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The Lizorkin space is well suited to the study of operators like fractional Laplacians
and the Radon transform. In this paper, we show that the space is unfortunately not
complemented in the Schwartz space. In return, we show that it is dense in Cp (]Rd)7 a
property that is shared by the larger Schwartz space and that turns out to be useful
for applications. Based on this result, we investigate subspaces of Lizorkin distributions
that are Banach spaces and for which a continuous representation operator exists. Then,
we introduce a variational framework that involves these spaces and that makes use of
the constructed operator. By investigating two particular cases of this framework, we
are able to strengthen existing results for fractional splines and 2-layer ReLU networks.
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1. Introduction

This paper pertains to the Lizorkin space Spi,(R?), which was first introduced in
[20] for the investigation of partial differential equations. It consists of the Schwartz
functions S(R?) for which all moments vanish. For detailed expositions on the topic,
we refer to [26] 28]. Surprisingly, Spi,(R?) is still rather large, its closure under the
Loo-norm being the space Cp(R?). Another attractive feature of Spi,(R?) is that
many non-invertible operators become invertible if their domain is restricted to
Sti,(R?), which happen with the Radon transform and with fractional Laplacians.
This makes Spi,(R?) well suited to theoretical analyses. In the present paper, we
show that Spi,(R?) cannot be complemented in S(R?). In particular, continuous
projections onto St;,(R?) cannot exist. This result is in sharp contrast to the peri-
odic setting, where a projection actually exists.
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The corresponding dual space Sj; (R?) of Lizorkin distributions [41] is fairly
large and has attracted increased interest over the past years (e.g., shearlet trans-
form [2], ridgelet transform [I8], choice of activation functions in neural net-
works [33]). Tt is well known that SJ,,(R?) can be identified as the quotient space
S'(RY)/P(RY), where P(R?) denotes the space of polynomials. Naturally, this leads
to a representation problem if we want to make computations explicit, an issue that
has not been addressed so far. Here, our results directly imply that no continuous
linear projector for the assignment of representatives can exist. At first glance, this
result appears to be quite discouraging as it implies that, in general, it is neces-
sary to work with equivalence classes. Fortunately, this can be circumvented if we
consider appropriate Banach subspaces of S}, (R?). Indeed, due to the density of
Sriz(RY) in Cp(R?) and due to the Riesz theorem, the space of Radon measures is
an embedded subspace of S, (R?) for which unique representations exist. Further,
we are able to provide a positive answer for more general cases if we restrict our-
selves to subspaces that can be equipped with a specific Banach-space structure.
In this case, we are able to provide a continuous representation operator for which
the point evaluations are weak*-continuous.

The procedure to obtain these subspaces and the representatives is as follows:
Given a well understood pair of Banach spaces (X, X’), we construct Banach spaces
(Xr, Xp) through a linear homeomorphism T: §; C X — S, defined on some dense
subspace of X'. The core advantage of our construction is that many properties carry
over directly to (X, Xp); for instance, the set of the extreme points of X% can be
specified easily from those of X’. While our construction is abstract, it allows us
to make use of the fact that many (differential) operators are homeomorphisms on
Sriz(RY) due to the density of Sp;,(R?) in X = Co(R?). Unfortunately, the space
X} usually still consists of mere equivalence classes. Therefore, as the second step,
we formulate conditions under which we can identify the elements of X} using a
representation operator. These conditions are fulfilled when the Green’s function of
the operator T is sufficiently regular. Overall, this framework enables us to design
a rich class of interesting new norms for which the related Banach subspaces of
Lizorkin distributions have a continuous representation operator. This makes our
framework usable for applications.

Within the proposed setting, we study variational problems involving the con-
structed Banach spaces and the general representer theorems established in [37 [38].
The fact that our abstract formulation involves spaces whose elements are equiva-
lence classes can be circumvented by the application of our representation operator.
We investigate two special cases for which the formulations become explicit. First,
we revisit fractional splines in arbitrary dimensions, which have been investigated
before in [9] 39, 40]. These splines are a generalization of the traditional polynomial
splines [31] and preserve most of their properties. Note that (fractional) splines are
still fashionable and recently found their way into neural network research [3,[11],[24].
Although this is not included in our discussion, we may also use the model to study
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polynomial splines. Overall, our approach leads to a unifying setting that includes
a straightforward extension to the multivariate case.

As second example, we strengthen the representation results for 2-layer Re.U
networks established by Parhi and Nowak [23] and Bartolucci et al. [I], which
builds up on the univariate case investigated in [30]. The involved norm was also
studied from a theoretical point of view in [22]. While proofs in these works rely
on a general result on the existence of sparse solutions for variational problems by
Bredies and Carioni [4], we are additionally able to identify the solution set as being
the weak™ closure of certain sparse solutions. Similarly to [1], our construction is
related to reproducing-kernel Banach spaces [6], [19, 42] since our representation
operator is constructed using a kernel and the point evaluations are continuous.
The key ingredient that enables us to strengthen the results of these prior works
is that we actually construct a predual space for the optimization domain, which
enables us to use our proposed variational framework.

The paper is organized as follows: The necessary preliminaries are provided in
Sec. @l Then, we proceed with a discussion of Sri,(R?) in Sec. Bl and show that a
continuous projection onto Sp;,(R?) cannot exist. This part is complemented with
a short discussion of the periodic case. In Sec. 4] we identify subspaces of Lizorkin
distributions for which a continuous representation operator exists. Next, we relate
these subspaces to several interesting research questions in Sec. Bl As warm-up,
we investigate the construction of periodic (fractional) splines in Sec. Bl Here,
no representation mechanism is necessary as we can use the projector. Then, we
introduce in Sec. our general variational framework involving the constructed
Banach spaces, for which we detail two specific cases: The delicate case of non-
periodic (fractional) splines in Sec. 53} and a representer theorem for 2-layer ReLU
neural networks in Sec. [5.4l Finally, conclusions are drawn in Sec. [Gl

2. Mathematical Preliminaries

In this paper, we consider functions f: R? — C. To describe their partial deriva-

tives, we use the multi-index k = (ki, ..., kq) € N? with the notational conventions
k! = HZ:l knl, k| =K1+ + kg, xK = HZ:1 zkn for any x € R? and
oIkl .
o fx) = L@ Ta), (2.1)

51 -+ O
This enables us to write the multidimensional Taylor expansion around xg of an
analytical function f: R — C in compact form as

f(x) = Z Z %ﬁxo)(x — x0)¥. (2.2)

The Schwartz space [32] of smooth and rapidly decreasing functions ¢: R? — C
equipped with the usual Fréchet-Schwartz topology is denoted by S(R4). This space
is an algebra for the multiplication as well as the convolution product. Additionally,
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it is closed under translation, differentiation and multiplication by polynomials. Its
continuous dual is the space of tempered distributions S’'(R?). Moreover, S’(R?)
(as well as S(RY)) is a nuclear Montel space, where a sequence in S’(R?) con-
verges with respect to the strong dual topology if and only if it converges in the
weak* topology. Therefore, it does not actually matter which of the two topolo-
gies we choose for S'(R?%). The Montel property also implies that S(R?) is reflexive,
which means that there exists an isomorphism between the topological vector spaces
S”(R?) and S(R?Y). Note that the Lebesgue spaces L,(R?) for p € [1,00) are the
completion of the set S(R?) under the L,-norm || - ||1,. For p = co, we have that
(SRY), || - [|z..) = Co(R?), namely, the space of continuous functions that vanish
at infinity. The dual of Cp(R9) is the space M(R?) = {f € S'(R?) : | fllm < oo}
of bounded Radon measures with norm

[fllm = sup (f, ). (2.3)
PESRD): o]l Loy <1

The latter is an isometrically-embedded superset of Li(R%), which implies that
Iflle, = Ifllm for all f € Li(R?). We also need the weighted Lebesgue space
Loo.o(RY), a > 0, defined via the weighted norm

[flloc,a = esssup [ f(x)[(1 + [|x[2)", (24)
x€R?

which consists of functions that grow with order at most a.

