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Abstract
We prove global in time well-posedness for perturbations of the 2D stochastic Navier—
Stokes equations

oou+u-Vu=Au—-Vp+¢+E&, u(,-) =uop ,
div(iu) =0,

driven by additive space-time white noise &, with perturbation ¢ in the Hélder—Besov
space C~273¢ periodic boundary conditions and initial condition uo € C~'** for any
k > 0. The proof relies on an energy estimate which in turn builds on a dynamic high-
low frequency decomposition and tools from paracontrolled calculus. Our argument
uses that the solution to the linear equation is a log—correlated field, yielding a double
exponential growth bound on the solution. Notably, our method does not rely on any
explicit knowledge of the invariant measure to the SPDE, hence the perturbation ¢
is not restricted to the Cameron—Martin space of the noise, and the initial condition
may be anticipative. Finally, we introduce a notion of weak solution that leads to
well-posedness for all initial data ug in L2, the critical space of initial conditions.
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1 Introduction

The aim of this article is to study the global in time well-posedness of the 2D stochastic
Navier-Stokes (SNS) equations

Ou+u-Vu=Au—Vp+Tl(C+&, u@,)=u(),
div(u) =0, (L.1)

for (¢, x) € [0, 00) x T2, with T2 the 2D torus and where & = (&)i=12 1s a two-
dimensional space-time white noise, namely a Gaussian generalised random field
which formally has the covariance

E[& (¢, x)&j (s, )] = 8¢ x (s, ¥)8i,j -

The symbol ¢ denotes a perturbation belonging to C™>* (on parabolic space-time)
and Iy is the projection on mean-free functions [Ty f = f — sz f(x) dx (introduced
merely for simplicity, as the zero mode decouples from all others). Our main result
shows that there exists a null set A such that for all realisations of the noise £ outside
any initial condition g € L% U C~'** and any perturbation ¢ € C([0, oo]; C~>1),
for arbitrary « > 0, there exists a unique solution to (1.1) for all times. For initial
data in L2, this result requires the introduction of a suitable notion of weak solution,
while for initial data in C~'** we consider mild solutions in the sense of Da Prato and
Debussche.

Indeed, in a by now classical work, Da Prato and Debussche [8] establish the
local well-posedness of (1.1) (a similar approach was taken earlier by Bourgain [3]
in a related context), a first step in the development of solution theories for singular
SPDEs. Both the study of local and global solutions to singular SPDEs has seen
enormous progress in recent years. In particular, with respect to global in time well-
posedness we can highlight at least three different lines of research. On the one hand,
a number of equations, including (1.1) with ¢ = 0 but also Burgers’ equation and
SQG equations, admit an explicit invariant measure, in our case the Gaussian field
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0
X = / P_,PIT, & ds ,
—0o0

with P; the heat semigroup and P the Leray projection. Explicit knowledge of the
invariant measure p allows, under rather weak technical assumptions, to deduce global
well-posedness for the equation for p-almost all initial data [8], a result that can be
strengthened to all initial data, almost surely (with the null set possibly depending on
the initial condition), if the law of the solution satisfies the strong Feller property, see
for example [16, Theorem 4.10] or [26]. Approaches building on explicit knowledge
of the invariant measure appear to fail in our setting though since, as soon as ¢ ¢
L%OC([O, 00) X T2), the Cameron—Martin space of the noise, the law of the solution
has no obvious link to the law of X.

Second, and very relevant to our setting are anumber of recent works by Hofmanova,
Zhu and Zhu [17-20]. There, the authors establish global in time existence of invariant
solutions to equations such as the 3D Navier—Stokes equations with space time white
noise or the SQG equations within certain parameter ranges. These results build on the
equations being super-critical and on convex integration tools that allow to construct
infinitely many solutions at once.

Finally, the results closest to this work both in their methods and in their moti-
vation concern equations linked to stochastic quantisation. For models such as <I>f1
or (Euclidean) Yang—Mills, one aims to give meaning to a probability measure on a
space of distributions given by some formal expression. The idea then is to consider
the corresponding Langevin process (noisy gradient flow), which is typically a sin-
gular stochastic PDE. If one can give a meaning to and then prove well-posedness
and unique ergodicity for that SPDE, the desired measure can then be defined as its
(unique) invariant measure. In the case of the ®* models in any subcritical regime,
global well-posedness has been established

[7, 9, 10, 23], making use of the strongly coercive effect of the nonlinearity. In
the case of Yang—Mills however, while local well-posedness has recently been estab-
lished [4-6], global in time well-posedness remains as challenging as it is interesting.
Morally the Yang—Mills nonlinearity should behave similarly to the Navier—Stokes
nonlinearity, providing at least heuristically an energy estimate and not a negative
drift as is the case for the CD?, model.

In view of these considerations, establishing global well-posedness for equations
such as Equation (1.1) is particularly interesting. Arguably, the drawback of our
approach is that the exact regularity of & plays a role, and we are not able to rule
out finite time explosion if one consider an even slightly more irregular noise. On the
other hand we provide a pathwise argument for global well posedness: in particular,
no finite time explosion holds for every realisation of the noise outside a null set, uni-
formly over all initial conditions and perturbations. In addition and to the best of our
knowledge for the first time, we establish well-posedness of the equation also for L?
initial data. Of course, the choice of the initial condition is intuitively a local rather then
a global question, and indeed we expect this part of our result to extend to a broader
class of equations. The link between global well-posedness and well-posedness for
critical initial data is that both rely on an energy estimate and some kind of weak
formulation of the equation.

@ Springer



3 Page4of46 M. Hairer, T. Rosati

The technique used in the present work is to introduce a dynamical high-low fre-
quency decomposition, which splits the solution into an irregular, but small, component
and a more regular, but arbitrarily large component. This is in spirit similar to the
approach taken by Gallagher and Planchon [12] to establish well-posedness of the
deterministic Navier—Stokes equations with critical initial data and integrability index
p > 2 where the energy of the initial condition is allowed to be infinite. In our setting,
even for smooth initial data, the L% norm of the solution is infinite at any positive time:
this motivates our division of scales, so that our efforts concentrate towards establish-
ing an energy estimate for the large scale component of the solution. In the literature on
singular SPDEs, similar decompositions have appeared in the study of CDg models by
Mourrat and Weber [23] and in particular also by Gubinelli and Hofmanova [9], where
the authors introduce a time-independent paracontrolled structure similar to ours, in
order to obtain global well-posedness in space. As a matter of fact, an argument with
a somewhat similar flavour already appears in Nelson’s original construction of the
@3 measure [24] (see [15, Chapter 9] for a modern account).

Ultimately, to establish the lack of finite time blow-up, we rely on a careful study
of a certain quadratic form linked to a singular operator. The latter requires a finite,
but solution-dependent, logarithmic renormalisation, leading us to the following (very
heuristic) bound:

O lluell S log (lleer D llaer

for an appropriate norm || - ||. Hence we obtain a quantitative estimate with double-
exponential growth of the type

llu:ll < explexp(cs - 1)) ,

where the quantity ¢; > 0 depends on the noise up to time ¢, so in particular the growth
estimate is more than double exponential.

Let us conclude with a final remark. The original local well-posedness result by Da
Prato and Debussche did not require any tools from singular SPDEs (paracontrolled
calculus [11], regularity structures [14], etc). However, both our well-posedness result
for critical initial conditions and our global in time well-posedness result build on the
deeper understanding of the fine structure of the solution provided by these tools. In
this instance, we will use paracontrolled calculus for our analysis.

Notations

WeletN ={0,1,2,3,...}, N =N\ {0}, and Z, = Z \ {0}. Given a function said
to depend on ‘space’ and ‘time’, we will always assume that the spatial variable takes
values in the 2-dimensional torus T? = R?/Z?. Givend € N and a vector v € R? we
write |v| for its Euclidean norm. We identify M, the space of d x d square matrices
with R? ® R in the usual way, and we set u ®; v = %(u ® v+ v ® u) Given two
topological spaces X, Y we write C(X; Y) for the space of continuous functions from
XtoY.Forany k,d e Nif O C R4 we write C*(T2; 0O) for the space of k times
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differentiable maps ¢: T> — O (the derivatives being continuous). The gradient V
and divergence div are defined as usual and, for ¢ € C!(T?; M?) we set

2
divip)(¥) = (Y digi () _ € CAO%RY).
i=1

j=l
while, for ¢ € Cl(TZ; R2) we define Vo, Viyme € C(T2; M2) by

(Vo)ij = dpj . (Vym@)i,; = 3@i0; + ;01 .

When its arguments are functions taking values in a Hilbert space, (-, -) denotes the cor-
responding L?-scalar product. Finally, the function spaces that we will need throughout
the paper are described in Section A. Let us merely note that we write || ¢|| = |||l ;2
for the L? norm of a function .

Conventions

When the domain and target space of a function are clear from context, we will omit
them from our notations, writing for instance simply C* or L”. Given a set X and two
functions f, g: X — R, we write

fse

if there exists a constant C > 0 such that f(x) < Cg(x) for all x € X (similarly
f 2 gor f ~ g, the latter if both inequalities hold). In order to lighten the notation
and reduce the number of letters used to denote constants, we will allow the exact
value of generic constants C () depending on some parameter ¢ from a parameter
set ©, to change from line to line.

2 Main results

Throughout this work the following assumptions are in force.

Assumption 2.1 We fix a (small enough) constant ¥ > 0.

1. (Noise) Let (€2, F, P) be a probability space supporting a space-time white noise
£E:Q — (SR x T))2, namely a random variable such that the &; (¢) are jointly
centered Gaussian fori = 1,2 and ¢ € S(R x T2), with covariance

E[&(p)&j ()] = 1{:’:,,'}/ @(t, x)¢'(t, x) dr dx.
RxT?

2. (Perturbation) One has ¢ € c;j;fk (R x T2; R?).

3. (Initial condition) One has ug € ¢+ U L? with div(ug) = 0 and ITyup = 0.
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arab
space of space-time distributions as in [14, Definition 3.7] with s = (2, 1). This space

satisfies that if ¢ € 223, then also (¢, x) > ¢(t,x)1j0,00) (1) € Cpa™ and the

convolution with the heat kernel fot P,_T1.¢ds € C([0, c0); C2"). We loose a k in
spatial regularity (which we think of as small) in order to obtain continuity in time.
The factor 2 in front of « is simply for later convenience. Here and in the rest of the
work C%, for « € R, refers to the spatial Holder-Besov space C* (T2; R2) as defined
in Appendix A.

Here the space C; 243¢ (R x T2; R?) denotes the parabolically scaled Holder—Besov

Remark 2.1 Assumption 2.1 allows for perturbations ¢ that do not lie in the Cameron—
Martin space L%OC([O, 00) x T?) of the noise &: in particular for such ¢, the law of
the solution is not absolutely continuous to the solution to the 2D SNS equations with
space-time white noise, for which global existence for non-anticipative initial condi-
tions is already understood. Our assumption allows, for instance, ¢ to be a realisation
of a noise that is white in time but smoother than & in space. In addition ¢ could depend

on the realisation w € 2 of the noise &, since our argument is completely pathwise.

