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ABSTRACT

We investigate the effect of pressure gradient on the cumulative wake of multiple turbines in wind tunnel experiments spanning across a
range of adverse pressure gradient (APG), zero pressure gradient (ZPG), and favorable pressure gradient (FPG). Compared to the upstream-
most turbine, the in-wake turbines exhibit lower (higher) wake velocity in APG (FPG) than in the ZPG. The maximum velocity deficit shows
a lesser difference for the in-wake turbine between different cases compared to the upstream-most one. This is linked to the effect of the wake
of the upstream turbine. Conversely, the wake width varies more for the in-wake turbines. A new analytical approach to model the cumulative
wake velocity deficit is proposed. This approach extends the application of the analytical pressure gradient model to multiple turbine wakes.
Specifically, the new approach explicitly accounts for the effect of the pressure gradient induced by the wake of the upstream turbine on the
wake of the downstream one. The new method is compared to the linear summation approach and experimental data. It agrees well with the
experiments and outperforms the linear summation approach.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0185542

I. INTRODUCTION

Onshore wind energy constitutes about 93% of the installed
global wind energy capacity.1 The continuous decrease in the levelized
cost of electricity (LCOE) of onshore wind projects2 and a push toward
renewable energy sources have resulted in the rapid growth of onshore
wind energy. Wind turbines are often installed in clusters, known as
wind farms, where depending on the wind farm layout and wind direc-
tion, certain wind turbines operate in the wake of others. Turbine
wakes, marked by lower velocity and higher turbulence, compared to
the undisturbed flow, are responsible for lower available power and
higher fluctuating loads on the in-wake turbines. While most of the
existing literature on wind turbine wakes assumes a flat terrain,3,4 wind
turbines are often sited on non-flat topography in onshore conditions.

Flow over topography is inherently complex and depends signifi-
cantly on the changes in surface elevation and roughness. The interac-
tion of wind turbine wakes with the flow in complex terrain has been
investigated in several wind tunnel,5–8 numerical,9–13 and field14–16

studies. These studies have shown that the turbine power performance
and wake characteristics such as its recovery, trajectory, expansion,
and turbulence quantities are significantly affected by the flow in com-
plex terrain.

One key feature of the flow in topography is the streamwise varia-
tion in velocity, which imposes a pressure gradient on the flow. The
effect of pressure gradient on the development of planar wakes has
been explored in several studies.17–21 These studies showed that a pres-
sure gradient can affect the recovery of the mean wake center velocity,
where an adverse pressure gradient (APG) tends to slow it down and a
favorable pressure gradient (FPG) tends to speed it up compared to a
zero pressure gradient (ZPG) situation. In addition, the expansion of
the wake in the cross-stream direction is also affected by the pressure
gradient, with a higher wake width under an APG and a lower wake
width under an FPG compared to that under a ZPG. The mean wake
velocity deficit profiles were shown to be self-similar under pressure
gradient situations, and the turbulence quantities were comparatively
less affected by the pressure gradient.

The effect of pressure gradient imposed by the flow on wind tur-
bine wakes has been recently investigated in several studies.
Shamsoddin and Port�e-Agel22 proposed an analytical model for the far
wake of a wind turbine under an imposed pressure gradient. In addi-
tion, they simulated a wind turbine wake using large-eddy simulation
(LES) and extended some of the findings of planar wakes under pres-
sure gradient to the axisymmetric ones. Shamsoddin and Port�e-Agel23
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also performed a combined LES and analytical study of the wind tur-
bine wake flow over a two-dimensional hill. They used their analytical
model22 together with the model of Hunt et al.24 to model the wake of
a wind turbine sited upstream of a hill with moderate slope. The LES
results were used to validate the analytical framework. Using the LES,
they also simulated several turbine positions across the hill and divided
the flow over the hill into two regions of faster and slower wake recov-
ery rates compared to a turbine in a flat terrain. They associated this
behavior with the pressure gradient experienced by the turbine wake.
Cai et al.25 conducted wind tunnel experiments to investigate the effect
of pressure gradient imposed by linear ramps on the turbine wake and
power production. They also validated the model of Shamsoddin and
Port�e-Agel22 with their experimental data. Dar et al.26 performed a sys-
tematic study of wind turbines exposed to pressure gradient imposed
by a flow linearly speeding up/slowing down from its induction region
to the far wake. They showed that the wake deficit varies systematically
with the change in pressure gradient, and the near wake length and the
wake growth rate showed a linear relationship with the pressure gradi-
ent. They also showed that compared to ZPG, the power coefficient of
the turbine increased with the increase in the FPG, whereas it
decreased with the increase in the APG. More recently, Siguenza-
Alvarado et al.27 performed wind tunnel experiments of the wake of
two aligned wind turbines on a two-dimensional hill. They showed
that the advection terms play a key role in the wake recovery for steep
hills.

As wind turbine wakes can lead to significant power losses in a
wind farm (especially when the turbines in a row are fully aligned), it
is of great interest to estimate these wake losses during the planning
and the layout optimization phase of a wind farm. For this purpose,
simplified engineering wake models are extremely popular, as they
offer reasonably accurate and computationally inexpensive estimation
of the mean wake velocity behind turbines. There are two categories:
models for stand-alone wind turbine wakes and models that superpose
multiple wakes to provide the estimation of the cumulative wake veloc-
ity behind a row of turbines. For stand-alone wind turbine wakes, sev-
eral models have been proposed to estimate the mean wake velocity
deficit in flat28–34 and complex22,26,35–37 terrains. As for the wake
superposition models, several strategies have been proposed in the lit-
erature. The most popular of these are the linear summation princi-
ple38,39 and the sum of squares approach.40,41 These superposition
models are, however, for the most part empirical, and more recently,
some physics-based approaches have been proposed by Zong and
Port�e-Agel42 and Bastankhah et al.43 Although these superposition
methods are designed for wind farms in flat terrain, they have been
applied for wake superposition in complex terrain as well (see, e.g.,
Refs. 35 and 36). Lanzilao and Meyers44 also proposed a wake super-
position method for a varying base flow velocity field with application
to offshore wind farms close to coastlines.

