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1 Introduction

General relativity (GR) is a low energy effective field theory. What are its consistent UV
completions? In [1], we addressed this question in 10D and with maximal supersymmetry,
by studying the allowed space of the leading Wilson coefficient α that controls the first
corrections to supergravity. In this paper, we extend this approach to other dimensions,
namely 9D and 11D. In principle, we can study any 5 ≤ d ≤ 11 but for d ≤ 8 the 1-loop
corrections appear at the same or lower order than α which makes the numerics more
challenging.
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Let us briefly review the setup explained in [1]. The two-to-two scattering amplitude
of the graviton multiplet for any d ≥ 5 theory with maximal SUSY takes the form

A2→2 = R4A(s, t, u) , (1.1)

where R4 is a universal prefactor that takes care of the various components in the graviton
multiplet. It is convenient to consider the following scalar amplitude

T (s, t, u)
8πGN

= s4
( 1
stu

+ α `6P + . . .

)
≡ s4A(s, t, u) (1.2)

where 16πGN = (2π)d−3`d−2
P . The . . . include the one loop contribution (see appendix D)

and higher order Wilson coefficients (Wcs).

2 String theory

In this section, we review the String Theory predictions for α in d = 9, 10, 11.

d = 11. In M-theory, the parameter α is fixed to

α = (2π)2

3 27 ' 0.1028 . (2.1)

Here we follow [2]. It differs by the 2π numerator from [3] which uses a slightly different
convention for `P .

d = 10. In type IIB superstring, α can be cast in terms of a non-holomorphic Eisenstein
series [4, 5]

αIIB = 1
26E 3

2
(τ, τ̄) = 1

26

∑
m,n∈Z

(m,n) 6=(0,0)

(Im τ)
3
2

|mτ + n|3
(2.2)

where τ is the complexified string coupling, which can be taken in the fundamental do-
main |Re τ | ≤ 1 and |τ | ≥ 1. The minimal value is attained at the “corners” τ = eiπ/3 and
τ = e2iπ/3 where [6]

E 3
2
(eiπ/3, e−iπ/3) = 3

1
4 ζ

(3
2

)[
ζ

(3
2 ,

1
3

)
− ζ

(3
2 ,

2
3

)]
/
√

2 .

In type IIA superstring theory, we have (see e.g. [7])

αIIA = ζ(3)
32g3/2

s

+ g1/2
s

π2

96 . (2.3)

This function attains its minimum value π3/2(ζ(3))1/4

24
√

3 for g2
s = 9ζ(3)/π2. Numerically,

the minimum values of α in type IIB and type IIA are approximately 0.1389 and 0.1403
respectively.
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d = 9. Here, we have [8, 9]

α = 1
26

[
ν−

3
7E 3

2
(τ, τ̄) + 2π2

3 ν
4
7

]
(2.4)

where ν is related to the compactification radius from 10 to 9 dimensions (see appendix A).
It is easy to minimize (2.4) using the change of variable ν → x7E 3

2
(τ, τ̄) which leads to

α =

[
E 3

2
(τ, τ̄)

] 4
7

26

[
x−3 + 2π2

3 x4
]
≥ 0.2417 (2.5)

These formulas satisfy non-trivial (de)-compactifying relations as reviewed in ap-
pendix A.

3 Unitarity in the sky

Our crossing symmetric ansatz is the same as in [1]:

T (s, t, u)
8πGN

=s4
( 1
stu︸︷︷︸

SUGRA

+
∏

A=s,t,u
(ρA+1)2

′∑
a+b+c≤N

α(abc)ρ
a
sρ
b
tρ
c
u︸ ︷︷ ︸

UV completion

)
(3.1)

where ρz maps the complex z plane minus the z > 0 cut to the unit disk and where α(abc)
are our (symmetric) variables. If N →∞ this ansatz should cover any amplitude [10]. The
challenge is to make sure it is a good approximation for the amplitude when N is finite.
The ansatz does some wonderful things: it can satisfy unitarity for the first hundreds of
spins and has a good large energy behavior at fixed angle as explained in [1]. It struggles
with large energy and small angle or equivalently for a double scaling limit of large spin
and large energy if we keep N finite, we elaborate on this further in appendix C.

Unitarity comes from the condition

I = S†S , (3.2)

for the full quantum gravity S-matrix S = I+ iT. Once we insert a complete basis of states
we transform this equality into an infinite sum of matrix elements. If we truncate to 2→ 2
particle amplitudes t← T we get

2 Im t− t†t � 0 (3.3)

where the last inequality is understood as stating that the matrix on the left hand side is
positive semi-definite. There are two obvious things we can do here.

The first one (which has been used in all the recent S-matrix bootstrap explorations)
is to diagonalize the left hand side by going to a basis of two particle states of definite spin.
Defining S`(s) to be equal to1

1 + iN
1∫
−1

dz(1− z2)
d−4

2
C
d−3

2
` (z)

C
d−3

2
` (1)

T

(
s, s
−z − 1

2 , s
−z + 1

2

)
, (3.4)

1N = 23−2ds
d
2−2π1− d

2 /Γ( d2 − 1), Cα` are Gegenbauer’s polynomials.
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θ0

Figure 1. Distribution of momenta for Positivity in the Sky. On the left, the momenta are
uniformly chosen over the entire celestial sphere at infinity while on the right, the ingoing and
outgoing momenta are chosen to lie within a cone of small opening angle θ0.

we translate unitarity into the very simple condition

|S`(s)| ≤ 1 . (3.5)

We impose this condition for ` = 0, 2, 4, . . . , L where L is big. In practice we go as far as
L = 200.2

The second thing we can do which is novel and proves very convenient is what we call
Unitarity in the Sky. It follows from noting that 2 Im t − t†t defines a positive operator
no matter what in-going and out-going states we sandwich it with. Since the t†t term is
quadratic in the ansatz we obtain semidefinite constraints of size M2 (M being the number
of terms in (3.1) which scales as N2 when restricted to on-shell external particles [10]) which
quickly gets prohibitively expensive.

One workaround is to impose the weaker positivity condition Im t � 0. For each energy
s we consider d random momenta3 in the celestial sphere peaked around the forward limit,
see figure 1. We then construct a d× d matrix M with matrix elements i, j equal to Im(T )
at energy s and scattering angle θij being the angle in the celestial sphere between vectors
i and j,

Im(T )ij = Im(T )
(
s,−s1− cos θij

2 ,−s1 + cos θij
2

)
. (3.6)

The diagonal elements of the matrix being positive is nothing but the familiar optical
theorem at forward scattering. We can now impose that all these random matrices, one
for each grid point s, are positive semi-definite. These extra conditions which we dub as

2One important bottle-neck is evaluating the integrals in (3.4); we do them monomial ρasρbtρcu by mono-
mial and save these integrals so we only need to do them once. Still, there are many monomials, many
spins and these integrals need to be done for each s with a huge precision to be fed into sdpb later. For
illustration, our integral files for L = 200, N = 30 and 326 grid values of s occupy around 10 gigabytes.

3Less points would not probe the full angular unitarity in d dimensions. More points would lead to
heavier numerics.
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Positivity in the Sky

Subtracted Positivity in the Sky

ImT(s, 0) ≥ 0

50 100 150

0.1

0.2

L

min α

Positivity in the Sky
Subtracted Positivity in the Sky

Im T(s, t = 0) ≥ 0

Figure 2. Minimum value of α as we impose more and more unitarity constraints up to spin L

for N = 24 in d = 10. The green curve from [1] converges way slower than the red and blue curves
where we supplement the physical conditions with the new Positivity in the Sky. We see that Spin
Subtracted is slightly better but not significantly. This improved convergence allows us to restrict
our numerics to L ≤ 200 while in [1] one needed L = 300 to attain reasonable convergence.

Positivity in the Sky are very easy to impose because we do not need to compute tedious
integrals and are numerically tractable because they grow linearly with the ansatz size M .
These conditions capture all spin information — specially large spin since we focus close
to the forward limit — and thus greatly help with convergence in L of the bootstrap as
displayed in figure 2.

