy V3 VZ

0y is the frequency bandwidth, which is the width of the average spectrum. We can also
characterise the coherence time by
VT
Teon=—-. (2.94)
Ow
The duration for which electrons can be correlated due to interactions with the radiation fields
of other electrons is measured by the coherence time. To increase the coherence time, one
can decrease the radiation bandwidth.
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Suppose the coherence time is shorter than the electron beam length. In that case, several
modes contribute to the formation of separated and uncorrelated radiation spikes, with the
coherent mode number M estimated as :

T
M ~ bunch (2.95)
Teon
As shown in [10, 33], the energy per pulse follows the gamma distribution:
MM (w ML w
p(W) = ( ) e (2.96)
I'(M) (W) (W)

Here, (W) represents the average or expected value of the energy per pulse, and I'(M) denotes
the gamma function. The result is originally from [34] in statistical optics. The distribution is
plotted in figure 2.9.
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Figure 2.9: Gamma distribution of SASE pulse energies for various shape parameters M. The
plot illustrates how the distribution of normalised energy per pulse varies with different M
values. As M increases, the peak of the distribution becomes more pronounced and shifts
towards higher average energies. The distribution for M =1 is exponential while more peaked
forms are obtained for higher M values.

2.5 Simulation Approach

Based on the understanding of the FEL theory, we discuss briefly the way of conducting
simulations in FEL. There are four basic steps for a simulation in FEL [35]:

1. Generation of the initial phase space distribution for the electron beam.
2. Solving the ordinary differential equations for the electron beam variables.
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3. Solving the partial differential equations associated with the radiation and electrostatic
fields.

4. Management and documentation of radiation field and electron beam parameters,
coupled with efficient allocation of computing resources to facilitate time-dependent
simulation and ensure accurate results.

In this thesis, we use Genesis [1] as the simulation tool. Genesis is simulation code, utilizing
a time-dependent and three-dimensional model of the FEL equations within the paraxial
approximation for single-pass FEL simulations. Detailed information on Genesis’s functionali-
ties is available in [1, 35, 36]. We will discuss the input and output when performing a Genesis
simulation.

2.5.1 Input

To run Genesis code, a minimum of two input files are necessary. The first file, known as the
.n file, defines the beam parameters, including s (beam axis), current, energy spread, energy,
beam size, and other basic beam parameters. The second file, known as the .lat file, defines
the machine parameters, such as undulator parameters, chicane delays, and component
longitudinal length.

It is worth noting that the undulator parameter inserted in the lattice file is typically repre-
sented as aw = K/ /2, rather than K directly. The thesis discusses either aw or K.

2.5.2 Output

The two prepared files are sent to the program to compute. In my PhD, I performed calculations
using clusters, including the Euler cluster of ETH Zurich and Piz Diant of the Swiss National
Supercomputing Centre (CSCS). The simulation results are obtained by reading the output
files. Some parameters can be read directly, such as:
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Table 2.1: Summary of direct-readout parameters

No. | Direct-readout parameters Dimension Unit
1 Time* Assuming m** | fs

2 z position Assuming n m

3 FEL power mxn W

4 Electron energy mxn /

5 Beam current at the entrance | m x 1 A

6 Energy spread mxn /

7 Bunching mxn /

(*) Here, time is the output of Genesis, where t— > s—ct. The ’s’ is then normalized to show
the length scale in time units, which is a practical measure.
(**)m and n are integers representing the size of the data.

This thesis will not discuss certain parameters, such as emittance, transverse position, and
transverse velocity.

Additionally, some output parameters require extra calculations.

1. Pulse Energy (1 x n)
The pulse energy is calculated using the integration of FEL power along the z direction. The
dimension of pulse energy is 1 x n, with the unit Joule.

2. Spectrum (m x n)

To analyze the spectrum of a time-domain signal, we first apply the fft function, which com-
putes the Fast Fourier Transform of the signal. We then apply the fftshift to reorder the output
of the fft so that the zero-frequency component is centered in the array.

3. Pulse duration (1 x n)

The duration of the pulse is determined by directly measuring the FEL power at various z
positions. Spikes are detected first, and then the FWHM of the spikes is measured, provided
that they are detectable. The initial measurement position may vary from different simulations
depending on the output data. In this thesis, pulse duration is always measured using FWHM.
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This chapter introduces the SwissFEL. The Athos beamline of the SwissFEL is the basis for
simulation in the PhD thesis. SwissFEL is a state-of-the-art free-electron laser facility at the
Paul Scherrer Institute in Villigen, Switzerland [37, 38]. It delivers X-ray pulses with photon
energies between 260 eV and 12.4 keV with high peak brightness [2, 3], giving researchers
access to new domains of ultrafast X-ray science [39].

There are comparable facilities around the world, including LCLS [40] in the United States,
SACLA [41] in Japan, SXFEL [42] in China, FERMI [43] in Italy, FLASH [44] and European XFEL
[45] in Germany, and PAL [46] in South Korea.

This chapter presents the SwissFEL facility’s design and layout and briefly introduces the main
components, namely, the electron injector, the linear accelerators (linacs), the undulators and
the end stations. The layout of SwissFEL is shown in the figure below.

(" va00 2rseed 00
e 2 A lots = Athos 0.65-5nm (1.9-0.26 keV)

SWiSSFEL . e |WM_CO—KVVA—MM-\I-V’-\]‘AWA’-\I-\["-'@£;E

bunch bunch C-band 1% EEHG z"d_EEHG 8U38 + S eolor BUB+  yp o er
5 l RF station chicane chicane Chicanes chicane Chicanes dnactsi
BC1 BC2 1
(insctort)- AV Vi (Timsea)- AV Vi (Timseal G ) Pl ]
0.35 GeV 2.1 GeV 3.15GevV  2.1-5.8 GeV.
Aramis 0.1-0.7 nm (1.8-12.4 keV)

Figure 3.1: SwissFEL accelerator layout [4].

In the undulator part, we will show images of three configurations in Athos that are directly
related to the short pulse generation in the thesis: they are the HERO modulator, the delaying
magnetic chicanes and the transverse gradient undulator configuration.

3.1 Electron Injector

The SwissFEL electron injector initiates the electron beam, employing a 2.5-cell S-band RF
photoinjector gun [47]. It releases 7.1 MeV electron bunches, which are generated by an
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infrared Yb:CaF; laser interacting with a Cs,Te-coated copper photocathode [48].

Figure 3.2: SwissFEL electron injector [49].

A subsequent booster linac enhances the beam’s energy, preparing it for the compression
stage in the first bunch compressor (BC1). The SwissFEL injector has two booster sections [50].
Booster 1, equipped with two S-band traveling-wave cavities, accelerates the electron beam
to 150 MeV. It’s followed by booster 2, which raises the electron energy to 300 MeV, enabling
longitudinal bunch compression.

3.2 Linac

The linear accelerator comprises three segments - Linac 1, Linac 2, and Linac 3. Linac 1
elevates the energy of the electron beam up to 2.1 GeV, which is then subjected to additional
compression within the second bunch compressor (BC2). Post Linac 2, the beam energy attains
3.15 GeV, and a switchyard [51] can direct electron bunches to the Aramis beamline or deflect
them towards the Athos beamline. The configuration allows SwissFEL to simultaneously serve
two separate beamlines [52].
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Figure 3.3: The Linac at SwissFEL. The showing part is a C-band in Linac [3].

3.3 Undulator

There are currently two undulator beamlines in the SwissFEL, the hard X-ray beamline Aramis
and the soft X-ray beamline Athos.

Aramis Beamline

The Aramis undulator at SwissFEL is designed to cover the radiation wavelength range of 0.1-
0.7 nm [53]. A planar undulator configuration is employed with dysprosium-enriched NdFeB
[54] permanent magnets. The magnet array is mounted inside the vacuum tank, allowing for a
small inter-magnet gap for the electrons [55]. There are 13 modules in Aramis, each 4 m long,
with an undulator period of 15 mm.
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Figure 3.4: Aramis undulator at SwissFEL. The Aramis undulator is 60 m long, with a 4 m
length for each module and 0.75 m for each intersection [3].

The typical parameters of Aramis are in table 3.1:

Table 3.1: SwissFEL Aramis beamline parameters [2]

Electron accelerator

Beam Energy 6.2 GeV
Energy Spread (r.m.s.) 1 MeV
Normalised Emittance 200 nm

Peak Current 3.0kA
Undulator parameters

Undulator Period, u 15 mm

Total Length 60 m

Photon parameters

Wavelength 1-7A
Bandwidth 0.05-2.3 % [56]
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Athos Beamline

The Athos beamline at SwissFEL is dedicated to generating soft X-rays in a photon energy
range of 250-1900 eV [57, 5]. Athos undulator supports helical and planar operation modes
[58]. It features 16 modules, each stretching 2 m with 0.75 m intersections, totalling 44 m. The
electron beam delivered to Athos has a lower energy than Aramis because it bypasses Linac 3.
There exists a C-band RF station located before the Athos undulator that has the capability of
adjusting the beam energy by +250 MeV [4]. Moreover, Athos has many unique configurations.

e §

Figure 3.5: Athos undulator at SwissFEL. The Athos undulator is 44 m long, comprising 16
modules. Each module measures 2 m in length, with 0.75 m intersections between them [59].
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The typical parameters are presented in table 3.2.

Table 3.2: SwissFEL Athos beamline parameters [4]

Electron accelerator

Beam energy 2.9-3.4GeV
Undulator parameters

Undulator Period 38 mm
Undulator Module Length  2m
Number of Modules 16

Period Number per Module 52
Intramodule Length 0.75m

Total Length 44m
Photon parameters

Wavelength 0.65 - 5 nm
Pulse Energy 3m]at 1 keV

We present three configurations of Athos that are directly relevant to research in this thesis:
the HERO modulator, the magnetic chicane positioned in each inter-undulator space, and the
Apple X undulator configuration.

HERO modulator

In the high gain FEL, intense radiation induces modulation in electron energy and density,
leading to exponentially growing microbunching [12]. Another approach is employing an
intense external laser [60] to interact with the electron beam, producing an energy modulation
with a much larger modulation amplitude.

Energy-modulated beams are foundational for advanced FEL techniques, particularly when
generating short-duration pulses through methods like slicing [61] or ESASE [62]. The principle
of generated energy-modulated beams will be further discussed in Chapter 4.

We employ the HERO modulator, where "HERO" stands for a research grant funded by the
European Research Council (ERC), as detailed in [63]. The HERO modulator, as depicted in
Figure 3.6, is dedicated to the HERO research program. The modulator consists of 8 periods,
with a period length of 0.2 m. Considering the electron beam energy range, the K value varies
between 12 and 36 to span the wavelength scale from 260 to 1600 nm [64].
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Figure 3.6: HERO modulator at Athos beamline, the left shows an installed modulator with
eight periods. The right figure shows one period [64].

Delaying magnetic chicane after each undulator module

Magnetic chicanes are commonly used throughout the SwissFEL facility. Specifically, we refer
to the delaying magnetic chicanes located after each Athos undulator module, with much less
strength than those for bunch compression.

The design of the magnetic chicane is presented in Figure 3.7. Four of the motors can control
both halves of the magnetic track. The length of the magnetic track is 200 mm, and the
minimum gap is 6 mm [5]. The electron beam can be delayed by as much as 5 fs for each break
section relative to the radiation field.

The primary function of delaying chicanes is to serve as a phase shifter, a topic that will
be explored in detail in Chapter 6. Beyond this fundamental role, delaying chicanes also
have applications in optical klystrons, multi-stage fresh bunch configurations [65], and the
enhancement of coherence length.
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Figure 3.7: Delaying magnetic chicane after each Athos undulator module [5].

Apple X configuration

The APPLE (Advanced Planar Polarization Light Emitter) X configuration employs radially
movable magnetic arrays within the undulator modules, which allow for precise tuning of the K
value without necessitating any longitudinal shifts in the magnet arrays, thereby maintaining a
consistent polarisation. The connection to research in the thesis is that the distinct asymmetry
in the radial distances of the four magnetic arrays enables Athos to generate a transverse
field gradient for all polarisations, a technical achievement known as a transverse-gradient
undulator (TGU) [66], which will be helpful for generating ultra-short FEL pulses (see Chapter
7).
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Figure 3.8: Apple X undulator [4].

3.4 Experimental Stations

The Aramis beamline at SwissFEL generates hard X-rays in the range of 1.8 to 12.4 KeV and
consists of three different photon beamlines, each leading to individual experimental cham-
bers. The Alvra experimental station is devoted to investigating ultrafast processes in photo-
chemistry and photobiology, whereas the Bernina experimental station explores the ultrafast
dynamics in condensed matter physics [67]. The Cristallina experimental station serves both
quantum science and structural biology, allowing for imaging of quantum many-body states
under extreme conditions and serial femtosecond protein crystallography [68].

The Athos beamline provides soft X-rays in the range of 0.26-1.9 KeV and contains two experi-
mental stations. The Furka station is committed to investigating quantum materials through
the utilisation of time-resolved resonant inelastic and elastic X-ray scattering as well as ab-
sorption spectroscopy [69]. The Maloja station principally focuses on atomic, molecular, and
non-linear X-ray physics, and chemical dynamics [70].

