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Summary

In this thesis we consider the problem of estimating the correlation of Hecke eigenvalues
of GLy automorphic forms with a class of functions of algebraic origin defined over finite
fields called trace functions. The class of trace functions is vast and includes many standard
exponential sums including Gauss sums, Kloosterman sums, Hyperkloosterman sums etc. In
particular we prove a Burgess type power saving (of exponent 1/8) over the trivial bound.
This generalizes the results of [FKMI15] to the case of number fields with a slightly more
restrictive assumption on the automorphism group attached to the trace function. We work
using the language of adeles which makes the analysis involved softer and makes the general-
isation to number fields more natural. The proof proceeds by studying the amplified second
moment spectral average of the correlation sum using the relative trace formula. This, like
in the case of [FKM15] leads us to use square root cancellation of the autocorrelation sums
of the trace function.
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Summary in French

Dans cette thése, nous étudions le probléme d’estimer la corrélation entre des valeurs
propres de Hecke des formes automorphes de GLy avec une classe de fonctions d’origine al-
gébrique définies sur des corps finis appelés les fonctions de trace. La classe des fonctions
de trace est vaste et contient nombreuses sommes exponentielles familier: les sommes de
Gauss, les sommes de Kloosterman, les sommes de Kloosterman de degré supérieur, etc. En
particulier, nous obtenons un résultat de type Burgess (avec un exposant qui améliore de
1/8 celui de la borne triviale). Ceci généralise les résultats de [FKM15] au cas des corps de
nombres algébriques avec une hypothése légérement plus forte sur le groupe des automor-
phismes attaché a la fonction trace. Nous utilisons le langage des adéles dans cette thése qui
rend la généralisation aux corps de nombres algébriques plus naturelle. La preuve procede
en étudiant la moyenne spectrale du second moment amplifié de la somme de corrélation en
utilisant la formule des traces relative.






CHAPTER 1

Introduction

1.1. The initial question

First let us consider the problem of algebraic twists of cusp forms. By a cusp form we
will mean a non-zero holomorphic cusp or a non-zero Maass cusp form of weight 0. For a
cusp form f we have f(z+1) = f(z), so f admits a Fourier expansion which we will write as

pr n'z enz)

for a holomorphic form of weight k and

pr )| =2 Wi, (4 |nly)e(ne).

for a Maass cusp form of weight 0. The normalization is chosen so that the coefficients are
absolutely bounded

op(n)] < 1.

Here e(nz) = €™ and Wy, is a Whittaker function.
Let K : Z/pZ — C be a function which we will lift to Z. We would like to consider
correlation sums of the form

S(f K,p) =Y psi(n)K(n).

1<n<p
We may consider the smoothed version
V(£ K p) =) pi(n)K(n)V(n/p)
1<n

where V(.) is a smooth compactly supported function. The trivial bound for such a sum is
Sv(f, Kp) vy Kl p

In their paper [FKM15], E. Fouvry, E. Kowalski and Ph. Michel showed that one can do
much better for a special class of functions called isotypic trace functions. They proved

THEOREM (FKM). Let f be a Hecke eigenform, p a prime number. Let K be an isotypic
trace function of conductor cond(K).
There exists s > 1 absolute constant such that:

Sy (f, K;p) < cond(K)*p'™°

holds for any § < 1/8 with implied constant depending only on V, f and 0.
1



2 1. INTRODUCTION

This generalises the classical non correlation results when K is an additive character or
Dirichlet character to a vast class of functions K like many algebraic exponential sums, point
counting functions of algebraic varieties over finite fields. The beauty of this approach lies
in us being able to treat these vast class of functions without explicit structure, in a uniform
manner.

In [DF193], the authors proved their bound for the correlation sum with K = x a Dirichlet
character by amplifying over all Dirichlet characters of a given modulus. Since a general trace
function is not multiplicative, the authors in [FKM15| amplify Sy (f, K, p) for a f of level N,
over a basis of forms of level Np and K is kept fixed. They estimate the amplified second
moment by using the Petersson-Kuznetsov formula. This idea of amplifying over the forms
of a given level was already carried out for Dirichlet characters in [Byk98|.

1.2. The new question

We study the same question for automorphic forms over number fields.
Let ¢ be a cuspidal GLy-automorphic form over a number field, of level 9t with 91 coprime
to p fixed. Let V : F,, — R be a smooth compactly supported function. The question that

we consider is to bound
maw, 0
S Klm W ("5 ) Vi

meFX

where Wy ¢ is the finite part of the global Whittaker function of ¢. For m & w%(’)p we denote
my as the congruence class of mzw, at p.

1.3. Relation to the initial question

For instance let f € Sk(IV) be a holomorphic cusp form of weight k, level N and trivial

nebentypus. Let
pr n)n'T e (nz)

be the Fourier expansion at infinity. Further assume that f is a Hecke eigenform.
Then we can consider the adelic lift of f, ¢ which is of trivial central character and right
invariant under Ky(N). In this case our correlation sum reads as follows:

S Kmp)osmp)mp)HV(m) = 3 Koyt (%)

me 7 nez
A similar computation can also be done in the case of an adelic lift of a classical Maass form.
1.4. Trivial bound

Let K : k(p) — C be a function on the residue field at p. Let ¢ be an automorphic
form that is spherical (i.e. K, invariant for all finite places v) with ¢ a pure tensor (i.e.

Wy =11, We.n). We have by [Bum98| (exercise 4.6.2) that

vq(m)
m 0 i vg(m) 10
W¢>,f(0 1>:1m66N 1/21_[ ZO‘ ! Ww(o 1)'

Therefore
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> K(my)Wyy (mg" (1)) Vime) = W, (é (1))

meFX
vg(maoy)
> K(mp)Nm(me,) 2T YD alay™™™ 7V (ma).
me 2-O\{0} @ =l

It follows that

mm, 0 1.,
> K(my)Wey ( 0 1) V(meo) g, pve [ K|l Nm(p)="
meFXx
using Rankin-Selberg theory.
Note that the trivial bound is different in this case due to a different normalisation. See
for instance equation 1.3.

1.5. Our main theorem
We prove the following statement:

MAIN THEOREM. Let w be a cuspidal GLy-automorphic representation over F of level N
with N coprime to p. Let ¢ be an automorphic form in 7 that is of level M. Let K be an
isotypic trace function defined on the residue field k(p) with an associated Fourier-Mdébius
group contained in the standard Borel subgroup. There exists an absolute constant s > 0 s.t.

0 s 1_
Y K(mp)Wey (m(;T'g 1) V(meo) <o,v,5 cond(K)* Nm(p)2~°
meFX
for any 6 < %.

REMARK. Here are some remarks concerning the main theorem:

e By K an isotypic trace function, we mean K is the middle extension trace function
of a f-adic sheaf F lisse on an open set U C A11F,, that is pure of weight 0 on U and
is geometrically isotypic. cond(K) is an invariant associated with a trace function
called its (analytic) conductor. The reader may refer to sections §3.2 and §3.3 for
the definition of these terms. For an isotypic trace function K, we have

[K]lo < cond(K)
(see the remark 3.3.)

e By the standard Borel subgroup we mean the subgroup of upper triangular matrices.
The Fourier-M&6bius group is defined in section §3.4.3.

e One can show that s = 4 would suffice in the above theorem.

e One can show an exponential dependency in cond(m). The obstruction to the poly-
nomial dependency in cond(7) is the choice of amplifier which is supported over
primes. This choice due to [AVel(] was made to simplify many details of the proof.

e For an example of a trace function to which our theorem does not apply, the reader
may consult [FKM15], section 11.2(3). The authors consider the symmetric square
of a pullback of a Kloostermann sum and show that it has dihedral subgroup as the
Fourier-Mobius group.
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e The normaliser of the diagonal torus occurs as the Fourier-Mobius group of a Gauss
sum constructed from a quadratic Dirichlet character. Looking at the proof of our
theorem however the readers can verify that our proof remains valid for this example.

e The applicability of our main theorem follows from the existence of families of trace
functions with bounded conductor and sup-norm, defined over residue fields of an
unbounded sequence of primes in F' . See §3.5 for some examples.

e Our main theorem generalises the result of [FKMI15] to the case of number fields
with a more restrictive assumption on the trace function. Note that we obtain the
same Burgess-type power saving uniformly for all number fields.

The approach again is to understand the amplified spectral average of the above quantity.
We will use the relative trace formula for the standard unipotent subgroup of GLs in this case.
The relative trace formula is a natural candidate for this problem since it yields the Petersson
formula and Kuznetsov formula under special choices of test functions. The Petersson formula
and Kuznetsov formula were main ingredients in the proof of [FKM15]. We will see that by
working over the adeles, the use of the trace formula is more systematic and choice of test
functions become more clear.

When we apply the relative trace formula to the second moment and use positivity we
recover the trivial bound. It is considering the amplified second moment that leads us to the
bound in the theorem.

1.6. Future directions

We want to list a few possible future direction to the work presented in this thesis:

(1) The theorem that we can prove is slightly more general than the one stated, for
instance it suffices to assume the automorphism group of the sheaf F corresponding
to the trace function K satisfies:

Aut(F) € BUBw U wB.

Here w is the Weyl element and B is the Borel subgroup of PGLs, .

We have a strong control on the automorphism group of a trace function in
terms of its conductor that was proved and exploited by the authors in [FKM15]
to prove their result without any assumption on the automorphism group of the
trace function. Removing this assumption requires us to carefully consider 6.2.4, to
understand the size of the set of (m,n,pu) for which square root cancellation does
not hold.

(2) Proving an analogous theorem (with a likely weaker exponent) for forms of conductor
p. This would involve working with the amplifier in [DFI194|, see remark 4.5 page
611 in [FKM15|. This is a bit more involved since the amplifier is now supported on
square of primes.

(3) It is interesting to investigate algebraic twists of periods of automorphic forms along
non-split tori.
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CHAPTER 2

Automorphic forms on adeles

2.1. Number fields

Fix F/Q a number field with ring of integers O and discriminant Ag. Let n be the
degree of the number field and (7, s) be its signature. Let Ar be the complete (-function of
F, it has a simple pole at s = 1 with residue denoted as A% (1).

2.1.1. Local fields. For v a place of F', we call as F, the completion of F' at v. We will
also write F}, for the place corresponding to the prime ideal p. We will denote by O, the ring
of integers at the finite place v, by w, the uniformizer and

mv = WUOU
is the maximal ideal. The field
k, == O,/m,
is called the residue field at place v. We will denote the residue field at p by k(p). For s € C,
we define the local zeta function
Cr(s)=(1—¢,*) " if v < oo
(here ¢, = |0, /w,O,| is the size of the residue field),
Cr,(s) = m*/*T(s/2) if v is real
and
Cr,(s) = 2(2m)~°T'(s) if v is complex.

2.1.2. Adeles. We denote the adele ring of F' by A and the group of ideles by A*. We
denote by A the finite adele ring and by A; the finite ideles.

(/D\XQHOUX

<00

will denote the maximal open compact subgroup of A?.

2.1.3. Additive characters. We denote by ¢ the standard additive character on F'.
Recall that it is defined by
w = W@ o TI‘F/Q
and it factors as a product of local characters

Y= va

Recall that the conductor of v, is defined as the largest ideal of O,, on which ), is trivial.
We will denote the conductor as cond(t,) = m% and by

v

Ap = H ng

<0

7
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the discriminant of F'.

2.2. Subgroups

We fix some notations: .
G = GL,
G = Z/G = PGL,
X =Z(A)G(F)\ G(A)
Let H be a subgroup of G, we define [H] by

[H] = H(F)/H(A).

Let R be a commutative ring , we define some standard subgroups of G(R):

B(R):{(g 2):a,deRX,beR} ,N(R):{((l) ll)):beR},
A(R):{(‘O‘ 2):a,deRX} . Z(R) {(g 2):a€RX}.

We also define
1 x 0 -1 0
n(zx) = (0 1) , W= (1 0 ) and a(y) = <36 1) .

