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The research of this paper is framed in the context of multi-layered, optimization-based approaches
for microgrid control. Specifically, we focus on the design of real-time objectives that are typically
proxies of long-term ones. Examples include tracking a predetermined dispatch plan or a battery state-
of-charge trajectory while satisfying the grid’s operational constraints. If there is no formalized way
of choosing the cost functions that reflect these objectives, an arbitrary choice could lead to a biased
control in favor of certain objectives. The common approaches of configuring microgrid controllers
usually rely on “oracle-based” approaches assumed to know exactly the studied scenarios. In this
paper, we formalize the design goals of a real-time microgrid-control system by employing distributed
energy-storage systems, and we give guidelines on how to design cost functions that satisfy them. Our
method requires only certain parameters that can be chosen intuitively and gives a priori insight on
the controller’s behavior. The application of the theoretical work is verified in multiple scenarios by
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simulations performed using a realistic model of a microgrid.
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1. Introduction

The transition from conventional bulk power generation to
distributed generation has created new opportunities for grid
operators to participate in the electricity market in an active
way [1]. Active Distribution Networks (ADNs) and microgrids are
becoming more widespread to manage the supply and demand
of energy in a dynamic way. Microgrids constitute local electrical
grids consisting of distributed energy resources (DERs), such as
battery energy storage systems (BESSs), photovoltaics (PVs), and
inelastic or controllable loads suitably operated to achieve certain
objectives. The use of control strategies is key to ensuring the
optimal operation of DERs to achieve a specific objective.

Various approaches to microgrid control have been proposed
in the literature [2]. Two alternative approaches are those of
(i) local and grid-state myopic (e.g., droop-based [3]) and (ii)
optimization-based strategies, e.g., [4,5]. We focus on the latter
category, as the lack of knowledge of the grid state and the
uncertainties of renewables for droop-based methods can lead to
sub-optimal decisions.

We consider microgrids that have the capability to either be
connected to the main grid or operate as an island. The controlla-
bility of the microgrid is provided exclusively by BESSs, whereas
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the rest of the energy resources are uncontrollable stochastic
renewable generators and loads. Such a model is of high in-
terest in practical applications, as BESSs are reliable and highly
controllable energy sources for balancing the uncertainties of
renewables [6]. We assume that the BESSs reserve part of their
energy capacity to be used exclusively by the grid operator to
achieve a certain objective (e.g. dispatchability). Because the bat-
teries have a common objective, we also assume that, if the
microgrid operates in islanded mode, then the role of the slack
bus is not played by a BESS.

The control of the BESSs is performed in a multi-layered fash-
ion. The higher layers target long-term energy/economic objec-
tives and grid safety with respect to nodal voltage and branch
current limits by taking into account power forecasts from un-
controllable producers and consumers. The output of these layers
is typically a power profile (e.g., dispatch plan [6]) to be tracked
at the bus that interfaces the microgrid with the main grid, which
could be computed either a day ahead or recomputed intra-day
(e.g., every 15 min) [7]. The lowest layer executes in real-time
(e.g., every few seconds) the decisions made by the higher layers,
whereas also taking care of grid safety as power fluctuations from
their predicted values can lead the system to an undesirable state
that is not accounted for in the other layers.

Assuming a given higher layer of control, we focus on the
design of the optimization problem to be solved by the lowest
layer. We consider a real-time layer operating at the multi-second
time scale, supervised by a higher layer operating at the 15-min
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timescale. The objectives of the real-time layer act as proxies for
the objectives of the higher layer that are difficult to express in
real-time. Having no explicit guidelines for the design of the cost
functions optimized by this layer might lead to an unfair usage
of the BESSs in favor of a certain objective. For example, it might
compromise grid safety in favor of dispatch tracking, if the two
objectives are not configured carefully.

A common approach to configure the control parameters relies
on the use of an “oracle” that finds the optimal set of parameters
a posteriori so that acceptable performance is achieved. In other
words, multiple simulations are run with different sets of weights
until a satisfactory set is found. Even though this approach might
work when a single grid is considered, it might not be viable
in a real-life scenario because the optimal sets of weights are
most likely grid and scenario dependent. Grid operators might
have to configure multiple microgrids, hence they would likely
have to perform an extensive series of simulations to determine
the optimal set of parameters for each microgrid. Furthermore,
as we show in Section 3.2, in case there is a change in the
topology of a grid, or the specifications of any asset are modified,
or if the boundary operating conditions are changing, the set of
parameters might no longer achieve the desired performance, so
the whole process would most likely have to be repeated anew.

The use of this approach can be inferred in various works in
the literature. The works presented in [8-10] optimize battery
state-of-charge (SoC) related penalties, in addition to the mon-
etary cost of power generation. The cost functions used employ
certain coefficients, which were chosen manually for the problem
at hand, hence the problem definition does not generalize easily
to other cases.

A similar approach is followed in [11]. The authors define
a cost function for energy storage units, which penalizes the
charging/discharging of the unit. They use a multi-agent approach
to satisfy, as much as possible, all single-devices goals; they also
follow a central message to meet a proposed demand. However,
it is not clear how the cost functions used in the simulations are
designed. The issue of objective weighing is also addressed, but
the choice of the weights does not seem straightforward.

The work presented in [12] is more closely related to the prob-
lems studied in our work, as it employs a two-layer approach. It
incorporates a day-ahead scheduler that computes a power pro-
file to be followed by the intra-day scheduler while minimizing
voltage deviation and power losses. The authors present a case
study that examines the effect of the weights of the respective
objectives, but no intuition is given behind the choice of the
values.

Finally, the objectives defined in [13,14] are similar to the
ones studied in our work. Each individual resource is assigned
a penalty term on its active and reactive power; there is also
an objective to follow a target state in the grid. However, the
problem formulation includes certain weights in the objective,
the choice of which is not specified.

To bridge the gap in the existing literature, we give guidelines
to the design of cost functions for various objectives related to
microgrids’ real-time control. Our method reduces the time and
effort needed to configure the parameters of the controller and
gives some intuition on how it will perform a priori, without
the need to run extended series of simulations. It also has the
advantage of being grid and scenario independent. This means
that it can be employed by grid-operators without any modifica-
tions. The problem we formulate defines two types of objectives,
namely batteries and grid objectives. The purpose of the batteries’
objectives are to regulate their SoC, whereas the purpose of the
grid objective is to achieve a target grid state within a desired
tolerance. The choice of the respective cost functions is made in
such a way that the SoC trajectories of the batteries are as close
as possible to each other while following the grid objective.
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The structure of the paper is as follows. In Section 2, we
define the optimization problem that is targeted by our control
system. In Section 3, we demonstrate the problems of the oracle-
based approach, using concrete examples. In Sections 4 and 5,
we give the mathematical formulation of our problem that leads
to the design of cost functions for batteries and grid objectives,
respectively. In Section 6, we validate our theoretical analysis
with simulations. Finally, in Section 7, we conclude the paper.

