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ABSTRACT

Let k be a field, and let L be an étale k-algebra of finite rank. If a € £,
let X, be the affine variety defined by Nr,i(z) = a. Assuming that L
has at least one factor that is a cyclic field extension of k, we give a
combinatorial description of the unramified Brauer group of X,.
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Introduction

Let k be a field, let L be an étale k-algebra of finite rank, and let Ny, : L — k
be the norm map. Let a € k>, and let X, be the affine k-variety determined by

Np/k(t) = a.

Let X¢ be a smooth compactification of X, (see [CTHSk05]). The aim of
this paper is to describe the group Br(X¢)/Im(Br(k)) under the hypothesis
that L has at least one cyclic factor. We first give a combinatorial description
of a group associated to the étale algebra L (see §3), and then give an explicit
isomorphism between this group and Br(X¢)/Im(Br(k)) (see §4, in particular
Theorem 4.3).

Let Bry,(k(X,)) be the subgroup of Br(k(X,)) consisting of all elements
which are unramified at all discrete valuations of k(X,) with residue fields con-
taining k and with fields of fraction k(X,); recall that Bry, (k(X,)) is isomorphic
to Br(X¢) (see Cesnavicius [C19], Theorem 1.2); this group is often called the
unramified Brauer group of X, (or of k(X,)).

Let us illustrate our results by a special case. Let p be a prime number and
let n > 1 be an integer; assume that char(k) # p and let F' be a Galois extension
of k with Galois group Z/p"Z x Z/p"Z. Suppose that L is a product of r linearly
disjoint cyclic subfields of F' of degree p™. Then we have (see Theorem 4.9):

THEOREM:
Br(X¢)/Im(Br(k)) ~ (Z/p"Z)" 2.

We also give explicit generators of this group, as follows. With the above
notation, let K be one of the cyclic subfields of degree p™ of F', and let x be
an injective morphism from Gal(K/k) to Q/Z. Let us write L = K x K’,
with K’ = [],c; Ki, where K; is a cyclic subfield of F' of degree p™ of F' for
all 7 € I, and assume that K and the fields K; are linearly disjoint in F'. For
all i € I, set Ny = N, i(y:), considered as elements of k(X,)*. Assume that
the cardinality of I is r—1, so that L is a product of the r linearly disjoint cyclic
subfields K and K; of F of degree p"™. Let I’ be a subset of cardinality r — 2
of I.

Let (N;, x) denote the class of the cyclic algebra over k(X,) associated to x
and the element N; € k(X,)*.
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THEOREM: The group Br(X¢)/Im(Br(k)) is generated by the elements (N, x)
foriel'.

This is also proved in Theorem 4.9. Note that the above results are general-
izations of [BP20], Theorems 12.1 and 12.2. Similar questions are considered in
[CT14], [DW14], [H84], [Lee22], [Mal9], [P14] and [PR13].

The methods combine algebraic and arithmetic arguments. The overall strat-
egy is to give combinatorial constructions of groups, and show that in the case of
global ground fields &, these are isomorphic to Br(7¢)/Br(k) (see Theorem 3.10
and Corollary 3.11). The arithmetic results rely on [BLP19]; the new feature
is the construction of the group in algebraic and combinatorial terms. The
second step is to transfer these results to more general fields, using a strat-
egy of [BP20]; note that other methods for proving algebraic results of similar
nature using arithmetic ones are available in earlier papers; see, for instance,
[CK98, §3] and [BDH13, §8].

The paper is organized as follows. Throughout the paper, K is a finite cyclic
extension of k, and L = K x K’, where K’ is an étale k-algebra of finite rank.
Sections 1 and 2 are preliminary: in particular, it is shown in §2 that we may
assume K to be cyclic of prime power degree. Sections 3 and 4 contain the
description of the unramified Brauer group. When k is a global field, we obtain
additional results concerning the “locally trivial” Brauer group (cf. §5). Finally,
in §6 we apply Theorem 4.3 to give an alternative proof of [BLP19] Theorem 7.1
for k a global field with char(k) # p; we show that the Brauer-Manin map of
[BLP19] is the Brauer—Manin pairing, and hence deduce the Hasse principle
from results of [Sa81] and [DH22].

1. Definitions and notation

GENERALITIES. Let k& be a field, let ks be a separable closure of k& and
let G, = Gal(ks/k) be the absolute Galois group of k. We fix once and for
all this separable closure kg, and all separable extensions of k that will ap-
pear in the paper will be contained in ks. We use standard notation in Ga-
lois cohomology; in particular, if M is a discrete Gg-module and ¢ is an inte-
ger > 0, we set H'(k,M) = H'(Gx, M). A Gi-lattice will be a torsion free
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Z-module of finite rank on which G acts continuously. For a k-torus T, we
denote by 7' = Hom(T, G,,) its character group; it is a G-lattice.

Let G be a finite group. A G-lattice is by definition a Z-torsion free Z[G]-
module of finite rank. If ¢ € G, we denote by (g) the cyclic subgroup of G
generated by g. Let M be a G-lattice. Set

1,6, M) = Ken | 12(6,00) = T #2000
geG
We recall a result of Colliot-Thélene and Sansuc (cf. [CTS87, Prop. 9.5]).

THEOREM 1.1: Let G be a finite group, let T be a k-torus, and assume that
the character group of T is a G-lattice via a surjection G, — G. Let T be a
smooth compactification of T. We have

Br(T°)/Br(k) ~ 2, (G, T).

cycl

Proof. See [BP20, Theorem 2.3].