For any place v, K, is defined to be the maximal compact subgroup of G(F;,) defined by

G(Op,) if v is finite
K, = ¢ O2(R) if v is real
Uy (C) if v is complex
For v < oo and n > 0, we define

K, o(wy) = {(ﬁ Z) €eK,:ce mﬁ} :
Fora=T[],_.. pl*® | define

Ko(a) = [ Koo(@'®) = {(‘C‘ 2) €EGO):ce a6} .

V<00
2.3. Measures

The normalization of measures is as in sections 2.1, 3.1 of [MV10]. For every place v, dx
be the unique self-dual Haar measure on F,. This gives the measure on N (F},) by identifying
it with F,. For v < oo, dx, gives the measure ¢, it Op,. Recall that d, is the valuation
of the discriminant at the place v.

For the multiplicative group F,*, the Haar measure that we use is

dx
dX.TU:CFv(l) v'
||

By identification we also get the measures on A(F,) and Z(F,). We define dz = [[, dz, as
the measure on A and d*z =[], d*x, as the measure on A*.
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Using Iwasawa decomposition, G(F,) = Z(F,)N(F,)A(Fy)K,, we define the Haar mea-
sure on G(F,) by
dg, = d* zdxd* ydk.
dk is the Haar measure on the compact group K, normalised to be a probability measure.
The measure on the adelic points of the above subgroups is the product of the corresponding
local measures. By dg we denote also the quotient measure on X.

2.4. Automorphic forms and representation

Let L?(X) denote the Hilbert space of square integrable functions w.r.t. the measure
defined above. Define

L2 (X)={pec L*(X): (n(x)g)dx =0 a.e. g}.

cusp
F\A
For ¢ € L2 (X) we have the Fourier-Whittaker expansion,

o= 5w (5 1))

with

Wy (9) = p(n(z)g)Y(—x)dx.

F\A

G(A) acts by right translation on L?*(X) defining the right regular representation which
defines a unitary representation. There is a well-known decomposition into G(A) submodules
- the cuspidal, Eisenstein and residual parts (and these are orthogonal):

LQ(X) = Lzusp(X) D le-{es(X) D L]%Dls(X>

For details the reader may consult [GJ79] and [Gel73].

In this thesis we will be concerned only with L2, (X), which decomposes into irreducible
unitary subrepresentations of G(A). It is also well known that for every irreducible subrep-
resentation 7 there is a decomposition into a tensor product of irreducible, unitary, local
representations m, (Flath’s theorem)

T = RyTy.

2.5. Whittaker model and factorisation of the inner product

Let m = ®,m, be a unitary representation as in the previous section. The intertwining
map

pemr— W, = s o(n(z)g)v(—x)dx

defines an equivariant embedding to the space of smooth functions. The image is called
the Whittaker model of 7 and is denoted W (m, ). Note that functions in the image satisfy

W(n(z)g) = d(x)W(g).
It can be shown that this space is isomorphic as G(A) modules to @, W (m,, 1,). W(my, ¥y)
is the image of the intertwining map
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Oy € Ty — Wy, = (wn(z)g)Y(—x)dx
Fy
to the space of smooth functions on G(F}).
Further a pure tensor ®,¢, € ®,7, maps to the pure tensor ®,Wy, € @,W (m,,1,).
Let us define an inner product on W (m,,,) by

Jex Wola(y))Wi(a(y))d*y
) Cr,(1)L(7,, Ad, 1)

The normalization is chosen so that 6,(W,, W,) = 1 if 7,, ¥, are unramified and W, (1) = 1
[see [JS81], prop. 2.3|. We define an invariant inner product (, ), on 7, so that the equivariant
isomorphism 7, — W (m,,,) becomes an isometry.

For m = @) m, a cuspidal representation, we can compare the global norm to the local
norms of a pure tensor: Let ¢ = ) ¢, € 7 be a pure tensor,

0,(Wy, W) == Cp, (2

91> = 28 A" (x, Ad, 1) [ [ (00, 600,
where A(m, Ad, s) is the complete adjoint L-function and A*(w, Ad, 1) is the first non-
vanishing coefficient in its Laurent expansion at s = 1.

2.6. Hecke operators

Let [ be a prime and (m, V) be a representation of G(F). Further let us assume that 7
is unramified i.e. the set of K| := G(O) fixed vectors

VR0,

The elements of VX are also called spherical vectors.
It can be shown that the subspace of spherical vectors is one dimensional. Consider the

function hy : G(F;) — C defined as

1 1
hi=—— 1 - 1 +1
(3 O VD 2 (= 0

0 1 0 1 0 w

This function is bi- K} invariant and therefore the operator m(h) leaves the subspace of
spherical vectors invariant. This operator is called the Hecke operator. Since the subspace of
spherical vectors is one dimensional, the Hecke operator is represented by a scalar called the
Hecke eigenvalue.

It is known that any infinite dimensional irreducible subrepresentation of the right reg-
ular representation on L2(G(F) that is unramified is isomorphic to the so-called unramified
principal series representation m(x,X) where x : F{* — C* is an unramified quasicharacter.
The parameters

a:= x(=) and § = x(wi)
are called the Satake parameters. It can be easily checked that the Hecke eigenvalue in this
case is given by
A=a+p.
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Let m be an automorphic representation that is unramified at [ i.e. [{ cond(w). One
can define Hecke operator at the prime [ on 7 by a similar operation as above. The Hecke
eigenvalue denoted A ([) is the sum of two Satake parameters which are conjectured to be of
size one. This is the Ramanujan-Petersson conjecture. The best known result is

IAr(D)] < 2Nm(1)7/6*

due to H. Kim and P. Sarnak in the case of rational numbers (see [KS03]) and generalised
to arbitrary number fields by V. Blomer and F. Brumley (see [BB11]). A basic reference for
the topic of Hecke operators is [Bum98|.

This result is known on average using Rankin-Selberg theory i.e.

> P < X
Nm(N<X

which is all we will need in this thesis. Rankin-Selberg theory is also discussed in [Bum9g].

2.7. Adelic Poisson summation formula

For this section the reader may consult [GH11|, 1.7, 1.8, 1.9.

DEFINITION 2.7.1 (Schwartz-Bruhat function). A function f : A — C is said to be a
Schwartz-Bruhat function if it can be written as a finite linear combination of factorizable
functions f =[], f, where:

(1) For v|oo, f, is a Schwartz function.
(2) For v < oo f, is a locally constant, compactly supported function.

2.7.1. Adelic Fourier transform. For f : A — C a Schwartz-Bruhat function, we
define the adelic Fourier transform by

Fla) = / F ) (—ay)dy

where v is the standard additive character defined above and the measure is the additive
Haar measure normalized as above.
We have the Fourier inversion formula:

f(z) = f(—=).
and the adelic Poisson summation formula For f : A — C a Schwartz-Bruhat function,
we have

> fa) =" fla).

acF acF
Note that F' is a discrete subset of A.

2.8. Some results on counting lattice points

We will need the following bounds for future estimates.
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LEMMA 2.8.1 (Lattice point counting). Let I < F be a non-zero fractional ideal and
f: Fs — R be a Schwartz function. For Nm(I) < 1 and R € Rq a scaling parameter, we
have the following estimate:

Rn
Nm([7)

> (3

where by f(m) we mean f(moo) and ||f||1ne1 is the Sobolev norm controlling the L' norm
of the first n + 1 derivatives. Recall that n is the degree of the number field F.

<p || fll1n41

REMARK. (1) One can give a more precise asymptotic formula which involves the
length of the shortest vector in the lattice. In the case of ideal lattices, arithmetic-
geometric mean inequality in 2.8 controls the length of the shortest vector in terms
of the covolume of the lattice.

(2) We are interested in the limit | Nm(/)| — 0 i.e. the ideal lattice becoming dense.
This motivates applying Poisson summation to obtain a sum over the dual lattice
which we will see becomes sparse in this limit, giving the term m = 0 as the main
contribution.

PROOF. In this case the Poisson summation formula reads,

m R" A
ngf (%) = T~ mezl*f (mR)
where
fly) = ; f(z)e(=Trr/(yz))du(z)

with du being the self dual Haar measure for the trace pairing form.

It can be checked that I* the dual lattice under the trace pairing form is also a fractional
ideal. For any fractional ideal lattice the minimum is controlled in terms of the covolume.
Let v € I*\ 0, we have v = (0;(r))", with o; : F — F, the geometric embeddings. The L'
norm of v satisfies

= Z loi(r)] > n (H \UZ-(T)|> = n (Nm(r))" .

Since r € I, Nm(/*)| Nm(r), so in conclusion

Z jo:(r)| = n|Nm(I7)| .

We deduce the following bounds:

n

> f(m) = Nm(l >|f<0 Z f(mR).

mel meI*\O

Since f is a Schwartz function, for any N > n we can show that

A 1] 1
i .
> 1fmR) <y Ruin(L)¥ RNp [Nm(I%)| »

mel*\0

By choosing N = n + 1 and noting that Nm(7*) = 1/(disc(F'). Nm(I)) we get
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¢ op (n+1)1
S ) = ey (0 + or(17 1)

mel

completing the proof. O

LEMMA 2.8.2 (Counting units). Let mg € F' and I = (my) be the corresponding principal
fractional ideal. Let R > 0 be a positive real. We have the following bound:

Z 1 <p log(R)"™

(m)=I
|m|oco<R
Proor. We have
)SREED S}
= ucO*
|m|co<R [mouleo<R

The archimedean embeddings of F' are denoted by

O1y.90p;0p41y+e50p4gy-aey Opt2s.

Here 0; 1 < ¢ < r are real and the remaining are complex non-real embeddings which satisfy
Ortj = Ortstj- Also 7+ 2s = n is the degree of the number field.
With this notation the Log map is defined as Log : I’ — R"**

Log(m) = (log(|o1(m)]), ... log(low(m)]), log (|11 (m)]), ... log(lorrs(m)])).

By the Dirichlet structure theorem on units, Log restricted to O* has a finite kernel —
the roots of unity in F' and the image Log(O*) := A is a lattice contained in the hyperplane

{(x1,..0;rys) ER™ > 2, = 0}
Therefore applying the Log map we have the following equality

Z 1= |ppl Z 1

ueO* vEvo+A
Imou|eo <R [v|<log(R)

where pip is the roots of unity contained in F' and vy = Log(mg) € R""*. By the lattice

counting lemma — lemma 2.8.1, approximating the indicator function of the translated ball
by a smooth cutoff function:

Z 1 5(10g(R)) (Vo + v) < log(R)" ™
vEA
completing the proof.
O

LEMMA 2.8.3 (Counting divisors). Let I be a fractional ideal and k € I*. Let R > 0 be a

positive real. We wish to count the number of divisors of k which are in I of size bounded by
R:

S Lok < (Nm (k)™ R
mnel
|m|eo<R
[n|oo <R
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Proor. We have
mel < (m)CI

and
nel < (k)" C (m).

Therefore,
Z L=t = Z Liwyr-1cmycr
m,nel Lkloo 1,
|m|oo€<R R SImloo <R
[n|co<R

Y lwrcmar <Y Lgricmc
““700<|m|OO<R |mleo<R

< Y lwreglpgm Y, L=

Im|eo<R

q n
Nm(J)< 7N§.(I)

By the unit counting lemma (lemma 2.8.2) we have

Y L= <p B0,

m|eo<R
We need to estimate the sum

> lwreclpa
J<0 N
Nm(3) < xiry

To do this let us define a divisor counting function. Let a << O be an ideal,

Yo oLa= ), Y L

J<0 d|Nm(a) J<O

Nm(J)<X d<X Nm(J)=d
It follows that
= Y >l < > dW < r(Nm(a)XoW,
d|Nm(a) J<O d| Nm(a)
d<X Nm(J)=d d<X

The first inequality follows since

S L Y 1<) <a)

J<O J<O
Nm(§)=d Nm(J)=d

where the last inequality is a standard fact in analytic number theory.
So we deduce

1 1 < A2 ) < (Nm(k)R)°)
Z wr-2cylpn=1 < d((k) ,m) < (Nm(k)R)*.
J<O N
Nm(3)<$(,)

Putting this together with the count of units, we conclude the proof.



CHAPTER 3

Trace functions

In this chapter we will collect some basic material about trace functions which will be
useful to us. We follow the treatment in [FKM15] and [Fou+19]). Fix p # ¢ two prime
numbers, ¢ = p" and an isomorphism (of fields) i : Q, — C.