2. General form of the optimization objective

We consider a microgrid connected to the main grid to be
controlled by N batteries that can implement any active/reactive
power setpoint X; = (P;, Q;) € A;,i = 1..N, where 4; is the con-
straint set of battery i. The grid also consists of U uncontrollable
energy resources of uncertain prosumption u, = (P, Qu),n =
1..U. The optimal power setpoints for each battery are computed
periodically by a centralized controller that is assumed to have
knowledge of the SoC of each battery (SoC;) and the state of the
grid. The theoretical analysis presented in this work is indepen-
dent of the period of the control, which can take values in the
minute down to the sub-second scale. Therefore, our goal is to
design an optimization problem that can be solved efficiently,
meaning that (i) it should be convex and (ii) the number of hard
constraints should be limited.

Each battery has a cost function, called battery objective, re-
lated to it; it indicates its preference to implement a specific
point within its constraint set. We indicate with Ci(x;|S;, SoC;) the
cost function of battery i, where S; is the rated apparent power
of its power-electronic converter. In addition to the individual
battery objectives, the controller should also aim to achieve a
target grid state with respect to (i) the power at the point of
common coupling (PCC), i.e. the point that connects the microgrid
to the external grid, (ii) nodal voltages, and (iii) branch cur-
rents. We call this the grid objective, denoted as J(x|it), where
X = (X,X2,...,Xxy) is the set of batteries setpoints and u =
(uq,uy, ..., uy) is the set of the prosumptions of the uncontrol-
lable resources. The objective of the controller at every time step
t is to minimize the total expected cost, subject to the batteries’
constraints.

min C,(x|t) ,s.t. % € A;,i=1.N (1)
x N
Cxlu) =Y Gi(xilSi, SoGi) + J(x|u) (2)

i=1

where {:} denotes the forecast of the prosumption. In this formu-
lation, hard grid-constraints concerning nodal-voltage deviations,
ampacity limits, or power factors can either be relaxed to soft
constraints or be expressed via appropriate cost functions [15].

Concerning the convexity of problem (1), the cost functions
of the batteries and their respective constraint sets can easily
be designed to be convex. However, in the case of the grid ob-
jective, some approximations are needed due to the well-known
non-convex characteristics of the power-flow equations.

We consider that we want to optimize the value of M grid
variables y = (y1, ¥, ...,¥Ym), Where y,; can represent a specific
nodal injection, nodal voltage, or branch current. For this purpose,
we consider grid cost-functions of the following form:

M

J@Iu) =" wifm(ym(x|u) 3)

m=1

where J,, is the penalty term for the grid variable y,, and w, > 0
is the respective weight.
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Fig. 1. Microgrid topology. BO is the slack bus.

The power-flow equations link the complex power injections
with the nodal voltages in the following way [16]:

K

S_k = E_k Z ka'gk' (4)
k=1

where K is the number of buses in the grid, E, Sy denote the
complex voltage and power injection of bus k, Y is the nodal ad-
mittance matrix and {-} indicates the complex conjugate. Because
of the form of Eq. (4), the relation between voltages, currents, and
active/reactive power is non-convex. One way to achieve convex-
ity is to use a linear approximation of (4), using, for example, the
method presented in [16]. Using the notation presented earlier
in this section, we approximate the grid variable y,, at time t, as
follows:

(/) ym+ZKp, = P)+ KG{(Q — Q)

+ Z(K;”,H(Pn —P0) + K (0 — Q)

n=1

where 9, PO and Q are the values of y,;, P; and Q; respectively
at time £ — 1 and Kp';, Kg'; are the so-called sensitivity coefficients,
with respect to the batteries setpoints. Accordingly, P,?, Qg are
the values of the uncontrollable prosumptions at t — 1 and
K7 ., KG , are the respective sensitivity coefficients. The sensitiv-
ity coefficients represent precisely the partial derivatives of the
grid variable with respect to the nodal powers evaluated at the
value of the setpoints at time t — 1.

3. The oracle-based approach

The need for having guidelines for the design of cost functions
is demonstrated on the microgrid of Fig. 1. It is composed of two
uncontrollable prosumers, namely a PV plant of 30 kWp and a
load of 60 kWp; both of which have a power factor of 0.9. It
also contains two controllable batteries, namely battery 1 rated
at 15 kVA/15 kWh, and battery 2 rated at 60 kVA/60 kWh. The
parameters of the grid lines are in [17].

We assume a control system in three layers. The first layer,
called the day-ahead layer, receives as an input (i) the SoC of the
two batteries at the beginning of the day and (ii) scenario-based,
day-ahead forecasts of the PV generation and load consumption
at a 5-minute resolution for a horizon of 24 h. Then, it computes a
dispatch plan, as well as the expected trajectory of the SoC of each
battery for each scenario, using the method of [18]. Because the
forecasts that are performed day-ahead are typically inaccurate,
every 15 min a re-dispatching is performed by an intra-day layer
that updates the dispatch plan and/or SoC trajectories of the
batteries using updated forecasts for the prosumption. Finally, we
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Fig. 2. Predictions and realizations of the uncontrollable energy resources in the
microgrid of Fig. 1.

consider a time slice of 15 min between two intra-day cycles for
the real-time layer. We solve problem (1) every 10 s, assuming
given point-forecasts of the prosumption at a 10 s horizon gen-
erated by a second forecasting model. It should be noted that the
intra-day and the real-time forecasters are assumed to be inde-
pendent. Therefore, we can consider only the real-time forecasts
to solve problem (1). Fig. 2 shows the real-time realization of the
PV generation and load consumption for the considered 15 min
interval and their respective real-time forecasts.

3.1. Cost functions

The target SoC trajectory, SoCpp ;, for battery i is taken as the
median trajectory over all scenarios computed by the intra-day
layer. The cost function proposed in [19], so that battery i (i =
{1, 2}) achieves this target SoC, is the following':

Gi(P;, QilSi, SoGy) =
|ASoGi|  P? (6)
— 2sgn( ASoG;
Wi (s sgn( ‘)5,)

1

where ASoC; = SoC; — SoCpp ; is the difference between the SoC
of the battery and the target value normalized in the interval
[—1,1]. w; > 0 is the weight placed on the objective of battery
i, which is to be configured by the user. For simplicity, we use
the following linear approximation of the constraint set of the
batteries’ power-electronics converters: P;, Q; € [— g, 2S,-].

The grid objective consists of the following four objectives:
(i) track an active power profile at the microgrid slack bus,
(ii) minimize the reactive power at the slack bus, (iii) minimize
the nodal-voltage deviations from the nominal value, (iv) limit
the branch currents.