NORM EQUATIONS. Let L be an étale k-algebra of finite rank; in other words, a
product of a finite number of separable extensions of k. Let 17/, = R(Ll/)k(Gm)
be the k-torus defined by

NL /&
1= Tk — Rpi(Gm) —25 Gy — 1.
Let a € k*. Let X, be the affine k-variety associated to the norm equation
NL/k(t) = a.

The variety X, is a torsor under 77 /;; let X be a smooth compactification
of X,. We have a natural map Br(k) — Br(X(); if a = 1 then X =17/, and
the map Br(k) — Br(7T} /k) is injective, and moreover we have an injection

Br(X€)/Im(Br(k)) — Br(T¢)/Br(k)
(see, for instance, [BP20, §6]). Recall a result from [BP20, Theorem 7.1]:

THEOREM 1.2: Assume that L = K x K’', where K/k is a cyclic extension
and K’ an étale k-algebra. Then the map Br(X¢)/Im(Br(k)) — Br(T°)/Br(k)

is an isomorphism.
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GLOBAL FIELDS. If k is a global field, we denote by V}, the set of all places of k;
if v € Vi, we denote by k, the completion of k£ at v.
For any k-torus T, set

I (k, T) Ker<Hi(k,T) - 11 Hi(k:v,T)>.
veEV)

If M is a Gi-module, set

I (k, M) = Ker(Hi(k,M) - 11 Hi(kU,M)),
veV)

and let II¢ (k, M) be the set of # € H'(k, M) that map to 0 in H(k,, M) for
almost all v € Vj.

2. Norm equations and étale algebras

In the sequel, we consider norm equations of étale algebras having at least one
cyclic factor. The aim of this section is to introduce some notation and prove
some results that will be used throughout the paper.

Let K be a cyclic extension of k, and let K’ be an étale k-algebra of finite
rank; set L = K x K'. We first show that it is enough to consider the case
when K /k is cyclic of prime power degree.

REDUCTION TO THE PRIME POWER DEGREE CASE. Let P be the set of prime
numbers dividing [K : k]. For all p € P, let K[p] be the largest subfield of K
such that [K[p] : k] is a power of p, and set L[p] = K[p] x K’. Recall from
[BLP19] the following result.

PROPOSITION 2.1: Assume that k is a global field. We have

12 (k, T, 5) ~ @ I (k, Tr ) /) -
peP

Proof. This follows from [BLP19], Lemma 3.1 and Proposition 5.16.

Let k'/k be a Galois extension of minimal degree splitting 77/, and
let G = Gal(k'/k).

PROPOSITION 2.2: We have 1112 (G,TL/k) ~ @, cp 2, 4(G, TL[p]/k).

cycl
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Proof. Let us write K/ = Hiel K;, where the K are finite field extensions of k.
Let H be the subgroup of G such that K = (k') and for all i € I, let H; be
the subgroup of G such that K; = (k). Set M = TL/k. We have the exact
sequence of G-modules
0— Z— Z[G/H| & @ Z[G/H;] — M — 0.
iel
For all p € P, let H[p] be the subgroup of G such that K[p] = (k')
Set M|[p] = TL pl/k- We have the exact sequence of G-modules
0 —Z — Z|G/H]p] @@ZG/H]%M[]%O.
el

Let ¢'/¢ be an unramified extension of number fields with Galois group G

(cf. [F62]). Set Lo = (¢)H, Lo[p] = (ﬂ’)H[P] and L; = (). Let
E = Lo x HL and E[p HL
i€l i€l
We have
TE/Z ~ M and TE[p]/g ~ M|[p).

By Proposition 2.1 we have I112(¢, M) ~ @ peP II2(¢, M[p]). Since ¢'/¢ is un-
ramified, we have T2 (G, M) ~ TIT*(¢, M) and T2, (G, M(p]) =~ TII*(¢, M [p])
(see [BP20, Proposition 3.1]), hence 17, (G, M) =@, ., ST, (G, Mp]).

PROPOSITION 2.3: Assume that k is a global field. We have
12 (k, Trn) ~ @ L2 (k, T gy 1)
peP

Proof. This follows from Proposition 2.2 and [BP20, Corollary 3.4].

THE PRIME POWER DEGREE CASE. Let p be a prime number, and assume
that K/k is cyclic of degree a power of p. Let us write K’ = [[,.; K;, where

the K; are finite field extensions of k, and let [K : k] = p".

el

Notation 2.4: For all integers 1 < m < n, let K(m) be the unique sub-
field of K of degree p™ over k. The K;-algebra K(m) ®; K; is a product
of cyclic extensions of Kj; let p® (™) be the degree of these extensions, and
set £(m) ={e;(m)|i € I}. For all i € I, let us choose one of the cyclic fac-
tors E;/K; of K ®; K;. For all m let E;(m) be the subfield of E; which corre-
sponds to a cyclic factor of K(m) ®y K;.
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Let IC be a Galois extension of k containing K and all the fields K;, and
let G = Gal(K/k). If F is a subfield of K, we denote by G the subgroup of G
such that F = K&r.

For all integers 0 < m < n, let I'/* be the set of conjugacy classes of ele-
ments g € G such that (9) N (Gg,(n—m) \ GE,(n-m+1)) 7 0.

Notation 2.5: Assume moreover that k is a global field. Let V;* be the set of
places v of k such that there exists a place w of K; above v having the property
that K ®j, (K;)w is a product of field extensions of degree at least p™ of (K;),,.

