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Abstract

We obtain a new formula for the Loewner energy of Jordan curves on the

sphere, which is a Kihler potential for the essentially unique Kéhler metric on the
Weil-Petersson universal Teichmiiller space, as the renormalised energy of moving
frames on the two domains of the sphere delimited by the given curve.
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1. Introduction

1.1. Background on Weil—Petersson Quasicircles

In [43,58], the second author and S. Rohde introduced the Mobius-invariant

Loewner energy to measure the roundness of Jordan curves on the Riemann sphere
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C U {00} using the Loewner transform [35]. The original motivation comes from
the probabilistic theory of Schramm—Loewner evolutions, see, e.g., [60] for an
overview. The second author proved in [59] that the Loewner energy is proportional
to the universal Liouville action introduced by L. A. Takhtajan and L.-P. Teo [53].
In particular, the class of finite energy curves corresponds exactly to the Weil—
Petersson class of quasicircles which has already been extensively studied by both
physicists and mathematicians since the eighties, see, e.g., [6,10,18,22,24,30,39,
40,45,48,49,53,55,56,61], and is still an active research area. See the introduction
of [6] (see also the companion papers [7,8] for more on this topic) for a summary
and a list of equivalent definitions of very different nature.

In this article, we sometimes view Jordan curves as curves on S C R? and
give new characterisations of the Loewner energy in terms of the moving frames
on S2. Note that in this article, S* refers to the sphere of radius 1 centred at the
origin in R3 equipped with the induced round metric go from its embedding into
R3. Therefore, S? is isometric to C=Cu {oo} endowed with the metric

4z
8T Ut 1zp)2

by the stereographic projection. To distinguish the two setups, we will let y denote
a Jordan curve in C and let T' denote a Jordan curve in S2. Let us first list a few
equivalent definitions of Weil-Petersson quasicircles that are relevant to this work.

Theorem 1.1. (Cui, [18], TAHKTAJAN-TEO, [53], SHEN, [49], BisHoP, [6]) Let y C
C be a Jordan curve, Q2 be the bounded connected component of C \ y, and let
f:D— Qandg: C\D — C\ Q be biholomorphic maps such that g(c0) =
The following conditions are equivalent:

(1) There exists a quasiconformal extension of g to C such that the Beltrami coef-
|dz|?

5 d
ficient . = ZE . po Dofglp satisﬁes/ I/L(z)lz—Z 7, < 0
3.8 D (I —1z]%)

Z

” 2
(2>/ |Vlog|f/(z)||2|dz|2=f f,(Z) |dz|* < oc.
D
g”(z)
3 dz
® o\b | &) dat?

(4) The (conformal) welding function ¢ = g~!

the Sobolev space H1/2(Sl).
(5) The curve y is chord-arc and the unit tangent t : y — S' belongs to H'/*(y).
(6) Every minimal surface ¥ C H3 ~ C x R% with asymptotic boundary y has
finite renormalised area, i.e.,

o flg satisfies log ¢’ belongs to

RAX) = lin}) (Area(Z;) — Length(0X;))
= 27 x(%) —/ |A|2dvoly > —oo, (1.1)
)

where foralle > 0, X, = X N{(z,t) :t > e}and 0¥, = T N{(z,¢t) : t = ¢}.
If y satisfies any of those conditions, y is called a Weil-Petersson quasicircle.
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The equivalence of (1) and (2) are due to G. Cui, and independently to Takhtajan
and Teo who proved the equivalences (1), (2), (3). In (4), the continuous extension
of f, g to S! is well-defined by a classical theorem of Carathéodory [13]. The
equivalence between (1) and (4) is proved by Y. Shen. The second condition is
perhaps the simplest one since it corresponds to the condition log | f'| € W1-2(ID),
the Sobolev space of functions with squared-integrable weak derivatives.

For (5), we recall that a Jordan curve is chord-arc if there exists K < oo such
that for all x, y € y, we have £(x,y) < K|x — y|, where £(x, y) is the length of
the shortest arc joining x to y. We mention that Weil-Petersson quasicircles are not
only chord-arc but even asymptotically smooth, namely, the ratio £(x, y)/|x — y|
tends to 1 as x tends to y. These curves are not necessarily C!, for they allow certain
types of infinite spirals; see Section 6.1 for an explicit construction of such spirals
(also [6,43]). Recall that for any Jordan chord-arc curve y, a functionu : y — C
belongs to the Sobolev space H'/2(y) if and only if

I

where |dz| is the arc-length measure.

The equivalence between (1) and (5) was proven by Y. Shen and L. Wu ([52];
see also [28,49-51]), and also by C. Bishop [6]. The last characterisation (6) due to
Bishop [6] using the notion of renormalised area was first investigated for Willmore
surfaces by S. Alexakis and R. Mazzeo [1,2] which has strong motivations arising
from string theory [27]. The integral of the squared trace-free second fundamental
form A in (6) is the Willmore energy of ¥ which is of particular interest for being
conformally invariant. Amongst the important previous contribution that inspired
this work, we should mention Epstein’s work [20,21].

Not only can we characterise this class of curves qualitatively, as listed above,
but there is an important quantity associated with each element of the class. Indeed,
after appropriate normalisation, the class of Weil-Petersson quasicircles can be
identified with the Weil-Petersson universal Teichmiiller space T (1) via conformal
welding. Takhtajan and Teo [53] showed that T(1) carries an essentially unique
homogeneous Kéhler metric and introduced the universal Liouville action S1. They
showed that S is a Kéhler potential on 7y (1) which is of critical importance for the
Kihler geometry. We take an analytic instead of a Teichmiiller theoretic viewpoint,
so we will consider S; as defined for Weil-Petersson quasicircles instead of their
welding functions. Explicitly, for a Weil-Petersson quasicircle y,

2
u@ = u) o dw] < oo, (12)
Z—w

f//(z) 2 5 / g”(z) 2 )
S = d d
1) /D 7o T sl vo ]
+ 4 log | f/(0)] — 47 log |g' (00)|. (1.3)

Theorem 1.2. (Y. Wang, [59]) A Jordan curve y has finite Loewner energy I (y)
if and only if y is a Weil-Petersson quasicircle. Furthermore, we have

Liyy=1
1'y) = —$1). (14)
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We will therefore use interchangeably the terms “Jordan curve of finite Loewner
energy”’; “Weil-Petersson quasicircle”; or simply “Weil-Petersson curve”. As we
did not define explicitly the Loewner energy /”(y), readers may consider (1.4) as
its definition. It may not be obvious from the expression of S that it is invariant
under Mobius transformations, such as the inversion i : z — 1/z, however, it would
follow directly from the definition using Loewner transform in [43]. Provided that
y separates 0 from oo, we may choose the biholomorphic functions f and g as
in Theorem 1.1 and assume further that f(0) = 0. Applying the invariance of the
Loewner energy under i, we get

1*(y) = IL(i(y»
Vi / 2
@ @) n 2‘

(2) f (2)
o
7T Jc\D

§'@ g (z)

8'(@) g(z)
Before closing this first introductory section on the Loewner energy, let us mention
two recent works of the second author [12,14]. In the first article in collaboration
with M. Carfagnini, the authors show that up to a universal constant involving
the central charge of SLE,, for all k < 4, the Loewner energy is the Onsager—
Machlup functional for the SLE, loop measure on the space of simple closed
curves. In the second article in collaboration with M. Bridgeman, K. Bromberg,
and F. Vargas-Pallete, there are two fundamental results. The first one asserts that
for any Weil-Petersson quasicircle, the signed volume between the two Epstein
surfaces of the hyperbolic space H? is finite. The second theorem shows a new
identity for the Loewner energy in terms of a renormalised volume involving this
sign volume and the integral of the mean curvature if y is a C>% regular curve. In
general, the Loewner energy bounds from above this renormalised volume. Such
a result is reminiscent of the previous equivalence shown by C. Bishop with the
renormalised area of minimal surfaces of H?, but it has the advantage of giving a
quantitative inequality.

|dz|?

‘ |dz|* + 4log | f(0)] — 4log|g’ (c0)!.
(1.5)

1.2. Moving Frames and the Ginzburg—Landau Equations

Moving frames, first introduced by Darboux in the late 19th century to study
curves and surfaces, were later generalised by Elie Cartan and permit to reformulate
astutely a wide class of differential-geometric problems. One now classical such
use of this theory is found in the work of F. Hélein on harmonic maps [29], where
the moving frames pave the way towards new regularity results. We give more
details about this theory in Section 2.

In [34], P. Laurain and R. Petrides suggest a new approach to relate the Loewner
energy to the renormalised energy of moving frames using the Ginzburg-Landau
energy in a minimal regularity setting (which is of independent interest). Although
the Ginzburg-Landau energy is normally used to construct harmonic maps with



Arch. Rational Mech. Anal. (2024) 248:15 Page 5 of 60 15

values into S! under topological constraints where no smooth solutions exist [5], it
should be seen more generally as a way to construct (singular) moving frames on
surfaces. Through this approach, one may hope to link quantitatively the Loewner
energy and the Willmore energy that can also be written in terms of moving frames
[37].

Let @ C C be a simply connected domain, and y = 9. In [34], it was
shown that the Bethuel-Brezis—Hélein [5] analysis carries on for general chord-arc
curves and H'/? boundary data. Using this delicate analysis [34], they obtained the
following result, which is the most relevant to our present article:

Theorem 1.3. (Laurain—Petrides, [34], Theorem 0.2, Theorem 0.3) Let 2 C C
be a bounded simply connected domain such that y = 92 is a Weil-Petersson
quasicircle. Then, there exists a harmonic map i : Q2 \ {p} — S' with boundary
data v : T' — S' which is the unit tangent vector of 3Q = T'. Let v = —i i
and w = {(ii,dv), then there exists a harmonic function u : Q — R such that
o =xd (Gq + ), and a conformal map f : D — Q such that f(0) = p, and

1

20 f =Ty

, 9f e uof (1,6)
3 f=e"vof

Furthermore, we have

/|0)—*ng2|2dx=/ |V/J«|2dx=/ /(@)
. 2 pl f'@)

where G is a Green’s function with Dirichlet boundary condition on 9S2.

2
dz|?, (1.7)

The other main result of [34] is to identify the renormalised energy in the sense
of Bethuel-Brezis—Hélein as an explicit term involving (1.7).

Remark 1.4. The harmonic function y is explicitly given by yu = log |3, flo f~! =
log | %89 f \ o f~! =1log|f’|o f~!. The last identities follow from the conformality
of f. We note that in [34], the point p is a special point such that any biholomorphic
map f with £(0) = p maximizes | f'(0)| amongst all biholomorphic maps D — .
This property is equivalent to the fact that limits of minimisers of the Ginzburg—
Landau functional minimise the Bethuel-Brezis—Hélein renormalised energy; refer
to Section 2.2 for more details.

Remark 1.5. In the statement of this theorem, d stands for the standard exterior
differential (for the flat metric), while * is the Hodge operator [33, Section 3.3 p.
131] acting on 1-forms.

We see that the frame energy (1.7) coincides with the first term in (1.3). To
obtain the second half of the Loewner energy involving

/ '@
C\D

s ldz|?, (1.8)
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we cannot easily use the Ginzburg—Landau equation to construct the moving frames
since that would force us to work on the non-compact domain C \ Q. Using the
inversion i will not suffice either. If we choose the biholomorphic map g : D —
i(C\ Q) sothat g =io goi, wehave

~y 2

2)

/ % ldz)* = / _
Dl &) C\D
which is in general different from (1.8). To overcome this technicality, we work
directly on S? to obtain a formula of the Loewner energy in terms of moving frames.

@ @ 2 .,
—_ 21 |dz)?,
0@ e Tz| 4

1.3. Main Results

Theorem A. Let ' C S2 C R3 be a Weil-Petersson quasicircle, 21, Q2 C S2 be
the two disjoint open connected components of S* \ T'. Fix some j = 1,2. Then,
forany p; € Qj, there exists harmonic moving frames (Uj,0j) + 2\ {pj} —
USQ2j x UK such that the Cartan form wj = (i j, dv;) admits the decomposition
(,()j:*d(GQj--'-/Lj), (1.9
where Gg; @ €2\ {pj} — R is the Green’s function of the Laplacian Ag4, on Q;
with Dirichlet boundary condition, and pj € C*°(2;) satisfies
—Agui=1 in Q;

goMj J (1.10)

O = kgy — 8UGQ"- on 082;,

where kg, is the geodesic curvature on I' = 02 . Define the functional & (that we
call the renormalised energy associated to the frames (i1, v1) and (i, V2)) by

&) =/ |dm|§0dvolgo+f |d a3, dvolg,
Q) Q)

+2/ Gq,Kgydvolg, +2/ Gq, K¢ dvolg, + 4, (1.11)
Q

2

where K4, = 1is the Gauss curvature of the metric go. Then there exists conformal
maps f1 : D — Q and (Fig. 1) f> : D — Qo such that f1(0) = py, f2(0) = p2
and
1 1
(= ;5(1‘) +41log |V f1(0)] +4log |V f2(0)| — 1210g(2) = ;50(1“)-
(1.12)

Notice that in the theorem, we define the functional

&) = &) + 4 log |V f1(0)| + 4m log |V £2(0)| — 127 log(2)

= / |d i[5 dvolg, + f |d a3, dvolg,
Q Q2

+2/ Gq, K¢y dvolg, +2/ G, Kgydvolg,
Q

Q)

+ 4 log |V f1(0)| + 4m log |V f2(0)| + 4w — 127 log(2); (1.13)
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Fig. 1. Harmonic moving frames on the sphere associated to a Weil-Petersson quasicircle

that is, the quantity that appears in the Ginzburg-Landau type renormalised energy.
Refer to Section 2.2 for more details.

Remark 1.10. (1) As previously, d is the exterior derivative on S2 and s is the Hodge
operator associated to the round metric go on S2. For more details on d, refer
to Section 2.1.

