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Quantile Regression for Longitudinal
Functional Data with Application to Feed

Intake of Lactating Sows
Maria Laura Battagliola, Helle SØrensen, Anders Tolver, and

Ana-Maria Staicu

This article focuses on the study of lactating sows, where the main interest is the
influence of temperature,measured throughout the day, on the lower quantiles of the daily
feed intake. We outline a model framework and estimation methodology for quantile
regression in scenarios with longitudinal data and functional covariates. The quantile
regression model uses a time-varying regression coefficient function to quantify the
association between covariates and the quantile level of interest, and it includes subject-
specific intercepts to incorporate within-subject dependence. Estimation relies on spline
representations of the unknown coefficient functions and can be carried out with existing
software. We introduce bootstrap procedures for bias adjustment and computation of
standard errors. Analysis of the lactation data indicates, among others, that the influence
of temperature increases during the lactation period.

Supplementary materials accompanying this paper appear on-line.

Key Words: Bootstrap; Clustered data; Subject-specific effects.

1. INTRODUCTION

This paper considers quantile regression for longitudinal data in the presence of functional
covariates. It is motivated by data on the daily feed intake of lactating sows, where the aim
is to study how temperature in the stable, or cell, during the day affects the feed intake, in
particular for sows that eat scarcely. This is of interest because poor nutrition in the lactation
period may lead to health downsides, both for the sows and the piglets, and production
inefficiency. Daily temperature is measured every fifth minute and is therefore naturally
treated as a functional covariate, and the study is longitudinal with both the feed intake and
daily temperature profiles recorded for up to 21 days for each sow.
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Quantile regression, first introduced by Koenker and Bassett Jr (1978), is a well-
established framework from statistics and econometrics. It is suitable when the analysis
aims at describing and quantifying the association between covariates and quantiles of the
distribution of the response variable. In particular, it allows to robustly target not only the
central parts of the response distribution, but also the more extreme regions. For overviews,
see the seminal monograph by Koenker (2005) and for more recent developments, see
Koenker et al. (2017).

Analyses of longitudinal data, including quantile regression, must account for the depen-
dence between observations from the same subject in order to provide valid inference. A
common approach is to include subject-specific effects in the model for the quantiles and
use penalization, see for example Koenker (2004), Lamarche (2010), Harding and Lamarche
(2017), Gu and Volgushev (2019), and Fasiolo et al. (2021a). We adopt the same approach
for this paper. Alternatives include Kato et al. (2012) and Galvao and Kato (2016), who
treated subject-specific parameters as fixed effects without penalization, and Canay (2011),
who used a two-step procedure where subject-specific parameters are first estimated as fixed
effects and then plugged in as offsets in a standard quantile regression (see alsoBesstremyan-
naya and Golovan 2019).

Quantile regressionwith functional covariates, similar to scalar-on-functionmean regres-
sion, describes the association between a quantile of the response and a functional covariate
using an inner product between the functional covariate and an unknown smooth coefficient
function. As it is common in nonparametric regression, we approximate the coefficient func-
tion using a finite basis representation, and thus, the infinite-dimensional estimation problem
is converted to a finite-dimensional one. Pre-specified spline functions and eigenfunctions
obtained from the spectral decomposition of the functional covariates’ covariance operator
are the most popular choices for selecting the basis functions, and they have both been used
for quantile regression. For example, Cardot et al. (2005) and Park et al. (2019) used splines,
whereas Kato (2012), Chen and Müller (2012a) and Li et al. (2022) used eigenfunctions. A
related research area is additive quantile regression where the effect of a scalar covariate is
modeled via a smooth function (Fenske et al. 2013; Greven and Scheipl 2017; Geraci 2019;
Fasiolo et al. 2021a).

In this paper, we consider functional quantile regression for scalar response and func-
tional covariates, which are both observed repeatedly for many clusters or subjects. To the
best of our knowledge, no papers in the literature are devoted to this situation. We consider
a set-up with longitudinal data and allow for the effect of the functional covariate on the
quantile to evolve over observation time. We use penalized splines to handle the functional
covariates and penalized cluster- or subject-specific intercepts to account for the depen-
dence within clusters or subjects. The resulting model can be represented in a framework
easily implementable using existing software from Fasiolo et al. (2021a). Moreover, we
point out bias and variance issues of the estimators and propose adjustments obtained with
bootstrap, using resampling techniques from Battagliola et al. (2022) for bias adjustment
and from Galvao and Montes-Rojas (2015) for computation of standard errors. Altogether,
our analysis gives new insight to the eating behavior of lactating sows, our ultimate goal. In
particular, the analysis indicates that the association between temperature in the stable and
the feed intake gets increasingly stronger after delivery.
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The paper is structured as follows: The model framework and estimation methodology
are described in Sects. 2 and 3. We analyze the lactation data in Sect. 4 and summarize and
discuss findings in Sect. 5. Appendix provides details about the bootstrap procedures and
the practical implementation. Finally, additional results from the application result from
simulation studies, and example code can be found in the supplementary materials.