A stronger condition we imposed is Im t − ImtL � 0 where tL is the contribution of
the first L spins, for which we imposed full unitarity; in practice this means subtracting
the sum over the first L spins from the matrix Im(T )ij and imposing positivity of this
subtracted matrix. This is not extra costly since these first L integrals were computed
to impose full unitarity (3.5) anyway. We call this stronger yet rigorous condition Spin
Subtracted Positivity in the Sky.

We can also take extreme kinematical limits to get more mileage out of the unitarity
constraints. As explained in [1] an interesting limit of (3.4) which immediately yields several
linear constraints on the α(abc)’s is to consider large energy s at fixed spin ` or large spin ` at
fixed energy s.4 We imposed both in this paper as well. Importantly, they hold at finite N .

We could also take large spin and large energy. If we scale s = x`2 and send `→∞ and
expand the unitarity condition (3.5) perturbatively in 1/` we obtain a polynomial positivity
condition. These conditions, valid for large `, can be recast as an SDP problem [11].
However, these conditions turn out to be too constraining at finite N , because they demand
an infinite tower of resonances, analogous to the double twist operators in the Conformal
bootstrap. We discuss further this important point — raised to us by Simon Caron-Huot
who we thank — and its implications for our numerics in appendix C.

4Note that the regime of large spin ` and fixed energy is rather tame — the partial waves here decay as
`2−d (for massless scattering), and therefore imposing positivity of the imaginary part is sufficient to ensure
unitarity.
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α11 (N) � 1.72×108

N6.55
+0.101

M-Theory: 0.1028
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1.
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α10 (N) � 2.302×107

N5.988
+0.1199

String Theory: 0.1389
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0.5

1.

1.5
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α9 (N) � 2.080×107

N6.144
+0.2281

String Theory: 0.2417

18 22 26 30

0.5

1.

L

min α9

min α10

min α11

L

L

50 100 150 200

0.25

0.5

0.75

1.

1.25

50 100 150 200

0.5

1.

1.5

2.

N

N

N

min α9

min α10

min α11

String Theory: 0.2417

α9(N ) =
9.042 × 106

N5.862
+0.2226

String Theory: 0.1389

α10(N ) =
4.561 × 107

N6.239
+0.1241

M- Theory: 0.1028

α11(N ) =
1.78 × 108

N6.57
+0.101

0.096

0.1

0.104

N
16 20 24 28

50 100 150 200

0.25

0.5

0.75

1.

Figure 3. On the left, we have the data from minimizing α in 9, 10 and 11 dimensions plotted
against L. The values of N corresponding to the different colours are shown in the legend and the
horizontal black lines are αmin from string theory. The points on the right are obtained after fitting
in L and the error bars represent the variance across several fits. The large N extrapolations of
αmin fall in the green (very thin) strips. Notably, in 11 dimensions the string theory result lies
within the error bars of the bootstrap result, as shown in the bottom right inset.

4 Results

We minimize α subject to unitarity and positivity constraints using sdpb [12, 13]. Details
about our numerical setup are found in appendix B. The results for dimensions d = 9, 10, 11
are summarized in figure 3. Each colour corresponds to an N in the ansatz ranging from
16 to 30.
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Dimension Bootstrap String/M-Theory

9 0.223± 0.002 0.241752
10 0.124± 0.003 0.138949
11 0.101± 0.005 0.102808

Table 1. The bootstrap minimal value estimates for α are very close to the minima attained
by String/M-theory. They are slightly smaller; that small gap between the two might be due to
unaccounted inelasticity effects as discussed below.

What these plots show are the numerics converging to some asymptotic value as we
push L further and further.5 The reader might have noticed that the numerics in figure 3
converge way better than those in [1] as far as L goes. This is because of the new Spin
Subtracted Positivity in the Sky conditions we are imposing. Figure 2 highlights this huge
improvement for an illustrative N = 24.

Having extrapolated in L we extrapolate in N , see figure 3. These fits (first in L,
then in N) are of course a bit of an art. We attach a notebook with these fits so that
other artists can try it themselves. What we did was the same as in [1]: we try a bunch
of fits in L and weight all of them by how well they fit the data. The dispersion gives
us an estimate for the plateau as well as some error bars. Then we fit these points with
their corresponding error bars to an ansatz of the form A + B/NC to extract the infinite
N estimate for A which is our final prediction for the minimum value of α as extracted
through this primal bootstrap approach. These fits are plotted in figure 3, right column,
and the resulting bounds are summarized in table 1.

Beautifully, the bounds are quite close to the String Theory predictions in all dimen-
sions and of course they allow M-theory and String Theory at all couplings. They better
do! In fact the fit predicts a value slightly below the minimum String/M-theory value. We
comment on that small gap in the next section when we analyse the extremal amplitudes
in more detail.

Although α in M-theory takes a precise value, we do not find any evidence for an
upper bound. It should not come as a surprise: we are not incorporating all consequences
of maximal supersymmetry in the Bootstrap. Instead, we could fix α in M-theory as an
input, and explore the bounds on the higher derivative corrections.

5 Extremal amplitudes

Once we minimize α we get much more than this minimum value as the outcome of the
extremization: we get the full set of variables α(abc) and thus the full amplitude. Instead
of extrapolating N and L to infinity, in this section we will analyse the outcomes of the
largest values of N = 30 and L = 200 in our numerics. If we take α as a good proxy for

5Strictly speaking these are transient plateaus as argued in the appendix C but that does not invalidate
our conclusions as explained there.
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Dimension (N,L) = (30, 200) Bootstrap Extrapolation

9 0.2411 0.223± 0.002
10 0.1499 0.124± 0.003
11 0.1304 0.101± 0.005

Table 2. For N = 30 and L = 200 we are already about 80% close to the optimal primal solution
if we trust using α as a proxy of that convergence.

Resonance well converged 
inside the physical sheet 

(graviball)

Zeros close to the 
imaginary s plane/broad 

sigma-like resonances

Unitarity already close to 
saturated here

Amplitude is huge on the 
unphysical left side Re(s)<0
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0.4
<latexit sha1_base64="7kIvQjSKbQcSuiZlMvbTcQ0e4zk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadmVgI9TwIvHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFaaCa+N5305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4up35rSdUmify0YxTDGI6kDzijBorPXhutVeueK43B1klfk4qkKPeK391+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJroKJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+/vEqaF65fda/vq5XaTR5HEU7gFM7Bh0uowR3UoQEMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AWYCNLg==</latexit>

0.3
<latexit sha1_base64="uVjzDlfuWQSEzvOuyYtVcJymL84=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnVgI9TwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdO+5571yxXO9Ochf4uekAjnqvfJnt5+wLOYKmaTGdHwvxWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolJ1bpkyjRthSSufpzYkJjY8ZxaDtjikOz7M3E/7xOhtFlMBEqzZArtlgUZZJgQmZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwV9++S9pnrl+1b26q1Zq13kcRTiCYzgFHy6gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGV/yNLQ==</latexit>

Im(s)
<latexit sha1_base64="Y3LqzkeUnwELdAKBAtuk2k6ERVw=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKwMcp4EVvEcwDskuYncwmQ2Zml5leMSz5DS8eFPHqz3jzb5wke9DEgoaiqpvurjAR3IDrfjsrq2vrG5uFreL2zu7efungsGXiVFPWpLGIdSckhgmuWBM4CNZJNCMyFKwdjm6mfvuRacNj9QDjhAWSDBSPOCVgJd8H9gTZnZxUzFmvVHar7gx4mXg5KaMcjV7py+/HNJVMARXEmK7nJhBkRAOngk2KfmpYQuiIDFjXUkUkM0E2u3mCT63Sx1GsbSnAM/X3REakMWMZ2k5JYGgWvan4n9dNIboMMq6SFJii80VRKjDEeBoA7nPNKIixJYRqbm/FdEg0oWBjKtoQvMWXl0nrvOrVqlf3tXL9Oo+jgI7RCaogD12gOrpFDdREFCXoGb2iNyd1Xpx352PeuuLkM0foD5zPH9KBkYk=</latexit>

