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Abstract

By incorporating known constraints into the inverse reinforcement learning (/RL) framework, con-
strained inverse reinforcement learning (C/RL) can learn behaviors from expert demonstration while
satisfying a set of pre-defined constraints. This makes CIRL relevant in safety-critical domains, as
it provides a direct way to devise Al systems that enforce safety requirements. This master the-
sis proposes and analyzes an algorithm, termed NPG-CIRL, that solves the problem of CIRL. Our
algorithm implements a primal-dual scheme that extends the natural policy gradient (VPG) algo-
rithm to the CIRL setting. We provide a finite-time analysis of the algorithm’s global convergence
in the idealized exact gradient setting and the more practical stochastic gradient setting. We show
that the algorithm requires O(1/¢?) gradient evaluations to reach an e-approximate solution and to
satisfy the imposed constraints. Our analysis also quantifies the sample complexity, showing that
the algorithm requires O(1/¢*) samples to achieve convergence when using Monte Carlo gradient

estimation techniques.
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Notation

In the following text, we use the following conventions for notation. We denote all of our vectors x
in bold, our scalars x in regular weight and our matrices X are capitalized. When used between two
vectors « > y, the comparison is element-wise. The transpose operation is denoted X . The scalar
product (x,y) between two vectors z, y is denoted using angled brackets. When a single-variable
function f : R — Ris applied to a vector f(x), it is applied element-wise.

We write || z||,, to denote the p norm of a vector . The notation || X || denotes the spectral norm of a
matrix. The || X, notation denotes the operator norm of a matrix induced by the vector norm p. The
| X || notation denotes the Frobenius norm over the matrix X.

We write |S| for the cardinality (the number of elements) of a discrete set S. When considering a
discrete function f : S — R, we write f(s) for a specific element s € S. We also use the following
shorthand to think of discrete functions, we let the vector f = [f(s1),..., f(zx|)]" € RIXI contain
all of the values taken by the function f : S — R over the finite set S. When using that notation of
discrete functions as vectors, we write the function f in bold.

We write Ag for the probability simplex over the set S. When considering functions over sets (for
instance, a set of simplices), we write A?; here, this is a mapping from a set S to a set of probability
simplices over the discrete set U.

Quantities that evolve with time, such as algorithm parameters or the current state in a stochastic
process, are expressed as z( for the ¢-th iteration (where z is the quantity).
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Introduction

Reinforcement learning (RL) has emerged as a prominent field of artificial intelligence, enabling
great success in various applications and industries, such as robotics [Peng et al. 2020; Lee et al.
2020], autonomous vehicle control [Kiran et al. 2022], software engineering [Mankowitz et al. 2023]
and bioinformatics [Wang et al. 2022]. By allowing agents to learn optimal behaviours from trial and
error, RL has the potential to enhance efficiency in many industries and address complex decision-
making problems that were previously unsolvable.

However, RL is often called a "black box method” because of its inherent complexity and lack of
transparency. The decision-making processes and learned policies of RL agents are not easily ex-
plainable by humans, and most RL methods do not allow for explicit constraints to be specified.
Thich has led to concerns regarding safety and explainability in RL agents.

Safe RL describes the research area aiming to develop algorithms and methodologies that ensure
agents learn and act to minimise the risk of harmful outcomes, preventing potentially dangerous sit-
uations. This aspect is particularly crucial in domains such as healthcare and autonomous vehicles,
where the impact of a wrong decision can be disastrous. As RL algorithms become more com-
plex, their lack of interpretability hinders their adoption in critical domains. Explainable RL aims to
bridge this gap by enabling humans to better understand an agent’s decisions, facilitating trust, ac-
countability, and better integration of RL systems into real-world applications. Research in safe and
explainable RL is crucial to ensure Al agents’ safe and effective deployment in real-world scenarios.

The following thesis proposes an algorithm called NPG-CIRL to solve the problem of constrained
inverse reinforcement learning (CIRL) and provides convergence guarantees. The CIRL problem is
an extension of the inverse reinforcement learning problem (/RL) [A. Ng, Harada, and Russell 1999],
which is concerned with recovering a reward function explaining the behaviour of an expert agent.
IRL methods are generally considered part of the broader class of imitation learning methods, which
aim to enable agents to learn behaviours from demonstrations. This approach has seen great suc-
cess in the field of robotics and has, for instance, been used to train locomotive policies in robotic
dogs, using expert data acquired by motion capture on real canines [Peng et al. 2020]. Rewards
recovered through IRL methods can, in turn, be used to clone the behaviour of that expert. Com-
pared to alternative methods, such as behavioural cloning that directly tries to reproduce an expert
policy with supervised learning, IRL presents the advantage of recovering a representation of the
underlying goal of the expert. Depending on the problem structure, especially in MDPs with sparse
rewards, the reward may provide a more compressed representation of the goal of an agent than
the expert policy. Furthermore, this representation describes a goal independent of the underlying
MDP dynamics. That makes IRL better suited to learn policies that are transferable across different
dynamics, making /RL methods particularly adapted to learning behaviours that generalize across
different settings. With the ability to learn transferable policies, a robotic arm could, for instance, be
trained to perform a task demonstrated by a human expert, even if the kinematics of the robot are
fundamentally different from those of the human demonstrator.

1
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CIRL differs from the more extensively studied /IRL problem by introducing known constraints into
the problem formulation. The introduction of constraints guarantees that the recovered reward in-
duces a policy that meets explicitly specified requirements. This property is crucial in safety-critical
domains, such as autonomous vehicles, robotics, or medical applications. Another advantage pre-
sented when introducing known constraints into /RL is that C/RL recovers a reward that does not
implicitly represent the constraints. That property implies, for instance, that a self-driving model
trained on a dataset of Swiss roads could be used to learn a reward function which does not repre-
sent known constraints such as speed limits and that, when specified different restrictions, it could
still meet them. For instance, the model would not require a new training dataset to learn to drive
faster than the Swiss speed limitations when on the German autobahn. This would not be achiev-
able with an unconstrained /RL algorithm.

These properties make CIRL a particularly relevant problem to study in the search for safer and more
explainable Al systems. CIRL offers a promising approach to developing more reliable and account-
able Al systems by addressing safety concerns and facilitating interpretability. These qualities are
pivotal for the widespread adoption and acceptance of Al technologies in real-world applications.

1.1. Prior work

Reinforcement learning (RL) is a machine learning problem concerned with training agents to make
sequential decisions to maximize a reward function. The problem has its roots in planning algo-
rithms for Markov Decision processes [Bellman 1957] and in the study of reinforcement in behavioural
psychology [Skinner and Ferster 1957]. RL methods have recently seen great success in solving
complex sequential optimal decision-making problems such as the game of Go [Silver et al. 2016].

Policy gradient (PG) methods tackle the RL problem by gradient-based optimization on parameter-
ized policies [R. J. Williams 1992; Sutton et al. 1999]. Recent works solving real-world problems
such as robotic locomotion [Lee et al. 2020] or learning to play atari games [Schulman, Levine, et al.
2015; Haarnoja et al. 2018] have shown the efficiency of policy gradient algorithms, when they are
used in conjunction with deep neural networks to parameterize the policies. Various modifications
to the original policy gradient formulation have been proposed [Kakade 2001; Schulman, Levine,
et al. 2015; Schulman, Wolski, et al. 2017]. In particular, the so-called natural policy gradient (NPG)
method [Kakade 2001] preconditions the gradient steps with the Moore-Penrose pseudoinverse of
the Fisher Information matrix, which enables the algorithm to adapt to the geometry of the problem.
Trust-region policy optimization (TRPO), a method very closely related to NPG, is one of the most
successful deep reinforcement learning method in practice [Schulman, Levine, et al. 2015].

Itis only fairly recently that PG methods have been shown to converge globally. [Agarwal et al. 2020]
have shown that directly parameterized, projected policy gradient ascent converges atan O(1/v/T)
rate and that it asymptotically converges globally with policy parameterization when given access
to exact gradient Oracle. Under relative entropy regularization [Agarwal et al. 2020] also show that
policy gradient and natural policy gradient converge at an O(/+/T) rate and O(1/T) rate, respectively
(also with exact gradients).

A particularly relevant area of study in the context of this work is that of regularization in RL. Regular-
ization has been investigated because of its ability to accelerate convergence [Mei et al. 2020] and
as a way of inciting exploration when learning [Haarnoja et al. 2018]. The impact of regularization on
PG methods with softmax parameterization has been studied by [Mei et al. 2020], who show that
entropy regularization can lead to a O(e~7) global convergence rate (with exact gradients). [Cen
et al. 2021] show that the NPG algorithm converges at an O(e~71') rate when entropy regularization is
introduced, with exact gradients as well in a setting with bounded gradient perturbations. In the set-
ting where gradients can only be accessed through stochastic estimators PG methods are proved
to converge globally at a O(1/+/T) [Y. Ding, Zhang, and Lavaei 2021].
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Safety in Markov Decision Processes (MDPs), and more specifically, the setting where constraints
are introduced into MDPs has been extensively studied [Altman 1999]. This foundational work has
in turn been used to design reinforcement learning algorithms which are able to learn policies that
are subject to safety constraints [Achiam et al. 2017]. Such algorithms are termed constrained re-
inforcement learning (CRL) algorithms. The first algorithm with provable convergence guarantees
of O(1/V/T) rate for CRL was proposed in [D. Ding et al. 2020] which relaxes the constraints and
solves a Lagrangian problem with primal-dual updates. The authors propose to use natural policy
gradient ascent in the primal problem while relying on projected gradient descent on the dual. A
more recent contribution [Ying, Y. Ding, and Lavaei 2022] considers a dual-descent variation on the
primal-dual formulation of [D. Ding et al. 2020], in which multiple primal steps are run for each dual
step. This approach guarantees a faster convergence rate of O(l/T) (where O hides logarithmic
factors) at the cost of a more complex implementation.

The problem of learning a reward function from a dataset of expert demonstrations, inverse rein-
forcement learning, was first introduced by [Russell 1998]. The main challenge faced when solving
the IRL problem is degeneracy. Specifically, the set of optimal policies can be shown to be invariant
under a specific class of transformations [A. Ng, Harada, and Russell 1999]. This degeneracy dra-
matically complicates the search for a meaningful reward. Several approaches have been proposed
to overcome this limitation; this includes Bayesian approaches [Ramachandran and Amir 2007] and
margin-maximization techniques [Abbeel and A. Y. Ng 2004]. In this thesis, we address the degen-
eracy problem of IRL via maximum causal entropy IRL (MCE-IRL) [Ziebart, Bagnell, and Dey 2010]. In
MCE-IRL, entropy regularization is introduced into the objective function to ensure that the solution
is unigue and overcome the degeneracy of the problem. The maximum likelihood /IRL ML-IRL prob-
lem, an alternative, equivalent formulation of MCE-IRL, can be solved through a primal-dual update
scheme analogue to the one proposed for CMDPs by [D. Ding et al. 2020]. This approach has been
shown to converge globally at an O(1+/T) rate [Zeng et al. 2022].

While the research community has extensively studied the subjects of safe RL and IRL, constrained
inverse reinforcement learning has received limited attention. [F. Ding and Xue 2022] discusses
the enforcement of combinatorial constraints in the IRL problem. The question of identifiability of
the reward function and generalization to different dynamics and constraints has been studied in
[Schlaginhaufen and Kamgarpour 2023]. To the best of our knowledge, there has not been any
published research concerning the convergence of an algorithm for solving CIRL.

1.2. This thesis

[ Work | Primal Step [ Dual Step | Problem [ Regularization | Gradient | Rate (iterations) |
Agarwal et al. 2020 PPG Vi RL no exact O(1/VT)
Agarwal et al. 2020 NPG /I RL no exact O(1/T)
Cen et al. 2021 NPG Vi RL Shannon exact O(e™T)
Cen et al. 2021 NPG // RL Shannon perturbed O T)
Paternain, Chamon, et al. 2019 Oracle PGD CRL no exact O(1/T)
Paternain, Calvo-Fullana, et al. 2023 | PG PGD CRL no exact /I
D. Ding et al. 2020 NPG PGD CRL no exact O(1/VT)
D. Ding et al. 2020 NPG PGD CRL no stochastic O(1/VT)
Ziebart, Bagnell, and Dey 2010 DP GD IRL Shannon exact /I
Zeng et al. 2022 SPI GD IRL Shannon exact O(1/VT)
Chapter 4 of this work NPG PGD CIRL Shannon exact O(1/V/T)
Chapter 5 of this work NPG PGD CIRL Shannon stochastic (oracle FIM) | O(1/VT)

Table 1.1: Comparison of our result with similar works for RL, IRL and CRL (no results exist yet for CIRL). NPG denotes natural
policy gradients, PGD projected gradient descent, PPG projected policy gradient, DP denotes dynamic programming
(requires the dynamics to be known) and SPI soft policy iteration (which is described in the background section).

The work presented in this thesis focuses on establishing provable global converge guarantees
for an algorithm that solves the CIRL problem. The method we introduce, NPG-CIRL, implements
a primal dual scheme which extends the well-studied natural policy gradient (NPG) algorithm and
is similar to methods presented to solve the IRL [Zeng et al. 2022] and CRL [D. Ding et al. 2020].
NPG-CIRL differs from the CRL algorithm of [D. Ding et al. 2020] by the introduction of entropy reg-
ularization and by the fact that two dual variables are studied, with one of them being parametrized
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(in this work, we consider linearly parametrized rewards). Our work differs from the IRL algorithm of
[Zeng et al. 2022] on two main aspects; we consider projected descent steps on reward, whereas
they assume that reward is parametrized in some way that doesn’t require projection and unlike
them, we analyze convergence in the stochastic setting.

The main contribution of this thesis lies in providing a detailed analysis of the NPG-CIRL method.

1. We prove that in the exact gradient setting, under softmax policy parameterization, and linear
reward parameterization, our method globally converges at a O(1/+/T) rate.

2. We study the convergence of our algorithm in the stochastic setting, where gradients are es-
timated using Monte Carlo estimators. We show that the global convergence rate of O(1/v/'T)
still holds, even when the gradient estimators are biased.

3. We show that the overall algorithm has a sample complexity of O(1/+/S). To the best of our
knowledge, we provide the first provable global convergence result for an /RL algorithm in the
stochastic gradient setting.

Finally, we investigate additional structural assumptions on the MDP and the reward and constraint
parameterization matrices thatlead toa O(e~7') convergence rate when satisfied. We have not been
able to show that these assumptions are easy to ensure to be true, but these investigations suggest
that inquiry in that direction might be interesting.

The results that we present are put into perspective with other state-of-the-art algorithms for similar
problems (RL, CRL and IRL) in table 1.1.



Background

This chapter introduces the main object we will be studying in this work, Markov decision processes
(MDPs). In the context of constrained inverse reinforcement learning, we will always be dealing with
regularized constrained MDPs, but for completeness and for greater clarity we will first introduce
unregularized MDPs (Section 2.1), then regularization (Section 2.2) and finally constraints (Section
2.3).

Once MDPs are properly introduced we will discuss the approaches to solving them that we will
make use of in this work, policy gradient methods (Section 2.4) and natural policy gradient methods
(Section 2.4.1). Finally, we will introduce and discuss the inverse problem to MDPs: inverse reinforce-
ment learning (Section 2.5).

2.1. Anintroduction to Markov Decision Processes (MIDPs)

Markov decision processes (MDPs) provide a mathematical framework for modelling and studying
sequential decision-making in situations with randomness. They have been known and studied
since the 1950s originally in the field of Operations Research, notably at the RAND corporation in
the United States [Bellman 1957], in parallel they have also appeared in the field of game theory,
as a restriction of Stochastic Games [Shapley 1953]. Another obvious parallel is that MDPs can be
thought of as an extension of Markov Chains, which is where they inherit their name from.

We now formally state the definition of MDPs as well as the definition of a Trajectory generated by
an MDP. We then illustrate the definition with a simple example. In the following section we will
explicitly state that all the results we state are concerning unregularized MDPs, the reason we take
such care in highlighting that they are not regularized is because we will then completely abandon
them in favor of their regularized counterparts (Section 2.2), in our convergence analysis.

Definition 2.1.1 (Unregularized Markov Decision Processes). A (unregularized) Markov decision pro-
cess (MDP)is atuple M = (S, A, P,r,~,v) made up of
1. aset of discrete states S := {s1, s2, ..., $n } (Which we call the state-space) of cardinality |S| = n,
2. asetofdiscreteactions A := {ay, as, ..., a, } (Which we call the action-space) of cardinality | A| =
m,
3. a Markovian transition kernel P € A3*# (which describes the probability P(s'|a®, s®) of tran-
sitioning to the state s’ when action a(*) is picked while in the state s(*),

4. areward functionr € R C R5*4
5. adiscount factor v € (0, 1],
6. an initial state distributionv € Ag.

Definition 2.1.2 (Trajectory). We call a sequence of states and actions generated on an MDP M =
(S, A, P,r,v,v) a trajectory, which we denote as:

T= {5(0), a(o), 5(1),a(2), = {s(i),a(i ;"ZOOO. (2.0

5
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A simple MDP example: the lake cleaning robot In order to clarify how MDPs behave and gen-
erate trajectories, we will provide a simple example of MDP the lake cleaning robot example. In our
example we will consider a battery powered robot which has for single goal to clean a lake from
waste. In the language of MDPs we call our robot, the agent. Our agent can be in any of 5 states:

State | Situation of the robot
$1 docked to its charging station,
So offshore with full battery,
S3 offshore with half-full battery,
S4 offshore with low battery,
S5 offshore with an empty battery, lost on the lake.

which together constitute the state-space of our MDP, we write the state space
S = {s1,82,83,84, 85} (2.2)

At any time step the robot has the possibility to choose one of two actions:

Action | Effect
ay navigate in search of waste,
as head to the charging station.

Together actions a; and a; constitute the action space A = {a;, az} of our MDP. In an MDP we model
time by discrete time-steps, as time progresses, our agent "moves”, it changes from one state to
another. Furthermore, our agent has a goal (cleaning the lake), in the MDP formalism that goal takes
the form of a reward attributed to the agent at each time step depending on the state and action
that the agentis in.

Figure 2.1: A graph representation of possible transitions in the lake cleaning robot MDP.

In the case of our lake cleaning robot example, the following transitions are possible, when the robot
is docked, the navigate action brings it offshore, on the lake with a fully charged battery. When on
the lake the robot has the choice to navigate and thus clean the lake or to come back to its docking
state, in which our robot recharges its batteries. Navigating the lake may or may not consume a lot
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of energy depending on the environmental conditions. Thus taking the navigate action on the lake
lowers the charge of the battery in a stochastic fashion. This is also the goal of our agent, it is when
navigating the lake that it cleans it. Therefore, our agent gets a reward of 1 when it picks action a,
while offshore. It is not known when taking the action whether the battery will lower or not, specif-
ically, there is a probability of 0.5 that taking the navigate action will lower the charge. If the robot
ends up in a state where the battery is fully emptied, then all actions have no effects; the robot is
lost on the lake and will never be able to charge back up. These possible transitions are pictured in
Figure 2.1.

The MDP’s Markovian transition kernel P provides a formal way of describing the stochastic evolu-
tion from the state of our robot as we move from the time step ¢ to the time step ¢ + 1. Specifically,
it describes how our robot transitions from one state to another by giving the conditional probabil-
ity P(s'|s®, a(")) that the agent transitions to state s’ assuming that it currently is in state s®). For
instance, we could write the probability that the robot moves from state s, (offshore, full battery) to
state s3 (offshore, half-full battery) when it chooses the action a; (navigate) as follows:

P(53|$2, al) =0.5. (23)

The Markovian transition kernel can be thought of as a function P : S x A — Ag, but since we
only care about discrete state and action spaces, i.e. a discrete domain for that function, we can
equivalently write it down as a matrix P € R™"™*", In our lake-cleaning robot example, the transition
kernel P takes the following value:

S1 S92 S3 S4 S5

_O 1 0 0 0_(81,6L1)
0 05 05 0 0 |(s2a1)
0 0 05 05 0 |(s3a1)
0 0 0 05 0.5](ss,0a1)
0 0 0 0 1 (35,a1)

P=11 0 0 0 0|(s1,a0) 24)

1 0 O 0 0 (52,(12)
1 0 0 0 0 (83,(12)
1 0 0 0 0 | (s4,a2)
0 0 0 0 1 |(s5a2)

Here we note that in our formalism, what equation (2.3) refers to is actually just an element of the ma-
trix in equation (2.4), specifically the seventh row, third column of P. This way of indexing elements
of a matrix is a bit unusual, but it is arguably the most readable when dealing with MDPs, and is the
convention that we will follow in this work.

Recall that our agent gets rewarded by a reward of 1, whenever it chooses to navigate, while already
on the lake, any other action brings "no reward” i.e. a reward of 0. This brings us to the reward
functionr : S x A — R. Here R just denotes the set of admissible rewards in our specific MDP, in
our case the agent only ever gets rewards of 1 or of 0 we have that R = {0, 1}. Similarly to what we
did for the Markovian transition kernel, we will represent that discrete function as a vector r € R™*™.
In our lake cleaning example, the reward vector is the following:

SO OO O FEH=O
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Again, we will write elements of these vector as if they were instances of a reward function, so for
example here we could index the third element of the vector as follows:

T(S?)?a/l) =1, (26)

note that we write the reward vector r in bold and the function (s, a) in a regular weight, this allows
for more clearly differentiating between scalar and vector quantities.

Up until now we have been discussing some key quantities of Definition 2.1.1. We will now conclude
this first set of illustrations by considering trajectories (Definition 2.1.2). A trajectory, denoted 7 is
just a sequence generated by the MDP, for instance consider this example of the beginning of a
trajectory 7 (Figure 2.2). Our agent starts from its docking station in state s, and it chooses to pick
action a; and moves offshore. It then navigates the lake waters and picks actions a; three times, the
first time it doesn’t affect its battery level, but the two next ones it reduces its battery level, it thus
reaches low-battery state. At this point it picks action a; and sails back to its dock. Note that this is
only the beginning of a trajectory since by definition we only consider infinite length trajectories.

0 i—2 i—3 i=4

i:1 1—

1— 1— 1—

Figure 2.2: Beginning of a trajectory 7 over our lake cleaning robot example MDP.

The short sequence of state and actions that we described above would be described mathemati-
cally in the following notation:

T = {817 ai, s2,ai, $2,01, 53,01, S4, 42, 51, } (27)
_ (5O O 50 1) @) 4@ (B 4B @ 4@ (6 3 2.8)

In (2.8) we introduce the notation 0 which denotes any quantity in the trajectory (reward, state or
action) at time step i.

So far we have only discussed how the MDP steps forward with actions picked arbitrarily, we leave
our example aside for a moment to formalize the way in which this is done. Policies are function that
specify a way of making decisions on some MDP we define them more rigorously in the definition
below.

Definition 2.1.3 (Policy). Given a Markov decision process, a policy w ¢ Ai is a function that asso-
ciates an action distribution with each state of an MDP,

AS = {7\'(-|5) eA4 Vse s}, (2.9)

where we call A5 is the policy-set. In plain English, in means the value r(a|s) of a policy gives the
probability with which an agent using the policy w will pick action a when currently in state s.