2. FRAMEWORK

We consider data {(Yi j , Xi j (·), ti j )}i j , with scalar responses Yi j and functional covari-
ates Xi j (·) at time points ti j ∈ T ⊂ [0,∞), where i = 1, . . . , N denotes clusters, and
j = 1, . . . , ni denotes repeated measurements within cluster i . Observations from different
clusters are assumed to be independent, but there may be within-cluster correlation. Covari-
ates Xi j (·) are square-integrable functions on a closed interval S ⊂ R, i.e., Xi j (·) ∈ L2(S).
In practice, they are often observed on a dense grid {s1, . . . , sH } ⊂ S and possibly with
measurement errors.

We are concerned with quantile regression. Let τ ∈ (0, 1) be a fixed quantile level and
assume that the τ -quantile for the conditional distribution of the j-th observation Yi j from
cluster i given covariates Xi j (·) and ti j takes the form:

Qτ
Yi j |Xi j ,ui (ti j ) = ατ (ti j ) +

∫
S

βτ (s, ti j )Xi j (s)ds + ui , (2.1)

where ui (dependence of τ suppressed in notation) specifies a cluster-specific level. The
target parameters of the analysis are the intercept functions ατ (·) and the regression coeffi-
cient function βτ (·, ·), which are both assumed to be common for all clusters. In particular,
the functional covariate affects the τ -quantile in the same way for all clusters. Notice that
βτ depends on t , allowing for the covariate effect to change over longitudinal time. Without
further restrictions, ατ (·) is identifiable up to an additive constant, and βτ (·, t) is identifiable
up to an additive component in the orthogonal complement of the vector space spanned by
the functional covariates Xi j (·).

The notation in (2.1) reflects that we think of data as emerging from a two-step pro-
cess: ui is a sample of i.i.d. random variables with mean zero, and Yi j ’s are then generated
independently from a model with τ -quantile (2.1). The restriction E[ui ] = 0 ensures full
(asymptotic) identifiability of ατ (·). We emphasize that (2.1) does not specify the full con-
ditional distribution of Yi j given {Xi j (·), ti j } in cluster i , only its τ -quantile, and we suggest
to use it for one or a few quantile levels of particular interest.

With the two-step data-generating process, we may also consider the τ -quantile of the
conditional distribution ofYi j given {Xi j (·), ti j }marginally over all clusters. The association
between this impliedmarginal τ -quantile and Xi j may not take a form similar to that of (2.1).
Ignoring the cluster-specific parameters, i.e., fitting the quantile regression model (2.1) with
all ui = 0, would therefore not target ατ (·) and βτ (·, t). This is an important difference
compared to the associated mean regression mixed-effects model where the conditional and
marginal means would be described by the same coefficient function, such that an analysis
based on themarginalmodel would lead to reliable estimates (but possiblywrong inference).
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See the supplementary materials and Battagliola et al. (2022) for further considerations on
marginal versus conditional models and analyses in quantile mixed-effects models.

3. ESTIMATION METHODOLOGY

Two main challenges arise for the estimation of the model (2.1) compared to classical
quantile regression for independent data with scalar covariates: how to represent the lon-
gitudinal and longitudinal functional coefficients ατ (·) and βτ (·, ·), and how to handle the
cluster-specific intercepts ui .

3.1. REPRESENTATION OF THE FUNCTIONAL COEFFICIENT AND SMOOTH

INTERCEPT

Firstly, we assume that t �→ ατ (t) and (s, t) �→ βτ (s, t) depend smoothly on time.
This allows us to use tools from additive models (Wood 2017) and hence approximate
the functions along the t-coordinate with some basis functions {ψl(·)}Ll=1. For simplicity,
we choose to use the same basis functions for both coefficient functions. Secondly, in the
functional regression literature it is also common to have a finite-dimensional representation
of functional coefficients in the s-coordinate. Let {ϕd(·)}Dd=1 be basis functions for that
purpose and represent βτ (·, ·) as a tensor product smooth with different bases for the two
coordinates. To be specific, we write

ατ (t) ≈
L∑

l=1

aτ
l ψl(t),

βτ (s, t) ≈
L∑

l=1

D∑
d=1

δτ
dlψl(t)ϕd(s), (3.1)

where aτ
l ’s and δτ

dl ’s are unknown coefficients. In the application, we use cubic spline bases;
in the following, we describe the methodology for general penalized splines.

With the representations in (3.1), the integral in (2.1) is approximated with

∫
S

βτ (s, t)Xi j (s)ds ≈
L∑

l=1

D∑
d=1

δτ
dlψl(t)

∫
S

ϕd(s)Xi j (s)ds,

and we can work with finite-dimensional version of model (2.1), namely

Qτ
Yi j |Xi j ,ui (ti j ) =

L∑
l=1

aτ
l ψl(ti j ) +

L∑
l=1

D∑
d=1

δτ
dlψl(ti j )ξd,i j + ui . (3.2)

Here, ξd,i j = ∫
S ϕd(s)Xi j (s)ds, and the coefficients {aτ

l }l and {δτ
dl}dl and the subject-

specific intercepts {ui }i are the unknown parameters. In practice, the integrals ξd,i j are
approximated with Riemann sums.
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3.2. ESTIMATION OF COEFFICIENTS AND RANDOM INTERCEPTS

In standard quantile regression, parameters are estimated by minimizing an empirical
loss,