PROPOSITION 2.6: Assume that k is a global field. Let V., be the set of
places of k which are ramified in IC. For all integers 0 < m < n, sending a
place v € V" \ V.., to the conjugacy class of its Frobenius element f, € G gives
rise to a surjection from V™ \ V., onto I'".

In order to prove the Proposition, we need the following lemma.

LEMMA 2.7: Let F be a field, and let E be a cyclic extension of F of prime
degree. Let M be an extension of E, and assume that M is a Galois extension
of F. Set Gp = Gal(M/F) and Gg = Gal(M/E). Let v : M* — Z be a
discrete valuation of M ; assume that the restriction vp of v to F'* is surjective,
and that the residue field of v is perfect.

Let Dy be the decomposition group of v. Then v is inert in E' if and only
if

DM/F N (GF \ GE) #+ J.

Proof. Let Gg,p be the Galois group of the extension E/F, and let Dg/p
be the decomposition group of vp; note that vg is inert in E if and only
if Dg/p = Gg/p. Since E/F is cyclic of prime degree, this amounts to say-
ing that D, p is not trivial.

We have the exact sequence

I%GE%GF%GE/F%L

The image of Dy;/p by the homomorphism Gr — Gg/r is equal to Dg/p (see
for instance [Se79], Chap. I, Proposition 22). Hence Dg/p is non trivial if and
only if DM/F N (GF \ GE) #* .

ProrosiTION 2.8: Let F', E and M be as in Lemma 2.7. Assume more-
over that k is a subfield of F', and that M is a Galois extension of k. Let
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G = Gal(M/k). Let vy, : k* — Z be a discrete valuation such that the exten-
sions of vy, to M are unramified; let D be the set of corresponding decomposition
groups. The following are equivalent:

(a) There exists an extension of v to F' that is inert in E.
(b) There exists D € D such that DN (Gr \ Gg) # @.

Proof. Let us prove that (a) implies (b). Let vp be an extension of v to F' that
is inert in F, let v be an extension of vgp to M, and let D be the decomposition
group of v. By Lemma 2.7, we have (b). Conversely, assume that (b) holds.
Let D € D be as in (b), and let v be the corresponding valuation. Let vy be
the restriction of v to F. By Lemma 2.7, we see that vp is inert in E, hence (a)
holds.

Proof of Proposition 2.6. If v € V™\V,,,, then by definition there exists a place
of E;(n —m) that is inert in the extension E;(n)/E;(n — m), and hence also
in E;(n —m + 1)/E;(n — m); therefore by Proposition 2.8 the conjugacy class
of its Frobenius element f, belongs to I']".

Conversely, if the conjugacy class of g € G belongs to I']", then by Cheb-
otarev’s density theorem there exists an unramified place v such that its Frobe-
nius element f, is the conjugacy class of g. Since the conjugacy class of g
belongs to I'", there is a place w of E;(n —m) above v such that w is inert
in E;(n —m + 1)/E;(n — m). Therefore w is also inert in E;(n)/E;(n —m)
as E;(n)/E;(n —m) is cyclic of p-power degree and is unramified at w. This
implies that v € V™ \ Vi,.

We get immediately the following corollary.

COROLLARY 2.9: For i, j € I, the map defined in Proposition 2.6 induces a
surjection from V™" N V™ \ Vi to TP N .

Remark 2.10: Keep the notation in Proposition 2.6. For each conjugacy class
in I'/", by Chebotarev’s density theorem there are infinitely many unramified
places v € V™ mapped to it.

3. Norm equations—unramified Brauer group

We keep the notation of the previous section. In particular, k is a field, K is a
cyclic extension of k, and L = K x K’ where K’ is an étale k-algebra of finite
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rank. Let Ty ), = R(Ll/)k(Gm) be the k-torus defined by

Nk
1= Tk — Rok(Gr) —25 Gy — 1.
Let a € k*, and let X, be the affine k-variety associated to the norm equa-

tion N/ (t) = a. The variety X, is a torsor under 77, ;. Let T}, be a smooth

compactification of 17, /i, and let X7 be a smooth compactiﬁcaLti/(];n of X,.

The aim of this section is to describe the group Br(X¢)/Im(Br(k)). Using
the results of §2, we can assume that K/k is of degree p™, where p is a prime
number.

We use the notation of §2 (see Notation 2.4). In addition, we need the fol-

lowing.
Notation 3.1: For all integers n > 1, we denote by C(I,Z/p"Z) the set of
maps I — Z/p"Z.

If 1 <m <n, let m,m, be the projection C(I,Z/p"Z) — C(I,Z/p™Z).

For x € Z/p™Z and y € Z/p"Z, we denote by 6(z,y) the maximum inte-
ger d < min{m,r} such that x =y (mod p?Z).

We start with some special cases, in which the results are especially simple.

K/k CYCLIC OF DEGREE p. Assume first that [K : k] = p, and that K is not
contained in any of the fields K;. Then for all 7 € I, E; is a cyclic field extension
of degree p of K;. Let I'; = I'} be the set of conjugacy classes of elements g € G
such that (9) N (Gk, \ Gg,) # 0 (cf. Notation 2.4).

Let C(L) be the group

{ce O(L.Z/p2) | cli) = c(j) T, NT, £ 2,

and D be the subgroup of constant maps I — Z/pZ.
As a consequence of Theorem 3.8, we’ll show the following.

PROPOSITION 3.2: Assume that K/k is cyclic of degree p, and that K is not
contained in any of the fields K;. Then we have

12,.,(G, Ty ) ~ C(L)/D.

cycl

By Theorem 1.1, this implies the following.