(2) In the theorem above, we wrote US2; (j = 1, 2) for the unit tangent bundle.
The function w ;, explicitly given by

1

IV fil? 1
szilog(T/ =]og|ij|—§log(2), (1.14)

correspond to the conformal parameter of the conformal maps fi, f> : D —
S22 c R3.

(3) The constant term 47 in the definition of & is arranged so that &(S 1y =0 (see
Remark 3.8). Furthermore, the name renormalised energy is justified by the
following identity

&) = fQ (|dﬁ1 2, +1dv1 %, - 21dGg, |§0) dvoly,
1
+ /Qz (|dﬁz|§0 + ldva 3, — 2|dG92|§0) dvolg,, (1.15)

where no constant term is involved.

(4) The solution (1.10) to the Dirichlet problem is unique, and so are the moving
frames once the singularities (p1, p2) € 21 x €2, are fixed. See Theorem 4.3
and 4.6. Notice that the geodesic curvature is understood in the distributional
sense here (see Section 6.1 from the appendix for more details). For a definition
of harmonic vector fields, refer to Lemma 4.1.

This theorem corresponds to Theorem 3.6 in the article for smooth curves and
to Theorem 5.5 for general Weil-Petersson quasicircles. The general case follows
essentially from the following result which can also be viewed as a restatement of
Theorem A without any mention of moving frames:
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Theorem B. (See Theorem 5.5) Let I’ C S? be a Weil—Petersson quasicircle and
Q1, Q C S2\ T be the two connected components of S> \ T'. For all conformal
maps f1: D — Qand fr: D — Q), we have

2
1
15T = ;§ :(/ID)WIogIijllzldzlz-l-/Dlog 1ZIIV f;1%|dz|?
j=1

+ Area(R)) + 47 10g|ij(0)|> — 121o0g(2) (1.16)

2. Technical Background

Due to the variety of notions used in the article, we review some basic results
related to the geometry of surfaces, harmonic maps, and moving frames.

2.1. Zeta-Regularised Determinant of Elliptic Operators

Since the notion plays a central role in the proof of the main theorem, we
remind basic notions related to determinants of the Laplacian, that would hold
true for more general elliptic operators (provided that the spectrum is discrete and
satisfies a Weyl Law). Let (M2, g) be a compact Riemannian surface with (smooth)
boundary. Then, the Laplacian Ay is locally defined by

1 2
A= T 2o, b (VA ).

if g; j = g(0x;, ij) are the coefficients of the metric, det(g) = g1,182.2 — glz’z,
and

ij— (—1 i+j8itlj+l 21
8 (=D “det(g) 2.1

are the coefficient of the inverse matrix of { 8gi.j } 1<ij<2 € GL3(R) (notice that we

used Zj indices in formula (2.1)). If dvol, = /det(g) dx1 A dx; is the associated
volume form and (-, -) = (-, -), is the scalar product associated to g, we define

L*(M?, dvoly) = {u cM? > R,/

2
, [u|“dvolg < oo},
M

and the Dirichlet energy is defined for all smooth function u : M> — R by

1 2
E(w) =3 /Mz |du|2dvol,,

where, locally, we have

2
\dul} = (du, du), = Z g9 0 - 0y u. (2.2)
ij=1
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On can show that E extends to the Sobolev space
wl2M?) = 2/ (M) N {u cu e LAM?, dvoly), E(u) < oo} ,

that is a Hilbert space equipped with the norm

1 2 1 2 2
iz =[5 | kvl + E@g =[5 | <|du|g+|u| )dvolg.

Notice that W!2(M?) does not depend on g by smoothness of this metric (and
neither does L2(M?2, dvol ¢))- Here 2’ (M?) stands for the classical space of distri-
butions [46]. We also define

W1.2
Wy 2 (M?) = C*(M?)

as the closure of compactly supported smooth function in the W -2 topology, which
is the space of functions that “vanish on the boundary”’—this informal interpretation
can be made precise thanks to trace theory. Integrating by parts, one easily checks
that for all u € WH2(M?) and ¢ € W,'>(M?), the following identity is verified:

/M2 (du, d@)gdvoly = — /M2 @ Agudvolg. (2.3)

Wessay that . € Ris a (Dirichlet) eigenvalue of — A if there exists an eigenfunction
u € Wy2(M?) \ {0} such that

—Agu=2Au in M% (2.4)

By standard elliptic regularity, any eigenfunction u belongs to C°(M?). Due to
(2.3), we deduce that all eigenvalues are positive. Furthermore, the classical spectral
theorem shows that the set of eigenvalues is discrete, and if we write the eigenvalues

as an increasing sequence (counted with multiplicity) {Ak = (M2, g) } reny Where
0 <r (M g) <ha(M? ) < < (M, g) — o0,
the Weyl law shows that
4r
(2.5)

Mo~ — k.
* ko0 Vol (M?)

In particular, we can define the Minakshisundaram—Pleijel [36]; see also [3, Chapitre
IIL, E.]) zeta function of Ay as

1
Tag(s) = Z w
k=1 "k
and (2.5) shows that ¢a,(s) is holomorphic on C N {s : Re (s) > 1}. In fact, the

zeta function can be defined on any compact Riemannian manifold (N¢, i) (with
or without boundary) by the same formula, and it converges if Re (s) > d/2. For
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example, in the case of the circle S!, the spectrum of the Laplacian is {n2 }neN, and
since each non-zero eigenvalue has multiplicity 2 (correspond to the two eigen-
functions cos(n - ) and sin(n - )), we get

S
£2() zzzm =2¢(29), (2.6)
n=1

and we recover the standard zeta function of Riemann. As the classical zeta function,
¢a, extends meromorphically to C, and one can show that it is in fact holomorphic
in a neighbourhood of s = 0 [15,16]. This is where the regularity of the boundary
is needed to rewrite the zeta function using a Mellin transform and the precise
asymptotic behaviour of the heat kernel at t — 0. Therefore, one can define the
(zeta-regularised) determinant of the Laplacian Ag as

dety (—Ap2,4) = exp (—C’Ag (0)) : 2.7

Notice that for all s € C such that Re (s) > 1

o0

log ()
/ —
a0 == —
k=1 k
Therefore, we have the formal identity
(0.¢]
log (Ak)
det; (—AMz’g) = exp (—{’Ag (O)) = exp (Z gks
k=1 "k /=0
o o
= exp (Z log (Ak)> = 1_[ Ak,
k=1 k=1

which is reminiscent of the Euler formula for the negative powers of the Riemann
zeta function, and justifies the name of determinant of the Laplacian. For example,
using the identity

1
¢'(0) = — log(2m),
we obtain by (2.6) the explicit value
— / _ 2
det; (—Ag1 ) = exp (~42'(0)) = 21)%.

In the case of 2, the positive eigenvalues are given by {X, = n(n + D},>1 and A,
has multiplicity 2n + 1 for all n > 1, which gives the formula

o0

2n+1
{ap(s) = Z m,

n=1
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that is indeed valid for all s € C such that Re (s) > 1. Let us mention that the values
of determinants on the round spheres have been explicitly computed [42,54]. For
example, we have

wioo
\o|—

1
det; (—Ag) =T> (5) 2

where I'; is the Double Gamma function. Here, we used the identity

1 1 / 4 1
e2 =exp 5—4{(—1) = A%t =3.195311---,

1
"(=1) = — —log(A),
(=D 5 0g(A)
where A = 1.282427 - - - is the Glaisher—Kinkelin constant [25,26].
Notice that if ¢ : (M?,g) — (N2, h) is an isometry (¢*h = g), we have
(M2, g) = A (N2, h) for all k > 1, which implies in particular that

det, (—AMz’g) = det; (—Apn24)- (2.8)

For example, if 7 : $2\ {N} — C s the stereographic projection and 2 C S?\ {N}
is an open subset with smooth boundary 32 C 2 \ {N}, we have

det; (—Ag,g) = det; (~Ar@).gz) - (2.9)
where gg is the round metric on §* ¢ R> and

 4fdz)?
ST U+ P

We will repeatedly use formulae (2.8) and (2.9) in Section 3 to transform determi-
nants on the sphere into determinants on planar domains for which computations
are easier. From the computational aspect, it appears that evaluating explicitly the
Loewner energy of a given curve is quite challenging, and the formula expressing
the Loewner energy as zeta-regularised determinants may indicate why. Let us con-
clude this section by listing important additional references, some of which were
useful to write this section [23,38,41,44,47].

2.2. Harmonic Maps and Renormalised Energy of Moving Frames

If (M?, g) is a smooth Riemannian surface and N” is a closed Riemannian
manifold (that we assume to be isometrically embedded into R?), we say that
u : M?> — N"isaweak harmonic map provided that it satisfies in the distributional
sense the equation

—Agu = A,(Vu, Vu), (2.10)

where A is the second fundamental form of the embedding ¢ : N" — R4 (129,
Lemme (1.2.4)]), and V is the Levi-Civita connection on N". Explicitly, if x € N"
there exists an open neighbourhood U C N of x and smooth maps (v, 41, -+ , vg) :
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U — (R such that for all y € U, (Vy41(y), - -, va(y)) is an orthonormal
base of (TyN")*. Then, for all (X, Y) € T,N" x TyN", we have
d
Ay(X.Y) = (VxV)t = Y (X, Vyui)v.
i=n+1
Therefore, (2.10) can be locally rewritten as
ou Ju
—Agu = Lia, 2.11
ol = Zg <8x’ ax,> (2.11)
i,j=1
where { ghd } 1<i,j<o Ar€ defined in (2.1). Let us also remind that the second funda-

mental form A satisfies the following symmetry property: for all y € N" and for
all X, Y e TyN", A, (X,Y) = A (Y, X).

In the specific case where N" = §?~! R, it is easy to show that (2.10) is
equivalent to

—Agu = |dulju, (2.12)

where |du|§ was defined in (2.2). In this article, we will be concerned with the
construction of unitary harmonic vector fields on S* with prescribed singularities,
that should be seen as immediate generalisations of harmonic maps with values into
S for planar domains of C. Let us recall the most relevant aspects of the classical
Ginzburg-Landau theory. Let 2 C C be a domain with smooth boundary (the
theory makes sense for quasi-disks, but it would change little to the presentation).
Due to degree reasons, if h € H 1/ 2(89, sl ) has non-zero degree, it does not admit
any extension in WI’Z(Q, S| ). In other words, we have

W@, sY = W@, SHN{u:u=nh on aQ) =

Let us check this fact. One can define the degree of an H'/2 map i : 92 — S! as
1 1
deg(h):—/ hxdh=— hldhz—hzd/’ll.
2 IQ 2 A0

Notice that this integral makes sense (in the distributional sense) thanks to the
H'/2/H~1/2 duality. The fact that for an H'/2 map, the degree is an integer is due to
L. Boutet de Monvel and O. Gabber [19]. If & admits an extension u € w2 (2, Sl),
we, get by Stokes theorem,

1 1
deg(h):Z/d(mdug—ugdm):;/ dui Nduy. (2.13)
Q Q

However, since |u|2 = 1, wehave (1, du) = 0. Therefore, taking the wedge product
of this equation, we find that

{0=(uldu1+u2du2mduz=u1du1Ad”2 (2.14)

0=dui AN (uyrduy +urdur) = ur dui N duy.
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Using once more that |u|?> = 1, we deduce that du; A dus = 0, which finally
implies by (2.13) that deg(h) = 0.

The Ginzburg—Landau theory consists in constructing harmonic S'-valued maps
with non-zero degree prescribed boundary values. The idea is to minimise the func-
tional

E(—1 duldvol, + —— [ (1 — P4
au)—2 QI uly V0g+482 Q( lul”)"dx

amongst maps u :  — C such that u = & on 9€2. By standard minimisation of
E., one finds a minimiser u, : 2 — C satisfying the system of equations

1
—Aug = — (1 — ue[Hue  in Q
I

us=h on 02.

By the previous analysis, we know that {E, (u¢)}.- is unbounded as ¢ — 0, lest
a subsequence converge to a W'+ map that extends 4 (which is impossible by the
previous discussion). The main difficulty of the theory is to extract a limit of u, as
& — 0, since we know that the limit cannot be regular. Furthermore, on can prove
that if deg(h) = d > 1, then

1
Ec(ue) >~ 7 d log <—> .
€
A remarkable feature of the minimisers of the Ginzburg—Landau functional is that
one can extract a renormalised energy from the fine asymptotic behaviour of E (u,).
Before stating the main theorem, let us define the notion of renormalised energy

according to Bethuel-Brezis—Hélein. Let p1,---, pgy € Q be d distinct points.
Define, for all ¢ > 0 small enough,

d
Q. =2\ [ Be(p)),
j=1

and let
& =W"(Q)N{v:v="h on 3Q and deg(v,dB:(p;)) =1 forall 1 < <d}.