The Fourier transform F: L;(R?) — Co(R?) of a function ¢ € L;(R?) is
defined as

) = w) = e i@ dx
Blw) = Flehw) = oy [ el ax (25)

As the Fourier transform F: S(RY) — S(R?) is an isomorphism, it can be extended
by duality to S’(R%). Specifically, fes (RY) is the (unique) generalized Fourier
transform of f € S'(R%) if and only if (f, ) = (f,?) for all ¢ € S(R?). Finally, we
note that the analytic Schwartz functions form a dense subset of S(R?), which can
be seen as follows. As the smooth and compactly supported functions D(R?) are
dense in S(RY), we also get that F(D(R?)) is dense in S(RY). Due to the Paley—
Wiener theorem, the Fourier transform of any f € D(R?) is analytic and also entire.
Hence, these functions are dense.

The simplest way to specify fractional derivatives or integrals is to describe
their action in the Fourier domain. Let us start with d = 1. The one-dimensional
fractional derivative D*: S(R) — S'(R) of order aw > 0 is defined as

D{e}(t) = FH{() 2} ). (2.6)

Fora =n e N, D" = ngn coincides with the classical nth order derivative. Def-

inition (2.6) is also valid for negative orders, in which case it yields a fractional
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integral [39]. In fact, the impulse response of D™ is the Green’s function of D%,
which is given by

E a—1eRM\N
1 1 _ F(a)’ 7
pall) = F {<j~>a}(t)_ sgn(t) ¢ 27)

—, a—1=neN.
n!

Likewise, the fractional Laplacian (—A)*/? of order a € (1,00) is the linear-
shift-invariant operator (LSI) whose frequency response is ||w]||®. Its inverse is the
fractional integrator (—A)~%/2, which corresponds to a frequency-domain multipli-
cation by ||w]||~%. Fractional derivatives and Laplacians are part of the same family
of operators (isotropic LSI and scale-invariant) with their distributional impulse
response for @ > d being given by

(—=A)~"{d}, a/2=neN
1
koa(x) =F ! { T |a} (x) = ¢ Bnallx[*" log(||x|]), a—d=2n¢c?2N (2.8)
Agallx|*4, a—d¢2N
. —a  \14n
with constants Ay, = % and By, = 22n+d,1(ﬂd}gr(n+d/2)n!. For a more

detailed exposition on the topic, we refer to [13] 29, [34].

3. Lizorkin Spaces

The Lizorkin space Spi,(R?) is the closed subspace of S(R?) that consists of the
functions whose moments of any order k are zero, so that

Spiz(R?) = {cp € S(RY) : /Rd xKp(x)dx =0, Vk € Nd}. (3.1)

A nice overview with properties of Sp;,(R?) is given in [36]. Equivalently, we can
describe these functions in the Fourier domain through

Sriz(RY) = F(SLin(RY) = {v € S(RY) : 9% (0) = 0 Vk € N}, (3.2)

Although closed subspaces of reflexive topological vector spaces are in general not
reflexive, this property holds for Fréchet spaces. Hence, the spaces Spi,(R?) and
§L1Z (R9) are reflexive. Further, we have for all ¢ € S, (R?), xo € R? and a € R that
©(-—x0) € SLiz(R?) and (- /a) € Sri,(R?). Finally, we note that Sri,(RY)ND(RY) =
{0}. Indeed, if ¢ € D(RY), then $ is entire and hence equal to its Maclaurin
expansion. But if ¢ € Spi,(R?), then the Taylor series of ¢ is 0.

We are going to show that Sp;,(R?) cannot be complemented in S(R?); in other
words, a continuous projector Pri,: S(R?) — Sp;,(R?) cannot exist. Before we prove
this negative result, we first discuss the easier case of periodic Lizorkin functions,
for which a continuous projection actually exists.
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3.1. Periodic Lizorkin spaces

The functions of interest are T-periodic and typically specified only over their main
period T = [0,77]. The corresponding space of test functions is S(T) = C5g,;,(T),
which is in one-to-one correspondence with the Fréchet space of rapidly decaying
sequences® §(Z) via the Fourier homeomorphism [10} 35]. More precisely, there are

Fourier coefficients ¢[-] € S(Z) such that

t) = @lnle"! € S(T) (3.3)

nez
with wo = 2. This expansion of ¢ is unique and @[n] = (p,e "0 )y where
Lar = 5 fT t)dt. The continuous dual of S(T) is the space of periodic
dlstnbutlons S'(T ) = Spl)crlo( ), which is itself homeomorphic to the space S’(Z)

of slowly growing sequences. Indeed, it holds f € &'(T) < f[] € 8'(Z), where fn]
denotes the nth Fourier coefficient of f.
To ensure invertibility of the continuous fractional-derivative operator

D%: §(T) — S(T) given by

D {p}(t) = Y (jwon)*@[n]e" ", (3-4)

nez

we restrict ourselves to the subspace

So(T) = {p € S(T) : (1, p)7 = 0}, (3-5)

which inherits the nuclear topology from S(T). While (B3] imposes a restriction
only on the mean value of ¢, the resulting space Syp(T) is the proper periodic
counterpart of the Sp;,(R), since the only periodic polynomials are constants. The
periodic setting is simple, in that Sy(T) is 1-complemented in S(T) with S(T) =
So(T) & Py and

={bp-1:bo € R} C S(T). (3.6)
Correspondingly, we introduce the continuous projection Py: S(T) — Sp(T) with

Po{¢} = ¢ — (1, ¢)rl. (3.7)

As S§)(T) = Po(S(T)), its dual is S{(T) = P§(S'(T)) with S'(T) = Si(T) @ Po.
Here, we can identify P) = Py because the space is spanned by 1 € S(T) ¢ §'(T)
with (1,1)r = 1. The latter property also implies that P§ = Py, which makes the
projection (1) also applicable to periodic distributions.

As the space Py of constant polynomials is indeed the null space of D*: §(T) —
S(T) with « > 0, we can restrict D* to a homeomorphism D®: §y(T) — Sp(T)
for any o € R. By duality, the same holds true on S{(T) with the Fourier-domain

aThis space is denoted by “s” in [14]. It is the discrete analog of the Schwartz space S(R).
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definition (4] of D being applicable to periodic distributions as well. In particular,
the fractional integrator D~ : S{(T) — S((T) of order o > 0 is given by
—a 1 7 jnw
DA = D, ol (3.8)

nez\{0} nuwo)

3.2. Nomnezxistence of a continuous projector
PLiz: S(Rd) b SLiz(Rd)

To prove the nonexistence of a continuous linear projection onto the Lizorkin space
Spiz(R?), we first show that the closed set P(R?) is not complemented in S'(R9).

Theorem 3.1. There exists no topological complement of P(R?) in S'(R?).

Proof. Assume there is a complement. In other words, assume that a continuous
projector P: §'(R%) — P(RY) C S'(R?) exists. We consider dy, € S’(R?), xg € R?,
and set px, = P{0x,} € P(R?). Using relations such as
. 6te -0
}1_1% ’“T =-V, 9 (3.9)

and similar ones for higher-order derivatives, we observe that P(R?) C

span{gxo}“xO“Sl, where all equalities are in the sense of distributions. Since P is a
continuous projection onto P(R%), this implies that

P(Rd) - Span{pxo}”onSL (310)

In the sequel, we show that the polynomials px, with ||xg]2 < 1 have a common
maximum degree m, which results in the contradiction that P(R%) C P,,(R?).