COROLLARY 3.3: Assume that K/k is cyclic of degree p, and that K is not
contained in any of the fields K;. Then we have

Br(T°)/Br(k) ~ C(L)/D.
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K/k OF DEGREE p" AND K LINEARLY DISJOINT OF ALL THE K. For all inte-
gers m with 1 < m < n set
C™ ={ceC(,Z/p"Z) |c(i) = c(j) f IT" NI} # @}
Set
C(L) ={ce C" | mpm(c) € C™ for all m < n},
and denote by D the subgroup of constant maps I — Z/p"Z.

PROPOSITION 3.4: Assume that K/k is cyclic of degree p™, and that K is
linearly disjoint of all the fields K;. Then we have

ngycl(GaTL/k) = O(L)/D

As in the case where K/k is of degree p, this follows from Theorem 3.8, and
has the immediate corollary

COROLLARY 3.5: Assume that K/k is cyclic of degree p™, and that K is linearly
disjoint of all the fields K;. Then we have

Br(T°)/Br(k) ~ C(L)/D.

THE GENERAL CASE. Recall that K/k is cyclic of degree p”, and that we use
Notation 2.4. Recall that & = E(n).

Notation 3.6: For all e € &, set I. = {i € I | ¢;(n) = e}. Denote by é
the maximum element in £. Note that the index 4 belongs to I. if and only
if K N K; is an extension of degree p™~¢ of k. As K is a cyclic extension, this
means that given 0 < m < n, the e;(m) are the same for all i € I, and we
denote it by e(m).

For all integers m with 1 < m < n set

oM = {c e @PCUe. z2/p "™ Z) | c(i) = c(j) T NTT # @}.

ec&
We still denote by 7, ,, the map from ®ee£ C(I.,Z/p°Z) to
@ C(Ie, Z/pe—e(n—m)z)
ec&

induced by the natural projection.
Set

C(L) = {C eC” | ﬂ-n,m(c) € C™ for all m < TI,},
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and denote by D the image of constant maps I — Z/p"Z in C™ under the
natural projection .

Remark 3.7: If E;(n —m + 1) 2 E;(n —m), then K(n —m) 2 K N K;. In this
case e;(n) > m and e;(n) — e;(n —m) =m.
The main results of this section are:

THEOREM 3.8: Assume that K/k is cyclic of degree p”. Then we have
2 (G, Ty 1) ~ C(L)/D.

cycl

By Theorem 1.1, this implies the following:

COROLLARY 3.9: Assume that K/k is cyclic of degree p™. Then we have
Br(T€)/Br(k) ~ C(L)/D.

The proof of Theorem 3.8 will be given below, using some arithmetic results
of [BLP19]. We start by recalling and developing some results concerning global
fields.

GLOBAL FIELDS. Assume that k is a global field. Recall that K/k is cyclic of
degree p”, and that we use Notations 2.4 as well as 3.6. In addition, for global
fields, we also use Notation 2.5.

For all integers m with 1 < m < n set

i = { e P (L. Z/p "™ Z) [e(i) = c(j) H V" AV £ @}

ecef

om = {c e P CUe, Z/p" "™ Z) |e(i) = e(§) if V" N V™ is inﬁnite}.
ec&

Coarith (L) = {c € Cliin | Tnom(c) € Clyy for all m < n}
and
Cyu(L) ={ce Cl | mnm(c) € C for all m < n}.
THEOREM 3.10: Assume that K/k is cyclic of degree p™. Then we have
(1) I (k, T /1) = Carien(L)/ D,
(2) 2 (k, Ty 1) =~ Cu(L)/D.



12 E. BAYER-FLUCKIGER AND T.-Y. LEE Isr. J. Math.

Proof. Recall some notation of [BLP19].
For a = (a;) € @,ce Bicy, (Z/p°Z) and r € Z/p°Z, set
I(a)={iel|a;=r (modp“™Z)}.

Set
G(K,K') = { @) e@BeErnl O U W= @};
ec i€l. r€Z/ptZ i¢1,(a)
Gu(K,K') = {a = (a;) € @@(Z/peZ) | ﬂ U y et ﬁnite}.
ecf i€l r€Z/p¢Z i¢I,(a)

With the notation of [BLP19], we have
1% (k, Ty ) ~ II(K, K') = G(K,K')/ D/,

where D’ is the subgroup generated by (1,1,...,1) (see [BLP19, Theorem 5.3
and Lemma 3.1]). Similarly, it is shown in [Lee22, Theorem 2.5] that

12 (k, Ty i) ~ Go (K, K')/D'.
Hence it suffices to show that G(K, K') ~ Cuitn (L) and that G, (K, K')~C,,(L).
We show that G(K, K') ~ Cuitn(L); the proof of G, (K, K') ~ C, (L) is the

same.
Let

PPz - ., z/r

ec icl. ec&
be the map sending (a;) € @, (Z/p°Z) to ¢ : I. — Z/p°Z such that c(i) = a;.
We claim that the isomorphism f gives rise to an isomorphism

G(K, K/) — Carith(L)-

For c € @, c¢ C(Ie, Z/p°Z), we denote T, m(c) by cm.

Let a = (a;) € G(K, K') and ¢ = f(a). We show that ¢,, € C™ for 1 <m<n.

Suppose that V" N V™ # @. By Remark 3.7, we have

ei—ei(n—m)=-e; —ej(n—m)=m.