In this work, we perform a combined experimental and analytical
study of multiple wind turbines exposed to a base flow pressure gradi-
ent. As the existing literature isolating the effect of pressure gradient
on wind turbine wakes focuses on single turbine cases, we look to pro-
vide useful physical insights into the case of multiple turbine wakes
exposed to a quasi-linear surrounding base flow. In addition, we pro-
pose two different strategies of modeling the cumulative wake behind
multiple turbines in flat, as well as, complex terrain. The first approach
is a modified version of the linear sum approach proposed by Niyaifar

and Port�e-Agel39 adapted for streamwise variation in the base flow.
The second approach is to use the pressure gradient model,22,26 which
accounts for the effect of the upstream turbine(s) in the base flow
term. This approach eliminates the need for any subsequent superposi-
tion method to combine stand-alone wakes of the turbines and can
model the cumulative wakes, both in flat and complex terrain. The rest
of the article is organized as follows: Sec. II presents a description of
the experimental setup and results from the experiments; Sec. III
details the modeling approaches and compares them; and Sec. IV pro-
vides a summary of the work and some concluding remarks.

II. EXPERIMENTS
A. Setup

The measurements are carried out in the boundary layer wind
tunnel facility of �Ecole Polytechnique F�ed�erale de Lausanne (EPFL).
The wind tunnel is a closed-loop type with a test section of dimensions
28� 2.56� 2 m3 (length � width � height), and a contraction with
an area ratio of 5:1 is present at the inlet of the test section. The flow is
conditioned through a series of honeycomb meshes and screens before
the contraction. This ensures a low free-stream turbulence intensity
(< 1%) and a uniform flow at the inlet of the test section. The flow in
the wind tunnel is driven by a 130kW fan, which is capable of generat-
ing wind speeds up to 25ms�1 in the test section.

A three-bladed horizontal axis miniature wind turbine with a
rotor diameter D of 10.5 cm and a hub height zh of 8.75 cm is used in
this work. The turbine rotor is a scaled-down version of the WiRE-01
turbine,45 where a scaling of 1:1.43 is kept between the original and the
scaled-down rotor models. The power and thrust characteristics of the
scaled-down turbine are characterized by Dar et al.,46 which showed
that the turbine performance is unaffected by scaling it down as long
as the Reynolds number is comparable between the original and the
scaled-down models. The rotor is 3D printed using a liquid photopoly-
mer resin and is mounted on a direct current (DC) motor manufac-
tured by Maxon Motors (model: DCX10L). The DC motor is
connected to a servo controller in order to acquire data and control
the operation of the turbine. For all the experiments, turbines are oper-
ated at the tip speed ratio corresponding to maximum power extrac-
tion. The power extracted by the turbine P is quantified by multiplying
the shaft torque Q of the turbine by its rotational speed X. A frictional
toque Qf is added to the torque estimated by multiplying the generated
current I with the torque constant K in order to estimate the total shaft
torque. The details of the power measurement procedure are given in
Bastankhah and Port�e-Agel.45

Seven different pressure gradient situations are tested in this
study, including one ZPG case corresponding to flat terrain. For non-
zero pressure gradients, linear ramps are used to generate terrain-
induced pressure gradients. The ramps used in this study are the same
as the ones used by Dar et al.26 The ramps are 13 rotor diameters long,
and their height h is varied to change the slope. Three different ramp
angles are used, corresponding to 13.1�, 8.8�, and 4.4�, where a positive
slope leads to an FPG and a negative one induces an APG. The cases
are labeled as “ZPG” for the zero pressure gradient one, “APG-I,”
“APG-II,” and “APG-III” for APG cases with 4.4�, 8.8�, and 13.1�

angles, respectively, and “FPG-I,” “FPG-II,” and “FPG-III” for FPG
cases with 4.4�, 8.8�, and 13.1� angles, respectively. In the ZPG case,
three wind turbines are placed in a fully aligned configuration, with an
inter-turbine spacing of five rotor diameters. In the FPG and APG
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cases, however, two turbines are placed on the ramp with a spacing of
five rotor diameters. This is due to the limitation of the ramp length,
which can only allow for two turbines to be placed. The first turbine is
placed three rotor diameters from the upstream edge of the ramp. This
is done to ensure that the base flow (flow without the turbine) experi-
enced by the turbine is unaffected by the ramp edge. The choice of
ramps is made in order to generate a quasi-linear base flow increase or
decrease with the streamwise distance under different pressure gradi-
ent situations. The turbines are placed such that their axis of rotation is
parallel to the ramp surface. As the turbine motor has a current limita-
tion for optimal operation, the inflow velocity is adjusted between dif-
ferent cases such that all turbines can be controlled at their optimal tip
speed ratio.

Velocity measurements are performed using a two-dimensional
two-component (2D2C) particle-image velocimetry (PIV) setup also
known as a planar PIV setup. The measurements are performed in a
vertical plane normal to the rotor plane and passing through the tur-
bine centerline. The flow without any turbines, termed the base flow,
and the flow with the turbines, termed the wake flow, are captured in
the current study. The PIV system used in the study comprises a
sCMOS (scientific Complementary Metal–Oxide–Semiconductor)
camera (2560� 2160 pixels) with a 50mm lens, a dual pulse Nd:YAG
laser (model: Litron lasers, Nano TRL 425-10), and a programable tim-
ing unit (model: LaVision, PTU-v9). The size of the field-of-view
(FOV) is 6D� 5D, with a spatial resolution of 0.0189D, with an over-
lap of approximately 1D in the x direction between consecutive FOVs.
The image pairs are captured at a sampling rate of 10Hz, and 1000
instantaneous flow fields are used to obtain time-averaged flow statis-
tics. Olive oil droplets of diameter on the order of several micrometers
are used as seeding particles for flow measurements. Figure 1 shows a
schematic of the experimental setup.

