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Abstract
In tokamak experiments, sufficiently strong E×B flow shear reduces turbulent transport,
thereby improving the prospects for fusion power plants. It is therefore of great importance to
efficiently explore parameter space to find where strong plasma flow can be achieved. To this
end, we propose a new, physically motivated quasi-linear model for estimating momentum
transport from turbulence in the presence of toroidal flow shear and plasma shaping. The
method gives good estimates of momentum transport for up–down asymmetric geometries as
well as low magnetic shear and tight aspect ratio. The results are benchmarked with
high-fidelity nonlinear GENE simulations, demonstrating that it provides a fast and accurate
estimate of momentum transport.

Keywords: plasma physics, computational plasma physics, quasi-linear model, turbulence,
momentum transport, Prandtl number, intrinsic rotation in tokamak

(Some figures may appear in colour only in the online journal)

1. Introduction

Due to axisymmetry, tokamak plasmas are free to rotate in the
toroidal direction, which is composed of parallel (i.e. paral-
lel to the magnetic field) and perpendicular E×B flow. While
this rotation is typically modest (∼10% of the sound speed)
[1, 2], faster rotation could be very beneficial. Sufficiently
fast rotation can improve MHD stability [3–9] and gradients
in rotation (in particular, associated with E×B flow shear)
can reduce turbulent transport [10–23]. On the other hand, the
radial gradient of the parallel flow can strengthen turbulence
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[17, 19, 21, 24, 25] by destabilizing the so-called parallel velo-
city gradient driven modes. Fortunately, this typically occurs
for extreme values of flow shear, well beyond what is needed
for E×B flow shear stabilization and what current tokamak
experiments typically achieve [26, 27].

To drive strong plasma rotation, one can use neutral
beam injection (NBI) [28–30] or radio frequency (RF) waves
[31–35] to apply an external torque to the plasma. However,
external injection is not expected to scale well to large devices
[36]. An attractive alternative is intrinsic rotation, which is
rotation generated under certain conditions by turbulence in
the plasma. This method has the potential to scale well, as
it does not rely on external sources. However, due to the
symmetry properties of gyrokinetics [24, 37], intrinsic rota-
tion is constrained to be slow compared to the sound speed
unless the up–down symmetry of the flux surface shapes is
broken [38, 39].

In a steady-state tokamak, these intrinsic drive mechanisms
will be balanced by the diffusive turbulent and neoclassical
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momentum transport [40–43], where this diffusive transport is
the viscous momentum transport driven by toroidal flow shear
[24, 37, 38, 44–52]. In this paper, we focus on diffusion asso-
ciated with turbulence as it is typically much more important
than neoclassical diffusion [50, 53, 54]. The strength of dif-
fusive processes is quantified by the ion turbulent momentum
diffusivity DΠi and is frequently compared against the ion tur-
bulent heat diffusivity DQi using the ion Prandtl number [38]

Pri =
DΠi

DQi

. (1)

This ratio of the two diffusivities will be a focus of this work
and is important because we want to identify optimal condi-
tions for rotation to reduce energy transport. Indeed, a lower
Prandtl number (i.e. a lower momentum transport) means that
a given source of momentum (external or intrinsic) will drive
stronger rotation shear for a given level of turbulence. Thus,
the rotation shear will be more capable of combating turbu-
lence, which is desirable for future tokamak operations [20, 55,
56]. Recently, it has been found that a low momentum diffus-
ivity regime can be reached at tight aspect ratio and low safety
factor [56]. On the other hand, the efficiency of using flow
shear to stabilize turbulence can also depend significantly on
other geometric factors. In particular, previous experimental
[13, 57] and theoretical [19, 20] works suggest that a combin-
ation of flow shear and low magnetic shear can facilitate the
stabilization of turbulence. Therefore, in order to find the toka-
mak configurations that exhibit flow shear suppression of tur-
bulence, we are particularly interested in regimes with strong
intrinsic flow drive (i.e. up–down asymmetric shaping), low
momentum diffusivity (i.e. tight aspect ratio, low safety factor)
and an efficient suppression of turbulence by the flow shear
(i.e. low magnetic shear).

In the literature, there have been many works modelling
momentum and heat transport by nonlinear (NL) gyrokin-
etic simulations [19, 20, 46, 47, 58–60]. However, such sim-
ulations are computationally expensive, making it costly to
explore a large parameter space. In order to save computa-
tional time, the so-called quasi-linear (QL) models for turbu-
lent transport [61, 62] have been developed. A QL model is
a method for estimating NL turbulent fluxes based on linear
simulation results. It is typically constructed by considering
the normalized contributions of linear fluxes from different
eigenmodes and then combining them using QL weightings.
Different QL models differ mainly by how they calculate QL
estimates of fluxes from different eigenmodes and their QL
weights, as well as the number of modes being considered
in the model. One prominent example is QuaLiKiz, a well-
developed and thoroughly benchmarked QL model for fast
modelling of turbulent transport [61, 63–74]. It not only mod-
els turbulent transport at low magnetic shear [75], but also
momentum transport due to externally imposed flow shear
[66]. The model has a computational cost that is typically two
orders of magnitude lower than NL simulations [71]. Despite
the success of QuaLiKiz, it relies on several assumptions that
limit its applicability. In particular, it assumes circular flux

surfaces and a large aspect ratio. The first prevents model-
ing intrinsic rotation driven by up–down asymmetry. As a
consequence of the second assumption, the toroidal angu-
lar momentum flux in the model is simplified to the paral-
lel momentum flux. This approximation breaks down at the
tight aspect ratio of spherical tokamaks. These configurations
are, however, of particular interest to us, as the momentum
diffusivity is lower at tight aspect ratio [56]. Additionally,
while QuaLiKiz can model momentum transport, this particu-
lar functionality is only benchmarked at normal values of mag-
netic shear, whereas we are interested in a combination of flow
shear and low magnetic shear [13, 19, 20, 57]. As we will see,
such a combination is challenging to model because the lin-
ear eigenmodes are pushed away from the outboard midplane
by the flow shear [61], requiring many ballooning angles to be
considered in a proper manner in a QL model. Another suc-
cessful QL model, known as TGLF, has been widely used by
many people [62, 76–79]. The authors of this model carefully
examined a database of NL gyrokinetic simulations and fit the
QL model. Although it is not a pure first-principles model, it
achieves an excellent agreement with NL simulations. There
are also other QL models in the literature, such as for elec-
tron temperature gradient driven turbulence in the pedestal
[80], for stellarators [81] and for microtearing turbulence [82].
However, none of these models, to the best of our knowledge,
include an estimate of toroidal angular momentum flux. It
is therefore desirable to develop a new QL model that can
estimate the toroidal angular momentum transport for different
aspect ratios, magnetic shear, flow shear, and plasma shaping
(including up–down asymmetry).

In this work, we develop such a new QL model by combin-
ing linear gyrokinetic flux tube simulations with the GENE
code [83, 84] and a physically motivated method for estimat-
ing QLweights.We simplify our task by only seeking to calcu-
late the ratio of the toroidal angular momentum flux to the heat
flux. This is the relevant quantity for estimating the importance
of flow shear stabilization of turbulence. Additionally, it can be
used to calculate the toroidal angular momentum if one calcu-
lates the heat flux using a standard QL code like QuaLiKiz
or TGLF. In section 2, we first present a basic QL model to
familiarize the reader. Then we take the example of intrinsic
momentum transport in up–down asymmetric geometries to
show how such a basic QLmodel fails. By extending themodel
to include multiple ballooning angles, we are able to achieve
good agreement with NL simulations. In section 3, we con-
sider more complicated cases by accounting for flow shear as
well. To this end, we generalize the previous QLmodel by ana-
lyzing the Floquet-type evolution of independent ballooning
modes. By following the time-dependent linear growth of the
individual ballooning modes, we motivate a natural generaliz-
ation of our QL model for non-zero flow shear. The resulting
QL estimates are then benchmarked against NL GENE simu-
lations, with reasonable agreement for up–down asymmetric
geometries, low magnetic shear, and flow shear. The conclu-
sions and discussions of our model, as well as possible exper-
imental applications, are given in section 4. The method paves
a new way to estimate momentum transport for turbulence in
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tokamaks with rotational flow shear and plasma shaping. To
the best of our knowledge, this is also the first QL model that
accurately models toroidal angular momentum flux.

2. QL estimates of momentum transport in
up–down asymmetric geometries

In this section, we develop a QL model for momentum trans-
port driven by up–down asymmetry in the magnetic geometry.
We start from a basic QL model similar to the one in [85],
and show the importance of considering multiple ballooning
angles. The results are benchmarked with NL GENE simula-
tions, showing good agreement.

