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Abstract

In the rapidly evolving landscape of machine learning research, neural networks stand out
with their ever-expanding number of parameters and reliance on increasingly large datasets.
The financial cost and computational resources required for the training phase have sparked
debates and raised concerns regarding the environmental impact of this process. As a result, it
has become paramount to construct a theoretical framework that can provide deeper insights
into how model performance scales with the size of the data, number of parameters, and
training epochs.

This thesis is concerned with the analysis of such large machine learning models through
a theoretical lens. The sheer sizes considered in these models make them suitable for the
application of statistical methods in the limit of high dimensions, akin to the thermodynamic
limit in the context of statistical physics. Our approach is based on different results from
random matrix theory, which involves large matrices with random entries. We will make a
deep dive into this field and use a spectrum of tools and techniques that will underpin our
investigations of these models across various settings.

Throughout our journey, we begin by constructing a model starting from a linear regression.
We then extend and build upon it to allow for a wider range of architectures, culminating
in a model that closely resembles the structure of a multi-layer neural network. With the
gradient-flow dynamics, we further develop analytical formulas predicting the learning curves
of both the training and generalization errors. The equations derived in the process reveal
several underlying phenomena emerging from the dynamics such as the double descent, and
specific descent structures over time.

We then take a detour to explore the dynamics of the rank-one matrix estimation problem,
commonly referred to as the spiked Wigner model. This model is particularly intriguing
due to the presence of a phase transition with respect to the signal-to-noise ratio, as well as
challenges related to the non-convexity of the loss function and non-linear learning equations.
Subsequently, we address the extensive-rank matrix denoising problem which is an extension
of the previous model. It holds particular interest in the context of sample covariance matrix
estimation, and presents other challenges stemming from the initialization and the tracking
of eigenvectors alignment.

Keywords: Random matrix theory, machine learning, random feature, matrix denoising,
gradient flow, high-dimensions, spiked Wigner, double descent, phase transition
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Résumé

Dans le paysage en constante évolution de la recherche en apprentissage automatique, les
réseaux de neurones se distinguent par leur nombre de parametres toujours croissant et
leur dépendance a I'égard d’ensembles de données de plus en plus volumineux. Le cofit
et les ressources informatiques nécessaires a la phase d’entrainement suscitent des débats
et soulevent des préoccupations quant a I'impact environnemental de ce processus. Par
conséquent, il devient essentiel de construire un cadre théorique capable de fournir des
perspectives plus approfondies sur la maniére dont les performances de ces modeles évoluent
en fonction de la taille des données, du nombre de parametres et d’étapes réalisées lors de
I'entrainement.

Cette theése se consacre a I'analyse de ces grands modeles d’apprentissage automatique a
travers une perspective théorique. La taille considérable de ces modéles les rend aptes a
I'application de méthodes statistiques dans la limite des dimensions élevées, semblable a la
limite thermodynamique dans le contexte de la physique statistique. Notre approche repose
sur des résultats de la théorie des matrices aléatoires, qui implique des matrices de grande
dimension avec des entrées aléatoires. Nous approfondirons ce domaine et utiliserons un
éventail d’outils et de techniques qui soutiendront nos investigations de ces modeles dans
divers contextes.

Tout au long de notre parcours, nous commencerons par construire un modele a partir d'une
régression linéaire que nous développerons par la suite pour permettre 'analyse d'une plus
grande variété d’architectures. Nous aboutirons a un modele dont la structure se calque
étroitement a celle d'un réseau de neurones multicouche. Grace a la dynamique du gradient-
flow, nous développerons des formules analytiques prédisant les courbes d’apprentissage
des erreurs d’entrainement et de généralisation. Les équations obtenues au cours de cette
analyse révelent plusieurs phénomeénes sous-jacents émergeant lors de la dynamique, tels
que la "double-descente", ainsi que des structures de descente plus spécifiques au cours de
I'apprentissage.

Nous ferons ensuite un détour pour explorer la dynamique du probleme d’estimation de
matrice de rang un, communément appelé le modele spiked Wigner. Celui-ci est particulie-
rement intrigant en raison de la présence d’une transition de phase en fonction du rapport
signal/bruit, et présente des difficultés liés a la non-convexité de la fonction d’objectif et la
non-linéarité des équations d’apprentissage. Nous aborderons finalement le probleme de
débruitage de matrices de rang extensif, qui peut se concevoir comme une extension du



Résumé

modele précédent. Il suscite un intérét particulier dans le contexte de I'estimation de matrice
de covariance dans un échantillon de données, et présente d’autres défis liés a I'initialisation
ainsi qu’al’alignement des vecteurs propres.

Mots clés : Théorie des matrices aléatoires, apprentissage automatique, random-feature, débrui-

tage de matrices, gradient-flow, hautes dimensions, spiked Wigner, double-descente, transition
de phase
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|§ Introduction

As the saying goes, ‘All models are wrong” (Box, 1976), and machine learning models are no
exception. At the root of this statement lies the fact that these models are a mathematical
construction with a particular structure that seeks to replicate the functioning of a "system"
whose underlying full description and mechanism is not only fundamentally unkown, but
quite often beyond reach. Observations of the true model - or more commonly called samples
of data - is the raw ingredient to mimic its functioning with the expectation to accurately
match it on future unseen observations. This is all achieved with an optimization algorithm
that seeks to align underlying free parameters of this mathematical structure to better fit with
these observations. There are the three pillars around which revolves a machine learning
model: the data, the model and the optimization method.

As a general principle stated in Box’s article, since the true model is unknown, the scientist
“should seek an economical description of natural phenomena” thereby following William Oc-
cam’s law of parsimony. Hence the Occam’s razor rule, which states that the scientist should
choose simplicity over complexity when faced with two competing models that explain the
sample data equally well. And yet, at the time of the writing of this work, current machine
learning models seem to defy this principle. Indeed, the current trend in machine learning
is to build more and more complex models that are able to fit the data with an ever increas-
ing fidelity. Current models approach a trillion number of parameters (e.g. large language
models in Brown et al. (2020)) and even at fixed number of data samples, current empirical
observations seem to suggest evidence for better generalization performances with both an
optimally increased number of parameters and training computations (Hoffmann et al., 2022).
This seems to suggest that the notion of simplicity fostered by Occam’s razor is neither solely
determined by the number of parameters of the model, nor by the number of training epochs.

While these empirical evidence steer our understanding towards the idea that the most eco-
nomical representation of the data distribution is enabled by more parameters and its selection
can be operated by more learning epochs, an overall growing concern regarding these struc-
tures are their interpretability. This is in stark contrast with the classical approach in physical
sciences which puts at the forefront the interpretability of the model and simplicity of the
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equations. However, physics models are no stranger to modeling complex interactions be-
tween a large number of variables. In fact, history in thermodynamic is a successful example
where empirical laws where devised first (such as Boyle-Mariotte law in the 17" century)
until modern approaches enabled by statistical physics allowed to derive these laws from first

principles (for instance with the work of Maxwell-Boltzmann in the 19

century). Sometimes,
physical sciences elaborate simplified models of reality that enable us to have an understand-
ing of the interactions at work for the emergence of more complex phenomena. This is the
case for instance with the 1-dimensional Ising model in statistical physics that provides hints
of the emergence of ferromagnetism in a material, and in particular the existence of a phase

transition with respect to the Curie temperature (Ising, 1925).

In this thesis, we propose to follow a similar path and explore different machine learning
models through diverse settings for the data, the model design and the optimization algorithm.
Although the models that we will scrutinize are simplifications and idealizations of more
intricate models commonly used in practice, they offer a precise framework in which the
emergence of complex phenomena can be studied. Specifically, our investigation unfolds
across several sections: from a detailed exploration of linear models (Sections 1.1 to 1.3),
where we assess their performance in high-dimensional scenarios (Sections 1.4 and 1.5), to an
examination of non-convex settings with a focus on a rank-one matrix factorization model
(Section 1.6). And finally, we address the extensive-rank case in Section 1.7.

1.1 The class of linear models

In supervised learning, a model learns to make predictions based on a set of real-valued labels
y generated from a d-dimensional real input vector x. One of the most ubiquitous and simplest
models that fit in this class are the linear models. They have been widely described in many
text-books (Hastie et al., 2001; James et al., 2013), and although they strike by their simplicity
compared to the aforementioned highly-parameterized generative models in the introduction,
they serve as a building block of many different models. They can also be considered as the
embryo of a neural network as we will see later on. Despite their simplicity, they display many
features encountered with more complex models (training error, generalization error, over-
fitting, etc). They are therefore a convenient starting point and will be a major topic of this
thesis. Specifically, the second part of the thesis is dedicated to investigating the emergence of
complex phenomena in the high-dimensional limit.

In the most elementary description of these linear models, the labels are assumed to have
a linear relationship with the data. Thus, the distribution of y is constructed with a hidden
d-dimensional vector 8* such that the output conditional on the vector x follows a normal
distribution:

Elylx] ~ A (Bg +x" B*,07) (1.1)

Equivalently, the true labels are given by an underlying linear-function f*(x) = g + x” *
while the output y is precisely this label to which some additional Gaussian noise with tunable



1.1 The class of linear models

variance o2 is added, say € ~ A (0,02):
Yy =f (0 +e (1.2)

In practice in the supervised learning setting, the model usually only has access to a finite
number of samples (x;, y;), for i =1,..., n such that all the x; are independent with each other
and drawn from a true distribution 22,. We write conveniently X € R4 the data matrix
where each line i corresponds to a sample x;, and Y such that Y; corresponds to y;. For
the sake of simplicity, we assume that the labels are centered, leaving f; = 0. With this
condition, the optimization problem consists in finding an estimator f such that the function
J(x)=xT ,3 effectively captures the data-points and has the potential to generalize to future
new points. The measure of fitness is probed with a loss function: in the regression setting,
a standard loss is the quadratic loss || Y - ?”2. Therefore, /3 is chosen so as to minimize this
loss: f = argming || Y- 17”2 From a Bayesian perspective, this corresponds to the maximum
likelihood estimator (MLE) from the likelihood of Y given the parameters f§ and the data X:

noo] ( (yi—x,-T/i)z)
exp|-————

P(YIX,B) =[] >3 (1.3)

i=1 V2mo?

In order to mitigate a range of different issues that are discussed in the subsequent sections,

a regularization term is added to the loss function. This is equivalent to imposing a prior-
2

distribution on § ~ A (0, ‘TTI ) and maximizing the distribution P(Y, §|X):

n . xT'B)2 2
P(Y,ﬁIX)zP(YIX,ﬂ)P(,BlX):(H ! exp(_(yl x[p) )) 1 eXlD(_l||ﬁ||)

i=1 V2mo? 20?2 d /ZJIUTZ 202
(1.4)
Hence this corresponds to calculating the ridge regression estimator:
p= argmin£(F)  with  L() = 1Y - xB|>+ 16| (1.5)
Solving V pf(ﬁ) = 0 yields an explicit formula known as the ridge regression estimator:
B=xXTx+ A1) ' xTY (1.6)

At this stage, we start with the description of our first model 1.1 that will serve as a foundation
to introduce the methods used for further complex models. This is referred to as the random
ridge regression model, wherein the data is sampled from a Gaussian distribution. This model
will be studied in Chapter 4 and follows from a range of different results such as in (Hastie
etal., 2019; Belkin et al., 2020a; Advani et al., 2020a).

Model 1.1. (Random ridge regression). In this model, we consider the ridge regression estimator
with a regularization term A for the input matrix X € R"™% and the output vector Y € R"
related by the linear relation Y = X" + ¢ for some noise vector é ~ A (0, 0?1,) and a hidden
signal B* € R, The data matrix X is a random matrix with independent entries such that
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Xij~ N0, %) forall (ij). The true signal B* is any deterministic vector whose norm satisfies
the relation r? = 1 || p* I°.

When a learning mechanism is specified, instead of the ridge regression estimator, another
estimator B(k) arises from the learning dynamics at each step k. A common method for this
purpose is the gradient descent algorithm which starts with a random initialization $(0) and
iterates through new values of the estimator using an update rule based on the gradient of the
loss function and parameterized by a learning rate r. More precisely, it generates a sequence
of estimate vectors (k) with the following formula:

Blk+1) = pk) —nVpZL(B(k)) (1.7)

As shown in Hastie et al. (2019), a sufficiently small learning rate guarantees that when k —
+00, the gradient descent algorithm converges to the ridge regression estimator f that will
be denoted as (+c0) in this case. This algorithm can also be understood in terms of a
discretization scheme of the gradient-flow method, where  evolves as a continuous function

% =-VpZ (B (1.8)
The gradient-flow method is often regarded as a viable approximation of the gradient-descent
method while providing a set of differential ordinary differential equations that are more
readily amenable to analysis. Consequently, this approach will be followed in this thesis when

of time ¢ with:

examining the dynamics of our machine learning models.

1.2 Multivariate gaussian structure of the data

To introduce the next model that will serve as more general framework to cover many different
cases, we will further consider a situation where the data is generated from two different
centered-normal distributions sharing a covariance matrix X with a specific structure:

-6 )

=T u*
In this setting, the true model (the teacher) and the underlying learning model (the student)

0
0

’

have access to two distinct data distributions, albeit with specific correlations. Given a data
point x for the teacher jointly distributed with a data point X for the student, the teacher
model outputs y(x) = x” f* while the student assumes the existence of a linear relation with
%, 50 (%) = 2T B. This structure is introduced in full generality in Loureiro et al. (2021) and is
referred to as the Gaussian covariate model.

Adjusting the variance profile of the data-points enables to capture a broader range of different
models. For instance, when o = 0, the fundamental case defined in model 1.1 corresponds to
U* = V* =3 = I;. Otherwise, a substitute of the noise term e ~ .4 (0,0?) can be constructed

4
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by setting U* = I; as before, but adding one extra dimension for x acting as a surrogate of the

noise:
1 0 ... O 1 ... O
1 ... 0 d+1)x(d+1 R d+1)xd
V= oL ‘ E[R(+)><(+) s=|* PR ER(+)X (1.10)
Do : : o ... 1
00 .. o 0 ... 0

This way, by setting ;| = 1, we effectively have defined y(x) = x[TL dl ﬁf‘lz @+ Xa1 wWith xg.1 ~
N (0,02) while X[1.q) is the truncated vector x to its first d elements. This structure can be
leveraged more extensively to investigate various models such as a misspecified model where
the student only has access to a subset of the teacher vector x as described in Belkin et al.
(2020a), or more general kernel methods (Loureiro et al., 2021). This motivates us to introduce
our second model which will be thoroughly examined in Chapter 5.

Model 1.2. (Gaussian Covariate Model). In this model, we consider a random matrix Z € R"*4
where each element are independent with Z;j ~ (0, é). We let A € RYP4 and B € RA*Ps pe
two deterministic matrices that can have different dimension p 4 and pp.

1. The teacher is given the data matrix X = ZB and generates the output Y = Xp* fora
deterministic vector * € RP5

2. The student has the data matrix X = Z A and generates Y; = X B; by learning a vector
B € RP4 using the gradient-flow optimization method with By drawn independently
from a normal distribution [Bo]; ~ A (0, rg).

Note that this is an alternative but equivalent description of the covariance profile given before.
The relation to the former representation results from U* = ATA, V* = BTB and X = BT A.
The opposite relation is displayed in more details in Chapter 5. With this view, the data matrix
of the teacher and the student is generated from the same source of randomness Z although
the matrix A and B can be set to project the rows of Z to different subspaces.

Furthermore, instead of considering the covariance structure of X, it is also possible to see

this model through an alternative angle where the structure is placed on §*. Since Y = X* =

ZBp*, it is possible to investigate this model as a ridge regression Y = ZB* with a signal

B* = BB*. As an illustrative remark highlighting the capabilities of this model, the Fourier

model described in (Belkin et al., 2020a) falls within its scoPen\(/yIll)en we choose B = F,,, where
1 ,-2mi % .

F, is the Fourier matrix of size d x d with [Fy];; = \/—Ee

Despite the apparent simplicity due to the inherent linearity, we will see how model 1.2 can
be used to investigate various models where the data is mapped to a feature vector through
non-linear functions. These models are commonly referred to as the Kernel ridge regression
model (Murphy, 2012). In the subsequent section, we will delve into a specific subclass of
these feature-maps, which yields the so-called random feature model.
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Vector Layer Layer

Figure 1.1: Graphical representation of the random feature model

1.3 The random feature model

The final cornerstone of this thesis concerning linear models is the random feature model,
initially proposed by Rahimi and Recht (2008). It introduces a weight matrix, denoted as
© € RV*4  in conjunction with a non-linear activation function o : R — R. This combination
results in the mapping of a data point x to a feature vector z, which can be expressed as
z = 0(0x) with the point-wise application of ¢ at each vector element. The student estimator
becomes J;(x) = o(©x)” B, which can either be interpreted as a specific version of a kernel
ridge regression, or alternatively as a 2-layer neural network with a first layer fixed. Figure 1.1
illustrates the two dense layers within the model’s structure. Therefore, it makes it a model of
choice to study and capture neural network behaviors, and it is extensively described in the
literature (Hastie et al., 2019; Mei and Montanari, 2019; Jacot et al., 2020a; Dhifallah and Lu,
2020).

The improvements over the previously considered linear-models are twofolds: first the in-
troduction of an additional size parameter, denoted as N, provides greater control over the
model complexity, enabling thereby the selection of either an over-parameterized or under-
parameterized regime. Second, the introduction of a non-linear activation function, repre-
sented as o, facilitates the modeling of more complex interactions between the data points.
We will further introduce a scaling parameter within the activation function to keep the values
standardized (of mean 0 and variance 1) in the specifications of model 1.3, as will become
clear later in Section 1.4 and further in Chapter 6.

Model 1.3. (Random feature Model). In this model, we consider the random weight matrix © €
RN*? and the random data matrix X € R"™*? with both independent and identically distributed
entries X;j ~ A (0,1) and ©;j ~ N (0,1). We define further the matrix Z = o(d~2 X®T) e RN

6
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(a) Centered ReLu (b) Hyperbolic tangent

Figure 1.2: Two examples of centered activation functions

J(2
with the point-wise application of the activation function o € L?(e” z dx). In particular, for the
sake of simplification, we add the constraint that o is centered, meaning thatEq._x 1o (€)] =0.

The teacher outputs a vector Y = X* + & with& ~ A (0, 0°1,) and the student learns a vector

B: € RN using the gradient-flow optimization method on the regression problem Y; = Z ;. The
2

initial value By is drawn independently from a normal distribution [Bo); ~ A (0,2).

Two classical examples of activation functions are displayed in Figure 1.2 with the centered
rectified linear unit (ReLU on the left), which is the function x — max(x, 0) shifted downward
to account for the null mean, and the hyperbolic tangent (tanh on the right). The introduction
of a non-linearity adds complexity to the examination of the evolution of ;. As for the other
models, we will resort to further assumptions in Chapter 6 in order to allow for a tractable
analysis. One of these assumptions is the high-dimensional regime, a topic that will be briefly
addressed in the subsection Section 1.4.

1.4 High-dimensional systems

1.4.1 Random Matrices for Machine Learning

In this thesis, our focus lies in tracking the average behavior of the systems outlined within
each model. And while the models that have been introduced may seem deceptively simple
at first sight, only model 1.1 can be comprehensively analyzed for finite values of d and n.
Indeed, model 1.2 would require to resort to complex calculations and model 1.3 remains
challenging to tractably explore unless operating within a high-dimensional regime. This is
sometimes referred to as the thermodynamic limit of the system in reference to statistical
physics language. In this regime, the dimensions of the problem, represented as d and n (and
N for the random feature model) are "infinite", but the ratio % (and %l) is fixed and becomes a
constant of the model. The consideration of infinite-dimensional approximations becomes
especially pertinent in the era of large-scale machine learning models, as evidenced by the
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sheer number of parameters employed in the most recent large language models (billions
of parameters in Brown et al. (2020)). This is particularly valuable to get analytical insights:
analyzing these models in finite size is challenging due to the number of interacting parameters
involved. By taking the thermodynamic limit, the analysis is simplified and yields tractable
mathematical expressions and insights into the model’s behavior. Note that other lines of
work examines other possible settings such as the online-learning where each data-point is
sampled at each step of a learning process (Wang et al., 2017), or infinitely wide neural network
such as the NTK (Jacot et al., 2020b) and mean-field view analysis (Mei et al., 2018). While
other analyses investigate various relationships between n and d, such as the polynomial
relationship discussed in Hu and Lu (2022), this thesis focuses specifically on cases where %
(and %) is of finite order as n,d, N — +oo.

This specific setting where both the number of samples n and the number of parameters d
go to infinity at the same rate puts us in the realm of random matrix theory. Historically, in
the 1950’s, Eugene Wigner faced analogous challenges while working on understanding the
intricate organizational structure of heavy nuclei in nuclear physics. Instead of solving the
Schrédinger Equation for n strongly interacting particles, Wigner proposed an innovative
approach where their interactions are approximated by a Hamiltonian matrix with elements
independently sampled from a specific distribution. In this way, Wigner postulated that by
constructing this simplified model with a random matrix, it could effectively capture the
energy spectrum of heavy nuclei, which corresponds to the eigenvalues of the Hamiltonian.
This gave rise to the celebrated Wigner surmise as stated in Mehta (2004).

Since then, a multitude of random matrices have been devised and explored, some with
specific characteristics that will be further discussed in Section I. A fundamental example, as
illustrated in Figure 1.3, is the Gaussian Orthogonal Ensemble (GOE). In the GOE, the elements

of an n x n real symmetric matrix are independently sampled from a normal distribution
1
n
finite values of order 1. As n increases, the eigenvalues of such matrices tend to arrange

N (0, %). The choice of variance - ensures that, in the limit of large 7, the eigenvalues take
themselves to follow the well-known Wigner semicircle law, characterized by the probability
density function p(x) = ﬁ V4 — x2, thereby following the shape of a semicircle.

It is worth noting that matrix elements need not be normally distributed, just as datasets in
the field of machine learning may not conform to such a distribution either. In fact, Wigner
was considering larger sets of random matrices in Wigner (1958). Fairly recent research is
still being conducted on similar distributional universalities (Bai, 1997; Tao and Vu, 2008),
with a focus on a related concept known as "circular law", and demonstrating that the dis-
tribution requirements can indeed be relaxed and remain quite general while still leading to
the emergence of the same law. In this thesis, our models will primarily resort to Gaussian
random matrices, however, the possibility of exploring alternative distributions remains open
for future research.

Another ubiquitous random matrix model in machine learning is the class of Wishart matrices,



1.4 High-dimensional systems

0.30 4 ?4_'::*77*---- semicircle
0.25 1 1
£ 0.20 us i
0.084 0.082 ... 0.028 =" ) :
0.082 0.055 ... —0.086 £ 015 j :
= : : : QU-lU‘ ,I‘ ‘ ‘l'l
0.028 -0.086 ... -0.032 0051 ;’ ‘ ‘ ‘ ‘
. R R 0 1 2 3
(a) Areal symmetric random matrix with indepen- eigenvalues
dent entries sampled from a normal distribution
(0, %) with n = 300. (b) Eigenvalues histogram for M

Figure 1.3: The "rise" of the semicircle law

which is also a fundamental example described by the product of a random matrix with its
transpose (or transconjugate in the complex case). In the context of linear models 1.1 and
1.2 presented before, the Wishart matrix is the Gram matrix X’ X (or sometimes referred
to as the kernel when considering X X Ty of the data matrix X. Let’s consider X € R"*% with
independent entries sampled from X;; ~ A(0, é). The variance of the entries is adjusted to
ensure that the eigenvalue distribution is well-defined in the limit of large d and n with the
fixed ratio ¢ = 7. In the high-dimensional limit, akin to the semicircle law for Wigner matrix,
the eigenvalues of the Wishart matrix are distributed according to the Marchenko-Pastur
distribution as established by these authors in Mar¢enko and Pastur (1967). This distribution

2
is characterized by the following probability density function p with A, = (1 + L) :

Ve

A A
pA) = %ﬂf - 1) (1 - 7)]1A_<A<A+ +(1-¢) 60N Ly (1.11)

As in the Wigner case, in the limit of large »n and d, individual matrix elements lose their
significance for our purposes, but the calculation reveals valuable analytical insights through
the limiting spectral density. For instance, when ¢ < 1, the formula indicates the presence of a
proportion 1 — ¢ zero eigenvalues - as expected from the matrix X X which is not full-rank
when n < d.

Note that the spectral density is not the primary focus of the calculations in this thesis, but
rather can be derived as a byproduct of the resulting equations. In some instances, analytical
expressions for the spectral density may not even exist, necessitating the use of numerical
methods for its computation. Instead, the central focus lies in computing traces involving
large-dimensional random matrices. As an illustrative example, consider equation (1.6) which
we will encounter further in Chapter 4. In the noiseless setting when Y = X *, we can quantify

9
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the "dissimilarity" between the estimated parameter § and the true parameter f* as follows:

2
B-p* ||2 = % [(XTX+ AL X" X — 1B ||2 = %ﬁ*T(XTX+/Ud)_2,B* (1.12)

1
d
When averaging this dissimilarity over §* ~ A(0, I;), the term on the right-hand side can be
simplified by using the cyclicity of the trace operator and the independence of §* and X:

Ep- (B*T (XX + AL 2B*1 = Tr [(XT X + AL "*EIB* B*11] = —%Tr [(XTX+AI)7'] (1.13)
This term is thus related to the derivative of the Stieltjes transform of the spectral density p xr x
of the Gram matrix X’ X. In some contexts, in the limit of large d, such expressions can be
averaged and analytical results can be derived, while offering a more elegant and manipulable
form than working with the spectrum itself. For instance, consider the distribution pj; that
emerges with the Wigner matrix M defined as in Figure 1.3, a case which will be further
investigated in Chapter 2. We can establish the following relationship between the Stieltjes
transform and the trace of (M — zI,,)~! in the limit of large n for any z € C \ R:

AdA 1
puVAr e e [M— 217 (1.14)
R A—2z n—oo n
This Stieltjes transform of p,s, denoted as g(z) for convenience, is a solution of an algebraic
expression:
g(2)?+2g8(2)+1=0 (1.15)

As we consider increasingly complex models and associated random matrices in our different
models, the expressions describing the traces tend to become more intricate systems of
algebraic equations. Deriving these expressions will be addressed in different chapters of this
thesis. We will rely essentially on the so-called linear pencil method that was initially described
in Rashidi Far et al. (2006) and will be comprehensively discussed in Chapter 3.

1.4.2 Activation functions on matrix elements

As discussed thus far, random matrix theory has a rich literature and set of tools to calculate
closed-form expressions involving traces of Gaussian random matrices. We have seen that
Marchenko-Pastur law provides an analytic expression that describes the spectral density of
the Gram matrix X’ X or the kernel K = XX in the high-dimensional limit for the Gaussian
design matrix X. But the situation is more complicated with an additional non-linear activa-
tion function o, such as in the description of model 1.3 where the kernel becomes K = ZZ 7.
Here, the elements of Z are not Gaussian and they also exhibit interactions with one another.
As the reader may anticipate, a new law leading to further simplifications arise when the sizes
of the involved random matrices are increasingly large. An initial study that sheds light on
this phenomenon is presented in Pennington and Worah (2017) where the complete kernel
spectral distribution is derived analytically. In this context, the class of applicable activation

10
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functions is reduced to the contribution of two specific coefficients u and v that are related to
o by the following formula:

p=EloEel v =E[o(e)?] - p? (1.16)

As an example, we find for the shifted ReLu on the left of Figure 1.2 that u = % andv = %\ /11— %
Alternatively, in the high-dimensional limit, the impact of the centered activation function
in the random feature model can be entirely characterized by the ensemble of activation
functions spanned by the linear combination of the two Hermite Polynomials H,, (x) = x
and H, (x) = x% — 1. As a seminal example of this application highlighted in the same paper,
the authors describe a phenomenon through an analytical result in which the coefficient v,
controlling the non-linearity of o, turns out to control the memorization capacity of a random
feature model using only the Stieltjes transform of the kernel. This capacity is assessed through
the training error achieved with random labels.

The exploration of this principle which characterizes the random feature kernel using non-
linear activation functions, has spurred the development of an alternative approach involving
what are described as Gaussian equivalents. This simplification arises whenever there is the
application of such activation functions and asserts that the random matrix Z = o (d 1 X 0) can
be equivalently represented as Z = ud~ 2 X®+vQ, where Qisa newly introduced independent
random matrix with independent entries. This alternative representation yields the same
results in the random feature model and is extensively applied in Adlam and Pennington
(2020a). The rigorousness of the application of such equivalents continues to be an active
area of research, as is exemplified by recent work such as (Lu and Yau, 2022; Goldt et al., 2022).
In this thesis, we will employ it as a fundamental principle - even in more intricate algebraic
expressions of random matrices.

1.4.3 Sample covariance matrix and realistic datasets

A final aspect to address concerns realistic datasets. As for the Wigner’s Hamiltonian, it may
be tempting to assume that once normalized, datasets can be treated as Gaussian random
matrices equally well. This assumption is actually partly motivated by our earlier discussion,
which showed that even non-Gaussian independent entries exhibit a universal eigenvalue
distribution. However, even for common datasets such as MNIST, the independence of the
entries is not guaranteed. In this thesis, we adopt an alternative approach by approximating
these datasets under the assumption that any vector x sampled from the data is a Gaussian
vector with a hidden sample covariance matrix, as discussed in Potters and Bouchaud (2020).
This corresponds to considering that there exists a matrix B such that any vector x is sam-
pled from a standard Gaussian vector z such that x = Bz (or X = ZB in matrix form). This
assumption aligns with the specification of our model 1.2. Estimating the covariance matrix
can be challenging and is contingent on the number of samples of the data. Therefore, in
this setting, we will resort to estimating the covariance matrix using the full dataset when

11
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the sample size permits it (B'B ~ XT X = BZT ZB). We will then develop some predictive
formula for a sub-sample of the data (with a size considerably smaller than n). The eigenvalue
distribution of the sub-samples can be shown to follow a formula that will depend on the
spectral distribution of the covariance matrix. This will be treated as a theoretical example in
Chapter 3 using the previously mentioned linear-pencil method, and will be used in greater
length in Chapter 5 to demonstrate the predictive capabilities of the equations derived in this
chapter.

1.5 Training and generalization curves

While the model 1.1, 1.2 and 1.3 are optimized - or trained - using the mean square error
introduced in equation (1.5), this loss has to be scaled to converge to a finite value in the limit
n,d — +oo. To achieve this convergence, an additional scaling-factor % (or %) is added to both
terms specified in the loss function (1.5). We shall refer to this modified loss as the training
error, denoted as éat’}ain(,B).

Besides, as the model is only trained on a sample of size n drawn from 22, perfect gener-
alization to unobserved data points is neither guaranteed nor expected. So in addition to
the training error, we assess model performances using the generalization error, denoted as
&gen- This metric represents the expected loss on new data points x sampled from the true
distribution &2y, and still in the limit n — +oo:

A o 1, 2 A 2}
Ehan® = lim {217 -xB]+ % o] a1
Egen(B) = i Ero, [(y(x) = x" )% (1.18)

Notably, the training error &*

train
of the matrix X. Furthermore, f; itself also depends on X and thus, so does &gen () which is

(B) is still a random variable as it depends on the randomness

consequently a random variable. However, it is often the case that these errors concentrate
around their mean value, also referred to as self-averaging. Roughly speaking, this means
that the probability of é"t’}ain(ﬂ) to deviate from its mean is typically bounded by a decreasing
function of n. Note that the same self-averaging phenomenon also holds with respect to 8*
and ¢ when they are sampled from an appropriate distributions as those described in the
previous models. This concentration is typically difficult to prove, and won't be the primary
focus of part 4 in which it will usually just be assumed.

It is quite common to further decompose these terms into smaller irreducible quantities which
are often referred to as bias and variance. The general representation is given by the identity:

E[(7(x) — y(x)?] = E[J(x) — y(x0)]* + Var(§(x)) + Var(y(x)) (1.19)

where the first term is the bias, the second term is the variance of the estimator and the
third term another irreducible noise from the ground truth. The expectation is made on the

12
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different sources of randomness, here X, ¢,e. But also fy when using gradient-flow. However,
the same formula also applies conditional on some chosen random variables, so that different
decompositions can be made. For instance, we can rewrite the previous identity conditional
on the data matrix X and the new input x:

E[(7(x0) — y(x)?] =E[E[J(x) — y(0)| X, x]°] + E [Var((x)| X, )] + E[Var(y(x)| X, x)]  (1.20)

To give an example, let’s consider an estimator  (which could be f; or ) such that y(x) =
xTB. Let’s also assume that 2 ~ A (0,1 I;) so that Ex[xxT] = L I:

E[Var(7(0)|X, 0] = E | (x" B~ ELx" B1X, )] (1.21)
=E|(B-EBIX))" (xx") (B-ELBIX))] (1.22)

1 5 A 2
= E[E[Ilﬁ— EL51X]| ] (1.23)

For the bias term, assuming further that y(x) = x” 8* + € with € ~ .A4(0,0?) and B* is a de-
terministic vector, first we find the irreducible noise E [Var(y(x)|X,x)] = 02, and the bias
term:

E[EC) -yl X, x?] =€ [(x7 p* - x"ELBI X))’ (1.24)
=E[(p* ~E1BIX))" xx" (6" ~EIBIX])] (1.25)

1 . A
- —£[|p"-E1x1|’] (1.26)

So in the limit n, d — oo, with the self-averaging assumption as before, we find the following
generalization error decomposition:

A A . 1 N A 2 . 1 - N 2
ggen(ﬁ)=[E[é"gen(ﬁ)]=02+n’1‘§rfooﬁm[||ﬁ —E[BIX]| ]l+n‘gr£1wﬁE[||ﬁ—E[ﬁlX]|| ] (1.27)

B 5P
In other words, in the high-dimensional regime, the generalization error can still be decom-
posed in two irreducible and finite quantities which are the squared-bias Bx(f) and the
variance Vx (B). As these terms represent irreducible positive quantities contributing to the
total error, they often exhibit a counterbalancing effect. Minimizing one of these terms tends
to result in the increase in the other, giving rise to the tradeoff phenomenon. This tradeoff is
illustrated as a diagram in Figure 1.4. More specifically, these two errors are known to evolve
differently depending on the "model complexity". In general, on the one hand, in the case of
"simple" models, the bias is typically high because the model lacks the capability to properly
fit the data. However, they exhibit relative stability when trained on different datasets, which is
referred to as the under-fitting regime. On the other hand, in the case of "complex" models, the
bias decreases as these models can be fine-tuned enough to fit the training set. However, this
comes at the cost of increased sensitivity to the training set, leading to phenomenon known
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Total Error
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Model Complexity

Figure 1.4: Bias-variance tradeoff diagram

as over-fitting. We raise the awareness to the reader that different conventions can be taken
regarding the bias-variance decomposition as described in Adlam and Pennington (2020b).
The convention chosen in this regard is called the classical bias-variance decomposition.

It may be tempting to assume that the notion of complexity boils down to a simple parameter
count, such as in the parameter N of the random feature model 1.3. However, recent works
revealed the inadequacy of such a simplistic understanding of the nascent neural networks
structures in the random feature model as proved in Belkin et al. (2019a); Hastie et al. (2019);
Mei and Montanari (2019). Indeed, the landscape of the generalization curve proves to be far
more intricate than initial intuition might suggest, as depicted in the diagram 1.5.

A :
Under-parameterized Over-parameterized

“Classical”
regime

“Modern”
Interpolating regime

Error

Classical U-shaped
Training ™ curve

~ :
Error .. Interpolation
~= threshold

~——
-

Generalization
Error

A 4

Number of parameters

Figure 1.5: Double descent diagram

This diagram continues to feature the classical U-shaped curve previously described, where
the over-fitting phase results in an increase of the generalization error. However, it also
demonstrates a second descent phase, in which the generalization error decreases again. This
phenomenon is known as the double descent. It has a long history, with initial observations
dating back to 1989, but has attracted a lot of attention in recent years. For a detailed historical
overview, we refer the reader to (Loog et al., 2020). Surprisingly, this observation is not
confined to the random feature model, but it also manifests in the basic model referred in 1.1.
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time (t)

Figure 1.6: Double descent during the training phase in the random feature model - theoretical
curves for shifted ReLuand ¢ = 5 =2 and y = % =6

However, what is particularly interesting in model 1.3 is that the model can clearly achieve
better generalization performances in this second phase rather known as the "interpolating
regime". In other words, adding more parameters in the 2-layer neural network benefits the
generalization error instead of exacerbating it. What is also intriguing is that this phenomenon
occurs even as the training error becomes virtually zero numerically, a point often referred
to as the interpolation threshold. At this location, the model doesn’t seem to self-improve
purely based on the value given by the training error. However, it remains possible to enhance
the generalization performance by introducing more parameters. One interpretation of this
phenomenon given in (Belkin et al., 2019a) is that the increase of parameters enriches the
function class encompassed by all potential model parameterizations: richer models leads
to richer class of learnable functions. Consequently, the model has improved its capacity
to discover a more suitable and "simpler" data fit. This perspective not only aligns with the
Occam’s razor principle but also revises our understanding of complexity, suggesting that it is
not merely proportional to the number of parameters.

Quite remarkably, the double-descent phenomena is not an idea confined to theoretical
realms, rather, it manifests as a general phenomenon. First and foremost, it has been observed
empirically in Nakkiran et al. (2020a) for deep neural network (specifically, ResNet18) and real
datasets (such as CIFAR10), and bolstered the notion that an increase in parameters can be
advantageous in the domain of deep learning. Furthermore, the double descent phenomenon
extends beyond the dimension of the parameter count, it is also observed with the number
of training samples (sample-wise double descent) and epochs (epoch-wise double descent).
In this thesis, we aim to establish precise generalization error curves for the generalization
error as in Figure 1.6. On this picture, we can see that a epoch-wise double-descent structure
emerges as the number of parameters N increase compared to d (with the ratio ).

Incidentally, even more surprising structures can emerge such as the parameter-wise triple
descent observed in (d’Ascoli et al., 2020) and also empirically in (Nakkiran et al., 2020b). We
will see that in fact, by tuning the structure of matrix B in model 1.2, any number of descents
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can be engineered.

1.6 Non-convex optimization with Spiked Wigner model

The class of linear models trained with the mean-squared loss is highly effective to demonstrate
complex phenomena observed empirically such as the double-descent, yet it exhibits at least
two main limitations. Firstly, the convex nature of the loss function and the linearity of its
gradient renders the model more tractable although this is usually not the case with deep
learning models. Secondly, the setting that has been described doesn’t allow to consider other
scalings with the number of parameters which typically grows linearly with the number of
samples or dimensions. For instance, if the first layer of the random feature model is not fixed,
the number of parameters would grow quadratically with the number of samples because the
weight matrix ® would need to be learned. Some work has been pursued in this direction (Ba
etal., 2022), but the analysis remains challenging.

To address the first issue, we will explore another optimization problem and examine a differ-
ent setting where the loss function is non-convex and the gradient is non-linear, yet the model
remains tractable. This model is known as the Spiked Wigner model and is defined as follows:

Model 1.4 (Spiked Wigner Model). In this model we consider a hidden signal 8* sampled
uniformly on the hypersphere §”‘1(\/ﬁ), that is such that ||0* ||2 = n and a real symmetric
random matrix ¢ € R™" with independent entries sampled from a normal distribution & (0,1).
The matrix of observations is generated as follows:

Yy =6%0"T + %5 (1.28)
for a predefined signal to noise ratio A > 0. In this setting, we learn a vector 8 by minimizing the
Frobenius norm 7€(0) = |Y - 667 ||; using a gradient-flow method on the hypersphere with a

given 0y initialized at random with 6y ~ U (S" 1 (v/n)).

Contrary to the first three models, the nature of the setting is not to learn a response y(x) given
a set of inputs (Y, X), but instead to recover a signal vector 8* from a noisy input matrix Y. We
can find some connections in machine learning with different methods and problems, such
as PCA, low-rank matrix factorization, matrix completion and other lines of research Ge et al.
(2017a); Bhojanapalli et al. (2016); Ge et al. (2017b); De Sa et al. (2015).

In the outlined model 1.4, the primary metric of interest is the overlap g(0) = GT%. As both
vectors have norm /n, this quantity characterizes the cosine, ranging from —1 and 1, of the an-
gle between the true signal and the estimated signal. Note also that —6* yields the exact same
observation matrix Y as 6, so in the best case it is only possible to recover the signal vector
up to a sign. Alternatively, a natural choice is to consider the mean-square-error between the
same vectors, but for any estimator 6 € $"~!(y/n), we find the relation % 10 —6*11> =2(1-q(0)).
Consequently, the overlap is self-sufficient to describe both quantities.
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The statistical limits of the model when n — +co have been elucidated in great detail in the
Bayesian framework in a series of works where the minimum mean-square error is rigorously
computed (Korada and Macris, 2009; barbier et al., 2016; Lelarge and Miolane, 2018; Miolane,
2017). It has also prompted many different investigations uncovering intriguing phenomena,
especially when the prior distribution on the hidden signal 8* deviates from the uniform
distribution on the hypersphere, which can yield discontinuous overlaps. With the uniform
prior on the signal, as is the case in model 1.4, it is shown rigorously that for a fixed A > 0, the
optimal achievable overlap is +4/1 — % when A = 1, and 0 otherwise. In other words, as this
is illustrated in Figure 1.7, there exists a critical limit for A = 1 in which the model undergoes
a phase transition. From an algorithmic perspective, this optimal theoretical overlap can be
achieved by selecting the eigenvector associated with the largest eigenvalue of the matrix Y in
absolute value (Péché, 2004; Baik et al., 2005b).
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Figure 1.7: Phase transition for the overlap in the Spike-Wigner model with respect to A

The existence of this transition can be explained by examining the eigenvalue distribution
of Y in large dimension. To illustrate this, let us first reformulate the problem as M; =
VA Q*Z*T + My with M; = ‘/TI Y and M, = \/iﬁ In this way, M, is the standard Wigner matrix
whose spectral distribution becomes the semicircle law in the limit of large n. Now for finite 7,

when A is large enough, the eigenvalue distribution of M; will essentially match that of My

if n is sufficiently large, but with an additional outlier eigenvalue coming from the rank-one
perturbation ‘/T’TG*G*T. Note that as n — +o00, the mass of this additional eigenvalue tends
to 0 as there are infinitely many more eigenvalues distributed on the support (-2,2) of the
semicircle law. Nevertheless, it remains possible to calculate its exact location in this limit.
Intuitively, if A is not sufficiently large, the additional eigenvalue will be absorbed by the bulk
of the semicircle law and won’t manifest as an outlier. This is depicted in Figure 1.8 for A =3
where we observe that the outlier eigenvalue is already in close proximity to the bulk.

As an illustrative example using key concepts of random matrix theory, let us show the exact
recovery of the aforementioned results. Using the spectral theorem, let 1;,...,1, be the
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sorted eigenvalues of M) and ujy,..., u, their normalized associated eigenvectors, so that
= Z?zl Al ulT Then, the resolvent of M; can be expressed as:

T T
uu Unu

(My —zl,) = 2L 4 Intn (1.29)
Al— ﬂn—Z

Depending on the largest value between |11| and |A,], either v/nu; or v/nu, is selected as the
estimator 0. Let’s assume this is A,. In large dimension, we thus expect 1;,...,1,-1 to follow
closely the bulk distribution of a Wigner matrix and 1, will be an outlier. Now if we examine
the resolvent using Shermann-Morrison formula:

. A (M- 2L 6760*T (Mo - zI,) 7!
(My—zI) " = (My—zI,) "' - = (1.30)
1+ Y20+T (M — z1,,) 7 0

we thus expect to find an outlier pole at zp = A,, when 1+ ‘/TXG*T (Mo—zI,)"10* =0. In the
high-dimensional limit, using for instance the results of (Erdés et al., 2008), this becomes
1+ VAg(zp) = 0 with g(z) given in equation (1.15). After some algebraic reductions, we can
determine that the outlier eigenvalue has the precise location zg = A, = \/LI +VAforA=1.

In order to recover the overlap, let us set 6 = y/nu, and compute the limiting value of
q@e) =—= uTB *. By using again the resolvent of M, notice that from equation (1.29), the

quadratlc form 0* T (M — zI,,)~'0* yields an expression with the overlap between 6* and each

eigenvector:
n
0T My —zI)710* =)
A

uiTB*uiTB* (1.31)

By further multiplying by %(An — z) and taking the limit when z — A, we find the squared
overlap qi:

Z llrfll {An-20*T(M; - 21,)710*} = — (uTH ) =q; (1.32)

Now, by proceeding in a similar way but using the right-hand side of the formula (1.30):
(L0*T (M - 21,)7160%)°

! im An—2)0*T (M - zI,)7'0%) = hm VAz-21,) (1.33)
nzoA { n 1= <in } -, n +\/X%9*T(M0—Z1n)719*

So in the limit of large n, we expect to find:

. (z2-20)Vg(2)?
2 _ |jim =/ Yo (1.34)
=1y Vg(2)

Using I'Hopital’s rule results in c]/l W1th the derivative of equation (1.15) with respect

g (z )°
to z (which yields the formula 2g’(z) g(z) + zg'(z) + g(z) = 0) we conclude with the expected

result:

2
i:gm") =-gAp)R2gA) +A,) = ! —2L+—+\/__1

1
- 1.35
g An) Vil “va va A (135

{
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Figure 1.8: Histogram of the eigenvalues of a data matrix sampled according to the Spike
Wigner model 1.4 for A =3 and n = 1000

As a side remark, it is also possible to achieve a smaller mean-square error between 6 and 6*
when the condition on the norm of 0 is relaxed. To achieve it, is suffices to rescale the given
largest eigenvalue with a coefficient a, so 8 = 6. In this case, we find the quadratic equation
116-6%|* = a>~2a¢(6)+1 whose minimum is given at ag = ¢ (6). Therefore, in this situation,
a smaller overlap is obtained with ¢(6) = (6)? but also a smaller error: < |6 - * ||2 =1-q(0)?

Another focal point is the best achievable solutions for various algorithms, such as Approx-
imate Message Passing (AMP), as explored in (barbier et al., 2016; Lesieur et al., 2015). Oth-
ers have investigated the behaviour of AMP under spectral initialization (Montanari and
Venkataramanan, 2021). In this thesis, the highlight is again on the gradient-flow algorithm.
Specifically, we are interested in the evolution of this optimization algorithm in the precise
setting of model 1.4 while constraining the norm of the estimator. The gradient-flow method
needs to be adjusted with an additional term ensuring that %;"z =0 at all time:

do;

1
5, = VoA 00— CACEACHIE (1.36)

In contrast to the linear models, we no longer have a linear differential equation in the parame-
ter ;. However, we will demonstrate rigorously that the evolution of the model is still tractable
in the high-dimensional limit 7 — +o0, albeit exhibiting different challenges compared to the
previous models. In particular, the full time evolution of g, (f) can be expressed analytically
although it displays some computationally challenging characteristics which involve multiple
integrals and Bessel functions. Nevertheless, the solution is expressive enough to derive the
asymptotic behaviour of the model in the limit t — +o00, including the first order term. As
it can be anticipated, our analysis retrieves the phase transition phenomenon previously
discussed in this asymptotic limit. However, quite surprisingly at first sight, we also find that
the model exhibits a critical time at which the overlap reaches another maximum value. The
theory remains consistent as this phenomenon is linked to the initial value of g, (¢ = 0) which

19



Chapter 1. Introduction

must not be set to zero in order to initiate the gradient-flow dynamics. The tradeoff is that the
algorithm starts with a prior information on the overlap, which results in the existence of this
critical time. This will be looked in greater detail in Chapter 7.

1.7 Matrix denoising and extensive rank models

An important characteristic of the former model is that the data matrix grows quadratically
with n compared to the former models. However, the hidden signal that is being learned is still
of order n. In fact, even the linear models that have been described so far have a number of
parameters which is always proportional to n, the number of samples. Therefore, a first step
towards quadratic number of parameters is to naturally increase the dimension of the spike
and consider the learning of a matrix instead of a vector. This is the setting of model 1.5 which
is described as follows:

Model 1.5 (Symmetric positive definited matrix denoising). In this model, we consider a
hidden signal matrix X* € R™*4 with independent entries and Xl.*j ~ N0, %), and a symmetric
Gaussian noise matrix £ € R with independent entries and &; j ~N(0,1). The matrix of
observations is generated as follows:

1

Yy=x*x"T4+_—¢ (1.37)
VA

The estimator X (t) € R™'™ js learned by minimizing the following loss function with a free

parameter (L > 0 using the gradient flow algorithm with a random initialization with iid matrix

elements from N (0, %):

1
Jf(X)ZE”Y—XXT”i+%IIXII§ (1.38)

Compared to the former model 1.4, this is also referred to as an extensive rank model as
the dimension of the signal is of a rank m that grows with n with a fixed ratio m = yn. And
similarly with the signal X where d = ¢n.

Certain aspects related to overparameterization have already been elucidated using a similar
model in (Tarmoun et al., 2021). However an essential aspect that will be treated in Chapter 8 is
the study of the gradient-flow algorithm in the high-dimensional limit for a random Gaussian
initialization of X(0). In particular, we do not constrain the initial estimator to be aligned with
the eigenvectors of Y, resulting effectively solely in the evolution of the n eigenvalues of XX
while it is not clear a priori how the system would evolve when this is not the case. To measure
the performance of the algorithm, we use the matrix mean-square error:

é":%HX*X*T—XXT”i (1.39)
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1.8 Organization and main contributions

1.8 Organization and main contributions

The thesis is broadly divided into three main parts. The initial part is dedicated to random
matrix theory and serves as a general toolbox for different methods and results employed
in the other parts. The next two parts can be read independently. Their primary objective
is to establish analytic formulas that describe the evolution of different models in the high-
dimensional limit. The second part focuses on the general constructions described in models
1.1, 1.2, and 1.3, all falling under the same scope as the Gaussian covariate model. It will also
provide a more comprehensive examination of the dynamics of the random feature model.
The last part is centered on matrix denoising problems described in the rank one setting in
model 1.4 and the extensive rank in model 1.5.