DEFINITION 3.0.1. (Trace sheaf) A constructible ¢-adic sheaf F on A%Fq is called a trace
sheaf if it is a middle-extension sheaf whose restriction to any non-empty open subset U
where F is lisse, F|y is pointwise t-pure of weight 0.

The category of constructible f-adic sheaves on P}Fq can be described in terms of the

category of (-adic representations of the group Gal(F,(X )Sep|IFq (X)). Since this point of view
may be easier to understand we will unpack our definitions a bit using the terminology of
Galois representations. This treatment will closely follow [Fou+19].

3.1. The language of representations

Let Pg_denote the projective line on Fy and Ag the affine line. For this section K =
F,(X) is the field of functions. We will denote by K*? the separable closure of K and Goh =
Gal(K*®|K) the arithmetic Galois group. Moreover G = Gal(K*P|F,K) C G is the
geometric Galois group, where E C K*% is an algebraic closure of F,. We have the exact
sequence:

1 — Goeom —y Gith _y Gal(F,|F,) — 1.

DEFINITION 3.1.1. Let U C A]}q be an open set. A sheaf F is lisse on U means it is
associated to a continuous finite dimensional representation

pr: Gt 5 GL(VE)
which is unramified at every closed point € U. The dimension of Vz is denoted rk(F).

Here unramified means the action of any inertia subgroup at x on Vz is trivial. For details
the reader may consult [Fou+19].

DEFINITION 3.1.2. (Trace function) Given a sheaf F lisse on an open set U C Ay the
associated trace function is defined by

z € U(F,) — Kr(x) = Tr(Frob, |Vr).
Frob, is the Frobenius element of z. It is only defined up to conjugation but the trace is
conjugacy invariant. The trace is an element of 9, but we take its image under 1.

For our purpose we will use the so-called middle extension, this means we will view Kx
as a function on all of F, by taking the trace of the Frobenius at every point on the subspace
invariant under the inertia group at the point.

15
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DEFINITION 3.1.3. (Trace function over F,.) Given a sheaf F lisse on an open set
U C AIIFq we in fact get a whole family of trace functions. For n > 1 G¥#*" := Gal(K*?|F,)

is a normal subgroup of G So we also get a corresponding representation of Garith

,0_7:|G%m'th : Gzrith — GL(V]:)

The corresponding trace function is defined by:

z € U(F ) — Kz,(x) = Tr(Frob,).
Frob, is the Frobenius element of . Note that Kz is NOT the restriction of Kz, to F,.

3.2. Some notions and constructions associated with trace functions

We borrow terminology from representation theory to describe the corresponding prop-
erties of f-adic sheafs:

A (-adic sheaf is irreducible (resp. isotypic) if the corresponding representation is.

A (-adic sheaf is geometrically irreducible (resp. geometrically isotypic) if the restriction
to GI°™ of the corresponding representation is.

Given two sheafs F, G lisse on open sets U, U’' C Axlpq we can make the following construc-
tions:

(1) The dual sheaf D(F) can be defined to be lisse on U and corresponds to the contra-
gradient of pr. We have for z € U

Ko (z) = (o).
(2) The direct sum F & G is defined to be lisse on U N U’ and corresponds to the direct
sum pr @ pg. We have for x € UNU’

Kreg(r) = Kr(z) + Kg(x).

(3) The tensor product F ® G is defined to be lisse on U N U’ and corresponds to the
tensor product representation pr ® pg. We have for x € UNU’

Krgg(v) = Kr(z).Kg().
(4) Given f € F,(X) non-constant rational function (viewed as a morphism of Py ).
The pullback f*F is defined to be lisse on f~*(U). We have for z € f~*(U) \ {0}

We will be interested in the case of f being a fractional linear transformation i.e.

an automorphism of Py .

Next we want to discuss Fourier transform of trace functions. For this discussion it will
be important to restrict ourselves a bit:

DEFINITION 3.2.1 (Fourier Sheaf). An isotypic lisse sheaf is said to be Fourier iff none

of the geometric irreducible components are geometrically isomorphic to the Artin-Schreier
sheaf.
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The Artin-Schreier sheaf is an irreducible lisse sheaf on Aﬂqu whose trace function is the

additive character on F,. For a function f : F, — C we recall its (unitarily normalized)
Fourier transform

Zf (=),

yEIF
The Fourier transform has the following properties:

(1) The Fourier transform is an anti-involution ]/c\(a:) = f(—x).
(2) The Fourier transform is an isometry: it satisfies the Plancherel identity, for f, g :
F,—=C

S f@e@ = 3 Flog(@)

z€F, z€lF,

(3) The Fourier transform behaves well under translations and scalings: For a € F,,
zelFy
q

ar. -~
[+df@)=€0g%ﬂx)

(2] f(w) = [x27"] ().
Deligne proved that the Fourier transform of trace functions arise as the trace function

of a ’geometric Fourier transform’ of the corresponding sheaf. Here is the precise statement
due to Laumon:

THEOREM 3.2.2. Let F be a Fourier sheaf lisse on an open set U and pure of weight 0.
Let us denote by Kr the middle-extension trace function of F. There exists a Fourier sheaf

F lisse on an open set U pure of weight 0 s.t. its middle extension trace function KA 18

the Fourier transform Kr, Fon

— Trp, 0 /5, 7Y
q

).

yGF n

The map F > F is called the geometric Fourier transform and satisfies for a € F, and
zeFx
q )

—

F=[x—-1"F,
[a]*F = Le,(a) ® F,
[x2]*F =[xz 1" F.

See below for the definition of pure of weight 0. Moreover the conductor of the geometric
Fourier transform can be shown to be bounded in terms of the conductor of the original
sheaf. We also have the proposition:

PROPOSITION 3.2.3. The geometric Fourier transform maps irreducible (resp. isotypic)
Fourier sheaves to irreducible (resp. isotypic) Fourier sheaves.

See proposition 7.8 in [Fou+19].
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3.3. Size of trace functions

The two quantities attached to a trace function that is of importance are its sup-norm
and a measure of its complexity called its conductor. We do not discuss the conductor in
detail but refer the reader to [Fou+19]. We will also need the notion of the conductor of a
trace function K (denoted cond(K')) — this is the smallest conductor among all ¢-adic sheaves
whose trace function is K.

DEFINITION 3.3.1 (Conductor). Let F be a a f-adic sheaf lisse on an open set U, the
conductor of F is defined as

C(F) =tk(F)+[P'\NUF) + > Swan,(F)
2€Dram (Fq)

Here D, is the ramification locus of F and Swan, (F) is the Swan conductor of F at z.
We refer the reader to section 3.7 of [Fou+19] for the definition of the latter two quantities.

DEFINITION 3.3.2 (Purity). A (-adic sheaf F lisse on an open set U C Alqu is said to be
i—punctually pure of weight w, if for every = € U, the eigenvalues of Frob, on Vr (applying
the map i) are complex numbers of absolute value less than or equal to ¢*/2. In particular
for every x € U,

[ Kr(2)] < tk(F)q"".

REMARK. (1) If we start a sheaf F lisse on an open set U C AJqu7 i—punctually pure
of weight w . We can always reduce to a sheaf i—punctually pure of weight 0 lisse
on U by making an appropriate twist. See remark 3.11 in [Fou+19].

(2) If we start a sheaf F lisse on an open set U C Ag i—punctually pure of weight w.
The bound

[ Kr(x)] < rk(F)g"/.
was shown to hold for all z € A]}q for the middle extension by Deligne. See
remark 3.12 in [Fou19].

Let F be a f-adic sheaf lisse on an open set U pure, of weight 0. In this thesis we will
encounter sums of the shape

> Kr(x)

z€F,

The trivial bound for such a sum is (rk(F))g. Thanks to Deligne’s proof of the generalized
Riemann hypothesis we can do better:

THEOREM 3.3.3 (Square root cancellation for trace functions). Let F be a {-adic sheaf
lisse on an open set U pure, of weight O that is geometrically irreducible or isotypic with no
trivial components. We have

S Krlr) < C(F)"”

z€ly
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and forn >1
Y Kra(z) < C(F)q"?
CCE]Fqn

where C'(F) is the conductor of F and the implied constants in the above bound are absolute.

The Grothendieck-Lefschetz formula reduces the problem of calculating the above sum to
finding the Frobenius trace on compactly supported étale cohomology groups of F. The only
surviving cohomology groups are of dimensions 0, 1,2. When U # P]qu the zeroth cohomology
group vanishes and if F is geometrically irreducible or isotypic with no trivial components, the
second cohomology group also vanishes. The Frobenius trace on the first cohomology group
is more mysterious, and is calculated using the generalized Riemann hypothesis proved by
Deligne — who proved that the Frobenius eigenvalues for the action on the first cohomology
group is of size ¢'/2. For more details on this proof, the reader may consult [Fou+19].
The Grothendieck-Ogg-Shafarevich formula is used to bound the sume of dimensions of the
cohomology groups by C'(F)2.

Restricting ourselves to geometrically isotypic sheaves is not a serious restriction since we
have the following proposition.

PROPOSITION 3.3.4. A trace function associated with a sheaf F lisse on an open set U
and punctually pure, can be written as a sum of at most C(F) trace functions associated with
sheaves F; lisse on U and punctually pure of weight 0 that are geometrically isotypic with

conductors C(F;) < C(F).

See proposition 5.1 in [Fou+19| and the discussion before for more details.

3.4. Correlation sums and quasiorthogonality relation

Let F and G be two sheaves that are lisse on an open set U, pure of weight 0. We can
apply the results of the previous section to the sheaf F ® D(G) which is also lisse on U, pure
of weight 0. Note that

Krepg) = KrKg.

We will be interested in calculating correlation sums of the form, for n > 1

Co(F,G) :qin > Kr(a)Kg(a).

aqun
Applying the theorem from the previous section we get

THEOREM 3.4.1 (Quasi-orthogonality relation). Let F and G be as above and let us further
assume that they are geometrically irreducible. There exists a complex number arg € S* s.t.

C(F)*c9)?
qn/2 )
Here we have used the fact that C(F® D(G)) < C(F)C(G) and the results of the previous
section.

Let F be a sheaf that is lisse on an open set U, pure of weight 0 and geometrically
irreducible. Let v € PGLy(Fn) acting as a fractional linear transformation on P]quna

_<a b)‘ |_>ax+b
T=\e d) " cx +d

CTL(‘F7 g) = a}l‘—,gé}-zgeomg + O(
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In this thesis we will encounter the following kind of correlation sums:

Co(F\7) = Col(Foy F) = qi S Kr(@)Kr(2(a).

On applying the above theorem, we see that the size of the above sum is controlled by
the following invariant:

THEOREM 3.4.2 (Automorphism group of the sheaf). Let F be as above. There exists an
algebraic group Auty C PGLy defined over F,, the group of automorphisms of F. It satisfies
Autz(Fpn) € PGLy(Fyn) consist of all v s.t.

'Y*.F ggeom«/r

DEFINITION 3.4.3 (Fourier-Mobius group). Let F be as above. Further assume that F

is Fourier, the Fourier-Md&bius group is defined to be the group of automorphisms of F , the
geometric Fourier transform of F.

Let B denote the subgroup of upper triangular matrices, we define
B]: = BN Aut]: .
COROLLARY. If vy ¢ Autz(Fn)

Cu(F.7) = Ocm ().

3.5. Examples of trace functions

For more details on these examples consult section 4.2 of [Fou+19].

(1) Trivial sheaf The f-adic sheaf corresponding to the trivial representaion Q; is lisse
everywhere, pure of weight 0, rank 1 and has the trace function

K]:m =1.

(2) Kummer sheaf Let x : ' — C be a Dirichlet character. There exists a (-adic
sheaf called the Kummer sheaf that is lisse on P \ {0,00}, pure of weight 0, rank
1 and has the trace function

Kr(z) = x(v) v € F)

Krn(z) = X(NmF,,nqu(a?)) T € F;n.