F. Bethuel, H. Brezis, and F. Hélein showed ([5, Theorem 1.7]) that if v, minimises
the Dirichlet energy E on &, then, as ¢ — 0, the following limit exists and is finite

1 1
Wi(pi, -, pa) = lim (-/ |Vve|?dx — 7 d log (-)) (2.15)
e—>0\ 2 Qe &

This quantity is called the renormalised energy associated to 4 and {p1, --- , pa}
in the sense of Bethuel-Brezis—Hélein.
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Theorem 2.1. (Bethuel-Brezis—Hélein [4,5]) Let Q@ C C be a simply connected
domain with smooth boundary y = 32, and h € C® (32, S') be a map of degree
deg(h) = d > 1. Then, there exists a sequence {&,},cny C (0, 00) such that

ey —> 0and d distinct points p1, - -+, pq € Q2 such that
n—od
e, —> ug in Ch(Q\{p1,---,pa})  forall keN
e (2.16)
ue, —> ug in CH%(Q) forall o < 1.
n— oo
where ug € Wllo’CZ(Q \{p1,--- . pa}, SY) is a harmonic map with degree 1 singu-
larities. More precisely, for all 1 < j < d, there exists 0; € R such that
0. 2 Dj
uo(z) = =—LL 4 0(z = p;P). 2.17)
lz = pjl
Furthermore, the following limit exists
. 1
lim | Ec(ug) —mwdlog | —
e—0 &
and there exists a universal constant y € R such that
. 1
lim | E¢(ue) —mdlog| — | | = Wi(pr. -+, pa) +dy, (2.18)
e—0 &
where Wy (p1, - -+, pa) is the renormalised energy associated to {p1, - - - , pa} and
h, and the configuration Wy, (p1, - -+ , pa) minimises Wy, amongst sets of distinct
pOints {qla t ,Qd} - Q

We see that u fails to be in W2 due to a singularity in
Z
2]

near pj (1 < j < d) according to (2.17). This terminology justifies the expression
renormalised energy in the article, since we show that taking the sum of the Bethuel—
Brezis—Hélein renormalised energies on each simply connected domain defined by
a simple curve I' (with boundary conditions given by the unit tangent or normal)
yields (up to a constant term) the Loewner energy of I' C S2. Using the special
form of u( given by Laurain—Petrides’ result Theorem 1.3 (refer to [34] for detailed
argument), let us show how to identify Bethuel-Brezis—Hélein renormalised energy
in the case of a boundary data given by the unit tangent (that has degree 1) as the
“first half”—up to a 27 log | f/(0)| term—of the Universal Liouville action S} (see

(1.3)), where we write
(@) 2 / g"(2)
S = d
1) /D 7ol " sl e@

+ 4 log | f/(0)] — 4 log |g' (00)|.

¢ Whi(D)

2 2

2
ldz|
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Let Q@ C C be a simply connected domain and assume that y = 9<2 is a simple
curve of finite Loewner energy. Let T = A : 3Q — S! be the unit tangent of 9,
and {u.},.o be a sequence of minimisers of E.. Then, thanks to [34], as in [5,
Section II1.1], if g(8) = ¢'? define, for all ¢ > 0,

1(8,¢8) = inf {1/ |Vw|2dx+L = |w|2)2dx}.
wew2(80.5).82) [ 2 JB(0,5) 42 Jp0.5)
Notice that we have the important invariance
16.6)=1 (1, g) , (2.19)
which permits us to define, for all € > 0,
I(e)=1(,¢). (2.20)

By [5], we know that
0,0) > R

t— I(s)—nlog(é)

is a decreasing function, which implies in particular that the following limit exists

and is finite:
1
y = lim (I(s) — 1 log (—)) < 00.
e—0 &

This is the constant y appearing in (2.18). Furthermore, by Theorem IX.3 of [5]
(quoted above in Theorem 2.1; see equation (2.15)), we have

1
E¢(ug) = mlog <§) + We(p)) +y +o:(1), 2.21)

where W (p1) is the renormalised energy defined in (2.15). Up to a translation of
2, we can assume that p; = 0. We actually only need to know that the limit exists
since we will use another expression of the renormalised energy. Thanks to [5, 1.8,
VI1.2 and VII.1], we have

1 1
— f |Vuo|?dx = 7 log (—) + WL (0) + O(e). (2.22)
2 Jo\B©,s) €

Forall p € Q,let G, : 2 — R be the Green’s function of the Laplacian on 2 such
that

AG, =274, in Q
G,=0 on 9%2.
Now, we know by (2.17) that for § > 0 small enough, we have the expansion

1o (z) = éeimz) for all z € B(0, §),
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where H : B(0,§) — R is a smooth harmonic function. In particular, we deduce

that
5 1 1
Vup@)lI" = —+ 0 — |-
|z] |z]

Therefore, we have the estimate
2 2 1 1
[Vugl” = [VGol" = O ﬁ e L (R2). (2.23)
z

Now, let Gp = log |x| be the Dirichlet Green’s function of the unit disk D C C,
and f : D — Q be a conformal map such that f(0) = 0. By conformal invariance
of the Dirichlet energy, we have

AGpo fTH =278 in
Goof'=0 on 0%,

which shows that Go = Gp o f —1 Now, for all > > 0, we have for all ¢ € R and
§ > 0 small enough

/ |V log |x||2dx = —27 log(A8(1 + ¢ 8))
B(0,1D\B(0,18(14c8))

— 27 log (é) — 27 log(A) 4+ O(8). (2.24)

In particular, since we have the Taylor expansion f(z) = f’(0)z + O(|z|?), we
deduce that there exist ¢ > 0 such that

B(O, )\ B (o, L) 1s(1 — ¢ 8)) c ! (sz \ B(O, 5))
C B(0, )\ B(O, | f(0)|~'8(1 + ¢ 8))
and by (2.24) that
|

1
—/ B |VGD|2dx:7rlog <—)+nlog|f/(0)|+0(8).
2 .0\ (B0.8) 8
Using the conformal invariance of the Dirichlet energy, we finally deduce that

1

1
- / IVGol2dx = 7 log (—) +log|f'(0)] + O). (2.25)
2 Ja\B©.5) 3

Finally, by (2.22), (2.23) and (2.25), we deduce that

(1
W, (0) = lim -f <|Vuo|2—|VG0)|2)dx + 7 log|f(0)]
5—>0 |2 Q\B(0,5)

1 .
= -/ <|Vu0|2 - |VG0|2) dx + 7 log | f(0)]. (2.26)
2 Ja
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Likewise, if x : 02 — § 1 is the unit normal, since the minimiser v, of E, for the
Dirichlet boundary data x is a constant rotation by — /2 of u,, we deduce that

N1
Ee(ue) + Ee(ve) = 27 log (g) +3 / <|Vu0|2 Vool — 2|VG0|2> dx
Q

+ 27 log | £(0)] + 27 2.27)

Now, recall that by Theorem 1.3, we have

1
-/ <|Vu0|2+|Vv0|2—2|VG0|2)dx=/ lw — xdGq|*dx
Q Q

2
_ / (@
D

f(@)
Notice that in this identity, G = Gy. Finally, we deduce by (2.27) and (2.28), we
have

2
ldz|?. (2.28)

2

_ 1 %)
Ee(ue) + Ee(ve) = 27 log <8) + /]D) @)
+ 27 log | £/ (0)] + 2y + 0. (1). (2.29)

|dz|?

Taking the limit as ¢ — 0, we find the identity

J

which indeed corresponds to two terms in (1.3) (up to a 27 log | f/(0)| factor). Now,
comparing this formula with (1.15) and (2.29), one may justify the terminology
renormalised energy used in the present article. The major difference with [34] is
that we do not use the Ginzburg—Landau equation to construct the relevant moving
frames but construct them via complex analysis methods. The main difficulty is to
show that the new formula for the Loewner energy holds true for Weil-Petersson
curves, which forces us to make a detour via another functional that possesses the
right compactness properties.

Here, we see that the first two terms of the expression of the Loewner energy are
almost equal to (up to this 277 log | f/(0)| factor mentioned above) the renormalised
energy of the moving frame (1o, vo) : 2 — S! x S!, where by moving frame, we
simply mean that (1, vg) = 0 identically. In this article, we also consider moving
frames on the sphere. In this case if £ C S2, we say that a couple of unit vector
fields (ug, vo) : 2 — S? x S%isa moving frame if (1o, vo) = 0 identically, where
(-, -)is the restriction of the scalar product of R? on §2. In general, moving frames
are sections of the unit bundle of a given Riemannian manifold, but we will not
need any general definition in this article (refer to [29, Chapitre 4] for more details).

2

(@
f (@)

1
|dZ|2 + 27 log |f,(0)| = lin(l) (Es(us) + E¢(ve) — 27 log (g)) =2y,
e



15 Page18of 60 Arch. Rational Mech. Anal. (2024) 248:15

3. Moving Frame Energy via Zeta-Regularised Determinants for Smooth
Curves

The following expression of the Loewner energy will prove to be crucial in this
section:

Theorem 3.1. (Y. Wang [59]) Let o € C*®(S2%,R), g = €2*go be a metric confor-
mally equivalent to the spherical metric go of S%, and T’ C S? be a simple smooth
curve. Let Q1, Qy C §? be the two disjoint open connected components of >\ T.
Then we have

detg (—Ag ) dete(—Ag2 )

15 =12 log ,
det; (—Agq, ) det; (—Ag, ¢)

3.1)

where S% (resp., S_Zi_) is the southern hemisphere (resp., the northern hemisphere).

We now use the formula (3.1) expressing the Loewner energy in terms of zeta-
regularised determinants to link the Loewner energy to the renormalised energy of
moving frames on $2. First, let go = g 52 be the standard round metric on § 2 Let
Fc $%bea simple smooth' curve, and let Q1,2 C $2 the two disjoint open
connected components of §2 \ I'. Since we are working on a curved manifold,
we cannot directly use the result of [34] to construct moving frames with the
Ginzburg-Landau method. However, we will construct them directly in Section
4 (see Lemma 4.1 and Theorem 4.3). Therefore, let us assume that (ii1, v1) :
21\ {p1} — U S? x U S? are harmonic vector fields such thatii; = r on Q2 = T’
(where T is the unit tangent on I'), and the 1-form w = (i1, dv;) satisfies

w=xd (Gg, +pn1) in Z'(Q) (3.2)

where Gg, : @1\ {p1} — Ris the Green’s function for the Laplacian on 1 \ {p1}
with Dirichlet boundary condition. Namely, G, satisfies

Ag G, =278, in 2'(2)) 3.3)
Gg, =0 on 9L,
and 1 : 21 — Ris a smooth function satisfying
—A =1 in
softh 1 (3.4)
ooy = kg, — 0,Gg, on 092].

where kg, is the geodesic curvature with respect to the round metric go, and the
normal derivative is taken with respect to the go.
To fix notations, we recall the following result:

! 1t is necessary to assume that the curve is smooth for one will need to recurse to the
Froebenius theorem below. Furthermore, the formula for the Loewner energy using the zeta-
regularised determinants [59] only works for smooth (or at least C 3) curves ([53], Corollary
3.12).
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Theorem 3.2. ([32], see also, [31,57]) Let Q@ C C (resp., 2 C $2) be a bounded
simply connected domain such that dS2 is chord-arc, and let g be the flat metric on
Q (resp., go be the round metric on S%). Then for all p € R, there exists a unique
Green’s function Gg,, € C®(Q \ {p},R) with Dirichlet boundary condition.
Furthermore, for every h € H'Y?(3Q, R), there exists a unique function u €
WI’Z(Q, R) such that

Agu=0 in Q
u=~nh on 092.

Whenever it is clear from context, we will write G, for Gg, ;.

Remark 3.3. The existence of a Green’s function follows from its conformal in-
variance and the uniformisation theorem. Indeed, if 2 is a Jordan domain, and
f : D — is a biholomorphic map such that f(0) = p, and Gpo = log|z|,
then Go,, = Gpoo f —1. We assume that 92 is chord-arc so that the trace theo-
rems apply as in [32,57]. The passage from C to S? is easy using a stereographic
projection and the conformal invariance of Green’s functions.

Now, following Proposition 5.1 of [34], it is not hard to see that their proof
using the Froebenius theorem also works for domains of the sphere, and we get a
conformal diffeomorphism ¢ : (—o0, 0) x dB(0, p) — 21\ {p1} for some p > 0
such that

350 (s, 0) = eG2°9THIVG 6

dpp(s, 0) = eCno9HIey, o .

Notice that the Proposition 5.1 of [34] gives a privileged p; € 21, but we will show
in Theorem 4.3 that p; can be taken arbitrarily (see also Theorem 5.5). However,
the proof works for an arbitrary harmonic moving frame whose Cartan form admits
an expansion as in (3.2) where w1 solves (3.4). Since w1 is defined up to an additive
constant, we can assume that p = 1 in the following. We define the conformal map
f1 : D — Q1 using the polar coordinates by

J1(r,0) = p(log(r), 6),

we can continuously extend f] at z = 0 such that f;(0) = p;.

Now we relate 111 to fi. Since fj is conformal, the function G = Gg, o fi :
D\ {0} — Ris harmonic on D\ {0}, satisfies G = 0 on 9D, so by (3.3), we deduce
that

G = Gpo = log|z|.

Therefore, we have

1 1 - -
dr f1 = —0se(log(r), 6) = —elogmtuiefiy fi= eM1ef1g) o fi
r r

1
-9 f1
p

(3.5)

1 N
~dp¢(log(r), 8) = e"1°1ii; o fy.
.
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Since |u1| = |91] = 1, and (i1, v1) = 0, we deduce that

1 )
0 fil* = =5 130 i? = 1))

(0r f1, 99 f1) = 0,
which shows that the conformal parameter of f is
VAP = (1Al 4 i) = e
2 2\ r2 ’
which implies that
_ 1
i =log|Vfilo fi! — S log(2). (3.6)
In particular, we have
1
mi(p1) =log |V f1(0)] — 3 log(2), 3.7
where p; € i is the singularity of the moving frame (i1, v1) : Q1 \ {p1} —
US? x US>.
We can relate the change of metric by f; to i1 as follows. If ¢ : Q) C §2 <R3

is the inclusion map, we have go|q, = ("gg3-
As f1 is conformal, we have

1 o
figoi, = fift"grs = (to f1)*grs = 5|Vf1<z>|2|dz|2 = 21013 g|?

2
_ 2mefio-2v@ _Hdzl”

(14 [z»)?

= N2 (1 go) I, (3.8)

where
¥ (z) = log (L> ,
1+ |z|?
and 77! : C — 82\ {N} is the inverse stereographic projection. Writing for
simplicity
2
gD = % = D1dz? = (v golp,

we deduce by (3.8) that

goie, = (fi o £ ) (o) = (F7 ) o, = €20 (£7)* (gm),

so that (by an abuse of notation for the last identity)

_ _ of1
(7D (gp) = e 2HF N g0 = e™igg g, (3.9)

where

@1(2) = —p1(2) + Yo (2).
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Remark 3.4. To summarize, the above discussion shows that the moving frame
(ii1, V1) satisfying the boundary condition i1 = 7 on I, (3.2), and (3.4) is tightly
related to a conformal map f; : D — 2 using Froebenius theorem as in [34], in
the way that the moving frame satisfies (3.5). However, we can start directly with
any conformal map f; and (3.5) gives a moving frame (ii1, v1) which satisfies (3.2)
and (3.4). This is the approach we take in Section 4 which allows us to relax the
regularity assumption of 921 =T.