In Chapter 2, we will briefly review standard definitions and results in random matrix theory
that will be used throughout the thesis. We formulate common text-books results and methods
along with a few typical examples to illustrate their applications. This chapter is not intended
to be comprehensive, rather, it aims to provide a brief reference for the reader.

In Chapter 3, we delve deeper into the realm of random matrix theory. Our focus will be on
introducing a stronger result that addresses a broader class of random matrices than those
discussed in the preceding chapter. This will be achieved through the use of the linear pencil
method which expresses a fixed point equations in the form of algebraic equations. These
results are known and proved rigorously for specific contexts. A main contribution of this
chapter is the presentation of three distinct approaches to obtain the same results with greater
simplicity, albeit in a non-rigorous manner. In particular, one approach uses the Replica
method, a powerful tool in statistical physics, and another is based on Brownian motions.
This, in turn, allows us to derive even stronger results compared to existing literature, to
the best of our knowledge. In our approach, the expression being calculated may involve
deterministic matrices that can be evaluated at a later stage. This will be particularly valuable
in Chapter 5. As an additional byproduct of these methods, we also derive a similar results
for the characteristic polynomials of random matrices in finite dimensions. Although this
particular result won't be directly applied in the remaining chapters of this thesis, it opens
up a potential avenue for further investigation into our various models within the context of
finite-size settings.

Chapter 4 introduces the second part of this thesis and examines a simplistic setting described
in model 1.1. This chapter does not present new contributions. Instead, it will lay the ground-
work for the following chapters by describing the spirit of the methods employed for the
machine learning models that will be used later, albeit in a simplified context.

Chapter 5 lays the foundation of a general framework for investigating the teacher-student
model, as described in model 1.2, but also 1.1 and 1.3 which are specific sub-cases. We present
analytical results to track the evolution of both training and generalization errors over time.
We provide examples and heat-maps to display the landscape of the learning curves while
varying different parameters. The framework can be customized by specifying two general
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Chapter 1. Introduction

data structures for both the teacher and the student through the definition of two covariance
matrices. This enables to consider a wide range of different models. In this way, we show
how an astute choice of structure can be used to construct a contrived learning problem
that can effectively yield as many descent structures as desired. These multiple descents can
be derived and analyzed precisely asymptotically. Furthermore, we validate our approach
through experiments, showing that the analytical formulas provided by the framework even
have a certain predictive capability in tracking learning curves over time with real datasets,
such as MNIST.

In Chapter 6, we will have a closer look at the random feature model, which can eventu-
ally be regarded as a particular instance of the model described in the previous Chapter 5
in accordance with the Gaussian equivalence principle. Note that this chapter can be read
independently and doesn't rely on the former results as we derive the learning curves from
scratch. As discussed in the previous sections of this introduction, the random feature model
has become a model of choice in theoretical machine learning. It can be described as an
"embryonic" deep neural network since it features 2 fully connected dense layers with a
non-linear activation function while still remaining analytically tractable when the first layer
is fixed. This chapter focuses on the time evolution of the model. In the journey, we es-
tablish a set of algebraic equations. The solutions can subsequently be computed through
contour integrals to calculate these evolutions in the high-dimensional regime. This approach
enables the generation of diverse fine-grained heat-maps and curves without conducting
any empirical simulations. However, we do include a series of experiments to compare and
validate the theoretical findings. One of the challenge of this derivation consists in reducing
the number of equations produced by the linear-pencil under consideration to make it nu-
merically computable. This study reveals the presence of distinct structures reminiscent of
the double-descent phenomenon - albeit on an epoch-wise basis instead of parameter-wise.
Our observations suggest that these structures are associated with the initial conditions on
the model, and in particular with the norm of the initial vector .

Chapter 7 introduces the last part of this thesis with the rank-one matrix estimation problem
described in model 1.4. In contrast to the preceding chapters, the random matrix methods
employed here are more conventional. However, this model introduces its unique set of
challenges. Due to the structure of the mean-square-error and the constraints imposed on the
signal, the gradient flow differential equations are non-linear and the approach to derive the
time evolution of the model is more involved. We derive the precise asymptotic behavior of
the overlap evolution over time in the high-dimensional limit and retrieve the phase transition
phenomenon in the limit £ — +0co. Furthermore, the analytical expressions can be used to
derive the first order correction within this limit. This correction enables us to show the
existence of a critical time at which the overlap surpasses that achieved in the limit t — +o0.
This critical time is intricately linked to the initial condition of the model.

Chapter 8 is the last chapter of this thesis, focusing on addressing the matrix denoising
problem as described in model 1.5. This model extends the rank-one model by representing
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1.8 Organization and main contributions

both the hidden signal and the estimator as matrices, rather than vectors. These matrices have
finite aspect ratios in the high-dimensional limit and the objective function exhibits infinitely
many minima instead of a finite set. However, the constraints on gradient flow method are
more relaxed when compared to the rank-one problem, where, as we recall, the hidden signal
was confined to the hypersphere. The technical challenge lies in the initial matrix whose
eigenvectors can be unaligned with the observation matrix. We derive the full-time evolution
of the gradient-flow method using the principles derived in Chapter 3 with the linear-pencil
method and show that the evolution remains tractable despite this initial condition.

In conclusion, this thesis aims to provide a general framework to study the time evolution of
different models in the high-dimensional limit.
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Y4 Preliminaries with random matrices

This chapter primarily focuses on revisiting essential properties and notions from random
matrix theory, which will be extensively employed throughout the thesis. It is not intended to
provide a comprehensive introduction to the field but rather offers a concise introduction to
the main concepts and results essential for the subsequent chapters. Random matrix theory is
arich subject, and readers seeking in-depth insights can delve further into many references
(Tao, 2012; Potters and Bouchaud, 2020; Mehta, 2004; Benaych-Georges and Knowles, 2016a).

In the first section, we will introduce fundamental concepts of random matrices and review
the relation between the resolvent of random matrices and the Stieltjes transform of their
spectral distribution that has been briefly discussed in the introduction. We will then inspect
two classical examples, namely the semicircle law and the Marchenko-Pastur law, and examine
their derivations. The next section will be dedicated to some references on the Cauchy
integration formula and its application with random matrices. Finally, we will present various
tools for performing operations on multiple random matrices and computing their resulting
spectral densities. This will motivate the next chapter dedicated to the linear pencil method
resulting in fixed-point equations.

2.1 Random matrices and their spectral distribution

Numerous results in random matrix theory are concerned with the spectral distribution of
these matrices, and in particular the limiting behavior of these eigenvalues as the matrix size
approaches infinity. As it will be the case in this thesis, it is often convenient to work with the
Stieltjes transform of the spectral distribution rather than the distribution itself:

Definition 2.1. The Stieltjes transform, denoted as g, of a probability density function y is
defined for all z € C\R, the set of complex numbers with non-zero imaginary part, as follows:

©A)da
A=z

8ulz) = . 2.1
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Chapter 2. Preliminaries with random matrices

_1
|Im z|

oo. Furthermore, if the support of u is not the whole set R, the domain of g, can be extended
on some subsets of the real line. For instance, in the case of the distribution of the eigenvalues
of positive definite matrices, the support is located on R* and thus g, os also defined on R*,

Note that the integral is well-defined since z has a non-zero imaginary part and | ﬁ| < <

the set of all strictly negative real numbers.

Conversely, the original distribution y yielding the Siteltjes transform g, can be retrieved
using the following formula for any A € R:

1
= lim —1 ] 2.2
1(Ao) Jim, — m g, (Ao + i€) (2.2)
This result is a consequence of the Poisson kernel ¢ (x) = 1 Im (1), which in the limite — 07,
is a representation of the Dirac delta function. In particular, we have:
L mgu (o + ie) fll ( ! ) (DdA f A-Auydd  (23)
—Im ie)=| —Im|———— = - ]
p 8ulto i A= 1o) — ic H Rﬂe o4

In this thesis, the distributions of interest are those that arise from the spectral density of a
matrix M € C"*". An interesting connection emerges with the trace of (M — zI,,)~!, which
represents the resolvent of M:

Definition 2.2. Let M be a self-adjoint matrix of size n x n with the eigenvalues Ay,...,A,. The
empirical spectral distribution of M is defined as the probability measure s such that for all
A e B(R), the Borel sets of R:

1 n
pm(A) ==3 ljea (2.4)
niz

The Stieltjes transform of the eigenvalue distribution of an Hermitian matrix M (or simply the
Stieltjes transform of M) is denoted as gy such that for all ze€ C\ SpM,

> =%Tr[(M—zIn)‘1] (2.5)

As we will later observe, this object plays a pivotal role in many calculations in random matrix
theory. In this thesis, it will in fact be directly the quantity of interest instead of the spectral
distribution itself when expanding the relevant metrics such as the generalization error of our
models.

As a side note, another ubiquitous object in linear algebra is the characteristic polynomial
1M (z) = det(M —zI,), which has a direct connection with gy, through the following derivative:

_ 1olnymx 1 xy®@
8m(2) = n 0z B nxym(z)

(2.6)

The key difference is that in y 4, the eigenvalues of M are the roots of the polynomial, while in
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2.2 Semicirclular law and Marchenko-Pastur law

gu, they are the given as the poles of a rational function. As it will become apparent later in
the next chapter, y s can prove to be easier to manipulate than gy, in the finite dimensional
case as we are dealing with moments of the matrix elements. However, when investigating
the asymptotic behavior of sequences of random matrices when n — +oo, the trace of the
resolvent often proves to be more convenient and well-defined. Hence we define the limiting
Stieltjes transform as follows:

Definition 2.3. Given a sequence of Hermitian random matrices M'™, we define the limiting
Stieltjes transform M when it existst as:

g(2) = Try [(M™ - z1,)7!] := nEer%E [Tr[(M™ - z1,)7]] 2.7)

In the cases where there is no ambiguity, we will drop the upperscript M and simply write M.

The major subject in random matrix theory and in this thesis is to derive the limiting expression
of g(z). A straightforward approach to determine this function is to use the relation with the
moments of M, in particular when |z| > || M||o, we find:

+00

ga)=) —

k=0

Tr,

k
e T [ M | 2.8)
Calculating the limiting traces of the moments of M leads to combinatorics methods that
often become involved if not impractical when M is a complex expression with multiple
random matrices. In the next section, we will see a different method that can be seen as the
groundwork for the linear pencil method which will be the subject of the next chapter.

2.2 Semicirclular law and Marchenko-Pastur law

2.2.1 Wigner Matrix

In this section, we will first investigate the case of a Wigner matrix, denoted as M € R"*"
and such that M;; = M;; ~ (0, %2) with each element (i j) with i < j being independently
distributed. We will provide a short outline of a proof to derive the semi-circle law that
describes the spectral density in the limit 7 — +oc0.

We will use the matrix inversion formula, which frequently finds application in the subsequent
chapters. To describe it, let L € R”*" be a matrix that can be partitioned into four blocks
AeR¥d peRr-dxn-d) B¢ pdx(n=-d) and C e R"~D*4_ Let’s further assume that D is
invertible and the Schur complement of D in L, thatis A— BD™1C, is also invertible. Then:

A B
C D

o (A-BD10)7! —(A-BD'C)"'BD!

L= -
-D'c(A-BD'C)! D'+D'c(A-BD'C)"'BD™!

(2.9
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Chapter 2. Preliminaries with random matrices

Instead, if A is invertible and the Schur complement of A in L is also invertible, then:

(A 1+ A"'1B(D-CA™'B)"1cA™! -A"'B(D-CA™'B)™!
L (2.10)

—(D-CA™'B)1cal (D-CA B!

For the Wigner matrix case, we will consider L = M M _z1 » and fix the dimension d = 1. In such
case, A is a real number and C is a column vector and B = C7 is a row vector. The structure of
D is similar to a realization of @ M®"=Y _ zI,,_,. By applying the matrix inversion formula
(2.9), we obtain a relation on the element (11) of the inverse of L:

-1
n-1
(L™ = (M{’f)—z— Y Ci(D™YiiC; (2.11)
ij=1

In this scenario, Mf’f) concentrates to 0 since it has a variance ‘772 Thus the fluctuations of
this term are of order O(\/Lﬁ). The same goes for the fluctuations of the last term. To see this,
let us use the spectral theorem on D with O an orthogonal basis and A = diag(1;,...,1,-1) a
diagonal matrix such that D = OT AO. Then:

n-1 n=1(0C)?
Y ci(b™h;¢;=c'p'c=00) AN 0C) =Y. : (2.12)
ij=1 i A

Notice first that 7+ /1 [ < IIm(z)I for the reasons stated when arguing that g, is well-defined. And

secondly, we notice that C is a gaussian vector of covariance matrix 7[ n-1. because O is
orthogonal, the distribution of OC is the same as C. So we find:

Var(CT o)<

Z Var ((0C)?) <

BRI

n?|Imz2 \n

Note that more general concentration results can be derived with other distributions, we refer
to (Vershynin, 2018) for instance for more details. The main focus here is that the right-hand
side term of equation (2.10) concentrates towards its mean. As we have already mentioned, D
has some similar structure as L so when 7 is large enough:

lim E[CTD7'C] = lim —[E (D)1= lim 0% /2 LE ol /|| @14
n—+oo n—+oo n—+oo n En-1 n-1 '

Assuming further the existence of a point-wise limit lim,,_. ;.. E[g,(2)] = g(z), we thus expect
that (L~1)1; concentrates towards (z + Uzg(z))_l.

To pursue further with the proof, a crucial remark is that M is rotationally invariant, in the
sense that the distribution of the elements of M are the same as those of ST MS for any
orthogonal matrix S (SS” = I,,). This can be seen from the probability distribution and using
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2.2 Semicirclular law and Marchenko-Pastur law

the cyclicity of the trace:

P(M) = —— exp{ —Tr[M?]} (2.15)
2102 40
The same remark applies for L. ! In other words, all the diagonal elements of L~! shares the

same distribution with a mean (z + ¢ g(z))_1 and a bounded variance O(%). To conclude, we
can use the relation with the trace of L™1:

%Z(L_l)ii = %Tr [L7'] = gn(2) (2.16)

So that, in the limit of large n, and by averaging on both sides, we can derive the fixed-point
equation:

glz)=— 2.17)

z+0%g(z)

This expression can be replaced by its quadratic version 02 g(z)? + zg(z) + 1 = 0 which is often
the form that we will manipulate. In this situation, we can retrieve the spectral density of
M by decomposing: g = Reg+ ilm g and replacing z = A + ie with € = 0 to find the limit of
Img(z+ i€) ase€ — 0. This yields:

o’(Reg+ilmg)’> +A(Reg+ilmg)+1=0 (2.18)
which results in a system of equations:

o0%((Reg)®> - (Img)?>) +AReg+1=0

(2.19)
20%(Reg)(Img)+AImg =0
After reducing it further and replacing % Im g = p(1) we find:
p) (4a*m?p(M)? + A% - 40?) = 0 (2.20)

thus, we retrieve the semicircle law:

1
pA) = V402 — 2?1 je(-20 201 (2.21)

202n

As a side note, it is also possible to express g(z) as one of the two solutions of the quadratic

—-zx+zy/1- 42%2
202
A question arises as to which of the two solution selects the correct limiting value of the trace

equation:

8(z) = (2.22)

of the resolvent. This is, in fact, a more general problem that will emerge in the next chapters

I etting S; the orthogonal matrix that leaves the canonical basis vectors with ey, ..., e, unchanged except e; and
e; with S;e; = e] and S;e; = e;, we find (S,-L.S,-)l_ll =(S;L71S;)11 = (L71);;. But S; LS; has the same distribution as
L, so there is nothing particular about the location (11).
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Chapter 2. Preliminaries with random matrices

for more complicated results. In some cases, we can resort on certain characteristics that are
expected from the trace of the resolvent. In particular, we expect that:

lim -zg(z)= lim Tr[-z(M-zI,) '] =1 (2.23)

|z]—00 |z|—00
Such a condition is only satisfied by the solution with the "plus" sign, which thus gives us the
correct form. With this expression, we can now retrieve the limiting moments of the Wigner
matrix and recognize the generating functions of the Catalan numbers Cy, = - (zlf) with the

k+1
series expansion for large enough z:

. 1——42—1 ————1+ C —Zk 2.2
.24
8(2) 202 z2 Zkz:‘b k(z) ( )

So by identification with (2.8), we find a relation between the kth moment of M and the kth
Catalan number which can also be derived directly from combinatorics methods instead:

1 1
lim —[ETr[MZk] -Co**  and  lim —[ETr[MZk“ -0 (2.25)
n n

n—-+oo n—+oo

2.2.2 Marchenko-Pastur law

Another prominent example of large random matrices is the Gram matrix. It corresponds to
the matrix X X7 with X € RP*¢ where the matrix elements of X are gaussian and independently
distributed with X;; ~ A7(0, %). In this setting, the aspect ratio 5 of the matrix is fixed, denoted
as ¢, and in the limit of large p and d, the spectrum of the Gram matrix follows a distribution
commonly referred to as the Marchenko-Pastur distribution (Marchenko and Pastur, 1967).
We will adopt a similar approach as the Wigner matrix and specify a variance profile for the
previously defined matrix M, now with dimension n = p + d. The variance profile is defined
as follow: consider a deterministic matrix o;; € R"*" with %al?j =

ijintheareal <i,j<pand p<i,j<n,weleto;; =0. In the remaining domain of (i j), we

[E[Ml?j]. For each element

set 0'? I %. This corresponds to regarding X as the sub-blocks of M within the domain of
non-zero variance profile. We can further analyze and compute the inverse of L = M — zI,, and

have:

2 Ty-1 1 1 Ty—1
L:M—zln=(_ZI” X ):L_1=( zZ(-z° I+ XX") L—zr+1ixxT1x

xT -zl 1XT(—zl+1XxXxT)™ 2(-221+XTX)™!
(2.26)
Unlike the previous case, the elements of the diagonal of L~ do not share all the same
distribution. Rather, only the first p elements have similar distribution. And using the same
procedure as before, now with careful considerations on the variance profile with the block-
matrix inversion formula and the different concentration assumptions in the limit of large
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2.2 Semicirclular law and Marchenko-Pastur law

p,d, with ¢ = 5 we find:

. 1 2 Ty-1 1
lim —Tr[z(-z21+ XxXx")™]| = : : 2.27)
p,d—+oo P —z—=limp 4. 00 ETr[z(—z21+XTX)‘1]

With gy xr(2) =Tr, [(xxT - zIp) 7] and gxrx(2) = Try [(XTX - z1;)71], we thus have:

1
2
= 2.28
ZgXXT(Z ) _Z_fngTX(Zz) ( )

As is known, gy yr can be related to gyrx as XX and X X share the same non-zero eigen-
values and only differ by the multiplicity of the null eigenvalue. Another way to see this is to
calculate first:

Tr[(XXT - 2L) ' XXT ] =Tr [(XXT - 21,) M X XT - 21, + 1)) (2.29)
=p+zTr[(XX" —z1,)7"] (2.30)

and secondly, using the push-through identity and the cyclicity of the trace:

Tr[(XXT - zI) ' XX =Tr [X(XTX - 21 ' XT] (2.31)
=Tr[(X"X -zl ' X7 X] (2.32)
=d+zTr [(XTX - z1)7"] (2.33)

So we find the expected additional pole at z = 0:

Tr[(XTX - zIp)7 '] = p;d +Tr [(XXT - 21,7 (2.34)

In the high-dimensional limit, this corresponds to gxrx(z) = % + ¢gxxr(2). Consequently,

we have the closed-form equation:

1-1
ZgXXT(ZZ) (Z+Z(7¢+gXXT(Zz)))+1:0 (235)

Hence we retrieve the Stieltjes transform of the celebrated Marchenko-Pastur distribution
(Marchenko and Pastur, 1967) albeit evaluated in z2:

1
zngXT(z2)2+(1+z2—a)gXXT(zz)ﬂ:0 (2.36)

In the next chapter, we will generalize this approach and formulate a general result that can
be applied in a straightforward way.
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Chapter 2. Preliminaries with random matrices

2.3 Holomorphic functional calculus

In the upcoming section, we will examine matrices that may not necessarily be in the form
of a resolvent. They can take various forms, such as terms like e~'X "X where the variable ¢
represents time, as will be discussed in Chapter 4. In such cases, it is convenient to use the
Cauchy integration formula such that for any holomorphic function f:C — C, 1 € C and any

contour I" enclosing A:

-1 7 f@
f()_Zm A—zdz

In particular, when consider a symmetric matrix, denoted as M, which is expressed using the
spectral theorem in the form M = Z;’zl Aiu; ulT with u; € R" the normalized eigenvectors and

(2.37)

A; € R the eigenvalues of M, we have for any contour I" containing all the eigenvalues:

-1
f(M) = Z FA)uy, Z i Af(f)zu-udez = ﬁ?(rf(z)(M— zl,) 'dz (2.38)

This is developed in greater extent in Dunford and Schwartz (1988). This, in turn, enables the
computation of more general traces involving the random matrix M of the previous section
with its associated Stieltjes transform g(z):

-1 -1
Tr, [f(M)] = ﬁﬁf(z)Trn [(M-zI,)"|dz= %ﬁf(z)g(z)dz (2.39)

This time, because we are in the limit of large dimensions, it becomes necessary for I' to
enclose all the branch-cuts of g(z) corresponding to the support of the spectral density p
defined before, rather than a set of individual eigenvalues. Note that in this scenario, it is
always possible to use the other formula Tr,, [ f(M)] = [ f(A)p(A)dA that uses the spectral
density p instead of g. The connection can be demonstrated by choosing a contour I' that
closely enlaces the branch-cuts produced by the spectral support. For instance, let’s assume
the support is (—2,2) (which is the case for the Wigner matrix) and consider I representing the
perimeter of the rectangle extending from the point at the bottom-left corner —2 — — ie to
the point at the top-right corner 2 + 6 + ie, with § > 0 and € > 0. Thus:

-1 2+0—ie 2+0+ie —2-0+ie —-2-0-ie
Tr, [f(M)] = —(f +f +f +f )f(z)g(z)dz (2.40)
27wi \J-2-6-ie J2+6-ie 2+6+ie 2+6+ie
-1 2+0—ie 2+0+ie 2+0+ie —-2-0—ie
= (f —f +f +f )f(z)g(z)dz (2.41)
2ni \J-2-5-ic —-2-6+ie 2+06—ie 2+0+ie

and:

-1 2+0—ie 2+0+ie 2+ +1
—(f —f )f(z)g(z)dz=f (f(/1+l€)g(/l+l€) fA—ie)g(A—ie))dA
2mi \J-2-5-ie —2-6+ie —2-5 271

(2.42)
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2.4 Algebraic expressions of random matrices

So in the limit € — 0%, with the continuity of f and the definition of g(z) we find:
lir(r)l (fA+ie)gA+ie)— f(A—ie)g(A—ie)) =2if(A) lir(r)l Im(g(A + i€)) (2.43)
e—0* e—0*

So in fact:

-1 2+6—ie 2+6+ie 2 1 2
lim —; (f —f )f(z)g(z)dz:f f) lim —Img(}L+ie)d/1:f f)pA)dA
€,6—0% 27l \J_2-6-ic J-2-6+ic ) €—0* 7T -2
(2.44)
As the other integral terms vanishes when § — 0" we find exactly the result that we would
obtain by using the distribution p instead of g:

Tr, [f(M)] = fR FA)p)da (2.45)

Arguably, this last expression may, in some cases, be easier to handle when running numerical
calculations as the path of the integral is on the real line. However, some situations that we
will encounter are provided with more complex expressions. For instance, we will have to
tackle the form Rf(M)Q f(M)R with R and Q two matrices having potential element-wise
dependencies with M. For some contour I'y and I';,, we will extend the former development
to decouple the calculations involving random matrices from the application of f with:

-1

Tr, [Rf(M)Qf(M)R] = y3 #r FOfWTr, [RM—-xD'Q(M-yD™'R]dxdy (2.46)
xxly

The precise derivation of this trace in the limit n — 400 inside the double integral will be the

main subject of different chapters presented in this thesis.

2.4 Algebraic expressions of random matrices

As stated on the previous formula, while the decoupling of the application of f is applied, there
remains a general algebraic expression involving the matrices M, R, Q. A classical problem
arising in random matrix theory is the addition of two random matrices A, B € R"*", so
say ga+p(2) = Tr, [(A+ B- zln)‘l]. A common approach is to use the additivity of the -
transform, a function that will be further investigated in the next chapter. This transform is
applicable with some conditions on A and B, we refer the reader to the free-probability section
of the books mentioned in the introduction for more details on the subject. As an example,
when A is deterministic and B is a wigner matrix, we can derive the following result:

Rpa+(8) =R A(8) +RB(8) (2.47)

where we define Z 4(g) the function such that:

(2.48)

Ra(ga(z) =2+ "
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Chapter 2. Preliminaries with random matrices

A similar approach exists with the .-transform:
SaB(8) = FA(8)-SB(8) (2.49)

where we define .#4(g) the function such that:

8a(2)
FLal— -1)=—— 2.50
A(=284(2) - 1) 281D +1 (2.50)
Both the # and .# transforms are powerful tools but the calculations can be involved when
dealing with a complex expressions. Another idea that will be explored in the next chapter is
to extend the former construction with the variance profile to yield the expressions of interest.

For instance, consider the following block-matrix and its inverse:

AB-zD™! AB-zD)lA
— | WBmED Bzl A (2.51)
—-B(AB-zD)™! I+B(AB-zD'A

_—zIA
|\ B -1

so clearly, the partial trace of M~ in the first block is precisely the trace of the resolvent of the
product of A and B. This is the main concept behind the linearization method that will be
presented in the next chapter.
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8] The Linear-pencil method

In this chapter, we extend our focus beyond the Wigner case, which deals with a single sym-
metric random matrix with independent Gaussian entries, and the Wishart matrix, resulting
from the multiplication two random matrices. We will introduce the linear pencil method,
an approach that enables the computation of traces for more general rational expressions
involving multiple independent standard symmetric or non-symmetric random matrices.
Albeit not required for simple enough models as the ones described in model 1.1 and 1.4
(and further investigated in chapters 4 and 7), it will be of great use in the others and will be
employed extensively in chapters 5, 6 and 8.

This method yields a fixed-point equation, the solutions of which are associated with the
partial trace of the inverse of a large random block matrix. Some of these blocks can remain
partially deterministic such that these traces can be calculated at a later stage. We will show
various sketches of proof to derive this fixed-point equation.

3.1 Introduction

As we have seen in previous Chapter 2, instead of calculating directly the distribution of the
spectral density p(A) of a large random matrix A, the Stieltjes transform of the spectrum
g2)= [ P E{?Szis usually the object that yields the most practical formulations and is directly
related to the trace of the Resolvent (A — zI)~!. The spectral density can be recovered from the

Stieltjes transform using the inverse formula p(1) = %lime_,m Im g(A + ie) and both objects

can have analytical expressions in high-dimension depending on the matrix A into considera-
tion. Here we are interested in the situation where we deal with traces of intricate algebraic
expressions involving one or many large random matrices. A simple common example is the
Marchenko-Pastur distribution derived from A = XX where X is a gaussian random matrix.
With more intricate algebraic expressions, finding such analytical formulas remain cumber-
some even with the help of different methods such as the R-transform and S-transform for
adding and multiplying random matrices respectively (see for instance Potters and Bouchaud
(2020)). To circumvent this issue, another method using so-called linear pencil matrices was
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Chapter 3. The Linear-pencil method

developed first in (Rashidi Far et al., 2006) and since then, has been refined and described as a
linearization trick and analyzed rigorously using free probability with operator-valued convo-
lutions in (Mingo and Speicher, 2017) and (Helton et al., 2018). Afterwards, this technique has
been further employed successfully in the machine learning community and has been gaining
more attraction, for instance in (Adlam and Pennington, 2020a) or (Bodin and Macris, 2021a)
for the asymptotic behavior of the training and generalization error in simple machine learn-
ing models. New proofs avoiding free-convolutions have been proposed such as perturbative
methods in (Cui et al., 2020). In this chapter, we propose to revisit again the linear pencil
construction with the help of stochastic calculus and Dyson’s brownian motion (Dyson, 1962).
We show that based on the intrinsic relation between the determinant from the heat-equation
and the trace from the Burger equation (with Hopf-Cole transform already mentioned in
Kardar et al. (1986)). We further derive some common results for complex Wigner matrices as
well as complex Wishart matrices with the Marchenko pastur distribution (Marchenko and
Pastur, 1967). In addition, there is a growing interest in results for finite-dimensional matrices,
as demonstrated in (Marcus et al., 2022). We show that our method also applies to some extent
to the finite-dimensional case using the same linearization technique.

3.1.1 Preliminaries

For the sake of simplicity, we will develop our results in the Gaussian Unitary Ensemble (GUE).
We define %, ; the set of complex random matrices of size n x d such that the real part and
imaginary part of the entries are all independent standard gaussian distribution. Similarly, in
the same spirit, we let &, be the set of self-adjoint random matrices of size n x n. We will see
the definitions of such ensembles later in more detail in Section 3.5.1.

Let us consider an invertible self-adjoint block matrix L with N x N blocks and denote L%/
the block (i j) of size N; x Nj. One can write L=Y;; E;j ® L") where' E;; = eie].T are the basis
matrices of CV*V. We will assume that the size of the blocks of L can be deterministically
increased with a linear relation with respect to some parameter n, that is to say for each i there
exists some fixed coefficient y; such that N;(n) = y;n. We say that L is a linear-pencil if each
block LU/ is the sum of a deterministic matrix ng ) and a random matrix W9 such that W)
can be described as a linear combination with real coefficients of some elements of Zy; n;,

and & lfh (when N; = N;) with coefficients proportional to -L . This means in particular that

Vvn
every element of the block (i j) is normally distributed with a variance proportional to % We
will define more generally Ly = EL and the covariance structure such that for S = {i j|N; = N;}
is the set of indices indexing the square blocks:

1 y 2
V(L k) € % (0F)? = — WD o (WD) (3.1)

YiYj F
Where A © B denotes the Hadamard product of two matrices such that (A® B);j = A;;B;; and
I-Il7 is the Frobenius norm. When N; # N; or N; # Nj, we set 05?; = 0. Another equivalent

lwith e1,...,ey is the canonical basis of N
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3.1 Introduction

definition of o is as follows: given (il, jk) € S? and (uv) withl<u<N;and1<v < Nj:

ok = n.Cov(L\P, LkD)y = . [Wliivf) wkD (3.2)

l] vu vu

CNXN R G:NXN

In the following, we will use the linear operator 1y, : as the map acting on a

matrix g such that

mL@li= Y. oflg; (3.3)

il ij g] k .
jkeS

For technical reasons that will become clear later in the following sections, we will assume
that this linear operator restricted on its image is invertible. As an example, this is the case
for self-adjoint linear pencils when for each element (jk) € S, there exists a unique (il) € S
such that af; # 0. In this case, we find that n(E;) = af}Ei ;- By construction, this also implies
nr(E;) = U;-’,?Ejk = UZ?;E]-;C, so there is a one-to-one mapping between each elements of the

canonical basis of CN*V

on the image of 1y, so 7 is invertible. In this scenario, for any
non-zero random block within the 'block-row’ j at a given location (j k), there is precisely one
non-zero random block within the 'block-column’ k with element-wise dependencies on the

other.

Finally, we define the operator (n; ® I)(:) such that:

me(@lijln, ifGEJ)eS

On, N; otherwise

V(ij), (e D(g)]" = { (3.4)

where Iy; is the identity matrix of size N; x N;, and Oy, N; the all-zero matrix of size N; x N;.
Similarly, with J the N x N the matrix J;; = 0s(il), we define the partial-trace operator (J®Tr) [*]
such that given a N x N block matrix G with a structure similar to L above (G =}_; jEij® Gl
with:
3 {Tr[G(if)] if(ij)eS
V(ij),[JeTn)I[Gll;j = 0 (3.5)

otherwise

As an example, let’s assume N =2 with N} # N». Then S = {(00), (11)} and J = I» the identity
matrix, and we have a linear-pencil:

L=Ey ®L(H) +Epp® L(lz) +E ® L(ZD +E»® L(Zz) (3.6)
_ 10 oD 4 0 1 o124 00 o@D 4 00 ® 22 3.7)
00 00 1 0 01
L(ll) L(IZ)
“lren  pe2 3.8)
Similarly for G:

G 42
GeH G2

(3.9
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Chapter 3. The Linear-pencil method

and we have the partial trace operator:

(JeTn)[G] = T[] 0 (3.10)
o Tr [G1??)] '
and the operator 177, operates on a given matrix g as:
g 4 g2l 0
nu(g) =| 718N ToR82 2 (3.11)
0 05,1811 10355822
finally, we can apply the operator n; ® I on g as:
g 4ol ] 0
(77L ® I)(g) — (allgll 012g22) M 1o Nlévzz (312)
On,, N (071811 +0%5822) I,

3.1.2 Main Statement

The main statement of this chapter holds in the high-dimensional limit n — +co. We define
the operator Tr, [-] such that for a sequence of random matrices A(n), if the limit exists we
define )

Tr, [A(n)] := nEerZETr [A(n)] (3.13)

In order to simplify the notations, we will discard the reference to n in the sequence A(n) and
simply write A. Our first result holds in the asymptotic limit 7 — +o0:

Result 3.1. Under the assumption of the existence in the limit n — +oo of a deterministic matrix
g € CN*N with g;; such that:

gij=Tra | (L™HP] (3.1
we claim that:

g=U®Try) [(Lo— e D(g) '] (3.15)

In particular, when Ly = Z where Z = Z ® I is such that its sub-blocks are only scalar matrices
(ie, proportional to the identity), that is where ZUj = Zijln, for (ij) €S and Zj) = ON,»,N]-
otherwise, we find:

gij =Yil(Z —n@) i (3.16)

Upon a rescaling of the elements of g in § with g;; = %gi j we have the equations:
§(Z-nL(@)=(Z-nrgNg=1 (3.17)

These equations are only polynomial in the matrix elements of g, and can thus be further
solved or reduced using techniques from algebraic geometry (for instance computing Grobner
basis with Buchberger algorithm Buchberger (1965)).

Next, we present a result in finite dimension 7 that enables to calculate the average character-
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3.2 Main Example: high-dimensional case

istic polynomial for any linear pencil. It is worth noting that this result will not be employed in
the subsequent chapters, instead, it arises as a by-product of our analysis.

Result 3.2. In finite dimension n, the average determinant of L is given by the formula
Ew[det(L)] = Ex [det(Lo + Z ® )] (3.18)

such that for all (il) € S, Z;; has a complex normal distribution and for all (il), (jk) € S* we
have:

1 1
Con(Zit, Zip) = =~ 1VV iy = 0] (3.19)

B} 1
Cov(Zi1, Zkj) = E[Vv]il,kj (3.20)

for any decomposition of o such that af} =2 pq Vit,pqVkjpq

Remark: To see that ¢ admits such a decomposition, one can proceed as follows. First
consider the "matrixisation" of o with (Z;; ¢ ;) = (O';C]”Ni = Nj, Nj. = Nj) € C'S*ISI Notice now
that Z;; ¢ = af} = G% = Zkjil, SO Z = =7 and X is real, so the spectral theorem provides a
decomposition of the form o = 0T DO with O an orthonormal matrix and D a real diagonal
matrix. Thus, with V = 0’ Dz 0, T admits a decomposition of the form X = VVT (note that V

can be a complex matrix because D can have negative values).

3.2 Main Example: high-dimensional case

Let X € C"™*% and Y € C"™" be two complex Gaussian random matrices with independent
entries, and Y a self-adjoint matrix. The variance is set to be % for all entries in X and Y.
We take a quenched self-adjoint matrix C € C?*? and we want to calculate the eigenvalue
distribution of the matrix M = XCX” + Y. On the one hand, when C = 0 and A = 1, it reduces
to the complex Wigner matrix Y. On the other hand, when C = I and A =0, it becomes the
Wishart matrix X X”. When C is left undefined, this is the sample covariance matrix problem.
The conjunction of A # 0 and C # 0 features an example of a linear pencil problem with
two kinds of operations (sums and products) acting on random matrices with an additional
quenched matrix. We will use this matrix M as a canonical example of the linear pencil
method.

In the first subsection 3.2.1, we will construct a linear pencil that will allow us to calcu-
late the Stieltjes transform of the eigenvalue distribution of M which we define as ga;(z) =
Try, [(M — zD)7!]. In the second subsection 3.2.2 we will use the linear pencil to calculate the
effect of the random matrices X and Y.
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Chapter 3. The Linear-pencil method

3.2.1 Constructing alinear pencil

The goal is to determine the eigenvalue distribution of the matrix M using the resolvent
Up = (XCXT + 1Y — zI)~!. We linearize the problem by introducing auxiliary matrices such
that the Uj is given by a sub-block of a larger block-matrix construction.

In this particular case, we notice that (AY + XCX T_zD Uy = I. No inverse are remaining in the
former expression. Let’s introduce U; = X TUy. We have XCU; + (AY —z)Up = I. Then let’s
introduce U, = CU;. We now have XU, + (1Y — zI)Up = I. At this point, we have the linearized
system of block-matrices:
AY—zI 0 X\[ Uy I
0 cC I||-U|=]|o0 (3.21)
x 1 0)\ 0

v~

L

Therefore taking the inverse of L yields the solution

1

U AY—-zI 0 X\ (I
U0=(I 0 0) ~U, :(I 0 0) o c 1| lolza@Hm (3.22)
U, xT I 0 0

At this point, we have constructed a linear pencil L. Although the linearization method
outlined here is more or less systematic, it is important to realize that these constructions are
not unique and other linear pencils can be proposed. However, some may be more or less
convenient to use depending on the problem at hand. For instance, the construction that has
been displayed here presents some symmetries that can be easier to use for computing the
inverses in the next section.

3.2.2 Calculating the interaction of the random matrices

We find O'H = A2 due to Y being self-adjoint and 0'% = 051531)’ =1 with X. We find:

ﬂzgll + 833 0 0
n(g) = 0 0 O (3.23)
0 0 gu

Thus we are left to calculate:

-1

~(A*g+gs3+2)I, 0 0
(Lo—mreD(E) "' = 0 cC I (3.24)
0 Iqs —gula
—(/12811+833+Z)_11n‘ 00
= 0 c 1, | (3.25)
0 (Id —gllfd)
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3.2 Main Example: high-dimensional case

Using the block-matrix inversion formula:

[ (C+ghH™ (gnC+1)7!

C 1,
‘o= g (3.26)
Ig —gula EuC+Ig)™ -g1U-g7C+g7)7)

finally, with ¢ = Z and the fixed point equation of result 3.1, we find the following closed
system of equations where g¢(z) = Try [(C - z1,) "] is the Stieltjes transform of C:

gn=-(%g+gs3+2)7" (3.27)

g3=—81 Trn[ly—(guC+Ip7 '] = L1 ( L gc( 1) 1) (3.28)

33 =~ — (811 S—=——\|\—8c|—— |~ .
e ¢ g \gn gu

With g = g11, this can be reduced to a single equation for gy;:

1
A2gh(2) + —

¢

1 1
— -1+ +1=0 3.29
gu(2) gc( gM(z)) ) “8m(2) (529

3.2.3 Special cases

A =1and C = 0:The Stieltjes transform of C gives gc(z) = —% and the equation (3.29) reduces
as expected to the well-known quadratic equation for the Stieltjes transform of the Wigner
matrix Y:

gy (2) +2gm(2) +1=0 (3.30)

A =0and C = I:The Stieltjes transform of C is g¢(z) = % and the equation (3.29) reduces to:

—Z

1 1 1
a(gM(z)H—l—l)'l'ZgM(Z)‘l’l =0 (3.31)
gm(2)

After rearranging the terms, we find the celebrated Marchenko-Pastur equation:

zgjzw(z)+(1+z—glb)gM(z)+1=0 (3.32)

A =0 and C is quenched:The Stieltjes transform of C is gc(z) = Try [(C—z1;)"!] and the
equation (3.29) reduces to:

~1 (_1 )—z(¢ (z)+—¢_1) (3.33)
g2 \gma)) ~ “\P8M Z :

Note that if we define E = C2 XT XC? € C%*? with gE(2) =Try [(E—z1;) '], we find the rela-
tion gg(2) = Ppgm(2) + % and defining z; = gM_—(IZO),
instance in equation (17.5) in (Potters and Bouchaud, 2020)

we find z1 8¢ (z1) = z0gE(2p) as stated for

43



Chapter 3. The Linear-pencil method

3.3 Application with finite size

3.3.1 Wigner Matrix and Hermite polynomials

With a standard 1 x 1 linear pencil L = C+ W — zl,;, with C a deterministic matrixand W a
Wigner matrix, using the formula we find in result 3.2:

Ew det(L) =E,__y(o1)[det(C+ (iu- 1)) =E,_ (o 1) [Zclz—iw)] (3.34)

In particular, when C is the all-zero matrix, this is Ey det(L) = E,, [(i u-— z)d] and it is easy to
see that it is related to the Hermite polynomials. Indeed, with %;(2) = Es~_# (0,1 [(i S+ z)d], we
have using integration by part:

By (2) = Eq [(is+z)(is+z)d] (3.35)
= iE, [u(is+z)d] — 2hy(2) (3.36)
=—dhy_1(2)+zh;(z) (3.37)

which is exactly the recurrence relation of the Hermite polynomials (with h(z) = 1 and
hy (z) = z). Finally we have find the well-kown relation:

Ey det(W — z1,) = Eq - thd (—\/Ez) (3.38)

(i%s—z)d %,

3.3.2 Wishart Matrix and Laguerre polynomials

For this case we consider the example given in (3.21) in finite-dimension but we will only
consider the situation where A = 0 for the general case is too cumbersome to be written down
explicitly here. In this scenario, we define the matrix X with the indices in {11, 33}2 such that:

s=[9 1 (3.39)
{1 0 ’

So one can calculate a (non-unique) potential root V for = VV7:

yo L1 (3.40)
IV ARER! '
so with Z = iVU where U ~ A4 (0, %Ig)we find:
1 . 1 .
le = §(U1+ZU2) and Z33:_§(U1_1U2) (341)
Next:
det(Lo+ Z ® I) = det((Z11 — 2)I,,) det(Z33C — I;) (3.42)
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3.4 The additivity law of the Z-transform

so using the block matrix determinant formula:

Exdet(L) = (- 1) Exdet(XCX" - zI,) (3.43)
1 n 1
=(-D%y (E(Ul +ily) — z) det(E(Ul —iU)C+ 1) (3.44)
In particular, when C = I; we find the formula:
Exdet(XX" - zI,,) = -Ey (E(Ul +ily) — z) (E(Ul —ilUy) + 1) (3.45)

Note that this expression can be precisely calculated using a Gausss-Hermite quadrature as
this is the expectation of a complex polynomial of degree d + n in C[U;, U,]. However, for this
particular case, this expression is related to the generalized Laguerre polynomials $,£“) as
mentioned in (Potters and Bouchaud, 2020). We refer the reader to the appendix 3.A for the
details of the calculation. The final result is:

~BpldN(nz)  ifn<d

3.46
—nii(—nz)”‘dféo)(nz) ifn=d (3.46)

Exdet(XXT —zI,) = {

3.4 The additivity law of the Z-transform

The #-transform is a convenient tool to compute the limiting eigenvalue distribution of the
sum of two matrices say A and B where B is rotated with a Haar-distributed random matrix
O. In other words, it allows to compute the eigenvalue distribution of C = A+ O” BO in large
dimensions. In particular, we can show that:

Rc(8) =Ra(g)+RB(8) (3.47)

where Z4(g), Zp(g), Zc(g) are the Z-transform of A, B and C respectively. The Z-transform
can be defined through the equation:

Ra(gal2)=2z+ (3.48)

1
ga(z2)

where ga(z) = Tr,, [(A—zD)7!] is the Stieltjes transform of A. Sometimes, calculating the
Z-transform can be cumbersome. When we already have access to gg, a more convenient
formulation of this law can be expressed that directly gives g¢:

8c(z2) =gp(z—Za(gc(2)) (3.49)

To see the connection, let’s first remark that that (3.48) can be rewritten with g;l is the
reciproqual of ga:

1
RA(Q) =g, (g)+ p; (3.50)
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Chapter 3. The Linear-pencil method

Applying the definition in the relation (3.47) gives:
-1 1 -1 1
8 @+ P Za8)+8gp (8)+ 2 (3.51)

So that with g = g¢(z) (so that ggl (gc(2)) = z) it remains:
2=R4(gc(2) +g5' (8c(2) (3.52)

Finally, by rearranging the terms and applying gg on both sides of the equation, we can
conveniently express the Stieltjes transform of C as displayed in (3.49).

In this section, we will show how the Z2-transform emerges from the linear-pencil method for
B any polynomial p, of finite degree d of a random Wigner matrix X: B = p;(X). Because X is
invariant by rotation, and henceforth also p;(X), equation (3.47) is expected to boil down to:

R 4+ pax)(8) = R AQ) + Rp,(x)(8) (3.53)

Or following the convenient form (3.49) for any x € C*:

8a+pa(x) (%) = 8a(X = K p,(x) (8a+pa(x) (%)) (3.54)

Let’s see first that we can always construct a linear-pencil to compute g, (x)(2), the Stieltjes-
transform of p;(X). Let’s assume that p;(X) = AdXd +...+ A1 X+ Ag. We can define:

(pa(X)—zI,)U, = I, (3.55)
U = XUy (3.56)

Us = XU, = X°Uy (3.57)

(3.58)

Uy;=XU,q = X0y (3.59)

The first matrix U is precisely the resolvent U; = (pg(X) — z1 )1 and we have:
(—zl,+ /ldXd o+ M X+ AU = (2l + M X+ A1) U + A XUs +...+ A3 XU, (3.60)

This leads to the construction of the following linear-pencil:

AMI+MX -2z AX A3X ... /ldX Uy 1
X 1 0o .. o |lu| |o
0 X -1 ... 0 Us|=10 (3.61)
0 0 o -1 [\uy) \o
L
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3.4 The additivity law of the Z-transform

consequently, (L™1)D = ;. Let’s introduce the following matrices:

Ao O .. 0 MX X AsX ... AgX
o -1 0o ... O X 0 0 0

F=|0 0 -1 ... 0 |erid w=| 0 X 0 ... 0 (3.62)
o o0 o .. -1 0 0 0 0

Then our linear-pencil can be written as L = Ly + W where L, is made of scalar blocks: Ly =
—z(e; elT) ® I+ F ® I. We know from result 3.1 that for h(z) = (J® Try,) [L™!] we find:

h(z) = (—zejel + F—nr(h(2))™! (3.63)
Interestingly, with defining Ry (h) := F —nr(h) the fixed-point equation can also be written as:
Ri(h(2) = zeyel + h(z)™! (3.64)

This equation for R; shows some similarity with the Z-transform equation (3.48). However,
in this case Ry is a d x d matrix. To make the connection with %, (x), we can use Sherman-
Morrison formula to extract —ze; elT the rank-one term form (3.63) and compute /1, (z):

h11(2) = el h(z)e, (3.65)

LF-nr(h(2)) " ere] (F-nL(h(z))!
=e (F-nr(h(2)) "e1 + 2 -l (ZT))) e nj( =D (3.66)
1-ze] (F-nL(h(2)" e

el (F-n.(h(z)) ey

- (3.67)
1- ZelT(F—nL(h(Z)))_lel
So this leads to the formula:
-1
(Rp(h(2) H M =l (F-ni(h(2) ey = |2+ ) (3.68)
h11(2)

Let’s recall that the because hy; is the Stieltjes transform of p;(X), equation (3.48) states that
Rp,x)(h11(2) =z + m, so we have:

R ) (&0 (D)) = By (11 (2)) = (RL(R(2) V)™ (3.69)

Let’s go back to the main problem: we want to have an expression for Tr, [G] with G = (A—
xI + pd(X))_1 for some deterministic matrix A. This time, we consider the linear-pencil
L' = (elelT) ® (—xI+A)+ F® I+ W and take g = (J ® Tr,) [(L')"!]. By construction, we have
(@H~H1 = G so we will be interested in g;;. Also we can apply again result 3.1 and find:

g=UeTr,) [(erel)®(-xI+ A+ Fel-nu(g e ] (3.70)
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Let’s assume that A is a random variable sampling the spectrum of A. With a careful look,
because all the identity matrices in the right-hand side of the tensor expressions can be written
in the basis of the eigenvectors of A, the former expression can be simplified further as:

g=Ex[(A-x)ere] + F-np(g)~"] (3.71)

The final point is to remark that n;; and 7 are in fact exactly the same operators because they
operate based on the same structure o which is set by W only. So we can write:

g=Er[(A-x)ere] +RL()7] (3.72)

And again, as we are interested only in g;;, we can use Shermann-Morrison formula to find:

_ (A—x)((R(g)~HID)2 ]
=F R 1,(11) _ )
gn=E) |(RL(g) ) T+ -0 ((Ry(®) HD) (3.73)
((Rp(g))~Hav
=k 74
M1+ A= 0 (Ri(g)-HID (3.74)
=E [ (A -0+ (Ru@)™H )] (3.75)

So because of equation (3.69) we can expect (((RL(g))_l)(H))_1 = RZp,x) (g1). This is non-
trivial and will be proved below. So we find:

gn=Ex [((/1— X) + R py(x) (811))_1] (3.76)

Finally, we can rewrite this equation in terms of the Stieltjes transform g4 of A and we find
back (3.54):
811 = 8A(X—Zp,x)(811) (3.77)

It remains to show the relation (((RL(igf))_l)(“))_1 =Zp,x) (g11). To be true, it requires the
existence of a z; € C such that g = h(z;). To get the intuition of this, first remark that z; can
and has to be chosen such that g;; = hy;(z;1). So there remains to see that for one of these
z1, this implies that g = h(z;) (in other words, equality at the elements of index (1, 1) implies
equality at each element between the matrices). First define the sub-blocks:

Ri(8) = (3.78)

Ar(g) Bgr(g)
Cr(g) Dr(®)

With Ar(g) € C'*!, Br(g) e C'*"~1, Cr(g) e C" 11, Cr(g) € C""1*"~1 Therefore (3.72) can be
written as:

(3.79)

[{A-x+ ARt BR(g))_ll

Cr(g) Dr(g)

Using the block-inversion formula, we can derive a simpler expression of the inverse of the
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3.5 Derivation of result 3.2 in finite-dimension

matrix on the right-hand side with:

B K'(g) ~K'(8)Br(g)Dr(g)™!
&= ~1 g -1 -1 / -1 (3.80)
—Cr(g)Dr(g)""K'(g) Dr(g)™" +Dr(g) " Cr(g)K (g)Br(g)Dr(g)
where K'(g) is given by the expectation:

K'(g) =E, [((/1 —Xx)+ Ar(g) — BR(g)DR(g)_ICR(g))_l] (3.81)

On the other hand, a similar equation holds for h(z) with:

-1
—z+ Ar(h(z)) Bpr(h(2)

h(z) = 3.82
D crna DR(h(z))) (362

So the block-matrix inversion formula yields a similar simpler expression of the inverse:

_ K(h) —K(h)Bp(R)Dr(h)™* .
—Cr(M)Dg(h)"'K(h) Dg(h)™' + Dg(h) "' Cr(W)K (h)Bg(h)Dg(h)™* '
This time with another expression for K(h):
K(h(2)) = (—~z+ Ag(h) — BR(W) Dr(h) "' Cr(h)) ™! (3.84)

But now for z = z1, and thus hy;(z;) = g11, this imply that K(h(z;)) = K'(g) by construction. In
this situation, (3.80) and (3.83) are exactly the same, so h ang g satisfies the same fixed-point
equation and hence we expect g = h.