Remark 2.2 For uy € C~'** we will prove the existence of global mild solutions.
For ug € L* we will introduce a suitable notion of weak solution and prove global
well-posedness for such solutions.

To simplify the study of (1.1) itis convenient to project onto the space of divergence-
free functions, thus removing the pressure from the equation. For k = (k, kp) € 72
write k- = (ko, —k1) and define the Leray projection in terms of Fourier coefficients
by:

kt\ kt
Po() = ) ¥ (@(k) : @) o P eSRXTIRY,
keZ?

where v - w denotes the scalar product in R?. Applying P to (1.1), we obtain
ou+P(u-Vu) =Au+PI (¢ +§)  u,) =up(), 2.1

since by assumption div(x#g) = 0. Due to the irregularity of the noise, the solution u
to (2.1) does not lie in L2, so the non-linearity P(u - Vu) = Pdiv(u®?) is a priori
ill-defined. The key insight of [8] (following earlier works such as [3]) was to consider
the solution to (2.1) as a perturbation of the solution X to the linear equation:

X =AX +PIE, X9=0. (2.2)

Note that contrary to a setting common in the SPDE literature we do not choose Xy
so that the process ¢ — X, is stationary. Instead, our choice of zero initial condition
will be convenient later on to deal with initial data in L?. Gaussian computations
guarantee that (2.2) admits a unique solution X € C([0, co0); C™¥) for any ¥ > 0,
implying that X is barely not a function (these calculations are by now classical, but
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see also Lemma 6.2 for similar bounds). Setting u = X + v, v should at least formally
solve

v =Av+Pdiv(v+ X)®) +PIT,. ¢, v, ") =up() . (2.3)

Indeed the term div(X®?) is defined in C([0, 00); C_l_") for any ¥k > 0 as a field
in the second Wiener chaos (despite the product being a-priori ill-posed, since X has
negative regularity), and parabolic regularity estimates guarantee that one can find, at
least for smooth initial conditions, a solution v to (2.3) satisfying v € C((0, 00); C*),
for k > 0 small, as is captured by the following result.

Theorem 2.3 (Da Prato, Debussche [8]) There exists a null set N C Q such
that for any o ¢ N and k > 0 the following holds. For any ug € C~'T* there
exists a Tﬁ"(w, up) € (0, ool and a unique maximal mild solution v(w) to (2.3) on
[0, T/™(w, ug)), with v(w, 0, -) = ug(-).

The meaning of mild solutions is kept vague: we refer the reader to Proposition 3.2
and its (sketch of) proof. With the solution being maximal we understand that if there

exists another T(w) on an interval [0, T (w)) that solves (2.3) with the same initial
condition i, then

T(w) < TM™w, up), vw, 1) =v(w, 1), YO<1<T(w).

We say that the maximal solution is global for given w and ug, if T (w, ug) = .

Remark 2.4 By Sobolev embedding in dimension d = 2 (see (A.1)), H* € C~'** 5o
that mild solutions can deal with any initial condition with slightly better regularity
than the critical space L2.

Our main result concerns the existence of global solutions for an arbitrary initial
condition, almost surely.

Theorem 2.5 (Global solutions) There exists a null set N' C Q such that
T (uy, w) = 0o

forallw ¢ N,k > 0and ug € C~'*%, ¢ satisfying Assumption 2.1.

The null set V' is the one appearing in Lemma 3.1. Theorem 2.5 is proven at the
very end of Section 5. Next we consider initial condition o € L?. Note that in this
case Theorem 2.3 does not guarantee even local in time well-posedness.

Theorem 2.6 (Global high-low weak solutions) For the same null set N' C Q as in
Theorem 2.5 the following holds. For every w ¢ N,k > 0 and ug € L?, ¢ satisfying
Assumption 2.1 there exists a unique, global high-low weak solution to (2.3), with
initial condition u, in the sense of Definition 7.1.

This result follows from Lemma 7.3 (existence) and Lemma 7.4 (uniqueness). The
crux of the argument for both results lies in an energy estimate, based on a dynamic
high-low frequency decomposition: we will use classical energy estimates for low
frequencies and tools from singular SPDEs for high frequencies.
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3 First steps

To derive our energy estimate we start by iterating the Da Prato—Debussche trick to
improve as much as possible the regularity of the right-hand side. The issue with using
(2.3) to obtain an energy estimate is that formally such an estimate would require us
to make sense of the pairing, which appears when differentiating in time the > norm
t Juliga:

(v, Av +div((v + X)®%) + T1.¢) = (v, Av + div(e®? + X®2 + 20 ® X) + PI1,¢) .
Since ¢ € C~2+2¢ X € C7* and, at least locally, v € C%¢, none of the pairings
(v, Av), (v, divQu & X)), (v,div(X®?), (v, PII.¢)

are well defined for generic elements of these spaces. We can improve the situation
by introducing the solution Y to the linear equation

3Y = AY +Pdiv2X & Y + X®) + Pl , Y@©,)=0, 3.1
and then setting w = v — Y so that, setting D = 2(X 4+ Y),
dw=Aw+Pdivw® + D& w+Y®), w0,)=up().  (3.2)

Since the worst term in (3.1) is PT1 ¢, we have Y € Cz", so that we expect w € Cl_",
the worst term in (3.2) being given by Pdiv(2X ®, w) € C~!=%_If we now consider
the pairing

(w, Aw +Pdiviw®? +2(X + Y) & w + Y®?)) , (3.3)
appearing in the time derivative of ||w||?, the only ill-defined term is
(w, Aw +Pdiv(2X & w)) . 34

In fact, the main issue in deriving a-priori estimates on the solution is to give meaning
to this pairing. At a very heuristic (and ultimately wrong) level, we would like to treat
(3.4) as arandom Dirichlet form. The problem with this approach is that the quadratic
form is not semi-bounded from below, which reflects the necessity of renormalisation
for the symmetrised version of the operator ¢ > A¢ 4 2 div(X ®; ¢). This problem
will be addressed by the already mentioned division of scales, so that at a fixed time
we will require only a finite (but solution-dependent!) logarithmic renormalisation
constant.

The second issue to address is how much regularity can be found in this quadratic
form: by comparison, the quadratic form associated to the Laplacian guarantees one
degree of regularity since (f, A f) = —||V f||%. In our case, for s > 1, the following
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resolvent (here sym stands for the symmetric part of the operator) is expected to be a
bounded operator

(A+PdiveX & ) — wgym: L* — H'™* .

In particular, because of the stochastic terms, it is expected to be less regularising
than the Laplacian alone (which is bounded into H?). Therefore, we could expect the
quadratic form above to be bounded from above as follows, for some (random) ¢ > 0

(w, Aw +Pdiv2X & w)) < —||w||%11/zfx/2 + C,u”w”2 .

This is a significant loss of regularity compared to the Laplacian and such a bound
would not be sufficient to deduce our result. To solve this issue we observe that our
argument only requires a fraction of regularity to treat the singular term div(X ®s w),
so we split the quadratic form into

(w, Aw +PdivQRw ® X)) = 5(w, Aw) + (w, 3 Aw + PdivQw & X)) .

The first term yields an H' bound and the second term is controlled by the division of
scales. Note that this division is extremely artificial and highlights that our argument
is somewhat rough and does not optimally capture the actual small scale structure of
the solution.

3.1 Intermezzo: collecting the stochastic terms

In order to reduce the number of norms that we will later use in our bounds, it will
be convenient to collect all stochastic quantities as elements of a large Banach space
and use only one norm on that space. So far we have considered the following time-
dependent processes, with associated “magnitude” L;:

t (X, Y)eC xC*, Lf=1+ sup {I1Xsllg=e + Y5l }
0<s<t

for t € [0, 00), k > 0. In addition, in Section 6 we will consider the time-dependent
Anderson-type operator %A + 2Vsym X;. We therefore additionally consider the fol-
lowing “enhanced noise” process, for a given parameter A > 1 and ¢ € [0, 00):

= (2vsym£AXtv (zvsymEAXt) O} P,)L —uld), (3.5)
taking values in C™'™* x C™* (see Definition 4.1 for the definition of the projection
L;., (6.5) for the definition of t;, Lemma 6.2 for the definition of P,)“, and Section A.1

for the definition of the “resonant product” ®). Then we measure the magnitude of
the enhanced noise together with the processes X and Y via

N =L+ sup sup {1QVym LX) © PY = tldliev ] (3.6)
0<s<tieN
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where {A'};cN is defined in (4.8).

Lemma 3.1 Let (2, F, P) be the probability space as in Assumption 2.1. There exist
a null set N' € Q such that

Nf(w) <00, VYo¢N ,t>0,k>0.

Proof For the terms involving VeymX see Lemma 6.2. The bounds on all other terms
follow along similar lines. O

For clarity, we collect all the stochastic terms required in our analysis in the fol-
lowing table.

Process Definition Regularity
X (3 — A)X =PIIx& c*

Y 0 — A)Y =Pdiv2X & Y + X®2) + Py ¢ c2

0 (0 — N)Q =2X 2«

P (—3A+ 1P = 2VymX clx

3.2 Recap: local well-posedness

Before we move on, let us recall the local well-posedness result for (3.2). The proof
of a very similar result can be found in [8] and is by now classical. For y, T > 0 and
B € R, we consider the Banach space

MGCP  CUO, TS M), 1 f e = sup ol fillgs -

SIS

We then say that w € MY CP is a mild solution to (3.2) if
t
w, = Pawg + / P_Pdiviw®> + D@ w+ Y®?*)ds ,
0

where the definition of the products w®? and D ® w has to be justified, depending
on the choice of the parameters § and y.

Proposition 3.2 Fix any 0 < « < 1/2, set y = 1 — «/2, and assume that D €

C([0, 00); C ) and Y®% € C([0, 00); C*¥). Then for all ug € C~'72¢, (3.2) admits a
V/2C3K/2

Tn , up to amaximal time 0 < T (LE | ug) <

unique mild solution in the space M
00.

Note that one can improve the spatial regularity of the solution, at the cost of a higher
blow-up at time ¢ = 0 (roughly, one can obtain u € M!'™*C'~2¢ for all ¥ > 0). Yet
if one does so, the non-linearity div(u ®2) would not be integrable (if measured in the
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better norm C~2¢) at = 0. For this reason, we refrain from stating the optimal spatial
regularity. Instead, we chose a space such that one can prove local well-posedness of
the equation in that space through a classical Picard fixed point argument.

Remark 3.3 By Lemma 3.1, there exists a nullset A € N such that Lf () < oo
forallt > 0 and w ¢ N, so that the proposition above applies to our setting on N.
Moreover, the maximal local existence time 71in is the same as in Theorem 2.3, since
mild solutions to (3.2) are equivalent to mild solutions to (2.3) through the mapping
w—w+Y.