The station with the most demand for ultrashort soft X-ray pulses is the Maloja station in the
Athos beamline.
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Slippage effect in SASE and Enhanced
SASE

This chapter discusses the slippage effect and its impact in generating short pulses. Slippage
refers to electrons in the undulator travelling slower than the group velocity of FEL light. As a
result, FEL pulses generated by the electrons move towards the head of the electron beam. The
slippage effect is evident in the soft X-ray regime, making it challenging to generate attosecond
pulses. To generate such short pulses, we will discuss the possibility of using the Enhanced
SASE (ESASE) method [62]. This involves using an external laser to manipulate electron energy
and a magnetic chicane to create a current spike, which improves performance owing to the
high electron density at the spike. The chapter concludes with simulation results indicating
that ESASE alone is insufficient to address slippage in the soft X-ray region.

4.1 Slippage Effect

This section discusses the slippage effect in SASE. We first derive the FEL group velocity and
the slippage speed. Then, we demonstrate the slippage effect in SASE simulations.

4.1.1 FEL Group Velocity

Group velocity is of particular interest in SASE FELs because the characteristic 'spike’ in SASE
radiation is a wave packet propagating at the group velocity.

For the specific case of SASE, Green'’s function is given (refer to page 362 in [10]):

V3 A%\ i 4A\ |
—~lh-=lz+=-|1-—|2
9 2 3

2

. 2E,
gsase(Z,t) = ——exp

3, exp(iwt+ikz) 4.1)

Here, A = A/G = A/ p * 2k, represents the normalised detuning parameter. From this equation,
we observe a change in wave number expressed as

1 2.
K=k+--=A 4.2)
2 3
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Subsequently, the calculation of the group velocity is

do (dk'\' (dk 2dA\T" (1 2dA\"
vg=—s ==~ =|\—-37—] =25~ (4.3)
ak’ dw do 3dw ¢ 3dw
With two expressions from [12] :
dA & 1 K?
— cku:w—(1+—), (4.4)
do o 2)/%
the result of the calculation is :
1 ! (1 + K (4.5)
Vo=cC|l1-— — .
& 3y2 2

4.1.2 Slippage speed

We compare the difference between the group velocity of the radiation and the average
longitudinal velocity of electrons.

The average velocity of electrons using Equation (2.11) in [12] is:

go=clio LK (4.6)
v,=c|l1-— — .
‘ 2y2 2
Then, the difference is :
7= [, K 4.7)
Vo —Vy= —= —1, .
8 Z 6)’(2) 2

where vy is smaller than the speed of light but still greater than the electron’s speed. We define
the slippage speed v, as:

Vg—V; 1 A
§ f__cL (4.8)
c-v, 3 Ay

Usp=C

The FEL radiation light surpasses the electrons by one-third of a radiation wavelength for each
undulator period. This result holds when the electrons are in complete resonance. When the
electrons are completely out of resonance, the FEL light travels at the speed of light, with a
slippage of one wavelength per period.

4.1.3 Slippage in SASE Simulation at Athos Undulator

In this subsection, we demonstrate the slippage effect in SASE simulations. We show the
simulation result in two radiation frequencies, namely A, = 1 nm and A, = 4 nm.
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Simulation setup

Table 4.1: Beam Parameters for SASE Simulation

Parameter Value
Beam Center Energy 3.33 GeV
Beam Length 10000 nm
Current 3kA
Energy Spread 501 keV
Emittance (x and y direction) | 300 nm

The beam has a constant energy of 3.33 GeV, corresponding to y = 6653. The beam is 10000
nm long, corresponding to a duration of 33.3 fs. For the undulator, aw = 1.153083 (1 nm), and
aw = 2.884472 (4 nm), where aw = K/v/2. The undulator parameter is the same for all modules.

4.1.4 Simulation Result

In this section, we present the results obtained from the Genesis simulation code [1]. Our
focus is on the demonstration of slippage.

1 nm Radiation Wavelength

In Figure 4.1a, the FEL pulse energy is amplified within the undulator until it reaches about
1073 J after passing through 10 undulator modules. The horizontal bars on the amplifica-
tion curve represent the intersections between each undulator module where no energy
amplification occurs.

Figure 4.1b shows the normalised FEL power. The left side of the figure is green-dominated,
conveying the relative insignificance of the FEL pulse compared to the background noise.
From z = 10 m, the background colour shifts to a bluer hue, indicating the exit from the lethargy
regime of the FEL process. Figure 4.1c shows the whole FEL power data at five different z-
positions. These five positions correspond to the red dashed line on the gain curve and the 2D
power plot. The FEL spikes are formed and randomly positioned on the beam. Besides, the
spikes move towards the head of the beam, i.e. the larger time axis, as z increases.

In terms of the time axis, light moves faster than electrons and should arrive earlier, resulting in
a smaller time axis. However, in this case, time is the output of Genesis, where it is transformed
to s —ct. The s-coordinate is then normalized to show the length scale in time units, which is
a practical measure.
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Figure 4.1: SASE Simulation results for A, = 1 nm.
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4nm Radiation Wavelength

The second set of simulation results for the SASE refers to A, = 4 nm. In Figure 4.2a, only
6 undulator modules are necessary to achieve saturation energy of approximately 1073 J,
resulting in a significantly faster FEL process. In Figure 4.2b, the lethargy regime spans about 2
undulator modules. After saturation, the tendency of the FEL peaks to drift towards the beam
head becomes even more apparent compared to in A, = 1 nm. In Figure 4.2c, the SASE power
are highly random spaced on the time axis.

4.1.5 Conclusion in SASE simulation

We present two typical SASE simulation results for 1, = 1 nm and 4 nm. Although many
spikes are produced, the spike duration and intensity are very random, which is an important
characteristic of SASE. Furthermore, it is observed that at both frequencies, the SASE peaks
undergo a significant shift towards the beam head due to the slippage effect. This effect is
more pronounced after saturation, consistent with our calculations of slippage speed. The
slippage effect is more pronounced when the electrons are completely out of resonance.
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Figure 4.2: SASE Simulation results for A, =4 nm.
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4.2 Enhanced SASE

Only the SASE method is not able to produce attosecond pulses at the soft x-ray range. In this
section, we show the ESASE method, which is a candidate to produce it. However, at the end
of the section, we conclude that ESASE alone is insufficient to mitigate the impact of slippage.

4.2.1 Energy Modulation with External Laser

The ESASE method requires energy modulation of the electron beam. This modulation arises
from interaction with a high-power external laser beam, typically reaching up to 100 GW. This
interaction occurs in a device called the modulator, which functions similarly to a wiggler and
contains multiple magnetic periods [62]. We assume the laser beam has the form of a plan
wave, that is :

E;(z,t) = EL(0)sin[kr(z—c1)] 4.9

E;(0) is the laser electric field before the interaction. In Chapter 2, we derived the electron’s

e ——— \ Modulated
e beam I{ | e beam
|
Al A
(e i .
[ I
| I |
[ I
l\ Modulator J

|l |'|.~I -
‘-_.f‘1-| I‘ -

External laser

Figure 4.3: In Athos, a Ti:Sapphire laser at 800 nm was used as the seeding laser. The modulator
is composed of 8 wiggler periods. The beam energy is modulated after interaction within the
modulator.

energy changes in the presence of an external seeding laser:

dy _ eKEL(0)UJ] =
——=——"———cos(krs/ 4.10
dz 2ymc? (krs/p.) (4.10)
with the co-propagation coordinate s = z— cﬁz t. The resulting energy modulation is much
smaller compared to the average beam energy.The energy change can be directly integrated
2,2
over the undulator length and expressed in terms of the laser-beam power Py = %,

where wy is the seeding laser waist. The energy change at the end of the undulator is then
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given by [71]:

Ay(s) = %%cos(kw), (4.11)
\/ 0

0

where Py = Lame 8 7GW, and I, = € ~ 17kA, which is identified as the Alfén current. One

e e
can observe that the period of energy modulation along s corresponds to that of the seeding

laser.

4.2.2 Density Modulation with Magnetic Chicane

Beam manipulation in the longitudinal plane requires a dispersive element. For relativistic
electrons with y > 1, they move nearly at light speed. In a cold beam Ansatz with minimal
energy spreads and space charge effects, the relative longitudinal velocities are so small that
positions remain unchanged on a straight path. However, a dispersive element can guide
different energy electrons along varied paths, allowing longitudinal adjustments.

The chicane, often made up of four dipole magnets, is the most commonly used element in
accelerator physics for longitudinal dispersion, where lower energy particles take a longer,
curved path while higher energy particles take a shorter path. The tail particles have more
energy than the head particles. As they move through the chicane, the tail catches up with the
head, compressing the bunch, provided the tail particles don’t overtake [71].

Chicanes can be used to compress energy-chirped beams to achieve high peak currents. This
compression is similar to a linear transformation: reducing bunch length while raising energy
spread and peak current. Interaction between electron and laser in an undulator creates a
sinusoidal modulation with both positive and negative chirp regions. After passing through an
appropriately dispersive chicane, represented by Rs¢ = ds/91n, a density modulation is formed.

4.2.3 ESASE simulations at Athos Undulator

In this section, we present the results of the ESASE simulation. Since the beam is density-
modulated, the FEL efficiency at the current spikes is higher, therefore, generating short
pulses is possible. However, ultimately, we conclude that the strong slippage effect makes it
challenging to generate attosecond pulses.

Simulation setup

The beam center energy is 3.33 GeV, which corresponds to a gamma factor of 6653. The energy
modulation amplitude is 1 percent. The length of the beam is 40000 nm, corresponding to
a duration of 133.3 fs. The initial current of the beam is 3 kA. After laser manipulation and
magnetic chicane, the peak current reaches 8 kA. The seeding laser has a wavelength of 800
nm, i.e. a period of 2.67 fs. The energy modulation has the same period as the laser, and it is
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also 800 nm. For the undulator, aw = 1.153 (1 nm) and aw = 2.884 (4 nm), where aw = K/v/2.
There is no taper in the undulator. We present simulation results set for A, = 1 nm and 4 nm

Table 4.2: Parameters for ESASE simulation

Parameter Value
Beam Centre Energy 3.33 GeV
Energy Modulation Amplitude 1%

Beam Length 40000 nm
Initial Beam Current 3kA

Peak Beam Current (post-compession) | 8 kA
Beam Energy Spread 501 keV
Beam Emittance (x and y directions) 300 nm
Seeding Laser Wavelength 800 nm
Energy Modulation Period 800 nm

The beam in Figure 4.4 will be applied for both 1, = 1 nm and 4 nm. Figures 4.4a and 4.4b
show the current and energy profiles. The beam used in the simulation does not include the
dispersion after the seeding process. When considering this dispersion, the beam energy will
fluctuate slightly. However, this should not significantly affect the FEL process and is therefore
not taken into account.
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Figure 4.4: Beam energy and beam current for ESASE simulation.

In addition, this beam will be used again in Chapter 7, where we will combine multiple

advanced configurations in Athos to generate short pulses (approximately 100 attoseconds)
for a 4 nm radiation wavelength.
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Figure 4.5: ESASE Simulation results for A, = 1 nm.
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1 nm Radiation Wavelength

In Figure 4.5a, it takes about 12 modules to reach saturation, with a saturation energy of 200
uJ. Figure 4.5¢ shows the FEL power spikes at 6 different positions, corresponding to the 6
dashed red lines in figure 4.5b. There is a pulse train at the very beginning of the undulator.
Each FEL spike is split into two spikes following the lethargy regime (z > 12 m). These two
spikes in one cycle are located at the top and bottom of the energy modulation, where the
rate of energy chirp is zero. At a position of z = 33.532 m, the FEL power spikes are located on
the right side of the pair pulses (e.g., Time = 10 fs) and typically have a pulse duration of 500
attosecond FWHM.

4 nm Radiation Wavelength

From Figure 4.6a, it takes only 7 modules to reach saturation, with the saturation energy
around 500 pJ. Figure 4.6c shows the power spikes of the FEL at six different locations, which
align with the six dashed red lines depicted in figure 4.6b. The separate FEL pulse train is
well generated at the beginning of the undulator. However, the fine structure of pulses is
completely washed out with the slippage along the undulator.

4.3 Conclusion

In this chapter, we first discussed the slippage in the FEL process. Then, we presented the
classical SASE simulations at two radiation wavelengths: A, = 1 nm and 4 nm. In Enhanced
SASE, an increase in FEL power at the locations of current spikes was observed, which results
in a shorter gain length. However, a pronounced slippage effect causes the electrons at current
spikes to fall out of resonance, resulting in an extended duration of the FEL pulse. At A, =1
nm, we obtained FEL spikes typically of 500 attoseconds FWHM duration. However, at A, = 4
nm, the fine structure of the spikes has been completely washed out due to strong slippage.