1 The rationale behind this function is the following: if SoC; < SoCpp,; then
the function is increasing with respect to P;, thus favoring charging of the battery
(negative power) instead of discharging. If, on the other hand, SoC; > SoCpp ;,
then the function is decreasing, so that it favors discharging of the battery.
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The cost functions we use in this work are adapted from [14].
Objectives (i) and (ii) can be expressed with the following two
equations, respectively:

Jp,(x]u) = (Py(x|u) — Ppp)? (7)

Jo,(x[u) = Q2 (x|u) (8)

where (Ps, Qs) are the linearized active and reactive powers at the
slack bus, computed from (5), and Ppp is the active power tracking
value computed by the dispatch plan.

To express objective (iii), we assume a single node k with
linearized voltage magnitude V, and define the hard voltage
constraint, denoted as PBpqq. This objective should ensure that
Vi does not differ more than Bjq4 units from the nominal value
V,.. Therefore, the cost function should take very large values for
|Vik — V| > Bhara. The cost function for voltage Vi can be defined
in the range |Vk — Viom| < PBhara — €, Where 0 < € <« Bharg aS
[19]:

(Vk(x|u) - Vnom)2
ﬁleard - (V[<(X|u) - Vnom)2

The constant € prevents the function from taking infinite values.
Outside this range, the cost is defined as a quadratic cost function
of Vi such that Jy(Vk) and J,(Vy) are both continuous at Vy =
Viom + (,Bhard - 6)-

The purpose of objective (iv) should be to keep the magnitude
of the linearized complex current I; of line | below its ampac-
ity I"*. Unlike the voltages, however, the magnitude of branch
currents cannot always be accurately approximated as a linear
function of nodal powers. Instead, we can first approximate the
constraint |I;| < I by the following linear constraints:

(9)

]Vk(xlu) =

+ max
I" = -

I < (10)

where ;" = R(I) + (1) and I = %R(I;) — (1) and R(-), ()
indicate the real and imaginag// part. We can then represent
constraints (10) in the range Ilfmw < 1 — € using two penalty
terms per line, as in [19]:

(I (xu))?
(P = (Ix|u) /)2
The cost is defined again outside this range as a quadratic func-
tion, such that],(IlH*) and]l’(lf/f) are both continuous at I,Hf =
(1 —e)m™,

The total grid cost function is the following:

J(x[u) = ws(Jp,(x[u) + Jo,(xu))+

J,r/—(xlu) = (11)

wy K w L )
+ ;Jvk(xlu) +T l;:],r(xw) +J;- (xlw)

where K is the number of buses, L is the number of lines and
ws, wy, w; > 0 are user-defined weights.

3.2. Simulation results

We perform simulations over a period of 15 min with a time
interval of 10 s between the computation of setpoints. To eval-
uate the effectiveness of the controller in balancing the various
objectives, we study an extreme case where the slack voltage
drops below the nominal value (see Fig. 3). The simulations
are performed in MATLAB and the problem is solved using the
interior-point method implemented by the fmincon function.

Considering the cost functions defined above, it is up to the
user to properly choose the weights of the objectives. We first
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consider using the same weight for all objectives: wy = wy =
w; = w; = wy; = 1. Looking at the simulation results shown
in Fig. 3, we notice that the slack can neither track the dispatch
plan (see active power plot) nor effectively control its reactive
power (green line in the reactive power plot), even though there
is enough controllability in the batteries to do so. Indeed, the
powers and SoCs of the batteries, as well as the nodal voltages
and branch currents, are all well within their respective bounds.
In particular, voltage magnitudes are within 4% of the nomi-
nal value and all currents are below 50% of the respective line
ampacities. Looking at the active-powers graph, we notice that
the batteries discharge for the majority of the simulation, even
though this is contrary to their own objective and that of the
tracking. The reason is that the controller tries to increase the
voltages as much as possible, which means that the weight w; is
too small compared to the weight wy, as we will verify next.

This simulation indicates that the chosen cost functions do
not lead to a balanced satisfaction of the objectives. For the next
simulation, we consider adapting the weights of the objectives, to
achieve a more balanced control. The choice is made as follows:
we first fix the slack weight ws = 1. Then, we run simulations
with varying weights for the rest of the objectives, such that
(i) the slack tracks the dispatch plan with an acceptable accuracy
(ii) the controller’s reaction to the voltage drop is less significant
and (iii) the batteries SoC are close to the target trajectories.
After a series of simulations, we settle with the weights ws = 1,
wy =107, wy = 1074, w; = 107* and w, = 5 - 107,

The simulation results are shown in Fig. 4. First of all, all volt-
ages and currents are still kept within their respective bounds.
However, there are certain major improvements to be observed,
compared to Fig. 3. Concerning the active power, the controller
does a much better job at tracking the dispatch plan, while the
reactive power injection to the external grid is kept close to
0. Regarding the SoC graph, we observe a more fair regulation
between the two batteries. Even though at the beginning of the
day there is a mismatch between the two lines due to the voltage
drop, then they follow a similar trajectory. More specifically, the
maximum relative deviation between the two lines is only 0.2%,
as opposed to 3% in Fig. 3 (notice that the scales in the y-axis are
different for the two plots).

We now consider the following scenario. The grid operator
purchases a new battery with the same specifications as Battery 2,
i.e. at 60 kVA/60 kWh and replaces the old Battery 1 with this
new battery. The line between B1-B2 is also reinforced with
a new one with four times the ampacity to ensure that it can
withstand the current drawn by the new battery. Because there
is a change in the grid, the first step is to re-compute a dispatch
plan, as explained at the beginning of Section 3. We assume that
the grid operator has already computed the weights w, = 1,
wy = 1075, w; = 1074, w; = 107% and w, = 5- 1074, so
they consider using the same ones for this new grid. Therefore,
we re-run the simulation with this change in the grid and the
same weights as before.

The results are shown in Fig. 5. The main difference can be
observed in the SoC trajectories of the two batteries. Unlike Fig. 4,
the two SoCs follow different directions throughout this 15 min
simulation. More precisely, although the maximum percentage
difference between the two SoCs was 0.2% in Fig. 4, it has now
increased to 1%. Also, this difference is expected to become more
prominent in a longer time-period, as the two batteries follow
opposite trajectories.

This example was used to showcase that the optimal set of
weights is typically grid-dependent. Therefore, each change in the
grid would require repeating the weight-tuning process anew,
which can be a tedious and time-consuming process, especially
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Fig. 3. Simulation results with equal weights for all objectives. The bottom-right graph shows the target trajectory for the SoC of the batteries that was computed

by the intra-day layer of control.

in larger grids. In addition, a grid operator would have to execute
the same process for each grid they operate, in case they are
responsible for multiple grids.

To address the problem, we formalize a method to construct
the cost functions in (2) so that we do not need to configure any
parameters a posteriori. The values of the parameters of the cost
functions should be chosen in an intuitive manner so that the
behavior of the controller can be predicted a priori.