4 A high-low energy estimate

We now analyse the most problematic term in deriving an energy estimate for w,
namely the quadratic form (3.4). Since D € C™*, we expect the solution w to be of
regularity no better than C' =, also for smooth initial data. Hence to make sense of
(3.4) there is no chance in treating the two terms (w, Aw) and (w, Pdiv(D & w))
separately since both terms would be infinite. Instead, we have to exploit that there are
cancellations between these two terms which make the quadratic form finite. Before
we continue, let us assume that uy € L: in any case Proposition 3.2 guarantees that
w; € L? for any ¢ > 0 up to the blow-up time 71", also if u has worse regularity.

Assumption 4.1 Throughout this section we work under the assumption that uy €
L?> N ¢~ for some k > 0.

4.1 High frequency paracontrolled decomposition

One way to observe the above mentioned cancellation is to look deeper into the struc-
ture of the solution w, using paracontrolled calculus to obtain a nonlinear expansion
in terms of D. Let us define w® by

0 —A)Q0=2X, Qo=0, w=Pdiviwe Q)+ w", 4.1)

where the paraproduct € is defined in Section A.1, and we note that Q € C>~*. Then
w* solves

dw' = Aw' + Pdiviw®? + D@ w —2Xcw+ COw, Q) + Y®?), (4.2
with the commutator C defined by

COf.9) =@ —D(fO8) —[O@B — g
=0 — A f)og2Te[(V) © (V)] . (4.3)
Here we used that by the Leibnitz rule 9; (0 ©¢) = (9;¢) @Y +¢© (9;¥), which holds

because for every Paley block A ;¢ we have 9;Aj¢ = A;0d;¢. The term C®w, Q)
is expected to lie in cl-2¢ (see [13, Lemma 2.8], although here we are not using
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3 Page120f46 M. Hairer, T. Rosati

the parabolically scaled paraproduct, so the estimate will follow along a different
line). Therefore, collecting all regularities we expect that w? € C'*%¢, since the worst
regularity term in the divergence is given by ¥ ®; w € C?*, assuming « sufficiently
small (recall that D = 2(X + Y)). This means that we have singled out the most
irregular part of the solution w and we can now attempt to write an energy estimate
for wF. A naive attempt will fail though, because now the pairing

(W, Aw + Pdiviw®* + D@ w —2X S w + CO(w, Q) + Y®?))
appears to be cubic in the norm of w. By this we meant that the nonlinear term
(w?, Pdiv(w®?)) = (w®, Pdiv((w — wH)® 4+ 2w @ (w — w)))

does not vanish because of antisymmetry (as opposed to (w, div(w®?)) = 0), so that
the naive bound |(w?, div((w — w*)®?))| < W[y llw — w’j||%4 is cubic in norms
of w*. On the other hand, if we knew that the irregular part w — w? is of order one in
some appropriate norm, then we would be able to obtain an estimate that is quadratic
in the norm of w, or in this case equivalently the norm of w?. This is our aim, and the
approach that we will follow to “make” the irregular part small is to take into account
the paracontrolled structure only in high frequencies, where “high” will be defined in
terms of the L2 norm of w.

4.1.1 High and low frequency projections

We start by introducing high and low frequency projections, together with some simple
estimates.

Definition 4.1 For any A > 0, define the projections
Hy: S'(THR?) — S(T4RY) L0 S(T% R — S(T% R?)

by respectively Hyw = FV),\ sw,and L,w = w — Hyw = f;h * w, where fv),\,fk €
S'(T?%; R?) are defined as the Fourier inverses

0200 = FLHH( - 1/0) @) . L) =F LI 1/0)) @) .

for smooth functions b, [ [0, co) — [0, co) satisfying

by =1, ifr>1, Bhr)=0, ifr<-=, I[=1-5h, fi(x)dle.
T2

| =

The next result states that we can gain regularity in low frequencies by paying a
price in powers of A. The spaces B%,OO, for p € [1,00] and @ € R are the Besov
spaces with integrability parameter p introduced in Appendix A and agree with the

spaces C* for p = oo.
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Global existence for perturbations of the 2D stochastic... Page 13 of 46 3

Lemma4.2 Forany p € [1, 00] and B > « one can estimate uniformly over A > 1:
ILsglly  SM ™ Nolsy,, . Yo EB) .

Proof We can write estimate, for some ¢ > 0 by Young’s inequality for convolutions

v

appliedto £ Ajo =l x Ajo

1Ll = sup  27P|Ajpllr SAP7* sup  27¥AjellLe
pee Jj<logy(M)+c Jj<logy(M)+c
from which the result immediately follows. O

Similarly we can gain powers of A in high frequencies by paying a price in regularity.

Lemma4.3 Forany p € [1, 00] and B > o one can estimate uniformly X > 1:
IHaglles <A Pllglls . Vo € Bhoo -
P Cp
Proof As above, we can bound for some ¢ > 0

Hagllcx = sup A Haplir = sup 27 A HopllLr.
j 1 j=logy(M)—c

jz—

Now we can simply estimate

1Aj@llLe + 12 F D) * Ajolle

1A HopllLr = IHAAjoliLr <
<2MAjeler

where we used that by assumption [ f(x) dx = 1. Plugging this into the previous
bound we obtain:

IHaglex = sup 278 Haplle S 2% Ploles
JjZlogy (M) —c r

as required. O
4.1.2 Construction of the high-frequency paracontrolled decomposition

For a time-dependent frequency level A, > 1 that will be introduced later on and with
Q as in (4.1), let us define the high-frequency control Q" and the high-frequency
component w’ of w by

O =H,,0,, w'=Pdivwe 0", w=w-w". (4.4)

Clearly, w” should be interpreted as the low frequency component of w. In view of
the two lemmas above, the gain in this decomposition is that if the frequency A; is
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large, then the control Q71 is relatively small, provided that we are willing to measure
it with a worse regularity. In particular, we can bound by Lemma 4.3:

107 25 S 272N Qe SACIX llor - (4.5)

To make sure that w”? is of order one, independently of the size of w, it would be con-
venient to choose A, >~ (1 + |jw,||). Of course, such a decomposition eventually shifts
the problem to the analysis of the low-frequency component w%. For this purpose,
such a choice of  — A, is not entirely convenient, because in deriving an equation for
w* we will end up differentiating A; in time, which leads to a tedious term involving
quantities such as the quadratic form (3.4), which is precisely what we set out to avoid.
Instead we consider a discretised version of ¢ +— (1 + ||w,||)?, for a suitable a > 0.

Definition 4.4 Fix a parameter a > 0 and consider any initial condition u¢ satisfying
Assumption 4.1. Let us introduce the sequence of stopping times {7;};eN, With

def
0=Th < <---<T <...,

defined for any w € € and ug € L?> N C~'* as follows. For i € N \ {0} define
Tipi(w,uo) =inflt > T; = Jlwel| =i+ 1} A T™(w, uo) , (4.6)
with w solving (3.2) and Thin(w, ug) as in Theorem 2.3. Then if we set
io(uo) = max{i € N : i < fluoll} , 4.7

it holds that 7; = 0 if and only if i < ig(up). Finally, for any i € N set

(4.8)

: 1 a@, ifr=0
50 def A+, A def (I+ Tluol D, 1 ,
(I+lwrD®, else forall T; <t < T4 .

Since ug € .L2 by Assumption 4.1, we have ig(1p) < 0o. Moreover A; is defined
sothat A, = A' forall T; <t < Tj41 and i > ig(uo).

Remark 4.5 We have defined the discretised frequency level ¢+ — A, in such a way
that A; € {A'};en. In particular, it belongs to a fixed countable set independent of
initial conditions, which will be of use in the approximation of the singular operator
in Section 6 (else the null set in Lemma 6.2 could depend on the initial condition u).
Moreover, we introduced the parameter a, because it turns out that a = 1 (arguably the
most natural choice) is not enough for our purposes. Instead choosing any a € (2, 3]
is sufficient. We left a as a free parameter, so that the reader can follow at what point
the condition a > 2 is required.

Next we make use of the structure we have introduced so far to control the high-

frequency term w’t,
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Lemma4.6 Forany$ > 0 and w ¢ N there exists a C(§) > 0 such that
lwf @)l 125 < CEA + [wi@ D' Nf (@), Y0 <t < T"(w,up) .

Observe that the formulation of the lemma above allows for ¢ to depend on w, and
does not require it to be a stopping time.

Proof The estimate follows from Lemma A.l, Lemma 4.3, the definition of w” in
(4.4) and A; in Definition 4.4, since

H H H
lwfllgcs S lwe @ QFllg-cs S Iwi QM llgo-vs

SNwlA 21Ol S (4w D™ X o

Here, in the first estimate of the second line we made use of the continuous embedding
BS o S Hy ™" for any k > 0. ]

4.2 Structure of the low-frequency energy estimate

In a nutshell, the question of global existence amounts then to proving that
lim;_, o T; = oo (of course we still have to prove that T1fin coincides with the blow-up
time of the L norm). To obtain such a result we now establish an L? energy esti-
mate on the low-frequency component w’. Let us fix ani € N,i > iy and consider
t € [T;, Ti4+1), whenever T; < Tj11, with the stopping times 7; defined as in (4.6).
We find, in analogy to (4.2)

dwt = Awf + Pdiviw®? + D & w — 2(Hy, X) © w)
+Pdiv(C®(w, Q™) + Y®?) | (4.9)

with initial condition wé: = wo—Pdiv(wg© Qz)“{) = ug, sothat since D = 2(X +7Y)

i |w”? = 2(wr, Aw” + div(2(L;, X) & wb)) (4.10a)
+2(w’, div(2(Hy, X) ® w” — 2(H3, X) © wh)) (4.10b)
+2(w”, div2X & w’ — 2(Hy, X) & w'™)) (4.10c)

+2(w”, div(w®? +2Y @ w + CP(w, ") + Y®?)) |, (4.10d)

with C® as in (4.3). We will treat the four terms in (4.10) separately. The term (4.10a)
gives rise to a paracontrolled quadratic form, which will need logarithmic (in X;)
renormalisation. To bound the cubic term in (4.10d) we use our decomposition, in
combination with Lemma 4.6.
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3 Page 16 0f 46 M. Hairer, T. Rosati

Let us start with the quadratic form in (4.10a). Since both X and w* are divergence-
free, we have
(w*, AW +div2(Ls, X,) & wh)) = (w, FAw® +[2V(L;, X)w")
= (", JAWE + [2Viym (L3, X)) Jw") .
The factor 1/2 in front of the Laplacian is not a typo, that is, we did not consider the full
term appearing in (4.10a) (there is a A /2 missing), as we will split the Laplacian into

two terms, see (4.13) below. This leads us to consider the following time-dependent
family of operators:

1
A dész+2Vsme,—oo, Vi>0,

where the “00” indicates the necessity of renormalisation. More precisely, A, will be
constructed as the limit as . — oo of the operators:

1
Ar FA+ 2%l X —uOld, V>0, 4.11)

Here v, (¢) is the renormalisation constant defined in (6.5) below. The fact that such a
limit exists is the content of Proposition 6.1 and Lemma 6.2. Crucially, the convergence
of the operators .A,A is such that the quadratic form of the limiting operator is bounded
from above (by a random, but finite, constant m;), meaning that (¢, A,¢) < m,|¢ I12.
For clarity let us formally write the action of these operators in components:

2
1
(Afw)i = D815 Awj + 2(VymLiX0)i j = 608 jlwj . Yw € D(AM12)
j=1

This allows us to rewrite (4.10a) as

(W, AwE + div2(L, X;) & w’))

1
= 5 w5 + (wh, Al w4 v, lwh)? . (4.13)

The remaining terms in (4.10) will be treated as perturbations of this term. At this point
we can thus already provide the heuristics of our approach, assuming (4.10b)—(4.10d)
vanish. In this case we are left with the following bound, from the definition of v, (¢)
in (6.5) (where the constant ¢ > 0 appears) for t € [T;, T;11)
drllw I = —llwhiig + 2", A w®) + 26, O |w” )
< —llwhl + 2", Afwh) + aclog (1 + l[wr M) lw |1 .