Definition 3.5. Define the open subsets §2,8% c §? by
$2=5n{wy.0eR 2> 0}
s2 :Szﬂ{(x,y,z)eR3:z <0}.

Theorem 3.6. Let T' C S? be a smooth Jordan curve, and let Q1,2 C S2 the two
disjoint open connected components of S> \ T'. Fix some j = 1,2. Then, for all
pj € Qj andfor all harmonic moving frames (ii j, V;) : Qj\{p;} = UQ; xUQ;,
assume that the Cartan form w; = (iij, dv;) admits the decomposition

wj =x*d (Gg; +1j),

where Gg; : 2\ {pj} — R is the Green’s function of the Laplacian A4, on Q2
with Dirichlet boundary condition, and pj € C*°(;) satisfies

{_Agoﬂjzl in Qj

(3.10)
O = kgy — BVGQ_/. on 092,

where kg, is the geodesic curvature on T' = 02 j. Define the functional & (that we
call the renormalised energy associated to the frames (i1, v1) and (ii2, V2)) by

&) :f |dm|§0dvolgo+f |du2|§,0dvolg0+2/ Ga, Kgydvoly,
Q 9%} Q)
+2/ G, Kgydvolg, + 4m.
Q)

Then, there exists conformal maps f1 : D — Qp and f, : D — Q2 such that
f1(0) = p1, f2(0) = pp and

L 1 1
14(T) = —&() +410g |V f1(0)] + 4log |V f(0)] — 1210g(2) = —& (D).

Remark 3.7. If W; (j = 1, 2) is the renormalised energy in the sense of Bethuel—
Brezis—Hélein (see Section 2.2 in the planar case, especially equations (2.15) and
(2.30)) associated to the moving frame (i, v /) —or more precisely, to its boundary
data—(see [5] and [34]), we have

Wi+ Wy = &) + 2 log |V £1(0)| + 27 log |V £2(0)],

since w1 —*dGgq, = *xduy.
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Proof of Theorem 3.6. If =1 : C — §2\ {N} is the inverse stereographic projec-
tion,

4)dz|?

_ _ 2¥(2) 2
= =¢ dz|*,
=0T 1p)2 4z

and S? is the southern hemisphere, we deduce that

det{(_Asi,go) = det; (—Ap,zrg,) = dety (—Ap,gy) = detr (—Agq, g op)
= det; (—=Ag, ), (3.11)
and by the Alvarez—Polyakov formula (see (1.17) of [41]) and (3.9), we have

logdet (-Ag , ) —logdet (—Ag, 4)

= logdet; (—Ag, ¢) — logdet; (—Ag, g)
1

— _E{/Ql \day |3 dvolg, +2/Ql Kg,a1 dvoly,
+2frkg0a1 d%@ﬁ)+3fravald%§g}

= _é{/gl |d(—p1 + 61)[5,dvoly, +2/Ql Ky (=121 + 61)dvoly,
+2 [ kg + 00} +3 [ +91>d%;,;}. (3.12)

Notice that the first identity follows from the conformal invariance of the zeta-
regularised determinants which implies identity (3.11). If we choose I to be oriented
as 0€21, and

O =vof .

Therefore, using subscripts with evident notations, we deduce by Theorem 3.1 with
g = go and formula (3.12) (see the proof of Theorem 7.3 from [59] for more details)
applied twice that

detg (—Ag2 o) dete (=Ag )

det; (—Agq.g) dety (—Aq, g)
det; (—A det; (—A
= —127 log ety (—Ag, g ) det; (—Ag, 4))
det; (—Agl,go)det; (—Agzygo)

=/Q |d(—p1 +01)|§0dV01g() +2/Q K¢y (=1 4 61)dvolyg,
1 1

— 7 I5() = =127 log

w2 [ g+ 00d A +3 [ am+onan
1

1

+ /Q |d(— 112 + 02)[5,dvolg, + 2 / K gy (— 2 + 62)dvoly,
2

Q2
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+ 2/ ko (—pi2 + 02)d I + 3/ do(—pa+O)dA) . (313
082 092

Notice that provided that I" is given with the same orientation of 92|, we have
2/ kgy(—p1 + 91)d=%’;§, + 2/ kg (—p2 + Gz)d%@t
092 0820

=2 [ k(g + 00+ 2 = 0, G.14)
r

Since Koy =1 = —Ag 1 on 1, we have

/ Kgo(—Ml)dVOIg():/ w1 Agyprdvolg,
Q) Q1
== [ tdmiidvoly + [ womd st
Q r

= _/Q |13, dvolg, + [F (kgo — 0,Ga,) prd Ay,
1

(3.15)
by (3.4). Therefore, we deduce that
2/ Kgo(—p1 + 61)dvolg, +2f ko (=101 + 01)d Ay,
Q1 021
= —2/ |d 1[5 dvolyg, —2/ 0,Go, uid A, +2/ 01dvoly,
Q r Q1
+2/ keo01d A . (3.16)
r
Now, we have
/Q ld(— 1 + 61)[5,dvoly, :/Q ld(—pu1 + ¥ o f7 I3 dvoly,
1 1
:/Q |d 13, dvolg, —2fQ (dpr, d(W o fi 1) gpdvolg,
1 |
+/Q d( o f; I3 dvolg,. (3.17)
1

Since —Ag 1 = 1, we deduce that
—2/ (du1,d(r o f71))gpdvolg, = —zf (dp1, dBy) gydvoly,
Q1 Q
= 2f 01 A gy1t1dvoly, —2/ 010y 1d A,
Q1 r
=2 / 1dvolg, — 2 / kgo01d S,
Q r

+2/ 3,Go,01d 7. (3.18)
r
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Now, by conformal invariance of the Dirichlet energy, we have
|t o s R avoly, = [ vuPidzP,
Q D
Since ¥ (z) = log(2) — log(1 + |z|%) and v is real, we have

/|V1ﬁ|2|dz|2—4/ 10,9 |dz|* = 4 M—47110 (2) —
b b b (1+ 1272 £

(3.19)

Therefore, we get, from (3.16), (3.17), (3.18) and (3.19),
/ ld(—m1 + 91)|§0dvolg0 + 2/ Ky (—p1 + 61)dvolg,
Q Q)
+2 / ko (—p1 + 01)d Ay,
aQ
= / ld 1%, dvolg, — 2/ (dp1, d6y)gydvoly, +/ |d6; |3, dvoly,
Q Q Q

—2/ f1dvoly, —2/ kgy61d ) +2/ 8,Go,01d.A)

:/ |du1|g0dvolg0 M M*—Z/‘%Gszﬂld(%})

+/ |d91|g0dvolg0
Q)

_2/ \d 1[5, dvolg, —2/ 0 G, uid Ay, +M+M
Q) r 1 T

= _fQ |d 1[5, dvolg, +/Q |d91|§0dv01g0+2/F3UGQI(—M| + 0)d A}
1 1

= —/ |d 1 [, dvolg, + 2/ 0Ga, (—p1 + 01)d Ay +4mlog(2) — 27 (3.20)
Q r

Now, since 8] = ¥ o f_l, and ¥(z) = O forall z € S!. we have 6 =0onT.
Therefore, we have

2/ 0,Ga, (—p1 + 01)d A, = —2/ 0Go, uid A, (3.21)
r r
Now, since —Ag 1 = 1 and K¢, = 1, we have
/ Ga, Kgydvoly, = _/ Gq, Agyu1dvolg,
Q) Q
= —/ 1184, G, dvoly, —/ (Go o1 — 18,Ga,) d.A#y,
Q Q

=20+ [ it Gayd A, (3.22)

02
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where we used the Dirichlet condition Go, = 0 on 92; = I". Therefore, (3.21)
and (3.22) imply that

2/]:3,,GQ|(—/L] + 00 d A = —2/91 Ga, Kgdvolg, —4mpi(pr).  (3.23)
Gathering (3.20) and (3.23) yields
/Ql |d(—p11 + 01)[5,dvolg, + 2/91 Kgy(—pt1 4 61)dvoly,
2 [ (o + 004
ol

= —/ |d iy |§Odvolg0 — 2/ Gq, Kgydvolg, — 4m 1 (p1) + 4 log(2) —
Q1 Qi

(3.24)
We also have
[, cmronarty s [ acmemani=o 62
EloR a0
Indeed, we have by the boundary conditions (3.10)
/ dyu1d L, /k d .ty — / 30,Gq,d .y,
3% aQ
= / kgod A — / A Ga dvoly,
r Q
= / kgodvolg, — 27;
r
/ dyprd Ay = — / kgodvolg, — 27. (3.26)
Gl r
We also have by the conformal invariance of the Dirichlet energy
/ ,01dH,, :/ Agyf1dvolg, :/ Aw|dz|2=/ Wy dA = —
aQ Qi D st
(3.27)

Therefore, we finally, get by (3.26) and (3.27),

[ ocmronany+ [ o uatenan
022 20

=— <f kgodvolg, — 2n> -2 — (—/ kgodvolg, — 271) -2 =0,
r r

which proves (3.25).
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Finally, we deduce, by (3.13), (3.24) and (3.25), that

—x It = —[ |d 1 [5,dvolg, — 2/ Ga, Kgydvolg,
Q Q
—4mpuy(pr) +4mlog(2) — 2w

— /Q |d,ug2|§,0dvolg0 — 2/52 Ga, Kgydvolg, — 4mua(p2) + 4m log(2) — 2
2 1
= —/ |d w1 [5,dvolg, —/ |d 2 5,dvolg, —2/ Ga, Kgydvoly,
Q Q) Q
—2/ G, Kgydvolg,
Q
— 4 pi(p1) — 4w pua(p2) + 8w log(2) — 4n. (3.28)

Recalling the identity (3.7), we finally deduce that

7 1) :/ |d 13, dvolg, +f |d a3, dvolg, +2/ Ga, Kgydvolg,
Qi Q2 Q

1

+2/ G, Kgydvolg, + 4m
Q)

+ 47 1log |V £1(0)| + 47 log |V 2(0)| — 127 log(2). (3.29)

Now we introduce the functional

&) =fQ |dm|§odvolg0+fQ |dm|§odvolg0+2/Q Ga, Kgydvoly,
1 2

1

+ 2/ Gq, Kgydvolg, + 4. (3.30)
Q2
‘We deduce that
1
IL(F) = ;5(1") +4log |V f1(0)| + 41og |V f2(0)] — 1210g(2). (3.31)

This concludes the proof of the theorem. 0O

Remark 3.8. We check that equality (3.31) holds for the equator S'. Using the
definition (1.3) with the conformal maps f, g being the identity maps, we see that
IE(S") vanishes.

Let us first check that

ESH=0

with the marked points p; = S = (0,0, —1) and p, = N = (0, 0, 1). This identity
justifies the term 47 in the definition of & as we remarked earlier.
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For this, since Koy = 1 on 21 = S2, after making a stereographic projection
7 : 8%\ {N} — C sending S to 0, we find that

/GzK dvol =/GD(Z) 4ldzl” =/ 4log [<]
sz om0 T (1+12192 7~ Jp (1412122

1 rlogr
=8r ————dr
o (I+r2)?

1 1 )
log(r) + 3 log(r) — 2 log(1 +r )i|

|dz|?

1 1
7T —_——

[ 2(1+7r?) 0
= 27 log(2). (3.32)

We take f1 = 71_1|D which is consistent with f1(0) = p; = S. By (3.4) we
have 9, = —1 on S! and —Agyu = 1lin $2 which translates to

4 .
—AM(Z) = m in D.

We deduce by a direct verification that i« (z) = — log(1+|z |2). (This is easy to guess
since by (3.6), i can be computed from the conformal factor of f1.) Therefore, we
have by the conformal invariance of the Dirichlet energy

J:

2
w—#dGg| dvoly = / |d ]}, dvolg,
~lgo s2

=/ V) Pdx =/

D D
S

- ”/0 T+

8 /1 . L )d
T — r
o \1+7r2 (1+r??

e | Loga 4+ L L]
7| =lo r =
2 % 21472,

2x 2

1+ |x|?

=8n (% log(2) — %) =4mlog(2) —2m. (3.33)

Finally, by (3.32) and (3.33), we have

/2 |l — xdG g |3 dvolg, + 2/2 G Kgydvolg, + 27
N B Nt -

= (4 log(2) — 2m) — 4w log(2) + 27 = 0.

Applying the same computation to 2, = Si with fop = —f1 : D — Si which
is consistent with the choice po = N = f>(0), we obtain the claimed identity
&E(ShH =0.
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Now we show that
41og |V f1(0)| +41log|V fo(0)| — 1210g(2) = 0. (3.34)

Since the inverse stereographic projection is given by

2Re(z) 2Im(z) —1+|z|2)

-1
) =T 7)) = . ,
h@ @ <1+|z|2 Tz 1422

we compute directly that
IV £1(0)] = |V f2(0)] = 2v/2

which concludes the proof of (3.34) and shows the identity (3.31) for the circle S 1

4. Construction of Harmonic Moving Frames for Weil-Petersson Curves

In the previous section, we showed that in the case of smooth curves, the
Loewner energy was equal to arenormalised Dirichlet energy of a specific harmonic
moving frame. In this section, we will directly construct harmonic moving frames
satisfying appropriate boundary conditions for arbitrary Weil-Petersson quasicir-
cles. In the next section, we will show that Theorem 3.6 holds for non-smooth
curves.

Before stating the main theorem of this section, we recall an easy lemma on
harmonic vector fields.