Implementing a policy in the lake cleaning robot example Back to our example we will now
introduce how policies (which are also sometimes referred to as strategies) and we will show how
one can implement a simple decision procedure such as Algorithm 1 with a policy function.
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Algorithm 1: A simple policy for the lake cleaning robot

At any time step i
switch s() do
case sY) = s, (at the dock) do
| pick action a; (move to the lake)
case s() = s, or s\ = s, (offshore, battery not low) do
| pick action a; (keep navigating)
case s() = s, (offshore, low battery) do
| pick action a; (head back to dock)
case s() = s; (offshore, empty battery) do
| pick between actions a; and a; uniformly at random

We now consider a policy =, since the policy is a discrete function, in the same way the reward is, we
will also think about is a vector r € R™™, for instance suppose we want our agent to make decisions
according to Algorithm 1 we would select the following policy vector:

1 (81, al)
1 (82, al)
1 | (s3,a1)
0 (54, a1)

0.5| (ss,

Trclean lake = 0 Ezi Z;;- (210)

0 (82, ag)
0 | (s3,a2)
1 (84, ag)

_0.5_ (85, ag)

We when indexing elements from the policy vector, we use a notation very similar to the one adopted
forthe reward, suppose we want to index the third element of the policy given in (2.37), we would write
it down as:

77(@1 |53)clean lake = 1, 2mn)

where the use of the center bar relates to the probabilistic interpretation of the policy, 7(als) is the
conditional probability that the agent picks action a, given that it is in state s .

Here we must highlight a key observation about the behavior of agents in MDPs when they are run-
ning a fixed policy. The policy fixes the distribution of actions picked by the agent at any given step.
This means that when in state s’ we can exactly compute the probability that the agent transitions
to any other state as follows:

PT(s|s) = Z 7(a|s)P(s'|a, s). (212)

acA

The interpretation of this is quite straightforward: when a policy = is fixed for some MDP M, the
MDP becomes a Markov Chain and we can compute its transition kernel from the policy = and the
transition kernel P of the MDP, as we show in equation (2.12). We call the transition kernel obtained
this way the closed loop transition kernel and we formally define it in Definition 2.1.4.

Definition 2.1.4 (Closed-loop transition kernel). Consider an MDP M = (S, A, P,r,~,v) as well as
apolicy © € Ag‘, the closed-loop transition kernel P™ ¢ A§ associated with the policy © gives the
probability

PT(s'|s) = Z w(als)P(s'|a, s), (213)
acA

with which the MDP will transition from state s to state s’, assuming that actions are picked according
to policy =. It is the transition kernel of the Markov chain created by applying the policy on the MDP.
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Rewards and discounted rewards We will now turn our attention to how the goal of the agent is
deduced from the reward. First we introduce the notion of a discounted reward (Definition 2.1.5).

Definition 2.1.5 (Unregularized) discounted reward). Considersome MDP M = (S, A, P,r,~,v), and
a trajectory T we define its (unregularized) discounted reward as follows:

+oo
Rp(r) = (1 =) ) 2'r(sD,a), (s,aM) e . (2.14)
t=0

We abuse notation and write (s, a(Y)) € 7 to specify that the elements in the sum are the ones
given in the trajectory 7.

The discounted reward provides a way to compute something akin to a weighted average of the re-
wards obtained by the agent which favors immediate rewards compared to rewards far in the future.
If we consider the beginning the example trajectory (2.7) that we previously defined, it would receive
the following discounted reward:

Ry (7) = Ry ({51, a1, 52,01, s2,a1, 83,01, 54, a2, 51, ... }) (215)
=({1-7) (r(sl,al) +y7(s9,a1) + V27 (s2,a1) + V21 (s3, a1) + v2r(s4, a2) + ) (2.16)
=(1-70+7-1+7* 14+ 14+~-0+..). (2.17)

The choice of v here is key, picking ~ close to 1 will increase the importance of rewards further in
the future, incentivizing long term planning while a small ~ will favor choosing immediate rewards.

Now remember that we are studying stochastic processes, hence the quantity R,.(7) will change for
different trajectories sampled from the MDP. We will thus need to study not only the computation of
the discounted reward for some trajectory 7 but also of the expectation of the quantity R,.(7). We
call that value the return.

Definition 2.1.6 (Unregularized) return). Givenan MDP M = (S, A, P,r,~,v) as well as a policy €
Ag‘, we call (unregularized) return the expected (unregularized) discounted reward under policy « (and
reward r):

J(7,7) = Epn [ Be(7)] = (1= 9)Erm

+oo
Z Ahr(s®, a(t))] (2.18)
t=0

The return (Definition 2.1.6) is the quantity that defines the goal of an MPD (Definition 2.1.7)

Definition 2.1.7 (Goal of an MDP and solution map). Given some reward r € R, the goal of an MDP
is to find policy =}, that maximizes return:

7, := RL(r) :== arg max J(m,r). (219)

s
TEA

We say that a policy ;. solves the MDP for reward r. We denote define the solution map to be the
mapping RL : R — Aj that given the reward returns the optimal policy.

Because this work will be focused on IRL we write J as a function of both =, ». The notation E, .
denotes an expectation taken over the probability that the trajectory = occurs assuming the agent
acts according to the policy . We can explicitly write out this expectation as:

B [Be(r)] = (1=7) 3 Pe(r)Re(r) (2.20)
Te{r}
+o00o
Pr(1) =v(s) H 7(a®, s P(stV|s® o®) (s® D) e 7, (2.21)
=0

where {7} denotes the set of all possible trajectories.
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We will now introduce a key quantity in the analysis of algorithms running on MDPs called the occu-
pancy measure. To see how it takes importance we go back to the equation for return that we just
defined:

J(Tr,’!’) = ]ETNﬂ' |:R‘P( )} 1 - 'r~1r Z Z'Y r ] (222)
t=0 s,a
W 1—=)Err lZZ’y r(s,a) (t) =s,a) = a)] (2.23)
t=0 s,a
. +oo
&) (1 =Y)E;ur ZZVtT(s,a)]l(s(t) =s,a® = a)] (2.24)
s,a t=0
+oo
=> r(s,a)(1—7)> 7'P(s =5, a=a") (2.25)
s,a t=0
= Z r(s,a)u(s,a). (2.26)

Where (i) holds by linearity of expectation an (ii) holds by Lebesgue’s dominated convergence.
What we have done is we have isolated a term p(s, a) which measures the "contribution” of a state
action pair (s, a) to the return. This measure of "contribution” is what we call the occupancy mea-
sure.

Definition 2.1.8 (Occupancy measure). Given an MDP M = (S, A, P,r,~,v) and a policy function
w € A%, we define the occupancy measure u™ ¢ AS*4 induced by policy on the MDP as follows,
Y(s,a) € S x A:

“+o0
u(s,a) =(1—7) thP(s =5 a=a®). (2.27)

t=0

As we previously did for the policy and for the reward, we think of the occupancy measure as a vector
p € R™ andwe use the notation u(s, a) to index the element of this vector associated with the state
action pair (s, a). Here we must underline a key observation, the return is the scalar product of the
occupancy measure and the reward vectors, this can easily be seen when writing the equation for
the return down:

J(m,7) =Epom [RT(T)} = tinls,a)r(s,a) = (b, 7). (2.28)

We also define the state occupancy measure.

Definition 2.1.9 (State occupancy measure). Givenan MDP M = (S, A, P,r,~,v) and a policy func-
tion = € A%, we define the state occupancy measure u™ < A® induced by policy on the MDP as
follows, ¥(s,a) € S x A:

pE(s) = (1 =) Y ' P(s =) = Zu (s,0") (2.29)

We call states with state occupancy measure n%(s) > 0 visited, in the sense that there is a non-zero
probability that the agent reaches them in a trajectory. Any state with ;% (s) = 0 is called unvisited
and will never be reached by the agent in any trajectory.

We now turn our attention to the study of the properties of the occupancy measure. We first discuss
the set of values that can be taken by the occupancy measure. We call this set the occupancy mea-
sure set (Definition 2.1.11) and note that although the occupancy measure is contained in the simplex
AS*4 the exact set of admissible values it can take must also satisfy what we call the bellman flow
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constraints (Definition 2.1.10). Before formally stating the bellman flow constraints, let us introduce
the matrix £ € R™"™*";

m times

E=1,,...1,)". (2.30)

Definition 2.1.10 (Bellman flow constraints). Consider a MDP with Markovian transition kernel P ¢
Aﬁ“‘, initial state distribution v € Ag and discount factor v € [0, 1), then any occupancy measure
induced by a policy = € A%, must satisfy:

(E—7P)Tp=(1-7y).
A proof of this result can be found in [Puterman 1994].

The set of feasible occupancy measures is naturally given by Definition 2.1.10.

Definition 2.1.11 (Occupancy measure set). Givenan MDP M = (S, A, P, r,~,v) and a policy function
7 € A4, we write M the set of meaningful the occupancy measures (meaningful in the sense that
J some policy w that could result in that specific distribution over the state space, i.e. a distribution
satisfying the Bellman flow constraints). The set M is characterized as:

M = {ue AS*A (B —P) Ty = (177)1/}. 2.31)
We have already mentioned that the occupancy measure u.. is induced by a policy. What we mean

by that is that for any policy = one can compute an occupancy measure p. Specifically the mapping
can be computed from the closed loop transition kernel P™ and the policy as follows:

+o00o
ps=0-7> (P)v=>1-(1—-vyP") v (2.32)
t=0
pr(s,a) = pg(s)m(als). (2.33)

This suggests that the mapping from policy to occupancy measure is surjective over the occupancy
measure set as defined above. There also exists a one to one mapping in the other direction (altough
the mappingi is not injective). Specifically we can recover a policy ,, that induces the occupancy
measure as follows:

a(als) == {“(87“)/’"‘5 i 115 > 0. (2.34)

1/m otherwise.
Note that the policy picked in an unvisited state has no impact on the occupancy measure, and
hence we can just arbitrarily choose any policy for unvisited states. In this work we choose to always
associate unvisited states with a policy where we choose actions uniformly at random. This is why we
call the mapping almost injective. It is ill-defined for unvisited states, but does not affect our ability,
given some occupancy measure p to recover a policy &, that induces p. This leads to Proposition
2.1.1.

Proposition 2.1.1 (There exists a one-to-one mapping between occupancy measures and policies).
Anypolicy m € A5 induces an occupancy measure u.,. € M. Furthermore, we can use equation (2.34)
to compute a policy that induces occupancy measure pi.

This is discussed more rigorously in [Puterman 1994].

Later on in this work will often make use of this one to one mapping, and we will use the following
convention: 7, is the policy inducing some occupancy measure p, computed through (2.34), and
1~ is the occupancy measure induced by some policy 7, computed as in (2.32).
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Return and occupancy measure in our lake cleaning robot example We come back to our
example, to get an intuition we will compute the state occupancy measure for the lake cleaning
robot MDP under policy mciean 1ake, Which we previously defined in (2.37). Assuming that the robot
always starts from its dock, i.e. that the initial state distribution is:

1] (s1)
0] (s2)
v=|0]|(s3). (2.35)
0] (s4)
0] (ss5)
we can compute the state occupancy measure using equation (2.32):
0.21846 (81)
0.35746 (82)
Mgclean lake _ (1 _ 'y)([ _ ,yPﬂ'clean Iake)_ly — 10.29247 (83). (2.36)
0.13161 (54)
0 |(s5)

Note that the policy we picked never visits the empty battery state and so state s; is unvisited. The
occupancy measure can then be computed as in (2.33) an we find:

[0.21846]
0.35746
0.29247

S1,01
S

)
S

1
1
1
1
2
2
2

2
S5, 42

)
53,
S4,

(
(
(
(
(857
(
(
(
(
(

2 2 2

(2.37)

Prceaniae = s

,_.
Q

b

Q

52,
53,
S

Q

0.13161

S

— N S N N

N

’

oWwooooo

It now becomes quite easy to compute the return associated with policy = on the lake cleaning robot
MDP, recall that we can just compute it through the scalar product (g, .. 7), We find:

J(m,7) = (Urgeaniaes T) = 0.64993. (2.38)

Now note that because of Proposition 2.1.1 we know we can equivalently consider policies or occu-
pancy measures and to solve MDPs, we also know that the return can be expressed as the scalar
product of the occupancy measure p and the reward vector r. This provides is with a simple way to
compute the solution of the MDP (in the sense of Definition 2.1.7). It is easily seen that we can find
optimal occupancy measures (and therefore policies) through the following linear program:

max . 2.39

max (. m) (2.39)
To complete our overview to MDPs, we will introduce two essential quantities which are extremely
relevant in the design of algorithms that solve these problems: @-values and V-values.

Definition 2112 ((Unregularized) value). Given an MDP M = (S, A, P,r,~,v) as well as a policy
m € A4 and some state s € S we call (unregularized) value the conditional expectation of the (un-
regularized) discounted reward under policy =« (and reward r), conditioned on the first state in the
trajectory being the state s:

V(s) =FErn [RT(T)’SQ = s} =1 —-9E;nr [f'\/tr(s(t), a|sg = s]. (2.40)
t=0

Definition 2113 ((Unregularized) Q-value). Given an MDP M = (S, A, P,r,~,v) as well as a policy
T e Ag‘ and some state s € S we call (unregularized) (Q-value the conditional expectation of the
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(unregularized) discounted reward under policy « (and reward r), conditioned on the first state in the
trajectory being the state s and on the first action picked being a:

—+oo
Qr(s,a) =Ern {RT(T)‘SQ =s,ap0=a| =(1—9)E;r [Z’ytr(s(t), a(t))‘so =s,a0 = al. (2.4
t=0

Here we must underline a key relationship between V-value and @-value: the @Q-value can be
computed form the V' value as follows:

Qx(s,0) = (1 = 7)7(5,0) + 1By [ V(5] (2.42)

The bellman optimality operator Finally, we introduce a way of solving MDPs (in the sense of
Definition 2.1.7), the Bellman optimality operator.

Definition 2.1.14 (Bellman optimality operator). We let T : R*™ — R"™™ be the operator defined as :

(TQF)(s.0) = (1 = )r(s,a) +7_max ((x(ls). QF(~a))). 243

m(|s)EAA

where ((n(-|s), V,7(s))) denotes a vector of n in which each element associated with state s is com-
puted by the scalar product (w(-|s), V,(s)).

The bellman optimality operator has two few key properties that make it useful for solving MDPs:

1. the vector @} values associated with the optimal policy (in the sense of Definition 2.1.7) is a
fixed point of the operator:

T(Q;) = Qy, (2.44)

2. the operator is a y-contraction in the || - ||, norm. For any two Q-value vectors Q and Q, we
have:

17Q ~TQllx <7Q — Qlls- (2.49)

These two properties (which are discussed and analyzed in details in [Puterman 1994]) allow, in
MDPs with known dynamics, to use the bellman optimality operator for solving the MDPs. ltera-
tively running the operator 7 on some arbitrarily initial Q converges at a linear rate to the optimal
Q-values Q*. This method is known as value iteration.

2.2. Regularization in MDPs

We now consider regularized MDPs, an extension of MDPs in which we introduce a convex regular-
izer function Q : A 4 — R. The topic of regularized MDPs is of interest to us because (as we will later
discuss) regularization ensures that the optimal solution to an MDP is unique. Regualrization is also
required to make the IRL problem non-degenerate.

What differentiates a regularized MDP from an unregularized one is the introduction of a convex
regularization function Q which is weighted by regularization factor 5. The regularizer affects the
computation of the return, of the )-value and of the V/-value function and thus changes what con-
stitutes an optimal solution to the MDP. On the other hand the introduction of regularizer does not
affect the dynamics of the MDP, so for instance the occupancy measure set M is exactly the same
whether the MDP is regularized or not.

Return, Q and VV-values in regularized MDPs The regularization is applied to the discounted
reward and thus affects the return, Q and V-values as well as the optimal policies. We now define
the discounted reward and return, in the context of regularized MDPs.
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Definition 2.2.1 (Discounted reward (regularized)). Given a trajectory r, generated by some policy
T E Ag‘ on a regularized MDP M = (S, A, P,r,v,v, , 3), we define its (regularized) discounted re-
ward as follows:

“+o0

Rp(r) = (1 =) Y A (r(s",a®) = (e (:|s1)), (s©,a) ~ 7. (2.46)

t=0
This way of regularizing the MDP penalizes policies that are "too deterministic” and can thus be
though of as a way to incentivize exploration.

Definition 2.2.2 (Return (regularized)). Givenan MDP M = (S, A, P,r,~,v,(, B) as well as a policy
7 € A4, we call (regularized) return the expected discounted reward under policy = (and reward r):

J(m, 1) = Epom [RT( )} (1= 7)Erm [Z’y s® a®) = BO(w(-]s,)) (2.47)
= By appr |15, a(t))} — BB (s aypar [ ([50))] (2.48)

In equation 2.48 the linearity of expectation, we are able to isolate:
E (s )i [Q(w(.|st))} : (2.49)

this quantity will appear in the computation of all reward-related quantities, we will thus name it
expected regularizer (Definition 2.2.3) and we will characterize some of its properties.

Definition 2.2.3 (Expected regularizer). Givenan MDP M = (S, A, P,r,~,v,(, 3) as well as an oc-
cupancy measure pu, we let the function ) : 5> denote the expectation:

Q1) = Eonps [Am(15))] = ( M[Zv (fs:))]. (250)
of its reqularizer under occupancy measure and policy .

Proposition 2.2.1 (Strict convexity is preserved in the expected regularizer). Assuming that the reg-
ularizer function Q2 : A 4 — R js strictly convex, the expected regularizer also is strictly convex.

This result is proven in [Schlaginhaufen and Kamgarpour 2023].

With the expected regularizer defined, we can express the return function in the more concise,
scalar product form:

J(m,7) = B ayoper [7(5,0)| = BB aypar [UwC]s0)] = (rop™) = ). (250)

We now formally state the definition of the @) and V'-values in the regularized setting.

Definition 2.2.4 (V-value (regularized)). Givenan MDP M = (S, A, P,r,~,v, ), 3) as well as a policy
™ E Ag‘ and some state s € S we call (regularized) V -value the conditional expectation of the (regular-
ized) discounted reward under policy = (and reward r), conditioned on the first state in the trajectory
being the state s:

Vi (5) = By [Rr(r)‘so =5 = (1= B en [ZV r(s®,a®) — BQ(r(-|s,)) )so =s]. @52
Definition 2.2.5 (Q-value (regularized)). Givenan MDP M = (S, A, P,r,~,v,$, 3) as well as a policy
m € A4 and some state s € S we call (regularized) Q-value the conditional expectation of the (regular-

ized) discounted reward under policy = (and reward r), conditioned on the first state in the trajectory
being the state s and on the first action picked being a:

Q7 (5,0) = Errom [RT(T)’SO — 8, a0 = a} (2.53)

= M[Zw o)~ —Br(ls)|so = s.a0 =a]. (25
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The soft bellman optimality operator We will now discuss the counterpart to the bellman op-
timality operator in the regularized setting: the soft bellman optimality operator. Recall that in the
unregularized setting, we defined the bellman optimality operator as:

(TQF)(s.0) = A = )r(sia) +7_max ((m(1s). Q7 (~a))). (2.56)

(- [s)EA A

When working within the regularized MDP setting, our operator takes the form of the soft bellman
optimality operator.

Definition 2.2.6 (Soft-bellman optimality operator). We let 75 : R»™ — R"™™ be the operator defined
as:

(75Q7 ) (s.0) = (1 =)r(s,0) +7_ max ((x([s),QF () - BAx(]s))).  (256)

7(-|s)EAA

Similarly to its unregularized counterpart, the soft-bellman optimality operator satisfies properties
that make it an efficient tool for solving MDPs. We formalize these properties in Proposition 2.2.2.

Proposition 2.2.2 (Properties of the soft bellman optimality operator). The operator 7z : R —
R"™ as defined in Definition 2.2.6, satisfies the following properties:

1. the vector Q;: values associated with the optimal policy (in the sense of Definition 2.1.7) is a fixed

point of the operator:
T(Qr) = Q. (2.57)
2. the operator is a y-contraction in the || - ||.. norm. For any two Q-value vectors Q and Q, we
have:
I7Q — TQllx <71Q ~ Qll (2.58)

These properties are proven in [Geist, Scherrer, and Pietquin 2019].

2.2.1. Entropy regularized MDPs

Next, we discuss one very specific example of regularizer Q : A4 — R that is particularly well-
studied is that of the negative Shannon Entropy. Which we first formally define.

Definition 2.2.7 (Shannon Entropy). Consider some distribution p € AX over the discrete random
variable X, we define the Shannon entropy H : AX — R as follows:

|X]

H(X)=—=) pilog(p;)- (2.59)
=0

One key property we will make use of is that the soft bellman operator can be computed in closed
form when using the negative Shannon entropy as a regularizer.

Proposition 2.2.3 (Closed-form of the soft bellman optimality operator when Q) = —H). When con-
sidering a Shannon-regularized MDP, the operator 7z : R™"* — R™™ admits the following closed-form
solution:

T(Q;) = (1= 7)r(s,a) + 1Rys.a | Bl X0 Qu(s') |1 | (260)
This result is proved in [Cen et al. 2021].

When using the Shannon entropy as a regularizer the following relationships between V-value and
@-value hold:

Qr(s,a) = (L—=7)r(s,a) + vEg|s.o[V ()], (2.61)
V. (s) = Bun @7 (s,a) — Blog (als)]. (2.62)

These equalities were first derived in [Nachum et al. 2017].

And we also have a direct way of computing the optimal policy = from the optimal @)-values, we
formalize it in the proposition below.
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Proposition 2.2.4 (Optimal policy is softmax of the optimal Q-values). When considering a Shannon
entropy regularized MDP the optimal policy is directly computable as a function of the Q-values as
follows:

exp(Q); (s, a)
2 aca €XP(Q)5(s, a)

(2.63)

Ta(s,a) =

This is proved in [Nachum et al. 2017].

2.3. Constraints in MDPs : CMDPs

Next, we introduce how constraints can be introduced in Markov decision processes. We define the
Constrained Markov Decision Process (CMPD) setting (Definition 2.3.1).

Definition 2.3.1 (Constrained Markov Decision Process). A Constrained Markov decision process
(CMDP)is atuple M = (S, A, P,r,~,v,Q, 8) made up of
1. asetof discrete states S := {sy, sa, ..., sp, } (Which we call the state-space) of cardinality |S| = n,
2. asetofdiscrete actions A := {aq, as, ..., am } (Which we call the action-space) of cardinality | A| =
m,
a Markovian transition kernel P € Aé“‘ (which describes the probability P(s'|a, s) of transition-
ing to the state s’ when action a is picked while in the state s),
areward functionr € R C R5%4,
a discount factor v € (0, 1],
an initial state distribution v € Ag,
a cost matrix & € Rmmxd,
a constraint vector b ¢ R?,
a convex regularizer function Q) : Ay — R,
a regularization parameter 5 € R™.

w

QOX®NS O K

1

The distinction between an MDP and a CMPD lies in the introduction of a set of d constraints, repre-
sented by a vector b € R% and of d cost functions that we represent through a cost matrix & ¢ R*m*4,
The constraints are considered satisfied when all costs are lower than the constraints, i.e. when:

U <b. (2.64)

The constraint matrix ¥ can be though of a block matrix made up d cost columns [¢1, ...1p4]. Once
written out in this formit is easy to see that the cost expression ¥ ' 11 is equivalent to the computation
multiple return (Definition 2.1.6) functions:

Y1 (1, @) by
Up=|:|p= : <|:|. (2.65)
’lpd <¢da I_,l,> bm

We have chosen to introduce the cost as a matrix-vector product of matrix ¥ and the occupancy
measure p. But the cost matrix defines a cost vector ¥)(s, a) for each state-action pair (s,a) € Sx A
and we can alternatively think of the cost vectors in this way. The two formulations are equivalent:

(Y1, 1) (I =7)Erir [Zfio ~igpy (s@, a(z‘))] N
: - : = (1 =7)Ernn lz ~ (s, a(i))] .
=0

VANTES : :
War ] | (1= DB | T2 tpa(59, )]

(2.66)
Recall that for unconstrained MDPs we defined the solution map (Definition 2.1.7) as:
7. := RL(r) := arg max J(m,r), (2.67)
‘II'GAi

in the CMPD setting we will re-define our solution map to that enforce that the constraints are sat-
isfied.
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Definition 2.3.2 (CRL solution map). /n constrained Markov decision processes (CMDPs) we define
the solution map to be the mapping CRL : R — Af, that given the reward returns the optimal policy.
That mapping is given by:
CRL(r) :=arg max J(m,r),
meAd (2.68)
st Uy, <b.