In addition, as we mentioned, by Proposition 6.1, there exists a continuous map
m: Ry — Ry such that the operator A; — m; is negative. By Lemma 4.6 with
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Global existence for perturbations of the 2D stochastic... Page 17 of 46 3

8 = 1/a we additionally have lw’|| ~ 1 so that [|w]|| =~ ||[w%]| + 1, and we conclude
A lw”1* < 2my[lw”(|? + clog (1 + [[wf %) [w®|* .

Roughly, this calculation shows that the norm grows at most like the solution to the
ODE

z = clog (z/)z ,

for some ¢ > 0, which has double-exponential growth but does not blow up in finite
time. More rigorously, we obtain that for ¢ € [T;, Ti+1)

t
lwf11? < ||w%||2exp{/ 2ms+c10g(1+||w%||2)ds} :

i

Now for ¢ > 0 write m; = max{my : s € [0, ¢]}. If for the sake of our argument we
assume that the blow-up time 71" coincides with the blow-up time of the L? norm
of w (we will prove this in Corollary 5.4), then our aim is to prove that 7; 1 oo. In
particular, if Tfin < 00, we would have T < Tfin —~ 5o for all i € N. On the other
hand, we can bound for any i > 1, by using that ||w§i I?~i%and A; = Tiy1 —T;

(i +12<i? exp {Ai [ZﬁTﬁn + clog (2i2)]} ,
whence

12

log <—(";21) ) 1

AVED = 2 T -
2myn + clog (2i%) ™~ ilogi

Since this quantity isn’t summable, ) ", A; = oo and we have found a contradiction
to the assumption that 7; < 7" < oo for all i.

4.3 Energy estimate bounds

The next sections are devoted to making rigorous the argument sketched above. We
start by obtaining the full energy estimate, taking into consideration the rest terms
which we have ignored so far.

Proposition 4.7 Fixt +— A; as in Definition 4.4 with a = 3. There exists ak € N, and
a ko > 0 such that for some C > 0 and all k € (0, ko) we can estimate uniformly
overi € Nandt € [T;, Ti4+1):

K

1
B llwE I < =i+ 20w, AT wE) + 20,0 w1+ CL D

FCOND Ul og + 012 )

—5k
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with v, (t) defined by (6.5).
Remark 4.8 The value a = 3 is arbitrary: for example the calculations below allow
1

for any a € (2, 00). Our choice a = 3 guarantees that )L? < 1+ |Jlwy]|, see also
Remarks 4.5 and 4.11.

Proof This estimate follows from the bound (4.13) for the term in (4.10a), together
with Lemmas 4.9, 4.10, and 4.12 below for (4.10b)—(4.10d). The regularity 1 — %/c is
the worst one appearing in all estimates, and comes from Lemma 4.12. O

In the rest of this section we collect the bounds that lead to the energy estimate in
Proposition 4.7. We start with a bound on the term (4.10b).

Lemma 4.9 Fix A; as in Definition 4.4 for any a € [2, 00). There exists a ko > 0 and
ann € (0, 1 — ko) such that for all k < ko we have the bound

(W, div2(H;, X) & wh — 2(H;, X) & wh)) < NEJwhi3,
Proof We can bound for any n € (0, 1)
(M, X) © we + (M3, X) © w¥ | goe S NEJwFlpn
so that overall
(W, div2(Hy, X) & w’ —2(H5, X) © wh)) < NEJwhi3,,
provided that n > %(1 + «), which is the desired bound. O

Next we pass to an estimate of (4.10c) and the first term of (4.10d).

Lemma 4.10 Fix A; as in Definition 4.4 for any a € (2, 00). There exists a ky(a) > 0
and an n(a) € (0, 1 — kg) such that for all k < ko(a) we have the bounds

1
(w*, div2X & w' — 2(Hy, X) & w™)) < wh | gnr] (N2,
(w*, div(w®)) < 1w (lwF o+ NON)?

1
Remark 4.11 The factor A, above could be replaced by A! for an arbitrary ¢ < 1/2.
Eventually we will need A? < 1 + ||lwy], which is the case if a < g~ '. Since any
2 < a < 3 will be sufficient for our needs we have fixed ¢ = 1/3.

Proof First bound. By Lemma 4.6 with § = 1/2 and the assumption a > 2 one has
[(Hy, X) © w + (Hy, X) © w|| ji2-sc < NQw ) o2 < (N?

Applying in addition Lemma 4.2 we obtain

1
3 2
(L3, X) @ w1 S INLo, Xl llw ] o2 S A7 N2,

~
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assuming that ko > 0 is sufficiently small so that 5/6 — 3« > 0. From the latter two
estimates we can deduce as desired

1
(w’, diveX @ w' —2(H;, X) © w') < Jwh i) (N2,
for any n € (2/3 + «, 1), assuming that k¢ is small so that 1/2 — 3k > 1/3 — k.
Second bound. Here, since w®? = (w)®? + (wM)®? 4+ 2wl @ w’ and w¥ is
divergence free, we find

(wk, div(w®?)) = (wr, div((w")®? + 2wt & w™)) .

For the term involving (w’!)®? we estimate by Lemma A.1 and Sobolev embeddings
in dimension d = 2

H\R2 H (2 H (12 H (12
Il (w )® Il gr1/4-3c ,S lw ||Bl/4f2K ,S lw ||Bs/472K ,S flw ||H3/472K .
4 2.

To close this first bound we apply Lemma 4.6 with § = 1/4 in order to deduce
1™ E2 | gase S Twll (N 4.14)
since a > 2. Therefore we have obtained
(W, div(@™ ) < whll g lwl ND® S Tl gy (lw]] +NONE?
where in the last step we used once again Lemma 4.6 with § = 1/2.
For the term involving w” & w’ we proceed similarly, only this time we make

use of the fact that a > 2 (with a strict inequality!). We use Lemma 4.6 with § = 1/a
and Besov embeddings (see (A.1)) to bound

~

L L
||wH||Bl/271/l172K < ||wH||Hlf1/u72I{ SNF [lw ||Bl/2—l/ufx S lw™ |l gi-17a— -
4,00 4,00

Now, if 1/2 — 1/a — k > 0 — which is the case since a > 2, assuming kq(a) is
sufficiently small — we conclude that

I diV(w£ R u)H)||H71/271/a72K < ”U)‘C”Hl—l/aﬂ(N;C .
Therefore
(w*, div(w® & w’)) < lw? | o W || gi-1/a—e NS < w2, NC

provided « > 0 is sufficiently small with respect toa and n > (1/2 4+ 1/a + 2k) Vv
(1 — 1/a — «). The proof is complete. O

We are left with the last terms in (4.10d).
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Lemma 4.12 Fix A; as in Definition 4.4 for any a € (2, 00). There exists a ko(a) > 0
and an n(a) € (0, 1 — kg) such that for any k € (0, ko(a))

(w”, div2Y & w + C®(w, ™) + Y®?))
SN g Ul e+ NONE A+ (g + w NN

Proof The 2Y @ w + Y®2 term. We can estimate via Lemma A.1 and Lemma 4.6
with § = 1/2, since a > 2:

c
Y& wl 7. SIY & wlge S IYlecllwlgae SN Qw2 +Np) -

Hence, since %K — %K >0

(W, div(y @ w)) < w3, (w2 +NON;

Similarly for the Y®? term
(w-, div(Y®?) < [’ -2 (N
where we used the estimate

(w*, div(Y®?))| = |(Vw~, Y52)|
<V L Y®2 < L Y 2
SV 26 1Y S 2e S w2 [V [ 20 -

The commutator term. Here by definition from (4.3) we have
C®w, ™) = ((3 — Aw) © Q" -2Tr[(Vw) © (VO] . (4.15)
As for the first term, from (3.2)
(0 = Ayw) © 0" = [Pdivw® + D@ w+YH)| 0 0. @.16)
Let us start with the quadratic part, which has the worse homogeneity. By Sobolev
embeddings we obtain [w®?| ;2 < lwl?, < [lw]|3,,, so that for any y > 0, by

Lemma A.1 and (4.5)

IP div(w®)] © 0™l y12cy < w2 210 ey

2 H 2 -y
,S ||w||H1/2||Q ||C2—K—y ,S ||w||H1/2)‘t N;( .
Therefore we find

(wE, div ([Pdivw®)] © ")) S |wFl gy P divw®)] © 0" 120

S w2 lwll3 1o s T NE
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Let us now use the decomposition w = wh + wc, so that we can further bound

(w”, div ([P div(w®)] & QH)>
S w2 0 1 en + 1™ 2000+ Twl) 77N

S Wl g2 (w131 200 + NODA + [Jw]) 77N

where in the last step we used Lemma 4.6 with § = 1/a together with the assumption
a > 2 so that, provided ko(a) > 0 is sufficiently small:

||U)H||H1/2+2K < ||wH||H171/af2K < N't( . 4.17)

Next, we can use interpolation to bound, for any n > (1/2 4 2k) A (y + 2«):

1/2
A I L P,

L
lw™ll grzee S lw p(n, k) =

+ 2k

, _ Y
1wl pysae S IWEIET w1 =200 g, i) = €,1).

Hence we obtain

c £y2 -
lw™ v w1 (L4 w77

2 _2p— _
S w0 w I S 13224 (1wl 7
To eventually find a useful estimate we must pick 7, y such that for all ¥ small
2p(, ) +qm, k) <2,  3=2p(n, k) —qn,x) < ya.

For example, if we fix y = 1/2 and n = 3/4+ 2k, then the first inequality is satisfied:

Lty +dc 3244 _,3/2+4 _
T 3/442c T3/244k

s

2p+q =
and the second inequality as well, since for a > 2:
3—-2p—g=1<ya.
With such a choice, we can finally bound
(w, div ([Pdivw®)] © 0™)) S wE 1 5Ns + sl N

which is of the required order. Now we can proceed to the last two terms in (4.16).
First of all, since D = 2(X + Y), we have

ID & w+ Y| - < [IDllg-rlwll g2 + (N)?
SNEwll gae + (N2
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Therefore

1P div(D & w + Y®*) ] © 0" g2 < 1D & w+ Y&y || Q7| yo-s
< (N wll e + (N9

Plugging this into the desired inner product we conclude

(w¥, div ([P div(D & w + Y®?)] & QH)> <N E ] 2 (N2 w gae + (N)?)