3.5 Derivation of result 3.2 in finite-dimension

3.5.1 Derivation of a heat-equation

As stated in the preliminaries, we will consider the case of the Gaussian Unitary Ensemble
(GUE). We consider the linear-pencil L; = Ly + W; with L; the random-matrix into consider-
ation, and Ly the deterministic matrix at ¢ = 0. The elements of W; are brownian motions,
for which we impose that W; is self-adjoint and that Re W; and Im W; are two independent
random matrices.

The blocks of L; can be seen as Dyson brownian motions with the covariance o embedded
into the stochastic covariation for u # v and N; = N; and N; = Nj:

dRe L7 Re L!®] = dIm L), im L/®] = 5aﬁ?}dt (3.85)

Specifically, this implies what one would expect when dealing simply with the real random
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Chapter 3. The Linear-pencil method

matrices scenario for N; = Ny and N; = Ni:
1
dRe LY Re LD] = d[Re L) Re LUM] = d[Re LY, Re L\/¥)) = Eaf}dt (3.86)
With the additional imaginary part, we also get for N; = N; and N; = Nj:

1
dim L, im L%P) = diim LY, im LU®] = —~d[Im L), 1m L0 = - -5 —ofldt (3.87)

This way, using Lg,{) =Re L(uii) +ilm L%) and the independence between the real and imagi-
nary part, we find for u # v and for N; = N; and N;j = Ni:

drliy, Luby = (d[R LD Re L) - d[ImL%),ImL(lk)]) (3.88)
i puny = L (d[ReL,jﬂ),ReL‘k”] d[ImL%),ImL(k”]) okldr (3.89)

Note that the first equation is true for the complex case but not always for real random matrices.
Considering the complex case thus simplifies the derivations that follow.

Note that these results also apply when u = v, except when dL"/ is self-adjoint. In this case,
the diagonal terms of dL'/) are necessarily real, so we impose for N; = N i =N =N

d[ReL%),ReL(“)]— oflde  dimL}),ImLE) =0 (3.90)

In conclusion, we have for any block (i j), (kl) such that N; = N; and N; = Ny:

diLyy, L0y = —5uq6yp0kldt (3.91)

We further define the block matrix Z such that for all (ij) € S, Z;; = z; I, with z;; € C and
0 otherwise. Then let’s define f,;(Ls, Z) = det(L; + Z), and {f,)(t, Z) = Ef,(Ls, Z). Using Itd
formula, we have:

afn (l ) 1 (z)fn (i (kl)
dfu(Ls, Z) = Py S [y L] (3.92)
n ZJ; L(u) 2 ”Zklu;gq aL( ])aL(kl) uv

Using the covariation, the expression can be simplified to:

Afn(Ls, 2) = ZZ L)y L g, (3.93)
ty .
" ij uvad (l]) Ton ijkluv 6L(” oLkD 7ii

Provided invertibility as per the assumptions, let G = (L + Z)~!. Straightforward calculations
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leads to the two following formulas:

(ji)
(ji) aGV]Lt

g k
f”l :fn'Gvu aL(kl) — Gg;jp)G(ll) (3.94)

oLl

Combining this with the previous formula, we have:

0@ fy Gi) 1K) U0 (1)
— fo- (Tr [G(ji)G(lk)] Ty [G(jk)] Tr [G(li)]) (3.96)

Similarly, with the Wirtinger derivatives, we find:

ZZ =fn-Tr[G(m] %@Z’;ﬁ zfn.(Tr[thi)]Tr[G(jk)] _Tr[G(lk)G(ji)]) (3.97)

As a side remark, the traces of interest are thus given by the formula

1 y 101
-qﬂGqu——Bi& (3.98)
n azj,-
In conclusion, the Ito formula can be rewritten as:
0 1 0@
dfuL, 2)=)) —= f" - —y O In_ kg, (3.99)

1] uv L 2n l]klazllaZk] l]
and thus on the average, it yields the reversed-time heat-equation which is exact for all n € N*:

O{fn) _ 1 0@ 07 fn)
ot 2n,; i 7102102 ”

(3.100)

Note that this is an extension of the heat-equation from a Dyson brownian motion as described
for instance in (Tao, 2012).

3.5.2 Solution of the heat-equation

The heat-equation can be solved exactly at finite n. Let’s first consider the "matrixisation"
of o with (Zj; k) = (af}lNi = N, Ni. = N)) € C®*ISI a5 described in the remark in 3.1.2 with a
decomposition of the form = = VVT . Now let’s consider a real vector u € R'®! and make the
change of variable for (pq) €S, of (fu)(t, 1) = (fu)(t,iVu):

0 fn)
Gupq

(um=i2j@wqgﬁlu iVu) (3.101)
kj
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Then:

0@, 0
<2f”>(r w=-), mpqvk]pq<—f”(t iVu) (3.102)
6up ilkj 6
In particular, we have:
Y 6(2)<f”>(t =Y WV 0w (tzVu) =Y ik 0w ivu) 3.108)
! l 1
pges au%q ilkj ]5 j0Zi ilkj 1021021 Zkj0zil

Therefore, {f;,) satisfies the "diagonal" heat-equation: 6%’? = ﬁAu( f) which has the solution
ats=iVrand r=1:

n \ISl/2 . n 2
9= (] IR OVt sexp (=5 ul?) du (3.104)
So we arrive at the solution of the characteristic polynomial at finite 7:
(YL, =y 0,114 [(f) (0,iVu+3)] (3.105)
One can also use the complex normal distribution as:

fd(1,8) = Eygy(s Lyir—Lyyr [(fa) (0, V)] (3.106)

3.6 Derivation of result 3.1: Three methods

3.6.1 The method of characteristics applied to the heat-equation

Throughout this Section, we will make the following assumption in the limit 7 — +o0:

1 1
—Ellog ful = —10g(fu) + 0n() (3.107)

Rather than deriving the exact stochastic process for the Stieltjes transform as done in (Bodin
and Macris, 2021a), our approach focuses on establishing an equation for the logarithm of f;,,
specifically the KPZ equation, followed by the Burger equation. Using equation (3.104), we

obtain the following: } B ~
oln(fyy 1 ofn) 1 0D f)

= — = = (3.108)
ot (fay Ot 2n(fp) 7 Ouf
and we retrieve the noiseless KPZ equation:
1 1 < 02In(fy 1 10 ()
—Aﬂn(f,ﬁz—ZLz(f”):— — n<2f”>—( n<f">) (3.109)
2n 2n 57 Oug, 2n 7\ fu Oug ou;;
_oln¢f) 1 52
== o (VuIn(fy)) (3.110)
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So without the change of variable in (f,,) — (f,,), the KPZ equation becomes:

Ondf) __ 1 s (95Indf) | OIS OIS ) g (3.111)
ot znil,kj azilazkj 0zj 6ij !

161n<fn (t,2)
0zqp

At this point, we define the functions ( gy q> foreach (pq) € S such that ( 8p q) (t,2) =

Note that (g;,) may not coincide with the expectation of the partial trace -, aginf . However,

we will assume the equivalence in the limit of large n. Then we have:

Mgy 1 0Py 1 a
KEEZ &1l (3.112)
ot 2n ;1% 0zi0zkj  20zqp l%} 81107} (8]

The second term on the right-hand side of the equation can be simplified as:

o) a<g7k>
(g,)U g )) )+ <g, i (3.113)
0zqp Zqp (l%] ! jk ;%j 6qu &k Z 1 ] 9z
0 1 ij (g,)
Lokligho+ Y (ghol =1 (3.114)
l%] 0z Zqp ” ik il,zk:j Pk Rl aqu
1 oln(fy) n
) azmazgy 1UE i (3.115)
(g,
=2)" [n((g™)]; = (3.116)
il 0z

With the assumption that in the large limit n, the quantity (g") (¢, Z) converges to a finite value
g(t, Z), we expect the dynamics of g to follow the Burger equation:

gpq
ar +iZ[ n@]l; . (3.117)

Finally, let’s consider a trajectory s — (Z(s), Z(s)) such that g(s) = g(i(s), Z(s)) is constant for
all s. Then it implies for all (pg) € S:

d8pq _ 08pq 01 <~ 98pq 9Zi1 _

3.118
ds ot 0s “7 0z; Os ( )

One solution is to match at =1 and 62” =

= [n(g&(s))];; (Note that the right hand side of the
second equation is Constant as g(s)is assumed constant over s). This is achieved by setting
£(s) = sand Zil(s) = [n(g(s)];;(s—1). Using again that g is independent of s, we find g(1) = £(0),
and therefore:

8(1,0)=g(0,-n(g(1,0))) (3.119)

At time ¢ =0, the term g(0,—n(g(1,0))) corresponds to the right-hand side of Equation (3.15)
while g(1,0) corresponds to the definition of g on left-hand side. This above relationship thus
leads to the desired result.
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3.6.2 The method of steepest descent

The equation (3.104) can be formulated as:

|S|/2
(f)(1,s) = (%) fw eI qy (3.120)

Where we define the term %6, (1, S):
1 , 1
6n(u,s)=—In{fy) (0,1Vu+s)—5||u|| (3.121)
n

Although not rigorously proved in this work, we use an approach in the same spirit as the
method of the steepest descent - that is to transform the integral as a contour integral. This
contour can be "twisted" to cross one or multiple saddle points which acts as accumulation
points for the integral, which in turn help derive a fixed-point equation. In our scenario, let’s
first assume in the limit of large n the concentration of &, = %ln( fn) towards a function / and:

1
lim C,(u,s) =€ (u,s)=h©,iVu+s)— = |ul? (3.122)
n—oo 2

Then we can expect the existence of a specific saddle points #i(s) solution of V%, (ii(s),s) =0
for which:

1
h(,s) = lim —In{(f,)(1,s) =€ (i(s),s) (3.123)
n—+oon
and in particular, with the same definition as in the previous section with g;;(1, Z) = ah#lf),
we expect:
0F (ii(s), s) il 0F (ii(s), 0h(0,iVu+ .
gij(1,5) = 20D, 0u) | 0O, _ o OROIVELS _ o v rs) (3.124)

au]-,- asji 0Sjl' aSji

Therefore at s = 0:
g(1,0) = g(0,iVi(0)) (3.125)

Now on the other hand at this specific point u we find for all (il) € S:

. oh N _
Vi (u(s),) =0 = Y iVij = (0,iVii(s) - s) - i1j;(s) =0 (3.126)
So:
VTg(0,iVis)—s) = —iil(s) (3.127)
Soats=0:
g©,ivvT(vhHa) =-i(vh) (o) (3.128)

Combining both equations we have:

-ivhHa) = g,0) (3.129)
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and then:
g0, ivvThHta0) =g0,-vvTg,0) = g1,0) (3.130)

Finally, VV = £ and given a vector w and its corresponding matrix W, it is easy to see that
X w is in fact the vectorization of n(W). Hence we find a similar result as equation (3.119):

g(1,0) = g(0,-n(g(1,0))) (3.131)

3.6.3 The Replica method

The replica method is another approach leading to similar results and doesn't rely on a stochas-
tic process over time. This approach has been described in Appendix D in (Bodin and Macris,
2021a). In this section, here we propose a different variation which accounts for the possibility
of keeping deterministic matrices in the linear-pencil. We will use the notation f;,(Z) instead
of fn(L1, Z) and use the relation:

1 11— fu(2)7"

hy,(Z)=—Inf,(Z) = lim LR 1C (3.132)

n r—0* n r
Let us define N = Zi.\i 1 Ni. Using the density function of the complex normal distribution
€N (0,L71,0) we have the following relation for the determinant:

. 7o dx
@) = det(n)) ! = f emaE LI o (3.133)
cv aN

In the following, we will make the assumption that L is self-adjoint (in particular that Ly, W
and Zin L =W + Ly + Z are all self-adjoint) - although we will see that this condition can be
weakened. When r € N*, we have the product of r integrals:

.o ' dx
fn(Z)_,:[CNe—):azlngxa l‘[__‘l (3.134)

a=1 T[N

After expanding L with L=W + Ly + Z, we find:

ZxTan =Y Y 2D @)D (3.135)
a 1] uv
=YYWl v @+ 2] )ngb)txm, (3.136)
ij uv
=Y Y Re W +itmw) +(L0+Z)(”))Z 20 50 (3.137)
l] uv

As a reminder, we impose the following covariance structure:

ERe W Re WD = Eltm W) Im wkD] = —glk (3.138)
2n Y
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So using this structure and the self-adjoint condition, we have:

E[Re W.- Re WD] = E[Re W/ Re W] = f]’ (3.139)

.. .. _ 1
Efim W, Im WD) = E[tm W} Im W,ﬁ’“”] = f]’ (3.140)

Which leads to the general average:

Efw, (’C”]— oft and Ew,/ w1 =0 (3.141)

So by taking the expectation over W with the moment generating function (which boils down
to similar calculations as in Section 3.5.1):

.
W[fn(Z)_r]:f exp{— Y. klZ(ng;x;fU’) 0D |+ R(x) H @ (3.142)
crv Z”Ukz ww b a=1 ¥
Where
R(x) = ——ZZ(L +Z)(”) 2D xa (3.143)
]uv
Notice further that:

Z(Zxauxé’,ﬂ) (be'i) ;(fi) Z(quu E,”)(Zxau ;’f}) (3.144)

Solet X x; = kl be the "matrixization" of o, and for the sake of clarity, let’s define X, @ p (X) =

1 2 uX 'g,),x(l) Then we can find an extended version of the Hubbard-Stratonovich transform

@D

)det Uexp{ ,]k,(q(m Xuz)(x)) ((]k X(]k)( ))}li—l[quabﬂ (3.145)

So in fact we have (with extra caution about the Re)

(il)
I ) g 5P (i) [y R d
ot T ot X X ’det ‘fe §Xijx1 0%\ Aoy day —2Re(Xg, (X)) )H ab (3.146)
i

By grouping the terms in x, ¢, g, the expression can be rewritten as:

dq(l])
Elfn(Z)” ’]—|det ’ f PQr @+ R (@) | TT b (3.147)

asb 0
(i)
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where we introduced the functions Q; and Ry, ; given by:

Qg = ——Z Y okl (3.148)
a<bz] kl

. 1
Rn,r(q)=— logfm,V exp { n

Q; doesn’t depend on 7 but R, , does. However, we make the assumption that for any given r,

R+ Y af}Re(q”")X“”(x)))}(]_[dx“) (3.149)
ijkLasb a=1

it concentrates towards a value }?oo,r in the limit n — +o00, and assume that we can perform
the saddle-point approximation. This way we find for some constant C:

Extr(Q,(q) }?oo,r( )
ELf(2) 7] = G i & (@ Heor @) (3.150)

To compute the extremum, we constrain the subset of the possible solutions with the following
Ansatz: we assume that the extrema is located at a certain q;lé) = pY)§ 4. In this way, we can
simplify the dependency in r in Q, and Ry, ;, and have the extremum given by:

E>;tr(@,(q)+éoo,,(q)):r Eé(]:[]r (2(p) + Zo(p) (3.151)
pE xN

where define % and 2 are related to R and Q by:
Rroo(@ =1%(p)  Qr(q) =r2(p) (3.152)

This lead to the following expressions for Z(p):

%oo(p)=lim%10gf exp{ (R(x)+ Y leRe( b1 Zx(” (”))}(]‘[d?) (3.153)
n CcrN

aijkl a=1T

One can use the following:

1
5 UklRe( Gl me (l)) S Yo ( Gh 1 ng;x;lzﬁpfk) Zx(n (z)) (3.154)

aijkl aijkl
= —Z ([n(p)]lz—zx“’ D+ () z—Zx & “’) (3.155)
all
_ Z (n(P)lir ‘; n(p)lii 1 ; )_Cgl)lx;zzl (3.156)
ail u
So:

1 - - np
Zoo(p) :lim—logf ] H exp _ZZ((LO"'Z)%) _ [
n nr CcN =1 2

l] uv

dx

(l) (l) a
B } ”N)
(3.157)

.1
:hrrln;log

[to+2- g0+ a e
det|Lo+Z - (P +n(p) 1 (3.158)
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and similarly for 2:

1 . ; 1 .
2p) =5 Y ofp™p =2y m@up"” (3.159)
ijkl il

So:

1 ; 1
D(P) + Roo(p) = EZ[n(ﬁ)]ilP(”) +lim —log
il

det (Lo +7Z- %(n(ﬁ) +n(pHe 1)' (3.160)

We can show that we can limit the search of the extremum on the subspace im(n) instead of
CN*N_ We will show that for any p € CV*N, there always exists p; € im(#) such that:

2(p) + Roo(p) = 2(pi) + oo (pi) (3.161)

First of all, as it is assumed in the introduction, we have that 7}m(;), the restriction of ) on its
image im() is an invertible operator which we will define as ! (and implicitly assume that,
when invoked, it is defined on im(n) — im(n)). This assumption implies that ker(n) + im(n) =
CN*N_ Therefore, given any p € CV*V, there exists a p;. € ker(n) and a p; € im(n) such that

p=DpPrtpi.

Next, using the linearity of n, we find n(p) = n(pr + pi) = n(p:) =n(p;) and n(p) T =n(p;)’ so
that settles Z(p) = Zo(p;). For £, we use the fact that 1 is a Hermitian operator with the
scalar product (4, By = Tr [AT B]. Indeed for the matrix basis E;; = e; e].T we have precisely that

(M(Ejx), Ei) = af} and (Ejk,n(E;p) = 0%? , and because L is self-adjoint we find the expected

result Uf} = 0%?. Consequently, for any g, h € CV*N we have (n(g), h) = (g,n(h)). So we have:
Y m@up ™ =T [n(p) " p] = m(p), py = M(pk+ P, Pr + P (3.162)
il
=mpi), pr + pi) (3.163)
={pi,N(pr+pi) (3.164)
=(pi,n(pi) (3.165)

Therefore, we also have 2 (p) = 2 (p;), which concludes with Equation (3.161). Therefore, the
extremum calculation can be simplified:

E = E 1
b (2(p) + Zoo(p)) o (2(p) + Zoo(p) (3.166)
= Extr (2 ' (W) + %o (w)) (3.167)
uelm(n)
where we use the inverse expression:
-1 -1 1 - -1 . 1 L_£+ LtT
2 (W) + Roo(n™  (u)) = zZuil[n Wlin +11r1;n;log det|{Log+ Z - ®I|| (3.168)
il
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Let u, be an extremal point on(n‘l(u)) + Roo(m~ 1 (w)) on Im(n). So at u = u,, we expect

1 1 1
92 (u)(),;:df o W) _ 020 (u);;fz 0”1 (0) =0 for all il € $%. Now, because 7 is a Hermitian

operator, so is ~!. So we can write (using carefully the properties of the Wirtinger derivatives):

oun ')y  ou _1(6_u)
d1ii _<6ﬂiz'n (W) +<u,n 6u”> (3.169)
=0,n" (W) + (u,n" " (Eip)) (3.170)
='W, Ei) = (B, W) = I~ W]y (3.171)

And:

ountw)y  ou _1(014
30 —<0uﬂ,n (W) +<(u,n 37

=(E;,n tw) +0=[n""(w]; (3.173)

)) (3.172)

So we find for 2 and for p. given such that u. =n(p.):

02on! 1 —
—au" (u*)=5[n—1(u*)1m) —pSJ” (3.174)
il
02 o
— 02on *)— pli = (p*)l’) (3.175)
Uj]
Now for Z,, we find:
0Rooom ! 1 e+ul 1
() =—=Tr, |(Lo+ Z - ——2o D7} (3.176)
auil 2 2
OR -1 1 Ty + Ul .
00 °11 (u*):——Trn[((L0+Z—u®I)1)(“)] 3.177)
0itj; 2 2
So in fact, we have:
1 _ 1 P+ +I93: -1
—pe==UTr | (Lo+Z -7 oD (3.178)
2 2 2
1 1 he + pL _
EPIZE(]QDTrn) ((L0+Z—T)(p 2p )®1) 1)] (3.179)

So by defining h. = Dtpe +p +, and summing both equations we have:
he=U&Try) [(Lo+ Z-n(h) e D7) (3.180)

Now let’s assume that we can interchange the limit in 7 and r and have calculate the average:

n(2)= lim Elha(Z)] = lim_Tim L1-Elfn2) ]

—0+ n—+oo r

(3.181)

2Because 1 € Im(1) and by definition of 77 in (3.3), © can only defined on the set of indices spanned by S
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Chapter 3. The Linear-pencil method

Then we have h(Z) = 2 (p+«(2), Z) + o (p«(Z), Z). We can pursue the calculation:

oh(2) apt(2) 02 + R 02 + Roo
gij(Z)= 32,1 =% 37 T (p*(Z),Z)+Tji(p*(Z),Z) (3.182)
:0+(]®Trn)[(L0+(Z—17(h*(Z)))®I)_1]l.j (3.183)
=i (z) (3.184)

Consequently, we notice that g is self-adjoint (as is /). So at Z = 0 we retrieve result 3.1:

g=UaTr,) [(Ly-ng e (3.185)

Remark on the non-self-adjoint case:As stated above, given a non-self-adjoing matrix Ly, W, Z
such that L = Ly + W + Z is invertible, one can always construct a bigger self-adjoint matrix

L=Ly+ W + Z with:
L= 0 L (3.186)
\LT o '
The same results as before will apply, in particular at Z = 0 we find

g=U®Tr,) |[(Lo-n(geD™"] (3.187)

where 77 is the operator applied for the covariance structure o of L. But the inverse of L has

o [0 a@h!
L _(L‘l 0 (3.188)

the following form:

And consequently, g is expected to be the solution of the following form:

=T
g= (g go ) (3.189)

With careful consideration, using the operator i applied on the covariance structure o of L, it
can be shown that we have the following relation (where g and g are permuted):

0 n®
= 3.190
n(g) (ﬂ(gT) 0 ) ( )

Hence the formula for g when Z = 0 when L is not self-adjoint is still valid:

g=U®&Tr,) [(Lo-n(g) D] (3.191)
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Appendix

3.A Derivation of the Laguerre polynomials

We let
1 1 n1 1 d
Pn’d(Z):lE §U1+IEU2_Z EUl_IEUZ-'-l (3.192)
We find:
P, (2)=E 9 {t (1U+'1U )+t(1U '1U +1)} (3.193)
=E|——ex - i-Uy—z -Uy—-i- .
n,d\Z 6t"6tdp12122 2|3V 150
1 2 t1:t2:0
1 i
=E ex h—zh))+—=-(Hh+H)U +=(f — B)U: 3.194
[atlnatgl P{(z 1) 2(1 2) U1 2(1 2) 2}] o ( )
1—2=
— 0 d{e(tz—Ztl)[E[e%(fﬁ'tz)M]E[e%(tl—fz)Uz]} (3.195)
n
6t16t2 h=5=0
— 0 d{e(l‘z—zﬁ)'*ﬁ(l‘l+t2)2—ﬁ(l‘1—tz)z} (3.196)
n
atlatZ tI:tZ:O
- %{e(fz—zﬁ)*'%htz} (3.197)
atlatz h=6=0
First let’s consider the case d = n:
0 0 a [(1 d
Ppa(2) = a_n{e‘zﬁ—de(iﬁ“”z} = a—n{(—tl + 1) e‘zfl} (3.198)
tl 6t2 h=t=0 tl n Hh=0
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Chapter 3. The Linear-pencil method

Then Using Leibniz formula we find:

Py a(2) = ( )( 2)k
n! d! 1

n
g k! (n—k)!(d-n+k) nrk

_nl & (n+(d-n)(-nz)k
- n-k k!

d

(1t+1
S g
n t1:0

on
n" =o

n! _
= — 2" (nz)

(3.199)

(3.200)

(3.201)

(3.202)

where we used the expression of the generalized Laguerre polynomial ff,(l“) with @ = d — n.

Now when d < n, we use instead:

0 0 (1
P, i(z) = el e(ntZ_Z)tl}
nd(?) atg’{ oty

So with Leibniz formula we find:

d (d) 1 n!
Pn — _(_ n—-k
.d(2) kzo(k) nk( 2) TR

e el
atd 2

tl = Z’z 0 fz =0

A dz d|(-nz)?*
- oolk) (d-k)!

= %(—nz)”_dfféo)(nz)
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Linear regression estimator

This chapter offers a brief overview of the methodologies used in the subsequent Gaussian
covariate model and random feature model. We begin by introducing a standard linear regres-
sion model as specificed in model 1.1 in the introduction and demonstrate the computation of
asymptotic results for its generalization error using the ridge regression estimator. Following
this, we will explore further into the process of deriving the training curves by applying contour
integration formulas.

4.1 High-dimensional test error and double descent

We consider the data matrix X € R**¢ with independent entries, where X; j~NO, %). Ad-
ditionally, we assume that the labels Y are generated by the equation Y = XB* + ¢, where
p* € R? is a deterministic vector of fixed norm % || 5* ||2 = r2. In this equation, the noise
vector ¢ is a random variable, independent of X, which follows a uniform distribution on
the sphere § ~ % (S 1(aVd)). Tt is worth noting that a more common assumption is that
&~ N (0,0%1,). In fact, in the high-dimensional limit, both distributions can be considered
interchangeably. For the sake of simplicity, we choose the former distribution. In this context,
the ridge-regression estimator with a regularization parameter A is given by:

B=XTX+ADIXT(XB* +0) (4.1)
Let’s compute the generalization error using the classical bias-variance decomposition:
Egen= lim E|y@-x"B|°=c*+ lim BxB+ lim x(p) 4.2)
d,n—+oo d,n—+o0o d,n—+oo

where, as stated in the introduction in equation (1.21) and (1.24):

o 1 A A 1 o N
Zx(P)=—E[|B -EBXI°]  and  Ix(p=—E[|p-EAXI]|’] 4.3)

65



Chapter 4. Linear regression estimator

We will show that we can express the generalization error using specifically the trace of the
resolvent of X7 X, defined as gxrx(2) = 3Tr[(XTX - zI,)7!]. Starting from the equation
E[BIX] = (XTX + AN~ XTXpB* we can derive an expression for the average of the bias as

follows:
Bx () = %[EX |a-X"x+AD X" x)6*|° (4.4)
= AZ%EX,B*T(XTXJJLI)_Z,B* (4.5)
= A*r’Ex %Tr[(XTX+/11)_2] (4.6)

Note that, as the random matrix X’ X is invariant under rotation, the direction of the vector
B has no effect in the preceding equation. Therefore, it can be considered deterministic with
a fixed norm. As for the variance, we have:

1
Vx(B) = Ex J(xTx+ )LI)_IXT€||2 4.7)
= %[EX'ETX(XTX+AI)_2XT€ (4.8)
= [EXUZ%Tr [(XTX+AD - AXTX +AD7?] (4.9)

In conclusion we have found:

Bx(P) = A*r’Exglry (- 1) (4.10)
Vx(B) = 0% (Exgxrx(—1) — AEx g1 (—A)) 4.11)
At this point, there remains to calculate the expected value of the Stieltjes-transform of X7 X.
In the limit of large d, the Stieltjes-transform of X7 X approaches that of the Marchenko-Pastur

distribution. In the next section, we will utilize this fact and the properties of this Stieltjes
transform to pursue our analysis.

4.2 Training and test error in the high-dimensional limit

In the high-dimensional limit, we can use the Marchenko-Pastur distribution to compute the
limiting value of the Stieltjes-transform of X7 X with the aspect ratio ¢ = Z. The Marchenko-
Pastur distribution is defined as (see Chapter 3):

zg%(2)+(1+z-¢)g(2)+1=0 (4.12)

Given the bias and variance formula (4.10) and (4.11), we need to evaluate the expression at
z = —A (note this value is outside of the spectrum of X7 X and thus g(z) is well defined at this
point), and also calculate the derivative g’. So let f = g(—A) and h = g’(—A), by calculating the
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4.2 Training and test error in the high-dimensional limit

derivative of the Marchenko-Pastur law, we get the system of two algebraic equations:

AP+ (1-A-¢) f+1=0 (4.13)
fP=2Afh+f+(1-A-p)h=0 (4.14)

With these two equations, it is possible to express the value of f, and then that of z and derive
the asymptotic limit in d — oo of the bias and variance. However, for the sake of illustration,
we will instead consider another approach where we will derive directly two closed-form
algebraic equations for the bias and the variance. To this end, let’s define b and v the limiting
values of the bias and variance, using (4.10) and (4.11) we have:

b-A*r*h=0 (4.15)
v—a?(f-Ah)=0 (4.16)

The method now consists in computing a reduced Grébner basis (Buchberger, 1965) in the
polynomial ring R[ f, h, v, b] with these four equations. Using an appropriate order with the
application of the Buchberger algorithm which is illustrated at the end of this paragraph, we
find the closed-form equation for b:

(A2 +2Ap+21+(d—1?) (b+r2(@p-1))b-A*pr* =0 (4.17)
Hence when A = 0, the equation reduces to:
@p-1D*(b+r*@p-1)b=0 (4.18)

So either b =0 (when ¢ > 1) or b= r2(1 - ¢) (when ¢ < 1). In the same way, we can find a
quadratic equation for v:

(A2 +20p+2A+ (d-1?) (v+0?)v—dpo* =0 (4.19)
This equation is further simplified when A = 0:
@p-D*(v+0?)v-po* =0 (4.20)

So when A = 0 we find two solutions:

LT @- D4 Vo@D +agat @ -1 2@+ D-(@-1D)

4.21
2172 T 21 @2
Hence we find that v = (/)U_—Zl when¢p>1lorv= % when ¢ < 1. All in all, we have:
o’ +o0% -1 ifp>1
Egen(1,0,¢,1=0) = ¢-1 0 ¢ 4.22)
o’ +r’(l-¢)+o’iy ifp<l
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Chapter 4. Linear regression estimator

Note that we find back the results of Theorem 1 from (Hastie et al., 2019) when we take y = %
Importantly, this result displays the double-descent phenomena - albeit in a simple situation -
where the test error diverges in the neighborhood of ¢p = 1.

In the following chapters (in particular Chapter 6), we will use these methods more extensively
in order to reduce the number of equations. This can be accomplished automatically with the
use of a Computer Algebra System. As an example, we can use SymPy (Meurer et al., 2017) in

python:

from sympy import *
print(__version__)

f,h,lam,b,v,r,sig,phi = symbols("f,h,lambda,b,v,r,sigma,phi")

eql = (-lam)*f**2 + (1-lam-phi)*f + 1

eq2 = f*x2 - 2xlam*f*h + £ + (1 - lam - phi)*h
egb = b - (lam**2)*(r**2)*h

eqv = v - (sig**2)*(f-lam*h)

EQ_List = Matrix([
eql, eq2, eqgb, eqv

D

EQ_List

—fPA+f(-A-p+1)+1
fP=2fhA+f+h(-A-p+1)
b—hA%r?
—o?(f-hA)+v

# change the order of the generators
res_b = groebner(EQ_List, [f,h,v,b])
res_v = groebner (EQ_List, [f,h,b,v])

# Equaiton for the bias
res_b[-1]

b? (A* + 24 + 24 + d* =2+ 1) +b (A2 pr? — A2 r? + 2Ap° 1% = 2A1% + > r* = 3p*r® + 3¢pr? — r?)—
)L2¢r4

# Equation for the variance
res_v[-1]
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4.3 Time evolution and learning curves

—pot + v (A2 + 20 + 21 + ¢* =2+ 1) + v (A20? + 2Ap0” + 2A0° + PP 0? - 2¢p0* + 0?)

# solution for the bias when $\lambda = 0$
Matrix(solve(res_b[-1].subs(lam,0), b))

[rz-(fﬂp)]

# solution for the variance when $\lambda = 0%
Matrix(solve(res_v[-1].subs(lam,0), v))

0.2

d’(;lz
— 55

# a plot for $r=1, \sigma™2 = 0.1$
plot(0.1 + Max(0,1-phi) + 0.1*Max(1/(phi-1),-phi/(phi-1)), (phi, 0, 2), ylim=(0.,2.),
ylabel="3$E_{gen}$")
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4.3 Time evolution and learning curves

In this section, we explain how we can derive the evolution of the bias and variance in time,
thereby following the ideas of (Advani et al., 2020a) but using complex contours of integration
as a tool to express the evolution of the bias and variance. We will use the same model as
before, but with the gradient-flow algorithm with the training error defined as:

&l B =|Y-xB|*+1|B|° (4.23)

train
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Chapter 4. Linear regression estimator

Using the gradient-flow formula, we find a differential equation for f;:

0p:

E: traln(ﬁt)_XT(Y XB)—AP: (4.24)

In the following, we will assume that we choose an initial vector ¢ sampled on the hypersphere
independently of * and X, with a norm || fo||” = r2d. We can express f as follows:

B = (1— e‘(XTXW”) (XTX+AD " XTY + e X' X+AD1 g (4.25)

When fy is a random variable, we can use another formulation in equation (4.2) with a
conditional bias and conditional variance, as explained in Section 1.5 in the introduction:

BB = ZENB” ~EIB1X. ol (426)
Vx, B, (Be) = %Eﬂﬁr ~ELB:IX, Bol||* (4.27)

The bias term can be decomposed into smaller terms:
B p,(Br) = %E 18* - E1B:1x1||* + %[E |ELB:1X] —ELB:1X, Bol || (4.28)

In order to use the contour integration formula, let’s define a contour I' ¢ C which encloses
the spectrum of X X without containing the point —A. Each term can be expanded:

%[E”,B* ~ElB:X]|* = é[E [{r= (1= @A) (xTx 4 A0 x" x| (4.29)

l_e—l‘(z+/l) r .
2mdllﬁ I* f e | ExTr[(XTX~2D7"]dz  (4.30)

—r2 (A + ze~tz+A)

—_— Z+ 1 ) [Exngx(Z)dZ (431)

C2im

Which, in the limit t — oo, corresponds to equation (4.4) as expected. Note that the minus
sign comes from the counter-clockwise integration on the complex contour I'.

The second term yields an additional error term coming from the initialization:

2

1 T _
SEIELB1X1 ~EB:1X, fo] I” = —ﬁf e 21 VEy gvry (2)dz (4.32)
Similarly for the variance, because we fixed % €112 = 02, we get:
_o? 1 — e~ tz+1)
Vx, o (B1) = i ﬁz( ) ) Exgxrx(2)dz (4.33)
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4.3 Time evolution and learning curves

We suppose that in the limit d — oo, we can take lim;_..,Exgxrx(2) = g(2) and:

2 2
-1 A+ Ze—t(z+l) 1— e—t(z+/1)
ggen(t)zaz-i-ﬂ r{rz (T +r§€_2t(z+m+022 T g(Z)dZ (4.34)

Thus, we have an analytic formula that can be computed numerically to determine the gener-
alization error at any time ¢ for any set of parameters (r, ro, 0, $, 1).

The analytical approach developed here will serve as a foundation for the methods explored
in the remaining chapters for more advanced models.
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5] A framework: the gaussian covariate
model

A recent line of work has shown remarkable behaviors of the generalization error curves in
simple learning models. Even the least-squares regression has shown atypical features such as
the model-wise double descent, and further works have observed triple or multiple descents.
Another important characteristic are the epoch-wise descent structures which emerge during
training. The observations of model-wise and epoch-wise descents have been analytically
derived in limited theoretical settings (such as the random feature model) and are otherwise
experimental. In this work which is based on the work (Bodin and Macris, 2022), we leverage
the model 1.2 from the introduction to provide a full and unified analysis of the whole time-
evolution of the generalization curve, in the asymptotic large-dimensional regime and under
gradient-flow, within a wider theoretical setting stemming from a gaussian covariate model. In
particular, we cover most cases already disparately observed in the literature, and also provide
examples of the existence of multiple descent structures as a function of a model parameter or
time. Furthermore, we show that our theoretical predictions adequately match the learning
curves obtained by gradient descent over realistic datasets. Technically we compute averages
of rational expressions involving random matrices using recent developments in random
matrix theory based on "linear pencils" as described in Chapter 3.

5.1 Introduction

5.1.1 Preliminaries

With growing computational resources, it has become customary for machine learning models
to use a huge number of parameters (billions of parameters in Brown et al. (2020)), and the
need for scaling laws has become of utmost importance Hoffmann et al. (2022). Therefore it is
of great relevance to study the asymptotic (or "thermodynamic") limit of simple models in
which the number of parameters and data samples are sent to infinity. A landmark progress
made by considering these theoretical limits, is the analytical (oftentimes rigorous) calculation
of precise double-descent curves for the generalization error starting with Belkin et al. (2020a);
Hastie et al. (2019); Mei and Montanari (2019), Advani et al. (2020a), d’Ascoli et al. (2020),
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Chapter 5. A framework: the gaussian covariate model

Gerace et al. (2020a), Deng et al. (2021a), Kini and Thrampoulidis (2020) confirming in a
precise (albeit limited) theoretical setting the experimental phenomenon initially observed in
Belkin et al. (2019b), Geiger et al. (2019); Spigler et al. (2019b), Nakkiran et al. (2020a). Further
derivations of triple or even multiple descents for the generalization error have also been
performed d’Ascoli et al. (2020); Nakkiran et al. (2020b); Chen et al. (2021); Richards et al.
(2021); Wu and Xu (2020). Other aspects of multiples descents have been explored in Lin
and Dobriban (2021); Adlam and Pennington (2020b) also for the Neural tangent kernel in
Adlam and Pennington (2020a). The tools in use come from modern random matrix theory
Pennington and Worah (2017); Rashidi Far et al. (2006); Mingo and Speicher (2017), and
statistical physics methods such as the replica method Engel and Van den Broeck (2001a).

In this chapter we are concerned with a line of research dedicated to the precise time-evolution
of the generalization error under gradient flow corroborating, among other things, the pres-
ence of epoch-wise descents structures Crisanti and Sompolinsky (2018); Bodin and Macris
(2021a) observed in Nakkiran et al. (2020a). We consider the gradient flow dynamics for the
training and generalisation errors in the setting of a Gaussian Covariate model, and develop
analytical methods to track the whole time evolution. In particular, for infinite times we get
back the predictions of the least square estimator which have been thoroughly described in a
similar model by Loureiro et al. (2021).

In the next paragraphs we set-up the model together with a list of special realizations, and
describe our main contributions.

5.1.2 Model description

Generative Data Model:In this chapter, we use the so-called Gaussian Covariate model in a
teacher-student setting. An observation in our data model is defined through the realization
of a gaussian vector z ~ A (0, %Id). The teacher and the student obtain their observations (or
two different views of the world) with the vectors x € R”2 and X € RP4 respectively, which are
given by the application of two linear operations on z. In other words there exists two matrices
B e R¥Ps and A € R?*P4 such that x = BTz and % = AT z. Note that the generated data can
also be seen as the output of a generative 1-layer linear network. In the following, the structure
of A and B is pretty general as long as it remains independent of the realization z: the matrices
may be random matrices or block-matrices of different natures and structures to capture more
sophisticated models. While the models we treat are defined through appropriate A and B, we
will often only need the structure of U = AAT and V = BBT.

A direct connection can be made with the Gaussian Covariate model described in Loureiro et al.
(2021) which suggests considering directly observations x = (x7,x7)T ~ _4(0, %) for a given
covariance structure X. The spectral theorem provides the existence of orthonormal matrix
O and diagonal D such that £ = 0T DO and D contains d non-zero eigenvalues in a squared
block D; and p4 + pp — d zero eigenvalues. We can write D = JTD,J with J = (Ial0p, +py—a)-

_1
Therefore if we let z = \/LEDI 2 JOx which has variance %Id, then upon noticing JJ T— I; and
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1
defining (A|B)T = vdOTJTD? we find (AIB)Tz ~ A (0,%).

The Gaussian Covariate model unifies many different models as shown in Table 5.1.1. These
special cases are all discussed in Section 5.3 and Appendix 5.D

Table 5.1.1: Different matrices and corresponding models

Target Matrix B Estimator Matrix A | Corresponding Model
’ \/g I, 0 ( \/% Ip) Ridgeless regression with signal
0 U\/glq Ogxp r and noise o
rsz I, 0 0 1, Mismatched ridgeless regression
0 /_%d Iy, 0 Ouyypryd Wl‘ch signal r and noise '0 and
0 0 zay, Ogxyd mismatch parameter y with y +
q Y’ =1
Iy 0 0 0 Lha 0 0 non-isotropic ridgless regression
0 hLa 0 0 0o - : noiseless with a a polynomial
0o o . 0 .. —rlua distorsion of the inputs scalings
0 0 .. Iy “’
d d i
r \/; I, Opeq m/dw Rapdqrn feature regres:smn of a
Onxp  Onxg v /41y noisy linear function with W the
p .
d -
Ognp g\/; I, Oy random weights and (u,v) de
scribing a non-linear activation
function
Vvor 0 - 0 Jor 0 - 0 Further Kernel methods
0 VA 0 0 Vw2 0
0 0 Vg 0 0 NP

Learning task:We consider the problem of learning a linear teacher function f;(x) = f*7x

with x and X sampled as defined above, and with §* € RP a column vectors. This hidden
vector * (to be learned) can potentially be a deterministic vector. We suppose that we have
n data-points (z;, ¥i)1<i<n With x; = Bz;, X; = Az;. This data can be represented as the n x d
matrix Z € R"*% where zl.T is the i-th row of Z, and the column vector vector Y € R” with i-th
entry y;. Therefore, we have the matrix notation Y = ZBf*. We can also set X = ZB so that
Y = XpB*.

In the same spirit, we define the estimator of the student yg(z) = BT x =z AB. We note that in
general the dimensions of § and B8* (i.e., p4 and pp) are not necessarily equal as this depends
on the matrices B and A. We have Y = ZAB = X for X = ZA.
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Chapter 5. A framework: the gaussian covariate model

Training and test error:We will consider the training error &*

train ANd test errors Egen with a

regularization coefficient A € R} defined as

1. A
éﬁam(ﬂ)zz||Y—Y||§+;||/3||§, Egen(B) =E ="ap-2"Bp?]  6.1)

2~ N (0,4

It is well known that the least-squares estimator f§ = argmin é"t’}ain(ﬁ) is given by the Thikonov
regression formula /37‘ = (XTX+AD"1XTY and that in the limit A — 0, this estimator con-

verges towards the 3° given by the Moore-Penrose inverse % = (X7 X)*XTy.

Gradient-flow:We use the gradient-flow algorithm to explore the evolution of the test error
through time with % =-4V ﬁéaéain(ﬁ ¢). In practice, for numerical calculations we use the
discrete-time version, gradient-descent, which is known to converge towards the aforemen-
tioned least-squares estimator provided a sufficiently small time-step (in the order of ﬁ
where Ay is the maximum eigenvalue of X7 X). The upfront coefficient n on the gradient is
used so that the test error scales with the dimension of the model and allows for considering

the evolution in the limit n, d, p 4, pg — +oo with a fixed ratios g, %, %. We will note ¢ = g.

5.1.3 Contributions

1. We provide a general unified framework covering multiple models in which we derive, in
the asymptotic large size regime, the full time-evolution under gradient flow dynamics of the
training and generalization errors for teacher-student settings. In particular, in the infinite
time-limit we check that our equations reduce to those of Loureiro et al. (2021) (as should be
expected). But with our results we now have the possibility to explore quantitatively potential
advantages of different stopping times: indeed our formalism allows to compute the time
derivative of the generalization curve at any point in time.

2. Various special cases are illustrated in Section 5.3, and among these a simpler re-derivation
of the whole dynamics of the random feature model Bodin and Macris (2021a), the full dynam-
ics for kernel methods, and situations exhibiting multiple descent curves both as a function of
model parameters and time (See Section 5.3.2 and Appendix 5.D.2). In particular, our analysis
allows to design multiple descents with respect to the training epochs.

3. We show that our equations can also capture the learning curves over realistic datasets such
as MNIST with gradient descent (See Section 5.3.4 and Appendix 5.D.5), extending further
the results of Loureiro et al. (2021) to the time dependence of the curves. This could be an
interesting guideline for deriving scaling laws for large learning models.

4. We use modern random matrix techniques, namely an improved version of the linear-pencil
method - recently introduced in the machine learning community by Adlam et al. (2019) -
to derive asymptotic limits of traces of rational expressions involving random matrices. We
refer to Chapter 3 for more details about the methods and the fixed point equation that will be
employed throughout this work.
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Notations:We will use Tr; [-] =limj_, ;o éTr [-] and similarly for Tr;, [-]. We also occasionally
use N;(v) =limg_. o % lv|l, for a vector v (when the limit exists).

5.2 Main results

We resort to the high-dimensional assumptions (see Bodin and Macris (2021a) for similar
assumptions).

Assumptions 5.1 (High-Dimensional assumptions). In the high-dimensional limit, i.e, when

d — +oo with all ratios g, %, %B fixed, we assume the following

1. All the traces Tr; -], Try [-] concentrate on a deterministic value.

2. There exists a sequence of complex contoursT 5 < C enclosing the eigenvalues of the random
matrix X7 X € R%*? but not enclosing — A, and there exist also a fixed contourT enclosing the
support of the limiting (when d — +oo) eigenvalue distribution of X" X but not enclosing —\.

With these assumptions in mind, we derive the precise time evolution of the test error in
the high-dimensional limit (see result 5.1) and similarly for the training error (see result 5.4).
We will also assume that the results are still valid in the case A = 0 as suggested in Mei and
Montanari (2019).

5.2.1 Time evolution formula for the test error

Result 5.1. The limiting test error time evolution for a random initialization (o such that
N4 (Bo) = ro and E[By] = 0 is given by the following expression:

Egen(t) = o+ 15 Bo (1) + B (1) (5.2)

with V* = Bﬁ*,B*TBT and co = Tr; [V*] and:

-1 (1 — e 1+ (] — gty +A) 1 1— e tz+A)
B (t) = 4—77;\{}}; ot ﬂ,)(y+l) f1 (x, y)dXdy+ Eﬁ‘ ng(Z)dZ (5.3)

_ __1 —2t(z+A)
PBo(1) = Zinfre fo(z)dz (5.4)

where fi(x,y) = () + o)) + fi(x,y) — co and:

A6y = Trg[(QU + D'y VE + fi(x, 1)U QU+, D)7 (5.5)
fo(2) = co=Trg [V (U + (D7) (5.6)
fo(@)=—|1+ %) (5.7)
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and {; given by the self-consistent equation:

(o=—z+Trg[UGU+,D7Y (5.8)

The former result can be expressed in terms of expectations w.r.t the joint limiting eigenvalue
distributions of U and V* when they commute with each other.

Result 5.2. Besides, when U and V* commute, let u, v* be jointly-distributed according to U
and V* eigenvalues respectively. Then:

- (cyv™ + filx, y)pu? (vt
» = [Eu v* y = — [Eu ve | ————— 5.9
fixy) ) Gut i) @utly) L@ =c 3 e (5.9)
_ Cu
(z=—-z+Ey dutils (5.10)
Notice also that in the limit t — oo:
B (+00) = fi(=A,=A) =2 f>2(=A) =f~1(—7l,—/1) —co, PBo(+00) =0 (6.11)

which leads to the next result.

Result 5.3. In the limit t — oo, the limiting test error is given by é_"gen(Jroo) = fl (=1, =A).

Remark 1Notice that the matrix V* is of rank one depending on the hidden vector 8*. However,
itis also possible to calculate the average generalization (and training) error over a prior dis-
tribution * ~ 22*. Averaging Eg+ g+ [Egen] propagates the expectation within Ep+~go+ [PBo(1)]
and Eg- .+ [981(1)], which propagates it further into the traces of Eg: g+ [fi] and Eg g+ [ f2].
In fact we find:

Eg [f1 (X, )] = Trg [(QU + LD xlyEp- [V*] + Eg- [fi (x, PIQUA (GU +{y D] (5.12)
Ep g+ [ f2(2)] = co — Trq [(:Ez [V* (U + ()] (5.13)

In conclusion, we find that Eg: g [égen] follows the same equations as é‘gen in result 5.1
with Eg: g+ [V*] instead of V*. In the following, we will consider V* without any distinction
whether it comes from a specific vector * or averaged through a sample distribution &2*.
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Remark 2In the particular case where U is diagonal, the matrix V* can be replaced by the
following diagonal matrix V* which, in fact, commutes with U:

(V111613 0 0
. 0 (V9122015 ... 0
= . ) ) ) (5.14)
0 0 o IV*aalB*13

This comes essentially from the fact that given a diagonal matrix D and a non-diagonal matrix
A, then [DA];; = [D];;[Al;;. This is particularly helpful, and shows that in many cases the
calculations of fl or f, remain tractable even for a deterministic §* (see the example in
Appendix 5.D.3) .