We are now done characterizing the types of MDPs that we will consider in this work. We will move
on to the description of possible methods to solve them.

2.4. Policy Gradient methods

From an optimization standpoint, the problem of finding the solution to MDPs can be thought of as
an optimization problem that solves:

arg max J(m,r). (2.69)

TEAS

Policies gradient methods approach this problem by running gradient ascent schemes on the re-
turn function J either directly on policy vectors = [Ronald J. Williams 1988] or, when the policy is
parameterized, by some parameter vector 8 € R™""™:

a7 4 NV (m, 1), O+ 9t 19V (ma,T). (2.70)

We denote the policy parameterized by the parameter vector 8 € R"™ as wg. The most common
policy parameterization used in for RL is the tabular softmax parameterization, which is simply given
by:

exp(6(s,a))
S wcaxp(b(s,a’))’

There are multiple algorithms that work with the general idea of policy gradient, but in the context
of this work, we will focus on the natural policy gradient (NPG) algorithm.

(2.7)

mo(als) =

2.4.1. Natural Policy Gradients

NPG was first introduced in [Kakade 2001] and thoroughly analyzed for the entropy regularized set-
ting' in [Cen et al. 2021] and [Mei et al. 2020]. In the following section, we introduce the algorithm
and discuss a few key results that we will require for the analysis of our own algorithm. The main in-
sight for the original NPG paper [Kakade 2001] is to precondition the gradient steps with the moore
penrose inverse of the Fisher information matrix of the policy parametrization.

Definition 2.4.1 (NPG policy step). The natural policy gradient step is given by:
0+ 01 1 1y (3°) Ve (0,7) 2.72)

The idea behind the preconditioning is to ensure that gradient direction is taken on the manifold that
the policy parameter 8 parameterizes. This hinges on the fact that the Fisher information matrix
is up to scale, an invariant metric on the space of parameterized probability (in our case policy)
distributions.

Definition 2.4.2 (The Fisher information matrix). The Fisher information matrix (FIM) is given by:
[37] (5, 0) = Es.aypt [vg log (als)(Ve log w(a|s))T] . 2.73)
One of the results concerning NPG is that when the algorithm is run on a softmax parameterized

policy in an entropy-regularized setting, the updates in the policy take an exponentiated gradient
form.

"Note that for the setting without entropy regularization, an analysis was developed in [Agarwal et al. 2020].
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Lemma 2.4.1(The softmax NPG step with entropy regularization yields MWU in the policy). Consider
the NPG policy step (as specified in Definition 2.4.1) applied on a tabular softmax parameterized policy
in a Shannon entropy regularized MDP. Assuming that 0 < ny < 1/ we have that the policy updates
take the form, for any (s,a) € S x A:

1

Touen (als) ) 7o oo (als) )1 =708 exp (1,Q2 (s, a)), (2.74)

where Z(%)(s) ensures that >~ 7(**1)(a|s) = 1, this update rule resembles multiplicative weight up-
date (abbreviated MWU).

This result is proved in [Cen et al. 2021].

When the learning rate 19 = 1/ is picked, it is easily seen that update of equation (2.75) reduces
to a simpler form, which is independent of the previous policy 7). We call this special instance of
NPG soft policy iteration.

Proposition 2.4.1(Soft Policy Iteration). We considerthe NPG step in the entropy-regularized setting
with tabular softmax parameterized policies. When the special learning rate ng = % is picked, then
the policy-updates take the form:

Toeesn (a]s) D) exp(noQe” (s, a)), (2.75)

1
where Z(*)(s) ensures that > pi'*+1)(a|s) = 1, we call iterations of this form soft policy iterations.

The reason we give special care to the soft policy iteration case is because the soft iterates imple-
ment the bellman optimality operator (Definition 2.2.6).

Proposition 2.4.2 (Soft Policy lteration implements the soft Bellman optimality operator). We con-
sider the Q-values QSf) and Qﬁf“) associated with policies mg) and wy«11) generated through one
step of soft policy iteration. It holds that:

T(QM) = QY (2.76)

So running soft policy iterations is equivalent to using the soft bellman optimality operator on the Q-
values.
This result is proved in [Cen et al. 2021].

Proposition 2.4.1 allows for easily verifying that in the soft policy iteration setting, NPG converges
linearly fast. This is the main driver behind most of the analysis developed in [Cen et al. 2021], and
will be a workhorse of our own analysis. Another key result that we will make use of in some of our
derivations it that NPG, regardless of the learning rates, ensures monotonous improvement in the
Q-values.

Lemma 2.4.2 (Monotonous improvement of exact NPG). Consider the NPG policy step (as specified
in Definition 2.4.1) applied on a tabular softmax parameterized policy, in a Shannon entropy regularized
MDP. Assuming that 0 < ny < 1/8 we have that for any (s,a) € S x A, the following inequality holds:

QU (s,a) > QW (s,a). 2.77)
This result is proved in [Cen et al. 2021].

The last result concerning NPG that we will make use of in our analysis is the so-called soft subop-
timality lemma.

Lemma 2.4.3 (Soft suboptimality). Consider an entropy-regularized MPC and let m* € A be an
optimal policy on that MDP, then the following bound on the suboptimality of any other policy holds:

J(7*,7) = J(m,7) = BBy [DKL(W(-\5)||W*(.|S))]. (2.78)
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2.4.2. Extending Policy Gradient methods to Constrained RL
The objective of a CMDP can be thought of as an optimization problem of the form:

arg max J(m,r), (2.79)
WGAi
st. U p. <b. (2.80)

Solving Constrained Reinforcement Learning (CRL) problems is performed with no direct access to
the CMDP dynamics, hence constraint satisfaction cannot be enforced through projection methods.
For that reason, the most common approach has been to use the method of lagrangian multipliers
on the CRL problem. The CRL lagrangian takes the form [Paternain, Chamon, et al. 2019]:

H _ T uy:l
arg;zi)% min J(m,r)+ (XN b—T ' "), (2.81)

This marks a fundamental difference between RL and CRL methods: while RL problems are max-
imization problems, CRL problems are saddle point problems. Assuming access to Oracle solu-
tion for the policy optimization side of the min-max problem, [Paternain, Chamon, et al. 2019] have
shown that the problem (2.81) reduces to gradient descent on the dual and by dual convexity, global
convergence. Furthermore, [Paternain, Calvo-Fullana, et al. 2023] have proposed using policy gradi-
ent methods in the primal, as a way of approximating the primal solution Oracle, but have not shown
global convergence. Global convergence for a practical algorithm has been shown by [D. Ding et al.
2020] who proposes the use Natural Policy Gradient (without entropy regularization) in the primal
and show a global convergence rate of O(1/v/T).

2.5. Inverse Reinforcement Learning

To conclude this background chapter, we introduce the inverse problem in MDPs, inverse reinforce-
ment learning (IRL). The IRL problem addresses the question of recovering the reward given either
directly an expert policy or some dataset providing information about this policy. We define IRL as
the search of a right-inverse solution map to the RL solution map (Definition 2.1.7).

Definition 2.5.1 (CIRL solution map). The exact solution map of the IRL problem is a mapping IRL :
A5 — R which satisfies:

(RLo IRL)(w?) = =P, (2.82)

A key observation to be made about the /IRL problem is that is ill-defined. Many choices of reward
can lead to the same optimal policy. One trivial example is that any policy = is optimal with respect
to constant rewards.

Different approaches have been proposed to overcome this challenge in IRL, one of the most promis-
ing one is that of maximum causal entropy IRL (MCE-IRL), first proposed by [Ziebart, Bagnell, and
Dey 2010], which ensures the uniqueness of the solution to the IRL problem by introducing entropy
regularization.



Problem Setting

We now circle back to the main problem at hand, in the following chapter we formally introduce the
Constrained Inverse Reinforcement Learning Problem (CIRL), discuss how it can be reduced to an
optimization problem and what quantities we will use to measure the quality of approximate solu-
tions.

3.1. Constrained Inverse Reinforcement Learning

The CIRL problem is the extension of the IRL problem to CMDPS. IRL, which we previously intro-
duced in Section 2.5, is the problem of, given expert data, inferring a reward for which the expert
that produced the data is optimal. In CMDPs, we extend MDPs with constraints, as discussed in
Section 2.3. The CIRL problem can be defined in two ways, either in an idealized fashion, where
direct access to the expert policy ¥ is assumed. Alternatively, we can define CIRL as a problem
where the expert policy 7 is only accessible through a dataset of example trajectories D. We first
define the simplest direct policy access setting.

Problem Definition 3.1.1 (CIRL with direct expert policy access). Inthe direct expert policies access
CIRL problem, we have access to: a reqularized Constrained Markov Decision Processes (CMDP) for
which we do not know the reward

CMDP\ r = (S, A, P,v, ¥, b,7,9), 31)

and to an expert policy mF € A,. The aim of CIRL is to recover a reward r* for which the expert policy
¥ is optimal. A key observation is that such a reward may not be unique.

The CIRL problem with direct expert policy access (definition 3.1.1) makes assumptions that are not
verified for most practical applications of IRL. The main motivation behind /RL is behavioural cloning,
for example, from human demonstrations, a setting in which the expert policy is not directly acces-
sible. This motivates a more practical definition of the CIRL in which the expert policy is accessed
indirectly through a dataset of demonstrations sampled from the expert.

Problem Definition 3.1.2 (CIRL with expert dataset). /In the CIRL problem we have access to: a
regularized Constrained Markov Decision Processes (abbreviated CMDP) to which we have access
through sampling only and for which we do not know the reward

CMDP\ r = (S, A, P,v,V,b,v,Q), (3.2
a dataset D of trajectories produced by an expert policy ==, which we aim to clone:
D ={mn,72,...,TN }. (3.3
Each of these trajectories is a list of state-action pairs of length H:

D= {TOaTl7 "'aTN} = {{(Sgk)7a§k)) ]gI—I:_()1 i]\;()’ (34)

21
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where the pair (sgk), ag’“)) € S x A denotes the state and actions at the k-th step of the i-th trajectory.

The aim of CIRL is to recover a reward r* for which the expert policy =¥ is optimal. Such a reward may
not be unique.

Note that the sampled expert policy setting of definition 3.1.2 indirectly provides access to the expert
policy. To see this consider this simple estimator for the policy:

N H-1q (k) _ (k) _
frE(a|s) — Zi:o k=0 ]l(si =s,a; = a)

N H— k
2 ico lc:Ol 1(52(' ) = s)

Where 1 denotes the indicator function. This observation allows us to reduce CIRL from expert
dataset to CIRL with direct policy access. We can formalize our problem definition as finding a right-
inverse solution map to the CRL solution map (definition 2.3.2).

(3.5)

Definition 3.1.1(CIRL solution map). The solution map of the CIRL problem is amapping CIRL : A% —
‘R which satisfies:

(CRL o CIRL)(w?) = n®. (36)

A policy that satisfies (3.6) may not always exist. To ensure that it does, we introduce a key assump-
tion, realizability.

Assumption 3.1.1(Realizability). We assume that the expert policy = * is optimal with respect to some
reward r¥ ¢ R:

wf = CRL(rF). (3.7

3.2. Reformulation as an optimization problem

Having formalized exactly what problem we aim to solve, we will now discuss reducing the problem
described in Section 3.1 into an optimization problem. In Proposition 3.2.1, we write out a minimax
program that we claim solves the CIRL problem (in the sense that it satisfies definition 3.1.1).

Proposition 3.2.1 (Minmax program to solve CIRL). The optimal solution «*, r* returned by the min-

imax program:
E

min max J(w,r) — J(7x",r)
rerR Tl'EAi 7 (P1)
SLUTu™<b
satisfies 7 = wE. Hence, the solutions of the program (P1) provide a mapping that satisfies the
definition 3.1.1.

Proof. In the context of this proof, we introduce the feasible set:
]f:{ueM’\I/Tuéb}, (3.8)

which is the set of all valid occupancy measures that satisfy the Bellman flow constraints (Definition
2.1.10) and the CMDP constraints.

The first step of our proof is to make use of the one-to-one mapping between the occupancy mea-
sure and the policy (proposition 2.1.1) and to write the return functions J (=, r) and J(7¥, r) in their
scalar product form, as a function of the occupancy u rather than policy-parameters 6:

J(Tl‘,’f’) - <T7H>v 759(/"’) (3.9)
J(wP,r) = (r, u®) — BQn"). (3.10)

Using the occupancy measure form of J enables us to rewrite the program (P1) as follows:

min max (r, u) = B(u) = (r, ") + 6Qn") (P11)
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where the decision variable u™ is constrained to the feasible set F of the CMDP. For convenience,
we choose to write our objective function as

FQp,m) = (r,pm) — BOUp) — (r, 1n) + BQUp"). (31)
Observe that for any fixed » € R we have that:

max f(p,r) > 0. (3.12)

This holds because:

1. either ¥ maximizes the return for that reward, in which case max,.c f(p,7) = 0,
2. or u¥ doesn't, in which case max,cr f(p,r) > 0.

Now completing the proof is done by observing that the lower-bound (3.12) is only ever achieved
when p” maximizes the return with respect to the reward r, hence that minima are only achieved
when CIRL is solved in the sense of definition 3.1.1. O

Proposition 3.2.1 provides a way to solve CIRL but is not implementable in practice, precisely the
feasibility constraint ¥ " p™ < b explicitly makes use of the occupancy measure (which we most
often do not have easy access to). One way to get around this is to relax the feasibility constraints
out of the program (P1). This motivates working with a Lagrangian form such as:

i _ E _wT,,Te
r{,g.]gg@%g J(0,1) = J(0%,7) + (A b— W Tpm) (P2)

where we introduce a penalty term (A, b— ¥ " 1) that penalizes the constraint violationb— ¥ " pupto a
coefficient set by a Lagrangian multiplier vector A € A. The set of admissible Lagrangian multipliers
is given by:

A= {XeRIr>0}. 3.13)

The optimization problem (P2) will be the main problem we will practically consider to solve CIRL.
We name its objective function L since it is a Lagrangian:

L(8,7,2) =J(0,r)— JOF r)+ (XN b—T' "), (314)

We abuse notation and equivalently write the objective in terms of policy parameters 6, of policy =,
or of occupancy measure u. The occupancy measure form is especially useful as it is a concave-
convex program with properties that we will exploit in our analysis:

L(p, 7 N) = (1, ) — BO() — {r, pnP) + BA(R") + (X b — U7 pa). (315)

We now define a useful function, the diminished reward 7, which in the light of strong duality, will be
a key component for our analysis.

Definition 3.2.1 (Diminished reward). The functiont : S x A — R defined as:
Ta=1— U\ (3.16)
f(saa) = T(57a) - <‘Il(57a)a)‘>7 (317)
is called diminished reward.

Proposition 3.2.2 (Strong duality). Assuming that 3u ¢ M s.t. VT ¥ < band that o > 0 (Slater’s
condition), and that the regularizer ) associated with our CMDP is strictly convex, then the optimum
of the Lagrangian dual (P2) is attained for some vector A* > 0 and the optimal values found for 8 and
r match the ones found by the primal. Furthermore, the solution of the program (P1) can be attained
by solving an unconstrained program with diminished reward 7 = r — U \*:

CRL(r) = RL(r — UX*) = RL(7x-). (318)

This is a classical convex optimization result. A proof can be found in Boyd and Vandenberghe 2004.
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3.3. Performance metrics

To complete our setting Section, we discuss a few ways of relating the convergence of the opti-
mization to the approximation error in CIRL. In an effort to provide a quantifiable measurement for
safety, we introduce a metric that quantifies the extent to which the constraints are violated and
thus provides a way to measure the safety of any policy CIRL solution.

Definition 3.3.1 (Constraint-violation). We measure constraint violation in the infinity norm, recall
from Section 2.3 that the constraints are satisfied when b > U T g, constraint-violation is thus natu-
rally given as

max [b; — [¥"Jipo] . = [|[b— 9" 0]+ | oo, (3.19)
Where [z], := max{z,0} is applied element wise and [V "]; denotes the i-th collumn of the matrix V.

In other words this means that a bounded constraint violation ||[b — ¥ T (0)]. || < € implies that no
constraint is violated by more than e.

Assuming we have a policy with bounded constraint violation, it is, easy to ensure that an approxi-
mate algorithm with bounded constraint violation always exactly satisfies the constraints by adding
a safety margin on the constraint vector:

bmargin = b + 1¢, (3.20)

where 1 denotes the all-ones vector.

The algorithm that we will consider requires learning a policy; it therefore makes sense to provide a
way of quantifying the quality of a policy with respect to the optimal solution for a given reward. We
now study the suboptimality of policies for fixed reward function.

Definition 3.3.2 (Maximum Q-value suboptimality). Consider a reinforcement-learning problem with
fixed reward r and Q* the Q-function associated with any optimal solution to the problem, for any pol-
icy 7 we call the quantity
Q™ — Q"o = max |Q™(s,a) — Q"(s,a)|, (3.21)
(s,a)eSxA
the maximum Q-value suboptimality, and we use it as a measure of the suboptimality of the policy.
Any optimal policy ©* satisfies | Q™ — Q*||o = 0.

Finally, we highlight that the way we will measure the quality of the discovered reward is directly
through the suboptimality of the Lagrangian associated with a set of learned parameters (m,r, A):

|L(m, 7, A) — L7, (3.22)

where L* = L(w,r,A) is the value taken by the Lagrangian upon convergence. We argue that this
measurement is sensible because, by Proposition 3.2.1, we know that the Lagrangian suboptimal-
ity goes 0 when CIRL is solved. To see why this measurement makes sense, we first observe that
assuming that we have exact access to the expert policy parameters L* = 0 we thus have:

|L(m,r,A) = L*| = |L(mw, 7, A)| (3.23)
=J(O,r)— J(OF r)+ (N\b— T p™) (3.24)
= J(O,r)— J(Or)+ J(0: 1) — J(OF,r)+ (A b— T py™e) (3.25)
> J(0,7r) — J(Or,7)+ J(0;, ) — J(OF, r), (3.26)
Where the last line uses that constraint violation is positive. Rearranging we get:
|L(m,7,X)| + J(0F,7) — J(6,7) > J(6;,7) — J(OF r) (3.27)
= BB,z [ D (7P Cl9)l 75 (19)) . (3.28)

where the last equality holds by Lemma 2.4.3 (soft-suboptimality). So in plain English, if the La-
grangian is bounded and the learned policy’s suboptimality with respect to the reward r is bounded,
then optimal policy associated with the learned r is close to the expert policy.



An algorithm to solve CIRL in the
exact gradient setting

In the following Chapter, we introduce the main algorithm studied in the thesis and prove that it
converges globally in a finite iteration count (in O(1/¢?) time) under the assumption that we have
access to an exact-gradient oracle. Except when specified otherwise, results in this section are
new contributions.

4.1. Designing an algorithm to solve CIRL

Recall that one way of solving CIRL in the sense of Definition 3.1.1is by solving the minimax problem:

min mex, L(9,r, ), (P2)
AEA

this can equivalently be solved by running gradient ascent on the occupancy measure p or on the

policy . The occupancy-measure Lagrangian L(u,r,\) has arguably more appealing properties

than its policy/parameters counterpart L(0,r, ) as L is concave with respect to p but not with re-

spect to 8 and w). Regardless, we will not devise an algorithm that runs gradient ascent on the

occupancy measure vector u, but rather on the policy parameters 6. This is for several reasons:

1. algorithms directly optimizing with the occupancy measure as a decision variable are quite
impractical. The main reason for this is that the set of valid occupancy measures M can only
be computed when the MDP dynamics are known.

2. If we explicitly run the algorithm on the occupancy measure itself, then the algorithm needs to
work with vectors p € R™™ as big as the state-action space. This defeats one of the main pur-
poses of reinforcement learning, which is learning policies in very large state-action spaces.

Furthermore, recent successes in proving global convergence of policy gradient algorithms [Cen
et al. 2021; Mei et al. 2020; Agarwal et al. 2020] motivate the choice of devising such an algorithm.
Specifically, [Cen et al. 2021] has shown that Natural Policy Gradients display a linear convergence
rate when regularized with Shannon'’s entropy.

Therefore we propose solving the CIRL problem with gradient descent on the variables A and »
and with natural policy gradient ascent (NPG) on the parameters 6 of the policy «. This formulation
closely matches primal-dual methods proposed for CRL by [D. Ding et al. 2020] (but differs in the
sense that it makes use of entropy regularization, which modifies the convergence dynamics in the
primal) and for [Zeng et al. 2022] but differs in the sense that we propose using projected gradient
descent on the reward class.

For any practical implementation, we will have to devise an algorithm that works by sampling the
MDP under consideration. But we will first restrict our analysis to the "exact-gradients” setting, i.e.

25
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we will assume access to exact gradient oracles for our algorithm. We will also assume direct expert
policy access, as specified in Problem Definition 3.1.1.

In the following section, we introduce the algorithm more formally.

4.2, The algorithm, NPG-CIRL

We describe our algorithm in a setting where both the reward and the policy are set by parameter
vectors. We let w € Rf be the parameter vector of the reward r € R ¢ R" and 8 € R™™ be the
parameter vector of the policy = € A%. From now on, we will use notations r,, and 7y to denote the
reward and policies parameterized by their respective parameter vectors. This allows the specifica-
tion of our algorithm to be more general in the sense that our algorithm description encompasses
everything from direct parameterization to neural network parameterization. Later, when analyzing
our algorithm, we will explicitly specify which parameterization we consider.

Algorithm 2: NPG-CIRL

Set the learning rates g = 4, 7. = ﬁ

Initialize the algorithm at some point (w(®), A(©) ()

foreach iterationt =0,1,...,T — 1do
o+l 9 ng(%g)TveL(w(t), ,\(t),g(t))
wtt) Pdom(w) (T‘w(r, — nszL(’w(t), )\(t), 9(2&)))
A+ pAeA()\(t) — TIZVAL(w(t), A0, g(t)))

end

return (w(™, AT 9(1)),

The algorithm, which we call NPG-CIRL works by running simultaneous gradient descent and ascent
steps on all three variables it optimizes. Note that the learning rate choice is actually quite practical
to pick as g is a regularization factor which is set arbitrarily, and the learning rate in », is a function
of the total number of algorithm steps T'. It also requires the use of a projection operator to ensure
the Lagrangian multiplier stays in its allowed domain A, but this projection is trivial as it is given in
closed form by:

[Pa(A)]: = max{[A];, 0}, Vi € [d]. 4.0

Finally, we must underline that the computation of the policy step makes use of the Moore-Penrose
Inverse of the Fisher information matrix (FIM) (F°)" which is a computationally expansive quantity
to compute. This drawback can be mitigated in practice by only computing matrix-vector products
and by using the conjugate gradient method (as is most notably done in TRPO [Schulman, Levine,
et al. 2015]). In this work, we will always assume that we have direct access to the FIM.

We will specifically analyze Algorithm 2 in a setting where the policy is tabular and softmax param-
eterized, where the reward is restricted to linear reward class R%l and we use negative Shannon
entropy (Definition 2.2.7) as our regularizer. We formalize these three facts with three assumptions.

Assumption 4.2.1 (Tabular softmax policy parameterization). Our policy 7 is parameterized by the
parametervector @ € R™"™. The parameterization is softmax, i.e. for any state action pair (s,a) € Sx A4,
we have:

exp(d(s,a))
Y oaca €XPO(s,a’)

79 (als) = , V(s,a) € S x A. 4.2)

Assumption 4.2.2 (Linear reward class). Our reward class R‘IL’I is given by:
RE, = {r" = dw|w e R*, @ e R"™** |w|; < 1}. 4.3)

Assumption 4.2.3 (Negative shannon regularizer). We let our regularizer ) : A4, — R be the nega-
tive Shannon entropy (Definition 2.2.7):

Qm(-]s)) = —H(mw(|s))- (4.4)
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To ensure that strong duality holds (Proposition 3.2.2), we will also require that the occupancy mea-
sure is always bounded away from 0. We also formalize this as an assumption.