Image processing is performed using the DaVis software devel-
oped by LaVision. Reducing size interrogation windows of 64� 64
pixels and 32� 32 pixels is used for image cross correlation. An

overlap of 75% is kept between consecutive windows, and the correla-
tion is obtained after two passes through each window size. Bad veloc-
ity vectors are removed from the data using a universal outlier
detection method and replaced using interpolation based on surround-
ing vectors. The maximum uncertainty in the mean velocity is esti-
mated using the correlation statistics approach,47 which gives a value
of 0.06ms�1 in the regions of high flow shear.

The floor of the tunnel is covered by double-rolled chains with an
inter-chain spacing of 40 cm. In addition, a picket fence of dimensions
10 cm in length and 5 cm in height with spikes of 3 cm in length is
placed at the inlet of the test section. This is done to facilitate the
growth of a turbulent boundary layer (TBL) in the tunnel. Figure 2
characterizes the incoming turbulent boundary layer using the 2D2C
PIV setup described above. The hub height velocity Uh is used for nor-
malization with a high gradient in the normalized averaged streamwise
velocity close to the wall. The boundary layer height is more than five
rotor diameters and is similar to the one developed in Dar et al.26 The
streamwise turbulence intensity Iu ¼ rU=Uh, where rU is the standard
deviation in the streamwsie velocity, shows an almost linear decrease
with height. The streamwise turbulence intensity at the hub height of a
prospective turbine is 0.135. A logarithmic fit is performed on the
velocity data in the surface layer (� 20% of the boundary layer height).
The result of the fit is shown in Fig. 2(b). The aerodynamic surface
roughness z0 and the friction velocity u� are found to be 0.24mm and
0.44ms�1, respectively. It is to be noted that the height coordinate z in
Fig. 2 is set on the tunnel floor, while it is set on the first turbine hub
position in the rest of the article.

The Reynolds number based on the hub height velocity at the
location of the first turbine and the rotor diameter ranges between
44000 and 49 000 for all the cases except the APG-III case, for which it
is 57000. Although the Reynolds number in the study is less than the
utility-scale wind turbines, it is close to the threshold observed by
Chamorro et al.48 around which the mean flow characteristics become
independent of the Reynolds number. In addition, it is well established

FIG. 1. Schematic of the experimental
setup (not to scale). The shaded green
rectangles marked by dashed black lines
show the particle-image velocimetry field-
of-views.
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in the literature that the far-wake characteristics of wind turbines
depend on the thrust coefficient. The miniature turbine used in the
current study has a thrust coefficient comparable to the utility-scale
ones.46 In addition, the analytical modeling framework developed in
this work is also dependent on the thrust coefficient and does not have
any Reynolds number dependence. Therefore, the results of this study
can provide useful insights for utility-scale turbines as well.

B. Results

Here, we present the results from the wind tunnel experiments.
The results are sub-divided into two categories: we first report the
results related to the flow without any turbines, which is followed by
the results related to the turbine wake flow. For mean flow statistics,
we define the mean streamwise velocity as U ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2
x þ U2

z

p
, where Ux

and Uz are the mean horizontal and the vertical velocity components,
respectively. It is to be noted that ðx; zÞ ¼ ð0; 0Þ represents the hub
location of the first turbine in each case.

1. Base flow

Figure 3 shows the base flow contours of the normalized averaged
streamwise velocity, together with the streamlines of the in-plane
velocity vector field. The flow is homogeneous in the streamwise direc-
tion for the ZPG case but shows an acceleration and deceleration for
the FPG and APG cases, respectively. The flow acceleration/decelera-
tion increases with the increase in the ramp angle for the pressure gra-
dient situations. The flow streamlines are approximately parallel to the
surface for the ZPG and smallest ramp angles (APG-I and FPG-I),
whereas they move away from the surface in the APG situation and
move toward it in the FPG situation, with the increase in the ramp
angle.

Figure 4(a) shows the normalized averaged streamwise velocity
along the streamline originating from the hub position of a prospective
turbine and along the local hub height for different pressure gradient
situations. For most of the cases, the two velocities are comparable.

However, the difference between them is significant for the APG-III
case. This shows that the deviation of the flow streamlines from the
ramp slope is marginal for the majority of the cases. For the APG-III
case, the streamlines move away from the surface into a higher velocity
flow, which causes an increase in the velocity compared to that at the
local hub height. It can also be observed that the increase or decrease
in velocity with the increase in the streamwise distance is approxi-
mately linear for all the cases, with the speed-up or slow down in
velocity increasing with increasing ramp slope.

Following previous works (Refs. 21, 22, and 46), the streamwise
pressure gradient is approximated by UdU/dx. A zero pressure gradi-
ent corresponds to UdU=dx ¼ 0, a favorable pressure gradient corre-
sponds to UdU=dx > 0, and an adverse pressure gradient corresponds
to UdU=dx < 0. Figure 4(b) shows the normalized averaged pressure
gradient along the velocity profiles shown in Fig. 4(a). For the favor-
able pressure gradient cases, a clear increase in the pressure gradient
with the increase in the ramp angle can be observed for both velocities,
i.e., the one along the streamline and the one along the local hub
height. For the adverse pressure gradient cases, a clear increase in the
pressure gradient can be observed for the velocity along the local hub
height; however, the values get closer for the velocity along the stream-
line. The development of a shear layer along the ramp length in the
adverse pressure gradient cases causes the streamlines to move away
from the surface. As the shear layer is stronger in the APG-III case
compared to the APG-II case, the deflection of the streamline is also
larger, which leads to a decrease in the pressure gradient compared to
that along the local hub height. As shown previously by Dar et al.,26 a
stand-alone wind turbine wake follows the base flow streamline

FIG. 2. Vertical profiles of the normalized averaged streamwise velocity and the
streamwise turbulence intensity (a) and the normalized averaged streamwise veloc-
ity with the height coordinate in log scale (b). The lines with markers show the
experimental data, and the solid blue line in (b) represents the logarithmic fit.