4. Battery cost-function
4.1. Fair control of batteries

The battery objectives should be chosen in such a way that
a fair control among them is achieved in order to follow the grid

objective. Although various definitions of fairness can be used, we
choose one that applies to short-term objectives.

Battery Design Goal and Preference of Batteries: We assume
that a higher layer of control has computed a point

X/ (SoC;) =(Pj"(SoG;), Q*(SoGy))
Si S S S
El-—7=, =1 x[-—F=, —=I]
V2 V2 V2 V2
for battery i, called the preference of the battery. It is the point
that the battery should implement if the grid does not impose
any other constraints. Taking the example of Section 3.1, the
preference would be the power setpoint that brings the SoC of
the battery as close to the target value as possible.
However, because there might be conflicting objectives on the

grid, the batteries might not be able to simultaneously implement
their preference. The deviation of a battery’s implementation
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Fig. 4. Simulation results with manually picked weights: slack weight w; = 1, voltage weight wy = 107>, current weight w; = 107, battery weights

wp = 1074, wy =5- 1074,

from its preference can be measured using its preference ratios
that, with respect to P and Q, are defined as:

opt opt
P =P Q" —Q
Si

Si
where (P*, Q) is the solution of problem (1) for battery i.
One possible choice for a fairness condition would be an equal
preference ratio for all batteries. A similar definition is given
in [20]. However, in our case this might not be the best choice,
considering that the grid objective is also involved. Instead, we
take as fairness the condition where the preference ratio of a bat-
tery is proportional to the effect this battery has on minimizing
the grid objective. Formally, our fairness condition is Vi = 1..N:

@) @)
oP; ¢ 8
where the coefficients Ap and A are the same for all batteries.

This means that batteries that can easily affect the grid ob-
jective should be exploited for this purpose, assuming that this

= T = (13)

Tpi=Ap T = (14)

is achievable by the battery’s capabilities, even if this contradicts
their own preference. Whereas, if the choice of the power set-
point for a specific battery does not affect the grid objective, then
we can freely choose to satisfy the preference of the battery.

4.2. General form of a battery cost function

We assume that each battery has two separate objectives,
specifically (i) satisfy its preference and (ii) minimize the internal
losses of the power interface that interconnects the battery with
the grid. The first objective can be met by steering the stationary
point of the cost, whereas the second can be achieved with the
addition of a quadratic penalty function of the active and reactive
powers. Therefore, we consider the following cost function for
battery i:

P} P} (SoG;)
Gi(Pi, Qi|Si, S0G) = ap(— — ———Pi)+
45, 25 (15)
Q  Q(s0C)
ao(—&+ — —Q)+c
+ Q(45,- 25 Q)+
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Fig. 5. Simulation results with manually picked weights and a bigger Battery 1 at 60 kVA/60 kWh.

where ap, ag are strictly positive so that the function is strictly
convex and c is any arbitrary constant.” By defining the function
this way, one can verify that the point that minimizes it is
precisely the preference of the battery. Theorem 1 shows that
this cost function satisfies our definition of fairness under certain
conditions.

Theorem 1. We consider the unconstraint variant of problem (1),
ie. with A; = R?, i = 1..N where the cost function for all N batteries
is defined in (15). Then the optimal solution of the problem satisfies
conditions (14) with Ap = —% and Ay = —%.

The proof of this theorem, as well as all other theorems and
lemmas are provided in the appendix. Theorem 1 states that
fairness is guaranteed provided that the batteries have uncon-
strained setpoints. We now study how much we can deviate from
ideal fairness, when the battery constraints are involved, in the
following scenario: we consider two batteries i,j € {1,...,N}

2 1t should be noted that the value of ¢ does not affect the solution of the
optimization problem (1).

that (i) have the same preference, normalized by the rated power:

x7(SoG)  X;(S0Gy) (16)
S S

and (ii) have the same constraints, normalized by the rated
power, which are in the following form, for m € {i, j}:

P P P

- € [(*)min,(*)max]
Sm S S (17)
< € [(9) i (9) 1
sm S min S max

It should be noted that it is reasonable to assume that con-
ditions (16) and (17) are satisfied simultaneously, because
(i) batteries that have the same constraints should have the same
objective and (ii) the preference can be designed in such a way
that the conditions are satisfied. Theorem 2 is a generalization
of Theorem 1, when the binding constraints of the batteries are
considered.

Theorem 2. We consider problem (1), where the cost function for
all N batteries is defined in (15). We also consider two batteries
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i,j € {1,...,N}, for which conditions (16) and (17) are true.
Then the solution of optimization problem (1) satisfies the following
conditions:

QJ(xP i) 9J(xF"|ur)

Tpi—Ipjl < — - 18

[rpi —1pjl < aP| op, op, | (18)
2 oJ(xP" |“) ) (x°P" i)

|er—TQ;|<*| 3 | (19)
ao Q 0Q;

where 1p m, rq.m, m € {i, j} are defined in (13). The upper bound is
achieved under the assumptions of Theorem 1.

Theorem 2 states that the conditions of Theorem 1 are suf-
ficient to achieve the upper bound of the differences [rp; — p j|
and |rg ; — g j|. This means that adding constraints to the prob-
lem will definitely reduce the difference of the preference ratios
compared to the unconstrained case. Because the upper bounds of
conditions (18) and (19) correspond to our definition of fairness
(condition (14)), the worst case, in terms of fairness, is the one
where the preference ratios are equal. Therefore, cost function
(15) always achieves a state between our fair condition and the
one used in [20]. Moreover, the theorem gives some intuition
on the effect that the coefficients ap, ag have on the fairness
between the two batteries. It shows, in particular, how increasing
the weights of the cost terms causes an inversely proportional
decrease in the difference between the respective preference
ratios.

5. Grid objective

The purpose of the grid objective is to achieve a target grid
state. Assuming grid cost-functions in the form (3), we define
the preference y;, of grid variable yy, as y;, = argminy,, Ju(Ym).
In many practical applications, a deviation Ay,, from the target
value y,, should be penalized the same as a deviation —Ay,,. In
this case, we require that J, is in the following form:

Jn(ym) =Jn(Vm = Ym) (20)

where J (y) is a strictly convex, even function of y.
5.1. Computing the weights wp,

We propose a method for choosing the weight wy, of objective
Jm that is independent of the state of the batteries connected to
the grid. We assume that we use a cost function of the form (15)
for every battery, and we choose the coefficients ap, ag, such that
0< ap, Qg < 1.

