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Abstract

Euclidean lattices are mathematical objects of increasing interest in the fields of cryptography and
error-correcting codes. This doctoral thesis is a study on high-dimensional lattices with the motivation
to understand how efficient they are in terms of being able to pack spheres. We study this by
establishing a formula for the average number of lattice points of random Euclidean lattices inside a
measurable subset of a real vector space, given the constraint that all the lattices are invariant under
a prescribed finite group of symmetries.

The thesis includes the discussion on what could be the appropriate probability space of random
lattices with prescribed symmetries, when it is possible to derive an integration formula on these spaces
and finally, and what the integration formula is given these conditions. The thesis then proceeds with
an outline of recent applications of these integration formulas for the lattice packing problem. The
techniques used involve number theory, representation theory, geometry and dynamics which the
reader is introduced to in the text.

Resumé

Les réseaux euclidiens sont des objets mathématiques qui suscitent de plus en plus d’intérét, no-
tamment dans les domaines de la cryptographie et des codes correcteurs d’erreurs. Cette thése de
doctorat étudie les réseaux de grande dimension, avec la motivation de comprendre leur efficacité en
terme d’empilement de sphéres. Nous étudions cela en établissant une formule pour le nombre moyen
de points de réseaux euclidiens aléatoires & l'intérieur d’un sous-ensemble mesurable d’un espace vec-
toriel réel, étant donnée la contrainte que tous les réseaux soient invariants par un groupe fini de
symétries prescrites.

La thése inclut une discussion sur quel espace de probabilité pourrait étre ’espace approprié de
réseaux aléatoires avec des symétries prescrites, sur quand il est possible de dériver une formule
d’intégration sur ces espaces, et enfin sur quelle est la formule d’intégration compte tenu de ces
conditions. L’article se poursuit par un apercu des applications récentes de ces formules d’intégration
aux empilements de spheéres issus de réseaux. Les techniques utilisées font appel a la théorie des
nombres, a la théorie des représentations, & la géométrie et & la dynamique, auxquelles le lecteur est
initié & travers le texte.
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Chapter 1

Introduction

The fundamental problem of communication is that of reproducing at one point, either
exactly or approximately, a message selected at another point - Claude Shannon, 1944

The theory of error-correcting codes attempts to mitigate this fundamental problem. At its most
basic level, a code is a discrete subset of a space that encodes information to be communicated on
an error-prone channel. Codes are point distributions in vector spaces, graphs or manifolds, often
with the desirable property that the points be optimally arranged so as to minimize the chance of an
error-correcting algorithm to confuse two different points.

Sphere packings with high packing densities are sought after as error-correcting codes in the regime
when codes are subsets of points in R? and errors are random Gaussian vectors added randomly to
the information. This is known as the Additive White Gaussian Noise (AWGN) model of error-
propagation. Lattices are of high interest because of their simpler code descriptions and the ease of
understanding [ELZ05].

Finding the densest sphere packing in d = 3 is at least a four centuries old problem going all the
way back to Kepler and is very fundamental to understanding crystal structures of physical materials.
This was solved by Hales using computer-assisted methods [Slo98].

Here is a quote from [CEO03] about other dimensions:

For d > 4, the problem remains unsolved. Upper and lower bounds on the density are
known, but they differ by an exponential factor as d — co. Each dimension seems to have
its own peculiarities, and it does not seem likely that a single, simple construction will give
the best packing in every dimension.

The problem for d = 8,24 is now famously solved due to the work of Viazovska and others [Vial7;
CKMRV17]. Other dimensions remain out of reach and even the lower bounds and upper bounds
differ exponentially as d — co.

All the known asymptotic lower bounds on sphere packing densities are existence results of lattices.
In fact, even more specifically, all such existence results are the application of some variation of the
probabilistic method, where a random lattice among a large collection of lattices is shown to have the
desirable property by the virtue of their statistical distribution.

There is computational evidence to believe that the best sphere packings are not lattice packings
in high dimensions. Nonetheless, lattice packing arrangements with high packing densities connect
with many areas in mathematics such as string theory, harmonic analysis, hyperbolic geometry, finite
groups, error-correcting codes and some very beautiful areas of number theory like elliptic curves,
modular forms, finite fields, etc [CS13].

In general, studying random lattices in high dimensions is also of interest from the point of view
of cryptography, especially serving as the source of computational complexity in preventing post-
quantum attacks against secret-sharing [MR09].

1.1 Lower bounds on lattice packing densities

Consider R? with the standard inner product. A lattice A C R? is a discrete subgroup such that the
quotient space R?/A has a finite induced volume which we henceforth will call the covolume of A.

6



1.1. LOWER BOUNDS ON LATTICE PACKING DENSITIES 7

Throughout this thesis, we only mean lattices to denote these Euclidean lattices'.
A more simple but equivalent idea of a lattice is that it is a set

AZZU1+ZU2+"'+Z’Ud,

for some d vectors vy, va, . .., vq € R If we were to write instead take A’ = Zw; + - - - + Zwy for some
other basis of vectors wy, ..., wq € R%, we must get the relation that A’ = A will be the same lattice
if and only if
d
w; = Zaijvj, for some a;; € Z
j=1

and the a;; form a matrix whose inverse also has integer entries. Such a matrix [a;;] must have
determinant +1. The covolume of the lattice A in this point of view is the volume of a d-dimensional
parallelepiped that the vectors vy, ..., vq span or in other words, the absolute value of a matrix whose
columns are vy ... vq.

Given a lattice A, choose r = rpack and consider the open balls {B, (v)}yea, which implies that
for any vy, v2 € A, By(v1) N By (v2) # 0 = v1 = vy. Here rpae is the packing radius of the lattice, i.e.,
half of the length of the shortest non-zero vector.

This setup of spheres is called a lattice sphere packing, or simply lattice packing inside (R%, (, )).
Packing density of a lattice packing is

_ o 1 (Br0) N (Uyen Br(v)) _ #(Brya (0))
A(A) = Jim 1 (Br(0)) T uRYA) (L)

If we denote SL(V') to be the group of all unimodular linear transformations on V, we can now
define

Cq = Sup {;L (gBr(O)) | r>0,g¢ SL(V) and gBr(O) NAy = {0}} :

This quantity ¢4 is related to the definition in Equation (1.1) by

1
saca = sup A(A).
ACRY,
A a lattice

It then follows that for any lattice A C R A(A) > 2%cd. The exact value of ¢4 is known only for
de{l1,2,3,4,5,6,7,8,24}. Figure 1.1 is a visualization of the fact that cy; = 2—\/’%

The goal of this thesis has been to improve and generalise the asymptotic lower bounds on the
sphere packing problem. Table 1.1 displays some known lower bounds on the lattice packing problem.
The list is non-exhaustive since some individual dimensions have explicit lattice constructions that
work very nicely for packing. However, these are currently the best known lower bounds for very
large dimensions d, let’s say when d > 400. The common theme among all the results mentioned in
Table 1.1 is the usage of probabilistic methods and Siegel transforms. That is, the proof techniques
involve showing the existence of a well-rounded lattice by considering a large collection of random
lattices.

Also, not all bounds mentioned in Table 1.1 are valid for all dimensions. To find which bound
applies to given dimension could be computationally challenging as one would have to figure out the
best way to express the dimension d as one of the parameters given in the table’. Nevertheless, one
could still estimate what is the asymptotic al growth in each of those lower bounds with d.

One additional remark about Table 1.1 is that these are lower bounds on the lattice packing
problem and yet turn out to be the best lower bounds on the sphere packing problem. It is completely
unclear why should asking for the densest arrangement of spheres in high dimensions lead to the
lattice arrangements, nonetheless finding provably better non-lattice packings in high dimensions is
currently an open problem.

IThere is a more general notion of a lattice in an algebraic group as discussed in Section 2.1.3. We will never use
the word lattice to discuss those for the sake of clarity.
2In the case of d = 2p(n), one is lead to the notorious inverse-phi problem.
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A A A A _A_A_A_ A
Y Y Y

A A A
Y Y Y Y Y Y Y Y

(a) The largest ball that can avoid all non-zero

points of some unit covolume lattice in two di- (b) The honeycomb lattice or the hexagonal circle
mensions has volume equal to 2—’; Any bigger packing is the densest arrangement of equal balls
disk around the origin will contain at least one in two dimensions. The packing density is 7.

non-zero point in any given unit covolume lattice.

Figure 1.1: The hexagonal circle packing.

Bound Dimensions covered Due to Reference
€4 > 2 Any d>1 Minkowski, Hlawka [Hla43]
cq > 6(13712711) Any d>1 Rogers [Rogd7]
Can > % d=4n,n>1 Vance [Vanll1]
Cop(n) =N d = 2p(k) for some k € Z>; Venkatesh [Ven13]
cadim D > # Go d =2[D : Q] for some Q-division algebra, G. [Gar23]
Gy C D* is any finite subgroup
Cndim D > % d = n[D : Q] for some Q-division algebra, G.,Serban [GS22]

Gy C D* is any finite subgroup

Table 1.1: Comparison of some lower bounds on cg4

1.2 Probability space of lattices and Siegel transforms

Let us introduce this proof technique to the reader by demonstrating the Minkowski-Hlawka lower
bound from Table 1.1. Let SL4(R) denote the group of unimodular square matrices of size d. Then the
equivalence of the two definitions of lattices as given in the preceding section imply that the following
is a surjective map onto unit covolume lattices in R

g+ gZ°%, g€ SLy(R).

This informs us that the space of unit covolume lattices is in bijection with SL4(R)/SL4(Z). This
has the structure of a smooth (d?> — 1)-dimensional manifold. On this space, there is a very natural
description of a measure due to the general theory of Haar measure on locally compact groups (see
Section 2.1.1). What this means is that there is a natural way to compute volumes of reasonably
defined subsets A C SL4(R)/SL4(Z) and hence we can wonder if we can compute probabilities of
some random events happening in the space of unit covolume lattices. Such a probabilistic modelling
is however only meaningful when the total event space SLg4(R)/SL4(Z) has probability 1.

What is special in this situation is the following theorem that can perhaps be attributed to Siegel.

Theorem 1.1. There ezists a unique measure on SLy(R)/SL4(Z) that is invariant under the left-
SL4(R) action on this space and furthermore, this measure yields a finite total volume.

Hence, up to rescaling this natural choice of measure coming from Theorem 1.1, we can assume
that the total volume of SL4(R)/SL4(Z) is 1 and we can talk about random lattices.

Figure 1.2 is an attempt to show one such random event of interest. Figure 1.2a and Figure 1.2b
are the cases when only the origin lies inside a ball, whereas Figure 1.2c shows the case when there are
non-trivial points. We want to find the probability of how likely is that the ball has only the origin in



1.2.  PROBABILITY SPACE OF LATTICES AND SIEGEL TRANSFORMS 9

its intersection with the lattice. See also Figure 1.3 for a region in the upper half-plane corresponding
to the lattices that we want to favour.

(a) (b) (c)

Figure 1.2: Some two dimensional lattices. We try to study how many points of a randomly chosen
lattice are inside a ball centered at the origin.

Figure 1.3: To each point (xg,yo) in the region {x + iy,y > 0}, it is standard to associate the lattice

_1 %o

{\/670 \/VZE} Z2. In this picture, the green area depicts the region that corresponds to lattices that
0

intersect with a ball of radius R = 0.99 with only the origin in the interior and the grey area denotes

a fundamental region under SLy(Z)-action on the upper half plane. With R = 1, one gets the famous
Ford circle arrangement.

Consider a function f : R? — R that is the indicator function of a ball. That is

f2) = {1 || < R

0 otherwise’

for some R > 0. Then, one can define a random variable valid on the probability space SL4(R)/ SL4(Z)
given as follows

SLd(R)/SLd(Z) —R
g > flgv).

vezd

This construction, which we will call the Siegel transform?®, was considered by Siegel. It changes a
function on the Euclidean space R? to a function on the space of lattices SL4(R)/SL4(Z). Siegel
transform has connections to some very interesting problems in number theory [BG19; ACM19]. See
Figure 1.4 for a visualization in the case of d = 2.

Then, one can state the following theorem from [Sie45] which computes the expected value of the
Siegel transform among random lattices. -

3This definition might differ slightly from the ones in literature where sometimes the Siegel transform denotes the
sum over only the primitive lattice points in gZ® or sometimes only over non-zero points in the lattice.
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—
: 1 11
5
(
13 13
- A

(a) Radius R = 1.22. (b) Radius R = 1.45. (c) Radius R = 1.99.

Figure 1.4: When taking Siegel transforms of the indicator function of an origin centered ball of radius
R > 0 in two dimensions, the Siegel transform can be seen as a function on the upper half-plane since
in this case, the Siegel transform is invariant under rotating the lattice. One can then plot the Siegel
transform in a fundamental domain with respect to SLy(Z)-action. Here, we plot the Siegel transforms
for three different values of R. The odd numbers indicate the values taken by the Siegel transform,
or equivalently the lattice point counts for each of the corresponding regions. For simplicity, not all
the regions are marked.

Theorem 1.2. Suppose f : R* — R is a compactly supported bounded measurable function. Then,
the following holds.

/ f(v) | dg = £(0) + / f(z)dz,
SLq(R)/ SLq4(Z) R4

vEGZA

where the dz on the right hand side is the usual Lebesque measure on R and dg is the unique SLq(R)-
invariant probability measure on SL4(R)/SL4(Z).

With this, one can show that ¢y > 2 from Table 1.1 by the following simple arguments. Suppose
that ¢q = 2 — € for some ¢ > 0. This means that a ball of volume 2 — ¢ at the origin will have at
least one non-zero point in a unit covolume lattice. Now, note that the number of lattice points for
a random lattice gZ? in a ball centered at the origin is always an odd number. Indeed, the non-zero
points come in pairs due to =1 symmetries. Now, Theorem 1.2 tells us that the ball should have 3 —¢
lattice points on average. Hence, at least one of those random lattices has a Siegel transform equal to
1. This contradicts that ¢g =2 — €.

1.3 Lattices with additional symmetries

The preceding argument about +1 symmetries is what has been leveraged so far to create improve-
ments given in Table 1.1.

In the table, the result due to Venkatesh [Ven13] is the best known lower bound asymptotically.
From Mertens’ theorem, we know that (p&) can be as big as O(loglogn) = O(loglogd). This happens
for the subsequence of dimensions d = 2 (k) where k = p1ps ... pr where {p1,po, ...} are prime num-
bers indexed increasingly. Hence, along a sequence of dimensions, the lower bound due to Venkatesh
is better than any linear bound and has a growth of O(dloglogd).

Let us sketch how the result follows. Let K = Q(uy,) be a cyclotomic number field and let {u,,) be
the finite group of torsional units in OF. Consider Kr = K ®g R. The moduli space of Og-lattices
of a fixed (and finite) covolume in K¢* is then denoted by SL:(Kr)/SL:(Ok) (although t = 2 works
for obtaining the bound). It turns out that we can prove Siegel’s mean value theorem, Theorem 1.2,
for the number field K. -

Theorem 1.3. [Venl13]



1.4. WHAT ABOUT OTHER GROUPS OF SYMMETRIES? 11

Let d = 2p(n) and K = Q(uy). Suppose f: K2 — R is a compactly supported bounded measurable
function. Then the following holds.

/ > s do= [ s

SLQ(K]R)/ SL‘)(OK) U6g0§2\{0} Rd
where the dx on the right hand side is that Lebesgue measure on R? that makes (9??2 C K ~R? of
unit covolume and dg is the unique SLy(KR)-invariant probability measure on SLa(Kgr)/SLa(Oy).

Now if f is the indicator function of a ball whose volume is n — ¢ and is invariant under these
cyclic symmetries (such a ball exists due to “averaging”), there must exist one g € SL2(Ok) such that
Zvegoj‘iz\{o} f(v) = 0. This gOF? is the lattice that we desire.

The main tool that seemed to help get the O(nloglogn) lower bound on ¢,, was the exploitation of
a large group of symmetries acting on each lattice point in the lattices inside the homogeneous space
SLo(KRr)/SL2(Ok). This leads to the natural question, can one increase the group of symmetries from
a cyclic group to an arbitrary finite group and does it lead to any improvements on sphere packing
densities?

This is the main research question motivating the thesis. Using tools from representation theory
and number theory, it is possible to define spaces of lattices invariant under a finite group G and also
describe analogues of Theorem 1.3 for such spaces of lattices. This is covered in Chapter 5.

In the paper [Gar23], I explored this scenario to get the following generalisation of [Ven13].

Theorem 1.4. [Gar23]
Let D be a finite-dimensional division algebra over Q. Let O C D be an order and Gy C O be a
finite group embedded in the multiplicative group of D. Then with d = 2dimg D, we have

cq > #Go.

Since a number field is also a division algebra over QQ, we recover the result of Venkatesh by setting
D = Q(pn), the nth cyclotomic field, O to be the ring of integers in Q(u,) and the nth cyclotomic
field and Go = (). Hence, Venkatesh’s construction can be recovered from this theorem.

However, because of the additional freedom that the division rings give us, we can adjust our
parameters and go slightly beyond some of the lower bounds provided in [Venl3]. Additional points
that this theorem can provide have resulted in improvements on the best packing densities in less than
astronomical number of dimensions. For example, one of the sequences that can be produced using
this theorem has the following comparison.

Theorem 1.5. [Gar23]

There ezists a sequence of dimensions {d;}°, such that we have cq, > 3d;(loglogd;)2i and the
lattices that achieve this bound in each dimension are symmetric under the linear action of a non-
commutative finite group.

Figure 1.5 compares the novel sequence with the older sequence.

1.4 What about other groups of symmetries?

Since all the finite subgroups of division algebras over Q are completely classified [Ami55], it is possible
to exhaust all options for this setup and it could be concluded that by just using these groups, it is
impossible to go beyond an O(nloglogn) improvement on the lower bounds available on ¢;. So, this
is all that could be done with finite groups embedded in division algebras using these techniques.

To use groups other than finite subgroups of division algebras, one would need integration formulas
similar to Theorem 1.3. This is a goal that has been achieved, as much as it seemed possible, in this
doctoral thesis. The details are in Chapter 5, but the results are briefly written below.

Let G be a finite group with a Q-representation V' = Vg. Suppose V admits the following decom-
position as Q[G]-modules

V = V'l@tl e V2€Bt2 QD Vkeatk’ (12)
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Packing density comparison

7 \
Ball
Vance
6 Venkatesh I
Sequence from Theorem 1.5 .
S .
S
o ...-oo"o.oooo.--o.ot.i
© 4 ces st 4
°
= .
=
2 3. i
2
1L i
0 | | | | | | |
1 1010 1020 1030 1040 1050 1069 1070 1080

Dimension d

Figure 1.5: The sequence of Venkatesh is better after d ~ 1.98 x 106 than the sequence obtained from

7
Theorem 1.5 and outperforms any linear bound on ¢4 since it grows at O(d(loglogd)24).

where each V; is an irreducible Q[G]-representation. Then, for each V;, there exists a division algebra
D; = Endgg) Vi, the ring of G-linear endomorphisms of V;. This D; acts on V; to make V; ~ D for
some index n; which we call the matrix index of V.

Then, starting with a G-invariant lattice A C V ®R (there must exist at least one), we can identify
G(R)/T as a collection of G-invariant lattices where

g(Q) = SLtl (Dl) S D SLtk(Dk>7
I'={g€G(Q) |gA=A}

Then, due to a theorem of Borel and Harish-Chandra (or otherwise, using the reduction theory in
Chapter 4), we find out that the space G(R)/T can be endowed a probability measure. And thus, we
can state the following theorem.

Theorem 1.6. Suppose Vg be a Q[G]-representation whose decomposition into irreducibles is given by
Equation (1.2). Furthermore, suppose that for each V;, the matriz index n; and the number of copies

t; satisfies n; < t;.
Then, we have that the expected value of the Siegel transform is finite on G(R)/I"and equals

1
dg = d
/Q(R)/F Z fv) | dg Z HWit)...HW) /(WIL)RX...X(W]&)R fw)dw,

vEGA (Wi,oo,Wi)ELL XX L,

where
L; ={W C D | W is a right D-module}
and for each W; € L;, H(W) is the height of W, a positive real number associated to W; defined
in Definition 5.11 and Theorem 5.12.
Here, the measure on G(R) /T is the unique left-G(R) invariant probability measure and on the right
is the restriction, on the subspaces (Wit x --+ x (W)g, of the Lebesque measure on Vg = V @ R
scaled so that A C Vg is unit covolume.

Perhaps the easiest case that is not already a finite group inside a Q-division ring is a finite group
that has a matrix index n = 2, that is, it can be embedded into 2 x 2 matrices over a division ring.
Such finite subgroups are also classified completely [Ban88].
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One example of such a group is the dihedral group Ds,. An irreducible representation of this
group over Q is the action on the cyclotomic field Q(u,) with (u,) ~ Z/nZ and Galois conjugation
fin — p,t. The division algebra D = Endgp,,] Q(pn) = Q(uy + p;,") is the totally real subfield
inside Q(p,,) and then we can think of the action as 2 x 2 matrices over D acting on Q(u,,) ~ D?.

But already the integration formulas for such situations make lattice packing results difficult. For
instance, if we consider G to be such a group that can be embedded in 2 x 2 matrices over a Q-division
algebra such that the G-action on Vi = D? makes V; an irreducible Q[G]-representation, then taking
t > 3 copies of V1 lets us use Theorem 1.6. We state the following corollary for ¢ = 3 which potentially
might help us in getting a lower bound on the 6 dimg D-dimensional lattice packing problem.

Corollary 1.7. Define Vp = V1@3 and G, D as in the preceding discussion. Then V admits a left
action of Ms(Dop) that commutes with the left action of G. Fiz a G-invariant lattice A C'V, let’s say
by taking points in V ~ D®C*3) lying in an order © C D. Define the groups

G(Q) = SL3(Dop), I' = {g € G(Q) | gA = A}

Then for a ball B C Vg =V @R of radius R defined with respect to a quadratic form that makes
A C Vi unit covolume, we have

/ (#BnNA)dg =1+ Z(3;LGr(1,2, D)) - V(3d)R** + V (6d) R%,
g(R)/T

where d = dimg D, Z(3,LGr(1,2, D)) € Ry is a constant defined in Equation (5.6) and V(n) = =

is the volume of a Euclidean unit ball in n dimensions.

One can see that as d = dimg D increases, we have one additional term in this situation other than
1 and V (6d)R%? = vol(B) which is exponentially bigger than vol(B). Hence, overall the mean value of
the Siegel transform is much bigger than 1+ vol(B) and this is a major limitation in this case. Also,
in the situation of the n = 1 case, we had a very favourable property that the Siegel transform would
take values in {1,#G+1,2-#G+1,...} which could be leveraged to make probabilistic arguments
and this may not be the case in this more general situation as there might be some lattice points with
small G-orbits. These considerations make the n > 1 case difficult to analyse.

Despite this, the integration formula of Theorem 1.6 is of independent interest. One such appli-
cation has been the study of higher moments of the lattice point counts of Og-lattices. Consider
G = nZ77 the cyclic group of order n. Then the nth cyclotomic number field K = Q(u,) is an irre-
ducible representation of G over Q. One can then consider V = K?® as a G-representation. A very
obvious choice of G-invariant lattices is then the lattice A = O% C K'. One can also endow on
Ve = K ® R? the following positive definite real quadratic form on Kg taken ¢-fold times

(2,5) = AT tr(ag), (1.3)

where A is the discriminant of K as a number field. This choice of the quadratic form makes A C Vg
of unit covolume.