Remark 3Sometimes U = AAT and V = BB” are more difficult to handle than their dual
counterparts Uy = AT A and V, = ¢B” B together with the additional matrix = = p A" B. The
following expressions are thus very useful (See Appendix 5.C):

A Y) =T [(Ue + (D HEB BTED + i, U UL (U + D71 (5.15)
(@) =Tr, [E* B TENWUL+{.D7] (5.16)
(o= —2+Tr, [(Us (Us +{.D7'] (5.17)

In fact, when x = y = —A (which corresponds to the limit when ¢ — oco), these are the same
expressions as (59) in Loureiro et al. (2021) with the appropriate change of variable A(1+V) — {
and fi — p+q—-2m.

5.2.2 Time evolution formula for the training error

Result 5.4. The limiting training error time evolution is given by the following expression:

&Y (1) = co+ 15 H(0) + T (1) (5.18)
with:
-1 (1_e—t(x+/1))(1_e—t(y+/l)) 1f — o~ tz+A)
JO (1) = — hi(x,y)dxdy + — ¢ ——————ha(z)dz (5.19
0= rjgr T+ DG+ A) 1w yydxdy+ o ¢~y Me(ade 5.19)
-1
Hop(t) = — f e 2@V po () dz (5.20)
2in Jr

z

where hy(x,y) = hp(x) + ho (y) + Ry (x, ¥) — co and withn, = E—z:

h(x,y) =nxny fitx,y), h2(2) =n:(cofo(2) + f2(2),  ho(2) =12 fo(2) (5.21)
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Eventually, in the limit ¢ — oo we find:

76, (+00) = h1 (=4, =) = 2ha(-A) = by (=), —A) — ¢y, Hp(+00) =0 (5.22)

0

Result 5.5. In the limit t — oo, we have the relation é_"mlm

(+00) = 1%, Egen(+00)

. . . 2 _ A 2 . .
We notice the same proportionality factor %, = (m) as already stated in Loureiro et al.
(2021), however interestingly, in the time evolution of the training error, such a factor is not
valid as we have hy(z) # 1, f2(2).

5.3 Applications and examples

We discuss some of the models provided in table 5.1.1 and some others in Appendix 5.D.

5.3.1 Ridgeless regression of a noisy linear function

Target function Consider the following noisy linear function y(x) = rx” B, + oe for some
constant o € R" and € ~ .4/(0,1), and a hidden vector 5 ~ .A4(0, I ;). Assume we have a data
matrix X € R”*P. In order to incorporate the noise in our structural matrix B, we consider
an additional parameter g(d) that grows linearly with d and such that d = p + q. Let ¢pg = %.
Therefore ¢ = g = %5 = ¢poy. Also, we let ,B*T = (,BSTI,BIT) ~ N (0,I,44) and we consider an
average V* over 8*. We construct the following block-matrix B and compute the averaged V*
as follow:

d
r\/fl 0
B= pr — V= (5.23)
0

da
o3

0 )
2_1
0 o T:alq

Now let’s consider the random matrix Z € R"*4 and splititinto two sub-blocks Z = (\/g X| \/g Z).
The framework of the chapter yields the following output vector:

Y=ZBp* =rXpy+0é (5.24)
where § = 27 is used as a proxy for the noise e.

Estimator Now let’s consider the linear estimator j, = x” ;. To capture the structure of this
model, we use the following block-matrix A and compute the resulting matrix U:

da 1
0

qup quq

A= (5.25)

Therefore, it is straightforward to check that we have indeed: V,=2 APy = XB;.

Analytic result In this specific example, U and V* are both diagonal-matrices, so Result 5.2
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applies. Let’s define (i, v*) a random-variable sampling uniformly the eigenvalues of (U, V*).
The structures of U and V* give the following joint-distribution:

2

=1-y (5.26)

1 2
@(u:—,y*:—):w Qz(u:O,U*Z g
11/ 1

In this specific example, we focus only on rederiving the high-dimensional generalization
error without any regularization term (A = 0) for the minimum least-squares estimator. So we

1 .
(f( +0 implies ¢* + ¢pol = s0 { € {0,1 - ¢po}. For f; we get:

calculate { = (0) as follows: { =¥

I3
v

3 fi % P22 o2 2
= — 1-v)—— (5.27)

heve iy VT

In fact, the expression can be simplified as follow (without the constants ¢, v):
$o S 2

1—- —— ) S E— 5.28
( G0+ 02) T e 02 T ©.28)

Using both solutions { = 0 or { = 1 — ¢pg yields the same results as in Hastie et al. (2019); Belkin
et al. (2020a) using 5.3:

o? S ¢ =0)
Egen = P01 5.29
gen (+00) {rz(l — o) +021+¢0 C=1-p) (5.29)

5.3.2 Non-isotropic ridgeless regression of a noiseless linear model

Non-isotropic models have been studied in Dobriban and Wager (2018) and then also Wu and
Xu (2020); Richards et al. (2021); Nakkiran et al. (2020b); Chen et al. (2021) where multiple-
descents curve have been observed or engineered. In this section, we extend this idea to
show that any number of descents can be generated and derive the precise curve of the
generalization error as in Figure 5.3.1.

Target function We use the standard linear model y(z) = zT B* for arandom B* ~ A(0, I).
Therefore, we consider the matrix B = I; and thus V* = I; such that Y = ZBf* = Zf*.

Estimator: Following the structure provided in table 5.1.1, the design a matrix A is a scalar

matrix with p € N* sub-spaces of different scales spaced by a polynomial progression a 2. In

other words, the student is trained on a dataset with different scalings. We thus have U = A?

and Y; = XB, = ZAB;, such that for a given data-sample X andany0<i<p-landl<ks< %,

we have Var (fcingk) =a i,
p

Analytic results We refer the reader to the Appendix 5.D.2 for the calculation. Depending if ¢
p-1_1

i=0 ¢p+ail’ In

is above or below 1, ( is the solution of the following equations: { =0or 1 = %Z
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the over-parameterized regime (¢ < 1), the generalisation error is fully characterized by the
equation:

B 1Pl al { -1
Egen(+00) =p(1—P) | — —_— - (5.30)
gen pA-¢ p;ﬂwwaz ¢
In the asymptotic limit @ — oo, { can be approximated and thus we can derive an asymptotic
expansion of é’gen(+oo) for ¢ € [0,1]\ %Z where clearly, the multiple descents appear as roots
of the denominator of the sum:

17 -9

Bgenlro0) = Ly g g [(@) =P+ 0a(1 5.31
gen (+00) pgo(¢—§)(ﬂ—¢) ]%i%[((’b) ¢+0gq(1) (5.31)

p

— test (th} 50 — testith)
— train {th) —— train (th)

Figure 5.3.1: Example of theoretical multiple descents in the least-squares solution for the non-isotropic
ridgeless regression model with p = 3,1 = 1077 (left) and p = 4,1 = 1013 (right), and & = 10* in both of them.

Interestingly, we can see how these peaks are being formed with the time-evolution of the
gradient flow as in Figure 5.3.2 with one peak close to ¢ = % and the second one at ¢ = % (Note
that small 1 requires more computational resources to have finer resolution at long times,
hence here the second peak develops fully after ¢ = 10%). It is worth noticing also the existence
of multiple time-descent, in particular at ¢p = 1 with some "ripples" that can be observed even
in the training error.

Test error

10 — test (th)
—— train {th}

33
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00

time (t)

Figure 5.3.2: Example of theoretical multiple descents evolution in the non-isotropic ridgeless regression model
with p =3,1=10"%,a = 100 with ¢ = 1 on the left and a range ¢ € (0,1) on the right heatmap.

The eigenvalue distribution (See Appendix 5.D.2) provides some insights on the existence
of these phenomena. The emergence of a new spike when ¢ increases in Figure 5.3.1 when
p = 3 coincides with the rise of a new "bulk" in the eigenvalue distribution. This can be seen
in Figure 5.3.3 around ¢ = % and ¢ = % Note the analogy with the generic double-descent
phenomena discussed in Hastie et al. (2019), where, instead of two distinct bulks, there is only
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one bulk but with a mass concentrated at 0. Furthermore, the existence of multiple bulks
allow for multiple evolution at different scales (with the e~ **Y? terms) and thus enable the
emergence of multiple epoch-wise peaks.

10® 10 10 10 1w
A

Figure 5.3.3: Theoretical (log-)eigenvalue distribution in the non-isotropic ridgeless regression model with
p=3,A=10"2,a = 100 with ¢ = 1 on the left and a range ¢ € (0, 1) on the right heatmap.

5.3.3 Random feature regression

In this section, we show that we can derive the learning curves for the random feature model
introduced in Rahimi and Recht (2008), and we consider the setting described in Bodin and

Macris (2021a). In this setting, we define the random weight-matrix W € R”*N where ¢ = %
. 1 — — _p _n_nd_¢9¢
such that Wj; ~ A(0, ;) andd = p+ N+ g and ¢ = S,y =2, and ¢ = % = %5 =y (thus

% =1-1+wo)y). Sowith Z = (\/gXI\/gQI\/gé), using the structures A and B from table
5.1.1 we have: ZA=uXW +vQ and ZB = X + 0¢, hence the model:

V=ZAB=uXw+vQ)p (5.32)
Y =ZBB* = XB; +0éB; (5.33)

With further calculation that can be found in Appendix 5.D.4, a similar complete time deriva-
tion of the random feature regression can be performed with a much smaller linear-pencil
than the one suggested in Bodin and Macris (2021a). As stated in this former work, the curves
derived from this formula track the same training and test error in the high-dimensional
limit as the model with the point-wise application of a centered non-linear activation func-
tion f € I2(e 5 9%) with ¥ = \/lﬁ f(/PXW)B. More precisely, with the inner-product defined

2

such that for any function g € [2(e~7dx ), {f> 8 =Ex~nonlf(x)g(x)], we derive the equiv-
alent model parameters (y,v) with p = (f, Hp,), v* = (f, f) — u? while having the centering
condition (f, He,) = 0 where (H,,) is the Hermite polynomial basis.

This transformation is dubbed the Gaussian equivalence principle and has been observed and
rigorously proved under weaker conditions in Pennington and Worah (2017); Péché (2019);
Hu and Lu (2022), and since then has been applied more broadly for instance in Adlam and
Pennington (2020a).
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5.3.4 Towards realistic datasets

As stated in Loureiro et al. (2021), the training and test error of realistic datasets can also be
captured. In this example we track the MNIST dataset and focus on learning the parity of
the images (y = +1 for even numbers and y = —1 for odd-numbers). We refer to Appendix
5.D.5 for thorough discussions of Figures 5.3.4 and 5.3.5 as well as technical details to obtain
them, and other examples. Besides the learning curve profile at t = +oco, the full theoretical
time evolution is predicted and matches the experimental runs. In particular, the rise of the
double-descent phenomenon is observed through time.

20 — test(th)
— train {th)
4 train (exp) 08

15 4 test(exp)

— test (th)
02 | — train (th)
- tESE (2XP)

train (exp)

0.0
10! 10 100 10¢ 102 107 100 100 10t 102 100 ¢
n (data samples) time (1)

Figure 5.3.4: Comparison between the analytical and experimental learning profiles for the minimum least-
squares estimator at A = 103 on the left (20 runs) and the time evolution at A = 1072, 7 = 700 on the right (10
runs).

Training error Test error

10 iy

e 10° e 107

107 A . 10? v v T v v .
103 107 107! 10" 10t 107 10° 10* 103 107 107! 10° 10t 102 10° 10¢
time {t) time {t}

Figure 5.3.5: Analytical training error and test error heat-maps for the theoretical gradient flow for A = 1073

5.4 Conclusion

The time-evolution can also be investigated using the dynamical mean field theory (DMFT)
from statistical mechanics. We refer the reader to the book Parisi et al. (2020) and a series of
recent works Sompolinsky et al. (1988); Crisanti and Sompolinsky (2018); Agoritsas et al. (2018);
Mignacco et al. (2020, 2021) for an overview of this tool. This method is a priori unrelated to
ours and yields a set of non-linear integro-differential equations for time correlation functions
which are in general not solvable analytically and one has to resort to a numerical solution.
It would be interesting to understand if for the present model the DMFT equations can be
reduced to our set of algebraic equations. We believe it can be a fruitful endeavor to compare
in detail the two approaches: the one based on DMFT and the one based on random matrix
theory tools and Cauchy integration formulas.
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5.4 Conclusion

Another interesting direction which came to our knowledge recently is the one taken in Lu
and Yau (2022); Hu and Lu (2022) and in Misiakiewicz (2022); Xiao and Pennington (2022),
who study the high-dimensional polynomial regime where n o< d* for a fixed x. In particular,
it is becoming notorious that changing the scaling can yield additional descents. This regime
is out of the scope of the present work but it would be desirable to explore if the linear-pencils
and the random matrix tools that we extensively use in this work can extend to these cases.
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Appendix

5.A Gradient flow calculations

In this section, we derive the main equations for the gradient flow algorithm, and derive
and set of Cauchy integration formula involving the limiting traces of large matrices. The
calculation factoring out Z in the limit d — oo is pursued in the next section. First, we recall
and expand the training error function in 5.1:

1 . A
Erin B = 1Y = KBl + | el (5.34
1 2 vl s A
= Y13 SYTRB+ —pIRTKBo+ 2 |Bel (5.35)
n n n n
- % |ZBB* |5 - %ﬁ*TBTZTZA,Bt + %ﬁtTATZTZAﬁH— % I8¢5 (5.36)

Let K= (XTX+AD"t = (ATZTZA+ AD)~! which is invertible for A > 0. Therefore, we can
write the gradient of the training error for any g as:

gvﬁ&ram(ﬁ) =XTXB-V)+Ap=XTX+ADB-XTy=Kk"'1p-XTY (5.37)

The gradient flow equations reduces to a first order ODE

9 .
% _ _gvﬁgg B =XTY K, (5.38)

rain
The solution can be completely expressed using L, = (I —exp(—tK 1)) as

B: =exp(—tK V) o+ I —exp(—tK NKXTY (5.39)
=(I-Ly)Po+L:KXTXB* (5.40)

In the following two subsections, we will focus on deriving an expression of the time evolution
of the test error and training error using these equations averaged over the a centered random
vector P such that ry = N4 (o).
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5.A.1 Testerror

As above, the test error can be expanded using the fact that on Ay = A(0, é), we have the
identity E.~ 4 [227] = S 14

Egen(Br) =Eoe i [(zT ABr— 2" BB*)?| (5.41)
= (AB;—BB*) Eo~ s5l22" 1(AB, — BB") (5.42)
= =TT A, - = p*TBT A, + =BT B’ .43

So expanding the first term yields

BIEAT AL, =BL UL+ B TXTXKL)AT AT~ Ly)Bo+ L KXTXB¥) (5.44)
= B¢ (I-L)(AT AT - Ly)Po (5.45)
+8* T BT 2T ZzAKL,UAT AL, K(AT ZT ZB) B* (5.46)
+2BL I -LY(ATALK(AT ZT ZB)B* (5.47)

while the second term yields

B*TBTAB, =B*TBTA(I-Ly)Po+L: KX XB) (5.48)
=B*TBTAUI-Ly)Bo+ B L K(AT ZT ZB) p* (5.49)

Let’s consider now the high-dimensional limit é_"gen(t) =limg_. ;o0 Egen(B¢). We further make
the underlying assumption that the generalisation error concentrates on its mean with Sy,
that is to say: Egen () = limg_.+00Eg, [gen(Br)]. Let V* = BF*B*TBT and ¢y = Try [V*], then
using the former expanded terms in 5.41 we find the expression

Bgen(1) = co + 15 Trg [AU~ L) AT] (5.50)
+Trg (2T ZAKL AT AL, KAT 2T ZV*] = 2Try [AL K AT ZT ZV*) (5.51)

S0 Egen (1) = co + 1 PBo (1) + %1 (1) with:

Bo(1) = Try [AT(I- Lp?A] (5.52)
Br()=Trg 2" ZAKL, AT ALLKAT ZT ZV*| = 2Try ALK AT ZT ZV*) (5.53)

Let K(z) = (XTX - zD)~! the resolvent of X7 X, and let’s have the convention K = K(-1) to
remain consistent with the previous formula. Then for any holomorphic functional f: U — C
defined on an open set U which contains the spectrum of X7 X, with I a contour in C enclosing
the spectrum of X7 X but not the poles of f, we have with the extension of f onto C"*":
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FXTX) = % ¢ f(2)K(2)dz. For instance, we can apply it for the following expression:
KL;=LK=(-exp(—tXTX-eAD)XTX-AD™! (5.54)

~1 [1-e =D
= b XT'X-zh'dz (5.55)
T

-1 1— eft(zHL)

=— K(z)d 5.56
2in Jr zZ+A (2)dz ( )

So we can generalize this idea to each trace and rewrite 98, (t) and %, (t) with

~ -1 a- e—t(X+/1))(1 _ e—t(y+l)) 1 1 — etz
@1(” = 4_712\££“ (x+/1)(y+ﬂ) f] (x, y)dXdy+ Eﬁﬁfg(z)dz (5.57)

By (1) = __1 f e 21N £ dz (5.58)
2im Jr

where we introduce the set of functions fi (x, y), f2(z) and fy(z)

A y) =Trg (2T ZAK() AT AK () AT 2T Z2v*] (5.59)
f2(2) =Trg [AK(2) AT 2T ZV*] (5.60)
fo(2) =Trg [AK(2)AT] (5.61)

LetG(x)= (UZTZz-xD7}, using the push-through identity, it is straightforward that AK(z) A =
G(2)U = UG(2)T. This help us reduce further the expression of f; into smaller terms which
will be easier to handle with linear-pencils later on

A,y =Ty [2TzUGx) " GyUzT ZVv*] (5.62)
=Trg [(G ™ +xDT GGG ™ +yDV*] (5.63)
=Trg [(I+yG)V* (I +xG(x)T] (5.64)
=+ YTrg [GV*] + xTrg [GOV* ] + xyTrg [GOV*G(3) ] (5.65)

Similarly with f, and fj, they can be rewritten as

£(2) =Ty [GUZT ZV*] (5.66)
=Try [G(2)(G(2) ' + 2D V*] (5.67)
=co+2Trg [G(2) V7] (5.68)

fo(2) =Tra[G(2)U] (5.69)

Hence in fact the definition fi (x,y) = xyTr4 [G(x)V*G(y)T] such that

filx, 1) = f(x) + () + filx, ) - co (5.70)

At this point, the equations provided by 5.57 are valid for any realization Z in the limit d — oo.
We will see in the next section how to simplify these terms by factoring out Z.
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5.A.2 Training error

Similar formulas can be derived for the training error. For the sake of simplicity, we pro-
vide a formula to track the training error without the regularization term, that is to say
é"gain (Bs) (as in Loureiro et al. (2021)) while still minimizing the loss é"t’}ain(ﬁt). So using
the expanded expression 5.34, and considering the high-dimensional assumption with con-

centration &° . (1) := limg_. ;o0 Etrain (Br) = limy_ oo Eg, [Etrain (B1)] we have

train
8L (=T, [ZT ZV*| +1¢Trn [ATZT ZA(1 - L)? (5.71)
+Tr, [ZT ZAKL AT ZT ZALKAT 2T ZV*) (5.72)
—2Tr, (2T ZALKAT 2T ZV*] (5.73)

First of all, standard random matrix results (for instance see Rubio and Mestre (2011)) assert
the result Try [ZT ZV*] = Try [ 2T Z] Tty [V*] = ¢pco. This result can also be derived under
our random matrix theory framework, for completeness we provide this calculation in 5.C.2.
Therefore, we can define 44 (f) and /4 () such that

&Y. (1) = co+ 15 6o (1) + 76 (1) (5.74)
where we have the traces
Fo(t) =Try [ATZT Z A1 - L1)?] (5.75)

(1) =Try [ 2T ZAKL{(AT ZT ZA L KAT ZT ZV*| - 2Tr, (2T ZALKAT ZT ZV*]  (5.76)

And using the functional calculus argument with Cauchy integration formula over the same
contour I" we find

-1 (1 _ e—t(x+/1))(1 _ e—t(x+/1)) 1 f (1 _ e—t(z+/l))
JO (1) = — hi(x, y)dxdy + — ¢ —————hy(2)d
1= rf} EE ) @ ydxdy+ 2 ¢ =y Me(2)dz
(5.77)
-1
Hp(1) = — f e 2@V o (2)dz (5.78)
2in Jr
Where we use the traces (which only contain algebraic expression of matrices):
h(x,y) =Tr, [ZT ZAK () AZT ZATK () AT 2T ZV*) (5.79)
hy(z) =Tr, [ 2T ZAK(2) AT 2T ZV*] (5.80)
ho(2) =Tr, [ 2T ZATK(2) AT] (5.81)
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5.B Test error and training error limits with linear pencils

The expression of /; can be reduced to smaller terms as before with f;

dh(x, ) =Try (2T ZzUG)T 2T zG(y)UZT Zv*] (5.82)
=Trg [(GO T +xDTG) " 2T 26 (G +yD V] (5.83)
=Try [ZTZV*]+xTry [G) T ZT Z2V* ] + yTry [ 2T 2G() V¥ (5.84)
+xyTrg [ZT 2G()V* G| (5.85)
=cop+xTrg [ZT ZG)V* ]+ yTrg [ 2T ZG(y) V] (5.86)
+xyTrg [ZT2G()V* G| (5.87)

and similarly with hy

Gha(2) =Trg |27 2G(2)UZT ZV*| (5.88)
=Try (27 ZG(2)(G(2) ' + 2D V*] (5.89)
=Trg (2T 2V*]+2Tr4 [ 2T 2G(2)V¥] (5.90)
=cop+2Try (2T ZG(2)V*] (5.91)
and similarly with hg
Gho(2) =Trg (2T ZG(2)U] (5.92)
=Try [G(2)(G(2) ™" +zD)] (5.93)
=1+ 2Try [G(2)] (5.94)

We can also define the term h; (x, y) = xyTr, [ZG)V*G(x)T ZT] so that:

hy(x,y) = ho (%) + ha(y) + by (x,¥) — co (5.95)

5.B Test error and training error limits with linear pencils

In this section we compute a set of self-consistent equation to derive the high-dimensional
evolution of the training and test error. We refer to Chapter 3 for the definition and result
statements concerning the linear pencils.

We will derive essentially two linear-pencils of size 6 x 6 and 4 x 4 which will enable us to
calculate the limiting values for fl, f2, fo for the test error, and hy, hy, hg for the training error.
Note that these block-matrices are derived essentially by observing the recursive application
of the block-matrix inversion formula and manipulating it so as to obtain the desired result.

Compared to other works such as Bodin and Macris (2021a); Adlam and Pennington (2020a),
our approach yields smaller sizes of linear-pencils to handle, which in turn yields a smaller
set of algebraic equations. One of the ingredient of our method consists in considering a
multiple-stage approach where the trace of some random blocks can be calculated in different
parts (See the random feature model for example in Appendix 5.D.4). However, the question
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Chapter 5. A framework: the gaussian covariate model

of finding the simplest linear-pencil remains open and interesting to investigate.

5.B.1 Limiting traces of the test error
Limiting trace for f; and f;

We construct a linear-pencil M, as follow (with Z the random matrix into consideration)

o0 0o o0 -yI o z7T
0 0 0 0 AR |
0 0 0 U I 0
M = i (5.96)
-xI 0 U -xyV* 0 O
o zT 1 0 0 0
Z I 0 0 0 0

The inverse of this block-matrix contains the terms in the traces of f; and f;. To see this, let’s
calculate the inverse of M) by splitting it first into other "flattened" blocks:

0 BrI -B:'DBI-1 Bl
Ml = V| = Ml_1 = x T—ly X (5.97)
B, D B} 0
Where B, and D are given by
-xI 0 U -xyV* 0 0
Be=| 0 zT 1 D= 0 0 0 (5.98)
Z 1 0 0 00

then to calculate the inverse of By, notice first its lower right-hand sub-block has inverse

-1
[0 1
\r -zT

Which lead us to the following inverse using the block-matrix inversion formula (the dotted

(ZT I
(5.99)

I 0

terms aren’t required):

Gx) -Gx)U GuzT®
B:'=| -ZGx) s I,-ZGx)UuzT (5.100)
ZTZG(x)
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5.B Test error and training error limits with linear pencils

With g;ij ) the trace of the squared sub-block (M 1)¢iJ> divided by the size of the block (i j), we
find the desired functions

fitey)= lim —gi® (5.101)

—+00

fow) = lim -g{'™  OR foy)= Jlim -gbv (5.102)
—~roo U

Let’s now consider g the limiting value of g4, and calculate the mapping n(g):

0 0 0 0 ¢g@ o
0 o 00 o g
o) 0 0 00 0 0 (5.103)
TE=1 0 00 0 0 ’
¢g® 0 0 0 ¢g? 0
o g% o0 o g

So we can calculate the matrix I1(M;) such that the elements of g are the limiting trace of the
squared sub-blocks of (IT(M;))~! (divided by the block-size) following the steps of the result in
Chapter 3:

0 0 0 -yl —¢gI1 0
0 0 0 0 0 (1-g"™1
(M) = 0 0 0 v . ! 0 (5.104)
—xI 0 U —-xyVv 0 0
—~pg®? 1 0 I 0 —pg®1 0
0 (1- g<51))1 0 0 0 _g(11>I

Therefore, there remains to compute the inverse of I1(M;). We split again I1(M;) as flattened
sub-blocks to make the calculation easier

0 BT -B'DB;HYT B!
oM =(- 2|=0m "= x~_§ P © b (5.105)
B, D (B, 0
With the three block-matrices
—xI 0 U —xI 0 U
B, =|-g®¢I 0 I By=|-g®¢I 0 I (5.106)
0 1-g®"1 o 0 1-g""r1 o
-xyVv* 0 0
D= 0 —g®2 I 0 (5.107)
0 0 -g\r
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Chapter 5. A framework: the gaussian covariate model

A straightforward application of the block-matrix inversion formula yields inverse of By

@g®PU-xn  ~U@pgPU-xD! 0
B'= 0 0 (1-g®r (5.108)
P (pgPU-xD —x(pg®? U - xD)7! 0

Therefore, we retrieve the following close set of equations:

g<11> =Try [(g<62>¢>U—xI)_1(xyV* + g<22>([)U2)(g<26>(PU— yI)‘l] (5.109)
g = gl (1 _ o191 (] _ o(5D)-1 (5.110)
g<26) —(1- g<51>)—1 (5.111)
g™ = —Tr, [U(g<62><pU— xI)‘l] (6.112)

(22)

These equations can be simplified slightly by removing g??, g®® and introducing g

g =Try [(@U - xg™ D7 xyg"® g0 V* + g U (U - yg©P D] (5.113)
a'"™ =Trg [(@U - xg"™ 1+ ¢ U) (U - xg"> D71 (5.114)
g19) =1 4019 (5.115)

Let {, = —xg‘'®, or by symmetry Cy= —yg®V, then using the fact that f;(x,y) = —g'" and
fo(x) = —g‘!> we find the system of equations

Ay =Trg [(QU + D)7 Ly VE + filx, U (@U +¢,, D)7 (5.116)
Jo() = —(H% (5.117)
(z=—2+Trg [(LUQPU+{ D7 (5.118)

Remark:As a byproduct of this analysis, notice the term g = (¢"'*)~" = ZX. In fact we have:

g% =T, [I,- ZGxUZ"] (5.119)
=1-Tr, [Z(AATZTZ - xD7'AAT ZT] (5.120)
=1-Tr, [(ZAATZT —xD)' ZAAT ZT] (5.121)
=1-Tr, [XXT = xD VX RT - xI, + x1)] (5.122)
= —xTr, [(XXT —xD7"] (5.123)

So if we let m(x) = Tr,, [(X XT—xI )_1] the trace of the resolvent of the student data matrix, we
find that m(x) = {;!. This can be useful for analyzing the eigenvalues as in Appendix 5.D.2.
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5.B Test error and training error limits with linear pencils

Limiting trace for f,

As before, we construct a second linear-pencil M, with Z the random matrix component into
consideration

I 0 0 0
M, = —zV* —zI 0 U (5.124)

0 o zT 1

0 Z I 0

The former flattened block B, can be recognized in the lower right-hand side of M», thus we
can use the block matrix-inversion formula and get:

I 0 0 0
Gz)V*
Myt=| FOWV ., (5.125)
-zZG(2)V B
22T 7G(2)V*

Now it is clear that we can express f>(z) = ¢p +1limg_. 10 g((;l). Following the steps of Chapter 3

we calculate the mapping

0 0 0 0
() = 0 0 0 0 (5.126)
T8 =10 ¢g® o0 o '
0o 0o g®¥ o
Which in returns enable us to calculate IT(M,)
1 0 0 0
(M) = —-zV* -zl 0 U (5.127)
P70 —gBver 0 I '
0 0 1-g%nH1 o

To compute the inverse of I1(M5), the block-matrix is first split with the sub-block B, defined
as follow

I |o o o
-zl 0 U v
B, =|-g®¢I 0 I II(M>) = ZO i (5.128)
0 1-g®H1 0 0 ‘

A straightforward application of the block-matrix inversion formula yields the inverse of B.:

@YU -zD! U@ PU-zD7! 0
Bl = 0 0 1-g@ 11 (5.129)
g(34>(,b(g<34>¢)U_ ZI)—I _Z(g(34)¢U_ ZI)_l 0
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Chapter 5. A framework: the gaussian covariate model

Hence we can derive the inverse

I 0 0 0
(34) U-zI —lv*
M(M,)~! = 2o . zD go1 (5.130)

z

Zg<34>¢(g<34>¢U_ ZI)—I V*

Eventually, using the fixed-point result on linear-pencils, we derive the set of equations

g%V =T, [zV* &P oU - zD)~ ] (56.131)
g = (1- gt (5.132)
g® =Tty [U(g<34>(pU— zI)_l] (5.133)
g<41>—Trd [zg<34>(,b(g<34>(/>U zh7 v ] (5.134)
g<22>_Tr [(g<34>(bU zD)” ] (5.135)

(5.136)

(23)

In fact, it is a straightforward to see that g©®¥, g% follows the same equations as the former

(15)
g
g = — £ Eventually we get gV = —Try [{,V* (U + (D] so in the limit d — oo

,g?9 in the previous subsection, therefore g?3 = g = 1- 41 = 1+ %, and thus

f(&)=co=Tig (V" (@QU+{D7'] (5.137)

5.B.2 Limiting traces for the training error
Limiting trace for 7,

A careful attention to the linear-pencil M; shows that the terms in the trace of h; are actually
given by the location g‘*. We have to be careful also of the fact that (M; !)*® is a block matrix
of size n x n, so it is already divided by the size n (and not d). Hence we simply have with
Nz = E_Z:

z

(x,y)=-g% =— C Ay =nmyfixy (5.138)
X 5y

Limiting trace for /,

In the case of h,, we need the specific term provided by the linear-pencil M- by the location
gV with ¢phy(2) = cop + g4

21

For h, we use the linear pencil for f>, but instead of using g®" we use hy = cop + g4V, We
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5.C Other limiting expressions

find:
g4 = z2¢pTry [V* (@U + (D7
- ¢>§Trd [V (@U+{.D7]
== (co- f(2)
(2
Hence:

hy(2) = co (1 - ;—Z) + ;—Zfz(z) =1z(cofo(2) + f2(2))

Limiting trace for h

Finally for hy we use again the linear pencil M, with:

Try [2G(2)] = 2% = ~Try [{(pU +{,D7']
=-Trg [z +dU - pU)(PU +{ D]
=—1+¢Try [U@U +{ D]

-1+ ?Trd [CZU((PU+(ZI)_1]
¢

==1+—((;+2)
g, Gt

Therefore:

ho(z) = (1 - E—Z) =— (1 + %) ;_Z =77zfo(Z)

z Z

5.C Other limiting expressions

(5.139)
(5.140)

(5.141)

(5.142)

(5.143)
(5.144)
(5.145)

(5.146)

(5.147)

(5.148)

In this section we bring the sketch of proofs of additional expressions seen in the main results.

5.C.1 Expression with dual counterpart matrices U, and V,

The former functionals f> and f; can be rewritten as:

fo(@) =co—Trg [{V (@U+(.D7]
= o= Trg [ 1 +¢U - PV (U +{:D7']
=co—Trg [V*] +Trg [pATV* (@U + (. D1 AT]
=co—co+Trg [pATBB*B*TBT A(Ux + (D]
=Tr, [(EF*B*TEN WUk +{.D7']

(5.149)
(5.150)
(5.151)
(5.152)
(5.153)
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Chapter 5. A framework: the gaussian covariate model

With similar steps using:

(VP =~ + UV I+ U) + (VT +GU) + (I + UV + UV U (5.154)

We find:
Ay =—co+Trg [( VI +dD) | +Trg [ I +pU) TV (5.155)
+Trq [(QU + (D (@GP UVU + fi(x, UH @U + D7 (5.156)
=co— fo(X) = () (5.157)
+ Tt [(Us + (e DTHEB BTED + filx, YU Us (Us + (D7 (5.158)
Hence in fact:
A Y) =T, [(Us + (D HEB BTED + i, U UL(Ux + D71 (5.159)

Finally, we have using the push-through identity and the cyclicity of the trace:

(o=—2+Trg [(AAT(@AAT + (. D7 (5.160)
= —z+Trg [(LAPAT A+, D7 AT (5.161)
=2+ Try [(Us (Us +{ D71 (5.162)

5.C.2 Limiting trace of Z7 ZV*

Here we show another way in which our random matrix result can be used to infer the result
on the limiting trace Try [ ZT ZV*]. To this end, we can design the linear-pencil:

I -v* 0 0
o 1 zF o
M3 = (5.163)
0 0 1 Z
0 0 0 I
It is straightforward to calculate the inverse of the sub-matrix:
-1
1zt o 1 -zt 71z
0o I Z =10 1 -Z (5.164)
0 0 I 0 0 1
So that:
1 v -z'v v*z'z
4 lo 1 -ZT VANA
M= (5.165)
0 0 I -7
0 0 0 I
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5.D Applications and calculation details

At this point, it is clear that the quantity of interest is provided by the term g¢'# of the linear-
pencil M3. We find calculate further:

0 0 0 0
B 0 0 0 (l)g<33>
0 0 0 0
Based on the inverse of M3, we can already predict that g® =1 and g? = 0. Hence:
I -v* 0 o0 I V- 0 ov*
I1(M3) = 0 I 0 —¢I = [I(Ms) "' = 0 I 0 of (5.167)
7o I o 7o I o '
0 0 0 1 0 0 O 1

Finally we obtain g% = Tr, [¢V*], and hence Try [ ZT ZV*]| = ¢Tr,y [V*].

5.D Applications and calculation details

5.D.1 Mismatched Ridgeless regression of a noisy linear function

Target function Here we consider a slightly more complicated version of the former exam-
ple where we let y(xg,x1) =1 (xOT By + xlT 1)+ e and still averaged over o ~ A (0, I,) and
B1 ~ N (0,I1-y)p) with xg € R"P,x; € RU"P. We letagain d = p+q and y = 5 and ¢ = g.
Therefore the former relation still holds ¢ = 5 =
B and compute V*:

n

55 = ¢poy. Similarly, we derive a block-matrix

d 2
r\/glyp 0 0 %[yp 0 0
B=| 0 /iy, o |[=Vvi=[ 0 Ziipy, 0 (5.168)
2
0 0 a\/glq 0 0 =5 1q

So that with the splitting Z = (/5 Xol/5 X111/ 4%), and *7 = (837 16;715;7), and with ¢ =
2B5:
Y = ZBB* = r(Xofi + X1 ) + 0 (5.169)

Estimator Following the same steps, we construct A and U with

d 1

LIy ALy 00
A={04_ppera|=U=| 0 0 0 (5.170)

Ogryd 0 00
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Chapter 5. A framework: the gaussian covariate model

So that we get the linear estimator Y;

1
Yi=ZAp: = ﬁXoﬁt

(5.171)

Analytic result as U and V* commute again, the joint probability distribution can be derived:

1 r
@(u——,v:— =
w v Yy
Plu=0,v=—|=0-7)
” Yy
2
Plu=0,v= =1-
(” 'S la-w v

4

(5.172)

(5.173)

(5.174)

Therefore, in the regime A = 0, with x = 70, a calculation leads to the following result (dubbed

the "mismatched model" in Hastie et al. (2019))

- K (@?2+(1-Nr?) x>1)
=fi=<x71 1
Bgen(+00) = /i {ﬁ02+r2y(1—1<) k<1) 5-179)
5.D.2 Non isotropic model
We have the joint probabilities P(u=a™',v=1)=—- =y forie{0,...,p—1} and A = 0. Then:
[ P fig+ (@l0)?
5.176
p lzo (p+ail)? ( :
177}
(= 5 Yy (/)fa"( (5.177)
i=0
1 P= 1 i
fz—co—— > ¢>iaac (5.178)
i=0
So either { = 0 and thus f1 =0,0r{ #0and:
15 L @)
=l1l-—= — —_— (5.179)
o108 ) AE e
A |
1=— - 5.180
p;o srall (5.180)
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5.D Applications and calculation details

Writing further down (a* ()2 (a! ( +¢- (/))2 (a’( + (/))2 - 2(,[)(0(’( + )+ (,b2 we get:

1—1 (ac)z lpl
— - 5.181
P; (Pp+a 16)2 s ,Zo</>+a Z(¢>+oﬂf)2 ( )
1"’1 1

17l ¢
=1-¢)-0p|1-=-y ———— 5.183
d-¢ (P( P,Zo(¢+a’()2) ( )

So:

S
=1-¢(1--Y ———| - 5.184
fi=( gb)( lzo(¢>+a102) ¢ (5.184)

Now injecting the expression for {:

p-1 p-1
1—12L—l ( L ___ ¢ ) (5.185)
= @+ald? pi5 ¢+a’( (p+ai()?
171
— (5.186)
P; <l>+a ()2
Hence the formula
P—l all -1
ggen(oo):(l—@( ; ¢+al()2) —¢ (5.187)

Asymptotic limit: Let’s consider the behavior of the generalisation error when a — co. Let’s
consider the potential solution for some k € {0,...,p —1}:

(k= %(1 +04(1)) (5.188)

for some constant ci. Then:

1 k
— 1 5.189
bt oa ki ron)  pren oW (5189

b=y

Hence we choose:

1
= (p( - 1) (5.190)
pp—k
Because &gen (00) = 0, we need to enforce { k > 0 which leads to the condition ﬁ —1=0, that

%, %], so {¥ can only be a solution for ¢ in this
p-1

range. Therefore we can consider the solution {(¢) =¥ ]1] koksl
p’pr

is 1= p¢—k > 0. So in fact it implies ¢ € ]
(¢). Then notice:

=oaldk Ck o, K k+1
) =-p*|p-—||p-—— 1 5.191
L GratE  Grgr V=P (d) p)(d) p )H’“” 19D
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Chapter 5. A framework: the gaussian covariate model

and thus for ¢ € [0, 1]\ %Z:

p-1 1-
ggen(oo) = Z o4 - ¢)

Boofo-4](

So we clearly see that in the limit of « large, the test error approaches a function with two roots

]1] ﬂ[((l))_(}b"'oa(l) (5.192)

k.
p’p

at the denominator.

Evolution:

122} file o+ a®iisl,

filx,y)=— . : (5.193)
hen = L v aitaweait,)
¢ __z+lpf_‘vz (5.194)
‘ p i=0 ¢+al(Z .
1270 alg,
(2D)=cop—— _— (5.195)
1 ‘ p ;) ¢+a'l,
In particular f> is given by:
'L 7]
(2)=cp—14+— ——— =y 1+¢{[1+— (5.196)
f 0 P,-;o¢+a’(z 0 ¢z 2
and fj is given by:
1
p=i=0 (p+a{)(p+a'l,)

— . (5.197)

Zp—l a2i(x(y
¢
p

~

=0 (p+ail)(Pp+all))

Eigenvalue distribution

In our figures, we look at the log-eigenvalue distribution of the student data pjog as it provides
the most natural distributions on a log-scale basis. So in fact, if we plot the curve y(x) = Ploga (X)

we have:
0
Y(x) = Proga(x) = ag?’(logft <X) (5.198)
0
=—PA<e") (5.199)
0x
=e*pa(e”) (5.200)
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5.D Applications and calculation details

So in a log-scale basis we have pjog) (log x) = xp 2 (x). It is interesting to notice the connection
with 7, for running computer simulations:
x+ie 1

X ., . L. .
Ploga(logx) = p CILI(I){ m(x+i€) = ;elg(f)g m = —;EIH(I){ Mx+ie (5.201)

It is work mentioning that the bulks are further "detached" as a grows as it can be seen in
figure 5.D.1. Furthermore, bigger @ makes the spike more distringuisable.

0154

= 0.10

005 4

0.00 4
T T T T T
1071 107 1077 107 1073 107t 10t 107 107 1077 107 1073 10t

A DOina

Figure 5.D.1: Theoretical (log-)eigenvalue distribution in the non-isotropic ridgeless regression
model with p =3,1 = 107°, @ = 10* with ¢ =1 on the left and a range ¢ € (0,1) on the right
heatmap.

5.D.3 Kernel Methods

Kernel methods are equivalent to solving the following linear regression problem:

n
p=argmin}_ (0 ¢(xi) - BT o) +A|| | (5.202)
i=1
Where ¢(x) = (¢p; (x))jen = (y/w;e;(x)) for some orthogonal basis (e;)en. In fact we can con-
sider:
Jor 0 .- 0
0 ) . 0
A=B=| \/_2 , , (5.203)
0 0 e /wd
and z; = (e1(x;),...,e4(x;)). Then let’s consider the following linear regression problem:
ﬁ:argmﬁin 1z (BB - AB)||” + A | 8| (5.204)
Egen(B) = E- | (2" (BB" - 4B))’ (5.205)

This problem is identical to the kernel methods in the situation with a specific 8* = (@q1, ...,004)-
Although V* and U don’t commute with each other, Notice that with x = y = —A, due to the
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diagonal structure of U:
fi=Trg [QU+{D NPV + fipUP) (U + (D71 (5.206)

(CZV + ipUP) QU+ D725 (5.207)

&IH

(2 Vi + AGIUA ) @IUL; +O 72 (5.208)

&I>~

TMs M

So in fact we find the self-consistent set of equation with &gep, (+00) = fi:

d .
(=A+ IZ(PM; : (5.209)
i=1

fipw? + %620
(Pw; +C)2

(5.210)

This is precisely the results from equation (78) in Loureiro et al. (2021) (see also Bordelon et al.
(2020)) with the change of variables A(1+ V) — { and p+ g —2m — fj.

5.D.4 Random feature example

2
We get the following matrices U, V with i = %,172 = VWZ, 72 = %, 6% = ﬁ:
~2 T ~= =2
pewws gviv 0 i, 0 0
U=| gvWwT #Iy 0 v=l 0o 0 o (5.211)
0 0 0 0 0 &%l

In fact, the matrices U and V do not commute with each other, so we have more involved
calculations. First we consider the subspace F = Ker(V — 62 Iq)L. Let’s define the matrices:

Pww! v 721, 0
up=|"" T “: vp=| P (5.212)

avw In 0 O
Upe=(0) Vi =(5%1) (5.213)

Then, although U and V can’t be diagonalized in the same basis, they are still both block-
diagonal matrices in the same direct-sum space R? = F@® F', so in fact the following split
between the two subspaces F and F* holds:

Fi=Teg [@UE+ DML VE@UE+ D 7Y (5.214)
+Trg [(@Up: + D7l y Vi (@UEL + D7 (5.215)
+Trq [(QU + D~ fipU? (U + D7 (5.216)
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Now let’s define x1, %2, k3 such that:
fi=rfxi+ -5 +o?ks (5.217)

That is to say, we get directly f; = (r?x; + 0°k3)x» and by definition:

r?x1 =Trg [(QUF + (D)™ 0ol y Ve(pUp + D7 (5.218)
1- Kiz =Trq [(@U +{ D7 QU QU+, D)7 (5.219)
0°x3 =Trg [(QUps +{I) ' {xly Vs (QURs +{yI) | = 07 (5.220)

So we already know that k3 = 1. Let’s focus on «;, we can deal with a linear pencil M such
that we would get the desired term. First we define similarly A%, the restriction of A” on the
subspace F:

aw

Ap =
=\ vy

) = Up=ApA}, (5.221)

Then, following the structure of M; we can construct the following linear-pencil M:

0 0 (I Ap
m=|’ O Al ’] 7 (Bxy/ 0 (5.222)
(] Ap —(lyVe 0 By ( e 0) '
Ap =5l 0 0
So that:
o B;l(_{xgyVF gB;l B;! 5.993)
B;! o
where:

Up+(D7! Ur+(D7TA
B;I—( (@QUF +{ D) P(PUE +{: 1) F) 5.224)

T\ ARPQUF+{D™! (—gI—- AL AR

In the above matrices, the sub-blocks Ar and Vr are implicitly flattened, so in fact M is given

completely by:
0 0 0 {yI 0 aw
0 0 0 0 (I VI
0 0 0 aw’ VI —é[
M= 3 ~2 (5.225)
i 0 oW —rlxyI, O 0
0 (I VI 0 0 0
agwT w1 —%I 0 0 0

and therefore, one has to pay attention on the quantity of interest which is given by a sum of

105



Chapter 5. A framework: the gaussian covariate model

two terms:

r’x; = lim P
d—+oo\ d

an 4 (22)

N
g —87|= w(g™ +yog®?) (5.226)

Using a Computer-Algebra-System, we get the equations with y,yy,6,6, defined such that
g9 =~y ly, 8% = —yy, ), 6, =g, 6, =, g

w8 = €uly) ™ BBy (Pl y + 1 yog ™) (5.227)
wg®? = ¢ 2 (ray ) gl Vi e?) (5.228)
g% = (L) ey gl ) (5.229)
8y =0 +yyulyo) ! (5.230)
Yy = W8y +d5 'y +vA) (5:231)
So:
(1- ' y0 68 (ray ) wg"" = (6:8,) ) (5.232)
and:
wg" +yoyg® = (1+you™v* (rry) (wg"™) (5.233)
Hence the result: s o
. L+vopsyo(yxyy) (6x5) (5.234)

- 1- /J41//0 (6x6y) (YxYy)

Also there remain to use the last equation regarding { using the fact that:

{y+y=Trq [LUQPU+{D 7] (5.235)
Notice that we have N
g% =~y wi,=Try [(—11 — iAIZAF) (5.236)
¢ {y
So because A;AF = AT A:
{yYy = ¢olyTrn [(AT A+, D7 (5.237)
= poTrn [(PAT A+ T—pAT A)(PAT A+ (D7 (5.238)
=poTen [I- pAT APAT A+ (D7 (5.239)
=po (1-Trn [ppU +{, D7 U]) (5.240)
:¢0(1— ¢o Try [(yU(<pU+(y1)‘1]) (5.241)
1//0<Ty
o )
=dol1- Cy+y) (5.242)
(,DO( WO(y (y Y
Therefore: y ®
y 0 y )
2o, =1-2 1+ (5.243)
(/)0 (y Yo ( Cy

For x» we can calculate the following expression - which in fact is general and doesn’t depend
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on the specific design of U:

1—%<ﬂmu¢U+QD*wﬂ@U+gn*] (5.244)
2
=Try [(PU + (D" HQU + I = (DU GU +{, D7 (5.245)
=Trg (U= {x@U+{D HU@QGU+{, D7 (5.246)
=Try [U@U +{y D)~ =L (U + D HUGU + {71 (5.247)
zihiLH¢U+(yD‘P-((2,an¢U+(xn*-wn¢U+(yn”) (5.248)
y_ X
1
=7 {nﬂgU@U+gn*—gU@U+gn*] (5.249)
y~—6x
1
:m({y+y—fx—x) (5.250)
y—x
—1+ (5.251)
{y—{x
Hence the general formula:
K2=-—£l:££ (5.252)
y—x

One can check that the same formula applies for instance for the mismatched ridgeless
regression. Also, we assume that it can be replaced by its continuous limit in y — x in the
situation x = y.

Finally for f,, we find

f=c-Tra[(:V@PU+{, D7 (5.253)
= o= Try [( Vit (@UpL + (D7 = Try [{ . VE(@UE+{ D] (5.254)
2 P -an ﬂ~<22>
=c—-0 dl_lglOO dg +dg (5.255)
=co— 0 @ + pog??) (5.256)

where we use § associated to a slightly different linear-pencil M:

0 0 1 0
=0 0 0 ! (5.257)
B ( 21 Af _( Ve 0 ’
T 1
Af =3I 0 0
from which we get using a Compute-Algebra-System
v +ypog®? =r?s, (5.258)

Another more straightforward way for obtaining the same result without the need for an
additional linear-pencil is to notice that if we let E7 = (I pl0px N) such that Vp = #2E, ET, then
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we have:

Trg [(xVE(@QUE + D)7 = Trg [{F*E{ (pUp + (<D Ey ] (5.259)
= F2{Trp [E] (pUF + (D E] (5.260)

Therefore reusing the definition of 6 and the former linear-pencil M:

Trq [(xVE(@UF + D7) = Pyl g = 1?6, (5.261)

Conclusionwe have the following equations

~ Cy—Cx) , LV wo(yxyy) )
=~ 5.0,) + 5.262
fi®y) ( y-x (r T 9000, (rayy) 0"+ (5.262)
f£(2)=co— (16, +07) (5.263)
82=+ypfpo)! (5.264)
Vo= (WP, + ¢yt +vA) ! (5.265)
Yy 4’0( y
D, =1-214 2 (5.266)
%Cy Yo {y

5.D.5 Realistic datasets

For the realistic datasets, we capture the time evolution for two different datasets: MNIST
and Fashion-MNIST. To capture the dynamics over a realistic dataset X € R™*¢ it is more
convenient to use the dual matrices Uy, Vi, =Z. We only need to estimate U, and Z* with
U, = ﬁXTX and Z* =~ tXTY. In both cases, we sill sample a subset of 1 < n, data-
samples for the training set. The scope of the theoretical equations is still subject to the
high-dimensional limit assumption, in other words we need n and d "large enough", that is to
say 1 <« n. At the same time, the approximation of U, and Z* hints at ny sufficiently large
compared to the number of considered samples 7. Hence we need also 7 < nyt.