Re(s)
<latexit sha1_base64="nnL7SHdF7q3xOkUcu+rX6oJkWeI=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSRS8ONU8OKxiv2AJpTNdtIu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLBNTrOt7Wyura+sVnYKm7v7O7tlw4OWzpOFYMmi0WsOgHVILiEJnIU0EkU0CgQ0A5GN1O//QhK81g+4DgBP6IDyUPOKBrJ8xCeMLuHSUWf9Uplp+rMYC8TNydlkqPRK315/ZilEUhkgmrddZ0E/Ywq5EzApOilGhLKRnQAXUMljUD72ezmiX1qlL4dxsqURHum/p7IaKT1OApMZ0RxqBe9qfif100xvPQzLpMUQbL5ojAVNsb2NAC7zxUwFGNDKFPc3GqzIVWUoYmpaEJwF19eJq3zqlurXt3VyvXrPI4COSYnpEJcckHq5JY0SJMwkpBn8krerNR6sd6tj3nripXPHJE/sD5/ANQSkYo=</latexit>

` = 0
<latexit sha1_base64="5MU1Prgy5cdASQdYL0GNmI3nf14=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyK4AOEgBePEcwDkiXMTnqTMbM7y8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NQyVQwbTAqp2gHVKHiMDcONwHaikEaBwFYwup36rSdUmsv4wYwT9CM6iHnIGTVWanZRiBu3V664VXcGsky8nFQgR71X/ur2JUsjjA0TVOuO5ybGz6gynAmclLqpxoSyER1gx9KYRqj9bHbthJxYpU9CqWzFhszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZj5PUYMzmi8JUECPJ9HXS5wqZEWNLKFPc3krYkCrKjA2oZEPwFl9eJs2zqndevbo/r9Su8ziKcATHcAoeXEAN7qAODWDwCM/wCm+OdF6cd+dj3lpw8plD+APn8wcBZo7A</latexit>

Figure 4. |S0(s)| in the complex s−plane. For physical energies s > 0 unitarity tends to saturation
with |S0(s)| → 1 as N →∞. Here we are plotting N = 30. We see smooth unitarity saturation with
a graviball well inside the physical sheet with m2 ' 3 + i in units of Planck mass. (d = 10 here).

how close these are to the optimal large N,L solutions, we would guess that taking these
values already gives us a reasonable qualitative picture — see table 2.

5.1 Resonances

In figures 4 and 5 we depict the absolute value of the partial waves Sl(s) with spin 0 and
2 respectively for d = 10 in the complex s plane. A more comprehensive set of such plots
can be found in appendix F. A few qualitative features emerge:

• Spin 0 is special. It has a single well defined resonance.

• There are infinitely many massive resonances at higher spins.

• There are also broader resonances in the complex plane whose particle interpretation
is less obvious.

Let us now expand on these points.
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3.1
<latexit sha1_base64="qR+3RzyOXn1Dlk7Qmz+BacTUDIE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnVgI9TwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdH/u+r1yxXO9Ochf4uekAjnqvfJnt5+wLOYKmaTGdHwvxWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolJ1bpkyjRthSSufpzYkJjY8ZxaDtjikOz7M3E/7xOhtFlMBEqzZArtlgUZZJgQmZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwV9++S9pnrl+1b26q1Zq13kcRTiCYzgFHy6gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGWYaNLg==</latexit>

6.6
<latexit sha1_base64="4/73ihG1b7F5iW1t/jUVdhpw5bY=">AAAB6nicbVDLSgNBEOyJrxhfUY9eBoPgadmVEB+ngBePEc0DkiXMTmaTIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfqPC2vrG5lZxu7Szu7d/UD48auk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GN/O/PYTU5rH8tFMEuZHZCh5yCkxVnqoObV+ueI67hx4lXg5qUCORr/81RvENI2YNFQQrbuemxg/I8pwKti01Es1SwgdkyHrWipJxLSfzU+d4jOrDHAYK1vS4Ln6eyIjkdaTKLCdETEjvezNxP+8bmrCKz/jMkkNk3SxKEwFNjGe/Y0HXDFqxMQSQhW3t2I6IopQY9Mp2RC85ZdXSevC8arO9X21Ur/J4yjCCZzCOXhwCXW4gwY0gcIQnuEV3pBAL+gdfSxaCyifOYY/QJ8/ZayNNg==</latexit>
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1.9
<latexit sha1_base64="Wqeok+t65eNio2Wq7HG85oKsBfc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0HoqePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDdaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMLoOJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msvr5LmhetfutX7y0rtJo+jCCdwCufgwxXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9imo00</latexit>

0.8
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0.6
<latexit sha1_base64="1nM5SjzJi9SOM8wws1T4akX45tM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkV8XUKePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6CMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmeufu9f355XqTR5HEY7gGE7Bh0uowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AXIiNMA==</latexit>

0.4
<latexit sha1_base64="7kIvQjSKbQcSuiZlMvbTcQ0e4zk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadmVgI9TwIvHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFaaCa+N5305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4up35rSdUmify0YxTDGI6kDzijBorPXhutVeueK43B1klfk4qkKPeK391+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJroKJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+/vEqaF65fda/vq5XaTR5HEU7gFM7Bh0uowR3UoQEMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AWYCNLg==</latexit>

0.3
<latexit sha1_base64="uVjzDlfuWQSEzvOuyYtVcJymL84=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnVgI9TwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdO+5571yxXO9Ochf4uekAjnqvfJnt5+wLOYKmaTGdHwvxWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolJ1bpkyjRthSSufpzYkJjY8ZxaDtjikOz7M3E/7xOhtFlMBEqzZArtlgUZZJgQmZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwV9++S9pnrl+1b26q1Zq13kcRTiCYzgFHy6gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGV/yNLQ==</latexit>

Im(s)
<latexit sha1_base64="Y3LqzkeUnwELdAKBAtuk2k6ERVw=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKwMcp4EVvEcwDskuYncwmQ2Zml5leMSz5DS8eFPHqz3jzb5wke9DEgoaiqpvurjAR3IDrfjsrq2vrG5uFreL2zu7efungsGXiVFPWpLGIdSckhgmuWBM4CNZJNCMyFKwdjm6mfvuRacNj9QDjhAWSDBSPOCVgJd8H9gTZnZxUzFmvVHar7gx4mXg5KaMcjV7py+/HNJVMARXEmK7nJhBkRAOngk2KfmpYQuiIDFjXUkUkM0E2u3mCT63Sx1GsbSnAM/X3REakMWMZ2k5JYGgWvan4n9dNIboMMq6SFJii80VRKjDEeBoA7nPNKIixJYRqbm/FdEg0oWBjKtoQvMWXl0nrvOrVqlf3tXL9Oo+jgI7RCaogD12gOrpFDdREFCXoGb2iNyd1Xpx352PeuuLkM0foD5zPH9KBkYk=</latexit>

Re(s)
<latexit sha1_base64="nnL7SHdF7q3xOkUcu+rX6oJkWeI=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSRS8ONU8OKxiv2AJpTNdtIu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLBNTrOt7Wyura+sVnYKm7v7O7tlw4OWzpOFYMmi0WsOgHVILiEJnIU0EkU0CgQ0A5GN1O//QhK81g+4DgBP6IDyUPOKBrJ8xCeMLuHSUWf9Uplp+rMYC8TNydlkqPRK315/ZilEUhkgmrddZ0E/Ywq5EzApOilGhLKRnQAXUMljUD72ezmiX1qlL4dxsqURHum/p7IaKT1OApMZ0RxqBe9qfif100xvPQzLpMUQbL5ojAVNsb2NAC7zxUwFGNDKFPc3GqzIVWUoYmpaEJwF19eJq3zqlurXt3VyvXrPI4COSYnpEJcckHq5JY0SJMwkpBn8krerNR6sd6tj3nripXPHJE/sD5/ANQSkYo=</latexit>

` = 2
<latexit sha1_base64="WEBf9F7UDKMWQ3Ju0tebRSSTSpY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgA8QAl48RjAPSJYwO+lNxszuLDOzQgj5By8eFPHq/3jzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKllqhg2mBRStQOqUfAYG4Ybge1EIY0Cga1gdDvzW0+oNJfxgxkn6Ed0EPOQM2qs1OyiEDeVXrHklt05yCrxMlKCDPVe8avblyyNMDZMUK07npsYf0KV4UzgtNBNNSaUjegAO5bGNELtT+bXTsmZVfoklMpWbMhc/T0xoZHW4yiwnRE1Q73szcT/vE5qwkt/wuMkNRizxaIwFcRIMnud9LlCZsTYEsoUt7cSNqSKMmMDKtgQvOWXV0mzUvaq5av7aql2ncWRhxM4hXPw4AJqcAd1aACDR3iGV3hzpPPivDsfi9ack80cwx84nz8Ebo7C</latexit>

Resonances entering the  
the physical sheet.