In addition, although ESASE offers a variety of input beam options, such as different peak
currents, we present a single result in this chapter. The same beam parameters will be used
in Chapter 7 to allow comparison. This comparison will highlight the significant reduction
in pulse duration achievable with the configurations in Athos, which will be discussed in the
following chapters. The chapters 5, 6 and 7 deal with optimisation at a wavelength of 1 nm.
In Chapter 7 we will discuss the 4 nm case, where the strong slipping effect at this frequency
requires the use of all the configurations presented in this thesis to achieve the short pulses in
the 100 attosecond range.
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Figure 4.6: ESASE Simulation results for A, =4 nm.
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Slicing Method: Chirp-Based Undula-
tor Taper

In addition to the ESASE method, another approach to produce attosecond pulses involves
applying an undulator taper to an uncompressed, energy-modulated beam. In the case of
energy modulation with slippage, the FEL radiation fields slip towards the head of the beam.
Meanwhile, the wavefront of the fields slips into different parts of the modulation where the
energy of the interacting beam varies. We can estimate the energy change during slipping
as the uncompressed beam maintains the same modulation shape as the seeding laser. By
adjusting the undulator parameters, resonance can be maintained in the part of the beam
where the FEL pulses are present. In contrast, the remaining parts may fall out of resonance,
leading to degraded lasing. This method is called slicing and has also been explained in [61, 22].
It effectively reduces the impact of slippage, resulting in shorter FEL pulses. The simulation
results show that the slicing method implemented in the Athos undulator setup produces
spikes with an average duration of only 200 attoseconds. In addition, we have explored the
application of a strong taper in the saturation regime.

5.1 Undulator Taper

This section discusses the general concept of the undulator taper, which is the basis for the
chirp-based undulator taper. The undulator taper is originally intended to extract more energy
from the electrons into radiation, especially when the FEL process is approaching saturation
[72, 73, 74], where the changed electron energy violates the resonance condition, reducing
efficiency and degrading the amplification process. The undulator taper aims to adjust the
undulator parameters to maintain resonance for electrons of new energy. The formula for the
varying electron energy to maintain a constant radiation frequency is given by:

K?(2)
2

A
Yi(e) = o=

1+

) (5.1)

where K (z) represents the undulator parameter at position z. When electrons are in resonance,
there is a resonant phase ¢,, which denotes the centre of the FEL oscillator phase, where the
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Figure 5.1: Potential with undulator taper [8].

collective energy change is zero. Since the FEL process approaches saturation, the majority
of particles will have phases other than the resonant phase ¢,. To counteract the phase
differences, another phase ®; is chosen to trap and slow down the maximum number of
particles. This trapping phase is defined by the energy extraction rate. If there is no desired
energy change, the trapping phase coincides with the resonance phase. Those particles close
to the phase @, experience deceleration at a nearly constant rate, particles further away from
the phase do not experience deceleration. Suppose the resonant energy v, varies slowly along
the z-axis and its variation over one undulator period is negligible. This implies that:

A dy?
Y7 dz

<1 (5.2)

The pendulum equation for a single particle is modified as follows:

dn; 3 ek

da = macye Ey(singj —sin¢,) (5.3)
d(bj

Here, n; represents the dimensionless energy offset of an electron, and ¢; represents the
electron phase. The addition of a predefined phase item ¢, to the pendulum equations results
in the modification of the system’s Hamiltonian:
2 ek .
Hj = kun'; — —'}’OEO (cospj+¢jsing,) (5.5)

We define the potential item as U(¢;), which is plotted in figure 5.1:
U@ = —5 _Ey(cos; +;sine,) (5.6)
P mec?yo 0 JTi r :
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Figure 5.2: Phase space trajectory with undulator taper [8].

Note that in equation 5.6, there is Ej as a parameter for the depth of the potential. If the term
Ey is too small, there is no real separatrix. As a result, the taper is generally applied around
the saturation. In figure 5.1, a potential well can be observed between the phases of ¢; = ¢
and ¢; = ¢*. This well will trap electrons between the two phases, and these electrons will
participate in the oscillation. In figure 5.2, we present the phase space trajectory with taper. At
two extreme points, the potential reaches its maximum and minimum within the range of (0,
2m). The intersection point on the right side of the semicircle is denoted by ¢*.

Electrons with 17 < max and ¢, < ¢; < ¢* demonstrate stable oscillations at the phase of
7 —¢;. The ideal value of the phase to extract the largest energy from the electrons lies between
these two extremes, requiring fine-tuning of undulator parameters. The general taper concept
will be directly applied in section 5.5, where the FEL process is in saturation regime.

5.2 Slicing: Energy-Modulated Beam With Undulator Taper

The slicing method is a chirp-based taper. The energy chirp introduced by energy modulation
leads to a frequency chirp in the radiation. There are some references discussing the chirp-
based taper [75, 76], but they are all based on slowly varying approximation.

The slicing method allows for the use of undulator taper in any regime of a FEL. In this method,
the modulation amplitude is much larger than the SASE bandwidth, so the slowly varying
approximation is no longer applicable. In [61], there is a discussion about the linear regime of
this dynamic. The resonance wavelength is :

(5.7)

r

Au ( Kz(z))
= 1+
2y2(z) 2

Since we have a well-defined energy modulation profile, we can make an estimation of the
energy variation accompanying specific FEL pulses as they slide along the electron beam. The
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undulator parameter is then calculated as follows:

2
K(z) = ¢2(M - 1) (5.8)

This adjustment maintains the resonance condition at FEL spikes despite slippage. The
method is illustrated in figure 5.3.

Chirp-Based Taper on Energy Modulation for 1 nm
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Figure 5.3: Undulator taper profile for slicing method. The term "K1" refers to the undulator
parameter in the first module, "K2" in the second, and so on. The slippage in one module
is about 55 nm, calculated by adding 52 nm to an additional 3 nm for the slippage in the
intermodule. This model does not include the dispersion introduced by seeding.

In addition to conducting simulations for the delivery of short pulses, we propose that there
may be an intermediate regime between the lethargic and linear regimes in slicing dynamics,

based on our study, namely:
. . Saturation
Linear Regime .
Regime

Lethargy Intermediate
Regime Regime

In this intermediate regime, the power of the FEL is not fully amplified. The formation of
two bunching spikes is observed when the constant taper direction is maintained. The two

bunching peaks mentioned above are found on the same chirp, whether it’s a negative chirp
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for a negative taper or a positive chirp for a positive taper. The regime ends up with the
direction change of the taper. The generated bunching spike, which is already at the extreme
of the modulation, begins to slide on the beam following the new taper direction, from where
the dynamic is the same as in figure 5.3. The complete showcase can be found in figure 5.13
accompanied by the simulation results and will be presented in section 5.4.2.

5.3 Simulation Setup

Simulations are required to determine the strategy for finding the optimal solution. In certain
simplified cases, such as the undulator taper discussed earlier, it is possible to establish upper
and lower bounds. However, the exact location of the optimal point in the full dynamics
remains unclear. In this section, we show the simulation setup for the slicing method, and
how to find the best taper parameters.

5.3.1 Beam Definition

The electron beam displays energy modulation with an 800 nm period. The beam duration is
40000 nm, corresponding to 133.3 fs in the time axis. The centre energy of the beam is denoted
by y = 6653, while its modulation amplitude is 1%, corresponding to a maximum variation
of AY maximin = £66.53. The beam’s energy spread is 501 keV, amounting to only 0.017% of
the entire beam energy. This value is significantly smaller than the bandwidth, which ranges
from 0.05% to 0.1%. Thus, the initial energy spread has a negligible impact when considering
efficiency.

Table 5.1: Simulation Parameters for the Slicing Method.

Parameter Value

Beam Centre Energy 3.33 GeV

Modulation Amplitude 1% (AY maximin = £66.53)
Beam Length 40000 nm

Initial Beam Current 3 kA

Beam Energy Spread 501 keV

Beam Emittance (x and y directions) | 300 nm

Seeding Laser Wavelength 800 nm

Energy Modulation Period 800 nm

5.3.2 Undulator Parameter Setup

Building upon the idea of slicing, we set up the taper profile. The simplest fitting method is
to assume that the period of the taper profile coincides with the modulation of the electron
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beam, e.g.,

r

A
K(z) ~ Ay(s) ~ cos(krs), s(z) = A_Z’ (5.9)
u
with Ay(s) the energy change after modulation, k; the wave number of the seeding laser and s
the coordinate in the electron beam. Equation (5.9) shows that the starting point is considered
at the bottom of the beam energy modulation due to the dependence on cos(kys).

In the case of full resonance, the slippage velocity is one-third of that of full non-resonance
(see equation 4.8). The real value for the actual model should be somewhere in between.
Based on the analysis of velocity disparities, it is probable that the taper profile requires a
larger period than the energy modulation. To determine the optimal simulation setup, we
scanned a range of taper periods, corresponding to the energy modulation between 750 nm
and 1130 nm. A total of 39 sets were investigated, with varying step sizes for each simulation.
The energy modulation is at 800 nm, but we use different taper periods to search for better
performance assuming a slippage velocity other than one radiation wavelength per undulator
period. We did not extensively explore periods less than 800 nm due to their poorer duration
performance.

The amplitude of the taper is also an important factor to consider. We have chosen different
amplitudes ranging from 0.8 % to 3 %, giving a total of 11 data sets (the step is not the
same for each simulation). The taper amplitude is consistently 1%, but we explore different
taper profiles corresponding different amplitude to improve performance. Additionally, we
conducted a partial cross-scan to examine scenarios with varying combinations of period and
amplitude to determine the optimal setup.

5.4 Simulation Result and Analysis

5.4.1 Simulation Result

We have scanned the undulator parameter in the taper setup for both period and amplitude.
The comparison between different amplitudes is in figure 5.4. The decision is to keep 1 %
since it has a good energy performance.

For the taper periods, we show the comparison between 800 nm and 980 nm in Figure 5.5. Atz
=37.91 m (indicated in the figure by black dots), the pulse duration for Taper 1 is 266.3 as. For
Taper 2, it is 207.6 attoseconds. Consequently, the decision was made to adopt 980 nm as the
taper period.
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FEL Energy for Different Taper Amplitudes
T T T T T T

104

Energy[J]
S

=
o
&

1aal

5 10 15 20 25 30 35 40 45
z[m]

Figure 5.4: FEL energy for different taper amplitudes, where K(z) corresponds to the energy
chirp variation. The numbers in the legend indicate the reference amplitude of the energy
modulation used to calculate the corresponding undulator parameter. The result with 0.010
(amplitude 1% of energy modulation, bold purple line) has a good pulse energy performance
compared to other cases.
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Figure 5.5: The average FWHM pulse duration for Taper 1 (800 nm period) and Taper 2 (980 nm
period) are shown by blue and red curves, respectively, with Taper 2 reaching 207.6 attoseconds
at 37.91 m, compared to Taper 1’s 266.3 attoseconds.
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In the end, the taper profile is:

2
ZAW(YOU:%QOIXSHKEQ1XZED) )

980 A
-11, S(z)=—=z (5.10)

Kiz)= |2
(2) » .

where s is the coordinate in the beam.

Following this setup, we present the results of the simulation. The simulation results include
several figures:

1.Gain curve.

FEL Pulse Energy
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Figure 5.6: The FEL pulses energy along the z-axis. We use the taper profile corresponding
to an energy modulation amplitude of 1% and a taper period of 980 nm. The pulse duration
is calculated by integrating the FEL power along the z-position. The red lines are selected
positions where the pulse structure is shown in figure 5.8.

In Figure 5.6, saturation is reached after 13 modules. The saturation energy is approximately 1
millijoule.
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2. Normalised FEL power along the z-axis and the time axis.

Normalized FEL Power along Time and z

10.9

Time[fs]

0 5 10 15 20 25 30 35 40
z[m]

Figure 5.7: Normalised FEL Power along the time axis and the z-axis, with normalisation
applied for each z coordinate. The red lines represent the selected positions in figure 5.8.

The initial position on the left shows uniform FEL power with many transverse modes, resulting
in minimal fluctuation in the radiation power. This consistency is shown by the color coding,
where the green color corresponds to the average power due to the choice of colour ramp.
As the FEL pulse power increases along the z-axis, the background gradually darkens after
normalisation.

As for the s-coordinate (time coordinate), we select a portion of the beam (time = 0 fs to 33.3
fs) to display, which is the same as in chapter 4. No discernible pulses are observed in the
range from z = 0 m to z = 10 m. Between 15 and 25 m, we observe the generation of multiple
pulses, typically two in number, for most cycles. After z = 25 m, there is only one pulse in each
cycle, which increases in amplitude until it reaches saturation. The reason will be discussed in
figure 5.14 in the analysis section.
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3. Typical pulse structures at different z positions.

Figure 5.8 shows the power profile at selected z-positions. The data is not normalised, therefore
the value of power can be read. Atz = 41 m, the typical saturation power is around 100
gigawatts.
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Figure 5.8: The structure of pulses varies at different z positions. It is important to note that
there are typically two FEL spikes in one modulation cycle before z = 25 m. The selected
positions are indicated by red lines in figure 5.6 and figure 5.7.
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4. Average pulse duration along the z-axis, with error bars.
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Figure 5.9: Average pulse duration in figure 5.7. The red curve represents the average Full
Width at Half Maximum (FWHM) duration, while the blue colour indicates the error bars.

We measure the pulse duration in Figure 5.7 and plot the result in figure 5.9.