Numerically, for the two following datasets and as per assumptions 5.1, the theoretical pre-
diction rely on a contour enclosing the spectrum Sp(X %y of XT X, but not enclosing —A.

Therefore, in order to proceed with our computations, we take a symmetric rectangle around
A
2
computation of the spectrum. For the need of our experiments, we commonly discretized the

the x-axis crossing the axis at the particular values —4 and 1.2maxSp (X’ X) after a preliminary

contour and ran a numerical integration over the discretized set of points.

MNIST Dataset: We consider the MNIST dataset with rn = 70’000 images of size 28 x 28 of
numbers between 0 and 9. In our setting, we consider the problem of estimating the parity of
the number, that is the vector Y with Y; =1 if image i represents an even number and Y; = —1
for an odd-number. The dataset X € R™*4 is further processed by centering each column to
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its mean, and normalized by the global standard-deviation of X (in other words the standard
deviation of X seen as a flattened ro; x d vector) and further by Vd (for consistency with the
theoretical random matrix 2).

The results that we obtain are shown in Figure 5.3.4. On the figure on the left side we show the
theoretical prediction of the training and test error with the minimum least-squares estimator
(or alternatively the limiting errors at t = +c0). We make the following observations which in
fact relates to the same ones as in Figure 4 in Loureiro et al. (2021):

* There is an apparent larger deviation in the test error for smaller n which tends to heal
with increasing number of data samples

* A bias between the mean observation of the test error and the theoretical prediction
emerges around the double-descent peak between n = 100 and n = 1000, in particular,
the experiments are slightly above the given prediction. We notice that this bias is even
more pronounced for smaller values of A.

* Although it is not visible on the figure, increasing n further tends to create another
divergence between the theoretical prediction and the experimental runs - as it is
expected with n getting closer to nyqt.

Besides the limiting error, we chose to draw the time-evolution of the training and test error
around at n = 700 around the double descent on the right side of Figure 5.3.4. This time, a
gradient descent algorithm is executed for each 10 experimental runs with a constant learning-
rate d¢z = 0.01. Due to the log-scale of the axis, it is interesting to notice that with such a
basic non-adaptive learning-rate, each tick on the graph entails 10 times more computational
time to update the weights. By contrast, the theoretical curves can be calculated at any point
in time much farther away. Overall we see a good agreement between the evolution of the
experimental runs with the theoretical predictions. However, as it is expected around the
double-descent spike, learning-curves of the experimental runs appear slightly biased and
above the theoretical curves.

Our analytical framework thus offers the possibility to capture the full theoretical evolution of
the training and test errors at any given point in time across a variable range of the parameter
n. This capability is illustrated in the heat-maps presented in Figure 5.3.5, showcasing the
complete theoretical evolution of both errors for the same model and dataset with 1 = 1073,

Fashion-MNIST Dataset: We provide another example with MNIST-Fashion dataset with
d = 784 and ny = 70'000. The dataset X is processed as for the MNIST dataset. We take
the output vector Y such that ¥; =1 for items i above the waist, and Y; = —1 otherwise. We
provide the results in Figure 5.D.2 where the training set is sampled randomly with n elements
in ny and the test set is sampled in the remaining examples. As it can be seen, the test error
is slightly above the prediction for n < 103 but fits well with the predicted values for larger
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n. Furthermore, the learning curves through time in Figure 5.D.3 are different compared
to the MNIST dataset in Figure 5.3.4 and we still observe a good match with the theoretical
predictions. However the mismatch in the learning curves seems to increase in the specific

case when A is lower, increasing thereby the effect of the double descent.

L7 — testith} 17

—— train {th)
+  train {exp)
t testiexp)
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Figure 5.D.2: Comparison between the analytical and experimental learning profiles for the minimum least-
squares estimator at A = 1073 on the left (average and + 2-standard-deviations over 20 runs) and A = 1072, .= 700

on the right.
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Figure 5.D.3: Comparison between the analytical and experimental learning evolution at A = 1072, 2.=700 (10
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The Random feature model

Recent evidence has shown the existence of a so-called double-descent and even triple-descent
behavior for the generalization error of deep-learning models. This important phenomenon
commonly appears in implemented neural network architectures, and also seems to emerge
in epoch-wise curves during the training process. A recent line of research has highlighted that
random matrix tools can be used to obtain precise analytical asymptotics of the generalization
(and training) errors of the random feature model. In this chapter which is based on the work
(Bodin and Macris, 2021a), we analyze the whole temporal behavior of the generalization and
training errors under gradient flow for the random feature model which has been described in
model 1.3 in the introduction and briefly outlined in Chapter 5, Section 5.3.3. This chapter
stands alone as a self-contained unit, reintroducing the random-feature model independently
of the Gaussian covariate framework. Furthermore, we conduct a more comprehensive
analysis of this model. We show that in the asymptotic limit of large system size the full
time-evolution path of both errors can be calculated analytically. This allows us to observe
how the double and triple descents develop over time, if and when early stopping is an option,
and also observe time-wise descent structures. Our techniques are based on Cauchy complex
integral representations of the errors together with recent random matrix methods based on
linear pencils.

6.1 Introduction

Deep learning models have vastly increased in terms of number of parameters in the architec-
ture and data sample sizes with recent applications using unprecedented numbers with as
much as 175 billions parameters trained over billions of tokens Brown et al. (2020). Such mas-
sive amounts of data and growing training budgets have spurred research seeking empirical
power laws to scale model sizes appropriately with available resources Kaplan et al. (2020),
and nowadays it is common wisdom among practitioners that "larger models are better". This
ongoing trend has been challenging classical statistical modeling where it is thought that
increasing the number of parameters past an interpolation threshold (at which the training
error vanishes while the test error usually increases) is doomed to over-fit the data Hastie et al.
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(2001). We refer to Zhang et al. (2016) for a recent extensive discussion on this contradictory
state of affairs. Progress towards rationalizing this situation came from a series of papers
Belkin et al. (2019b, 2018, 2019c, 2020b); Spigler et al. (2019a); Geiger et al. (2020); Advani
et al. (2020b) evidencing the existence of phases where increasing the number of parameters
beyond the interpolation threshold can actually achieve good generalization, and the charac-
teristic U curve of the bias-variance tradeoff is followed by a "descent" of the generalization
error. This phenomenon has been called the double descent and was analytically corroborated
in linear models Hastie et al. (2019); Derezinski et al. (2020); Muthukumar et al. (2020); Bartlett
et al. (2020); Deng et al. (2021b) as well as random feature (RF) (or random feature regression)
shallow network models Mei and Montanari (2019); Liao et al. (2020); Gerace et al. (2020b);
D’Ascaoli et al. (2020). Many of these works provide rigorous proofs with precise asymptotic
expressions of double descent curves. Further developments have brought forward rich phe-
nomenology, for example, a triple-descent phenomenon d’Ascoli et al. (2020) linked to the
degree of non-linearity of the activation function. Further empirical evidence Nakkiran et al.
(2020a) has also shown that a similar effect occurs while training (ResNet18s on CIFAR10
trained using Adam) and has been called epoch-wise double descent. Moreover the authors of
Nakkiran et al. (2020a) extensively test various CIFAR data sets, architectures (CNNs, ResNets,
Transformers) and optimizers (SGD, Adam) and classify their observations into three types of
double descents: (i) model-wise double descent when the number of network parameters is
varied; (ii) sample-wise double descent when the data set size is varied; and (iii) epoch-wise
double descent which occurs while training. We wish to note that sample-wise double descent
was derived long ago in precursor work on single layer perceptron networks Opper (1998);
Engel and Van den Broeck (2001b). An important theoretical challenge is to unravel all these
structures in a unified analytical way and understand how generalization error evolves in time.

In this contribution we achieve a detailed analytical analysis of the gradient flow dynamics
of the RF model (or regression) in the high-dimensional asymptotic limit. The model was
initially introduced in Rahimi and Recht (2008) as an approximation of kernel machines; more
recently it has been recognized as an important playground for theoretical analysis of the
model-wise double descent phenomenon, using tools from random matrix theory Mei and
Montanari (2019); Liao et al. (2020); Jacot et al. (2020b). Following Mei and Montanari (2019)
we view the RF model as a 2-layer neural network with fixed-random-first-layer-weights and
dynamical second layer learned weights. The data is given by 7 training pairs constituted of
d-dimensional input vectors and output given by a linear function with additive gaussian
noise. The data is fed through N neurons with a non-linear activation function and followed by
one linear neuron whose weights we learn by gradient descent over a quadratic loss function.
The high-dimensional asymptotic limit is defined as the regime n, d, N — +oo while the ratios
tend to finite values % — vy and 7 — ¢. As the training loss is convex one expects that the least-
squares predictor (with Moore-Penrose inversion) gives the long time behavior of gradient
descent. This has led to the calculation of highly non-trivial analytical algebraic expressions
for training and generalization errors which describe (model-wise and sample-wise) double
and triple descent curves Mei and Montanari (2019); d’Ascoli et al. (2020). However, to the
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best of our knowledge, there is no complete analytical derivation of the whole time evolution
of the two errors.

We analyze the gradient flow equations in the high-dimensional regime and deduce the whole
time evolution of the training and generalization errors. Numerical simulations show that
the gradient flow is an excellent approximation of gradient descent in the high-dimensional
regime as long as the step size is small enough (see Fig. 6.3.1). Main contributions presented
in detail in Sect. 6.3 comprise:

a. Results 6.1 and 6.2 give expressions of the time evolution of the errors in terms of one and
two-dimensional integrals over spectral densities whose Stieltjes transforms are given by a closed
set of purely algebraic equations. The expressions lend themselves to numerical computation
as illustrated in Fig. 6.1.1 and more extensively in Sect. 6.3 and the supplementary material.

b. Model and sample-wise double descents develop after some definite time at the interpola-
tion threshold and are preceded by a dip or minimum before the spike develops. This indicates
that early stopping is beneficial for some parameter regimes. A similar behavior also occurs
for the triple descent. (See Figs. 6.3.2, 6.3.3 and the 3D version Fig. 6.1.1).

c. We observe two kinds of epoch-wise "descent" structures. The first is a double plateau
monotonously descending structure at widely different time scales in the largely overparame-
terized regime (see Fig. 6.3.2). The second is an epoch-wise double descent similar to the one
found in Nakkiran et al. (2020a). In fact, as in Nakkiran et al. (2020a), rather than a spike, this
double descent appears to be an elongated bump over a wide time scale (see Fig. 6.3.4 and the
3D version Fig. 6.1.1).

Let us say a few words about the techniques used in this work. We first translate the gradient
flow equations for the learned weights of the second layer into a set of integro-differential
equations for generating functions, as in Bodin and Macris (2021b), involving the resolvent of
arandom matrix (constructed out of the fixed first layer weights, the data, and the non-linear
activation). The solution of the integro-differential equations and the time evolution of the
errors can then be expressed in terms of Cauchy complex integral representation which has
the advantage to decouple the time dependence and static contributions involving traces
of algebraic combinations of standard random matrices (see Liao and Couillet (2018) for
related methods). This is the content of propositions 6.1 and 6.2. With a natural concentration
hypothesis in the high-dimensional regime, it remains to carry out averages over the static
traces involving random matrices. This is resolved using traces of sub-blocks from the inverse
of a larger nontrivial block-matrix, a so-called linear pencil. To the best of our knowledge linear
pencils have been introduced in the machine learning community only recently in Adlam
and Pennington (2020a). This theory is developed in the context of random matrix theory in
Rashidi Far et al. (2006); Helton et al. (2007) and Helton et al. (2018) using operator valued
free-probability. The non-linearity of the activation function is addressed using the gaussian
equivalence principle Pennington and Worah (2017); Péché (2019); Adlam and Pennington
(2020a). Finally, our analysis is not entirely mathematically controlled mainly due to the
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concentration hypothesis in Sect. 6.2.3 but comparison with simulations (see Fig. 6.3.1 and
SM) confirms that the analytical results are exact.

In the conclusion we briefly discuss possible extensions of the present analysis and open
problems among which is the comparison with a dynamical mean-field theory approach.
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Figure 6.1.1: 3D plot of analytical test error evolution. See Figs. 6.3.4 and 6.3.3 (on the right) for
parameter values.

6.2 Random feature model

6.2.1 Model description

Generative model and neural network:We consider the problem of learning a linear function
fax) = da—: B*T x with x, 8* € R? column vectors. The vector x is interpreted as a random
input and B* as a random hidden vector; both with distribution A4/ (0, I), I; the d x d identity
matrix. We assume having access to the hidden function through the noisy outputs y = f;(x)+¢
with additive gaussian noise € ~ A4 (0,5%), s € R,. We suppose that we have n data-points
(Xi, ¥i)1<i<n. This data can be represented as the n x d matrix X € R"*? where xl.T is the i-th
row of X, and the column vector vector Y € R"” with i-th entry y;. Therefore, we have the
matrix notation Y = d~2 X B* + & where & ~ A4(0,5%I,) and I, the n x n identity matrix.

We learn the data with a shallow 2-layer neural network. There are N hidden neurons with
weight (column) vectors 8; € R%, i=1,---, N each connected to the d input neurons. Out of
these we form the matrix (of the first layer connecting input and hidden neurons) © € RN*d
where HiT is the i-th row of © . Its entries are assumed independent and sampled through
a standard gaussian distribution .4 (0, 1); they are not learned but fixed once for all. The
data-points in X are applied linearly to the parameters ©, and the output Z € R"**V of the first
layer is the pointwise application of an activation functiono:R—R, Z =0(d 1 X 0T). We use
the notation zl.T to express the i-th row of Z. The second layer consists in a weight (column)
vector 8; € RN to be learned, indexed by time ¢ > 0, with components initially sampled at ¢ = 0

iid A4 (0,7%), r € R,. The prediction vector is expressed as ¥; = Nz ZBy.
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,(2
We assume that the activation function belongs to L? (e~ z dx) with inner product denoted
(,). It can be expanded on the basis of Hermite polynomials, so o € Span ((Hek) kzo), where
%2 k x2
He (x) = (-1)*e7 256”7 (50 Hey(x) = 1, He, (x) = X, He,(x) = x* =1, He,(x) = x* = 3x, ...).
Furthermore we take o centered with (o, He,) = 0, and set u = (0, He,), V2 =(0,0) - ,uz. For
instance, o = id has (1,v) = (1,0) while 0 = Relu— —= has (1,v) = (3,3 (1 - $)'/?) = (0.5,0.3).
Finally, we recall that we are interested in the high dimensional regime where the parameters
N, n,d tend to infinity with the ratios % —yand 5 — ¢.

Training and test errors:For a new input x, € R?, we define the predictor y;(xo) = \/Lﬁz(xo) B,

where z(xg) = a(ﬁ@xo). We will further define the standard training and test errors with a
penalization term A > 0 and the quadratic loss:

1 N A
Euain(P) = — Iy -v|*+ ~ 1B, EgenB = Exymorion [ (y(x0) — §(x0))?] 6.1)

Note that because of the A-penalization term, in this context, the training error can be above
the test error in some configurations of parameters. Also, we will slightly abuse this notation
throughout the chapter by using Eirain (1), éagen (1) to designate Eirain (B1), ggen (Be).

Gradient flow:Minimizing the training error of this shallow-network is equivalent to a standard
Tikhonov regularization problem with a design matrix Z for which the optimal weights are
given by oo = (LNZ + AL I 5—% Y. The errors generated by the predictors with weights B
have been analytically calculated in the high-dimensional regime in Mei and Montanari (2019)
and further analyzed in d’Ascoli et al. (2020). Here we study the whole time evolution of the
gradient flow and thus introduce an additional time dimension in our model. Of course as
t — +oo one recovers the errors generated by the predictors with weights B,. The output

vector f; is updated through the ordinary differential equation ‘Zﬁ; = —1NVg&rain(B) With a

fixed learning rate parameter 1 > 0. As 1 can be absorbed in the time parameter, from now

on we consider without loss of generality that = 7. Setting § = A ¢, we find that the gradient

flow for B, is a first order linear matrix differential equation,

B:+ z” Y (6.2)
VN

+51N

ap: (ZTZ
dt | N

Recall the initial condition Sy is a vector with i.i.d .4 (0, 7%) components.

6.2.2 Cauchy integral representations of the training and test errors

An important step of our analysis is the representation of &rain and Egen in terms of Cauchy
contour integrals in the complex plane. To this end we decompose both errors in elementary
contributions and derive contour integrals for each of them. Details are found in section 6.4
and the SM.
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We begin with the test error which is more complicated. We have

Egen(t) = 1+ s* —2pug(t) + W*h(t) + VZ1(1) + 04 (1) (6.3)
where limd_,Jroo 04(1) = 0 with high probability, and g(¢) = \F f f’ h(t) = || @ B ||2 and
(1= || ||2 To describe Cauchy’s integral representation of the elementary functlons g hl

we introduce the resolvent R(z) = (L]\}Z —zIy) ' forallze C\ Sp(LIf).

Proposition 6.1 (Test error). Let% be the functional acting on holomorphic functions f:
C\ Sp(Z—;,Z) —-CasRAf(2)}=- 27” £ f(z) over a contour T encircling the spectrum Sp(Z Z)
in the counterclockwise direction. Similarly, let Z, , be the functional acting on two-variable
holomorphicﬁmctionsf' (C \ Sp(ZTZ))2 —Cas Ry yif (X, 1)} = ¢ fp AL zdjfl f(x,y). Let G4(z) =

B’ z"
7 fR(z) and K(z) = R(z) . We have forall t =0

ff

1-— e—t(z+5)
g =R, { e G+ ———K(2) } . (6.4)
z+0

Let L;(2) = %R(z)\% and Uy(2) = S£ R L5 and V(2) = S£ R 5L Forall 120

1— e t(z+0)

1(1) :@Z{ e M@0 () +2e7 1 EH) (
0+z

1— e—t(5+z)
U(2)+| ——
o+z

V(2) } (6.5)

T
Let Hy(x,)) = Lo R 99 Ry LL, Qi) = Lo R 99" R(y) £
and W(x,y) = Y ZR(x)%R(y)Z .Forallt<0

t6+y) -1 et(6+x) -1
W) =R —t6+x+y) € 1 Y P :
(1) x,y{e Sty Qo(x,y) St x Qo(y,x)

1-— e—t(x+5) 1-— e—l’(_)/+5) .
—t(x+y+20)
+92x,y{ — e Wy +%x,y{e Ho(x,y)}. 6.6)

A similar but much simpler representation holds for the training error.
Proposition 6.2 (Training error). With the same definitions than in proposition 6.1 we have

_ ,-2t(0+2)

0+z

IIYII2

1
Etrain(t) = +- R {(z+6)e‘2“2+‘”Lo(z)—2e‘2“2+‘” Up(z)—

V(z)} . (6.7)

6.2.3 High-dimensional framework

The Cauchy integral representation involves a set of one-variable functions .4 = {Gy, K, Ly, Uy,
Vi:C\ Sp(LNZ) — C and a set of two-variable functions # = {Hy, W, Qp} : C\ Sp(%))2 —-C
so that g, h, [ and thus also &gen and yain are actually functions of (£;5,.#2). Thus we can
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write for instance: &gen(B:) = Egen(l;F1,-#2). We simplify the problem by considering the
high-dimensional regime where N, 1, d — oo with ratios % — v, 7 — ¢ tending to fixed values
of order one. In this regime we expect that the functions in .4} and . concentrate and can
therefore be replaced by their averages over randomness. These averages can be carried out
using recent progress in random matrix theory Rashidi Far et al. (2006), Helton et al. (2007),
and we are able to compute pointwise asymptotic values of the functions in %3, .%, and
eventually substitute them in the Cauchy integral representations for the training and test
error. In general, rigorously showing concentration of the various functions involved is not
easy and we will make the following assumptions:

Assumptions 6.1. In the high dimensional limit with d, N,n — +oo and % -, g — ¢

1. The random functions in #,, % are assumed to concentrate. We let A = {Gy, K, Lo, Uy, V}
and % = {Hy, W, Qo} be the pointwise limit of the functions.

2. There exists a bounded subset ‘€ < R* such that the functions in A and % are holomor-
phic on C\ € and (C\ 6)? respectively

3. The gaussian equivalence principle (see sect. 6.4.2) can be applied to the limiting quanti-
ties.

It is common that the closure of the spectrum of suitably normalized random matrices con-
centrates on a deterministic set. Thus the bounded set € can be understood as the limit
of the finite interval [0,lim, maxSp(iNZ)]. In the sequel we will distinguish the theoretical
high-dimensional regime from the finite dimensional regime using the upper-bar notation.

Definition 6.1 (High-dimensional framework). Under the assumptions 6.1, we define the
theoretical test error é“gen(t) = Egen(t; A, %) and the theoretical training error Errain(t) =
Etrain(t; A, F2)

We conjecture that limg Eain (1) = Etrain (1) and limg Egen (1) = Egen(?) at all times ¢ € R. We
verify that this conjecture stands experimentally for sufficiently large d on different con-
figurations (see additional figures in the SM). This also lends experimental support on the
assumption 6.1. Furthermore we conjecture that the d — +oo and ¢ — oo limits commute,
namely lim g lim; &rain (1) = lim; Eirain(t) and lim, lim; Egen (1) =lim; é_"gen(t).

6.3 Results and insights

6.3.1 Main results

In this section we provide the main results of this work: analytical formulas tracking the test
and training errors during gradient flow of the random feature model for all times in the
high-dimensional theoretical framework.
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Result 6.1. Under the assumption 6.1, the theoretical test and training errors of definition 6.1
are given for all times t = 0 by the formulas

Egen(t) =1+ 5% —2ug(0) + p* h(t) + V2 1(D), (6.8)
_ 9 1 - 5 1 _e—2t(6+w)
Epain(H) =1+ +EfR (6 +w)e @ p; () - 5T Pr© dw (6.9)
with c = %, 8 = cA, and the functions g, h, | given by
_ e—t(w+5)
o ) = —_— 005 d , 610
g1 fR oio pgw)dw (6.10)
7 2t(@+9) 1— e+’
= e —| Py 11
(1) fR pi, W)+ 75 py ()| dw (6.11)
B Husv426) _ e—t(u+6) 1— e—t(y+5)
- - - - (u, ' 12
h(t) ffu@z e o, U v)+ 15 - pw(u,v) | dudv (6.12)

where the measures pg, P, 0y, P i, Pw (are possibly signed) are characterized by their Stieltjes

transforms given by K, Ly, V, Hy, W

RKx)=1¢", Lox)=r?gf, V) =s*(1+xg)+(c—h}), 6.13)
Ho(x,y) =r*q, W(x,y)=s°cqa+q> .

where for each x,y € C* (the upper half complex plane) g1 Jhy, i ,g1 , hy, tly and q1, g2, q4, g5
(which depend symmetrically on (x, ), e.g., g1 = ql = ‘71 *) are solutions of a purely algebraic
system of equations (see SM for the criterion to select the relevant solution)

Ozl«twglhx_tl
0= uwgyhy—ty

=(c—1-xg") (c—p?Ppgihf) - ch}

=(c-1-yg])(c— ,uqbgyhy) ch)

0=1-gF (K2R} +(c—1-xgHV? —x)

0=1-g (u? hy+(c 1- ygl)v )

= —1*g{ g +u2h"6/1 +pgy t"+ug1 —cgi gV - g —qx+ v (c—gfx-1)
0=p(p-vegix—w)(- ﬂ815I2+.Uh4C/1+81 )+ cqs(l—pt]) - g2
0=—p2Ppgi(l—ut})qa+pqs(c— g y—1)- v¢gi‘q4—¢q4+q1v2(¢—wglyy—w)
0=y Ppgrg) qa+welgl +a)(—ut) - p*ywgiqgs(c— g x—1)-gs

We can also deduce the limiting training error and test errors in the infinite time limit:
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Result 6.2. In the limit t — co we find:

B} _ _ dv _ 1.
lim &en(1)=1+ s? = 2uK (=8) + uP W (-5,-8) + vza(—a), lim &rpain(1)=1+ s%— EV(—cs)

Interestingly, in the limit £ — oo, the expressions become simpler and completely algebraic in
the sense that we do not need to compute integrals (or double-integrals) over the supports
of the eigenvalue distributions. It is not obvious to see on the analytical expressions that the
result is the same as the algebraic expressions obtained in Mei and Montanari (2019) but Fig.
6.3.1 shows an excellent match with simulation experiments. We note here that checking that
two sets of complicated algebraic equations are equivalent is in general a non-trivial problem
of computational algebraic geometry Cox et al. (2007).

6.3.2 Insights and illustrations of results

The set of analytical formulas allows to compute numerically the measures px, pr,, Pv, 0 H,y» OW
and in turn the full time evolution of the test and training errors. The result matches the
simulation of a large random feature model where d is taken large as can be seen on Figs. 6.3.1
for the infinite time limit (experimental check of result 6.2) and additional figures in the SM
(experimental check of result 6.1). Below we illustrate numerical computations obtained with
analytical formulas of result 6.1 for various sets of parameters (, i, v, ¥, ®, 1, s, A1). For instance,
we can freely choose two of these parameters and plot the generalization error in 3D as in Fig.
6.1.1, or as a heat-map in the following. We describe three important phenomena which are
observed with our analysis.

Double descent and early-stopping benefits: while Mei and Montanari (2019) mostly analyze
the minimum least-squares estimator of the random feature model which displays the double-
descent at v = ¢, we are predicting the whole time evolution of the gradient flow as in Fig.
6.3.2. We clearly observe the double-descent curve at ¢ = 10'° for y = ¢»; but we now notice
that if we stop the training earlier, say at times 1 < ¢ < 10, the generalization error performs
better than the minimum least squares estimator. Actually, in the time interval ¢ € (1,10) for
¥ = ¢ the test error even has a dip or minimum just before the spike develops. We also notice
a two-steps descent structure with the test error which is non-existent in the training error
and materializes long after the training error has stabilized in the overparameterized regime
1 > ¢. This is also reminiscent but not entirely similar to the abrupt grokking phenomenon
described in Power et al. (2021).

Triple descent: We can observe a triple descent phenomenon materialized by two spikes as
seen in Fig. 6.3.1 at ¢ = co (we also check that the theoretical result matches very well the
empirical prediction of the minimum least squares estimator both for training and test errors).
This triple descent phenomenon is already contained in the formulas of Mei and Montanari
(2019) (although not discussed in this reference) and has been analyzed in detail in d’Ascoli
etal. (2020). The test error contains a so-called linear spikefor ¢ = 1 (n = d) and a non-linear
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spike for ¢ = ¢ (N = n). The two spikes are often not seen together as this requires certain
conditions to be met, and they tend to materialize together for specific values y, v of the
activation function where p > v. Here we further observe the evolution through time of the
triple descent and the two spikes and how they develop in Fig. 6.3.3. There, we notice that the
linear-spike seems to appear earlier than the non-linear one.

Epoch-wise descent structures: Important phenomena that we uncover here are two time-wise
"descent structures". (i) As can be seen in Fig. 6.3.2, the test error develops a double plateau
structure at widely different time scales in the over-parameterized regime (¢ > ¢) while there
seems to be only one time scale for the training error. This kind of double plateau descent
is different from the "usual" double-descent. (ii) Moreover, on Fig. 6.3.4 for well chosen
parameters (in particular for noises with s and r "larger" and ¥ = 2¢), we can also observe
an elongated bump (rather than a thin spike) for small A’s. Notice the logarithmic time-scale
which clearly shows that here we need to wait exponentially longer to attain the "second
descent" after the bump. This is very reminiscent of the epoch-wise double descent described
in Nakkiran et al. (2020a) for deep networks (which happens on similar time scales).

014+ —_— Hern'n
: 20 A
0124 b exp HEN

0.08

Tain MSE
Test MSE

0.06 4

0.02 4

0.00

T T T T T T T T 0o T T T T T T T T
@25 050 075 100 125 150 175 200 025 030 075 100 125 150 175 200

L ol

Figure 6.3.1: Large time limit. Analytical training error and test error profile with parameters
(w,v,y,r,s,1) =(0,1,2,1,0.5,0.01) compared with experimental least squares MSE with 40 data-points
with d = 5000 (average of 10 instances with confidence bar at 20)

Train

time (t) time (t)
Figure 6.3.2: Model-wise double descent. Analytical training error and test error evolution with

parameters (i, v, ¢, 1,s,1) =(0.5,0.3,3,2.,0.4,0.001). Note that we vary the number of model parameters
).
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Train

0.5 0.5

time (t) time (t)

Figure 6.3.3: Sample-wise descents. Analytical training error and test error evolution with parameters
(w,v,y,r,s,1)=(0.9,0.1,2,1,0.8,0.0001). Note that we vary the number of samples (¢b).
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Figure 6.3.4: Epoch-wise descent structures. Analytical test error evolution with respect to different
values of A (i, v, ¥, ¢, 1,5) = (0.5,0.3,6,3,2.0,0.5). Here the ratio of number of parameters and samples
is fixed.

6.4 Sketch of proofs and analytical derivations

The analysis is threefold. Firstly, we decompose the training and test errors in elementary terms
and establish Cauchy’s integral representation for each of them, as provided in proposition
6.1. A crucial advantage of this form is that it dissociates a scalar time-wise component and
static matrix terms. Secondly, we switch to the high-dimensional framework where the matrix
terms are substituted by their limit using the gaussian equivalence principle. Thirdly, we can
compute the expectations of matrix terms thanks to a random matrix technique based on
linear pencils. In this section we only sketch the main ideas for each step and provide details
in the supplementary material.

6.4.1 Cauchy’s integral representation

We sketch the derivation for the test error and leave details to appendices. The derivation
for the training error is entirely found in the SM. Expanding the square in Equ. (6.1) and

carrying out averages we find Equ. (6.3) for &gen (1) with g(1) = bl b h() =1 o b

2
= VavavN’ vaval™
&

and I(2) = || % (see SM for this derivation).
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We show how to derive the Cauchy integral representation for g(¢). For h(t), [(t) the steps
are similar and found in SM Let us consider the function (¢, z) — G;(z) as in 6.1. Then we

have the relation g(1) = 57 fr dzG;(z) where T is aloop in C enclosing the spectrum of Z;,Z.
This can easily be seen by decomposing the symmetric < NZ in an orthonormal basis vy, ..., vy

with the eigenvalues 1,...,An: then we have G;(z) = Z 1 (ﬁ o T b

72 valiv l\ﬁ) and because

i= 1 Ai—z
A; are all encircled by I', we find — ¢ zdﬂzl Gi(2) = Zl 1 f sz lT\ﬁFZ g(#). Now, the ODE
derived for f; in (6.2), can be written shghtly differently using the fact that = Z Z =R(z)1+zI
for any z outside Sp(Z Zy, Namely, dﬁ[ = T R(2)~ lﬁt —(z+6)P;. Then, we can derive an
integro-differential equation for G;(z) involving g(#) and K(z):
0;G;(2)
% =K(2) - g(t) - (z+6)Gy(2) (6.14)

In the following, we let £ be the Laplace transform operator (< f)(p) = 0+°° dre P'f(1),Rep
large enough. Note that the contour integral is performed over a compact set I so for Re p
large enough, by Fubini’s theorem, the operations £ and £, commute. Applying £ to (6.14)
and rearranging terms we find for Re(p + z+ 8) # 0:

Go(2) N Kz  Zgp)
p+z+6 pp+z+0) p+z+0d

LGp(z) = (6.15)
Now, we can always choose I' such that —(p + §) is outside of the contour if we assume
Re(p +0) > 0 (since min; A; = 0). Thus, applying % to (6.15) nullifies the last term because
the pole is outside I', and using commutativity 2, £ Gy, = L% .G,

_ ,—t(z+0)

1
R LGCGp=LR, { e "Gy (2) + y;

K(z)} =Zg(p). (6.16)

Finally, using the inverse Laplace transform leads to (6.4).

6.4.2 Gaussian equivalence principle

The matrix terms must be estimated in the limit d — oo with {8, B¢, ¢, 0, X} all indepen-
dently distributed. As per assumptions 6.1 all the matrix terms in .#;,.% are assumed to
concentrate. So for instance we assume that the following limit exists K(z) =limy_.. K(2) =
limg .o Eg+ ¢,0,x[K(2)]. Using cyclicity of the trace we easily perform averages over *,¢ to
find

@T ZT
—R(z)
vid N
After these reductions, the expressions of all functions in A, s essentially involve products
of random matrices ©, X and pointwise applications of the non-linear activation o. This
can be further reduced to simpler algebraic expressions using the gaussian equivalence prin-

K(z) =limEg g xT —:TR( )—ZT;(‘E*‘E*T =lim—Eg g xT
Z) = 1m * Ir V4 =1m * Ir
a e N7 N d ad?"®

(6.17)
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ciple. This principle states that: there exists a standard gaussian random matrix Q € RN
independent of {X, 0} such that in the infinite dimensional limit we can make the substitution
Z=0(d"V?x0") — pud™1"2X0T + vQ in the expressions of all functions in #, %. This ap-
proach is quite general and is well described in Adlam and Pennington (2020a); Adlam et al.
(2019) (and formerly in Pennington and Worah (2017) and Péché (2019)). Thus it remains to
compute expectations of traces containing only products, and inverses of products and sums,
of gaussian matrices.

6.4.3 Expectations over random matrices using linear pencils

We explain how to compute the limit of (6.17) once the gaussian equivalence principle has
been applied. A powerful approach is to design a so-called linear pencil. In the present
context this is a suitable block-matrix containing gaussian random matrices and multiples
of the identity matrix, for which full block-inversion gives back the products of terms in the
traces that are being sought. This approach has been described in Rashidi Far et al. (2006);
Helton et al. (2007); Mingo and Speicher (2017). We have found a suitable linear pencil which
contains fortuitously all the terms required in S, F. Tt is described by the 13 x 13 block-
matrix M, and pursuing with our example, we get for instance with the block (7,12) that
limg K(y) =limg 3 Tr[(M~1) @12

3
|
-
lo
|
~
gt e

<
oooooooo~.§|><ooo
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=g
<

ooooooo»s.o%koooo
Do O o o o o o
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oo»\.%k}ooooooooo
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Ha
Next, the great advantage of the linear pencil is that (as described in Rashidi Far et al. (2006);
Helton et al. (2007); Mingo and Speicher (2017)) it allows to write a fixed point equation
F(G) = G for a "small" 13 x 13 matrix G with scalar matrix elements. We also provide in the SM
an independent derivation of the fixed point equations using the replica method (a technique
from statistical physics Edwards and Jones (1976)).The components of G are linked to the
limiting traces of the blocks of M~! as in [Gl,7 = K(z). The action of F can be completely
described as an algebraic function leading to (a priori) 13 x 13 = 169 equations over the matrix
elements of G. The number of equations can be immediately reduced to 39 because many
elements vanish, and with the help of a computer algebra system the number of equations
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can be further brought down to 10. We refer to the SM for all the details about the method.

6.5 Conclusion

We believe that our analysis could be extended to study the learning of non-linear functions,
the effect of multilayered structures, and potentially different layers such as convolutions, as
long as they are not learned. A challenging task is to extend the present methods to learned
multilayers. A further question is the application of our analysis in teacher-student scenarios
with realistic datasets (See Loureiro et al. (2021); Adlam et al. (2019)).

Finally we wish to point out that a comparison of the approach of the present chapter (and
the similar but simpler one of Bodin and Macris (2021b)) with the dynamical mean-field
theory (DMFT) approach of statistical physics remains to be investigated. DMFT has a long
history originating in studies of complex systems (turbulent fluids, spin glasses) where one
eventually derives a set of complicated integro-differential equations for suitable correlation
and response functions capturing the whole dynamics of the system (we refer to the recent
book Parisi et al. (2020) and references therein). This is a powerful formalism but the integral
equations must usually be solved entirely numerically which itself is not a trivial task. For
problems close to the present context (neural networks,generalized linear models, phase
retrieval) DMFT has been developed in the recent works Sompolinsky et al. (1988); Crisanti
and Sompolinsky (2018); Agoritsas et al. (2018); Mignacco et al. (2020, 2021). We think that
comprehensively comparing this formalism with the present approach is an interesting open
problem. It would be desirable to connect the DMFT equations to our closed form solutions
for the training and generalization errors expressed in terms of a set of algebraic equations of
suitable Stieltjes transforms.
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Appendix

6.A Test Error substitutions

The test error gen (1) in (6.1) can be expanded into smaller terms

Egen (1) = Exy [y(x0)?] — 2E, [y (x0) ¢ (x0)] + E, m(xoﬁ

g’ Bt r, Br
2——[y, [x0z(x0) ]—+ —[Ex0 [z(x0)z(x ) . (6.18)
v 0Z(Xo 0 0

VN VN VN

The random noise € from y(xp) only 1mpacts the first term on the rlght hand side with

= Ex, [y(x0)%] -

Ex, [y(xo) ] =1+s2. Using further g(¢) = T[Exo[xoz(xo) ]\Fand p(t) = i [Ex0 [z(xo)z(xo) ]\/N
we write Egen (1) =1+ 2 =2q(0) + p(1).

We provide analytical arguments to justify the formula (6.3) showing that:

q(1) = pg(t) + 04(1) (6.19)
p(t) = 2 h(t) +v21(t) + 04(1) (6.20)

with

8() = h(r) =

*T T
O be l(r):“ﬁ (6.21)

Vd VavN'

and where lim;_. , 04(1) = 0 with probability tending to one when d — +oco. The arguments

[

below are based further on the prior assumption that the (9;/v/d) are sampled uniformly on
the hyper-sphere of radius 1. We will assume further that these results can be extended in
our setting with 6; sampled from a gaussian distribution. Notice that this is a reasonable
assumption because [|0;? /d is a y* distribution of mean 1 and variance %.

6.A.1 limitof g(¢7)

We decompose our activation function as o(x) = pux + vot(x) where ot € Span(H,)iz2. In

other words, we have Eclo~(G)] =Eglo~(G)G] =0 and Eclo~(G)7] ’ i i i): l
h E o7
( i)i l n h f dl \/_;i’ we have f()[ all l € {1,...,N} that u; = \l/j ~
on (6 samp ed on the sphere oI radius d Xxo
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Tg.
A(0,1), and for all j € {1,..., N}, we have Cov(u;, uj) = % = [GTOT] . Similarly, for any
1]

lefl,...,d} we have Cov(uj, [xol;) = % Now, using the Mehler-Kernel formula, we have

Ex, [[x0]:[2(x0)]j] = ) — % (COV(u,,[xolz)) Ex, [X0He, (x0)] Ev; [0(1j) He, (u))] (6.22)
k=0

which does not vanish only for k = 1 due to the first expectation on the RHS. Thus

01
Ex, [1%0]112(x0)]j] = #u 6.23)

B¢ B e B
and hence we find that g(t) = Exo [x02(x0) T ]f 'ufff

The result ought not be exact anymore when (0;) are sampled from a normal distribution, and
we make the assumption that we can account for a correction term o,4(1) which goes to 0 as d
grows to infinity, hence g () = ug(t) + 04(1) in general.

6.A.2 limitof p(1)

Similarly for p(z), we evaluate the kernel U; ; = Ey, [[2(x0)];[2(x0)] j] for which the Mehler-
Kernel formula provides

Y k=0 77 (Cov(u;, uj))k[Eui [0 () Ho, ()]

Cov(u;,up)" 2
Cotte) o () Ho (up) ]2

Ul,]

(6.24)

> Cov(u, uj) + v Ljn

Intuitively, the terms (Cov(u;, u ]-))k for k = 2 are on a smaller order in d compared to Cov(u;, ;)
when i # j. We refer the reader to Lemma C.7 in Mei and Montanari (2019) where it is
shown with some additional assumptions on o (weakly differentiable with 3¢y, ¢;,Vx > 0,
lo(x)],l0(x)| < cpe™) that:

Eo =0g4(1). (6.25)

Therefore, we can bound:

(o) )
2@_‘/2]]\]

Ip(6) — u2h(t) = v21(1)|

IA

op || VN (6.26)

oo e,

As per the general assumptions 6.1, [(f) concentrates to a finite quantity /(¢) at all times as d
grows to infinity (that [(¢) is finite is explicitly checked by the anlytical computations of the
generalization error). Thus by Markov’s inequality we have at any fixed time ¢, |p(f) — ,u2 h(t) -
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v21(t)| = 04(1) with probability tending to one as d — +oo.

Notice also that we assume as before that o,(1) also contains the correction added when (6;)
are sampled from a normal distribution.

6.B Cauchy’s integral representation formula

In this section we complete the proof of propositions 6.1 and 6.2. We show how to derive the
Cauchy integral representation of the two functions /(¢) and k(t) by similar analysis of Sect.
6.4.1 for the representation of g ().

6.B.1 Representation formula for /(¢)

T
We define th(;' functio? Li(2) = %R(Z)% and the auxiliary functions U;(z) = Y—;,ZR(Z)%
and V(z) = uR(z) 2 Y We find a set of 2 integro-differential equations using the gradient
flow equation for (as in the derivation of 6.14)

10L,(2)
ST S U2~ 1) - (24 6) Ly (2)
z U‘Z) 6.27)
% =V(2) - .U — (2+6)Us(2)
Similarly G;(z) and g(¢), we also have that I(f) = — ;lf[L[(z) = %.L;. So we get a pair of

integro-differential equations in this case (wheras for G;(z) we had only one such equation).
However, we have one additional differential equation in this case. Pursuing with the Laplace
transform operator! the equations (6.27) become

LLy(2) = +—+5 (3Lo(2) + LU, (2) - ZL1(p))
v (6.28)
LU 2) = 5745 (Us(2)+ L2 - 22,0,
and re-injecting £ U, from the second equation into the first equation we find
1 Lo(2) 1 V(2)
LLy(2) = ( s —$l(p))+ : ( Up(2) + ——= — LR,U,).
sp+z+6\ 2 (GPp+2+06)(p+z+0) p
(6.29)

With similar considerations as before, with p large enough to have -6 is outside the loop I', we
see the terms £1(p) and £Z .U, don’t contribute to the former equation when the operator
2, is applied

R LL(2) =T, 0B L ( (z)+L) (6.30)
S “N121p+z+6 Ap+z+6)(p+z+6) p '

IDefined as (£ f)(p) = f0+°° dte™P! f(¢) for Re p large enough. We also use the notation Z fp to mean (£ ) (p)
specially when there are other variables involved. For example £ L) (z) = 0+°° dte PILi(2).
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Finally, there remains to use the commutativity of Z, and £ (for Re p large enough by Fubini’s

} (6.31)

V(2) } . (6.32)

theorem) and compute the inverse Laplace transforms to find

et(6+z) _

Lo(2) +2vU0(Z) + (

2
et(6+z) -1

5vz ) '@

l(l.) — %Z{e—Zt(z+6)

Expanding further the terms individually

1 _ e—t(z+6) 1 _ e—l’(6+Z)
(=R, e 2 F0(2)+2e7 ' F | —— | Uy(z)+ | —m—
0+z 0+z

We end-up (as for g(#)) with an expression where the time dependence is decoupled from
random matrix expressions.

6.B.2 Representation formula for /(1)

The last term requires additional considerations. We will now use a double contour I'y, Ty,
enclosing the eigenvalues of Z—\/TNZ and such that I', nT'y, = @. We consider the operators Z, %y,
associated to each contour. Contrary to the previous two representations, when computing
the multiple derivatives Kk (2), due to the ® matrix in h(?), there appears pairs of matrices

T . . . . " . n s
ZZ In terms of generating functions, this translates into a "2-variable resolvent" functions

VN
B! B:
Hi(x,y)= —R(x) R( ) —, (6.33)
VSN VN
which has the property h(t) = %, H;, and two auxiliary functions
Q/(x,y) = ﬁT R(x) TR( )ZTY and Wi(x,y) YTZR( )GQTR( )ZTY (6.34)
X, — x— , X)) = X . .
Xy N y N d y N

Using the former method for equation (6.27) leads to the following integro-differential equa-

tions:
0H,(x,
(6.35)
0Q;(x,
% = W(x,)) = ZxQi(y) — (x+ ) Qs (x, )

Then the Laplace transform on the first equation reads

LHy(x,y) = [Ho(x,y) + £L{Q:(x,y) + Q:(y, x) — B H; (y) — Ry H (x)}] . (6.36)

p+x+y+20

Notice that 2, and %, commute with each other as being integrals over a compactsetI'y, I,
respectively. So by Fubini we can name indifferently 2 , = Zx%y = %,%. Notice also that
2y H;(y) is not a function of x anymore, thus for p large enough to have |26 + x + y| > 0 for all
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6.B Cauchy’s integral representation formula

(x,y) €Ty xTy, we find

M}_ { {MH_ _
gzx’y{p+x+y+26 SN axryras) | T AO=0- (6.37)

Symmetrically, the same statement can be made for 2, H;(x), so applying the operator %y,
and the result (6.37) to (6.36) we find

(6.38)

Hy(x, 1)+ ZQy,(x,7)+ Z£Qy(y,x)
%x:ngp(x'J’):%x,y{ o(x,y Qp(x,y Qp(y }

p+x+y+20

Finally, we have %, , £ Hy,(x,y) = LR,y Hp(x,y) = Lh(p). The Laplace transform of the
second equation of (6.35) provides

~ R LQp (y)) : (6.39)

B 1 Wix,y)
ZLQp(x,y) = Dixid (Qo(x,y) + »

Before injecting this equation into (6.38) (and its symmetrical result in x and y), notice that
one term will not contribute under the operator %

%xfop(y) B ~
{(p+X+y+26)(p+x+6)}_‘%y{o}—o

(6.40)

and finally, using W (x, y) = W(y, x), we obtain

+
p+x+5 p+y+o6

Qx, )+ =52 Qo x) + W(”))}
(6.41)
p+x+y+20

1
ZLh(p) =Ry,y { —— % (Ho(x,y) +

Eventually, applying inverse Laplace transform we get the representation

h(n) = %x, {e—t(x+y+26)H (x, )/)}
16+
+ %x,y{ t(26+x+y)(e V_ 1Q0(x,y)+ 6+; 1Q0(y,x))} (6.42)
_ o~ H(x+8 t +§
+ ‘%xvy{l ‘jc+i$ L §/+E5y ]W( ’y)}

6.B.3 Remark on the consistency with the minimum least squares estimator

It can be seen, at least formally, that the integral representation formula correctly retrieves the
minimum least-squares estimator formulas in the limit ¢t — co. Indeed, commuting lim; and
R, we find

lim (t)—gz{ L k( )}—%ﬂﬁ gz{ ! } rZY
A8 = HFz z+6 “ _i:1 dvl 1 +2)(z+6) Vi N
_%ﬁ*T viv] zTy
l':l\/a(/li_a) N

= K(-96). (6.43)
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Chapter 6. The Random feature model

On the other hand, we expect

ﬁ* T @ ﬁ* T @T
hrn g(t) = hm — B = — Poo (6.44)
vavd ' Vavi
with . defined as the minimum least-squares estimator. Thus, we clearly have:
*T T *T T ZTZ -1 ZT Y
P G)_ﬁoo P G)—( +5I) ——=K(-6) (6.45)
vd vd vd vd VN VN

The same calculations can be done on each term h(t), [(£).

6.B.4 Representation formula for the training error

The derivation of &ain () is quite straightforward based on the previous terms derived for the
test error. Firstly, expanding the expression of &4in (1) we get:

2

b (6.46)

1
gtrain(t) n H Y - Z\/__

21|
VN

Bi

VN

[

2 Y2 2 _pzB 1
= -y ==+=
n n VN n

i

Reusing the function U;(z) from Sect. 6.B.1, and defining u(t) = Z,U;(z) = %YTZTI;\; and

' we get:

Iy

Elrain (1) = + % (—2u(n) + h(1) + 61(1)) (6.47)

Furthermore, reusing the differential equation found for U;(z), a simpler solution can be
extracted for u():

_ e—t(z+5)
u(t) = %, { e F () + ————V(2) } (6.48)
z+0

The second term 7(¢) can also be derived from the expression L;(z) which is also defined in
appendix 6.B.1. We find /(1) = #,{ zL;(z)}. Hence the terms §1(f) and h(f) can be grouped
together with h()+81(8) = R,{ (z+6)L(2)}. Expanding from the expression of % ,%£ L;(z) we
find

(h+61)(1) = gzz{ (2+8)e 21O [ (2) + 20~ 1) (1 e 1(z+0) ) Up(2)

(1 _ e—t(6+z))2

Remarkably, all the terms can be summed together in (6.47) and we retrieve a simpler expres-
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6.C High-dimensional limit

sion
_ ,—2t(0+2)

0+z

Iy

1
Errain (D) = + Z‘%Z {(z +8)e 2O [ (2) — 2721 E O 0 (2) — V(z)} . (6.50)

6.C High-dimensional limit

In this appendix we use assumption 6.1 in Section 6.2.3 to compute limiting expressions of
traces.

As d — oo, the mean of By or f* converges two 0. Let’s consider the auxiliary functions
Uy(2), Go(2),Qo(x, y). These three terms have only occurrence of 8y and f* on each side of
the matrix-vector multiplication composition (notice §* is also included in the term Y): they
can be written in the form F(H) = %H 5—% where H is a random matrix independent of

Bo, B*. For instance we have Gy(z) = F (R(z) \%). As the mean of F(H) is precisely 0, assuming
concentration, we have that these terms go to 0 when d — oco. The same considerations can
be applied to the term £ from Y.