S NwE N gae (N2 [wE | e + (NK)3)

where in the last step we made use of Lemma 4.6.
Finally, we are left with the second term in (4.15). Here we bound

ITe[(Vw) © (VO y12ve S IVwll 1242 [V Q| o1
S lwll 122 NS < (lwEl gijpsae + NONE

where in the last step we have used (4.17). We conclude that
[(w”, div(Tr[(Vw) © (VOO S w12 (w1202 + NHNE

which is again a bound of the correct order. This concludes the proof. O

5 Global solutions

As in the previous section, we work under Assumption 4.1 and assume that the initial
condition ug to (3.2) satisfies

ug e L>ngtx

for some « > 0. The objective of this section is to build on Proposition 4.7 to obtain
global well-posedness for (2.3). The first step is to apply some interpolation inequali-
ties to obtain a bound on the distance between the successive stopping times T; 1 — 7T;.
We start with a corollary of Proposition 4.7.

Corollary 5.1 In the setting of Proposition 4.7, for some ko > 0 there exists a constant
C1 > 0 and increasing continuous maps Cp, C3: Ry — (0, 00) such that for all
Kk < ko we can estimate uniformly overi € N,i > igandt € [T;, Ti+1)

1
Ollwi 12 + S lwf I < Crlog G llwfI” + CoONDIw 1? + C(N)
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In particular, we can estimate

1 rTin
sup  [lwf > + / lwf 7,1 ds
TIi<t<Tip T;
< (Iwf 12 + C3 N5, ) - exp{(Tit = TDIC2(NG, ) + C1 log G}
Proof From Proposition 4.7 we have that for some C > 0
1
B llw P < — w5 + 20w, A w) + 260w I + CAFNDE -

FCND Ul g + Tt R

——K

Regarding the quadratic form associated to A?’, it follows from Proposition 6.1 below
that there exists an m(NJ) such that

(wr, Al w®) < mNE) w2 .

Regarding v, (#) we find for some ¢ > O that v, (1) < ¢ - log (&), see (6.5). For

1

the term involving A, we estimate A} < (1 + ||w,|)) for z € [T}, T;4+1) since we have
assumed that a = 3. Hence overall we find Cy, C», C3 as in the statement of the
corollary, such that

1
O llwf 2 < =S IwElg + (Crlog () + CaNO)we® + C3(NF) .

Here we repeatedly use interpolation and Young’s inequality for products so that for
any 7, € € (0, 1) there exists a C(g, n) > 0 such that

L2 L2 L2
lw™ Iz < ellw™ 5 + Cle, miw™[I~ .

As for the second estimate, we find for any ¢ € [T;, Ti+1) and u = C2 (NTH) +
Cilog (hr,):

|
w12 < e lwk | + f =3¢l I + TN ds
T;
so that
2 L2 2 L[ s L2
lwf I + / lwf 17 ds < wf > + 5 / Il wE 2, ds
T;

t
< e(Ti+1—Ti)M||wlTZi ||2 + C3(N’7(}+1)f U= g
T;

< eTit1— T)lt“wT || + C3(NT[+I)M—16(7}+1—T,')# ,
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which implies the desired result. O
To complete the L? estimate, we must control the jump of the norm at the stopping
times 7;.

Lemma 5.2 In the setting of Corollary 5.1, consider i € Ny such that i = io(uo),
with ig(ug) as in (4.7), and fixt > 0. Then if Ti11 < T/ A t there exists a constant
C(N¥) > 0 such that

Tit1— T,

1 <i2+2z’—C(Nf)>
P> — log [ —————2) .
C(N)(1 4+ log (1 +i))

i2+ C(NY)

Proof We can use Corollary 5.1 to bound

L 2
o I 1 Ik, |
A 1_ '/ . O .
T GmND Flogr) O \TwE P + G (N

Now, since T; 41 < T'", from the definition of the stopping time we have for some
c>1

c
| [

wi = lwr | = i, =G+ D —eNfG+ D7

=
lwf Il < fwz |+ lwifl < i+ eNfi"
by Lemma 4.6 with§ = 2/a € (0, 1 —2«) (since a > 2, for x > 0 sufficiently small).

Recall here that since A; jumps at¢ = T; by (4.8), we also have jumps in the definitions
of w¥, see (4.4). Hence we obtain that

- . 1 o < (i +1)% — 2eN¥ )
LT OO Falog (1+1) g\ +2eNF + c2(N)2i—2 + C3(NY) )7

from which the result follows. O

The previous lemma gives us a control on the explosion time of the L norm. Next
we show that if 7" < oo, then limmTﬁn ||th | = oo, meaning that the explosion of

the L? norm is a necessary (and of course sufficient) condition for finite-time blow-up.
For this purpose we require higher regularity estimates.

Lemma 5.3 Inthe setting of Corollary 5.1 there exists a kg > 0 such that the following
holds for any k € (0, ko) and ¢ € (0, k) and. Fixany M > 1, T > 0 such that

L2 L2 AT L2
lwy llge + sup lw |l +/ lwy g de <M.
0Kt KT ATSin 0

Then there exists a C(T, M, N'}) € (0, co) such that

2
sup  wE||%e < C(T, M,N£) .
0t KT ATSin
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Proof To control the H¢ norm we have to control (w%, (—A)*w¥). Here we find, as
in (4.10a), (4.10b), (4.10c) and (4.10d):

d(wr, (A wh) = 2((—A) w, dwr)

=2((—A)°w”, Aw” 4+ div(2(L£;, X) & w’)) (5.1a)
+2((—=A) wF, div(2(Hy, X) & w” — 2(Hy, X) & w’)) (5.1b)
+2((—A)*wh, diveX & w't — 2(H;, X) & w™)) (5.1c)

+2((= A w”, div(w®? +2Y & w + COw, 0T + Y®2)) . (5.1d)

We bound the right-hand side one term at the time. The value of the constants C > 0
may change from line to line. All calculations hold only for «q sufficiently small. For
(5.1a) we have for any § € (0, 1)

(=AY wE, Aw® + div2(L, X) & wh)) < —(1 — )| w31, + C(M,NK.8) |

where we used the estimate

(=) wr, div(2(Ly, X) & w)) < C(M, N$) || grae |w | 1
<

SlwE %, . + C(M, N, 5)

for ¢ sufficiently small. For (5.1b) we follow the proof of Lemma 4.9 to obtain for any
se€(0,1)

(=AY w”, div2(Hy, X) ® w” — 2(H;, X) & wb))
< CONE) [wE g1 /2s3ere llwE | g1/2-2ese
< SlwF 2. + C(M, N5, 8)

where the last bound follows by interpolation on the Sobolev norms.
Next, following the proof of the first bound of Lemma 4.10, we obtain for (5.1c)
and any choice of § € (0, 1)

(=M w*, div2X & w' — 2(Hy, X) © w™)) < w2 C(M, N5)

<
< Slwh % + C(M, Ny, 5)

forany n > 2/3+«, making use of the estimate A, < M?% and since n+2e+k < l+e
for ko sufficiently small.

Finally, for (5.1d) we start by estimating the cubic term. We can rewrite w®? =
(wW5®2 + (w)®2 4 2wt @, w™, and we will estimate one addend at a time. Starting
with (w%)®2, we obtain

(=) wE, div(wh)®?)) < Clwe|gise (W22 ge
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Next, we can estimate via a Kato—Ponce type inequality (see for example [22,
Thm A.13]) in dimension d = 2 and by interpolation

1
oo
I

LAR2) c
(w5 Nge < flw IIH Hlte

1 1
L Lyt L2 L2
1w IIH% S w2 lw™ g lw™ 1 e llw

1 1 1
L2 L2 L2
S MU e lw

Therefore we obtain that

c(M) w2

2
Hl+e

(A w”, div(w*)®?)) <
< SIwENZ e + CM, O IwE 12, w13

1
L2
lw??,

1
ot
lw™ N e

where we used Young’s inequality with conjugate exponents 4/3 and 4.
For the other two terms we follow the proof of Lemma 4.10. In particular, we use
the bound (4.14) to obtain

(=AY wE, div(w")®2)) < CllwE| yaassesas [w] (NS)?
(M, N [w” | grassee

Sllw” || yi+e + C(M, N, 8)

<cC
<cC
<

since ¢ € (0, 1/6). As for the term involving wt Ry w’, we follow once more the
proof of Lemma 4.10 to obtain

Il div(w® & w)| g-1/2-1/a-2¢ < JwF | g1-1/a—eNE

so that for some n € (0, 1) (assuming that ¢ is sufficiently small and since a = 3)
and any § € (0, 1):

(=AY wE, diviw” & w™)) < Wl y12eieraciz W] 1-1/a-«NE
< CN)[[w” 1%
< 8wF 1315 + C(M, N, )

for ¢ sufficiently small.
To conclude our estimate for (5.1d), we have to bound

LY (—Aywh, divey & w+ COw, 07) + Y&?)) |
Following the same steps as in Lemma 4.12, we obtain

L <C(M,Ny)(1+ ||w£||2 ) < 8llwh % + C(M N, 5)

]+28—%K
since ¢ < k, which is again of the desired order.
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Overall, choosing § € (0, 1) sufficiently small we have obtained
w1 Fe < CM, T NS+ w3 + w7 w30 -
Therefore, if we define g = 1 + [|wZ|%,., we have
digr < C(M, TN+ lwf 1508

so that by Gronwall’s inequality

T
o < sexp (COLTND [+ w0 ds)

forall ¢+ € [0, T'], which is the desired bound. O
Finally, we can deduce our L? blow-up criterion.
Corollary 5.4 Under Assumption 4.1, if T < oo, then lim sup; ypsn [|w || = oo.

Proof 1t suffices to prove that T; < T forall i € N. Note that under Assumption 4.1,
by Proposition 3.2 forany { < 1 —x and 0 < r < T we have ||wf||H; < oo. If
by contradiction there exists an i, € N such that 7; = 70 for all i > ifin, then by
Corollary 5.1 and Lemma 5.3 we would find a C (71", N’}ﬁn) > 0 and an ¢ > 0 such
that

fi
sup wfllge < C(T™ NEG,)
Tfin /2Lt <Thin

and as an application of Proposition 3.2 we would be able to extend the domain of
definition of the mild solution. O

Proof of Theorem 2.5 Suppose by contradiction that 71" < oo so that, by Corol-
lary 5.4, T; < T for every i € N. Since on the other hand, Lemma 5.2 implies
that for « > 0 sufficiently small

1 i%+2i — C(N%4,)
Z(Ti+1—Ti)>Z = — . log = KTﬁ =00,
= = C(NG) (1 +log (1+1)) i+ C(NZ5,)

our initial assumption must be false. O

6 The symmetrised operator
This section is devoted to the construction of the time-dependent operator ¢ — A,

as in (4.11) and its approximations (.A?‘) 2>1 as in (4.12). The construction is overall
analogous to the construction of the 2D Anderson Hamiltonian by Allez and Chouk
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[1], although presently we are treating a vector-valued and time-dependent case. The
fundamental step is the construction of a continuous map between the space E of
enhanced noises and the space C,p, of closed self-adjoint operators with the graph
distance [21, IV.2.4] (convergence in this distance is implied by convergence in the
resolvent sense, which is the only one we will use here). We define the space of
enhanced noises S, € C~'7*(T%; M?) x C™*(T2; M?) by

Ee = (XL, X1 O A2+ D X —0) : X1 e8(T?;M?), ceR}, (6.1)

where the closure is taken with respect to the cl-x (T%; M?) x C°(T?; M?) product
norm. We refer to these as enhanced noises because our purpose is to define the
operator

1
A=-A+X;,
> + X

but if X; € C17% for some k > 0, there is no canonical definition of such an
operator and some additional information (in terms of functionals of X) is required.
This is because, for generic X; € C~ 7%, the product X1 © (—A/2 + D~1X; is not
well defined, cf. Lemma A.1. Eventually, we will associate to each element in the
space E a closed operator, which will have as domain the space of so-called strongly
paracontrolled functions, which embeds into the following space (with slightly simpler
structure), for any X = (X1, X) € &, for some « > O:

XK(X)={§0€L2:§0:¢@P+¢I—T’ (pEHl_K, (/)ﬁ€H2_2K},

with the associated norm
lellx, = llellgi—« + g — ¢ © Pl ya-2 .