(3) Artin-Schreier sheaf Let ¢ : F, — C be a non-trivial additive character. There
exists a (-adic sheaf called the Artin-Schreier sheaf that is lisse on Py \ {oo}, pure
of weight 0, rank 1 and has the trace function

Kr(z) =9¢(z) z €T,
K]:m(.l’) = iﬂ(TI'Fpnmp(iIf)) S ]Fpn.
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(4) Hyperkloostermann sheaf
Let ¢ : F, — C be a non-trivial additive character. Define for every m > 2 the
hyperkloostermann sum as the m-fold multiplicative convolution of the ¥

x|+ ...+ T,
p

1
Kl p(a;p) = W Z U( )

1T2..Tm=0a

where 1, ..., 2, € F.

n 1 T+ ...+ Ty,
Kl (a;p") = ey > U=

T1X2...Tm=0

where 1, ..., 7, € Fu.
Deligne showed that V m > 2 there exists a f-adic sheaf K¢, lisse on P]%p \
{0, 00}, pure of weight 0, rank n, geometrically irreducible and has the trace function

Kict, yin(®) = Kl (z;p")
forn>1 2 €F.
REMARK. When the above examples are combined using the constructions listed in the

previous section - sums, products, composition with rational functions we get a very rich
class of examples.






CHAPTER 4

The relative trace formula

4.1. Introduction

The main tool that we will use to compute and bound the spectral average is the relative
trace formula. This approach relies on the fact that the correlation sum we are interested in
bounding is the twist of a unipotent period. In this chapter we will outline the generalities
related to relative trace formula, we will apply this formula to our situation in the next
chapter.

We can extend the right regular action of G on L*([G]) to an action of smooth compactly
supported functions on L?*([G]). So for a smooth compactly supported function f we associate
an operator R(f) on L?([G]). The relative trace formula computes the relative trace of the
operator R(f) i.e. integral of the kernel K (x,y) of R(f) over [H] for a subgroup H < G x G.
For H = AG, G being a reductive group, this is the celebrated Arthur-Selberg trace formula.
Jacquet worked out several examples where H = H; x Hs is a product of subgroups of G. In
general one can also handle the integral of the kernel K (x,y) of R(f) twisted by automorphic
forms over [H] for a subgroup H < G x G. This is called the spectral side of the relative trace
formula. The formula relates the spectral side to the so called geometric side — a sum over
certain integrals over orbits. This allows one to express spectral average of period integrals
over automorphic forms as a sum of relative orbital integrals. We refer the reader to chapter
18 of [GH23] for some history and generalities of trace formulae.

Our starting point are the works of A. Knightly and C. Li [KLO6|, [KL13| where the
authors derive the Kuznetsov trace formula (of weight 0) by taking G = PGLy and H =
N x N. We replace the Hecke operator by a Hecke operator twisted by a trace function
in order to express the second moment of the correlation sum as a sum of relative orbital
integrals and in turn as a sum of Klostermann sums. Given the Bruhat decomposition, the
structure of the orbits is also easy to determine. We will spell out the setup of the relative
trace formula in our case in the beginning of the next chapter.

4.2. The kernel function

DEFINITION 4.2.1. We say [ : G(A) — C is m times smooth and factorizable if it is a
product of local functions

f:foonp

satisfying

(1) f is invariant under Z(A).

(2) f has compact support modulo the center.
(3) foo is m-times continuously differentiable.
(4) f, is locally constant.

23
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(5) For a.e. p, fp = Lz(r)k,-

Note that such an f is in L'(G(A)). We will denote the set of functions satisfying
the above property by C™(G(A)) following |[KL13] and by C°(G(A)) the set of smooth

factorizable functions.

Recall, that for ¢ € L?([G]) and f € C™(G(A)), we have the induced right action
— [ o)y
G(A)

R(f) /fow y)dy

'yEG
The operator R(f) therefore has the kernel

By unfolding, we get

> fla).

+EG(F)

Note that if f € C"(G(A)) the sum is locally finite and is therefore continuous.

rI;HEOREM (Thm 6.1 in [KL13|). For m > 3 and f € C"(G(A)) the operator R(f) o
L*([G)) is Hilbert-Schmidt, which in this case means that K € L*([G] x [G]).

4.3. The spectral side
Assume f € C*(G(A)), we have (see [KL13] equation 6.11)
K(,y) = Keusp(, ) + Kres(2,y) + Kpis(2,y)

for a.e. x,y € [G] where

Keusp(z,y) ZR

the sum running over an orthonormal basis of the cuspidal part of the spectrum.

reswy ZR )

the sum running over an orthonormal basis of the residual part of the spectrum.
KEzs :C 3/ = - Z / E ?/Jm ) Wm y>dt
T yen (0)

the sum running over an orthonormal basis of H(0) := D, H (x, X1, 0).

Like in [K1.13] we wish to integrate this expression over (N (A)/N(F'))? which has measure
0 in X2, So we use the following result:

THEOREM. Assume f = hy % h} for hy, hy € C°(G(A)) where hi(y) = ha(y~!), we have
(1> K(xay) = Kcusp(xay> +Kres<xay) +KEzs(:C7y>
for every r,y € [G] where
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cusp x y ZR hl ) (y>

the sum running over an orthonormal baszs of the cuspidal part of the spectrum.

res LE y Z R hl ¢X (hQ)(bX( )
the sum running over an orthonormal baszs of the residual part of the spectrum.

KEzsx y - Z / hl 77Z)zt7 ) ( (h2>¢2t7y>dt

¢€H(0)

the sum running over an orthonormal basis of H(0) := @, H(x,x',0).
All the sums and integrals above converge absolutely.

In [KL13|, the authors prove an everywhere, absolute convergence statement assuming
that the archimedean part is binvariant under the maximal compact subgroup. They do
this by using the fact that such a function f can be written as hy * hy + ky % ko for some
hi, ho, k1, ko satisfying the same properties as f. So, their proof can be adapted to prove the

REMARK. It turns out that

above theorem.
3
Kres(r,y) == | f(9)dg
T JG(a)

We are interested in computing

I= / K (2,96 () n () dacdy

[N]x[N]

where ¢,,(n(x)) = ¢(mx), ¢ is the standard additive character on N(F)/N(A) ~ F/A
and m,n € F*.
The spectral side is obtained by computing I using the spectral expansion (1).

4.4. The geometric side
We will now compute the integral using the geometric expansion of the kernel

I= [ K@iy

[N]x[N]
= [ X e )i ey
[N]x[N] 7€G(F)

Breaking the sum into orbits and unfolding as in [KL06|, we get
I=>"1I
(4]

where the sum runs over orbits of G(F) under conjugation action of N(F) i.e.
[6] = {z~'oy|x,y € N(F)} for § € G(F).
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L= [ 56t dndy,
Hs(F)/H(A)
H =N x N and H; = {(z,y) € H|z "6y =} for 6 € G.

Observe that I5 = 0 unless ¢, (z)1,(y) = 1 for all (z,y) € Hs(A).

DEFINITION 4.4.1. We will say [0] is relevant, if ¢, (z)1,(y) = 1 for (x,y) € Hs(A).

We will now calculate Is for relevant orbits.

4.5. A parametrization of the orbits for the unipotent subgroup

Bruhat decomposition for G is as follows:
G =NAJ[NAwN

where N is the unipotent radical, A the diagonal torus and w = <(1) (1)> is the Weyl element.
We get therefore the following description of the orbits:

vengier - {[(} e IHIC ]per)
-G

we calculate the stabilizer explicitly:
recall

For

Hs = {(x,y) € H|z™'dy = 6}
we find

1 M 1t
Hs(A) = {<<0 1) ’ (0 1))“ € Af
So ¢ is relevant only if ¢((n —mA)t) =1 for all t € A, i.e.

n = m.

We will call the relative orbital integral corresponding to this orbit as the diagonal contribu-
tion to the geometric side.
_ (0 n
=0 1)

The next case is
By explicit calculation, the stabilizer is found to be

Hs(A) = {(e,e)}.
So all §’s are relevant. We will call the sum of the relative orbital integrals corresponding
to these orbits as the non-diagonal contribution to the geometric side.
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4.6. Summary of the relative trace formula for the unipotent subgroup

Putting together the information in the previous two sections, the geometric side reads

Ipn = / K (2, 9) () G5 ddy

[N]x[N]
1 —t:\ (X 0\ /1 ¢
B Z oo / f<0 11> <O 1) (0 12) Y(mty — nty)dtidty
A {t(A D[teF}\AxA
—t O 1 ¢
> [ ) Q) (6 %) vont - ntyins,
AXA

Multiplying out the matrices and making a change of variables we get,

D S T e I T

AR {0} x F\AXA

2
HEFX A% A

Z L—mx meas(F\A) /f( ) (—max)dx

AEFX A
+ Z / tl tlt?) w(mtl)d)(ntg)dtldtg

to
HEFX A% A

This is the form we will use to compute the geometric side explicitly for our choice of f.
We will also explain the change of variables we used to obtain this form when we make these
computations later.

The spectral side reads for m,n € F'*

Im,n - / K(I,y)¢m( )wn( )didy - ]mncusp + ImnEls
[N]x[N]

where

Im,n,cusp = / Kcusp(xvy)¢m( )¢n( )dl‘dy
[N]x[N]
and
[m,n,Eis = / KEis(xa y)wm(f’?)i/’n(y)dil?dy
[N]x[N]

The residual contribution is zero since the residual part of the kernel is a constant as
remarked earlier. More explicitly we have
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mncusp Z Z WR (h)p (m 0) WR <,8 ?)

T peRB(m
where 7 runs over cuspidal subrepresentatlons in L*([G]), %(r) is any choice of orthonor-
mal basis of 7 and W, is the Whittaker function of ¢ as explained in the previous chapter.
The Eisenstein contribution can also be made explicit in terms of Fourier coefficients of
Eisenstein series, We will not pursue this here since it will not be needed in the sequel. For

more details on Fourier expansion of weight 0 Eisenstein series, the reader may consult page
43, section 5.6 of [KL13].



Proof of the main theorem






CHAPTER 5

Strategy and proof of the main theorem

We begin this chapter by recalling the theorem that we will prove

MAIN THEOREM. Let w be a cuspidal GLy-automorphic representation over F of level N
with N coprime to p. Let ¢ be an automorphic form in w that is of level M. Let K be an
isotypic trace function defined on the residue field k(p) with an associated Fourier-Mobius
group contained in the standard Borel subgroup. There exists an absolute constant s > 0 s.t.

0 s 1_
> K(my)We, (m(;rp 1) V(moo) <4,y cond(K)* Nm(p)2~*

meF X

for any 6 < %.

We fix the following in our problem: Let p be a prime in F' and k(p) be the residue field
(of size Nm(p)).
We fix a set

A ={l € Spec(Op) | L < Nm(l) < 2L}
and
zr € Cfor I € A.

We assume that the elements of A are coprime to p and .

Since we are interested in the situation when L and Nm(p) are very large, we will assume
cond (1)) has valuation 0 at places corresponding to p and to all [ € A.

Let K : k(p) — C be a function on the residue field at p and K be its Fourier transform
defined by

(a) = \/— Y K(x)y(—ax/my)
z€k(p)

for a € k(p). Note the abuse of notation: by ¢,(—az/w,) we mean 1,(—agzo/w,) for any

a,r € O, whose residue is ag,zg € k(p) respectively. Let us define the operator R(f) as

follows:

We now fix
F=> z@ph[h] = h[l]"
I1,la €A
h#l
where

is defined such that

31
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(1) For the prime q = p

hq[l] := ! 3 K(2)1

meas(Ko(p))/Nm(p) S Z(Fq)5q<w0q T)Ko(p)q

where Ky(p) = {M € G(O)|M =0 mod pO}.
(2) For primes q = [

holl] = ﬁlz(mwem(oq) | det(M)€IOg}
(3) For primes q 1 Ip
hall] = Lz(m) ko),
where Ko(M) = {M € G(O)| My, =0 mod NO}.
(4) We will define the archimedean components subsequently.