2.1. Description of the basic and multi-χ0 QL model

In this paper, all the equations and simulations will use the
GENE coordinate system [84, 86], which considers the (x,y,z)
spatial coordinates and the (v||,µ) velocity coordinates. Here
(x,y,z) are the radial, binormal, and straight field line pol-
oidal angle χ, respectively. As B⃗ is parallel to ∇x×∇y, x=
const and y= const define a magnetic line parameterized by
z, which is therefore also called the parallel (to the magnetic
field) coordinate. In the Fourier space representation used by
GENE, the coordinates become (kx,ky,z), where kx and ky are
radial and binormal wave numbers, respectively. The velo-
city coordinates are the parallel velocity v|| and the magnetic
moment µ= mv2⊥/2B, where m is the particle mass, v⊥ is the
perpendicular velocity, and B is the magnetic field strength.
To understand the functional form of a QL estimate, we will
start by recalling the structure of a linear eigenmode in the
gyrokinetic simulations. As a result of the assumed axisym-
metry of the equilibrium state, eigenmodes have a fixed tor-
oidal wave number n corresponding to a given binormal wave
number (ky = nq0/r0), where q0 and r0 are the safety factor
and the minor radius respectively, evaluated at the center of
flux tube. As long as the magnetic shear ŝ is finite, the paral-
lel boundary condition (along z) leads to a linear coupling of
a subset of kx modes: kx = kx0 + p2π kyŝ, where p is an integer
[87, 88]. Therefore, each linear eigenmode can be character-
ized by a fixed ky and a ‘central’ radial wavenumber kx0 (typ-
ically the smallest in absolute value among the coupled sub-
set). Such a linear eigenmode is conveniently represented in
the so-called ballooning representation in which the parallel
coordinate z is extended to the coordinate zb in the infinite bal-
looning space zb ∈ (−∞,+∞) [89, 90]. The transformation
between the ballooning representation ϕb(χ0,ky,zb) and the
usual Fourier ϕ(kx,ky,z) modes for any scalar field (using the
electrostatic potential ϕ as an example) is

ϕb (χ0,ky,zb) = ϕ(kx =−kyŝχ0 + 2π kyŝP(zb) ,ky,

z= zb− 2πP(zb)) , (2)

where P(zb) = NINT(zb/2π) and NINT(ξ) provides the
nearest integer to any scalar ξ. Other physical quantities
defined in (kx,ky) Fourier space can also be transformed to

their ballooning representation using the same relation as
equation (2). One also defines the ballooning angle χ0 =
−kx0/kyŝ, which estimates the straight field line poloidal angle
at which the perturbation has wavefronts aligned with the
minor radial direction. Different Fourier modes are thus ‘con-
nected’ in ballooning space to form a single linear mode.
For a given ky, one can choose the number of independent
‘ballooning modes’ (i.e. the number of independent values of
χ0 ∈ (−π,π]) considered in a numerical estimate, which will
be denoted byM= NINT(2π kyŝ/∆kx) [91], where∆kx is the
grid spacing in kx. For the construction of QLmodels, previous
works often assumedM= 1 in order to consider just one linear
ballooningmode, typicallywithχ0 = 0, for each ky [75, 85, 92,
93]. This approach is often appropriate given that without sym-
metry breaking effects (such as up–down asymmetry, back-
ground shear flow, and profile shearing), the fastest growing
linear mode is usually the one with χ0 = 0. This is because it
is centered at the outboard midplane and thus maximizes the
curvature drive. The basic QL model below takes just such an
approach. It estimates NL fluxes according to [85, 94]

F QL = A0

∑
ky

wQL (χ0 = 0,ky)F
L
norm (χ0 = 0,ky) , (3)

where F refers to either the particle flux Γ, angular momentum
flux Π or heat flux Q, A0 is an overall normalization con-
stant and wQL is the so-called QL weighting of each linear
flux, FLnorm. Importantly, in this paper, we are only interested
in the ratio between the fluxes (primarily the toroidal angu-
lar momentum flux divided by the heat flux), so A0 cancels.
The normalized linear fluxFLnorm for each eigenmode is defined
according to

FLnorm (χ0,ky) =
⟨FLb (χ0,ky,zb, t∞)⟩zb

MAXzb (|ϕb (χ0,ky,zb, t∞) |2)
, (4)

where MAXzb(. . .) returns the maximum value over zb and
t∞ refers to the final timestep of the linear simulation. Note
that one should run the simulation for long enough to achieve
convergence. The average over zb in equation (4) is taken to
be ⟨A⟩zb =

´∞
−∞A(zb)Jb(zb)dzb/

´∞
−∞ Jb(zb)dzb, for any arbit-

rary function A. The integral is taken over the entire length
of the ballooning mode and Jb(zb) = J(z= zb− 2πP(zb)) is
the periodic extension of the coordinate system Jacobian, J=
[(∇x×∇y) ·∇z]−1. FLb is the linear flux in ballooning space,
which is transformed from the original linear GENE output
FL(kx,ky,z, t∞) according to equation (2). A general form of
the explicit expression of FL(kx,ky,z)when taking F as Γ,Π||,
Π⊥ (where Π =Π|| +Π⊥), and Q is [37]

ΓLs (kx,ky,z, t) = C
ˆ

d3vhs (⃗v ·∇x) , (5)

ΠL
s,|| (kx,ky,z, t) = msRC

ˆ
d3vhs (⃗v ·∇x)v||b̂ · êζ , (6)

ΠL
s,⊥ (kx,ky,z, t) = msRC

ˆ
d3vhs (⃗v ·∇x) v⃗⊥ · êζ , (7)
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and

QL
s (kx,ky,z, t) =

ms

2
C
ˆ

d3vhs (⃗v ·∇x)v2, (8)

where h is the x− y Fourier transform of the fluctuating part of
the particle distribution function, subscripts ‘s’ denote differ-
ent particle species, ζ is the toroidal angle, êζ is the unit vector
in the toroidal direction, b̂ is the unit vector along the magnetic
field, C is a geometrical coefficient. A more detailed version
of these expressions are given in appendix A, which is what
is actually calculated from the GENE simulations. Inspired by
previous work [85], the QL weights are chosen to be

wQL (χ0,ky) =


(

γ (χ0,ky)

⟨k2⊥b⟩(χ0,ky)

)ξ

if γ (χ0,ky)> 0

0 else,
(9)

where ξ is an undetermined exponent. Here, γ(χ0,ky) is the
growth rate of the linear eigenmode, which is directly provided
by GENE linear flux tube simulations. Unless explicitly noted,
all cases in this paper consider ξ= 4 because it gives the best
agreement when benchmarking the model to NL simulations
(as will be shown in figures 3 and 4). In equation (9), we must
also estimate the average perpendicular wavenumber, which
is done by weighting the mode amplitude |ϕb(χ0,ky,zb, t∞)|2
according to

⟨k2⊥b⟩(χ0,ky)

=

´∞
−∞ k2⊥b (χ0,ky,zb) |ϕb (χ0,ky,zb, t∞) |2Jb (zb)dzb´∞

−∞ |ϕb (χ0,ky,zb, t∞) |2Jb (zb)dzb
.

(10)

Here k2⊥b(χ0,ky,zb) is obtained by extending k2⊥(kx,ky,z) =
k2x |∇⃗x|2 + 2kxky∇⃗x · ∇⃗y+ k2y |∇⃗y|2 into ballooning space using
equation (2).

Equations (3)–(10) define what we will call the ‘basic’
QL model, which can successfully estimate the NL fluxes for
many cases of interest. However, when the flux surfaces are
up-down asymmetric or the magnetic shear ŝ is low, such a
model will break down. In the first case, the flux surfaces no
longer possess symmetry about the midplane, so there is no
reason to expect the χ0 = 0 ballooning mode to be the most
unstable. In the second case, the mode instability becomes less
sensitive to χ0, so many values of χ0 contribute significantly
to the turbulent transport. In such cases, we must therefore
consider multiple χ0 ballooning angles. Fortunately, there is
a straightforward and natural way to do this. We modify the
above basic QL model to be

F QL = A0

∑
χ0,ky

wQL (χ0,ky)F
L
norm (χ0,ky) . (11)

A similar approach, but without transforming to balloon-
ing space, is used in TGLF [62, 79]. We see that compared
to equation (3), we have simply added a summation over

multiple independent ballooning modes, parameterized by χ0,
each with their own individual weight. The normalized fluxes
FLnorm(χ0,ky) for the different ballooning angles are still estim-
ated according to equation (4). In practice, a scan of independ-
ent GENE linear simulations is performed for each value of
χ0 and ky. For a given linear simulation, we thus set M= 1,
so the zb in the expressions represents the ballooning space
for an individual χ0. The linear fluxes ΠL

b(χ0,ky,zb, t∞) and
QL
b(χ0,ky,zb, t∞) are again obtained by transforming to bal-

looning space using equation (2) from equations (6) to (8).
The QL weighting function wQL(χ0,ky) is also still estim-
ated according to equation (9), where we also take ξ= 4 and
the expression for ⟨k2⊥b⟩ remains the same as equation (10).
Similarly, the linear growth rate γ(χ0,ky) is obtained directly
fromGENE linear simulations.We see that this newQLmodel
composed of equation (11) together with equations (4)–(10) is
very similar to the ‘basic’ QLmodel of equations (3)–(10). We
simply include multiple ballooning angles for each value of ky.
We therefore will call this model the ‘multi-χ0’ QL model for
the rest of this paper.