If we take a function f: Vg — R that is the indicator function of a ball with respect to the norm
mentioned above, then we can use the theory developed in Chapter 5 to get the following theorem.

Theorem 1.8. Let n <t and let g : Kﬂts" — R be a compactly supported Riemann-integrable function
defined as

g(x1, .. xn) = fa)f(x2) ... f(wn), 21,20, 0 € K.

Equip K}, with the measure as discussed around Equation (1.3). Then, putting the Haar probability
measure on SL;(Kr)/SL:(Ok), we have that

n

> o)) dy=90) + > o) [ glaDids
e
D is row reduced echelon

/SLt(KR)/ SL:(Ok)

(1.4)
where D (D) is the index of the sublattice {C € Myym(Ok) | C - D € Miun(Ok)} in Myxm(Ok).
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This formula has recently also been shown in this more specific case by somewhat different methods
by [Kim19; Hug23]. In Section 6.3, we talk about how Theorem 1.8 can be leveraged to prove that
behaviour of point counts for these random Og-lattices partially follows the Poisson distribution.
Achieving this result involved dealing with tight upper bounds on the error terms on the right side
of Equation (1.4), but under a somewhat relaxed condition of t > Q(n3loglogn). This generalised a
result of Rogers [Rogh6] for the case of the full space SL¢(R)/SL(Z) in an orthogonal direction and
required inventing some novel ideas in the geometry of numbers to deal with infinite order units in
O%.

The research on the higher moments point counts for Og-lattice already captures the intricacies
that would potentially arise in attempts to leverage Theorem 1.6 to work for general finite groups G.

1.4.1 André Weil’s generalisation of Siegel mean value theorem

Lastly, before getting into the integration formulas, it must be noted that the Siegel mean value
theorem was vastly generalised by André Weil in [Wei58], almost ten years after Rogers published the
higher moment formulas [Rog56]. Weil’s setup works for any semisimple algebraic group acting on an
affine variety. From that point of view, Rogers’ results are Weil’s integration formulas for the case of
the group SLg acting on A%*™. Our work can also be put into the framework of Weil in a similar way.

However, to come from Weil’s setup to these specific cases would still require identification of
orbits and would still require showing that the integral formula does not diverge to infinity, as done in
Chapter 5. The only thing that Weil’s theory could save us with is the reduction theory in Chapter 4,
but since our G-invariant lattices naturally take us to division algebras and we need to integrate over
Siegel domains, it is not without value to write out explicitly these Siegel domains for the reduction
theory and the integration coordinates in this division algebra case.



Chapter 2

Preliminaries

In this section, we will discuss some material that will be used in the course of the thesis. The reader
who is well-versed with these topics can freely move to the next chapter.
This expository material assumes the knowledge of basic group theoretical and topological notions.

2.1 Measure on quotient spaces of arithmetic groups

2.1.1 Haar measure

Some classical facts about the Haar measure are presented below without proofs. See [Nac76] for the
details.

Every locally compact Hausdorff topological group G admits a measure dg which satisfies the
following properties.

1. For any Borel set AC G, [,dg= [, ,dg for any h € G.
2. For any compact set K C G, fK dg < 0.
3. For any Borel set A C G,

UDA
4 U open v
4. For any open set A C G,
/ dg = sup / dg.
A KCA K
K compact

The last two properties define what is called a Borel measure on any topological space. Property
1 is called the left-invariance of the measure dg. An analogous property of right-invariance can be
defined. A measure satisfying all of the above properties is called a (left-invariant) Haar measure on G.
Remarkably, a Haar measure is unique up to an action of a positive scalar. Hence, any two measures
satisfying the above axioms will have to be proportional to each other.

The right multiplication of h € G on G takes a Haar measure dg to another Haar measure Ry, (dg) =
Ag(h)dg, where Ag(h) € Rsg. The assignment h — Ag(h) is a continuous group homomorphism
from G to R*. This function Ag is called the modular function of the group G. If G admits a Haar
measure that is both left-invariant and right-invariant, then Ag shall be identically 1 on G. Such a
group is called a unimodular group.

Also, remember that a discrete group is also locally compact and Hausdorff. It has a counting
measure, which is a Haar measure that is both left and right invariant. Hence, the modular function
on a discrete group is always trivial.

Here is an important theorem that will come to our aid multiple times.

Theorem 2.1. Suppose G is a locally compact Hausdorff topological group and H C G is a closed
subgroup. Then H is also a locally compact Hausdorff topological group. With this, the following two
conditions are equivalent.

15
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1. The modular function on Ag : G — R when restricted to H is equal to the modular function
ZXH-%>R.

2. The topological space G/H can be endowed with a unique (up to multiplication) Borel measure
that is invariant under the left G-action on G/H.

Proof. See [Nac76]. O

2.1.2 Algebraic Groups

Let us present an overview of the topic of algebraic groups. Note that the definitions here are ex-
tremely stripped down versions that do not capture the intricacies of the general theory. For in-depth
understanding, the reader may refer to [Bor19; Borl2].

Definition 2.2. A linear algebraic group is a subgroup G of SL,,(C) for some n > 1 that is given as
a zero set of some polynomials in the matriz entries X;; : SL,(C) — C.

We say that G is an algebraic k-group for a subfield k C C if the ideal of the vanishing polynomials
that define G has generators in the ring k[Xij]1<i,j<n'

For a subring R C C, we denote G(R) to be the set of solutions of the polynomials in SL,(R). We
call G(R) to be the R-points of G.

Remark 2.3. The definitions of what really an algebraic group is are a bit outside the scope of our
discussions. We work with very basic definitions to outline a general theory to get the overarching
picture. Eventually our interests are going to be limited to very concrete algebraic groups.

For an in-depth discussion on these subtleties, see [Morl5, §A1].

Example 2.4. The group GL,,(C) can be embedded in SL,,1(C) as per the following map:

g Onxl
9= [len det(g)_l}

The image can easily be described as the zero set of some polynomials. Hence, it is an example of an
algebraic group. In this sense, the group GL,(R) and GL,(Z) hold the obvious meanings as above.

So, in this framework, whenever we write GL,(C) as an algebraic group, we secretly mean that it
is embedded in SL,1(C). In more technical terms, this gives GL,, a structure of an affine algebraic
variety and this is the algebraic structure that we care about on GL,,.

Example 2.5. Every finite group G can be seen as an algebraic group.

Since SL,,(C) and SL,,(R) are Lie groups, and closed subgroups of Lie groups are also Lie groups
(according to the classically known closed subgroup theorem, see [Knal3|). In general, this is also
true for G(R) and G(C) for an algebraic group G.

We also have a notion of algebraic morphisms.

Definition 2.6. For algebraic groups G and H, a group homomorphism f : G — H is a morphism of
algebraic groups if the individual matriz entries of f(X) € H can be expressed as functions that are
C-polynomials in the entries (X;;)1<i j<r of X. If those polynomials can actually be allowed to have
coefficients in a subring R C C, then the morphism f will be called an R-morphism.

An R-morphism from G — GL4(C) is called a d-dimensional R-representation. 1-dimensional
R-representations are called R-characters.

Let us present an interesting lemma that could aid the reader in putting these concepts together.

Lemma 2.7. Suppose G is an algebraic group and let there be an arbitrary Q-character x : G —
GL1(C). Then x(G(Z)) C {—1,1}. Furthermore, if G(R) is connected as a Lie group, then x(G(Z)) =

{1}.
Proof. Clearly, image of G(Z) under x will be a subgroup of GL;(Q). Now, we identify GL;(Q) =

{[é 1%] ,t € Q}. Observe that since x is a Q-morphism, ¢(X) can be expressed as a Q-polynomial in
the entries of X € G(Z) which are integers. The coefficients of these polynomials are rational and will
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have a least common denominator N and therefore t € %Z C Q*. However, the only multiplicatively
closed subgroups of +Z are {—1,1} and {1}.

For the latter statement, observe that Q-morphisms are continuous functions and therefore, take
connected sets to connected sets. Hence, x(GRr) is a connected subset of GL; (R) and must be entirely
contained in the identity component of GL;(R). This x(g) # —1 for any g € G(Z). O

The group of all Q-characters of an algebraic group G is denoted as X(G).

2.1.3 Theorem of Borel and Harish-Chandra

Observe that both SL4(Z) and SL4(R) are unimodular groups. For SL4(Z), this follows since it is

discrete and for SL4(R), this is a consequence of the fact that the modular function is a homomorphism

SLg(R) — R* which must be trivial since SL4(IR) can be generated by commutators in the group.
The following is a classical theorem, due to Siegel [Sie45].

Theorem 2.8. With respect to any left SLq(R)-invariant Haar measure on SLy(R)/SLy (Z) given by
Theorem 2.1, the volume of SLq(R)/SLq4(Z) is finite.

The fact that SLi(R)/SL4(Z) has a finite volume makes it a probability space up to rescaling of
the measure appropriately. In analogy with the finiteness of the Haar measure on SL4(R)/SL4(Z),
the question we would like to ask is the following. As we will later see, answering this question will
be important while addressing the existence of random lattices.

Question 2.9. For a given Q-algebraic group G C SLy(C), does the quotient space G(R)/G(Z) admit
a finite left G(R)-invariant measure?

Here is an obstruction that must be navigated while attempting this question.

Proposition 2.10. Suppose x : G — GL1(C) is a Q-character such that x|gw) : G(R) — R* takes
non-trivial values in a neighbourhood of identity. Let G(R)? C G(R) be the identity component of the
Lie group G(R) and G(Z)° = G(Z) N G(R)?. Then G(R)°/G(Z)° cannot have a finite volume with
respect to the Haar measure on Gy.

Proof. Suppose that there is a finite Haar measure y on G(R)?/G(Z)°. By Lemma 2.7, we know that
X : G(R)? — R* descends to become a continuous surjective function y : G(R)?/G(Z)? — R*. This
surjective function can be used to push a Borel measure on R* by taking the measure of a Borel set
E C R* to be u(x!(E)). This gives us a finite measure on R*. However, by the left-invariance of
i, the measure induced must be left-invariant under multiplication in R* (since y is surjective). This
means that the usual Haar measure on R* equips it with the structure of a finite topological measure
group, which is clearly false.! O

What Borel and Harish-Chandra proved in their 1962 work is that morally speaking, this is the
only obstruction. The precise version of their statements is the following.

Theorem 2.12. [BH62]
Let G be an algebraic group defined over Q. Then G(R)/G(Z) has a finite invariant measure if and
only if X(G%) = {1}, where G° C G is the connected component of identity in the Zariski topology.

Remark 2.13. As a subgroup of SL,+1(C), the Zariski connected components and the usual connected
components are the same for G.

1One can also prove the following lemma using the proof of Proposition 2.10.

Lemma 2.11. If a connected Lie group G contains a discrete group T such that G/T has a finite Haar measure, then
G must be unimodular.

Proof. Since I is discrete, the modular function Ar : I' — R* is trivial. If Ag is non-trivial, it is surjective on RY ; and
therefore Ag : G/T' — R* is a continuous surjective function that can be used to induce an absurd measure on R*. O
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2.1.4 Arithmetic subgroups

Observe that Theorem 2.12 discusses the quotient space G(R)/G(Z). The way we defined G(Z) in
Definition 2.2, it depends critically on how G C SL,(C) embeds. This means that this is not an
elegant formulation since we have to constantly keep track of the embedding while talking about
G(Z). 1t is therefore more satisfying to replace G(Z) with a broader class of groups that we will call
arithmetic subgroups. Here are some definitions to get us into this theory.

Definition 2.14. For a field k C C, we say that a C-vector space V has a k-structure if there exists
a vector space Vi over k such that V = Vi ® C.
The k-vector space Vi is said to be the k-structure of V.

In this thesis, we will always talk about vector spaces with an underlying Q-structure.

Remark 2.15. Let V be a finite-dimensional C-vector space with a Q-structure V. Let vy, ..., v, be
a Q-basis of V. This gives us an identification

GL(V) ~ GL,(C).

We can embed GL,,(C) C SL,,41(C) like in Example 2.4. Then, the rational points GL,(Q) naturally
identify with the group
GL(VQ) =GL(V)Nn Endg Vg.

Note that if we change the Q-basis, the homomorphism GL(V) — SL,,+1(C) might change by a con-
Jugation but as a Q-algebraic group defined in SL,4+1(C), GL(Vy) s still the same since the defining
polynomials whose zero set is the Q-group GL(V') are still the same. If the basis is a C-basis of V' but
not a Q-basis of Vo, the rational points GL(Vy) will not be the set of points GL,(Q).

Definition 2.16. Let V' be a finite dimensional vector space with a Q-structure and let G C SL,,(C)
be an algebraic group for some n > 1.

We say that G has a Q-respresentation on V if there exists a Q-homomorphism of algebraic groups
w:G — GL(V).

We say that a Q-representation 7 is faithful if it is an injective map such that 7(G) is itself a
Q-algebraic group and 7 : G — w(G) is a Q-isomorphism of Q-algebraic groups.

Remark 2.17. In the definition of what a faithful representation © : G — GL(V) is, it would have
been enough to say that it is an injective Q-morphism. It follows from [Bor12, §1.4] that w(G), the
image of a Q-morphism of algebraic groups, is closed. Then, the injectivity implies that a reverse map
exists, which one can show to be Q-algebraic using that algebraic groups are smooth? [Bor12, §1.2 ].
We skip these details because it will be too far from the goals of this thesis. -

The following definition is from [Bor19, §7.11].

Definition 2.18. A subgroup T' C G(Q) is said to be an arithmetic subgroup if there exists a finite-
dimensional vector space V with a Q-structure Vg, a lattice A C Vg of mazimal Z-rank and o faithful
Q-representation m : G — GL(V) such that T’ is commensurable with the group {g € G(Q) | 7(g)A =
A} CG.

Remark 2.19. The reader is advised to be a little prudent here about the lattice A. Although it is
defined as a subset of Vg, what we really want is that it is a lattice in the sense that it is a discrete
subgroup A C Vg = Vg ®g R with finite covolume.

One can also clear this ambiguity by defining lattices as Z-modules of maximal rank in a Q-vector
space.

Here, commensurable is in the sense of the following definition.

Definition 2.20. For any group G, two subgroups Hi, Hs C G are said to be commensurable with
each other if [Hy : Hy N Hy] < oo and [Hs : Hy N Hy) < o0.

2This is similar to how a smooth map admits a partial inverse locally around the identity, and then using the group
structure it could be extended globally.
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Remark 2.21. Observe that G(Z) as defined in Definition 2.2 is naturally an arithmetic subgroup.
Furthmore, SL4(Z) C SL4(C) is also an arithmetic group.

The beauty of the above definition allows us to make elegant statements like the following propo-
sition. Note that in the statement of the proposition, we do not make any mention of where G embeds
into while it is defined.

Proposition 2.22. Suppose G is a Q-algebraic group. Then any two arithmetic groups T and T are
commensurable.

Proof. Let G C SL,,(C) be the embedding that defines G as an algebraic Q-group. It is sufficient to
show that G(Z) is commensurable with T" since being commensurable is an equivalence relation.

Suppose that we have a faithful representation 7 : G — GL(V') for a V being a vector space with
a Q-structure V. Let A C Vg be a lattice of maximal Z-rank and let I' be commensurable with

To={g€G|gA=A}

We will show that G(Z) is commensurable with T'g. Let v1,...,v,, be a Z-basis of A making the
identification Vg ~ Q™ and A ~ Z™. Then, we can identify GL(V) as an algebraic subgroup of
SLy+1(C) as in Example 2.4 such that w(g) acts on V by just using the top-left m x m matrix
entries. The matrix entries of 7(g) € SL,,11(C) are then some Q-polynomials in the entries of g.
Most importantly, in this identification 7(T'g) C SLy41(Z).

Let X; ; be the matrix entries of M, (C). By doing some change of variables, we can find polyno-
mials Qp.q € Q[X; j]1<i,j<n such that

Qp,q(g —1I,) = (n(9) — Im-&-l);mqv Vgeg

where I, € M, (C), In41 € My4+1(C) are identity matrices and the right side above is the (p, ¢)th
matrix coordinate of w(g) — I;ny1 € Myp41(C).

Observe that Q) 4 have no constant terms because 7(I,,) = I, 41. Since all the coefficients of Q) 4
are rational, there must exist some N € Z>; independent of p,q such that N - Q, 4 € Z[X; j]1<i j<n-
Because there is no constant term in @, 4, if g € G N SL,(Z) is such that ¢ — I,, = 0 (mod N), then
Qp.q(g — I,) € Z for all p,q which means that 7(g) € SL;,+1(Z).

In particular, this implies that the congruence subgroup {g € G(Z) | g = I, (mod N)} leaves the
lattice A invariant and is therefore contained in G(Z)NTy. Since the index of this congruence subgroup
in G(Z) is at most # SL,,(Z/NZ), we get that it is finite index in G(Z). This implies that G(Z) N Ty
is finite index in G(Z).

Because 7! : 7(G) — SL,(C) is also a Q-morphism, we could interchange the roles of G(Z) and
I’y and conclude similarly that G(Z) N Ty has finite index in T'y. O

With this, we can state the following version of Theorem 2.12.

Theorem 2.23. [BH62/

Let G be a Q-algebraic group satisfying the conditions of Theorem 2.12. Then, for any arithmetic
subgroup T' C G(C), with respect to any left G(R)-invariant Haar measure on G(R)/T, the volume is
finite.

Proof. (assuming Theorem 2.12) Suppose that G(R)/T" has finite volume with respect to the measure

mentioned in the statement. Then, for any other arithmetic group I'V, we observe that
[[:TNT]vol (G(R)/T) = [I": T NT']vol(G(R)/T).

Hence, finiteness of volume with respect to all arithmetic groups follows once we have finiteness with
respect to a single arithmetic group. O

2.1.5 Special linear groups

Observe firstly that Theorem 2.8 follows from Theorem 2.12. Indeed, SLy4 has the structure of a
Q-algebraic group and the following claim shows that it admits no Q-characters.




20 CHAPTER 2. PRELIMINARIES

Proposition 2.24. SL4(C) is connected and Xqo(SLg) = {1}.

Proof. The part about connectedness is very well-known, so we skip it.

If x : SLg — GL; is a rational character, then it must be trivial on a commutator [g1,g2] =
919297 L5 " for g1,g0 € SLy(C). Hence, if we show that SLy(C) is generated by the commutators
[g1, g2], we show that there are no rational characters® on SLg.

The upcoming proposition then settles the proof. O

Proposition 2.25. For any field k, the group SLy(k) can be generated by commutators within the
group.

Proof. 1t is sufficient to verify that the elementary matrices can be written as commutators. We leave
this for the reader to verify. O

2.2 Semisimple algebra

In this section, we will talk about semisimple algebras. First let us begin with the definition of what
an algebra is.

Definition 2.26. Let k be a field. A k-algebra is a k-vector space such that it is also a ring. It is
unital if there is unit 14 € A. It is associative if associativity is satisfied. It is finite-dimensional if
dim; A < 0.

Throughout this text, we will use the word k-algebra when we actually mean o finite-dimensional
associative unital k-algebra. Also, we always assume that A # {0}.

Remark 2.27. Whenever we have an algebra A over a field k, k — k- 14 is an embedding of k into
A.

2.2.1 Division algebras

Here is a formal introduction to the main character of our story.

Definition 2.28. A division algebra over k is a k-algebra D such that for every x € D\ {0}, there is
an 21 € D\ {0} with

Example 2.29. Every field extension K/k is a k-division algebra.

Example 2.30. One very good example is H, the ring of Hamiltonian quaternions. It is a division
algebra over R (but not over C). It is non-commutative.

Over R, the division algebras are not very interesting. Over QQ, however we have infinitely many
division algebras even if we exclude all the number fields. This is the playground that interests us.

For now, we will talk about some properties of various algebras that are relevant to us. We will
discuss about division algebras more specifically in the upcoming section.

2.2.2 Simple algebra

Definition 2.31. For any ring A that may or may not be commutative, we denote M, xn,(A) to be
n1 X ng matrices with entries in A. We have the multiplication map

My, sy (A) X Mg sing (A) = My, scn, (A)
(Ca D) = <(7'a]) — ZCiTDTj> .
r=1

The algebra M, (A) = My, xn(A) is called a matriz algebra over A and n will be called the matriz
index of this matriz algebra.

3In fact, this will show that there are no homomorphisms SL4(C) — A for an abelian group A that are non-trivial.
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Remark 2.32. Given a k-algebra A, we will often abuse notations and write A™ when we actually
mean M, x1(A) on which M, (A) can multiply on the left.

We are going to be interested in matrix algebras over division rings in our work. There is a very
“simple” property for such rings.

Definition 2.33. A ring R is called simple if it has no two sided ideals other than O and R. That is,
for any x € R\ {0}, we get RxR = R.

Let us write a very brief proof that indeed we have the property we defined above.
Lemma 2.34. Suppose D is a k-division ring. Then M, (D) is a simple k-algebra.

Proof. Let x € M, (D) \ {0}. Since division is allowed, we can multiply elementary matrices on the
left and right of = to get a reduced form that has only {0, 1} on the diagonal and zeroes elsewhere. By
multiplying diagonal matrices with {0, 1}-entries, we can reach a diagonal matrix whose only non-zero
entry is a 1 on the diagonal somewhere. Finally by using permutation matrices and taking linear
combinations, we can reach the identity matrix. This completes the proof. O

The following is a well-known theorem which says that M, (D) is the only possible example of a
simple k-algebra. One can find proofs and more information in [Ser77] and [Piel2].

Theorem 2.35. (Artin-Wedderburn)
Suppose A is a simple algebra over a field k. Then for some k-division algebras D and somen > 1,

A~ M, (D).

2.2.3 Central simple algebra

Definition 2.36. Let A be a k-algebra and by Z(A) C A, we denote the centre of A which is defined
to be the subring

ZA)={z e A|zy=yx, Yyc A}
Lemma 2.37. The centre of a simple algebra is always a field.

Proof. 1t is sufficient to see that the centre of M, (D), where D is a division algebra, is simply the set
of scalar matrices with entries in Z(D). Since Z(D) is always a field, we are done. O

Definition 2.38. We say that a k-algebra is central if Z(A) = k.

Example 2.39. Examples of central simple k-algebras are M, (k). Any simple algebra A over a field
k is central simple over the field Z(A).

The following is a very important result in this theory.

Theorem 2.40. (Skolem-Noether)

Every k-automorphism of a central simple k-algebra is an inner automorphism.

That is, whenever A is a central simple k-algebra and whenever ¢ : A — A is a k-linear automor-
phism, then there exists some a € A* such that

o(x) = a tza, Vr € A.

Proof. We refer the reader to [Piel2, §12.6]. O
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2.2.4 Semisimple algebra

We are interested in a slightly broader class of algebras which are defined below.

Definition 2.41. A k-algebra is semisimple if it is a direct sum of finitely many simple algebras.
That is, as k-algebras
A=A A D @D Ay,

for some Ay, ..., A, simple k-algebras. We can call each of these factors A; the simple factors in A.
The following is a reformulation of Theorem 2.35.

Theorem 2.42. (Artin-Wedderburn)
Suppose A is a semisimple algebra over a field k. Then for some finite-dimensional k-division
algebras D1, D3, ..., Dy and natural numbers ny,...,ng, we get the isomorphism

A~ M, (D)@ @® M,, (D). (2.1)
If A is simple, k = 1.