Lemma4.1. Let T C R3 be a smooth surface, 1 : ¥ — S2 jts unit normal, and
g = (*gp3 be the induced metric. Assume that u : ¥ — S2 is a smooth critical
point of the Dirichlet energy amongst S*>-valued maps such that (ii, 1) = 0. Then
u satisfies the following Euler-Lagrange equation:

—Agii = |dii [Jii + (2(dii, dit)g + (il Aghi)) i, 4.1)

and we say that i is a harmonic vector field. If UX is the unitary tangent bundle
of £, and (4,V) : £ — UL — UX C §? x §? are harmonic vector fields such
that {ii, V) = 0, we see that (i, V) is a harmonic moving frame.

Proof. We proceed as in Lemme (1.4.10) of [29] , taking variations X that also
satisfy (X, n) =0. O

Remark 4.2. On can also recover the equation as in [29, Exemple (1.2.7)]. Indeed,
if i : ¥ — §2 were a critical point of the Dirichlet energy, we would only get the
standard harmonic map equation (2.12). However, due to the constraint that # is a
vector field, there is an additional normal component. Using that TﬁL(x) S2=Ru (x),
we deduce that there exists A1, Ap € R such that

Agii = Ay li + da i 4.2)
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Since |i|? = 1, taking the Laplacian of this equation, we deduce that (A gl i) =
—|du |§,. Likewise, as i is a vector field, we have

0= Ay ((ii, 1)) = (Agii, i) + 2(dii, dit ) g + (it, Agit).

Therefore, using once more that (i, 71) = 0, taking the product of (4.2) shows that

-

A= (Agil, i) = —|dii [}
Ay = (Agid, i) = — (2(dit, dii)g + (if, Agii))
and finally, (4.2) is equivalent to
—Ngii = |dii [3ii + ((dii, dit) g + (ii, Agit)) 7. (4.3)

The following result is the same as Theorem 3.6, but for a general Weil-
Petersson quasicircle:

Theorem 4.3. Let I’ C S? a Weil-Petersson quasicircle and let 21, Q22 be the two
open connected components of S> \ T. For j = 1,2 and for all pj € Qj, there
exists a harmonic moving frame (ii j, v;) : ; \ {p;} = UQ; x UQ; such that
the Cartan form w; = (iij, dv;) admits the decomposition

wjz*d(GQj+Mj), 4.4)

where Go; = G, p; * 2\ {pj} — R is the Green’s function of the Laplacian
Ag, on Q; with Dirichlet boundary condition and singularity p; € Qj, and u; €
C>°(R2)) satisfies

—Aguj =1 in Q; @.5)
O =kgy — E)VGQ/. on 082,

where kg, is the geodesic curvature on I' = 0.

Remark 4.4. The Neumann condition for u; (1 < j < 2) is understood in the
sense of distributions, since the geodesic curvature is only in H~!/2(I") in general
(see the appendix for more details).

Proof. Rather than using the moving frame that comes from a Ginzburg-Landau
type minimisation as in [34]—that would have had to be carried in the geometric
setting of domains of S>—we directly use the uniformisation theorem and the
geometric formula of [59] (that does not require any regularity on the curve I') to
construct the relevant moving frame. We now construct the moving frame on 2.
The construction for €25 is similar.

Step 1. Definition of (ii1, v1) and /41.

Let 7 : S\ {N} — C be the standard stereographic projection and assume
without loss of generality that N € 5. Let @ = 7 (€21) C C be the image domain
and y = (') C C be the image curve. Thanks to the uniformisation theorem,
there exists a univalent holomorphic map f : D — € such that f(0) = 7 (p1).
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Now, let fj =77 1o f : D — Q. Notice that f;(0) = p;. Explicitly, we have

2Re (f(2)) 2Im(f(2)) —1+If(z)I2>
L+ 1f@QP 1+ 1f@F 1+If@72 )"

h@ =" (f@) = (
A direct computation show that

A=F) —ia+7) 2f
A+ 12 A+ 1P A+1fP2

azf1=f’<

Now, by analogy with the construction in Section 3 (see also [34], Proposition 5.1),
define ;1 : Q1 — Rand ity : Q) — US?and v; : Q) — US? by

o f1 = eH1e 10 fi
1 .
—df1 = euloflul o fi.
r
Then, we have from direct computations

4 @)

2piof1t — 3, 2 0 =20 2 NN
¢ 19, f11? = 2|9f1| N1 = T Fome

Therefore, we deduce if © = @ o f that
1) =log| /()] — log (1+ | £(2)) +log(. (4.6)
Since 9, = %(8)( —1idy), we have
dr f1 = cos(6)dx f1 +sin(0)dy f1 = Re <| |>R€(3 - (I |>Im 021
;Bgfl = —sin(0)d, fi + cos(8)d, fi = —Im (I |>Re 0. f1) — (I |)Im @ f1).

By the elementary identities for all a, b € C

Re (a)Re (b) + Im (a)Im (b) = Re (ab)
Re (a)Im (b) 4+ Im (a)Re (b) = —Im (ab),

we deduce that

o f1 =

A+ 1@ A+1f@1H% A +1f@)I*?
1
—30f1 —|3zf1>

m ( f()<(1—f(z)) i+ f@%  2f@ )>
2| A+ QP A+1f@QP?> d+1f@P2))

(i ( 1-f@») i+f@>  2f@ >>
d
—Im
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More generally, if ¢ : C — C is a smooth complex function, we have
dpp = —Im (2) (3; + )¢ +Re ()i (3; —F) ¢ =i (200 —2¢). (4.7)

Since

21"

1
|3zfl| = ;|30f1| = Tf(z)lz,

we deduce that

FOI\A+ QP T+ 10D A+1f@P)
,;loflzlm<Zf/(z)<(1—f(z)2) i+ f@Y 2/ >>

5lof1:Re<Zf’(Z)((l—f(z)z) i+ f@)  2f() >>

2/ @I \A+ QP A+ /@ A+1f@I7)
(4.8)

Notice that
F@ = (1= 1@, i+ 1,2/ ()

is a holomorphic null vector, i.e. (F(z), F(z)) = 0 (notice that here, (-, -) is the
real scalar product on R3, extended by linearity on C3), so we see directly since
|I;1| = |51| =1 that

(ur,v1) = 0.

Step 2. Verification of the system (4.5).
Part 1. Equation on €2 for u;.
Since u = 1 o f1, the equation —Ag uy = 1is equivalent to

—Ap = et (4.9)
Thanks to the explicit expression in (4.6), and by harmonicity of log | |, we have
1N FI () / 2 / 2 2
A =45, 1'@f (Z)2 :4< |/ @) - L/ @I |f(zz)|z)
I+ 1@l L+1f@1F  A+1f@I9)

_ AP
A+ @R

Recalling that

4ldz|? s
N=m — = (T s

we deduce that

411 (2)?1dz|?

QT @pe =1 se= fH@ g0 = (7 e ) g0 = fi'go-
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Therefore, (4.9) can be rewritten as
—Agrg(uro fi)y =1
or by conformal invariance of the Dirichlet energy
—Agou1 = 1. (4.10)

Part 2. Boundary conditions.
If 4 : C — R is a smooth function, we have

y _ Re(2) Im (z)

X
dh = aeh + ayh = 9. + o) h+ i (0, — 3) h
v \/m X \/m y |Z| (Z Z) |Z| (Z Z)
— 2Re <ﬁazh). @.11)
Z

This implies since 1(z) = log| f/(z)| — log(1 + |f(z)|2) + log(2) by (4.6) that

10 @ If@P
2@  f@1+If@F

o u(z) =

and

z (@) @ 1f@P )
dyu=2Re | —d,u) =R -2
a e<|z| “) e(zf%z) T T+ 1R

on 0D in the distributional sense. We will comment on it in Remark 5.6. Recall that
the geodesic curvature on 92 is given (see [17]) by

kgy = (U1, dgv1). 4.12)
From (4.8) it is natural to define

2f'(2) ((1—f(z)2) i(l+ f@)? 21 (2)

YO = po U ifon T+ fon 0+ 7P

) = x (¥ (2),

where

_TD (Ve (75 - Lo (o
x(z)—m—exp<210g (27@) - 5 log (c <z>))

. ) (4.13)
1p(z)=<1—f(z) i+ f(@) 2f(2) )
L+ 1f@QP 1+1f@FP  1+1f@1*)"
so that U1 o f; = Re (¢) and ii1 o f1 = Im (¢). Then, we compute
(582
9 ¢ (4.14)

BYEE
Oex = z(f’(z) * Z)X'
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We also get
_ J0f@ 2f' @
82170_ 1+|f(z)|21ﬁ+ 1+|f(Z)|2( f(Z)slf(Z)s l) 415
() f(z) @15
=i

Since (Y, ) = 0, we have (3;v, ) = (3zv, ¥) = 0. In particular, we have

((_f(z)7 i f(z)7 1)7 1/j)

= T7OR (=f@.i f@. D, (1= f@%i(1+ f@H.2f(2)) =0, (4.16)

while
(—r@.ir@. 0, (1- 7@ - (1+ 7). 27@))
=—f@Q+TROIf@QF + @+ TOIf@QF +2f@) =21 + (),
so that
(=f@.i f). D, V) =2f(). (4.17)
Therefore, we deduce, by (4.15), (4.16), and (4.17), that

(0. 9) = (90, 9) = (09, ) = (V. ¥) = (Y, V) = (34, ¥) =0

— 2@ f@
— 2f'(2) f(2)
00, ¥) = T
= v 1+1f(2)?
The identities (4.14) and (4.18) imply that

(@)
@

and since |x|? = 1 and | |* = 2, we have
- o [ @)
(20,0 —Z20z0, 90 + @) = =2 (Re (z f’(z)) + 1)
+ 1@ (2 (x@ @ ¥) + @ 0. )

2 (@00, 9) + x@ (09, ) )

f”(z)> ) '@ 1f@)? _ff@ If@P
=-2(R 1 2 2
( e(Zf%z) M e N W T S W T

'@, @ _If@F )
1@ f@Q1+1f@12)’

13z§0—23z¢=—<Re (Z >+1)¢+X(Z)(Z3z¢—5%¢),

=—-2—-2Re (z
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so that
kgy = (i, 99v) = —(dgut, V) = —(dpIm (), Re (¢)) = —Im ((dp¢, Re (¢)))
1 1
= —Elm (i (200 —207) , 0 + @) = —ERe ({200 — 20z,  + @)

_Rr (f”(z) G |f (@)
=KRe | Z
7@ T TH IR

)+1 = dyu + 1 =09y + 9,Gp,
4.19)

which concludes the proof that it solves the system (4.5) by the conformal invari-
ance of the Green’s function (we denoted for simplicity Gp = Gp,o = log| - |).

Step 3. Verification that (i1, v1) is a harmonic moving frame.

Now, thanks to Lemma 4.1 and (4.1), the maps i; and ¥; are unit harmonic
moving frames if and only if they satisfy in the distributional sense (refer to Theorem
4.6 for the proof of this equivalence) the system (writing i = {10 f; and v = vj0 fj
for simplicity)

—Ail = |Vil%i + Vi,V A
{ il = |Vii|%i + (2(Vid, Vi) + (i, Aii)) it 420)

— AV = |V3*D + (2(VD, Vi) + (U, Ai)) i
where 71 : D — S§? is the same map as f; but viewed as the Gauss map associated

to the branched minimal immersion of the disk from D into R3 with Weierstrass
data (f, dz). Itis given by

ﬁ(z)_(zReq(z)) 2Im (£ (2)) —1+|f(z)|2>
S+ If@QP 1+ 1@ 1+1f@2

By adirect computation, we see that the Gauss map satisfies the following equations

8 ()|
Vi =——
Vi@ A+1f@1%)2
— Al = |Vi .

In particular, the previous equation (4.20) must reduce to
—Aii = |Vii i + 2(Vii, Vii)i

) 4.21)
—AV = |V0 |70 + 2(V1, Vi ).

However, since (ii, An) = |V |2(i, ) = 0, wededuce that — (A, 1) = 2(Vii, Vi),
and since |Vi|?> = 1, we also get (by taking the Laplacian of |i#|*> = 1) that
—(Au, ) = |Vii|*u. Therefore, we need only check that

-

(Ail,T) = (AD,ii) =0 4.22)

to show that # and v satisfy the equations (4.21). Recall from (4.13) that # = Re (¢)
and v = Im (¢), we deduce that

Aii =Re (Ap), AT =Im(Ag)
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and we have
1 1
(Re (Ap), Im (¢)) = Elm (A, 9)) — zlm(Mso,@))
1 1
(Im (Ag), Re (p)) = Elm ({(Ag, ) + EIm ((Ag, 9)).

Therefore, the equations (4.22) are equivalent to

Im ((Ag, ¢)) = Im ((Agp, @)) = 0.

Using (4.15), (4.16) and (4.18), we get

(Ag, ) = —4(3;9, 0z¢p)
f”(z) ') f @)
AR A 1
< f/(z) TiTG )|2( f@,i f@), 1),

_(f”(z)+_>_ rar@y A _g
2\ '@z L+f@I? ’

which implies in particular that Im ((A¢, ¢)) = 0. Then, we compute

_ 1"(@) /(@) f(2) _
39, 9) = S )
o9 = <( <f’(z) Tz ) 1+|f<z>|2)“” g”>

_ (f”(z) +1)_2 Fore \
fl@  z 1+ f(2)?

1 _ _ _ _
1(89.9) = 0:(0:90,9) — (920, 0.9) = 0:(3:0,9) — |9z,

Therefore, we have

where we used 3,9 = d-¢. By (4.26), we deduce that

/ 2 / 2 2 / 2
9.(00.7) = -2 OF_ SII@QPSQE 21

so that

81/ @)

AT S 2
A+ Ifpe ~ ol ek

which implies that

Im ((Ag, 9)) =0.

15

(4.23)

(4.24)

(4.25)

(4.26)

L+1f@F  “A+1f@»%  A+1f@P*

4.27)

Therefore, we deduce that (4.24) holds, which implies that # and v solve the equa-

tions (4.21).
Step 4. Proof of the decomposition w1 = *d(Gq, + 11).
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- - -

Recall that, # = i1 and v = vy, and let
w=(i,dv) = (u,dv) + (i, 90).
Recall that since *dx = dy and *dy = —dx, we have
xdz =%(dx+idy)=dy—idx =—i(dx+idy)=—idz
*dz =idz.