FIG. 3. Contours of the normalized averaged streamwise velocity in the base flow.
The streamlines of the in-plane velocity vectors are overlaid on the contours.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 015145 (2024); doi: 10.1063/5.0185542 36, 015145-4

VC Author(s) 2024

 05 February 2024 10:30:18

pubs.aip.org/aip/phf


originating from the virtual hub height position; therefore, the velocity
and pressure gradient profiles along the base flow streamline are more
relevant for characterizing the wake flow.

The contours of the turbulence intensity based on the horizontal
component of the velocity are shown in Fig. 5. High levels of turbu-
lence intensity close to the surface are observed in the ZPG case. For
the pressure gradient cases, the turbulence intensity also shows a sig-
nificant change with the streamwise distance. For the APG cases, the
turbulence intensity close to the surface increases with the streamwise
distance from the ramp edge. Due to the negative slope of the ramp,
the flow close to the surface of the ramp is sheltered from the upstream
flow, which creates a shear layer with a high mean velocity gradient,
and thereby, high turbulence intensity. For the FPG cases, on the other
hand, the turbulence intensity close to the surface is observed to

decrease with the increase in the streamwise distance. This can be
related to the decrease in the mean flow shear close to the surface as
the flow speeds up on the ramp. Figure 6 shows the turbulence inten-
sity along the hub streamline in the base flow and the local hub height
for all the cases. For all the cases, the turbulence intensity ranges
between 0.12 and 0.155 along the streamline, with values increasing
with distance for the APG cases and decreasing for the FPG cases.

The vertical momentum flux along with the mean flow shear is
responsible for the production of turbulence in turbulent boundary
layers. The vertical momentum flux can be associated with the coher-
ent motions that are responsible for energy transfer from the mean
flow to the turbulent flow.49 Figure 7 shows the contours of the nor-
malized averaged vertical momentum flux in the base flow for all the
cases. The normalized averaged momentum flux shows the highest
magnitude in the APG cases in the shear layer, which corresponds to
high turbulence intensity. For the FPG cases, the magnitude of the nor-
malized averaged momentum flux is lower than for the APG ones, and
it is distributed over a larger vertical extent. In general, the trends in
the normalized averaged vertical momentum flux are consistent with
those in the turbulence intensity.

2. Wake flow

In this section, we present results related to the wake of multiple
fully aligned wind turbines (3 in the case of ZPG and 2 in the pressure

FIG. 4. Normalized averaged streamwise velocity (a) and the normalized pressure gradient (b) in the base flow along the streamline originating at ðx; zÞ ¼ ð0; 0Þ (solid lines)
and along the local hub height (dashed lines) for different pressure gradient situations.

FIG. 5. Contours of the horizontal turbulence intensity in the base flow.

FIG. 6. Horizontal turbulence intensity in the base flow along the streamline originat-
ing at ðx; zÞ ¼ ð0; 0Þ (solid lines) and along the local hub height (dashed lines) for
different pressure gradient situations.
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gradient cases). Figure 8 shows the contours of the normalized aver-
aged streamwise velocity in the wake flow for different pressure gradi-
ent situations. Previous studies Refs. 22, 25, and 26 have focused on
stand-alone turbine wakes under the base flow pressure gradient. Here,
we can observe that the normalized averaged streamwise velocity
behind the second turbine is also affected by the ramp angle. In gen-
eral, it is observed that the mean wake velocity decreases with the

increase in the APG and increases with the increase in FPG, compared
to the ZPG case, which is consistent with the previous studies Refs. 22,
25, and 26. For the ZPG case, the in-wake turbines have a lower veloc-
ity close to the turbine but a higher velocity further downstream com-
pared to the turbine in the free flow. This is due to the turbine-added
turbulence intensity, which enhances the wake recovery. For the APG-
I case, a similar observation to the ZPG case is made. For the APG-II
and APG-III cases, however, the wake velocity is observed to be lower
for the second turbine compared to the first one. This can be related to
the lower velocity in the base flow for the second turbine. For the FPG
cases, an opposite trend is observed where the second turbine shows a
higher wake velocity compared to the first turbine due to an increase
in the base flow velocity with the increase in the streamwise distance.
The horizontal turbulence intensity in the wake flow is shown in
Fig. 9. A peak of turbulence intensity behind the rotor top tip can be
seen in all the cases, which is associated with the high mean flow shear
around that region.50 For the ZPG case, the turbulence intensity
increases behind the second and the third turbines compared to that
behind the first one. This is associated with the turbulence intensity
added by the upstream turbine(s). For the FPG cases, a higher turbu-
lence intensity is observed compared to the ZPG one, which increases
with the increase in the FPG, and in the wake of the second turbine
compared to the first one. For the APG cases, on the other hand, the
peak of the turbulence intensity is lower than the FPG cases, and there
seems to be no significant increase in the turbulence intensity behind
the second turbine compared to the first one. As can be seen in Fig. 9,
for the FPG cases, the peak region of turbulence intensity behind the
two turbines is approximately aligned, resulting in an overall increase
in the turbulence intensity behind the second one. In the APG cases, as
the wake moves away from the surface, the peak regions behind the
two turbines are not completely aligned, which results in a turbulence

FIG. 7. Contours of the normalized averaged vertical momentum flux in the base
flow.