The measurement approach is direct. The peak is first detected, followed by locating the left
half-maximum within a 400 nm range. Subsequently, the right half-maximum is searched for
to determine the duration. This approach accurately reflects the typical fluctuation range,
especially in cases involving multiple pulses. The results would be less representative if
only the largest pulses were selected, and measurements were confined to their fluctuation.
However, the first method is more effective when the goal is to identify one peak per cycle.

The measurements start at a distance of z = 12 m. The average duration shows a continuous
decrease along the z-axis. At around 33 metres, the average bandwidth displays a small error
bar, which is generated by MATLAB’s ’errorbar’ function and can produce both positive and
negative values depending on the variation. The duration at the end of the 14th module is
208.9 attoseconds.

The average duration results are robust. We obtained these results from 50 cycles, each with
random shot noise. Therefore, the results remain consistent even when the seed of the random
number generator for the shot noise calculation in the simulation is varied.
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5. FEL power as a function of radiation wavelength and z
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Figure 5.10: FEL power along z and wavelength!. The spectrum is obtained by applying the
Fast Fourier Transform and then a Fast Fourier Transform shift on the signal. The key finding
is the presence of two colors between z = 5 m and 25 m, and one color from z = 25 m to the
end.

In figure 5.10, between z = 0 and z = 10 m, the range of wavelengths is particularly wide; From
z =10 m to 25 m, two optical beams with a spacing of 0.04 nm coexist, and they redshift at the
same rate along the z-axis. The spike with a larger wavelength is more intense than the other.
From z = 25 m, the direction of the taper changes from positive to negative, and the spectrum
displays only one color while the other vanishes.

IFor a clearer illustration, the reader is referred to the PDF version, which is clearer than the printed version.
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6. Electron energy after each undulator module along the time axis.
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(a) Electron energy after each module.
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(b) Energy variation after each module.

31

6700

6680

6660

6640

6620

6600

Figure 5.11: Electron energy (a) and its variation (b) after each undulator module. (More

caption is available on the next page.)
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Figure 5.11. The main result is the resonant beam shift in different modules with the presence
of an undulator taper. The abbreviation ‘U9’ in the legend refers to the end of module 9, and
so on. A dashed orange line in figure 5.11b indicates the initial energy, which makes it easier
to find the top and bottom of energy modulation.

The energy difference is only plotted after the ninth undulator module due to the lack of
normalization. It is observed that there is a significant loss of beam energy after this module.
The resonant beam position shifts with the undulator taper for the beam at the top of the
energy modulation. Additionally, there is minor energy loss at the bottom of the modulation.
In figure 5.11b, the beam at the top of the modulation loses energy from its right edge, while
the beam at the bottom of the modulation lose energy from their left edge. Since they are in
opposite directions, the generated FEL pulses are approaching during the FEL process.

In U15 and U16 of figure 5.11b, electrons absorb energy from photons, which is not desired.
To optimize this energy absorption, we will apply a significant taper, and the optimized results
are presented in figure 5.17 of Section 5.5.

7. Bunching at different positions.

Figure 5.12 presents the bunching at different positions corresponding to the red lines in
Figures 5.6 and 5.7. From z = 31 m, the bunching spikes stop growing at around 0.7, indicating
the saturation. We see in most cycles, two bunching spikes are formed. After z = 25 m, the
taper direction was changed, causing the bunching spike at the right side in one modulation
cycle to shift to the right side, while the spike at the left side continued to shift to the left.
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Figure 5.12: Bunching at different positions corresponding to the red lines in Figures 5.6 and
5.7.
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5.4.2 Simulation Result Analysis

In this analysis subsection, we will refer to the simulation results from the previous section.
The whole FEL process is divided into four parts.

Lethargy Intermediate . . Saturation
. . Linear Regime .
Regime Regime Regime

A) Lethargy Regime (z=0 - 10m)

In a high-gain FEL, the intensity growth of the FEL pulses is slow within the initial 2-3 undulator
gain lengths. This regime is referred to as the lethargy regime. In the slicing method, the
collective coupling strength between electrons and radiation is lower due to the presence of
the undulator taper, which introduces extra frequency detuning. As a result, a longer distance
has been observed in the lethargy regime compared to SASE, approximately 4 undulator
modules (refer to Figure 5.6). The bunching in this regime (z = 6.108 m in Figure 5.12) has
almost no spike shape; the FEL pulses at the same position in Figure 5.8 begin to exhibit a
vague pulse shape, but almost the whole bunch is lasing. The taper within this region appears
to have no effect on the selection of beam portions for lasing.

B) Intermediate Regime (z = 10m - 23m)

After the lethargy regime, the amplification process does not immediately transition to ex-
ponential growth. Instead, it first enters an intermediate state that intervenes between the
two.

This period is named the "intermediate regime," as bunching factor spikes are generated
during this stage. Figure 5.13 shows the bunching factor at different z-positions. Since the
taper is always positive in this regime in the simulation, all the bunching in the negative
chirp is suppressed compared to the positive chirp. There are two bunching spikes formed
on the positive chirps, which correspond to the two frequencies in the spectrum (Figure
5.10) in this regime. According to the results in the spectrum, two spikes are radiating at
shifting frequencies due to the presence of the taper, though not shifted significantly in Figure
5.13. The formation of the two bunching spikes is not fully understood and requires further
investigation.

The effect of the taper differs from what is typically discussed in a general taper scenario. Here,
there are no strong radiation pulses or significant electron bunching. Therefore, the taper
analysis can not be based on the electron bucket, as the bucket contains few electrons. The
effect of the taper can be attributed to the instability induced by the detuning parameter. The
positive taper slope at the upper ends of the energy modulation results in a certain amount
of energy being absorbed from the radiated pulses and converted into electrons, thereby
increasing the bunching factor.
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Figure 5.13: Bunching factor for two modulation periods (1600 nm) in the intermediate regime.
The purple dashed lines are the boundaries between positive chirps and negative chirps. We
notice the bunching growth mainly takes place in the positive chirps.

The intermediate regime typically begins in the third or fourth undulator module and con-
tinues until the seventh or eighth undulator module. At a later stage, in accordance with our
taper profile design for the undulator parameter, the K-profile reaches its maximum. After this
point, the negative taper begins, and the system transitions from the previous regime to the
linear regime. These bunching spikes being prepared in this regime will notably contribute to
the FEL process in the linear regime.
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C) Linear Regime (z = 23m - 40m)

The linear regime is similar to our discussions in Chapter 2. In the section about SASE, we
calculated the Green function, assuming that the electron beam is infinitely long and the
Green function is steady.

The top and bottom of the beam modulation experience smaller energy variations. Thus,
it is closer to fulfilling the requirement of achieving SASE-like gain. The center of the en-
ergy modulation, where the slope of the energy modulation is very steep, violates the above
assumptions.

However, the situation changes once the bunching and significant FEL radiation have been
prepared in the intermediate regime. We can use the undulator taper to maintain the res-
onance condition at the positions where the FEL pulses are present. The dynamics can be
analysed based on the electron bucket, where a formula is often used when talking about
tapers [61]:

1 dH, 10+K)* 1 dy

_ -0 - 5.11
H,o dz 2 K2 .11

where H represents the magnetic field strength, The formula contains two derivatives, one on
the left side and one on the right side. The change in d H/dz on the left may compensate for
the change in dy/dz on the right, which is the fundamental principle of the slicing method.
The simulation result, in particular, Figure 5.11a, validates the method’s functionality.

Explanation over the single spike in each cycle in linear regime: (refer to figure 5.10)

In Figure 5.8, the two FEL spikes present in one cycle in the intermediate regime are reduced
to a single spike in the linear regime. At the same time, the two colors in Figure 5.10 are also
reduced to one color. To enhance the illustration of the process, it would be beneficial to plot
the FEL pulses and bunching together in a single figure:

The bunching factor (red) remains insignificant at the beginning (B <« 1). Atz =19.782 m,
there are two bunching spikes (red), the bunching spike at the lower energy of the positive
chirp located on the left side of the FEL pulse (blue). The bunching peak on higher energy
of the energy chirp lines up accurately with the FEL pulses. Starting at z = 25 m, due to the
direction change of the taper, the bunching peak at the lower energy location gradually shifts
to even lower energy parts, while the FEL pulses vanish. Similarly, the bunching peak on
the higher energy part is shifting but towards the right direction on the time axis. Both the
bunching and FEL peaks are amplified. Ultimately, only the right peak has distinct and clean
FEL pulses. Through Figure 5.14, we demonstrate how in the linear regime, only one pulse
in the period can survive, and pulses of a different color vanish. This is due to the matching
condition between the bunching and FEL peaks, where only high bunching and high FEL
pulse intensity can lead to high-efficiency lasing.
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Figure 5.14: FEL power and bunching factor for two modulation periods (1600 nm). Blue
curves are the normalised FEL power, and reds are the corresponding bunching factor. The plot
starts at around 15m and continues every 5m until around 35m. Two segments, specifically 34
fs to 35.37 fs and 36.67 fs to 38.1 fs, represent the rising edges of the energy modulation. The
purple lines indicate the top or bottom of modulation.

D) Saturation Regime (z = 40m - 44m)

In a saturation regime, the radiation intensity can no longer grow exponentially because the
beam energy that can be converted into light is exhausted. The intensity of the generated light
reaches a maximum level and then stabilizes. From Figure 5.12, it can be observed that several
bunching peaks for the last three undulators have reached around 0.7 and are displaying no
further growth. This indicates the saturation.

5.5 Optimization through a Stronger Taper in the Saturation Regime

At the beginning of the chapter, we derived the dynamics of the general taper strategy that
usually occurs just before the saturation regime, which will allow for more energy extraction
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from the electrons to the FEL radiation.

An interesting optimization opportunity was identified, as depicted in Figure 5.11b, where
it was observed that the electron beam extracted substantial energy from the photons in the
final two modules of the undulator. This observation suggests that our current setup of the
K-undulator might not be yielding optimal performance. To address this issue, we conducted
a small-scale optimization to find a better configuration of the undulator parameter. In
principle, we need a steeper undulator taper, as shown in Figure 5.15:

11 Undulator Parameter For Different Tapers
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Figure 5.15: We apply different undulator parameters for the last four undulators from the
13th to the 16th. The key is that we need a stronger taper. The aw’ in the figure equals K/v/2

The resultin figure 5.16 shows the performance improvement after applying a strong undulator
taper. There is more pulse energy, and the pulse duration is kept low in this saturation regime.
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(a) FEL pulses energy with different taper. (b) Average pulse duration with different taper.

Figure 5.16: After applying a strong taper, the statistical results show a significant increase in
pulse energy. Moreover, the pulse duration no longer rebounds, as previously observed. The
slight discrepancy at 32 m arises from the differing seed numbers in the two simulation cases.
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In addition, we show the electron energy after each undulator module in figure 5.17. We ob-
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Figure 5.17: The change in electron energy is measured after each undulator when a stronger
taper is applied. This can be compared to Figure 5.11b in terms of energy loss for FEL pulses
in Ul5 and U16.

served that the FEL pulse can continue to gain energy during the sliding process by interacting
with the fresh electron bunch. This explains why the FEL pulse energy increases.However, it
is also observed that after passing the center of beam energy modulation, the value of 6y/y
becomes relatively small, leading it gradually back to a situation of SASE, which broadens the
pulse duration. The choice of 980 nm as the taper period was strategic, allowing the optimal
positioning of the most suitable slicing to culminate precisely at the centre of the modulation.
Furthermore, the spectrum offers insights into which beam segment is lasing during the FEL
process, as depicted in Figure 5.18:

Although there have been notable adjustments to the undulator parameter (see figure 5.15),
the changes in radiation wavelength are insignificant. We have the resonance equation:

(5.12)

r

Au ( Kz(z))
= 1+
2y2(z) 2

The resonance equation alone can not explain the constant frequency despite significant
changes in the undulator parameter. The most likely reason is that the FEL pulses and electrons
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Figure 5.18: Comparison of spectrum. The only difference is a small shift in the radiation
frequency, which does not correspond to the large change in the undulator parameter.

are in superradiance dynamics. To provide an explanation, we first plot the bunching and
normalised FEL power after each undulator module.

As shown in figure 5.19, powerful FEL pulses slip into the unbunched slices. According to the
superradiance dynamics, this leads to radiation emission at the synchrotron frequency defined
by the frequencies of the FEL pulses. Meanwhile, the sliding FEL pulses cause the electron
bunching peak to move with them, the power of the pulses is increased while their duration
is reduced. Further discussion can be found in the Appendix B, where we have derived the
superradiance dynamics, and where we conclude that all the optimisations presented in this
chapter could be seen as strategies to generate superradiance spikes.

5.6 Conclusion

Starting with the initial assumption that FEL pulses slide along the beam and subsequently
designing the undulator taper profile, we conducted a thorough analysis of the simulation
data. Nevertheless, we soon noticed that our setup strategies, typically used in references,
could explain only some of the phenomena observed in the linear regime.