2.2. QL Model benchmarking with up-down asymmetric NL
simulations

In this section, we will test the basic and multi-χ0 QL mod-
els for up-down asymmetric cases by comparing them to
corresponding standard NL GENE simulations. Table B1 in
appendix B gives the grid parameters for both GENE linear
and NL simulations. Two sets of linear simulation scans are
performed. In the first set, we include only χ0 = 0 withM= 1
in order to calculate the basic QL model. The second set of
linear simulations scans many values of χ0 in order to calcu-
late the multi-χ0 QL model. Both of these sets of simulations
includemultiple kymodes on an equidistant meshwith spacing
∆ky to capture the important contributions in the correspond-
ing NL grid. We only consider ky values up to kyρi = 1 as the
contribution from larger ky modes to the momentum and heat
flux is negligible in NL simulations.

Table 1 gives the physical parameters of the simulations.
Here we consider flux surfaces with an aspect ratio ϵ= 0.18
and elongation κ= 1.5 but with the elongation tilted by an
angle θκ = π/8 (shown in figure 1). This parameter set was
chosen based on prior work [39] showing that such a tilt
angle drives significant intrinsic momentum flux. The electron
response is assumed to be adiabatic and we only consider ion
temperature gradient-type instability and turbulence.

Figure 2 shows the results of our benchmark. We com-
pare the flux ratio Π̂i/Q̂i of both the basic and multi-χ0 QL
estimates as well as the NL simulations. Here Π̂i and Q̂i are
the normalized toroidal angular momentum flux and heat flux,
respectively, where Π̂i is normalized by c2smi niR0(ρi/R0)

2 and
Q̂i is normalized by csniTi(ρi/R0)

2, Ti is the ion temperature,
mi is the ion mass, ni is the ion density, R0 is the major radius,
ρi is the ion gyroradius, cs =

√
Te/mi is the sound speed, and

Te is the electron temperature. Figure 2 shows that the basic
QL model which considers only the ballooning angle χ0 = 0,
does not match well with NL simulations (compare black and
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Table 1. The physical parameters used in GENE simulations of
up-down asymmetric geometries. The electrons are assumed to be
adiabatic with Te = Ti.

Parameter Value

Magnetic shear ŝ 0.1,0.4,0.8
Safety factor q 1.05,2.05,3.05,4.05
Inverse aspect ratio ϵ 0.18
Elongation κ 1.5
Elongation tilt angle θκ π/8
Temperature gradient R0/LT 6.96
Density gradient R0/Ln 2.22

Figure 1. The circular (black) and tilted elongated (blue) flux
surface geometries considered in this paper. The elongated but
untilted (red) flux surface is also shown as a reference. R/R0 is the
normalized major radial coordinate and Z/R0 is the normalized
vertical coordinate.

red lines), while the multi-χ0 model agrees significantly better
withNL simulations (compare blue and red lines). The average
deviation of the multi-χ0 QL model from NL simulations is
about 20%, while the basic QL model has an average devi-
ation of more than 100%. This demonstrates the reliability of
our new multi-χ0 QL model.

In order to gain more confidence, we also compare the ky
spectrum of the parallel component of the toroidal angular

momentum flux Π̂i,|| as well as of the perpendicular com-

ponent Π̂i,⊥ between NL simulations and the QL estimates.
Figure 3 shows the comparison between spectra from the basic
QL model and the reference NL simulations. As with the total
fluxes, they do not agree well. This is because the basic QL
model only considers the singleχ0 = 0, which does not capture
all the important ballooning modes in NL simulations when
the geometry is up–down asymmetric.

The evidence for this is given in figure 4, which shows
the same comparison between NL simulations and the multi-
χ0 QL estimate. As we can see, almost all the cases show
much improved matches. The agreement is not perfect, but
QL models are ultimately expected to provide only estimates.
We can also see that |Π̂i,||| ≫ |Π̂i,⊥|, so we mainly focus on

the best match of Π̂i,|| estimate to identify the optimal QL
model. From these results, the QL estimates obtained for ξ= 4
are the ones that match best with the NL simulations, which
motivates us to use ξ= 4 in the further development of our
model. Note that Π̂i,|| is positive, which represents diffusive

momentum transport, while Π̂i,⊥ is negative reflecting that it
is anti-diffusive [95].

To further demonstrate why using multiple ballooning
angles is essential, figure 5 shows the ballooning angle
dependence of Π̂i,|| at kyρi = 0.3 for the case shown in
figure 4(c) and a reference case without up–down asymmetry
(θκ = 0). It is clear from the figure that the toroidal angu-
lar momentum flux varies significantly for different balloon-
ing angles. The part with positive ballooning angle contrib-
utes negatively, while the part with negative ballooning angle
contributes positively to the toroidal angular momentem flux.
In the up–down asymmetric case, the positive part is larger
than the negative part, resulting in a net positive momentum
flux when summing over the ballooning angles, as shown in
figures 3 and 4. In the up–down symmetric case, the positive
part cancels with the negative part, giving zeromomentum flux
(note for the blue dashed line in (b), the positive part does not
cancel exactly with the negative part due to unavoidable stat-
istical error in NL simulations). Figure 5 indicates that one has
to consider multiple χ0 values in order to correctly resolve the
ballooning angle dependence of the momentum flux. Figure 6
shows a comparison of linear ballooning structures for three
different cases: an up–down symmetric geometry without flow
shear, an up–down symmetric geometry with flow shear, and
an up–down asymmetric geometry without flow shear. The
definition of flow shear will be given in section 3. As we
can see, without any flow shear and no up–down asymmetry,
the normalized ballooning structures of the electrostatic field
|ϕb| verify the symmetry |ϕb(−χ0,ky,−zb)|= |ϕb(χ0,ky,zb)|,
in agreement with [49]. In particular, the structure is even with
respect to zb when χ0 = 0. In this case, choosing χ0 = 0 gives
reasonable results because it is a good representation of the
average ballooning structure of the other ballooning angles.
However, with up–down asymmetry or flow shear, the above-
mentioned symmetry is broken, so they can only be appropri-
ately described in the QL model by accounting for the contri-
butions from the ballooning structures of multiple χ0.
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Figure 2. A comparison of Π̂i/Q̂i for NL simulations (blue circles), the basic QL estimate (black crosses) and our new multi-χ0 QL
estimate (red stars) for (a) ŝ= 0.1, (b) ŝ= 0.4 and (c) ŝ= 0.8.

Figure 3. Spectra of the parallel Π̂i,|| (top row) and perpendicular Π̂i,⊥ (bottom row) momentum fluxes for NL simulations (blue dashed)
and basic QL estimates with ξ= 2 (red), ξ= 4 (black) and ξ= 6 (yellow) for representative up-down asymmetric cases without external
flow shear. Here ∆kyρi = 0.05.

Figure 7 shows the ballooning structures of the electro-
static field ϕb and the fluxes Πi,||b, Πi,⊥b, Qib as a function of
χ0 and zb in NL simulations for the ŝ= 0.8,q= 3.05 case. It
also shows a comparison with the corresponding linear sim-
ulations using M= 8, i.e. eight ballooning angles, equally
spaced within the range χ0 ∈ (−π,π]. The NL ballooning
structures are calculated using a time average over the sat-
urated state and each data set for each considered physical
quantity is normalized to its maximum value. As we can
see, the peak location of the ballooning structures in NL
simulations is not located at χ0 = 0. This is consistent with
the fact that the fastest growing mode in the corresponding
linear simulations has χ0 = π/4 instead of χ0 = 0. Thus, if
a QL model only considers ballooning modes centered at
χ0 = 0, it will not capture the most important modes driving

the turbulence and associated fluxes. This explains why the
basic QL model struggles for up–down asymmetric and low
ŝ cases.

3. Extending the QL model to include flow shear

In the previous section, we have shown the importance
of considering multiple ballooning angles when modelling
momentum transport in simulations with up–down asymmet-
ric geometry and low magnetic shear ŝ. In this section, we
further consider cases with background flow shear. The dir-
ect effect of perpendicular flow shear on linear eigenmodes
is to push their ballooning angle χ0 in time according to the
relation
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Figure 4. Same as figure 3, but using the multi-χ0 QL model.

Figure 5. A comparison of the dependence on ballooning angle χ0 for the flux Π̂i,|| between NL simulations (blue dashed) and the multi-χ0

QL model (red solid) for the case with ϵ= 0.18,R0/LT = 6.96,q= 3.05, ŝ= 0.8 and κ= 1.5 for (a) an up–down asymmetric geometry with
θκ = π/8 and (b) an up–down symmetric geometry with θκ = 0.