The right side of Equation (2.1) is always semisimple for any choice of finitely many finite-
dimensional k-division algebras. Thus, any reader who is not familiar with these objects could take
the definition of semisimple k-algebras as the object on the right side. Furthermore, all the semisimple
algebras considered here will always be finite-dimensional, so we will not explicitly mention it every
time in the context of semisimple algebras.

2.2.5 Real semisimple algebras

In Theorem 2.42; we can also exploit some additional structure given by the following theorem which
tells us what the division algebras are.

Theorem 2.43. (Frobenius)
The only finite-dimensional R-divison algebras (up to isomorphism) are R, C and H.

The three R-division algebras all have a special “conjugation” involution that is compatible with
the canonical inclusion R < C < H. The map ( ) : H — H given as a+ib+ jc+kd — a—ib— je—kd
(a,b,¢,d € R and 4, j, k canonically span H) satisfies that for any x,y € H we have 7.y = §.Z. When
restricted to C, this is the usual complex conjugation and when restricted to R, this is the identity
map. Another important property is that for any a+ib+jc+kd = x € H, Tz = a>+b* +c2+d? € Rxy.

The two theorems stated above give rise to the following corollary.

Corollary 2.44. Any semisimple R-algebra is isomorphic to the product of matriz algebras over R,
C and H.

Matrix algebras over R, C and H are well understood. One important property is that the conju-
gation map defined above can be extended to a “conjugate transpose” involution on such matrices by
simply defining the mapping [z;;]* = [Z;;]. With this, we can also define a positive definite quadratic
form on these matrix algebras by sending a — tr(a*a).

On a given finite-dimensional algebra over R, it is possible to define the trace map try : A — R and
the norm map N4 : A — R as the trace and the determinant of the matrix of the left-multiplication
operation induced by any element (the functions tr4 and N 4 do not depend of the choice of the basis
used to construct these left-multiplication matrices). Similarly, it is also possible to generalise the
above involution simply by taking direct sums of the respective involutions for matrix rings over R, C
or H. We will omit the subscripts in try and N4 when A is clear from the context.

Corollary 2.45. Any semisimple R-algebra A admits an involution ( )* : A — A such that the
following conditions are satisfied.

e For any a,b € A, we have (ab)* = b*a*.

e The form a — tr(a*a) is a positive definite quadratic form on A. That is, it is always non-
negative and is zero only when a = 0.
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Proof. Simply take the direct sum of the “conjugate transpose” operation defined above on each matrix
component of the semisimple algebra A. It is then to be seen that the trace function on A is a sum of
traces on the right side of Equation (2.1), when they are realised as real matrix algebras. For instance,
we must see M;(C) as a 2-dimensional matrix algebra under the mapping a + ib — [¢ ~*].

Let a € A~ @, M,,(D;), where D; are division R-algebras. Let L, : A — A be the left multiplica-
tion map of a for an algebra A. Then L, = ), L, where a; € M,,(D;) and tra(a) = >_, tras, (p,)(ai)-
Hence, with the definition of @ — a* as defined above, we get tra(a*a) = >, try, (p,y(aja;) > 0. O

Definition 2.46. Any involution A — A satisfying the two properties of Corollary 2.45 is said to be
a positive involution on A.

Lemma 2.47. Suppose ( )*: A — A is a positive involution. Then
o 1 =1,
o Ifu € A is a zero non-divisor*, then (u*)~! = (u™1)*.
o Forue A, tr(u) = tr(u*).
e The inner product induced by the positive definite quadratic form x — tr(z*x) is (x,y) = tr(z*y).

Proof. The proofs are very enjoyable, so we leave all of them for the reader except for the third one,
which is below.

For the third part, we must use the fact that in a semisimple R-algebra, the trace induced by the
left-multiplication map and the right-multiplication map are the same®. To see this, it is sufficient to
verify this on the three types of simple components of the semisimple R-algebra, because the trace
map is just the sum of those individual trace maps as we saw in the Corollary 2.45. For such a
simple R-algebra, this fact is related to the observation that trace of a matrix is equal to trace of the
transpose for a real matrix.

Now observe that right-multiplication by u* is the same as left-multiplication by u preceded
and succeeded by the anti-homomorphism ( )*. Hence, the right-multiplication by u* is the left-
multiplication by w operation up to conjugation by ( )* operation. Since trace is invariant under
conjugation by the linear map ( )*, the trace of the two maps are equal from the claim in the previous
paragraph.

O

The notions of symmetric and positive definiteness can also be defined for (A4, ( )*).

Definition 2.48. Given a finite-dimensional semisimple R-algebra and an involution ( )* as men-
tioned in Corollary 2.45, we shall call an element a € A

o Symmetric, if a* = a.

e Positive definite, if x — tr(z*ax) is a positive definite quadratic form on A.
Lemma 2.49. The following holds.

e For any unit a € A, a*a is always symmetric and positive definite.

e Ifa € A is positive definite, then a is a zero non-divisor and tr(a) > 0.

Proof. The first is a trivial verification.

For the second, note that if a is a zero divisor then there exists some non-zero x € A such that
axr = 0 = tr(z*az) = 0 which contradicts the positive definiteness of a. Finally tr(a) = tr(1%alas) >
0. O

4In a finite-dimensional algebra over a field k, being a zero non-divisor is equivalent to being a unit and is also
equivalent to the left /right multiplication map being full-rank.

5Caution: This is only valid for semisimple algebras. In general, it is not true that the left-trace and the right-trace
agree.



24 CHAPTER 2. PRELIMINARIES

Remark 2.50. Another notion of positive definiteness and symmetry that comes to mind is the
following. For any a € A, you could call it positive definite if the left-multiplication matriz with
respect to a basis of A is positive definite and symmetric if it is symmetric. This notion is actually
compatible with the current notion, but is much less elegant.

The above notions give us an opportunity to describe the following folklore lemma. It is often
called the “norm-trace” inequality.

Lemma 2.51. Consider a f.d. semisimple R-algebra A with a positive involution ( )*. Let a € A be
a symmetric positive definite element and let d = dimg A. Then N(a) > 0, tr(a) > 0 and

=

1 tr(a) > N(a)4.
d
Proof. This is just the arithmetic-geometric means inequality. Let us elaborate how.

We know that x — tr(z*y) is an inner product on A. With respect to this, construct an orthonormal
basis e1, ea,...,eq. Set a;; = tr(efae;) which are the matrix entries of left-multiplication by a with
respect to the basis {e;}& ;, i.e. for {r;}¢; CR%, a(}>, rie;) = 2225 aijrj)ei. Since a is symmetric,
we get that a;; = aj;. Furthermore, by the positive definiteness of z — tr(z*az), the matrix a,; can
be seen to be positive definite as a real matrix by substituting = = Zf-l:l Ti€;.

Hence, using the spectral theorem for real positive definite symmetric matrices, a;; is diagonalisable
matrix with respect to an orthonormal change of basis and has real and positive eigenvalues (i.e. the
diagonal entries). Then trace is the sum of those eigenvalues and the norm is the product. The
inequality is then exactly the arithmetic-geometric inequality on those eigenvalues. O

The following is a technical lemma that we will need eventually. The reader may skip this lemma
and refer to it later when it is needed while proving Theorem 4.13.

Lemma 2.52. For the setting of Lemma 2.51, let ¢ be a positive constant and let K be the set of all
symmetric positive definite a € A such that

=
=

N(a)d < =tr(a) < ¢N(a)d.

ISHE

Then the following set is relatively compact in A (with respect to the Euclidean topology as an R-vector

space).
{tr?a) | a € K}

Proof. What we will show is that there exist constants ¢, ¢, > 0 depending only on ¢ such that for
any ¢ € A,

o (+* (sa) #)
< tx(a) < .

This will imply our claim, since in general, the set of symmetric positive definite matrices A €
My4(R) that satisfy

tr(zT Az
ch _WSC§7V$€R"\{O}
is relatively compact in My(R), where d = dimg A. Indeed, this condition is just enforcing that all
the eigenvalues of A must be in the compact set [c], ¢5].

The statement is really about eigenvalues, as we will see. Using the spectral theorem, we know
that there exists a basis {e;}%_, of A such that e; are orthonormal with respect to x + tr(z*z) and
the matrix tr(efae;) is a diagonal matrix. Let {\;}¢_; be those diagonal entries with the assumption
that

O0<A <A << g
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Then, we have that if z = Z?:l x;€;, then tr(z*z) = Z?zl z? and tr(z*az) = > ,_, \iz?. On the

other hand, N(a) = Hle A; and tr(a) = Zle i
From the assumption, we already know that

Snse

Division on both sides by cAy tells us that
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and consequently that Ay < (cd)?\;. Let ¢/ = c?d?*!, then
d
)\1<t]ﬁ' Z Sd)\d<c)\1

This tells us that the trace is roughly proportional to the smallest eigenvalue. From this, we learn
that

. d 2 1 & 1 & N2 = 1 o) < Jtr(x*ax)
tr(x*z) = ; ; )\—z:: )\—; ixi—A—ltr(x ax)_cw,
whereas
d
1 s 1 d 1 . d\ tr(z*ax)
tr(z*z) = ;)\ x; )\—dtr(x az) > bW tr(z*ax) > (c’) tr(a)
This is what was needed. O

Remark 2.53. Note that {a/tr(A) |a€ K} C{a€ A | tr(a) =1}.

The relatively compact set {a/tr(a) | a € K} can be made to lie in A*, the open set of invertible
elements in A. In particular, this means that the norm of these elements is bounded away from 0,
since A* ={a € A| N(a) # 0}.

Corollary 2.54. For the setting of Lemma 2.51, let ¢ be a positive constant and let K be the set of
all symmetric positive definite a € A such that

N(a)# <
Then the following holds for some constants Cy,Cy > 0.

Cytr(z*x) tr(a) < tr(z¥ax) < Cytr(z™z) tr(a).

2.2.6 Orders in semisimple rings

Definition 2.55. Let Ag be a Q-algebra. Then an additive subgroup O C Ag is called an order of
Ag if the following properties hold.

o [t is a finitely generated abelian group.

o It is discretely embedded in Agr = A ®g R under the Euclidean topology.
o It is closed under multiplication, that is a,b € O = ab € O.

e 14€0.

o The Q-span of all the points in O is A. This is equivalent to saying that O is not contained in
any proper vector subspace of A. In particular, we have rank; O = dimg A.
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Remark 2.56. The definition of what an order is varies through literature. Sometimes the condition
14 € O is denoted in a more specific type of order called a unital order.

Example 2.57. Z C Q is an order.

Example 2.58. If K is a number field, then K ®g R is a semisimple algebra in which Ok, the ring
of integers in K is an order.

When O C A is an order, My (O) is an order within My (A). We can refer to O as the “integral
points of A” and elements of M (O) as “integral matrices” in M, (A).

Remark 2.59. This notion of “integral matrices” can be reconciled with common sense in the following
way. Since O spans A, we can make a basis of A from elements of O. Extending this basis to a basis
of A*, we can recognize the algebra M;(A) as an algebra of real matrices acting on AF. Under
this identification, the elements of My, (O) are exactly those elements of My(A) whose entries as real
matrices are integers.

Making this more precise, denote d = dimg A. Then there ezists a faithful Q-algebra morphism
7 Mp(A) = Myq(Q) that maps My(O) inside Myq(Z). In fact, we see that M, (O) = 7= (Myq(Z))
because if m(m) € Myq(Z), me; € OF when e; = (0,...,0,14,0,...,0) € OF. We will exploit this
representation m a few times throughout the text.

Lemma 2.60. Let O C A be an order inside a semisimple algebra. Thenm € My (O) = N(m),tr(m) €
Z.

Proof. Identify Endr(My(A)) ~ Misrpr2(R) with respect to a basis M} (A) made by using a Z-basis
of O C A written k? times (once for each matrix element of Mj(A)).

With this, M (O) is the Z-span of this basis and hence integral matrices have integer entries under
the left-multiplication map. Hence, norm and trace are integers. [

Corollary 2.61. If m € M(A) and 7 is the representation from Remark 2.59, then Ny, (a)(m) =
[det 7(m)]* and trys, a)(m) = ktrace(m(m)).

Proof. To get this, we must identify My(A) ~ (A*)®* as a left My(A)-module and use the basis
mentioned in Remark 2.59. O

2.3 More on division rings

2.3.1 Linear algebra with division rings

Proposition 2.62. Finitely generated left division ring modules are vector spaces over the division
ring.

Proof. We skip this proof as it is boring. Basically, all linear algebra of vector spaces of fields gener-
alises to division rings as long as we keep track of left multiplication and right multiplication. O

Here is a matrix decomposition lemma that will be useful for us.
Lemma 2.63. For any w € My, xn, (D), we can uniquely write
w=c-f, (2.2)
where ¢ € My, xm(D) and f € My, xn, (D) such that
1. m is the D-rank of right D-module in My, «1(D) generated by the columns of w.
2. fis in column reduced echelon form. This means that for each column in the matrix

(a) the top-most entry is 1,

(b) this top-most entry is in a row strictly below that of any row which contains the top-most
entry of a column to the left of the column,
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(c) the row containing the top-most entry has zeroes at all the positions except where there is

al.
Proof. This is exactly like the rank-factorization in standard linear algebra. Here are the details.
Let wi,wa, ... ,wn, € My, x1(D) be the columns of the matrix w. Suppose that
Vl = Wi l)7

‘/ZZWI'D—"(UQ'D’
V}):w1~D+w2~D+W3~D,

Then, we have that for each i € {1,...,n}, the difference of the right D-ranks of V; and V;_; is either
0 or 1. This depends exactly on whether or not w; can be written as a right-D linear combination of
wi,Wsa,...,w;—1 Or not.

Let I be the set of indices 7 such that w; cannot be written as a linear combination of the
wi,...,wi—1. Then, clearly #I = m and the right D-span of {w;};cs is also the right D-span of
{wi}ti=1,....n. Then, ¢ € M,, xm(D) is the matrix made from the columns {w;};c; arranged left to
right with increasing i and f € M,,xn, (D) is the matrix whose ith row contains appropriate coeffi-
cients to satisfy Equation (2.2).

The uniqueness follows from the column-reduced echelon form of f, which implies that the columns
of ¢ must be of the form outlined above. O

2.3.2 Division rings in finite group representations

Let G be a finite group as before and let Q[G] be the group ring of G. For the uninitiated, we define
a group ring below.

Definition 2.64. For a group G and a field k, the group ring k[G] is the ring of functions
EG]={f:G =k},

under the convolution product defined as

fi-folg) = D filg)falge), Y fi, f2 € K[G).

9192=g

Any n-dimensional G representation over Q could be seen as a group homomorphism G — GL, (Q)
which extends to a linear map Q[G] — M, (Q). This makes the representation a module over Q[G].
Therefore, in the literature, Q[G]-modules or Q[G]-representations actually mean just representations
of G over Q. The notation allows us to talk about Q-vector spaces without identifying a basis. We
will henceforth use this terminology for representations of G over Q.

Definition 2.65. For a Q[G]-representation W, we denote Endgie W to be the endomorphisms of
W that commute with the G-action on W.

In general, for a left R-module V' where R is a ring, we denote Endg V to be the ring of R-linear
endomorphisms of V.

Definition 2.66. A Q[G]|-module V is said to be irreducible if there are no Q[G]-submodules W C V,
W #0,V.

The following proposal clarifies why division algebras are such a central object of study in this
research.

Proposition 2.67. Let W be an irreducible Q[G]-module. Then, the ring Endgie W is an associative
division ring which is non-commutative in general.

Proof. Endg(g) W is clearly associative. We need to show that every non-zero element has an inverse.
Let a € Endgjg) W. Then ker a is a Q[G]-submodule of W. By irreducibility, we must have that ker a
is either W or 0. This happens exactly when « is zero or an invertible linear map. It then follows that
the inverse must also lie in Endg(g) W, since a Endgig) W = Endg W. O
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Theorem 2.68. Any finite dimensional Q[G]-module Vg has a decomposition of the form
Vo (V) & & (Vi)g™, (2.3)
where (V;)q are irreducible Q[G]-modules and V; is not isomorphic to V; for i # j.

Proof. This classical theorem is due to Maschke. The idea is basically that in characteristic 0 (or more
generally when #G is invertible in the base field), we are allowed to average over the group G. O

The decomposition of Equation (2.3) is not unique. However, decomposition into the bigger (albeit,
not necessarily irreducible) blocks (V;)q exists canonically [cf. Ser77]. In fact, the following proposition
shows that a large class of automorphisms act on this decomposition.

Proposition 2.69. The decomposition of Endgiq) (V') happens as the following.
EndQ[G] (V) = M,, (EndQ[G] Vl) o M,, (EndQ[G] VQ) Db M, (EndQ[G] Vk) .

Proof. Observe that any Q[G]-linear map from V; to V; for i # j must be trivial due to irreducibility.
Indeed, the kernel of such a map cannot be trivial since it would imply that V; and V; are isomorphic
and hence, the kernel must be all of V;.

So, the only maps from V' to V are those that map r; copies of V; to itself for each ¢ = 1...k.
This gives us the matrix algebras above. O

Corollary 2.70. The ring Endgig) V is semisimple.

Each Endg(g) Vi = D; is a division algebra because of Proposition 2.67. Then, we get that V; is a
finitely generated left D;-module over Q. This implies from Proposition 2.62 that V; ~ D™ .

Definition 2.71. For an irreducible Q|G]-representation Vg, we call the Endgg-rank of Vg the
matriz indezx of V.

We will now try to make sense of this matrix index by introducing the following concept.

Definition 2.72. Let R be any ring. Then we denote R, to be the division algebra with the same
set of elements as R and the multiplication given by

(ri,m9) — 1911,V 11,72 € R.

Remark 2.73. It is clear that M, (D.y,) acting on the left on D™ is tacitly just M, (D) acting on
D™ on the right.

With this, we can observe that the n; appearing in V' ~ D™ has another interpretation. The
Artin-Wedderburn decomposition of Q[G] is

Q[G] = Mnl(‘Dl) @an(DQ) D @Mnk(Dk)7

for some k, where D1, Do, ... are Q-division algebras. Each of the matrix algebras over division rings
above corresponds to an irreducible representation of G over Q on which Q[G] acts upon as a ring
of matrices over a division ring. The corresponding n; is then the matrix index of the irreducible
representation associated to the ith factor.

To make things more precise, if Vg is an irreducible Q[G]-module, D = Endg Vp is a Q-division
algebra whereas the image of Q[G] in End Vg must lie in

EndEndG Vo VQ ~ EndD D" ~ Mn(Dop).

Hence, if Vi has a decomposition as in Equation (2.3), then Q[G] maps into the space
@ My, ((Di)c’p)a

where D; = Endg V; as usual.
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2.3.3 Tensoring a division algebra with reals

We are interested in evaluating D ®g R. Let F' = Z(D) be the centre of the division ring D. Then,
[D : F|] is always a perfect square (see [Jac09] ), which we denote to be n? in the discussion below.
For this, consider the following chain of isomorphisms.

D®gR~(D®rF)®gR
~ D ®p (F®qgR).

Now, suppose F has rp real embeddings {o1,09,...,0.,} and cp pairs of complex embeddings
{{m, 71} s {Tep» Tep +}» then it is well known that the following is an R-algebra isomorphism.

F®gR 5 R @ Coer
x@1 (01(2),. .., 00rp(2), 71(T), ..., Tep(x)).

Hence, we write that
TF CFr
DagR =~ (P D@, R) & (DD &ryr) ©).
i=1 i=1

Now, for any 7;, D ®,,(r) C is a simple C-algebra® and is therefore isomorphic to M, (C). On the
other hand, depending on F and 0, D ®,, () R is either isomorphic to M, (R) or M, /»(H), that is,
either D ®,,(r) R splits or does not split respectively. This gives us the following few propositions.

Proposition 2.74. When n is odd, we get the following isomorphism.
D ®g R ~ M, (R)®F @ M, (C)®r.
Proof. Clearly, since n is odd M,, /o(H) cannot exist! O

Proposition 2.75. When F/Q is a Galois, then either all the embeddings are real or they are all
complex. Hence, when F is Galois and at least one strictly complex Q-embedding of F exists, then

[F:Q]

D ®gR =~ M, (C)®(=).
We can also consider the case of D ®g C in a very similar fashion.

Proposition 2.76.
D ®g C ~ M, (C)®FQ,

Proof. Observe that for a number field F', if {o1,02,...,0(p,qy} are all the embeddings I — C over
Q, then the following map is an isomorphism.

F®eC = celral
T®1— (0'1(1'), Ce ,O'[F:@](.’IJ)) .

Then, we get that

DeogC~(DepF)®qC
~ D ®g (F®gR)

(K:Q]
~ @D@ai(p)(c

i=1
[K:Q]

~ @ M, (C).

SExtending scalars preserves simplicity.
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2.3.4 Cyeclic division algebras

Theorem 2.43 allows only 3 finite dimensional R-division algebras, namely R, C and H. The only non-
trivial and non-commutative extension of R is H. However, over Q, the story is completely different.
There are infinitely many finite dimensional Q-division algebras apart from the finite field extensions
of Q. All of these division algebras have the form of a cyclic division algebra.

We now give the construction of cyclic division algebras below. For a thorough introduction, one
can refer to [Jac09], for instance. For a gentler introduction, read [For73].

Definition 2.77. We define a cyclic Q-division algebra as the quadruplet D = (E, F,0,), where
1. F is a number field over Q,

2. E/F is a cyclic extension of degree n, i.e. the field extension E/F is Galois and the Galois
group s cyclic,

3. o is a generator of the cyclic group Gal(E/F) and

4. v € F*, with the property that the multiplicative order of v in the group F*/NE(E*) is ezactly
n. That is, v* ¢ NE(E*) for any k € {1,2,...,n—1} and y" = NE(x) for some x € E*. When
this happens, we say that v € F* is a non-norm element. Note that v" = N?(fy).

Consider a formal element b that does not commute with £ and satisfies b” = 7. As an E-module,
D is defined as per the isomorphism

D~E®Eb®EV@®---®FEb !, (2.4)
which can be given the structure of an F-algebra by implementing the rule
bl=c(l)bforalll € E. (2.5)

If we identify D ~ E™ according to the identification (2.4), then for ¢ = (g0, ¢1,---,9gn—1), We observe

that for some z € E, we get the following from repeatedly using Equation (2.5).

gb :(gO + glb + 92b2 4+ 4+ gnflbn_l)(EO

Zo go
o(zo0) 9
0'2(5EO) .

— 0'3(.’EQ)
(o)

LC()) In—1

whereas multiplying by b on the right looks like
gb :(gO + glb + 92b2 4+t gnflbn_l)b

Y g0
1 g1
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Extending this to the right multiplication by some y = yo + y1b + - - - + y,,_10" !, we write that

9y =9(yo + y1b+ y2b® + - + b )
=g(yo +bo " (y1) + b0 (y2) + 6% (y3) + - + 0" Lo (yn1))

Yo Y0 (Yn—-1) 0% (Yn-2) Y0 (Yn—3) Yo" 2 (y2)  yo"H(y1) 90

Y1 o(yo) Y02 (Yn-1) Y0 (Yn—2) Yo" 2 (ys) 0" H(y2) 91

Yo o(y1) o*(yo) 70 (Yn—1) Yo" 2 (ys) 0" Hys) :
—| v o(y2) o*(y1) o3 (yo) Yo" 2 (ys) o (ya)

Ya o(ys) o*(y2) o3 (y1) Yo" 2 (ys) o Hys)

_ynfl O—(yn72) 0—2(2—/7173) 0—3(yn74) UniQ(yl) O—nil(yO) i _gnfl_

Since this is a matrix representation of the right multiplication, we get from the above matrix a map
D, — M, (E).