More broad resonances

Unitarity will converge to |S|=1 for larger N 
here once the heavier resonances converge

Figure 5. The spin 2 resonance in the Regge trajectory of the graviball is heavier and broader
but still very well defined. There are now infinitely many resonances showing up. Unitarity is not
as clean here close to heavier resonances for this same N = 30. Indeed, when resonances enter
the physical sheet through the s > 0 cut we must have |S| = 0 at its location and thus sacrifice
unitarity saturation momentarily. More details can be found in appendix F. (d = 10 here).

Dimension m2`2P

9 3.0 + 0.8i
10 3.2 + 0.5i
11 3.3 + 0.3i

Table 3. Spin-0 “graviball” in different dimensions.

For l = 0 the well defined resonance (i.e. zero of |S0|) close to the real line is sometimes
called the graviball [14]. We find in the numerics in any dimension:6

The d = 10 value was estimated first in [1].7

At higher energy for l ≥ 2 there are more such zeros of |Sl(s)|. These correspond to
heavier resonances. There are probably infinitely many such resonances for any spin l but
we will only really attain this as N,L → ∞; in the current outcome of the numerics we

6It is amusing to note that our lower bound α ≥ 0.12 in ten dimensions is not so far from the upper
bound (3.42) in [15] α ≤ 0.09 estimated using the mass of the graviball m2 = 3.2/`2P in table III. At this
point, it seems like a numerical coincidence given that the extremal amplitudes studied here are quite far
from being weakly coupled.

7The real part is the same as in [1] but the width here is better estimated; it is broader than originally
reported.
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Figure 6. The first two Regge trajectories in 10d for N=30 and L=200. The error bars represent
the widths and the resonances lie on curved trajectories that scale approximately like `1.3. More
details in appendix F.

can only resolve a few of these. As pointed out in [1] these resonances seem to organize
themselves in nice curved Regge trajectories, see figure 6.

That we find an infinite sequence of resonances for higher spins is perhaps not surpris-
ing. We know gravity requires them to Reggeize properly. It is amuzing though that spin 0
seems to have a single resonance. Since we are minimizing α which can be extracted from
a simple sum rule [1]

α `6P = 2
π

∫ ∞
0

ds
ImA(s+ iε, t = 0)

s
, (5.1)

we see that minimizing the imaginary part of the amplitude is encouraged. That means
minimizing the number of possible bumps/resonances. It seems like a single one for spin 0
is the minimum.

There is also a sequence of broader zeroes. Calling them resonances or not would
be debatable, much like calling the QCD σ resonance a particle was debatable in pion
particle physics [16]. Here these zeros are really “more imaginary than real” which would
make their particle interpretation even more dubious. It would be fascinating to see how
all these resonances arise (or not) from re-organizing the singularities of weakly coupled
Virasoro-Shapiro as the coupling is increased; more on this below.

5.2 Low spin dominance

Since α is also given by a sum rule (5.1) we can partial wave decompose A in the sum
rule integrand to estimate how much each spin “contributes” to α. We find — perhaps not
surprisingly — that lower spins contribute the most to the result as depicted in figure 7
for our bootstrapped strongly coupled amplitude in d = 10. For comparison, in that same
figure we plotted the contribution to α spin by spin in perturbative string theory where
the same low spin dominance is also neatly observed despite these amplitudes being in
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Virasoro-Shappiro
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Figure 7. The Wilson coefficient α can be written as a sum rule: the integral of the imaginary part
of the amplitude in the forward limit. Decomposing the latter into its various spin contributions
we can assign a spin by spin contribution to the Wilson coefficient. Both the weakly coupled
perturbative String amplitude as well as the strongly coupled bootstrapped amplitude (plotted
here for d = 10 at N = 30 and L = 200) are dominated by the lowest spins.

dramatically different physical regimes. The computation of the perturbative string theory
values is in appendix G.

6 Discussion

6.1 Inelasticity from black hole production

At high energy, for each fixed ` we expect to enter the regime of black hole production
eventually. Above that energy s∗(`) we expect inelasticity to dominate and |S`(s)| ' 0,
see e.g. [17, 18]. This has implications on α. Indeed, we know that (5.1) is positive since
the integrand is positive. Black hole inelasticity allows us to improve this positivity bound
α > 0. Decomposing A(s, t) in the sum rule into partial waves we have (here we are
specializing to d = 10 for simplicity)

α = 16
3π4`14

P

∑
`

(`+ 1)6(2`+ 7)
∞∫
0

ds
1− Re(S`(s))

s8 , (6.1)

If we assume that for each spin there is a minimal energy s∗(`) after which the corresponding
S-matrix is effectively vanishing, we get

α &
16

3π4`14
P

∞∑
`=`∗

(`+ 1)6(2`+ 7)
∞∫

s∗(`)

ds

s8 . (6.2)

To produce a lower bound on α we need a model for the transition value s∗(`). The simplest
estimate is to define a semi-classical impact parameter b ≡ 2`/

√
s and set it equal to the
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Figure 8. If we start around `∗ equal to 4 or 6 we get an order of magnitude similar to the gap
between numerics and string theory. Much larger `∗ produce a negligible bound and smaller `∗’s
would lead to a much too strong bound even excluding string theory. This plot is done for d = 10;
d = 9, 11 are similar (the only significant difference is that for d = 11 both `∗ = 2 and `∗ = 4 would
predict too much inelasticity; there we would need `∗ ≥ 6).

Schwarzschild radius R7
S = 105π3`8P

2
√
s to get8

s∗(`) '
1
`2P

( 28`7

105π3

)1/4
. (6.3)

Of course, for the semi-classical picture to be valid we need the spin to be large so we
should sum starting at some critical `∗ in (6.2), ignoring the contributions from the lowest
spins ` < `∗ (after all we are interested in a lower bound). As we see in figure 8, if `∗ is
too small, this crude model would predict a lower bound way too stringent, even excluding
string theory; if `∗ is too large the predicted inelasticity is negligible. Would be great if
the small gap between the bootstrap and String theory values reported in table 1 could
have a simple inelasticity explanation. Properly incorporating inelasticity in the SUGRA
bootstrap, taking into account the ` < `∗, and making all this precise is an important open
problem we are currently investigating together with Lance Dixon.

8Strictly speaking, we should consider a spinning Myers-Perry black hole [19]. In this spacetime, the
horizon radius satisfies rd−3

H + (d−2)2`2

4M2 rd−5
H − 16πGN Γ((d−1)/2)

(d−2)2π(d−1)/2 M = 0. Plugging in b = rH changes the
threshold energy s∗(`) by a factor of 3

2 . Another subtlety in this case is that the horizon is shaped like a
pancake and accounting for this bulge caused by angular momentum once again changes the result by an
O(1) factor. We ignore these effects because they don’t change the qualitative picture below. We thank
the referee for suggesting this exercise.
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6.2 Other Wilson coefficients and sum rules

Of course, α is just the first out of infinitely many Wilson coefficients which parametrize
the low energy expansion of any SUGRA UV completion as

A(s, t) = 1
stu

[
1 + α `6P stu+ `d−2

P f1(s, t, u) (6.4)

+β`10
P (stu)(s2 + t2 + u2) + · · ·

]
,

Here we see the second Wilson coefficient — β — as well as the universal one loop correction
f1(s, t, u) computed in appendix D. These are the two leading corrections beyond α.