χ0 = χ∗
0 +ω⊥ (t− t0)/ŝ, (12)

where χ∗
0 is the initial ballooning angle at some reference time

t0, ω⊥ =−(r0/q)∂Ωtor/∂x is the E×B shearing rate consist-
ent with purely toroidal rotation with angular velocity shear-
ing ∂Ωtor/∂t, r0 is the radial location of the flux tube center,
Ωtor is toroidal angular frequency, and t is time. For all the
simulations in this paper with flow shear, we consider purely
toroidal flow, resulting from the appropriate combination of
parallel and perpendicular (E×B) flow. For convenience, the
strength of the flow shear will be quantified by ω⊥. According
to equation (12), flow shear causes modes to twist with time

as long as ŝ ̸= 0 [18, 22, 25, 47]. Based on equation (2), the kx
Fourier modes are linearly coupled such that χ0 and χ0 + p2π
(where p is an integer) are part of the same linear eigenmodes
(as is in the case for ω⊥ = 0). With flow shear, these Fourier
modes are pushed by the flow shear (based on equation (12))
and are all covered by a single eigenmode. The time it takes
for a Fourier mode to be pushed by the E×B shear flow to its
neighboring linearly coupled Fourier mode is referred to as the
Floquet period [18, 22]. From equation (12), we see that the
Floquet period is given by tF = 2πŝ/ω⊥. In the GENE conven-
tion, based on relation kx0 =−kyŝχ0 and equation (12), a posit-
ive flow shearω⊥ will push amode in the negative kx direction.

7
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Figure 6. A comparison of the linear ballooning structure with ϵ= 0.18,R0/LT = 6.96,q= 3.05, ŝ= 0.8 and κ= 1.5 for the up–down
symmetric geometry without flow shear (red solid), the up–down symmetric geometry with a flow shear of ω⊥R0/cs = 0.12 (blue dashed)
and the up–down asymmetric geometry with θκ = π/8 without flow shear (black dash dotted). Plots are shown for three different
ballooning angles (a) χ0 =−π/2, (b) χ0 = 0 and (c) χ0 = π/2.

Figure 7. Ballooning space structures for the up–down asymmetric geometry with ŝ= 0.8 and q= 3.05. Sub-plots (a)–(d) give the
ballooning space structure for the electrostatic potential ϕb, parallel Πi,||b and perpendicular Πi,⊥b components of the toroidal angular
momentum flux and the the heat flux Qib from NL simulations. Sub-plots (e)–(h) give comparisons between linear ballooning structures at
χ0 = π/4 (which is the fastest growing ballooning mode linearly) and the corresponding NL ballooning structures at χ0 = π/8 with the
maximum saturation amplitude. All the plots take kyρi = 0.15 mode, which is the dominant mode in the saturated state of the NL
simulations.

The long-time evolution of a single linear mode will there-
fore not just be exponential, but also present modulation with
period tF of its growth rate and frequency as the mode experi-
ences different dynamics at different values of χ0 (see figure 8
for an illustration). Because of this additional complexity, one
actually has to follow the time evolution of linear modes in
order to construct a QL model. In this section, we will show
how to extend themulti-χ0 QLmodel for themomentum trans-
port to include background flow shear. In combination with
flow shear, we will consider challenging parameter regimes
including tight aspect ratio, low and high magnetic shear, kin-
etic electrons, and up-down asymmetric geometry.

3.1. Description of the extended QL model with flow shear

As mentioned above, the presence of flow shear pushes every
ballooning mode along χ0. Fortunately, for a given ky, the time

evolution of the linear modes (identified by different initial
valuesχ∗

0 of the ballooning angle) becomes identical given that
they experience the same evolution as their ballooning angle
χ0 gets shifted according to equation (12). Thus, to construct a
generalization of our previous QLmodel to include flow shear,
it is sufficient to follow a single linear mode throughout its
evolution over a Floquet period tF. As themode passes through
each value of χ0 ∈ (−π,π], we can take that eigenfunction and
weight it by an estimate of its amplitude relative to the eigen-
function at other values of χ0 and ky. The new generalized QL
model that we propose is therefore constructed as follows

F QL = A0

∑
χ0,ky

wQL
fs (χ0,ky)F

L
norm (χ0,ky) . (13)

At this level, the relation given by equation (13) for estimat-
ing a given flux quantity F QL appears essentially identical to
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Figure 8. (a) and (b) show the time evolution of normalized ion toroidal angular momentum flux Π̂i and heat flux Q̂i for kyρi = 0.15 and
kyρi = 1.0, respectively. (c) and (d) show the time evolution of the electrostatic field amplitude |ϕ| for a fast (kyρi = 0.15) and a slowly
(kyρi = 1.0) growing mode, respectively. In the model, ∆χ0 is chosen to be the change in ballooning angle for which the mode amplitude
has been reduced by a factor of eA1 (and A1 = 1 was considered in practice). However, if the amplitude changes slowly,∆χ0

is limited at a maximum value of 2π, corresponding to a full Floquet period. In (c), ∆χ0 = χ0,A1 , while in (d), ∆χ0 = 2π. Here
R0/LT = 10.96, ŝ= 0.8,q= 3.05 and ω⊥R0/cs = 0.12.

equation (11), where ‘fs’ in wQL
fs refers to ‘flow shear’. This

reflects the fact that we are still just weighting contributions
from ballooning mode structures at different values of ky and
χ0. The normalized linear flux is given by

FLnorm (χ0,ky)

=

〈
FLb

(
χ0,ky,zb, t∞ − ŝ

ω⊥
(χ∗

0 −χ0)
)〉

zb

MAXzb

[∣∣∣ϕb(χ0,ky,zb, t∞ − ŝ
ω⊥

(χ∗
0 −χ0)

)∣∣∣2] , (14)

where t∞ still stands for the final simulation time. In
equation (14), χ∗

0 is the ballooning angle at t= t∞, while

χ0, according to equation (12) with t0 = t∞, is the balloon-
ing angle of the same Floquet mode at time t= t∞ − (χ∗

0 −
χ0)ŝ/ω⊥. Note that FLnorm, as given by equation (14), is inde-
pendent of χ∗

0 . For a given Floquet mode χ∗
0 , χ0 and t are

clearly not independent variables. To ensure close analogy
between equations (11) and (13), we will use χ0 as the
independent variable, but one should remember that sum-
ming over χ0 in equation (13) is equivalent to integrating
over time. Equation (14) thus provides the normalized flux
for the Floquet mode ky at the phase of its Floquet period
where it reached the ballooning angle χ0. Therefore, this QL
model requires the time evolution of the simulation instead
of just looking at the one last time step. For a given ky, to
weight the contributions from the different χ0 values, we use

9
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wQL
fs (χ0,ky) =



Λξ

if Λ≡ 1
∆χ0 (χ0,ky)

ˆ ∆χ0(χ0,ky)

0
dχ

′

0

γ
(
χ0 −χ

′

0,ky, t∞ − ŝ
ω⊥

(
χ∗
0 −χ0 +χ

′

0

))
⟨k2⊥b⟩

(
χ0 −χ

′
0,ky

) > 0

0 else,

(15)

where Λ is defined in this equation. At first glance,
equation (15) looks significantly different from equation (9),
the analogue expression in our QL model without flow shear.
The role of the QL weight is to estimate the average amp-
litude of the mode in NL simulations. Without flow shear,
this is done using the metric γ/⟨k2⊥b⟩ (see equation (10)). We
want to achieve something similar here for ω⊥ ̸= 0, but γ and

⟨k2⊥b⟩ change with time. One could simply use the instantan-
eous growth rate, which can be calculated with

γ (χ0,ky, t) =
d
dt

ln [ϕb (χ0,ky,zb, t)]. (16)

In practice, this instantaneous growth rate of the Floquet
mode is estimated with finite differences using equation (12)
according to

γ

(
χ0,ky, t∞ − ŝ

ω⊥
(χ∗

0 −χ0)

)
=

ω⊥

ŝδχ0
ln

 |ϕb
(
χ0,ky,zb0, t∞ − ŝ

ω⊥
(χ∗

0 −χ0)
)
|

|ϕb
(
χ0 − δχ0,ky,zb0, t∞ − ŝ

ω⊥
(χ∗

0 −χ0 + δχ0)
)
|

 , (17)

where δχ0 is the spacing between the ballooning angles con-
sidered in the simulations. Consistent with equation (10), the

instantaneous average perpendicular wavenumber for each
ballooning angle χ0 is given by

⟨k2⊥b⟩(χ0,ky) =
⟨k2⊥b (χ0,ky,zb) |ϕb

(
χ0,ky,zb, t∞ − ŝ

ω⊥
(χ∗

0 −χ0)
)
|2⟩zb

⟨|ϕb
(
χ0,ky,zb, t∞ − ŝ

ω⊥
(χ∗

0 −χ0)
)
|2⟩zb

. (18)