Clearly, F' lies in the centre Z(D). In fact, after some matrix computations, one can see that F' is
the centre.

Remark 2.78. From the identification in Equation (2.4), it is clear that dimp(D) = n?.

Remark 2.79. If only the first three conditions are satisfied in the definition without condition 4, then
we simply call D a cyclic Q-algebra. A cyclic Q-algebra is a division algebra if and only if condition
4 is satisfied. That is, (E,F,0,v) is a division algebra if and only if v is a non-norm element.

Let us consider some examples.

Example 2.80. Consider D = (QJi],Q, 0, —1), where o : Q[i] — Q[i] is the unique non-trivial Galois
automorphism. Here n = 2 and since Ngm (a +1ib) = a® 4+ b> > 0 for any a,b € Q, —1 is not a norm
of any element in Q[i]*.

This division algebra fits inside the quaternion group {+1,+i,+j +ij}, where j # i such that
j2 = —1.

Example 2.81. This example is from [Lam01], but is also mentioned in [Ami55]. This is the smallest
odd order non-commutative group that can fit inside a division algebra.

Take E = Ql[(21], the 21st cyclotomic field. We know that [E : Q] = 12. Take o € Gal(E/Q)
defined by Ca1 — (3. Then the order of o in Gal(FE/Q) ~ (Z/217)* is 3. Take F = E{°), that is, the
field of those elements of E that are fixred under o. Clearly, [E : F] =3 and [F : Q] = 4. We declare
(3, to be the non-norm element v . The fact that this works is explained in [For73].

This makes D = (E, F,0,v) a 9-dimension division algebra over F and 36-dimensional division
algebra over Q. In [Lam01], we see that this division algebra fits a finite group G of 63 elements,
which is generated by the non-commutative formal element b and (3, .

G is in fact full-span inside D. To see this, observe that b®> = v = (I, and (3,¢3, = (3) which is
primitive and generates all the powers of (21. The Q-span of those powers is E and along with b, it
generates D.

As we have mentioned, division algbras over Q are completely classified. Indeed, the following is
the theorem which explains this.

Theorem 2.82. (Albert, Brauer, Hasse, Noether)
All division algebras over Q are cyclic division algebras.

The proof of Theorem 2.82 is well outside the scope of the thesis, but [Piel2] contains a detailed
account.



Chapter 3

Random lattices with prescribed
symmetries

Let G be a finite group acting on a finite dimensional real vector space RY. We want to consider all
the full-span lattices A C R? that are invariant under the action of G. Hence, we assume that there
must exist at least one such lattice A. This restricts our G-action in the following way.

Let v1,v,...,vq C A be a basis of R%. It is then clear that G will take each vector v; to a Z-linear
combination of the v;. Hence, we conclude that using this basis, G can actually get a homomorphism
G — GL4(Q). In other words, G can actually afford a d-dimensional Q-representation Vg such that
R~ Vo @ R = Vk.

Let us then try to construct the right candidate to study as our space of G-symmetric lattices in
Vr.

3.1 The most general space of lattices

Let us start, without loss of generality, with a finite group G that is a subgroupi of SL4(Z). The most
immediate candidate then to have a space of G-invariant lattices is the following.

Cy = {92 | g € SL4(R), g~ *hg € SLq(Z) for each h € G}.

Indeed, any such lattice A in the set above will have the property that hA = A for h € G.
However, the condition given on g above does not define a subgroup of SLy(R). That is, the
following is not a group in general.

Gy = {g € SL4(R) | g 'hg € SL4(Z) for each h € G} C SL4(R). (3.1)

It is not clear how to proceed studying this space of lattices. This construction could be considered
in future works on this topic.
Here is an example of such a construction.

Example 3.1. Let I = [91 (1)] and consider the group G = (I) C SLy(R). As a group, G is simply a

cyclic group of order 4.
a b]7' [d b
c d T =c al’

We know that
and the condition for membership in the set Gy defined in Equation (3.1) is that

A g e

2 2
- {dc;- ab & +b b} € SLa(2).

—a*—c® —cd—a

Tt is known [Ser09, App. 3] that for a fixed d, there are finitely many choices of a group G.
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It is clear that SLo(Z) C Gy. Furthermore, observe that Gi must be closed under multiplication by
rotation matrices on the left. That is

{ cos(8)  sin(9)

— sin(h) cos(&)} GG

So we know that
SO(2)SLy(Z) C Gy.

In fact, with a bit of work we can show that the above is an equality. Observe that we know that if
972 is invariant under I and if v € gZ? is the shortest vector, then the closure of the square spanned
by v and Iv must not contain any lattice points in gZ2 (follows from a geometric argument left for the
reader). Hence gZ?* contains Z* up to a rotation and therefore it gy € SO(2) for some v € SLo(Z).

3.2 Quotient spaces of Q-algebraic groups
We can instead consider the set
Cout = {gZd | g € SL4(R), g 'hg € G for each h € G}.

And this is now the image of a subgroup of SL;(R) that is an algebraic Q-group. Namely, the
following is an algebraic group.

Gaut(R) = {g € SL4(R), g~ *hg € G for each h € G}. (3.2)
With this definition, we have that
Caut = Gaut(R)/Gaut (Z).
Note that the following group is a subgroup with a finite index in G, ;-
Geom(R) = {g € SL4(R), g~ 'hg = h for each h € G}. (3.3)

To see that Geon is a finite index subgroup of G, we observe that the quotient of the two subgroups
of SL4(R) will be some subgroup of automorphisms Aut G of G. In fact, we will shortly describe this
subset, a bit more.

With the choice of the algebraic group as Geom, We can again define the space of lattices to be

Ceom = {9Z% | g € SL4(R), g hg = h for each h € G} ~ Geom(R)/Geom(Z).

Both C,ut and Ceop, are interesting candidates to study as a space of G-symmetric lattices. They both
have a nice structure of a quotient of some smooth group modulo a discrete subgroup. This opens us
to the set of tools at our disposal from the preliminaries developed in Chapter 2.

Let us first see an example of the constructions Ceom and Chys-

Example 3.2. Consider the same setup as Example 3.1. As before, we have
I= [—01 (1)] )

and G = (I).
Note that

d c d
What this implies is that the algebra

{i b}]-]{a b} = c¢=—-ba=d.

(A€ My(R) | AT =TA} =R +RI ~C.
Thus, the group Geom(R) defined in Equation (3.3) is then simply

Geom(R) ~ {z € C | ||z]| = 1}.
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Furthermore, Geom(Z) = {£1,+1}.

On the other hand, if we were to consider the group Ga. in Equation (3.2), then things become
slightly different. For any A € SLy(R), A'TA € (I) = A~'IA = +1I. Then, the following vector
space

{Ae MyR) | IA=—-AI} =RJ+RK,

where
J:[(l)—ol]vK:[(f(l)]' (3.4)
With this setup, we get
gaut (R) = gcom (R) u gcom(R) . J,
and
Gaut(Z) = {£1,+£I,+J,+K}.
Coincidentally, in this case we have
C'1 = Ccom = Laut,
even if G1, Geom, Gaus are all different.

Example 3.3. Let us show an example where C; # Ceom. Take the same group G = (I) as before
and let us change the representation to be the following.
Let m: G — GL3(R) be given by

1

() =["]=|-1

1
In this case, we observe that
acosf asinf
Geom(R) = ¢ | —asinf acosd |0,a e R,a#0
a?
But observe that

1 1/2

B= 1 1/2] e 4
1

is not inside Geom(R) - SL3(Z). To see why, note that any A € Geom(R) SL3(Z) will correspond to
a lattice AZ® which will be a direct sum A; @ aZ C R?> @ R of two lattices, one 2-dimensional and
one 1-dimensional. However, the layers of the lattice generated by B in the xy-plane are alternating
between two affine lattices.

3.2.1 Representation theoretic viewpoint

Let Vg be Q% and let 7 : Q[G] — End Vg be a Q-algebra homomorphism. This makes Vg a Q[G]-
module and V = Vg ® C. Note that we have the map det : End Vy — Q and we have the canonical
inclusion

Endg V@ = EndQ[G] VQ g End V@.

With this, we can write that the group from Equation (3.3) is nothing but

gcom(@) = {A € End@[g] 1% | det A = 1},

and Geom(R) is the corresponding set of real points.
We can simplify the definition of G, of Equation (3.2) in a similar way. Let o € AutG be an
automorphism of the finite group G. We then define

Endg Vg = {A € End Vg | 7(g°)A = An(g) for each g € G}. (3.5)
It is clear that Endg, Vg is a vector space and also an Endg Vg-module. It satisfies

End Vg - EndZ Vg C End%” Vg,V 0,0" € Aut G,
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Lemma 3.4.

dimg End?, Vg = { Endg V= {0}
° ¢re dimg Endg Vg otherwise '

Proof. Observe that being a Q-vector space implies that Endg Vo N GL(Vp) must be non-empty
whenever Endg, Vo # {0}. When this happens, for A, € Endg Vg N GL(Vg), the following is an
isomorphism of Q-vector spaces.
Endg VQ — Endg VQ
[

Lemma 3.4 inspires us to define the following finite group inside Aut G.
Auty G ={o € Aut G | End Vg # {0}}.

With this notation, we can rewrite Equation (3.2) as

Gaut (Q) = U {Ae EndgVQ |det A =1}.
occAuty G

We then have the identification
AutV G~ gaut/gcom-

Example 3.5. Let us consider the same group G = (I) as Example 8.1, 3.2 but this time, let us
change the representation to be 4-dimensional.
Let m: G — GL4(R) be given by

Let Vo = Q. Then, we have that

Endg Vo = {[g Iﬂ | E,F,G,H e @+@1} ~ My(C).

So, after all, we get

gcom(R):Hg ﬂ |E,F,G,HeR—s—RLdet(EH—FG):1}.

As a Lie group, this is almost like SLy(C), except that it has a compact factor of S1 as a unit circle.
That is,

gcom(R) =~ SLQ((C) X Sl~

There is exactly one automorphism of the group G which is o : I — —1. We see that the following
matriz A, is invertible and must satisfy An(l) =m(—1)A

Then, if we follow the proof of Lemma 3.4, we see that

Endg V@ = EndG VQ . AJ,

and
gaut (R) = gcom (R) U gcom (R) Aa .
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Here is a third candidate, again using the automorphism group Auty G. We can define

EndgV = Y  EndZV.
oc€Auty G

ﬁlﬁgv is a Q-subalgebra of Endg V' embedded via .
We can then conjure up a new Q-algebraic group given as

Giwist (Q) = SL(Vg) N EndgV.

Observe that we still have the remarkable property that for every A € Giwist(R) and if A C Vy is
a lattice invariant under G-action, then

w(g)A-A=AA VgeG.
Indeed, we can write A = A,, + A,, + ... where A,, € End7/ V. Then for any g € G, we have

m(g) A= Agm(g7 )+ Agym(g7 )+ -

And this implies that the lattice AA C Vg is preserved under the action of G. Thus, we get that the
following is also homogeneous space of G-invariant lattices:

gtwist (R)/F7

where I' = {4 € Gwist (Q) | AA = A}
Let us try to illustrate this with our running example.

Example 3.6. Suppose G ~ (I) is the group from Ezample 3.1, 3.2 acting on R? as before. Then,
observe that the ring

EndgV =Endg V @ Endg V - J ~ Q[I, J],

where J is defined in Equation (3.4). This tells us that the ring EndgVy is the ring of rational
quaternions. The real points of this ring form the Hamiltonian quaternion ring H. Hence, the group
Giwist (R) would be isomorphic to the three dimensional sphere as a Lie group.

If we were to instead consider the action of G given in Example 3.5, then we would get that

gtwist (R) = SL2 (H)

3.2.2 Auty G is not easy to understand

Observe the following.

Lemma 3.7. Let Auty G be as defined in Equation (3.5). There is a homomorphism of groups given

below. -
Aut (Endg Vo)

Auty G — Inn (Endg V)

~ Out(Endg Vp).
Here, Aut(Endg V), Out(Endg V) and Inn(Endg V) are the groups of automorphisms, inner au-

tomorphisms and outer automorphisms of Endg Vi respectively.

Proof. Note that for any o € Auty G, we have that any A,, B, € End, V N GL(Vy) acts on Endg Vg
by
e AT T A,

Since y = A;'B, € Endg V, so in fact the automorphism defined above is well-defined upto an inner
automorphism. O

We remind the reader that V' has a decomposition of the form

Vo~ (Mg @@ Vi)™,
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as in Theorem 2.68. Then using Proposition 2.69
EndgV ~ M,, (D) ® M,,(D2) ® -+ ® M,, (Dy),

where D; = Endg V; is a division algebra by Proposition 2.67. Then, the group of automorphisms
Aut(Endg V) is therefore the group of automorphisms of these products of matrix algebras. Hence,
the automorphism group itself can be written as a direct product of automorphism groups of each of
the simple factors given above. Any automorphism of a Q-algebra must automatically be Q-linear
and Theorem 2.40 tells us that the automorphisms that are linear over the centre are simply the inner
automorphisms.

For simplicity, let’s assume for now that ¥ = 1 and r; = 1. Hence, we are in the case where
Endg Vg = D is a division algebra over Q. Observe that any automorphism that is Q-linear must
send Z(D) to itself and hence becomes a Galois automorphism of a number field. But in general, not
every Galois automorphism of Z(D) can be extended to an automorphism of D even when we have
the structure theorem Theorem 2.82 that classifies all Q-division algebras [Han07].

On the other hand in the same setting when k = 1, Autg V could be as complicated as any finite
group of Q-division algebra automorphisms of D. Indeed, recall that towards the end of Section 2.3.2,
we discussed that if V' has a matrix index ¢ then 7 : G — Endg Vi maps into

F(Q[G]) g EndEndG Vo V@ ~ ]\4t(l)0p)7

where D is the division algebra Endg Vp. In fact, this inclusion is surjective since M;(D°P) is one of
the simple components inside Q[G]. Thus, we get that

Autg (v(QIG)) = Autg (M,(D™)).

3.2.3 Finiteness of measure

Note that we want to create a probability space of lattices invariant under the action of G. From
the discussion above, we are in the domain of having the real points of a Q-algebraic group G(R)
modulo an arithmetic subgroup. Hence, using Theorem 2.12, we must have only those groups for
which X¢(G°) = {0}.

Since, we know that our subgroup satisfies

Geom (Q) C Endg V,
we can identify it as a Q-subgroup of
GLH (Dl) D GLT’2 (DQ) SERRE GLTk (Dk)v

where D; = Endg(g) V; is the division ring coming from V;.
In order to make sure that our measure space G(R)/G(Z) is a probability space, we are forced to
choose

¢M(Q) = SL,,(D;) @ SL,,(D3) ® - - - SL,, (Ds),

which we get when we make all the reduced norms in each simple factor equal to 1. And indeed, due

to the discussion of Section 4.1, the homogeneous space of this group is of finite covolume.
In line with the constructions Gyyisy and Gayy, it is possible to make analogous constructions gt(vlv)ist
and G\

aut- We will not pursue those ideas due to the previously mentioned reasons.



Chapter 4

Integrating on Sl(D)

Here, we describe the special linear group over division algebra that we settled on as our algebraic
group candidate in Chapter 3. Recall what a reduced norm is from Remark 4.17.

Definition 4.1. Let D be a Q-division algebra and t > 1.
We denote SL(D) to be the group of matrices Myy+(D) with reduced norm equal to 1. This is the
set of Q-points algebraic group G, whose real points G(R) are SL;(Dg).

We state the following proposition about these groups that will be important in classifying rational
orbits under the group action of SL;(D).

Lemma 4.2. Let My, (D) be acted upon SL;(Dg) from the left. Then this action is transitive on the
set of full-rank matrices when n < t.

Proof. What is being asked here is if the first n columns on the left are fixed to be a matrix in
Mi«n(D), can it be completed to create a matrix in SL;(D)? The answer is yes, since we can line up
some 1s on the diagonal except for the bottom right where we put a suitable rational number so that
the reduced norm 1 condition holds. O

Remark 4.3. Lemma 4.2 will not work for n > t. Indeed, for evample when n = t, the SL;(D) action
will not be able to change the norm of a matriz in M;.(D).

4.1 Reduction theory

4.1.1 Cholesky decomposition

Let A be a semisimple R-algebra with a positive involution ( )*. The algebra M} (A) is also a semisimple
R-algebra and the involution ( )* can be easily extended to My(A) via the mapping [a;;] — [a},]. We
will denote this involution with same notation ( )*. With this, the meaning of positive definite and
symmetric matrices in M (A) is unambiguous. For clarity, we will distinguish between the norms and
traces of A and My (A) by using the notations tra, Na, traz, 4y, Nag, (4) whenever appropriate.

For any a € My(A), we can create a bilinear form 3, : A¥ x A¥ — R as
k
Balw,y) = Y tra(a]ai;y;).
ij=1

The following lemma then shows that the conventional intuition of positive definiteness is in accordance
with Definition 2.48.

Lemma 4.4. An element a € My (A) is positive definite if and only if 5, is a positive definite quadratic
form on A* as an R-vector space.
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Proof. By checking with appropriate basis elements, we conclude that trys, (ay(a) = ktra (Zle an‘)
for any a € My (A). Now, if {x.p}zzl C A* are the columns of the matrix = € My(A), we get that

k

trar, (a)(z ar) =k Z tra(z),apgTqr)
P,q,r=1

k
=k Z Ba(Teps Tep)-

r=1

Hence, the above quadratic form is just k3, @ --- © kB, = kBS* on the space My(A) ~ (AF)®*
Therefore, 3, is positive definite if and only if the above quadratic form is, which is exactly the
definition of a being positive definite as an element of A. O

This lemma leads to the following decomposition for quadratic forms (§, induced by symmetric
positive definite matrices a. What the upcoming theorem is really going to tell us is that the quadratic
form 3, can be “diagonalised” up to a “triangular” change of basis.

When A = R, this is simply the Cholesky decomposition of real symmetric positive definite ma-
trices. In [Wei58], the theorem below is referred to as the Babylonian reduction theorem, perhaps
because it is spiritually similar to “completing the square” in a quadratic equation of one variable.

Theorem 4.5. Let a € My(A) be a symmetric positive definite matriz. Then there is an upper
triangular matriz t € My (A) with 14 on the diagonal entries, and a diagonal matriz d with symmetric
positive definite elements of A on the diagonal such that

a=t*dt.

Proof. Writing explicitly in terms of A-valued matrix entries, what we want is to find d,t € My(A)
such that

a1l a2 aig 1a d11 14 tia ... tig
az1 A2 azk tlo 14 doa 1a tok
ar1  Qi2 Qg 11 Top 1a drr; 1a

[ dis di1ti2 di1tik

tiod1n  t31d11t12 + doo tiad11t1k + daator

e . (4.1)
* - ‘ k *
Ltk Y oic tridiitin

That is, in symbols

min(%,5)

Qi3 = Z t:idrrtrj~

r=1
Here, the diagonal entries ¢;; = 14.
This implies for i < j, we get
i—1
d“‘ =Qi; — Zt;idjjtij' (42)
j=1

1—1
tiy =d;;! (am‘ - Zt:idrrtrj) . (4.3)
r=1

The two previous equations can be used to inductively generate the matrix elements d;; and ¢;; by
calculating them row-wise from top to bottom. But how do we know that d;l will exist at every stage
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of the induction? Let us show this by induction on i. For ¢ = 1, it is clear that a1; = di; and aq; is
positive definite since for € A, tra(z*a112) = B4(z,0,0,...,0) is non-negative and zero only when
z = 0.

For the general case, let 1 < k' < k be an index and let us truncate Equation (4.1) at the top-left
k' x k' entries. Note that any upper triangular matrix ¢ € My (A) with units in the diagonal entries
admits an inverse in M/ (A). The entries of #~! will be some non-commutative polynomials in the
entries of ¢ which one can find inductively via “forward substitution”.

With this, we can conclude that whenever we write a’ € My (A) that is symmetric and positive
definite and wherever a diagonal matrix d’ and a unit upper triangular matrix ¢’ exist so that o’ =
t*d't', the diagonal entries of &’ = ¢* 'a/t'~1 are automatically symmetric and positive definite. This
follows from d’ itself being symmetric and positive definite. The fact that d’ is symmetric is easy to
compute and to see positive definiteness, observe that for any z,y € My/(A), we get tras, (a)(z*d'y) =
trM;C(A)((t’*lx)*a’(t’*ly)). Hence, in particular the diagonal entries of d' are invertible in A. Note
that this claim is valid for all £’ < k and it will now aid us in induction.

Suppose that {dii}i-il are positive definite. Then using Equation (4.2) and Equation (4.3), we

can compute ds 1)1y and {t(41)j}i>r+1. Now note that this gives us a solution for 4.1 when

k is replaced by k' + 1. Hence, each {d“}f;l is symmetric and positive definite and in p?micular
d(r4+1)(k'+1) 1s invertible. O

Remark 4.6. The decomposition above is unique because the elements d;; and t;; are completely
determined by Equation (4.1).

Remark 4.7. It is possible to view A* as a (kdimg A)-dimensional vector space over R and all
the matrices in My(A) can be seen as block matrices with each entry a;; being replaced by its left-
multiplication matriz as an element of A. From this point of view, Theorem 4.5 is the same thing as
the block matriz variant of the Cholesky decomposition.

A further improvement is possible here using the proposition below.

Proposition 4.8. Suppose that a € A is a positive definite symmetric element. Then, there exists
another positive definite symmetric element b € A such that b*> = a.

Proof. Just like in the proof of Lemma 2.52, using the spectral theorem for positive definite matrices,
we can construct a basis {ej, ea,...,eq} of A, orthonormal with respect to « +— tr(z*x), such that the
matrix a;; = tr(e;ae;) is a diagonal matrix. Then the a;; in the diagonal are the non-zero entries and
are positive.

Note that the map a — a;; is a faithful representation, since the matrix a;; is just the left-
multiplication matrix with respect to the basis {e;}¢,. Moreover, in general b € A is positive
definite if and only if the matrix b;; = tr(e}be;) is positive definite and is symmetric if and only if
bij = (b)i; = bj;. In terms of this matrix representation, finding b € A such that b% = a is the same as
showing that the diagonal matrix with diagonal entries |/a;; lies in the image of this representation.

To see this, note that there exists a polynomial f(z) € R[X] such that f(a;) = /a; for i €
{1,2,...,d}. Then put b = f(a) € A and this satisfies all the requirements. O

Corollary 4.9. For every positive definite symmetric element a € A, you can write it as a = b*b for
some positive definite symmetric b € A.

Corollary 4.10. Every element a € M (A) that is positive definite can be written in the form of
a=1t"b"bt = p*p,

where t € My (A) is upper triangular with 14 on the diagonal, b € My (A) is diagonal and p € My (A)
18 just upper triangular.