In String theory (α, β) carve out a beautiful space as depicted in figure 9 in ten dimen-
sions. The numerical bootstrap is a convex optimization problem and α and β are linear
functions of the S-matrix. So, the allowed bootstrap region, must be no smaller than the
convex hull of the String theory values. This is depicted by the gray region in figure 9. The
lower bound α ≥ 0.124 that we found is clearly away from this minimal region, however
as we discussed above, we expect this bound to tighten when we input inelasticity due to
black hole production. It would be fascinating to see what is the actual space predicted by
the Bootstrap. Will it mimic something like the gray shape in the figure — which could be
seen as either a remarkable coincidence or as strong evidence for the uniqueness of String
theory as a consistent UV completion — or will it be a much larger region? In principle
we have all the technology to settle this question: as done in the pion bootstrap [20], we
should add the f1 threshold behavior to the ansatz so we can access the subleading coeffi-
cient β. Then we can simply hold α fixed and maximize/minimize β. We hope to report
on progress in this direction soon.

Here, instead of carving out this space in this more rigorous way we will discuss how
we can try to measure β for the extremal amplitudes we found which minimize α. In short
— and with a big grain of salt since this extraction procedure is subtle — we find that
these amplitudes have a very small β. If true, these would indicate that (αbootstrap

min , 0) is
(either inside or very close being) inside the primal space.

We can read off the leading Wilson coefficients neatly by focusing on forward limit. At
−t� s� `−2

P we have that A(s, t)− 1/stu is approximately equal to
α `6P + η`7P

(
s1/2 + (−s)1/2

)
+ 2β`10

P s
2 , d = 9

α `6P + iη`8P s+ 2β`10
P s

2 , d = 10
α `6P + η`9P

(
s3/2 + (−s)3/2

)
+ 2β`10

P s
2 , d = 11

(6.5)

where the one-loop constant η is fixed by the corresponding d-dimensional f1 in the true
amplitude,

η =


π3

480 ' 0.0646 , d = 9
π3

1152 ' 0.0269 , d = 10
π4

8960 ' 0.0109 , d = 11
(6.6)

After all unitarity is saturated at threshold up to two loops.
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Figure 9. Allowed values of α and β in 10d type IIB String theory (colourful region corresponding
to various moduli in the fundamental region indicated by the inset) and in type IIA String theory
(solid black line). The convex hull of these allowed values is the region in gray (the lower boundary of
the convex hull is horizontal because when the complex string coupling τ → i∞ the ratio α/β → 0
in type IIB string theory.) Since the numerically bootstrap problem is convex the space of QG
theories carved out through this problem could at most capture this region. The current numerical
estimate for the minimum of α (' 0.124) would be outside the range of this plot and the measured
β through arcs would be much to the left. If we trust this point as being inside the primal region
then the convex hull would be much larger of course. Accounting for inelasticity it might approach
the String theory region.

Note that our ρ series ansatz will, strictly speaking, not have this behavior. In d = 10,
for instance, we see from (6.5) that we should have a logarithmic behavior while the ρ
ansatz contains only square roots! This is not a huge deal, with an infinite ρ series we can
reproduce any analytic function. In figure 10 we see how the constant imaginary plateau
(from Im log(−|x|) = iπ) is indeed better and better approached by the ρ series as N
increases. As this plot illustrates, this approach is not point-wise. The behavior very close
to the origin is always a bit polluted and as we go to larger energies, the EFT description
breaks down due to the graviball resonance. There is a nice intermediate region depicted
in green — which we colloquially call the EFT region — where this constant behavior is
well captured and the height matches the perturbative expectation. What we can then do
is to consider a point at a small s0 in the EFT region so that we can extract all constants
(α, β, η) from three simple sum rules

α− 2η
π
`2P s0 ≈

2
π`6P

∞∫
s0

ds
ImA

s
, (6.7a)

– 14 –



J
H
E
P
0
6
(
2
0
2
3
)
0
6
4

−η + 2α
π`2P s0

− 4β
π
`2P s0 ≈

2
π`8P

∞∫
s0

ds
ReA
s2 , (6.7b)

β + η

π`2P s0
≈ 1
π`10

P

∞∫
s0

ds
ImA

s3 , (6.7c)

where in the right hand side we plug the optimal amplitudes obtained from our numerics
evaluated at t = 0 and s infinitesimally above the real axis. What we did — see appendix E
— was a bit better than this. For several N ’s, we considered several s0 in the EFT region
and fitted the resulting sum rules to extract the best (α, β, η) which we then extrapolated
to N =∞. There are two important cross-checks of this procedure:

• η better agree with the analytic prediction from the one loop correction computed in
appendix D.1.

• α should match with the α we got from the minimization.

While this nicely works not only in d = 10 but also in the other d = 9, 11 — see panels in
appendix E — the β fits are quite erratic and therefore we are unable to get reliable fits.
However, they appear to converge to values smaller than the String Theory predictions as
anticipated above.

Again, the rigorous thing to do is to impose the right threshold behavior in the ansatz
and extremize both α and β.9 We will do it soon.
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A Decompactification limits

In string theory, the values of α in d+1 spacetime dimensions can be obtained from α in d di-
mensions by taking the decompactification limit R→∞, where R is the radius of the com-
pact extra dimension. This provides a consistency check of the formulas quoted in section 2.

9In d = 9 the behavior of the ansatz is already a bit closer to the real behavior and indeed the arc fits
seem to agree much better with the extremization targets.
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Figure 10. Integrand in the sum rule for α. The different lines correspond to N = 20 to 30 and
with the red line being N = 30. The horizontal dashed line is the one-loop term which is well
approximated in the green region by the ansatz. Therefore, eqs. (6.7) hold in this region.

Firstly, notice that we can relate the gravitational constant across dimensions by com-
paring the coefficient of the Ricci scalar in the spacetime action. This gives 16πGd =
16πGd+1/(2πR), which leads to

(`d)d−2R = (`d+1)d−1 , (A.1)

where `d denotes the Planck length in d spacetime dimensions. Then, from the scattering
amplitude (1.2), we expect

lim
R→∞

αd`
6
d = αd+1`

6
d+1 . (A.2)

IIA d = 10 −→ d = 11. Using (A.1) and the expression of the type IIA string coupling
gs = (R/`11) 3

2 in terms of the radius of the M-theory circle and the 11-dimensional Planck
length, it is straightforward to check that

lim
R→∞

αIIA`610 = π2

96 `
6
11 , (A.3)

in agreement with (2.1).
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IIA d = 9 −→ d = 10. In order to check this decompactification limit, one needs the
following formulas

ν =
(
R

`10

) 3
2
g

7
8
s , Im τ = R

`10
g
− 3

4
s , (A.4)

that relate the 9 dimensional parameters to the 10 dimensional ones [9].10 Then, using
E 3

2
(τ, τ̄) ∼ 2ζ3(Im τ) 3

2 for large Im τ , we can easily check that

lim
R→∞

`69
26

[
ν−

3
7E 3

2
(τ, τ̄) + 2π2

3 ν
4
7

]
= `610α

IIA . (A.5)

IIB d = 9 −→ d = 10. In this case, we keep fixed the complexified string coupling τ
and the 10-dimensional Planck length `10, and use ν = (`10/R)2 and (A.1) to compute the
limit:

lim
R→∞

`69
26

[
ν−

3
7E 3

2
(τ, τ̄) + 2π2

3 ν
4
7

]
= `610

26 E 3
2
(τ, τ̄) . (A.6)

B Numerical setup

The numerical optimization follows [1] and uses most of the same technology. To start with,
we have the ansatz (3.1). In order to have the correct large energy and large spin behaviour,
we impose the linear constraints described in appendices G and F of [1]. We impose the
unitarity conditions eq. (3.5) as SDP constraints for ` = 0, 2, 4 . . . L and s ∈ [0,∞) on a
Chebyshev grid of size 326.