If no common maximum exists, then there is a sequence {h,},en € RY with
[[hy, |2 < 1 such that {pn, }nen is a sequence of polynomials with unbounded degree.
By passing to a subsequence, we can assume that h,, — h for some h € R? with
|[h]| < 1. Due to the continuity of P and F, we also have that pn, — pn in the
sense of distributions. Setting pn, = Z;":"O aj,nxj with m,, — oo and am, » # 0,
this can be written as

. il N o7 ~
Pn, = 2(72@)]%‘,11%50 — Ph- (3-11)
=0

Dropping again to a subsequence, we assume that m,, is monotonically increasing.
Using Borel’s theorem, we then pick ¢ € S(RY) with 2o—0(0) = (am, n) " Ch,

o&mn
where C), is chosen such that
> (=27 ajm50(0)| = n. (3.12)
i=0 e

Hence, P, (¢) — 00, which contradicts that pn, — pn € S’(R?). Consequently, all
pn with ||h|| < 1 have a common maximum degree m. |
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Remark 3.1. Theorem [B.I] implies that there is no continuous linear projection
P: 8'(R?) — S'(R?) with ker P = P(R?). Otherwise, we would have that (Id — P)
is a continuous projector onto P(R?). In particular, representatives of Lizorkin
distributions cannot be assigned in a continuous linear way.

Now, the desired nonexistence result follows immediately.

Corollary 3.1. There exists no topological complement of Sri,(RY) in S(RY).

Proof. On the contrary, let us assume that a continuous linear projection
PLi,: S(RY) — Spi,(R?) exists. Then, the adjoint map P;, : &'(R?) — S'(RY)
is a projection as well. Due to the fact that

(Pri{f} e) = (f, Pri{¢}) (3.13)

for all f € &’(R?) and ¢ € S(R?), its null space is given by ker Py, = P(R%). Hence,
(Id — P;,,) would be a projection onto P(R?), which contradicts Theorem Bl O

3.3. Closure of the Lizorkin space

Despite the negative finding of Sec.[3.2] we are nevertheless able to provide a result
that is useful for applications.

Theorem 3.2. It holds that (Spi,(R9), || - [|o0) = Co(RY).

We note that the result was already mentioned in [27], but without a proof.

Proof. Using the function $g: R? — R with @g(x) = exp(—1/(1—(2[|x]|)?))/n4 (na
is the normalizing constant) for [|x|| < 1/2 and zero else, we define ¢g: R? — [0, 1]
via p(x) = (x B, (0)*Po)(2x) with x p, (o) being the characteristic function of the unit
ball. This function is smooth, symmetric, and satisfies that ¢(x) =1 for |x| < 1/4
and ¢(x) = 0 for |x| > 3/4. Based on this function, we define

n

b = %g@o € S(RY), neN (3.14)

and set

By = span{¢, : n € N9} ¢ S(R?). (3.15)

Next, we observe that (¢n — t~/™79¢,(-/1)) — ¢n € Co(R?) as t — oo, where the
sequences have all moments equal to zero. Hence, we have that

Ez € (Stus(®7), I - [lo0)- (3.16)

To conclude the argument, we show that §L1Z(Rd) + FE5 contains the entire
Schwartz functions, so that its closure under the Schwartz topology is already the
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complete space S(R?). Then, the same holds true for Spi,(R%) + E; and conse-
quently, we get that

(Stia®), [ -Tloo) = (Sria(RY) + Ea, || - o) = (SR, [ -[loc) = Co(R?).  (3.17)

The Taylor series of any entire function f converges absolutely for any x € R?. Tt
then holds that

g="rfpo= Y O"f(0)¢a € S(RY). (3.18)

neNd

Hence, we get that (f —g) € §Liz (R9). It remains to show that g € E or, equiva-
lently, that

g= Y, Of(0)gn—yg (3.19)

neN? |n|<j
in the Schwartz topology. For any a,k € N?, it holds that
9" f(0)

n!

Ix*9*(g = gj)lloc < sup |x*|

[x|<3/4 neNd |n|>j

0" o(x)|

n7k1|

IxI<8/4 heNd n] >

e X ol ¥ (o)

neN?, n|>j ki<k,n

nk
<C D 100 (3.20)

neN |n|>j

The last expression converges to zero as j — oo if

_1
J

1 <limsup | Y mi&jlkl : (3.21)

j — 00 .
! In|=j

However, it holds that limsup,_, . j 7 =1and hence, the claim follows since the
Taylor expansion converges absolutely for any x € R?. O

By duality, Theorem implies that the Radon measures M(R?) are continu-
ously embedded into the space Sj; (R?) of Lizorkin distributions.

Remark 3.2. In [27], it was shown that the same results hold for L,(RY) with
1<p<oo.
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4. Banach Subspaces of Lizorkin Distributions

In contrast to the periodic case, the space S, (R?) is an abstract space of equiva-
lence classes, which means that the assignment of representatives for computational
purposes is difficult. Therefore, we want to restrict our attention to subspaces with
more structure. As our proposed framework is also applicable for other spaces, we
outline it in full generality and explicitly provide the specifications for Sy, (R?) as
discussion.

Let &1, S be two topological vector spaces with a linear homeomorphism
T: S — S and let T*: 8 — S] be defined via duality. The simplest choice
for the construction of Banach subspaces of Sf; (R?) is S; = S = Spi,(RY), but
variations of this setting are clearly possible. In the Lizorkin setting, a possible
choice of operator is the fractional Laplacian T = (—A)%, which is discussed as first
example in Sec. Il Now, let (X, X’) be a dual pair of Banach spaces whose norm

|| - ||x is continuous with respect to the topology of Si such that (S, - [|x) = X.
For S; = Spi,(R?), we have seen in Sec. that X = L,(R?), p € [1,00) and
X = Cp(R?) are admissible choices, as their norms are indeed compatible with the
Schwartz topology. The density enables us to write that

[flar="sup  (f,p)= sup  (f,¢) (4.1)
peX:lplla<l peS1:lplla<1
for any f € X'. Given any f € S} for which (&T]) is finite, the bounded linear trans-
formation (BLT) theorem implies that there exists a unique continuous extension
to some element in X’. Conversely, any f € X’ defines a unique element in S via
restriction due to the compatibility of the norm and the topology.
In this setting, we define the abstract space

Xp={fe8 T {fHax <o} ={T*{g} €Sy : g€ X'}, (4.2)

which is a Banach space if equipped with the norm || - [[x; == |[T*{-}[|x. In par-
ticular, by choosing Sz = Spi,(RY), we can construct a subspace of Sf;, (R?) and
equip it with a Banach-space structure. The norm of X} can be rewritten in dual

form as
Ifllag = sup  (T*{f},¢) = sup (T{f} T e}
eeS1:||@llx<1 PES2: T H{p}x<1
= sup (f, TT Hop}) = sup (f,e).  (43)
PES2: [T H{p}|x<1 PES:|| T H{p}lx <1

Consequently, from the BLT theorem again, any f € X[ can be extended to a
continuous functional with domain

AXr = (8, [T~ }x), (4.4)

which is identified as a predual of X} since T~! is continuous. Likewise the operator
T~! can be extended to a continuous and surjective operator T-1: X1t — X. Now,
it holds that (f,¢) = (g, T-H{p}) for any f = T *{g} and ¢ € Xr. Hence, the
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weak™® convergence of a sequence f, = T7*{g,} to f = T~*{g} is equivalent to the
weak* convergence of g, to g.

