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Abstract—Logic synthesis is an ensemble of algorithms that
optimizes digital circuit representations and maps them to a
chosen technology. Minimizing the number of gates is essential to
reduce area occupation and power consumption. As the problem
is intractable, heuristic logic transformations are used. In par-
ticular, resubstitution attempts to express the function of a node
using other nodes already present in the network. State-of-the-
art resubstitution engines can only identify new implementations
with support of up to three inputs or being simply decomposable.
This work aims at extending resubstitution to non-decomposable
functions with more than three inputs and it outperforms previ-
ous methods. We apply our method on highly optimized designs
from the ISCAS and EPFL benchmarks, achieving additional
average improvements of 18.50% and 8.36%.

Index Terms—Ilogic optimization, resubstitution, SPFD, XAIG.

I. INTRODUCTION

HE operation of digital chips relies on switching millions

of gates within the combinational circuits they contain.
Each of these circuits is one of many possible implementations
of complex Boolean functions. Finding implementations mini-
mizing the gate count is an effective approach to obtain smaller
chip sizes, fewer wires, and reduced power consumption.

Logic synthesis is an ensemble of algorithms that optimizes
network representations before mapping to a specific tech-
nology library [1]-[3]. Reducing the number of nodes in the
network representation is crucial to reduce the number of gates
after mapping. As the problem is intractable [4], various logic
heuristic transformations are used.

Resubstitution (also called substitution) is a very effective
transformation that tries to express (resynthesize) the function
of a node using a set of candidate nodes already present
in the network [1]. The transformation is accepted if the
new implementation reduces the node count. The exploited
nodes are named divisors because resynthesis generally occurs
through a decomposition presenting the mathematical structure
of a division [5], [6].

There are two key sub-problems in resubstitution:

1) Select a support from a set of candidate divisors.

2) Resynthesize the function using this support.

State-of-the-art resubstitution engines adress these problems
by combining functional simulation, decomposition and SAT-
solving [7]-[10]. These engines are highly effective when:

1) The number of support divisors is 3 or less.

2) The functionality of the node is simply decomposable.
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This work extends resubstitution to functions with more than
three inputs and that are not simply decomposable. Our
method relies on set of pairs of functions to be distinguished
(SPFD), a powerful functional representation for investigating
the dependency of different nodes [7], [11]-[13]. In this work:

1) We define an SPFD-based cost-function H(x;) for eval-
uating whether a divisor x; should be selected.

2) We devise a support selection algorithm based on H(-).

3) We devise a resynthesis algorithm based on (-).

4) We use these algorithms in a resubstitution engine.

The experimental results show that our approach enables
resubstitution to achieve far better results than state-of-the-art
engines. We apply our method on designs for which state-of-
the-art resubstitution [10] could not find any further optimiza-
tion. Our heuristic unlocks additional average improvements
of 18.50% and 8.36% on the ISCAS and EPFL benchmarks.

II. BACKGROUND

A. The Boolean Network Representation

A Boolean network is a directed acyclic graph in which
nodes represent logic gates, and edges represent wires. Xor-
And Inverter Graphs (XAIGs) are Boolean networks in which
nodes are two-inputs XORs or ANDs, and negated edges are
inverters. XAIGs are efficient representations because a single
node can encode any binary Boolean operation [4], [14].

If there is a path from a node x; to a node z, x; is in the
transitive fanin (TFI) of z. The primary inputs (PIs) are nodes
without fanins in the network. The maximum fanout free cone
(MFFC) of a node « is the set of nodes that are x, or a node
in the TFI of x whose fanout is uniquely in the MFFC.

A cut of a node z, is a set of nodes, named leaves such that
any path from a PI to z passes through one leaf. The local
function of node x with respect to a cut is the Boolean function
of the subcircuit identified by the cut. The global function of
node x is the Boolean function of the sub-circuit defined from
node z to the PIs. With an abuse of notation we refer to the
global function of x as x : B" — B.

B. Sets of Pairs of Functions to be Distinguished

Let x : B™ — B be the global function of a node. A minterm
M € B" is a possible inputs assignment. Then, = induces a
partition of B™ in two subsets: the onset and the offset, such
that x(M) =1 and (M) = 0, respectively.