∑N
i=1

∑ni
j=1 lτ (Yi j − Qτ

i j ), where Qτ
i j is short for the level τ quantile for observation

j of cluster i and depends on the model parameters, and lτ is an appropriate loss function,
typically the check loss function v �→ v(τ − 1(v<0)) (Koenker and Bassett Jr 1978). The
method proposed by Fasiolo et al. (2021a), named “QGAM”, offers a flexible framework
to model longitudinal quantile regression with scalar covariates and is implemented in an
accompanying R package qgam. QGAM uses a smooth approximation of the check loss
function in order to make it differentiable so common computational optimizers like the
Newton method can be used for the minimization problem. Several smooth approximations
of the check loss function available in the literature, see for instance Horowitz (1998),
Chernozhukov and Hong (2003), Otsu (2008), Goh and Knight (2009), Fernandes et al.
(2021) and He et al. (2021). The one adopted by Fasiolo et al. (2021a), called the extended
log-F loss function, allows embedding the minimization problem into a Bayesian estimation
framework via belief update (Bissiri et al. 2016).

We adapt QGAM to functional covariates and penalize the coefficients {aτ
l }Ll=1 and

{δτ
dl}D,L

d=1,l=1 and the subject-specific intercepts {ui }i as it is common in the additive mixed-
effects models literature. More specifically, penalty terms for aτ

l s and δτ
dls are added to

the loss function to impose smoothness in the s- and t-directions (Wood 2017, Chapter 5),
while an 	2-penalty is used for the ui s to balance the degree of subject-specific variation.
The latter resembles a normal distribution for ui although this is not a formal assumption in
the model. The tuning parameters defining the degree of penalization are selected as part of
the procedure as implemented in the qgam package, see Fasiolo et al. (2021a) for details.
In the following, we refer to the extension of QGAM to functional covariates as “fQGAM”.

3.3. COVARIATES OBSERVED WITH NOISE

In the previous sections, the covariate functions were assumed to be observed densely and
without measurement noise. Now, consider the more realistic situation with measurement
noise and possibly sparse sampling, and denote by Wi j,h the observations corresponding to
points sh , i.e.,

Wi j,h = Xi j (sh) + εi j,h h = 1, . . . , H, (3.3)

where {εi j,h}i jh are iid. random variables with mean zero and mutually independent of
the underlying functions. We propose to carry out a preliminary smoothing step and pro-
ceed with the analysis from Sect. 3.2 with the unobserved values Xi j (s) replaced by their
fitted/predicted values X̂i j (s).

There are many smoothing techniques available for functional data, e.g., kernel-based
methods, smoothing splines, and smoothingwith data-driven bases, see for exampleRamsay
and Silverman (2005). We choose to represent {X̂i j (·)}i j with eigenfunctions arising from
functional principal component analysis (FPCA), by assuming independence over both i and
j . The number of eigenfunctions should be large enough to capture the primary modes of
variation of {Wi j,h}i jh , but small enough to get smooth reconstructed functions. The choice is
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Figure 1. Overview of estimation and inference procedure, including computation of an approximate 1 − α

confidence interval for a target θ .

usually based on a preset percentage of variance explained (PVE). Several implementations
of FPCA are available depending on the sampling pattern of the functional data (dense or
sparse, same or different sampling locations, missing values), see e.g. Yao et al. (2003), Xiao
et al. (2018), and references therein. We use the fast covariance estimation (FACE) method
from Xiao et al. (2016) in this work, ignoring potential dependence among functions. This
is not inappropriate functions (see, e.g., Goldsmith et al. 2012). Approaches that account
for dependence within subject or cluster have been discussed by Greven et al. (2010), Chen
and Müller (2012b), Park and Staicu (2015), Koner and Staicu (2023), to name a few.

3.4. BOOTSTRAP PROCEDURES FOR VARIANCE ASSESSMENT AND BIAS

ADJUSTMENT

In the sow data application, we are mainly interested in estimation and inference for
quantiles and the differences between quantiles at specified directions of the functional
covariate. It is known from the literature on quantile regression for longitudinal data with
scalar covariates, that estimators may be biased and that it is difficult to properly assess
the sampling variability of the estimators without resampling methods (Kato et al. 2012;
Galvao andMontes-Rojas 2015; Battagliola et al. 2022). We have seen in simulation studies
(available in the supplementary materials) that the problems persist when covariates are
functional, and we propose to use bootstrap strategies for variance estimation and bias
adjustment. The complete procedure is visualized in Fig. 1, and the details are given below
and in appendix.

Recall the quantile model (2.1) with repeated measurements of functional covariates and
responses for each subject. Our target parameters are described as follows. Consider a fixed
time point t , a function X (·) ∈ L2(S) and response Y . The corresponding linear predictor
at level τ is:

Qτ
Y |X,0(t) = ατ (t) +

∫
S

βτ (s, t)X (s) ds
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and is interpreted as the τ -quantile for a typical subject (with u = 0). The function X (·)
may or may not be one of the functions in the dataset. Furthermore, consider two functional
covariates XA(·), XB(·) ∈ L2(S)with pointwise difference,�X (s) = XA(s)− XB(s). For
a fixed cluster, i.e., a fixed u and a fixed measurement time t , the corresponding difference
in the τ -quantile is

Dτ (t) = Qτ
Y |XA,u(t) − Qτ

Y |XB ,u(t) =
∫
S

βτ (s, t)�X (s) ds, (3.4)

so Dτ (t) is the difference in quantile for a fixed subject when X (·) is changed in direction
�X (·). In the following, we refer to Qτ

Y |X,0(t) or D
τ (t) as targets θ of interest and let θ̂

denote the corresponding estimate calculated from estimates of the coefficients βτ (·, ·) and
ατ (·) in the representation (3.1).