FIG. 8. Contours of the normalized averaged streamwise velocity in the wake flow. FIG. 9. Contours of the horizontal turbulence intensity in the wake flow.
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intensity distribution downstream of the second turbine, with a peak
value similar to that behind the first turbine and a larger vertical spread
compared to the FPG cases.

Vertical momentum flux acts as a mechanism to re-energize the
wake by bringing high momentum flow from the outside into the
wake. The inclination of the terrain also has an effect on the vertical
momentum flux in the wake flow. Figure 10 shows the contours of the
normalized averaged vertical momentum flux in the wake for different
cases. For the ZPG case, the normalized averaged vertical momentum
flux shows a negative value around the upper wake edge and a positive
value around the lower wake edge, indicating the entrainment of
energy from above and below into the wake. For the APG cases, the
negative region behind the rotor top tip grows stronger in magnitude
and shows a high expansion in the vertical direction, similar to the
expansion of the horizontal turbulence intensity profile. This is consis-
tent with the expansion of the wake velocity profiles, which in the
APG cases have a larger width.26 The magnitude of the normalized
averaged vertical momentum flux gets stronger with the increase in
the ramp angle. For the FPG cases, the negative region of the vertical
momentum flux behind the rotor top tip is smaller compared to the
ZPG and APG cases, whereas the positive region behind the rotor bot-
tom tip gets larger with the increase in the positive ramp angle. This
indicates that the ramp inclination has an influence on the distribution
of the momentum flux in the wake.

We now focus on characterizing the wake velocity deficit behind
the turbines for different ramp cases. Here, the streamwise velocity def-
icit DU is defined as the difference between the base and wake flow
velocities such that DUðx; zÞ ¼ Ubðx; zÞ � Uwðx; zÞ, where Ub and
Uw are the base and the wake flow velocities, respectively. The mean
wake trajectories identified by the position of the maximum averaged
wake velocity deficit are also shown. Following Shamsoddin and
Port�e-Agel,23 we plot contours of the averaged streamwise velocity def-
icit normalized by the base flow velocity at the hub position of the first

turbine [Fig. 11(a)] and normalized by the base flow velocity along the
wake trajectory [Fig. 11(b)]. Following previous studies,23,51 the wake
trajectory is identified as the vertical position of the maximum wake
velocity deficit for each horizontal position. For the ZPG case and for
the first turbine in the pressure gradient cases, both normalizations
show similar trends. The normalized averaged wake deficit is higher in
the APG cases and lower in the FPG cases, compared to the ZPG one
behind the first turbine, which is consistent with the previous stud-
ies.25,26 For the in-wake turbine, when normalized by Uh, the APG
cases show a lower velocity deficit compared to the FPG ones, whereas
when normalized by the base flow velocity along the wake trajectory, it
shows a higher value for the APG cases than the FPG ones. In this
case, it makes more sense to use the base flow velocity along the wake
trajectory as a reference, as it yields trends that are consistent with
those for the first turbine wake deficit. It must be noted, however, that
for the second turbine, the streamwise pressure gradient is due to the
streamwise variation of the wake velocity of the upstream turbine(s),
which can be approximated from the evolution of the wake center
velocity of the first turbine in the absence of the second one.

To further characterize the wake velocity deficit, we show the evo-
lution of the wake center velocity deficit in Fig. 12. It can be observed
that the difference in the wake center velocity deficit between different
cases is higher behind the first turbine compared to the second one, no
matter what normalization is used. This is an important finding and
can be related to the effect of the wake of the first turbine on the sec-
ond turbine. As all wakes recover with the increase in the downstream
distance, they impose a favorable pressure gradient on the downstream
turbine(s), which together with the enhanced wake turbulence leads to
a faster recovery of the downstream turbine compared to the upstream
one.

Figure 13 shows the normalized wake width for different cases.
The wake width is obtained by fitting a Gaussian function to the verti-
cal profile of the wake velocity deficit at each downstream distance.
Consistent with previous studies Refs. 22, 25, and 26, the wake width
behind the first turbine is higher for APG cases and decreases for the
ZPG and FPG cases, respectively. In the wake of the second turbine,
the same trend holds but the difference between different cases
increases compared to that in the first turbine’s wake. In addition, the
difference is higher between the ZPG and APG cases than that between
the ZPG and FPG cases. This is likely due to the fact that the wake
moves away from the surface in the APG cases, giving it more space to
expand with the streamwise distance, whereas it moves toward the sur-
face in the FPG cases, which limits the expansion of the wake.

Some recent studies have shown that a wind turbine wake follows
the base flow streamline originating from the hub position.26,51 Here,
we investigate the trajectory of the cumulative wake of multiple tur-
bines to see if it follows the wake trajectory of the upstream-most tur-
bine or deviates from it. For this purpose, we show the mean wake
center trajectory overlaid on the base flow velocity and streamlines in
Fig. 14. For majority of the cases, we can see that the wake trajectory
for different turbines is approximately aligned with the base flow
streamline originating from the hub position of the free flow turbine.
One exception is the APG-III case, where for the in-wake turbine, the
trajectory is almost horizontal and does not necessarily follow either
the upstream turbine or the base flow streamlines. Overall, for most
cases, following the base flow streamline from the hub position of the
first turbine seems to be a reasonable approximation for the wake

FIG. 10. Contours of the normalized averaged vertical momentum flux in the wake
flow.
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trajectory of the cumulative wake of multiple turbines under pressure
gradient.