We examined the dynamics by performing numerous simulations and presented the results
of the best simulations in this chapter. The dynamics are categorised into four regimes:
the lethargy regime, the intermediate regime, the linear regime, and the saturation regime.
The discussion of the intermediate regime reveals distinct dynamic behavior, where the FEL
power growth is insignificant, but the bunching spike is prepared for the linear regime. The
model’s non-linear nature had led to the previous neglect of its dynamics, which are now being
explored for the first time in this thesis. However, the cause of the two bunching spikes at the
rising edge of the beam energy modulation can not be determined within the context of the
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Figure 5.19: FEL power and bunching factor for two modulation periods (1600 nm) after apply-
ing a strong taper. Blue curves are the normalised FEL power, and reds are the corresponding
bunching factor. The data start at the end of the 12th undulator until the end of the 16th
undulator.

current discussion.

Alongside a detailed analysis of the simulation results, we have optimised the reduction in
pulse duration in the saturation regime, which is suppressed under a larger taper, leading to a
50% increase in pulse energy. Despite the complexity of the simulation model, our designed
profile yielded an outstanding result: extremely short pulses with an average duration of
around 200 attoseconds, with typical saturation power of 100 GW. The coherence time for the
SASE model is 170 attoseconds. The simulation results using the slicing method for the actual
simulation setting have not been shorter than this value. In the next chapter, we will discuss
how we can break the coherence time limit using mode-locking.
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Mode-Locking: Optimising Magnetic
Chicanes for Shorter Pulse Gener-
ation Beyond Cooperation Length
Limits

In this chapter, another approach to reduce pulse duration is introduced, specifically the
use of magnetic chicanes for delay control in our model. This advancement, combined with
energy modulation, facilitates mode-locking by aligning the total delay (including slippage
and chicane-induced delay) in one module with the seeding laser wavelength. This alignment
enables the generation of shorter pulses, thereby overcoming cooperation length limits. This
methodology builds on established research [77]. Numerical studies have shown that mode-
locking can produce pulses with an average duration of approximately 100 attoseconds, which
is a significant improvement compared to the duration achieved with the slicing method.

6.1 Mode-Locking and Short Pulses

The concept of mode-locking in laser oscillators is widely recognised for its ability to generate
short optical pulses by maintaining a fixed phase relationship between all laser longitudinal
modes [78]. The process involves the gain medium determining the envelope bandwidth of
the mode-locked laser oscillator, while the cavity round-trip time dictates the mode spacing.
In turn, the round-trip time of the cavity determines the duration of the pulse train [71].

In FELs, mode-locking of X-ray pulses is achieved by overlapping longitudinal-mode comb
structures using a series of magnetic chicanes between the co-propagating radiation and the
electron beam. It is required that the electron beam energy be modulated at the mode spacing
frequency. This method is illustrated in Figure 6.1 [77]. To create the desired slippage between
the radiation and the electron beam, as well as to generate the radiation modes, chicane
magnets are placed between each undulator module. This is illustrated in parts b) and c) of
Figure 6.1.
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Figure 6.1: Subfigure a) depicts a typical SASE mode, while subfigure b) illustrates the mode-
coupling by magnetic chicane in a modular undulator, and subfigure c) shows the mode-
locking, where the electron beam has been modulated before entering the undulator. In the
lower part of the figure, there is an explanation of how slippage is introduced in the chicane.
The total slippage is enhanced, which causes the mode-coupling in b). When total slippage is
equal to seeding laser wavelength, we will have c).

In the slicing method, as discussed in Chapter 5, the undulator taper’s effect on energy modula-
tion allows for selective frequency filtering. This is achieved by carefully tuning the undulator
parameters to yield short pulses. However, mode-locking does not occur, as the localized
noise source evolves independently in different regions along the beam, resulting in no phase
correlation. The wavefront propagating through the electron beam determines a lower bound
for the pulse duration, associated with the FEL cooperation length /. [14, 79]. The cooperation
length is defined by the equation I, = LgA, /Ay, where Lg is the gain length, A, is the radiation
wavelength, and A, is the undulator period. It represents the slippage distance over one gain
length. In the Athos undulator, the cooperation length for a radiation wavelength of 1 nm is
approximately 170 attoseconds. The results achieved using the slicing method have not been
shorter than this value.

In this chapter, the investigation focuses on generating shorter pulses using the mode-lock
method at the SwissFEL Athos beamline. The results will demonstrate that this method can
successfully generate pulses shorter than those achieved by slicing.
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6.2 Effects of Delaying Chicanes

Delaying chicanes are important components for achieving mode-locking. The direct effect
of delaying chicanes is the introduction of phase shifts, exemplified by 5 = [ + 5, where 5
represents the total phase shift, [ the slippage, and 5 the delay introduced by the chicane. Due
to the chicanes, the emitted radiation experiences increased interference with more electrons,
resulting in improved coherence across the beam and increasing both the cooperation and
coherence lengths of the FEL radiation.

A solution can be obtained by applying the Fourier transform time shift relation to a series of
N undulator modules and chicanes [77]:
eins -1

eiws -1

EL,w) = Bolsinc(%)

The sinc function’s envelope undergoes modulation through a 'frequency comb’ (wherein

—iwl/2

the exponential term e is present), leading to the existence of sidebands within the

spectrum.

In addition, the optical klystron effect [80, 81, 82] substantially impacts the dynamics of mode-
locking [77]. The optical klystron effect involves implementing two undulators separated by a
dispersive section. The initial undulator generates density modulation (bunching) in the elec-
tron beam, and the subsequent undulator amplifies the radiation by utilising these bunched
electrons. The introduction of delay chicanes can lead to longitudinal energy dispersion,
which in turn can enhance the FEL amplification process, reducing both amplification and
cooperation lengths. The combination of increased slippage and reduced amplification length
results in a modified cooperation length. However, since the seed laser wavelength is much
larger than the slippage in one module (5 =800 nm compared to § ~ 50 nm), the cooperation
length primarily increases.

6.3 Delay Control Through Magnetic Chicanes in Athos

In this section, we discuss applying mode-locking to the Athos undulator. The Athos undulator
is configured with magnetic chicanes between each undulator module. To achieve mode-
locking, the first step is establishing the periodicity of the beam. This is accomplished by
using a seeding laser with a Rayleigh length that is notably longer than the wavelength. As the
electron beam interacts with the laser, it undergoes modulation to reproduce the inherent
800 nm periodicity of the seeded laser. We introduce a precisely calculated delay into the
electron beam, allowing the FEL pulses to advance an entire cycle after each module, as shown
in Figure 6.2. This approach anticipates mode-locking.
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Figure 6.2: Mode-locking mechanics in the Athos Undulator. The blue curve represents beam
modulation. After each module, the electron beam is delayed by a magnetic chicane, resulting
in FEL pulses shifting forward to align with the beam in the next cycle. This spatio-temporal
shift is indicated by the yellow arrows.

6.4 Simulation Setup

6.4.1 Beam Definition

In keeping with the settings outlined in the previous chapter on the slicing method, the
electron beam features an energy modulation with a wavelength of 800 nm. The beam
operates at a current of 3 kA and has a center energy denoted by y = 6653. It experiences a
modulation amplitude of 1%, equating to a maximum energy deviation of Ay yax/min = £66.53.
As the beam enters the undulator, its density is uniformly distributed. Moreover, the energy
spread of the beam is 501 keV, accounting for a negligible 0.017% of the total beam energy.

6.4.2 Undulator and Chicanes Setup

The setup process involves not only the configuration of the undulator parameters, but also
the setting of the magnetic chicanes that follow each undulator module. We take the radiation
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wavelength as 1 nm. Since we have K(2) = /2 (252 - 1), for y = 6653 + 0.99 = 6586.47, the

corresponding K = 1.602. The next step is to set the total slippage equal to the seeding laser
wavelength of 800 nm. This method has the advantage of simplifying the setup process, as a
single value can be used for all modules.

6.5 Simulation Result and Analysis

I directly measured the slippage distance in one module and found that the FEL pulse velocity
is almost identical to that of the electrons. Thus, each Athos undulator module has 52 periods,
each equating to 1 nm, totaling 52 nm. The connection point has a 1 nm deviation, necessitat-
ing a total delay of 53 nm after each module. For an 800 nm period, the cumulative necessary
delay across all modules sums to a total of 747 nm. For all 16 undulator modules, a consistent
Kvalue of 1.602 and a cumulative delay of 747 nm are applied.

6.5.1 Simulation Results

Based on the previously mentioned settings, the simulation results are presented in the
following figures:

1. Gain curve (Figure 6.3a)

In Figure 6.3a, saturation occurs after eight undulator modules, around z = 22 m. The satura-
tion energy is significantly reduced to 10 J, considerably lower than the performance for the
standard SASE.

2. Normalised FEL power (Figure 6.3b)

The total delay after eight modules amounts to 6400 nm, with each module contributing 800
nm of delay. To avoid the impact of the beam tail, we start the analysis at 10000 nm. Figure
6.3b shows the FEL power between 10000 nm to 20000 nm, equivalent to 33.3 fs to 66.7 fs
on the time axis. It is observed that the FEL pulses preserve their time locations after each
module, indicating the total delay in a module is equal to the wavelength of the seeding laser.

3. FEL power at different z-positions (Figure 6.3c)

In Figure 6.3c, a pulse sequence featuring 400 nm spacing between successive spikes is
generated. The pulse spacing is 400 nm as both the bottom and top of the modulation meet
the resonance condition while keeping constant K. From z = 9.124 m onwards, well-separated
pulses with marginal background noise are displayed. The saturation power can reach 1
GW. Notably, some pulses exhibit significantly higher intensities, indicating variability in the
shot noise within each modulation period. The current methodology appears inadequate in
mitigating shot noise. It is postulated that the intensity distribution of an individual pulse
follows a gamma distribution, similar to SASE.
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Figure 6.3: Mode-locking simulation results for A, = 1 nm.
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4. Average pulse duration along the z-axis with error bars.
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Figure 6.4: Mean pulse duration along the z-axis. The shortest average duration is observed at
z =18.21m, with an average FWHM of 101.3 as.

The measurement begins at z = 7 m. Initially, the average pulse duration is only 300 attosec-
onds. It gradually decreases as the FEL process unfolds, reaching a minimum of around 100
attoseconds in the seventh undulator. Once saturation is achieved, the duration stabilizes at
approximately 120 attoseconds. At the end of each module, a slight increase in pulse duration
suggests that the beam may have slipped out of resonance. This could be attributed to the
optical klystron effect, which shortens the gain length. However, this increase in duration is
not particularly significant.
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5. FEL power along wavelength and z.
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Figure 6.5: FEL power along wavelength and z-axis'

The spectrum reveals two distinct wavelengths: one centered around 1 nm and another around
0.96 nm, aligning with a 1% modulation amplitude condition. They correspond to the bottom
and the top of the energy modulation. Since the undulator parameter K is constant, the same
resonance condition applies to both the top and bottom of the modulation. Mode-locking
becomes evident from z = 10 m onward, as indicated by the appearance of sidebands. The
sidebands at z = 21.406 m are depicted in Figure 6.6.

Additionally, the spectral bandwidth in each undulator module starts out broad in the initial
stages but gradually narrows as the module progresses. This result aligns with the impact
of the optical klystron effect, where beam compression enhances longitudinal coherence,
initially resulting in a broader bandwidth.

IFor a clearer illustration, the reader is referred to the PDF version, which is clearer than the printed version.
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Spectrum at z=21.406 m
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Figure 6.6: Spectrum at z = 21.406 m. There are two wavelengths: one is centered around 1
nm and another around 0.96 nm, which correspond to the bottom and the top of the energy
modulation. Using a beam with a smaller modulation amplitude may result in the mixing of
modes from two frequencies. It would be interesting to observe the resulting pulse duration.
It is unclear what effect mode-locking would have. However, based on experience with slicing,
reducing the amplitude tends to increase the pulse duration.

6. Bunching and energy spread at different z positions

At z=19.972 m in figure 6.7, although the bunching factor, denoted by B = 0.1, and the energy
spread, represented by o = 2, have not reached the typical threshold for saturation, the energy
of the FEL pulses have reached its saturation.
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Figure 6.7: Bunching (in blue) and Energy spread (in red) at different z-positions.

6.5.2 Simulation Results Analysis
Possible reason for reduced saturation power.

To discuss the reason for the reduced saturation power in mode-locking, we compared the
locations of FEL power, bunching, and energy spread, as shown in Figure 6.8. This figure
presents data at different z positions, corresponding to the start of each undulator module. We
focused on their longitudinal positions. First, the locations of the energy spread spikes (yellow)
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Figure 6.8: Phase comparison of FEL pulses, bunching factor and energy spread. For FEL
power and bunching factor, it is normalised data. The is raw data.

are observed to be generally constant across different modules. Besides, the FEL power spikes
(blue) are synchronized in phase across the modules.

Significant changes are noted in the bunching factor (red) peaks at different z positions.
Initially, they become more pronounced up to z = 16.538 m. Subsequently, at z = 19.288 m and
around certain time positions (e.g., around time = 47 fs), the bunching splits into two, each
separated by an energy spread peak.
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We conclude that the reason for this early saturation is as follows: the FEL power peaks first
undergo delay control after the completion of one module, causing them to slip into energy
spread peaks and thus cannot be further amplified in the subsequent module. Consequently,
saturation is reached prematurely. The combined influence of FEL power, energy spread, and
bunching is likely the cause for the significantly reduced saturation power.