Compare with the definition in section §2.6. We will also apply the relative trace formula to
another choice of test function

f=h[A]*hQ1]"
where h[1] is defined such that

(1) For the prime q = p

| .
. K(z)1
R PSIVATCY 2 K z(pq>5q<wq 9”>K0<p>q

—~

where Ky(p) = {M € G(O)|Ms; =0 mod p(/Q\}
(2) For primes q 1 Ip
ha1] = Lz(ry) ko),
where Ko(M) = {M € G(O)| My, =0 mod NO}.
(3) We will define the archimedean components subsequently.

5.1. The spectral side of our relative trace formula

As we have mentioned in the introduction, we are interested in computing the amplified
spectral average of the correlation sum we are interested in using the relative trace formula.
To this end we set up some notations:

L= [ K@ )bu()fa@dedy
[N]X[N]
where ,,(n(z)) = ¥ (mx), ¢ is the standard additive character on
N(F)\N(A)~ F\ A
and m,n € F. Here K is the kernel of the twisted Hecke operator R(f) we defined below.
We will be using the same framework in turn for

F="Y_ a,TphlL] = AL
l1,lo€A
l1#l2
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and
f = h[1] *h[1]".

Following the discussion in section §4.6 we can write,

Im,n = Im n,cusp + [m,n,EiS
where
[m,n,cusp = / Kcusp(may)d}m( )wn( )dxdy
[N]x[N]
and

Im,n,Eis = / KEis(xa y>wm(x)wn(y)dxdy

[N]x[N]

Recall that the residual contribution is 0. We will then sum 1, ,, over all m,n € F*.

Define
> Lo

m,neF X

Likewise we may define /s, and Igis. Note that using the expression

Im,n,cusp = Z Z WR (h)e (m 0) WR (?(7)/ [1)>

T peRB(m

discussed in section §4.6, we have the following expression

e =% 5 [ (53]

T peRB(m) meFX
This allows us to deduce the non-negativity of the cuspidal contribution and likewise
for the Eisenstein contribution. The non-negativity of individual summands in the cuspidal
contribution will allow us to upper bound them by the whole spectral side and hence by the
geometric side.
Here is a road map for what follows:

e section §5.1.1 computes the I, , cusp for our two choices of f to show that it indeed
is the amplified spectral average we want

e section §5.1.2 makes precise the non-archimedean support of the spectral average.

e section §5.2 formulates a restatement of the problem modifying the archimedean
aspect.

e section §5.3 details the proof of the main theorem assuming certain estimates of the
geometric side.

e chapter §6 computes the geometric side for the two choices of f and proves the
estimates mentioned in the previous item.
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5.1.1. What does the spectral side look like? Let us calculate the cuspidal contri-
bution to the spectral side for our two choices of f. From section §4.6 we have

mncusp Z Z WR (h)e <m 0) WR (g (1)>

where #(r) is an orthonormal basis of an irreducible cuspidal representation 7. Let us choose
the orthonormal basis to be made of pure tensors.

Let us look at the contribution of one cuspidal irreducible representation. Let 7 be an
irreducible cuspidal representation, let m = ), 7, (as explained in the preliminaries). Let
¢ € ™ be a pure tensor. Assume ¢y, the non-archimedean part is right K,() invariant.

As we saw in the preliminaries we can factorise the Whittaker function of a pure tensor
automorphic form

Using the definition of h¢][l], a quick calculation shows:

Wiy, (73 ?) HWv<m O) \/7 Z <m(1)D p Wf)

0 mw, 0 1 =
[)HW%<m )W@< b >—ZKQ;
= A A Ot
Note that since the conductor of 7 is coprime to p

moo, 0
Wsop< Op 1>7é0

iff
mw, € Op.
For m € (’)p,

m 0 mw, 0
WR(th) (0 1) Aﬂ([)Wst< Op 1> K(mp)

where m,, is the residue of mw,.
Likewise for m € Op,

m 0 mw, 0
WR(hf[l])<Pf (0 1) = W<Pf ( 0 ’ 1) K(mp)

where m,, is the residue of mw,.
This computation is the first ingredient needed to carry out our proof strategy in section
§5.3. We will examine in the next section the support of the finite part of cond(r).

5.1.2. Non-archimedean support of the spectral side. The non-archimedean sup-
port of the spectral side is controlled by the invariance of h. We have the following proposi-
tion:

PROPOSITION 5.1.1. Let K, and K, be open, compact subgroups of G(Fy) and f €
LYG(Fy)) which is left K,-invariant and right Ky-invariant. Consider a unitary representa-
tion (V, R) of G(Fy). We have

R(f)V C VHe
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and
R(f)((VE)H) = {0}

PROOF. Let ¢ be a vector in a unitary representation (V, R) of G(Fy).

o= [ sRm)sn

G(Fy)
Note that the above integral is defined to satisfy for any ¢ € V,

- / F(R) (R(h)6, ) dh.
G(Fy)

For any k € K,

(RUR(F)0.6) = (R(NGRU) = [ ) R(O. RO

/ (W) (R(kh), ) / SO ) (R(R)6, ) dh
G(Fp G(Fy)

In other words R(f)¢ is K, invariant. Here we have used that G is unimodular and f is left
K, invariant.
We have that

R(f)" = R(f")
i.e. the adjoint of R(f) is the right translation by f* which is defined by f*(g) = f(g7!).
(Note that f* is left K} invariant.)
For any ¢ € VE" and any ¢ € V:

(R(f)¢, ) = (¢, R(f)"¢) = (&, R(f")¢) = 0.
Here we have used that R(f*)y is K, invariant. Since v is arbitrary we conclude R(f)¢p =
0. 0
Let us examine the invariance of hy[l] next since that is the non-trivial one:
5.1.2.1. Invariance of hy[l]. We have that hy[l] = hy[1] is right invariant under the open
compact Ky(p) and left invariant under the open compact Ki(p).:

hy[l] =
0 1
hy[[] is clearly right Ky(p)-invariant. Let us investigate the left action. Let

a b
g:(C d)GKp.

T[] () := hy[l](gu).

meas KO V zezk: Z(Fy) <wP $> KO(P).
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Let
w, T

we z(£) (1) Kalo)

Note that
w, I

205 (1) Kotw)

for different x € k(p) are disjoint. Let us investigate when

gue 2(5) (V) Kolp)
This holds iff

o 1) e (3 o = (5 1) o (5 1) e

By explicit calculation
<wp y) -1 (wp $> fa—cy z(afcyw):rbfdy
o 1) 9\o0 1 cy, cx +d '

If g e (Id+ wyKy),
z(a—cy)+b—dy
a—cy ——-—
o € K,
( Cy cx ij d ) olp)
for z = y and therefore

w, T
gue 2(5) (5 7) Kalp)
It follows that

Thpt](w) = hy[l)(u)
for g € (Id + w,K,) =: K1(p). O

COROLLARY. R(hy[l]) = R(hy[1]) is non-zero only on local representations m, of conductor
at most p.

The corollary follows using proposition 5.1.1 by noting that for f = hy|[l] one has K, =
Ki(p) and K = Ko(p).

5.2. A restatement in the archimedean aspect

Given a smooth compactly supported function V' : (R*)™ x (C*)™? — C there exists a
smooth vector ¢, € T S.t.

for z € (R*)™ x (C*)™. See |[GGPGY.
By the theorem of Diximier-Malliavin, [MD78| 3 hy, ..., h, € C*(G(F)) s.t.

oo = > _ R(hi)¢i
=1

for some smooth vectors ¢; € m,,. Combining the two statements:
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> VW (" D) Komy)

meFX
& m 0 mo, 0
- Z Z Wrh)¢:,00 <0 1) We s ( 0 ’ 1) K(my).

=1 meFX*
In this way we can reduce the main theorem to the following statement:

THEOREM. Let 7 be a cuspidal GLy-automorphic representation over ' of level N with N
coprime to p. Let ¢ be an automorphic form in 7 that is of level . Let K be an isotypic trace
function defined on the residue field k(p) with an associated Fourier-Mdbius group contained
in the standard Borel subgroup. There exists an absolute constant s > 0 s.t. for every
hoo € Co(Fy)

0 0 s 1_
Y K(mp)We (mgr ’ 1) WR(hoo)one (73 1) Ko Fhee.s cond(K)* Nm(p)2~°

meFXx
1
for any § < 3.

This restatement lends itself well to applying the relative trace formula as we will see in
the next section.

5.3. Proof of the main theorem

The proof the main theorem is by estimating the amplified spectral average of the corre-
lation sum:

S (I P

T leA
2

> oD K(my)Wyy <m07T P (1)) WR(hoo)doo (73 (1))

Poo€EB(TToo) @ EB(T s MNp) |MEFX

Here A is the set of primes of size L and z; € C with |z;| = 1 (to be chosen later).Also Z(, a)
for an ideal a <<Op is an orthonormal basis of the subspace of right Ky(a)-invariant vectors of
an irreducible cuspidal representation 7. (Recall that the subspace of Ky(a)-invariant vectors
of an irreducible cuspidal representation 7 is finite dimensional.)

Using the computation of section §5.1.1, we have

=3 (1w mP)

leA
2

> | Wanoe () Wroms (5 )

Poo€EHB(Too) prERB(T s, Np) |MEFX
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We will split the [ sum into diagonal and non diagonal pieces as follows:

=S AP

T leEA
2

> Y Y W (5 D) Weomn (5 )

Poo€EB(Too) @ EB(Ts Np) |MEFX

Z( Z Ty T\ ([2)>

™ [1,loeA
(£l
2

Y% | Waeoe (§ 1) Wronon (3 9)

Voo €EB(Too) py EAB(Tr NP) |MEFX

5.3.1. The term [} = [,. Let us look at the term [; = [5 first. We have by Rankin-
Selberg theory for 7 of conductor dividing Dip

> (O] <em (cond(m)) LM < (cond(mo)) (Nmp) L.

leA
Fix € > 0, Substituting the above bound we need to look at

2

D (cond(me))* > > > Waiaypee (’Z} ?) Wrmn ey (73 (1))

™ Yoo €EB(Teo) P EB(T s, Np) |MEFX

We split the sum into cond(7) < Nm(p) and cond(ms) > Nm(p). In the first case by
positivity we get

2

Y fndm)) Y Y W (’g g’) Whin) s (73 (1))

cond(ﬂ’oo7§<Nm(P) Poo€B(Moo) oy €Ky Mp) |mEF™

2

N > > Weha)ooe (73 ?) Wrni1)er <7Z)1 (1)>

T Poo€B(Too) prEB(ms,Np) |MEFX

We will prove by computing the geometric side of the relative trace formula in propositions
6.1.2 and 6.2.4, the following bound. This bound uses the fact that, by positivity the cuspidal
contribution is bounded by the overall spectral average which is equal to the geometric side.

2

m 0 m 0 s
Z Z Z Z Wh(hoo)p,00 (0 1) Wrn1))e (() 1) K foo,F cond(K)* Nm(p)

T Qoo €B(Too) prEB(ms) | MEFX

for some s > 0. Using the result of section §5.1.2, we have
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2

m 0 m 0 R
Z Z Z Z Wi(hoo)p,00 <0 1) Wrn1])ey (O 1) <. r cond(K)* Nm(p)

T Yoo €B(Too) prERB(ms,Mp) IMEFX

for some s > 0.

In the second case, we use rapid decay of the archimedean part in analogy with section
3.3.2 (equation 3.6) in [Nell7] and the trivial bound for the non archimedean average which
is polynomial in Nm(p) (see section §1.4) to get

2

S feomdm Y | Wanaen () Wit ()

COnd(ﬂ'ooﬂisz(p) $oo € (Moo) 5 €Ay M) |mEF™
< (Nm(p)) ™

for any A > 0.
Putting together the results we conclude,

2

SY 0 Y Y |8 W (3 ) W ()

T leA Voo €EB(Too) prEB(Tp Np) [MEFX
< foo e cond(K)¥ Nm(p)tteLtte

5.3.2. The term [; # [,. We see that the non-diagonal part of the sum can be rewritten
as

2

Z( Z xllx_b)\ﬂ(ll)m> Z Z Z WER(hoo)poo <m 0) Wrn e (7(7)1 ?)