Let v € V"N V" As a € G(K,K'), there is r € Z/p°Z such that
v & Upgr @ Vi 180 ¢ I(a), then 8(r,a;) +1 > m since v ¢ V07T,
Hence c(i) = 7 (mod p™Z). If i € I,(a), then ¢(i) = r (mod p*(™Z). In both
cases we have ¢, (i) = 7 (mod p™Z). The same argument works for j. Therefore
em (i) = em(j) and ¢, € C™.
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Let ¢ € C™ be such that ¢,, € C™ for 1 <m < n. Let a = f~(c). If c€ D',
then clearly a € D’. Suppose that ¢ ¢ D’. We claim that

ﬂ U ‘/ié(r,ai)-i—l -

r€Z/p*Zi¢l,(a)

Suppose not. Let v € (.cz/pez Uigr, (o) Vf(r’ai)ﬂ. Choose 1o € Z/p°Z.

Since c¢ D', there exist 71 € Z/p°Z and i € I,., (a)\I,,, (a) such that v € Vf(ro’a")ﬂ.
For the same reason, there is 72 € Z/p°Z and j € I,,(a) \ I, (a) such that
ve st(n aJ)+1

By the choice of 7 and j, we have §(rg, a;) = §(ro,r1) and §(r1, a;) = d(r1,7r2).
Suppose that 0(rg,r1) > §(r1,72). Then v € V" NV/™, where m = d(r1,72) + 1.
Hence ¢, (i) = ¢m(j) and 6(a;, aj) > m = 6(r1,72) + 1, which contradicts that
d(r1,m2) > 0(ai,a;). Therefore 6(ro,r1) < 6(r1,72).

We can continue the above process to get an infinite sequence of 7, € Z/p°Z
such that 6(r;, r41) < 0(ri41,7142). It is a contradiction as §(ry, 1) ranges
from 0 to é. Hence (,cz/pez Uigr, (a) Vf(r’ai)ﬂ =g@anda € G(K,K'). As a
consequence f induces an isomorphism G(K, K') = Chyitn(L).

COROLLARY 3.11: Let k be a global field. Then 1112 (k, T} ;,) ~ C(L)/D.

Proof. By Corollary 2.9 and Remark 2.10, the two sets C™ and C[' are the
same. Our claim then follows from Theorem 3.10.

Proof of Theorem 3.8. Recall that K is a Galois extension of k£ containing K
and all the fields K;, and that G = Gal(K/k); if F' is a subfield of K, we denote
by G the subgroup of G such that F = K¢r.

Note that k is not necessarily a global field here. However, there is always an
unramified extension ¢'/¢ with Galois group Gal(¢'/¢) ~ G ([F62]). Hence we
can regard TL/K as a Gal(¢'/¢)-module.

To be precise, set F = (¢')¢% L, = (¢)9% and E = F x []
construction, the G-lattices TE /¢ and TL /i are isomorphic.

iel Ll By

Since the extension ¢'/¢ is unramified, we have

I2(¢, Tye) = W2 (0, T o) ~ W20 (G, Trye).-

By Corollary 3.11 the group III G,TE/g) is isomorphic to C(E)/D. How-
ever, C(L) only depends on the group G. Hence C(L) ~ C(FE). Therefore

G, T k) = 2, (G, Tgye) ~ C(L)/D.

cycl(

cycl(
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4. Unramified Brauer groups and generators

We keep the notation of the previous sections. Recall that p is a prime number,
K /k a cyclic field extension of degree p", and L = K x K’ where K’ is an étale
k-algebra of finite rank. In the previous section, we introduced a group C(L)
and proved that

Br(X{)/Im(Br(k)) ~ C(L)/D.

The aim of this section is to give more precise information about the isomor-
phism C(L)/D — Br(X¢)/Im(Br(k)) when char(k) # p.

Let Bry,(k(X,)) be the subgroup of Br(k(X,)) consisting of all elements
which are unramified at all discrete valuations of k(X,) with residue fields con-
taining k and with fields of fraction k(X,); recall that Bry, (k(X,)) is isomorphic
to Br(X¢) when char(k) # p (see [Pol7, Theorem 6.8.3]).

As in the previous sections, let us write K’ = [[,.; K;, where the K, are

i€l
finite separable field extensions of k.

Notation 4.1: We denote by Gi the absolute Galois group of k, Gy (x,) the
absolute Galois group of k(X,). Let R be a discrete valuation ring of k(X,)
with residue field kg containing k and with field of fractions k(X,). We denote
by Gr the absolute Galois group of kp.

Notation 4.2: For all i € I, let {f3;;} be a basis of K; over k. Let
Yi = Z BijTij,
J

where z;; are variables. Set

Ni = Nk, or(X.)/k(X0) (i)

considered as an element of k(X,)*. We define

N = Ngghx.)/k(xa) ()

in a similar way. Fix an isomorphism x:Gal(K/k)—Z/p™Z. Then x gives rise
to a homomorphism X :Gy(x,)— Z/p™Z and a homomorphism xr:Gr —Z/p"Z.
Let (N;, x) denote the class of the cyclic algebra over k(X,) associated to x and
the element N; € k(X,)* ([GS06, Prop. 4.7.3] ).

The main result of this section is
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THEOREM 4.3: Assume char(k) # p. Then the map
u:C(L) = Br(k(X,))

given by

induces an isomorphism
C(L)/D — Br(X$)/Im(Br(k)).

Remark 4.4: Note that (N;,¥) € Br(k(X,)) has order at most p* (™), so ¢(i)(N;,X)
is well-defined for c(i) € Z/p®(MZ (ref. [BLP19, Lemma 6.1]).