Let us now discuss in more detail the case S; = Sy = Spi,(R?). To simplify the
notation, we stick to X = Cp(R?), but the same argumentation applies to L,(R?).
For the remainder of this section, we use the more specific notations

Stinr®?) = {T7{u} € S, (RY) : p € MR} (4.5)
and Spi, T(R?) for the dual and for the predual, respectively. At first glance, the

search for representatives for SﬁiZ,T(Rd) is as difficult as before because we are still

dealing with elements in Sj;,(R?). To resolve this issue, let us assume that there
exist continuous elements pry = T~*{5(- — y)} € C(R?) in each equivalence class.
Then, we conclude, for any f =T~ *{u} € 8{;, +(R?) and ¢ € Spi,(R?), that

(T {uhe) = n T o) = [ T Hebmn) = [ (T =) hdnty)

- / / (p1.y(x) — py (X)) (x)dxdu(y), (4.6)

where the polynomials py (x) € P(RY) are added to ensure the following properties:
First, the kernel h(x,y) = pr,y(x) — py(x) must be bi-continuous and bounded for
some g € Lo o(R?), a > 0, and every y € R? by

Ih(x,y)] < g(lIx])- (4.7)

Second, we require that h(x,y) — 0 for a given x € R? and |ly|| — oo. Using
Fubini’s theorem and the growth control, we can then identify the distribution
T—*{u} € 8[;,(R?) as the continuous function f(x) = [z, pry(x) — py(x)dpu(y).
Due to the growth bound, this function corresponds to a unique distribution in
S’(R%). We collect these observations together with a few properties in Theorem LTl

Theorem 4.1. Assume that the Schwartz kernel h(x,y) = pr.y(X) — py(x) is bi-
continuous and bounded for every y € R% as

1h(x, )] < g(lIx]]) (4.8)

for some g € Lo o(RY), a > 0. Then, any element f = T~*{u} € Si;, 1(R?) can
be identified as the continuous function

109 = [ 10 =y ()du(y) (19)

with bounded growth so that | f(x)| < |u|(RY)g(||x])). In particular, we get that the
operator Pri1: Si;, ¢ (R?) = Loo o(RY) — S'(RY) with T~*{u} — f assigning the
representatives is linear and continuous. Moreover, if h(x,-) € Co(R?) for every x €
R?, then the point evaluations for the representatives are in the predual SLiZ,T(Rd).

Proof. We have already shown that f is indeed a representative. The growth bound
and the continuity of Py, 1 follow immediately from the bound on h(x,y).
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Next, we show that point evaluations are weak*-continuous. Let f,, = T7*{u,}
be a weak*-convergent sequence with limit f = T~*{u}, in the sense that u,, con-
verges weakly to p as a measure. Due to the requirement that e(x, -) € Co(R%), we
directly get that the evaluation functionals are weak*-continuous. To conclude the
argument, we recall that the only weak*-continuous linear functionals on Sf;, (R%)
are the elements of Spi, T(R?), see [25, Theorem IV.20]. m|

While this construction does not cover all Lizorkin distributions, we discuss
two interesting examples, which will then be used in Sec. to revisit representer
theorems for certain problems.

Remark 4.1. The same argumentations and constructions can be applied if Sy
consists of even or odd (hyper-spherical) Lizorkin functions. This setting is actually
required for one of our examples.

4.1. Example 1: Fractional Laplacians

Here, we choose the spaces as S} = Sy = Spi(R?) and X = Cp(R?) with T
being the fractional Laplacian described in Sec. 2] which is self-adjoint. Specifi-
cally, (—=A)*: Spi,(RY) — Spi,(R?) for any a € R with (—=A)~*(—A)* = Id on
Sriz(R?). First, we note that the required density result was already established in
Theorem [321 According to these choices, Xt is given by

MR = {(=8)"*2p € S1,(RY) : p € MR}, (4.10)

with predual space C%(R?) = (Spi,(R?), [|(=A)~/2 - ||1.).

By Theorem M1l we can get a representation operator for a > d and
( —d) ¢ N. Indeed, let pri,o = (—A)"*2{5} € M*(R?) with a contin-
uous representation given by (Z8). Using this representation, we obtain that
PLiz.a(- — Xi) = (=A)"*/2{5(- — x;)}. Now, we have to show that there exist
polynomials py(x) € P(R?) such that the kernel h(X,y) = pLiza(X —y) — py(X)
fulfills the requirements. Based on (2.8)), we construct for y # 0 the polyno-
mial py(x) = Tra—g—11{PLiz.a(- — ¥)}(x) with Tj,_q—17 the Maclaurin expan-
sion of order [aw — d — 1] around 0. For this function, we can bound the kernel

h(x,y) = pLiz,a(X —y) — Py(x) by

h(x,y)| < O]~ sup 18" pris,a (tx = ¥)2- (4.11)
te(0,1],|k[=[a—d]

For any fixed x € R? we then use our estimates from Proposition [A1l in the
appendix to conclude that |h(x,y)| < C|x[|*~% if ||y|]| > [x]| + 1 and é(x,-) €
Co(R?) for every x € RY. Next, apply a smooth function y: R — R with x(t) = 0 if
[t| <1 and x(t) = 1if |t| > 2 to define a bi-continuous (both in x and y) function
z — py(x) = x(|yl)py(x) € P(R?). Now, we can bound the kernel h(x,y) using
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the bound for B(x,y) by
eyl < max{ | max (v (x - ) + 9. ClxI*
Iy I <ll=[1+2

< C(|Ix| +2)>1, (4.12)

where we used Proposition [A ] to produce the estimate

1 k k
Pyl <\ om D a9 prima (¥l

max
<|Ix|+2
Iy lI<lixIl Ik|<[a—d—1]

< C(||x[| +2)* . (4.13)

Finally, we apply Theorem [4.1] to obtain the desired representations. The results of
this section are summarized in the following corollary.

Corollary 4.1. Let o> d with (a—d) ¢ N. Then, there exists a continuous represen-
tation operator Pri, o: M*(RY) — Lo o_a(RY) C S'(RY) with (—A)~*/?{u} — f.
Further, the point evaluations for these representatives are in the predual C®(R?).

4.2. Example 2: Radon domain splines

In this example, we work with certain hyper-spherical counterparts of St;,(R%)
as described in Sec. Bl More specifically, the Euclidean indexing with x € R? is
replaced by (¢,£) € R x S%~1 and we distinguish between even and odd functions.
We express this distinction with an index m € N, which simplifies the notation. We
define

SLiz,m (R X Sd_l)

= {gp €Sn(R xSy /

o(t, &)pt)dtde =0 Vp € P(R)}, (4.14)
RxSd—1

where d§ stands for the surface element on the unit sphere S%~!. Here, the space
Sm(R x §?71) is defined as the even functions in S(R x S4~1) if m is even and the
odd ones otherwise. Correspondingly, an element g € Sy, ., (R x S9=1) is a contin-
uous linear functional on Spiz m (R X S9=1) whose action on the test function ¢ is
represented by the duality product (g, ®)rad. If g can be identified with a function
g: R xS 1 = R, then

.0 = [ [ att.eoct.eane (1.15)

The evaluation functional on Spi,(R x ST1) is &,, = 6(- — t0)0(- — &,) with zg =
(to, &) € R x S¥=1. A brief overview for properties of the Radon transform R

and its filtered version K,,qR related to these spaces is given in In
particular, it holds that both R and K;,qR are homeomorphisms. Next, we briefly
review Lizorkin ridges, which play a key role for the construction of representatives.
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Lizorkin Ridges The 1D profile (or ridge) along the direction &, € R? associated
to r € 8{;,(R) is the distribution re, € Sf;,(R?) that satisfies

Vo € SLia(RY): (re,, ) = (nR{p}(, €0))- (4.16)

The most basic ridge is 3(&] - —to) = re, with r = 0(- — to). It is a Dirac ridge
along &, with offset t(. Since the Fourier transform of such ridges is localized along
the ray {w = w§, : w € R}, the Radon transform of a ridge must vanish away from
+&,. This is generalized and formalized as follows.