Then let us recall the following result concerning singular Hamiltonians.

Proposition 6.1 (Allez—Chouk [1]) There exists a ko > 0 and a unique map 2: & —
Cop, where

[1]

= =
==

O<k <k

such that the following two properties are satisfied:
1. For any smooth X = (X1, X2) € S(T%; M?) x S(T?; M?) C E and ¢ € H* we
have

1
m(X)q):§A<p+xl@¢+x1@<p+¢ﬁaxl+¢@x2+c®(¢,P,xl),
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with P as in (6.2) and the commutator
C%%, P.X)=X10 (@O P) -9 (POX)).

In particular, if Xo = P © Xj—c (for arbitrary ¢ € R) we recover A(X)p =
%Atp + Xjp—co.

2. For any sequence {X"},eN C S(T2; M?) x S(T%; M?) such that for some k < kg
andX € B, X" — Xin E, asn — 00, we have that 4(X") converges in resolvent
sense to A(X).

In addition, for any k < ko, there exist two continuous maps m,c: 2, — Ry
(depending on k) such that [m(X), o) € o(A(X)), for any X € E, where o(-)
indicates the resolvent set of an operator, with the bound

I=2AX) +m)"plly, <eX)lel2,  Vm>mX).

Observe that the last statement implies that for m > m(X), the operator —((X) +m
is nonnegative, since from the spectral decomposition of self-adjoint operators with
compact resolvents we immediately have (—2A(X) g, ¢) > —sup{R \ o(AU(X))}||¢ I12.
For a proof we refer for example to [1, Proposition 4.13]: the result is for the scalar
setting, but its extension to the vector-valued case is immediate. Next we collect
the Gaussian computations that are required for the construction of the symmetrised
operator A. We start by rewriting the driving noise in Fourier coordinates. In particular,
we are interested in the projection PIT.& on divergence-free functions, which can
formally be represented in Fourier coordinates as follows:

k1 k,2 L
— § 27 ik-x (8f/3t ky — 8t,3t ki) k
PHX&(L x) - e |kj_| _|kj_| ,

keZ2

k.i . . . . .

where {B;"'};_; 2 rez2 is a sequence of complex Brownian motions with covariance
2.keZs

structure

E[o, ,k’iat =80 — ) i=j lg=—iry -

For our purposes it will be more convenient to set {Sk = (ﬂf’lkz - ﬁf’2k1) /1k|, which is
again a sequence of two-sided complex Brownian motions, with covariance structure

E[8,2f0,cF1 = 8(t — )1 iy -

With this notation, setting {ex}, czd @ basis for the space of divergence-free functions,
we can represent

kJ_
P&(t, x) = kXZ; 3z§,k€k(X) , ex(x) = eZnLk-xW )
€ *
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In this context we can write £, X and (—A /2 + 1)~ £, X in Fourier coordinates as
follows:

LiX(t,x) = Y W(kl/Mex () Fi (k)

keZ?

(=A2+D7'LX @ x) = ) Wk /Ner ) R kP + D7, (6.3)
keZ?

with F being the stochastic integral

13
R(k):/0 e W= gk

We are now ready to state the main result of this subsection, namely the convergence
of the stochastic terms required to make sense of the operator .A.

Lemma 6.2 Forany k > 0, let B, € C~'7(T2; M?2) x C™*(T%; M2) be as in (6.1).
Furthermore, define for any A > 1

PRt x) = (=A/2 4+ 1) 2V L3 X (1, x) . (6.4)

Then for any t > O there exists a distribution Vy, X; o Pr in C™* (T2 M2), for which
the following convergence holds, for any k > 0, both in LP (2; Cioc(R4; Ey)) for any
p € [1, 00) and almost surely:

@V Lin X . @VeymLin X) © P¥' — t301d) = 2Vym X, 2VeymX 0 P) ,

as n — ool. In addition, the renormalisation constants ©; (t) satisfy, for some ¢ > 0
and uniformly over all A > 1 andt > 0

_l [(|k[/2) =20kt
v = keXZ:z waridme . n<clogh, (6.5)

with Uas in Definition 4.1.

Proof We restrict ourselves to proving the convergence of the product (L» VsymX) ©
pM — t)n (1), as the convergence of L;n Vsym X follows along similar calculations. We
observe that both X and P* are Gaussian fields, so their product lives in the second and
the zeroth chaos. We treat the two terms differently, since the renormalisation constant
t). is chosen exactly to cancel out the zeroth chaos. In components, the problem amounts
to studying the following product:

QVymLX O Py = Y X, +8X) 0 (—A/2+ D7 @ X] + ;X)) .
=1,2

! Here we view all random variables as time-dependent, so that the map Ry > 1 = (2Vsym X¢, 2Vgym X; ©
Py) is a continuous path with values in Ej.
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where X; = £, X = (X i),-zl,z. Hence we are lead to consider a product of the
following form, for i, j,I,m € {1, 2}

X, O (=A2+ D)X
Using (6.3) we can represent this product as follows:

DY etk — Koa(K)(k — k' /M)LK /2)

kk'eZ2 le—d|<1

Fi(k — k’)F,(k/)(|k/|2/2 + 1)_1c3.’lm(k — kK.
Here the coefficient ci/”lm is defined as
¢k Ky = —kik kg (K e 1K

Zeroth chaos. In particular, the zeroth chaos (the average) is given by the contraction
along the line k — k' = —k’, so that we find

E[3: X! © (=A/2+ 1)~ 9 X7"1(x)

_ [2(|k|/)‘) —21k|2ty il
=2 awpgkea o T G kb

keZ?
kik+kik:
= 3" Pkl/p (1 — e 2R
5 4lk|*(1k12/2+ 1)
keZs

since fot e 2P =) g5 = ﬁ(l — e‘2|k|2’). In particular, it follows that the average
is nonzero only in two cases, namely if either i = j = [ = m or exactly two of the
indices are 1 and the other two are 2 (in all other cases the sum is anti-symmetric). As
a consequence of this observation we immediately obtain that

E[QViymLiX © P*); j1=0, ifi # j .

We are thus left with computing the average E[(2Vsym £ X © P i.i]. This amounts
to considering four different terms. We start by observing that

]E[ Yo axio-an+ 1)‘131X;]
1=1,2

kikitkyk+
_ 2 ™M J 20kt
- Z Z [ (|k|/k)4|k|4(|k|2/2+ 1)(1 e )

kez2 =12
ki (k*, k)yk+
= 3 POR/M (1= 2K = 0
ARFGRE/2+ 1)
keZ?
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Similarly also

Yo axioEa2+) x| =0.
1=1,2

In particular, we have reduced ourselves to computing

E[(2Veym L1 X © PY); ]

=Y E [axl@( A2+ DN GXD) + X0 (—A2+ 1) lalxl]
=1,2

— (kl/2) T T oy
= Z TR TT [EE + & | (1= e 2

— C(|kl/2) ., i
Zm{’% + ) (1= e

Z (|k|/)h) e,2|k|2;) ’
kI2/2 + ¢

which is the required quantity.

Second chaos. Instead, for the second chaos we can bound for any p > 2 by
Gaussian hypercontractivity

E[|Aj2VymLiX © PY)i j — 0 ()] ()]

p
5 p
SE[|8,@%neX © PO —u0f @]

Then, for the second moment we can estimate with o (k, k') = ZI c—d|<1 0c(k)oa (k"

E[|A;QVaymLiX © PY);j — t/\(f)|2(x)]

<S> //Q,(Hk)wo(k K (k| /MK | /2)

kk'eZ2
2 N2 1
e~ 2P =2 =K P 12 1)_2|Clj’,lm(kv K2 ds ds’

|Ci:lm(k _ k/, k/)|2
S D oi by — K Kk — K /0K | /) ——

k_k/zkxz k’22 12
ez k= KPIRKP/2+ 1)

4
id |k/| id j(d=2)
2 Z k4 k/22 2N 2 Z /4’\'2 <1
= WEARP24 1) o= W

@ Springer



Global existence for perturbations of the 2D stochastic... Page 33 of 46 3

since we are in dimension d = 2. In this way we obtain for any x > 0 and p > 2 that

sup [n(zvsme?) © P} 015 }
A1 PP

IS

2
< sup sup sup E [|A,(zvsymckx 0] PA),»J — tA(t)| (x)] < 00 .
Azl j>2—1xeT?

From here to obtain convergence of the sequence in L? for A — oo follows along
classical lines. Instead, let us address the almost sure convergence for the sequence
{X'}ien. To this aim, we have to bound for any i € N the difference

i i i+1 i+1
E [n(zvsme,* ) O Pl —5i(t) — QV%ymX[ ) O P + im0l }
4
Following the previous calculation we are thus led to bound, for j > —1 and x € T

i i i+l i+l 2
E [)Aj [V X} © P =t = @%m X ) 0 P 4 (0] )] }

t t
s Y [ [ s omde
k,k' €72 070
. . . . 2
frarzanar 1 = kAR /)
e 2IE G 2=DRE (2 g 1)) ke k)P ds ds”
| G K2
kP1K (K + 1)

< Y Uk +K) Gk k)
k,k' €72

{l[xi’)\iJrl](k) + 1{[)Lf,ki+l]} (k/)}

| (ke K) 2
kP2~ 3 k25 (K2 + 1)

SOHTE Y i+ Ky, K
kk'€Z2

ST,

where in the last step we follow the previous calculations. We deduce that

i i i+1 i+1
E[M(zvsymxl*)@a* — i) = QVymX; ) O P +%1(r>||;;_K]
p.r
SoHTT

so that the almost sure convergence follows, since by (4.8) wehave ) _, eN()J')’% < 00
for p > 2 sufficiently large. The convergence uniformly in time follows by similar

estimates, and this concludes the proof. O
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7 Global high-low weak solutions

In this section we prove Theorem 2.6, regarding existence and uniqueness of global
weak solutions to (2.3) with initial datum ug in L?. We start by introducing a suitable
concept of weak solution to (2.3).