Assumption 4.2.4 (Non-vanishing occupancy measure). Forany (s,a) € S x A, it holds that:

wu(s,a) > 0. (4.5)

4.3. Analysis

In the following Section, we analyze Algorithm 2 in the tabular setting with softmax policy parameter-
ization and a linear reward class on a discrete, infinite horizon CMDP. We show that with access to
exact gradient oracles, Algorithm 2 solves Problem 3.1.1and converges globally at a rate of O(1/v/T).
This is equivalent to showing that we can get to an arbitrarily small e error in O(1/¢?) iterations. This
result is formalized in Theorem 4.3.1, in which we express convergence in terms of suboptimality of
the Lagrangian.

4.3.1. Setting for the analysis, and formal statement of main results
Before introducing any new assumption to our setting we re-state the Lagrangian that we will opti-
mize on:

LO,r,\) = J(0,r) — J(OF r) + (N b— T pu™). (4.6)
= (r,u™) = BQu™) — (r, ") + BAUR") + (A, b— T p7e). (4.7)

Because of the one-to-one mapping between policy and occupancy measures (Proposition 2.1.1),
the two forms (4.6) and (4.7) are completely equivalent. Writing the Lagrangian in form (4.7) allows
for an easier derivation of the gradient of the dual variables w and A.

We use the notation gy € Ai to denote the policy parameterized by the parameter vector 8 € R™™.
The notation 6(s, a) refers to the element of the vector 8 associated with the state action pair (s, a)
in the same way we would write 7(a|s) for the element of the policy-vector associated with said
state-action pair. Similarly, we denote the reward parameterized by reward-parameterization vec-
tor w € RF as r,, € RE'. We write (), w® and A to denote the decision variables of Algorithm 2
after ¢ iterations, and 0T, w(T) and A(*) to denote their value at the last iteration. For convenience,
we use (¥ = 7, to denote the policy at the t-th iteration and (¥ = p™s® to denote the occu-
pancy measure at that iteration. We use 7¥ to denote the expert policy, . the occupancy measure
that it induces, 6% is a parameterization that induces it. We write 7 = CRL(r) to denote the opti-
mal policy for some reward r» € R. The scalar L* is the value that the Lagrangian takes when it has
reached a saddle point.

Under Assumption 4.2.2, the gradients used for the descent steps of Algorithm 2! are given by:
VL@, w, ) =0T (u™ — u¥), (4.8)
VaL(0,w,\) =b— ¥ p™e. (4.9)
The projected gradient descent steps on variables w and X are essentially identical. We thus con-

catenate w and X together in a variable z = [w ", AT]" for the purpose of the analysis. This allows
only to consider two simultaneous steps:

2t Pecdom(z) (z(t) — nzsz(z(t), O(t))) (4.10)
0 01 11y (F°)'VoL(21",01), (4
and when considering projected steps, we use the following notation convention for the analysis:
2D P, o (21/2) (412
LUH+1/2) _ (1) _ nszL(Z(t)79(t))- (4.13)

Where dom(z) = dom(w) x A. We now formally state our global convergence result.

These gradients are derived from equation (4.7).
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Theorem 4.3.1 (Global convergence of NPG-CIRL). Consider the sequence of policy parameters
{0WYT_ |, of reward parameters {w'"}]_,, and of Lagrangian multipliers {\)}I_, generated by run-
ning T steps of Algorithm 2 with policy-learning rate ny, = 1/, learning rate n, = ﬁ and when
assumptions 4.2.1 (tabular softmax policy), 4.2.2 (linear reward class), 4.2.3 (negative shanon regu-
larized) and 4.2.4 (non vanishing occupancy measure) are satisfied. The minimum Lagrangian sub-
optimality attained in the sequence satisfies:

min |L(0",w® A®) - L*
1<i<T

_ o(%). (4.14)

Another key result we must state is that the reward parameterization w(”) returned after T iterations
is associated with a policy that satisfies bounded constraint violation, specifically we have that con-
straint violation goes down at a rate O(1/+/T). We formalize that result through Lemma 4.3.2.

Lemma 4.3.2 (Constraint violation upper bound). Consider the iteration (8™, w™), X(T), returned
by Algorithm 2, and when assumptions 4.2.1 (tabular softmax policy), 4.2.2 (linear reward class), 4.2.3
(negative shanon regularized) and 4.2.4 (non vanishing occupancy measure) are satisfied. Then we
have that constraint violation satisfies:

1
b—U M | =0(—=). 415
I~ 9Tl e = 0( ) (415)
The proof requires results that we will show during the analysis of the algorithm and is thus deferred
to the appendix, section B.4.

4.3.2. The big picture, intuition for the analysis of the algorithm
The main idea behind the analysis of the algorithm is to look at it through the lens of dual-descent.
We will study the dual of the minimax optimization problem (P2),

min max, L(9,r. ), (P2)
AEA

which we will denote (D) and which we define as:

D(w,\) = Hzggﬂ L(6,w, ), (4.6)

Observe that solving the minimization problem

TTQzD(w’)‘)’ (D)

AEA
is completely equivalent to solving the minimax problem (P2). The main idea of our analysis (Fig-
ure 4.1) is to use the fast convergence properties of NPG to ensure that Algorithm 2 converges
quickly to (and then stays contained within) a neighbourhood around a locally optimal 6(). We for-
mally show that this is true in Lemma 4.3.3. That notion of local optimality means that the iterations
(0, w® X)) generated by Algorithm 2 provide an approximation of the dual function D(r®), A1),
This, in turn, facilitates our analysis as it enables us to analyze the convergence of gradient descent
on the simpler problem (D1). We then show the convergence of the Algorithm by checking that its
iterations provide an approximation of gradient descent on the dual function D. This is the main
idea behind the proof of Theorem 4.3.1. Analyzing the convergence of gradient descent on prob-
lem D1is made easy because convexity is ensured in the dual, which we formalize in the following
proposition.

Proposition 4.3.1 (Dual convexity). [Boyd and Vandenberghe 2004] Consider the function f : X x
Y — R whichis convexin X and concaveinY, itsdual d : X — R, which is defined for any x € X as:

d(x) =sup f(z,y). 417)
yey

is convex.
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Figure 4.1: A representation of the process behind the convergence of Algorithm 2. The algorithm maximizes the
Lagrangian L with respect to 8 while minimizing it with respect to z. Our analysis relies on the observation that the
algorithm converges fast (at a linear rate) to a neighborhood of the dual function D which is convexin z.

We now formally state that the dual D is convex.

Proposition 4.3.2 (The dual D is convex.). Assuming that the reward parameterization is linear, the
dual function

D(w,\) = ozﬁgm L(6,w,\), (4.18)

is convex with respect to the variables w and .

Proof. Dual convexity holds because the Lagrangian is convex in the variables w and A. This can be
seen by explicitly writing it out,

L(0,7,X) = (r,u™) — BQu™) — (r, ") + BUu") + (A, b— ¥ p) (4.19)
= (Qw, p™ — p”) — BA(p™) + BAL") + (A b — U p), (4.20)

and observing that itis a sum of convex functions. The Lagrangian L(u, r, A), being concave-convex,
we can apply Proposition 4.3.1 and see that:

D(w,\) = max. (4.21)

Observing that:

1. there exists a one-to-one mapping between policy and occupancy measure (Proposition 2.1.1),
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2. there exists a one-to-one mapping between the softmax policy and the policy parameter vec-
tor 6,

we see that there exists a one-to-one mapping between policy parameters and occupancy. And thus
we have

sup L(p,w,\) = sup L(6,w,N), (4.22)
peM OcRn™

and the proposition is verified. O

4.3.3. Convergence to alocal optimum

We now get to the core of our analysis. We prove that our algorithm converges to a locally optimal
policy 7% ,,. By locally optimal, we mean optimal with respect to the reward parameterized by w®
and the cost induced by the Lagrange multiplier A(Y), set at time ¢ by the iterations produced by
Algorithm 2. In order to spare ourselves the complexity of dealing with separate terms for reward
and cost, we will study the convergence of our algorithm using diminished rewards (see Definition
3.2.1):

Ta=1—"A (4.23)

Essentially our approach will be to follow an analysis similar to the usual analysis of entropy-regularized
NPG (see [Cen et al. 2021]). Asin [Cen et al. 2021] we will use y-contraction property of the operator
Ts. Where analysis differs from that of [Cen et al. 2021] is in showing that even if the diminished
reward and Lagrange multiplier are regularly updated, the policy is guaranteed to converge to a
neighbourhood of the locally optimal policy 7. In other words, the policy converges "faster” than
the reward and cost terms "move”. Showing that small reward changes yield small perturbations in
the policy updates be achieved by showing that two key propositions which establish that (Q-values
are Lipschitz with respect to the reward parameters A and Lagrange multiplier A.

Proposition 4.3.3 (Q-values are Lipschitz w.rt diminished reward for fixed policy). Consider two
diminished rewards 7! and #2 induced by two reward parameters and Lagrange muiltipliers w., X\,
and ws, Xo. Assume that the gradient of the reward with respect to the parameters is upper bounded
by | ®||%. We have, in the setting of a regularized, constrained MDP, that the following bound on the
difference between Q-values induced by the same policy = € Af, on the different diminished rewards
7! and 72 holds:

1QF: — QFlloc < [[¥[[lwr — w22 + [[P[[[[A1 — Azl (4.24)
< Cllz1 — 22|, (4.25)

where C, = 2(||®|| + || ¥||) and z = [w",AT]". The proof of this proposition is deferred to Appendix
B.2.

Proposition 4.3.4 (Optimal Q-values are Lipschitz w.rt diminished reward). Consider two dimin-
ished rewards ' and 2 induced by two reward parameters and Lagrange multipliers w1, A; and ws,
2. Assume that the gradient of the reward with respect to the parameters is upper bounded by || ®|3.
We have, in the setting of a regularized, constrained MDP, that the following bound on the difference
between the optimal Q-values induced by both diminished rewards holds:

1Q% — Q%lloe < [[¥[[llwr — wall2 + [[¥][|Ar = Azll2 (4.26)
< Cilz1 = 2z, (4.27)
where C. = 2(||®||" + ||¥||7) and z = [w, A] T, the second line provides a more convenient, less tight

bound which doesn’t distinguish between both parameter vectors w and \. This result is a corollary
of Proposition 4.3.3, and its proof is deferred to Appendix B.2.

2Same remark as in Proposition 4.3.4.

3This is an abuse of notation, when considering a linear reward-parameterization, the gradients of the reward w.rt the
reward-parameters are upper bounded in || - |2 norm by the spectral norm of the reward feature matrix, which we indeed
denote ||®|| but we might pick another parameterization for the rewards. In which case, the result we show still applies, but
||| just denotes the upper bound on the || - |2 norm of the gradient of the reward parameterization.
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Next, let us state a useful proposition that relates convergence in the Q-values to convergence
in the policy.

Proposition 4.3.5 (Log policy-error is upper bounded by maximum @Q-value suboptimality). [Cen et
al. 2021] Consider the sequence of policies {=}_, and of Q-values {Qg‘({) generated by running T
steps of NPG-CIRL (with policy-learning rate ny = 1/ and dual learning rate n, = % ). Then we have
that:

lHog w1 —log 75 lloe < 201Q) — Qfeolloos (4.28)
where ) denotes the diminished reward (Definition 3.2.1) associated with reward parameters w(®
and Lagrange multipler X). On the other hand ™~ denotes the policy optimal with respect to the
reward (") that satisfies the constraints U™ ™ < b. In other words, w’,, = CRL(7") is the policy
optimal with respect to the diminished reward ) at time t. The proof of this proposition is deferred
to appendix B.1.

Equipped with these three propositions, we are ready to state and prove our main local-convergence
result (Lemma 4.3.3).

Lemma 4.3.3 (Local convergence of NPG-CIRL with exact gradients). We consider the sequences
{#O1 T and {7 (W}]_ of diminished rewards and policies generated by Algorithm 2, with tabular soft-
max policy parameterization (as in (4.2)) and a linear reward class (as in (4.3)) the policy converges to
a local optimum (to a policy optimal w.r.t. +()) at rate:

™) o TS e |
1Q7cr) — Q7ery oo < 2|1 @1y +2C; ——— 70, (4.29)
T
1-+97 1
lHog 7™+ —log 7% er [|oo < 4[|®[17" + 4C 1 _Py,y T (4.30)

where C, = 2(||®|| + || ) ([|®]| + || T + ||b]l2), |®||1 is the maximum column sum matrix norm of the
feature matrix ® and ., is the policy optimal with respect to the diminished reward 7@,

Proof. Leveraging Proposition 4.3.5 we restrict our study of policy convergence to that of Q-value
convergence. To do so we start by decomposing our Q-value error as follows:

=0 =0

—_—
1Y) — Qi e = Q%) — Qi TQ%i—1) — iy + Q) — QW Il (4.31)
(A) (B) (C)
@ @) R . . (t) (1)
< 1QY_) = Qoo +11Qi — Qv o + 1Y) — QY lle. (432

In (z) we just rearrange the terms and take a triangle inequality. This leaves us with three terms (A),
(B) and (C) that we need to bound to show convergence. Observe that (A) matches the error term
on the left hand side of the inequality but at iteration (¢ — 1), this suggests a recursion. Terms (B)
and (C) are similar in that in both case they are a function of the diminished reward-step, but not
the policy step. We start by bounding terms (B) and (C). To upper-bound the term (B) we use that
the optimal Q-function is Lipschitz with respect to the diminished reward (Proposition 4.3.4):

1Q%0 — Qi vyl < Cul|z® — 2Dy, (4.33)

where we consider Lipschitzness with respect to the vector z" = [w ™, AT]. For term (C) we use a
very similar property, for fixed policy, Q-values are Lipschitz with respect to the diminished reward
(Proposition 4.3.3):

”Q(t) _ Qét()t—l) oo < CZ”Z(t) _ z(t+1)||2’ (4.34)

()

where we consider Lipschitzness w.rt the vector 2™ = [w ", AT]. This only leaves us with term (A),

* (Z) —1 *
1Y), — Q% vlloe 2 T5Q%Y) = Qi) [l (4.35)
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w II%QL ) = TQk b |l (4.36)
< 1QU) — @t e (4.37)

We use the properties of the soft bellman operator (Definition 2.2.6), specifically in (i) we use that
since the policy learning rate 7y in Algorithm 2 is set to 1/ the Q-value iterations are given by the
soft bellman operator (Proposition 2.4.2), in (i) we use that the optimal @ is a fixed-point of the soft-
bellman optimality operator (Proposition 2.2.2) finally in (iii) we use that the soft-bellman optimality
operator is ay-contractionin the || - || .o norm (Proposition 2.2.2). Bringing together the bounds (4.32),
(4.34) and (4.37) we reach the following upper bound on the Q-value error:

t—1) * * * t
1QY) — Qi llo < VNQUT) — Qv +1Q% — Qv lloe +1QY, — QY [lo.  (438)

Now using (4.33) and (4.34) together with the fact that gradient steps in w and X are bounded in
norm (by the gradient norm and by the gradient descent step size 7,) we have that:

Q2w = Qi lloo + QL) = QL) o <2C- |20 — 201 (4.39)
<2C.n.||V.L(0, 2)||2 (4.40)
<207 (|12 + 1] + [[B]l2), 44

which is all we need to analyze the local convergence of our algorithm. For conciseness, we let:
HY = Q%) — Qo llos (4.42)
CL = Conz (|2 + (1] + [1bl2)- (4.43)

Plugging (4.39) into (4.38) (and using H() for conciseness) we end up with the following descent
inequality:

HY <~yHY £ 20y, (4.44)
unrolling the recursion we get:
HY < yHY 4200, (4.45)
H® < ~(yH"™ 4 2C0n,) + 200, = v*H™2 +2Cn. (v + 1) (4.46)
T
1— T
HY <yTHO 203" 5" =7"HO +200n. = —Vv . (4.47)
t=0

Picking n, = % (as specified in alg 2) where u € (0,1) we get the following convergence rate in
terms of Q-values:

Q* X 1
1QU1, ~ @zl < 1QS) — @l + 201 T (4.48)
Observing that under Assumption 4.2.2:
“+o00
1R = Qi lloe < (1 =) 7201 = 2] @], (4.49)
t=0
we find:
T ! T 1
HQrm Qi lloe < 2[|2f11y" + 20 T (4.50)
Finally, using Proposition 4.3.5 we get a bound of the log-policy error:
log 7™+ —log mr, [l < 21QL) — Qry ||oo (4.5
_ “YT 1
<4®fy" + 40' i (4.52)

Note that C7, = 2(||®|| + || T|)(||®]| + [|¥|| + ||b]|2)- The proof is complete. O
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4.3.4. Global Convergence

Local convergence is established (in Lemma 4.3.3), so we are left with showing global convergence.
To this end we will require a way to relate local convergence in the policy to a tight approximation of
the dual. Since the quantities over which we optimize can be thought of as scalar products of the
occupancy measure and the reward, we formalize this idea by showing that the occupancy measure
as a function of the policy is Lipschitz in the || - || horm.

Proposition 4.3.6 (Occupancy is lipschitz w.rt to the policy in the | - || horm). We consider any
MDP setting, let . and i be two occupancy measures induced by two policies w and «, the following
upper-bound holds:

e = pfloe < 70— 7o (4.53)

14+ vvnm
L=~

The proof is deferred to section B.3.

We are now ready tackle proving the main convergence result: Theorem 4.3.1.

Proof. We allow ourselves to write our Lagrangian as L(6, z) and our dual as D(z). Let us consider
the sub-optimality of our function L(60, z) — L(6*,z*) = L(6,z) — L* in terms of the dual and of a
perturbation term:
(a) (b)
L(0,z)—L*=D(z)— L*"+L(0,z) — D(z). (4.54)

So we have a "dual-suboptimality” term (a) and an "dual-approximation error” term (b). To convince
ourselves that indeed our dual-descent analysis is sensible and that the approximation error be-
comes small (i.e. that our algorithm quickly approximates the dual (D)) we will first study term (b).
We can bound it using the soft sub-optimality lemma (Lemma 2.4.3) as follows:

=L(6™) (1)) =D(z(M)
L6, 2T)) — D(z™))| @ | J( 0<T> ,F) — J(07,F) — J(0*,F) + J(0F,F) | (4.55)
=[7(6™),7) - J(0",7)| (4.56)
(17) 1
oy Eot” [Dku (7D ([s)] |75 (-]5))] (4.57)
1 *
< max [ (w0 sl (1)) (4.58)
@ 1 ) () .
< = \ - £ (. !
< o Max [[(m3 " (-]s),log ;" (-]s) — log 7 (:]s))|] (4.59)
f—/;
(iv)
< Lm® og 7w — log llnc] (4.60)
77
H log 7" — log 7| o (4.61)
77

we use strong duality (Proposition 3.2.2) and diminished rewards (Definition 3.2.1). In (i) we just plug
in the definitions of L and D, in (i7) we use the soft suboptimality lemma (Lemma 2.4.3). In (iii) we
explicitly write out the Kullback-Leibler divergence and then in (iv) we use Holder’s inequality to get
toa | - |l norm form of our inequality. We can then plug the local optimality result of Lemma 4.3.3
into (4.61) to show that the perturbation terms indeed becomes small as the algorithm progresses:

2 4]|® 4! T 1
LT, 2) - D(2)] < = [log s —log il *V|o, < ALl 4G 1 =7 (4.62)
uli g ng 1—~ T

Note that what happens is that the algorithm converges fast (linearly) to a neighborhood of the op-

1_7 W, which can be made

arbitrarily small with the choice of an appropriate learning rate n, = %
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Now that we have bounded our "dual-approximation error” term (b) let’s move on to studying our
"dual-suboptimality” term (a) (recall that we get both of these from equation (4.54)), the term (a) has
form:

D(z) — L* = D(z) — D*, (4.63)
since the dual optimum and the minimax optimum coincide. We start our analysis by looking at the
gradients used by descent steps of Algorithm 2, i.e. the gradients of the Lagrangian L(0, w, \):

(t) * () *
VwL(0,w,A) =@ (" —pP) =@ (i, —p®) + @7 (1 —pio), (4.64)

VaL(O,w,X) =b—0Tpf" =b— 0Tz, + 07 (ke — ). (4.65)

What we are doing here is rearranging the gradients in such a way that we have two components,
the gradient of the dual (D1) and a perturbation term:

VwL(0,w,\) = VyD(w,A) + o), (4.66)
VAL(0,w,A) = Vo D(w, A) + ). (4.67)

We write the gradients used by our gradient descent algorithm at iteration ¢ as g%, specifically, we
have:
(t)

Ow

g = {V"’D(w’ A)} + =V.D(zW) + o). (4.68)

T | VwD(w,A)

o

Using dual convexity (Proposition 4.3.2) and strong-duality (Proposition 3.2.2) we have that:

D(z®W) —D* = D(z2W) — L* <(V.D(z"), 2 — 2*) (4.69)
@ (g(t) - a@, 2t — z") (4.70)
= (g, 20 — 2*) — (e, 2 — 2*), 4.1)

where (i) holds by plugging (4.68) into the gradient expression. We thus have two terms, a main
gradient step term (g, z(*) — 2*) which describes the iterations of our algorithm and a perturbation
term <0'z<t>,z(t) — z*). First, we will show that the perturbations are sufficiently small, since we do
not know the sign of the scalar product we will bound it in absolute values:

(i)
(od), 2 — 2%)| < [lo{ ]| - |21 — 2*|11 (4.72)
(41) .
< D1.)lo]| . 4.73)

Where we just use Holder’s inequality in (¢) and in (i¢) plug in the diameter D; ., of the domain of z
(inthe || - || norm). Let us now concentrate on upper bounding the || - ||.. horm of the perturbation

term ol"):

w (I)T t *

lol e = H [‘;J Lo = H [qﬁ] (" — ) N (4.74)
(1) (I)—r t « t "
= Hﬂ 1 = bl < (19 oo + 19T o) 1 = ez (4.75)
) oo CNE+d, g0 .
< VEF (el + el |[n® - pill, = =5 " - w3l @.76)
) C.VEk +d(1+vy/nm) (I @77

2(1 =) o

" Ok AU W) o logm| (4.78)

- 2(1 =)
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Where in (i) we take the maximum row sum norm on our matrix (which we write | - |- as it is the
operator norm associated with the || - ||, norm on vectors). In (ii) we upper-bound the maximum
row sum norm by with the spectral norm, in (iii) we make use of Proposition 4.3.6 (lipschitzness
of the occupancy measure as a function of the policy in the || - || norm) to bound the distance in
occupancy measure by the distance in policy. Finally, in (iv) we use that on the relevant domain
(|mowy — 7z < 1) the |- [ norm of the difference of the logs upper bounds the || - || norm of the
difference. Putting together (4.78), (4.73) and using Lemma 4.3.3 we show:

C.VEk +d(1+ vv/nm)D; 1-+t1
(D) 20 _ %) < 22 2 (4]|®]]1 4t + 40— ). 4.79
|<O'Z,Z Z>|_ 2(1_7) (H ||1'Y+ Zl—’}/tu) ( )
Now confident that gradient perturbations indeed decrease fast with iterations of our algorith we
get back to (4.71) we now consider the gradient step term (g(), 2(t) — 2*) note that the steps taken
by gradient descent are given by g(*) = nigz“) — z(t+1/2);

(g®, 20 — 27y = L0 _ 172 L0 (4.80)
UE
@ 1 * *
= 5 (2 = 2O 20— 2 = 20D - ) a8
G 1 o w2 ) x (t41) _
< g (2lg B +11=1 — =1~ |12 13). (4.82)

Where (i) uses the parallelogram law and (i) the non-expansiveness of the projection operator.
Plugging the bounds (4.82) and (4.79) into the descent inequality (4.71) we have:

* 1 * *
()~ 1 < 5 (g B + 1120 — =3 — =0+ — =7]3) 4.83)
CovVE+d(1+vy/ Dy, —~T 1
+ ( Y nm) 1, (4H<I>||1’YT+4C/ Y )
2(1—+) v T
For readability we let C, = Z=¥*+4 &f%"’”w“ Taking empirical means on both sides we get:
1 T—1 T—1
T (D(z") (ﬁzllg(t)ﬂg + 120 — 273 — |20 — Z*H§) (4.84)
t=0 27 t=0
T—1 T—1
C’ 1—7%1
“e (4|0 40" —
U R =)
t=0 t=0
T—
<57 Z (g3 + 120 — =15 — =) = =[3)  (4.85)
z =0

A8 Cp1 =47 Jlete?
T 1—~ Tu
T-—1

1 a2\ L 1FQ =273 = 1127 — 27|13
= 4.86
T (n219113) + T (4.86)
4| 2)1Cp 1 — 2" + 4C7Cp
T  1—~ Tu
< (w)* + 12]* + 16113) n 129 — 2= 13T
- 27w 2T
4|2[1Cp 1 =" n 4C%0p
T 1—7v Tw
Rearranging, and introducing back the upper-bound (4.62) on the perturbation term (b) (L(z®, 6)®) —
L*=D(z®) — L* + L(z®,0)® — D(2®")) we have:

(4.87)

T-1
o2 P2 bli2 1—~T 0) _ %2
S 0) - 1 < <<| 4RI 40, 4 450110 )Tu+ ELEA
-
t=0

Nl =

(4.88)
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4 AI®)Cp 1
43||®
e 4 450] 7.
convergence is fastest when we pick u*:
u* =argmin{—u,u — 1}, (4.89)

i.e. the optimal learning rateis ), =
the following convergence rate:

T-—1
1 . U] + (2] + [1B]13 + 112 = =z*[13) 1-4"\ 1
TE: 0, 2 L)g( 2 2 +4CICy +45C ——— | =

\F’ explicitly introducing both learning rates (ny = 1/3) we have

= 2 vT
(4.90)
4|1 Cp 1
Ao 127 4l
— Co— 4 C 7_7T1 +48)|®|| 17T (4.91)
= G\/T pert 1—~ T 17 - .