Proof. Use Theorem 4.5 and decompose a as t*dt. Then each diagonal entry of d can be split as
di; = bj;bi; according to the previous corollary. O
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4.1.2 Reduction theory of matrices over division algebras

For a positive definite symmetric quadratic form ¢ : R™ — R, what is the set {q(x)},czn\ (037 There is
an enormous amount of literature and decades of mathematical research around this question. But one
important step before proceeding anywhere is to realise when two quadratic forms for any g € GL,,(Z),
{a(®) }rezm\f0y = {9(9(2)) }zezn\ {0} Hence g and go g are essentially the same quadratic forms as far
as their values on integral points are concerned.

Reduction theory of quadratic forms generally refers to attempts at finding some suitable repre-
sentative of a quadratic form modulo this equivalence. In this section, we will generalise the classical
Minkowski-Siegel reduction theory of quadratic forms to the case of the types of quadratic forms we
have talked about so far.

In our setting of division algebras, the integral points will be substituted by orders. We refer the
reader to Section 2.2.6 for the relevant definitions and examples.

Let us state a very important lemma that we will be using shortly to prove Theorem 4.13. This
is nothing but the classically known Minkowski lemma of lattice sphere packings. Eventually, we will
use this to establish our reduction theory results.

Lemma 4.11. Let V be a d-dimensional R-vector space and let A C 'V be a discrete subgroup of V
that is not contained in any proper subspace of V. Choose a Z-basis {v; ;-1:1 C A of A. Then there
ezists a constant C > 0 depending only on A and V such that for any positive definite symmetric
quadratic form q:V — R
1
i <C (d t [q(vi, 0;)]. . )”‘
Uerﬂi?o}qw) < C (det [q(vi, v5)]; ;21 a
Proof. The constant C' can be chosen as 74, where 7,4 is the d-dimensional Hermite’s constant. We
sketch a quick proof that C exists.

Let us fix a positive definite quadratic form g9 : V' — R. Then for any ¢ : V' — R in the statement,
one can find an A € GL(V) such that ¢ = go o A and we check that

(det [q(vi,vj)]zjﬂ) = (det [qo(vi,vj)]?,j:l) (det A)?.
This means what we need to show is that there exists a constant C’ > 0 such that
Imneljr\l qo(Az) < C’ (det A)*/*.
If B,(0) is a ball of radius r around 0, let us define
Bay = A(Bet a)-14 (0))

which is the ball B,.(0) after getting its radius scaled by (det A)~/¢ and getting transformed by the
linear transformation A. Observe that vol(Bjy ), which is the volume of B4 , measured in terms of
the measure induced on V' with respect to go, is independent of A and is equal to vol(B,.(0)).

Then we claim that there is a choice of r > 0, such that for any A € GL(V), vol(Ba4,,/2) is
greater than vol(V/A), which is again measured in terms of go. Then the projection map V — V/A
cannot map By ./, injectively into V/A and if x1, 22 get mapped to the same point modulo A, then
1 — 22 € AN By, \ {0}. Therefore, with this choice of r, we get that

(AB,(det 4)-174(0)) N A 2 {0}, for any A € GL(V).
This gives us that

rginAqo(ac) < r?(det A)=2/, for any A € GL(V).
€A1

This last inequality is essentially what we want. O
Corollary 4.12. Let A be a finite-dimensional real semisimple algebra and d = dimg A. Then there

exists a constant C > 0 depending only on k, O and A such that for all symmetric and positive definite
p € My(A),

i < CN(p)1.
ity (V) = CR W)
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Proof. To see the result, we will need to find a relation between N(p) and the determinant g(v;,v;)
that appears in Lemma 4.11. Choose {v;}¢¥, as needed in Lemma 4.11 as a basis of A* residing within
O" (see Remark 2.59). We know that the inner product 3; : A¥ — R induced by 1 = 1y, (4) is also
symmetric and positive definite. Note that for any two vectors x,y € AX, B (x, py) = Bp(, ).

Now N(p) will be the determinant of the matrix ¢ € My, (R) which is defined as p(zzﬁl ;) =
ZfL(Zjil qij75)vi for all {r;}%  C R. This implies that S,(vi,v;) = Y%, ¢rjB1(vi,v,) and conse-
quently that

det [B, (vi, v5)] = det [B1(vi, v;)] det [gi;] = det [B1 (v, v;)] N(p)*
following Corollary 2.61. We then get that for some C > 0,

min 6y(0) < C (det [5 (11,0,)] NG )

Since det [31(v;, v;)] depends only on k, O and A, we are done. O

From now on, we will restrict our setting to the following. Instead of talking about a general
semisimple R-algebra, we will talk of when A is of the form® Dy for some Q-division algebra D. We
will now also fix an order O C D C Dy and they will be the “integral points” of Dg.

The following theorem is now to be stated. It is a generalisation of the classical Minkowski-Siegel
reduction theorem as mentioned in [Wei58].

Theorem 4.13. Then, there exist constants C1,Cy,C3 > 0 and a relatively compact set wy C Dy
depending only on O, Dr and k such that whenever there exists a positive definite symmetric element
a € My(Dg), there ezists an m € My(O) such that the following conditions are met.

1. |N(m)| < Cs.

2. The Cholesky decomposition of m*am = t*dt satisfies

(a) trdiij) lies in wy.

d
(b) tr(di;) < Oy tr(diigy(it))-
(C) tr(t;‘jtij) < Cg.

Proof. The proof will be in several steps. First we will announce our candidate for m and then show
that it has the properties stated above.
Candidate for m:
The construction of m is given as follows. Let S, : Dﬁ — R be the quadratic form associated to
a. We will choose the columns of m as elements of the lattice O C DE in the following inductive
manner. Choose v; € OF \ {0} such that
v1) = min V).
Ba(v1) vGOk\{()}ﬁa( )
Inductively, let V; = {via1 + vaas + -+ + v;a; | a1,...,a; € D}. This is a Q-vector space for each ¢
lying in D¥, since © C D. Now choose v;;1 so that
V; = min v).
ﬂa( z+1) VEOM\V; ﬁa( )
But why does such a v;; always exist? To see that O \ V; is non-empty, it is sufficient to observe
that dimg V; = [D : Q]é. This is because {vy,...,v;} are “linearly independent” over D. That is

v1a1 + veas + -+ v;a; = 0= ay,as,...,a; =0,Yay,...,a; € D.

Indeed, if the equation holds and if we take the largest index i € {1,...,4} such that a; # 0, then
multiplying® a;,* on the right and slightly rearranging tells us that vy € Vir_; (take Vy = {0}). Hence,
dimg V;11 = dimg V; + [D : Q] always.

"Why is Dg semisimple? The trace form (a,b) — tr(ab) is clearly non-degenerate on D. Tt is classically known that
the trace form on a finite-dimensional k-algebra is non-degenerate if and only if it is absolutely semisimple, i.e. A®y L
is semisimple for any field extension L of k.

2This is why we can only do this theorem for division algebras.
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Hence, the construction of v; and therefore of m is well-defined. Let us now prove the claimed
properties.

Proof of Condition 1:
For dimensional reasons, m will admit an inverse in My (Dg) (but not necessarily in My (0O)). Also,
by definition of v;, we have that

0 < Ba(v1) < Balva) < Ba(vz) <o+ < Balvr)-
Let m*am = t*dt be the Cholesky decomposition of m*am € My (Dgr) as guaranteed by Theo-
rem 4.5. Construct an auxilary linear map p € My(Dg) defined by

1
ﬁa(vl)dll

B (1U2)d22
m*pm = t* ‘ ) t. (4.4)

1
Ba(vk) dkk

Then for any x € O \ {0}, we claim that 3,(z) > 1. Let d’ be the “diagonal” matrix between ¢*
and ¢ in Equation (4.4). Indeed, suppose z € V; N OF and suppose that i is the largest such index in
{1,2,...,k}. Then

Bp(x) = Bmrpm(m ™' x) = Begrs(m™'x) = By (tm ™).

If e; € D]ﬁ is the column vector with 1p on the ith “coordinate” and 0 elsewhere, we know that
me; = v; by design. By assumption, € V; and hence, for some {a; }3‘:17

i
m e =m~! E vja; | = eia1 + esas + -+ - + e;ay,
Jj=1
i i
=tm lz = E es | as + E tsja;
s=1 j=s+1

The last expression tells us that tm ™'z as a column vector in Dﬂ’i is supported in the top ¢ entries

with a non-zero ith entry. Hence, it is clear that for such a vector tm 'z, we have
Bar (tm™ ) > ;Bd(tm_lx) = 1 Ba(z),
Ba (Ul) Ba (Ui)

and since B,(z) > B, (v;) for x € OF N'V; by definition, we get our claim that B,(z) > 1.

Using the Minkowski lemma in the form of Corollary 4.12 and that N(¢) = 1 since it is the
determinant of an upper triangular matrix, we get that for some constant C' depending only on k, Dy
and O,

k

_ —o 7T Noe (did)
1 <CN(p) = CN(m) i|:|1 Ba(vi)d
which shows that
b Nop, (i)
N(m)? < ci|:|1 Bi)(ivz)d (4.5)

where d = dimg Dg. We can now show that each of the factors of the right side are bounded. To see
this, observe

Ba(vi) = Ba(mei) = ﬂm*am(ei) (46)

= ﬂt*dt(ei) = t]I‘DR (d”) + ZtrDR (t;ld]]tﬂ) Z t]I'DR (d”)

Jj=1
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From the norm-trace inequality of Lemma 2.51, it follows that %ﬁa(vi) > N(dii)ﬁ, where d =
dimg Dg. This implies that for another constant C” depending only on k, Dg and O, we can have that
Ba(vi)® > C'N(dys)-

This tells us that overall the norm N(m) must be bounded. Hence, we get the first property of m
that we claimed.

Proof of Condition 2a:

For the next statement, notice that the left side of inequality in (4.5) is a positive integer and is

Npp(dis) _
Ba(vi)d
N (%) is bounded above by % and since their product is bounded below by % according to (4.5),

we get that

therefore > 1 (the norm is non-zero since m is invertible). Since we saw that each factor

o< I (5ta) < (5 e

and so N (ﬂd(‘;,)) > (" for some constant C"" > 0.

Hence, we can conclude the following by using Equation (4.6).

: N(di;) > (W)d > <trgii))d > N(d;;).

o dd

This makes d;; satisfy the conditions of Lemma 2.52 and therefore we get the required conclusion
about the d;;.

Proof of Condition 2b:
In particular, the last inequality implies from Corollary 2.54 that for some constant C"”” > 0,

O/// tr(d“) Z 6(1(1)1') 2 tr(d”) (47)
Finally, since 8,(vi;) < Ba(Vit1,i+1), with this we get that

tr(dii) < Ba(vi) < Ba(vigr,iv1) < C" tr(dig1iv1)-

which is what we want.

Proof of Condition 2c:
Now let us obtain the condition on the ¢;;, for i < j, we choose some u},us, uj,...,u; € O, to be
adjusted later, and set the vector u as defined by

]
g
ug
u _ - .
u; 1p ti12 t13 tis t1g :
us 1D t23 t24 ce tQk ’U/;
w 1p t34 3k 0 (4.8)
u = = . .
us lD .
0
m L 1 |tp
L%k 0
. 0 -

Here, the 1p on the “column vector” on the right is on the jth position from the top. With this
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now, observe that by the definition of v;, we have that
Ba(vj) <Ba(vj +v1u) +vauy + -+ + Vi)
=Ba(me; + meyuy + meaub + - - - + me;uy)
=Bmram(€; + e1u] + eauy + -+ - + e;u})
=Bi-ar(ej + exu) + eaus + - - - + e;uy)
=Ba(te; + teyuy + teguy + - - - + te;uy)
=0Ba(u)

k
= tr(uderuy).
r=1

Using Equation (4.6), we get that

j—1
+ Ztr(t:jdrrt Z r(uyrdypuy).
r=1

B

From Equation (ﬁ), we get that the value of u, = t,; for ¢ < r < j and thus, we can cancel those
terms and get the following.

i i
Z tr(t:jdrrtrj) < Z tl"(uidrrur),
r=1 r=1
All of the terms on the left are positive. This implies that
t dut Ztr ’u, d rur

Now because Lemma 2.52 was true for each d;;, and in particular, Corollary 2.54 is also true, we
get that for some constant C, > 0,

tr(ti;tiz) tr(dis) < C) Z tr(uiu,) tr(dy,).

r=1

Combining this with the knowledge of Equation (4.7), we see that there is another constant Cg > 0
such that

tr(ttis) Ba(vi) ) < Cfy Ztruur )Ba(vr) < Ba(v;) ( ZtruuT>

:>trt t Ztruur

This finally implies that tr( t”) is bounded by a value only depending on the u,. This in turn,
depends only the choice of /. But we can adjust the u] inductively to make the RHS bounded for
whatever the ¢;; are. Simply observe that

Ul :U/1 —+ t12u’2 —+ tlgug + e + tuug, -+ tlj;
Ug = UIQ + tggug + S + tQiUJ’i, + tzj,
U; = U;r + tij-

For O C Dg, there is a global constant K > 0 (i.e. the covering radius of @ C Dg) such that
for any = € Dg, there exists a d € O such that tr((x + d)*(z + d)) < K?. Using this principle, since
the leftmost term for each w, in the sum above is u]. € O, we can inductively choose each u!. starting
from 7 =i to r = 1 so that tr(u’u,) < K? for each r. This way, we see that tr(t;tij) is absolutely
bounded. O
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Remark 4.14. The set wy can be assumed to be inside {d € Dy | tr(d) = 1}. This is because
tr(dy;/ tr(dyi)) = 1. Furthermore, wo can be chosen to be relatively compact inside Dy, the invertible
elements of Dg. In particular, this means that {Np,(x)}zecw, i bounded away from 0.

See Remark 2.53.

We can reformulate the above using the definition of a Siegel domain.

Definition 4.15. Given a relatively compact set wyg C Dgr and two constants Cy,Co > 0, then we
define a Siegel domain

S = 6uy.c1.0, ={a € My(Dg) | a is symmetric positive definite (4.9)
whose Cholesky decomposition a = t*dt satisfies
conditions (a), (b) and (c) of Theorem 4.13}.

In this context, what Theorem 4.13 tells us is that there exists a Siegel domain & such that, for any
positive definite symmetric a € My (Dg) an integral matrix m of bounded norm can make m*am € &.
However, we can do a small correction to replace m with m'b, where m’ is such that N(m') = 1
and b is among finitely many candidates in My (O). This will soon be useful while dealing with groups

in the upcoming parts.

Lemma 4.16. Given a constant C > 1, we can find finitely many elements by, ba, b3, ..., by € My (D)
such that any b € My (O) with 1 < |N(b)| < C can be written as b = b'b; for some i, with N(v') = 1.

Proof. First, we will do this under the assumption that D = Q and O = Z. What we will really prove,
is that the set
My ={a € Mi(Z) | det(a) =t} C GLx(Q)

for some fixed ¢ € Z is contained in finitely many GLj(Z)-orbits of the left-action of it on GLx(Q).
Indeed, this is sufficient because if |JI, GLy(Z)b D My, then |, {#b/}7, can be the set of repre-
sentatives we need (noting here that elements of GLj(Z) have determinant +1).

Then we recall that there exists a Smith decomposition over Z, so that any b € M; can be written as
b= xdy for x,d,y € My(Z) with det(z) = det(y) = 1 and d a diagonal matrix with det(d) = Hle di; =
t. Consider the projection map m; : My(Z) — My(Z/tZ) and choose representatives ¢, ca, ..., Cm, €
GLy(Z) such that {m(c;)}*, = GLk(Z/tZ). Then clearly, for the y in the decomposition b = zdy,
m(y) is also invertible, and therefore y = y'c; for some i € {1,...,m;} with m(y") = lar,(z/ez)-
Then finally b = xdy = zdy'c; = (xdy’'d 1')dc;. Now we claim that dy'd~! € GLj(Z). Indeed,
(dy'dY);; = y;dii/dj;, and for i # j, y}; is a multiple of ¢ but d;; divides t (since []}_, di; = t).
Hence, setting b; = dc; settles our claim for the case of D = Q and O = Z.

For the general setting, recall the faithful morphism 7 : M (O) — Myq(Z), where d = [Dg : QJ,
as mentioned in Remark 2.59. Observe that m~!(GLy4(Q)) = GLg(D) and 7~ (GLxa(Z)) = GLx(0).
We must keep in mind that an alternative description of GL(O) is the set of units in My (O). Then
the following diagram commutes. The vertical maps are inclusions.

GLk (D) 4ﬂ) GLkd(Q)

T T

Now note that for any b € My (D) = 7~ 1(Myq(Z)), we have that N(b) = det(r(b))* from Corol-
lary 2.61. Hence, the condition 1 < |N(b)| < C translates to the requirement that 1 < |det(w(b))| <
C*. Therefore, it is clear that the set {m(b)}1<n@)<c € GLia(Q) is contained in finitely many cosets
of GLga(Z). Hence, we can find finitely many by,...,b, € GLg(D) such that {m(b)}1<np<c C
UL, GLia(Z)7(b;). But note that 7' (GLya(Z)7(b;)) = GLi(O)b;, because if 7(bb; ') € GLya(Z),
then bb; ' € GL(O). Hence, we get that

(b€ M) 1 INW) < C} € (JGLLOP,

=1

and therefore, {b;}" ; is the set that we need. O



4.2. INTEGRATION COORDINATES 47

Remark 4.17. The function det omw : My(Dgr) — R seen above is often also called the reduced norm.
The usual norm N is just the kth power of the reduced norm.

Remark 4.18. Unlike Theorem 4.13, there is nothing special about being in a division algebra in
Lemma 4.16. This particular lemma can be suitably generalised by substituting Dgr with a semisimple
R-algebra A.

4.2 Integration coordinates

Recall that we want to consider the quotient space G(R)/I' where

G(R) ={a € My(Dg) | N(a) =1},
I ={a € M,(O) | N(a) = 1}.

We want to describe an integration on G(R) that is equal to integrating with respect to the Haar
measure up to scaling. For that, we will use an analogue of the Iwasawa decomposition for SL;(Dg).
Optically, it might look very similar to the Iwasawa decomposition seen for SL;(R) but see Remark 4.22
for a clear difference where the analogy fails. -

Let us first define the following notations.

Definition 4.19. We define the following.

K ={r € GR) | K"k = 1y, (a),N(k) = 1},
Ao ={a € G(R) | a is diagonal, a;; invertible, N(a;;) > 0},
N ={n € G(R) | n is upper triangular with 14 on the diagonal entries}.

Topologically, G(R) is a Lie group and the groups K, Ag, N are also Lie group topologies as closed
subgroups of G(R). Note that 49 C G(R), so a € Ay = N(a) = 1.

Proposition 4.20. The following map is a surjective open map. As a smooth map, it is a submersion.

K x Ag x N = G(R)

(k,a,n) — Kkan.

Proof. First, let us see that this multiplication map is surjective.

For any g € G(R), we know that g*g € M;(Dg) is a positive definite symmetric matrix. Con-
sequently, by Theorem 4.5 and Corollary 4.10, we have a decomposition g*g = n*a*an = (an)*an,
for n € N and a being some diagonal matrix. Clearly N(a) = 41 for this to hold, but since a can
be assumed to be positive definite in Corollary 4.10, we can ensure that N(a;;) > 0 and so, a € Ap.
Now g(an)~t = (¢*)~!(an)* which means that g(an)~! is preserved under the “conjugate inverse”
automorphism, so it lies in K. So, g = kan for some k € K.

Using the following transportation scheme, we can see that the given map has a constant rank.
The following commutative diagram demonstrates that the rank at (k,a,n) is the same as the rank
at (1,1,1), wherein the vertical arrows are the derivatives of the respective indicated maps and are
therefore isomorphisms of tangent spaces.

(kK',d'a, (a7 n/a)n) T,am) (K X Ag x N) ————— T1anG(R) Kgan
(k',a',n) T1,11)(K x Ag x N) ——— T1G(R) g

To learn what the rank on (1,1, 1) is, we note that on the level of Lie algebras the lower horizontal
map in the diagram, up to appropriate identifications, is just the addition map. More precisely, we can
make the identification of T(q 1 1)(K x Agx N) ~ T1 K xTy Ag x T1 N and identifying T1G(R), T1 K, T1 Ao
and T1 N as subspaces of 71 GL;(Dg) ~ M;(Dg) as follows.
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T1G(R) = {g € My(Dz) | tx(g) = 0},
T'K ={k € My(Dg) | " + =0},
T1 Ao = {a € My(Dg) | a is diagonal, tr(a) = 0},
TiN = {n € M(Dgr) | n is strictly upper triangular }.

Since every traceless matrix in M;(Dg) can be written as the sum of matrices in the three subspaces
above, the bottom map is surjective and hence overall, the given map is a submersion using the global
rank theorem of differential geometry as follows.

To see that it is an open map, it is sufficient to show that the image U;U3Us C G of a basic open
set of the product topology Uy x Uz x Us C K x Ag x N is open®. For this goal, it is sufficient to show
this when Uy x Uy x Us is a sufficiently small neighbourhood of the identity (1,1,1) € K x Ag X N as
we can transport such a neighbourhood and a get a neighbourhood (k,a,n) € K x Ag x N of the form
kU x Usa x (a=1Uza)n, whose image must be xU;UsUsan C GL;(A). For this, it is also sufficient
to show that the given multiplication map restricted to U; x Uy x Us is an open map for sufficiently
small Uy, Us, Us.

We can use the constant rank theorem of differential geometry now. Let F' : K x Ag x N —
G(R) be the given multiplication map. If Uy, Us, Us are sufficiently small, then there exists an open
neighbourhood U; x Uj x Uy C Ty K x Ty Ag x T1.N of (0,0,0) with homeomorphisms u; : U; — U] for
i € {1,2,3} and an open neighbourhood V' C G(R) containing identity along with a homeomorphism
v:V = V' CTiG(R), V' containing 0, such that the map F|y, xv,xv, = v 1o dF(c,e.e) ©u, Where the
map u = uy X ug X ug : Uy x Uy x Ug — U] x Uy x Us. But dF(y 1) is an open map, because it is a
surjective linear map and hence, we are done. O

Corollary 4.21. Let B = AgN = NAy C G(R) be the closed subgroup of upper-triangular matrices.
Then the following is also an open surjective map.

K x B »G(R)
(K, b) —£b.

Proof. Surjectivity is clear from Proposition 4.20 if we write b = an for some n € N and a € Ay.
To show that the map is open, the proof is very similar to Proposition 4.20 and we leave this to the
reader for verification. O

Remark 4.22. The map in Proposition 4.20 is generally not injective. Indeed, if v’ € K N Ag, then
(k'Y K'a,n) and (k,a,n) are mapped to the same element ran € G(R).

This is the only obstruction to injectivity. That’s to say that, two elements of K x Ay X N have
the same image if and only if they are in the above situation.

Note that in the usual Iwasawa decomposition for SL:(R), the map is indeed injective since KNAg =

{Isom)}-

We will now use the following proposition to settle some more technicalities about our decompo-
sition above.

Proposition 4.23. 1. K C G(R) is a compact group.
2. KN B=KnN Ay, which is also a compact subgroup of G(R).

Proof. 1. K is at most an index-2 subgroup of {a € M;(Dg),a*a = 1, (r)}. The compactness of
this group follows from the following more general claim.

Let A be a semisimple algebra with a positive involution *, then the group {a € A | a*a =14}
must be a compact group in the induced topology from A. Indeed, it is a closed group that lives
inside the compact ball {a € A | tra(a*a) < [A: R]}.

3for any continuous map of topological spaces f : X — Y, FUier Ui) = User F(UL).