Definition 7.1 (HL Solutions) For ug € L? with div(ug) = 0 we say that a divergence-
free process vin C ([0, 00); & (T?; R?))isa global high-low weak solution to (2.3) (HL
solution for short) with initial condition u if the following are satisfiedby w = v—7Y,
with Y given by (3.1):

1. For any A > 0 we can write w in the form w; = w;c’)‘ + w,H’)‘, with

w/t* = div(w, © H, 0))

where Q; is defined in (4.1). Then we assume that for any 7 > 0, wt* and w’*

satisfy for all § € (0, 1)

w e LX([0, T); H') N L™([0, T]; L?)
w* e L2([0, T1; By 2) N L™([0, T): L?) .

2. Equation (3.2) is satisfied by w in the weak sense. Namely, for any 7 > 0 and
@ € C([0, T] x T?; R?) satisfying div(¢) = 0:

(wTs (PT> - (wOs 900)

T
= / (w, Brp + Ap)) + (div(w®? + D & w + Y®%), ¢) ds .
0

Remark 7.2 ‘We observe that if the regularity assumption on w2-* and w’t* is satisfied
for some A > 0, then it is satisfied for all A.

Now we can establish existence of weak solutions.

Lemma 7.3 Let N be the null set of Lemma 3.1. Then for any o ¢ N and ug € L?
with div(ug) = O there exists an HL solution to (2.3) with initial condition uy.

Proof We construct a sequence of solutions to smooth approximations of (3.2) and
prove a uniform energy estimate that guarantees compactness of the sequence. Let us
define uy = L,up and X" = £, X and Y" the solution to (3.1) with X replaced by
X", Then set D" = 2(X" 4+ Y") and let w”" be the smooth solution to

dw" = Aw" +Pdiv(w")® + D & w" + (Y")®?) (7.1)
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with wg = ug. Furthermore, we introduce the following analogues of N and LY, cf.
(3.6):

L =14 sup {IX{ e + 1Y g}

0<s<t
N — L™ 4 sup sup {||(2vsym,c,\,~xy) o P~ (s)1d||c_K] :
0<s<r ieN

where we have defined for all A > 1

PRt x) = (—A/2+ D)7 2Vym L3 X" (1, x) |
1 Wkl/MWk /) o o n
tﬁ(t)_“k;zz—'k'zﬂ“ (1—e 2Ky @) < clog(h An) .

With this definition we have that lim,,_,oc N} (w) = N¥(w) for all @ ¢ A, the null
set of Lemma 3.1, so in particular

Nf (w) &ef supN!"“(w) <00, VYo ¢N .
neN

Step 1: A priori bound. Our first objective is to show that forany 7 > 0 and ¥ > 0
sufficiently small there exists a C(T, N'}) such that

T
sup{ sup [w) 7 + f lwiF 1%, dr}<C(T,N”T>. (7.2)
neN L 0<i<T 0

To this aim, in analogy to Definition 4.4 and (4.4), let us define TO" =0and

T (o ug) =inf{t > T Jlwfll =i+ 1},

and set A} o a1+ IIw% )3 for all T; < t < T;41. And finally, for Q" solving
(3 — A)Q" = 2X" with Q) = 0 and Q""" = H,n Q! we set

wh = Pdiv(w" @ Q") , whE =" — w7

Now we follow verbatim the proofs of Corollary 5.1 and Proposition 4.7, so that we
obtain for any 7,k > 0

n

T!
n,.Ly2 i+ L2
sup w7l +/n [w™ =% ds
T.

n n
I si<Ti, i

< (I 1P+ C NG ) ) expl(Ty = TICH NG +C1 log (e m)INT.3)

@ Springer



3 Page360f46 M. Hairer, T. Rosati

In particular, since for fixed n € N the solution w" is smooth for all times, we can
follow Lemma 5.2 to obtain that for some increasing C: Ry — Ry and uniformly
overn,i > ig(ug) where ig(ug) is as in (4.7):

1 i24+2i —C(Np )
2 —x . log — i+1
C(Npn )(1 +log (1+1)) 2+ CNp )

n n
iv1 — 1

Hence, from the divergence of the sequence ) ; en, (@ logi)~!' = oo we deduce that

forevery T > 0,i € N,i > ig(up) there exists a time t(i, N;) € (0, T, satisfying
t(i) = T for all i sufficiently large, such that

inf 7" > (i, Ny), Vi > io(uo) . (7.4)
neN

In addition we deduce that there exists a A7 > 0 such that
M <Ar, Vtel0,T],neN. (71.5)

Then from (7.3) and (7.4) we can conclude that (7.2) holds true. In fact, we can go
one step further and use (7.5) to introduce the processes

wh A = div(w" © H, Q") , whEr =t — Wt YA > A

Then following all the previous calculations we obtain that for any A > Ar

T
sup{ sup fwp S )7 + / w12, dt}gC(x,T,N”T). (7.6)
neN L 0<i<T 0

This leaves us roughly in the classical setting for solutions to the Navier—Stokes equa-
tions and we can follow, with a few modifications, [25, Chapter 3, Theorem 3.1].

Step 2: More a priori estimates. Of course control on w"-“ alone is not sufficient,
since we are interested in w” = w4+ w™£, so let us now include the high-frequency
term. We find by Lemma A.1 that for any « < 1 —k — 1/a and some C > 0

lwplzre < lwf " e+ wy “lae < ON + llw) e 7
where we have used Lemma 4.6. In particular, we obtain by (7.2) that for any o <

l—k—1/a

T
sup{ sup ||wf||2+f Wi |%a dz} < C(T,Ny) . (7.8)
neN | 0<t<T 0

@ Springer



Global existence for perturbations of the 2D stochastic... Page 37 of 46 3

Via Lemma A.1 we now bound [|w! || g1« < [lw! ||| Q’;’H”627K + w™Fl 1, so that
using (7.2) we further improve the estimate to

sup Wl 2073 1) < C(T.N7) . (7.9)
neN

Next, to obtain the high-low frequency decomposition for w we have to establish a
bound on w™*. From (7.9) and the Besov embedding ); e Bi’/go_z'(, see (A.1),

since
[ div(w" © H, 0" g« < lw" © Ha Q" [l g2« S Ilw" [l g1r2-2¢ 10" || 2
4,00 4,00 4,00
we then obtain, for every A > 1

”wn,H,A”L%[OyT];B}‘;,é) < C(T,Ny) . (7.10)

We observe that we could in principle replace the L* integrability with any L7 inte-
grability for arbitrary p < oo, provided « were chosen sufficiently small. Since this
additional integrability will not be necessary, we fix p = 4. Now we are ready to
deduce the required convergence.

Step 3: Convergence and conclusion. In view of (7.8) and (7.9) there exists a
subsequence {ny}reN such that we have for k — oo and some w:

wh S win L0, T LY, wh—win L2(0, T, H' ™). (7.11)

Here the arrows — and — indicate weak and weak-x convergence respectively. Now,
weak convergence in L*(T2) is not sufficient to deduce that the limiting process
satisfies (3.2). For this purpose we want to additionally establish the following strong
convergence, forany 8 < 1 —k:

Nk

w™ — w,  (strongly)in L>([0, T]; H?) . (7.12)

To obtain this result, we would like to apply the Aubin-Lions lemma, so we bound
via (7.1) and for « > O sufficiently small

8w [l g2 S Iw" |+ 1" 4+ D & w" 4+ (Y[ -1«
S MW+ 1w 12 + (Dl o= llw™ || g1—e + N7)?
S w1+ w" ) + Ny lw" | gioe + Np)?

where we used the compact embedding (w”)®? € L' € H~!~* in dimension d = 2
for the nonlinear term. We therefore conclude that

Sup ”8; w” ||L2([O,T];H—2—K) < C(T, N’;) N (713)

neN
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so that (7.12) follows indeed from Aubin-Lions. Now we can deduce that the limit w
of the subsequence w"* is a weak solution to (3.2). In fact by (7.12)

(w")®2 — w®?, D'@ uw" - D w, (Y")@’2 — y®?

strongly in L2([0, T]; L), L*([0, T1; B3 S,) and C ([0, T']; C*) respectively. Finally,
we have to establish the high-low frequency decomposition for w. From the strong
convergence in (7.12) we obtain that as n — 00

w" M = div(w" © H; Q") — div(w © H;, Q) = w't* .

In addition (7.10) guarantees that w™* has the required regularity L%([0, TT; Bi;g").
That w** lies in L*([0, T]; L?) follows from (7.7) with & = 0. Similarly, from
(7.6) we obtain that w&* = w — wh* lies in L°([0, T1; L?) N L2([0, T); HY), as
required. This completes the proof. O

Next we show that HL solutions are unique.

Lemma 7.4 Let N be the null set of Lemma 3.1. Then for any o ¢ N’ and any initial
condition ug € L? with div(uo) = 0 there exists at most one HL solution to (2.3) with
initial condition ug as in Definition 7.1.

Proof Consider two HL solutionsv = w+Y, v =w-+Y to(2.3)and writez = w —w
and for any A > A define 5% = wh* — wh*, M = 7 — 757 Since in the first
few steps we do not care about the choice of A, we omit it from the notation (meaning
that we write zZ, z'* in place of z£* and z"*), up to the last step. We can compute
via (4.9):

1
3t§||ZL||2 = (£, AZE 4+ div2(L, X) ®; 25)) (7.14a)
+(z5, div2(Hy X) @ 25 — 2(H3 X) © 25)) (7.14b)
+(z5, diveX & 2 — 2(H,. X) © 2 + CO(z, H,. 0))) (7.14c)
+(Z5, div(w®? —w®% +2Y ® 2)) . (7.14d)

Let us note that the equality we have written has to be justified, but its proof follows

from the regularity assumptions in Definition 7.1 along the same estimate we will use

below to obtain uniqueness. Also, recall that contrary to many previous calculations,

A is a fixed and arbitrary large parameter. As usual we proceed one term at a time.
Step 1: (7.14a). We estimate via Lemma 4.2

L LyyL
=Nzl + CUL X oo 2 12" [ 1

(z%, AZF +div2(L:X) ® 25) <
< =25 g 4+ CAZNENZE N5 g - (7.15)
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Step 2: (7.14b). Here we obtain for any é € (0, 1)

(5, div2(H, X) ® 2° — 2(H,X) & 25))

= (£, divQR(H; X) © 25 4+ 2(H;, X) © 7))

< Cl Il X) © 25 + (HLX) © 25|

< ClI N i NG 1125 e

<SIZE13,) + C @ N[5 (7.16)
where the last inequality follows by interpolation (Pl e S [|Z£ |12« ||z£||124(l and
by Young’s inequality for products with p =2/(1 + 2«),q = 2/(1 — 2«).