We complete the proof by observing that since the minimum element in the sequence (D(z(")) — L*)
over which we take the empirical mean, there must be some iteration (¢) for which the left-hand side
upper-bounds the suboptimality. O



Convergence with stochastic
gradients, sample complexity

In the following chapter, we discuss and analyze NPG-CIRL using Monte-Carlo sampling to estimate
the gradients.

5.1. The algorithm, gradient estimators

Recall that in order to solve CIRL, NPG-CIRL (Algorithm 2) runs T simultaneous gradient descent-
ascent iterations of the form:

i+ L g(t) 4 7]9(39)TV9L('LU(75)7 A, g(t))’ (5.)
w™ e Poom(u) (0 = 7. Vo L(w ™, A0, 00))), (5.2)
A Py (A =, VaL(w®, A0, 60))). (5.3

In Chapter 4, we assumed oracle access to exact gradients VgL, V., L and VL. Such access is,
however, only possible when the dynamics of the MDP are exactly known. In order to make our
algorithm practical, we suggest a stochastic implementation in which gradients are estimated in a
Monte-Carlo fashion from a batch of samples. We denote our gradient estimators as:

(t) — @BL( ® A0 90, (5.4)
t) = Ve L(w® A0 g®), (5.5)
gg\ = VaL(w® XD g®). (5.6)

In the analysis of Chapter 4, we also have assumed direct access to the expert policy (equivalently,
to its occupancy measure). This is the setting of Problem 3.1.1. Again this assumption is not reason-
able. When learning from a real dataset, the expert policy can only be accessed through the expert
dataset D, which consists in a set of Bp truncated trajectories of length H:

DO = [{sM oM ) @My e (5.7)

This is the setting of Problem 3.1.2. Estimating the expert policy by sampling D introduces an impre-
cision. We will thus also discuss how the number of samples in the dataset D, affects the quality
of the recovered solution. Although one could, with enough samples, compute an arbitrarily good
estimator of 7 € A5 c R™™ (or equivalently of u” € M c R™™), the number of samples might
become very high when nm increases. For that reason, when considering linear reward classes that
allow for parameterizing the reward with a lower dimensional vector w € R* (k < nm), estimating
the ¥ or u” vector is inefficient'. This motivates the introduction of the feature expectation.

Tltis inefficient in the sense that it involves estimating a vector . € R™™ in order to later multiply it with the reward feature
matrix ® to compute a lower-dimensionality gradient g,,, € R*.

37
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Definition 5.1.1 (Feature expectation). Consider some linear reward class R4 with feature matrix @,
and some policy m that induces an occupancy measure u™ . We call the vector:

T =3 pu", (5.8)
the feature expectation associated with the policy .

Note that computing the feature expectation of a policy provides a way of computing the return as
follows:

J(0,w) = Eromy ZV Fa(56,01)] = (P, ™) (5.9)
= (Qw, u™ > = (w, @' p™) (5.10)
= (w, ¢%). (5.11)

Similarly, the feature expectation appears in the computation of the gradient V., L(6, w, A), we have:

Vo L(6,w,X) = @' (u™ — pu”), (5.12)
=% — pF. (5.13)

Practically our stochastic implementation of NPG-CIRL takes the form of Algorithm 3. It starts by
running an estimation subroutine on the expert dataset D and computes an estimate ¢ of ¥, the
feature expectation of the expert policy #%. Then, Algorithm 3 runs iterations analogue to the ones
of Algorithm 2, except instead of directly accessing gradient oracles, it samples a batch

B(t . {{S(h) (h) (h) ‘I’(h)}}H 1} (514)

’ 1 )7 7 1= )

of trajectories generated with the current policy 7() and uses it to compute gradient estimates
gf(; ),giu) ; gf\t) via Monte-Carlo sampling.

Algorithm 3: NPG-CIRL (Sampled Gradients)

Set the learning rates 0 < 7y < %, nz =7

Estimate the feature expectation ¢ from the expert dataset DE.
Initialize the algorithm at some point (8, w(® A(©))

for iterationt =1,2,...,T do

Sample a batch of trajectories.

forbatchi=1,2,..., Bdo

draw séi> ~ Vo

forsteph =1,..H do
pick a<h Y a®([s"" " 6,)
draw s{") ~ P(s (h>|sh RGO
rD (5™, alM)
‘11(’) (s (h) M)

end

end

Compute the gradient estimates gét) , gE,,) , gf\“ using the trajectories
{{ (h)7 Eh)’ l(h) ‘I,()} B

0"+ 0% +1o(3°) g0

w ) Pdom(w) (w<t) - nzgw)

ACHD Paca ()\(t) _ UZQA)

end

return (w™, XM 9D,

Algorithm 3 heavily depends on the choice of the gradient estimators. In the following subsection
(SubSection 5.2.2) we propose estimators for gg, g., and g,. We draw the reader’s attention to the
fact that the choice of gradient estimators we suggest is not the only option. It might be relevant
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when implementing to consider different approaches?. We use a trajectory-based Monte Carlo es-
timator for the policy-gradient estimation.

Assumption 5.1.1 (GPOMDP estimator). We estimate policy gradients using the GPOMDP estima-
tor® [Baxter and Bartlett 2001], which approaches computing the gradient as:

h
gy = Z ( Z v (Z Velogmg (a) S§)> (Faw — Blog g )) : (5.15)

i=1 §=0

As we already hinted with equation (5.13), the computation of the reward gradient will rely on the
feature expectation. We thus first describe a generic estimator for the feature expectation (which
we will both use for reward gradients and for estimating the feature expectation of the expert policy
from the dataset D). That estimator is the following:

B H-1

¢ = 1_72(27}“1) (h) (h))) (5.16)
i1=1 h=0

h)

where <I>(s§ ,a§h>) € R/ is the column of the feature matrix ® associated with the state-action pair

(s, a").

Assumption 5.1.2 (Reward gradient estimator). We use estimator (5.16) to compute the reward gra-
dient gﬂ,) as follows:

gl =% - 9", (5.17)

where ¢° is computed from the last batch B\Y) while ¢ is computed only once using the expert
dataset D.

Finally, we discuss an estimator for the Lagrangian multiplier gradients g( ),
Assumption 5.1.3 (Lagrange multiplier gradient estimator). We estimate the Lagrange multiplier
gradient by:

B H-1

g = _1;7 (thq, (h) h>)) (5.18)

=1
where ¥ (s, a) € R? is the cost encountered in state-action pair (s, a).

We note that all three gradient estimators that we previously defined are biased. We discuss this
in more detail later, but it is a key design choice of our algorithm to choose to use biased gradient
estimators. It would alternatively be possible to work with unbiased gradient estimators (using geo-
metric sampling, as in [Y. Ding, Zhang, and Lavaei 2021], Section 3.2). We leverage the fact that our
gradient descent method is robust to small biases in gradients and use biased gradient estimators.
This presents the advantage of greatly simplifying implementation.

5.2. Analysis

5.2.1. Analysis sketch, big picture

Our analysis builds upon two main pillars; first (Section 5.2.2), we discuss the properties of the es-
timators. We show that the mean Euclidian distance error (MEDE) of the estimators that we use is
non-zero but is bounded and can be scaled down arbitrarily with the number of samples. Once our
estimators are characterized, we abstract them away and analyze the convergence of Algorithm 3

20ne such technique which we do not analyze but which might actually be quite efficient in practice is an actor-critic
approach to gradient computation for the policy.

3The GPOMDP estimator inherits its name from the algorithm for which it was originally derived [Baxter and Bartlett 2001],
which described a policy algorithm for partially observable MDPs. The acronym GPOMDP stands for "gradient of a partially
observable Markov decision process”. It has since become a very commonly used estimator for policy gradient, including in
non-partially observable settings.
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with stochastic oracles for the gradient and for the expert policy. Similarly, as what we did in Chapter
4, we first show fast convergence to a neighbourhood of the locally optimal policy (Section 5.2.4),
and then, we consider global convergence (Section 5.2.5). Finally equipped with our convergence
results as well as with well-established properties for our gradient and expert policy estimators and
compute bounds for sample complexity (Section 5.2.6).

5.2.2. Properties of the estimators

We now analyze the properties of all three gradient estimators as well as of the feature expectation
estimator. We focus on characterizing mean euclidean distance error (MEDE) and start with the
GPOMDRP estimator.

Proposition 5.2.1 (GPOMDP has bounded MEDE). The gradient estimator gfﬁ as defined in (5.15)
satisfies:

2v6/1 @1 + Amax + 24532 (log m)?
B(1-~)? ’
(5.19)

2
2 —
E[lgf” - Vo160 X)) < Ve I

where bmax := ||®|| + Amax + 5109 mmin. The proof is deferred to appendix C.2.1.

Next, we characterize the properties of the reward and Lagrangian multiplier gradient estimator.

Proposition 5.2.2 (Reward gradient estimator has bounded MEDE). The gradient estimator gff,) as
defined in (5.17) satisfies:

241 —
E||lg\) — VW L(0®, w®, >\<t>)||2] < <I>,,,3X<B7 + 7H>, (5.20)

where ® .« denotes the maximum || - ||» norm of any column of the constraint matrix ¥. The proof is
deferred to appendix C.2.2.

Lastly, we study the error of the Lagrangian multiplier gradient estimator, which has the exact same
form as the feature expectation gradient estimator. Thus, we omit the derivation and simply state
the result.

Proposition 5.2.3 (The Lagrangian gradient estimator). The gradient estimator gff,) as defined in
(5.18) satisfies:

2¢/1 —
E[lg)” = VaL(O®,w ), AD)[ls] < Urrax (B” - 7H> : (6.21)

where ¥ ,ax denotes the maximum || - |2 norm of any column of the constraint matrix .

5.2.3. Setting for the stochastic convergence analysis

We formally state the additional assumptions that are required for proving the convergence in the
stochastic setting. As we did in our exact gradient analysis, we will use the optimization variable z(t
that concatenates the dual variables w®) and X(*):

w
z= { /\} . (5.22)
Whenever taking expectations over a step of the stochastic gradient algorithms, we will make use
of the notation E, ;) to denote that the expectation is taken over the randomness induced by the
stochastic gradient estimates from iteration (¢). To keep our analysis clearer, we will - in this sub-
section and the next one - abstract away the gradient estimators and rather consider bounded-bias
gradient oracles.
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Assumption 5.2.1 (Bounded PG MEDE). We assume that the mean Euclidian distance error (MEDE)
in the policy-gradient estimators is bounded:

E[llgo — VoL(6,w ), AM)|c] <. (6.23)

Assumption 5.2.2 (Bounded >-MEDE). We assume that the mean Euclidian distance error MEDE in
the z gradient estimators is bounded:

E[lgs — V210, w® A ] <. (6.24)

The result our analysis builds towards takes the form of Theorem 5.2.1, which relates average La-
grangian suboptimality of Algorithm 3 to the number of iterations and to the quality of the gradient
estimates (which is measured in terms of Assumptions 5.2.1and 5.2.2).

Theorem 5.2.1(Global convergence of stochastic NPG-CIRL). Consider the sequence of policy pa-
rameters {0W}I_,, of reward parameters {w")} and of Lagrangian multipliers {\)} generated by
running T steps of Algorithm 3 with policy-learning rate ny = 1/, learning raten, = ﬁ Furthermore,
assume Assumptions 4.2.1 (softmax policy), 4.2.2 (linear reward class), 4.2.3 (negative Shanon regu-
larizer), 4.2.4 (non-vanishing occupancy measure), 5.2.1 (policy gradient oracle) and 5.2.2 (z-gradient
oracle) are satisfied. The average Lagrangian suboptimality attained by the sequence satisfies:

E - o(i Yo 5z). (5.25)

T
1
— L(Z(t)’g(t))
T t=21 vT

Where ¢ is the upper bound on the MEDE of the GPOMDP estimator (Assumption 5.2.1) and ¢, is the
upper bound on the MEDE of the z-gradient estimator (Assumption 5.2.2).

We now proceed with the convergence analysis of the algorithm. We first provide a result equivalent
to Lemma 4.3.3, namely a local optimality lemma, and then we move on to global convergence (in
the next subsection). What we will show is that Algorithm 3 converges in expectation.

5.2.4. Convergence to alocal optimum

Lemma 5.2.2 (Bounded @Q-value bias in the policy update expression). Under Assumption 5.2.1(pol-
icy gradient oracle) and 4.2.4 (non-vanishing occupancy measure), we have policy updates that for
any (s,a) € S x A satisfy:

Ey 7 (als)] = (7 (als)) 08 exp (779@55) (s,a)), (5.26)

where OV satisfies:

)

R 6520

Where pimin = Minges D, 4 14(s,a). The proof is deferred to appendix C.1

Lemma 5.2.3 (Approximate performance difference for entropy-regularized NPG). Suppose that
we run NPG with step-size 0 < ng < 1/, for any state s, € S we have that:

V{8 (s0) — VD (s0) < 2|QY — QY| .

This is a result derived in [Cen et al. 2021]. We refer the reader to appendix C.4 of the aforementioned
work for proof.

Corollary 5.2.3.1(Near monotone improvement of approximate NPG). Underthe Assumption ||Q$t) -
Q" < 0 we have that, forany (s,a) € S x A:

QW (s,a) — QU (s,a) =1Ey s o [V,D(s) — V(5] (5.28)
<26 (5.29)
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Lemma 5.2.4 (Stochastic NPG converges linearly to a neighborhood of the local optimum). We
consider two sequences {+T_ and {x(W}L_ of diminished rewards and policies generated by Al-
gorithm 3, with tabular softmax policy parameterization (Assumption (4.2.1) and a linear reward class
(Assumption (4.2.2)) using bounded mean euclidean distance error stochastic oracles (Assumptions
5.2.1and 5.2.2) the policy converges to a local optimum (to a policy optimal w.r.t. +)) at rate:

E[1Q%w — Q) o | < CLN: +1.Cy. +3C5, (5.30)
where:
A1 =1—(1—7)nef, (5.31)
~v(4Cy + 281log(mCy))
i = , 5.32
LT U= e+ ) — (632)
Cx = [|®]|1 + [[¥ [ Amax (5.33)
202y
Cp. = =75 (5.34)
= el —7)
Y(1 —ne2(y + 1))
Cs = . 5.35
0 neB(1 —7) ( )

Proof. Set up for the local convergence analysis

Our analysis for the local convergence of NPG-CIRL is similar to the global convergence analysis of
entropy-regularized NPG with perturbed gradients developed by [Cen et al. 2021]. It will rely on show-
ing that the maximum @Q-value error converges linearly to a small value, not directly by v-contraction
of an operator (as we did for Lemma 4.3.3) but through an affine system made up of three interde-
pendent error quantities that all converge to small values.

Let us first define a few quantities relevant to our analysis, we let

a=1-—npB (5.36)
and define the auxiliary sequence {5“)}1;1, £ ¢ R™™ recursively as follows:
€9 (s,a) == Q) (s, )/Bll1 - w°(al s) (5.37)

§(t+1)(s,a) = (§(t)(s,a))a exp (1_60462?(1)(3»@))- (5.38)

Note that by definition this auxiliary sequence satisfies

£ (s,
m0(als) = = éft;zi’a,), (5.39)

for any iteration (¢). The motivation for the definition of the sequence {5(”}3:01 might not be obvi-
ous, but it should become clear in the light of proposition 5.2.4 (contraction of the maximum Q-value
error).

Now that we have defined the relevant quantities for our derivation, let us explicitly write our the

quantities we will build our affine error system out of. We will consider three scalars z{", 2" #{"

that are defined for each iteration t € {0, ..., T} of Algorithm 3:
2" = 11Q% — Q%) e (5.40)
2y = Q) — Blog €W |, (5.41)
2 == —min(Q% ., (s,a) — Blog £V (s, ). (5.42)
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The key idea here is that we will compute a "contraction-bound” for each term at iteration ¢ + 1 which
will be a linear combination of all three terms at iteration ¢. For clarity, we organize those contraction
rates intro three separate propositions (Propositions 5.2.4, 5.2.5 and 5.2.6) which we will then sepa-
rately prove. Once this is done, we will move on to studying the affine system that naturally emerges
from the propositions.

Proposition 5.2.4 (Contraction bound of the 1{” term). Under Assumptions 4.2.1, 4.2.2, 5.2.1 and

5.2.2, iterations of Algorithm 3 lead to the following contraction bound for error term x&t“):

YE (141 [x(ltH)] <~(1- a)xgt) + vax(;) + 'yam:(;') +7(8(2+ 27 — a) + 2n.C2). (5.43)

The proof of this result is deferred to Appendix C.3.3.

Proposition 5.2.5 (Contraction bound of the x(;) term). Under Assumptions 4.2.1, 4.2.2, 5.2.1 and
5.2.2, iterations of Algorithm 2 lead to the following contraction bound for error term x;‘f*l):

B [e5 ] < (1= )2l + ez + (1 — a)d +n.(CL + C.6.). (5.44)

The proof of this result is deferred to Appendix C.3.1.

Proposition 5.2.6 (Contraction bound of the :cz(,f) term). Under Assumptions 4.2.1, 4.2.2, 5.2.1 and
5.2.2, jterations of Algorithm 2 lead to the following contraction bound for error term xgt“):

Eqpled ™) < azl? + (51 +29) + 1.(CL + C.6.). (5.45)

The proof of this result is deferred to Appendix C.3.2.
Propositions 5.2.4, 5.2.5 and 5.2.6 naturally are grouped together as:

::E[m(‘+1)] —A =gt :=b
t+1 ~ t N ‘
2 Y(l—a) va ~ya 2" Y(0(2 42y — a) + 2n:(C% + C202))
E xg‘"*'l) < (1 — a) o 0 xét) + (1 - 04)5 + nz(Cé + Oz(sz) (5'46)
(D 0 0 af |z O(1+42v) +1.(CL + C.42)
The eigenvalues of the matrix A are the following:
A1:OZ+’Y(1—(X):1—(1_7)T]9/@7 )‘2:a:1_779ﬂa )\3205 (547)

and they are associated with the following eigenvectors:

0 T-a
v = 5 Vo = -1 5 V3 = 1 . (548)
1 0

Assume that our system starts at some point (°), and consider its representation into the basis
formed by the eigenvectors v, v, v3:

o

z© = Z Via;. (5.49)

1€[3]

The iterations of the affine system (5.46) can thus be bounded by:

t—1
Elz®] = AE[z"" V] + b = (4)'z® + > (4)b (5.50)
t=0
t—1
=D Awiai + Y _(A)b (5.5)
i€[3] t=0
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< Z Mva; + Z A)b (5.52)
1€[3]
@) Z /\ﬁviai + (I - A)_lb (5.53)
1€[3]
¥ 0
(@0 e H ay + A, [—1] as+ (I — A)~'b (5.54)
0 1

where the inequality in (i) is element-wise true all eigenvalues of A are positive, equality (ii) is just
a matrix geometric series. Note that in (ii7), we omit the third eigenvector as its eigenvalues is 0.
Explicit computation tells us that the coefficients a1, a2, a3 are given by:

1 © , (0, (0
- ((a-1 .
@ a+a7—7<(a Joi +ay + oy ) (5.55)
az =z, (5.56)
11—« 0 0 0
@ oy 0 ) 547

We mostly care about terms x§“ and xgt), direct computation yields, for the term xgt):

(t) gl © , (0, (0 2(CL+C.0.)y | ¢y(a+27+2)
o 5125450“‘”% r P Ga s P an 59
(e’ +af” 4 2 2(CL+ C.8.)y | (1 —192(y + 1))
= prp—— (1= =7)neB)" +n2 Bl T oy ©59)
~v(4C) +2[3|Og(mC’A7))(1 _a —V)Uaﬂ)t‘Fﬁzz(CZ +C,0,)y  «v(1—me2(y+1)) (5.60)

wBA—7) O mBl-q)

where C = ||®||1 + || ]| Amax- This thus gives a convergence rate for )-value suboptimality as x(’)
Q(t+1)

F(t+1) ||<>o

T (A=meB)(l+) -

Q%) —
1Q%any — QUF oo < CLNL 41201 +8C5 . (5.61)

On the other hand, the term xét) converges at rate:

© (0 (0
]E[g:ét)] < (o — 1)@ - Oj’ryxz7 + x5 (1-(1- )naﬂ) _ xj (1 7 neﬂ)t (5.62)
4, 1Ce £ C20:)(1+) 292414y —a
T -a)(1-) T-—a)1—7)
<O IO (1 - (1)) o (1~ ) 569
0 (CL4+C.0.)1+7) | 27 +7+mB
T meB(l—7) 6B —7)

The convergence rate of the term xét) provides a convergence rate for the log-difference of the
policies since:

2
llog 7, —log 7™ s < 2//10g Qs /B — 109 €] = Bxét% (5.64)
we thus have:
[log 7k, —logm® oo <CIAE + CoXy +1.C,. 2 +0C5 . (5.65)

We are done with the proof of Lemma 5.2.4 O
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5.2.5. Global convergence

With local convergence established, we turn our attention to showing global convergence of Algo-
rithm 3 (Theorem 5.2.1). To do so we follow a similar approach to the one used to prove Theorem
4.3.1. Concretely, we use that the local convergence provides an approximation of the dual D to
problem (P2).