To address the issue, several potential strategies could be considered. These include using
a seeding laser with a shorter wavelength, implementing mode-locking every two or three
modules, or introducing density modulation in the entering beam. Each of these approaches
would require further numerical studies to fully assess their effectiveness.

Another possibility is implementing a strong taper across the modules before the bunching
spikes have the opportunity to split into two. I have conducted simulations for this approach,
which demonstrated the feasibility of obtaining large radiation power on the scale of 100
gigawatts, comparable to the slicing method. However, achieving a clean power spike proved
challenging due to the disruption of the mode-locking condition. As a result, this approach is
not presented in this chapter.

6.6 Conclusion

In this chapter, we have explore the application of mode-locking method in Athos undulator.
Based on our simulation results, the mode-locking method delivers promising results, resulting
in a 50% reduction in pulse duration compared to the slicing method, with an average value
of 100 attoseconds, beyond the cooperation length limit. We observe very clean and well-
separated pulses.

The importance of mode-locking will be further explored in the next chapter, where we will
combine it with all the other configurations to produce shorter pulses of 100 attosecond scale
at A, =4 nm.
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fd TGU Configuration: Attosecond Pulse
Generation over Extended Radiation
Wavelengths

At awavelength of A, =4 nm, the mode-locking method alone is insufficient to produce short
pulses throughout the entire module in the Athos undulator. This chapter introduces the
concept of an inner module linear undulator taper, which is based on a rotated transverse
gradient undulator. A positive taper, featuring a 16 % difference in each module, is proposed
in combination with mode-locking to achieve an average pulse duration of approximately 110
attoseconds. This short duration is attributed to the large bandwidth provided by the strong
undulator taper, which effectively shortens the pulse duration during mode-locking.

7.1 Slippage in Extended Radiation Wavelengths

In previous chapters, the case of 1, = 1 nm was discussed, where the module’s length does
not significantly limit the pulse duration performance, as the pulse duration continually
decreases within the module. However, at A, = 4 nm, slippage becomes more significant for
longer wavelengths, resulting in the pulse duration increasing again within the module. The
average pulse duration with mode-locking at this frequency is shown in Figure 7.1. Initially,
the pulse duration within the module decreases but subsequently increases, indicating that
the module is excessively long. Figure 7.2a displays the pulse duration along the z-axis in the
4th module (z = 8.25 m to 10.25 m, as shown in Figure 7.1). The shortest duration is 144.6
attoseconds at z = 8.896 m (period number N, = 18), while at z = 10.19 m (N, = 52), it is
approximately 600 attoseconds. This result represents a significant improvement over the
ESASE simulation results in Chapter 4, where a short pulse structure could not be achieved
due to strong slippage.
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Figure 7.1: Average pulse duration along z with mode-locking for 1, =4 nm. The undulator
setting is with the mode-locking. The measurement starts at z = 7 m, which in the third
undulator module. We see that in most modules the pulse duration first decreases and then
increases within the module, indicating that the module is too long for the target wavelength.

Figure 7.2b shows that the pulses consistently grow and narrow from N, = 1 to N), = 25. Figure
7.2c indicates that the main pulses no longer grow from N, = 25 to N, = 49, and pulse duration
increases in this remaining part of the undulator. From this result, it is concluded that mode-
locking alone cannot generate short pulses throughout the entire module, as the module
length is too long relative to the gain length for a 4 nm radiation wavelength. One potential
solution could be reducing the number of undulator periods. However, physically shortening
the module itself is not feasible.
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Average Pulse Duration (FWHM) in the 4th Module
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Figure 7.2: Average pulse duration in the 4th module (z =8.25 m to z= 11 m) (a) and FEL
pulses at selected positions (b) and (c).The axis has been replaced by the number of undualtor
periods, with a total of 52 in one module. In the 4th module the shortest result is only 150
attoseconds, in figure 7.2b we have plotted the periods 1, 9, 17, 25, where the main pulses are
constantly growing. However, after period 25, the duration starts to increase, with the main

pulses stopping to grow and broadening, as shown in figure 7.2c.

7.2 Continuous Linear Taper within Undulator Module

In this section, it will be demonstrated that a positive taper of 16 % within the module can
prevent an increase in pulse duration. This approach keeps the pulse duration short until
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the end of the module. The FEL process may become substantially less efficient if a taper is
so large that it completely exceeds the SASE bandwidth. Reference [61] proposed a strong
reverse taper to mitigate the slippage effect, and in some conditions, bunching can survive
[83]. The outcome is that the segment of the beam where the FEL pulse is present may still be
amplified despite reduced efficiency. This approach is also discussed in [84]. Additionally, a
strong taper results in a slower FEL process and a longer saturation length, which provides
more opportunities for chicanes to control the delay, thereby contributing to achieving mode-
locking.

7.2.1 Method: Rotated Transverse Gradient Undulator

The linear taper within the module is achieved using a rotated transverse gradient undulator,
which projects the gradient from the transverse to the longitudinal direction.

The transverse gradient undulator [85] is an undulator that varies the amplitude or phase of
the magnetic field across the electron beam’s transverse profile. It is utilised in applications
such as Laser Plasma Accelerators [86, 87], electron synchrotrons [88], and FEL oscillators
[89]. The primary objective of this technology is to maintain significant FEL gain even with a
large energy spread in the electron beam. Figure 7.3 illustrates the TGU’s operational principle.
The magnet on the left slope has a narrower spacing and higher undulator strength, while the
magnet on the right side has broader spacing and reduced strength. By positioning the higher
energy portion of the electron beam on the left and the lower energy portion on the right, a
consistent radiation frequency is achieved across the beam, thereby reducing the impact of
energy spread.

Electron beam with
energy spread

e

Smaller Undulator

Larger Undulator
Strength K ‘ X Strength K

Figure 7.3: The operational principle of a TGU.

The Athos undulator features an Apple X design [90], comprising four identical magnetic arrays
positioned at 45, 135, 225, and 315 degrees, respectively (see Figure 7.4a). Each array can be
independently moved both longitudinally and radially, thus enabling a transverse gradient
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profile [66]. Additionally, the Athos undulator’s configuration allows for a slight rotation (less
than 0.5 mrad) relative to the electron travel direction. This design enables the projection of
the transverse gradient K into the longitudinal direction, as demonstrated in Figure 7.4b. As a
result, a continuous linear undulator taper in the longitudinal direction is achieved in each
module.

Iron cast frame

1 Ty
§ e, __taperedaxis -
—>
z
(a) Apple X undulator [5]. (b) A Rotated TGU'.

Figure 7.4: Method to achieve linear taper within the undulator module: Rotating the Apple X
undulator to obtain a linear undulator taper within the module. It should be noted that the
electron beam will be deflected to one side, resulting in a ’banana’ shaped trajectory, however,
this effect has not been taken into account in the thesis model.

7.2.2 Evaluation of the Linear Taper within Module

This subsection examines the effects of the inner module linear taper on pulse duration. In the
simulations, the taper shows improvements for both 1, = 1 nm and 1, = 4 nm. To conclude
this subsection, a 16 % positive taper at A, = 4 nm is chosen for subsequent simulations in the
following section.

The initial trial work involved mode-locking at a radiation wavelength of 1 nm, combined with
an inner module taper. An undulator module was divided into four parts, each with different
parameters: K; = 1.6020, K> = 1.6021, K3 = 1.6026, and K; = 1.6033. This taper range, less than
1 % is easily achievable in Athos. All modules have the same undulator parameters, and the
delays were maintained at 745 nm. The output is excellent, with the shortest average pulse
duration being about 85 attoseconds, as shown in Figure 7.5a. Better results can be achieved
by further optimising the chicane delay between modules and the undulator taper within
them.

As discussed in the first section, at A, = 4 nm, the pulse duration tends to increase within the
module. It will be demonstrated that a positive taper of 16 % within the module can prevent
an increase in pulse duration, thereby maintaining its brevity until the end of the module.

TFigure 7.4b is a courtesy of Marco Calvi.
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(a) Average pulse duration for A, = 1 nm.
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(b) Pulses at 15.35 m, with peak power of several hundred megawatts.

Figure 7.5: Average pulse duration for 1 nm with linear taper within the module. The average
duration atz=15.35m is 85 as.
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The demonstration simulation includes five undulator modules, as illustrated in Figure 7.6.
The first four modules are configured with a constant K value of 2.884!!, meaning no taper is ap-
plied. This approach ensures the conclusion of the lethargy regime and facilitates observation
of the direct effect of the strong taper in the fifth module.

K=
2.884472

Figure 7.6: Simulation setup for demonstrating the effect of inner taper on pulse duration.

For the delay configuration, the first three delays are set to 595 nanometers, in line with the
delay compensation within a module. This compensation was determined by a prior scanning
study that identified the maximum pulse energy achievable at the end of the module. The
delay in the fourth chicane was also scanned, revealing that the optimal value for maximum
pulse energy in subsequent modules is 690 nanometers.

To simulate a linear taper within the fifth module, the undulator module, comprising 52
periods, was divided into 52 segments. The undulator parameters for each segment were
individually set to follow a linear distribution. To identify an appropriate gradient for the
linear taper, various gradients will be demonstrated, including:

e K=2.9487 to K = 2.8195, corresponding to 4% electron energy difference.

e K=3.0452 to K=2.7221, corresponding to 10% electron energy difference. It is approxi-
mately the largest range Athos can provide at A, = 4nm.

* K=3.1415 to K = 2.6243, corresponding to 16% electron energy difference.

The undulator parameter of 2.8845 represents the midpoint of the above gradients. The
simulation comprises six sets, as each of the three slopes can be either positive or negative.

The results are presented in Figure 7.7, where taper ranges of 4 %, 10 %, and 16 % were tested.
The positive 4 % taper had some effect, but the pulse duration still increased within the module.
The positive 10 % taper is able to shorten the pulse duration further. Further investigation
of the 16 % positive taper range (see Figure 7.7c) reveals that it can fully prevent the pulse
duration from increasing again within the module.

IThe constant K value is used in this simulation solely for demonstration purposes.

99



Chapter 7 TGU Configuration
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(c) 16% taper.

Figure 7.7: Comparison of average FWHM duration for different tapers. (More caption is
available on the next page.) 100
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Figure 7.7: The measured pulse duration in the 5th undulator module shows the strong taper’s
effect. Figure 7.7a shows the positive taper performs slightly better. However, due to the small
taper range, both tapers can’t stop the pulse duration from increasing within the module. In
Figure 7.7b, with a larger taper range, the final duration improves compared to Figure 7.7a.
Again, the positive taper performs better. In Figure 7.7c, the even larger taper range further
improves the positive taper’s result. However, the negative taper’s result does not improve.

7.3 Simulation Setup

7.3.1 Beam Definition

The beam settings are aligned with those detailed in Chapter 4 for the ESASE simulation.
The electron beam undergoes energy modulation at a wavelength of 800 nanometers, with
a central energy denoted by y = 6653. This modulation amplitude is set at 1%, resulting
in a maximum energy variation of Ay awmin = £66.53. The energy spread of the beam is
maintained at 501 keV, constituting a minimal 0.017% of the total beam energy. Furthermore,
the beam is compressed to achieve a peak current of 8 kA. The advantages of using a current
spike to facilitate mode-locking have been discussed in [91].

7.3.2 Undulator Setup

A significant positive taper is applied in each module of the undulator, with the undulator pa-
rameter K increasing from 2.6243 to 3.1415. Additionally, the delays are set to 595 nanometers.
Figure 7.8 illustrates the dynamics of mode-locking with a strong taper.
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Strong Taper on Energy Modulation for 4 nm
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Figure 7.8: Mode-locking is employed in conjunction with a strong taper. The radiations,
initiated at the top or bottom of the modulation, slide over the beam following the white
arrows. Upon completion of a module, the delaying magnetic chicanes introduce an extra
delay, as indicated by the yellow arrows. The total delay amounts to 800 nanometers in a single
module.

7.4 Simulation Results and Analysis

7.4.1 Simulation Results
We will show the following simulation results:
1. Gain curve.

The FEL process reaches its saturation point after approximately nine modules, equating to a
total length of about 25 meters. The saturation energy is around 10~ joules. The FEL pulse
energy increases rapidly between z = 15 m and z = 25 m, corresponding to modules 6-8. Within
these modules, the energy rises quickly in the first half, then stabilises as it travels through the
second half of each module.
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FEL Pulse Energy
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Figure 7.9: The gain curve is represented by the blue line, while the red lines mark the selected z
positions, at which the FEL power is displayed in figures 7.11 (modules 1-5) and 7.12 (modules
6-10).

2. FEL power along wavelength and z-axis.

Figure 7.10 indicates that the first five modules exhibit a lower signal-to-noise ratio in a lethar-
gic regime. Starting from the sixth module (at z = 13.75 m), the FEL spike becomes evident in
every cycle. The spike consistently starts at a fixed position in each module, indicating that
the delay is appropriately set for achieving mode-locking.
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Normalized FEL Power along Time and z
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Figure 7.10: Normalized FEL power. The red lines mark the selected z positions, at which the
FEL power is displayed in Figures 7.11 (modules 1-5) and 7.12 (modules 6-10).