The global sets of pairs of functions to be distinguished
(gSPFD) at node « is a function Y, : B” x B" — B:

Y, (M;, M) = z(M;) & z(M;)

0 VM, M; €B* (1)

This function verifies if x distinguishes M; and M; because
one is in the onset and the other is in the offset [7], [12], [13].

When exhaustively simulating a network is intractable, it is
customary to select a subset of the input minterms M C B"™,
perform the functional simulation of the network, and treat the
resulting partial truth tables 2, named simulation signatures,
as an approximation of the global functions. The approximate
SPFD (aSPFD) T; is obtained by evaluating Eq. 1 on & [15].

The information graph (IG) is a graphical representation
of an SPFD where the vertices are the minterms, and the
adjacency matrix is defined by Yz [16]. The black graphs
in Fig. 1 are the IGs of the nodes in a simple network.
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Fig. 1: From top to bottom: global functions at the cut nodes,
their IGs, and the covering check of the target IG at each cut.

C. Dependency and Graph Covering

A dependency function for node z and set C={z.()}}_;, is
a function g : B¥ — B s.t. 2=g¢(C) [17]. Given a node x and
a set of variables C, a necessary and sufficient condition for
the existence of a dependency function is that, VM;, M; € B",

x(M;) # x(M;)=3x; € C s.t. 2 (M;) # x1(M;).  (2)

When C is a cut of a node x, the local function constitutes a
dependency function, and Eq. 2 is necessarily satisfied.
Using the definition of SPFDs (Eq. 1), we rewrite Eq. 2 as

k
Yo (M;, My)<\/ Yo, (M;, M;) 3)
=1

Where a < b (or a = b [4]) is O only if a = 1 and b = 0.
Eq. 3 identifies a covering condition on the IGs: the IG of
node z is covered by the union of the IGs of the nodes in C
for which there is a dependency function. Fig. 1 illustrates the
satisfaction of Eq. 3 at the cuts {xzo, z1}, {z2,z3}, and {x4}:
the IG of z is covered by the union of the IGs at each cut.

D. Resubstitution and Related Works Based on SPFDs

Boolean resubstitution (RS) is a logic minimization heuristic
that can optimize Boolean networks in which:

1) There are nodes with constant global function.

2) There are nodes with the same function (up to negation).

3) There are nodes that can be resynthesized with a new
set of variables reducing the node count of the network.

An important sub-problem to address in RS is the support se-
lection problem, i.e., finding a new set of nodes to resynthesize
a target node. Since a valid support must satisfy Eq. 3, several
RS methods can be understood using this equation.

Originally, gSPFDs were computed exhaustively [18]. More
recently, Zhang et al. [7] combined partial simulation and SAT-
solving to reconstruct gSPFDs and identified valid supports
from a set of candidates. Reconstructing the gSPFD with SAT-
solving makes the method computationally intensive [15].

In logic rectification, Yang et al. [15] addressed this problem
using aSPFDs. Nevertheless, their method relies on expensive
heuristics that iterate through all the edges of the aSPFDs.

Goldberg et al. [19] proposed an RS-like algorithm for
subcircuit replacement. However, they only use the initial sub-
circuit’s inputs, restricting the method to local optimizations.

E. The Simulation-Guided Paradigm For Resubstitution

Algorithm 1 shows the structure of state-of-the-art RS
engines [8]-[10]. We name urs our implementation. First,
urs simulates the network with |M]| simulation patterns.
Next, for each node z, urs identifies a list of divisor D from a
structural exploration of the network, and uses unateness-based
heuristics to select subsets of divisors as candidate supports for
resynthesis. For each of the candidate supports, if the node can
be resynthesized via decomposition and the transformation re-
duces the node count, a SAT-solver verifies whether the trans-
formation can be applied preserving functional equivalence.
This method effectively identifies resubstitutions with supports
smaller than 4, or with simply decomposable functions, i.e.,
functions such that every node in the resynthesized circuit has
at least a fanin that is a support variables.

Algorithm 1 (METHOD)rs(N; M|, Niaz)

I: random_simulation(N,|M])

2: for all z € \V do

3 while iteration < N,,,, do

4 D+ collect_divisors()

5: Tpew < resynthesis(METHOD)(z)
6

7

8

9

if #(removed nodes) > #(new nodes) then
equivalent«—SAT-CEC(Zpew, T)
if equivalent then
: return the subcircuit to perform optimization
10: else
11: update_simulation (N)

In the next section, we describe a support selection and a
resynthesis algorithm allowing us to go beyond the limitations
of urs. By characterizing algorithm 1 with these techniques,
we obtain a new RS-engine that we name irs.