T [1,lo€A Poo€EB(TToo) prEB(T s Np) |MEFX
[ #£lo
2

Y Y Y | W (Y

T oo €B(Too) @ EB(ms Np) |MEFX

where

f=Y_ xTph[L] «hll]".
l1,l€eA
l1#l2
Under the assumption that the Fourier-Mobius group of the trace function is contained in
the Borel subgroup, we will show by applying the relative trace formula to f and bounding
the geometric side the following estimate. This bound uses the fact that, by positivity
the cuspidal contribution is bounded by the overall spectral average which is equal to the
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geometric side.

2

> Y Y S ()

T P €EB(Too) prERB(Ty) |MEFX

N
<. r cond(K)®y/Nm(p).L** +cond(K)s$ Z |z, T |-

17l
[1,loeA
The above bounds are obtained in propositions 6.1.4 and 6.2.8.
Using the result of section §5.1.2, we have
2
m 0
Y Y X (X we(rY)
T oo €B(Too) prEB(ms,MNp) |MEFX
<o cond(K)*y/Nm(p).L** + cond(K Z |x, T |-
[l
[1,(26/\

5.3.3. Conclusion. Combining all the bounds together we obtain,

2

SIY e Y Y Wanee () et (7 )

T leA Voo €EB(Too) rEB(m s Np) |MEF*
Koo,r cond(K)*(Nm(p))' ™. L 4 cond (K)*4/Nm(p). L.

Let ¢ be a cuspidal automorphic form in the representation 7 of conductor Ky(91) that
is a pure tensor. By positivity we have the following bound

2

PEE2EOIEDYS WR(hoomoo(o 1) Wrnny) ¢>f<0 1)

[eA meFx
<. 7 cond(K)*(Nm(p))' . L1 + cond(K)®y/Nm(p).L**.

Choosing
N {sign()\,r([)) if [ € A and A\ (1) #0
[ p—

0 otherwise

By the prime number theorem for Rankin-Selberg L functions (see [AVel0] for this choice
of amplifier) we have with the above choice,

L
S e =3 ()] > o I

leA [eA

Putting all this information together and choosing L = (Nm(p))% we get
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m 0 mwy, 0 s E
S Watnagone ()W (7570 0) Kmy)|| < pere cond (K" (Nimp)) .

meF X

This completes the proof modulo computing the geometric side and proving the bounds
that we stated in the course of the proof. This is done in the following chapter.






CHAPTER 6

The geometric side

The aim of this chapter is to complete the proof of the main theorem by computing the
geometric side and bounding it. We obtain estimates in the case of f = h[l] * A[1]* and in
the case f = 3 L,ep TuTih[li] x h[lo]*. The bounds for the case of f = h[1] x h[1]* are in
propositions 6.1.2 and 6.2.4, and for the other case in propositions 6.1.4 and 6.2.8. We will
now compute the integral using the geometric expansion of the kernel

o= [ Ko@) dsdy

[N]x[N]
= [ 1 @y
[N]x[N] YEG(F)

Unfolding the integral and rearranging according to the orbits we get,(see [KLO0G6| for
details)

Im,n - Z [5

(6]

where
Is = / F@™10y)m () (y)dady
Hs(F)/H(A)
where
[6] = {7 '0y|x,y € N(F)} for § € G(F)
and

H = N x N with Hs; = {(z,y) € H|z "6y = 0} for 6 € G.
The Is depend on m,n but the dependence is dropped for simplicity.

Further I; = 0 unless ¥, ()Y, (y) = 1 for (z,y) € Hs(A). If ¢p(x),(y) = 1 for
(x,y) € Hs(A), we will say [0] is relevant. We will now calculate I5 for relevant orbits.

OBSERVATION 6.0.1. Let q # p be a finite place, we know that f is Ko(IM)q-bi invariant.
In particular
fo) = 1tosy (5 1) =16, (§ 1))
T\0 1 i\0 17
fort e O,

Using this in 15 we get I5 # 0 for some 0 only if mOy C cond(v))y and nOy C cond(v)),
for all finite place q # p.
As discussed in the section before, we will apply the relative trace formula to the case

f = h[1]*h[1]* and to the case f = > _,cn Ty Th[L]* Al]". In both these cases the above
observation is applicable.

43
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6.1. The diagonal contribution

Recall that this corresponds to the case:

-G

n = mA.
Is = / f(

—t A 0) (1 t
{t(\1)|te FI\AXA

— / f (8 M?l_ tl) Y(mty — nty)dt,dts.

{t(\1)|tEFP\AXA

Recall that 0 is relevant only if

O =

Set x = Aty — t1 and y = t5 to get

Is = / f (6\ Jf) (—maz)dzdy = c/f (g\ f) Y(—ma)dx

{0} x F\AxA A
with ¢ = meas(F\A).

Recall that we will work with two cases

f=)_ wTph[l] «hL]" = > 2,75 f[h, b

l1,la€A l1,loeA
(£l [ £l

and
f=h[1]*h[1]".

Since f and 1 can be factored, the integral factors into local integrals.
6.1.1. Local computation at q|l;ls, [; # . Let q=1 :

/fq[[h[ﬂ (8 _f) Yq(mz)dx

1 N )
B W/ / Lzt (0 1 )9 N 2(m a1y (97 )by (ma)dgda

where

M(1)g = {M € My(Oy)|det(M) € 107 }.
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falli, te] be(ma)de = ——— [ Lz@r)uw), be(ma) [ 1z, (9)dgda
0 1 Nm([;) 0 1
i Fy G(Fy)
1 (6 )
= — | 1 ma)dx
Nm(ll[z)/ 2F)MW)g \ g 1 ) Yalma)
q
Ao —xw
N 2 M= / ﬂM(lnq( 0 o )wq(mx)dw
[1 deZ 7, q
ANm() Z Log(n=1+2d / g (me)
[1 —1<d<0 490
q
1
e :ﬂ-v A :172d1]- —dmCcond meas(q_do )
Nm([1> e q( ) q = (wq) q

> Nm(q) Loy (x)=1-24-

_ 1
Nm(ll) 0<d<min(1,v4(m))

Letq:[Q:

/fq[[h[ﬂ <8 —1:1;) Yq(mz)dx

)\—x

m/ / L), O 1)9 D Lz(r) M), (97 )g(ma)dgdz.

Fq G(Fy)

Changing variables g — g¢. (3 11;) and using the fact that the measure is right invariant.

1
X
O

— 8

)9 DLz, (g ) g (ma)dgdz.

/ / Lz(F) M (1)
\/ m([y)

FqG

Changing variables y = §

l
N == / / Lz ()i, 6 ‘111) 9 )L zrn), (97 ) (mAy)dgdy.
2
Fy G(Fy)

In analogy with the previous calculation we get,
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> Ll [ vimia

—1<d<0

/fq l1752 0 1) Yy(max)dr = \/7[2

9404
\/7 E 1 yy0=1+24 / Yq(my)d
~1<d<0 —i10,

—[ Z Ty (n)=1+24 Nm(q) 1.
2 —1<d<min(0,vq(m)—1)
6.1.2. Local computation at p.

1 ~ =

/fp[ll, g (6\ _1x> Yp(ma)de = meas(Ko(p))? Nm(p) Z K(a)K(®)

/ / < >K0(p) <8 1x)91)HZ(Fp)<w0p (1)>K0(p)(9‘1)¢p(mx)dgdx.

FqGF)

The integrand is non zero if and only if

(3 1) umenen (5 o

Considering determinants, this implies:

A e (F))O).
Let vp(A) = 2d. The above condition is equivalent to
ooy — o d(—bA + x)) (w a)
P p P
( 0 =y el g 1) Kolp):

Looking at the bottom elements we conclude that in fact

d=
The conclusion is that,
A =T\ -1
]lZ(F) wy a K()<O 1)9 )ILZ(F) (o b K()(g )
Lo 1)t Plo 1)

= Lieo; Lue—(a+b2)+w,0, 1 S -1(g).
Z(Fp)Ko(P)< 0" 1)

It follows that
P —
/ Bl () 7) vplma)da
Fy

1 (Ko(p))ﬂ”v<m>2—1 > k\(a)m@/}p(—(mavan)).

a,bek(p)

=1
ACO; Nm(p)? meas
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Since A € O; satisfies n = mA, we have v,(n) > —1. Suppose

Wy
and n
n=—40,
Wy
The above simplifies to
A —x 1
folli, 1] 0 1 Up(ma)d = Lieo; Nm(p) meas(Ko(p)) Ly (m)>—1Luym)>—1 K (my) K (—ny).
Fy

6.1.3. Local computation for g { [p. Similarly for q 1 [p we have
A —z
/fq[[la [] (0 ) )%Uq(mx)dx = meas(Ko(M)q) Lreo; Limecond(w),-
Fq

6.1.4. Archimedean local computations. Let us now consider the archimedean part
A —
P(m, \) = /foo[[ly [o] (0 1:]0) (max)dx.
Feo

Note that this does not depend on [; and [s.

Since fuo[l1, o] is compactly supported on PGLy(F,,), we conclude that ¢(m,A) = 0
except for A whose archimedean embedding lies in a compact subset of F (the compact set
depends only on f, and not on m.). Further since fy[l, lo] is smooth, ¢(m, A) is a Schwartz
function in m.

6.1.5. The diagonal contribution and bounds. Combining the results of sections
§6.1.1 , §6.1.2 and §6.1.3 we get the following propositions
6.1.5.1. Diagonal contribution for f = h[1] * h[1]*.

PROPOSITION 6.1.1. The diagonal contribution for f = h[1] * h[1]* i.e. the sum over Iy,

A0
0 of the form (O 1

A(m,n) := Z Is

), A € F* reduces to a single term A = -

= Clﬂvp(m)Z—llvp(n)z—lﬂm,necond(w)(P>K<mp)K(_np)¢<m7 A)

where

o meas (Ko () meas(A/F) and \ = "
Nm(p) meas(Ko(p)) S om

Now we average over m,n € F*,
PROPOSITION 6.1.2.

SN Amon)| <o 1K1 Nm(p).

meFX neFx
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PRrOOF.

Z Z A(m,n)| = Z 'K (my) K (—=n,)d(m, \)

meEFX neFx m,n€cond (1) P!

<r KL Y. Loxlo(m, )]
m,necond(y)P—1 n=mA

=K > D lem V).

meéEcond ()P~ AeO*

The A sum is finite by 6.1.4 and we estimate the m sum using lemma 2.8.1 to get the result.
6.1.5.2. Diagonal contribution for f = > x,ZTghl[lh] * h[l]*.
l17#l2

PROPOSITION 6.1.3. The diagonal contribution for

f=Y wTh[] * hlL]"

[1,Ic€EA
h#l2
‘ A0 y . n
i.e. the sum over Is, § of the form 0 1) A € F* reduces to a single term A =
A'(m,n) = E Is = Ly, my>—11u,(n)>—11 ngcondw)(v)—l
s - N ' Nm([l[g)

( Z th_lz]lxe(ax)(lﬂz)K(mp)K<_np)( Z Nm([l)dﬂvll (A):1*2d>

1Al 0<d<min(1,vy, (m))
[1,loEA

( Z Nm([g)_dJrlﬂv[Q()\):le)) ¢(m, A)

max(1-vy, (m),0)<d<1

where
o meas(K(D1)) meas(A/F) and x =
Nm(p) meas(Ky(p)) m

As discussed in 6.1.4, ¢(m, A) = 0 unless A lies in a compact subset of F. For L large
enough we will have for the A occurring in A’(m,n)

> (M) =0.

Averaging over m,n we have for L large enough, we have the following bound:
PROPOSITION 6.1.4.

/ N _
>3 Amm)| < K12 VRS )

meFX neF > 1 7#l2
l1,loeA

PROOF. We have as discussed above,
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1

| A (m,n)| < C,ﬂ.vp(m)zfllvp(n)zfllm,né(condw)@)ln:mkm

( 3 ‘:E[lxb(Nm([Q) m1lyetox A NI() L, (m)>1IL/\€[20X>K(mp)K(—np) )x|¢(m,)\)|.