Therefore, w = *d (u + G) (where we write for simplicity G = Gp = log| - |)
if and only if

(,90) + (i1, 00) =x (A (u+ G)+ 3 (u+ G)) = =i d(u+ G) +id(u+ G),
which is equivalent to the identity

(,0) =—id(u+G). (4.28)
We have, by (4.14) and (4.15)

1 1 " 1 eNTFIoY
azazaZRe(go):z(azg)Jr@):z( (f @ 1 >¢_ fQI@

(@) 1+ 1f(2)?

21'(z) 1" (@) >_ @ f@) _
=S e 1 _ LA
T yop @/ @@ D <f(z)+z g 1+|f<z)|2“’>
_ 1" @) ) 1 f0f@ R
- (f(z) m) = T RN
f'(@) .
B - - 1.
1+|f(z)|2X(Z)( f@.i f@), D
Therefore, using (4.16), (4.17), (4.18), and (ii, v) = 0, we deduce that
o ('@ 1
(u, 9;v) = (Im (p), 9;Re (¢)) = > (f’(z) + )
i fl2) . —
+ zm«—f@), i f(2), 1), ¥)

_ ('@ _2@r@ 1
@ 1T+If@P

and this concludes the proof of (4.28) since by (4.6)
1
9, (u(z) +log|z]) = 0, (log £ (@) —log(1 + | f@)P) — 5 log(2) + log Izl)

(f”(z) 2f' @ 1 )

'@ 1+1f@7?

This last identity concludes the proof of the theorem. O



Arch. Rational Mech. Anal. (2024) 248:15 Page 37 of 60 15

Finally, we will establish the uniqueness of distributional solutions of the system
(4.3) with appropriate boundary conditions (4.5). This is the exact analog of Remark
I.1 of [5]. First, we need to define explicit maps that yield trivialisations of vector
fields on simply connected domains of the sphere. Let Q1 C S2 be as Theorem 4.3.
Using the stereographic projection 7 : S\ {N} — C, we have one holomorphic
chart z on §2 \ {N}, and for a domain | C 52 \ {N}, it yields a trivialisation
TR — Q2 x C, where Q = 7(22)).

More explicitly, let X : © — R3 be a vector field such that (X, 71) = 0, where
7 : Q — S? is the unit normal given by

2Re(z) 2Im(z) —1+|z|2)

—1 -
T Z) =n(7) = B )
©=n <1+|Z|2 L+ 2127 1+ 122

Now, we introduce the function ¢ : C — C3, given by

1-22 i(l+2%) 2z )
L4212 14+ z2 " 14+ z2)°

v(2) = (
and we easily check that

W) =0 |yP*=(y,¥) =2 (4.29)

Therefore, we deduce that (i1, i) defined as follows is a tangent unit moving
frame (orthogonal to 71 )

u1(z) =Re (Y (2)), u2(2) = Im (¥ (2)).
The trivialisation map on | C S?\ {N} is then given by

TR — QxC
(z,v) = (2, (v, U1 (2)) +i (v, U2(2))), (4.30)

while the trivialisation map of sections is given by

Vo, : T(TQ) - C®(Q1,0C)
X — (X, u1) +i{X, ). 4.31)

Notice that for all tangent vector field X, we have (X, 71) = 0, which implies that
there exists real functions A1, Ao : 21 — R such that

X = Ay + Aiip.

Remark 4.5. Using the next Theorem 4.6, it is easy to check that (i j, v;) (j = 1, 2)
are harmonic vector fields since by (4.13) and (4.14), we have

2
x = IVxl*x,

f'@ 1
/(@) * z

i.e. x : D — S!is a harmonic map with values into S'.
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Theorem 4.6. Under the conditions of Theorem 4.3, let Q] = Q1 \ {p1} and
ue WIL’CZ(Q*, U NWEHQ, UQ) be a unit vector field in Q1, and let iig =
W, (i) : Q1 — S'. Then i is a harmonic vector field on Q, i.e.

- -2 - - - - - -
—Agyu = |du|gou + (Z(du, dn)g, + (u, Agon)) n
if and only if g is a harmonic map with values into S', i.e.
- - 2 -
—Agyitp = |du0|g0u0.

In particular, for all degree 1 boundary data h € H'?(Q;, S") and p € Q,

there exists a unique unit vector-field ii € le’cz(Q*, UuQ)nwhl (21, U) such

that u = \11511 (h) on 921 and such that iy = Vg, () satisfies in the distributional
sense

div (iig x Viig) =0 in Z'(Q).

Remark 4.7. If iy : Q — S!, writing locally iip = ¢'¥ for some real-valued
function ¢, we deduce that i is harmonic if and only if

—Aiio = (Yol =i (Ap)) itg = Viio .

Therefore, ii( is harmonic as a map with values into S! if and only if ¢ is harmonic,
ie. Ap =0.

Proof of Theorem 4.6. By making a stereographic projection, thanks to the confor-
mal invariance of the harmonic equation, we deduce that for all unit vector-field
u € T(TQY) is given in Q = 7y () as

=i Re(¥) + A2 Im (¥), (4.32)

where

1-22 i1+ 22 )

Z) = 5 s
ve <1+|z|2 14122 " 14 |z

Furthermore, we have )L% + A% = 1, which implies that there exists a measurable
function ¢ such that A; 4+ iX, = e™'?. In particular, we can rewrite (4.32) as

ii = cos(p) Re () — sin(p) Im (¥) = Re (e 7'?) Re () + Im (¢ ™) Im (¢)
=Re (ei‘/’l//) ,

where we used the identity Re (a) Re () + Im (a) Im (b) = Re (a b) valid for all
a,beC. If

U = sin(g)Re () + cos(¢)Im () = Im (e'?4)),
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we immediately have (i, v) = 0, andsince [u |> = |[v|? = 1, while —An = |Vn |*#,
we get
u
n) = —2(Vu,Vn) — (ii, An) = —2(Vi, Vi),
and similar formulae for v. Therefore, we deduce that (i, v) solves the system
—Aii = |Vii |%i 4 2(Vii, Vii)ii in Q
—AT = |VU|*0 + 2(V3, Vi)i in Q,

if and only if

Now, we compute
Aii = Re ((i Ap - |V<p|2)ei“’w) +2Re (ie“ﬂw : wf) +Re (e"‘/’m/f)
= —(A)Im (e"9) — |Vo|*Re (e'/9) + Re (e"ww)
= ~(A@)T — [Voli + 2Re (ie"Vp - Vi) +Re (€ Ap)
AV = (A@)ii — |Ve|?i +21Im (iei(pVgo . Vlﬁ) £ Im (" AY).

We have since (Vg, ¢) = 0 the identity

(Re (ie'?Vo - Vi), 6) =Re <iei¢V¢ -V, M>
l J—
= —5Re (Vo (VY )
<Im (ie'¥Vg - V), ;,’> =Im <iei¢v(p VY, M>
1 J—
(Re (eiwAw), 7) =Re <ei¢A1/f’ W>

_ %Im (X av. ) - %Im Ay, )

(Im ('Y AY), il)

%Im (e ay. ) + %Im (AY, ).
In particular, we have
.. 1 : 1
(Aii. ) = ~(Ag) = Re (Vo - (V. ) + 31m (X4 (Ay. y)) = SIm (A ¥)

- e 1 _
(A, i) = (Ag) +Re (Vo (Vy. ) + 3Im (X¥(Ay. y)) + Im (Ay. P).
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Summing those equations and substracting the first one to the second one yields
the system

Im (e2"¢’(Aw, 1p>) =0

B B (4.33)
2(Ap) +2Re (Vo - (Vi ) +Im (Ay, ¥) = 0.
We will show that for all smooth real-valued function ¢ : Q — R
Re (Vo - (Vy, ¥)) = (Ay, ¢) =Im (Ay, ¥) =0, (4.34)

which will imply that (i1, ¥) solves the system (4.33) if and only if Ap = 0, or ¢
is harmonic.
Now, we compute

z 2
0, = — + —z,0z,1
34 1+|z|21// 1+|z|2( )
Z
Zw 1+|Z|21/f

‘We have

Vo -V =20.9-0:¢ +20:¢- 0¥
70,9 4 20z¢

— + —20;¢,i20;¢, 0;¢) — 2
l+|z|2w l+|Z|2( Zw Z‘p Zw) 1+|Z|21ﬂ
70,9 ) 4 .
= —4Re + ————(—z0;¢,iz0;¢, 0;¢).
<l+|z|2 14 1+|Z|2( (4% 29, 0:9)
Then we have
1 —1 4 |z|? 2 -
—AY = iy = — —z,i7°, 2). 4.35
V= =AY T e ) 33
Now, notice that
1
) >: <_2-2 (1_2-1 2 ))
z2°,iz%,2), 27,iz°,2), 25,1142, 2z
(¢ )=l ) 1+
2 -2 2 ) 2
= (1 =2 +z"(1 +z +21>=0,
le|Z|2( (1 =)+ +7)
which implies as (¥, ¥) = 0 and by (4.35) that
(AY, Yy = 0. (4.36)

Now, we have

(=222, 2).9) = - (—12(1 P+ 20+ + 2|z|2> =2z,

+1z)?
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Since |/ |> = (¥, ¥) = 2, we deduce that

2-1+1zP) 4z )_ 8

- - eR. 4.37
(I+z? (L +1zH)? 1+ [z @37

(Ay, ) =4 (
‘We now compute

(=2 iz, 1), ) = (—z(l —PA) 1+ + zz) _ oz

1+ z?

which shows since ||> = 2 that

) — 2z N Z 2z
STz T 1+ 1z2 T 1+ 22
(O, ) = ——=
z¥> = 1+|Z|2.

Therefore, we have

47 dz¢ 4700

Vo VY, ) =200 - (8.9, ¥) +20.9 - (39, ¥) = T2 T3P

70
= 8iIm (Z—Z‘”z> ciR,
1+ |z]

and this immediately implies that

Re (Vo - (Vy, ) =0. (4.38)

Finally, we deduce by (4.36), (4.37) and (4.38) that (4.34) holds and that the system
(4.33) holds if and only if Ap = 0. If u = go, = Vg, (g) for some g : Q| =
[ — S, then we have

M4k =g,
or
e=g onT.

In particular, the function ity = e . Q \ {p1} — S! is a harmonic map on
Q1 \ {p1} satisfying iig = h on I'. Now, notice that provided & € W1(), one
can rewrite the equation distributionally as
div (i x Vi) = 2(Vu, Vi)n x i.

In particular, since u( is harmonic, we deduce that

- - a (. ol a (. il

div (ug x Vug) = — uoX—O + — Lt()X—O =0.
3)61 3)61 3)62 3)62

By Theorem 1.5 and Remark 1.1 of [5], we deduce that i is the unique harmonic
function with a singularity at py such that iig = & on d€2;. This concludes the proof
of the theorem. O
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5. Proof of the Main Theorems for Non-smooth Curves

In order to extend Theorem 3.6 to the non-smooth setting, we will obtain another
formula for & in terms of conformal maps and that holds true for any closed simple
curve of finite Loewner energy. Using this additional formula, the convergence
result will be easily obtained.

Under the preceding notations, if I' C S? Weil-Petersson quasicircle, from
Remark 3.4, thanks to Theorem 4.3, there exists harmonic moving frames (i, V)
and (ii2, V) on Q2 and 2, with arbitrary singularities p; and p», respectively, such
that

&) = f |d 1[5, dvolg, + [ |d 12 [5,dvolg,
Q) Q)

+ 2/ Gq, Kgydvolg, ~|—2/ G, Kgydvolg, + 4.
Q Q0

where w; = (ii,dv;) = %d(Ggq; + ;) in 7'(Q;) for j = 1,2, and u; satisfies
(3.10). We saw in Theorem 3.6 that in the case of smooth curves, there exists
conformal maps f; : D — 2 and f, : D — 7 such that

1 1
15 = ;@@(F) +41og |V f1(0)| +41og |V f2(0)] — 1210g(2) = ;é”o([‘).

In this section, we generalise this result to curves of finite Loewner energy. Now, if
7 : 82\ {p2} — Cis a stereographic projection, since f ;D — Q; is conformal
and 77 is also conformal, we deduce thatwo f; : D — 7(2;) C Risalso conformal.
Therefore, these maps are biholomorphic or anti-biholomorphic, so up to a complex
conjugate (which is an isometry), we can assume that they are holomorphic. Notice
that Q = 7(£2;) is bounded, while 7 (£2;) = C\ Q is unbounded. Therefore, if
i:C\ {0} - C\ {0} is the inversion, welet g = w o fr0i: C\ D — C\ Q and
f=mo fi:D— Q. From (1.3) and (1.4), if y = 7 (I"), we have

” 2 ” 2
) =1t :/ PACI) - / '@
I () e |dz|” + e |dz|
+ 4w log | £ (0)| — 4 log | g’ (c0)]. (5.1

Indeed, since f>(0) = p>, we have g(co) = o0, so that the functions f, g satisfy
the needed conditions to apply Theorem 1.1.
Now, with the previous notations, define the functional

&) = &) + 4 log |V f1(0)] + 4 log |V f2(0)| — 127 log(2).

Definition 5.1. Let y be a Jordan curve with finite Loewner energy. Let f/ : D — €2,
g : C\D — C\ Q be biholomorphic maps such that g(co) = 0o, we define the
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third universal Liouville action S3 by
f'@ '@ 1f@P

S =
3(y) /]D) (2) f@) 1+ |f(Z)|2
+/ [g@ 8@ s | 2f
Cc\D

+ =] |dz)?
4 f'(2))*dz|? 41¢'(2)|2|dz|?
+2/10glzl | (@) ldz| 2/ log 2| lg'(2)|°|dz] .
D C\D

2
|dz|?

g () g 1+1g@> =z
A+1f@P)? (1+1g()[»?
+ 47 log | f'(0)] — 47 log |g'(00)| — 47 log(1 + | £(0)[%).