Proposition 4.1 (Radon Transform of Lizorkin Ridges). Let (to,&,) = zo €
R x ST and r € S}, (R). Then,

KradR{O(€] - —t0)} = Peven{0ao } € S{;,(R x §771), (4.17)
R{6(£5-)} = Peven{qad(- — &o)} € Si;, (R x $471), (4.18)
KradR{r(£5)} = Peven{rd(- — &)} € S, (R x S71), (4.19)
R{r(£5-)} = Peven{(qa * 1)3(- — &)} € S[;, (R x §71),  (4.20)

where qq(t) = 2(2m) 1 F-H1/|- |d_1}( ) is the 1D impulse response of the Radon-
domain inverse filtering operator Krad Here, [@IT) can be identified as an even
measure.

Proof. For any ¢ € Spi, 0(R xS971), it holds that RR*K;aqa{¢} = ¢ and therefore,
also that

(KraaR{re, }, ¢) = (re,s R'Kraafep}) = (r RR™Kraa {0} (-, €0)) = (. ¢(, &0)),
(4.21)
from which (£I1) and [@I9) do follow. In a similar way, we obtain, for any ¢ €
SLiz,O(R X Sd_l), that
<R{TEO}790> = <T7 RR*{@]’(?SO» = <T7 Kr_ai{{@}(vé.o»v (422)
from which (ZI8) and (@20) do follow as K {x}(t, &) = (1 * (-, &) (2). |

An equivalent form of (£IT) in Proposition E1l is

3(£0 - —t0) = R*Peyen{0z, } (%), (4.23)

which results from R*K,.qR = Id on &}, (R?). Note that the other identities can
be rewritten in a similar form, too.

Construction of Radon Splines In this example, we choose the spaces for con-
structing the Banach subspaces as 81 = Srizm(R x ST71), Sy = Spi,(RY) and
X = Com(R?), where Cy,n,(R?) consists of even or odd continuous functions,
respectively, that vanish at infinity. Next, recall that the derivative 9;™: Stz m (R x
ST — Suizo(R x S?71) is self-adjoint and a homeomorphism Its inverse
can be constructed by iterating 9, ' {p}(t, &) ft (r,&)dr. Then, we choose
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T =R*"K;a40;" such that the dual T* = 9;"K,,qR is the concatenation of the filtered
projection KaaR: Sf;,(RY) — Si;, o(R x S*71) with the partial derivative 9;". To
begin, we show the required density result for the construction of the spaces related
to Theorem [Tl which also applies in this hyper-spherical setting, as pointed out
in Remark 1]

Lemma 4.1. It holds that

: T B a Co.even(RY)  if m is even,
(SLIZ,W(R )’ H Hoo) = CO,m(R ) = (4.24)
Co.0aa(RY)  if m is odd.

Proof. By the Stone-Weierstrass theorem and the continuity of the projection
onto even or odd functions, respectively, we first get that Cp ., (R) x C(S4-1) =
Co.m(R9). Then, we conclude from Theorem that Spizm(R) x C®(S41) C

Stizm(R x S¥71) is dense in Cp ,, (R?). O
According to these choices, our Banach space X1 with smoothness exponent m

is given by
Mradm(RY) = {R*07 " {u} € Si;,(RY) : p € Min(RY)} (4.25)

with predual Craq.m(R?) = (SLiz(R?), |0, "R{-}||~..). Now, we show that Theo-
rem [£.]] can be applied for m > 2 to get continuous representations of elements in
MRad,m (Rd). Define

PRad,m(7) = max(0,z)™ ' /(m — 1). (4.26)
Then, as shown in Proposition @I} prad.m((-, &) —to) with zg = (to,&,) € Rx S4~1
is an element of the equivalence class

1 1,
iR*Pcvcn{pRad,m(' - tO)(S( - 60)} = §R*at {5z0 £ 57z0} S MRad,m(Rd)v
(4.27)

where the sign depends on m. Now, we have to show that there are polynomials
pre € P(RY) such that the kernel h(x,2) = prad,m ((X, &) —t)—pr.¢(x) with z = (¢, &)
fulfills the requirements. As m is a natural number, no Taylor expansion is necessary
and we can provide the correcting family of polynomials directly. More precisely,

we set
prg = max{0, min{—¢, 1}}((-,€) — )"~ /(m = 1)! € P(RY), (4.28)
which ensures that (prad,m ((X,") — ) — p(.}(x)) € Co(R x S971) together with
lPRadm (%) =) = Py (®)loo < Cllx|™ (4.29)

Hence, we can apply Theorem 1] to obtain explicit representations.

Corollary 4.2. Let m > 2. Then, there exists a continuous representation operator
PRad,m: MRad,m(Rd) — Loo,m_l(Rd) C S'(RY) with R*0; ™ {u} + f. Further, the
point evaluations for these representatives are in the predual CRad,m(Rd).
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5. Variational Problems that Involve Lizorkin Spaces

As warm-up, we first revisit periodic (fractional) splines [9]. For variational prob-
lems in which the regularization favors such functions, we can use the projec-
tion ([B.1) to get representations. Note that our approach is applicable to a very
broad class of problems; namely, whenever a continuous projection and a suit-
able extension are available. By contrast, after this warm-up example, we study
variational problems where no projection onto the involved spaces is available.
There, we focus on problems that involve our previously constructed Banach sub-
spaces, which usually only consist of equivalence classes. This makes the situa-
tion much more delicate than before and the use of a representation operator
is necessary. Based on this operator, we are able to obtain similar results as
before.

5.1. Periodic fractional splines

We use our tools to derive a representer theorem that is an alternative to the
one in [9]. To this end, we need the space C(T) = (S(T),| - ||z..) of continuous,
T-periodic functions. Its topological dual M(T) (namely, the space of T-periodic
Radon measures) can be specified as

M(T) ={f € S(T) : | fllm < o0} with |[f]lr = sup  (f.4).  (5.1)
$ES(D):]| 6] o <1

Since the projection ([B7)) continuously extends to these spaces, we have the decom-
position C(T) = Co(T) & Py with Cy(T) = Po(C(T)). The final ingredient are the
sampling functionals in My(T) = Co(T)" ~ M(T)/Py, where we use P} to identify
representations.

Theorem 5.1 (Periodic Lizorkin Sampling Functionals). The Lizorkin sam-
pling functionals 0o(- — to) = P{dperio(- — to)} € Mo(T) with to € T have the
following properties:

(1) Ezplicit representation: do(- — to) = dperio(- — o) — 1.

(2) Sampling at to : (6o(- — to), d) = @(to) for all ¢ € Co(T).

(3) Zero mean: {dp(- —to), 1) =0 for all ty € R.

(4) It holds that ||6o(- — to)||lme = 1 for any to € T.

(5) For finite sets {tr,} C T of distinct points, it holds || >, ardo(- — tr)||a, =

> lax]-
(6) If ey, € ExtB(M(T)), then ex, = £00(- — tx) for some ty, € T.