4.2. INTEGRATION COORDINATES 49

2. We see that if Kk € K N AgN then x = an has to be an upper triangular matrix such that
K"k = lg(r). As a matrix, what this means is that

*
1Dw K11 K11 K12 N K1t
* *
1p, K12 Kaz K22 Kat
* * *
LDy LR1t Kot Kt Kt
e
K11K11 K11K12 e K11K1t
KlgK11 KlgK12 + K39k22 KloK1t + Kookay
1 Soiy Kk
LR1¢R11 i—1 BgiRit

We will show that x;; = 0 for 4 < j. When ¢ = 1, we see that x];sx11 = 14, so k11 is invertible
and therefore, from the first row above, we see that k11415 = 0 = x1; = 0 for j > 1. This makes
the entire first row of x, except k11 to be 0. This reduces the case to a (¢t — 1) x (¢t — 1) upper
triangular matrix satisfying the same matrix equality as above. Hence, we can show the rest of
the entries 0 by induction.

Now K N Ag ~ {a € Dg | a*a = 1p,}®* as a topological group. From the discussion of the

previous part, it is compact.
O

One last piece of the puzzle describes something special about Haar measure on G.

Proposition 4.24. The group G(R) is unimodular. That is, a left-invariant Haar measure is also
right-invariant.

Proof. First, observe that the group GL;(Dg) is unimodular.

GL(Dg) is an open subset of M;(Dg). This is because for any v € GL;(Dgr) and v’ € M;(Dg),
utvu' = u(l+vu~tu’) is invertible if v € R satisfies |v|? tr((u ™ u/)*(u=1u’)) < 1. Hence, any Lebesgue
measure da of M;(Dg) can be restricted to get a measure da on GL;(Dg). Now set dg = | N(a)|~'da.
This measure is in fact both left and right invariant. Indeed, this is because the determinant of the
left-multiplication of a € M;(Dg) is the same as that of the right-multiplication, both being equal to
IN(a)l.

Now on G(R) = SL;(Dg), we can induce a Haar measure as follows. For any open set U C G,
consider the set (0, 1)U = U,¢(g1)tU € GLi(Dg) and define pc(U) = [ 1,y dg- This defines a Haar
measure on GG that is both left-invariant and right-invariant. O

We are now ready to describe a coordinate system to integrate some scaling of the Haar measure
on G(R). Here is a definition to set us up for the discourse.

Definition 4.25. For any topological space X, we will denote the vector space of compactly supported
continuous R-functions on X as C.(X).

Proposition 4.26. Let dx,da,dn be Haar measures on K, Ay, N respectively. Then the following is
a Haar measure on G(R).

C.(G(R)) = R
| N(ais)|
fe / / / f(kan) ——= | drdadn.
NJA, JK E | N(aj;)]
Proof. We use the following classically known lemma. See [Knal3] for a proof.

Lemma 4.27. Let G’ be a Lie group. Let S, T be closed subgroups such that SNT is compact and
the multiplication S x T — G’ is an open map whose image is surjective (except possibly a measure
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0 subset of G'). Let Ar and Ag: denote the modular functions of T and G'. Then the following is a
Haar measure on G’.

C.(G") =R

()
I 5fo( )AG’(t)

We will use this lemma twice. First with (G',S,T) = (G(R), K, B), which fits due to Corollary 4.21

dsdt.

and Proposition 4.23, and then (G',S,T) = (B, Ao, N) which fits because A9 N N = {lg(r)} and
(a,n) — an is an open map. Then, we get that the following is a Haar integral for f € C.(G(R)).

/KxBf(Kb) AQ(R(ZZ)b dﬂdb_/ (/ fl Ag ®)( ) )db
— /N/AO (/K f(kan) Ao (ZT)L) d/ﬁl) igggi dadn
:/N/AO/Kf(nan)AB(a)dndadn.

Here, for the last equality we have used that G(R) and N are unimodular, that is Agg), An are
trivial. G(R) is unimodular by Proposition 4.24 and N is unimodular because it is n11p0tent4 Finally,
we use the following identity that is classically known and also given in [Knal3].

Ap(a) = |det Adp(b)],
where Adp : B — GL(T1B) is the adjoint representation of B. Identify
B = {m € My(Dg) | tr(m) = 0,m is upper triangular}.

Then, clearly (ama_l)” = ;in;ja;, ] . Since determinant of right multiplication and left multiplication
on Dp is the same, we get

soto - TI| e

i<j

O

Let Dg) denote the kernel of N : Dy — R*. In other words, D]g) is the set of unit norm elements
of D]R.

Definition 4.28. The group Ag as defined in Definition 4.19 can be further decomposed as Ag =
AW AR where

A<1>:{aeg( )| i#j= ay=0,N(ay) =1},
AR = {d € G(R )| i#j=aj; =0,a;; € Rsg C Dg}.

s Yig

Note that AR N A = {1p}. This decomposition is simply a consequence of writing
ai; = N(a;)'/* (aiiN(aii)_l/d) )

where d = [Dg : R] so that a; N (a;;)~ /¢ is of norm one.

Remark 4.29. The group AR is the identity component of a mazimal Q-torus of G. This agrees with
Chapter 18.5 of [Mor15], where the Q-rank of SL.(D) is mentioned as (t — 1), which is ezactly the
rank of this torus.

4 Alternatively, one can check this through the identity Ay (n) = |det Ad(n)|.
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Corollary 4.30. Let dr, da’, da, dn be Haar measures on K, A%, AN N respectively. Then, the
following is a Haar measure on G(R).

C(GR)) = R
d

a’.
— ka'an | dkda'dadn.
/ /N/A(l) /AR/Kf( ) H a}j

1<j

Remark 4.31. It should be possible to generalise this treatment of Haar measure to the setting of a
general semisimple algebra A instead of Dg by meaningfully defining groups like GLi(A), SLi(A) and
80 on.

4.3 Integration on G(R)/T

Observe that OF C Dﬂé is a lattice that remains invariant under the action of elements of the group
I' € G. Hence, we can make the following identification of topological measure spaces.

G(R)/T ~ {gO" | g € G}.

We will shortly show that this measure space has a finite measure by performing an explicit compu-
tation in terms of the integration coordinates defined above.

Recall that in Section 4.1, we defined a Siegel domain in Definition 4.15. We will now make a
more useful version of a Siegel domain &* C G(R), one that we can fit inside G(R) and such that
S*T' = G(R). This &* shall be a Siegel domain of matrices, whereas the previous definition & was a
Siegel domain of quadratic forms.

Definition 4.32. Letw; C Dg) be a relatively compact set and let ¢y, co > 0. Also, let by, bo, . .., by, be
some elements of GL,(D). Recall the definition of K, Ay, N and AN, AR as defined in Definition 4.19
and Definition 4.28.

A" = {a € GLy(Dg) | aj; =0 fori# j,a;; € Ryo C Dr},
A ={ae AW | a5 € w1},
AR ={d € A® | df, e R0 C Dg,d), < ClUi4 1 i1}
A% = {a’' € AR | aj; € Ry C Dg,aj; < Cla;+1,i+1}7
N, = {n € G | n is upper triangular with 1p on diagonals ,tr(n;;n;;) < ca},

1 1 1) AR
G = 6101,61,02 = KA(Ell)AclNCQ7

@z@hquOJ@@?O%@zUN&WM%@@W@Q?
=1

i=1
Here, d = [D : Q.

We can now relate this to the previously discussed generalisation of Minkowski-Siegel, i.e. Theo-
rem 4.13.

Lemma 4.33. For some choice of wy, c1, co in the definition above and for some choice of by, ba, ... b, €
GLi (D), the set &* C G(R) from Definition 4.32 satisfies &*T' = G(R). In other words, &* C G(R)
surjects via the map G(R) — G(R)/T.

Proof. What we want to really show is that for some choice of G*, for every g € G(R), there will exist
some b € I" such that gb € G*.

Let & = &yy,0y,0, C M(Dgr) be the set defined in Equation (4.9), where wg, C1,Cs are chosen
such that they satisfy conditions of Theorem 4.13 for the given choice of Dg,© and t. Consider the
map F : g — g*g. We claim that there is a choice of wq, ¢, co such that

Sup.crcs C F(KAL)AF N,).
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Let C’,C > 0 be such that C" > N(h) > C for all h € wy (See Remark 4.14). Set

wy ={ac D]g) | tr‘(ifa) € wpl.

This is a compact set because a € w; implies that

a*a 1 N1 . 1
= < < .
N(tr ) " € N(wp) = (C")a < tr(a*a) < C1

(a*a) a*a)

Now set ¢; = Cl(C”/C’)% and cg = Cy. Let t*dt € &, ¢c,,c, Where t*dt is the Cholesky decompo-
sition, then ¢t € N,,. Write d = a’a uniquely for o’ € A® and a € A1), Then

dii (a:iaii)(agiy az;ai;
— = S wo = Qi € W1
tr(di)  tr(ajaq)(ay;)?  tr(aja:) “ ’
tr(di;) tr(aj;aq)(aj;)? Ci

L = Yk / 2 < , ;C? =(,
tr(ditr,iv1)  tr((@ig1ir1)*@iviv1) (@i 01)% — (C")a

tr(tfjtij) S Cy = 02.

Hence, t*dt = F(kaa't) for any £ € K and the above choice of a € A(E,ll), a € AE and this settles
the claim.

Now for any g € G(R), we know from Theorem 4.13 that for some b € M},(O), we have b*g*gb €
S = b'g*gb e KAL) AR N,, = gb € K(KAU) AR N,,) = KAU) AR N,,. From Lemma 4.16, we know
that we can find finitely many by, bo, ..., b,, € My(D) such that b = b'b; for some b’ € T" and for some
1 < < m. This implies that gb' € U, (KAL) AR N,,)b; L.

Observe that N(gb’') = 1, whereas for

(kaa'n)b; ' € (KAW AR N, )b
we have
N(xaa'nb; ') = N(a')/ N(b;).
So N(b;) > 0 and
(kaa'n)b; ' € (KAY AR N, )bt 0 G = N(b;) 3 (KAL) AR N, )b L.
O

Remark 4.34. Note that {b;}, lie in GLg(D). This means that for some N € N, Nb; € M;(0).
We will use this in the proof of our integration formula in Chapter 5.

Now we are in a position to consider G(R)/T" as a probability space.

Proposition 4.35. The space G(R)/T' carries a unique probability measure that is left-invariant over
the action of G(R).

Proof. The Haar measure of G(R) restricts to left-invariant measure on G(R)/T since T is discrete
inside G(R). Since &* C G(R) surjects onto G(R)/T, it is sufficient to show that &* has a finite
measure in G(R).

The set &* is just a union of finitely many translates of G'. So let us show that &' C G(R) has
finite measure. This is to show that the following integral is convergent.

d
/

/ / / / H a/“- drda' dadn.
Ny JAQ) Jar Jk a

i<j JJ
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We can separate the variables in the above integral. Observe that all the integrals other than the
one over AIEI is over a compact set and so must be finite. It simply remains to be shown that the
following integral is finite.

d

I
H Q5 /
/.A]R a/' j da .

c1 i<j JJ

The group A is topologically isomorphic to (Rsq)!~!, but let us make this identification in the
following slightly convoluted manner to make the integral easier for us.

AR 5 (Ryg)t !

/
’ aj;

it
a — -

A1) (i+1) -

The above is an isomorphism of locally compact topological groups and therefore, the Haar measure
da’ can be replaced by a Haar measure of (Rso)!~!. Write y; = @i /@41y (i+1) and now all that
remains is to see that the following is a finite integral which is true whenever d >'1

[l () e
Yt Y Y1 Yo Yi—1

1<J



Chapter 5

Integration formula for G-symmetric
lattices

We remind the reader that the idea is to consider random lattices that come with a prescribed group
of symmetries given by G.

We remind the reader of the setting we are working with. We work with a finite group G acting
on Vp satisfying the decomposition given by Equation (2.3). In light of the discussions in Chapter 3,
we decided to focus on the space of lattices to be the quotient space of an arithmetic subgroup inside
the following algebraic group.

G(@Q) = [] SL.(D;), where D; = Endgg)(Vi)o-
i=1..k

More specifically, we work with the representation of G(Q) with respect to the left action on the vector
space

k
Vo= e,
i=1

where n; is the matrix index of V; as discussed in Section 2.3.2. Then, for a base lattice A C Vg, we
define

I'={g€g(Q) | gA=A}
and G(R)/I" models a space of G-invariant lattices in Vg where G acts on Vg and has a finite G(R)-
invariant measure. Without loss of generality, we assume from now onwards that it has a probability
measure after scaling this finite measure appropriately.

5.1 Siegel transforms

Suppose C.(Vk) is the space of compactly supported measurable functions on Vg. For any f € C.(Vz)
and for any lattice A C Vg, we define

®s(A) =) flv).

vEA

P is a function defined on a space of lattices, such as G(R)/T" or SLq(R)/SL4(Z). This function, or
some variants of this function, is known as the Siegel transform of f.

In general, ®;(A) as a function of A is not bounded. The lattice A could have arbitrarily short
vectors, which means more and more lattice points might lie in support of f making > . f(v)
arbitrarily large. However, one can still hope that the following integral is bounded.

/ ®;(gA)dg, where A C Vg is a fixed lattice.
G(R)/T

According to the following lemma, knowing the above integral basically amounts being able to
integrate f € C.(Vr) on the orbits of G.

94
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Lemma 5.1. Suppose G is a unimodular Q-group with a Q-representation G — SL(Vp). A C Vi be
a lattice and let T C {g € G(Q) | gA = A} be an arithmetic subgroup. Furthermore, suppose we have
that for any w € Vo, the stabilizer subgroup G,, C G is unimodular.

Then for any f € Co.(Vr), assuming that Oy is absolutely integrable on the space G(R)/I', we have

/Q(R)/F@f(gf\)dgz Z vol(gw(R)/Fw)/ Flgw)dyg. (5.1)

Twel\A G(R)/Gw (R)
Here T, is the stabilizer group of w in I.

Proof. We want to decompose A into

A= || {wl~ver}
Fwel\A

So, we write that

v) | dg = w)d
/Q(R)/F (Zf(g )) 9 /Q(R)/F > > flegyw)dy

vEA Twel'\A~eT' /T,

= > /Q(R)/F > flgyw) | dg.

Twel'\A ~yel'/Ty,

We then observe that the following inclusion of groups holds.

Notice that in the last expression, the integration is happening over G(R)/T',, broken into two inte-
grations along the left dashed path in the diagram. We want to instead break it down into the path
on the right.

Since we have assumed that G, is a unimodular algebraic group, we get that the homogeneous
space G, (R)/T,, has a well-defined Haar measure on which we can unfold our integral as the following.

/ (Z f(gv)> dg= Y / </ f(vmw)dw) .
G(R)/T vEA Twel\A 1 €EG(R)/Gu(R) 72€G0 (R) /T
Now we know that yow = w. This gives us the expression that we need. O

Remark 5.2. Weil considers the above integral, albeit in an adelic setting [Wei65]. There, the hypoth-
esis that G,, needs to be unimodular is dropped and is deduced by some more sophisticated machinery.
We do not need this in our methods.

Remark 5.3. Observe that for any v € Vg, we have that for some N € Z>1, Nv € A. Since scaling
commutes with action of G, it is clear that the sum over the groups G, appearing above contains all
the stabilizers of rational points v € Vp.

Remark 5.4. Note that if for two different orbits wi,we € T'\ A, we have G(R)w; = G(R)ws, then it

is clear that
/ f(gwr)dw; =/ f(gwz)dw,
G(R)/Gu, (R) G(R)/Guy (R)
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which can be shown by doing a change of coordinates. Then we can rewrite Equation (5.1) as

»/Q(R)/F Z )| dg = Z Cv /g(R)v f(z)dz,

vEGA GR)ve{G(R)w}wea
for some constants c, that are formed from collecting together some terms.
Although the lemma is for a general algebraic group, for the case G(Q) = SL;(D), we must justify
that we can use Lemma 5.1. We will offer the justification later with Lemma 5.8.
5.1.1 Choice of base lattice: finiteness concerns

What should be the choice of our base lattice A7 We are especially interested in the cases where this
integral is finite. For this end, we state the following lemma.

Lemma 5.5. Suppose G is a semisimple Q-group with a Q-representation on Vg. Let Ay C Vg and
Ay C Vg be two lattices and

Iy ={g€G(Q) | gAi = A} fori=1,2.

Then suppose for all compactly supported functions f, we have
/ Pr(gA1)dg < 00,Y f € Ce(Vr)>o0-
G(R)/T1
Then we must also have
/ (I)f(gAQ)dg < OO,V f € CC(VR)ZO7
G(R)/T;

Proof. Observe that for some N € Zx>q, we have that NAy C A;. This implies that for any g € G(R),

D flgr) <> FFgv).

vEA2 vEA

Also, we know that I'; N Ty is finite index in both I'; and T’y from Proposition 2.22. So, we get that

_ 1
/Q(JR)/F2 (Z f(gv)> d9 = oA /Q(R)/FmF2 (Z f(gv)) dg

vEA2 vEN2
1 1
< T AT f(xgv) | dg
[Fz.FlﬂFQ] /Q(R)/FlﬁFQ (vgl N
_ [Culinrs) / £
= gv) | dg.
P2l G(R)/T (’U;l "
By hypothesis, this last expression is < oc. O

So, this implies that as long as we want to have finite integrals, the choice of the base lattice A;
does not matter.

Later we will go on to describe what exactly does changing the base lattice do for integration
formula on the G-symmetric space of lattices.

5.2 Integration formula

5.2.1 Single irreducible representation

For “simplicity”, let us assume that the Q[G]-representation Vg has ¢ powers of the same irreducible
representation Wy. Hence, as a Q[G]-representation, we assume that

VQ ~ Wgt



5.2. INTEGRATION FORMULA 57

Hence, we let D = Endgig) W be the corresponding Q-division algebra and consider the action of
G(Q) = SLy(D) on W®t, We can assume that W ~ D" for some n. In effect, we get

Vo ~ W% o~ D>,

Hence, we can identify D**™ = M., (D), that is ¢ x n matrices over the division ring D. The action
of SL;(D) on this is exactly the same as left-multiplication of a matrix in M;y;(D) with My, (D).

Following the discussion in Section 5.1.1, we are free to choose a base lattice as per our convenience.
While applying the results, we often take lattices coming from some orders in the division ring, but
the mean value theorems that we will see are more general!

5.2.2 The case of t =1

When ¢ = 1, we may not have a very nice formula like the one that will soon appear.
Here is an example to demonstrate the intricacies involved in this.

Example 5.6. Consider the action of the quaternion group
Qs = {+1, +i, 15, +k}.

We look at the representation of the group via left multiplication on the 4-dimensional space of rational
Hamiltonian quaternions

Hg ={a+bi+cj+dk|a,bc,decQ}.

Then Hg = H are the usual Hamiltonian quaternions. We look at the Qg-invariant lattice Hz which is
the set of quaternions with integer coefficients. Then the group SLi(H) is the group of unit quaternions
acting on the right via Hamiltonian quaternion multiplication (which is the same thing as SLi(Hop)
on the left but for simplicity, let us have the right action instead,).

The space of Qg invariant lattices that we are interested in is

{Hz-g | geSLi(H)}
Then it is clear that for any o € Hy, g SLi(H) is given by a three-sphere
{a+bi+cj+dk | a®+b* 4+ +d* =|g|}.

Therefore, this implies that the right hand side of the Siegel-Weil formula in Lemma 5.1 will reduce
to a sum over integrals on spheres of radius {\/ﬁ}nezzo-

In general, it is known that for any order O C D, the homogeneous space SL;(Dg)/O* is compact
(cf. [Morl5]). This means that when ¢ = 1, the space G(R)/T is compact and therefore, surely the

integral
E f(g dg 0.
/g(]R)/I‘ ( ( ’U)) <

veEA

However, what is happening here is that the group G(R) = SL;(Dg) is acting on Dg*" for some
n > 1 and if dimg D = d, then SL;(Dg) is a (d — 1)-dimensional Lie group acting on a space of dn
real dimensions. Hence, the right side of Equation (5.1) will be a sum over integrals of some varieties
of < d — 1 real dimensions in the nd-dimensional Euclidean space Vi.

It is not clear if we can say something more than this.

5.2.3 The case of t > 1

We will have to subdivide it into further cases.
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5.2.31 Whent>n

For this case, we can comfortably state a version of our Siegel mean value theorem for G-invariant
lattices for a single irreducible representation when the number of copies is at least 2 and also strictly
greater than the matrix index of the representation.

We find from Lemma 5.1 that if the left hand side exists, it must be given by Equation (5.1). So,
the question to ask is, what are the orbits G(R)w for w € A? To answer this question, let us first
separate out the trivial orbit {0} = {G(R) - 0}. Then the rest can be answered through the upcoming

setup.

Let w € A C Vg >~ My« (D) be a matrix whose columns are wy,ws, ... ,w,. Since n < ¢, we must
have that for some a1, as,...,a, € Dr, we get
w101 + wolg + *++ + Wypan =0¢€ Dt (52)

= g-wia; +g-wias+ -+ g-wpa, =0€ D'V geG(R)

For a given wy, . ..,w, € D! we collect all the coefficients (a1, ..., a,) € D" satisfying the relation
in Equation (5.2). Note that these relations form a right-D submodule in D™ which we call Ann(w).
We see that the if w’ € G(R)w N A, we must have Ann(w) = Ann(w’).

Lemma 5.7. The map w — Ann(w) creates a bijection between orbits {G(R)w}o,ea and right D-
submodules of D™.

Proof. It is clear that w = 0 < Ann(w) = D™.

Assume that w # 0. Invoke the rank factorization mentioned in Lemma 2.63 and write w = ¢ - f.
We recall to the reader that this factorization is unique for a given w € M;y,(O).

Here f € M, xn(D). We claim that the reduced matrix f completely determines the right D-
module Ann(w). Indeed, if a € M, «1(D) satisfies

c-f-a=0.

Then for any other w’ which has the rank factorization w’ = ¢’ - f, according to Lemma 4.2, we can
find some g € G(R) such that gc = ¢; = gw = w;. Hence, we must find that

c1-f-a=0.
This implies that ¢ € Ann(w) = ¢ € Ann(w,). O

The above proof also gives us an opportunity to show the following lemma.
Lemma 5.8. The group G(Q) = SLy(D) satisfies the conditions of Lemma 5.1.

Proof. We want to show that for any w € M., (D), G, (R) is unimodular. Due to Proposition 4.24,
we know that SL;(D) is unimodular. Also, due to Lemma 4.2, we know that SL;(D) acts transitively
on right D-submodules of a fixed rank m < ¢ insider D?.

It is clear that the orbit G(R)w is in bijection with G(R)/G,,(R). Let W = Ann(w) C D™ be the
right D-module associated to this orbit. Then, what Lemma 4.2 actually tells us is that G(R)w is
bijectively mapped to a dense open set within the vector space

{lwi, ... wn] € Myxn(DRr) | wiar + -+ +wpa, =0, Y(ay,...,a,) € W C D"},

Furthermore, this bijection is a homeomorphism since the orbit G(R)w is locally compact and any
vector space is also locally compact. Therefore, we know that the Lebesgue measure on this vector
space induces a bi-invariant Haar measure on G(R)/G,,(R) and hence, G, (R) must be unimodular.