Remark 5.2. (1) One may wonder about the origin of this formula. It will be made
clear in the proof of the next theorem where we explicitly rewrite &y with the
help of the conformal maps f and g defined above.

(2) We call this quantity S3 since a functional called S, was defined in [53] as the
log-determinant of the Grunsky operator associated with the curve y (up to a
factor — %).

The goal of this section is to show the identity
It =8 =8 =¢&. (5.2)

The third equality is straightforward and is proved in Theorem 5.3, and the
proof of the whole identity is completed in Theorem 5.5.

Theorem 5.3. Let I' C S? be a simple curve of finite Loewner energy. Then we
have

&) = S3(I).

Proof. IfT' C S? is a curve of finite Loewner energy 2| and 2 the two connected
components of s2 \I[',and f1 : D — Qp, f» : D — Q; are the conformal maps
associated to I' in the definition of & with f;(0) = p; for j = 1, 2. Now, recall
from (3.6) that

1
log |V fil = 710g(@) + p1 0 fi.

We have, by conformal invariance of the Dirichlet energy,
/D IV log IV 1] 1dzl? = fD V(a1 o fi) 2 1d2l? = / ldpr 2, dvolg,.  (5.3)
Q)

Since f7 is conformal and f1(0) = p1, we have

Ga, 0 f1(z2) = Gg,.p © f1(2) = Gp,o(z) = log|z].

A change of variable gives

2/ Gq,dvoly, =/10g|z||Vf1|2|dz|2. (5.4)
Q1 D
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Finally, we deduce by (5.3) and (5.4) that
&o(T) = [Q |d a1l dvoly, + /Q |d a3 dvoly, + 2]9 Ga, Kgydvoly,
1 2 1

+ 2/ Gq, Kgydvolg, + 4m
Q0
+ 4m log |V f1(0)| + 4m log |V f2(0)| — 127 log(2)

=f |v10g|Vf1||2|dz|2+/ |v10g|sz||2|dz|2+/log|z||Vf1|2|dz|2
D D D

+/ log |zI|V fo|?1dz|? + 4
D
+4mlog |V f1(0)| 4+ 4 log |V f2(0)| — 127 log(2). (5.5)

Up to a rotation of S, we can assume that p, = N and if 7 : §?\ {N} — C
is the standard stereographic projection, let

f=mofi:D—>Q
g=mofr:D—C\Q

which we assume without loss of generality to be biholomorphic (up to a complex
conjugation). Now, since

2Re (f(2)) 2Im(f(2)) —1+|f(z)|2>

1 _
f](Z)—JT (f(z))_<1+|f(z)|2’1+|f(z)|2’ l+|f(Z)|2

a computation shows that

P G i W [ i Y

) T+ 1£1D2 A+ A+1£122 )
which implies that

2P 2 2,2 N 2
941 = ey (L= PP+ 1L+ PR 4 P) = s
We deduce that
2 2 8| f'I?
VAR =40l = 5 (5.6)

Therefore, we have

3
log |V fil = log | f'| —log(1 + | fI*) + 5 log2),
so that

47 log |V £1(0)] = 4 log | £/(0)| — 47 log (1 + |f(0)|2) +6rlog2) (5.7)
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Since Q2 = f(D) is bounded, we have

2 If@Pldz? /
/ If' (@) A+ 1fG )|2)2 =7 | @P1dzl? Area(Q) <oo.  (5.8)
Therefore, (5.8) implies that Vlog |V f1| € L%*(D) and

/ 2
va! Vi 2d 2=/ _Zf(Z) | f(2)]
fm' e VAR = | 150 T2 F o T+ 1700
while (5.6) implies that

2
ldz|? < o0, (5.9)

"

f log |z S @Pldzl
o (I+If@P*

which is finite by (5.8) and the smoothness of f in ID. Since the function g:D—
C \ Q is unbounded at 0, we need to check that
~ ~ = |2 ~ ~ ~
/ @ 8@ |\, o f @ LF@ P
g@ 1+E@P g@ @ 1+g@I?

For this, as g is univalent and g(0) = oo, we deduce that g admits the following
meromorphic expansion at z = 0 for some @ € C \ {0} and ag, a1 € C

/ log |z||V fil*ldz|*| = — (5.10)
D

2
2
ldz|” < oo.

g2 =g+ao+alz+0(lzlz). (5.11)
Therefore, we have, by a direct computation,
7@ _L,T@ _B@P _ a (ﬁ ~ @) 2
g@) g 1+18@)? a a2  a |a|?
+ 0(|z*) € LL.(D). (5.12)

Since I' is a Weil-Petersson quasicircle, we deduce by estimates similar to (5.8)
and (5.9) that Vlog|3'| € LD\ D(0, £)) and g’ € L2(D \ D(0, &)) for all & > 0
and we finally deduce that

/N”(z) L@ [RoP

2@ 2@ 1+2@))

Now, if g =go0i:C\D — C\ Q, we compute and

F@ LF@ R@P 1 <g”(1/z> L8/ g/ )

g'(2) 2@ 1+18()? '(1/2) g(1/z) 1+1g(1/2)I?

A change of variable shows that

/N”(z) L8 [Ro)P
g () 2@ 1+18()?

_ / g'@) 8@ 1g@)P
opl @ gk 1+|g(z)|2

2
2
ldz|

2
2
ldz|

2
|dz|? (5.13)
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Furthermore, we directly get that

/1og|z|M:/10 12| Ig'(1/2)*>  |dz|?
(1+1g@”* 1+ 121/ 121

=/ 1og(i> 18 (2)ldz|?
b -\l d+1g@I»?

/ 2d 2
:_/ LG 51
C\D

(1 +1g@H*

Now, notice that

, Slg@P 8
VAP = e = T 00D

which implies that
log|V f2| = glog(Z) — log|a.
Furthermore, the expansion (5.11) shows that as |z| — oo, we have
g(z) =az+ O(D),
so that |a| = |g’(c0)], and
47 log |V f2(0)| = —4m log |g' (00)| + 67 log(2). (5.15)
Finally, we deduce, by (5.7) and (5.15), that
4 log |V f1(0)| + 4m log |V f2(0)| — 127 log(2)

= 47 log| f(0)] — 47 log|¢'(00)| — 4mlog (1+ [ OF).  (5.16)

Gathering (5.5), (5.9), (5.10), (5.13), (5.14), and (5.16), we finally deduce that

cE’O(F)=fD|Vlog|Vf1||2|dz|2+/D|V10g|Vf2||2|dz|2+/D10g|z||Vf1|2|dz|2

+/ log |2||V f2I*|dz|* + 47
D
+ 4 log |V f1(0)] + 4 log |V f2(0)| — 127 log(2)

:/ f'@ L@ VP [, .
ol @ @ 1+ If@P

f '@ @ lg@l?

+ -2 =

b | &' g 1+1g@? =z
2] 1 —_—

* /D(’g'z'<1+|f<z)|2>2

4" @)PldzI* _2/ 10g|z|4|g’(z>|2|dz|2
C\b (1+1g@))?

+ 47 log | f(0)] — 47 log | (00)| — 47 log(1 + | (0)I%)
= S53(I)

2
2
ldz|

+ 4

which concludes the proof of the theorem. O
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2

Remark 5.4. If " = S!, then we cantake f = Idpandg = Idc\ﬁ, and we compute
'@ '@ 1f@P a2

S3(I) =

3@ /JD)f/(Z) f@ T+IfQP
/ @ gd@ lg@P 2
+ -2 =
o\ | &) g 1+1g@? =z

411 (2)1*|dz|? f 41¢' () |dz|?
21 -2 1 LI e
* /Dog'z'<1+|f<z>|2>2 oo O e@pE T

+ 47 log | £/(0)| — 4m log |g' (00)| — 47 log(1 + | £(0)[%)

2 2 2 2

d d

——8/ —|Z| 42| +16/10g|z|—|Z| dz] +4r
D D

2
2
ldz|

(141222 (14122
L 3ar 1 rlog(r)dr
=16 —— +32 —= 44
”/0 a2 " ”/0 A2z T

1 1
= l6x (Z(Z log(2) — 1)) + 327 (—Z 10g(2)> + 47
=0
as expected.

In the next theorem, we finally complete the proof of (5.2) by showing that
L) = S3(I).

Theorem 5.5. Let I C S? be a closed simple curve of finite Loewner energy. Then
we have

=) = lé‘b(r),
T

where & is defined in (1.12). Furthermore, if 21, Qy C SZ\F are the two connected
components of S* \ T, for all conformal maps fi : D — Q and f> : D — Q, we
have (Fig. 2)

2
1
1) = - § :</D|Vlog|ij||2|dz|2—i—/DlogIZIIij|2|dz|2+Area(§2j)
j=1

+4m log |V f; (O)|) — 121og(2)

Proof. By Theorem 3.6, we have the identity L) = %@("O(F) for all smooth I,
and by the preceding Theorem 5.3, we have &y(I"') = S3(I") for any Jordan curve
I of finite Loewner energy. Therefore, we will prove that 11 = %S3 which will
imply our result.

We now let 21, 2, C S2 \ T" be the two connected components of 52 \ T,
and f1 : D — Q, f : D — Q> be the two conformal maps associated to
Q1 and €27, and let p; = f1(0) and py = f>2(0). Up to a rotation on 52 (which
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Fig. 2. Spherical formula for the Loewner energy with respect to conformal maps

does not change any of the energies considered), we can assume that p, = N. If
7 : 8%\ {N} — C is the standard stereographic projection, let y = 7(I"), and
the bounded component of C \ y and define f = w7 o f; : D — 7n(RQ) = Q2 and
g=mo froi:C\D— C\ Q such that (using Theorem 5.3)

'@ @ If@QF [P,

&) =S = -2 d
o =5 /D o o i+ifor] 1
@ d@ kP 2,

- 2y

+[12\1D> 70 g0 1+@pP Tz =

411 (2)*1dz)? / 418" () |dz|?
+2 /1 —_ 2 1 —=— 14
/D R ror? st a T opr T

+ 4m log | f/(0)| — 4m log|g'(00)| — 4m log(1 + |f(0)|2). 5.17)

Now, let {y,,},,cn be a sequence of smooth curves converging uniformly to a simple
curve y, and f, : D — C be a sequence of biholomorphic maps such that f,,(0) =
0, £,(0) = 1 and f,(D) = ,, where Q, is the bounded component of C \ y,.
Thanks to Corollary A.4 of [53] and Theorem 8.1 [59], the following convergence
result holds:

2

@ @) Wz = 0.

H@ @

lim /
n—oo D

Here f : D —  is a univalent function such that £(0) = 0 and f'(0) = 1.
Therefore, we deduce that

15(r,) — 15(). (5.18)
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2

In particular, for any sequence of holomorphic maps g, : C\ D — C \ Q, such
1"
z

that g, (00) = 00, since
2
ldz|* + /
fr;(Z) C\D

+4m log | £,(0)| — 4 log |g,,(00)|

" 2
=f 1 @) |dz|2+/ _
D c\D

@)
we deduce that
/(C\D

for all univalent function g : C\ D — C \  such that g(co) = oco. Now, if
y =n(') C C, let {&,},en C (0, 00) such that &, —> 0, and define
n— oo

gn(z)
gn(2)

S1(Ty) = 7 I5(Ty) =/
D

2

"
gn(2)
Sn22l |dz|* — 4 log gl (00)],

&n ()

2

|dz|* — 4 log g, (00)] —> |

2

1
Z
8 @\ 42p — 4 log |/ (00)]

g'(2)

gr(z)
gn(2)

(5.19)

fhn:D—>C
2> f((1=en)2)/(1 —&p).

Then y, = f,(S!) is smooth and uniformly converges to y. Furthermore, we have

/

2
ldz|*> — 0. (5.20)

n—o00

@ @
L@ @)

which implies that

L 1 1 L
I"(yp) = =S1(vn) — =S1(y) =1"(y).
T n—oo T

/

Now, we need to show the result f,

—> f’in L>(ID) strongly. Notice that since
n— 00

S’ is smooth in D, we have by construction f, —> f’ almost everywhere. Fur-
n—oQ

thermore, a linear change of variable shows that

/ @Izl = f /(1 = en)2))Pldz]?
D D
1
= —2/ |f' )P dw]* — / | £/ ) Pldw]*.
(I = &1)” Jpo.1-¢,) n—>00 Jp
By Brezis-Lieb lemma ([11]), since f, —> f’ almost everywhere and
n— o0

| filizmy == |12y we deduce that

fi — f' strongly in L*(DD). (5.21)

n—o00
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Therefore, we also get the convergence

i 1fal? fofP?

Jn_ WJnt WU in 2
fo T+ I e e M EW
which finally shows by (5.20) that

" / 2 2
/ n/(z)_zfn(z) | fn (2)] | 1z
Dl @ fa@ 1+ 1fa(2)]

. / S'@ L@ P [
n—o0 D

f'(@) f@ 1+ 1f@)?
/ log |z @Mz / log |z 1 @Pldzl”
D A+ 1fu@))? =00 Jp I+ 1f@P7)?
Finally, we also have f,(0) = f(0) and

(5.22)

47 log |fn’(0)| = 4m log |f/(0)| + 4 log(1 — &) njgo 47 log |f/(0)|. (5.23)

Therefore, if 2, = f,(D),and g, : C\D — C\ €, is any univalent map such that
gn(00) = o0, since y,, —> y uniformly, we can assume without loss of generality
n—oo

that g/, (c0) —> g’(00). Furthermore, by Corollary A.4 of [53], we also get
n—oo

" " 2
lim g';(Z) _8@r (5.24)
=00 Jop | 8, (2)  g(2)
/" / 2 " / 2 2
fim (g,/l(z) _ %@ _) B (g/(z) _,8@ _>‘ dzf? = 0.
n—o0 Joyp |\ 8,(2) gn(z)  z 8’ (@) g  z
(5.25)
As previously, we have
/ 1 / _
B~ & S in L2C\D)
gn 1+ 1gn|7 noo0 g 14 |g|
1 1 _
s ¢ ——  in L} (C\D 5.26
8T ¥ 1gal? oo 8 T+ 2P (C\D) (5.26)
Therefore, (5.24) and (5.26) imply that
2
/ () 58,0 1g@I? 2 dzp?
ob 8@ gm@ 1+ z
" / 2 2 2
_)/ g/(z)_zg(z) lg(2)] 2 E
n—00 Jop | §'(2) g(@) 1+1g@)I* =z
4|8, (@) |dz|?
_loglz| ————5>
C\D (I +1gn(@)7)
4 / 2d 2
[ rog A (5.27)

n—=>0 Je\D (1 +1g@H*
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Finally, we deduce by (5.17), (5.22), (5.23) and (5.27) that
S3(yn) —> S3(y)
n—00

which concludes the proof of the theorem by (5.18), Theorem 3.6 and Theorem
53. O

Remarks 5.6. Notice that we can also directly express the Loewner energy using
moving frames. First, we trivially have

2
1
15 = - {Z/Q ;i — xdGg,|} + 2/9 G, K gydvolg, +Area(§2,~)}
i=1 i i

+41log |V f1(0)| 4+ 41og |V f2(0)] — 12 log(2).