Proof. We start by decomposing the suboptimality of the function L:

(@) (®)
L(0,2z)— L* =D(z) — L* + L(6, z) — D(z). (5.66)

We will first consider term (b) which implies that L approximates the dual and then we consider
term (a) which implies that gradient descent on the approximate dual converges. Using the soft
suboptimally (Lemma 2.4.3) we have:

|L(OD), 1)) — D(zD)| < 2 \llog : — log w1 (5.67)
Mo

I'd

We already have shown this result when proving global with exact gradients?, so we omit the details
of the bound. Equation (5.67) provides a way to show that Lemma 5.2.4 implies that we reach an
approximation of the dual:

E[|L(6™, =) - D(=1)]| < %(Clxl + X +1:Cy. 2+ 8Cy ). (5.68)

We thus move on to studying the dual suboptimally term (a), where we will follow the same general
steps as in the exact gradient setting: First we separate our gradient g, into three terms:

9 =v.L(0Y,z0) + b =v.DOD,2) + @ + bM), (5.69)
where o’ = V.D(O®, 2())—V_L(6®) 2()) is the dual-approximation errorand b\ = vV, L(6®, z())—

ggt) is the error of the gradient orcales. Using Assumption 5.2.2, we know that ||b£t)||2 < §,. Rear-
ranging (5.69) and using convexity of the dual function D we get:

D(z") — D* <(V.D(z"),2) — 2%y = E[(g{") —a® — b1, 2() — 2] (5.70)
(4) (B) (©)
<E[(g020) - =7)] +[E[(o, 20 — 2] | +[E[0, 20 - 2] 670

We thus have three terms: (A) the algorithm step term, (B) the dual-approximation error term and
(C) the orcale error term. We will show that (B) and (C) are sufficiently small and then study the
convergence of the perturbed algorithm by looking at (A). We start by considering term (B):

0
E[le,20 —2%)]| < D1 -Eflo]lx] 5.72)
() C,Dy ./ f+d(1+~/nm .
< 12 VS 2( i )Hlogw(t)—logw,;Hoc (5.73)
(#47) .Dy d(1 .
< CDLNTE LW, (00 4 0p 4.0y 40C5,), (67

where (i) is obtained by applying Holder’s inequality and plugging in the diameter of the » variables
inthe || - ||; norm C, .. Furthermore, we obtain (i7) through the same exact derivation as (4.78) and
(#i7) from plugging the policy convergence bound of Lemma 5.2.4. Term (C') of (5.71) can be bounded
as follows:

ii1)

(@) (i1) (
{60, 20 = 2)]| <D1E[Ib0]oc] < D1 E[]s] < Dysd, (5.75)

4See equation (4.54).
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where (i) is obtained by applying Holder’s inequality and by plugging in C; ., the diameter of the =
variablesin the || - ||; norm). Using in (iz) that the || - |2 norm upper-bounds the || - ||.c horm and in (ii4)
that Assumption 5.2.2 holds gives us our result. We are now ready to consider term (A) and study
global convergence:

E[(g= - =] < 5 (Blnla 1] + EI= - =3 ~E[1=+) - ="1])).  678)
Inserting (5.74), (5.75) and (5.76) into (5.71) we get:
B[D(=") - D] <5 (E[2Ig 1] + E[I= - ="[] - B[I= - 2*|3]) 577)
+ Cle’“/fif“ +7/nm) (Clxi + oAy +1.Ch o+ 505,2) + Dy .6,
~5 (B[l 18] + E[1= — 3] — B[+ - *|3)) (6.78)

+ CLCIA] + CLCyA + CiCry. am + CLC 40 + Dy 20

Taking an empirical average across T algorithm steps we get:

XT: D(z<t>)] - D* Z

t=1 t=0 77

1
E — (B[2g® 3] +E[I= - =) ~E[I=¢) - =*}3]) 679

T—1
1 o
+ 7 (GO +CiCo2s + iy o + C1C 43D 6.
t=0
n T-1
=2 "E[||g® — (+E[z© = (T) _ 2 _
o 2 BlIs I + 5 —(+E[I2® - =" 3] - E[J=" - =*3]) (5:80)
T-1
<C1 Zx\t +Cy ZX:> Z (CiCy. 2n= + CLCy 25+D1 202)
t=0
w2 o 120 = =13
Z E[llg"I3) o T (5.81)
G Ci Cy y
n: (122 + 1) + [16]3 +62) | 1129 — 273
< -
= 2 T (65.82)
Cl Cl CQ o
II\I’II2 + [ + [1blI3 + 62 | |29 = 2*[I3
2T oT1—u (5.83)

Cl Cl CQ Clcnz,Z N
+ T<1 ot ,\2> + ( - +CLC’6,26+D17252)

Choosing the optimal « = 1/2 as in (4.89) and bringing back the upper bound on the dual approxi-
mation term |L(0"), z()) — D(z"))| from (5.68) we reach the expression of our optimal convergence
rate:

T
Z V.69

|2 D2 bl|2 52 ) _ =2 1
B L S
2 VT

(5.84)

o o \1 2/, )
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+ (CL + 1)05,25 + Dl,zéz

oL 120, .
= Cogr =+ Coga + (CM1 n C’g)\Q) 4 (Cp +1)Cs.20 + Dy .6,
(5.85)

O

5.2.6. Sample complexity
The sample complexity result is a corollary of Theorem 5.2.1. Recall that the theorem states that the
global convergence rate of Algorithm 3 is:

E - o(i Yo 52). (5.86)

VT

Reaching an e-approximation of the optimal solution thus requires ensuringthat§ < eandthaté, < e.
We will thus need to upper bound the quantities § and §. explicitly. We have already done so with
Propositions 5.2.1, 5.2.2 and 5.2.3. Specifically, when using the GPOMDP estimator (assumptions
5.1.1), by Proposition 5.2.1, the mean euclidean distance error decreases at rate:

1 T
=3 (=, 60)
t=1

1
6 =E[lg” ~ VoL(0,w,N)lo] = O(H~" + ). (5.87)

This implies that we can ensure Assumption 5.2.1 (bounded mean Euclidean distance error for the
policy gradient oracle) is satisfied by sampling batches of size and horizon:

H = O(log(e™1)) B =0 (5.88)

Similarly, Proposition 5.2.2 implies that the bounded mean Euclidean distance error of the reward
gradient estimator decreases at rate:

E[lg® - VL0, w N2 = 0(+" + 3, (589

the same result can be stated about the Lagrangian multiplier gradient estimator by proposition
5.2.3:

E[lgf’ ~ VaL@w M| = 0(+" + ). (5.90)

Bringing together (5.89) and (5.2.3) allows us to get a sample complexity result for the z gradient
estimator. We can therefore ensure that Assumption 5.2.2 is satisfied with sample complexity:

H = 0(log(e™ 1)) B=0(). (5.91)

This leads us to the same sample complexity result as the one concerning the policy gradient esti-
mator. For convergence to an ¢ error, we need to run O(¢~2) iterations of the algorithm with O(¢~2)
samples per iteration. The complete algorithm thus has the following sample complexity:

T= O<€14>. (5.92)

One aspect that we do not consider in our analysis and that might be worth studying is the cost the
computational of estimating the Fisher information matrix.



Conditions for convergence of
NPG-CIRL

In the following Chapter, we discuss structural assumptions on the NPG problem that might allow
for faster convergence rates of the algorithm. We then describe a condition that, when satisfied,
ensures that the problem converges linearly fast.

6.1. Structure of the NPG-CIRL problem, dual strong convexity
The core idea of our analysis is to leverage linear convergence of gradient descent over strongly
convex, smooth functions to show linear convergence of the gradient descent-ascent scheme of
Algorithm 2. We observe that when the right conditions are met (strong convexity and smoothness
of the dual problem), we can construct a single affine error system to show global convergence. This
analysis, similar to the one establishing the local convergence lemma of Chapter 5 (Lemma 4.3.3)
immediately shows that the convergence rate is linear.

6.1.1. Assumptions

We rely on the same assumptions as the results from Sections 4 and 5: we assume tabular softmax
parametrization (Assumption 4.2.1), a linear reward class (Assumption 4.2.2), negative Shannon en-
tropy regularization (Assumption 4.2.3) and a non-vanishing occupancy measure (Assumption 4.2.4).
Furthermore, we introduce two assumptions on the dual function D required for fast convergence:
dual smoothness and dual strong convexity.

Assumption 6.1.1 (Strong convexity of the dual). The dual function of the Lagrangian L defined in
(3.15) is strongly-convex with constant Csc.

Assumption 6.1.2 (Dual smoothness). The dual function D of the Lagrangian (P2) is differentiable
and smooth with parameter L.

These two assumptions may seem arbitrary, but we argue they are reasonable on MDPs that meet
specific properties. We discuss this in detail in Appendix D.1.

6.2. Fast-convergence dynamics

We now discuss the gradient descent dynamics at play. When Assumptions 6.1.1 and 6.1.2 are met.
It is possible to build an affine error system that directly describes the global convergence of the
algorithm. Consider the three following scalars that quantify error:

2 =[]z — 2*||, 6.)
) =1Q1 ~ Qprl 6.2)
o) =|Q7;, — Blog £9)| (6.3)
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Let us define a few relevant quantities relevant to our analysis. First, we let the constant C' be given
by:

C:mm{%uﬁcﬂiq}. (6.4)

Where C. = 2(||¥| + ||¥|)), L. is the smoothness constant from Assumption D.1.2, is some real
number b > 0 and C,, is a constant related to the properties of the MDP (see Appendix D.2.3). We
introduce the normalized learning rates:

L
© Csc

€ (0,1], =5 € 0.1] (6.5)

As well as the system matrix:

(1 _~ﬁz> 0 Cﬁz _
Ciz v 2y(1 = 1))
Ci, 1o (1—1jp)

K = (6.6)

Lemma 6.2.1 (Affine error system for fast convergence). When Assumptions 4.2.1 (softmax policy),
4.2.2 (linear reward class), 6.1.1 (dual strong convexity) and 6.1.2 (dual smoothness) are satisfied, then,
for any b > 0, iterations of Algorithm 2 satisfy:

20D < K2 4 p. (6.7)

Where K is the system matrix as defined in equation (6.6), ) = [2\" 2" 2{"|T is the error vector
(which is defined for any iteration t of Algorithm 2) and b = [0,2+vb,b]". The proof of this result is
deferred to Appendix D.2

Lemma 6.2.1 naturally allows for the identification of a condition for fast convergence of our algo-
rithm.

Condition 6.2.1. || K|| < 1 (the system matrix has a spectral norm strictly inferior to 1).

Theorem 6.2.2 (Linear convergence when condition 6.2.1 is met). When Assumptions 4.2.1 (soft-
max policy), 4.2.2 (linear reward class), 6.1.1 (dual strong convexity) and 6.1.2 (dual smoothness) are
satisfied, and when Condition 6.2.1is met, then Algorithm 2 to reaches an error:

IO, w T AT — L*| <, (6.8)

in: T = O(log(1/¢)), iterations.
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6.3. Discussion

Next, we discuss when Condition 6.2.1 is met.
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Figure 6.1: Spectral norms of the K matrix as a function of both learning rates (7jy on the z-axis and 7, on the y axis) for
different values of v and of C. The red-line denote the values of 7y and 7. for which || A|| is exactly 1. The plot shows, the
importance of the constants v and C'. Note that the plots show the domain 7. € [0,0.1], 7y € [0.9, 1].

Condition 6.2.1 provides a way to describe situations in which algorithm 2 converges linearly fast, but
it is hard to establish whether this condition is a reasonable assumption to make about the structure
of the optimization problem.

The spectral norm || K|| can be thought of as a function of the primal and dual normalized learning
rates 7y and 77, as well as of the system dependant constant C' and the discount factor . One way
to think about the condition || K| is as a way of specifying which combinations of learning rates 7y,
7, lead to linear convergence assuming that C' and ~ are given. To provide some intuition and in-
vestigate whether linear convergence can practically happen when running iterations of Algorithm
2, we produced plots of the value of || K| as functions of both learning rates 7, 7. (Figure 6.1).
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Figure 6.2: Spectral norms of the K matrix as a function of both learning rates (79 on the z-axis and 7}, on the y axis) low
values of C. The red-line denote the values of 7y and 7. for which || A|| is exactly 1. The plot shows, the importance of the
constants v and C. Note that the plots show the domain 7, € [0, 1], 7j¢ € [0, 1].

What the resulting plots highlight (Figure 6.1) is that when the constants C' and ~ are sufficiently
small, then a region of the 7jy, 77, space indeed satisfies the condition. Specifically the condition is
met when 7jy is close to 1 and when 7, is close 0. This suggests that what happens is akin to dual
descent, where the optimizer moves faster to a locally optimal policy with respect to 6 than it does
to the global optimum. This behaviour is similar to what we analyzed in Chapters 4 and 5.
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On the other hand, when the constant C is sufficiently smaller than 1, we observe that we might
reach a situation where linear convergence happens with a learning rate 7, close to 1 (Figure 6.2).
This is the ideal setting for fast convergence. Devising a way to reach lower the constant might
be critical to the design of a fast converging algorithm. Our derivation suggests that this can be
reached through the choice of the right feature matrices, i.e. when the quantity || ®|| + ||¥|| is suffi-
ciently small. Whether this is attainable in practice remains to be verified.



Conclusion

In conclusion, three main results are obtained in this work.

First, we propose a method for solving the CIRL problem, termed NPG-CIRL. We motivate the choices
made in the design of the NPG-CIRL algorithm and discuss possible tradeoffs in implementation.
We first discuss an idealized version of the algorithm, where Oracle access to exact gradients is
available (we call that setting the exact gradient setting). We then move away from that idealized
setting and show how our algorithm can be more practically implemented using Monte-Carlo gra-
dient estimation techniques (we call that setting the stochastic gradient setting).

Secondly, we provide a finite-time analysis of the global convergence of our algorithm in the exact
gradient setting. We show that the algorithm requires O(1/¢2) gradient evaluations to reach an ¢
approximate solution (this is the iteration complexity of our algorithm). We also show that the recov-
ered policy provably satisfies the imposed constraints and, thus, that our algorithm is safe.

Thirdly we show that the convergence rate obtained in the idealized exact gradient setting still holds
when using biased, stochastic gradient estimators. The stochastic algorithm still requires O(1/¢?)
gradient evaluations to converge. We extend our analysis and quantify the total required number of
samples (MDP steps) needed to reach convergence to an e-approximate solution and show that our
algorithm requires O(1/¢*) samples (this is the sample complexity of our algorithm).

7.0.1. Future work
While this work succeeds in proposing and analysing a globally converging algorithm to tackle the
CIRL problem, several important questions remain unanswered.

Firstly we believe running a set of experiments using the stochastic formulation of our algorithm
in a practical application would be of the most significant interest. We only theoretically analysed
our algorithm in the discrete, tabular softmax setting. However, it resembles other policy-gradient
algorithms that perform well when using deep neural networks to parametrise the policies. Running
a set of experiments using neural networks to estimate the policies and rewards would thus be of
great interest.

Running a set of experiments would also help build a better qualitative understanding of the algo-
rithm’s behaviour. It would showcase the safety guarantees provided by the algorithm, highlight the
explainability benefits of CIRL, and maybe emphasise certain aspects that were overlooked when
studying it from a theoretical viewpoint.

Secondly, we believe that further theoretical investigation into the conditions for linear convergence
of NPG-CIRL may yield significant results. The fast convergence dynamics described in Chapter 6
suggest that there may be a way of modifying NPG-CIRL to ensure that it converges fast reliably. If
so, it would be of great interest to study this algorithm in the stochastic setting. The investigation
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of linear convergence would also benefit from running a set of experiments to investigate if this
behaviour can realistically be achieved in real-world problems.
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Useful results

This appendix chapter summarizes a few useful generic results that we use in our derivations through-
out this document.

A.l. Properties of the log-sum-exp operation

In the following section we discuss the properties of the log-sum-exp function log || exp v||; which
we very often encounter when deviating expressions related to entropy-regularized MDPs.

Observation A.1.1 (Gradient of log-sum-exp is softmax). The gradient of the log-sum-exp function
is the softmax function, indeed:

[exp v]; [v];
softmax(v)|; = = , Al
softmax(wlli = 5~ Texpul; ~ expoll: A
is exactly:
V(log || expv]|1) expv. A.2)

 |lexpoly

Proposition A.1.1 (Upper-bound on the difference between two log-sum-exp operations). For any
two vectors v, and v, € R™ we have that:

|log || exp w1 — log || exp va|1]| < ||lvi — v2]co- (A.3)

Proof. From the mean-value theorem, we know that there exists a vector v., which is some convex
combination of v; and v, s.t. the following equality is verified:

|log || expvi[l1 —log || expva|[1] = [(v1 — v2, VIOg [|[v[|1]v=w.)], (A.4)

and then cleverly using Holder’s inequality we have that:

[log | expwi|1 —log || expval|1] (A.5)
= [{(v1 — v2, VIog||v||1|v=w,.) mean value theorem (A.6)
< (w1 = valloe - [VIOg[|v]|1]0=0, 1 Holder’s (A7)
exp v,
= (o1 — 2llec 110G [0l fuomo. | = || re| =1 (A8)
[[vellx
Where the last line is a common observation on log-sum-exp forms. O
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Omitted proofs and derivations from
Chapters 4

This appendix chapter details the results, proofs and derivations omitted from chapter 4.

B.1. Proof of proposition 4.3.5 (Policy-error is upper bounded by

()-value suboptimality)
Proof. To prove the result, we consider some state-action pair s,a € S x A and get:

og [ OPUi(a) |\ exp(sa)
? ) 1 9 S A eXpQE, (s, a)
Za’eA eXpQ (S,CL ) a’'€A F()\2

7(t)

llog 71 (als) — log 7, (als)| 2

(B.1)
(i#)
< |logexp Q) (s,a) — logexp Q% (s, a) (B.2)
+log > expQ\) (s,a') —log > exp Qi (s,d),
a’'€A a’€A

where (i) holds for the 7(*+1) term by proposition 2.4.2 (soft-policy iteration) and for term w5 by propo-
sition 2.2.4 (form of the optimal policy), (i7) is just a triangle inequality. Next, using proposition A1
(|log || expwvi]|1 — log || expva|l1] < |Jv1 — v2||-0) We get:

< max
a’€A

log > exp QW) (s.a) —log > exp Q) (s.a') QW (5,d") = Qi (s,a)|.  (BI)

a’€A a’'€A

Plugging (B.3) into (B.2), and observing that since these relations hold for any s,a € S x A they also
hold for the s, a pair where policy error is maximum we have:

Hog 7)) —log 7 [loe < 21QY) — Qo oo (B.4)
This completes the proof. O

B.2. Proofs of Propositions 4.3.3 and 4.3.4 (Lipschitzness of the

@-function)
We show that Proposition 4.3.3 holds.

Proof. Recall the definition of the Q-value in a regularized MDP:

QF(5:0) = (1= V)Ermn | 37" (Flst,a0) + H(m([s1))) 50 = 5,00 = al. (B5)
t=0
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B.3. Proof of proposition 4.3.6 (Occupancy measure is Lipschitz with respect to the
policies) 58

Taking the difference between the @ values for different diminished rewards and identical policies,
we get:

WK

@7, (50) = Q% (5,0)] & (1= )| B[ 32" (Fi(st,0) + H(m(:]30)) (B.6)

~+
i
(=]

— fz(St,at) - H(ﬂ'(‘sf)))

80:57a0:ai|

M8

< (1)

S0 = S,a9 = a] (B.7)

Y (171 (st, ar) — T2(se, ar)|)

Il
=]

(#44) 0

< (1- V)ZVt(”‘I’H Jlwr = walla + 2] A1 = A2l2) (B.8)
t=0

b

D10 [[wr — walls + T[] A1 = Aal]a- (B.9)

In (i) we plug in the definition of the regularized @-values, in (ii) we use Jensen’s inequality and
finally in (i74) we use that the diminished reward function itself is Lipschitz, finally in (iv) we just use
a geometric sum. O

Next, we move on to the proof of Proposition 4.3.4.

Proof. The proposition holds as a corollary of Proposition 4.3.3, to see why observe that:

Q% — Qo = || Max Q% — max Q| (B.10)
wleAs w2eA]
< max Q% — Q% B11)
ﬂeAi

(i
<Y |[Jwr — w22 + [[Z[[[[A1 = Azl (B12)
< C:llz1 — 2| (B.13)
where (i) wholds by Proposition 4.3.3. O

B.3. Proof of proposition 4.3.6 (Occupancy measure is Lipschitz

with respect to the policies)
Proof. We start by writing out the left-hand-side explicitly:

e = Bllo = max (s, a) — fls, a)l (B.14)
2 max fus(s)w(als) — is(s)7(als) (B15)
& max |ns(s)(r(als) — 7(als)) + 7(als) (u5(s) ~ is(s))] (B16)
< max us(o)l(n(als) ~ 7(als))| +_max w(als)l(us(s) ~ ps(N| (BN
= oo + 1t (5) — sl B18)

In () we plug in the definition of the state-occupancy measure, in (ii) we rearrange and isolate
two difference terms (which are respectively function of the state-occupancy measures and of the
policies), in (iii) we just use a triangle inequality which leads us in (iv) to identify || - || norms. Next
we thus carry about upper-bounding the ||us(s) — 15|l term, to do so we will make use of a useful
bound on the spectral norm of the sum of two inverse matrices:

|47+ BT 2 A A+ BB B19)
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(49)
< AT (A + B - 1B~ (B.20)
@iy [|(A+ B)

= . B.21

Umin(A) : O'min(B) ( :

Where (i) holds by the equality A= + B~! = A~1(A + B)B~! which holds for any two invertible

matrices, (i¢) holds by submultiplicativity of the spectral norm and (iii) uses the definition of the

spectral norm (omin(A4) denotes the minimum eigenvalue of the matrix A). Back to upper-bounding
the ||us(s) — frs]|o term, we have:

(%)
lps(s) — fslle < [[ps(s) — sl (B.22)

Ca-|[(r=Pm) T = (=P w (.23)
2

Y |[(1 —P™) = (1= Pm) 7] H w2 (B.24)

Q- [(1=Pm) 7" - (I—WP’_T)_l}H (B.25)

Y-y [(1—~Pm) = (1—P7)] H (B.26)

= ﬁupﬂ_pw (B.27)

In (i) we just use that the || - || norm upper-bounds the || - ||, norm, in (ii) we plug in the closed-form
computation of the occupancy measure (which uses the close-loop transition kernel associated
with both policies). In (iii) we use the definition of the spectral norm to pull-out the initial distribution
term v which (iv) we know is less than 1 because it is the || - || norm of a distribution. Finally in (v)
we use the relation (B.21). We are left with the spectral norms of the difference between close-loop
transition kernels of both policies. To complete our proof we have to show that this scales linearly
with || — 7 || .. Now we just need to bound || P™ — P™|| which we do as follows:

G
1B~ P“H < HP" - P

Z P7r (s'|s) Pﬁ-(s/|s))2

s,8’€SxS

WY (X P ls a)(als) ~ w(als))

s,8'’€SxS acA

= Z P(s'|s,a)?(m(a|s) — 7(als))?

s,a,8'ESXAXS

= [ 3 (3 Ps'1s,02) (n(als) - 7(als))?

s,a€ESxXA s'e€S

IA

Y (wlals) —(als))? = ||m — 7|2 < Viam|m — 7.

s, a€SXA

Where (i) comes from the fact that the Frobenius norm upper bounds the spectral norm, (i:) is by
the definition of the Frobenius norm, and (ii) just plugs in the definition of the closed loop transi-
tion kernel from there we can just rearange and isolate the (3", P(s'|s,a)?) term, which since
P(-,s,a) € Ag we know is less than 1. From there we just observe that we have gotten to the defini-
tion of the 72 norm. Finally we upper-bound the || - || norm with the || - ||, norm.
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Putting everything back together we have:

™ = 17z < e = 7z + s — oo
S e L

< e = 72 + X | —
14+ (v/nm—1 _
= —( =D — e
O
B.4. Proof of lemma 4.3.2 (Constraint violation)
Proof. We start by considering the constraint violation directly, we have:
1o — KOl = I[b— K"+ K* = K(0™))] 4[| (B.28)
(%)
< b= K4 oo + K" = K(6™)]1 [lo (B.29)
(44)
< K = KO0 oo (B.30)

Where in (i) we use that max{a + b,0} < max{a,0} + max{b,0} and a triangle inequality and in (2)
we use that b — K* is the 0 vector (all constraints are satisfied in the optimal solution). Next we look
at the difference of cost vector:

IK* — K(0")]4]loo = [K* — K(0")]oo = [T (1) — ") || (B.31)
0)
< II‘I'TII ™ = ) lso (B.32)
’L 1 + N
< Vi) L Evmm W | (B33)
lZ’L 1
< V||| v + W ™ log 7 — log 7* o (B.34)
(i) 1+ v/ -7 1
< ﬁnwn%jm <4|¢||nT e Tu) . (B35)

In (i) we use the || - ||, operator norm on the matrix ¥ and then in (ii) we upper bound the || - ||«
operator norm by the spectral norm, and use proposition 4.3.6, in (ii:) we use that |z — y| < |logx —
logy|whenz,y € (0,1) andfinally in (iv) we plug in the convergence rate from our local convergence
Lemma (Lemma 4.3.3). The proof is complete. O



Omitted proofs and derivations from
Chapters 5

This appendix chapter details the results, proofs and derivations omitted from chapter 5.