11 #1
l1,l2€A

This implies

1
> S Wl < Y Il o
%2

meF neF l1ls (], [lz]€C1(O)
l1,l2€A
( Z Z Ly, m)>—1L oy, (m)>1 Line (cond ) Nm(l2) ‘K(mp)K(—mpAou)gb(m, Aou))

meFX ueOX*

K(mp)m—mp%)(p(m, A%)

The sum over units is finite and of absolutely bounded length (depending only on F f..).
The m sum is over the lattice %cond(w) in the first case and over %cond(@b) in the second
case. The result follows by applying the lattice point counting lemma 2.8.1. U

+ Z Z ﬂvp(m)zflﬂvll(m)zlﬂme(condw)@) Nm([l)

meF*X ueOX

6.2. The non-diagonal contribution

0 n
(1 %)
10
for p e F*.

By explicit calculation, the stabilizer is

Hs(A) = (e, e).

The next case is

So all §’s are relevant.
With p € F* we have

I — / Fn(t)~20n(t2) ) (mity o (nt)dnyding

N(A)xN(A)

= [ () vont it i

AxA

Like in the diagonal case, the orbital integral is factorizable. We write down the non-
archimedean parts below:

It f = h[1] = h[1]",

N A A G P L A A
2

ArxAr G(Ay)



50 6. THE GEOMETRIC SIDE

Considering the support of A[l] and computing determinants, we conclude that there
exists ¢ € At (unique upto multiplication by an element of O*) s.t.

Au e o0~

For any such choice of ¢ € A}, let us make a change of variables t; = ct} and ¢ = ctj, to
get

1 - _ tta — mt—nt
b= [ [ () AT e  dndrady

f Y
ArxAs G(Ay)

If £ = h[ly] * h[l)*

t’ A W —
= [ [ gt () TG nt oty ats g
ApxAr G(Ay)
Considering the support of hy[l] and computing determinants, we conclude that there
exists ¢ € A¢ (unique upto multiplication by an element of O*) s.t.

[~
OX
2

2
S
crer

For any such choice of ¢ € A7, let us make a change of variables #; = ¢t} and ¢ = ct; to
get

t1t2 —
o= [ [ (0 ) g e e ddg
llelIZ, ¢ ta ¢
Ay XAfW
Note that ¢ is an idéle as defined above, but in what follows we will also denote the
components of ¢ by ¢ so as not to overload notation. The reader may be able to understand
which local component is meant, from context.

6.2.1. Local computation for q 1 [;[op. Let S be the set of finite places coprime to
[1[op. Let us calculate:

_t tltg B mt —nt
/ / h1< 1 CU— t2 >g 1)h2(971)w(#)dt1dt2dg

c C

AgxAg G(Ag)

where (hy, ha) = (hg[li], hs(l2]) or (i, ha) = (hy.s, hy.s). Recall that hg = Lg,m)szas) in
both these cases, we see that the above equals:

mtl—ntg
meas (Ko ()) / Locos Leends Liyty—c2pects W (————)dt1dl>.
65><65

Since the integrand is constant on cosets of c@s, it follows that
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—t — bl mt; — nt
/ / hl( S t, ¢ )9 g™ (——)dtdtzdg

AgxAg G(Ag)

= meas(Ko(N))(meas(cO;))*1 55, Lmecond()s Lnecond()s > U

51,52€05/cOs
5132562u mod cOg

6.2.2. Local computation at p. Let us calculate the local integral:

1 = T —ct] cp—cthth) _
K K(b 1 ( 1 /12) 1
e 2 K@ko [ f (T Dt 7

a.bek(p) FyxFy G(Fy)

1 - (97" )bp(mt} + nth)dgdt' dts.
Z(F@( >K0(P)

We make the change of variables:

ty = c(t] +a)

ty = c(th + b)
to get

1 ~ =

meas(Ko(p))2 Nm(p) W Z K(a)K(b)yp(—(ma + nb))

a,bek(p)

—ty+ac cp—c(E —a)(2-b)\ _,
L Wy a & 52 — be ‘ g )
: Z(Fp>< 0 1>K0(P)

FyxFy G(F,

mt1 — nt2

1 = b (g7 )y(
Z(Fp)<0p 1>K0(P)

We want to understand when we have

—wpty + acw, cp— (% —a)(2 —b) — bty + abc) (wp a)
(e, 3 <(7 1)

This is equivalent to demanding;:

(Pu—tita)
—¢, Cpztita)
( ! Cwp ) S Ko(p)

(o 1o

Therefore
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ti4+ac cp—c(® —a)(2—b)

I ( ) g1 (97)
Z(Fp)<?ﬂop 61L> Kolp) ‘ t2 —be Z(Fp)(wop (1)> Ko(p)

- ﬂvp(c)zoﬂop (tl)]l(f)p (t2)ﬂt1t2—02y€cwpl 71(9).
Z(Fp)Ko(p)< 0 1>

The integral evaluates to

1 1 A_
meas(Ky(p)) Nm(p )|C’2 Loy(e)20 bz;F K(a (0)¢p(—(ma + nb))

mt1 — nt2
/ 1t1t2502u mod cwpwp<—)dt1dt2.

Opx Oy

The integrand is constant on cosets modulo cwy, so we get

! S R(@)R(b)y(—(ma+nb))

»(c)20 meas(Ko(p)) Nm(p) a,beF,

Z w<w) / wp (mtl — ntz)dtldtg.

&
51,52€0p [cwmp Oy wpOp XwpOp
8182502;1,

The local integral at p is

1
vp(€)20 meas(Ko(p))(Nm(p

1

))2]lvp(m)Z—llvp(n)z—lK(mp)K(_np)
mti,S1 — NTWyS
Yoo g (— ),

CWy
51,52€0y /ctop Oy
§182=Cc i

Recall our assumption that p is large enough so that cond()) and p are coprime.

6.2.3. Local computation at q|l;ls, I; # 5. Let ¢ = [;. Looking at determinants we
can choose ¢ € AX in such a way that cgu € Oy . We need to calculate the local integral:

—cty ¢ — ctity

VN [1 / / Laramn \ ¢ cto

FqXFq G(Fy)

)g_lﬂZ(Fq)M(IQ (g~ 1)y (mty —nty)dgdt, dt,

where

M(1)y = {M € My(O,)|det(M) € 10}}.

—cty cp — ctity

1
vl A G

FyxFy
Changing variables we need to look at

) Yg(mty — nty)dt dts.

t1 cu— L2

oy, .t (7

FyxFy
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mt; — nt
#)dtldtQ

1 msy — NS
= Tﬂ-ceoq:ﬂ-meoqﬂneoq Z @qu(f)
\% m( 1) 51,52€04/cOyq4

51892 Ecz,u mod cOq

Recall our assumption that [; is large enough s.t. cond(¢)) and [; are coprime.
The local integral at place I; is

1 msy — NS
N—lﬂceoqﬂmoqgoqﬂnoqgoq E wq(—c )-
Hl( 1) 51,52€04/cOy
s1s2=c?p mod cOyq

Now let g = l. Looking at determinants we can choose ¢ € A} in such a way that
ca,u € é(’)qX We need to calculate the local integral:

—cty ¢ — ctity

VN [2 / / Lo\ ¢ cty

)9_112(}«1])M([2 (g7 1)y (mty —nty)dgdt,dt,

FqXFq G(Fy)
where
M), = {M € My(O,)|det(M) € 1O}
1 ta ity 1
- / / Lagrm(a | 4 Pty © ) 97 Lamymq, (97 )bg(mty — nta)dgdtidty
Nm(ly) ” o

FaxFq G(Fq)

1 ta tita 1
= —— / Lz(F) M), (ﬁ Fy ) Yq(mty — nty)dt,dts.
Nm(lg) cp cu

FyxFy

Changing variables we need to consider:

1 to  cutit
= ———|cp* / Lz (Fo)p(12),q (_21 8 L > q((mty — nta)ep)dtydts.
Nm(lg) cp 1

FyxFy

Denote ¢ := L.
cn

to m —du nto
Fq)M(12)q (_c/ —t @Z}q(#)dtldb

WW |

Fyx Fy

1 msy — NS
vﬂaeoqﬂmoqgoqﬂnoqgoq E %(—C, ).
m( 2) 51,52€0q /' Oq
s152=(c')2p  mod 'Oy
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6.2.4. Archimedean local computation. The archimedean local component is given
by

¢(m7 n, ,u) = / foo[[la [2] (_fl K _tQtlt2> iﬂ(mtl)w(ntg)dtldlb
Foo X Fso

Since fu|[l1, Is] is compactly supported on PGLy(Fl,), we conclude that ¢(m,n,u) = 0
except for p that satisfies

||y >y p 1 for every v|oo.

Further since foo[ly, 2] is smooth, ¢(m,n, u) is a Schwartz function on m, n.
For later computations we will also need to compute the Fourier transform. It has the
following simple shape

Qg(manaﬂ> - foo[[h [2] <T{L M_mn) .

—n

6.2.5. The non-diagonal contribution and bounds. First we would like to define
some Kloostermann sums: Let S be a set of finite places and let a,b,c,d € Og. Recall that

(95 = HqES Oq.
We denote
asy + bs
Kls(a,b,dic) = > ws(%)
51,82€05/cOg
SlsQEd
and by
asy + bs
Kls(a,bic) = ) ;M%).

sl,széas/cas
s182=1

We will write Kl(a, b, d; c) instead of Klg(a,b,d;c) and Kl(a, b; ) instead of Klg(a,b; )
when the set of places is clear from context, in order to simplify notation.

Note if d € 6§, then Kl(a, b, d; ¢) = Kl(a, db; c) = Kl(ad, b; ¢).

6.2.5.1. Non-diagonal contribution for f = h[1] x h[1]*. Let

1
ColP) = cas(Fy (p)) moas (o (90)) (Nm(p) -

We will drop the dependence on p in the sequel for simplicity.
Combining the results of sections §6.2.1 , §6.2.2 we get the following proposition

PROPOSITION 6.2.1. The non-diagonal contribution to the geometric side is given by

B(m’ n> = CO Z lcem@\ﬂmeE@\ﬂnwpe(/D\ Kl(mwp? Ny, cgll” CPwP)
nec

Kl(m, n, s cs)K (my) K(—ng)é(m. n. )

where
C=F*n (A}()QOX.
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This is exactly the set of rational elements that have an even valuation at all the places.
ceE A; 1s any idele satisfying

Au e o0~
The choice of ¢ fol a given p is not unique. Two possible choices of ¢ differ by multiplying
by an element of O*. FEach summand however is independent of this choice.

OBSERVATION 6.2.2. As discussed in §6.2.4 |ptlooc >fr 1,

|C|Af >rp L.

The choice of ¢ is only up to multiplication by an element of (/D\X, so we may think of the ideal

that corresponds to ¢, and the above inequality implies the norm of that ideal is bounded.
Observe that in the sum the ¢ that appears has to be integral. We have in conclusion

1 <Lsr lela, < 1.
So for sufficiently large Nm(p) , we have
lefp = 1.
We wish to analyse and bound the sum
Z B(m,n)
mneFr

using the adelic Poisson summation formula. Note that B(m,n) is indeed a Schwartz-Bruhat
function of m,n. Recall that

1
meas (Ko (p)) meas(Ko(N)) (Nm(p))*

PROPOSITION 6.2.3. The adelic Fourier transform of B(m,n) is given by

B(m7 n) = OO' Nm<p) Z Z ILce‘ﬁ@ﬂer%Econd(z/))]anr%QEcond(z/;)

nel tit2 Ec2u
mod cwy

00:

—~ 1\ ~ 5\ ~
K(m + —1>K<n + —2>¢(m,n,,u).
c c
PROPOSITION 6.2.4. For Nm(p) large enough as in 6.2.2, we have the following bound

Z /B\(m, n)| <. cond(K)* Nm(p).

where cond(K) is the smallest conductor among all sheaves whose trace function is K.