First, consider estimation of var(θ̂). The estimated model coefficients, {âτ
l }l and {δ̂τ

dl}dl ,
from qgam are accompanied with a variance–covariance matrix, which can be used for
computation of a standard error for the estimator θ̂ . We refer to these standard errors as
model-based standard errors. However, penalization of random effects is likely to cause
underestimation of the true sampling variation of θ̂ . AsGalvao andMontes-Rojas (2015), we
resample complete subject data with replacement to compute standard errors. Specifically,
let θ̃1, . . . , θ̃B be estimates when the estimation procedure is applied to B bootstrap datasets

and use sdboot(θ̂) = sd(θ̃1, . . . , θ̃B) as an estimate for
√
var(θ̂). Details of the sampling

procedure can be found in appendix.
Second, consider estimation of bias(θ̂). As documented by Battagliola et al. (2022), bias

can occur even for large samples, caused by a combination of the incidental parameter
problem (the number of parameters increase with sample size, Neyman and Scott 1948;
Lancaster 2000), nonlinearity of quantiles, and penalization of the subject-specific inter-
cepts. Block resampling cannot be used for bias adjustment because the target parameter of
interest is not computable under the bootstrap distribution; see also Karlsson (2009) who
obtained little or no effect in an attempt to adjust for bias in a nonlinear quantile regression
for longitudinal data. Instead, we propose to combine standard resampling of estimated
random effects with wild bootstrap of residual terms, using the technique developed by
Battagliola et al. (2022). The purpose is to generate bootstrap datasets under a distribution
where the true value of the target parameter coincides with θ̂ (the estimate obtained from
the observed data), such that the bias can be estimated from the bootstrap estimates. Specifi-
cally, let θ̌1, . . . , θ̌B be estimated values of θ for B bootstrap datasets, then bias is estimated
as biasboot(θ̂) = 1

B

∑B
b=1(θ̌b − θ̂ ). We explain the sampling procedure in more detail in

appendix.
The block resampling method and the sampling method suggested by Battagliola et al.

(2022) differ in several ways.While the former is completely nonparametric, the latter relies
on the model. Another important difference is that the covariate functions are resampled
(together with the responses) by the block resampling method, but kept exactly as in the
dataset in the approach of Battagliola et al. (2022). As a consequence, the procedure based on
wild bootstrap would underestimate the variance of the estimator θ̂ . Our suggested solution
is to combine the estimated bias and estimated standard deviation from the two bootstrap
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sampling methods, respectively, to construct confidence intervals for the target θ . If the
distribution of θ̂ is well approximated by a normal distribution, and standard errors and bias
are estimated as described above, it is natural to define an approximate 1 − α confidence
interval as

θ̂ − biasboot(θ̂) ± q1−α/2 sdboot(θ̂). (3.5)

Battagliola et al. (2022) demonstrated in a wide variety of simulation settings with clus-
tered data and scalar covariates that bias was greatly reduced or removed, with the above
bootstrap sampling process combining resampled cluster-specific intercepts and wild boot-
strap for the residuals, and Galvao and Montes-Rojas (2015) demonstrated that sampling
variation of estimators is measured appropriately with block resampling. We acknowledge
that investigations of the coverage properties of the confidence intervals in the current setting
would be of interest, but leave it for future research and focus on the application below.

4. LACTATING SOWS’ FEED INTAKE

It iswell known that high ambient temperature has a negative impact onpigs’ reproduction
performance and wellness before and after pregnancy (Dourmad et al. 2022; Bjerg et al.
2020; Bloemhof et al. 2013). In particular, high temperature reduces food intake for lactating
sows, possibly leading to increased bodyweight loss and reducedmilk production, implying
slower and poorer weight gain of the piglets (Renaudeau and Noblet 2001). We refer to
Bjerg et al. (2020) for a review, Dourmad et al. (2022) for a meta-analysis and Johnston
et al. (1999) and Renaudeau et al. (2001) for two specific studies. A common set-up is
one with two temperature regimes, and where the expected daily food intake is modeled
as a function of maximum or average temperature over the day. As opposed to this, our
data provide a continuum of temperature curves; we focus on low quantile levels of food
intake and incorporate temperature variation over the whole day. Furthermore, we model
the progression of food intake over lactation day.

4.1. DESCRIPTION AND PREPROCESSING OF DATA

The data come from a commercial research unit in Oklahoma, where 480 sows were
monitored from July to October 2013. The animals were divided into 21 groups and then
assigned to cells, where they were kept under observations during the lactation period for
up to 21 days. For each sow at each lactation day, the food intake (in kg) is available, as
well as the cell temperature (in °C), measured every five minutes for 24h from 2.00pm to
1.59pm the following day. Moreover, the parity of each sow is registered, i.e., the number
of pregnancies the animal had before the current one. We will consider parity as a measure
of age: a sow is “young” if it is at its first pregnancy and it is “old” otherwise. Previous
studies have shown that younger and older sows behave differently (Johnston et al. 1999;
Staicu et al. 2020), so we analyze data from young and older sows separately. There are 475
sows in total with 237 young sows and 238 old ones, respectively.
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Figure 2. The lactation data. Left: daily feed intake profiles over lactation days of young sows (upper panel) and
of old sows (lower panel) with three randomly selected profiles (black) in each group. For some sows data are only
available in a subset of the lactation period. Right: smoothed temperature curves (gray), as well as the pointwise
temperature quantiles curves at quantile levels 20% (blue), 50% (green) and 80% (red) based on the whole dataset
(Color figure online).