Grid Design-Goal: A typical purpose of any grid objective J,
would be to keep the difference of grid variable y,, from its target
value y;, within a specified bound dy, , ... Therefore, the weight
wy, should be chosen, such that

d*max,m (21)

where ¥y = yna(x|@1) is the value of y,, when the optimal
solution of problem (1) is implemented. Lemma 1 computes an
upper bound for |y — ¥l as a function of the weight w;,, which
will be proven useful in achieving condition (21).

opt

i = Yml <

Lemma 1. We assume a grid cost-function of the form: J(x|u) =
Jm(ym(x|u)) where J,(ym) is a strictly convex function of the grid
variable yy, that is expressed in the form (5). We also assume that the
constraints of the batteries are in the form x; € [X; min, Xi max], Vi =
1..N, where x; = {P;, Q;}. We define the following functions:

1

Ki(wp, d) = m (22)
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h(K) = Iy, =y |1+

+ Z |X1 max Xi,min| (23)
\K)Z‘|<K

&(wm, d) = max{d, h(K(wm, d))} (24)

f(wn) = ming(uwy, d) (25)

where wr, is the weight of objective J;(ym), J;,(¥m) is the derivative

of J;m with respect to y,, and ylrﬁf is the point that minimizes J,, within
its domain, i.e.
y = argmin Jn(ym) (26)

Ym€lymin,ymax|

Then, the function f(wm) is an upper bound of |yo"

— Yl

It should be noted that functions K;, h and g defined in (22),
(23) and (24) respectively are just auxiliary functions that help
in the proofs of the theorems and the visualization of the upper
bound, as shown in Section 5.3. K; can be interpreted as a thresh-
old, under which the values of the sensitivities are negligible in
computing the upper bound for |ys’ — y% .

Lemma 1 gives an upper bound for the quantity |y%" — ymlas
a function of the weight w,. However, the actual realization y;ﬁ“’
will differ from the optimal value y', because of the uncertainty
in the system, as follows:

yreal yopt 4 Ay (27)
U
— m m
Aym =Y (K}, AP, + K3 ,AQ,) (28)

n=1

where AP,, AQ, are the uncertainties of prosumption n, i.e. the
difference between the forecast value and the respective real-
ization, and K7 ,, KZ , are the sensitivity coefficients of y,, with
respect to the nodal prosumptlon (see Section 2 and [16]).

Theorem 3 generalizes the statement of Lemma 1, by comput-
ing an upper bound for the quantity |y’e”’ yi| as a function of
the objective’s weight w;,. The theorem, therefore, accounts for
the uncertainty in the system.

Theorem 3. Given the same assumptions as Lemma 1 and Eq. (27),
then

|yt — Pt < f(wm) + | AVl max 2 fulWm) (29)

where |AYmlmex = MaXp, 0, |Aym| is the maximum absolute
uncertainty of yn,, due to the forecast errors and f(wy,) is given by
(25).

Although, the reverse problem interests us, specifically, given
a desired upper bound d} we need to compute:

max,m’

min wy,, > 0 such that f,(w,,) < d* (30)

Even though numerical methods can be used to approximate the
solution of problem (30), we demonstrate below that we can find
an analytical solution to the problem. To do this, we need to use
the following properties of f,(wy).

max,m

(1) It is a decreasing function of wy,.
(2) It has an upper bound

fus =1y — Yl + Z KT 1% max — Ximinl + | AYm|max
(3) It has a lower bound fig = |y}, — mfl + [AYm | imax
(4) If fip # 0, then fy(wm) = fip, Y > ——L—— where

" o m K™ i Ui W I
[K™ | pin = min K}
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The statement of Theorem 4 is used to analytically find the
solution of problem (30).

Theorem 4. We consider the following two problems, Problem 1
given by (30) and Problem 2 given by (31):

min wy, > 0 such that

g(wm7 d*max,m - IAYm|max) = d*maxiym - IAym|max

If w is the solution to Problem 2 (if it exists), then it is also the
solution to Problem 1.

(31)

Theorem 4 states that to find the solution of the original
Problem 1, we could instead solve the equivalent Problem 2. The
value of this statement lies in the fact that the constraint of Prob-
lem 2 can be easily evaluated, unlike the constraint of Problem 1.
Indeed, given the definitions of functions g and h one can see
that the function g(wm, 4y ;= AYmlmax) is a step-value function
of wy,, while on the other hand f,(wp,) is a complicated, smooth
function. This means that only a finite number of evaluations is
needed to compute the optimal weight. Considering Theorem 4
and the properties of f(wy,) given above, we have the following
formula for computing wp,:

ieogx
0 if dmax,m >fUB
.
K™ i U (Vi )
1
K" Ui i +dinax,m =1 AYm|max)l

where K" = maxK such that h(K) < d;

max.m- Lh€ explanation is
the following: if the desired upper bound d*

o 1S larger than
the upper bound of f,, then we can freely choose wy, = 0, as
any weight would satisfy the desired upper bound. Whereas, if
it is lower than the lower bound of f,, then Problems 1 and 2
cannot be solved, so we choose the maximum possible value
of the weight. In any other case, Theorem 4 applies, so we can
compute the weight by solving Problem 2. The solution is trivial
as g(wnp, d) takes only a finite number of values for a given d.

Concerning the complexity of computing the weight, formula
(32) requires at most evaluating the function J;, at a given point
and computing either the minimum or the maximum value of
the sensitivity coefficients of grid variable y,,. The number of
sensitivities of one grid variable scales linearly with the number
of buses, so the complexity of the method for one grid objective
is O(K), where K is the number of buses in the grid. If M grid
variables are considered, then the complexity of the method is
O(M - K).

The properties of f,(wp) also give a rule for choosing dy, ...
According to the definition of f,(w,,), it is obvious that d*

Wn = if d?;mx,m < fiB (32)

else

max,m
should not be smaller than | Ay | Otherwise the problem (30)
will be infeasible. Therefore, we should ensure that d* >

max,m
| AYm|max- In low-voltage grids, we can assume that the values

of the sensitivities do not significantly change within slices of
15 min. Therefore, we can approximate the value of |Aym|me DY
using the values of the sensitivities at the beginning of the 15-min
interval.

5.2. Application to specific grid objectives

We now examine how the weight computation method pre-
sented in Section 5.1 can be applied to the grid objectives defined
in Section 3.1. All grid cost-functions considered so far can be
expressed in the form (20), hence their weights can be computed
using Theorems 3 and 4.

The target values of the slack objectives (7) and (8) are P} =
Ppp and Q; = 0. The respective desired upper bounds, used to
compute the weights wp, and wg,, can be interpreted as d

|P5 — PDP|max and d:;'lax,Q_g

* —
max,Ps —

= |Qs|nax 1.€. they are the maximum
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desired dispatch tracking difference and maximum slack reactive
power respectively.

Concerning the voltage objective (9), we define, in addition to
the hard voltage constraint Byqq, the soft voltage constraint Bsgs.
The soft voltage constraint guarantees that V, will not deviate
more than B from the nominal voltage V,, assuming that the
assumptions of Theorem 3 are true. Therefore, it can be used
to compute the weight of the objective with V! = Vo, and
d::nax,vk = ﬁsoft-

Similarly, for the current objective, we define the soft current
constraint for line I as Ifoft = Yeorel™™, Where y5op € (0, 1—€)is a
given constant that defines a soft upper bound for each line. This
bound can be used to compute the weights wj,, with (Il+ / =0

and d* =",
max,lr/_ !