Besides, when a vector such as f is expressed on both side of another expression such

T
as F(H) = \ﬁ}H\ﬁF", it can still be rewritten as the trace F(H) = Tr [HﬁOI\e0
effectively use the independence of H with y and compute the expectation Eg, [F(H)] =

] so that we can

r—AZ,Tr [H]. Hence if F(H) concentrates as N — oo, we can replace it by limy r—Az,Tr [H].

In the sequel we will adopt the following notation. For any sequence of matrices (M) € R**¥
we set Try [Mj] = limj_oo £ Tr [M].

Therefore, in general, applying the concentration arguments above, we can substitute the
limiting expressions with the following terms

Ly(z) = %R( )ﬁ—\/O_ _ r? Try [R(2)] (6.51)
K(z) = p o R( )ZT T G)TR( ) ] (6.52)
©TVava Nmrdfsz |
Hy(x,y) = ﬁ—"R( )G)—QTR( P 2 Try R(x)®—®TR(y) (6.53)
VN VN d—co
V(z) = v’z R(Z)ZTY XT 2 R ZT +s2TrN[—R(z)Z—T (6.54)
N N VN \/_ \/_ VN VN VN
W(x, ) — Trd X'z ——R(x )G)—@TR(y)Z—T— +32TrN[ R(x)G—G)TR(y)Z—T
VN VN VN VN d VN
(6.55)

As for the training error, all the required terms are given by V(z), Lo (z), Up(2z), of which only
V(z), Ly(2) contributes to the result as d — oo
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Chapter 6. The Random feature model

Finally, we apply the gaussian equivalence principle with the substitution described in 6.4.2
with the linearization Z — Z;, with 2, = \%X@T + vQ. This substitution is applied through-
out all the occurrences of Z, including in the resolvents z — R(z).

6.D Linear Pencil

6.D.1 Main matrix

The main approach of the linear-pencil method is to design a block-matrix My,, =3.; ; Ei,j ®
M )(fy] ) where the blocks M. ,(fy] ) are either a gaussian random matrix or a scalar matrix, and E ij
is the matrix with matrix elements (E;, j)x,; = 6;6;;. The subscripts indicate explicitly the
dependence on two complex variables (x, y) € C2. Importantly, this matrix is inverted using
block-inversion formula to have an expression of the form M . } =X jEij® (M;j,)("'f ) such
that some blocks (M ;, ;,)("'j ) match the different matrix terms in equations (6.51).

In order to define our main linear pencil matrix, we first need to introduce some additional

Q
\/N . . . .

tent symmetry and structure to our block-matrix, we will use the following blocks in reverse

upper-level blocks: UT = [\%V,v Jand VT = [u%, I]. In addition, in order to keep a consis-

- - T 7.
order: UT = [v\%,\/—%] and V1 = [I,u\%]. Furthermore, we let K, = (—xI + Z““—\/é'“)‘l and
ZlinZh];1

Ly=(-xI+UUTVVT)™ and Ry = (-xI + VVTUUT) ™" and Ky = (-xI + =722)~". The fol-
lowing identities (which can be obtained with the push-through identity) provide additional
relations which can be used later:

Zlin

Zn _yly (6.56)
VN
L,UUT =UukU” (6.57)
vviL, =vKkvT (6.58)
-1

_ ZinZ,k ZinZ,k 7 YA
— xRy =1~ |—xI+ = in i _ p_ 21N g Zlin (6.59)

N N VN “VN

We define our main block-matrix consisting in 13 x 13 blocks where the upper-level blocks
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6.D Linear Pencil

U,V,U,V are to be considered as "flattened":

-xI|-vT o % 0 0 0] 0
0 I U ofo0o]0 0 010
0 o I U'||ojlo 0 o01] O
1% 0 o I|o]o0 0 0] O
Mey= o o o of 110 o o 3—; (6.60)
0 0 0 0 o| I U o0 0
0 0 0 o oo I Tl o
0 0 0 0 0|0 0 I |-V
| 0 0 0o oo |Vl 0o o0 |-yl

This is precisely the block-matrix M given at the end of Sect. 6.4.

6.D.2 Linear-pencil inversion and relation to the matrix terms

The inverse of M, , can be computed by splitting it into higher-level blocks. These blocks are
highlighted with the lines and double-lines depicted in equation (6.60): the block-matrix is
splitinto a 2 x 2 block-matrix recursively in order to apply the block-matrix inversion formula
recursively. Starting with the higher level split:

Mx’y:

M11

0

M,
Mzz

-1
MI,ZMZ’Z

i[5

-1
M2,2

(6.61)

It is now quite straightforward algebra to proceed with the remaining blocks. Starting with

Mlli

’

——

For M, ,, with an additional split:

My, =

I;x K.Vl  —K, \F
_UﬁKx _xLx .xLxU
oK, mVTL xRy

T o~

VK, -VvVIL, V%Kx

1| N, vl |1

0| Ny 2271 o

KDy
*VN

-xL,UUT
xK,UT

—xR,

-N; gN_;

-1
N22 ]

(6.62)

(6.63)
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A straightforward algebra calculation provides the result of M, }

@_T val @T lm @T hn T _@_T
I KV R TR ny\FTU _ﬁKy
0 ~—;R{ yUI_(y —yl{U_ Ly U\Z/%%Ky
Myh=| 0 KBVT -k, yo'L,  -ZRK, (6.64)
- - - - - T - -
0 -LVvT L,V ~yIL, VK,
5T Zy, Ziy 7T
0 -K,V KyJm  -Kyom0 K,

Finally, using Q = K. XG)TGTKJ, we obtain the third block of My,

- zr o’

_Kx% _QVT QZhn _Q lm Q

UZiin Q UZlm T _ UZlm ﬁ UZin lm UT _ UZin
—M 1M12M_1: fo\/’ QV Q \/>Q \{N‘T \/NQ

2,2 Zlm 0 Zhn QVT Zhn Q lm _ﬁ ZlinU ﬁQ

TUNTE f TUN VNO YN VN

jCH T _ lm lin —

VK vVQV vQIE  vQUs VQ

(6.65)
Notice now that all the matrix terms in equations (6.51) are actually contained in some of the
blocks of our matrix (note that Tr, [% =1):

Lo(y) = r*Trn [Ky] (6.66)
K(y) =Try —T Zin UT (6.67)
\/_ Y'VN
Hy(x,y) = r*Try [Q] (6.68)
W(x,y)—szf Zh“QZhTn +Try uz —lin 5 Zlin —_ ZinU” (6.69)
VN~ VN VN ~ VN
V(x):sngrn[In+xI?x]+(Trd [xL UU"]| | +Trg XTX ) (6.70)

Or equivalently, with the block coordinates of the inverse matrix M;j,:

Lo(y) = r*Try [(M;ly)“g"”)] (6.71)

R(y) =Trg [(M; )12 6.72)

Hy(x,y) =r’Try [(M;ly)“’m] (6.73)

W, y) = sszrn M@0 ] T [ (M) @12 | (6.74)
7 =52 (1 ~Tr, | (M) 4] ) + (—Trd M} + g) (6.75)

In the next section we show how to derive further each trace of the squared matrices from the
block matrix My, . In order to deal with self-adjoint matrices, we double the dimensions with
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6.D Linear Pencil

My, y:
- 0 My,
= ’ 6.76
Xy [ Mj;,y 0 ( )
and find the inverse: A
_ 0 M )71
2 (Mzy) 6.77)
’ Mx,y 0

6.D.3 Structural terms of the limiting traces

The matrix My, is a block-matrix constituted with either gaussian random matrices, or
constant matrices (proportional to I). More precisely, letting S be the matrix of the coefficients
of the constant blocks of M.,y (and § for My ), and A the random blocks part (A respectively)
we write: My, =Y; i E;j® M)(C’Jf) where M,(C'Jf) = §@) + AhJ) is the block of size (Nj, Nj). Also
notice that letting L = {(i, j)| N; = N}, the fact that the constant blocks are supposed to be
proportional to an identity matrix implies that: V(i, j) ¢ L = §ED =0 = zi,jON;,N; with On;,N;
the zero-matrix of size N; x N; and otherwise V(i, j)eL — S = z;,jIn, with B= (zi,j) the
matrix of size 26 x 26.

Now we want to find a matrix G € R26*26 gych that
(Gli,j =Ten, | (W00, v, e, (6.78)

An important theorem in Mingo and Speicher (2017) (chapter 9, equ. (9.5) and theorem 2),
which we show again in the next section, states that there is a solution G of the equation

BG=T1+n(G)G (6.79)
which satisfies (6.78). In this equation n(G) is the matrix mapping defined element-wise as:

M(G)ij=60G, ) Y, o, k1 j)-[Glk, (6.80)
k,lell

and where o satisfies the relation for all (i, k, /, j) such that N; = N; and N; = N; (and keeping
in mind that the Nj are growing with the dimension d):

V() €l N x (L. Njl,r #5 = 0, ki1, j) = lim Ni-E [AGR) JAGDY | (6.81)
—00

We remark that the setting here, and in particular equation (6.79), is in fact more general than
in Mingo and Speicher (2017) (chapter 9, equ. (9.5)) and we provide an independent and
self-contained (formal) derivation of (6.79) in Chapter 3 with various methods.

T . . .
For example, we have M)(C%}) = p% of size d x N and M)gi,n = & of size N x d. So this is

vd
Ma(cf,)j/m = M\G}—; and Mﬁ’yzm = %, with N5 = Npg =d and N14 = Ny = N. Forr = 1,5 =2 (or any
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other suitable indices) we find:
. N 2
0(5,14;1,20) = lim u—E[[Ol], | = uy
d—oo d ’

In fact, a careful inspection of all the blocks in row 5 and all the blocks in column 20 shows
that we have [n(@)]5,20 = HW[G]M,L

Calculating all the terms of n(G) is quite cumbersome, but it can be done automatically
with the help of a computer algebra system. Still, this approach yields many equations
for each 26 x 26 terms of G However, some initial structure can also be provided for this
matrix. Looking back at M y, itis clear that some blocks will have the same limiting traces
(potentially seen using the aforementioned push-through identities). For instance, (M; )" =
Ky = —(M;D®V (expanding the U,V blocks), so (My})""! = —(M;})®P, in other words
(M) 04D = —(M;3) 19, and thus we expect [Gl14,1 = —[Gl19,1. Non-squared blocks can also
be mapped to 0 in G. In the end, taking every block into account, G is expected to be of the

form:
- 0|G'
- (6.82)
G| O
with
Gi1| Gz | Gz
G= 0 1 Gz,g (6-83)
0 | 0 |Gss
(which has 13 x 13 scalar matrix elements) where:
- 0 |0]|-vgl® © 0
0 ug | 0] 0 o 0
Xy 2 xy
v 0 0 % 0 —-v
Gig= |16 a3 96 (6.84)
0 0 |qgs| © 0 0
0 wqs| 0| 0 ug’| O
0 0 0| vgy® 0 -0
87 0 g | 0|0 wvgy
0 e 0 [ 0|Rf 0
—vg¥ 0 Y| 0| 0 V2R
Gi1= 8 21— 2 (6.85)
0 0 0 [gf|o o
2
0 |[-p?hf 0 |0 |h 0O
-8& | 0 g | 0|0 h
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h) 0 0| v:h! 0 |vg
0 hY 0| 0 Rh| O
0 0 |g/| o 0] o0

Gz3 = v 7 7 (6.86)
-& 0 0 h2 0 8
0 -p’hj| 0| 0 h| O
| -& 0 |0 |-vgy 0]g
.
1
G 0 G —[0 n oo ty\o] (6.87)
1,2 = 0 2,3 — ,Lt 3 1 .
phg
0

All (non-vanishing) matrix elements depend on the complex variables x and y. This is in-

dicated by the upper-script notation with x, y, xy, yx. Some quantities depend only on x,

some only on y, and some on both x and y. Among the ones that depend on both variables
.. Xy _yx Xy _yx . . .

the quantities g5”, g5, g5, q; " are non-symmetric, while q1, g2, 43, 44, g5 are symmetric (e.g.,

qf V= qf’ ). We choose not to use the upper-script notation for the symmetric quantities in

order to distinguish them from the non-symmetric ones.

Eventually, with a careful mapping between M . ly and G in equations (6.66), only g7, =", h}, g3
and the symmetric terms ¢, g2, g4 are needed and equations (6.66) take the form:

Lo(x)=r’gs (6.88)
Kx) =1t (6.89)
Hy(x,y) =rq (6.90)
W(x,y) = 32$q4 +q> (6.91)
. ¢ ¢
Vix)=s*=(1-g5)+ (— —hx) (6.92)
v ( gs) w 4

6.D.4 Solution of the fixed point equation

The fixed-point equations as described in (6.79) for the given matrices S,n(G), G is a priori
a system of 26 x 26 algebraic equations. are computed using Sympy in python, a symbolic
calculation tool. In effect this is really a fixed point equation for G a priori involving 13 x 13
algebraic equations. It turns out that many matrix elements vanish and (using the symbolic
calculation tool Sympy in python) we can extract a system of 39 algebraic equations which are

given in the following:

0=gf (~p*hf+x)-giv+1 (6.93)
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0= gy (~1’hy+x)+h;
0=gyv(-p*hi +x)+ hiv?

0=-g] (1 qo—pty —pt] +1) +vq’ — g1 (~p*hy + x)
0:—ggv(,uzqg—,ut{‘—,ut{/+1)+v2q3—vqé’x(—uzhff+x)
0=g] (K qo—pty —put] +1)—vag" + qu (-p* hj + x)

2 xhx
0:%_}1{4_1
th
0= "’gw _h
pbgzhy
= m -4
2 X
h
0:u¢53q u</)w3q4 ng*
X
nY
0:H¢g3q7 (P 15]4 .
L4 L4
X xvz
0:—%%+ SV
X 5Xa,2
oz_%%_hgﬂ
th
0= (’bgw h?-fvz
o P8V ¢g§‘v2q1_vq§y
L4 L4
0 Py ¢h§v2q4 q
- 3
4 4
v Xy2
0= (pglw qs4 (ngw q1 +ngy
ﬂzhg 2
O:gé‘( -gv —1)+1
v

1245
Ozgg( v

th
+v 6/1)+CI4(H1//3 —gfc"z—l)
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0=—p’ygihi —pu’h3
0=—pygihy—hi+1
0= —uzufgi“ 0+ gy + phy

=—’ygiqy —Wryerhy + 1’ wh1 a1 — 1 qs
0=—p*ygiqo+ 1 why g +pygy t) — pg;”
0=-gyv—hy+1

0=pyg hy+uhy

(6.94)
(6.95)
(6.96)
(6.97)
(6.98)

(6.99)

(6.100)

(6.101)

(6.102)

(6.103)

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

(6.109)

(6.110)

(6.111)

(6.112)
(6.113)
(6.114)
(6.115)
(6.116)
(6.117)
(6.118)
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0=pyg hy—t, (6.119)
Y oYV a,2
o= P88 h) +1 (6.120)
v
yhyvz
0= P8 hlv? (6.121)
W
Y Va2
4
0= 818 g (6.122)
v
2 paV 1Y
e e h +1 (6.123)
W
Yy
h
0= (pg; L—n) (6.124)
'u2 y
0=gl|—2 —glyvz—1)+1 (6.125)
0=-gyv—h)+1 (6.126)
0=—u’yg hi — u*h} (6.127)
0=—pyglh) —hj+1 (6.128)
0=—g) (~*hy +y)~h} (6.129)
0=—-gv(-puhy +y) = hv* (6.130)
0=g) (-p*h) +y)-gyv+1 (6.131)

6.D.5 Reduction of the solutions

The previous system of equations can be reduced further by substitutions with a computer
algebra system. We find the variables g3, tf', hy, g7, h{ are linked through the algebraic system:

0= 1+gf(—,u2hff— %g§u2+x)
0=—h;+g}(-u2peini+2)

_9
& O—E(I—gé‘)—gfx—l (6.132)
0=pygrhy—n
0=1-hy—putf

Notice this system can be shrinked further down to 3 equations to get to the main result in
6.1 using the substitution h with the 51
symmetry we find the same equations for g3y , tf’ , hfl’ , gi’ , h{' .

equation and g3 with the 3™ equation. Also, by

For the other variables, a set of equations link g, g2, g4, g5. Notice there can many different
representations depending on the reductions that are applied. Here we only show the example
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which has been used throughout the computations:

y 2 2 — Xy
0:_/ng{/qZ"',Uzhqu+/Jgi/tf+/lg{ty_(Pgl‘;]w —g{/—LI1X+q1V (¢ ;l/’fhx v)
h)’
0=p(p-weix—y)(-ugia+uh]q +git))+ LL% - g

dpe oy (6.133)
0= —p2 g hiq, +uqs(<!>¢1f//g1y v) _g1q4v —q NG Igly ¥)

2 X _ Xy
OZ,U (Pglgl 1q4_ug1qs(d>wwg1x W)+wg1glhy+hyq _%

In conclusion, we can obtain 3 systems with (4,5,5)-equations or 3 systems with (4,3,3)-
equations (so a total of 10), as in the main result 6.1 (as discussed above these various systems
are all equivalent and depend on the applied reductions).

The solutions are not necessarily unique and one has to choose the appropriate ones with
care. In our experimental results using Matlab with the "vpasolve" function, conditioning
onIm g{c >0 and Im gé‘ > 0 provided a unique solution to (6.132) for x € R, (or x € R x i[0, €]
for € close to 0); while conditioning on g7, g5 € R, provided a unique solution to (6.132) for
x € R_. We remind that we use x € R_ exclusively in the time limit ¢ — oo in result 6.2 while we
use x € R, in the situation of result 6.1. In addition, we found that selecting the appropriate
solutions for x and y as just described for (6.132) also led to a unique solution for 6.133 in our
experiments.

6.E Numerical results

All the experiments are run on a standard desktop configuration:

1. Matlab R2019b is used to generate the heatmaps or 3D landscapes. Most exemples can
be generated in less than 12h on a standard machine.

2. The experimental comparisons run on a standard instance of a Google collaboratory
notebook in less than a few hours.

6.E.1 Numerical computations

We take equation (6.4) as an example of how to proceed with the numerical experiments.
Specifically we consider the second integral in the Cauchy integral representation of g(¢)

—t(z+5)
@(t) = ——f { K(z)}. (6.134)

We choose a contour with 1* = maxSplNZ with two positive fixed constants ¢, A:
={yA"2iAl—-e<y<1 +eluf{ed" +yiA|l-1<y<1}ui-e+7yiAl-1<y<1} (6.135)
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6.E Numerical results

Now, the integrand is continuous in 1* + € and —e for € small enough. So taking the limite — 0
and A —0

1 A* l_e—t(r+5+iA) 1-— —t(r+8)—IiA
t) = lim — —— K@r+iAN)—-———K(r—iA);d 6.136
§(1) AIH%)Zin 0 { r+0+iA (r+i8) r+6—iA (r-i )} ’ ( )
which is simply
A* l_e—t(r+5) 1
g(t):f —— lim f{K(r+iA)—K(r—iA)}dr (6.137)
0 r+6 A-02im

Obviously the inward term is also given by the limit lima_.¢ % Im K (r +iA). So this all there is
to compute from the former algebraic equations are appropriate imaginary parts. This can be
done by taking a discretized interval 0 < r; <... < rx < 1*, and solving the algebraic equations
for the imaginary value Im t{‘ forx=r;,i=1,--- K.

We proceed similarly with the terms containing two complex variables x and y (or two resol-
vents). For instance for W (x, y) one uses the limitin Ay, A, — 0 of p(x, y) where

. . -1 . . . .
plx,y) = AliIBOAlJl,I—I}O[LI_T[z{ W(ry+iAy, 1y +1Ay) =W(ry + iy, 1y — lAy)}

-1 ) ] ‘ ‘
e {W(rx =Dy, 1y +iAY) = W(ry—iAx, 1y — lAy)}] (6.138)
or equivalenlty
1
ploy = lim o0 Re{W(rx +iDy, Ty = iDy) = W(ry + il 1y + iAy)} (6.139)

6.E.2 Technical considerations

Dirac distributions with 1-variable functions:It happens that the limiting distribution QNZ
may contain a mixture of a Dirac peak at 0 and a continuous measure. For instance, K(z)
may contain a branch cut in the interval €* = [1;,A1%] with 10 =0 < 1; < 1* < 0o along with
an isolated pole in 0 with: K(z) = 0%"2 + K. (z) (where K. : C\ 6" — C). For instance, equation

(6.137) becomes:

l_e—t5 A* l_e—t(6+r)
H=«a + dr————— lim —Im K, (r + iA 6.140
g 0 fgo r+6 A—O0T e ) ( )

The weight a can be retrieved by computing a = lim_.¢+ (—i€)K(i€) = lim¢_o+ € Im K (i¢).
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Chapter 6. The Random feature model

Dirac distributions with 2-variables functions:Similarly, we can have an isolated pole at 0 for
x,y for W(x, y). In that case, we can write down W (x, y) as for instance:

Qxy ay

W= o0"90-y To-x

a
Wy (y) + ﬁwx(x) + Wiy (x, ) (6.141)

where Wy, W), are defined on C\ ¢* — C and Wy, : (C\ %6*)? — C. Firstly, We can easily find
@ xy with:
QAxy = 611%1(_62) Re W (ie, i€) (6.142)

Secondly, all the considered 2-variables functions are symmetrical with respect to x and y:
W(x,y) = W(y, x) which implies that @, = @y, and Wy(r) = W, (r) forall r € C\ € *. Therefore,
l_e—t(6+z)

if we have y;(z) = 15

, we have to compute:

Ry 4yt (XY W (X, )} = ¥e(0) ey +4[fm A*]ZYt(u)Yt(V)p(u’ v)dudv

e o (6.143)
+2y(0) fAO dry(r) lim, ﬁ{wy(r +i0) - Wy (r— iA)}
But because we don’t have access to a, nor W), directly, we can use the full form:
R,y {y ()Y (MW (x, p)} = Yt(O)Zaxy + ff YWy () p(u, v)dudv
o (6.144)

A —ie
+2v7:+(0 d li lim —<W(ie,r+iA)—W(ie,r —iA
Ye( )f/lo ryt(r)ALrgl+€LI})l+ 2in{ (ie, 7 +iA) (ie,r —1i )}

This comes from the fact that for ¢ — 0 we have: W (ie, r + iA) ~

LW, (r + iA). Because we

expect a real result, we ought to have numerically:

Ry {7 ()Y (W (x, 1)} =yt(o)2axy+ffA - 2Yt(u)%(v)p(u, v)dudv

. . o A') (6.145)

+yt(0)f dry:(r) lim lim —Re{W(ie,r—iA)—W(ie,r+iA)}
o A—0+e—0* TT

1-variable distributions in 2-variables functionsFinally, it can happen that the 2-variables
functions W (x, y) actually generates a distribution p(u, v) = p.(u, v) + p(u)d (v — u) which
may be the sum of a continuous measure p.(u, v) as described above, and another measure
pw)d(w—u)=6(u—v)u(v).

6.E.3 Additional heatmaps

We provide additional heatmaps that complement those of Sect. 6.3. Notice that all the
heat-maps are always derived from a 3D mesh comprising 30 x 100 points as in Fig. 6.E.7.

Instead of fixing A, we can rescale it and fix § = cA. As we have seen, the A parameter seems to
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affect the length of the time scale on the first plateau. Rescaling it as seen in Fig. 6.E.1, the
interpolation threshold time scale becomes constant in the over-parametrized regime at fixed
6, and the results are consistent with what is observed empirically in Nakkiran et al. (2020a).

We notice also that under the configuration in Fig. 6.E.2 where r = 0 (the noise of the second
layer vanishes), the second plateau seems to vanish with the test error.

One of the effects of a large A is that it removes the double descent on the test error, which is
consistent with the description in Mei and Montanari (2019). Another effect is that it seems to
add an additional "two-stage decrease" in the training error as can be seen in Fig. 6.E.4 and
also in the experiments in Figs. 6.E.10, 6.E.11.

Note that the previous figures are perfomed for the activation function o (x) = Relu(x) — ﬁ
while Figs. 6.E.5 and 6.E.6 are displayed other activation functions, o(x) = tanh(x) and o(x) =
tanh(5x). We can see that the epoch-wise structures are more marked when the slope of the
activation function is bigger in the second case.

Train Test MSE
E 2.5

10° 10° 10"
time (t) time (t)

Figure 6.E.1: Analytical training error and test error evolution at fixed § with parameters
(w,v,¢,1,5,0) =(0.5,0.3,3,2.,0.4,0.001)

Test MSE

time (1) time (t)

Figure 6.E.2: Analytical training error and test error evolution with parameters (i, v,,1,s, 1) =
(0.5,0.3,3,0,0.4,0.001)
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Train

10° 10° 1010 10° 10° 10'°
time (t) time (t)

Figure 6.E.3: Analytical training error and test error evolution with parameters (i, v, ¢, r,s,1) =
(0.5,0.3,0.5,2,0.1,0.003)

10° 10° 1™ 10" 10° 10"
time (t) time (t}

Figure 6.E.4: Analytical training error and test error evolution with parameters (i, v,¢,1,s,1) =
(0.5,0.3,3,0,0.4,0.1)

Train Test MSE

10° 10° 1010 10° 10° 10'°
time (t) time (t)

Figure 6.E.5: Analytical training error and test error evolution with parameters corresponding
to o(x) = tanh(x) with (&, v, ¢, r,s,1) = (0.61,0.15,3,0,0.4,0.001)

6.E.4 Comparison with experimental simulations

We have already shown on figure 6.3.1 in Sect. 6.3 that the analytical formulas for the training
and generalization errors match the experimental curves in the limit of t — +co. Here we
provide additional evidence that this is also the case for the whole time-evolution in Figs. 6.E.8
and 6.E.9 as the dimension d increases.
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10° 108 10" 10" 10° 10"

time (t) time (t)

Figure 6.E.6: Analytical training error and test error evolution with parameters corresponding
to o (x) = tanh(5x) with (i, v,¢,1,s5,1) =(0.79,0.47,3,2,0.4,0.001)

MSE
25

25
2.5

2
o

MSE Test

MSE Train

o
o

o

Pl 102 10'° time o 102 10" time (t)

Figure 6.E.7: Analytical training error with parameters (u,v, ¢, r,s,1) = (0.5,0.3,3,2.,0.4,0.001)

In 6.E.10, 6.E.11, we can see that the epoch-wise descent structures of the training error and
test error can be captured correctly experimentally for long time. Note that we have taken
d =100 small enough to be able to run these experiments for such a long timescale.

14 4 ---- Baseline —— Th.Test 14 ---- Baseline Test [5%-95%]
...... Est —— Th. Train —— Th. Test Test [25%-75%]
12 - Tain 12 —— Th. Train Tain [5%-95%]

time (&} time (&}

Figure 6.E.8: Analytical training error and test error profile with parameters (u,v, ¢, v, r,s, 1) =
(0.5,0.3014,1.4,1.8,1.0,0,0.01) compared to 10 experimental runs (o = Relu— ﬁ) with d = 200

and dr=0.01
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14 ---- Baseline —— Th.Test 14 ---- Baseline Test [5%-95%]
st —— Th. Train —— Th. Test Test [25%-75%]
12 Tain 12 —— Th. Train Tain [5%-95%]

10

0.8

MSE
MSE

0.6

0.4
0.2

0o

o 1 m B 4 s & 1o
time (£} time (£}

Figure 6.E.9: Analytical training error and test error profile with parameters (u, v, ¢, v, r,s,1) =

(0.5,0.3014,1.4,1.8,1.0,0,0.01) compared to 10 experimental runs (o = Relu — \/%7[) with d =

1000 and dt =0.01

40
Exp. Train
35 —— Th. Train

107 10! 10° 10 10 10° iy
tirme {t)

Figure 6.E.10: Analytical training error with parameters (u,v,¢,w,r,s,1) =
(0.5,0.3,300,3,2,0.4,0.1) compared to 10 experimental runs (o = Relu — \/%7[) with d =100 and
dr=0.01
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3014 Exp. Test
— Test

w02 107! 10° 10t 107 10° 10 10° 108
time {t}

Figure 6.E.11: Analytical test error with parameters (u,v,¢,v,r,s,1) =
(0.5,0.3,6,3,2,0.4,0.0001) compared to 10 experimental runs with d = 100 and d¢ = 0.01 for
0<t<10*anddr=0.1for10* < r<10°
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7d The rank-one model: a non-convex
setting

This chapter is based on the work (Bodin and Macris, 2021b) which investigates model 1.4.
More precisely, we consider a rank-one symmetric matrix corrupted by additive noise. The
rank-one matrix is formed by an n-component unknown vector on the sphere of radius /7,
and we consider the problem of estimating this vector from the corrupted matrix in the high
dimensional limit of rn large, by gradient descent for a quadratic cost function on the sphere.
Explicit formulas for the whole time evolution of the overlap between the estimator and
unknown vector, as well as the cost, are rigorously derived. In the long time limit we recover
the well known spectral phase transition, as a function of the signal-to-noise ratio. The explicit
formulas also allow to point out interesting transient features of the time evolution. Our
analysis technique is based on recent progress in random matrix theory and uses local versions
of the semi-circle law.

7.1 Introduction

Gradient descent dynamic is at the root of machine learning methods, and in particular, its
stochastic version augmented by various ad-hoc methods, has been very successful at finding
"good" minima of cost functions Lecun et al. (1998). However, rigorous detailed results on
the full time evolution of the dynamics are scarce even for simple models and usual gradient
descent. In this contribution, we show how to completely solve for the whole time evolution
for a simple paradigm of non-linear estimation; the problem of estimating a rank-one spike
embedded in noise.

Let * € S""'(\/n) a hidden vector on the n — 1 dimensional sphere of radius /7, i.e., 0* =
@or,.. .,BZ)T and ||6F ||§ = n. We consider the data matrix Y with elements Y = 0*0*T + \/%f
where A > 0 is the signal-to-noise parameter and ¢ = (¢, j)1<i,j<n @ Symmetric random noise
matrix with i.i.d ¢; j for i < j. The goal is to recover 8 given that Y and A are known. This
model is usually considered for a gaussian noise symmetric matrix ¢;; ~4(0,1), i < j, and is
variously called the noisy rank-one matrix estimation problem or the spiked Wigner model. In
this chapter, all the results hold under the general assumption that E¢;; =0, [Ec‘f? = 1+0(6;))
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and for all integers p we have E|¢; j |P finite.!

We consider the cost function (|| - ||  the Frobenius norm)
0= — v -00T |~ L |y —070°T|] @.1)
- 252 F 212 F :

(normalized so that, #(0*) = 0, and at the same time, the limit 7 — +oco is well defined) and
want to characterize the time evolution of the estimator for 8* provided by gradient descent
dynamics on the sphere. In gradient descent, an initial (deterministic) vector 6y € Skats (V/n) is
updated through the autonomous ordinary differential equation

do 4
— =—(Vo 00 ~ 01,997 (0,))) (72)

where 7 € R} is a learning rate. The second term on the right hand side enforces the con-
straint 8; € $"1(y/n) at all times (see Appendix 7.E). The main quantities of interest to be
computed are the time evolutions of the cost % (6;) and overlap ¢(t) = n~1(6*,0,) in the high-
dimensional limit n — +00. We note that the overlap is equivalent to the mean-square-error
n 0, -6% 13 =2(1- £22),

Contribution: We compute the full time evolution of the cost and overlap in the scaling limit
(0*;6t=1n/n>
n
solely in terms of a modified Bessel function of first order in theorems 7.1 and 7.2 (Section

limy,— 0o (O =1rn/p) and limy, . for all T > 0. Explicit formulas are expressed
7.2). The formulas allow to explore the asymptotic behavior as T — +00, as well as transient
behavior by computing one and two dimensional integrals numerically (Section 7.2). In the
long time limit we recover (analytically) as expected the phase transition at A = 1 with a limiting
value of the overlap equal to sign((6*,00)) V1 —1/A1(A > 1). This is the well known BBP-like
phase transition found in the spectral method Péché (2004); Féral and Péché (2006); Baik et al.
(2005b). The transient behavior also exhibits interesting features. For example, depending on
the magnitude of the initial overlap n~10*,00) and A > 1 for intermediate times we find that
the overlap may display a maximum and then decrease to its limiting value. Such results may
therefore give guidelines for applying early stopping during gradient descent to get a better
estimate of the signal. We note that in the asymptotic limit of large n we require an initial
overlap which is bounded away from zero uniformly in n. There are interesting situations
where the signal 6* has some structure and this is not an unnatural situation. These points are
further discussed in Section 7.2.2.

On the technical side the analysis is based on a set of integro-differential equations (derived in
Section 7.3) satisfied by matrix elements of the resolvent of the noise matrix (9%, (\/Lﬁf -2)718,)
and (0, (\/Lﬁf —-2)716;), ze C\R. These quantities concentrate with respect to the probability
law of the noise matrix as n — +oo (for deterministic * and 6y). The main steps to prove

IThe notation O(5; j) means that the second moment of off-diagonal elements is 1 but the variance of diagonal
elements can be different. For example f,-j ~A(0,1),i<j,and¢;; ~A(0,2), corresponds to Wigner’s Gaussian
Orthogonal Ensemble. We refer to the general case as the generalized Wigner ensemble.
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concentration are explained in Section 7.4. They combine concentration properties of the
matrix elements of the resolvents with an adaptation of Gronwall type arguments to the
integro-differential equations. Concentration of matrix elements of resolvents of random
matrices amount to study the spectrum on a local scales. Such results are only a decade old
in random matrix theory and go under the name of local semi-circle laws Erdos et al. (2008);
Bloemendal et al. (2014); Benaych-Georges and Knowles (2016b). They have found many
applications and here we provide one more. In Section 7.5 we present an exact analysis of the
integro-differential equations and deduce the formulas for the time evolution of the overlap
and cost.

Related Work: The statistical limits of the symmetric as well as non-symmetric spiked Wigner
model have been elucidated in great detail in the Bayesian framework in a series of works
Korada and Macris (2009); barbier et al. (2016); Lelarge and Miolane (2018); Miolane (2017)
where expressions for mutual information (in the form of low-dimensional variational prob-
lems) and minimum-mean-square-error are rigorously computed. This analysis has also been
carried on for estimation of low-rank tensors corrupted by additive gaussian noise Lesieur et al.
(2017b); Barbier et al. (2017); Perry et al. (2020). The dynamical behaviour under Approximate
Message Passing (AMP) has also been investigated in detail and, depending on the exact model
and prior, large computational-to-statistical gaps are found barbier et al. (2016); Lesieur et al.
(2017b). We note that these settings are different from the one of the present chapter in that
0* as well as 6y are random. When the prior of the spike is unbiased with zero mean (for
example uniform on the sphere or binary) an initial strictly positive overlap (uniformly in n),
is necessary to start the AMP algorithm, much like gradient descent, and hence the initial
condition cannot be chosen at random. In this connection, the behaviour of AMP under
spectral initialization has been derived in the work Montanari and Venkataramanan (2021).
We note that spectral initialization is not an option for us because it yields a stationary point
of gradient flow (see appendix 7.F for a justification).

Starting with the early work of Burer and Monteiro (2005, 2003) the efficiency of gradient
descent techniques has been uncovered in recent years for a host of low-rank matrix recovery
modern problems, e.g., in PCA, low-rank matrix factorization, matrix completion, phase
retrieval, phase synchronization, Ge et al. (2017a); Bhojanapalli et al. (2016); Ge et al. (2017b);
De Sa et al. (2015); Park et al. (2017); Ling et al. (2019); Bandeira et al. (2016). We also refer to
Chi et al. (2019a) for a general review and references. Underpinning the efficiency of gradient
descent in such non-convex problems, is a high-level result Lee et al. (2016), stating that
when the landscape satisfies a strict saddle property (i.e., critical points are strict saddles or
minima) gradient descent with sufficiently small discrete step size and random initialization
will converge almost surely to a minimum Lee et al. (2016). The spiked Wigner models falls in
this category at least for 7 finite: critical points of the cost function on the sphere .#"~1 (/n) are
the eigenvectors of Y and it is easy to show that almost surely (with respect to the noise matrix
¢) the largest eigenvector is a minimum while all the other ones are strict saddles. Therefore
gradient descent will converge for small enough step size to the largest eigenvector and the
spectral properties of Y imply that for A > 1 with high probability this largest eigenvector has
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an overlap with 8* close to £v'1 -1/ (these known facts are briefly reviewed in Appendix
7.F).

While these approaches are able to provide guarantees and convergence rates of gradient
descent and variants thereof, they do not provide the full time-evolution and do not say
much about intermediate or transient times. This is what we achieve in this chapter for the
admittedly simple Wigner spiked models. We believe that the techniques used here can be
extended to other problems of interest in regression and learning. Recently, pure gradient
descent was studied for the much harder optimization of the cost of a mixed matrix-tensor
inference problem Sarao Mannelli et al. (2019); Mannelli et al. (2019) (see also Sarao Mannelli
etal. (2020) for Langevin dynamics) and it was shown how the structure of saddles and minima
determines the phase transition thresholds. This is based on a set of very sophisticated integro-
differential CSHCK equations Crisanti et al. (1993); Cugliandolo and Kurchan (1993) with a long
history in the framework of Langevin dynamics on spin-glass landscapes in statistical physics.
While these derivation of the CSHCK equations for the inference problem are non-rigorous
and their solution entirely numerical, they contain in principle the whole time evolution of the
system (in the context of spin-glasses the formalism has been made rigorous Ben Arous et al.
(2004)). The integro-differential equations and methods of the present chapter are entirely
different (and involve different objects) even when specializing to the matrix case. We note that
for the mixed matrix-tensor case the CSHCK formalism is quite intractable, but nevertheless
in the pure matrix case it should be possible to retrieve our final analytical solution as (partly)
done in Cugliandolo and Dean (1995) for the spherical spin-glass. We briefly comment on
possible extensions of our formalism in the conclusion.

Organization of this chapter: The main theorems and illustrations of analytical formulas
for the whole time-evolution of the overlap and cost are presented in Section 7.2. The heart
of the method presented here is contained in sections 7.3 (derivation of integro-differential
equations), 7.4 (local semi-circle laws and concentration of solutions), 7.5 (analytical solution
of integro-differential equations). Appendices contain proofs, of intermediate results and
technical material.

In the rest of the chapter, it is understood that the noise matrix ¢ satisfies: (i) E¢;; = 0, (ii)
[Eé?j. =1+ 0(5;j), (iii) E|¢;;|” finite for all p € N. We use the notations H = n~/2¢, P for its

probability law, and X, nﬂ X for convergence in probability, i.e., lim,_ ;o P(| X, — X| >€) =0
—00
for any € > 0.

7.2 Analytical solutions and illustrations

We solve gradient descent dynamics (7.2) in the scaling limit ¢ = tn/n, with fixed 7 > 0 and
n — +oo. The main quantities that we determine in the scaling limit are the overlap g(7) =
%(9*,9,1, /) and the cost (0 ,;/,). We remark that the overlap is directly linked to the mean-
square error n”[|0* — 9,”/,,”2 =2(1-q(1)).
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The initial condition 0 is fixed such that g(0) = @ where a € [-1,1] is independent of n. It will
become clear that: (i) If 8, is a solution with initial condition ¢(0) = a then —6; is a solution
with g(0) = —a; (ii) For @ = 0 the solution remains trivial g(r) = 0. Therefore the reader can
keep in mind that a > 0 (all the analysis is valid for any « though).

7.2.1 Main results

The solution of the gradient descent dynamics can be entirely expressed thanks to a scaled
moment generating function of Wigner’s semi-circle law . (s) = % Va—52y1-22(9),

M) = f ds s (s)e* Vi (7.3)

21
Setting s = 2cosf we have My (1) =2 [ %(sin 0)2evi cosf, Integration by parts then shows

that M, (1) = ‘/77111 (\2/—%) where I; (x) = fo” % (cos0)e*°s? js a modified Bessel function of the
first kind.

Theorem 7.1 (Time evolution of the overlap). Let6y € S"~'(\/n) an initial condition such
that q(0) = %(9*,90) = a for a fixed a € [-1,+1]. The overlap converges in probability to a
deterministic limit:

g = G = 5”;’(; (7.4)
where
4(1) = ae V7|1 - %for dse” D5 M (5)] (7.5)
and

T T T
ﬁ(r):M,l(Zr)+2af dsé](s)M,l(ZT—s)+f f dudv g(u)Gg(v)M (2t —u—v). (7.6)
0 0o Jo

Theorem 7.2 (Time evolution of the cost). Under the same conditions as in theorem 7.1 the
e e e P 1d A
cost converges to a deterministic limit 7€ (0 y/y) el -5+ { In p(T)}.

Using asymptotic properties of the Bessel function and the Laplace method it is possible
to calculate the asymptotics of the integrals in (7.5) and (7.6) for T — +0o. We find for the
overlap lim; .o, G(7) = sign(a)V1 — A=11(A = 1). The overlap displays the well known phase
transition at A = 1 also predicted by the spectral method. The asymptotic values can also
be derived independently from theorem 7.1 by directly looking at the stationary equation
VoA (Os0) — 07"’(900, VoA (0) = 0. This is discussed in Appendix 7.G for completeness. It is
also possible to go one step further in the asymptotics to argue that at the transition A = 1 the
power law behavior holds g(t) ~ (%) 174 (see Appendix 7.I).

Besides the transition at A = 1, for finite A, a detailed analysis of the equations of theorem 7.1
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which are described also in Appendix 7.1 allows to derive the first order asymptotic behavior
of g for large 7. These tedious calculations are carried out analytically in detail and checked
numerically. Specifically, in the regime 1 < A < +o0 we find

)7

1 i _a-L
G(r) - sign(@)/1- 5 ~ Sign(a) e

st i (A

Asfor 0 < A <1, we retrieve a power law behavior:

(7.7)

a(2)" )

3
q() ~ - 3 T 4 (7.8)
8 _ 1 240
A8 (1 \/I) \/1 a’+ A(ﬁ—l)Z

The noise-less regime 1 = +o0o is an elementary case for which the overlap can be obtained very
simply. Taking the inner product of (7.2) with 6* we find the differential equation (for t = Tn/n)
dg(f) = q(1t)—q(1)%, q(0) = a, which has the solution g(7) = a(a?®+ (1-a?)e?")"1/2. As we will

see, in the noisy case there is no closed form first order ODE for g(r) and we must solve integro-

differential equations for suitable generating functions (or an infinite hierarchy of coupled

differential equations for generalized overlaps). As a sanity check, we can verify that theorem

7.1 leads to the same expression when A — +oo. Explicitly, we find lim, .., (1) = ae’ and

2,27
e

limy . o p(1)=1-a’+a which implies the noiseless expression for the overlap.

7.2.2 Discussion and numerical experiments

Theorems 7.1 and 7.2 provide theoretical predictions for the full time evolution of the overlap
and risk in the high dimensional limit 7 — +o0. In this section (and Appendix 7.]) we briefly
illustrate and discuss this time evolution. Moreover in Appendix 7.] we also compare the
theoretical predictions with simulations of discrete step size gradient descent for runs over
multiple samples of ¢.

Choice of the initial condition

Given 0% € §”_1(\/ﬁ) if we choose the initial condition 8y uniformly at random we expect
a a random variable of zero mean and standard deviation n~/2. To analyze this case one
should deal with finite n corrections to the dynamics which is beyond the scope of this thesis.
Numerical plots of our formulas (fig 1a, 5a) show when a — 0 gradient flow kicks-off at larger
and larger times; this suggests that if @ ~ n=1/2
time-scale has elapsed. Our analysis is presumably valid beyond this time-scale (we do not

gradient flow kicks-off once a large enough

have a proof of this claim), but estimating this time-scale is open. As mentioned in the
introduction AMP suffers from similar issues. However, there are many interesting situations
where the signal has some structure which is partially known, and it is then very natural to have
a > 0 (uniformly in n). For example signals which may have a non-zero empirical expectation
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p > 0, for instance with components distributed as Ber(pT“) in {—1,1}. Then we can take the
initial all-one vector 8y = 1,, and thus a = p > 0 which naturally kicks-off the gradient flow,
and our analysis applies.

Time evolution of the overlap

Figure 7.2.1 shows the theoretical overlap at all times 7 € R* for two initial conditions a = 0.1
and a = 0.5 and any signal-to-noise ratio A. Let us say a few words about the transient
behaviors that are observed.

On the one hand, the closer a gets to 0, the longer it takes for the gradient descent to "kick-in":
the overlap stays longer close to 0 before reaching its asymptotic behavior. An additional
example for @ = 0.01 illustrates this fact in Appendix 7.J. On the other hand, we clearly see that
when the initial overlap «a is not too close to 0, the time evolution is 7ot monotone even for
A > 1, and a specific bump is reached at early times where the overlap reaches a maximum
before dropping down to its limit. In fact this is clearly suggested by (7.7) for @ < 1. This can be
seen in particular in the case a@ = 0.5 in Figure 7.2.1 (b). This suggests that in practice, in such
situations, it is worth using early-stopping techniques to optimize the estimation of the signal.
The increase of the overlap above the spectral estimate for finite times is a consequence of the
side information a > 0 that standard PCA does not have. As a side note we mention that in
the Bayesian setting with known prior the information theoretic overlap is at least as good or
better than PCA (for a A" (0, 1) prior they are equal).

In the case A = 1 one can show that () = a (Iy(27) + I (27)) (with modified Bessel functions
of the first kind) and it is numerically much easier to evaluate the asymptotic behavior of g (7).
The calculation yields g(t) ~ (%)% (see Appendix 7.1). Furthermore plotting a family of curves
with A =1 and a € (0,1) in Figure 7.2.2, it appears that this asymptote also seems to act as an
upper-bound.

Time evolution of the cost

We also have predictions for the evolution of cost at any time for any values of (&, A). This is
illustated in Figure 7.2.3. As seen in the analysis of Section 7.A, Equ. (7.41) the cost has two
additive contributions basically interpreted as q(r)2 and p, (1) = n~Y0;, HO;). The second
contribution equals n~!'TrHO,0! can be interpreted as a similarity measure of the recon-
structed matrix 8,07 and the noise matrix H, and is thus a "proxy" for assessing over-fitting
in this particular setting. Interestingly, in the depicted example where A =2,a = 0.1, p;(7)
is shown to decrease the risk at early stages at a fast rate, until it slightly "heals" for 7 = 3.
Conversely, when a = 0.5, we see p;(r) does not decrease as much in early stages, and the
healing phenomenon does not occur. At the same time, as observed on 7.2.1 (b) g(7) is not
monotonous: it increases at early stages and decreases down to its limiting value later.
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and different signal-to-noise ratios. Thick dotted line corresponds to A = 1 and tends to zero

slowly as (2/77)'/%. For A < 1 the curves tend to zero and for A > 1 they tend to V1 —1/A.

100
=== Asymptote

titime}

001

Figure 7.2.2: Overlap comparison for A = 1 with a range of values for a

0.0

—-—- R(t)-1
1 -
0.5 L :;Pl[ﬂ
gl
-1.0 1
a2
]
=
-1.5
-2.0 1
-2.5 T T T T T T T
0o 25 5.0 75 10.0 125 150 175
t (time}
(@A) a=0.1

200

Risk

T T
00 125

t (time)

T
50 75

(b) @ =0.5
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7.3 Integro-differential equations

7.3 Integro-differential equations

We study gradient descent in a regime where ¢ = Tn/1, n — +oo, with 71 fixed. Abusing slightly
notation we set 6/, — 0; so that equation (7.2) reads

do;
ar

1 1
=-—nVoH(0;) +0:(0;,VoH(0,)) = ) YO; - ?(97, Y0:)0; (7.9)

We define H = n~'/2¢ the suitably normalized noise matrix. Besides the basic overlap q(t) =
%(6* ,0;), another one also plays an important role, namely p; () = %(6,, HO;).
: —_pg*p*T . n_
Using Y =0%0*" + ﬁHwe find
dao,
dr

1 p1(1)
=q(@)0* + —HO —( (1) + )0 (7.10)
Y S K A
It is not possible to write down a closed set of equations that involve only g(r) and p; (1), but
only for a hierarchy of such objects, or for their generating functions. We now introduce these
generating functions and then give the closed set of equations which they satisfy.

The n x n matrix H = n~'/2¢ is drawn with the probability law P. Fix any small § > 0 and let
! the set of realizations of H such that all eigenvalues fall in an interval I5 = [-2—-6,2 + 6].
Then P(#") — 1 as n — +oo (see for example Erdds (2011)). In the rest of this section it is
understood that H € 5”5". In particular the resolvent matrix? Z(z) = (H — zI) ! is well defined
forzeC\Isif He #.

For any contour € ={zeC|z= peig, 0 € [0,27]} with p > 2 + 6 we can define three generating
functions

1 1 1
QT(Z):E<9‘D'%(Z)0*>) PT(Z)ZE@T,%(Z)@T), R(z)z;(@*,%(z)@*). (7.11)

From standard holomorphic functional calculus for matrices (see for example Dunford and
Schwartz (1988)) we have

(T)_—f ﬁQ() (T)_—fﬂp() (7.12)
q - ngﬂ,'i T(Z), pl - ngniz (Z). .

: — (07 .H"6,) _ dz _k
Note that these tvxlrco overlaps are part of a hierarchy of overlaps g (1) = =—5— = — [ 352" Qr(2)
and pg (1) = w =— %szT(z), k = 1, which can all be calculated by the methods of

this chapter (note g(t) corresponds to k = 0).

Proposition 7.1. For any realization H € ¥ and any z € C\ I5 the generating functions (7.11)

2Here I is the identity 7 x n matrix and we will slightly abuse notation by omitting it and simply write (H — z) .
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satisfy the integro-differential equation

{%Qf(th(rm(zn L (2Q:(2) + 4(0) - (0 + fpl(r))Q,(z) .

AP = 4Q: (D) + = (2P () + 1) = (42 @) + =1 (D)) Pe(2)

where q(1) = - 2m £ Q:(2) and p, (1) = A2 7P;(2).