III. ANALYTICAL MODELING

In this section, we focus on analytically modeling the cumulative
wake velocity deficit of multiple turbines under a pressure gradient.
For this purpose, we test two different strategies. The first strategy is
based on an adapted version of the linear summation approach pro-
posed by Niayifar and Port�e-Agel,39 whereas the second one is based
on the pressure gradient model proposed by Dar and Port�e-Agel26 and
Shamsoddin and Port�e-Agel.22 In the following, we will provide details
of the two strategies and compare the results obtained from them. For

FIG. 11. Contours of the averaged streamwise velocity deficit in the wake flow normalized by the base flow velocity at the hub position of the first turbine (a) and by the base
flow velocity along the mean wake trajectory (b) along with the mean wake trajectories (black dots).

FIG. 12. Wake center velocity deficit normalized by the hub position base flow velocity (a) and by the base flow velocity along the wake center (b).

FIG. 13. Comparison of the normalized wake width between different pressure gra-
dient cases.
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both approaches, the wake velocity deficit in the far wake is assumed
to follow a Gaussian distribution given by

Ub � Uw

Ub
¼ CðxÞe

� r2

2rðxÞ2

� �
; (1)

where Ub is the base flow velocity, Uw is the wake flow velocity, C(x) is
the normalized maximum velocity deficit, r is the radial distance from
the wake center, and rðxÞ is the wake width.

A. Adapted linear summation approach

The linear summation approach for the wake superposition pro-
posed by Niayifar and Port�e-Agel39 states

Uwðx; y; zÞ ¼ U1 �
X
i

ðui0 � Ui
w;sðx; y; zÞÞ; (2)

where Uw is the cumulative mean wake velocity, U1 is the mean base
flow velocity, ui0 is the mean velocity perceived by the ith turbine, and
Ui
w;s is the mean wake velocity of the ith wind turbine in stand-alone

conditions. In order to adapt the superposition method for a stream-
wise varying base flow, two changes are made: the base flow velocity
U1 and the turbine perceived velocity u0 are expressed as a function
of x as UbðxÞ and u0ðxÞ, respectively, to account for the variation in
the perceived velocity along the wake. The adapted model is then writ-
ten as

Uwðx; y; zÞ ¼ UbðxÞ �
X
i

ðui0ðxÞ � Ui
w;sðx; y; zÞÞ: (3)

To model the stand-alone turbine wake, we use the Gaussian model
proposed by Bastankhah and Port�e-Agel.30,52 The normalized maxi-
mum wake velocity deficit C(x) is modeled as

CðxÞ ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r20C0ð2� C0Þ

rðxÞ2
s

: (4)

In the above equation, C0 is the maximum wake velocity deficit at the
start of the far wake obtained from the 1D momentum theory
(C0 ¼ 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� CT
p

, where CT ¼ 0:8). The start of the far wake is
estimated by the near wake length model proposed by Bastankhah and
Port�e-Agel.52 The wake width in the far wake r is assumed to grow lin-
early with a growth rate k, which is a function of the horizontal turbu-
lence intensity [k ¼ 0:3TI (Ref. 26)]. The wake width at the start of
the far wake r0 is obtained from experiments. The horizontal turbu-
lence intensity is taken from the base flow information for the free-
flow turbine, whereas for the in-wake turbines, the added turbulence
intensity of upstream turbines is accounted for, where the total turbu-
lence intensity is then TI ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I20 þ I2a
p

, with I0 being the base flow tur-
bulence intensity and Ia being the added turbulence intensity. The
added turbulence intensity is modeled using the Frandsen model53

Ia ¼ 1

1:5þ 0:8ffiffiffiffiffiffi
CT

p x
D

: (5)

B. Pressure gradient model approach

The pressure gradient model proposed initially by Shamsoddin
and Port�e-Agel22 and further developed by Dar and Port�e-Agel26,37

accounts for the effect of a base flow streamwise pressure gradient on
the evolution of a wind turbine wake. So far, this model has only been
applied for stand-alone wind turbine wakes.12,23,25,46 Here, we look to
apply the model for the case of multiple turbines in an aligned condi-
tion. The idea behind this is the following: for the first wind turbine,
the pressure gradient is solely due to the streamwise variation of the
base flow, whereas for the turbines in the wake of upstream ones, the
pressure gradient is due to the streamwise variation of the wake flow of
the upstream turbines—which already includes the effect of the base
flow pressure gradient. In this approach, the effect of the upstream tur-
bine wake(s) is modeled into the base flow term for the downstream
turbine wake, which also incorporates the superposition of wakes. In
the following, we describe the procedure for applying the model to a
multiple turbine case.

The first step is to model the wake of a turbine exposed only to
the pressure gradient imposed by the base flow, i.e., the turbine in the
no-wake condition. For this purpose, we solve the ordinary differential
equation for the maximum velocity deficit

dC
dx

¼ �1

U4
b

K2
0

 !
ð3C2 � 2C3Þ

1
4
dU4

b

dx
C3

K2
0

þ C3 � C4

2

� �
d
dx

U4
b

K2
0

 !" #
;

(6)

where Ub is taken as the base flow along the wake trajectory and K0 is
the invariant ratio defined as

K0 ¼
CzpgUh

rzpg
; (7)

where Uh is the hub height velocity at the turbine location, Czpg is the
maximum velocity deficit under the zero pressure gradient condition,

FIG. 14. Contours of the normalized averaged streamwise velocity in the base flow
along with the streamlines of the in-plane velocity vectors (arrow lines) and the
mean wake trajectories (black dots).
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and rzpg is the wake width under the zero pressure gradient. In order
to solve Eq. (6), an estimation of the maximum velocity deficit at the
start of the far wake is needed in the form of a boundary condition.
This is defined as

CnwðxÞ ¼ 1� UnwðxÞ
UbðxÞ ; (8)

where CnwðxÞ is the normalized maximum velocity deficit in the near
wake and Unw is the near wake velocity, which can be obtained as
follows:

UnwðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UnbðxÞ2 � U2

hCT

q
; (9)

where Unb is the base flow velocity in the near wake. The estimation of
the near wake length is made by solving the following equation:26

rnw ¼ ð2aTI þ bÞ
ðlnw
0

1

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� U2

hCT

U2
b

s dx

� b
ð lnw
0

1

1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� U2

hCT

U2
b

s dx; (10)

where lnw is the near wake length, rnw is the wake width at the end of
the near wake, and a and b are the model constants taken as 0.58 and
0.077, respectively.