O

Here is a definition to get us started before the upcoming proposition.
Definition 5.9. Let X be any set and € > 0. For a function f: X — R, we define the e-dilate of

fe: X =R
x> f(ex).
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Proposition 5.10. Let Vo = D™ and let G(Q) = SL, (D) be acting on left. Let A = O™ C Vg
be a lattice where O C D is an order inside our division ring. We thus have that T' = SL,(O) is a
discrete subgroup in G(R) that preserves the lattice A.

Suppose that f : Vg — R is a bounded and compactly supported function. Then, for any 0 < e <1,

we have that
/ e’ N |f(ev)] | dg
G(R)/T

veEgA
is uniformly bounded (independent of €) from above by a function on G(R)/T whose integral is finite.

Proof. Let 0 < ¢ <1 be a real number. As mentioned, we denote f. to the function = — f(ez), and
let d = dimg V.

Recall K, AR, A N as discussed in Proposition 4.35. Let R > 0 be such that f is supported
inside Br(0) C Vg where Bg(0) is a ball invariant under the action of a compact group K. We can
create such a ball by averaging any quadratic form over K.

With this, we get that

d _
/Q(R)/r€ @y (gA)dg = ¢ /6* (;]@(g@) d

<l /6 ((9A) A By (0)) dg

<st/ ((gb; 'A) ) N Bp:(0)) dg

_Z / /A<1> /AR / # (N(b;) @ (ka’an)b; " AN Br,-(0)) H (?) o drda’ dadn.

i<j JJj

We remind the reader that the relation d = nt[D : Q]. Since Bpg,.(0) is chosen to be invariant
under K, we know that for any x € K,

# (N(b;) 4 (ka’an)b; "A N Bry(0)) = # (N(b;) @ (a’an)b; ' AN Bg,.(0)) .

Because of Remark 4.34, we know that there exists some N € N such that b;lA - %A for every
1 <17 < n. Hence, this tells us that

# (N(b;) 4 (a’an)b; "A N Bpy.(0)) <# ((a’an)A N Bg,-(0)) .

Note that in this last step, we might have to move to a slightly bigger radius R. But this does not
affect anything.
Now consider the set

YV ={dan(a)™ | d' € A¥ ;a € A, n e N,,} CG(R).

-1

N 2
. Hence, tr(y;‘jyij) = (Zj;) tr ((aimij)*(aimij)). Here,

(Z,) is a positive number bounded by ¢} ™" because of the construction of A% | and the other term

For y € Y, note that y;; = agiaimij(a;-j)

is bounded because it continuously depends on a;;n,;; which lie in a compact set. Hence, overall the
set Y must lie inside a relatively compact set of G(R). Furthermore, the set Y is only dependent on
c1,co and wi.

Now what do we want to do with this set Y C G(R)? Let R’ > 0 be a radius such that Y "1 Bz (0) C
Br/(0) = Y 'Bg/.(0) C Br//-(0). Then we write that

# ((a’an)A N Bg,-(0)) =# ((a’an(a’)~")a’A N Bg,-(0))
<# (/AN Y Bp.(0))
<# (/AN Bp,-(0)).
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At this point, we invoke the identification A = M;xn(O) C Mixn(D) = V. With having to
possibly replace R’ with a bigger radius, we assume that the norm on Vg ~ Dg"*™ is the one given by

(X1, ey Tpn) Ztr(xfjxi]’).

,J
Then the value of the last expression is equal to the number of integer solutions (z1,..., %) €
M, (O) such that
t n 2
2 N R
Zza;i trp, (27;2ij) < POR

i=1 j=1

This is the number of points in a lattice intersecting with some ellipsoid. By considering a suitable
“axis-parallel cuboid” that contains this ellipsoid, an upper bound for the number of these lattice
points in the ellipsoid is the following quantity.

t n R,Q
};[1# {x e o" | ;trDR(x;‘xi) < a’z}

2
i €

Each term in the product is the number of points in a ball of radius R’/alc in a %—dimensional
R-vector space. Hence, there exist constants By, By > 0 depending only on O, D such that

n R/2 R %
# xeO | ZtrD]R(‘Tz‘IT)S al 252 SBl+B2 (a(.g) ’

=1 i (%)

and therefore,

| et andg
Gg(R)/T

m t 4 %
R\ al;
d i1 /
E | I B B | I drda dad
< i:15 /N /AE}f /AE"?l /K ( ( LB (agis> )) <a;.j> faa aaan

i=1 i<j

i d R g al, "
< / / / / H Biet + By <,> H - drda’ dadn.
Ney JAG) Jaz Jr \; Ay i<; \%ij

Now & < 1 = Bie? < By. Therefore, we can bound the integral above by

t R d o g
B1 + By () 2 drda’ dadn.
/JVC2 /AE}f /Al§1 /K £[1 g g aj;

This last integral does not contain any appearance of . Note that for a decomposition of
g = ka'an, the matrix o’ is unique. Therefore, some appropriate scaling of the function g —

-, (31 + BQ(R’a’ii_l)%) on a fundamental domain of G(R)/T is a dominating function of *®_

c2

if we prove that the integral above is convergent.
The sets K, A&ll) and N, are compact and thus, [, dk [, dn and [,a) da are finite. Hence, we
cg wi

just need to show the finiteness of

¢ g i
R\ "
Lfs@ ) s e
A \i=1 Qi i<i \%ij

Let us first do this for the case ¢ = 2, that is, when G = SLy(Dg) and I' = SL2(O). In that case,
“'=s€eR. Since n < t, the only possible value is

AR ~ R>0 and we can parametrize it as a}; = ab,
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when n = 1. The condition a}; < cah, is just saying that s?> < ¢;. The measure da’ is 1ds. So, the
integral becomes
ver R
/ <B1 + Bs ()
0 S

which is clearly finite.
For the general n,t, here it goes. We will use the coordinates of integration from Proposition 4.35.

Define y; = aj;/aj, ;1 for i € {1,...,¢t —1}. Then we have

4
2

iR

) (31 n BQ(R’S)%) i

ds
(s

vl

1 -1 1T logai; [ logy; ]
1 -1 log aky log y2
1 -1 log a’4 B log y3
1 -1
11 1 1 1 2] [logaj ;1 4] [ log y¢—1 ]

. t—1 . . .
The last row is so because ) ,_; logal; = 0. The inverse of the square matrix above is

[t—1 t—2 t—3 t—4 1

-1 t—2 ¢t-3 t—-4 ... 1
1 —1 -2 t—3 t—4 1 jt_l
Tl-1 -2 -3 t-4 ={Hi9—t]‘ ;
7,7=1

| -1 -2 -3 -4 ... 1

and the determinant is ¢.
Then we get from the above calculations that

7j—1
a: .
1
/ _Hyr
a. -
=1
t—1
_ 3 (t=3)
Hyj :
j=1

From the matrix inverse, we get that for ¢ € {1,2,... ¢t — 1},

i<j j

t—1 t—1 ,;
al, = €98 % = ¢2j=i l08Yi—Xi0 flogy; _ HyJ H v
Jg=i  j=1
and

I logy -1
Ay =€ i1 Hlosws Z/j

. t—1 d t—1
Finally, we replace the Haar measure da’ = [[,_; aa” with [],Z dyyf Indeed, such a change of measure
(X3 K

will only change our integration by a constant and we can do thls without loss of generality.
Putting this all together, the integral (5.3) becomes

t—1 / 4 / t—1 ., ]d(t o\ =1 dy;
[ Mmoot T Hy] B+ B [T, Hyj 1%
<yi<c j=1 i=1 7t

1=1 j=t

N‘Q.

Then the finiteness of the integral can be shown by simply chasing the powers of each y; and
showing that it is greater than —1. Indeed, any integral f(; y®dy is finite if and only if s > —1.
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Distributing the first product over subsets I C {1,2,...,t — 1} gives us

id

d t=1 T W R
= Z / By HBZRlinj LY BzR’%Hijg + B Hlljd(nit) dez

d .
1c{i.2, 0<y;i<cr icl BIHJ — y] j=1 j=1 =1 Yi

( .
BgR’t Ht‘—lytz> =
j=19j jd(t—j) du:
RO st Lo o ) (T | T2
0<y;<e #1 ¢ (#1<5) Yi
IC{1,2,...,k—1} yiser Bj H] 1Y, i=1
where we have I<; = {i € I | i < j}. Now in the above expression, for each I C {1,2,...,t — 1}, we
have an integration of a sum of two products of some powers of y; and some constant. As mentioned,
if we prove that the power of y; in each of those terms is > —1, then we are done. Note that the

power of a y; for j € {1,2,...,¢t— 1} in the two summands would be
Jjd d jd  jd(t —j)
tﬁ(#f) - E(#ISJ) et T 1,
and
Jjd d jd(t — j)
tj(#f) - ;(#Iéj) t—— L

Hence, it is sufficient to show that the latter is > —1 for each I C {1,2,...,t — 1} and for each j.

So, we want that
di _ o
dj ((#I B #fg]) N y)) .
t t 7 n

Let us prove this last inequality. Let #I-; = #I — #I<;. Then what we want is equivalent to
Is; I<; 1
Boise-q (B2 - 1)

t jt n
(et
& H#I.; > (t ])( 7 n)

Here is why this inequality is true. The left hand side is > 0 clearly. On the other hand, % <1

clearly whereas % > 1 by assumption. So, the right side is always < 0.
O

We are now ready to state the integration formula below. But before that, we must define the
following term which appears in the integration formula.

Definition 5.11. Let Wg be a vector subspace inside the Q-space V. Then given an inner product
(, ) on Vg and a mazimal rank Z-lattice A C Vg, we denote the height of W to be

H(W) =H(W:;A,(, ))=vol (szf_‘;Q .

Here, the volume is taken with respect to ( , ) restricted to Wrg.
Theorem 5.12. Let G be a finite group. Let W be an irreducible representation of G over Q and

D = Endgig) W and n be such that W ~ D™. Let t > n. Denote V = Vg = W%, G(Q) = SL(D),
A C Vg a lattice and

I'={9€G(Q)|gA=A}

Let Vg be endowed with an inner product { , ) that gives A unit covolume in V. Let f € C.(VR).
Then we have that

. 1
Lo (Zf(gv)) dy=0)+ 3 > )y, T

vEA m=1 WCD™
W is a rank m right D-module
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where on Wi- is defined as
{lwi, ... ,wn] € Mixn(DR) | wiay + -+ +wpa, =0, Y(ay,...,a,) € W C D"},
and the measure on any subspace of Dﬁ” is simply the restriction of ( , ) on that subspace.

Proof. First of all, by substituting € = 1 in Proposition 5.10, we know that the left hand side is an
absolutely convergent integral. Then using Lemma 5.1 (which we can use because of Lemma 5.8) in
the form given in Remark 5.4, and incorporating the classification of orbits from Lemma 5.7, we can
write that for some constants cy,

/Q(R)/F Z flgv) | dg =1 (0) + Z Z cw f(w)dw.

i
veA\{0} m=1 wcD" Wi
W is a rank m right D-module

Now suppose that we replace the function f by the e-dilate f. as defined in Definition 5.9. Then
we get that

n

A@m~ S flegv) | dg = f(0) + 3 emir 3 cw [ fw)dw.

1
veA\{0} m=1 wCDn Wy
W is a rank m right D-module

Multiplying by €%, we get

n

a o | do — (n—m)t[D:Q] :
&we S flego) | dg=F0)+ > e 3 WAJMW

vEA\{0} m=1 wcpn
W is a rank m right D-module
We will now show that the constants ¢y are H(Wg)~!. Consider a right D-module W C D™ and
look at the function
fw=1[ 1wy,

that is, we restrict f to Wﬁ- and replace its value with 0 everywhere outside of W;y-.
Now note that for a fixed g € G(R), if we let € — 0, then we know that for any lattice A C Vg, the
limit

. 1
vEGA VOI(W) Wi

The right hand side is a constant that does not depend on A. So, this implies that as a function of
g € G(R), the pointwise limit of the function

A e™EANT fy (ev) (5.4)

vEGA

is a constant function. Since Wd‘ is invariant under G(Q), we can use Proposition 5.10 with Wy
as the representation Vg mentioned therein. This tells us that for any ¢ € (0,1}, the function in
Equation (5.4) is dominated by an integrable function on Wy, we should be able to exchange the
limits in the integral. Hence, we get

1
lim gmiDaQl fw(ev) | dg = ——— f(x)dx.
=0 Jgegmy/r gg:A HWg) Jwz

This tells us that the coefficient ¢y is as claimed since for any other right D-submodule Wy # W

inside D"
/ fw(z)dx =0,
(Wit

since (Wi-)gr N Wi is a zero measure set in (Wit)g. O
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Remark 5.13. Recall the definition of an order from Section 2.2.6. Let O C Dg be an order inside
the division ring D. Equip Dy with a Euclidean norm { , ) and for any k > 1, we assume that Dﬁ
has the Euclidean norm { , ).

If W C D" is a right D-module of rank m, we observe that W+ C Dt*™

H(W 0P, (1 )E0m) = H(Vip; 0P, )en)!
where Viy is the simpler version of W+ given by

{(bly~--;bn) e D" ‘ biar + -+ bpa, = 0, V(al,...,an) eW C Dn} (55)

Remark 5.14. By Proposition 5.10, we find out that for any m € {1,...,n}, the sum

1
Z H(Wé) < 0.

W is a rank m right D-module

This tells us that
#{W | W C D" is a right D-module, HWg) < T} < T.

Remark 5.15. Recall Viy C D™ from Equation (5.5) defined for a right D-module W C D™. It
creates a bijection between the right D-modules of rank m and left D-modules in D™ of rank n —m.
More precisely, it creates a bijection between the following two Q-varieties.

RGr(m,n, D) ~ LGr(n — m,n, D),

where on the left we have the right-Grassmannian of rank-m right D-submodules in D™ and on the
right we have the left-Grassmannian of rank-(n —m) left D-submodules of D™.

Suppose that f = 1p is the indicator function of a ball of radius R. Then the formula in Theo-
rem 9.12 is saying

m=1

/Q(R)/F (Z f(gv)> dg = V(d)R* + zn: V(d™)R%Z(t; LGr(n — m,n, D)),

veEA

where .
Z(t;LGr(m,n, D)) = Wem%)w) ) (5.6)

This last quantity is the height zeta function of LGr(m,n,D). So, from Theorem 5.12, we can

actually conclude that this height zeta function in Equation (5.6) actually converges absolutely for
te{l,...,n—1}. More particularly, it tells us that

#{V € LGr(m,n, D), H(V) < T} < T". (5.7)

If one fizes m and n before instead, t can be set as n + 1 and we can obtain a result that somewhat
comes close to the true result of counting rational points of bounded height on Grassmannians where
the estimate on the point counts in Equation (5.7) is actually ~ T™ as T — oo. See [RZ13] where they
obtain these point counts by geometric elements generalised by the work of Schmidt [Sch67] (which
works when D is a number field) and also compare their results to Franke, Manin, Tschinkel [FMT89].

5.2.3.i When 1<t<n

If the condition ¢ > n or ¢ = 1 is not satisfied, the integral formula diverges for functions whose
support contains an open set.
For example, in the simplest case when D = Q, one can see Schmidt [Sch58].
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5.2.4 Multiple irreducible representations

Let Vg = Vg ® R and analogously define (V;)r = (V;)g ® R. Recall that Vg has the decomposition of
Equation (2.3).

Vo ~ (Vl)gtl D---D (Vk)gtk. (5.8)

Suppose f; : (VQ)%“ — R is a compactly supported continuous function and let f : Vg — R be
defined as

f(vi,va,. . v5) = fi(v1)f(va) ... f(vg) where v; € (V;)g". (5.9)

In light of the discussion of Section 5.1.1, we are allowed to choose a base lattice that provides a
convenient integration formula. We select a suitable lattice A; C (Vi)gti and define

A:AI@A2@"'@A]€,
which embeds into Vg using the decomposition above. We recall that we get the decomposition
G(Q) = SLy, (D1) ® -+ - @ SLy, (Dy),

where D; = Endg V; is a division algebra.
Hence, we have the equality

Z flgv) = H ( Z fi(givi)) (5.10)
i=1...k

vEA i=1... v EN;

for each (g1,...,9x) = g € G(R) such that g; € SL¢, (D;).
If we define

i ={9€Gi(Q) | gAi = A},

we get that the group
=1 ---¢T}

is our arithmetic subgroup defined as

I'={g€g(Q)|gA=A}
Let n; = Silffg gl
in Section 5.2.1, we are only able to evaluate the integral if for each i, either ¢; > n; or ¢t; = 1.
Observe that the left hand side of Equation (5.10) is linear in f. Hence, if f is not necessarily of
the form given in Equation (5.9), but instead is a R-linear combination of such functions, we can still
have a result of this form. Approximating a function as a linear combination of variable separable
functions, we can generalise Theorem 5.12 as follows.

be the matrix index of the representation V;. Then due to the preceding discussion

Theorem 5.16. Suppose Vg be a Q[G]-representation whose decomposition into irreducibles is given
by Equation (5.8). Furthermore, suppose that for each V;, the matriz index n; and the number of
copies t; satismi < t;.

Then for any f € C.(Vr), one has

1
dg = d
/g(lm/r 2 1)) dg 2 HWi) ... HW{) /<wﬁ>mx...x<w¢)af(w) o

vEgA (Wi,eo,WE)ELL XX L,

where
L;={W C D"

W is a right D-module}.



Chapter 6

Applications to the lattice packing
problem

In this chapter, we will talk about results and applications of the general theory considered before.

6.1 Lattice sphere packings through division algebra

Consider Theorem 5.12 for the case n = 1. In this case, we get the following.

Theorem 6.1. [Gar23]

Let D be a Q-division algebra containing an order O C D. Let G(R) = SL¢(Dg) and I' = SL;(O)
for some t > 2. Let dg be the probability measure on G(R)/T that is left-invariant under G(R) action.
Then for any f € C.(Dk), we get

dg = d
/g o | 210 ) do= [ faae

vEgO\{0}
where dz is a Lebesgue measure on D} with respect to which O' has a covolume of 1.

Remark 6.2. By an easy application of the dominated convergence theorem, one can take f to be
any Riemann integrable compactly supported function.

This can be used to prove the following lower bound on the sphere packing problem for certain
dimensions.

Proposition 6.3. Let O C D be an order in a division algebra and let G C D be a finite multiplicative
subgroup of O. Then for any ¢ > 0, there exists a lattice packing in dimensions d = 2dimg D whose
packing efficiency is at least o= (#G) — ¢.

Proof. What we will show is that there exists a positive definite quadratic form on D3 and a covolume
one lattice Ag (with respect to this quadratic form), such that the ball Bg(0) in this quadratic form
with a volume #G — ¢, the lattice and the ball intersect only at {0}. If we prove this, then we get
that the balls Br/2(v1), Bry2(ve) are disjoint for any distinct v1,vs € Ag and hence, | |, Br/2(v)
forms a lattice packing whose packing efficiency will be

vol BR/2 (0)

RN 9—d _
vol(D2/Ay) (#G —e).

Consider the left-action of G on D3 via g.(vi,ve) = (v1g7*,v2g™"). This action is R-linear and

therefore, it is possible to start with any positive definite quadratic form on D3 and average over G
and make it G-invariant. After appropriate scaling, the lattice O will have covolume one with respect
to the measure induced by this form. We fix this as the form on D2 as mentioned above.

66



6.1. LATTICE SPHERE PACKINGS THROUGH DIVISION ALGEBRA 67

Now let Br(0) be the ball of volume #G — ¢ and let f be the indicator function of Br(0). Then,
we get from Theorem 6.1 and Remark 6.2

/Q(R)/I‘

However, note that for any g € G(R), the lattice gO? is G-invariant under the left-action defined
above. Furthermore, the G-orbit of any non-zero element of O? is of size #G because O? and G are

@) | dg= /D Ja)de = #G

vegO2\{0}

made of elements of the division algebra D. Therefore, } -, o2\ 1oy f(v) liesin {0, #G, 2(#G), 3(#G), ... }.

Since the average is strictly less than #G, we get that for some go € G(R), Ag = goO? N Br(0) = {0}
and this is the required lattice. O

A slight improvement in the above theorem can be made by Mahler’s compactness theorem.

Theorem 6.4. Let (G,0, D) be as in Proposition 6.3. Then there exists a lattice packing in dimen-
sions d = 2dimg D whose packing efficiency is at least %(#G).

Proof. Let A, = ¢,0? be a unit covolume lattice in D whose packing efficiency is better than
2%(#6‘) — % Since all A,, are unit covolume and whose packing efficiency is bounded below, we get
from Mahler’s compactness that up to replacing g,, with g7, for some 7, € I, we can force {gy }n>1
to be a relatively compact set in G(R) and therefore, it contains a convergent subsequence converging
to some point g € G(R). Since packing efficiency is a continuous function on G(R) /T, we get that gO?
is the required lattice. O

Hence, this gives us a methodology of producing lower bounds for lattice packings. Any tuple
(G,0, D) gives us a packing from Proposition 6.3 which gives us a valid lower bound for the sphere
packing problem in dimension d = 2dimg D. -

Example 6.5. For n > 3, put D = Q(u,), and O C D as its ring of integers, and G = (u,) ~ %.
Hence, for dimension d = 2p(n), there is a lattice packing of packing efficiency at least #G = n. This
gives us the lower bound in [Venl3].

Note that the following “tightening” can be done once we have a tuple (G, O, D). When D is a
Q-division algebra, the Q-span of G in D is also a division algebra. Indeed, denote Q(G) C D as the
span' of G, then any v € Q(G) is an invertible Q-map. Therefore it will map Q(G) to itself under
left-multiplication and therefore must map something to 1p. Let Z(G) C O be the Z-span of G, then
we get that (G,Z{(G),Q(G)) is another tuple that fits in Proposition 6.3.

Clearly, dimg Q(G) < dimg D. Therefore, we can get a packing in smaller dimension without
losing the packing efficiency. Hence, to get tighter packings it is sufficient to consider the case where
the Q-span of G is precisely D. O can then be taken to be the Z-span of G.

6.1.1 Improved bounds

A detailed analysis of the improvements obtained are already available in [Gar23] and we will simply
restate the main ideas.

There exists a specific class of division algebras for which we can modestly improve on the bounds
obtained in [Venl3|. This works in the following way.

Proposition 6.6. Assume m is a positive integer such that 2 has odd order modulo m. Then the
algebra Q(() ®q <_1@_1) is a division algebra with center Q((,,) and has a mazimal Z[(,,]-order Ok

with subgroup T* X % c O*.

Proof. See [Ami55, Theorems 6a, 7]. O

LCaution: This is not the group algebra of G. The group algebra of G over Q will almost never be a division algebra.
More precisely, this is the image of the group algebra under Q[G] — D induced from the inclusion G — D.
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For this particular set of division algebras, there is a slight improvement on the lattice packings
in [Venl3]. The division algebra in Proposition 6.6 is of Q-dimension 4 - ¢(m) whereas the group
T x ﬁ C O*. is of size 24 - m. Hence, using Theorem 6.4, we arrive at a packing density of
28%24 -m is a space of R-dimension 8 - p(m) whenever m is a number such that the multiplicative
order of 2 modulo m is odd. Of course, this constrains our choice of m quite heavily.

To maximise the ration m/p(m), we must make m highly composite but we can only choose among

the following set of primes whose density is known due to a theorem of Hasse [Has66].

Theorem 6.7. Hasse, ‘66
Define ma(x) as

mo(z) = #{p | 2 <p <z is prime and p|(2™ + 1) for some m € Z>o}
=#{p | 2 <p <z isprime and ord, 2 is even}.