We start with the following lemmas.
LEMMA 4.5: The group u(D) is contained in the image of Br(k) in Br(k(X¢)).

Proof. Since N - [[;c; Ni = ¢, we have ), (N, X) = (¢/N, X) = (¢, X), which
is the image of (¢, x) in Br(k(X,)). Hence u(D) C Im(Br(k)).

The following lemma can be found in [Lee22] §3. Here we use the notation
C(L) to simplify the proof.

LEMMA 4.6: (1) Let c € C(L)\ D. Pickig € I.. Let ¢ € D be the image of
the constant map from I to c(ig). Set m to be the maximal integer such
that () = Tn.m(¢). Choose r € Z/p*Z such that 5(r,c(ip)) = m.

Consider the element ¢’ € @,z C(I.,Z/p°Z) defined as follows:

(41) Cl(i) _ ﬂ-é,ei(n) (7’), lf 61(7?/) >m and m = 5(C(Z), C(Zo)),
Te,e;(n)(c(io)), otherwise.
Then ¢ € C(L)\ D.
2) Suppose that k is a global field and ¢ € Cuitn(L) \ D. Then the ele-
( g
ment ¢ defined above is in Cayitn (L) \ D.

Proof. As cisnot in D, by the choice of m there is some ¢ € I such that e;(n) >m
and §(c(i), c(ig)) = m. Hence ¢'(i) # ¢'(ip) (mod p%(™Z) by our construction
and ¢ ¢ D.

Now we show that m, ;(c') € CYL) for 0 <1 < n. If I < m, then by the
choice of r we have 7, 1(c(ip)) = Tn(r). Clearly m,(c') € C!(L).
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Suppose [ > m. If ') N T, # @, then by Remark 3.7 e;(n) and e;(n) are
at least [ and c(i) = c(j) (mod p'Z). Hence &(c(ip),c(i)) = m if and only
if 6(c(ig), c(j)) = m. By construction ¢/(i) =¢(j) (mod p'Z) and m,,;(c') € C*(L).

The proof of statement (2) is similar.

LEMMA 4.7: Assume that char(k) # p. Let R be a discrete valuation ring as in
Notation 4.1. Denote by Og the residue map from Br(k(X,)) to H'(kgr, Q/Z).
Suppose that the order of Or(N;, x) and the order of Or(N;,X) are both at
least p™. Then I''" N I'J" is nonempty.

Proof. Let vy be the discrete valuation associated to R. Denote the completion
of k(X,) with respect to vr by k(X,)r. Choose an extension wgr of vp to a
separable closure of k(X,)r. By the construction of x, Or(Ni, X) = vr(N;)X&-
(See [GS06, 6.8.4 and 6.8.5.]) Write vr(N;) as p™iq; where pt g;. Let p™® be
the order of xr. As the order of dr(N;, X) > p™, we have ngp — m; > m.

Since vgr(N;) =p™iq;, there is some factor M; of K;®k(X4)r such that p™i+!
does not divide vr (N, ji(x,)x (Ynr;)), Where yyy, is the projection of y; in M;.
Let w; g be the restriction of wgr to M;. Write the inertia degree of w; g over vg
as pfig) where p { g/. As p™ "1 does not divide vr(Nus, /k(x.)n(Yns,)), we
have f; < m;.

Choose a factor M of K ® k(X,)r and let M be its residue field. Let M; be
the residue field of w; r. Both fields are considered as subfields of a separable
closure K% of Kg.

As f; < m; and ng —m; > m, the cyclic extension MM,;/M; is of degree
at least p™. Choose gr € Gr such that xr(gr) generates the image of xr
in Q/Z. Let H; be the subgroup of G which fixes M;. We claim that there
are some h; € Gr and some o € (h;lthi> N H; such that xgr(or) is of order
at least p™.

Consider the group action of {(gr) on the set of left cosets of H; in Gg.
As |Gr/Hi|= pliq} with pt g , there is some h; € Gr such that pfit! does not
divide the length of the orbit of h;H;. Hence the stabilizer of h;H; is (ngfZ{”)

fi
for some f! < f; and some 7; coprime to p. Let or = h; ‘g% ""h;. Then

Fi
xr(or) = xr(9%""),

which is of order an—f{_ Since f/ < fi < m; and ng —m; > m, the order

of xr(og) is at least p™.
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Let g and o be the image of gg and or in G. Then o fixes K; and o is
an element of order at least p™ in Gal(K/k). Hence the conjugacy class of g
belongs to I'}*. The same argument proves that the conjugacy class of g belongs
to I'J*. Hence I'7* N 1'J" is nonempty.

Next we prove that for all ¢ € C(L), the element » ., c(i)(N;, X) is unrami-
fied.

PROPOSITION 4.8: Suppose that char(k) # p. The image of u is an unramified
subgroup of Br(k(X,)).

Proof. By Lemma 4.5 we can assume that ¢(i) = 0 for some i € I,.

Let R be a discrete valuation ring of k with residue field kK containing k& and
with field of fractions k(X,). Let vg be the discrete valuation associated to R.
Denote by dg the residue map from Br(k(X,)) to H'(k,Q/Z). We claim that
u(c) = Y ;e c(@)(Ng, X) is unramified at R.

Let J(c) = {i € I | ¢(i) # 0 in Z/p%(™Z)}. Let m be the maximum integer
such that 7, m(c) = 0 and set Jp,(c) = {i € J(c) | m = (0, ¢(i))}. We prove by
induction on |J(c)|. If |J(c)| = 0, then ¢ = 0 and our claim is trivial. Suppose
that our claim is true for |J(c)| < h.