Step 3: (7.14c). Here we estimate

(5, diveX & 2 — 2(H3X) © 1 + C®(z. H,. 0)))
SNE g (1X & 27 = (HX) © 2 + 1C° (2, Hi O))
SN gt (NS + 1L X o) 1271 2 + 1€ (2, Ho O -

For the commutator C© we then proceed similarly to the proof of Lemma 4.12, namely
from (4.3)

IC® . Ha @)l < 2ITe(Vz © VHL Q) + 113 — A)2) © H Q] -

For the first term we have, since Q € c2x.
ITr(Vz © VLI S IVl g-1+2 IVH Ol gt S N7 llzll o -
For the second term we have
1000 — A)z) @ Hu Ol < 110 — Azl g-2+2¢ | Ol 2«
and from (3.2) we obtain that z solves
0 —A)z=Pdivz & (w+w) + D & 2) ,

so that

10 — Azl g-2t2c S llz & (w+W) [ g-142¢ + | D & zll g-1+2¢ .
Then, for the first quantity we have by Besov embedding, see (A.1), that

lz® (w+ W) g-142e S Nz & (w + W)l g S lzllgsellw + wll e
,00

and for the second quantity | D ®; Z|| g-142c S || D ||« l|z|l g2« . Hence in total for the
commutator

IC® (2, Ho DIl S N llzll e (1 + [[w + W1l g73) -
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So overall, via Lemmma 4.6 and by Young’s inequality for products we can conclude
that for any 6 € (0, 1)

(Z%, diveX &, 2" — 2(H3 X) © 27 4 C®(z, H,. 0)))
< CUZE N g (" e + Nzl gaONS (1 + 2% + lw + B 30
<SIE1%0 + CE NS MU g3 + Nzl ) (A + lw + W] g30))(7.17)

Step 4: (7.14d). Here we estimate
(2F, div(w® — % +2Y & 2)) S 12511 (12 & (w + W) + N |z -
Regarding the term involving z ®; (w + w), we decompose it as

2@ (w+w) =25 ® Wwr +uh) + £ ® W' +w')
+t @ wF + w5 + @ !t + ') |

in order to use the different regularity and integrability bounds on the high and low
frequency terms. For the low frequency term we use Gagliardo—Nirenberg to bound

125 ® (wE + T < N5 pallw” +w‘||L4

5 —L —L
< I2E 1 || Nw? + 72w + @ ||
For the cross term we bound via the Riesz—Thorin interpolation theorem

c H | —H —H
2% & (™ + W S 125 s ™ + w714

1 1
< 12802 11E I|i,.||w+wI|2||w+w||§o,

and in addition by Besov embeddings we find that (provided « is sufficiently small),
as we are in dimension d = 2

w4+ Wl S llw +wllz1-3
4,00
We can use similar bounds on all the remaining terms to eventually obtain

_ 1 1 1 1
lz @ (w+w < lzllZllzllf dwll + w2 dlwlly, + lwll,) 2

where for a function ¢, which for any A > A7 can be decomposed as ¢ = @& + @'+
we have defined

ol = g™l + o™ s (7.18)
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Then by Young’s inequality for products with conjugate exponents p = 4/3,q = 4
we can bound for any § € (0, 1) and a suitable C(§) > 0O:

1251 1 (lz @ (w + W) + N llz1)
<8llzlly + €6 NPzl + (lwll + 11wl il + [17011,)%) - (7.19)

Step 5: Conclusion. Before we put together all our estimates, let us observe that in
Steps 3 and 4 our bounds depend on the norms of z and z’** and not just z%-*. Here
to obtain uniqueness we will make use of our freedom of choice for 1. Let us start by
considering the H* norm of z for 0 < @ < 1 — x. By Lemma 4.3 we obtain:

L A — n.LA ;
< N5 e + 1274 N ge = 1125H e + 1| div(z © H3 Q) | e
L.
< 25 e + Clizl e I HA Ol ot
L —(1—k—
< N5 e + Clizl el ™1 Qo -

lzll e

In particular, if we choose X(oc, k, T) > 1 sufficiently large, so that

CNY < —{h(a, i, T} 7

R —

we obtain for all A > X(a, kK, T)V Ar:

L
Izl e < 21254 gor
A A A
Iz e < Nzl e + 125 M g < 3125 1 he (7.20)

Then choose « = 1 — 2«, so that from the Besov embedding H* C BZ“;, for all
A=A =2k, k, T) V Ar we obtain

H,x L
1M 3w S 125 o2 (7.21)

We deduce that for ||-||, defined by (7.18) we have ||z, < |25+ | 1.

We are now ready to collect the bounds from the previous steps: (7.15), (7.16),
(7.17) and (7.19) (for sufficiently small § € (0, 1)), in combination with (7.20) and
(7.21). We find that for any A > (1 = 2k, k, T) V At, choosing § > O sufficiently
small in the bounds above

1 L2 3 2

B IEH P < =2zl
FC NS, D UZEH )+ 125 )2 A+ lwll gae + 1] g3)?
+CNOIZEHPA + (Qwll + B2 Alwll, + w03 -

£

As for the H3 norm of z%*, by interpolation |z Lr 130 b3,

H3« 5 ”Z
Hence by Young’s inequality for products with conjugate exponents p = %, q =
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ﬁ (asusual this is well-defined only for k small) we obtain forany A > 0, § € (0, 1)
q g
1254 11550 A < 8125H151 + C@O)A? 21> = 81|25 15, + CO A ||zl .

Of course, we want to apply this inequality with AT =1+ lwll g3« + |@|| 773« , and for

the last two terms we can apply the same line of inequalities to obtain, for 9 («) = 1i’ix

3k

l PR —
q 1—9 qU (k) =32 (1-36)2
lwl s S Mwl 77 w9055 = (lw] 0307 w]l 7%

Hence, since for « small < 2, we can further simplify our estimate to obtain

3k
(1-3k)?2

1 1 _
aziuz“n2 < =7 lel + CON 3, MOIZEHIPA A+ (lwll, + 1wl))

where we have additionally defined M7 = [[w/ oo (0. 77:£2) + Wl Lo ([0, 7]; 2)> Which
is finite from the definition of HL solutions. We can now deduce that forany t € (0, T']

L2
sup |zl

0<s<t

t
< sup NEHIP)CNg 2 M) / U gl + s i3 ds . (7.22)
0<s<t 0

From the regularity assumptions on HL solutions in Definition 7.1 we know that
fOT 1+ fJws |||§ + llwg |||§ ds < oo. In particular by dominated convergence

t
def _
0,715t g(t) < / L+ w2 + w52 ds
0

is a continuous map (and hence equicontinuous on the compact interval [0, T]). From
(7.22) we can conclude, by a contraction argument, that z = 0 on [0, t], for t sufficiently
small depending only on the modulus of continuity of g. Hence we obtain also zy = 0
for all t > O by iterating the argument and the proof is complete. O
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Appendix A Function spaces and paraproducts

We define the space of Schwartz functions S(T?; RY) = (), .y C¥(T?; RY) and their
topological dual, the set of Schwartz distributions S'(T?; R?). Then the Fourier trans-
form ¢ is defined for any distribution ¢ € S'(T?; R%):

ok) = Fo(k) = / e TR Y p(x)dx, ¢ :Z> > RY.
T2

We additionally define the space of mean-free Schwartz distributions S, (T%;RY) =
{p € S(T%;RY) : $(0) = 0}. Then, for any p € [1,00],d € Nand O € R¢ we
denote with L? (T?; O) the Banach space of measurable functions (modulo modifica-
tions on a null set) ¢ : T> — R? such that the norm

1
P
leller2rey = (/ Iw(x)l”dX)
Td

is finite, with the usual convention for p = co. For brevity we write

el = llellLa -

Next we introduce the scale of mean-free Besov spaces B%y q (Tz; Rd) C S’X (Tz; Rd),
fora € R, p, g € [1, oo]. Having fixed a 2—dimensional dyadic partition of the unity
{0j}j>—1 (see [2]), the spaces B‘;‘,’q (T2; RY) are defined via the norms:

. q
lelise  (r2:re) = ( Z 21aql|Ai(p||%p(T2;Rd)) ;
i>—1

with the Paley block A; ¢ defined in Section A.1 below. In particular we will distinguish
the Bessel potential spaces, corresponding to p = g = 2:

H®(T% RY) = B3, (T RY) |

over which we will use the equivalent norm (recall that we are only considering mean-
free functions)

lollge = I(=A)2¢ll .
Next we also distinguish the Holder-Besov spaces
C*(T% RY) = B, (T*:RY) .
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For time-dependent functions we consider the space of Schwartz functions

S(RXT2;0)={<p:RxT2—>0:

sup {(1+ [r)?[8¢|(t, )} < 00, ¥p > 0, eN*}

teR,xeT?

and its topological dual S'(R x T?), the space of Schwartz distributions. For time-
dependent measurable functions ¢: [0, ] — X for some ¢ > 0 and a Banach space
X we introduce the spaces Lf X, for p € [1, oo] via the norm

1
! »
iolep = ([ moonges)

A.1 Paraproducts

Next consider, for p € & (T2; Rd), the Paley block
Aip(x) = F 0, ) Fp () (x)

as well as the paraproducts (the sum is only formal and its convergence has to be
justified), for ¢, ¥ € S'(T?; RY):

pov@ =Y  Ajpx) & AYkx) eM’,
—-1<j<i-1

POV = Y Aip(x) & AjP(x) eM? .
li—jI<1

So one can formally decompose the tensor product between two distributions ¢, ¥
as:

WXV =00 Y+oOY+eOY.

In the hope that no confusion can occur, we will slightly abuse of the notation of
paraproducts, allowing it to denote both tensor products as the one we just described,
and matrix multiplication (which is just a contraction along some index of the former).
In particular, we will consider the situation in which we are give a matrix M €
S'(T?; M?) and a vector ¢ € S'(T?; R?). In this case we write

2 2
M=) Mi;jSp;. (@oM;=)Y ¢oM,
j=1 j=1
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and similarly all other paraproducts. Note that in this definition ¢ © M is not the same
as M S ¢. Similarly, for two matrices M, N € 8’(T2; M2) we define

2
(MeN) ;= ZMi,k © Ny,j -
k=1

The following lemma collects the fundamental estimates on paraproducts that we will
make use of: these hold both for vector-valued and matrix-valued distributions.

Lemma A.1 (Theorems 2.82 and 2.85 [2]) Fix «, § € R and p, q € [1, o0] such that
1 1""517 < 1. Then uniformly over ¢, € §

F= 7

le © Vlisr,, S leleelv i, .
lo © Yllgers < lollg 1V lsg., if B<0,
lo @ Vllgess < ol Wl - if a+f > 0.

Note that in the lemma above we have set the fine-tuning parameter ¢ in B‘;‘7 , to
£ = oo. This causes no issues, since by giving up an arbitrarily small regularity we
can change the fine-tuning parameter at will. Namely, we will use that for any « < §:

lolsy, Sap ol . YoeS-

For the convenience of the reader we conclude this appendix by recalling the following
embedding between Besov spaces in dimension d = 2 (since no other dimension is
used), and for arbitrary p, g, p’ € [1, 00] and @ € R such that p < p”:

1902010 St 191, (A1)

These are often used in combination with the fact that for p = g = 2 the Besov space
B35 , coincides with the Bessel potential space H“.
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