Additionally, for each grid point in s, we impose the novel Positivity in the Sky
conditions with SDP matrices of size d × d in d-dimensions. As we increase the en-
ergy, the impact parameter decreases and we need to shrink the opening angle θ0 of the
cone (figure 1) in order to see non trivial scattering. Therefore, we scale θ0 such that
t0 = −s

2 (1− cos θ0) = −0.005 is held fixed.
In addition to the positivity conditions considered in the main text, we can also do

something intermediate between full Unitarity in the Sky and linear Positivity in the Sky.
Following the split in (3.1) into the SUGRA tree-level part tree and the rest — which we
will refer to as loops — we can split

2 Imt− t†treettree − t†treetloops − t†loopsttree � t†loopstloops � 0

and impose that the left hand side is positive semi-definite, see figure 11. This still requires
computing the integrals over the intermediate phase space when multiplying tree and
loops but those are done once and for all and the left hand side remains linear in the loops
variables so the M2 cost is gone. This extra constraint is not stronger (or weaker) than
positivity since the mixed terms in the left hand-side do not have a definite sign. Instead,
it is an extra condition we can easily impose. We call it Tree-level Subtracted Positivity
in the Sky. However, we checked that these extra constraints do nothing significant in the
examples studied in this paper; their tiny effects can not even be seen in our plots.

10These formulas follow from the ones in [9] using the standard relations `810 = g2
s`

8
s and `79 = g2

9`
7
s that

involve the string length `s and the 9-dimensional coupling g9.
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Figure 11. Tree-level Subtracted Positivity in the Sky.

C Unitarity in the Regge limit

At high energies and large impact parameters, the gravitational S-matrix is governed by
semiclassical physics. In this regime, the tree level graviton exchange must eikonalize [18,
21–23],

S(s, b) ≈ eiδ(0)(s,b), (C.1)

where b = 2`/
√
s is the impact parameter and δ(0) is the tree level phase shift (D.2). In

a physical theory, this behaviour results from an infinite sum of ladder and crossed ladder
diagrams [23], which are the leading contributions in this limit. In addition to fixing high
energy unitarity, these terms lead to infinitely many resonances in the crossed channel
organized into a Regge trajectory as in the Virasoro-Shapiro amplitude [24]. However, at
finite N , our ansatz can only have a finite number of zeros. We should therefore expect
trouble with unitarity in this semiclassical regime. Indeed, as we increase N , we see more
and more zeros entering the physical sheet as described in appendix F.

More concretely, we can address this problem by looking at unitarity in the double
scaling limit of large s and large ` with b2 = 4`2/s held fixed. Let us denote the partial
wave amplitudes by h`(s) = −i(S`(s) − 1). The contribution of the graviton pole to the
partial waves can be computed straightforwardly and is given by,

hpole
` (s) =

Γ
(
d
2 − 2

)
2d−1π

d−2
2

s
d−2

2

(`+ 1)d−4
. (C.2)

Clearly, when s ∼ `2, this term grows like `2. The ρ ansatz must unitarize the amplitude
by cancelling this divergence. We can obtain the partial wave decomposition of the ansatz
in the double scaling limit using the Froissart-Gribov equation

h`(s) = 2N s d−4
2

π

∫ ∞
1

dz (z2 − 1)
d−4

2 Qd` (z)DisczT (s, z) , (C.3)

where N is the same normalization constant as in (3.4) and Qd` (z) is the Gegenbauer-Q
function. It is given by the following expression [25],

Qd` (z) = Cd` λ(z)−`

(λ(z)2 − 1)
d−3

2
2F1

(5− d
2 ,

d− 3
2 ; d+ 2`− 1

2 ; 1
1− λ(z)2

)
, (C.4)
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where λ(z) = z+
√
z2 − 1 and Cd` is a constant11. In order to study the large spin behaviour,

we need to zoom in close to the forward limit. Let us change variables to z = 1+ θ2

2`2 . Now,
consider the following integral representation for the Hypergeometric function,

2F1(a, b; c;x) = Γ(c)
∫ 1

0 dt tb−1(1− tx)−a(1− t)−b+c−1

Γ(b)Γ(c− b) (C.5)

which is valid for c > b > 0. Note that at large spin λ(z) ≈ 1, so the argument of the
Hypergeometric is very large. Therefore, the integral is dominated by the region near t = 1.
Let us again change variables to t = 1− r/` and expand the integrand in 1/`. Integrating
the resulting series, we get the following approximation for `� 1,

N (z2 − 1)
d−4

2 Qd` (z) ∼
(2θ) d−4

2 Γ
(
d−2

2

)
K d−4

2
(θ)

`d−4 + . . . (C.6)

where once again, z = 1 + θ2

2`2 . One can systematically go to higher orders in 1/`.
Plugging in a monomial of the form ρi(s)ρj(t)ρk(u) and the above expansion for the Q-

function into (C.3) with s = 4`2/b2, we obtain a complicated expression which schematically
looks like

hijk` (s) ∼ K0(b)
(
`6poly(1/b) + `5poly(1/b) + . . .

)
+ K1(b)

(
`6poly(1/b) + `5poly(1/b) + . . .

)
+
(
`6poly(1/b) + `5poly(1/b) + . . .

)
,

(C.7)

where poly(1/b) is a placeholder for polynomials in 1/b whose degree depends on i, j, k and
Kν(x) are Struve functions of the second kind. This expression grows like `6, so it might
be possible to unitarize the pole term which grows like `2.

We need to cancel the coefficients of positive powers of ` in(
hpole
` (s) +∑

ijk αijkh
ijk
` (s)

)
. We need unitarity to hold at all energies, and there-

fore at all b. Also, the terms in the three lines of (C.7) cannot mix. So, we need to cancel
separately all the structures that come with different powers of b in poly(1/b). This gives
us a set of linear constraints analogous to the high energy fixed angle conditions in [1]. It
turns out however that at finite N there are no non-trivial solutions (i.e. with non-zero
GN ). Therefore we must encounter infeasibility as we go to very large L at fixed N .

In practice, the bootstrap works hard to delay this divergence to spins larger than L. To
see this better, consider the extremal amplitude for N = 24 and L = 200. We computed the
partial waves h`(s) in the manner described above upto order 1/`2 and evaluated it at a large
value of s∗ ≈ 7×1010. In figure 12, we see that there are unitarity violations for ` > L = 200.
This means that the numerical optimization procedure pushes the violations to just beyond
the point where we are probing it. Other values of N and L display the same behavior.

This analysis tells us that the apparent plateaus in figure 3 must be transient and
eventually all those curves need to shoot up. This infeasibility will be more pronounced for

11Cd` =
√
πΓ(`+1)Γ( d−2

2 )
2`+1Γ(`+ d−1

2 )
.
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Figure 12. Here we plot h`(s∗) for a fixed s∗ ≈ 7×1010 up to corrections of order 1/`3 for N = 24
and L = 200 in 10d. The dashed grey line is unity. We have imposed full unitarity up to ` = 200
and interestingly, there are unitarity violations for ` > 200.

small values of N because the ansatz has less freedom to tame these effects, see figure 13.
Of course, as N →∞ these plateaus will be longer and longer such that fitting them and
then extrapolating in N should yield the optimal minimal value of α. For the range of N
considered in figure 3, we expect the infeasibility to show up at very high spins beyond the
reach of our numerics. The naive extrapolations to L → ∞ in section 4 should always be
understood as estimates for the heights of these long transient plateaus.

Is it possible to invent a better (crossing symmetric and analytic) ansatz that can
satisfy unitarity at all energies and for all spins, with a finite number of parameters? This
is a very interesting question that we do not know the answer.