Let |J(c)| =h+ 1. Then ¢ ¢ D and J,,(c) is nonempty. Pick j € J,,(c) and
choose r € Z/p°Z such that c(j) = r (mod p%(™Z). Let ¢’ be defined as in
Lemma 4.6. We first prove that u(c’) is unramified at R, i.e., Or(u(c’)) = 0.

Since c(i) = 0, by the definition of ¢’ we have u(c') = > . () r(Ns, X).
Hence

Or(u(c)) = Y r-vr(NXr-

SEJm(c)

Suppose that dr(u(c’)) is not zero. Then there is some s € J,(c) such
that r - vgr(Ns)xr # 0. As §(0,7) = m, the order of vr(N;)xr is at least p™ 1.

By Lemma 4.5, there is some ¢t € I\ J,,,(¢) such that - vr(Ny)xr(g) # 0 and
the order of vp(Ny¢)xr is at least p™*!. By Lemma 4.7 the set It N T+ is
nonempty. As §(0,7) = m, we have ¢/(s) # ¢/(t) (mod p™*1Z). This contradicts
that ¢ € C(L). Therefore Or(u(c’)) =0 and u(c¢’) is unramified.

Consider the element ¢— ¢’ € C(L). By our construction of ¢/, the cardinality
of J(c — ') decreases by at least one. By induction hypothesis u(c — ¢') is
unramified. Hence u(c) is unramified.
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Proof of Theorem 4.3. By Lemma 4.5 and Proposition 4.8, the map
uw: C(L)/D — Br(Xg)/Im(Br(k))

is well-defined.

A similar argument as in [BP20, Thm. 12.2] proves the injectivity of u. Con-
sider the projection from X, to the affine space A?, where d = D icr K K]
and the coordinates are given by x;; defined in Notation 4.2.

Let M be the function field of A%, Denote by xas the image of y in
HY(M,Q/Z). Suppose that u(c) = a € Im(Br(k)). Then u(c) — « is in the ker-
nel of Br(M) — Br(k(X,)), which is generated by (a[[,c; N; ', x) (see [BP20,

iel ~ '
Lemma 12.3]). Therefore

u(c) — o = r(aHNil,X).

iel
Consider the discrete valuation vy, on M and let ky, be its residue field.
Denote by xy, the image of xy in H'(ky,, Q/Z). We claim that y, is of or-
der p*(™. Let M; be the function field of the subvariety of A% defined
by N;. Then kn, = M;(x;;) where xj; are defined as in Notation 4.2 with j # 4.
Hence ky, is purely transcendental over M;. Let xjs; be the image of x in
HY(M;,Q/Z). 1t suffices to prove the order of 1y, is p% (™ Note that M; @ K;
is isomorphic to a product of extensions Fj, of K; with one factor purely tran-
scendental over K;. Denote this factor by Fj;. Then

K @, M; @4 K; ~ K ®y, (HFz)
L

and K ®y, F;1 is isomorphic to a product of extensions of Fj;; with degree pei(").
On the other hand

K ®rM; @) K; ~ (HMZ) ®r K,
where M; is a factor of K ®) M;. If [Ml : M;] < p®(™ | then
M; @5, K; = M; ®nm; M; @ K;

is isomorphic to a product of extensions of Fjs, and each factor is of degree less
than p® (™. This contradicts that there are factors of K @ M; ®, K; isomorphic
to extensions of Fj; with degree p®(™). Hence [M; : M;] = p%(™ and yy, is of
order p (™).
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As xn, is of order p® (™) after taking residue of u(c) — a at vy,, we see
that ¢(i) = —r (mod p*(MZ). Hence ¢ € D and u is injective.

Since w is injective, |C(L)/D| < |Br(X¢)/Im(Br(k))|. By Theorem 3.8 and
Theorem 1.1, the order of C(L)/D is equal to the order of Br(Tf/k)/Br(k).
By Theorem 1.2, the map u is surjective and hence is an isomorphism. This
concludes the proof of the theorem.

We now prove the results announced in the introduction:

THEOREM 4.9: Let k be a field of char(k) # p. Let F be a bicyclic extension of
k with Galois group Z/p"Z x Z/p"Z. Let K and K; be linearly disjoint cyclic
subfields of F' with degree p™ for i =1,...,m. Then

Br(Xg)/Im(Br(k)) ~ (Z/p"Z)" ",
and is generated by (N;,x) fori=1,...,m —1.

Proof. There exist a number field £ and an unramified Galois extension ¢'/¢
such that Gal(¢'/¢) ~ Gal(F/k) ([F62]). Set
F=()9 Li=()% and E=Fx]]L:
icl
By construction, the G-lattices TE /¢ and TL /% are isomorphic.
By [Lee22, Proposition 7.3], the group III2 (¢, TE/g) ~ (Z/p"Z)" 1.
Since ngz(gv TE/Z) = mgycl(GvTE/Z) = ngycl(GvTL/k)v we have

C(L)/D =~ (z/p"Z)"

by Theorem 3.8. The assertion then follows from Theorem 4.3.

5. Global fields

We keep the notation of the previous section, and in addition we assume that k
is a global field. Denote by B(X¢) the subgroup of Br(X¢)/Im(Br(k)) consisting
of locally trivial elements, and by B, (X¢) the subgroup consisting of elements
which are trivial at almost all places of k.