Finally, the wake width under pressure gradient can be obtained
from the invariant ratio

rðxÞ ¼ CUb

K0
: (11)

For an in-wake turbine, the wake flow of the upstream turbine(s)
becomes the new base flow. In this work, we approximate that base
flow from the modeled minimum wake velocity of the upstream tur-
bine and plug it in Eq. (6), where now Ub ¼ Ui�1

w;min. We also need to
estimate the invariant ratio for the in-wake turbine using Eq. (7). Here,
Uh is now the wake velocity of the i-1th wind turbine at the hub loca-
tion of the ith turbine in its absence. In order to obtain Czpg and rzpg,
we once again need the wake growth rate k, which in this case depends
on the base flow turbulence intensity and the wake added turbulence
intensity and similar to the linear sum approach can be written as
k ¼ 0:3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I20 þ I2a

p
. The added turbulence intensity is estimated using

the Frandsen model. The process is repeated in an iterative manner,
where for each downstream turbine, the base flow velocity and the
invariant ratio are updated based on the cumulative wake velocity of
the upstream turbines.

Due to the lack of experimental data for Ui�1
w in the overlap-

ping region of i � 1th and ith turbine wakes, an additional step is
needed in order to perform a comparison between the model and
the experimental data. This involves re-scaling C(x) and rðxÞ for
the ith turbine with respect to the base flow in the absence of any
upstream turbines. The maximum deficit C obtained for the ith tur-
bine can be written as

CiðxÞ ¼ Ui�1
w � Ui

w

Ui�1
w

" #
max

; (12)

which can be used to get the minimum Ui
w and eventually compute

the maximum deficit with respect to the base flow without any turbine

CðxÞ ¼ Ub � Ui
w

Ub

� �
max

: (13)

In order to compute the wake width, the invariant ratio is computed as

Ki
0 ¼

Ci
zpgUb;xi

rizpg
; (14)

where Ub;xi is the base flow velocity at the position of the ith turbine.
This eventually gives the wake width

rðxÞ ¼ CUb

Ki
0

: (15)

Finally, the wake deficit profiles with respect to the base flow can be
computed using Eq. (1). Alternatively, we could use Eq. (1) such that
we get Ui

w and then subtract it from the global base flow Ub. Both
methods of computing the global wake deficit yield equivalent results.

C. Comparison between experiments and models

We now compare the results from the two modeling approaches
described above with the experimental data. Figure 15 compares the
normalized maximum velocity deficit in the wake between the experi-
ments and different models. Both approaches yield reasonable results
for the ZPG case. By definition, the normalized maximum velocity def-
icit is the same for all the cases in the linear summation approach,
whereas it changes for the pressure gradient model, as it accounts for
the effect of the change in the base flow in the computation of the nor-
malized maximum deficit. This is why the result of the pressure gradi-
ent model (red line) is observed to change depending on the case,
whereas the linear summation (green line) remains the same. For the
APG cases, the pressure gradient model is able to predict the normal-
ized maximum velocity deficit well in the far wake of both turbines,
whereas the linear summation approach under-predicts it. The under-
prediction of the normalized maximum deficit is higher in the wake of
the first turbine compared to that in the wake of the second. This is
explained by the fact that the difference between the ZPG and the pres-
sure gradient wake deficit is higher in the first turbine wake than in the
second turbine one. Similarly, for the FPG cases, the pressure gradient
model can predict the normalized maximum velocity deficit well for
the FPG-I and FPG-II cases; however, it under-predicts in the FPG-III
case. This could be related to the fact that the normalized maximum
velocity deficit in the second turbine’s wake is comparable between dif-
ferent FPG cases; however, the wake velocity of the first turbine varies.
While the experimental data shows a comparable maximum velocity
deficit, the one predicted by the model decreases due to the higher
FPG of the upstream turbine. As the turbine wake has a downward tra-
jectory into a low momentum region close to the surface with the
increase in the ramp angle for FPG cases, this could result in an appar-
ent slowdown of the wake recovery observed in the second turbine
wake. It is to be noted that, in the near wake of the turbines, the experi-
mental normalized maximum velocity deficit is higher than the
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modeled one. This can be associated with the effects of the turbine hub
drag and the rotation of the wake, which are not included in the sim-
plified theoretical estimation of the near wake velocity deficit.37,42,52 In
addition, the Gaussian-based models are applicable in the far wake
region and do not conserve momentum in the near wake region. A
region of increased normalized maximum velocity deficit can also be
observed upstream of the in-wake turbines in the measurements,
which is associated with the induction of the turbines. This increase in
the normalized maximum velocity deficit in the induction region is
most pronounced in the ZPG case and is relatively less significant in
the pressure gradient cases. However, this effect is not captured by the
analytical wake models. In the future, improved analytical models for
the flow in the near wake and induction regions could further enhance
the accuracy of the proposed analytical approach.