Proof. The first 3 items follow directly by construction. Now, we prove item 4. For
any (f,¢) € M(T) x Co(T), it holds that

(Po{r}, o) = (f, Pofo}) = (£, ¢). (5.2)
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In particular, (do(- — to), #) = (Operio(- — t0), ¢). By definition of the dual norm, we
have that

100(- = to)|lmo = sup (6o(- —t0), ®) = sup (Operio(- — to), @)
$€Co(T):[|dllLoe <1 $€CH(T):[|¢]l Lo <1
< sup <5pcrio(' - tO)v ¢> = ||5pcrio(' - tO)”M =1 (53)

€C(T):||llLoo <1

Next, we show that this bound is sharp by fixing 0 < € < T//2 and choosing the
test function

(be,perlo - Z ®o ( +nd ~ % )a (54)

nez

where ¢o: R — [—1,1] is continuous with ¢o(0) = 1, [, ¢o(t)dt = 0 and supp(ypg) C
[-1,1]. Then, the statement follows from ¢e perio(to) = 1 and ||¢e periollL.. < 1.
Similarly, for item 5, we first observe that the triangle inequality leads to

sup <Z ardo(- — tr), > < Z |ag|. (5.5)
k

€CH(T):]|@l oo <1

*tk)

Mo

Since the ty are distinct, there exists € > 0 with |t — t5| > 2¢ for all &/ # k.
Then, we take the critical function ¢erit(t) = >, sgn(ak)Pe perio(t — ti) satisfying
|@erit]| .. = 1, which saturates the bound.

Due to My(T) ~ M(T)/Po, it holds that PEB(M(T)) = B(My(T)). By [l
Lemma 3.2], we then get that ExtB(My(T)) C P§ExtB(M(T)). Since the extreme
points of B(M(T)) are {£0(- — t) }ser, the last claim readily follows. |

Now, we are able to formulate the approximation problem. Given a series of (pos-
sibly noisy) data points (Yum,tm) € R x T, m = 1,..., M, we consider the task of
reconstructing a periodic function f: T — R such that f(¢1) = y1,..., f(tam) = ym
without overfitting. Since this problem is inherently ill-posed, we put a penalty on
ID*{f}|m, in order to favor solutions with “sparse” ath derivatives. The corre-
sponding native space is

M(T) = {f € S'(T) : [D*{f}H|mo < 00}
= {D_“{w} +po: (w,po) S Mo(T) X Po} (56)
In particular, this means that M(T) = U’ & Py with U’ = D~*(M(T)), which
is isomorphic to M(T) x Py. The basic atoms for the representation of minimum-

norm interpolators in U’ are the extreme points ey of the unit ball B/ (1). Due to
the isometry between U’ and M (T), we have that ExtBy (1) = D~ (ExtBa, (1)),
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which in light of items 1 and 6 in Theorem [5.1] yields that

ex = D7 {00(- — tk)} = pperioal(- — k), (5.7)

where

ppcrio,a(t) = Dia{(;()}(t) = Z %

. nwot, (5.8)
neZ\{0} jnwo)

The latter formula is obtained from ([B.8)) by using that So[n] = g[n] for n # 0.
The resulting Fourier series (5.8]) converges to a continuous function for o > 1. The
functions pperio,o are the building blocks of the (non-periodic) fractional splines of
degree o — 1. Now, the direct application of the third case of [38, Theorem 3| yields
the following.

Theorem 5.2 (Minimum-Energy Periodic Spline Reconstruction). Let
E:R xR — R be a strictly convex loss function and A > 0 some regqularization
parameter. Then, for any given data points (Ym,tm) € R x T,m = 1,..., M, the
solution set of the functional-approzimation problem with o > 1,

M
S = argmin Z E(Ym, f(tm)) + A|D fll Mo (5.9)
FeM(T) .21

is nonempty and weak*-compact. It is the weak™® closure of the convex hull of its
extreme points, which are all of the form
Ko
fExt(t) =bo + Z akpperio,a<t - Tk) (510)
k=1
for some Ko < M — 1, weights and knots (ag, ;) E RX R, k=1,..., Ko, and the
periodic basis function pperio,a: R — R specified by (0.8)).

Proof. First, we identify the (unique) predual space C§(T) = U & Py such that
M*(T) = U’' & P|. By the injectivity of D** on Cy(T) = (Sp(R), || - ||~..) and by
setting U = D (Cy(T)), we readily verify that U’ = D~*(M(T)). This allows us
to identify the predual space as

CS(T) =UBPy = {D“*{v} +po : (v,po) S C()(T) X Po}, (511)

which is a Banach space isomorphic to Cy(T) x Py as expected. The technical
prerequisite for applying [38] Theorem 3] is the weak*-continuity of the sampling
functionals §(- —t,,), which is equivalent to §(- —t,,,) € C§(T). To this end, we have
that

Dia*{a(' - tM) - 1} = ppcrio,a(tm - ) (512)

with the latter function being included in Cy(T) if and only if & > 1 or, equivalently,
when the Fourier coefficients in (B8] are in ¢1(Z). |
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Remark 5.1. Functions of the form (BI0) are fractional splines if and only if

kK:"l ar, = 0, see [9, Proposition 3]. To ensure this, we can add the constraint
(f,e™o )y = 0 in Theorem [5.2, which again leads to extreme points of the form
EI0) with Ko < M. Since ||[D* f{am > [|[D* ]l m, with equality holding for extreme
points, this modified version of Theorem remains true if we replace ||D® f]|am,
in (59) by |[|[D*f||m. Plots of the fractional splines pperio.a — Pperio,a (- — %) for
different « are given in [9 Fig. 1].

Remark 5.2 (Numerical Approach). To find f, we can overparameterize it
with knots 73 chosen over a fine uniform grid. The respective weights are then
recovered by solving a discrete penalized basis pursuit problem using state-of-
the-art proximal algorithms [7, [I5] or Bregman methods [5]. While conceptually
simple, this is computationally expensive since the underlying grid needs to have
much more knots than M — 1. More advanced meshfree approaches for directly
recovering the positions 7; can be developed using, for example, the Franck—Wolfe

algorithm [} [12].

5.2. A general variational problem framework

In this section, we first state a general variational problem framework that
involves the constructed Banach spaces and shares some similarities with the
approach presented in Sec. 5.1l but for which no projector is available. Here, the
derived representation operator from Theorem 1] makes the framework explicit,
again with the advantage that we can rely on the general abstract machin-
ery for the derivation of theoretical results. We then treat several useful special
cases related with the Banach subspaces of S, (RY) introduced as examples in
Sec. @l

By construction, we immediately deduce that the extreme points of the unit
ball in X} are given by é, = T~ *{ex} € X}, where ey, are the extreme points of the
unit ball in X’. Now, we are able to formulate a variational problem that involves
our constructed Banach spaces and provide a representer theorem for the structure
of the solutions.

Theorem 5.3 (Representer Theorem [38]). Let the linear operator v: Xf —
RM be given by f— ({(v1, f), ..., {var, f)) with v; € Xt being linearly independent.
Further, let E: RM x RM — R, U {+oc} be proper, lower-semicontinuous and
conver and let ¢¥: Ry — Ry be strictly increasing and convex. Then, for any fized
y € RM | the solution set S of the generic optimization problem

argmin E(y, v{f}) + ¢ (|| f| x;) (5.13)
fexg

is nonempty, convexr and weak™-compact. If, additionally, E is strictly convez or
if it imposes the equality constraint y = v{f}, then S is the weak™ closure of the
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convex hull of its extreme points, which can all be expressed as

Ko
fo=>_ T " {er} (5.14)
k=1

with Ko < M and ¢, € R.