Then we have that

(0) = gt
2 = 94 log & logz ) °

Corollary 6.8. Using the prime number theorem, we get that if w(x) is the prime-counting function,
then the primes for which ord, 2 is odd follow the following growth.

ﬂ(m)—ﬂ(a:)—l T oo
2T 9 log logz )

Theorem 6.9. There exists a sequence of dimensions {d;}32, such that for some C > 0, we have a
lattice with packing density > 2—}% - 3d;(log log di)%.

Proof. We pick

m:Hp.

p is prime
p<x
2ford,, 2
Then observe that with this, we get that m is odd and ord,, 2 is also odd. Using Proposition 6.6
and Theorem 6.4, we can obtain the statement by using Abel’s summation formula which we skip
describing. 0

Attempting to plot this sequence gives the comparision obtained in Figure 1.5.

One important concluding remark here is that since all division algebras are classified as cyclic
division algebras (see Section 2.3.4) and all finite subgroups of cyclic division algebras are classified by
[Ami55], one can check through all possible improvements that can be done on [Ven13] by employing
division algebras. This analysis leads to the conclusion that no asymptotic improvements beyond
O(nloglogn) seem possible in packing density.

6.2 Effective packings through division algebra

The packing result described in Section 6.1 shows that there exist lattices using division rings that
achieve sphere packings with good packing density. However, in coding theory, it is more useful to
have something beyond the existence of a lattice packing. One must find a way to generate a lattice
basis algorithmically or must have some explicit description of the lattices.

The lattices obtained in [Gar23] are non-constructive in the sense that the proof simply shows that
a certain point exists on the manifold G(R)/I" which has the claimed packing density. In the paper
[GS22], we try to address this aspect of random lattice packings for coding theory applications.

Recall that we can assume that our division algebra is a cyclic division algebra, hence Z(D) = K
is a number field over Q.
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Definition 6.10. An Og-order in D is a subring O of D having the same identity element and
such that O is a full Og-lattice in K, i.e., O is a finitely generated Ok -submodule of D such that
K-0=A.

A prime ideal of O is a proper two-sided ideal P in O such that K - = D and such that for every
pair of two sided ideals S,T in A, S-T C B implies S CP or T C L.

We now summarise some important facts about prime ideals in O.

Theorem 6.11. 1. For a Q-division algebra D with centre K, there is a bijection 3 <> P between
the set of primes of an Og-order O C D and of Ok, given by

P=0gNP.
That is, the prime ideals of an O -order O coincide with the mazximal two-sided ideals of O.

2. If B is a prime ideal of O, then P = PN Ok is a non-zero prime of Ok, and O /P is a finite
dimensional simple algebra over the residue field Ok /P.

3. For all but finitely many primes P of Ok, the quotient O /*P is isomorphic to M, (F,), where
Ok /P ~TF,. Here, n is the order of the division algebra, that is n®> = [D : Z(D)].

4. Let K = Z(D). Then, for all but finitely many primes P C Ok, the division algebra D is split
at P. That is, if Kp is the P-adic completion of K, then

D@k Kp ~ M,(Kp),

where n? = [D : K|. When this happens, the corresponding prime 8 C O is also sometimes
called a splitting prime.

Proof. These are well-known results, see e.g. [Rei03, Theorems 17.3, 32.1]. O

Remark 6.12. The primes B C O such that O/P ~ M, (O /P) are called unramified primes. The
theorem above says that except for some finitely many primes B, we have both unramified and splitting
behaviour.

Using these results, we can define following set of lattices. Let 8 C O be a prime such that O/
is isomoprhic to M, (F,) and myp : O — M, (F,) be the projection modulo 8 map which we extend to
a map my : OF — M, (F,)" . Define for any 1 <k < nt

Cyp ={C C M, (F,)" | C is a M, (F,)-submodule ~ (Fg‘)®k}, (6.1)
Ly = {@;37&;31(6') | C € Cyp}, where By = qiﬁ'(lfﬁ).
The point of having the factor By is that for any unramified prime B3, L is a collection of lattices
having unit covolume.

6.2.1 A lower bound on some lifts

Before coming to the main result in this section, let us set up few lemmas. The following two lemmas
provide a lower bound on an undesirable set of lifts modulo 3.
The following definition and ensuing lemma can also be found in [Rei03, §9.13-14].

Definition 6.13. Suppose A is a central simple L-algebra and K C L is a subfield such that [L : K] <
0o. Then for each a € A, we define the “relative reduced trace” try i : A — K and “relative reduced
norm” nry g : A — K as

tI‘A/K = TL/K otra/p, Nra/x = NL/K onra/r -

Lemma 6.14. When [L: K] < 0o for any a € A:

Ta/k(a) = V[A: Lltra/k, Najr(a) =nrag(a)VALL
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Then, we can make the following commutative square.

Lemma 6.15. Let A be a division algebra over Q whose centre is K and [A: K] =n?. Let O C A
be a mazimal order in the division algebra. Let P be a prime ideal of Ok for which A splits and let

F, = Ok /P denote the residue field. Let*B C O be the corresponding prime in O by the correspondence
in Theorem 6.11.

Then the following diagram commutes.

nra /K

1) Ok
lﬂpm J{‘n’p
O /PO =M, (F,) 2 F,,

Here, the vertical maps designate reduction modulo P.

Proof. First note that nry,x(a) € Ok for each a € O since nry k(a) € K and Of is integrally
closed (see also [Rei03, §10.1]). The reduced norm nr,,x(a) may be computed as the determinant
of the corresponding matrix in M, (E), where E is a splitting field for A (and is easily seen to be
independent of that choice). We may, in particular, choose F to be the B-adic completion Kg;g since

by our assumption, we have A @ K‘B = Mn(f(‘p)
O

Lemma 6.16. With the same setting, let ( )* : A — Agr be a positive involution. If x € O\ {0}
(which we may identify with its image in Agr) is such that mp(x) is a non-invertible matriz, then

Jall = (VA QI N(a) 71 ) g VIARTS

where a € Ag is symmetric positive definite and ||x||? :== T(x*az) on Ag.

Proof. We get by Lemma 6.15 that % | nr4/x (7) and hence

Ni/o(B) | Nxjgonra/x(z) = NisgB) |nrag@) = NV Nyg).

The claim then follows from the norm-trace inequality (see Lemma 2.51). O

Remark 6.17. By taking a = dec g*g for a finite group G C A*, we obtain that the quadratic form
|z||? := T(z*ax) on Ag is G-invariant.

6.2.2 Balanced codes

The following condition tells us that our codes described in Equation (6.1) have roughly equal incidence
among all vectors in the finite vector space. This sort of condition is often called a "balanced" condition
in coding theory literature [Cam18].

Lemma 6.18. Let k be a finite field. Let R be a f.d. semisimple k-algebra and V be a simple (left)

R-module of finite dimension over k. Fiz integers n1 < ny < ng. Consider VO™ as an R-module and
consider the sets

U={veV®s | RV} (., ={CCV®|C isan R-submodule, C ~ V" }.
Assuming that U is non-empty, then the number #{C € C,, n, | u € C} is independent of w.

Proof. For each v € U, C'+— C/Ru is a bijection from {C € Cpy ny | © € C} 10 Cry—ny ms—n, - O
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6.2.3 Averaging over lifts of codes
The following is a result that was shown in [GS22].

Theorem 6.19. Let D be a Q-division algebra and Dr = D ®g R. Fiz an order O C D and let
B C O be varying across unramified split prime ideals in O.

Let f: (D®R)! — R be a compactly supported Riemann integrable function and t > 2. Then the
set of lattices Loy defined in Equation (6.1) satisfy

= X sw) EEES

# Ly ALy \veA\{0} Dy

given that the parameter k defined in Equation (6.1) lies in {nt —t+1,...,nt —1}. Here, the integral
on the right is with respect to a Lebesque measure that makes O' C Dk unit covolume.

Proof. Let Fy ~ Ok /P. Let us define Up = {v € M, (F,)®" | dimg, (M, (F,)v) = n*}.
Now, let us show that the expected value of the following, taken as C' € Ly, equals zero when
N(P) is large enough.

oo fw= > [(Bypn) (62)
w€fyp ' (C)\{0} zemg ! (O)\{0}
mo (285" ) EUP T (2)EUp

If z € O%" is such that my(z) ¢ Up, then at least one of the O-coordinates will guarantee the
following lower bound from Lemma 6.16,

nk—n2t

1 1 L (f— —
||Bq3xH >> Bm . qnm = q n2mt - qnm = qnmt(k (nt t))7

which gets arbitrarily large as ¢ — oo. Indeed, our assumption on k implies that the exponent of g is
positive.

Since f is assumed to be compactly supported, we get for each individual lattice in Ly that this
sum converges to 0 as N(P) — oc.

Now we discuss the terms that remain. Recall Cqp defined in Equation (6.1). Observe that Lemma
6.18 forces that if my(x) € Up, then -

LUp - #{C € Cy | myp(z) € C} ~ #Co - "

Here ~ means that the ratio of both the quantities tends to 1 as ¢ — co. Note that #Cqp = #Lgp.
Now let g : M, (F,)®" — R* denote the function g(c) = Zmeﬂ_‘il(c)\{o} f(Bpx). We have that

Ececy Z g(c)

Y E(g(@)1c())

ceC NUp zeUp

#{C € Cqp | mp(z) € C} q"*
= gl m#cm ~ Y g(x)#U : (6.3)

zeUp B zeUp P

Note that we have an approximation of the Riemann integral of f as
s n2m
I Y E ) = [ S (6.4)
z€e0%t\{0}

since p — 01 as N(P) = ¢ becomes large. The ratio 7#1\?[1(5 v = 1, as ¢ — oo so we can replace
nlq
q" /#Up with ¢"*~") which is exactly

1

5%2"” — g~ m (1=7%) (*m),
This completes the proof, because the contribution of the terms that are present in Equation (6.4)
but not in Equation (6.3) is a multiple of Equation (6.2), which is zero for ¢ large enough.

O



72 CHAPTER 6. APPLICATIONS TO THE LATTICE PACKING PROBLEM

Hence, this tells us that the continuous average of Theorem 6.1 can be replaced by a discrete
average over a sufficiently large number up to some arbitrarily small error. The paper [GS22] then
contains a complete analysis of how large 3 could be taken for this to work. This lets us compute
the computational complexity of how long such a lattice generating algorithm will have to run for to
create these lattices from division rings. This has exponential running time so a lot more work needs
to be done in this direction.

Furthermore, the work in [GS22] also unifies the lower bounds due to Rogers [Rogd7], Vance
[Vanll|, Venkatesh [Venl3] and myself [Gar23] to create a general machinery to get lower bounds on
sphere packings in an arbitrary dimension. This therefore leads to a large class of lower bounds that
might be useful for improvements in individual dimensions.

6.2.4 Some words about Hecke points

The set of lattices in coding theory used to show these effective existence results are often the Hecke
points for the corresponding homogeneous space.

Let us briefly discuss what Hecke points are using the following definition from [COUO1]. Let G
be a connected almost simple simply-connected linear algebraic group defined over Q such that G(R)
is non-compact. Let I' C G(Q) be a congruence subgroup. Then Theorem 2.12 implies that I'\G(R)
has finite volume. -

Definition 6.20. With the above setup, for a € G(Q), let T,x = {[zTal'] € G(R)/T'}.
The Hecke operator on L*(G(R)/T) is then defined to be the following.

T, : L*(G(R)/T) =L*(G(R)/T)
f=Ta(f)

TJf)(x)zﬁ S ).

yeT x
The points T,x are called Hecke points.

Let us give an example of the setup with Hecke points. Consider the map m, : Z" — F); and then
consider the set

£k = {Bym, 1 (C) | C CFy, dimg, C = k},

where 3, = p_(l_%) is a constant chosen so that each lattice in E’; has covolume 1 in R".
We can now consider this set a subset of

SL,(R)/SL,(Z) = {gZ" | g € SLa(R)}.

Then, this set turns out to be the same as T,z for

k—n
z=I,anda=|? " I O .
0 prln_k

Rogers’ original work [Rog47] can be thought of saying that these Hecke points equidistribute with
respect to Siegel transforms. But what is also true, because of the strong results about equidistribution,
is the fact that they equidistribute with respect to all test functions C.(SL:(R)/SL¢(Z)). Note that a
Siegel transform is not a compactly supported function and therefore, equidistribution with respect
to test functions is not sufficient to say that the average of Siegel transforms over the Hecke points
converge to what the Siegel mean value theorem should give. If however one is able to use the
bounded convergence theorem and show that the averages over Hecke points do not explode, this
opens up another way to prove these theorems in the coding theory literature. Alternatively, this also
allows using these coding theory results to prove mean value theorems in the continuous setting.

Using the general methods of [COUO1], it should follow that the set of lattices Lq defined in
Equation (6.1) equidistribute as #0O /9 — co. This would involve using some S-arithmetic analogues
of our algebraic group G. Using that L equidistribute in the space of G-symmetric lattices that we
consider, one can arrive at another proof of Theorem 1.6, if one establishes that the averages over
Hecke points do not diverge to infinity by doing an analysis similar to [GSV23; GS22] for our division
algebra groups.
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6.3 Higher moments with Og-lattices

This is ongoing work [GSV23], and we will skip mentioning the proofs of the results in this section.
Siegel’s mean value theorem [Sie45] answers the question of evaluating the average

/ S 1) | dg.
SL:(R)/ SL+(Z)

vegZt

Analytic formulas for higher moments were found by Rogers [Rogb5]. This gives an analytic

expression for the quantity
n

> fw)] dg,

/SLt(lR) /SLe(@) \ yeqnt

when n < t. Then in a subsequent paper, Rogers [Rog56] used these higher moments to show that
random lattices in SL;(R)/SL.(Z) behave somewhat like a Poisson point process. Here is the exact
statement of this result.

Theorem 6.21. (Rogers, 1956) Let A C R" be a random unit covolume lattice in SL;(R)/ SL.(Z)dyg
and let S be a centrally symmetric Borel set of volume V. Consider the random variable

p(A) :=# (SN (A\{0})).

Then, provided the Z-rank t of the lattices satisfies t > [inz + 3], it follows that the n-th moment
of the number of non-zero lattice points in S satisfies

2" mn () SE[p(A)"] < 2" ma () + Ene - (V+ 1",

where

— G >\T n n
ma(A) =e Y e = Exp(n(X") (6.5)
r=0 "~

is the nth moment of a Poisson distribution with parameter A and where E,, ; is an error term decaying
exponentially as t increases:

n? n2
Enp; <2- 37l (@)t +921.571. (%)t

Given a number field K, the statement of Theorem 5.12 can be used to create an analytic formula

for the expression
n

/ fo) | dg,
SL:(Kr)/SLt(Ok)

vegOt,

for the case when n < ¢. This is Theorem 1.8 as given in the introduction.

As we mentioned before, such a result is also available in the context of Ok-lattices and implicit in
the literature. For instance, S. Kim [Kim19] establishes an integral formula in the adelic language and
deduces convergence of the second moment. See also, e.g., [Wei65] and [Hug23, Theorem 1]. However,
what is new in our work is that the upper bounds on the higher moments are tight enough estimates
with which we could imply a Poisson-like behaviour.

On Kp, we define the following positive-definite real quadratic form on Kp.

(e,9) = AT r(ap). (6.6)

Here Ak is the absolute value of the discriminant of the number field K. Note that the quadratic form
makes Ok into a lattice in Kg and the normalisation in Equation (6.6) ensures it has unit covolume.
When multiple copies Kg are considered, we will assume that the quadratic form is the sum of the
quadratic forms from Equation (6.6) on each copy. This quadratic form therefore defines a Lebesgue
measure on any number of copies of Kp.

The theorem obtained in [GSV23] claims the following.
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Theorem 6.22. (In preparation)

Let K be any number field and let n be fized. Let wg be the root number of K, that is the number
of roots of unity present in K. Then there is an explicit constant to(K,n) = O (nloglogn) such
that the n-th moment E[p(A)"] of the number of nonzero lattice points lying in an origin-centered ball
of volume V' and a random unit covolume Ox-lattice of rank t satisfies

wi - ma(5) Ep(A)"] < i - ma(g2) + Bng - (V41"

P

with the error term
B, < Cg-t"=2/2 . g=ex:(t=to)

provided that t > to(K,n). Here, my is as defined in Equation (6.5) and the ball of volume V is with
respect to the Euclidean norm given in Equation (6.6). The constants Ck,ex > 0 are uniform in the
rank t of the Ox-lattices and can also be explicitly described.

In fact, height considerations allow us to prove stronger asymptotic results by increasing not just
the Og-rank of the lattices, but also the degree of the number field. More precisely, we show the
following theorem.

Theorem 6.23. (In preparation)

Let S denote any set of number fields K such that the absolute Weil height of elements in K>\ px
has a strictly positive uniform lower bound on S. There are then for a given n explicit constants
to(n,S) = Os(n®loglogn) as well as explicit constants C,e > 0, all uniform in S, such that for any
t > to and for any K € S of degree d the n-th moment E[p(A)"] of the number of nonzero O -lattice
points in an origin-centered ball of volume V and A in the space of unit covolume Ox-lattices of rank
t satisfies

Wi ma(Z) S E[p(A)"] < wi - ma(g) + B - (V+ 1)
where the error term satisfies
Bnyx < C-(td)"=2/2. o0/ Z(K tn) - e~ dt=to),

Here, wi are the number of roots of unity in K, Z(K,t,n) denotes a finite product of Dedekind zeta
values (x at certain real values > 1 and m,, is as in Equation @)

2
Remark 6.24. Note that the terms (td)"=2)/2.07% /4 grow polynomially in t,d since wx = O(dloglogd)
and the error term indeed decays exponentially in the dimension of the lattices.

The height bound assumption on | J s K in Theorem 6.23 is in the literature referred to as the
Bogomolov property. A prototypical example of an infinite tower satisfying the Bogomolov property
are the cyclotomic numbers Q¢ = | J,~, Q((;), where (; is the ith root of unity. Hence, the limiting
results of Theorem 6.23 in particular apply to lattices over cyclotomic integers of increasing degree
for fixed large enough rank.

We also partially prove in this result the necessity of the height bound assumption in Theorem
6.23, showing that for any fixed rank ¢, there exist number fields K; of arbitrarily large degree with
moments strictly larger than Poisson of mean V/wg,.

We refer the reader unfamiliar with heights and the Bogomolov property to the following section
for details and some examples of infinite extensions with this property.

6.3.1 Mahler measures and the Bogomolov property

For an algebraic number o € K* recall that the Mahler measure (or non-normalised exponential Weil
height) is given by the product over the set of places Mk of K:

Hw(Oé): H maX{17|a|U}

vEMK
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which will be more directly relevant for estimates in the Euclidean space associated to K. The two
coincide for algebraic integers and in general differ by a denominator. We also recall that the absolute

Mahler measure (or exponential Weil height) of an algebraic number « is given by Hy () @ and
we shall denote by

h(a) = degl(a) log(Hw (),
the Weil height of an algebraic number.
Remark 6.25. Note that the absolute Mahler measure and Weil heights are independent of the subfield
over which one is considering an algebraic integer. That is, if € K we have deg § = #{o : Q(8) —
C} and
08 ([T, e max{L, o (B)}) _ 108 (Tiaqayc max{1, lo(5)1})
(K :Q] [Q(8) : Q]

Lehmer’s famous problem asks for a uniform lower bound for h(«)deg(c). We shall consider
algebraic numbers related to the stronger property:

Definition 6.26. A subset S C Q is said to satisfy the Bogomolov property if there exists a constant
C > 0 such that
ha) > C

provided « € S has infinite multiplicative order.

We now recall some important examples from the literature when the Bogomolov property is
satisfied. The first result is a bound due to Schinzel [Sch73].

Theorem 6.27. Assume that an algebraic number « of infinite multiplicative order is contained in a

1+v5
2

totally real field. Then, denoting by ¢ = the golden ratio, we have

1
h(a) > B log p = 0.2406. . ..

Moreover, the same is true for o in a CMi field provided one (and equivalently, all) of its Archimedean
embeddings satisfy |a| # 1.

We therefore get that Theorem 6.27 also applies to algebraic integers in CM fields, however there
exist algebraic numbers which are not roots of unity but all of whose conjugates lie on the unit circle-in
fact the bound is violated for such numbers. We do, however, have for abelian extensions the bound
due to Amoroso—Dvornicich [AD00].

Theorem 6.28. Assume that an algebraic number o of infinite multiplicative order is contained in
an abelian extension of Q. Then we have

log 5
h(a) > %%0.1341....

Beyond these results, the Bogomolov property is well-studied and there are a number of subsets
of Q satisfying it leading to more towers of number fields with the Bogomolov property. We refer the
reader to [MS21, Chapter 11] and [ADZ14] for more details.

We end our discussion with some height bounds that work for every number field, in particular,
we state E. Dobrowolski’s asymptotic result [Dob79, Theorem 1].

Theorem 6.29. Let o be an algebraic integer of degree d, not zero or a root of unity, and let € > 0.
Then for d > d(e), we have that

1—¢ [loglogd 3
h(a) > . .
(@) 2 =3 ( log d >

Moreover, P.Voutier [Vou96] showed that for any d > 2, we may take

1 log log d 3
ha) > — - | ——— ) .
(@) 2 33 < log d )

2CM stands for complex multiplication. Cyclotomic fields are CM and so are quadratic extensions of Q.




Chapter 7

Conclusion

Let us give some ideas about future works.

One obvious project for the future is to attempt to demystify some of the other candidates of
lattices in Chapter 3. There may be some new types of homogeneous spaces of lattices there to
explore for lattice packings. Another place to look further may be the ¢ = 1 case of Section 5.2.2.
Here, the Euclidean lattices are points on a compact manifold and the smaller value of ¢ is useful to
have a smaller dimension of the space, however the integration formulas are complicated.

A very important problem is the project of derandomizing lattice packings. That is, instead of
giving a list of random lattices such that one of the lattices satisfies the Minkowski-Hlawka lower
bound, one would like to give an explicit lattice in polynomial time in terms of the dimension d that
has good packing density. One approach to do this derandomization is to pick pseudorandomly a
lattice among the collections of lattices given in Section 6.2.

Other than this, the appearance of the height zeta functions provides us with analytic formulae
involving these complicated objects. Height zeta functions are interesting because they are connected
with counting rational points of bounded height [FMT89] and are related to Eisenstein series of certain
algebraic groups. By playing around with the algebraic groups G and the representations V' on which
the group acts, one might see height zeta functions of other varieties and exploring these analytic
formulae might be a useful in trying to prove their analytic continuity.

Additionally, the higher moment results for Og-lattices might lead to improvements in the lattice
covering problem. Recent progress in [ORW22], other than relying on the bounds in Kakeya-type
problems, also relies on Rogers’ estimates on the probability of a random lattice being able to cover
all space, let’s say with balls of a fixed radius R [Rog5h8]. It is worth exploring if an improvement on
this new result could be made by just restricting to Ox-lattices and leveraging the extra symmetries.

So to conclude, the quest to improve lower bounds on lattice packings will continue beyond this
work and I hope that humanity concurs lattices sooner than later. Although Prof. Henry Cohn says
that the lack of clarity about high dimensional sphere packings is an embarrassment to humanity, it
could also be sometimes consoling to know that lattice packings will continue to intrigue mankind for
plenty of years to come and not just to pack spheres.
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