However, this does not take into account the history of the
Floquet mode prior to it reaching a given χ0. We thus take an
average of γ/⟨k2⊥b⟩ over χ0 to incorporate the prior history of

the evolving eigenmodes. Similar to considerations in [96],
the averaging window ∆χ0 in equation (15) is determined by
the following relations


ln

 |ϕb
(
χ0,ky,zb0, t∞ − ŝ

ω⊥
(χ∗

0 −χ0)
)
|

|ϕb
(
χ0 −χ0,A1 (χ0,ky) ,ky,zb0, t∞ − ŝ

ω⊥
(χ∗

0 −χ0 +χ0,A1 (χ0,ky))
)
|

= A1

A1 = O(1)≈ 1

∆χ0 (χ0,ky) =MIN(χ0,A1 (χ0,ky) ,2π) ,

(19)
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where zb0 = 0 is the center of ballooning space, χ0,A1 is
the backward shift in the ballooning angle χ0 at which the
mode amplitude was lower by a factor of eA1 and both χ0,A1

and ∆χ0 are calculated from this equation. If the mode was
not strongly growing and one has to go back more than a
Floquet period for a decay by such a factor, one takes ∆χ0 =
2π, which corresponds to a Floquet period tF = 2πŝ/ω⊥.
Otherwise, one takes ∆χ0 = χ0,A1 . In practice, we choose
A1 = 1 as it is actually a good measure of the variation of
mode fluctuation amplitudes in our NL simulations. The mode
fluctuation amplitude is defined by A(χ0,ky) = ln[(⟨ϕb⟩t+
SDt(ϕb))/(⟨ϕb⟩t−SDt(ϕb))], where SDt(ϕb) is the standard
deviation of the time variation of ϕb. We checked that for dif-
ferent χ0 and ky in different NL simulations, A is an O(1)
quantity. Note that if the mode is growing more than one e-
fold within a Floquet period (γtF = γ2πŝ/ω⊥ > 1), i.e. if it
is either a fast growing mode and/or ω⊥/ŝ is small, the aver-
age in equation (15) is over a small ballooning angle interval
∆χ0 and tends to reduce to the instantaneous growth of this
mode. Consequently, for ω⊥ → 0, the flow shear QL model
reduces to the multi-χ0 model. On the other hand, even if the
instantaneous growth rate of a ballooning mode is very small
or negative, as long as the average growth rate (weighted by
1/⟨k2⊥b⟩) is positive over the last Floquet period, we still take it
into account. This approach is illustrated in figure 8, where we
show the time evolution of the linear fluxes and the balloon-
ing eigenmode for a typical simulation case. In subfigure (c),
the time trace of the amplitude of a fast-growing ballooning
mode is shown, so ∆χ0 is taken to be χ0,A1 in equation (19)
because the mode grows more than one e-fold within one
Floquet period. In subfigure (d), on the other hand, the mode
grows less than one e-folding over a Floquet period and∆χ0 is
taken to be 2π. The time axis that maps to the χ0 axis accord-
ing to equation (12) is also shown. The convergence of the
ballooning mode evolution is also verified by increasing the
number M of considered ballooning angles χ0 in the interval
(−π,π] from 8 to 16 in the linear GENE simulations. Finally,
the average over the ballooning space for estimating bothFLnorm
and ⟨k2⊥b⟩ according to equations (14) and (18) is in fact taken
only over [−3π,3π)

⟨. . .⟩zb =
´ 3π
−3π dzb (. . .)Jb (zb)´ 3π

−3π dzbJb (zb)
. (20)

This is different from the previous models, but will be
explained in the next section. Equations (13)–(20) constitute
what we will call the ‘flow shear’ QL model. This model is
more computationally expensive than the ‘basic’ and ‘multi-
χ0’ QL models introduced in section 2 because it requires a
frequent data output from GENE simulations, especially when
ŝ/ω⊥ is small and tF is short. This is because a fixed num-
ber of snapshots, corresponding to the state of the eigenmode
as it reaches each of the M considered ballooning angles,
is required within each Floquet period. In order to further
improve computational efficiency, we developed a way to
obtain the required data for the flow shear QL model from
a single snapshot. This method is presented in appendix C.

Importantly, the flow shear QL model can be proven to be
reduced to the multi-χ0 model if we consider the limit ω⊥ → 0
and sum over all the ballooning angles χ0 ∈ (−π,π], which in
turn reduces to the basic QL model if we include only the χ0

ballooningmode. Nowwewill move on to explain the physical
reason for limiting ballooning space in equation (20).

3.2. Comparing QL and NL ballooning space structure for
ω⊥ ̸= 0

In this subsection, we will compare the ballooning structure
of fluctuations in linear and NL simulations with non-zero
flow shear ω⊥ ̸= 0 for cases with low and with high mag-
netic shear ŝ. This demonstrates the physical reason for lim-
iting ballooning space to be zb ∈ [−3π,3π) in equation (20).
We thus consider the two representative cases, ŝ= 0.1 and
ŝ= 0.8, which are shown in figure 9. As we can see, for the
high magnetic shear case, the flow shear is not able to push the
ballooning structure far away from the central outboard mid-
plane (zb = 0) in either the linear or NL simulations. The peak
in the mode structure always stays centered around zb = 0.
However, in linear simulations at low magnetic shear, the loc-
ation of the maximum of the ballooning structure has been
pushed approximately five poloidal turns (zb ≈−10π) away
from the central location of ballooning space, towards negat-
ive values since ω⊥ > 0. This does not match the NL simula-
tion, which stays centered around zb = 0 as in the high mag-
netic shear simulations. If one does not correct for this discrep-
ancy between the linear andNL results, it will cause significant
disagreement between the QL model and the NL simulations.
This is achieved by limiting the ballooning space average to
zb ∈ [−3π,3π), which is roughly how far the turbulence shifts
in zb in the NL low magnetic shear cases in figure 9. In this
way, one forces the QL model to focus on the modes that are
nonlinearly important, which results in a more accurate estim-
ate (see section 3.3). Appendix D presents a physically motiv-
ated estimate of how far the modes are advected in ballooning
space as well as the limits of applicability that this creates for
our QL model.

3.3. QL model benchmarking with NL simulations including
flow shear

We have benchmarked our newly developed flow shear QL
model against NL GENE simulations considering tight aspect
ratio, circular geometry, and non-zero flow shear. The phys-
ical parameters for the benchmark are summarized in table 2,
where we fix the strength of the flow shear ω⊥R0/cs = 0.12,
the aspect ratio ϵ= 0.36, the density gradient R0/Ln = 2.22,
but scan magnetic shear ŝ, safety factor q, and temperature
gradient R0/LT. Electrons are forced to respond adiabatic-
ally. The simulation grid parameters are given in table B2
in appendix B. The numerical grid for NL simulations is the
same as for the up-down asymmetric simulations and is given
in table B1. Note that here we have increased the number
of considered ballooning angles to M= 8 in linear simula-
tions based on the discussion of our multi-χ0 QL model in
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Figure 9. Ballooning space structures for tight aspect ratio ϵ= 0.36, R0/LT = 10.96, q= 3.05 with flow shear ω⊥R0/cs = 0.12 and
magnetic shear ŝ= 0.1 (for NL (a)–(c) and linear (d)–(f ) simulations) as well as ŝ= 0.8 (for NL (g)–(i) and linear (j)–(l) simulations). The
first column shows the amplitude of electrostatic field ϕb. The second column shows the parallel component of toroidal angular momentum
flux Πi,||b. The third column shows the heat flux Qib. All the plots are for kyρi = 0.15 mode, which is the dominant one in the NL |ϕ|
spectrum. The physical parameters are shown in table 2.

section 2.2. Additionally, as a result of the box quantization
condition [88] Lx =M/(∆kyŝ), the low magnetic shear cases
require more radial Fourier modes. Indeed, as one decreases ŝ,
Lx becomes larger, which then necessitates more grid points
to maintain the same radial resolution. Additionally, larger
maximum values of the velocity space grid along v|| and µ
are required for low ŝ to ensure that information is able to
travel along the field line. This is because, as we decrease
magnetic shear, the Floquet period tF = 2πŝ/ω⊥ decreases,
which means that turbulent structures need to travel along field
lines faster to stay at the outboard midplane [18]. This velo-
city is estimated by v|| ∼ qR/tF ∼ qRω⊥/ŝ, which should exist
within the simulation grid. This effect is primarily important
for linear simulations, as NL dynamics more efficiently trans-
fer information, as reflected by the shorter NL decorrelation
time τNL [18, 22, 25, 47].

Figure 10 shows a comparison of the Prandtl number
obtained with NL simulations and the flow shear QL model
for all the cases considered in table 2. With the stand-
ard gyroBohm normalizations considered in GENE, the ion
Prandtl number Pri is calculated according to

Table 2. The physical parameters used in GENE simulations with
circular geometry, non-zero flow shear ω⊥R0/cs = 0.12, adiabatic
electrons with Te = Ti, tight aspect ratio ϵ= 0.36, and
R0/Ln = 2.22.