THEOREM 5.1: Suppose that k is a global field with char(k) # p. Then

(1) w induces an isomorphism between C(L)/D and B, (X¢).
(2) w induces an isomorphism between Cayitn (L)/D and B(X¢).
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Proof. First note that [Sa81, 6.1.4] remains true over global fields.
Hence B, (X&) ~ B, (X,) and B(X¢) ~ B(X,).

By [Sa81, 6.8 and 6.9 (ii)], we have B(X,) ~ III?(k, TL/k) (respectively
B, (Xa) ~ Hli(k:,TL/k)). By Theorem 3.10 and Corollary 3.11, we conclude
that C(L)/D ~ B, (X¢) and Cayitn(L)/D ~ B(XY).

As B, (X¢) is a subgroup of Br(X¢)/Im(Br(k)) with the same cardinality, the
first statement follows from Theorem 4.3.

To see that u gives rise to the desired isomorphism in (2), it is sufficient to
show that u(c), € Br(X¢ xi k) is in the image of Br(k,) for ¢ € Cayitn (L) and
for v € V4.

By Lemma 4.5 we can assume that ¢(ig) = 0 for some ig € Is. Let

J(e)={ieTI|c(i)#0in Z/p“™MZ)}.
Set m to be the maximum integer such that m, ,,(c) = 0 and set
Im(c) ={i € J(c) | m =68(0,c(i))}.

We prove by induction on [J(c)|. If |J(c)| = 0, then ¢ = 0 and our claim is
trivial. Suppose that our claim is true for |J(c)| < h.

Let |J(c)| =h+ 1. Then ¢ ¢ D and J,,(c) is nonempty. Pick j € J,,(c) and
choose r € Z/p°Z such that c(j) = r (mod p%(™Z). Let ¢’ be defined as in
Lemma 4.6.

For v € Vi, let x, be the image of y in H!(k,, Q/Z), and x;., be the image
of x in H((K;)w, Q/Z) where w is a place of K.

By the definition of Cayitn (L), the set Vierl ﬁij'H is empty for any i € J,,(c)
and for any j ¢ J,(c).

Let v € Vj,. Suppose that v ¢ UieJm(c) VimH. Then for all i € Jp,(c), X4,w 18
of order at most m for all w | v. By the projection formula, (N;, x), has order
at most p™. Hence ¢'(i)(N;, x)» = 0 and u(c’), = 0 in this case.

Suppose that v € V;™*! for some i € Jy,(c). Let d € D be the image of the
constant map from I to r. Set ¢ = d—c’. As the set VimJr1 N ijH is empty for
any j ¢ Jm(c), v ¢ Ujngm(c) ij“. The same argument shows that u(c), = 0.
Hence u(c’), is in the image of Br(k,).

Since the cardinality of J(c¢ — ¢’) decreases by at least one, by induction
hypothesis u(c — ') € B(X¢). In combination with u(c’) € B(X¢), we see that
u(e) is in B(XE).



Vol. 257, 2023 NORM TORI OF ETALE ALGEBRAS 21

Example 5.2: Let k = Q(i). Let
K =k(V/17), K, =k(¥17x13) and K, =k(+/13).
By [Lee22, Example 7.4],
W2 (k,Tpp) ~ Z/AZ and  TI2(k, T7)5) ~ Z/2Z.

By Theorem 4.3 and Theorem 5.1, the element (N3, x) generates the group
Br(X¢)/Im(Br(k)) and 2(Na, x) generates B(X§).

More generally we have the following.

PROPOSITION 5.3: Let k be a global field of char(k) # p. Let F be a bicyclic
extension of k with Galois group Z/p"Z x Z/p"Z. Let K and K; be linearly
disjoint cyclic subfields of F' with degree p™ fori =1,...,m. Assume moreover
that F ®y k, is a product of cyclic extensions for all v € V. Then (N, )
generates B(X().

Proof. By [Lee22, Prop. 7.3], we have HIQ(k,TL/k) ~ (Z/p"Z)™~t. We apply
Theorem 3.10 (1) and Theorem 5.1 (2) to conclude.

6. An application to Hasse principles

In this section we apply Theorem 4.3 to give an alternative proof of [BLP19)
Theorem 7.1 for k a global field and K/k a cyclic extension of degree prime to
char(k). Moreover, we can assume that K/k is a cyclic extension of p-power
degree where p # char(k). (See §2 and [BLP19, 6.3.])

We use the notation of the previous sections. In particular, X, is the affine
variety defined in the introduction, K/k is a cyclic extension of p-power degree
with p # char(k), and K;/k is a finite separable extension for all ¢ € I. Recall
that x is an injective homomorphism from Gal(K/k) to Q/Z.

Let x, be the image of x in H'(k,,Q/Z). Let inv be the Hasse invariant
map inv : Br(k,) = Q/Z.

Denote by K the algebra K; ®j k,. Suppose that there is a local point
(}) € [1,ev;, Xalky), where 27 € K} for i € I and 25 € K ® ky. Define
aq : Carith(L)/D — Q/Z as

aale) = D D eli)inv(Niey i, (27), x0)-

vEV} i€l
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THEOREM 6.1: Suppose that there is a local point (z7) € [[,cy, Xa(kv). Then
the map «, is the Brauer—-Manin pairing and X, has a k-point if and only
if ag = 0.

Proof. First we consider the case where k is a number field. By Theorem 5.1
and [Sa81, Lemma 6.2], the map «, is the Brauer-Manin pairing of X¢. Our
claim then follows from Sansuc’s result [Sa81, Cor. 8.7].

For k a global function field, we apply Theorem 5.1 and [DH22, Theorem 2.5]
to conclude.
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