The data are illustrated in Fig. 2. Feed intake profiles are plotted in the left panel with
profiles from three randomly selected sows from each age group highlighted. Although
there is large within-sow variation over lactation days, it is also clear that some sows tend
be have low (or high) feed intake throughout, calling for a subject-specific component in
the model. In a preprocessing step, we smoothed the temperature curves with FACE (see
Sect. 3.3), using a PVE of 99.99% so that most of the features of the curves are maintained.
The reconstructed daily temperature trajectories are used in the analysis.

Staicu et al. (2020) used a longitudinal dynamic functional regression framework for
mean regression for the same data with emphasis on prediction of response trajectories.
Park et al. (2019) carried out separate quantile regression analyses for a derived variable at
three selected lactation days. For each day separately, the cumulative distribution function
(CDF) was first estimated and then inverted to estimate quantiles of interest. In contrast, we
carry out quantile regression for all lactation days simultaneously using themodel framework
and estimation method introduced in Sects. 2 and 3, and our analysis provides estimates and
confidence bands for the temperature effect on quantiles of feed intake. In particular, we
consider the estimated quantiles of the feed intake when the daily temperature corresponds
to the pointwise 20 and 80% quantiles of the smoothed temperature curves. These two
temperature profiles, denoted Temp20(·) and Temp80(·), respectively, and shown in Fig. 2 in
blue and red, are the most extreme temperature quantiles considered by Park et al. (2019).
The pointwise median temperature curves are also plotted in Fig. 2(green).

4.2. ESTIMATED QUANTILES OF FEED INTAKE

Denote the observed data by {(FIi j ,Tempi j (·), ti j )}i j . For each sow i = 1, . . . , N (N =
237 or N = 238) and repeated measurement j = 1, . . . , ni (ni ranging from 7 to 21),
FIi j refers to the daily feed intake expressed in kg, Tempi j (·) to the smoothed temperature
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function in °C recorded over a day and ti j to the lactation day.We allow for a subject-specific
intercept ui to account for the correlation of observations from the same sow. For each age
group, we consider the model

Qτ
FIi j |Tempi j ,ui

(ti j ) = ατ (ti j ) +
∫
S

βτ (s, ti j )Tempi j (s)ds

+ ui , i = 1, . . . , N , j = 1, . . . , ni (4.1)

where S represents a whole day from 2.00pm to 1.59pm. We approximate the smooth
intercept ατ (·) using ten cubic splines and the coefficient function βτ (·, ·) using a tensor
product of ten cubic splines in both directions, with cyclic splines for the s-direction.

Figure3 shows estimated quantile profiles for young/old sows (left/right), at quantile lev-
els 0.1/0.5 (top/bottom), and for the pointwise 20% and 80% temperature curves Temp20(·)
and Temp80(·) (colors as above). More specifically, the graphs show

Q̂τ
Temp20,0

(t) = α̂τ (t) +
∫
S
Temp20(s)β̂τ (s, t)ds,

Q̂τ
Temp80,0

(t) = α̂τ (t) +
∫
S
Temp80(s)β̂τ (s, t)ds,

plotted over t , for each age group and for τ = 0.1, 0.5. Notice that no random effects are
included in the predictions such that their interpretation is for a “typical sow”.

The solid curves are estimated profiles, and we see a clear distinction between low (blue)
and high (red) temperatures, at least from around lactation day five. High temperatures
negatively influence the appetite of the sows—they tend to eat more in cooler conditions—
and this difference increases over time, particularly at the 0.1 level. The group of young and
old sows have similar quantiles of feed intake at the very beginning of their lactation period,
followed by a steep increase up to around lactation day 5, a short period with constant feed
intake, and a final increase up to a stable plateau. However, estimated increments appear to
be smaller for young sows. The dashed curves show the bias-adjusted estimates. Although
the bias adjustment is hardly visible, it is actually significantly different from zero at many
instances at a 5% significance level (based on pointwise one-sample t-tests on the estimates
from the bootstrap data).

In order to illustrate the estimated temperature effects more clearly, Fig. 4 shows the
difference between the estimated feed intake quantile profiles for low and high temperatures,
i.e., D̂τ (t) = Q̂τ

Temp20,0
(t)− Q̂τ

Temp80,0
(t). The black curves and confidence bands show the

estimateswithout adjustment and the correspondingmodel-based 95%pointwise confidence
interval based on the variance–covariancematrix extracted from themodel fit, and the orange
curves and confidencebands show thebias-adjusted estimates and confidencebands obtained
by bootstrap, as in Eq. (3.5). We used 100 bootstrap samples for bias adjustment as well as
for computation of confidence intervals, cf. Sect. 3.4. Bias adjustment is most noticeable for
young sows at the 0.1 quantile, and the bootstrap-generated confidence bands are always
wider than the model-based ones. Simulation results have indicated that the model-based
standard errors underestimate the actual variation (see the supplementary materials), so we
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Figure 3. Predicted quantiles corresponding to the 20% and 80% pointwise temperature profiles. Bootstrap-
adjusted estimates are shown with dotted curves. The left column refers to sows at their first pregnancy, while right
one refers to the older sows. Results at quantile levels τ = 0.1 and τ = 0.5 are shown in the top and bottom rows,
respectively. Notice that predicted quantiles at different quantile levels are plotted on different scales.

prefer the bootstrap-generated confidence intervals. For completeness, the profiles obtained
from bootstrap datasets are shown in Figure S6 in the supplementary materials.