C.1. Proof of Proposition 5.2.2 (Pertubed policy step)

Proof. This proof is very similar to the one provided in Appendix C.6 of [Cen et al. 2021], with a few
key differences that we highlight. Before we start we state the definition of the advantage function:

A7e(s,a) = Q7°(s,a) — Blogme(als) — Q7°(s). (C)
The gradient V4 L(0,r, \) is given by:

VoL(8.7.X) = Vg |J(mo.r) — J(x".7) + (A b~ 0T )| C2)
= VoJ(mg,7) — VoJ (2, 7) + VoA, b— T pu™o) (C3)
= VoJ(mo,7) — VoJ (77, 7) (C4)
= VQJ(TFQ,’F). (C5)

In the entropy regularized setting, the gradient of the return is given by:

8J(7\'9, ’F)

2005, a) = u,re(s,a)A? (s,a), (C.B)

for a detailed derivation of (C.6) we refer to [Cen et al. 2021]. Recall that the NPG step is given by (in
the exact gradient setting):

0D 9 4y (59) VoL (0,7, A) = 0D + 1 (3°) VT (109, 7), (C.7)
introducing the stochastic oracle gradients we have:
0 0 4 1y (5°) " go. (C.8)
One key observation is that the step wg = (SG)ng is given by:
we = arg mﬂégm |§w — gg”2 (C.9)

Consider the matrix vector product of the decision variable w with the Fisher information matrix
(Definition 2.4.2):

Fow = Es ampin, (Vo logm(als))(Velogm(als)) Tw (C10)
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@ Z g (S, Q) (w(s, a) — c(s)). (C1)

Where c(s) = > , mo(s,a)w(s, a) again we refer the reader to [Cen et al. 2021] for a detailed deriva-
tion of step (i). Now we are recall Assumption 5.2.1:

E[llgo - VoL] <. (€12)
We define oy = gg — VoL and note that by the || - || < || - ||2 the assumption implies that for any
(s,a) € S x A:
8J(7’l’g,7:)
- < = — <. .
El‘gg(s,a) i ‘ <E[[looll,.| = E[llgo — VoLllc] <6 (C13)

Using expression (C.11) and observation (C.9) we are now equipped to compute the NPG step:

5% — ol = 3 (1w (s:0) (1(s, @) = e(s)) — ge(s,a)f (C14)

= 3 (1tmg (5:0) (w(5. ) — c(9)) — prn(5.0) AT (5.0) 4 05 (s,0)) (C16)

2
B B _ ame 0o (8,a)
_287; <Mm(s,a)(w(s,a) cls) = AT (s,0) + 2T (S’a))> . (C.16)
It is easy to see that the solution wy is given by:
oo(s,a)
w(s,a) = c(s) + AZ°(s,a) — ——~, (Ca7)
(s,a) =c(s) + AZ°(s,a) 1w (5,)

and that by Assumption 5.2.1the approximate gradient step in a neighborhood of the exact gradient
step (which is just given by the ||| = 0):

Eleg = (39)*v9J(w9,f)Hm =E

1(3°) 90 — (3°) Vo (o, F)Hool (C18)
’Nriin

<

. (C19)

So far, we have established that:
T TT UO'(Sa a/)
3° ge} s,a) = AT (s,a) + c(s) — ——=,
(8% a0 500 = 43¢ ) i)
we will now show how this translates to the policy step. We will abuse notation and write 7(*) = o)
have that:

(C.20)

7r(t+1)(a|s) 8() exp(9(t+1)(s, a)) = exp(e(“(s, a) + Mg |:<80)Tg9} (s, a)) (C.21)
(49) ) o _ 0o(s,a)
% exp (et (5,0) +m AT (s,0) = 1 (S’a)) (C.22)
0 70 (a]s) exp (1Qz (5,0) — Blog =¥ (als) - M) (C.23)
& (10 als)) ' xp (1@ (5.0) — 20 ) (.24
= (7 (als))' "7 exp (@7 (5, 0)). (C.25)

Where (i) is obtained from the softmax parameterization (Assumption 4.2.1) and (ii) from the NPG
step, we neglect ¢(s) because the softmax normalizes away all terms which have the same value
for all elements across s. In (iii) we plug in the definition of the advantage (again the V' term gets
normalized away by softmax). Finally in step (iv) we factor all policy-related terms in from of the

exponential. Finally, we identify Q which satisfies || M QW |, < 4 by definition of o. O
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C.2. Characterization of the estimators

C.2.1. Proof of Proposition 5.2.1 (Policy gradient estimator)
Proof. To gettothe bounded mean euclideandistance error from Proposition 5.2.1 we start by writing
out explicitly our exact gradients and our gradient estimator:

B H-1
1 o
g(st) == Z < Z Al (Z?ZOV(, log ﬂ9<t>(a;|s;«))bh>, (C.26)
=1 h=0
[ 400 o
VoL(0,w,\) =FE Z 'Yh (Z?ZOVQ log g (CL; |S§»)>b;£| , (C.27)
where we write b, = (75 (sn,an) — flog g ) for conciseness. From (C.26) and (C.27) we get:
1 B H-1 o
E[llgs” = VL0, w0, N)]lo] =E ||| = > ( > 4" (Z1_oVolog e (a;|s;))bh> (C.28)
=1 h=0

+oo
—E 'Yh (E?:()VQ Iog Tot) (a; |S;)) b}L] ]
L h=0 2
) 1 B H-1
\v) h(sh il
~EllB ; ( 2 gl (Zj:ovﬁ log 7Te<t>(aj|8j))bh> (C.29)
[ H—1
— E Z ryh (Z OV@ |Og7r9(t)( |8 ) h]
L h=0
S
) 7’%(2 oVolog o (ais )) ] ]
Lh=H 2
(”) 1 B H—1 ‘ ‘
<E||lz> < A (zgzovg log 7 (a;|s;.))bh> (C.30)
i=1 h=0
_H_l . .
—E Z ’Yh( ,:OVQ log To(t) (a;|3;))b;;| ]
L h=0 2
+ E[ St (zg;ovg log 7r9(f,>(a;-|5;)>bh}
h=H 2
=E||g” - Elg)] (C31)
L 2
+oo o
+ E[ St (zg:ovg log 7r9<t>(a;-|s;)>bh}
h=H 2

In where (i) comes from splitting the infinite sum in two "sections” (terms 0 to H — 1 and terms H to
oc) and (i7) is a simple triangle inequality. We are left with two terms, a term induced by the truncation
and aterm akin to variance of the gradient estimator. We will consider both terms separately, starting
with the truncation term:

E[:i;’yhbh (E?:OV(a log mg(r) (03'\5;))} ' 2 % E

“+oo
H Z 7o (E?:ova log mg() (CL}|5;‘)) HJ
h=H

(C.32)
() | X . i) | X o
< E[ Z vy bhE] OHVQ |Ogﬂe(t)(a;‘8§) ) < E Z vy bmaxE] OHVQ Iog7r9<,,)(a§|s}) ;|
h=H h=H
(C.33)
(@) = h —1 Y27, ma
< \/ibmax Z ™ < \@bmaxH’Y Z ’Y = \fbmax ( ’7) Hry (C.34)
h=H
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Where (i) is an application of Jensen’s inequality, (ii) is a simple triangle inequality and (ii7) in-
troduces bmax, the maximum value that can be taken by b,,. Finally, inequality (iv) uses that when
7 is softmax parameterized, for any (s,a) we have that ||V log me (a}]s5)13 < 1+ [|ma(:|s)|l2 —
210 (s,a) <14 ||me(:|s)||1 < 2. We are left with explicitly computing the upper-bound of by,:

b, < bmax = [|@|| + Amax + 5109 Trmin. (C.35)

Now onto the remaining term, first we note that it is upper-bounded by the variance of the GPOMDP
estimator,

2
2 lof” - 211, - J( ol 1] ) el i) = ). ccm

where (i) holds by Jensen'’s inequality and concavity of the square root function. Next we just use
Lemma 3.7 from [Y. Ding, Zhang, and Lavaei 2021] which quantifies said variance:

24(||ll1 + Amax + B*(logm)?)
E{Hgét) _E[g(gt)]HQ} < (H 1 B2n(1;x7 7)4 - (C37)
Bringing (C.34) and (C.37) together into (C.32) we find our result:
2 2
g — VoL, w,N)]z] < Va2 i1 2V6V 10l & Amax + 2452(I0G m)? ¢ 3
(1—7)2 B(1-7)
L]

C.2.2. Proof of Proposition 5.2.2 (Reward gradient estimator)

Proof. Our proof will be quite similar to the one of Proposition 5.2.1in the sense that we will isolate a
truncation term and variance term and then bound both of them, recall that our gradient estimator
is given by:

H-1

B
69" = S (S A lshoah) - o7, (€:39)
i=1 h=0

while the exact gradient is given by:

+o00
o= =B|(1 =) (Y "0sha})) — 6" (C40)
h=0
Inserting these expressions into the left-hand side of (5.20), we get:
B H-1 “+oo o
(Z Y plshian)) —E[(1 =) Y " lsh.a)] c4
= h= h=
(i) 1—v B A1 o r Al 0 S 2
<E||—=" Z(Z V' p(shrah)) —E[(1 =) > V' p(shsah)| I (C42)
B[(1-7) Y " (s}, a})]
h=H 2
—E[||g% —Elgl]|] + [E[a =) 3 +"o(sh.a)] (C43)
h=H 2

In step (:) we simply split the terms of the infinite of (C.40) into the first T'terms and the tail of the sum.
Taking a triangle inequality we are left two terms one associated with truncation and one associated
with variance, we start by considering the truncation term:

E[(1-4) 3 2" ¢(sia})
h=H

E[1=7)] D 2" lshai)],) (C44)
h=H

2
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E[(1=7) Y [ é(shai)l, <E[1 =) 3 7" éma] (C45)
h=H _H
< Pmaxy? (1 =) Y7 = 7" dmax- (C.46)
=0

Where ¢max is the maximum || - || norm of any column of the feature matrix ¢. We are now ready to
move on to the variance term, we have:
l
\ <
2

oo -] -

Here (i) holds by Jensen’s inequality. We are just left with finding a bound for the variance of our
estimator, which we do by considering the single element batch first, we have:

H t) —E[g (t)]

Hg(” Elg)]

)j Var(gl)).  (C47)

1 H-1 2
E[low ~Elal] = =72 | 3 vots i 5[ X ot ] c48)
2

=(1—7)2E Z "[o(si, ai) — E[(sh,a})] | ] (C49)
<(1-9)°E Z (st ah) E[q&(sz,amHQ] (C.50)

H-1
)? Z V" 40max = (1= 7)*4dmax D = 4(1 = 7)dpax-  (C5))

h=0

Now since we take batches with B independent samples this gives a variance of 4(1+3¢3nax hence
putting everything back together we get:

E[lg%) - VaL(8,w, 2] < dmax <2 Ty 7H>. (€52)

O

C.3. Local convergence bounds

C.3.1. Proof of Proposition 5.2.5 (First auxiliary sequence term)
Proof. We first consider Proposition 5.2.5, to do so, we start with the recursion defined in 5.38. Con-
sider the vector Q7 ,,,, — Blog &(t+1):

Qi — Bloge®™) 2Qr ., —aBloge® — (1—a)QY), (C.53)
Da(Qz — Bloge®) + (1 - ) (Qiw — Q1)) (C54)
+(1-)(QY) —QY) — (Qirn — Qi)

Where in (i) we plug in the update rule for the auxiliary sequence as defined in (5.38), and in (ii) we
reorganize the equation to isolate quantities that are relevant to our study'. Taking | - || norm and
using the triangle inequality we get:

) = Qi — 8109 €4 e <al @y — B109ED o + (1 - 0)|Qi0 — @l (C55)
+(1-a)[Q%) = QY [l +1Q%s1) — Qlio 1o

(@)
Sozarét) +(1- a)mgt) (C.56)

Tlt is easily verified that line (C.66) simplifies back into (C.65)
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t A (T * *
+ (1= a)QY) = QY oo + Qs — Qkio [l oo

In (i) we just plug in the scalar error terms from their definitions (5.40) and (5.41). We now take
expectations (over the algorithm step) on both sides to get:

Ety1) [xétﬂ)] <(1- a)E(t+1) [xgt)] +aE 1) [mg)} +(1- a)E(t+1) [”Qrm Qf,m ||<>o} (C.57)
+ IE:(t—i-l) [||Q;(t+1) - Q;(t) ”oc]
(1)
= (1- )2l + oz’ + (1- )Eqsy) [1QL), — QL) lloc] (C.58)
+ B [[1Q ¢ — Qi lloo) -

In (i) we observe that the expectation over the gradient step of quantities that are independent of the
gradient step is those quantities themselves. We are left with two separate expected "perturbation”

terms which we will need to bound. First, recallthatE, ;) [||Q(f) Qfm ||OQ] is a quantity we already

7(t)

know is bounded, indeed under Assumption 5.2.1, Lemma 5.2.2 states:

i [1QL) — QL [l <. (C59)
Now onto the quantity E, ;) [||Q;(t+1) - Q) ||oo} , we have already discussed (in Chapter 4) that it is
Lipschitz with respect to the descent step in the variables w and X (Proposition 4.3.4), we thus have:
(@)

Ei1) [|Q%c+1 — Qi lloc] < 2121 + ¥ INE(41) [”z(tH) - z(t)Hﬂ (C.60)
= 1:C-Eqr41) 198" l2] (C61)

(#4)
< 0.C: (B [IV-L0Y, 29) | + g — V.L(87),29) ] ) (C62)

(444)
< 0 Co(||®[ + 1] + [|bll2 + 02) = n:(CL + C-62). (C.63)

Where in (i) we use Proposition 4.3.4, in (ii) we take a triangle inequality to isolate a deterministic
exact gradient term from the error term. Finally, in (zi7) we introduce Assumption 5.2.2 to bound the
expected gradient. We then introduce C?, = 2(||®|| + ||¥|))(||®] + [|¥|| + ||b]|2). Plugging the bounds
we just established back into (C.70) we get to the following result:

E(i41) [mgﬂ)] <(1—a)2l +axl + (1 — )b +1.(C. + C.5.), (C.64)
which completes the proof. O
Proof. We first consider Proposition 5.2.5, to do so, we start with the recursion defined in 5.38. Con-
sider the vector Q,,,, — 3log £ +1):
Qe — Blog €@ 2Qr, ) — aploge® — (1-a)QY), (C.65)
Da(Qz — Bloge®) + (1 a)( Qi — Q%) (C.66)
+(1-a)(QY), - QW) = (Qturn — Q).

Where in (i) we plug in the update rule for the auxiliary sequence as defined in (5.38), and in (ii) we
reorganize the equation to isolate quantities that are relevant to our study?. Taking || - ||, norm and
using the triangle inequality we get:

2 = |Qkuis) — Blog €4V Sa|\Q:m—mogs<f>||oo (1—a)||Q:<t>—Qf~.t<3,>||oo (C67)
+ (1= a)QY), — QY oo + Qs — Qheo oo
M 41— a)al? (C.68)

t t *
+ (1= a)QY) — QY e + 1Q%wss — Qo oo

21t is easily verified that line (C.66) simplifies back into (C.65)

)
<arg
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In (i) we just plug in the scalar error terms from their definitions (5.40) and (5.41). We now take
expectations (over the algorithm step) on both sides to get:
B [ey ] < (1= a)Bgn [217] + 0B [237] + (1= @) By [|QF0, — Qi ] (C69)
+E41) [”Q;(Hn - QL Hoo]
i)
2 (1 - a)al? +azl) + (1 - WEin [1QD) — QU 1] (C70)
+E41) [||Q;<t+1> - Qi Hoo]~

In (i) we observe that the expectation over the gradient step of quantities that are independent of
the gradient step is those quantities themedelves. We are left with two separate expected "pertur-

bation” terms which we will need to bound. First recall that E ;. 1 [IIfo()t) r(t) Hoo] is a quantity we
already know is bounded, indeed under Assumption 5.2.1, Lemma 5.2.2 states:

t+1 [HQ((t) A (t)||00 < 5 (c.n)

Now onto the quantity E, ) [||Qj;<,+1) - Q. ||OO} , we have already discussed (in Chapter 4) that it is
Lipschitz with respect to the descent step in the variables w and X (Proposition 4.3.4), we thus have:

0)

Eern [1Q5c — Qiwlloe] < 20|21+ [N E ) [[12FD — 2] (C.72)
=1.C.Ei1) [ 2] (C.73)
(i1)

< n.C; (1E<t+1>[||VZL(¢9<t>7z<t>)||oo +[lgt — VZL(B(t),z(t))HOOD (C.74)

(43)

< n:Ce(l12f + 1] + [1bll2 + 62) = n=(C + C-62). (C.75)

Where in (i) we use Proposition 4.3.4, in (ii) we take a triangle inequality to isolate a deterministic
exact gradient term from the error term. Finally, in (éi7) we introduce Assumption 5.2.2 to bound the
expected gradient. We then introduce C?, = 2(||®|| + || T|))(||®]| + [|¥|| + ||b]|2)- Plugging the bounds
we just established back into (C.70) we get to the following result:

B [258™] < (1= )2l + 0zl + (1= a)d + n.(C + C.6.), (C.76)
which completes the proof. O
C.3.2. Proof of Proposition 5.2.6 (Second auxiliary sequence term)
We now move on to Proposition 5.2.6.

Proof. Our derivation starts by considering the vector —(Q% ., (s,a) — 8log £ (s, a)), and as we
did in the contraction bound of xg“” by plugging in the auxiliary sequence step (5.38):

QU — Blog€™) = — Q%) +aBlog € + (1 - a)QY), (C.77)
Y _ (@) — Bloge®) + (1—a)(QY) — Q1Y) (C.78)
+(@Q1), — QUI) + (@YY — Ui,

Where (i) is just a rearranging step and matches the previous line exactly. Next, we take expecta-
tions on both sides:

E11) [ - (foiﬁl)) — Blog 5(“1))} =—aEqq1 [Qrm Blog E(t)} (1 - a)E41) {Qit()w - Q%)]
(C.79)

t t+1 t+1 t+1
+ ]E(t+1) [Q% - Qf:m )} + IE(tJrl) {Qfx(t) ) - in(t+1)):|
=—a(QL) —Blog &™) + (1 - a)Ewsn Q) QY| (€80)

t t+1 t+1 t+1
+E41) [Qf:&) - Q(;m )} +Eq41) {Qf:u) ) - Qf:(t+1)):|'
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Where in (i), we just drop expectations from the terms that are deterministic over the randomness
of the algorithm step. Picking out the maximal (s,a) € S x A pair on both sides of the inequality, we

reach the expression of z{ ™" on the left hand side:

B [o§ ™) = By | - min (QU5) (s,0) - Blog €+ (s, ) | (L))
=m[ QL) (5, @) = Bog €1 (s, ) + (1 = )E(r41) QL) (5,0) = QLf) (5, )|
(C.82)
+ B4 | Q0 (5,0) = QU (5,0)] + By [ Q15 (5,0) = QU (s, ﬂ
< —amin(Q\), (s.a) = B1og € (s,a) + (1~ B [[QL0, - Q1 ] (€83

t+1 t+1 t+1
+En 1040 = QU lloe] + Een 1R — QU lc]

We have four terms which we will all bound with results that we already have established:

—a nswian(fo(Z) (s,a) — Blog M (s,a)) = by Definition of z", (C.84)
Ewan[1QY) - Q) Hoo} <3 by Lemma 5.2.2, (C.85)
B [1Q1) - Q4 1] <2 by Lemma 5.2.2 and Corollary 5.2.31, (C.86)

Ey1) [||Q7f(f§1) QY Hoo} n.(C. +C.8,) by Proposition 4.3.3 and then as (C.75).
(C.87)

Putting everything back together completes the proof:

By (28] < aal? + (5(1+ 27) +1.(CL + C.6.). (C.88)
O

C.3.3. Proof of Proposition 5.2.4 (Q-value term)
Proof. Here our approach will be different from what we did for the last two contraction-bounds, we
firstlook at any (s,a) € S x A, and we have that:

Qrern (5,0) — QULY (5,0) =((1 = )(s, 0) + 1Eyrjs [ Viieen (5)]) (C.89)
— (1 =7)F(s,0) + 1By sV ()

DB alViiern ()] = 1B pea VA ()] (C.90)

DE,s.0[8109 | €X0(Qci (5, )/ A1) (€91

By o s.am0 [QNEE (5,0)) — Blog n D) (a|s')]
=1Eys.q[B109 || €XO(Qan (s,) /Bl — Blog 4TV (s, )] (C.92)
— By s amtrn QU (5,0) — Blalog€D(s, a')
+(1—a)/BQY), (s ,a)].

In () we plug in the expression of the optimal V-value from the optimal @-values (equation (2.62))
and the expression of the V-value from the Q-value of some policies 7(**1 (as in (2.62)). In (i),
we use the expression of the optimal policy in entropy-regularized MDPs 2.2.4 and the expression
of the V-value as a function of the Q-value (equation (2.61)). Which, together with Proposition A.1.1,
gives a bound in terms of || - ||o, norms:

2 A 1Qzin — QU I (C.93)
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Qi = B10g €D —ymin (QUEY) (s,a) = Blog €+V(s', ) (C.94)
— (xg+1> + ng“)) . (C.95)
Here we thus clearly identify the terms 2" and z{""™. This is why we only tackle the contraction

bound after having bounded the contraction rate of those two terms, and also what motivates the
definition of the auxiliary sequence. Taking expectations with respect to the algorithm step on both
sides we get:

E(t41) [$§t+1)] SV(E(tH) [xétﬂ)] + E(t41) [CU:(;H)D (C.96)
(4) v
<y((1 = )2l + azl? + ozl + 32+ 2y — @) + 2.(C + C.6.)), (C.97)

where (i) comes from plugging the contraction bounds from propositions 5.2.5 and 5.2.6. The proof
is complete. O



Omitted proofs and derivations from
Chapters 6

This appendix chapter details the results, proofs and derivations omitted from chapter 6.

D.1. Adiscussion on dual smoothness and dual strong convexity

In this additional section to the main body of text, we provide a proof that - if the right assumptions
are met - the dual D:

D(r,X) = sup (J(O, ) = J(6F,7) + (X b~ ‘IJTM’Te)), (D)
o

of our Lagrangian L:

L(0,7, ) = J(8,7) — J(0,7) + (A, b— ¥ ™), (D.2)
is a strongly convex function. We then discuss conditions for smoothness of the dual.
D.1.1. Dual strong convexity

We introduce a proof of dual strong-convexity that builds upon conditions for strong convexity of
the Legendre-Fenchel conjugate (LFC). Recall the definition of the Legendre-Fenchel conjugate.

Definition D.1.1 (Legendre-Fenchel conjugate). Consider a strongly convex function Q: X >R We
call the function Q* : A — R defined as, for a € A:

QO (a) = Sgg [(a,z) — Q(x)], (D.3)

the Legendre-Fenchel conjugate of ).
A key property that we will need concerns conditions for the strong convexity of the LFC.