III. SPFD-BASED RESUBSTITUTION
A. Covering Processes and SPFD Representations

Given a node x and an ordered set of nodes C = (xc(1))i_,,
a covering process is the sequence YO — Y1, . .Y!. . 71T
where Y = T,, and at each step ¢+ we remove the edges
covered by T,_, . Fig 2 shows an example where we use
simulation signatures of length |[M| = 5. We name H(Y?!)
the number of edges of YT%. To implement this process, we
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Fig. 2: From top to bottom: covering using IGs and simulation
signatures, and number of edges H(Y’) after covering.

need an efficient representation for SPFDs.

Using the truth table of the function in Eq. 1 allows for a

straightforward implementation, because covering is a bitwise

operation Tt = Y, =~ < Y.~ and counting the edges is

popcount (Y!)
2

c(t)
a popcount operation H(Y%L) = . However, the
memory cost of this representation is quadratic in the number
of minterms O(]M|?), limiting the size of the simulation
signatures and, consequently, the expressiveness of aSPFDs.
An alternative approach is to perform covering using the
| M|-dimensional simulation signatures. Covering the graph
with T, corresponds to exploiting the information of ),
i.e., to separate the graph in two disconnected parts identified
by x(s). This amounts to partitioning the signature of = using
the onset and offset of x(;). The bottom part of Fig. 2 shows
the partitioning of the signature. At each step, H(Y%) is the
sum of the products of the number of Os and 1s in each part.
This representation requires a O(27'| M |)-memory occupation.
The choice of a representation depends on T and | M].

B. The Support Selection Algorithm

Let x be a target node and D= {xd(l)}lDzl a set of candidate
divisors. The support selection problem consists of finding a
subset C C D satisfying Eq. 3. We define two algorithms, both
relying on the definition of a covering process: at each step,
we choose a divisor, we update the support, and we cover Y.
We aim for sets C satisfying Eq. 3 and having small sizes:
small supports contain more informative variables, which are
more likely to result in compact resynthesis sub-circuits.

The first approach we consider is a greedy strategy [20]. Let
Y! be the partially covered IG at iteration ¢, and H(Y,, <
Y!) the number of remaining edges after covering Y% with
Y.,. In greedy support selection we choose the divisor z;
minimizing H(Y,, < T.), and we break ties at random.
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Fig. 3: Greedy support selection: Att = 1 two xy and z; have
the same cost H(z;)=3. The tie is broken at random and 2,
is selected. At ¢t = 2 the divisor zy completes the covering.

Fig. 3 illustrates the greedy support selection using the 5-
dimensional simulation signatures of three divisors: at each
step ¢, the divisors are tested based on the IG covering they
induce, until obtaining the support Cy = {z1, 2z}

The greedy heuristic does not guarantee finding the smallest
size support or the best support for the resynthesis problem.
To increase the capability of the algorithm to explore small
size solutions, we define a statistical version of the algorithm.
At each step t of the covering process, we define a probability
distribution over the candidate divisors, and we sample a
divisor from it. The probability distribution reads

p(ai; B, 1) oc e PHT=<Te) yp e D &)

The divisors covering the largest number of edges have the
highest probabilities. In the limit 8 — oo, the algorithm
degenerates to the greedy approach: the only divisors with non
zero probability are the ones with the lowest H(Y,, < YTi71).
As B decreases, the likelihood of selecting locally sub-optimal
(but potentially globally optimal) divisors increases, until all
divisors are equally likely in the limit 8 — 0.

The flexibility of the statistical approach comes at the cost
of an extra O(D) runtime at each iteration for sampling.

C. SPFD-Based Cut-by-Cut Resynthesis

Let = be a target node, and Cy a set of divisors satisfying
Eq. 3, i.e., a support. The resynthesis problem consists of
finding a sub-circuit taking the nodes in Cy as the input, and
having the output node with the same global function as x. We
synthesize circuits one cut at the time. We aim for networks
with a close-to-minimum number of nodes to maximize the
optimization potential of resynthesis.