3. FEL power at different z-positions

The positions selected are situated in the middle of each module. From the fifth module
onwards, distinct and well-defined FEL pulses can be observed in some cycles. In modules 6
to 10, these pulses are fully amplified throughout each module, resulting in short and intense
pulses that maintain their brevity until the end of each module.

Tuning the compression strength in the beam before sending it into the undulator could
suppress the secondary pulses. However, further investigation is required.

104



TGU Configuration Chapter 7

x10° z=0.988m
T
=
g
o2
o
0 | | | | | | | | | |
62 64 66 68 70 72 74 76 78 80
Time[fs]
x10° z=3.738m
14 T
12
z
=10
(4]
R
o
&6
4 |
62 64 66 68 70 72 74 76 78 80
Time[fs]
%108 z=6.488m
T
2
2
9]
g1s
[=)
[N
1
|
62 64 66 68 70 72 74 76 78 80
Time[fs]
%108 7=9.238m
T
4
T
22
o
0 | | | | | | | | | |
62 64 66 68 70 72 74 76 78 80
Time[fs]
) x107 2=11.988 m
T
2
9] _
g1
o
o
0 |
62 64 66 68 70 72 74 76 78 80
Time[fs]

Figure 7.11: FEL power in modules 1-5. A short and intense spike appears to the right of the
ESASE spike and is amplified along z.
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Figure 7.12: FEL power in modules 6-10. The spike is constantly amplified until saturation.
Despite the delay control, the most intense spikes are not shifted across the modules between
the module 6 and the module 8, suggesting that FEL pulse intensity is not the dominant factor,
while bunching may be a more important factor in this dynamic.

4. Average pulse duration along the z-axis and the pulse structure at z = 23.62 m.

Pulse duration measurement starts at z = 7 m in module 3. The duration exceeds 1 fs in
modules 3 and 4 and continuously decreases to 200 attoseconds in modules 5 and 6. The pulse
duration does not decrease in module 7 but drops again in modules 8 and 9. In modules 8
and 9, the spikes on the right side of the current spikes become fully amplified and exceed
the noise signal. At z = 23.62 m, the average duration is only 112.3 attoseconds, a remarkable
achievement considering the frequency of this radiation wavelength. The measurement
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Figure 7.13: Average pulse duration (top) and pulse structure at z = 23.63 m (bottom). The
errorbar in pulse duration measurement is derived from the MATLAB function ’errorbar’.
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focuses on the primary pulse in each cycle of modulation, while the concurrent noise signal is
neglected.

5. FEL power along wavelength and z-axis.
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Figure 7.14: Normalised power along z and wavelength axis. The narrowest bandwidth is in
the 8-th module (z=19.25m - 22 m).

A wide bandwidth is observed in modules 1-5. A frequency shift occurs in each module due
to the large taper. Starting from the sixth module, the spectrum displays distinct and regular
sidebands. As shown in Figure 7.12, the short pulses become clearly distinguishable starting
from the sixth module. It can be concluded that the short pulses of 100 attosecond scale are a
result of mode-locking with a large bandwidth. Towards the end of the ninth module (z = 24
m), the bandwidth is estimated to be around 20%, which is close to the taper range.

7.4.2 Simulation Result Analysis

The most significant conclusion from the simulation result is that the short pulse, averaging
only 110 attoseconds at A, = 4 nm, is attributable to mode-locking with a large bandwidth
spectrum. The large bandwidth is provided by the significant undulator taper. A notable
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advantage of this method is the elimination of the need to consider any detuning parameters,
as the SASE process is suppressed by the extremely large taper. The simulation results suggest
that the dynamic of the section of the beam where FEL spikes are present corresponds to
superradiance, as discussed in Appendix B. In superradiance, electrons are seeded by intense
FEL pulses and lase at spontaneous frequencies. The radiation field is intensified and pulse
duration is shortened.

In this analysis section, we further investigate two aspects: first, the spectrum of the 8th
module, where the spectrum bandwidth is at its minimum, and second, the bunching factor
and the energy spread.

1. The spectrum with FEL pulse energy in the eighth undulator module (z = 19.25 m - 22 m).

Figure 7.15 presents the spectrum alongside the FEL pulse energy in the 8th module. The pulse
energy is plotted to observe the energy change during the lasing process, which helps us to
better understand the spectrum. A key finding from Figure 7.15a is that energy exchange occurs
throughout the undulator, despite the presence of a strong taper. The number of undulator
periods has not been reduced, since energy exchange between electrons and radiation fields
continues to occur.

FEL power along Wavelength and z

FEL power along Wavelength and z

4.4 44

4.2

Wawelength[nm]
Wawelength[nm]
Energy[J]

[ ———— - 36

3.4

5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
Number of Undulator Period Number of Undulator Period

(a) Spectrum with the pulse energy (red line). (b) Spectrum with the energy change (red line).

Figure 7.15: Spectrum in the 8th undulator module together with the FEL pulse energy (a),
FEL pulse energy difference (b). The undulator number replaces the z-axis.

From N), =0 to N, = 10, the initial energy change is minimal due to the effect of delay control,
which allows FEL pulses to interact with new slices possessing distinct initial shot noise, and it
takes several periods to recover the gain. From N, = 10 to N, = 30, the frequency shifts, with
the FEL energy gain gradually decreasing. At N), = 26, a sudden increase in energy change
is observed in figure 7.15 (b). This increase is also observed in undulator 7 (not plotted),
indicating that it is most likely not a noise signal. From N, = 30 until the end of the module,
the FEL gain remains at low levels, but not zero. A clear and distinctive sequence of dark lines
is observable in the spectrum. It would be worth exploring potential connections between the
lines and Figure 19 in Bonifacio’s [92].
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From N, = 15 until the end of the module, the intensity of the various sidebands appears
uniform despite a large taper. This may suggest that the FEL is lasing at its spontaneous
frequency (mode with s = 0) as explained in Section B.3 in Appendix B.

2. Bunching and energy spread

Figure 7.16 shows that the FEL process is significantly inhibited in areas with spikes in energy
spread. This is likely due to the significant energy gradient resulting from the density modula-
tion in the beam. It has been observed that there is almost no bunching at the positions of the
red spikes.

Due to the significant energy gradient, the bunching spikes (blue) to the left of the red spikes
will slip into the area and experience attenuated gain. Meanwhile, the FEL spikes located to
the right of the energy spread spikes (red) will not interact. Therefore, this part of the beam is
more intense. We compressed the beam to enhance the suppression effect in this large energy
gradient beam, which makes the spikes on the right side more intense than those on the left.

7.5 Conclusion

In this chapter, we begin by addressing the issue of FEL pulse duration for longer wavelengths
than 1 nm, where the duration initially decreases and then increases within a module when
mode-locking is present. Towards the end of the module, pulse durations of approximately 600
attoseconds are obtained, which are significantly longer than the minimum of 150 attoseconds.
To tackle this challenge, the introduction of a substantial undulator taper within the module is
proposed as a solution. The linear taper within the undulator module is achieved by rotating a
transverse gradient undulator. Based on demonstration simulations, using a taper range of
16% is expected to prevent an increase in pulse duration within the module. Ultimately, we
achieve an exceptionally short pulse duration, averaging around 110 attoseconds.

Due to the wide range of K and the varying resonant beam energy, the model falls outside the
scope of steady-state analysis. As a result, it becomes challenging to explain the phenomenon
within conventional theoretical models. To further study this model, from a dynamic perspec-
tive, it is necessary to first understand the underlying cause of the short pulse generation. Full
comprehension of the spectrum in figure 7.15 is necessary, including the significant increase in
energy change at IV, = 26 and the broad spectrum bandwidth after IV, = 26. Furthermore, op-
timization of the density modulation profile could potentially reduce the size of the secondary
spikes.

Upon conducting a comprehensive analysis of the simulation results, we attribute the gen-
eration of these short pulses to the broad spectrum produced by the significant taper when
combining the mode-locking. The final pulse power reaches several gigawatts, maintaining a
high level. Optimisation at this radiation wavelength has largely enhance the FEL performance,
thus open up new opportunities for related experiments.
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Figure 7.16: Bunching (blue) and Energy Spread (red) at different z-positions. In most cycles,
the energy spread is more intense on the right side of the current spike than on the left. This
could be because spikes on the right side do not slide into the current spikes, where the energy

change is significant.

To validate this technique in experiments, it is important to consider that the trajectory of
the electron beam inside the module is not a straight line. This presents several engineering
challenges, such as the fluctuation in the undulator parameter and calibration of the beam.
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Summary and Conclusion

The numerical studies in this thesis have successfully demonstrated the generation of the
attosecond pulses at the Athos beamline of the SwissFEL facility. The simulation results
confirm that certain configurations on the Athos undulator are beneficial for generating pulses
of 100 attosecond scale, covering a radiation frequency range from A, = 1 nm to 4 nm. The
combination of high intensity, high photon energy and short pulse duration allows the study
of electron dynamics with nonlinear X-ray spectroscopy and single particle imaging [22].

We note that isolated intense pulses are more widely used in experiments than those in the
train form. The isolated pulses can be achieved by applying unequal delays to the beam with
unequal-spaced peak currents. Such beams can be generated using chirped seeding lasers.
It is important to note that the two techniques are not separate. The PhD project focuses on
the fundamental question of the dynamics of generating short pulses and their duration, the
discussion in this study is helpful for generating both pulse trains and single pulses.

As a review of the thesis. First, we briefly introduce the FEL theory, providing a basis for
understanding the simulation results. Then, we explore the temporal nature of SASE, where
slippage and its negative effects on generating short pulses are discussed. Since the slippage
effect is particularly evident in the soft X-ray range, several methods have been proposed,
namely Enhanced SASE (Chapter 4), slicing (Chapter 5), mode locking (Chapter 6), and a linear
taper within the undulator module (Chapter 7).

In Chapter 4, the Enhanced SASE method aims to use a density-modulated electron beam,
such as one with a current spike, to generate short pulses. For A, = 1 nm, we have generated
a train of pulses with a typical duration of 500 attoseconds. Then, Chapter 5 describes the
slicing method, which maintains resonance in the beam section where FEL pulses are present,
by applying an undulator taper. The slicing method’s simulation results yield an average pulse
duration of 200 attoseconds, forming distinct and clean train spikes. Ultimately, in the satura-
tion regime, where we implemented a strong taper to enhance FEL energy, it was discovered
that the radiation frequency remains constant. In Chapter 6, the mode-locking technique
was demonstrated through the application of delay control using magnetic chicanes in the
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intermodular sections of the undulator. By integrating this delay control with the modulated
energy beam, the resultant pulses exhibited mode-locking, consistent with the clearly observ-
able sidebands in the spectrum. The simulation findings illustrate an average pulse duration
of about 100 attoseconds at a radiation wavelength of 1 nm, exceeding the cooperation length
threshold. We conducted a study to investigate the reasons for the reduced saturation energy.
One important consideration is the optical klystron effect, which causes a noticeable gap to
occur between FEL pulses and bunching spikes, leading to a significant reduction in lasing
performance during the late linear regime. In Chapter 7, the rotated Transverse Gradient
Undulator (TGU) was included, which creates a linear taper within the undulator module.
The initial optimisation was based on the mode-locking mode at a radiation wavelength of 1
nm, resulting in a pulse duration of approximately 85 attoseconds. Subsequently, we applied
this model at 4 nm radiation wavelengths. This simulation optimisation presented a major
challenge due to a cooperation length of approximately 600 attoseconds, causing the pulse
duration to increase again within the module. Nonetheless, the integration of an undulator
module with a substantial taper allowed us to accomplish shorter pulses, averaging just 110
attoseconds until the end of the module.

Comparing the three methods in Chapters 5, 6, 7

The slicing method offers short pulses, up to 100 GW saturation power and relatively low shot
noise effects in the beam. However, it has the disadvantage of requiring precise adjustment
of each undulator parameter, which can be very difficult in experiments. Mode-locking in
the FEL has the advantage of producing cleaner and shorter pulses compared to the slicing
method, with pulse duration below the cooperation length limit. It requires only one undulator
parameter and delay adjustment, which makes it easier to implement. However, it has the
disadvantage of very low saturation power. The addition of the rotated TGU configuration
has the effect of reducing the pulse duration for both 1 nm and 4 nm radiation wavelengths,
although the underlying mechanism is not the same. A disadvantage is that the realisation of
the TGU on the instrument is subject to many uncertainties, such as undulator errors and the
deflected trajectory of the electron beam.

Consideration of the implementation of methods in the machine

We give a very brief summary of the factors that could influence the final results in real
experiments, such as the residual energy chirp in the beam, the uncalibrated phase shifters,
the tolerance error in the delay calibration of the CHIC chicanes, the phase shifter errors,
the phase error in the seeding laser, the space charge effect, etc. Experimentally, the most
appropriate method is determined on a case-by-case basis. The simulation results presented
in this thesis are very useful for instrumental experiments due to the detailed discussion of
the pulse generation mechanism.
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.\ Laplace Techniques for Integro-

Differential Equation Solutions

The Laplace transform is a powerful tool for solving many mathematical problems. This
chapter in the appendix aims to exemplify the utilisation of the Laplace methodology in
addressing a specific form of integrodifferential equation. We will consider Equation 2.82.