5.3. Visual representation of the computed upper bound

To help us visualize the results from the past sections, we
consider an instance of the grid shown in Fig. 1. The preference of
each battery (according to Definition 1) is ¥ = (S; (W), 0 (Var)),
i = {1, 2} and the coefficients of the battery cost-function are
ap = ag = 1. We assume that cost function (7) is the single grid-
cost so that the assumptions of Theorem 3 are valid, with a target

value y;, = Ppp = —20 kKW. The forecast power to be generated
by the PV is ﬁpv = 30 kW, the forecast consumption of the load
is Pioad = —15 kW, and their reactive power is assumed to be 0.

The uncertainty in the slack power is assumed to be equal to the
maximum value Ay, = [AYm|mpa = 2 kKW.

Fig. 6 shows the value of |y;§"’ — y5| obtained by solving the
linearized optimization problem and the theoretical upper bound
computed from Theorem 3 as a function of the weight wy, for
different values of d taken from a logarithmic space between 1
W and 100 kW. Each continuous line represents one function
g2(wm, d), as defined in (24).

Now we assume that the desired upper bound for the tracking
difference |Ps — Ppp| is d},,, p, = 2.2 kW (larger than [Aym|pg)-
According to Theorem 4, to éompute the optimal weight, we need
to consider only the function g(wm, d}. — |AYmlmax), @S shown
separately in Fig. 6 (bottom graph). The optimal weight is the
smallest one that gives g(wy;, 200 W) = 200 W + |AyYm|max aS

computed by (32).

5.4. Multiple objectives

The method presented in Section 5.1 is only useful when the
grid objective reflects a single grid variable. Practical applications,
however, would typically involve multiple of such objectives. For
the work studied in this paper, the computation of the total grid
objective is based on certain heuristics. The individual objectives
are the following: (i) slack-active-power cost, (ii) slack-reactive-
power cost, (iii) average voltage cost of nodes, and (iv) average
current cost of lines.

The first heuristic concerns costs (iii) and (iv). The idea is that
adding a node or line to the grid should not affect, on average,
the value of costs (iii) and (iv), respectively. Therefore, cost (iii) is
computed as the weighted average of the costs Jy,, k = 1..K and
cost (iv) is computed as the weighted average of the costs J;, [ =
1..L. The weights are computed individually for each objective by
using formula (32).

The second heuristic is the following: if objectives (ii), (iii)
and (iv) are equal to zero, then the upper bound computed from
Theorem 3 should be true for objective (i). Similarly, if objective
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Fig. 6. True value of \y,’,ﬁ“l — yi| and theoretical upper bound as a function of the weight wy,, for different values of d. The curve corresponding to the desired upper

bound is the one for d = dy, .,

(i) is equal to zero, then the upper bound should hold for objective
(ii). These two heuristics lead us to the total grid cost function:

J(x|u) =wp Jp (X|t) + wo,jo, (X[u)+

K
1
+ X Z wy,Jv, (%u)+

k=1 (33)

L
1
+ Z 12: w;;r],;r(xlu) + w],‘]],‘ (x|u)
=1

where the weights wp,, we,, wy,, w;+, Wy are computed by for-
mula (32) as if each objective was tfqe single grid objective.

6. Numerical validation
6.1. Evaluation metrics
In order to compare our method with the “oracle” presented

in Section 3, we define certain metrics that can be computed a
posteriori for the interval [t, T + AT]. For grid objectives, the

metric is chosen so that the value is < 1 when |y§§“’(t) —yi6) >
Ay m(T):
1 T+AT |y real t) — v (t
metric_grid, = — / (8 = YOl (34)
AT Ji_, v m(T)

For batteries, the metric needs to evaluate two things, specifically
(i) the satisfaction of each individual battery objective and (ii) the
fairness between the two objectives. Assuming only two batteries,
we can construct the metric given the vectors p = (|rp.1], |Tp.2|)
and ry = (|rg.1], [rq.2|) where rp;, g ; are the preference ratios of
battery i defined in (13).
T+AT

(0] cos(4/rp(t)) + 3

t=t 8

and similarly for the reactive power. These metrics are designed
so that they take values in [0, 1] with increasing values indicating
worse performance. In particular, the value 0 is taken only when
|7p(¢)| = 0 (similarly when |ro(t)| = 0), while the value 1 is taken
when either [rp 1| = 0, |rp,1| = 2 0r |[rp1]| = 2, |1p,1| = 0 (similarly

for Q).

metric_battp = — dt 35
“battp = —= (35)

10

— AlYmlmex = 200 W and is shown in the bottom plot.

6.2. Evaluation of the proposed method in the scenario of Section 3

We consider the same microgrid as in Section 3; it is shown in
Fig. 1. Using the same scenario for the uncontrollable resources
and the slack voltage profile, we perform simulations over a
15-min period. This time, we use cost functions for the batteries
in the form (15), and the total grid objective is computed as
in Eq. (33).

We assume again that the batteries have received a target SoC
from the intra-day layer, and we adapt the cost function (6) to
satisfy the form (15). The preference of battery i is computed as
follows:

—% AS0C; < —¢;
P}(ASoC, ) = %‘:C’% —€; < ASoG; < € (36)
% ASoC; > €

The purpose of ¢; is to prevent the preference from oscillating
between +S; when ASoC =~ 0. An appropriate condition for
this purpose is ¢ > ETSHLTXI where Epq; is the energy capacity
of the battery and T = 10 s is the time interval between two
computation cycles.

The parameters of the battery cost functions are the following:
€1 € 1/360, ap ag 1. The parameters related
to the various grid objectives, as defined in Section 5.2 are the
following: |Ps — Ppplmax = 1.11APs|maxs 1Qslmax = 1.11AQs| g
IBhard =0.05 pu, ,Bsoft =0.04 pu and Vsoft = 0.9

The simulation results are shown in Fig. 7. Concerning the
plots of nodal voltages, branch currents, and nodal active and
reactive power injections, there is no noticeable difference from
those of Fig. 4. This means that our method achieves comparable
results with the oracle-based approach, with the advantage of
being grid and scenario-independent. Concerning the SoC plot,
we observe a more fair regulation of the SoC of the two batteries,
compared to Figs. 3 and 4. At the beginning of the simulation, the
SoC is indeed the same for both batteries, due to the following
factors: (i) Our design goal that the power setpoints should be
proportional to the rated power of the battery, and (ii) the fact
that the energy capacity of the batteries is proportional to their

R
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Fig. 7. Simulation results using our new cost functions.
Table 1
Values of metrics for the first scenario.
Method Slack Q  Tracking  Voltage Current Battery P Battery Q  Average
Same Weights 47579 6.4178 0.27263 0.17848 0.4023 0.042088 2.0119
Oracle-based 0.40798 0.51891 0.31589  0.19106 0.21783 0.10926 0.29349
Proposed method 0.43838 0.49225 0.31578 0.18932 0.11987 0.060715 0.26939

rated power. However, as time progresses, the small battery
slows down its charging. This occurs because the controller in-
structs the smaller battery to compensate for the voltage drop, as
bus 2 has an impact on the voltage objective higher than bus 4.
This creates a temporary imbalance between the SoCs of the two
batteries that is fixed after the voltage drop.