Remark 5.3. The result can be slightly strengthened if X’ is strictly convex, see
[38] for details.

As illustration, we briefly derive two corollaries from Theorem They are
based on the two Banach subspaces of Sf; (R?) introduced in Sec. @l

5.3. Fractional splines

Here, we extend our investigations in Sec. [5.1] to non-periodic splines using Theo-
rem .3 and the discussion from Sec. LTl which is summarized in Corollary LTl Since
the point evaluations are in the predual, the application of Theorem .3l together
with the explicit representation of elements in M®(R%), yields the following.

Corollary 5.1 (Minimum-Energy Lizorkin Splines). Let E: R x R — R be
a strictly convex loss function, let (Xpm, Ym) € R xR,m = 1,...,M, be a set of
data points, and let A > 0 be some regularization parameter. Then, for a > d and
a—d ¢ N, the solution set S of the functional optimization problem

argmmZEym,Pm{fom))MH( AYP{fYm (515)
feM=(Re) o,

s nonempty and weak*-compact. It is the weak™ closure of the convex hull of its
extreme points, which are all of the form

fExt = Ple « {Zak a/2{§ - Xk } Zak PLiz, a - Xk) _pxk)

(5.16)

for some Ko < M, expansion parameters (weights and adaptive centers) (aj,Xi) €
R x R? for k = 1,...,Ky, px, € Pra—da—1 (RY), and the radial basis function
Pliz,a: R? — R from Sec. &1l

Remark 5.4. Starting from the chosen representative, we could replace
Priz,o{f}(xm) With PLiso{f}(Xm) + p(Xm), where p € P|o_q (R?), which would
result in a minimization over Lw7a_d(Rd). Hence, we are back to a more classical
setting and a similar result holds, see [38, Theorem 3|. Proving the weak*-continuity
of the evaluation functional in this extended setting follows along the lines of the
Lizorkin-distribution setting.
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5.4. Radon splines

The native Banach space for interpolation with Radon splines, given some order m €
N, is the space MRrad.m(R?) introduced in Sec. Due to the form of the function
PRad,m, this interpolation problem is closely related to approximations with 2-layer
neural networks as pointed out in [II 23]. Since the point evaluations are in the
predual, the application of Theorem [5.3] together with the explicit representation
of elements in MRgag . (R?) obtained in Corollary 22 yields the following.

Theorem 5.4 (Minimum-Energy Radon Splines). Let E: R xR — R be a
strictly convex loss function, let (x;,y;) € R x R,i=1,...,M, be a set of data
points, and let X > 0 be some reqularization parameter. For m € Nym > 2, the
solution set S of the functional optimization problem

M

argmin Y E(Yi, Pradm{f}(xi)) + A0 KraaR{f Hm,,  (5:17)
fEMRada,m(RY) 55
is nonempty and weak*-compact. It is the weak™ closure of the convex hull of its
extreme points, which are all of the form

Ko Ko
Jext = PRrad,m {Z arR*0; ™ {6(- — Xk)}} = Zak(pRad,m(<€kv ) = tk) = Pug,)
k=1

- ) (5.18)

for some Ko < M, expansion parameters (weights and adaptive centers)
(ak,tr, &) ER xR xSt for k=1,...,Ko, pty.w, € Pm—1(R?), and the Radon
radial-basis function prad.m: R — R defined by ([@20).

Remark 5.5. Starting from the chosen representative, we can also add the
minimization over Py, _1(R%) to the problem and replace Pradm{f}(Xm) with
PRradm{f}(Xm) + p(Xm), where p € P,,_1(R?), which results in a minimization
over Lw7m_1(Rd). As this rules out the dependence on the representation oper-
ator Prad,m, we are back in a classical setting and a similar result holds (with
Ko < M—m), see [38, Theorem 3]. Further, we can also evaluate ||0;"KaaR{f }|| M.,
in the sense of S'(R?) since P,,_1(R?) C ker 97"K,,qR. Compared to previous
results in the literature [ 23], this leads to a stronger characterization of the solu-
tion set S together with a nice and elegant proof.

6. Conclusions

We have shown that continuous projections onto the Lizorkin space cannot exist.
Therefore, we had to resort to projection-free approaches to find representatives of
Lizorkin distributions. Using the property that the space is dense in Co(R?), we
have established a framework for finding representatives of distributions that lie in
certain Banach subspaces. To do so, we only require representations of the related
Green functions with sufficient regularity. Based on the obtained representation
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operator, we have introduced a powerful variational framework for the study of a
wide class of inverse problems. In particular, this enabled us to strengthen results
obtained in prior works. As future work, we want to apply our framework to the
study of other subspaces and related variational models.
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Appendix A. Fundamental Solutions of the Fractional Laplacian

Given o € R and d € N with a > d and o« — d ¢ N, we want to provide an estimate
of the asymptotic behavior of f, 4: R? — R with f,4(x) = ||x]|*~? and of its
derivatives. For this purpose, we need the following lemma.

Lemma A.1. For any k € N% it holds that 9% - || = pi/| - [|7* 2% for some
polynomial p € P(R?) of order at most |k|.

Proof. We proceed by induction. For k = 0 the result is obviously true. Assume
that the claim holds for any k € N¢ with |k| < n and let k € N¢ with |k| = n+1. For
simplicity of notation, we assume that the derivative with respect to x; is included
and define k = k — e;. The induction assumption implies that

k PpX Ox, pi (x)]|x —1+2]k| — pi (X)X ||x —3+2[K|
(x| = O, O x| = By, —PEX) _ _ Fpi)Ix] ()% x|
(x|~ 1+2IK |2k
_ pk@)x]| R i (x) 1)
¢ 241K ||| ~1+2ikl” :
which concludes the proof. -

Lemma [ATlis going to let us prove the actual result.

Proposition A.1. For any k € N with |k| < [a — d] and x # 0, it holds that
0% fa,a(x)| < Cllx||*~ 4K,

Proof. We proceed inductively over [a — d]|. For [a — d] = 1, Lemma [AT] implies
that
|0 fa,a(3)] = (@ = d = 1) fa—1,a(x) 0, [ X[|| < C|lx[| >4 (A.2)

If k = 0, there is nothing to show. Assume now that the results holds for [a—d]| =n
and let «, d be such that [a—d] = n+1. Like in the proof of Lemmal[A] we assume
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again that the derivative with respect to x; is included and define k=k—e. Then,
using the Leibniz rule, we provide the estimate

105 fora(x)] = 1050, foa(x)]
< Ol0*(far1.a(x), [XIN] < O3 (057 fo 1 a(x)0e x|

i<k
<Y x|t x| T < eI, (A.3)
i<k
which concludes the proof. O

Appendix B. Radon Transform

Here, we recall some important properties of the Radon transform, for which an
extensive overview is given in [I7]. The Radon transform is first described for
Lizorkin functions and then extended to distributions by duality.

Classical Integral Formulation The Radon transform of f € L;(R?) is defined as
R{NE) = [ dt-€0fax (O eRxTL (B

Rd
Its adjoint is the back-projection R*, whose action on g: R x S¥~1 — R is defined as

R0 = [ a€Tx.0d xRl (B.2)

Given the Fourier transform f = F{f} of f € L1(R), we can calculate R{f}(-,&;)
at given &, € S¢71 through the relation

R{FHE&0) = 5- | Flutoe'dw = 77 1{F£0)}0) (B.3)

a property that is referred to as the Fourier-slice theorem. The key property for
analysis purposes is that the Radon transform is continuous and invertible if the
spaces are chosen properly, see [16, [17, 21] for details.