Zm

Proof. Let us derive the first equation. Using (7.10)

do; CI(T)

L PR ) (-2
dTQT(Z)—n@ ,(H—-2) dr> — (0", (H-2)"0") + \/_<9,(H z)” HO;)

—(q(r)2+—)—(9* (H-2)"'6,) (7.14)

Using (H - z) Y H =TI+ z(H - z)"!in the second term in the right hand side, we immediately
get the first equation of (7.13). Let us now derive the second equation. Again using (7.10) and
since (H — zI) is a symmetric matrix

q(t)

iPr(z):3<91,(H—z)‘1@> — (0, (H- z)7lg* >+—<91,(H 2" HO,)

dt n dr nva
p1(7) -1
2( D%+ ) O, (H-2)""0;) (7.15)
q \/z T
Thus using again (H—2z)"'H = I+ z(H - z)~! and (0;,60,) = 1 we get the second equation of
(7.13). O

7.4 Concentration results

We introduce the Stieltjes transform of the semi-circle law pgc(s) = % V4 -2 Xi-2,21(8),

Gsc(z)zfdsiL(Z):%(—ﬁ VZ2—4), zeC\[-2,2]. (7.16)
ST

It is a classical result of random matrix theory Erdés (2011) that, for any z€ C\ [-2,2],
1 P
—Tr%(z) — Gyc(2)
n n—oo

. However here we will need convergence in probability of matrix elements of the resolvent
(for given z and also uniformly in z). This tool is provided by recent results in random matrix
theory that go under the name of local semi-circle laws Bloemendal et al. (2014).

Recall that 5”5” is the set of realizations of H = \/Lﬁf with eigenvalues in I = [-2-0,2+06],6 >0,
and that lim,, . . [F’(y(s”) = 1. It will be convenient to use the notation P5 for the conditional
probability law of H conditioned on the event H € #".
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7.4.1 Initial condition analysis

We first derive natural initial conditions for the integro-differential equations (7.13) when
%(90,9*> = q(0) = @ € [-1,+1]. We claim (corollary 7.1 below) that the initial conditions
Qo(z), Py(z) as well as R(z) concentrate on explicit functions Qq(z), Py(z), R(z). The main tool
is the following proposition which we prove in Section 7.B (based on a theorem in Bloemendal
etal. (2014)):

Proposition 7.2. Fix6 >0, € > 0. For any fixed z € C\ Is and any deterministic sequence of unit
vectors u'™, v € $"~1(1) the n-sphere of unit radius, we have

lim Py (|(w™, 2(2)v™) — (™, v")Gee(2)| > €) =0. (7.17)
—00

Applying this proposition to the three pairs of unit vectors (u ) )y = ( n \F) ( N \F)’ and

(\/—ﬁ, \/—ﬁ) we directly obtain

Corollary7.1. Fixa € [-1,+1] and 0y such that%(@o, 0*) = a. For z € C\ls we have convergence
in probability of Qo (z), Py(2), R(z) to the Stieljes transform of the semi-circle law:

Q(2) == Qo(2) = aGe(2), Pola) = Po(2) = Gsela), R(2) — R(2)=G(2).  (7.18)

7.4.2 Concentration of the overlap for finite times

We consider the integro-differential equations (7.13) for the limiting initial conditions (Qo(2),
Py(2)) = (@Gsc(2), Gsc(2)) and limiting R(r) = Gs.(z). More explicitly we define Q (z), P;(z) as
the (holomorphic over z € C\ I5) solutions of

{ £0:2) = (OR@ + =202 + ) - (P + =51 (0) G () 719)

5 dTPr(Z) 4(1)Qr (2) + f(ZPT(Z) +1)— (q M+ Pl (T)) Pr(2)
where by definition q(t) = — 271 : 2 ();(z) and p; (1) = 2 = Z zP.(z), and the initial conditions
are Qy(z) = aGyc(2), Py(z) = Gs:(z). The explicit calculation of the solutions Q;(z), P;(z) in
Section 7.5 shows that they exist and they are holomorphic for z € C\ I5.

One can show that the concentration result of corollary 7.1 extends to all finite times. This
can be done by a Grénwall stability type argument. A difficulty with respect to the standard
argument is that here we deal with an integro-differential equation instead of purely ordinary
differential equation. For this reason we need a uniform (over z) concentration result which
strengthens proposition 7.2. The following is proved in Section 7.B.

Proposition 7.3. Fix5 >0, e >0. Recall € ={z€C| z=pe'®,0 € [0,2n]} for p=2+5. For any

deterministic sequence of unit vectors u'™, v € $"~1(1) the n-sphere of unit radius, we have

lim Ps(sup [(w™, (2)v™) — (™, v") Gyel2)| > €) =0. (7.20)

- Z€€
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Applying this proposition to appropriate pairs of unit vectors as previously we get directly:

Corollary 7.2. Fix « € [-1,+1] and 0y such that %(00,9*) =a. Let€={zeC|z= peiG,B €
[0,27]} for some p = 2+6. Recall Qy(z) = aGy(2), Py(2) = Gsc(2), R(2) = Gy(2). Thensup e 1Qo(2)—
Qo(2)|, Sup e |Po(2) — Py(2)], sup e |R(2) — R(2)| all converge inPs-probability to zero.

In Section 7.C this corollary is used to prove:

Proposition 7.4. Fix a € [-1,+1] and 0y such that %(90,0*) =a. Fixany T > 0. We have

convergences at any T € [0, T] of the following overlaps to the deterministic limits q(t) nﬂ»
—00

q(t), p1(1) ni p1(t) where here convergence is with respect to the probability law P of the
— 00
generalized Wigner ensemble.

Remark 7.1. With a bit more work the proof of this corollary can be strengthened to also

show that for any z€ C\ Is and 7 € [0, T] we have convergence in probability of Q; (z), P;(z) to

the deterministic solutions of the integro-differential equations (7.19), i.e., Q;(z) n&» Q:(2),
—00

P;(2) n&» P (z), as well as convergence of all overlaps (1), pr(t) nﬂ» (1), pr(1) (k=1).
—00 —00
Since we will not need these results we omit their proof.

7.5 Solution of integro-differential equations and overlap

In this section we analyze (7.19) for z € C\ I5 with the initial conditions (Qy(z), Py(2), R(z)) =
(@Gsc(2), Gsc(2), Gsc(2)). In the process we obtain G(1) = — fo: %Qr(z).

Proof of formulas (7.5) and (7.6) in theorem 7.1. We use a change of variable Q; (z) = eV Q, (2)
and P;(z) = €2 p,(z) with F(1) = fOT ds(éz(s) + \/%Tﬁl(s)). Similarly, we define also §(7) =

eF@G(1), p(r) = 2@, We have G (1) = §(1)/\/p (1), and therefore in order to determine the
overlap it suffices to determine ¢(r) and p(r). With the change of variables equations (7.13)
become

We analyze these equations in the Laplace domain. Recall the Laplace transformation £ f(p) =
f0+°° dre P* f(1), Rep > a € R,, which is well defined as long as |f(7)| < e%". All functions
involved below in Laplace transforms satisfy this requirement for some a € R, large enough in-
dependent of n. It will often be convenient to use the notations £ (f (1)) (p) = f0+°° dre P f(1),
LQp(2) = [y dre PTQ(2), £Pp(2) = [y dre P Py (2).

|~

T
LG =40 (k@) + L)+ 20 (2

L Y VAT (7.21)
aPr(2) = 4@ Qr(2) + = pT) + 5 Pr(2)

Nl— Q)

A) Derivation of (7.5) for 4(t). Taking the Laplace transform of the first equation in (7.21)

R ~ _ 1 4
£0,(2)-0(2) = L4(P)(R(2) + —=) + —
pZLQ,(2) - Qo ap)( ) 7

£0,(2) (7.22)
Vi @
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7.5 Solution of integro-differential equations and overlap

Notice that Qy(2) = ¥ Qy(z) = @Gsc(z) and R(z) = Gs.(z), and hence we can re-arrange the
terms,

,%Qp(z)—a‘/_ sc(2) xq(p)w. (7.23)

pVA-z pVA-z

Now, assuming Re p > % (recall Re p > 0) leaves the point pv/A outside the contour %. Using
Fubini first and the definition of § secondly

+00
f;gZTL'lf dre” prQ (2) = f dte” PTﬁgz_QT(Z) fo dw"”ﬁ(r) (7.24)

Thus we have ﬁg %ﬁfép(z) = —%4(p) on the left side of (7.23) while a straightforward
calculation using Fubini on compact sets shows

dz Gs(z) f f psc(Ddldz Hsc(l)dl
— = = = Gsc(pV ) (7.25)
ﬁgZﬂl pVA-z 2mi 2(l-2)(pVA-2) J21-pV2 ¥

So taking Cauchy integration formula on both sides of (7.23) we get

~24(p) = aVAGse(pVA) + L G(p)VAGse(pVA) (7.26)
Thus we find:
1+ LG (pvA)
$(7(p) __ laGsc(P\/X) —a VA 1 (7.27)
ﬁ+Gsc(pﬂ) P—(1+7)

where the last equality can be checked from the explicit expression (7.16) of Gg.(z). It remains
to invert this equation in the time domain. To do so we first notice that

1 2 +00 s 1 +00
Gse(pVA) = _ﬁf dSﬂsc(s)f dr e Vi PT = _ﬁ/ dre P"M, (1) (7.28)
-2 0 0

where we recall that M, (1) is the scaled moment generating function of the semi-circle
law (7.3). The interchange of integrals in the third equality is justified by Fubini. Using
f(e(l+%)7)(p) =(p-(1+ %))_1, equation (7.27) becomes

Lap) = aL @V (p) - %x(e(”%“)xm(p) (7.29)

This is easily transformed back in the time-domain using standard properties of the Laplace
transform to get (7.5).

B) A useful identity. For the derivation of p(r) we will need the following identity derived in
Appendix 7.H

_7( %Q”(Z)eufu =aM@Cr—u)+ f dsq(s)My (27— u—s) (7.30)
€
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where we recall € is the circle with center the origin and radius p > 2 + 9.

C) Derivation of p(t). Taking the Laplace transform of the second equation in (7.21) we find
1
e

and using ﬁo(z) = eF'®) Po(z) = Ggc(z) we can rearrange the terms to get

1 N N A N
5 (PLPy(2) = Po(2) = LEDQ () (p) + ==L p(p) + %.,%Pp(z) (7.31)

R 1 o 2
ZLPy(z) = p_ﬂ(Gsc(z)+2\/z$(q(‘r)QT(z))(p)+ﬁ$p(p) . (7.32)
2
Then using (p — \2/—%)‘1 = 3(6%)@7) and
221 A t A 220w
2,<£(eﬂ)$(c7(t)Qt(z))=$(2fo G(wQur)e Vi du), (7.33)

and replacing in (7.32) we get

2z(t—u)

A 221 T N 2 221
§£’P,9(Z)=$(eﬂ)(p)Gsc(Z)+2$(f0 Gu)Qyu(z)e V1 du)(p)+ﬁ$(6ﬂ)(p)$ﬁ(p).
(7.34)

Now we take Re p > 4/v/A and choose the contour ¢, encircling the interval I, but such that
it does not encircle the point z = % pV/A, and integrate each term of (7.34) along this contour.

221
First note that the contribution of the last term vanishes since £ (evx)(p) = (p — \2/—%)‘1 and

the pole z = % pV/A lies in the exterior of €. Then there remains

2z(t—u)

yf 92 yp(z) = f d—z.x(ezf%)(p)Gsaszf d—z.f( f G Qu(e A du)(p). (7.35)
€ 2Ti € 2Ti ¢ 2T 0

For the left hand side we have

dz +00 R +00 dZ R +00
f —f dte PTP,(2) =f dTe_pr —P;(2) =—f dre P"p(1) (7.36)
 27i Jo 0 © 271 0

where the first equality follows from Fubini and the second by functional calculus Dunford
and Schwartz (1988). For the first term on the right hand side of (7.35) we find (see Appendix
7.H for details)

dZ +00 zr +00
f —iGsc(z)f dre Plevi = —f dre PTM) (7). (7.37)
0 0

¢ 2T

Finally it remains to treat the last contour integral in (7.35). Using again Fubini and (7.30) we
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find
d +00 T . 22(0-u) +00 T dz . (—u
f —Zf dre_’”f 6A](u)Qu(z)e2 i )du=f dre_"”f él(u)yg —Z,Qu(z)e2 i du
¢ 211 Jo 0 0 0 ¢ 27i
+o0o T u
= —f dre_"”f dug(u)|aMy 2t — u) +f dsq(s)My2t—u—s)
0 0 0
+oo T 1 T T
:—/ dre™PT af duf/(u)MA(Zr—u)+§f f dudsg(s)M( 2t —u—s) (7.38)
0 0 0o Jo
Putting together (7.35), (7.36), (7.37), (7.38) we obtain (7.6) in the Laplace domain. Going back
to the time domain we obtain (7.6). O

7.6 Conclusion and future work

Tracking gradient descent dynamics and their variants for different scores and loss functions
can be used to provide meaningful insights on a learning algorithm and for example, help
monitor its progress and avoid over-fitting. As computational capabilities increase with
distributed systems allowing for bigger datasets and larger systems to be treated, a good
understanding of the dynamics can help account for computational cost.

We have seen in this work that for the rank-one matrix recovery problem in the regime of
large dimensions, probabilistic concentrations naturally occur that can be captured by the
local semi-circle laws in random matrix theory obtained in the last decade. In particular,
suitable generating functions constructed out of the resolvent of the noise matrix concentrate
around the solutions of a set of deterministic integro-differential equations. We have been
able to completely solve these equations thereby tracking the dynamics for all times. It is also
observed that the analytical solution provides a good approximation for the expected behavior
of the learning algorithm, even for dimensions as low as n < 100.

The method and integro-differential equations derived here can be generalized to different
models. For instance, we will show in forthcoming work how it is possible to apply it to certain
neural-network architectures, and in particular the random feature models. This allows us
to better understand the dynamical emergence of interesting behaviors such as the double
descent phenomenon. The generalisation is possible, in essence, when the dynamics can be
captured by spectral properties of some "resolvent matrix". Depending on the system though,
performing random matrix averages can be arbitrarily complicated. For problems where the
dynamics is not captured by some resolvent matrix, such as a genuine tensor problem (with
tensor of order greater equal than three) it is not so clear how to proceed since there are no
obvious spectral notions for tensors. One option would be to approach the problem by looking
at the dynamics of the alternating least square method.
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Appendix

7.A Analysis of the cost

Proof of theorem 7.2. Expanding the Frobenius norm in the cost and using |10 12=10*I12=n
we find

1 1 * )k * )k * )k

Jf(@,):m{—ZTrYHTBTT +Tr(0,076,07 )}—z—nz{—ZTrYH 0*T +Tr(0*0*70*0* ")}
1 1

:?@*,YH*)—ﬁ(GT,YBT). (7.39)

. _nxnx*xT _ 1
Using that Y = 6*6 +\%H(recaHH— \/—Zé) we get

1 (0*,HO*), (0:,0%)* 1 (0;,HO,)
HA0;) =(1+— - —
R T I S
1 (0* HO*) 5 pi(T)
=1+ —=——)—(g(1)* + —). (7.40)
(0 =) (g« 22
By the law of large numberswn%oo and since g (1) n%o q(r) and p; (1) n%o p1(1) we
have
P __ o ¢
W ACH] n:;ol_(q(ﬂ 4——\/x ) (7.41)

Now it remains to recall the definition of F(7) and py(7) = e2F™ 1o see that

pi(t) _dF(x) _1d
i dr i Inp(1). (7.42)

G(m)?* +

The result of the theorem follows from (7.41) and (7.42). O

7.B Proof of propositions 7.2 and 7.3

The proof is based the following local semi-circle law (theorem 2.12 in Bloemendal et al.
(2014)):

Theorem 7.3 (isotropic local semi-circle law Bloemendal et al. (2014)). For any w € (0,1)
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consider the following domain in the upper half-plane
1 1 1
S(w, n) = {ZEC | |[Re(z)| < — <Im(z) < —}.
w nv w
Then for alld, D > 0, there exists ny € N such that for all n > ny, and any unit vectors u, v € S,(1):

Im Gy(2) N 1
nlmz nlmz

where P is the probability law on the generalized Wigner matrix.

sup P(I(M,%(Z)w—(u, V) Ge(2)| > n?

zeS(w,n)

1
) < D (7.43)

Proof of proposition 7.2. First we note that for Im z # 0 since lim;,—. ;o P(&%’l) =1 we have
lim P(I(u, Z(2)v) — (u, V)G (2)| > €) = lim Pgs(l{u, Z(2)v) — (U, V) Gsc(2)| > €).  (7.44)
n—+oo n—+oo

We consider fist the cases Im z strictly positive, negative, and then give the extra argument
needed for Imz = 0.

First we take Im z > 0. We can find n; € N,w € (0, 1) such that z € S(w, n;) and henceforth, for
all n=ny, ze S(w, n). Taking 6 = i, D =1 and applying theorem 7.3 yields the existence of ny
such that for all n = max(ng, n;):

1 ImGsc(Z) 1 1
[P’(I(u,%(z) V) — (U, V)Gsc(2)| > nt + ) < —. (7.45)
\/ nlmz nlmz n

nlmz

etl(n,z) = ni |/ MGe@ | 1| gince lim,,_.oo I(n, z) = 0, we can find 7, such that for all
S l( ) nlmz

n = ny we have I(n, z) < €. Thus for all n = max(ng, n;, n) we have the set inclusion in the
generalized Wigner ensemble

{H: Ku, Z(2)v) — (U, 1) Gsc(2)| > €} < {H : {u, Z(2) v) — (U, ) Gsc (2) ] > 1(n, 2)} (7.46)

and therefore )
P(I(u, Z(2)v) — (u, v)Gyc(2)| > €) < e (7.47)

Applying this inequality to a deterministic sequence (1", v") on the unit sphere and taking
the limit n — oo concludes the proof for Im z > 0.

To deal with Imz < 0 it suffices to remark that |{u, Z(2)v) — {(u, v)Gsc(2)| = Ku, Z(Z)v) —
(u, v)Ggc(2)|. Alternatively one could use a version of theorem 7.3 for the lower half-plane.

Consider now z = x with x € R\ I5 and H € #'. Take a complex number x+iy, 0 <y <
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%Ix — (24 6)|2. From the mean value theorem we have

[, Z(x) V) — (U, V) Gse (X)) — Kb, B(x + 1Y) V) — (U, ) Gsc (X + P yg))|

d
<|ylsup|—«(u, Z(x+iy)v)|. (7.48)
y>0 dy
Since for H € 95"
L R+ i) = 1 (ot iy~ HY 20y < ! (7.49)
dy "’ yyun=ni Y T (x—(2+6)2+ y2 '
we deduce from (7.48) and the triangle inequality
K, Z(x)v) — U, V) Gsc (X)| = K, Z(x + i y)v) — (U, V>Gsc(x+iyk)|+m
<Ku, R(x+iy)v)—{u, U)GSC(JC+iJ/k)|+§. (7.50)

Thus for realizations H € 5”6", the event [(u, Z(x)v) — (u, v)Ggs:(x)| > € implies the event
Ku, Z(x+iy)v) — (U, vV)Ggc(x+iy)| = £ forany 0 < y < %Ix— (2 +8)|2. In other words

Ps(1(u, Z(x) vy — (U, V) Gsc (%) > €) <P (Kut, B (x + iy)v) =, V) Gsc (X + i y)| = g). (7.51)

By the previous results for Imz > 0 we conclude that these probabilities tend to zero as

n— +oo.

Proof of proposition 7.3. The proof uses a discretization argument together with the union
bound. Consider the discrete set of N points on the contour €, z; = pe'%, 0 = %, k=
0,..., N —1. First, Observe that from the union bound

P(kg)laxN|<u("),@(z;c)v(")> — (™, 0" Gy (1) > €)
N
<Y P(Iu™, R(z)v™) — (U™, v")Gse (21) >€)  (7.52)
k=0

thus from proposition (7.2)

lim P( max [(u"™, R(z)v"™) = (u, v") G (21)] > €) =0 (7.53)
n—+oo “k=0,---,N

Second, for any z = pe'? € € there exist a 6 such that |§ — 0| < . Applying the triangle
inequality |b| < |al+|b—al for a = (u'"™,Z(z) vy —(u'"’, Gsc(2) v™y and b = (u'"”, R (z;) vy -
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Chapter 7. The rank-one model: a non-convex setting

(U, Gge(z) ")y, and the mean value theorem, we get

™, R(2)v™) = ", Goe(z) V™) < (u™, R(2) ™) = (U™, B (2)v'™))|

1 d .
+— sup I—(u("),%(pelg) vy (7.54)
N gejo,2n) d0

We can take the supremum of the right hand side over z € € and then the maximum of the
right hand side over k=0,..., N —1 to deduce

nax Ku™, Z(2)v™) — (U™, G (2) ") < sup [(u'™, R (zx) vy — (™, R (21) v™)|

=0,..,N ZEC
+ 1 sup Ii(u(”),%(pew}v(”))l (7.55)
N gejo,2m d0
Since
d ) . )
@w(m,%(pe‘@)v(’”) =ipe® W™, (pe? — )2 vy (7.56)

we deduce from Cauchy-Schwarz, that with probability tending to one as n — +oco

1 d ;
— sup |_<u(n),g€(p619)y(n)>|s P

—~ (7.57)
N gefo,271 dO N(p—2)2
Therefore taking N > 6‘(’32+2)2 we find from (7.53), (7.57) and (7.55)
lim P(sup(u"™, Z(2)v"™) — ™ v'P)Gye(2)| 2 =) = 0 (7.58)
n—+ 2€€ 2
for any € > 0. This concludes the proof. O

7.C Proof of proposition 7.4

We assume the condition H € )" so that |2(2)llop < (0 —2) "' forallze ¢ ={zeC|z =
pe’?,0 €[0,2n]} and p > 2+ 8. The condition is relaxed at the very end.

The proof of proposition 7.4 is based on a Gronwall type argument. As explained in Section
7.4 the difficulty here is that we have an integro-differential equation instead of a plain ordi-
nary differential equation and the usual Lipshitz condition is not a priori satisfied. For this
reason, given that H € ., we need preliminary bounds on sup . |Q;(2)|, sup,c |Pr(2)],
SUP ez |R(2)], SUP ez IR(2)| and on sup . |Q; (2)|, sup e | P+ (2)], for T € [0, T]. Here we do
not seek the best possible bounds but rather we just need that all quantities are bounded (with
high probability for the first three).

For the first four quantities the bound easily follows from their definition (7.11). By Cauchy-
Schwartz we obtain that sup ;. Q7 (2)], sup e« | P (2)| and sup .« |R(2)| are upper bounded
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7.C Proof of proposition 7.4

by (p —2)7L. For sup ., |R(2)| we can use the integral representation to get the same (loose)
bound.

The remaining fwo quantities are here defined through the solution of the integro-differential
equation (7.19) which we take as a starting point to prove a bound. In Section 7.5 we
compute exactly the combination g (1)% + % p(r) = %ln p(r) and find p(7) given by formula
(7.6). It can be checked that this is a continuous function for any compact time interval, so
SUP.c(0.7] Ic_](r)2 + \/%Tﬁl (1) = L«(T) < +ooforany T > 0 (in fact one can even take L. indepen-
dent of T but we will not need this information). Then, integrating the first equation in (7.19)
over [0, 7], using the triangle inequality, and then taking suprema, we deduce
2p

5 5 p 2 ! o
1Q:(2)] ssup|Qo(2)| +(—S +—=+p°L.(T)) | d 1Qs(2)] (7.59)
Ak s

Iterating this inequality a standard calculation yields any 7 € [0, T']

= - L2052 a P 20, 2
sup|Q; (2)| < sup Qo (2)] oI (Gt Ban’Lam) _ @ r(Gt+heptLan) (7.60)

ZEE ZEE p—2
where we used Qg (z) = @Gy (2), and for |Gs(2)| < ﬁ for z € €. The definition of g(7) in terms
of a contour integral implies immediately sup,¢(o 7,1 (7)| < L(T) where L(T) is the right hand
side of (7.60) multiplied by p. Now, integrating the second equation in (7.19) over [0, 7], using
the triangle inequality, and then taking suprema again, we deduce

2
a~pt 2T(ﬁ+%+p2L*(T))+ T

1 _ 1 _
—sup|P;(z)| ==sup|Py(z)| +

e —
2 ZEE 2 ZEE (P - 2)2 \/z
P ! 5
+(—+L.(T) f sup | Ps(2)| (7.61)
(\/I ) 0 ze‘lé3

Again a standard calculation yields (using the initial condition Py(z) = Gs¢(z))

_ 1 2a%pT P20 2 2T o
sup|P;(2)| < —+—pg€2T(P*2+ﬂ+p L*(T))+— eT(\/fL*(T))
ZEE p—2 (p—-2) \/Z

Note that this implies the bound Sup.epo. 1y |P1(@) < L1(T) where L;(T) is the right hand side
of (7.62) multiplied by p?.

(7.62)

We now have all the elements to adapt a Gronwall type argument.

Proof of proposition 7.4. We start by deriving preliminary bounds We set Q; (z)— Q- (z) = A? (2),
Pi(2) - Pr(2) = AL (2), R(2) - R(2) = AR(2), q(1) - (1) = §9(1), p1(r) — p1(x) = 6P (7). Note
for later use that all the sup . | - | of these differences are bounded by some finite positive
constant depending only on p, @, A, T. Taking the difference of (7.19) and (7.13) we find after a
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bit of algebra

i Q=59 R a1\ R a R 1 a0 q
drAT (2) =69(1)A"(2) +69(T)R(2) + G(1)A (z)+m(zAT (2)+69(1))

(g0 +G@6TMAL (D) - (1) + (1)1 (1) O: (2) — G(1)*A% (2)

1 _
- (671 @)AL(2) - 67 (1)Q; (2) - pr (1AL (2)) (7.63)
and

i Py _ 54 Q a0 = Q L P
drAT (2) =01TM)A; (2D +67(1) Q7 (2) + G(T)A; (z)+ﬂzAT (2)

—(g@) +GgNST AL (2) - (q(1) + G(1)87 (1) P, (2) - G(1)* AL (2)

1 _
v (671 (1)AL (2) - 6P (1) P (2) — pr (DAL (2)) (7.64)

After integrating the above equations over the interval [0, 7], using the triangle inequal-
ity, and the inequalities [§9(7)| < pSusz(g|ATQ(Z)|, 1671 (1)| < p? supzecglAf(z)l, lg()| =1,
Sup.¢po,77 14T < L(T), sup,¢jo, 17 1P1(D)| < L1 (T), we deduce (with L = max(L(T), L1(T))

suplA?(z)I<sup|AQ(z)|+psup|AR(z)|f dssupIAQ(z)|+psup|R(z)| dssupIAQ(z)l
ZEE ZEE ZEE 0 ZEE

+Lrsup|AR(z)|+—/ dssupIAQ(z)|+(1+L)pf ds(supIA?(z)l)2
ZEE ZEE ZEE

+(1+L)pf ds(sup|AL(2)))? supIQs(z)|+L2f dssup|AL(2)|
0

ZEE ZEE ZEE
P> (T P Q P
+—| dssuplA; (2)|supl|A; (z)|+— dssupIA (2)|sup|Qs(2)]
\/_ ZEE ZEE \/Z 0 ZEE ZEE :
+— f dssup|AL(z2)| (7.65)
ZEE

and

T T
sup|AL (2)] ssupIAOP(z)|+pf ds supIAsQ(z)|2+pf ds sup |A(2)|sup|Qs(2)|
ZEE ZE€ 0 Z€E€ Z€€ Z€€

T T
+Lf dssup|A@) + = | dssupIaf(z)+Q +L)pf ds supIAQ(z)IsupIAP(z)I
0

Z€E \/Z 0 ZEE ZEE
T
+(1+L)pf ds sup|A%(z)|sup |Ps(z)| + L dssupmf(zn
0 ZEE ZEE 0 ZEE
p> (T P, P[T P 5 L (7 p
+— | dssup|A; (2)] +—f dssup|A; (z)|sup|Ps(z)|+ — | dssupl|A; (2)]|
\/Z 0 ze}rg3 s \/1 ze‘g3 S zeg : \/Z 0 z(—:‘g S

(7.66)

Now, using (7.60) and (7.62) we can "linearize" the right hand side to obtain two inequalities
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of the form (where C(p, a, A, T) is a suitable constant)

T
sup|A9(z2)| <sup|AQ(z)|+LTsupAR(z)+C(p,a,7t, T)f ds{sup|AL(2)| +sup|AL (2)}
ZEE ZEE 0 ZEE ZEE

(7.67)

and

sup|AL ()| < sup A} (2)| + C(p, a, A, T)f ds{sup|A (z)|+sup|AP(z)|} (7.68)
ZEE ZEE ZEE

Summing (7.67) and (7.68) and iterating the resulting integral inequality we deduce

sup |A? (2)| +sup |AF (2)] < {sup |AJ (2)| +sup A} (2)] + LT sup AR (2)}2TCaAD) (7 69)
ZEE ZEE ZEC ZEE ZEE

By corollary 7.2 we conclude that for 7 € [0, T'] sup ;¢ IAg2 (2)| and sup . |AL ()| converge in
[Ps-probability to zero.

Finally, we can look at the overlaps. Observe that |g(t) — q(r)l = | Jo 5= IAQ(Z)| so |q(t) —
G| < psup,ee IA?(z)I and |p1 (1) — p1(7)| = If% 2mzAP(z)I p SUp e IAT (z)|. Therefore
lq(t) — q(tr)| and |p; (t) — p1(7)| converge with Ps-probability to 0. But since lim,_. - P(H €
y(s”) = 1 itis easy to see (by the law of total probability) that |g(7) — g(7)| and |p; (1) — p1(7)]
also converge with P-probability to 0.

7.D Laplace Transform applicability

Laplace transform can be applied appropriately with the condition of deriving a bound of the
form e“* with a > 0 for the terms 4(t), p(7) first, and Q; (2), P; (z) secondly. For §(7) because
M, (s) is positive on [0, 7] and a4 (t) remains positive at all time, we derive the bound

0=14(1)| < e+ 17 (7.70)
Next we find a bound for M} (7) with the definition (7.3)
IMy\(1)] < 2[7[ %| sin@©)21e< PV <20V (7.71)
For p(1) using the previous bound and |a| < 1

Iﬁ(T)ISIM/l(ZT)HZfO IGAI(S)IIIVIA(ZT—S)Ids+f0 fo |G WMy 27 — u—v)ldudv (7.72)

ar T 1yey 2 (oo Trr 1 2 oy
<2055 +4f L hsr e S)ds+2f f LU D+ ZeT-u-) g 0 7.73)
0o Jo

0
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Hence
1 _4r T q_ly2 T LT 1y _ 12
Slpwle ﬂ51+2f e~ Sds+f f eV MV  qudy (7.74)
0 0 JO
ToamLys, )
s(1+f e Vi sds) (7.75)
0
St 1)’
=1+ (7.76)
( _\/_X)
,(1,L)21— 2
- Vi
< P (e_(l_\/11)27+—1 - 1 ; ) (7.77)
(1—\/—1)
2
_1y2 1
( —\/—71)

2

1

1+ ﬁ) we have the exponential bound |p(7)| < Cy &>+ 77,
Vi

Now going back to equations (7.21) we have the system

Hence with C) =2

d ,—Z% A _ L E B 1
are T Q@ =e g (R(ZH*/_I) o (7.79)
Sae Vi Pr(2)=e Vi G(0)Qr(a) + Fxp(m)e Vi
Hence integrating over [0, 7] provides
- _ 2T _ z(1-9)
(2)=Qo(z)eVi +|R(z)+ L | [Tdse VI 4(s)
QT QO ( \/1) fo q s (7.80)

P, (2) = e%Po(z) +2fy dse Vi G(s)Qs(2) + % Jo dsp(s)e VA

Notice again that we have |G (z)| < ﬁ forze € ={zeC|z=pe? 0el0,2n]} where p > 2.
For OT(Z) we find

A || Re@r ( 1 1 ) T Be@e9 4.1
1Q:(2)| = e Vi +|—+— f dse vi e 1S (7.81)
Qr p—2 -2 V2l
et 1 1 1 T 1_p
<e A( +(—+—) f dselt «z’”s) (7.82)
p-2 -2 A/ Jo
et 1 1 1 7 s
<evi +|—=+—=|er | dse (7.83)
p-2 -2 A 0
et 1 1 1
<e A( +(—+—) e(fll“”(l—e_r)) (7.84)
p-2 \p-2 V2
< DT LJFL) (7.85)
-2 VA
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7.E Enforcing the spherical constraint in gradient dynamics

With C;) = -2+ L we thus have |Q; (2)| < C;) Ae(H%%)T for any z € €. Similarly for P, (2):

. (] T 20 [T 25,501y
1P, (2)| < eva (ﬁuqu e Vi HITDSHATEEDs gy \/)_ff evi T gs| (7.86)
- Jo 0

2p7 1 1 2 1
<eVi +2C! e2“+ﬂ’+—e2“ﬂ”) 7.87
(p—z oA VA (7.87)
20+ L+ 1 / 2 )
<e Vi ATl ——+2C ,+—=C 7.88
(.0_2 P VA A ( )

2(1+ +Hr

Hencewitthl’,p:L+2C’ +LC,1weﬁnd|pr(Z)|SC;’ VAT forany z € 6.

p=2 pA VA

7.E Enforcing the spherical constraint in gradient dynamics

The second term in equation (7.2) enforces the spherical constraint 8, € $"~!(y/n) at all
times. This is well known but we briefly recall how to derive it for completeness. Since
the n dimensional sphere is embedded in R” the covariant gradient Dy can be obtained by
projecting the usual gradient Vg on a tangent plane This projection is obtained by subtracting
the component along a radius of the sphere, i.e., f ( N Vo /€ (0)). Therefore gradient descent

reads
dHt Ht
—; = "De A1) = n(VoH0,) - — 0 VoH(0,))). (7.89)
It is easily checked that d||91||2 =0 and since 0y € S~ (v/n) we have 8, € S"~1(/n) for all times.
Indeed
a3 do 6,
T2 =200, T = 2000, Vo100 - O 0,5 0,7) = (7.90)

dat

7.F Strict saddle property

We say that the strict saddle property is satisfied if the critical points of the cost are strict
saddles or minima (a strict saddle has by definition at least one strictly negative eigenvalue
of the Hessian). It is known from Lee et al. (2016) that for a cost satisfying the strict saddle
property, gradient descent with small enough discrete time steps converges to a minimum,
almost surely with respect to the initial condition. In the present context (as shown below)
the critical points are given by the eigenvectors of A = ‘/T’T Y = ‘/TXH*H*T + \/Lzé - call them
vie " 1(/n),i=1,...,n - and the Hessian at v; is proportional to a; I — A where «; is the
corresponding eigenvalue. For a random 7 x n matrix and fixed A the spectrum is almost
surely non—degenerate,3 i..e, a1 < az <...<ay, so the strict saddle property is almost surely
satisfied. Moreover the top eigenvector v, has positive definite Hessian and is a minimum,

3However for a fixed realization when A varies we can have eigenvalue crossings.
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while for the other ones are strict saddles with non-zero positive and negative eigenvalues.
Now, for A > 1 we know, that for n large enough with high probability, {a; < - < a,-1} < [-2,2],
an~VA+1/VA>2and n~{0,, vy)) = V1 —1/1 (where a = b means |a— b| = 0,(1)) Péché
(2004); Féral and Péché (2006). This explains that for A > 1 gradient descent with a small
enough discrete time steps will converge to v, and the overlap approach +v/1—1/A.

The critical points on the sphere . n-1 (v/n) satisfy Dg#(0) = 0 where Dy = (1 — %BGT)VQ is
the covariant derivative. We have

Do #(0) x %(9, AGYG—-AO=0 (7.91)

and has n solutions 8 = v;, i = 1,..., n. The Hessian matrix on the sphere is (up to a positive
prefactor)

DygD} 7(6)  (1- %BBT)(%(G,AHH— A) (7.92)

and for each critical point 8 = v; we find Dy Dg R(v;) x # (a;I—A). This has n—1 eigenvectors
vj, j # i (perpendicular to v; and tangent to the sphere) with eigenvalues a; —«, j # i, and
one eigenvector v; with 0 eigenvalue. For fixed A there is no degeneracy a; < az <...< @y,
almost surely and v, is a minimum while v}, j # n are strict saddles.

7.G Analysis of the stationary equation

The stationary equations corresponding to (7.13) are given by setting the time derivatives on
the left hand side to zero.

{[700 (R + =) + (& - )2 - 5 57°) Qo2 =0 (7.93)

=00 A 1 4 =002 1 ~oco| D _
g Qw(z)+ﬁ+(ﬁ—(q ) —\/—Ipl)Poo(z)—O

where §*° = - [, % Qo (2), PS°=— [ % 2Poo(2), R(2) = Gsc(2),and € = {z€ C | z=pe'?,0 €
[0,27]}, p > 2. Here we show how to derive all possible solutions of these equations. One
expects that the set of solutions contains the limiting solution for 7 — +oco and we check that
this is indeed the case.

From (7.93) we get

A - VAGy(2)+1
Z — (0] SC
Ceo(2)=4q VG2 +pP-z

P (2) = ()21 —YACc@+1 1
OO( ) (q ) (\//T(L_]w)2+ﬁ‘f°—z)2 \/I(c_loo)z'*-ﬁfo—Z

(7.94)

Let us first assume that [V/A(G%)? + p°l < 2. We integrate the second equation over the
contour ¥. One can show that integral of the first term on the right hand side vanishes. Thus
we find the condition by p{° = VAG®)? + p7° which implies g = 0. This implies in turn that

176



7.H Intermediate identities

Qoo(2) =0, Poo(2) = (PS° — 2) ! and | p§°| < 2.

Now assume that [VA(G®)? + p°l > 2. Integrating the first equation of (7.94) over € we find

o_yige [ 92 Gsc(2) (7.95)
266 271 z— (VA(G™®)? + p°)

The solution §*° = 0 is again a possibility Qu(2) = 0, Peo(2) = (p]° — 2)~ L and [Pl > 2.

Now assume that § # 0 (and still |[v/A(§*)? + p°l > 2). Computing the contour integral we
find the equation 1 = —vVAGs.(VA(G®)? + p7°) which provides a solution and a condition

1
VMG + PP = —=+ VA (7.96)
q pl \/X
2
VAG®)? + P = — (7.97)
q pl \/X
Notice that the initial condition vA(§°°)? + pT° > 2 is satisfied for all A # 1, while T +VAz f

is equivalent to A = 1. So a solution can only exist when A > 1. Integrating the second equation
in (7.94) over € we find

( —OO)Zf ﬁ GSC (Z) ( _00)2 dGSC (Z)
ZEE 27[1 - 2 —~ 00 2 B d
(Z—(\/I(q"") + o ))

|f(qm)2+p (798)

Then using the explicit expression of Gg.(z) we find that (c"]o")2 =1- %, with A > 1. Furthermore
we have from (7.94) and (7.96)

= _ VAG(2)+1
Qoo(2) = (1 - A)—+

M (7.99)
5 \fc (2)+1 1 .
Po(2)=(1-1HVA e+
(2) = ( /1) (‘/I+\/II_Z) \/I+7\/1/T_z

Note that multiplying the second equation in (7.99) by z and integrating over € yields p7° = \%
This is consistent with (7.96).

We conclude by noting that the solutions that are attainable from the time evolution when
A>1are{Gg® =0, I[J |<2}and {g™ = +4/1 1 %}. The first one is "attained" from an
initial condition with a = ,11(9* 6p) =0. In th1s case gradient descent "does not start" and

*=¢q(0)=0, p{° = p1(0) = %(GO,HGO) and p;(0) < 2 with high probability. The other two
solutions correspond to the initial conditions a = 1 (0*,90) witha>0and a <0. When A <1,
there is only one possible solution {g* =0, |p{°| < 2}

7.H Intermediate identities

We derive a number of identities requiring interchange of integrals.
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A) Derivation of (7.30). To prove (7.30) we start with (7.23) in the form

. a2t 2t 1
LQp(2) = aGsc(2) L (eV1)(p) + L G(p) L (eV7)(p) (Gesc(2) + ﬁ) (7.100)

and invert it back to the time domain

z(1—3)

A zT T 2(1-5) 1 T
Q:(2) = aGgc(2)eva + Gsc(z)f dsq(s)e (\/Z) +— | dsq(s)e vx . (7.101)
0 VA Jo

z(t—u)

So this generating function is entirely known. Now we multiply this equation by e vz and

integrate along €. It is easy to see that, by Fubini’s theorem, for the last term on the right
hand side, the contour integral and the s-integral can be exchanged. Therefore the contour
integral of the last term on the right hand side vanishes because ezm;ﬂw) is holomorphic in the
whole complex plane. For the other two terms on the right hand side we use the semi-circle

law representation of Gy (z) to obtain (see below for details) to obtain

d Z2T—U
f —Gsc(z)e (Zf =—M) (21— u) (7.102)
¢ 2T
and
dz T 221-s—1) T
f —,Gsc(z)f dsq(s)e Vi =—f dsq(s)My (2t —s—u). (7.103)
€ 2Ti 0 0

Putting together (7.102), (7.103) and (7.101) we obtain the claimed identity (7.30).

B) Derivation of (7.102). From the semi-circle law representation of G

d z221-u) Z(ZT u)
£g27[ Gsc(2)e VT f sz “SC(S) (7.104)

It is easy to see that Fubini’s theorem can be applied to interchange the integrals. Indeed the
contour integral over € can be parametrized so that we then have two integrals with bounded
functions over bounded intervals. So

z(2t—u)

d z(2T—u) dZ e Vi 2 Sr—u)
ngn Gsc(z)e Vi f dsusc(s)f 5wl 5=z stusc(s)e Vi =-M;Q27-u)
(7.105)

C) Derivation of (7.103). We proceed similarly. First,

?{ dz Gsc(z)f dsq(s)e e 55 f dxf dsusc(x)q(s)
€ 2T € 2mi

(7.106)
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7.1 Asymptotic analysis of g

Again, it is clear that the contour integral can be parametrized so that we all integrals are over
bounded intervals and all functions are bounded, so that Fubini’s theorem applies. Thus

zZRt—s—u)

2T—5—u) N
7{ —Gsc(Z)f dsq(s)e A f dsq(s)f dx,usc(x)f dz e
2ni x—2z

——f dsq(s)M (2t —s—u) (7.107)
0

D) Derivation of (7.37). Again, using Fubini and then Cauchy’s theorem,

f —Gsc(z) dre PToVi = f dre” F”f —Gsc(z)ef
0

dz ef
pT
f dre: fds'um(s)onls z
—f dre_’”f dspsc(s)e;\/I
0 -2

+00o
—f dre "M, (1) (7.108)
0

7.1 Asymptotic analysis of g

7.1.1 limitwhenA>1

We deduce the limiting behavior for A > 1. The next order correction is given in 7.1.3. Rewriting
the first term from theorem 7.1, we have for 7 € R*

(1+

q(r)

1 T
1- —f e_(1+/11)$M,1(s)ds]. (7.109)
AJo
We notice that in the limit T — oo, the right hand side of the integral is the laplace transform
® _a+d 1
f e Ut le(s)ds=$Mﬁ(1+Z) (7.110)
0
and we have seen the connection with resolvent in (7.28)

ij,l(1+ ) —V2AGg.

(1+—)\/_) (7.111)

179



Chapter 7. The rank-one model: a non-convex setting

But X2+ (1 + %)\/XX+ 1 = 0 has two roots: {—v'A; \_/_}T }. To ensure Gs.(z) € C, when ze C, we

have —v/A for A < 1 and \_/_}T for A > 1. Thus we conclude

. —(1+47 A 0 A<D
1 1+1)T — 7.112
e PO SR 112
Therefore, in the regime A > 1, we find the asymptotic behavior for T — co
A 1+4Hr 1
qr)~ae "2 (I_I)' (7.113)

A careful analysis of the terms entering p(7) shows the main contribution stems from the last
term, on the square % = [\/7, T]? (as the integral can be neglected on [0, 7]? \ 6):

T T
p(T) =f f G q(w)M, 21 —u—v)dudv. (7.114)
VTIVT
Using the approximation of g(¢) in (7.113) for large ¢ € €, we can further approximate
1V [T [T sl
p(r) = a? (1 - —) f f eI VWHIT An 07 — 4 — v)dudv (7.115)
A) Jyrdye
and a change of variables u = 7 — x, v = 7 — y provides
2 2(1+% 1)? 1+1
p() = a®e?l +W(l——) ff e WD A (x + y)dydx. (7.116)
A) Joza-Lr
Now, notice the integral converges towards a non-zero value K3 when 7 — oo
Ky = f e DOV A (o + y)dyda. (7.117)
(0,001
Using a further change of variable s = x + y we find

0o roo L oo S 1
Ky = f f e” 1TV (s)dsdx = f f e TS M (s)dxds. (7.118)
x=0Js=x s=0Jx=0

Hence again, we find a connection with a Laplace transform (with a derivative from the
additional s term inside the integral)

o0 1
Ky :f e DIgM) (s)dx = —(LMy)' (1 2 (7.119)
s=0
As LMy (p) = —VAGsc(pV'1), and considering that G (z) = —ZGGSEC(SL —, and that Gg((1 +
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7.1 Asymptotic analysis of g

%)\/Z) = _\/L/T in the case when A > 1, we conclude

1
Vi 1
Ky=A = . (7.120)
—2=+ 1+ V1 1-4
Finally, with (7.120) and (7.116) we find
1
p) ~ a? (1 - Z) Q2+ (7.121)

and for a > 0, we can conclude lim;_., G(t) = /1 - %

7.1.2 Asymptotic analysis of 1 <1

The case 1 < 1 is computationally more involved as §(7) converges to 0, and hence we need to
find the rate of convergence towards 0 of this term and that of p(7) in order to deduce the one
from (7). Though it is not the main topic of the chapter, we provide some calculus elements
to achieve this. We start with a lemma to find a suitable expression for § (7). Most of the calcu-
lations has been checked with Mathematica (a notebook is provided in the supplementary
material).

Lemma 7.1. §(t) has the following equivalent form:

1 2a 2, [T 2 _ in(0)?
qr)=a (1 - —) 6(1+%)T|](1,+oo) A+ —aexzﬁT[ gvicos@-D1 lsm(Z) de (7.122)
A A 0 (1+I)_\/_ICOS(0)

Proof. Starting with §(7) from (7.1), one can use a similar expression of M}

-+ et
e B 2 2 —(1+1
) =1- —f f e(ﬂcosw) (1+A))Ssin(9)2dsd6 (7.123)
a A 0 Jo
The inward integral can further be integrated (notice the constant term in the exponent is
non-zero)
-1+ b3 i 2
e ) 2 2 —(+1 sin(@
67(t)=1——f (e(ﬁcos(H) (1+A))1_1) ' ) _do (7.124)
A Jo Zcos(®) ~ (1+7)
1
Using proposition 7.5 with the constant a = 12 > 1, one can simplify
i
1+3-11-31 [+ @(A>1
a-Va2-1=vVA—42_—1L _IVi (7.125)
2 VA (A<D
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Chapter 7. The rank-one model: a non-convex setting

and we finally find

f sin(6)2 f sm(@)2 B —% A>1)
A cos(B) -1+ /1) n\/_ cos(6) — -1

using the solution (7.126) in (7.124) concludes the proof.

Proposition 7.5. Forany a > 1, we have:
/3 2] 2
f SO 49— n(vV@-1-a) (7.127)
o cos(@)—a

Proof. Bioche’s rules suggest a change of variable u = tan(g), we find on the left-hand side

f” sin(6)? d@‘[oo (,511)2 2du _foo 8u? du (7.128)
o cos@-a Jo L _gl+u? Jo [(1-a)-A+a)u)(1+u?)? '

Using the constant K = “—;} (or equivalently a = }%Ilg) we can rewrite

T sin(0)? ) 12
fo cos(0) — ade =—40 _K)f K+u2)1+ uz)zdu (7.129)

and make a classical partial fraction decomposition of the inward term of the integral

2

u _ 1 u? ~ u? 1 u? (7.130)
(K+u?)1+u??2 Q-K2\K+u?2 1+u2] 1-KQ+u?? '
= ! ! - K - ! ! - ! (7.131)
1-K2\1+u?2 K+u?) 1-K|1+u?2 @Q+u??
K 1 1 1 1
Tu-xz 1+ K+2) 1K+ 2?2 (7.132)

Then on the one hand, with change of variable u = tan(x) we have

f°° du _f'z[ dx
o (1+ur? Jo

3 T
= [2 cos?(x)dx = —
1+ tan<(x) 0 4

(7.133)
On the other hand, with change of variable u = v/K tan(x) we have
% du f’z[ d T 1 (7.134)
= XxX=—— .
o K+ u? 0 2 \/E
Thus:
el K)foo i du [ 2K (1 ! )+1 (7.135)
—4(1- =—n|—|1-— .
o (K+u?)(1+u?? 1-K VK
and:
2K (1 1 )+1—a a’-1 (7.136)
1-K\U VK] '
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7.1 Asymptotic analysis of g

O
Going back to the case 1 < 1, we can simplify the expression from equation (7.122)
2a 2, [T 2 _ in(0)?
4(1) = —jeff ¢ i €os@-Dr lsm( 2) 0 (7.137)
7T 0 (1+Z)—\/—7lcos(0)
Further, with u = \/%T (1 - cos(0)) we rewrite (7.137) to apply Watson’s lemma
1 1
2a 2, (VA (VA (W@ - YAu):
(1) = —je%’(ﬁ) f e U du (7.138)
4 2 ) Jo 1+ -2a-%w
Therefore, Watson’s lemma provides the asymptotic equivalence
3
20 2 A2 23 F( )T 2
17(T)~—jeﬂr (£) —2 (7.139)
b4 2 (1+ A) 7
With F( )= We have therefore
_3 2q
. aTt 2evi
G() ~ - (7.140)

.