PROOF. First note that we have

Since K is a trace function which is not an additive character, K is bounded independent
of Nm(p). (Recall that the Fourier transform on k(p) is unitarily normalised.) So bounding
the summands trivially we get
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Co. Nm(p Z Z Z Lol econd(w)ﬂm%econd(w)

mneF* pel tita=cp
mod cwyp

f(\<m+ ﬁ)k\(n—i- t—z)a(m,n,,u)‘

<<F HKH Z ﬂce‘ﬁ(’) Z Z ‘lm+t1 €cond () ﬂn+ Gcond( )qb(ma n, ,u) .

titeo= c? no msn
mod cwyp

Zﬁ(m,n) =

The innermost sum in terms of m,n is absolutely bounded uniformly in ¢;,%,. The bound
depends on the test function f.. So we get

2

oo Z ]1069?6 Z L.

nec tita=c?p
mod cwy

—~

Zé\(m,n) L F fon HK

Proceeding further,

—~

. 12
> Blmom)| e ||| leli} Nan(p) < |

m,n

_ Nm(p)

In the first inequality we use the fact that the p-sum is of absolutely bounded length
(depending on the test function). From observation 6.2.2 we know that |c[4, > 1 so the last
inequality follows. Finally since we have assumed the sheaf F underlying the trace function
K is Fourier, the correlation sum of the trace function with the additive character satisfies
square root cancellation i.e.

HEH < cond(K)?.

We refer the reader to section §3.4.

6.2.5.2. Non-diagonal contribution for f = > x,Tph[li] * h[le]*. Let S[l, 5] denote the
170
set of finite places not dividing [;ly and S’[ly, ] denote the set of finite places not dividing

[,lop. For every Iy, [, and p we choose ¢ € A% s.t. 2y € 220X, We don’t denote explicitl
p y 1 7 ne - y
the dependence of ¢ on [, [, u to not overload the notation.

PROPOSITION 6.2.5. The non-diagonal contribution to the geometric side is given by

Nm(p)
Nm([1 [2> Z CS[[l,[Q]emOS[[l,IQ] ]]'mwaO:H'anGO

h#l peCy 1,
l1,l2€

B'(m,n) = Cy.

Kl(mwy, nwy, cpi; ¢ywy) Kl(m, n, C%/[[l,b]ﬂ; sty 1)) K (my) K (—ny)
11
]10[16(9[1 Kl(m7 n, C[Qllu; 0[1)16[%6(9 Kl(m n, c2 1 aW(ma n, :u)
2 o 2
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Here
Coi, = F*n (A?) —

ForpedCy,y,, ce A; 1s any idele satisfying

T, —
cu e —0%.
Wi

2

The choice of ¢ for a given p is not unique. Two possible choices of ¢ differ by multiplying
by an element of O*. FEach summand however is independent of this choice.

OBSERVATION 6.2.6. Since |pt|oo >, r 1 and elements in A are of the same size, we have
lcla; >pr 1.

The choice of c is only up to multiplication by an element of 6X, so we may think of the ideal
that corresponds to ¢, and the above inequality implies the norm of that ideal is bounded.
Observe that in the sum cwoy, has to be integral. We have in conclusion

1< r |C|Af < L
or more precisely
1 <L F ‘C‘Af

and

e, |a, < 1.

We will take all the places in A to have the same size L (i.e. L < Nm(l) < 2L) and we

NH;(P) o

So for sufficiently large (depending on f ) p and L, we have

will let Nm(p) — oo and places in A go to infinity s.t.

|CP|P =1 and ’C[2|[2 > 1
in the sum.

We wish to now analyse and bound the sum
Z B'(m,n)
m,neF

using the adelic Poisson summation formula. Note that B’(m,n) is indeed a Schwartz-Bruhat
function of m, n.

PROPOSITION 6.2.7. The adelic Fourier transform of B'(m,n) is given by

i Nm(p)
B,(m’n) = CO‘ Z ﬂw ce‘ﬁaﬂw cmea]lw an(/Q\
v/ Nm(ll) N . : -
l1,l2€

%(Ka Ym,n (:U“)) ﬂmneu.t,_ﬁ@a(ma n, :u)) :
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Note that

C (K, Y (1) = D K (mn(p)2) K (2)
z€k(p)
is the correlation sum with

i) = (7)€ PGL k().

Recall that
Sommp) = 1 (7 F 7M.

—n

PROPOSITION 6.2.8. Let us assume that the trace function K has Fourier-Mdbius group
contained in the standard Borel subgroup. We have the following bound for L and Nm(p)
large enough (as in 6.2.6)

Z B'(m,n)| <. cond(K)*L¥**W/Nm(p)

m,neF

where cond(K) is the smallest conductor of a sheaf F whose trace function is K.

PROOF. Recall that
Co. Nm(p) <pm 1.
The proof follows by a case by case analysis:
We noted that vy, (ci,) =0 or —1 and |¢[4, > 1. This leads to the following three cases.
Case 1: v,(c,) =0 and v, (¢,) =0
In this case we bound the summands satisfying vy, (c,) = 0 and vy, (¢,) = 0. The part of
the sum satisfying this condition will be denoted as I.

We have

b= G i) Nm [1[2 Z Z Z w1, ceNO wllcmeolw[zcneo

mnGF l1#l2 ,LLEC[l
[1,I€EA

6(p)¢(m7 n, :U’)

%(K, Vm,n<:u)) ﬂmnGMJF - @)
wIZC

Since Yy, () is clearly not contained in the standard Borel subgroup and hence in the
automorphism group attached to K, using corollary 3.4, we have square root cancellation,

€ (K, Ymn(1))] < (cond(K))*/Nm(p).

I<<C0nd E) " N [ [ z : z : @, ceNO : : W[ cmEO w, anO]lmne -0, qﬁ(m,n,u)‘ :
VNm(hk) (= HECH 1y mneF
I1,lEA

Since the product mn has valuation at least —1 at place [ , [ym and Iyn are not both
integral. This allows us to split the sum into two parts:
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Leond(K) m Z Z W[ZCEZYIO( Z ﬂwlzcmeﬁlcneﬁ)gb(m’n?“)‘

[1#[2 /LEC[I Iy m,neF
l1,l2€A

+ Z ﬂcmeaﬂzU[zcne(/Q\ ’¢(m7 77,, ,u)‘ ) .

m,neF

We may think of the p-sum as a sum over ideals J satisfying %J 2 is a principal ideal.
This is by defining the ideal J to satisfy

Moreover we saw in observation 6.2.6 that ¢(m,n, 1) # 0 only if | Nm(J)| < r 1 and in
this case J is integral i.e. |Nm(J)| > 1. So the p-sum is finite and of absolutely bounded
length.

By the lattice point counting lemma (lemma 2.8.1), we bound each term in the p-sum.

Z ﬂwucmeaﬂcnea‘(b(m’mu)‘ KEM foo |wlzc‘Af|c|Af KPN foo L.

m,neF
Therefore,

I <<F,‘ﬂ,foo,cond(K) L2 V Nm(p)

Case 2: v,(c,) = —1 and v, (¢y) =1

In this case we bound the summands satisfying v, (c;,) = —1 and vy, (¢,) = 1. The part
of the sum satisfying this condition will be denoted as II.

We have

N
IT = CO- Nr:lll [1[2 Z Z Z ﬂwlzce‘ﬂaﬂwlzcmealwlzcnea

m?’LEF 1 #lo MGC[l Iy
[1,[2€AU[ (c; y=—1
oy (0[1) 1

1
=, c(P)
2

Since Yy, (1) is clearly not contained in the standard Borel subgroup and hence in the
automorphism group attached to K, using corollary 3.4, we have square root cancellation,

€ (K, Ymn(1))] < (cond(K))*y/Nm(p).

Nm(p) 2
II <<cond(K) N—[[ Z Z I]'W[ZCE‘JT(/?\ Z Liner :H-nEI:H-mnE/H-I ’¢(ma n, M)‘ :
m( 1 2) 1 #lo ,U,EC[I Iy m,neF
[1,12€A y (er,)=—1
vy (Cll) 1
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where [ := Fﬂ

(9 is a fractional ideal satisfying

INm(I)| = |w,c| >rf. Lt

We may think of the py-sum as a sum over ideals J s.t. {—fJ 2 is a principal ideal. This is by
defining the ideal J to satisfy

Moreover we saw in observation 6.2.6 that ¢(m,n,p) # 0 only if |[Nm(J)| < 1 and
J is divisible by % Let us write J = %J’ with J integral. Since [; and [, are of the same

size, we have a(m, n, 1) # 0 only if | Nm(J')| < r 1. So the py-sum is finite and of bounded

length. Now we bound each term of the p-sum.
By the lattice point counting lemma 2.8.1, we have

Z ]lmelﬂnelﬂmne,u+l ‘¢(m,naﬂ)‘ <<F7m:foo |Nm([)’71 <<F9m7foo L.

m,neF

Therefore,

IT <5, fuo cond () L7/ Nm(p).

Case 3: v,(c,) = —1 and v, (¢y,) =0

In this case we bound the summands satisfying v, (c;,) = —1 and vy, (¢;,) = 0. The part
of the sum satisfying this condition will be denoted as III.

We have

III := C Nm [1[2 Z Z Z ﬂwlzcemalw[lcmeaﬂwlzcnea

mnGF 1 #ly ,U,EC[I Iy
WEA vy, (ery)=—1

'Ull(cll) 0

%(K’ 7m7n<u))]lmn€u+ 6(p)¢(m7 n, ,u)

1
=, c(P)
2

Since Yy, (pe) is clearly not contained in the standard Borel subgroup and hence in the
automorphism group attached to K, using corollary 3.4, we have square root cancellation,

€ (K, Ymn(1))] < (cond(K))*y/Nm(p).

I1I <<cond(K) Z Z ]lw cendO Z Lnerlner ILmne/ﬁ-l ‘(}\(m, n, ,U/)‘
Vv VNm(hk) [1[2 G#l  peCy * mneF
[1,l2€A vy, (cy)=—1
vy (e )=0

where [ := F

Nm(7) = |wycla;, >r .. Lt
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We may think of the pu-sum as a sum over ideals J s.t. %J 2 is a principal ideal. This is
by defining the ideal J to satisfy

Moreover we saw in observation 6.2.6 that ¢(m,n, 1) # 0 only if |Nm(J)] < r 1 The
non-archimedean condition implies J is integral outside [, and at [, has valuation —1. Let
us write J = éJ’ with J’ integral and not divisible by [y, ;. Since [, is of size L, we have

~

¢(m,n, ) # 0 only if |[Nm(J')| < L. So the p-sum is finite and of length L. Note that

we have .
() = = (')
L

and

under the new parametrization.

Also recall that
~ B m o pu—mn
Sommpy = 1 (7P

Hence (since f., is compactly supported modulo the center)

907,11 1)) € e Ly T M/ Moo/

The inequalities in the indicators also depend on f,, or more precisely its support.
Now we bound each term of the p-sum

Z lmel]lnel]lmneu-i-[ )¢(m7 n, ,LL) ‘ < Z ﬂk’elﬁ-I Z ]lmn:k-
m,nEF |k'7ﬂ|oo<<\/m m,nEI

Mmoo </ 1loo
[nloo <y/I1tl oo

We bound the innermost sum using the divisor counting lemma (lemma 2.8.3). Also note
that Nm(k) < Nm(p).

Z Lyept1 Z L=t < (Nm(,“))o(l) Z Lyeptr-

I
|k—pl oo <A/ |1l o m.ne lk—ploo <A/ |1l 0o

Moo foo v/ Il
Infoo <y/ |11l oo

By the lattice point counting lemma 2.8.1 we have

(Nm(p1))"72
Nm(7)

= (Nm())°M/Nm(I, ) < L(Nm(p))°D.

The last equality follows by substituting the expression for (1) and I in terms of J’ that
we noted earlier.
Now rewriting the ¢ sum under the new parametrization using J’ we have

Z ]]-mEI:H-nEI:H-mnE/L-‘rI ’gg(ma n, M)‘ < (Nm(lu’))O(l)

m,neF
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N—m(}j) Z Z Z ﬂ-melﬂ-nelﬂ-mnEM-I-] ’5(7717 n, lu) ‘ :

Nm(h [2) [ o4’ ((]/)2_( ) m,neF
Nn|J’ fily ™
Nm(J')<L |plec<L?
[(J)?/uk]=1

Therefore putting everything together and using the unit counting lemma (lemma 2.8.2)
we get

I K pm, foo cond(K) [3+o() Nm(p).
Putting all the three cases together proves proposition 6.2.4.
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