Irrespective of the method used for construction of confidence bands and of the bias
adjustment, the overall conclusion is the same: No temperature effect is found early in
the lactation period (up to around day five), but at later days quantiles of feed intake are
negatively affected by high temperature, both at 0.1 and 0.5 quantile levels. In general,
the influence of temperature on the quantiles becomes more prominent along the lactation
period, but there are certain differences between age groups and between quantile levels. At
quantile level 0.1, the difference in estimates has an increasing trend along lactation days
for both groups of sows, while at the median the difference in estimates reaches a maximum
of approximately 0.5 around lactation day 10–13 and then flattens out. This might indicate
that the sows that eat less are those particularly sensible to the environmental temperature.

4.3. COMPARISON WITH SIMPLER MODELS

Now, let us turn to a comparison of the model (4.1), with three simpler alternatives. The
first modification has β(s, t) ≡ βA(s) such that the temperature curves still have functional
effects, but with same effect across lactation days; this would correspond to profiles of
differences in Fig. 4 being constant. The second modification has β(s, t) ≡ βB(t). Then,
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Figure 4. Estimated differences in quantiles between the pointwise 20 and 80% temperature curves, both without
(solid black) and with (solid orange) bias adjustment. The corresponding pointwise confidence intervals, based on
the model solely or on bootstrap, are illustrated with dashed curves. The left column refers to sows at their first
pregnancy, while the right column refers to the older sows. Results at levels τ = 0, 1 and τ = 0.5 are shown in
the top and bottom rows, respectively (Color figure online).

the model (4.1) becomes

Qτ
FIi j |Tempi j ,ui

(ti j ) = ατ (ti j ) + βτ
B(ti j )

∫
S
Tempi j (s) ds + ui (4.2)

such that the quantile depends on the temperature curve only through its integral or, equiv-
alently, the average temperature over the day, and it is no longer a functional quantile
regression model. The third modification combines the two previous sub-models; it has
β(s, t) ≡ βC , such that

Qτ
FIi j |Tempi j ,ui

(ti j ) = ατ (ti j ) + βτ
C

∫
S
Tempi j (s) ds + ui (4.3)

and the temperature effect is the same across days and depends on the average temperature
over the day only.

We measure goodness of fit with the AIC values based on the log-likelihood correspond-
ing to the Extended log-F (ELF) distribution (Fasiolo et al. 2021a) and the effective degrees
of freedom (EDF) known from additive models (Wood 2017). The EDF is partitioned into
two parts: the effective degrees of freedom for the smooth coefficients, denoted EDFα,β ,
and the degrees of freedom corresponding to the subject-specific intercepts, denoted EDFu .
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Table 1. AIC and sum of effective degrees of freedom for young and old animals when adopting model (4.1)
(first column), model (4.1) with β(s, t) = βA(s) (second column), model (4.2) (third column) andmodel
(4.3) (fourth column)

β(s, t) βA(s) βB (t) βC
τ AIC EDFα,β EDFu AIC EDFα,β EDFu AIC EDFα,β EDFu AIC EDFα,β EDFu

Young 0.1 18,527 19 191 18,769 13 188 18,724 13 189 18,790 10 188
0.5 15,937 19 206 15,947 14 206 15,934 14 206 15,946 11 206

Old 0.1 18,483 24 201 18,769 15 198 18,633 13 199 18,802 11 198
0.5 16,044 26 206 16,048 15 207 16,047 14 206 16,060 11 207

The smallest values of AIC are emphasized in each row

The results are displayed in Table 1. For both groups, the AIC values are notably smaller
for the most complex model than for its competitors for quantile level τ = 0.1, while
the values are closer among the models at the median. This indicates that it is particularly
important to allow for time-varying coefficients and functional effects at lower quantiles. At
level τ = 0.5, the most complex model is still selected for old sows, but for younger animals
the smallest AIC is the one frommodel (4.2). Furthermore, in all cases, the AIC values from
the model with βB(t) are smaller than the AIC value from the model with βA(s), indicating
that it is more important to account for the temperature variation in the development along
the lactation period than over the day. As a supplement, we also computed BIC values (not
shown). The most complex model was still selected for quantile level τ = 0.1 (both age
groups), whereas the simplest model with neither temperature nor functional effects was
selected for the median.

For both groups and at both quantile levels, EDFα,β is the highest for the model (4.1), as
expected, since it describes variation in both the s and t directions. Both EDFα,β and EDFu
are larger when estimation is carried out at the median rather than at the 10% level; most
likely because there is more information in the data to estimate the median, which in turn
allows for higher flexibility. Finally, EDFu is always between 188 and 207 and thus smaller
than 237 and 238, the number of young and old sows, respectively, so random effects are
penalized to some degree.