D One loop unitarization

Here we determine the one-loop contribution to (1.2) using elastic unitarity. This appendix
complements appendix B of [1] where this was carried out in detail in d = 10 and where the
general d setup was described. As explained there, the main relation in this computation
reads

Im f1 = 8s d2−3tu

(2π)d−3

∞∑
`=0
even

(
δ

(0)
`

)2
P

(d)
`

(
u− t
u+ t

)
(D.1)

which can be summed in closed form in a given spacetime dimension. Here δ(0)
l is the tree

level phase shift

δ
(0)
` = π

d−3
2 Γ(d− 4)

2d−1Γ
(
d−3

2

)
(`+ 1)d−4

. (D.2)
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Figure 13. For large enough energy and spin we will run into trouble with unitary at any finite
N . The smallest value of N for which the high energy linear constraints from [1] are feasible is
N = 10. We see here that for N = 10 and 11, we encounter infeasibility as we impose more
unitarity conditions at L = 50 and L = 150 respectively. For N = 12 we begin to lose the plateau
near L = 340. This is as far as we went in spin, but it seems likely that N = 12 will become
infeasible for L ≈ 360. Since the runaway will be more and more delayed with larger N , to be
more rigorous and avoid this trouble, we could do a fit in L and N at the same time rather than
extrapolating in L first and N last. Such mixed fits were explored in [26].

Once we find the imaginary part from (D.1) we find the full one loop amplitude f1 in

T = (2π`P )d−2

4π
s4

stu

(
1 + α `6P stu+ `d−2

P f1(s, t, u) + · · ·
)

(D.3)

by finding an appropriate crossing symmetric expression with that imaginary part.

d = 10.

Im f1 = π3s3

7680t2u2

[
−stu

(
s2 + 7(t− u)2

)
(D.4)

+8t5 log (−t/s) + 8u5 log (−u/s)
]
.

From this one can use analyticity and crossing to reconstruct the function f1 from its
imaginary part,

f1 = π2

960

[
−s

3 (t5 + u5) log2(−s)
2t2u2 (D.5)

− t3
(
s5 + u5) log2(−t)

2s2u2 − u3 (s5 + t5
)

log2(−u)
2s2t2

+ s3t3 log(−s) log(−t)
u2 + s3u3 log(−s) log(−u)

t2
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+ t3u3 log(−t) log(−u)
s2 − s4(s2 + 7(t− u)2) log(−s)

8tu

− t4(t2 + 7(s− u)2) log(−t)
8su − u4(u2 + 7(s− t)2) log(−u)

8st

+1
8
(
s2 + t2 + u2

)2
(

1 + π2 (s6 + t6 + u6 − 13s2t2u2)
2s2t2u2

)]

One can easily check that this crossing symmetric function has the s-channel imaginary
part given by (D.4). The rational part is fixed by dimensional analysis and the requirement
that f1 vanishes at t = 0, so that the residue of the T amplitude at t = 0 is not affected
by the one loop contribution.

d = 11.

Im f1 = π4s9/2 (23t2u2 − 20t3u− 20tu3 + 15t4 + 15u4)
46080t2u2

− π5s7/2√tu
(
t6 + u6)

12288t3u3 (D.6)

+
iπ4s7/2√tu

(
u6 − t6

)
log

(√
−u+i

√
−t√

−t+i
√
−u

)
6144t3u3

This matches the result in [3] (up to an overall normalization), which also gives the full
result

f1 = π4stu

46080 (B(s, t) +B(s, u) +B(u, t)) (D.7)

where

B(s, t) = −
15(st) 5

2 log
(

(√−s−t+√−s)(√−s−t+√−t)√
st

)
(−s− t)7/2

− (−s) 5
2
(
3s2 + 11st+ 23t2

)
+ (−t) 5

2
(
23s2 + 11st+ 3t2

)
(s+ t)3 (D.8)

d = 9.

Im f1 = −π
3s7/2 (3t2 − 4tu+ 3u2)

768tu

+ π4s5/2√tu
(
t4 + u4)

1024t2u2 (D.9)

+
iπ3s5/2√tu

(
t4 − u4) log

(√
−u+i

√
−t√

−t+i
√
−u

)
512t2u2 .

This leads to

f1 = B(s, t) +B(s, u) +B(u, t) (D.10)
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Figure 14. Integration contour leading to equation (E.2). The large arc does not contribute
because f(s)→ 0 when |s| → ∞.

where

B(s, t) =
π3(st)5/2 log

(
(√−s−t+√−s)(√−s−t+√−t)√

st

)
256(−s− t)3/2

− π3s3√−t(2s+ 5t)
768(s+ t) − π3√−st3(5s+ 2t)

768(s+ t) . (D.11)

E Dispersive sum rules for α, β and γ

In this appendix, we obtain the low energy coefficients using fixed-t dispersion relations for
the 11d amplitude (in 9d and 10d the analysis is very similar).

Consider the function f(s) ≡ limt→0
(
A(s, t)− 1

stu

)
. This function is analytic in the

upper-half plane with a branch point at s = 0. The branch cut stretches along the real axis
and f(s∗) = [f(s)]∗ on the first Riemann sheet. Furthermore, crossing symmetry implies
that f(s) = f(−s). At small s, and for d = 11, we can expand the function as follows,

f(s) = α `6P + η`9P (s3/2+(−s)3/2) + 2β`10
P s

2 +O(s5/2). (E.1)

Consider now the contour integral in figure 14 for the function f(s)/s. By Cauchy’s
theorem

∮
ds f(s)/s = 0, which gives

i

∫ π

0
dθ f(s0e

iθ) =
∫ ∞
s0

ds

s
[f(s+ iε)− f(−s+ iε)]

= 2i
∫ ∞
s0

ds

s
Im f(s+ iε) (E.2)

For s0 � 1, the left hand side of (E.2), becomes

i

∫ π

0
dθ f(s0e

iθ) = iπα`6P − i
4η
3π`

9
P s

3/2
0 +O(s5/2

0 ). (E.3)

In the same limit, the right hand side of (E.2) gives

2i
∫ ∞
s0

ds

s
Im f(s+) ≡ 2i

∫ ∞
s0

ds

s
ImA(s+, t = 0) , (E.4)
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Figure 15. In all dimensions, α extracted from the sum rules converges to the bootstrap mini-
mization targets in table 1. The coefficient η converges well to the values fixed by unitarity (6.6).
In 9− d, β is clearly attaining values lower than the String Theory minimum. Similarly in 10− d,
the decreasing trend in β appears to go below the string theory minimum. The β values in 11− d
are the noisiest and are far from converging.

where s+ = s+ iε. Therefore, we conclude that

α− 4η
3π
(
`2P s0

)3/2
≈ 2
π

∫ ∞
s0

ds
ImA(s+, 0)

`6P s
. (E.5)

Similarly, we obtain a sum rule involving β by repeating this analysis with f(s)/s3

β + 2η
π

(
`2P s0

)−1/2
≈ 1
π

∫ ∞
s0

ds
Im A(s+, 0)

`10
P s

3 . (E.6)

Choosing the function f(s)/s5/2 yields the following sum rule,

η − 2α
3π
(
`2P s0

)−3/2
+ 4
π
β
(
`2P s0

)1/2
≈ 2
π

∫ ∞
s0

ds
1

`9P s
5/2 Im

[
A(s+, 0)
(1 + i)

]
. (E.7)
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For completeness, we report the sum rules in 9d

α+ 4η
π

(`2P s0)1/2 ≈ 2
π

∫ ∞
s0

ds
ImA(s+, 0)

`6P s
(E.8)

η + 2α
π

(`2P s0)−1/2 − 4β
3π (`2P s0)3/2 ≈ 2

π

∫ ∞
s0

ds

`7P s
3/2 Im

[
A(s+, 0)
(1− i)

]
(E.9)

β − 2η
3π (`2P s0)−3/2 ≈ 1

π

∫ ∞
s0

ds
ImA(s+, 0)

`10
P s

3 (E.10)

As explained in the main text, we can use the sum rules in (6.7) and those computed
above to extract β and the 1-loop coefficient η from the extremal amplitudes. For instance,
in 10d we evaluated the sum rules at various values of N and L, with s0 lying in the region
depicted in figure 10 and found the best fit values for α, β and η (see figure 15). In all
dimensions, η converges to the value predicted by unitarity. In 10d and 11d, α converges to
values slightly below those in table 1 due to the following reason — the ansatz (3.1) behaves
like s9/2 at low energies, whereas the expected low energy behaviour, from unitarizing the
tree level is sd/2. This mismatch for d = 10 and 11 leads to the peak at s = 0 seen in
figure 10, and ignoring that leads to slightly lower α.