Simulation Type ŝ q R0/LT

Nonlinear 0.1,0.4,0.8 2.05,3.05,4.05 10.96
Nonlinear 0.8 2.25,3.25,4.25 6.96
Nonlinear 0.4,0.8 2.25,3.25,4.25 5.06

Linear (normal ŝ) 0.4,0.8 2.05,3.05,4.05 10.96
Linear (normal ŝ) 0.8 2.25,3.25,4.25 6.96
Linear (normal ŝ) 0.4,0.8 2.25,3.25,4.25 5.06

Linear (low ŝ) 0.1 2.05,3.05,4.05 10.96

Pri =
Π̂i

Q̂i

R0

LT

ϵ

qω⊥

cs
R0
. (21)

The comparison between QL simulations and NL GENE sim-
ulations shows a good match in general, except for a few
cases that are close to marginal stability (e.g. the case with
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Figure 10. A comparison of the Prandtl number Pri from NL simulations (solid) and the flow shear QL estimate (dashed) for tight aspect
ratio ϵ= 0.36 cases with temperature gradients of (a) R0/LT = 5.06, (b) R0/LT = 6.96, and (c) R0/LT = 10.96.

Figure 11. A comparison of the ky spectra of the parallel Π̂i,|| (top) and perpendicular Π̂i,⊥ (bottom) components of the toroidal angular
momentum flux obtained with NL simulations (dashed blue) and the flow shear QL model (solid red) for several representative tight aspect
ratio cases with ω⊥R0/cs = 0.12.

R0/LT = 10.96, ŝ= 0.1, q= 2.05 shown in figure 10(c)). We
see that the Prandtl number increases with q, which is con-
sistent with previous work on the low momentum diffusiv-
ity regime [56, 95]. We also observe that the Prandtl number
increases with the temperature gradient R0/LT and decreases
with magnetic shear ŝ. One thus concludes that, a low Prandtl
number (Pri ≈ 0.2) can be obtained at tight aspect ratio, low
safety factor, high magnetic shear, and low temperature gradi-
ent. These dependencies are also fully captured in our QL
model. The average deviation of the QL model from the actual
NL simulations is about 25%. This is quite acceptable, since
the primary purpose of our QLmodel is to obtain correct trends
for the Prandtl number, such that large parameter scans can be
carried out to identify interesting regimes that can be verified
by NL studies.

To carry out a more detailed comparison between NL and
QL results, the ky spectra for Π̂i,|| and Π̂i,⊥ are shown in
figure 11 for several different representative cases. Even the
cases that are furthest from agreement in figure 10 display sim-
ilar spectra between NL and QL results. For the same cases
as figure 11, figure 12 shows a detailed comparison between
the QL weights and the NL square potential amplitudes

|ϕb|2(ky) = ⟨MAXzb

[
|ϕb(χ0,ky,zb, t)|2

]
⟩χ0,t (averaging over

ballooning angle and time). As we know, the purpose of the
QL weights is to estimate the relative values of the mode amp-
litude squared in the NL saturated state. As we can see in
figures 12(a)–(d), the ky spectral dependence of the NL poten-
tial matches well with the QLweight estimates. Figures 12(e)–
(h) shows the comparison of ⟨k2⊥b⟩χ0 between QL estim-
ates and NL results, which also gives good agreement. This
explains why our QL model generally gives accurate estim-
ates. Importantly, we would not expect such a good agreement
with other QL models, as they all, to the best of our know-
ledge, have used parallel momentum flux instead of toroidal
angular momentum flux [47, 66, 75]. As shown by figure 11,
in the low Prandtl number regime (tight aspect ratio, low safety
factor, and high magnetic shear), the perpendicular compon-
ent Π̂i,⊥ of the toroidal angular momentum flux becomes large
and cancels much of the parallel component Π̂i,||.

3.4. Model benchmarking for more advanced cases

In this section, we further benchmark our model for even more
advanced cases to verify its general applicability. We first
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Figure 12. A comparison of the ballooning angle averaged QL weights ⟨wQL
fs ⟩χ0 and perpendicular wave number ⟨k2⊥b⟩χ0 with NL

simulations for several representative tight aspect ratio cases with flow shear, where ⟨. . .⟩χ0 denotes an average over all the ballooning
angles in the simulations. (a)–(d) compare the ky spectra of the NL saturated potential averaged over all the ballooning angles
|ϕb|2(ky) = ⟨MAXzb

[
|ϕb(χ0,ky,zb, t)|2

]
⟩χ0,t with the QL estimate for this saturated potential given by ⟨wQL

fs ⟩χ0 . Note that both the saturated
potential and its QL estimate have been normalized to their maximum value since it is only the relative weighting of models that is
important for the QL estimate of the Prandtl number. (e)–(h) show a comparison of ⟨k2⊥b⟩χ0 between NL simulations and the QL estimates.

Table 3. The physical parameters used in GENE simulations of
tight aspect ratio, circular geometries with kinetic electrons and flow
shear. The grid parameters are the same as the previous adiabatic
electron cases, which are shown in table B2.

Parameter Value

Magnetic shear ŝ 0.4,0.8
Safety factor q 1.05,2.05,3.05,4.05
Inverse aspect ratio ϵ 0.36
Temperature gradient R0/LT 10.96
Density gradient R0/Ln 2.22
Flow shear ω⊥R0/cs 0.12

extended our tight aspect ratio cases with flow shear from the
previous section by including fully kinetic electrons instead
of adiabatic electrons. Table 3 shows the physical paramet-
ers used for these benchmark cases. The QL estimates for the
Prandtl number are shown in figure 13(a), displaying a good
matchwith the correspondingNL results. However, we can see
that the match is somewhat better for higher magnetic shear
than for lower magnetic shear. The average error for the ŝ=
0.8 cases is only 15%, while the average error for the ŝ= 0.4
cases is 20%. Figures 13(b) and (c) show that our QL model
can also estimate other flux ratios such as Γ̂e/Q̂i and Q̂e/Q̂i,
where Γ̂e is the particle flux Γe normalized by csni(ρi/R0)

2.
Despite some mismatches (none of which exceed 30%), the
agreement is good in general. This indicates that our QLmodel
has the potential to be applied to estimate any flux ratios, not
just the Prandtl number.

In sections 2.2 and 3.3, we performed benchmarks for up-
down asymmetric geometries without flow shear and for up-
down symmetric geometries with flow shear, respectively.
Here we consider several cases combining both the drive
of momentum flux from up-down asymmetry and ω⊥ ̸= 0.

Adiabatic electrons are again assumed. Such cases are of prac-
tical importance because they are needed to predict the actual
rotation gradient that would arise in experiments. Specifically,
the up-down asymmetry drives an intrinsic momentum flux,
which we have calculated in section 2.2. In an actual exper-
iment, this intrinsic momentum flux will give rise to a rota-
tion gradient that will quickly grow and drive a diffusive
momentum flux. This diffusivemomentum fluxwas calculated
in section 3.3. In steady state and in the absence of external
sources, these two fluxes must cancel [38, 39, 95]. Otherwise,
the finite momentum flux would cause the rotation profile to
change in time. Thus, the rotation gradient expected in exper-
iment is the one that achieves Πi = 0. Therefore, in order to
determine the self-consistent effect of flow shear on the heat
flux, one should scan the value of flow shear to find the value
at which momentum flux Πi drops to zero and then look at the
value of the heat flux. By doing so, we consistently determ-
ine how much flow shear will be self-generated as well as
the corresponding steady state heat flux. In order to do this,
it is important to efficiently find the value of flow shear ω⊥
that achievesΠi = 0 in up-down asymmetric geometries. This
benchmark will show that our new flow shear QL model can
achieve this.

The simulation results are shown in figure 14. As we can
see, the QL model can provide good predictions of the flow
shear value ω⊥ for which Π̂i/Q̂i drops to zero. The average
error in the zero crossing between QL (denoted by ωQL

⊥ ) and
NL (denoted by ωNL

⊥ ) calculations is only 10%. Considering
the fact that NL simulations have a statistical error and that
the zero point is estimated by a linear interpolation, this is
remarkably good agreement. We can also see that the value
of Π̂i/Q̂i is well-predicted by our flow shear QL model even
away from the zero point. Figure 15 further shows the ky
spectra of Π̂i,|| and Π̂i,⊥ for three representative cases. In
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Figure 13. A comparison of the flux ratio between NL simulations (dashed) with kinetic electrons and our flow shear QL model (solid) for
the (a) ion Prandtl number, (b) ratio of electron particle flux to ion heat flux, and (c) ratio of electron heat flux to ion heat flux.

Figure 14. A comparison of the flux ratio Π̂i/Q̂i between NL simulations and the flow shear QL model for (a) R0/LT = 8.96, (b)
R0/LT = 10.96 and (c) R0/LT = 12.96. The dashed vertical lines indicate the value of ω⊥ that achieves Πi = 0.