4.4. ESTIMATED EFFECT OF TEMPERATURE

Finally, we turn the attention to the estimated coefficient function β̂τ (·, ·) in model (4.1).
It is important to keep in mind that the estimated functional coefficient is only identifiable
up to elements belonging to the orthogonal complement of the space spanned by the basis
functions used in the finite-dimensional representation of the functional covariates. Thus,
the interpretation of β̂τ (·, ·) must be taken with caution. Figure5 shows β̂τ (·, ·) for each
age group and at quantile levels 0.1 and 0.5, respectively. In each panel, s �→ β̂τ (s, t) is
plotted for t fixed at each lactation day, on a color scale that ranges from orange to green as
the longitudinal time t goes by. Recall that, by construction, the development in both s and
t direction is smooth, and the functions are cyclic over day.
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Figure 5. Illustration of the estimated coefficient function β̂τ (·, ·) at level τ = 0.1 (top row) and τ = 0.5 (bottom
row), for both young (left column) and older sows (right column). Curves show s �→ β̂τ (s, t) for each lactation
days t , varying in color (Color figure online).

The estimated coefficient functions are predominantly negative, corresponding to an
overall negative effect of temperature, cf. Fig. 2. With the risk of overinterpretation, we see
that the impact of temperature on feed intake is most prominent in the night hours (from
about 8pm to about 12pm, and in the early morning at late lactation days for young sows at
themedian). This is also the time of the daywith the largest differences in temperature effects
between lactation days. Sensitivity against temperature appears to increase over lactation
days, but stabilizes earlier for young compared to older sows.

5. DISCUSSION

This work was motivated by the study of heat stress effects on lactating sows. We used
a model framework for scalar-on-function quantile regression for clustered or longitudinal
data where dependence within cluster/subject is taken into account by including cluster- or
subject-specific intercept parameters. Estimation relies on basis expansions, more specifi-
cally penalized splines. We adapted existing software, making the methodology more easily
applicable for practitioners, see appendix for implementation details and the supplementary
materials fore example code. Other basis functions can be considered for the expansions. For
instance, an eigenfunction basis could be used, with the number of basis functions selected
using the AIC criterion (inspired by Kato 2012). This approach was studied in Battagliola
(2021) and yielded more wiggly estimates of βτ (·, ·) compared to those in Fig. 5. We prefer
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the spline expansions over the eigenfunction expansions, particularly because they avoid
the additional step of selecting the size of the basis.

Another alternative is the wavelet basis expansion with a LASSO penalty on the coeffi-
cients. This approach, applied to mean regression by Zhao et al. (2012) and Mousavi and
Sørensen (2017), was recently proposed for quantile regression by Wang et al. (2019) and
Yu et al. (2019). An intriguing avenue for future research would be to compare the results
from our work with those arising from this wavelet basis expansion method.

Our analysis helped uncover some interesting insights for the sow data application. First,
the feed intake quantiles are similar for younger and older sows close to giving birth, but
increase faster (and to a higher level) for older than younger sows, suggesting that sows at
their second or later pregnancy acclimatize faster to the situation. Second, a high temperature
in the stable affects feed intake negatively except for the early days in the lactation period;
this is the case for both younger and older sows, and both at the median and at the 0.1
quantile levels. At early lactation days, the temperature effect is not significant. Similar
effects were reported by Renaudeau et al. (2001, Figure1), except that their analyses did
not distinguish different parities. It appears that older sows are slightly more sensitive to
high temperatures than younger sows when it comes to feed intake, which is surprising
because the opposite has been reported for farrowing rate (Bloemhof et al. 2013). Third, the
estimated temperature effect is generally larger at the 0.1 level compared to the 0.5 level,
suggesting that the lower tail of daily feed intake for a sow is more sensible to variation
in temperature; however, this should be investigated further. Fourth, there is an increasing
trend of the temperature effect throughout the lactation period at the 0.1 quantile level. This
is confirmed by model comparisons where models with time-varying temperature effect are
preferred over models with constant temperature effects, and is also in line with findings
in Johnston et al. (1999, Table 5). Fifth, for both groups and at the 0.1 quantile level, the
model with functional effect of temperature over the day is preferred over a model which
includes the average temperature only. This suggests that the shape, not only the level, of
the temperature profile affects the fraction of sows with a low feed intake. This is in line
with the results for mean regression for the same dataset (Staicu et al. 2020), but the topic
has apparently never been examined for other datasets in the animal science literature.

We have focused onmodels with a single functional covariate, but they could be extended
to includemore than one functional covariate or amixture of functional and scalar covariates
in a straightforward way. Moreover, several grouping levels could be included as random
effects; this could be relevant in the application because sows were kept together in the
stables. It remains to study the robustness of estimates in such more complex models. The
proposed models have similar flavor as models from Brockhaus et al. (2020), but we were
not able to get reliable estimates with the accompanying software.