The remaining term p(7) can further be analyzed by sphttmg each integral from theorem 7.1
and analyzing the terms with the asymptotic form e i 772, For instance, we get easily the first
term for which we have

Vi, (47) VAevi  Alevi
PSR N R R ~ 75 3
21 ) 4 93 3
VA 2t fon i 2:y/mr

The other terms require more technical considerations. We will use both former approxima-

M, (271) = (7.141)

tions from the equivalence relations (7.140) and (7.141). However, these approximations are
only valid for large T while the integral for the second term is applied on the whole range [0, 7].
Therefore, we split the integration intervals into two segments, say [0, /7] and [/7,7], and
apply the approximations in the domains where it is valid.

Starting with the second term, as 27 — s > 7 for all s € [0, 7], we can already apply the relation
(7.141) and split further the integrals:

—%s e_%s
f q(s) ———ds+ f q(s)——ds (7.142)
(27—5)2 VT 21 —35)2
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Chapter 7. The rank-one model: a non-convex setting

—_1_
(2r-s) 5 oend’
Indeed, as s < /T we have s = o(7). In the end we retrieve the laplace transform of §:

Then the integrand on the first segment of (7.142) is further approximated using

1 2
q(s) sds = f qgs)e f Sds = £q (—) (7.143)
f Q27—5)2 21)3 1) VA
From (7.27) which remains valid at z = 2 with Gs.(2) = —1, we can even derive further the
constant term ) G2
!fil(—)= e (7.144)
VA 4G z-1

In the second segment of the integral in (7.142), we use the approximation from (7.140) and
use change of variable r = 3

q(s) ds =

[ .
Vi @2r-9) 2\/‘14[(“ b-Z|JErie-niri

dr (7.145)

The integral from the right side can be solved:

1 dr 1- \/Lf T
[ 3 3 ~ = (7.146)
Lri2-n2 L(z—i) V2
VT VT
Putting things together with (7.146) in (7.145) we get
_z
QT4
f q(s) ~ds= - ; 5 (7.147)
@T-5)2  2V27Ai [(”7)_\/_1

So, the main contribution comes from the first integral of equation (7.142) with the coefficient

T

(NI

»Mw

3|H 3\»

N\w

Zaf qs)M (2t — s)ds ~ (7.148)
0

a“Aieitz
The third term with the double-integral requires extending the previous calculation idea on

each rectangle: I = [0, /7%, I, = [0, V7] x [T, 1], I, =[y1,7] x[0,/7] and I3 = VT,T)?

3
we will see, only the integral on I; brings a contribution of order 772 and the others can be

neglected.
Interval I; = [0,1/T 120n this interval, 27 — u — v > 1 so we consider
A%e%r -2 (utv)
f Gg(u)g(v)M) 2t — u—v)dudv = f q(uw) q(v)————dudv (7.149)
h 2vm Jn 2t-u-v):
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7.1 Asymptotic analysis of g

also, on I; we have 1 =~ ——, thus we are left to consider:
2r—u—v) 2 21)2

ff ﬁ(u)ﬁ(v)e_%(uw)dudv:
L

hence with (7.124) we find

2\
zq(m)] (7.150)

§ % 3
A
ff ﬁ(u)ﬁ(v)MA(ZT—u—v)dudv~u
L %

. (7.151)
V(1)

Interval I, = [0,1/7] x [/7, T]here we still have 27 — u— v > 1 but also v = /7 > 1 so with

(7.140) we first get

“ff[ q(u) v_%e%UMA(ZT —u—v)dudv
ff G g My 21 —u—v)dudv = 2 - 1 - (7.152)
b 2T [(“1)_71

and then:

4
2 Aievi’
f é(u)v_%eﬁUM,l(ZT— u—v)dudv =
L

s 2, e \F(u+v)
Guv 2evi’ ———dudv (7.153)
2ym flz QT -u-1v)>
SO

N _3 2 A%eﬁr VT 2, (" 1
f quwv 2evi M2t —u—v)dudv = f guwe va ——dvdu
L v Jo VIUIQ2T—u—1)?
(7.154)
At fixed u € [0, /7] With change of variable s = % we find

T 1 1 1 1 1 1
/ ﬁdv=f ‘L'dS=—f S
VIv2(2T—u—-"1)2 L

~ds  (7.155)
% sHe-9-4)

Loris2(r(2—9)—u)? &

i\-\w

Because u < /7 we have ¥ = o(1). Notice we have

1
fl ds ) 2% +25-2) 156
st (2-9-1)? “-22[s2-s-9|
VT
Uy 2 _9 1
T ﬁ T4
= ~— (7.157)
(E—Z)ZI L _ 1 _u 2
nfi-¥ JFe-g-h| V2
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Chapter 7. The rank-one model: a non-convex setting

7
Hence we have a term in 7”4 so the term on I, can be neglected compared to I;:

3 4 7
Aieatt™i

R _3 2, 2
(v zevi M2t —u-—v)dudv ~ A (—) (7.158)
f[zq A 2V2n 9 VA

Notice finally that the interval Ié = [v/7,7] x [0,/7] is similar as the integrand is symmetric in
its arguments.

Interval I5 = [\/7, 7]°we can approximate both §(u), §(v)

2
a’ ffls(uy)—%eﬁ“””)MA(g-[ —u-v)dudv

ff Ggu)g(v)My 2t — u—v)dudv = - 5 (7.159)
I: 2 l _L
3 47 )2 [(1+ 1) 7
Let’s focus on the right hand side integral
2
f(r)sz (uv)"2evi" " M, 27 — u - v)dudv (7.160)
I
Now, using change of variable u =7 - x, v = 7 — y we have
-2
f(r):e%Tff T-2"2@—y) e Y My (x + y)dxdy (7.161)
0, 71~
withs=x+y
_ T(l-=2) px+1(l--2) _
eT%Tf(r)zf ff 0 (= s+ x) "2 e My (s)dsdux (7.162)
0 X
21(1-%) pmin{z(1-2),s =
:f ff ( v ) (T—x)_%(r—s+x)_%dxe\/%sM,1(s)ds (7.163)
0 max(s-7(1-4),0]
T(l_%) s 3 3 2
=f f (t—x)"2(t—s+x) 2dxevai’ M (s)ds (7.164)
0 0
2t1(1-%) pr(l-=) _
+f ff Y a—x) " =5+ 0 Fdxet’ My (s)ds (7.165)
1(1—%) s—T(l—%)
On the first integral, we find
fs( ) Ea-s+xid 2ex-Y) s i (7.166)
T—x) 2(T—$s+x x= = .
0 2r-92Va-xT+x-91p QCr-92VF-971
However, s<T—+/Ts0yT<T-sand 7++/7 <27 — s so:
41(1--L)
4
S VT 4t +o,(1) (7.167)

<
@T-92VT-97T 1201+ \/L?)zréri
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7.1 Asymptotic analysis of g

Therefore, we find:

=37 s _3 _3 2 _z 2
f f(r—x) 2(T—s+x) 2dxevai" M, (s)ds <4t 4(1+0,(1))$Ml(— (7.168)
0 0

7)

Noticeably, M,1 «c(2) = . In the asymptotic limit, this term can be neglecte
bly, & -VAG V/A. In the asy ic limit, thi be neglected

dueto 1 4 compared to7 2.
Similarly, we find

(T—x)" 2(T—s+x) 2dx = - (7.169)
T(1-7) (2T —9)2T1/2T—VT—5

f -7 42T - s—-27)

then, in [t — v/7,2(7 — y/7)] we approximate M, with its asymptotic expression. So we are left
to evaluate

21(1-7) 42T —s5-2
K(r):f Vi 27 - 5s—2y/T)

. 1 ds (7.170)
(I-%) s2Q21—98)%19/21—\/T—5

Notice that 21 —s—2y/7 <7(1 — \/L?), and 272 <27—sand 12 <27— VT — s, hence
41(1—— 21(1-
0<Kr)s —— f = (7.171)
@r2)27i\/ 72 $2
So .
a--1 o 1210-2k)
0< K1) s — [——1] (7.172)
T2 sz lra-1)

with a change of variable u = s — (7 — /1) we find

1 r(1—%) 4(r(1 - )— u)
K@) =— f (7.173)
T1J0 (T(1—7)+u) (T(1+-L )— w21 — u

with another change of variable u = 7r we find:

1-L 1-+-n
K== f v vt (7.174)
T1J0 (1—7+r) (1+——r)2\/

Though this integral can be completely solved, we are only interested in bounding it. In
particular, we find:

4 (V% 1- 4 -1
K(T)S—gf T a-n dr=——— 3f w_dr (7.175)
71 J0 (1—ﬁ)2(1—r)2\/1—r Ti(l1——=)2 JO
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Chapter 7. The rank-one model: a non-convex setting
So

-% 81—+
2 T4 _8
K@) < ——— . = =81 (1 +0(1) (7.176)
Til-—2)2 (=2 ] Ti(l-—x)2
In the end, the integral on I5 can also be neglected.

conclusionsumming up all the main contributions from (7.141), (7.148) and (7.151) we find
3 _4
lim t2e vip(r)
T—00

Ai a’li a?Ai
= ottt (7.177)
2:\/m 22\/5(\/—1—1) 2zﬁ(ﬁ—1)
Ai | 2 1
= = l+a”f— 1T 5 (7.178)
221 = 1
a7t (k)
and thus: .
L 2imtl, o, @ e (7.179)
~— —-a’+ Tie VA .
VP@ A3 Mgz —1)?
Using back (7.140) we find
1
2)\1
a
o o)
5 1 2 a?
/18(1 \/I) \/1 ac+

(7.180)
A(ﬁ—l)Z

Numerical evaluations from the functions of theorem 7.1 match correctly this expression for
different values of (a, A), see Figure 7.1.1 (a) for instance.
7.1.3 Asymptotic analysis of 1 > 1

Using the previous analysis for §(t) ((7.122) and (7.140)), we have an additional term:

_3 2¢
A 1 1 at zevi
C](T) — “(1_1) €(1+/]1)T+

2T (1 -

_3 2;
3 +o(t 2ev1’) (7.181)
1

VA

C € R} such that it takes the form:

Now, for p(t), we have already seen the leading asymptotics in equation (7.121). For the next
correction, we postulate through computer analysis that there exists a non-null constant

1 a1l
ﬁ(r):az(l—z)ez(”i” [1—21‘%(3 2= (C 4 0(1))

(7.182)
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7.1 Asymptotic analysis of g

Hence the expression:

“20-72°T (4 (1)) (7.183)

Putting things together, we find:

_3 —(1-L)2g
T 2¢e Vit T(1+o0(1 -
( (1)) (“_ _3 201

T 2e _Jli)zr(C+0(1))) (7.184)
1 1 1)?
2(1 - X)\/_jl/’t‘i (1 — \/_/T)

1
q(t) =sign(a) I_Z 1+

Hence the exponential term in the expression of § dominates the one in the expression of p.
Therefore, expanding the asymptotic expansion provides the result:

sign(a) -3 -(-p)t

1
q(t) —sign(a)y/1— -~ z (7.185)

T
A L 1)2
2\/52,4 1- 1 (1 - \/_/T)
More specifically, equation (7.184) shows that the second order term of § dominates the one
of % when we compute the final contribution in equation (7.185). Therefore, this fact can be

p
emphasized with the equivalent limiting behavior:
= : 1 1 - -(1+4Hr
q(r)—sign(a)y/1- R qT)e Vi—afl-—= (7.186)
1 1

This form is actually more convenient because a numerical evaluation g(r) for large T requires
extra precision and computational resources due to the double-integral within the p(7) term.
Therefore, it appears to be easier to observe the equivalent behavior in (7.186) rather than in
(7.185). To illustrate this phenomenon, one can evaluate:

y@ = la 1—%(Q(T)—sign(a)\/l—%)e(l_\}%)zr (7.187)
o) = (Q(T)e_(pri”—a(l—%))e(l_\}z)% (7.188)
d@) = 4 3 (7.189)

2kt (1= )

and expect to observe ¥ (7) ~ ¢ (1) ~ &/ () when T — oo for any A > 1 and « # 0. See Figure 7.1.1
(b) as an example where the computation of y(7) had to be stopped earlier in time to cope
with computational limits of the math library Scipy.
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- —= qit) ., == fit)

-1 ~ -3
10 . --- asymptote 10 - === asymptote

—w— yit]

10-*

1072 1073

10t 107 10° 10t 10° 10
t (time] titime}

(@A1=0.5a=0.1 (b)yA=5,a=0.1
Figure 7.1.1: Example of a numerical evaluation of theorem 7.1 and comparisons with their
respective asymptotes in log-scale for A < 1in (a) and A > 1 in (b).
7.1.4 Asymptotic analysis for 1 =1
In the special case A = 1 where the regime changes, one can write explicitly:
G@) = ae® (1-1+e2"(Iy(27) + [; 21))) = a [1o(27) + I; (27)] (7.190)

and we find the first term of the asymptotic expansion in 7 — oco:
621
VT

Some further analysis lead us to a similar estimate for p(r)

qgr)~a (7.191)

2t

VP ~lal—— (7.192)

2nT)*

and thus to conclude using (7.191) (for a > 0):
1
2\1
g ~ (—) (7.193)
nT

Using similar arguments as the case 1 < 1 (see Section 7.1.2), we can check that the main
1
asymptotic contribution in 772 comes from the third term of p on the interval I5. Indeed, the
3
first term in M (27) is obviously in 772.The second term can also be neglected, notice that we

fT é](s)ids o[t ds a (7.194)
VT @r-5)3 ved \/?\/E(Zr—s)% VT '

Also we don't have a constant term with the laplace transform of 4. Instead for any # > 0

have:

t
f G(s)e ds = g(e‘”(l +40 I +4te” ' 20 -1) (7.195)
0
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7.1 Asymptotic analysis of g

In particular when ¢ = /7 and 7 — oo:

VT 4 2art
f g(s)e *ds ~ avT 2t (7.196)
0

VanyT VT

3 5
Hence with the additional term in 772 this gives a term in 7~ 2. We proceed similarly for the

third term with the 4 segments Iy, I, Ié, Is.

Interval I; = [0, \/_ ]°Similar considerations using the result (7.196) lead to the asymptotics:

4a’7:
ff 4w d(v)e 2@ dudy ~ “n” (7.197)
L
Hence with the additional term in 777 this gives a term in 771
Interval I, = [0, /7] x [\/T,T|We get:
2v eZ(ZT—u—V)
f qu)gw)M; 2t —u—-v)dudv = — — — dudv (7.198)
\/_ V2T—u-— v)z

We can compute further the integral considering u = o(7):

+ _ 2 ) T
f,, ﬁ(Zr—u—u)%dU T 2t-u [\/; _y]\/l—_
=RV, VT (7.199)
-u [ ZTZLL - \/; ]

Finally, using (7.196) gives:

N N aZ A7 -3
ff qu)qg(v)M; 2t —u—-v)dudv ~ —e*'17* (7.200)
L

T2

Interval I3 = [\/7, 7]20n this interval we have:

o a? susen NRRT—u-v)
fflsq(u)q(v)Ml(Zr—u—v)dudv- ;fflse (21—u—v)\/ﬁdudv (7.201)

Let’s focus on the right hand side integral:

L22T—u—-"0v)
= 2(u+v) L dud 7.202
rm fflge Rr-—u-v)Vuv uav ( )
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Withx=7-u, y=7—-v we find:

Le
e f(T) = f fm - ~2E+Y) GO Grdy (7.203)
Yy T—VT

x+/aT-x(T-Y)

Now, consider further the change of variable: x = (t — /7)r and y = (t — y/7)s . we have:

—2(1-y/1)(r+s) _
Vie T f() = ff[o . VTl L@l - vDir+9) drds (7.204)

oo ( ) -

Now;, for all r, s € [0,1]2 \ {(0,0)}, we have:

i ﬁefz“*ﬁ”””h(zu—ﬁ)(r+s)): 1
oo ﬂ : )( : ) Van(r +5)2/T-n(1—9)
(r+s) —-r —-S

(7.205)

1-L 1

1
VT G

and it can be shown that this function is integrable:

drds
f f . _ (7.206)
012 Var(r+s):vad-ra-s V2

Further, for all r, s € [0,1]2\ {(0,0)} and for instance 7 = 4:

IS

1 2
VTILHLQRET —VIT)(r+9) < < v2 (7.207)
\/4 11-L)r+s) V4n(T+9)
VT
and
1 1
< (7.208)
VIA-1)1-y3)
[
- -
Hence for all 7 > 4, the integrand is dominated by its limit times v/2.
In conclusion, we have the main contribution term
2
ff Gu)q)M; 2t — u—v)dudv ~ (7.209)
I3 21T

7.1.5 Asymptotic analysis conclusion

We have seen the case A < 1in (7.180) and A > 1 in (7.185). So compared to the first case A < 1,
the convergence towards the limit is reached with an exponential term exp{—(1 — \/LZ)ZT} in
the asymptotic limit for A > 1. It confirms the result that the convergence happens faster
as A grows to infinity, and that the exponential term vanishes as A gets close to 1 - with an
additional singularity in the denominator.
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Figure 7.J.1: Comparison of the overlap over time with different configurations of A parameter,
and between two different values of a.

7.J] Additional experiments

A python notebook is available in the supplementary material to reproduce all the examples.

7.J.1 Limiting gradient descent

We illustrate the predicted time evolution for cases a very close to 0 and a very close to 1 in
Figure 7.J.1. Since a = 0 leads to a null overlap evolution, a slight non-zero initial value of a
is required to initiate the learning algorithm. The smaller the @ the more is the asymptotic
regime delayed. The opposite case a = 1 brings another insight, namely when 6y = +6* the
effect of the noise inexorably disturbs the signal towards a lower limiting overlap (for A < co).

7.J.2 Comparison with experimental gradient descent algorithm

The theoretical gradient descent prediction is compared with the experimental values when
taking the data dimension 7 sufficiently large over multiple runs with new samples of the
noise matrix. Discrete step size gradient descent is performed while keeping 6, on .#;(\/n).
We choose a §; > 0 sufficiently small and consider discrete times t; = kd; for k € N. We
update 0, in two steps: first with the gradient descent 6, , o = 0y —n6 VA (0,), and secondly
projecting back on the sphere 0,,, = /nf et 8 ||¢9thr o |~!. These steps are implemented
using Tensorflow in Python and run seamlessly on a standard single computer configuration.
The initial vectors 6y and 6* are chosen deterministically as \/nfy = ae; + V1-a2e, and
v/nb* = e; with (e;)1<;<, the canonical basis of R”, while the noise matrix H is generated
randomly. To account for the randomness of H at each execution, we perform 100 runs and
give the quantiles for quantities of interest.

As shown in Figure 7.J.2, the learning curve matches the theoretical limiting curve with some
fluctuations. As illustrated below, these fluctuations diminish as 7 is increased. Noticeably,
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Figure 7.J.2: A1 =10,n=70,¢ =0.1,6;=0.1

in the regime where A > 1, smaller values of A require higher values of n to keep the same
concentration. Therefore, the formula from theorem 7.1 provides a good theoretical framework
to predict the behavior of the experimental learning algorithm. Such formulas potentially
allow to benchmark the time-evolution of gradient descent techniques and provide guidelines
for early-stopping commonly used in machine learning.

We provide a range of further different experiments for different values of 1, a, n.

Let us first comment the regime A > 1 illustrated on Figures 7.J.3, 7.].4, 7.J.5. Figure 7.].3 clearly
shows that increasing n up to 1000 concentrates the experimental curves around the expect
limiting overlap and cost §,.#. We also see even more clearly the characteristic change of p;
with a "self-healing" process at some specific point in the dynamics of the learning algorithm
(recall that p; is a similarity measure between the reconstructed matrix 8 IBtT and the noise
matrix H). This is also seen in Figures 7.J.4 and 7.].5 for different values of A and a. Figures
7.J.3 and 7.].4 only differ in the value A: we observe that decreasing this parameter closer to 1
not only decreases the overlap, but also increases the deviation from the limiting theoretical
overlap ¢ - and thus as A decreases higher values of n would thus be needed to match closely

q.

Finally, in the regime A < 1, we observe on Figure 7.J.6 that similarity measure p; explodes and
overtakes the risk.
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Figure 7.J.5: A=2,n=1000,a = 0.5,6;=0.1
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Figure 7.J.6: A =0.5,n = 1000, @ = 0.5,6; = 0.1. Note the different scale for the cost.
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Matrix denoising: an extensive rank
model

This work is based on the contribution (Bodin and Macris, 2023) and investigates model 1.5
described in the introduction. We present a new approach to analyze the gradient flow for a
positive semi-definite matrix denoising problem in an extensive-rank and high-dimensional
regime. We use recent linear pencil techniques of random matrix theory to derive fixed point
equations which track the complete time evolution of the matrix-mean-square-error of the
problem. The predictions of the resulting fixed point equations are validated by numerical
experiments. In this short note we briefly illustrate a few predictions of our formalism by way
of examples, and in particular we uncover continuous phase transitions in the extensive-rank
and high-dimensional regime, which connect to the classical phase transitions of the low-rank
problem in the appropriate limit. The formalism has much wider applicability than shown in
this communication.

8.1 Introduction

Matrix denoising and factorization play a crucial role in a variety of data science tasks such
as matrix sensing, phase retrieval or synchronisation, or matrix completion. The problem
consists in reducing the amount of noise or irrelevant information present in a dataset, allow-
ing for more accurate analysis and interpretation of the data, as well as better computational
efficiency and modeling by way of dimensionality reduction. The literature on the subject
is immense and we refer to (Chen and Chi, 2018; Chi et al., 2019b) for recent overviews of
applications and theory in various settings and formulations.

In this contribution we focus on the study of gradient-flow for the following statistical formu-
lation for positive definite matrix denoising. We consider a "ground truth" signal X* € R"*¢
with randomly sampled independent entries X l* P~ N (0, %) where the dimensions n, d are

such that ¢ = % is fixed. Then we define the corrupted data matrix Y € R"*"

Y=X*X*T+%€ (8.1)
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Chapter 8. Matrix denoising: an extensive rank model

where ¢ is an additive symmetric random noise with {;; =& ; ~ A(0, %) and A is (proportional
to) the signal-to-noise ratio. The objective is to estimate the ground truth positive semi-definite
matrix X* X*T from the corrupted data matrix Y with a matrix X X" such that X € R”*™ where
m is set from the fixed ratio y = 7. Note that we allow d and m to be different. The estimator
studied in this contribution is given by the gradient flow X (¢) (¢ is time) for an objective
function with regularization parameter u, defined as

1
Jf(X):E”Y—XXT”i+%IIXII% (8.2)

where ||-|| ¢ is the Frobenius norm. The initialization of gradient flow is X(0) = Xy € R"”*""
random with i.i.d matrix elements from A4 (0, %). As a measure of performance we adopt the
expected matrix-mean-square-error

[Eé?:%[E”X*X*T—XXT”i 8.3)

where the expectation is over ¢, X*, X;. Note that the objective function and performance
measure are not the same and can be thought of as "training" and "generalization" errors in
the language of machine learning.

Summary of main contributions:

* We derive a set of analytical fixed point equations whose solutions allow to compute
the full performance curve t — E&; for the extensive-rank and high-dimensional regime
where m, d, n all tend to infinity while ¢,y are kept fixed (results 1 and 2 in Sec. 8.2).
Continuous time average behaviour of gradient flow is a proxy for the usual discrete
gradient descent algorithm, and has the advantage that it is more amenable to analytical
study. The numerical experiments confirm that (a) &; concentrates over its expectation;
(b) theoretical predictions of gradient flow agree with gradient descent. See Fig. 8.2.1.

¢ We further push the analysis of these equations in the time limit ¢ = +oco and display
specific examples where a critical value A, can be calculated such that: (a) for A < A, the
performance error of gradient flow is no better than the one of the null-estimator X = 0;
(b) for A > A, better estimation is possible; (c) the phase transition between the two
regimes is a continuous type phase transition. These results are displayed on Fig. 8.2.2.

* We analyze the limit ¢ = ¢ — 0 (after n, m, d have been sent to infinity) and derive a
connection with the low-rank setting. It turns out that the matrix-mean-square-error
curve (when ¢t — +o0) tends to the one of the rank-one problem and the phase transition
reduces to the well known BBP transition at A, = 1.

We use tools based on modern results in random matrix theory. Central to our derivations,
is the formalism of linear-pencils, that initially appeared in (Rashidi Far et al., 2006; Mingo
and Speicher, 2017) and has been further improved recently in the context of neural networks
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(Adlam and Pennington, 2020a; Bodin and Macris, 2021a, 2022). In particular we make use of
extensions provided in (Bodin and Macris, 2022) to derive closed-form expressions of non-
trivial averages over &, X*, X, appearing in traces of complicated "rational" expressions of
these random matrices. Although these techniques have not yet always been rigorously proven
they have been used successfully in different applications, and the predictions are confirmed
by numerical experiments. In addition, we use holomorphic functional calculus for matrices
(Dunford and Schwartz, 1988).

Brief review of literature: The full time-evolution of gradient flow for the rank-one problem
(the so-called spiked Wigner model with d = m = 1) has been solved and rigorously analyzed
in much the same spirit as the present work in (Bodin and Macris, 2021b) with the differ-
ence that the spike is constrained to lie on a sphere all along the evolution. For the present
extensive-rank setting rigorous or even analytical results on the whole time-evolution are
scarce. Closely connected to our work is the recent paper (Tarmoun et al., 2021). An essential
difference however is that in (Tarmoun et al., 2021) the initialization X (0) = X, is taken to have
eigenvectors aligned with those of Y (this pre-processing can be implemented empirically in
practice). Moreover the authors do not carry out the random matrix averages fully analytically.
Gradient flow has been studied in a variety of settings more or less related to the present one,
see (Gunasekar et al., 2017; Chou et al., 2020; Saxe et al., 2013; Mannelli et al., 2019; Arous et al.,
2022; Liang et al., 2022).

Bayesian approaches are quite well understood for the low-rank problem (mainly rank-one).
This context is quite different from the present one. To begin with it is not dynamical. One
studies the Minimum-Mean-Square-Estimator (MMSE) computed as the conditional expecta-
tion of the signal with respect to the Bayesian posterior probability distribution (Montanari
and Richard, 2014; Lelarge and Miolane, 2019; Luneau et al., 2020; Barbier and Macris, 2019;
Miolane, 2017; Pourkamali and Macris, 2022b,a; Camilli et al., 2022; Barbier et al., 2022).
Bayesian-optimal as well as mismatched estimation settings have been well studied with rigor-
ous results on the mutual information, the MMSE, the cross-entropy, and the problem displays
arich phenomenology of first and higher order phase transitions depending on the nature of
the priors. Related dynamics of the Approximate Message Passing (AMP) algorithms is also
well understood for these problems (Lesieur et al., 2017b,a; Montanari and Venkataramanan,
2017) . The realm of extensive-rank within such Bayesian and AMP approaches is quite open
and very timely (Kabashima et al., 2016; Barbier and Macris, 2022; Maillard et al., 2022; Troiani
etal.,, 2022; Camilli and Mézard, 2022).

Finally other types of non-dynamical approach belong to the class of spectral methods like
Principal Component Analysis (PCA). The low rank case is covered by (Baik et al., 2005a; Péché,
2004; Benaych-Georges and Nadakuditi, 2011). For the extensive-rank setting the results are
scarce and little is known except for ensembles of rotation invariant signals for which an
interesting class of Rotation Invariant Estimators (RIE) has been proposed (Bun et al., 2017).

199



Chapter 8. Matrix denoising: an extensive rank model

8.2 Results

8.2.1 Preliminaries

We simplify the notations by introducing the variables Z = XXT and Z* = X*X*T and the
order parameters p and g such that & = r —2g + p with:

1l _lo2 _1 .2
q= dTr[Z Z| p= dTr[Z] r= dTr[(Z )7] (8.4)

In the rank-one setting, p can be seen as a norm of the estimator while g represents the angle
with the ground-truth. We consider the gradient flow
dX;

o —PpVA(X;) (8.5)

and track the evolution of the matrix mean-square error &; through the quantities q; and
p:. The factor ¢p amounts to a rescaling of time which leads to more convenient expressions.
With the additional notation H = Y — I, expanding the gradient provides: % =(H-Z)X;,
which in turns provides the matrix Riccati differential equation:

dz;

4, ~HZ+ ZiH- 272 (8.6)

A general solution of this matrix differential equation is (see e.g., (Tarmoun et al., 2021)):

r -1
Zr = e Xo| Ly +2X, f e*sH don) XJ e (8.7)
0

This formula is valid regardless of the dimensions n, m, d. In particular, when m = d =1 this
is the solution of the rank-1 gradient flow. In the high-rank case, it is not straightforward a
priori how to track the evolution of the matrix Z; as firstly the rank of XOXOT and X*X*T (or Y
or H) are not necessarily equal when d # m, and secondly because the eigenvectors of the two
matrices are not aligned at the initialization.

In the following, we will consider the high-dimensional limit n, m,d — co with d/n and m/n
fixed and make the following assumptions:

¢ The limits of traces p; = %Tr[ZtZ], qr= 1Tr(Z* Z,) (and &;) concentrate on their expecta-
tion, as well as related traces used in the linear-pencils method in Sec. 8.3.

¢ We assume that H has a limiting spectral distribution whose support can be enlaced in
a finite contour I c C.

To keep notations lighter we shall abusively denote by p;, g;, &; their limiting deterministic
values.
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8.2.2 Main results

The MSE & of the problem is completely given by ¢;, p; and the constant r which in the high-
dimensional limit is found to be r = 1 + ¢ from the second moment of the Marchenko-Pastur
law (Marchenko and Pastur, 1967). The main contribution of this chapter is the self-consistent
set of equations that fully track g; and p;:

(Result 1) In the high dimensional limit, the overlap g; evolves according the integral:

3 zpq(z)dz
q: _fé 1—e—2t2 4 Zdte—th (8.8)

with the auxiliary function g; solution of the fixed-point equation:

(1-e2"%)pp(z)dz

W =1 +fR ST - 8.9)
q:

and pp, pq are given by their inverse Stieltjes transforms P(z), Q(z). These are the analytic
solutions of the degree 3 polynomials such that —zP(z) — 1 when |z| — co and —zQ(z) — 1
when |z| — co where:

PP+ P*(Au+2)+1)+PA(u+z-p+1)+A1=0
3 2 1
Q°¢p+Q (,u+z—2(p—l—z)—Q(p+z—(/)—2):1 (8.10)

(Result 2) In the high-dimensional limit, the eigenvalue distribution of Z; is found by the
inverse Stieltjes-Transform of h(z) where:

_1 (1+e72(72 ~ 1) P(x)dx
hi(z2)=—¢ - - — (8.11)

2mi Jr x+z+ze‘2”‘(h——1)

+(2)
- 1 -1 X+ z—ze*™*)P(x)dx
hi(z) =1+ ——-—¢ — ( — ) x( ) (8.12)
1//27'” r xX+z2+ze th(fl_(z)_l)
t

in particular, we find:
1 99 (1h (1)) ©.13)
pe= 2¢ 022z '\z )

Note that a similar system of equations as (8.8) can be derived by calculating the first and

z=0

second derivatives in z as given by (8.13) and using the integrands in (8.11). However the
resulting formulas are too cumbersome to be presented here.

8.2.3 Discussions and experiments

Figure 8.2.1 provides an example of the calculation of g, through time compared with experi-
mental runs: we see a good agreement between the curves and the prediction.
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Figure 8.2.1: Comparison of g; evolution with 10 runs of a gradient descent with n = 100,
m=25d=75and A =10* and p=0.

Asymptotic Limit ¢ — co: An interesting question is to study the asymptotics of g, when

2at

t — oco. We take the Ansatz that g; ~ ye“®’ in this limit with ¢ > 0 and y > 0 another constant

and plug this in equation (8.9):

1 (1-e*)pp(2)dz
T 8.14
v G: Jrl—e 2%+ zqG,e %1% (8.14)
e (1-e 2%)pp(z)dz
- Y +-[I‘¥ 1—e 2tz 4 z}/e—z(Z—a)t (8.15)
:f pr(z)dz=1-Fp(a) (8.16)
a

With Fp the CDF of P. Such a solution exists when we can find a such that Fp(a) =1 -,
effectively selecting the proportion y of the eigenvalues of H in the interval (@, +00). Due to
the assumption a > 0, a further condition for the existence of suchan a is Fp(0) <1—-w <1 or:
0 <y <1-Fp(0) = 1. This implies that the Ansatz is valid in the under-parameterized regime
(m < n). The asymptotic limit is thus given by goo = lim;—c q; = [;;° 2po(z)dz. Note that the

alternative Ansatz that g; converges towards a finite limit leads to a similar solution as but
with @ =0.

A similar line of reasoning lead us to consider the term po, = % J2> 2 pp(z)dz and thus a
asymptotic mean square error:
o0 1
Eoo = r—[ (2sz(z) - az‘ﬂoP(z) dz (8.17)
a

As an example, for¢p =w =1and p = %, and a = 0 we expect from formula (8.17) that o, =
r when the support of pp and pg is located below 0. This can be found by studying the
discriminant Ap(A, z) of the polynomial solved by P: because it is a order 3 polynomial with
coefficients in R when z € R, either the solutions are all real (Ap > 0) implying pp(z) =0, or one
is real and two are complex conjugate (Ap = 0) implying pp(z) > 0. At a specific A, the support
of pp is located below 0 and touches z = 0. This A, is solution of Ap(A.,0) = 0 which provides
the solution A, = 2;47. The whole error curve at ¢ = +oo is shown in Figure 8.2.2. The choice
U= % is natural from a Bayesian point-of-view because it would correspond to the situation
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where the statistician matches its prior to the ground-truth when y = ¢.

Low rank limit when ¢ = 1 — 0: We bring to the reader’s attention that the objective function
€ whend=1and n— ocowith u= % corresponds precisely to the spiked-Wigner problem.
This suggest to look at the limit ¢ = 1 — 0. In this situation, we expect a should be close to the
maximum eigenvalue of the bulk of pg. We make the following observation in Figure 8.2.3:
as ¢ decreases, pp in blue has two bulks of eigenvalues, one of which disappears as ¢ grows.
On the other hand, pq in orange displays also two bulks at the same locations but the second
bulk develops a mass as ¢ — 0. Therefore, we expect that a adjusts itself to the maximum
eigenvalue of the first bulk of pp. Furthermore, interestingly we see that these two bulks are
getting closer when A is closer to 1 as seen in Figure 8.2.4.
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Figure 8.2.3: Bulk of eigenvalues for A = 5 and different values of ¢
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Figure 8.2.4: Bulk of eigenvalues for A = 2 and different values of ¢
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With these observations, we expect that Q(z) has a pole z =1 in the limit ¢) — 0. Let’s consider
a polynomial equation of Q solving the reduced polynomial equation of Q with ¢ = 0:

QAz(z—l)—Q(z—2+%)—1:0. (8.18)

In order to find a potential pole, we consider 2(z) = (1 - z)é(z) and check for potential limits
of 2 when z — 1. First of all, injecting 2 in the former polynomial equation, we find:

(2°1+2(Az-21+1)-Az+A)/(z—1) =0. (8.19)

Therefore, on the upper-complex plane we find the numerator equals 0, and by analytic
continuation, the limit z — 1 follows: 2(1)(Z(1)A-1+1) =0s0 2(1) € {0,1- }l}. Itis interesting
to notice the connection with the usual Bayesian overlap of the spiked Wigner model - since
2(1) represents the squared overlap g in the limit ¢ — 0. Pushing further this analysis for
P(z) allows to eventually get po, and &, in the limit ¢) — 0 and check the connection with the
Bayesian MMSE of the spiked Wigner model.

8.3 Sketch of Proof

Our method relies on considering the interaction of the random matrices Xy, X*,{. We treat
each term ¢g; and p; separately with the linear-pencil technique. In both cases, we first factor
out the Xy matrix, then decouple the time dependency from the remaining random matrix
expressions, and finally factor-out X*,¢.

Our results are derived in the limit 7, m,d — +oo. For a sequence of matrices Ay € RV*N

we use the notation Try [An] = limy_ oo ﬁTr [An]. As stated in Sec. 8.2 we assume that the
limiting traces involved in the linear pencil method concentrate.

8.3.1 Tracking the angle g,

The term ¢; = Try[Z* Z;] can be completely recovered from a sub-block of the following
linear-pencil My:

ol s [ oo o oo
Ll 0o oo o ofw
o o[of[xe o o1,
Mg= ol o [[xI|1m 0 XI| O (8.20)
off offo]o L 1I,|0
off offo|X I, oo
ofwl{|r|[o o o]0
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8.3 Sketch of Proof

Where W, = X*Te'H and L, =2 fot e?$Hds. A recursive application of the Schur-complement
to compute M, shows that the block (M ")V is the random matrix X*' Z, X*. So in fact:

qe ="Tra [ (M;H D).

The random matrices Xy, X*, ¢ are allindependent and Xj is not part of the terms Wy, L;. There-
fore, we can apply the linear-pencil theory on M, over the random-matrix Xp while considering
the other random matrices as fixed. To this end, we note the constant part C,; = Ex,[M], and
consider matrix of sub-traces g € R”*” such that for squared-blocks i j, g;; = Try, [( M{;I)(i,j)]

where N; is the size of the block i j in M;l. Then we apply the fixed-point equation described
in Appendix D of (Bodin and Macris, 2022) with g;; = N%_Tr [(Cq-n(g)® I)‘l)(if)] where 1(g)
is the matrix defined by:

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 wgu 0 0 vgu O
0 0 0 + + 0 0 0
n(g) = 8331+ 836 8.21)
863 + 866
0 0 0 0 0 0 0
0 0 vgu 0 0 ygu O
0 0 0 0 0 0 0
Further inversion of C; —n(g) ® I leads to:
811 =Trg [aaW Wi (gaswL; + ™ WtT] (8.22)
1
- (8.23)
844 - goo
go6 = —Trn [Le(gaawLe+ 1) ] (8.24)

Let I' = C be a contour enclosing the eigenvalues of H, we use the fact that for any functional
f which applies on the eigenvalues of a matrix we have f(H) = 2__7111 fr f(2)(H- zI,) " 'dz to

obtain: X
-1 guye!

- Try [(H-zI,) ' Z*]dz
218 Jr 1+ guay f§ 2e252ds | ! ]

811
which leads with Q(z) = Try [ X*T(H - zI,,) "1 X*] to:

_ I 8uYz
278 Jr wgaa(1 — e7212) + ze7212

g1 Q(z)dz (8.25)

Similarly with P(z) = Try, [(H - zI,)7!]

-1 l_efztz

866V = -—

omi h vgn—e 201 e 22t (2)dz (8.26)

1
(/7

We find the equations from the main results with g; =
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Chapter 8. Matrix denoising: an extensive rank model

Tracking the norm p;

The term p; = Try [ Z?] can also be recovered from a similar calculation but would lead to
design a much larger linear-pencil. Another method is to track directly the eigenvalues of Z;
with the trace of the resolvent: hy; = Tr,, [(Zt - zIn)_l] with h the solution of the fixed point
equation (Appendix D in (Bodin and Macris, 2022)) stemming from the following linear-pencil:

—zl, | 0 |0 0o o |t

0 0 X 0 0| I,
T T
My=| O |[Xo|Im O X [0 (8.27)
0 0|0 L I,]| 0
0 0 |Xo I, 0| 0
e, 10 0 0] 0
Which yields the set of equations:
1 2tH Z -
hiy==Tr, ||Li+—1I,||e“" +zLi + —1I
hss hs3
1 2tHY [ 2tH < B
hg3=1-—Tr, (2L +e”"")|e*" + 2L+ —1,
v hss
Using the contour integration technique, we obtain:
1 Lo, 2sx
-1 7=+ [y 2e=*ds
= p -t D P(x)dx (8.28)
2niJr A+ e2Y 4 z [ 2e25%ds
hiss 0
which is reduced to:
-1 1+e 25 -1)
hin)=—¢ — P(x)dx 8.29
12 2ni Jr x+z+ze‘2‘x(hi33—1) () (8.29)
Similarly for hs3:
1 -1 (x+z—-ze**)P(x)dx
ha3(2) =1+ —-—¢ — (8.30)

w2miJr x+z+ze‘2”‘(hi33 -1

Two possil();e ways to retrieve p; from hi; and hss: either with ¢p; = 2’—7111 fr z%hy, (2)dz, or
op: = —%% (£711(2))1z=0. In both cases, there is an additional level of complexity in terms of
calculation as it either requires a double-contour integration, or computing derivative and

second derivative of the given functions yielding further new equations.
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8.4 Conclusion

Quantities Q(z), P(z)

There remains to calculate the terms Q(z), P(z) which depends only on the random matrices
X*,¢ and can be done altogether with the linear-pencil:

I, X* 0 0
o 0 I x*T 0 631
z= _L * .
0 0 (z+wly ﬂg X
0 0 x*T I,

Using the kernel K = (H — zI )1, we can calculate the inverse:

I, -X* -Z*K Z*KX*
4 o 1, x'k -x*Tkx*
M, = . (8.32)
0 o0 -K KX

o o0 -x*Tx I,-Xx*TKXx*

So that Q(z) = — fi3 and P(z) = f33 where we f is the analog of g and h with the former
linear-pencils. In particular we expect the following structure:

1 0 —-¢Q(2) 0
0 1 0 -Q(2)
= 8.33
! 0 0 -P(r) 0 ( )
00 0 1-Q(2)
We can further compute the fixed point equation with:
0 0 fo2p+ foap 0
0 0
np=]2 P fa Jss (8.34)
0 0 <FHfuptfup 0
0 fa 0 f33

After some algebraic reductions, we obtain the degree 3 polynomials given in equation (8.10).
In general, these equations have multiple solutions but only one corresponds to the analytic
solution associated to the appropriate trace of resolvent.

8.4 Conclusion

Our work primarily shows how we can take advantage of random matrix techniques to derive
fixed-point equations solving the time evolution of the matrix-mean-square-error in the high-
dimensional limit. Although we choose a specific data model, as future considerations, the
matrix H can be generalized to other structures for which the same methods would apply. In
particular, if only the noise structure changes, then only pg and pp are changed. We will come
back to these issues in a more extensive and detailed contribution.
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Conclusion and future research direc-
tions

Throughout this thesis, we have explored a class of large learning models in a statistical
limit that enables tracking the learning progression through the gradient-flow algorithm.
More precisely, we have examined the Gaussian covariate model discussed in Chapter 5,
which also captures a simplified representation of a 2-layer neural network as presented in
Chapter 6. In this context, we have investigated the potential to predict the evolution of the
gradient-descent algorithm for real-world datasets under specific conditions. In essence, this
allows us to forecast the future values of the training error and test-error for such models
and offers insights into their prospective performances. It also provides valuable time and
resource savings compared to the computationally intensive weight-updating process, or the
exploration of the hyper-parameter space.

This research can open the door to future possibilities for gaining deeper understanding
into the learning dynamics of large models and comprehending the scaling laws governing
the test-error and training error with various hyper-parameters. Specifically, these scaling
laws aim to establish the optimal achievable loss, denoted as L, within the constraints of
computational resources C, the model’s size N, and the available data D. As previously cited
in (Kaplan et al., 2020), there is a growing body of empirical evidence supporting the existence
of such scaling laws for a variety of models, including large transformer language models. As
mentioned in this same paper, "the training curves follow predictable power-laws [...]" and
"performance improves predictably as long as we scale N and D in tandem |[...]". Notably, it
has been stated that the architectural details such as network width and depth seem to have
little impact in their investigations. So determining these laws is of utmost importance for
budgeting the training of large models. However, even with these empirical findings, there is
still no definitive consensus on the precise form they should have (Caballero et al., 2023). For
instance, (Hoffmann et al., 2022) provide an empirical law that exemplifies this concept for
some coefficients A, B, Ly, Cy:

L=AN"*+BD P +1, 9.1)
C=CyND 9.2)
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Chapter 9. Conclusion and future research directions

When the value of C is held constant and L is minimized, a precise power-law relationship

emerges for N and D in the form of N(C) =G (C%)a and D(C) = G1 (c%)b where the constants
a,b and G depend on the other previous coefficients A and B. This opens-up a potential
avenue and an interesting endeavour for applying the theory developed for the random-
feature model and investigating the existence of similar laws in this context. However, a
significant challenge lies in establishing a consistent definition of the computational budget C
as no definitive formulation readily stands out. In our experimental framework, given that
the first layer remains fixed, the primary computation cost arises from the update of 8, € RV
which at most necessitates a fixed matrix-vector multiplication operation. Consequently, a
viable computation cost may take the form of C = (%) CoN? for a learning step of size At and
atime horizon T. Another critical consideration concerns the choice of this learning step At.
For instance, it can be selected in relation to the largest eigenvalue of the Hessian of the loss
function to minimize the number of iterations required to reach any specified level of accuracy
while preserving the convergence towards .., as discussed in the introduction. Furthermore,
other parameters that must also be considered include the regularization parameter A which is
also another constant of our framework. As an example, A may be chosen to minimize the test-
error while keeping the other parameters fixed. In Summary, it is not evident a priori whether
scaling laws exist with the random feature model of Chapter 6, and if they do, what form
they might take and whether they align with empirical observations from existing literature.
Nevertheless, this model offers a potential path for investigating the emergence of such laws
based on first principles.

While the Gaussian covariate model offers a theoretical foundation for analyzing supervised
learning tasks, it is worth noting that similar random matrix methods can be effectively applied
to address a broader spectrum of learning problems, such as the gradient-flow dynamics in
matrix completion problems. In this thesis, we have presented a formula for analyzing the
dynamics of the loss in the rank-one estimation problem with a non-trivial objective function,
as discussed in Chapter 7. A typical next step for this model is the investigation of the non-
symmetric case with Y = uvt + \/gf . Here, u € R" and v € R? are two vectors of size n and
d which are not necessarily equal, but still considered in the limit of large values with the
fixed ratio ¢ = % (Miolane, 2017). Another direction for future exploration is the analysis of
alternative prior distributions on 8%, such as the Laplace prior, to assess their impact on the
learning curves. The objective function also needs to be adapted to account for the change of
prior distribution. It remains unclear to what extent the technical results developed in Chapter
7 can be extended to this case. Alternatively, the addition of a noise term in the gradient-flow
equation may be a viable path to explore further aspects of the optimization algorithm.

Additionally, we explored the extensive-rank model characterized by a quadratic number of
parameters. The dynamics involve the alignment of the eigenvectors of the estimator with the
data matrix, as detailed in Chapter 8. This model holds particular significance in the context of
sample covariance matrix estimation. It can find some practical applications for the realistic
datasets cases, thus presenting a potential avenue for improving the Gaussian covariate model
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analysis and addressing the sub-sampling requirement for the training and test set. However,
it is important to note that this model employs a gradient-flow method that may not achieve
the same level of performance of the rotationally invariant estimator described in (Potters
and Bouchaud, 2020). To improve our approach, one potential strategy involves adjusting
the regularization term p || X ||% as outlined in equation (8.2). For example, it can be refined

into a more general form as ” A2 X “2 , for an appropriate matrix A (with A = uI in the previous
case). Another line of research is thk;: investigation of the non-symmetric instance. As for the
rank-one case, we consider the data-matrix Y = UV T + \/fo , featuring two random matrices U
and V. In this situation, an algorithm of interest is the gradient-flow method applied to both
estimators, U; and V;, simultaneously. It remains uncertain at this stage whether a closed
system, comprised of a finite number of equations, can be derived. Nevertheless, it is worth
noting that some progress appears feasible, albeit potentially leading to more intricate coupled
matrix Riccati differential equations.

Finally, in a similar vein, other models are concerned with tensor estimation problems where
Y is a tensor of order 3 or higher (Barbier et al., 2017), or even delve into the intricacies of
a mixture of spiked-matrix tensor models (Mannelli et al., 2019). While these models are
generally more complex, certain random-matrix methods may offer promising avenues to
further extend our approaches to address some of these more intricate scenarios (for instance
de Morais Goulart et al. (2022)).

At the heart of these models, we employ statistical methods of large-dimensional matrices with
random entries, which have been described thoroughly in Chapter 2 and 3. This mathematical
field, known as the random matrix theory, has been under development for over half a century
and has found successful applications across various scientific disciplines. Consequently, it
comes as no surprise that its relevance has been steadily increasing in the analysis of large-
scale learning models, making it a promising way for understanding the learning dynamics of
large neural networks. As described, the derivation of the equations governing the random
feature model makes extensive use of the tools and techniques from random matrix theory,
involving intricate operations with multiple matrices. However, there are still several hurdles to
tackle more general models, such as a random feature model where we relax the frozen weight
assumption. Such a model would offer a more realistic framework to understand full-sized
neural networks. A notable contribution in this direction can be found in the research paper
(Ba et al., 2022). While tracking the full gradient-flow of the weight matrix © (in Chapter 6)
may prove challenging in the near future, it is in the realm of possibilities to explore a simpler
but quite intricate scenario where a single gradient-step is applied to the loss with respect
to O to update this weight matrix. This results in a new matrix, denoted as ©;, which can
subsequently be integrated within the regular random feature model and lead to new insightful
analytical results. In particular, depending on the magnitude with respect to n of this initial
gradient step, the weight matrix ©; can exhibit for instance a similar structure as © with the
addition of rank-one matrix, or even a new random matrix with multiple bulks. Besides, as in
(Adlam and Pennington, 2020a), these studies often involve more general operations on large
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Chapter 9. Conclusion and future research directions

random matrices, including some Hadamard products. While it is possible to derive these
operations in certain specific cases, this is not yet always achievable in a fully general context.
A parallel concern is the extension of our methods for generic loss and regularization functions
as exemplified in Loureiro et al. (2021). As demonstrated in Chapter 5, in the asymptotic limit
t — +oo, our methods align with these results when using the mean-squared-loss. However, it
is not yet clear whether the dynamics for other types of objective functions can be derived as
easily.

In conclusion, the future of random matrix theory in the context of large neural networks
holds great promise, and it calls for further developments, perhaps in the form of a novel
high-dimensional statistical framework tailored for large learning models.
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