Figure 15. A comparison of the Π̂i,|| (top) and Π̂i,⊥ (bottom) ky spectra between NL and the flow shear QL model for several representative
up-down asymmetric equilibria with flow shear.

general, these spectra also match fairly well with NL GENE
simulations. Some deviation also occurs in sub-figure (a), (c)
and (e), which indicates that combining flow shear and up–
down asymmetry doesmake theQL estimatemore challenging
than the previous cases. Note that the flow shear values ω⊥

are negative. This is because the up–down asymmetric geo-
metry we chose drives a positive intrinsic momentum flux (see
figure 2). Thus, in order to cancel it, one must set ω⊥ to be
negative in order to create a negative diffusive momentum
flux.
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4. Conclusions and discussion

In this paper, we constructed a new QL model to estimate
momentum transport for micro-turbulence in the presence of
rotational flow shear and strong up–down asymmetric plasma
shaping. We first considered cases without flow shear but with
up–down asymmetry to show the importance of considering
multiple ballooning angles χ0. Based on this observation, we
extended the basic QL model to include multiple χ0 values
and showed the importance and validity of this approach. We
then considered cases with flow shear, which required the con-
struction of a new QL model to trace the time evolution of
a ballooning mode as it moves across the kx domain. This
flow shear QLmodel reduces to the previously obtained model
when ω⊥ = 0 and has been thoroughly benchmarked, even for
complex cases involving up–down asymmetry, flow shear, and
low magnetic shear at tight aspect ratio. For the cases stud-
ied in this paper, the computational cost of using the most
efficient full flow shear QL model is approximately 50 times
less than corresponding NL simulations. Although the Prandtl
number estimates are somewhat less reliable near marginal-
ity, our model is shown to always give reasonable estimates
for the flux ratio Π̂i/Q̂i. Our model is remarkably accurate at
predicting the value ofω⊥ required to obtain a zeromomentum
flux in a simulation with up–down asymmetric geometry and
flow shear, which is particularly relevant to experimental con-
ditions. Future work will also account for other mechan-
isms driving momentum transport, most notably the pinch
term.

Our QL model has a wide range of potential applications.
First of all, it can be used to efficiently scope out para-
meter space to find the lowest Prandtl number before con-
firming these results with a small number of NL simula-
tions. It can also be used in integrated modelling together
with existing QL codes like TGLF. Given the Pri ∼ Π̂i/Q̂i

from our model, Π̂i and thus rotation profile can be estim-
ated using the Q̂i from TGLF. Notice that in this approach,
the accuracy of the estimate of Π̂i will depend on both the
accuracy of Q̂i and the accuracy of the ratio Π̂i/Q̂i. From an
experimental perspective, our model can be used to quickly
predict the Prandtl number in tokamaks, given an exper-
imental measurement of flow shear ω⊥. Additionally, our
model can estimate the amount of flow shear that would
be driven by an external source of momentum (e.g. NBI).
Similarly, for intrinsic rotation from up-down asymmetry, our
model is able to estimate the self-consistent value of ω⊥ that
will arise from a given geometry as has been done in this
paper.
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Appendix A. Expressions for the fluxes
implemented in GENE code

This appendix gives the explicit expressions of the particle
flux, toroidal angular momentum flux, and heat flux imple-
mented in GENE code. It is shown that the toroidal angular
momentum flux has a non-trivial expression, which includes
both a parallel component and a perpendicular component.
Here we only take into account the electrostatic contribution
to the turbulent fluxes. Thus, the explicit expressions for the
fluxes in the Fourier space are [37, 95, 97]

Γs (kx,ky,z, t) =−2π i
ms

CykyBϕ(kx,ky,z, t)

×
ˆ

dv||dµhs (−kx,−ky,z, t)J0 (k⊥ρs) ,

(A.1)

Πs (kx,ky,z, t)

=−2π i
ms

CykyBϕ(kx,ky,z, t)
ˆ

dv||dµhs (−kx,−ky,z, t)

×
[
I
B
v||J0 (k⊥ρs)+

i
Ωs

dx
dψ

µkx

ms

2J1 (k⊥ρs)
k⊥ρs

]
, (A.2)

and

Qs (kx,ky,z, t) =−2π i
ms

CykyBϕ(kx,ky,z, t)

×
ˆ

dv||dµ
v2

2
hs (−kx,−ky,z, t)J0 (k⊥ρs) .

(A.3)

Here hs = δfs+ZseϕFMs/Ts is the non-adiabatic portion
of the distribution function, where FMs is the background
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Maxwellian distribution, Zs is the charge number of the spe-
cies being considered. kx = kx|∇⃗x|2 + ky∇⃗x · ∇⃗y, ψ is the flux
surface label, Cy = (1/Bref)dψ/dx is a geometrical coefficient
calculated by GENE based on flux surface information (where
Bref is a reference value of the magnetic field), Ωs = ZseB/ms

is the particle gyro-frequency, I= RBζ is the toroidal field flux
function and J0 and J1 are the zeroth and first order Bessel
functions of the first kind. From equation (A.2), we can see that
the toroidal angular momentum flux Πs =Πs,|| +Πs,⊥ can be
distinguished into two contributions: the parallel component
Πs,|| and the perpendicular componentΠs,⊥, which are defined
according to

Πs,|| (kx,ky,z, t) =−2π i
ms

CykyBϕ(kx,ky,z, t)

×
ˆ

dv||dµhs (−kx,−ky,z, t)
I
B
v||J0 (k⊥ρs) ,

(A.4)

Πs,⊥ (kx,ky,z, t) =−2π i
ms

CykyBϕ(kx,ky,z, t)

×
ˆ

dv||dµhs (−kx,−ky,z, t)

× i
Ωs

dx
dψ

µkx

ms

2J1 (k⊥ρs)
k⊥ρs

. (A.5)
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Appendix B. Tables for grid parameters in benchmarks

Table B1. The nominal GENE grid parameters for up-down asymmetric simulations with adiabatic electrons. The parameter Nχ0 denotes
the number of points in the χ0 scan used in the simulation and ∆kyρi = 0.05. The physical parameters are shown in table 1.

Simulation Type kx0 ∆kx Nχ0 kyρi z v||/
√

2Ti/mi

√
µ/(Ti/B) t/(R0/cs)

Nonlinear 0 0.2π∆kyŝ 1 [0.05,3.2] [−π,π) [−3,3] [0,3] [0,1000]
Linear 0 2π kyŝ 1 [0.05,1] scan [−π,π) [−3,3] [0,3] [0,1000]
Linear χ0 scan χ0kyŝ 2π kyŝ NINT(10ŝ)ky/∆ky [0.05,1] scan [−π,π) [−3,3] [0,3] [0,1000]

Simulation type (nkx ,nky ,nz,nv|| ,nµ) M

Nonlinear (192,64,32,32,9) NINT(10ŝ)ky/∆ky
Linear (192,1,32,32,9) 1
Linear χ0 scan (12,1,32,32,9) 1

Table B2. The nominal GENE grid parameters for tight aspect ratio (ϵ= 0.36) simulations with adiabatic electrons and flow shear
ω⊥R0/cs = 0.12, where ∆kyρi = 0.05. As we set M greater than one, kx0 is set to zero for all the cases in this table. The physical
parameters are shown in table 2.

Simulation Type ∆kx kyρi z v||/
√

2Ti/mi

√
µ/(Ti/B) t/(R0/cs) (nkx ,nky ,nz,nv|| ,nµ,nt) M

Nonlinear 0.2π∆kyŝ [0.05,3.2] [−π,π) [−3,3] [0,3] [0,1000] (192,64,32,32,9) NINT(10ŝ)ky/∆ky
Linear (normal ŝ) 0.25π kyŝ [0.05,1] scan [−π,π) [−3,3] [0,3] [0,1000] (192,1,32,32,9) 8
Linear (low ŝ) 0.25π kyŝ [0.05,1] scan [−π,π) [−6,6] [0,6] [0,1000] (768,1,32,64,18) 8

Appendix C. Calculating the flow shear QL model
from a single time snapshot

The model constructed in section 3 requires using time-
dependent data fromGENE linear simulations.When themag-
netic shear is small, this requires a very high output frequency
in order to fully resolve the remap time ∆tremap = 2πŝ/Mω⊥
[98]. Here we explain how the QL model with flow shear can
be calculated from linear GENE data at a single time step,
which is more computationally efficient. In practice, this is
how we actually obtain the QL results in this paper. The key
point is to set the initialization of the simulation very care-
fully. In the mode tracing method presented in section 3, we
considered a single linear mode and, by following it in time,
we could extract all the needed information for the flow shear
QL model given by equations (13)–(20). To obtain the same
result using data from a single snapshot in time will require
us to consider all the different linear ballooning modes in the
simulation (i.e. the different values of χ∗

0 ). In principle, all
these linear modes should undergo the same evolution and thus
carry the same information over time. However, this requires
all these ballooning modes to be initialized in the same way.
If these initializations of the modes for different χ∗

0 are cor-
rectly shifted in time, the state of the different linear modes at
a given instant will exactly correspond to the history that you
would find by tracing a single linear mode back in time. In
traditional GENE simulations, the initial condition is to set all
the Fourier modes in the system equal to a constant, which
we will take to be 1 (note that the absolute numerical values
are not significant in linear results). Additionally, simulations
with flow shear require a boundary condition for the kx grid:

as the Fourier modes are pushed off on one side of the kx grid,
they are simply discarded while the new modes that are added
on the other side of the kx grid are initialized with zero amp-
litude. This approach, although reasonable, gives the balloon-
ing modes with different χ∗

0 somewhat different initial condi-
tions. Specifically, the linear modes that start on the grid do
not have the same value as they are each at a different point in
their Floquet period.