We adjusted estimates and standard errorswith bootstrapmethods. The sampling schemes
have been used and studied in simpler models (Galvao and Montes-Rojas 2015; Battagliola
et al. 2022), but further examination would be interesting in the current set-up. Another
future research topic is the development of hypothesis testing procedures for the regression
coefficient functions; see Li et al. (2022). The recent approaches of Abramowicz et al.
(2018) and Pini et al. (2023) might be helpful for this purpose. Preliminary ideas involve test
statistics computed as integrals over the domain S of pointwise test statistics and bootstrap
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computations for evaluation of their null distributions. The main challenge lies in designing
appropriate permutation schemes that comply with the dependence structures in the data.
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APPENDIX

BOOTSTRAP SCHEMES

We detail the resampling schemes mentioned in Sect. 3.4 and used to compute part of the
results in Sect. 4.2.

Block Resampling (for Assessment of Sampling Variation of Estimator)

Let c∗
1, . . . , c

∗
N be sampled with replacement from the index set of clusters, {1, . . . , N },

and define the bootstrap dataset as {(Yc∗
i j

, Xc∗
i j

(sh), tc∗
i j

)}i jh . In this way, the within-subject
dependence is maintained. For a target, θ , defined from model parameters, we proceed as
follows: Draw a bootstrap sample as just described, carry out estimation, and compute the
estimated target. Repeat this B times, and denote the estimates θ̃1, . . . , θ̃B . Finally, compute
the standard deviation over the bootstrap estimates as stated in the main text. The same
method was used by Canay (2011) and Geraci and Bottai (2014).

http://creativecommons.org/licenses/by/4.0/
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Combination of Standard Resampling and Wild Bootstrap (for Assessment of Bias)

A bootstrap dataset consists of {(Y ∗
i j , Xi j (sh), ti j )}i jh where

Y ∗
i j = α̂τ (ti j ) +

∫
S

β̂τ (s, ti j )Xi j (s) ds + ε∗
i j + u∗

i . (5.1)

The estimates α̂τ (·) and β̂τ (·, ·) are based on the observed data. Notice that the values of
Xi j (sh) and ti j from the observed data are used unchanged. The subject-specific intercepts
u∗
1, . . . , u

∗
N are drawn with replacement from the estimates û1, . . . , ûN obtained from the

observed data, and the error terms {ε∗
i j }i j are generated via wild bootstrap. This means that

ε∗
i j = wi j |εi j |, where εi j = Yi j − α̂τ (ti j ) − ∫

S β̂τ (s, ti j )Xi j (s) ds − ûi are residuals from
the model, and wi j s are drawn independently as

wi j =
{
2(1 − τ), with probability 1 − τ

−2τ, with probability τ

For a target of interest, θ , and estimates θ̌1, . . . , θ̌B computed from B bootstrap samples,
the bias of θ̂ is estimated as explained in the main text. Wild bootstrap was introduced by
Wu (1986) and Liu (1988) for mean regression, and adapted to quantile regression by Feng
et al. (2011). Results in Feng et al. (2011), Wang et al. (2018) and Battagliola et al. (2022)
indicate that wild bootstrap captures asymmetry and heteroskedasticity better than ordinary
resampling of residuals.

IMPLEMENTATION

We used the software environment R (R Core Team 2023) for the computations. The
FACE method used for smoothing is implemented in the function fpca.face, which is
part of package refund (Goldsmith et al. 2023). It can handle functional data observed
on a dense or a sparse grid and also allows for missing values. One specifies either the
selected PVE (pve) or the number of principal components (npc) of choice. The resulting
eigenfunctions, the functional mean, and the predicted/smoothed functions are evaluated
and returned at a dense grid.

In order to fit fQGAM, we rely on the package qgam (Fasiolo et al. 2021b). It includes
the qgam function, which is a wrapper of the function gam (Wood 2017; Wood and Scheipl
2020). The call to qgam has the following structure:

qgam(y ˜ formula, qu=tau, data=data)

where y is the response and formula specifies any ordinary covariates, smooth effects,
and random effects to include in the model. The quantile level of interest τ is passed to qu,
and the entry data specifies the data frame of interest. The formula for qgamworks with
the same syntax as for gam. Hence, smooth terms are included with s() in the univariate
case and with te() in the multivariate case. In both cases the user can choose the type and
the number of basis functions by passing the arguments bs and k, respectively. Importantly
for this paper, the functional covariate is included in the smooth term with the option by =
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Xhat, where Xhat is the matrix of (possibly) pre-smoothed functional covariate values,
along with the grids of times points of observation, in form of a matrix. The subject-specific
intercept is included as a smooth term with bs=’re’.

The output from qgam is a gamObject, which stores several quantities related to the
model and the estimation process, such as twice the log-likelihood (logLik) and the esti-
mated effective degrees of freedom (edf2), which are used for computation ofAICvalues in
our application. Moreover, Vp, the variance-covariance matrix of all estimated coefficients,
is available, and can be used to compute model-based standard errors and confidence bands
for functions of the parameters, such as the targets mentioned in Sect. 3.4. Estimated quan-
tiles for new covariate functions can be computed with the function predict.gam, and
the function allows to exclude one ormore terms from themodel, such as the subject-specific
intercepts, in the prediction.

Finally, we have implemented the bootstrap schemes described in Sect. 3.4, namely
block bootstrap and wild bootstrap, and the R functions are available as part of Supple-
mentary Material in Section S3. Moreover, data preparation, implementation of fQGAM,
and bootstrap-based inference results are provided in an example using a dataset which is
available in the refund package (Goldsmith et al. 2023).
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