A.1 Normalization of the Equation

We have the equation from 2.82

dE, _ _ezno,UoK[]]] dF(m) dnfz [K[]]]Ex(z) _i4yoc dE(2) P2+ —2) g 1
dz 4ygme dn o 2y0 woK[JJ] dz
(A.1)

To solve the given equation using Laplace techniques, we first rewrite the equation in a more

compact form for ease of readability. In the theory chapter, we define two parameters:
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Substituting both parameters into Equation A.1, and noting that j, =~ ecng, Equation A.1

becomes
dEy _ @dnf G g () + ik_fz’dﬁx(z) o i2ku )& ~2) 4 A3)
dz dn o | 2k, * 2k, dz :

Another important step involves normalising the variables.

2k, 1 .1 . .k
n=-n, A=—A, z=Gz, P=— (A.4)
G o 0 G?

1=
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By incorporating A.4 into Equation A.3, we obtain the following expression:

dE, dF(n) f
— = dn
dz

E.(2)+iP dx() el (1+A(E=2) o0 (A.5)

Examining this equation clarifies why the Gain parameter is expressed as a cube during the
normalisation process. The left side of the Equation A.5 indicates the electric field, signified
by dE,/dz. Meanwhile, the right side of the equation contains two terms: df) signifies modu-
lation, and the integration of dZ’ from 0 to Z denotes the growth in the bunching factor up to
the current position z . Each of these terms cancels out one G. Therefore, the Gain parameter
is generally presented in cubic form.

A.2 Laplace Transformation

The Laplace transform is a mathematical tool that assists in solving ordinary differential
equations. It converts the provided equations, usually in the time domain, into an algebraic
equation in the Laplace domain. By solving the transformed equation in the Laplace domain,
we can determine a solution, which, afterwards, can be reconverted to the time domain using
the inverse Laplace transform.

The Laplace transformation of the field E,(z) is
— oo A~
z|E)|= f e E(2)dz (A.6)
0
When R(s) > 0, for left side of A.5,
© _dE ~
f e d(z) dz = sE(s) - E(0), (A7)
0

where E(0) can be regarded as the field at the entrance. For the right side of A.5, applying
Laplace transformation yields,

dF(TI) Ex(Z)de;( D | gia+br gy A o (Hin+il2 g5 A9)
dF(n) . [= oA = - 1
- |E +iP(sEs) - E0))] ————— Al
an [ (9)+ 1P (sE(s) - EO))] v (A10)
fwd [E(s)+zP(sE(s) E(O))] A.11)
s+if+iA

Having used the linearity property of the Laplace transform to simplify the transformed
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equation, we now bridge the left side and the right side into one equation, and it becomes

sE(s) - E(0) = D(s) [E(s) +iP (sE(s) - E(O))] A.12)
where
f)(s):fmcﬁ; (A.13)
S+if+iA

is dispersion parameter. If we assume the entrance field to be real and positive, i.e. E(0) = E(0),

then the solution E(s) to the equation A.12 is
~ -1
D

() ] (A.14)

E(s) = E(0) [s T
1-iPD(s)

A.3 Inverse Laplace Transformation

The Laplace transform represents a system’s behavior in the frequency domain. The inverse
Laplace transform, on the other hand, converts this representation back into the time domain.

The inverse Laplace transform is calculated using the Bromwich integral,

1 Y+ioco
f)=-— f(s)e''ds, (A.15)
2m Y—ioco

where f(s) is the Laplace transform of the analysed system, ¢ is the time variable, y is a real
constant such that the Laplace transform f(s) is absolutely convergent for Re(s) > y, and
j is the imaginary unit. The integration is performed along the Bromwich contour in the
complex plane. The Bromwich integral is used to compute the inverse Laplace transform of
the equation, which provides information about its response to inputs in the time domain.

Substituting the equation A.14 into A.15 gives

1

A 1 Y+ioco D(S) - st
E(3) =— EQ)|s————==—| e’ds (A.16)
271 Jy—ico 1-iPD(s)
The equation has a singularity if
D
) (A17)

S—————F=— =
1-iPD(s)

Also, as |s| approaches infinity, the coefficient before e*’ tends to zero, so we can use Cauchy’s
residue theorem to solve the equation. The result can be expressed as a superposition of
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Bromwich-Hankel Integration Path

_ Ay+ie

_\

—— Bromwich Contour
=== Line segment

Imaginary

~_ 1 By-i»

Real

Figure A.1: The Bromwich-Hankel Integration Path illustrating the contour used for inverse
Laplace transforms. The contour consists of line segments CD and EE circular arcs A to C and
F to B, and a small loop around the origin (O). The gamma line (dashed blue) represents the
real part of the complex plane, with the integration path moving from y + ico to y — ico. The
line segments at the left end of the contour represent the limits of integration as R approaches
infinity and € approaches zero.

partial waves. The first-order differential of the left side in the equation A.17 is

d [ Di(s) ]
— s —== (A.18)
ds 1-iPD(s)
i [ lA _ dD(s) N zP{)Es) daD(s) (A.19)
1-iPD(s) ds (1-iPD(s))? ds
- [ 1- zPD(sA):i- iPD(s) dD(s) (A.20)
(1-iPD(s))? ds
1 dD(s)
—1- — (A.21)
(1-iPD(s)2 ds
The radiation amplitude is therefore
n R » / -1
E@=E0)Y e |1- — 28 (A.22)
k=1 (1-iPD(sy))?

where s; represents the k-th root of the equation, and the notation D(sg) and D(sg)’ denote
respectively D(s) and D(s)’ for the k-th root.
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A.4 Determination of Equation Roots s

To obtain a definite solution for E(z), it is necessary for us to determine all the roots of
the equation, si. We assume that the energy spread of the electron beam is very small, i.e.
F(#) = 6(#), so that the function D becomes

D(s)=i(s+iA)™2 (A.23)

Substituting equation A.23 into equation A.17 yields

i

s——— =0, (A.24)
(s+iN2+P
simplifying it gives
s> +2iAs? + (A% + P)s—i =0, (A.25)

the left side of the equation A.24 is the coefficient of e%% and it converges to 0 as |s| — oco. So, it
satisfies for applying the Cauchy residue theorem, and then

eSZ

3
E(2)=E©) ),

, = (A.26)
o1 1-2i(sp +iA)s2

The equation A.25 has three roots because it is a cubic equation. According to the fundamental
theorem of Algebra, in the complex number system, every polynomial equation of degree n
has precisely n roots, taking multiplicities into account. Likewise, every cubic polynomial can
be factored into linear factors, indicating that it must possess three roots. These three roots
follow to Vieta’s formulas:

A A

S18283 =1, 8182+8283+5183=—A2+P, Sl+82+83=—2l'A (A.27)
and it gives the final solution of the equation A.26 as:

- sy 53512 s5153e%2% s185pe%%
E(Z2)=E(0) + + (A.28)
(s1—82)(s1—53) (S2—81)(s2—53) (S3—5S1)(S3—$2)

For the most simple case, where we suppose the electrons are all in resonance and ignore the
space charge effect, e.g., A =0, P =0, we obtain the roots as

1 1
81=§(i+\/§), SZZE(i—\/g), $3=—1 (A.29)
the form of E(2) is
~ Ey 1(i+v/32 1(i—v/33 s
B2 = 5 e2i+V32) | ,3(i-V32) | ,-iZ (A.30)
which is the same as in 2.66.
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Dynamics of FEL Pulses Sliding into
Fresh Slices

In this appendix chapter, we discuss the dynamics when an intense FEL pulse slips into a fresh
slice of the beam, a phenomenon known as superradiance.

The appendix chapter serves to provide an explanation for the phenomenon observed in the
slicing chapter (see Figure 5.18 in Chapter 5), where the radiation’s frequency remains consis-
tent despite the use of a larger taper. This cannot be explained by the resonance condition
alone. The dynamics underlying this phenomenon are consistent with the descriptions found
in [92], which provide a possible theoretical framework.

B.1 Separated Integral Variables

First, since there is evident slippage, it is necessary to separately consider the integration of
the distances traveled by the FEL pulses and the electrons, using the integrating variables 2
and Z; as defined in [93].

.1 = .1

21 =—(z—cp,1), Z=—(ct—2), (B.1)

le le

where [, represents the cooperation length. The variable z denotes the position of the FEL
pulse. The constant c is the speed of light, while CE is the average longitudinal velocity of the
electron. Z; will be used as a scaled coordinate in the electron bunch. Note that the combined
distance of Z; and 2, represents the difference between the electron’s distance and the light
path, so that

2=21+2 (B.2)
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B.2 Solving Differential Equations with the Separated Integral Vari-
ables

The dimensionless FEL equations can be found in [92, 24]:

0B
—={ (B.3a)
0z
0
— =_F (B.3b)
0z
O0E OE .
—+— =B+ IAE (B.3c)
0z 0741

where B = Zﬁ.\i L€xp (— i6) is the bunching factor, and 0 is the ponderomotive phase. & is the

collective momentum, defined as & = ﬁV: 1 % exp (—i0). To simplify the calculations, we
ignore the space charge effect but retain the detuning parameter A, as it remains important in

subsequent discussions.

We employ the Laplace transform to solve the partial differential equation B.3c, the method
has been introduced in Appendix A. The outcome in the Laplace domain for the left side of
equation B.3c can be written as

E(s,21) = Ess(s) + Ex(s, 21), (B.4)

where the E(s, 2;) is the total electric field in the Laplace domain. Eg(s) represents the results
over differential item ‘3—5 in the steady state, where we get from the integration over 2. E1 (s, 21)
is the result integrated over z;. The relation between the Eg(s) and E; (s, 21) is given in [92] as

. S—As?+1
Ei(s,21) =exp _Tzl Egs(s) (B.5)

The subsequent process involves transferring Laplace domain results to the time domain.
Regarding the steady-state result Eg(2), we have the result as the sum of three exponential
elements corresponding to the residues over three singularities (see Eq. A.26 in Appendix B).
For E; (2, Z1), we perform an inverse Laplace transformation, and the result can be found in
[92] as :

Ey(2,21) f ~_exp|is(z—21) izl]ds (B.6)
2,21))x ¢ —————exp|is(Z-2%2)—i— .
! ! csS—As2+1 P ! §2

C is the integration contour.

The behavior of the electric field E can be categorized based on the relationship between 2;
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Figure B.1: Radiation field amplitude depending on 2; in the superradiance dynamics
and the ratio I,/I., corresponding to different regions in figure B.1':

e Region 1 (21 > I/ 1.):

When 2, is significantly large, such that it lies entirely outside the electron bunch, the

FEL pulses can not continue to grow due to the absence of a source. Consequently, the
electric field E stays constant.

* Region2 (2< 21 < /1,):

In this scenario, the integration contour runs parallel to the real axis, with every singu-
larity positioned outside of it. As all singularities are external to the integration path, the

integral’s result is null (E; = 0). Therefore, the outcome is equivalent to the steady-state
result, leading to E = Ej;.

* Region3(2;<2):

A smaller 2, value suggests that the emitted FEL pulses stay close to the resonant
electrons. Here, the singularities are within the integration contour C. The cubic
equation’s three singularity poles contribute to the integral’s result. These poles are the
same as those in the steady-state field and hence will cancel each other out. The only
significant term is the essential singularity at s = 0. The electric field E in this case is

Iwe keep the method in [92], while an alternative discussion method can be found in [8] starting with equation
5.71, using stationary phase approximation.
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determined by the contribution of this essential singularity.

s
Esgr(2,21) —————€X
sr(Z,21) £;053—As2+1 p

is(z-21) - i |ds (B.7)
N

It is important to note that Cy differs from C as mentioned in equation B.6. The contour
Cy represents a counterclockwise trajectory that exclusively encompasses the singularity
at s = 0. As a result of this specific path, the output electric field is given by E = Esg. This
resulting field Esg corresponds to Superradiance as discussed in [92].

B.3 Evaluation of Integration

To investigate the dynamics in region 3, it is necessary to compute the integral B.7. A self-
similar solution can be employed as an approximation for the nonlinear problem, as discussed
in [92]. An important conclusion is the exponential growth of Egr for large propagation
distance:

Esg o< exp (/%) (B.8)
where y = \/2_122 and y > 1.

Specifically, the growth rate of Esp is independent of the detuning parameter A. This inde-
pendence results in the emission occurring at the spontaneous frequency. This particular
frequency aligns with the already existing FEL pulses, which will be utilised in bunching the
fresh electron slices.

B.4 Discussion

In this appendix, we discuss the dynamics of superradiance, addressing the phenomenon of
constant radiation frequency observed when applying a strong taper, as initially mentioned at
the start of the chapter.

Upon further investigation, it becomes apparent that all the optimizations introduced in the
Chapter 5 might be seen as strategies to generate superradiant spikes. This concept is rooted
in the creation of a strong radiation spike, coupled with precise adjustments to the parameters
for its continuous amplification during the FEL process. Consequently, the dynamics of
superradiance are an inevitable outcome when these amplified FEL pulses interact with new
slices of the beam.
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