In our new approach, we initialize all of the Fourier modes
on the grid to be zero, so nothing happens at first. Each time the
flow shear remap occurs (at intervals∆tremap), we feed Fourier
modes with amplitude ‘1’ into the system. After feeding Nkx

modes in, where Nkx is the number of kx values on the grid,
we switch to a periodic boundary condition, where the modes
that fall off of the kx grid are immediately put back in on the
other side. Figure C1 illustrates this process. In (a), before the
first remap, the whole simulation domain is zero. When the
first remap occurs, we must add a row of new values at either
the maximum or minimum value of kx (depending on the sign
of the flow shear ω⊥, here we choose the maximum value of
kx because ω⊥ is positive). As is shown in (b), we set this new
row to be 1. In (c), the top most row is pushed downward to be
the second row from the top and the top most line is again set
to be 1. In (d), this remap process has been repeated for Nkx

times (which is set to be Nkx = 8 in this toy case) during which
we keep on feeding ones into the top most row. Finally, in (e),
when the non-zero data coming from the first remap is pushed
off of the bottom row of the kx grid, we no longer feed ones,
but instead the data being pushed out from the bottom row is
moved to the top row. We then maintain this periodic bound-
ary condition for the rest of the simulation. By doing so, the
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Figure C1. A cartoon illustration of the initialization and boundary condition in kx used to calculate the flow shear QL model from a single
snapshot in time. (a)–(e) show how the remap process work in the code. The dark grey color in (b)–(d) indicates that the Fourier mode has a
value of exactly 1 (which is the case for a newly added mode), while the light grey color in (a)–(c) denotes exactly 0. ∆z in the label for the
horizontal axis is 2π/nz. Please note that this figure represents just a toy simulation to illustrate the algorithm.

ballooning modes for different χ∗
0 are initialized in the same

way. At a given time, the different ballooning structures for all
χ0 ∈ (−π,π] are representative of the evolution of a single bal-
looning structure over a full Floquet period. Therefore, every
ballooning mode is identical and one can use different bal-
looning modes at a given time to get the same information as
following a given mode back in time. To be specific, it means

that ϕb(χ0,ky,zb, t∞ − ŝ
ω⊥

(χ∗
0 −χ0)) using the traditional ini-

tial condition is identical to ϕb(χ0,ky,zb, t∞) using our new
initial condition.

This means that our QLmodel can be simplified in practice.
If we use this special initialization, all the time tracing from
equations (13) to (20) can be reduced to evaluations at t∞. The
simplified formulas are
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F QL = A0

∑
χ0,ky

wQLfs (χ0,ky)F
L
norm (χ0,ky) , (C.1)

FLnorm (χ0,ky) =

〈
FLb (χ0,ky,zb, t∞)

〉
zb

MAXzb

[
|ϕb (χ0,ky,zb, t∞)|2

] , (C.2)

wQL
fs (χ0,ky)

=



(
Λ

∆χ0 (χ0,ky)

)ξ

if Λ≡
ˆ ∆χ0(χ0,ky)

0
dχ

′

0

γ
(
χ0 −χ

′

0,ky, t∞
)

⟨k2⊥b⟩
(
χ0 −χ

′
0,ky

) > 0

0 else,
(C.3)

ln
|ϕb (χ0,ky,zb0, t∞) |

|ϕb (χ0 −χ0,A1 (χ0,ky) ,ky,zb0, t∞) |
= A1

A1 = O(1)≈ 1

∆χ0 (χ0,ky) =MIN(χ0,A1 (χ0,ky) ,2π) ,

(C.4)

γ (χ0,ky, t∞) =
ω⊥

ŝδχ0
ln

(
|ϕb (χ0,ky,zb0, t∞) |

|ϕb (χ0 − δχ0,ky,zb0, t∞) |

)
,

(C.5)

⟨k2⊥b⟩(χ0,ky) =
⟨k2⊥b (χ0,ky,zb) |ϕb (χ0,ky,zb, t∞) |2⟩zb

⟨|ϕb (χ0,ky,zb, t∞) |2⟩zb
,

(C.6)

⟨. . .⟩zb =
´ 3π
−3π dzb (. . .)J(zb)´ 3π

−3π dzbJ(zb)
. (C.7)

Therefore, when carrying out a QL estimate, we only need
the last snapshot of the simulation. We mapped the time
dependence of our model in section 3.1 to the different bal-
looning angles. With this approach, as a result of a reduced
number of output files, we found that the computational cost
could be reduced by almost a factor of 3. The post-processing
is also much more convenient because less output data is
needed.

Appendix D. Physics of mode advection in the
ballooning space due to flow shear

As shown in figure 9, the NL ballooning structure remains
around the central outboard midplane (i.e. zb ≈ 0) for both
ŝ= 0.1 and ŝ= 0.8. However, in linear simulations, the bal-
looning structure is pushed far along the field line in zb when
ŝ= 0.1. In this appendix, we will dive deeper into the phys-
ics behind this phenomenon and give a qualitative estimate
of how far a mode moves due to the presence of flow shear.
First of all, we note that if there is no flow shear, the mode
will peak in amplitude around zb = 0 in typical core simu-
lations. Therefore, the ‘push’ that moves the mode to larger
|zb| must arise from perpendicular flow shear. In equilibrium,
such a push by flow shear will be balanced by other effects that
caused the mode peak at zb ≈ 0 in the absence of flow shear.

Importantly, these can depend on if it is a linear simulation or
a NL simulation, because the characteristic time scale in NL
and linear simulation are different. To understand this, we can
take a look at equation (12), from which we can estimate how
much a mode is shifted in the ballooning angle χ0. At the same
time, we know that χ0 represents an estimate of the zb value at
which the mode is aligned with ∇⃗x. Thus, they have a one-to-
one correspondence, so we can estimate the mode shift in zb
to be

∆zb ∼∆χ0 ∼ ω⊥t/ŝ. (D.1)

Using this expression and substituting the characteristic time
scale for linear simulations τL ∼ 1/γ (where γ is the average
linear growth rate for the fastest growing ky mode in the pres-
ence of flow shear), we can deduce that the eigenfunction will
peak at a distance of

∆zb,L ∼
1
γ

ω⊥

ŝ
(D.2)

along the field line in ballooning space for linear simulations.
In the NL simulations, the characteristic time scale becomes
the NL decorrelation time τNL, which measures the effect of
the NL term. Therefore, the NL mode shift is estimated by

∆zb,NL ∼ τNL
ω⊥

ŝ
. (D.3)

In NL simulations, τNL can be estimated by the ∆t for which
the correlation drops to 1/e

C(∆t)

=⟨ϕNZ (x,y,z= 0, t)ϕNZ (x,y,z= 0, t+∆t)⟩x,y/⟨|ϕNZ|2⟩x,y,
(D.4)

where the subscript ‘NZ’ denotes the non-zonal component.
In this way, we obtain theoretical estimates for the loca-
tion of the mode along the field line in both QL simulations
(equation (D.2)) and NL simulations (equation (D.3)). These
theoretical estimates can be compared with actual GENE sim-
ulations, as shown in figure D1. Note that there are no fitting
parameters in the theoretical estimates, which indicates that
the theory works well.

As we see from the figure, the shift of the mode is almost
always much weaker nonlinearly than linearly. Additionally,
the shift typically increases with the decrease of ŝ as pre-
dicted by our theoretical estimates. Comparing the lines with
the same color in the figure, we see a quite good match. The
agreement is a bit worse at low ŝ, but we see the theory captures
the most important trend, i.e. the factor of 10 difference (com-
paring figures D1(a) and (b)) between linear and NL simula-
tions. This shows that our estimates given by equations (D.2)
and (D.3) are reasonable.

Note that large shifts make QL estimates more challen-
ging. For our flow shear QL model, the integration in bal-
looning space is taken from −3π to 3π (see equations (20)
and (C.7)) for the reasons explained in section 3.2. Combining
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Figure D1. A comparison of the actual parallel location of the mode maximum (solid) and the theoretical estimate (dash dotted) with
ω⊥R0/cs = 0.12 for (a) NL simulations with q= 2.05 and different R0/LT and (b) linear simulations with q= 2.05 and different R0/LT as a
function of ŝ. All the simulations use kyρi = 0.15 mode and a circular geometry.

this information with equation (D.3) by setting ∆zb,NL = 3π,
we found that our QL model will work if the following condi-
tion is satisfied

ω⊥

ŝ
< 3π

1
τNL

≈ 4cs/R0, (D.5)

which gives a criteria for the validity of our QL model.
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