Theorem B.1 (Continuity and Invertibility of the Radon Transform on
SLiz(RY)). The Radon operators R: Sriz(RY) — Sriz.o(RxSY™1) and R*: Spizo(Rx
S41) — Spi(RY) are bijective and continuous. Moreover, R*K,.qR = KR*R =
R*RK = Id on Spi,(R?) and K.,qRR* = Id on SLiz,0(R % S41), where K =
(R*R) ™! = ca(—A)@=D/2 with cq = (2(27) 1)1 s the so-called “filtering’ oper-
ator and where K;aq is an one-dimensional radial counterpart that acts along the
Radon-domain variable t. These filtering operators are characterized by their fre-
quency response K (w) = cq||w||4! and Kiaa(w) = cqlw|dL.

As evidenced in (28], the impulse response of the filtering operator K in Theo-
rem[B.1lis proportional to k_441 4, which tells us that it asymptotically decays like
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1/]|x/|?4=! when d is even, or is a power of the Laplacian (local operator) otherwise.
Further, we note that Theorem [B.I] implies that R is actually a homeomorphism.

Distributional Extension This framework is extended to distributions by duality.

Definition B.1. The distribution g = R{f} € Sf;, (R x S971) is the Radon
transform of f € S/, (RY) if

V¢ € Stizo(R x ST71) 1 (g, ¢)raa = (f, R*{¢}). (B.4)
Likewise, § = KR{f} € S[;, o(R x S?~!) is the filtered projection of f € Sf;,(R?) if
V$ € Stiz,o(R x ST 1 (G, ) Rad = (f, R*Kraa{o})- (B.5)

Finally, the backprojection f = R*{g} € S[,.(R?) of g € Sf;, o(Rx S*"1) is defined
via

Vo € SLi(RY) : (R*{g}, %) = (9, R{¢})Raa- (B.6)
Due to duality, the distributional extension of the Radon transform inherits
most of the properties of the “classical” operator defined by (B).

Theorem B.2 (Invertibility of the Radon Transform on i, (R%)). It holds
that R*KaaR = KR*R = Id on S, (RY). Hence, the “filtered-projection” operator
KaaR: S),, (RY) — Sﬁiz’O(Rd) is a homeomorphism with inverse R*: Sﬁiz,o(Rd) —
St (RY).

The Fourier-slice theorem expressed by (B3) yields a unique (Fourier-based)
characterization of R{f}. It remains valid for tempered distributions whose gen-
eralized Fourier transforms can be identified as continuous functions of w. It is
especially helpful when the underlying function or distribution is isotropic.

An isotropic function piso: R — R is characterized by its radial profile
p: R>o — R, so that piso(x) = p(||x]||). The frequency-domain counterpart of this
characterization is piso(w) = prad(||w||) with radial frequency profile

~ (2m)4/2 e d/2—1
prad<W) = W p(t)t Jd/2,1<wt)tdt, (B?)
0

where .J,, is the Bessel function of the first kind of order v. In Proposition [B.1] we
characterize isotropic Lizorkin functions.

Proposition B.1. Let ¢y, € S(RY) be an isotropic test function. Then, @i, €
SLiz(Rd) Zf and Only Zf @rad(t) - R{@iso}(tvé.) S SLiz(R)-

Proof. Since ¢jq, is isotropic, for any k € N¢, we have that
e = (X5, 0iso) = J¥0%Biso (0) = I D*{Braa } (0) = ¢ with k = |k|. (B.8)
The last equality also implies that ¢ = fR Oraa(H)tFdt, where @rq =

FHPraa} (&) = R{p}(-, &) is the radial profile (by the Fourier-slice theorem).
This shows that, indeed,

Prad S SLiz (]R) = Piso S SLiz (Rd) (Bg)
O
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Finally, we provide a result on how to compute the Radon transform of isotropic
Lizorkin distributions.

Proposition B.2 (Radon Transform of Isotropic Distributions). Let pis, be
an isotropic distribution whose radial frequency profile is prad(w). Then,

R{piso(- = %0)}(t,€) = praa(t — € x0), (B.10)

KradR{piso (- = %0)}(t,€} = fraa(t — €' x0), (B.11)

R{O™ piso} (t,€) = €™DM™{praa} (t) (B.12)

ith praa(1) = F~ Mo} (1) and paa) = s P11 [ raa} 1)

Proof. These identities are all direct consequences of the Fourier-slice theorem.
For instance, by setting w = w& in the Fourier transform of 0™ p;so, we get that

O™ piso(wE) = (Jw&)™ Praa(w) = Sm(jw)‘m‘prad( ), (B.13)
which, upon taking the inverse 1D Fourier transform, yields (B12). O

Appendix C. Extreme Points
First, we recall the definition of extreme points.

Definition C.1 (Extreme Points). Let C be a convex set in a Banach space X.
The extreme points of C' are the points x € C such that if there exist z1,29 € C
and 0 € (0,1) with z = 1 4+ (1 — 0)x2, then it necessarily holds that z; = 5. The
set of extreme points is denoted by Ext(C).

Proposition C.1 (Isometric Projections and Extreme Points). Let U be a
closed subspace of the Banach space (X, |- ||x) with some corresponding continuous
projection Proj,,: X — U. Then, the following hold:

(1) The unit ball in the Banach space U = Proj,(X) satisfies
By (1) € Projy(Bx(1)) € Bu([[Projy|)), (C.1)

where By(r) = {x €U : ||ullu < r} and ||Projy|| is the norm of the underlying
projector. Consequently, By/(1) = Proj,(Bx (1)) if and only if |Proj,|| = 1.

(2) Let E = {Proj,{e} : e € Ext(Bx(1))}\{0}. If [Projyll =1 and all € € E sat-
isfy ||é||x = 1, then By /(1) is the closed convex hull of E so that Ext(By (1)) C E.

Proof. For the first statement, note that the unit ball in U is By(1) = By (1) NU.
In particular, v = Proj,,{u} and |lul|x <1 for any u € By(1), which implies that

By (1) € Proj,(Bx(1)). Next, we recall that the norm of Proj,,: X — U is given by
[Projull = sup IProkizlx
cexvioy  llzllx

(C.2)

Therefore, any € By (1) satisfies ||Proj, {z}||x < |[|Projyll |1zl x < ||Projy||, which
implies that Proj,,(Bx (1)) C By/(||Projyl|)-
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The Krein-Milman theorem ensures that By (1) is the closed convex hull of its
extreme points e, € F = Ext(Bx(1)), namely, By (1) = cchE. Due to ||Proj,|| =
1, it holds that By(1) = Proj,,(Bx(1)). Further, as By (1) is convex, each u =
Proj (S r, Orer) = S, Oxéx with 6, > 0, Sp 6 = 1 and e, € E lies in
By/(1). In other words, the convex hull of the e, maps onto the convex hull of
the é = Projer with ch{ér} C By(1). Since Proj,, is continuous and Bx(1) is
closed, the argument carries over to limits as well. Hence, it holds that By(1) =
Proj,(cchE) = cch(Proj, (E)) = cch(E). m|

Example C.1. The projector Projeye,: S(R?) — Seven(R?) onto the even
Schwartz functions is given by

. X)+ f(—x
Projyyen (£} 0) = TESE0, (©3)
By duality, we define Proj,,.,: S'(R%) — S

! en(R?). The extreme points of M (R?)
are (6(+ — 7)) rcpa. Since

=1 (C.4)
M
for all 7 € RY, the extreme points of Meyen (R?) are of the form £6(-+7)+ $6(-—7)
with 7 € R9.

IProjon{8(: = 7Hlaa = 36+ + 50 = 7)
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