F Resonances in the extremal amplitudes

Resonances in a scattering amplitude show up as zeros of the partial waves Sl(sR) = 0 on
the physical sheet of the complex s plane. When the zero is sufficiently close to the real axis
in a region where the scattering is nearly elastic |Sl(Re sR)| ∼ 1 it produces the expected
experimental signature of an unstable particle: the spin l phase shift δl(s) = 1

2i logSl(s)
jumps by π in a neighbourhood of Re sR. In this regime we can use the Breit-Wigner
approximation and relate the position of the zero to the physical mass and decay width
parameters sR = (mR + i

2ΓR)2. In figure 16 we plot the location of the three most visible
zeroes corresponding the lowest lying resonances in the spin l = 0, 2, 4 for the extremal
amplitude in d = 10 as a function of N .12 The dependency on N is denoted by the color
(from blue to red as we increase N). It is interesting to notice how the ratio Γ

m ∼ 0.2
for these three resonances, is comparable with the ratio Γρ

mρ
for the ρ meson in QCD.

This confirms that the spectrum of resonances of the extremal amplitude minimizing α

resembles that of a strongly coupled theory. Figure 16 also shows the different rate of
convergence of the different partial waves. For the spin zero graviball, the location of the
real part of the resonance almost does not change as we increase N , although it moves
along the imaginary axis entering in the physical sheet through the cut. For the higher
spin resonances convergence is harder and their trajectory in N looks more erratic. The
blue circles denote our extrapolated estimates.

12To find the position of the resonances we perform a Newton’s search in the complex plane. At each
step we approximate the zero by

sn+1 = sn −
Sl(sn)
S′l(sn) (F.1)

where the values of Sl(sn) and S′l(sn) are computed numerically using a simple quadrature method.
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Figure 16. Lightest resonances’ location sR for spin l = 0, 2, 4 as we increase N all the way to
N = 30. In a dashed blue circle we estimated (by eye) where the resonance seems to eventually
converge to.

In figure 17a, 17b, and 17c we plot the absolute value of |Sl(ρ)| for l = 0, 2, 4 in the
upper half-plane in s, corresponding to the semi-circle |ρ| ≤ 1, and Im ρ ≥ 0, for different
values of N . For the spin zero partial wave, figure 17a, we observe the presence of a single
resonance close to the boundary of the disk (the spin zero graviball of figure 16), and a
number of zeros entering through the left cut −1 < ρ < 1. Their number increases as we
increase N . We do not have a physical interpretation for such zeros since they lie almost
along the imaginary s axis and cannot be interpreted as resonances. For spins l = 2, 4
in figures 17b, and 17c beyond the leading l-spin graviballs we also observe several higher
energy resonances entering into the ρ disk through the boundary, accompanied by other
zeros coming in through the left cut.

The way new resonances enter the physical sheet is quite interesting. On the one hand
unitarity always tends to be saturated in these S-matrix bootstrap numerics [10], trying
to converge towards |Sl(s)| ' 1 for real s. (Indeed, note in figure 4 that for s > 0 and
not too large we have indeed |S| ' 1 indicated by the orange colour; that region becomes
larger as N increases.) On the other hand, when the resonance zero enters the physical
sheet we will have |Sl(s)| ' 0 nearby that resonance. In practice what happens is that
unitarity needs to be sacrificed for a while when the resonance enters the physical sheet
and afterwards it struggles to be saturated again. In other words, as we increase N , there
is a tension between unitarity saturation and the addition of more and more resonances
needed to ensure a good behavior of the amplitude in the Regge limit. This should be
related to the tension raised by Caron-Huot which we discussed in appendix C.

In figure 18 we plot the |Sl(ρ)| for l = 0, 2, 4 in 9d and 11d. The extremal amplitudes
in these cases present the same qualitative features of the 10d amplitudes.
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(a) Spin-0 resonances.

(b) Spin-2 resonances.

(c) Spin-4 resonances.

Figure 17. Resonances in the 10d extremal amplitudes for various spins and N in the ρ plane.
Here, the physical energies s > 0 are mapped to the boundary of the disks and we see resonances
entering into the first sheet as we increase N .
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Figure 18. Resonances in 9d and 11d for N = 30 and L = 200. Here too, the spin-0 partial wave
only has one resonance close to the real axis in the s complex plane.

G Virasoro Shapiro spin decomposition

It is amusing to recall how α extracted from the sum rule goes for perturbative string
theory and contrast that to what we find here. By expanding Virasoro-Shapiro we have

AVS = 1
stu

Γ(1− s
4)Γ(1− t

4)Γ(1− u
4 )

Γ(1 + s
4)Γ(1 + t

4)Γ(1 + u
4 )
' 1
stu

+ ζ3
32 + . . . (G.1)

Here we omit the 8πGN overall normalization and recall that s, t, u are all measured in
units of string length (and not Planck length). Let us recall first how the sum rule

α = 2
π

∫ ∞
0

ds
ImA(s+ iε, t = 0)

s
. (G.2)

produces the perturbative αVS = ζ3/32. (Again, the ζ3/32 is in units of string length; in
units of Plank Length it would be ζ3/32×(lstring/lPlank)6 →∞ in this perturbative regime.)
When t = 0 we have u = −s and

AVS ' −
1
s2t

+
( 1
s3 −

1
s2H(s/4) + 1

s2H(−s/4)
)

+ . . . (G.3)

At positive s the last Harmonic number has poles when s/4 in an integer; these correspond
to the various massive strings. At the pole s = 4n we thus have

AVS ' −
1

(4n)2t
− 1

(4n)2 ×
1

s− 4n + . . . (G.4)

Each pole contributes as −iπ to the imaginary part,

Im(AVS) ' π

(4n)2 δ(s− 4n) (G.5)

so that plugging it into (G.6) yields

αVS = 2
∞∑
n=1

1
(4n)3 = ζ3

32 . (G.6)
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It is fun to probe deeper inside this sum rule and decompose it into its various spin con-
tributions. We have, for s ' 4n,

AVS '
1

s− 4n ×
(−1)n+1Γ

(
− t

4
)

Γ
(
n+ t

4+1
)

(4n+t)2Γ(n+1)2Γ
(
t
4+1

)
Γ
(
−n− t

4
)

≡ 1
s− 4n

2(n−1)∑
l=0

c
(n)
l

C
7/2
l (1 + 2t

s )
C

7/2
l (1)

. (G.7)

It is trivial to compute as many constants c(n)
l as needed; it is quite nontrivial to

establish analytically that they are all negative as recently studied in [27], see also [28].
The previous computation is reproduced as

αVS = 2
π

∞∑
n=1

−π
4n

2(n−1)∑
l=0

c
(n)
l︸ ︷︷ ︸

− 1
(4n)2

. (G.8)

Instead, we can swap both sums to get

αVS =
∞∑
l=0

(
α

(l)
VS ≡

∑
n

−1
2n c

(n)
l

)
. (G.9)

We can plot how the contribution of this sum up to spin L contributes to α. Spin 0 alone
contributes to about 84% of the result and the first 4 spins capture 99% of ζ3/32 as depicted
in figure 7. We can of course repeat the same exercise and see how much the various spins
contribute to our bootstrapped amplitude; that is also in figure 7 for d = 10. (d = 9, 11
exhibit a very similar behavior.)

Once we find an interpolation between perturbative and strongly coupled String theory
we should find an interpolation between all such sum rules.
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