Alternatively, we have

Lopy o L P -2 2
1) = o |du1|g0 + |dv1|g0 2|dGQl|g0 dvolg,
Q)

1 . - )
+ " /522 (Idu2|g0 + Idv2|g0 — 2|dG92|g0) dvolg,

+4log|V f1(0) + 4log |V f2(0)| — 1210g(2),

which is (up to the second line involving the conformal maps fi and f>) very
reminiscent of the Ginzburg—Landau renormalised energy ([5, Chapter VIII]).

To see this equality, since i1, v1 and 7 are unitary, we have
- 2 _ - - 2 - - 2 _ 2 - - 2
lduilg, = dur, vi)lg, + {dur, n)ly) = loily, + [{dn, ur)ly,

- 2 2 - - 2
ldvtly, = loilg, + [{dn, vi)lg,

- 2 -2 2 -2 2
ldutlg, + ldvily, = 2lwilg, + ldnly) = 2lwily + 2.

Then, integrating by parts and using that Gg, = 0 on 921, we deduce by Stokes
theorem—and the equation (that follows from (4.10))

d (a)l — % dGQl) = —Kgodvolgo,
where K4, = 1 is the Gauss curvature of the sphere—that

1 = 2 =2 2
5. \dii1 2, + |d61 2, — 21dGa, 2, ) dvolg,
1

- /Ql <|a)1|§0 —1dGg, |§0> dvolg, + Areag, (1)

= /;ZI (w1 —xdGgq,, w1 +xdGgq,)gydvolg, + Areag, (1)

= /szl |y — *ngzllf,Odvolgo + 2/91(601 —xdGgq,) NdGgq, + Areag (1)
= /Ql w1 — %dGg, Iéodvolg0 — 2/91 Ga,d(w) —*dGg,) + Areag, (1)

=fQ ld 13, dvolg, +2/Q Ga, Kgydvoly, + Areag, (Q1)
1 1
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which implies since Areag, (S?) = 47 that

l = -2 2
A |du1|g0—|—|dv1|go 2|dGQ]|gO dvolg,
1

1 - -
+ 5/9 (|du2|§0 + |dva 3, — 2|dGQZ|§O) dvolg,
1

:/ |dm|§,odvolg0+/ |dm|§0+2/ Ga, Kgydvolg,
Q) Q) Q

+2/ Gq,Kgydvolg, + 4m.
Q2

Notice that it gives another explanation for the factor 47 in the definition of &.
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6. Appendix

In this appendix, we provide more details on the geodesic curvature for Weil-Petersson
quasicircles and show a consequence of Theorem 5.5 which is an identity on univalent
functions associated to a Weil-Petersson quasicircle.

6.1. Properties of the Geodesic Curvature for Weil-Petersson Quasicircles

Lemma 6.1. Let H = CN{z : Im (z) > 0} be the Poincaré half-plane, and f : H — C be a
univalent holomorphic map, 2 = f (H), and assume that y = 92 is a simple curve of finite
Loewner energy. Then the geodesic curvature kg, of y is given in the distributional sense by

kgy = Tm (?8) forall 7 € dooH = R. 6.1)
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Proof. The geodesic curvature is given by
kgo = <8x1/77 17>7

if (i, v) is the Cartesian frame given by (in the following formulae, f is seen as a R2-valued

function)
L < ( '@ ) < '@ )) '@
U= = | Re ,Im =
[0x [ If' ()] yaleal If' (@I
0 ( ( /'@ ) ( 1@ )) @
v = =|—-Im ,Re =i .
[0y f1 If'(@)I [f(2)] Lf/ ()]
Define ii; = &.Then we have
lf' (@I
i (f’(z) ) @ 10 e 1@,
Uz =0 = - = Uz
If' @I F@l 21/@1 21//@1 2 f@
1 1( N2 17 1"
%ﬁz:&( f'(2) ) _ 1@ 1 (f (z))
lf' (@I 2 If'@P 1@

Therefore, we deduce that

f (z) 1 f (2) (@Y 1@ .
d:Re / ) ey / Y (MZ - ”Z)

If <z>| T2 If (z)| @) T AT

5 (o )
7@

f (z) I f”(z) /@ i@
d;Im - —— _
: If/(z)l 27 @ 2 If/(z)l) i (et )

i (z)R (f(z)>
=—= e .
2 f(2) Lf" ()]
Therefore, we have

< f'(@) ) < < 1@ )) _ (f”(Z)> ( f'(2) )
xR = —Im Im
If'(z Lf (@) (@ Lf (@)

)
( '@ _ (f”(z)) (f’(Z))
I Tl (2) @)’
so that dy# = Im <f )>v and
[ (@)

.- I (z))
koo = (0xu, v) =Im )
g0 = (Ba. ) (f '(2)
which concludes the proof of the lemma. O

Lemma 6.2. Let y C C be a Weil-Petersson quasicircle. Then the geodesic curvature
kgy © S ' 5 Risa tempered distribution of order at most 2. More precisely, we have
kg, € H1/2(S).
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Proof. Either using the Poincaré half-plane H and the formula (6.1) or (4.19), we get

I
kgo = Re (Z f/(z)) + 1. (62)
Now, if 0 < ¢ < 1 and f; : D — Q is defined by
1
fe(2) = m.f((l —£)2) zeD,
we have (see [59], Lemma 8.2)
2

. / Y@ @)
lim —
e=0Jp| fim [

which is equivalent by trace theory to

ldz|* =0,

||10g |fé{| - lOg |f/|||Hl/2(Sl) = Os

lim
e—0
lim arg(£) = arz(f) 151, = O-

Using the equivalent semi-norm for H* spaces given by

2

Il sty = | D 1™ lanl® | L if u@) =Y anz",

nez nez

we deduce that
. ’ ’ _
Elino ||89 log(fa) — 0p 10g(f )HH*I/Z(SI) =0.

Since

'@ 1

@) i log(f'(2)),

1
we deduce that % eH Y 2(S 1 ), which concludes the proof of the lemma by (6.2).

O
Remark 6.3. For other considerations related to trace spaces, see [7] and Definition 5 of [9].

Proposition 6.4. (See also [6]) For all ¢ > 0, let D4 (0,¢) = HN{z:|z] < &}, where
H = CnN{z:Im(z) > 0} is the Poincaré half-plane. For ¢ > 0 small enough, the map
f :D4(0, &) — C defined by

f(Z) — Zei loglog(z)’
where log(z) is the principal value of the logarithm on H, is an immersion and log | f'| €
W1’2(D+(0, €)). In particular, the curve y : (—e,e) — C such that y(t) = té* loglog(r)

forallt € (—¢,¢) is a part of a Weil-Petersson quasicircle.2 Furthermore, its geodesic
curvature kg, is given by

X 1 4 /8 dt
= - V. .
O @) ) e Tlog()

2 Beware that the log function here is defined as the trace of our continuous determination
of the logarithm on the upper-half plane and is not the standard log function on (0, c0).
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Proof. We compute

Fl() = eiloglog@ 4 1 iloglog(z) _ (1 N ;) 41 loglog(@)

log(z) log(z)
_ i i log log(z) i i i loglog(2)
(@) = ————¢' 880 4 (1 + )e :
zlog?(z) zlog(2) log(z)
Therefore, we have
f@ i i . —1+i+log(z)

@~ zlog@)i +log(2)) " 2log(@) | zlog@)(i + log(@)

Notice that the following identity holds:

li +log(2)|* = [log |z| + i(1 + arg(2))|? = log? |z| + (1 + arg(2))>.

Therefore, we deduce that

‘f”(z,) 2 Qoglzl = D*+ (1 +arg(2)’
f(@) 122 log? |z|(log? |z] + (1 + arg(z))?
1 —2loglz| +1 2 2
=< < + s
log? |z log* |z |z|2log* |z |z]?log? 2|
and
@

1 1
LI LI
|dz|2§47r/272 +4n/272
0 rlog™(r) 0 rlog=(r)

4 n 4
= — <
log(2)  31og2(2)

f'(@)

/]D)(O, )

)

which shows that y is a Weil-Petersson quasicircle. Then, we have by Lemma 6.1 for z € R

e 1-1 log? |z 1 1
kg = Im (f/(@)z oglz| + 0g2|2| _ S ’
S (@) |z| log |z|(1 + log” |z]) lz|(1 +log= |z])  lz|log|z]

which concludes the proof of the proposition. O

Remark 6.5. In particular, we see that there exists curves whose geodesic curvature is a
distribution of order 1. This curve is an example of spiral mentioned earlier in the introduction.

6.2. A Consequence of Theorem 5.5

The new identity of 7 I© = §3 from Theorem 5.3 and Theorem 5.5 provides a new identity
about holomorphic univalent maps of the plane.
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Lemma 6.6. Let y C C be a closed simple curve with finite Loewner energy. We have

4Re/ <f”(z) L@ +§> <f’(z) o %>|d2|2
D\ f(2) f@ )\ f@Q1+1f@P z

fleo 1 17
4 LS
* /]DJ o1+ @R 2| @

g &® 2) (g’(z) 1 > 2
+4R 8% 2 )
e/C\ﬁ(g’(Z) 8@ 2/ \g@ 1+Ig@)? 2]
/ 2
+4/ g () 1
c\b| 8@ 1+ 1g(2)?

4 / 2 d 2 4 / 2d 2
+2/ log 2| Lf (2)171dz] zf gzl 18" (2)|1dz| SV dm =0
D c\D

2
ldz|

A+1f@P?% T+ 1g(2)2)2

where [ and g are univalent maps as in Definition 5.1.

Proof. Recall the definition of S3(y) in Definition 5.1:
'@ '@ 1f@P

S —
) /ID) F@ O 1T+ 1f P
'@ g lg@P | 2 ?

+ —
/(C\ﬁ g@ g 1+Ig@? =

41 £ (2)1%1dz|? 41g’ (2)%1dz|?
+2f1 ————————2f log |z| —=—"——— +4
b ror? P s ar e T

+ 4 log | f/(0)] — 4 log |g (c0)] (6.3)

2
ldz|?

ldz|?

and that 7 1L (y) = S1(y) = S3(y) from Theorem 5.5. Using the identity (1.5), we obtain

S3(r) = S3((()
@ f@ 2 fe 1 >
- ) D L
fm @ f@ T QPR

2
|dz|?

@ @ 2 do 1 [, f/(O)‘
+ 2 z —— | |dz)* +4n 1
/C\ﬁ 70 s Tz TP Trgopr| T v
41/ (2)Pldz 418’ (2)Pldz?
+2/1 4—————7—2/ log 7| 2220 4 4
TNy o TE el ANy et
'@ @ 2P . / @ d@ 2 .,
= -2 —| |dz -2 —| |dz
/D o Yre T T L lee " Pem Tz
+ 4m log /O
g'(00)

o @ 2\ @1 N
4R —2 = — %)l
TaRe /D (f/(z) o " z) (f(z) T+ 1/ QP z)' B
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'@ g© 2) (g’(z) 1 ) 2
+4R —28 d
e/c@(g/(z) . )@ Trgor )

2

4/ . 1_12|dz|2+4/ A B
Dl f@ 1+If@F =z ob | gk 1+ 1g(2)?
A1f' () P1dz]? 418 () 121dz]?
+2/1 —_— —2/ 1 2 4. (64
el pme el oo e T g@pe T €Y

Comparing (6.3) and (6.4), we get the claimed identity. O

Let us check the formula in the case y = S, In this case, we have f(z) = z,and g(z) = z,
and the sum in Lemma 6.6 simplifies to

11 2 1 2 4log |z||dz|?
4/ . |dz|2+4/ |- 5 |dz|2+2fL'2;
Dlz1+]z| z c\Dlz1+lz D (14 z]%)
41 dz)|?
P / _ AogRIdEE 4y (6.5)
c\D (I+1z9)

First, we have

1 1

[D 1

z14+10z2  z

2 |z|?|dz|?
4zl _/D(1+|z|2>2’ (66)

/'1+|z|2

and an immediate change of variable z > — shows that
z

2|dz|2:/ zP1dz]?
D (1422

/ 21+ 22
(C\]D) IZI . : 6.7)
log |z[|dz| / log |z]|dz|
(C\]D) A+1222 7 Jp A+ 1222
By previous computations (Remark 3.8), we have
417121dz |2
/ % =4 log(2) —
i
og|z|ldz
—— 5 = —2mlog(2),
l 1+ )2 e®

which shows, by (6.6), (6.7) and (6.8), that the sum (6.5) is equal to

4)z|2|dz|? 41 dz|?
2/ [z]“] Z2|2+4/ 0g|z||212| s
D (1 +1z]9) D (I+1z]9)

=2 4rlog(2) — 2m) + 4 (—27 log(2)) + 4m =0,

as expected.
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