Here, we compute the metrics defined in Section 6.1 for the
three cases, specifically (i) the cost functions of Section 3.1 with
equal weights for all objectives, (ii) the oracle-based approach
and (iii) the proposed cost functions. Their values are shown
in Table 1. Our method achieves smaller values for all metrics,
except the slack-reactive-power metric. This result verifies that

11

our method can achieve comparable performance with the (less
practical) oracle-based approach.

6.3. Evaluation of the proposed method in a different scenario

To further justify the merit of the proposed method, we ap-
ply it to another case study, specifically the work of Borghetti
et al. [12]. This case is similar to the one studied in our work,
as (i) it considers a multi-layer control approach and (ii) it con-
siders both individual resources and both global grid objectives.
Moreover, Borghetti et al. do not give any insight into how they
chose the weights of the objectives.
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Fig. 8. Simulation results for the problem defined in [12] for three different
weight configurations.

The control consists of two layers, namely (i) day-ahead and
(ii) intra-day. The first layer computes a target power trajectory
for each energy resource in the grid to be followed by the second
layer. The second layer is also responsible for minimizing voltage
deviations from the nominal value. Here, we target a simplifica-
tion of the problem defined in [12]. We consider the grid of Fig. 1,
where the target trajectory of each battery was computed by [18].
The target objective is

Npys

Y oyivi—1
i=1

where P; and 15j are the computed and target power of battery j,
respectively, and V; is the voltage of bus i. We consider the same
scenario for the load, PV, and slack voltage, as in Section 6.

Borghetti et al. consider two sets of values for the weights
o and y, namely (i)« = 1,y = 1 and (ii) « = 50,y = 1.
Fig. 8 shows the evolution of the battery power trajectories and
their respective targets normalized by the rated power of each
battery for these two cases. When the two weights are equal, the
controller forces the small battery to produce at its maximum
power (@s ) to compensate for the voltage drop. Whereas, when
o = 50, the two trajectories match their target value, meaning
that the controller fails at regulating the voltage.

To test our method, we first need to convert the absolute
values of Eq. (37) to square functions, to satisfy our guidelines.
The results with our method are also shown in Fig. 8. Concerning
voltage regulation, our method achieves a control that, between
the two batteries, is more fair than the manual-weight-tuning
approach (the ratios P/S are very close).

N
min alP; — Pi| + 37
; FZ] |P; — Byl (37)

7. Conclusion

We have defined guidelines for the design of objectives for the
real-time control of batteries in a microgrid and have proposed a

12
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method for computing their weights. Our method requires only
certain parameters as input that can be chosen intuitively and
achieves a comparable performance to oracle-based approaches
that are usually applied by the existing literature and are not
feasible in practice. Because the method is grid-agnostic, we have
also shown it can easily be applied to different problems, hence
it can be employed by others in the future.

In future research, we plan to address the limitations of our
method, concerning the types of objectives considered. Currently,
the method is limited to batteries with the same objective, which
is to regulate their SoC for the purpose of dispatchability. It would
be interesting to study the case where batteries have different
objectives, for example, the case where one battery acts as the
slack bus. We also plan to extend the method to consider different
types of energy resources, as well as long-term objectives, to
guarantee the fair satisfaction of objectives in the long run.
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Appendix. Proofs of theorems

A.1. Proof of Theorem 1

Because the optimization problem is assumed to be uncon-
strained, the optimal solution would be a stationary point of
the cost function. This means that for every battery i we should
have:

AC(xP|u)  AC(x" i)
aP; o)

From the form of the total cost-function (2) and the battery cost-
function (15), we have the following set of equations Vi = 1..N:

(38)

OCM ) _ i )7 i)
C0R "2 NN (39)
AC (i) gy | J(xib)

e ey 9Q;
where rp; is defined in (13). Given the sets of Egs. (38) and (39),
we get Egs. (14) with Ap = —% and g = —%, which is the

statement of the theorem.
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A.2. Proof of Theorem 2

We present the proof for inequality (18). Assuming cost func-
tion (15), we compute the derivative of the total cost function C;
with respect to Py, m € {i, j}.

G __ tom , 0J(xw)
OPn | 2 P

where 1p ,, is defined in (13). We consider all the possible cases
that might hold at the optimum x°?*:

(a)
IC (¥ |un)
3P

By setting Eq. (40) equal to O for both batteries and con-
sidering condition (16), we verify that the upper bound
of inequality (18) is achieved. This case is met under the
assumption of Theorem 1.

(40)

=0,m e {i,j}

AC (X |ir)  AC(xP" i)
. >0
oP; oP;
If the derivative of the total cost function with respect to
P; at the optimum is strictly positive, this means that the

value of P; cannot be decreased further, which implies that
it should take its minimum value, i.e.

PP P
; = ( = )min
Si S
On the other hand, if the derivative is negative, then
PP P
—-— = (7 )max
Si S

Since the derivatives of C; with respect to P; and P; have the
same sign, and considering assumptions (16) and (17), we
get that in both of these cases we have rp; = rp j. Hence,
inequality (18) is satisfied.

IC(x°|un) 0 IC ()
>
oP; P

Using the explanation of the previous point, we should
have only for battery i

PP p
— = (7)min
Si S
and given assumption (17) we should have:
rpi—1p; <0 (41)
Moreover we should have:
AC(x%Pt |1 C (X%t |1
(X% |u) _ t(x% |u) -0 —
oP; opP; (42)
ap(r o) (3J(x°pt|ﬁ) 3](?6”‘”))
L — i) > — _
2 T aP; op;

Combining (41) and (42), we derive that both sides of
inequality (42) are negative, therefore, taking the absolute
value results in the desired condition (18).

AC,(x°P" |in) AC,(xP")
<0 =
aP; dP;
We can work in a similar way as case (d) and show that
(43)

)

rpi—1pj >0
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and
ap AJ(xP i) oJ(x|ih)
E(rP.i —1pj) < —( P, - oP; ) (44)

Now, both scales of inequality (44) are positive so taking
the absolute value results once again in condition (18).

AC (X" |ir)  3C,(x°P" i)
. <0
oP; oP;
The proof follows in the same way as in cases (c)-(d). In

particular, we can show that either (41) and (42) will hold
together or (43) together with (44).