Figure 16 compares the vertical profiles of the normalized stream-
wise velocity deficit in the wake for different pressure gradient cases.
For the ZPG case, the pressure gradient model is able to predict the
velocity deficit profiles behind all three wind turbines with reasonably
good accuracy. As a reference, the linear summation approach for
wake superposition is also shown to predict the velocity deficit profiles
well. This shows that the pressure gradient model can actually be used
for predicting the velocity deficit profiles in a wind farm in flat terrain
without the need for any subsequent superposition of wakes. For the
APG cases, the pressure gradient model predicts the velocity deficit
profiles well for all the cases. The linear summation approach, on the
other hand, does not yield satisfactory results. Behind the first turbine,
there is a significant underestimation of the velocity deficit profiles
compared to the experimental data, in terms of both the maximum
deficit and the wake width. For the second turbine, the prediction of
maximum velocity deficit improves, whereas the wake width is still sig-
nificantly underestimated compared to the experimental velocity

deficit profiles. For the FPG cases, the pressure gradient model agrees
reasonably well with the experiments for all cases except the second
turbine in the FPG-III case. The linear summation approach results in
an overestimation of the maximum velocity deficit for all the cases,
except the first turbine in the FPG-I case.

Through this comparison, the pressure gradient model approach
to estimate the cumulative wake of multiple turbines in flat and non-
flat terrain is validated. The model conserves momentum in the far
wake and eliminates the need for any empirical approach to superpose
individual wakes. The linear summation approach, on the other hand,
does not yield good results for non-flat cases. This can be related to the
fact that while it can approximately conserve momentum in the flat
case,42 it cannot account for the pressure gradient imposed by the base
flow in non-flat cases.

IV. SUMMARY

Wind turbines in complex terrain can experience pressure gra-
dients due to the change in surface elevation or roughness characteris-
tics. In this study, we systematically investigated the wake of multiple
turbines under a range of terrain-induced pressure gradients using
wind tunnel experiments. The pressure gradients were imposed by
means of linear ramps, where in total, seven different pressure gradient
cases were investigated. The flow speed-up/slow-down was linear in all
cases, and two turbines were sited on the ramps at an inter-turbine
spacing of five rotor diameters, and three turbines were used in the
zero pressure gradient case. The focus of the study was to understand
the effect of pressure gradient on the cumulative wake of multiple
turbines.

The normalized averaged streamwise velocity was shown to
decrease behind the in-wake turbine with the increase in the APG
compared to that behind the turbine exposed to the free flow. For the

FIG. 15. Comparison of the normalized maximum velocity deficit in the wake between the experiments (circles), the linear superposition approach (green line), and the pressure
gradient model (red line).
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ZPG and FPG cases, on the other hand, the normalized streamwise
velocity behind the in-wake turbine increased with an increasing pres-
sure gradient magnitude. This was related to the turbine-added turbu-
lence and the flow speed-up in the FPG cases. The horizontal
turbulence intensity showed a peak at the rotor top tip level due to
high mean flow shear. The magnitude of the turbulence intensity peak
was observed to increase in the cumulative wake of multiple turbines
in the ZPG and FPG cases, compared to the upstream-most turbine,
whereas no considerable increase in the magnitude was observed for
the APG cases. This behavior was associated with the wake trajectory

and overlapping of the peak turbulence intensity region of the two tur-
bine wakes. The vertical momentum flux was also observed to change
with the ramp slope, which was likely associated with the inclination
of the ramp. The vertical momentum flux showed a higher magnitude
around the rotor top tip level in APG cases, whereas in the FPG cases,
it was stronger near the bottom tip of the turbine.

The wake velocity deficit was also characterized. The velocity def-
icit behind the first turbine showed a higher difference between differ-
ent pressure gradient cases than behind the second turbine. This was
related to the change in the pressure gradient due to the wake of the

FIG. 16. Comparison of the vertical pro-
files of the normalized averaged velocity
deficit in the wake between the experi-
ments (circles), the linear superposition
approach (green line), and the pressure
gradient model (red line).
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upstream turbine. The normalized wake width, on the other hand,
showed a higher difference between different cases behind the second
turbine than behind the first one. This is likely due to the larger dis-
tance traveled by the cumulative wake, leading to a larger cross-stream
expansion of the wake.

We proposed a new approach to model the cumulative wake
velocity deficit of multiple wind turbines. In this approach, we use the
pressure gradient model proposed previously to model stand-alone
wind turbine wakes in topography. This is the first instance of the
application of the model to a case with multiple wind turbines. To
model the wake velocity deficit behind an in-wake turbine, the wake
velocity minimum of the upstream turbine(s) wake flow is used as a
base flow to estimate the maximum wake velocity deficit, and the
invariant ratio is used to obtain the wake width. The new approach is
tested against the linear summation approach to superpose the wake
velocity deficit of stand-alone turbines and against the experimental
data. For the wind farm in flat terrain, both methods of modeling the
velocity deficit yield reasonable results. For the two turbine cases under
pressure gradient, the new approach is found to agree well with the
experiments for most of the cases and outperforms the approach based
on the linear summation superposition. Therefore, with the new
approach, we can model wind farm wakes in flat and complex terrains
without the need for any superposition principle.
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NOMENCLATURE

C Normalized wake velocity deficit
CT Thrust coefficient
C0 Normalized velocity deficit at the start of the far wake
D Rotor diameter
h Ramp height
Ia Added turbulence intensity
IU Streamwise turbulence intensity
I0 Base flow turbulence intensity

k Wake growth rate
K Torque constant
l near wake length
P Mean power
Q Shaft torque
Qf Frictional torque
r Radial distance from the wake center

TI total turbulence intensity
u0 Velocity perceived by the in-wake turbine
u� Friction velocity

u0w0 Vertical momentum flux
U Streamwise velocity
x Horizontal coordinate
y Lateral coordinate
z Vertical coordinate
zh Turbine hub height
z0 Aerodynamic surface roughness

a, b model constants
DU Streamwise velocity deficit

DUmax Maximum velocity deficit
K0 Invariant ratio
r Wake width

rU Standard deviation in U
r0 Wake width at the start of the far wake
X Turbine rotational speed

Subscripts

b Base flow
h Hub height
nb base flow in the near wake
nw near wake
w Wake flow
x Horizontal direction
z Vertical direction

zpg Zero pressure gradient
1 Undisturbed flow
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