Proposition D.1.1(Strong convexity of the Legendre Fenchel Conjugate). Consider the strongly con-
vexfunction () : X — R, its Legendre-Fenchel conjugate (Definition D.1.1)is strongly convex with some
strong-convexity constant Csp > 0 <= the function Q) : X — Rs:

1. differentiable,
2. smooth with constant 1/Csc.

This is a classical convex optimization result, a proof can be found in [Rockafellar and Wets 1998],
proposition 12.60.

We also introduce a proposition about the composition of strongly convex functions and linear op-
erators.
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Proposition D.1.2(Strong convexity is preserved by full-rank linear operators). Consider a a-strongly
convex function f : Y — R and alinearmap A : X — Y. If the linear map satisfies ker(AT A) = 0 (is
full-rank) = the composition g = f o A : X — R is strongly convex with constant aAmin(AT A).

A proof can be found in proposition 2.5 of [Guigues 2020a]

We are now ready to introduce the assumptions required to establish strong dual convexity. We
require that the regularizer of our MDP be smooth and that the linear operator defined by our reward
feature matrix and by our cost matrix be full-rank.

Assumption D.1.1 (Smooth regularizer). Assume that Qs 1 /v-smooth, i.e.

IVl < 3 04

forany p € dom(p).

Assumption D1.2 (Full rank linear operator). Assume that the linear operator A which we define as
A=[® -UT], (D.5)

is full-rank (ker(AT A) = 0).

We are now ready to show if our assumptions are satisfied, the dual is a strongly convex function.

Proposition D.1.3 (Strong convexity of the dual). Assuming assumptions D.1.1 and D.1.2 are satis-
fied, the dual function of the Lagrangian L defined in (3.15) is strongly-convex with constant Csc :=
VAmin (AT A).

Proof. This analysis follows reasoning similar to the one described in [Guigues 2020b]. Starting with
the of the Lagrangian we have:

L(p,w, A) := (X, b) — (dw, uP) + (u, dw — AT) — Q(p). (D.6)

Taking the dual we isolate the expression of the Legendre Fenchel Conjugate:

D(w,\) = (A, b) — (Dw, uF) + sup [<u, dw — AT) — Q(u)} (D.7)
pneM
= (A, b) — (Bw, uP) + Q" (dw — AV). (D.8)

By Assumption 6.1.1 we know that Q* : R*™ — Ris v-strongly convex < Q is smooth with constant
1/v (which we impose with Assumption D.1.1). So in order to ensure that our dual indeed is strongly
convex we just need to check that the linear map:

dw - AV =[O —T] B‘}] = A R}}
is full rank, i.e. that ker(A” A) = 0. We ensure that this is the case by Assumption D.1.2. By Proposi-
tion D.1.2 we have that D is strongly convex with constant v Amin (A7 A). O

D.1.2. Dual smoothness

We state a result about dual smoothness, which is borrowed from [Ying, Y. Ding, and Lavaei 2022].
Assuming that no state in the MDP is unvisited (which is generally considered a reasonable assump-
tion), then dual smoothness follows.

Proposition D.1.4 (Dual smoothness). Given that Assumption 4.2.4, the dual function D of the La-

grangian (P2) is differentiable and smooth with parameter L, = > '"(2)(gdl+_g).’3232m).

This result is proved in [Ying, Y. Ding, and Lavaei 2022] for RL in the CMDP setting, it is equivalently
true in the CIRL.
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D.2. Affine error system for fast convergence

In the following appendix, we work our way towards proving Lemma 6.2.1. To do so, we decompose
the lemma into 3 distinct propositions that we then bring together into the main result.

Let us first define a few quantities relevant to our analysis, as in the analysis of Lemma 5.2.4 we let:
a=1—nyB (D.9)

; i OVT-1 £ nm ; .

and define the auxiliary sequence {5 }t:O , &) e R™™ recursively as follows:
£9(s,a) = [|Qw) (s,)/Bllr - 7°(al s) (D10)

£ (5, a) = (f(t)(s,a))a exp <1;QQ§<1>(3,G)>- (D)

Recall that by definition, this auxiliary sequence satisfies

(t) _ f(t)(& a)
7\ (als) = —Za/eA (s, (D12

We will consider three scalar error terms:

2 =20 = z*||, (D13)
2 =1QY - Q@ Il (D14)
o) =Q,, — Blog €| (D15)

We will prove three propositions, each describing the evolution of the error terms as for one step of
Algorithm 2.

Proposition D.2.1. Underassumptions 4.2.1and 4.2.2, NPG steps yield the following error-reduction
bound:

x:(LtH) < (1 — Cscnz)xgt) + C[,nzwgt) (D.16)

PropositionD.2.2. Underassumptions 4.2.1and 4.2.2, NPG steps yield the following error-reduction
bound:

OZLZ
2yt < nszx?) +yay) + 202y + 29b (D7)

Proposition D.2.3. Under assumptions 4.2.1, 4.2.2, 6.1.1 and 6.1.2, NPG steps yield the following
error-reduction bound:

L
l,gtﬂ) < nzicjlb ngt) +(1- a)a:gt) + a:cét) +b (D.18)
We prove that the statements of Proposition D.2.1, D.2.2 and D.2.3 in the next three subsections to
this one, but we first show how they lead to the result of Lemma 6.2.1.

Proof. Recall that Lemma 6.2.1 makes use of a constant C defined as:

C = max { L, CiL , cg}. (D19)

This constant should be understood as an upper bound on the influence of perturbations on both
gradient ascent and gradient descent. It is determined by factors related to the CMDP properties
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and the reward and constraint matrices. Furthermore since, 0 < 7, < 1/Cscand 0 < 1y < 1/8 we
will renormalize our learning rates as follows:

7. = Cn—sc € (0,1] o = %9 0, 1]. (D.20)

Using C as an upper bound for all problem-related constants and using 7, and 7, instead of their
unnormalized forms, we can write Propositions D.2.1, D.2.2 and D.2.3 in a matrix form:

1 ~ ~
x§t+1> (I-7:) 0 O z{) 0
2P| Oy 291 =) | 2| + | 29D (D.21)
x:())tﬂ) C1j, 0 (1 —1p) x:())t) b
Which completes the proof of lemma 6.2.1. O

D.2.1. Proof of proposition D.2.3 (Auxiliary sequence term)
Proof. We first prove Proposition D.2.3, to do so we consider, for any (s,a) € S x A:

Qiin (5,0) — B1og €9 (s,0) L Q2 (5,0) — aBlog €W (s,a) — (1 — )@V (s,a)  (D22)

W0z (s,0) — aBlog €9 (s,a) — (1 — )QY (s, a) (D.23)
= Qi (s,a) + Qi (5,0)
W Qe (5,a) — Blog D (s, a)) (D.24)

— (11— 0)(Qpw (s,0) — QY (5,0))
- (Q;(t) (s’ a’) + Q;(Hl) (Sv a))
Where (i) is obtained by plugging the expression (D.11) of the auxiliary sequence step into ¢(“+1) (s, a)

and (i) is simply obtained by adding Q% (s,a) — Q% (s, a) and rearranging. Taking infinity norms
and applying the triangle inequality we have:

Q% — Blog €47V | o <a|| Q%) — B109ED oo + (1 — )| Qi — QY |l (D.25)
+ Q%) — Qicin oo
@ (t) * (t)
<al|Q%w — B10g €W + (1 — )| Qb — @[l (D.26)
C, Lz » .
20 |2 b,

Where in (i) we upper bound [|Q% ) — Q71| USing Proposition 4.3.4 as follows:

(@)
Q5w — Qi lloe <C:ll2HY — 202 = Coape | VL0V, 2)] |2 (D.27)

(#47) Csznz )

(i)
<C,Ln. ||z — 2%y < 2|2 + b, (D.28)

() is the statement from Proposition 4.3.4 and (ii) holds as a result of Lipschitzness of the La-
grangian in z. Finally, in (iii) we use that z < b+ 22 /(4b) for any b > 0. Identifying the error terms :c(t)

2, 2" and 2" we in (D.26) we reach the desired inequality. O

D.2.2. Proof of proposition D.2.2 (Q-value term)
Proof. Consider, for any (s,a) € S x A:

Qe (,0) = QUL (5,0) L1 = )7 (s,0) + 1By [ Vieon ()] (D.29)

— (=) (5,0) = 9E . [V

o/ ~me(-]s')
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%) «
(_ ’VEq/‘e a [V,;,(t+1) (8’)} - ’yE s’|s,a |: ;(t:R (S/):| (D30)
alwﬂ_(tJrl)(AlS/)
=1Ey(s.q | B10g || exp (QHB)()> ] (D31)
1

CE g [QUD6) - Blog (@]

a’~7r(t+1)(~|s’)
Where we obtain (i) obtained from (2.61) and (ii) from using equation (2.62) on the term V%, (s, a)

and (2.62) on the term V.(;*) (s, a). We now focus on:

QU (s,a) — Blog ™V (a]s), (D.32)

using the relationship (D.12) between the policy and the auxiliary sequence it naturally expands into:

QUi (s,0) = B(log €+ (als) — log €V (]s)]1). (D:33)
Introducing the auxiliary sequence step formulation reach:
QUL (s,0) — aBlog(§W (s, a)) — (1 — )QL0, (s,0) + Blog |V (s)]]1. (D.34)

Inserting (D.34) into (D.31) and using that 3log||¢® (-|s)||; is independent of the action choice we

have:
exp QF(1+1)(5/‘.)
B

“E e |QUE(50) — aBlog(€(s, ) — (1 - a)QW (s, a)]

a'~7'r(t'+1)(~|s')
(4)
<A Q1 — BEHY oo (D.36)
“E e |QEE(50) — aBlog(€ (s, ) - (1 - a)QL, (5]

alNTr(t+1)('|S/)

_’YH (t+1) Bg(ﬂ_l)”oo +9E s'|s,a [Q(t(j)l)( Y ) Q(t(t—ll)( ' ):| (D.37)
(15"

Qkrny (5,0)—QY ) (s,a)

:’YES/‘S,(I lﬂ IOg

— flog f(t+1)('|5)||1] (D.35)

1

’
a ~T

—E s'|s,a [Q(t(;k)l ( / ) —af |Og(§ (5 a )) _ (1 _ a)Q(t(),)(SI a/):|

ELINTr(t+1)('|S/)
=) Qern) — BET Voo +1QUTY — QU [l (D.38)
“E e QD) —aBlog(€ (s ) — (1= )@, (5, )]

a/NTr(t+l)('|S/)
Where (¢) holds from Proposition A.1.1. We now turn our attention to:
QLS (s,a) — aBlog(€V(s,a)) — (1 = )QL0 (s, a). (D39)

Using that the @-values are monotonously improving (Proposition 2.4.2) we have that:

QT (s,a) — aplog(éV(s,a)) — (1 - Oé)Qr<f>(57a) (D.40)

> QY (s,0) — aBlog (6D (s, a)) — (1 — a)Q%) s,a) (DA1)

= a(QY) (s,a) - ﬁ Iogf. ,a)) (D.42)

= a(Qw (s,a) — Blog €W (5,0)) + a(QW) (5,0) — Qi (s, 0)) (D.43)
> —al|Qzw — Blog f(t)H O‘HQrm Qo ||oo (D.44)
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Inserting (D.44) into (D.39) we reach the form:

Qs — QUTN oo <AIQzrny — BEY o +1QYEY — QU [l (D.45)
+7(a||Qf<t) 75|09£ || +O‘HCL(:I;Z) *Q;(t)Hoo)

(l) C Lz z
<@y — BEHV oo
V(O‘HQ;M — Blogg™ || + O‘HQr(t) Qv Hoo)

We obtain the inequality () as follows:

|2 — 2*||2 + b (D.46)

(4)
1QUSY — QUM e SCLll2HY) — 20l = Cuo[V-L(6Y), =) (D.A7)

7(t)
(i) i) O, L.n,
COLae|2 — 27y < 220

< = z*|2 + b, (D.48)

where (i) holds by Proposition 4.3.3 and (ii) by Lipschitzness of the Lagrangian with respect to z.
We complete the verification of the inequality by using in (iii) that for any b > 0, z < b + 22 /(4b).
Equation (D.46) can now be expressed solely as a function of the error terms, which makes it more
readable:

(

(i) C,L,m,
xétﬂ) §'ynZC’ZLZx§t) + avmg) + a7x3) + vx(tﬂ) < v—= " (t)

5 + vl + 20y2) + 29b,  (D.49)

(t+1)

where (i) holds by upper bounding the term z; with Proposition D.2.3. The inequality is verified.

O

D.2.3. Proof of proposition D.2.1 (Dual term)
Finally, we consider proposition D.2.1. Before diving into the analysis, we state two useful proposi-
tions about smooth convex functions and about MDPs that we will require for our derivations.

Proposition D.2.4 (Sufficient decrease). Considerafunction D : R**¢ — R be convex, differentiable
and L.-smooth, projected gradient descent steps with learning rate n, < % satisfies:

1 L
D(z*) - D(z") < D(z"*V) — D(2") < —ﬁ\lvxD(zm)II% + {Hz("“/” —zD|3. (D50)
The proof is a very common result from convex optimization we include it for completeness in Ap-
pendix D.4.

Proposition D.2.5 (Occupancy measure is Lipschitz with respect to the policies). The occupancy
measures u. and px respectively induced by policies w and « on MDPs with identical state space,
action space and Markovian transition kernel satisfy the following inequality:

[tr — pzll2 < Bulm — &2,
where B,, = ﬁ Proof in Appendix D.3.

We are now ready to dive into the proof of Proposition D.2.1.

Proof. First recall that we do not have access to the gradients of the dual function so using dual

smoothness will not be trivial. We consider the decomposition of the gradients into the gradient of

the dual V. D(z®) and a perturbation term olt):

V.LOW, 20y =g =v.D(z®) + ¥, (D.51)

Now start our analysis from strong convexity of the dual function (Proposition D.1.1):

)
D) - 0 + B0 23 L (0. D(0), 20 - ) 052)
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3 7Z*> - <U£t)az(t)
=7 (Ilg13 + 1=

,z*>

(D.53)
23— 120412 - 2*3) - (o), 20 - 2%)

(D.54)
(i)
< 5 (I3 + 1120 = 213 = 12+ — 273 = 2+ — D) — (00,20 - 27). (D58)

Where (i) holds by the strong convexity of the dual, (i) is obtained from the gradient decomposition
(D.51) and (iu4) is true because projection is non-expansive. Rearranging (D.55) yields
1200 = 2*|[5 < n2[lgP 13 + 2n- (D* — D(z1)) — |20+ —

/|3
+ (1= n.Cs0)ll? - "3 = 2. (o0, 20 -

(D.56)
z").
Paying specific attention to the term n2[|g\" |2 + 21 (D* — D(2®)) — ||zt — 2(+1/2)|12 we reach:
n2llg113 + 20 (D — D(2')) — |21 — 20723 (D.57)
2|V, D(z W) + O[3 — ) — 222 4 29, (D — D(z)) (D.58)
:TIZHVZD(Z t))H% + 21, (D* - D(z(t))) _ ||z(t+1) _ z(t+1/2)||§ (D.59)
+12leV 5+ 202(V.D(2), 0 )

>nzlla N5 +202(V.D(z"),a). (D.60)
Where (i) holds by the gradient decomposition (D.51) and (é¢) holds by sufficient decrease (Proposi-
tion D.2.4), specifically it can be verified by:

n?HVzD(z“’)H% +2n. (D

— D(z(t))) — Hz(t+1)
2
< 71 V:DE)E

_ )2
NI+ - (D = D(")

(D.61)
— 2 — )2 (D.62)
() 1 2 |V.D(zM)|3 L
< Oy2 . =~ | _ z 2 4 a0+ L (+1/2))12 | 504D _ L (+1/2) 12 (D,
< 72lv-De >||2+LZ< oLt I =) 2 -2 (D63
=0.

(D.64)
Here (i) is obtained by plugging learning rate upper-bound 7, < - and (i7) is sufficient decrease
(Proposition D.2.4). Inserting (D.60) into (D.56) we reach

2407 = 2| < (1= 1.Coo) 29 = 2°[3 — 2040, 2 = 2) + 2o V)3 + 20(V.D(=0), 0
(

()
D.65)
We will separately consider terms (a), (b) and (c), starting with the term (a)
@) CLv Vi
(oD, (1) _ 5oy £ GVET d2((11+_77) nm) D | log wo) — log k| (D.66)
(@) O,k +d(1 +vy/nm)D ,
= B((l —Ww M)DLz | 10g Qe — Bl0g €. (D.67)

Where (i) holds by the exact same reasoning as (4.78), and (ii) holds because || log 7%, —log l
2|[log Q) /B —10g €| o =

oo <
Zlllog Q) — Blog £M||... Now moving on to term (b) we consider

2
W[ c .
lo3 < (;IM(“ — By 2>

(é

2
) C
DG a0 _ e
= (2(1 — 7) ||7T A )|2>

(D.68)

(D.69)
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2

2 (ﬂ(’;)nw@ —w;:<t>|oo> (D.70)

(?MH logx® — log . 2 o7

e (012(”;’) lHog 7 — log 7 [l (D.72)

s;(c )> 1Qsco — Bloge® |l (D.73)

Where (i) holds by relating the perturbation term to the difference of occupancy measures by its
definition (4.68) o) = [, ®]" (™ — %)) and then upper bounding that by the sum of spectral
norms C, = 2(||¥|| + ||®]||). Step (i7) leverages the Lipschitzness of the occupancy measure with
respect to the policy (Proposition D.2.5). Then (iii) holds by || - |2 < v/nm]| - ||, (iv) is Obtained by
observing that the difference of logs upper bounds the difference of values on the relevant domain.
Finally, (iv) uses that the (x)? function is Lipschitz with constants 2zmax since the maximum value
and that the difference between two logs on that domain is upper bounded by 2. The last step holds
by |[log 7y, —log 7| < 2[|log Qs /B —10g €Wl = 2] 109 Q) — 5109 €|

We are now ready to consider (c), the last term. The derivation is very similar to (a):

@ CovE+d(1+vy/nm)

(o™ A, D(zM))| < |||ogfr9<,_|og7r I V.D(z)]1 (D.74)

= 2(1—7)
B W(lﬁam)ﬁ)r llog Q) — B10g €7 || (D.75)

Where (:) holds by the same reasoning as (4.78), (i7) holds because
2
llog ) —log ™o < 31l109 Q50 = Blog £ |oo, (D.76)

and because the dual is Lipschitz with constants B, . Bringing (a), (b) and (c¢) together we reach:

(a) (d) (c)
— — —
2. (0,2 — 2%) 42 lolV|5 +212 (V.D(2), 0 (") (D.77)
(1) 2 \/ \/
<n <£C((nm)) + (20 4 2YOE2) CVE ;(dl(lfy; ” ”m>) 110G Qs — flog®|l. (DT78)
= Coal. (D.79)

Where (i) holds because since . < ;- we have n? < 2”2 . Inserting (D.79) into (D.65) we reach the
inequality of proposition D.2.1 and our proof is complete

2+ = 28 < (1 - Coon: ) 12 = 2*[3 + Comzaf!) (D.80)
_ (1 _ cscnz)xgt) + Conpal?). (D.81)
O

D.3. Proof of proposition D.2.5 (Occupancy measureis Lipschitz

with respect to the policies)
We start by expanding the expression from the lefthand side of the inequality we are trying to prove:

e —pirls = [ 3 (il ) il ))’

s,a€SXA
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Q)Y (knlopn(als) — pa(s)(als))

s,a€ESXA

DS (il ntals) — 7(als)) + 7(als) (an(s) ~ n()) )

s,a€ESXA

<|lm—7|l2

LY (une)rlals) — (als)))
5,aESXA
<llps—psll2
b | Y (Rl pn(e) - nn()’
s,a€ESXA

(iv) B B
< - 7TH2 + HNS - NS||2-

Where in (i) we just plug in the defintion of the state-occupancy measure (def 2.1.9), in (i:) we just
add 0 = px(s)m(als) — px(s)m(als) and rearrang. Next, we just use a triangle inequality (ii) and ob-
serving that both sides are upper bounded by I2 norms we are done with the first step.

We will now be concerned with bounding || s — fas||2 by || — 7||2 (mutliplied by some constant term).

To do so we first show a useful result on the spectral norm of the difference between the inverse of
two matrices:

1A~ + B~ 2 414+ B)B|

(i) . .

< [[A7 - [(A+B)| - IB™|l

@ _ [(A+B)|
Umin(A) : Umin(B)

Where (i) holds by the equality A~* + B~ = A~!(A+ B) B! which holds for any two invertible matri-
ces (a proof can be found in the solution handbook to Searle 1982), (ii) holds by submultiplicativity
of the spectral norm and (ii7) uses the definition of the spectal norm (omin(A) denotes the minimum
eigenvalue of the matrix A).

(1)

We now get back to bounding ||z — fis])2:

@
s — fsllz = (1 =)

(=P = (1= P") v

2

| [ ) H e
|- - -7 ‘
<[ =Py = (1= 2P7)] H

B T T
= ﬁHP - Pr.

Where in (i) we just use the closed form computation of the state-occupancy measure from the pol-
icy (as shown in equation (2.32)), in (i7) we just use the definition of the spectral norm with pulls out
the ||v||2 term, which we know is smaller or equal to 1 (since it is the 12 norm of a probability distribu-
tion) which gives us inequality (iii). Now plugging in the result from (1) and using that the smallest
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eigenvalue of (I — yP") “is greater or equal to 1 — v we get inequality (iv) which simplifies into the
last line.

Now we just need to bound || P™ — P™|| which we do as follows:
™ s (Z) e s
[P — P < |[PT =P,

@) S (Pr(s']s) - PR(s']s))

s,s'€SxS

DY (Z sl - )

5,8'’€SxS acA

Y P(s'Is.a)%(n(als) — 7(als))?

s,a,8' ESXAXS

S (X Pl @)2) (r(als) - 7(als))?

s, aeESXA s'€S

Y (nlals) —7(als)? = |m — 7.

s,8’€SxS

IN

Where (i) comes from the fact that the Frobenius norm upper bounds the spectral norm, (i:) is by
the definition of the Frobenius norm, and (ii:) just plugs in the definition of the closed loop transi-
tion kernel (def 2.1.4) from there we can just rearange and isolate the (3", . ¢ P(s'|s,a)?) term, which
since P(-,s,a) € Ag we know is less than 1. From there we just observe that we have gotten to the
definition of the /2 norm.

Putting everything back together we have:
6™ = p" 2 < |7 = 7ll2 + s — sl
— Y Iy e
<|m— —||p—P
<llm=ml+ 7| |

_ Y _
T — T+ —||m — 7|2
| | 1ﬂll [

IN

L )
=—|7—7
1—7v 2

D.4. Proof of proposition D.2.4 (Sufficient decrease)
Proof. Bubeck 2015 Starting from the definition of smoothness the proof follows naturally:

L

D(z14D) < D(2) + (V.(20), 2+D — 20) — Z2|2(+0 — 2|3 (D82)
= D(z(t)) — i<z(t+1/2) —2® L) _ z(t+1)> _ EHZ(HI) _ z(t)||2 (D.83)
Nz , 2 ’
(@) L,
< D) = (120D = 2O 4120 — 2V — 2 - 22 (D84
L.
— 7||z(t+1) _ z(t)Hg
= D(z®) - &Hz(t) — 202 4 &Hz(tﬂ) — Zt+1/2))2 (D.89)
2 21 ?
L, L.
D(") = 35 IV=D(")ll; + 1= - = +2) (D86)
n

2
(42) 1 Lz
< DY) = o IV=DE)5 + 207 = 225, (D.87)
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Where (i) and (i) hold because 7, < % The proof is completed by rearranging and observing that
the minizer D(z*) is by definition smaller or equal to any other point z(Y) € dom(z). O
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