We have, thus, concluded thatt Jinequality (18) should hold for
every possible values of %p‘“), m € {i,j}. The same method
can be used to prove the result for the reactive power.

A.3. Proof of Lemma 1

We assume that for some value d > 0 we have

o =yl > d (45)
which can be rewritten as:

opt > * + d
ory ¥ <y, —d

Because J;, is a convex function by design, then its derivative

J;, is an increasing function, which means that:
Jam) > Iy + d)
and J,,(yi") < Ju(m — d)

Moreover, because Ju(ym + ¥,) is also an even function by
design, then J, (ym + y3,) is an odd function. This means that

(47)

T +d) = =I5,y — d), Vd (48)
Combining conditions (47) and (48), we get
UnoEON > Uy £ d)l, Vd (49)

We consider any variable x; € {P;, Q;}, i.e. it represents either the
active or the reactive power of battery j, such that the respective
sensitivity coefficient satisfies the inequality |K,Tj| > Ki(d, wy).
Then, we compute the following quantity

Y i) 22 Uyl K
0% Un W + DI Ke(d, wm)

Considering the battery cost-function (15) with apj, aq; €
(0,11, Vj and the fact that for every battery we have P;, Q; €
[=S;, Sj1 we derive the following inequality

(49)

(50)

Wm

aG; .
w,-|a—;|s1,vf (51)

j
From inequalities (50) and (51) we infer that we should have one
the following two cases:

aJ (x|t
wmij( ) >1 = xj?pt
3Xj
o) (2" |u1)

an

(52)

= Xj.min

m <-1 = X" = Xmn (53)
This result follows from the box form of the constraints of the
problem in the same way as in case (b) of the proof of Theorem 2.

Now, we consider the following two cases:
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(A) Jnym) >0

In this case, for any variable x;, with |I<)Z7j| > K; we have
Km >0 :} XOp[ = Xj,min
K" <0 MELIN X" = % o

Therefore, no matter what is the value of the sensitivity
K)?}, the product K;"J jp takes the minimum possible value,
which we denote as K"x xPt = (KX Dmin-

The next step is to examme the ordermg of the following
three points, name Q’ ) the value of y,; evaluated at the
optimal solution ys¢", (ii) its minimum value within the do-
main of the problem y”“" and (iii) the value that minimizes
the grid cost within the same domain ym Now we consider

two cases regarding the point ymf :

i. The pomt that minimizes J;,, is not stationary, i.e.
Jh (ym ) # 0. Then, variable y,, must be constrained.
Because J/ (yw') > 0 by assumption, Vi must be
constrained by its lower bound y™, i.e. y = ymin
and since y?" is within the domain of y,,, we derive
the ordering of the points as y7" = yir < yopt

. The point is stationary, i.e. J/,(y ’”f) = 0. Then varlable

Ym iS not constrained, which means that ym > ymin

and y' > y””“ Now, considering the assumption

that J/ (y 0’") > 0 = J/(yi¥) and the fact that J/,

is an increasing function (by convexity), we get the

following ordering of the points y™n <y — 2"

—
=

<Y¥Ym

The ordering derived above can be re-written in the follow-
ing way

In0) >0 =y~
We can continue to show that
Vo =yl < Wi =V |+ e =y | <

< |y>(< me_
= > (KXiminl <
i

mf| < |y0pt _ymin|

(54)

opt

+ |ZKm Xt

Xll
sly,,1

_|._

me_

2

\Km.|<K[(d.wm)

(B) Jnym') <
We can show in a similar way, that in this case, we have
K °pt = (K% )Jmax for any variable x; with |K}"}| > K; and
that

|I<E||xi.max - xi,min|

TP <0 = yP —yW| < |y?" — (56)

From this, we can show that we get again inequality (55).
Since the above inequalities are true for any d > 0, we can
take as upper bound the minimum of these bounds over all
values d. Hence, we get the upper bound f(w,).

max|

A.4. Proof of Theorem 3

By taking definition (27) and applying the triangle inequality
we get

lyea — yr | = [yP' — Aym — yhl <
< WP =yl 4 | Aym| < (57)
< P =yl + 1 AYmlimax

and from Lemma 1, we have

lyot — yil < flwm) (58)
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Combining the above two conditions, we get the statement of the
theorem.

A.5. Proof of Theorem 4

Let w;;, be a solution to Problem 2. Considering the nature
of the problem, this solution is the minimum value of w,, that
satisfies a constraint, therefore it should be unique. By definition
(29) we have

fuwy) = ming(w), )+ | Al (59)
Now, by evaluating g(w;,, d) at d = d},,, — |AYm|mex We get
fulwi) < 8w, dige m — 1AV mlmax) + | AVm | nax (60)

Also, because w;, is a solution to Problem 2, it should satisfy
constraint (31). Combining it with the previous inequality we
have

fulwy) < — | AYm|max + | AYm|max (61)

which is equivalent to (30). Therefore, w;, also satisfies the con-
straint of Problem 1.

Now, we assume another weight w;, € (0, w}) and denote
Ad m= = d}oxm — | AYmImax fOr ease of notation. We will show
that wj, cannot satisfy the constraint of Problem 1. Let d > 0 be
an arbitrary value. We consider the following two cases

(1) d > Ad:

max,m

By the definition of function g in (24) we have
max{d, h(Ki(wy,, d))} > d > Ad},

max,m

*
= dmax m

=d*

max,m

g(wy,, d) = (62)

d < Adpem

By the definition of function K; in (22) and the fact that J;,
is an increasing function (by convexity of J;;) we see that
for a given argument w;, the function K;(wy,, d) is strictly
decreasing for d > 0. And because we consider the case

where d < Ad* we should have

(2)

max,m

max,m

(63)

Now, from the defrmtron of h in (23) we can derive that
h(K) is increasing in K, so from (63) we get

h(Ke(wy,, d)) > h(Ke(w),, Ad}

max, m)) (64)
Because wy, < wp and wy; is the solution to Problem 2,
then w;, should not satisfy constraint (31). Therefore, by

using the term Ady v We defined in this proof we get

g(wm’ Admax m) > Admaxrn (65)
Also, from the definition of g, we have

8wy Adjg ) = * (66
max{Admaxm, h(Ke(wy,, Adym))}

and taking into account the last two conditions, we can
infer that

h(K(wy,, Adyox ) > Adnoe (67)
Combining all the above results, we get
8(wy,., d) = max{d, h(Ki(wy,, d))} >
> h(Ke(wy,, d)) = h(K(wy,, Adﬁm m) = (68)
> Adpgym > d
Hence, we get g(wy,, d) > Ady,,, ,Vd # Ady,,, ., and given the

definition of f,(wy) in (29) we have

fulwr) > gy s YWy < wiy (69)
which means that any w,’11 < wj, cannot be the solution to
Problem 1. Therefore, wj, is also the solution to Problem 1.
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