The set Cy contains the inputs of a small network, or a set
of divisors in a bigger circuit. At each level /, we add a new
cut to the netlist, i.e., a set C; = {z,;)}1,. Following the
discussion in Sec. II-B, each cut C; must satisfy Eq. 3, i.e., C;
must have enough information to resynthesize x.

Synthesizing a circuit one cut at the time has the advantage
that, at each level [, there is a small number of candidate new
nodes to add: each element of C; is either a wire pushing a
variable in C;_; forward, or a binary Boolean operation from
the set {V,<,>,A,®} between two variables in C;_;. The
enumeration of these candidates identifies a set D;, from which
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Fig. 4: Adding the cut C; to the circuit. From left to right:
enumeration of the candidate nodes and selection of the cut.

we can find a cut C; by solving the support selection problem.
We iterate the procedure until there is a cut of size 1. Fig. 4
shows the first step of the procedure for Co = {zg,z1}. We
remove the XOR to make the example non-trivial. Then, D; =
{3?0,1‘1,330\_/331,.130 < xT1,To > T1,29 N\ 1‘1}, from which we
obtain the cut C; = {1‘1 < Xg,T1 > {E()}.

Compared to previously proposed cut-by-cut resynthesis
methods [19], our approach is simpler, and its design space
exploration capabilities are noteworthy in their own right.

1V. EXPERIMENTS
A. SPFD-Based Synthesis

The goal of this experiment is to show that, if provided with
the support divisors, our resynthesis method can identify high-
quality solutions in the design space. We target the Boolean
function f : B® — B with truth table 0x43B86C25, considered
the hardest to synthesize 5 input function using decomposition.
The minimum size XAIG for this function has 12 nodes. We
used our engine to synthesize 10 circuits at 150 different
calls (10 designs for each statistically selected first cut). We
repeated the experiment varying (. The small size of the
problem allows us to use the gSPFD instead of the aSPFD.
Fig. 5 shows that we can find an optimum XAIG. Furthermore,
[ influences the time needed to find a good solution. We use
this result to fix 8 = 100 and we validated the effectiveness of
the resynthesis engine through extensive experiments on other
functions, that we do not report for space limitation reasons.

B. SPFD-Based Resubstitution

We show now the effectiveness of our technique by applying
it to a set of standard benchmark circuits. In this experiment
we show that irs can find optimization transformations not
accessible to urs. First, we iteratively optimize industrial
designs with urs until no further improvement can be found
(urs®). Next, we apply one round of our strategy. We use the
notation irsg g r: K is the maximum allowed support size,
S is the maximum number of supports we sample from the
candidate divisors for optimizing a node, and I is the number
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Fig. 5: Function 0x43B86C25: size of the best XAIG found
during the exploration of the design space. Experiment used
to set 5 = 100 based on the convergence time to the optimum.

of calls to the statistical resynthesis engine for a given support.
Increasing these parameters enables higher effort optimization.

We used N4 =100 for both urs and irs. Despite the
high effort optimization of the state-of-the-art engine, irs
unlocks additional improvements in most designs.

TABLE I: irs on the optimized ISCAS benchmarks.

urs® [10] urs™ — irsg1,1 urs®™ — irsz 10,10
Design | [XAIG] time[s] | [XAIG] time[s] | [XAIG] time[s]
cl7 6 0.00 6 0.00 6 0.00
c432 166 0.01 166 0.01 166 0.15
c499 388 0.02 246 0.03 214 0.15
c880 296 0.02 269 0.02 261 0.27
cl355 420 0.03 263 0.03 202 0.14
c1908 280 0.03 181 0.02 165 0.15
c2670 532 0.06 484 0.04 455 0.65
c3540 787 0.35 750 0.08 730 1.40
c5315 1277 0.16 1211 0.10 1168 1.27
c6288 1480 0.25 1426 0.07 1420 0.48
c7552 1291 0.18 1146 0.11 1039 1.41

—13.84% —18.50%

V. CONCLUSIONS

This paper proposes a new simulation-guided resubstitution
procedure based on SPFDs, and shows that this procedure
pushes the optimization capabilities of resubstitution beyond
the limits of state-of-the-art engines on industrial-like designs.
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