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Abstract. Continuing the investigations started in the recent work [12] on semi-global con-
trollability and stabilization of the (1+1)-dimensional wave maps equation with spatial domain
S1 and target Sk, where semi-global refers to the 2π-energy bound, we prove global exact con-
trollability of the same system for k > 1 and show that the 2π-energy bound is a strict threshold
for uniform asymptotic stabilization via continuous time-varying feedback laws indicating that
the damping stabilization in [12] is sharp. Lastly, the global exact controllability for S1-target
within minimum time is discussed.

1. Introduction

Recently, control problems of the geometric wave maps equations were studied in [12]; it
appears that controllability of this particular model has not been considered before. Recall
that by controllability, one means that for any given initial and final states, one can construct
a localized control that steers the solution from the one state to the other, and that by stabi-
lization, one means that by using a suitable localized control feedback, depending on the state
at the current time but not on the initial data, one can stabilize the system. In this paper, we
continue to investigate the global controllability and stabilization problems of this geometric
model for the case of the spatial domain S1 and Sk target. This research enables us to discover
more general and intrinsic control properties of this geometric model including:

• The damped wave maps flow converges to harmonic maps with quantitative asymptotic
analysis. One can naturally compare it to the convergence of the harmonic maps heat
flow to harmonic maps.
• Quantitative global exact controllability of the controlled wave maps equations when
k ≥ 2. One has to bypass the stationary states of the system, i. e. the harmonic maps,
using well-designed controls.
• 2π-energy level is not only a limitation of the damping stabilization caused by harmonic

maps, but also a generic obstruction for general uniform asymptotic stabilization, for
all k.

The geometric wave maps equations generalize the wave equations taking values in R to those
taking values in geometric targets, and more specifically Riemannian manifolds. Let us be given
a Riemannian manifold (M, g) and the flat space endowed with Minkowski metric (R1+n, h).
The functions φ : R× Rn →M that are critical for the Lagrangian action functional

LhM =

∫
R1+n

−|∂tφ|2g + |∇xφ|2gdxdt

satisfy the following system of geometric wave equations in local coordinates:

2φi + Γijk∂
αφj∂αφ

k = 0 where 2 := −∂tt + ∆,
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which is an example of a system of semilinear wave equations. We refer to the survey paper by
Tataru [16] for an excellent introduction to this topic, and to the former paper [12] by the last
two authors for first investigations on the controllability for this equation.

Given a Riemannian target manifold, we are interested in the global controllability and sta-
bilization problems of the corresponding wave maps equation. Heuristically speaking, one can
naturally expect to obtain local controllability and stabilization properties for wave maps equa-
tions from the related results on linear wave equations, a well-known fact (see for example [1]).
We mainly focus on global control problems, or semi-global control problems in the presence
of obstructions; for example this is the case for the damping stabilization where harmonic maps
prevent us from getting global stabilization.

To reduce the technical difficulty of the problem, we start by considering the simplest case
that the maps are from R×S1 to Sk-target, where the analysis is somewhat easier thanks to the
fact that the geometric target Sk, the unit sphere of Rk+1, is simple (in particular has explicit
geodesics), and leave the (much) more complicated cases that map R × Sl to M to follow up
work. We note right away that in the case l > 1, more complex phenomena will have to be
dealt with, most notably finite time blow up [9, 15]. In the specific case that we study in this
paper, the wave maps equation from [0, T )× S1 to Sk can be written as follows:{

2φ =
(
|φt|2 − |φx|2

)
φ, ∀(t, x) ∈ (0, T )× S1,

(φ, φt)(0) = (g0, g1).

Let us first recall the control framework introduced in [12]. For any initial state (g0, g1) :
S1 → TSk and any Rk+1-valued source term f(t, x) having sufficient regularity we consider the
following forced nonlinear wave equation:

(1)

{
2φ =

(
|φt|2 − |φx|2

)
φ+ fφ

⊥
, ∀(t, x) ∈ (0, T )× S1,

(φ, φt)(0) = (g0, g1),

where by fφ
⊥

we refer to the orthogonal projection of f onto the tangent space TφSk of Sk at

φ: fφ
⊥

= f − 〈f, φ〉φ. When the source term f(t, x) is chosen to be supported in [0, T ]× ω for
some given nonempty open set ω ⊂ S1, we call the preceding system internally controlled and
the subdomain ω the control area.

We are also interested in the following damped wave maps equation with a view towards the
issue of stabilization, where the damping term a(x)φt that is localized in ω can be regarded as
a special control term (also called a closed-loop stabilization term; moreover, one easily checks
that a(x)φt(t, x) belongs to Tφ(t,x)Sk).

2φ =
(
|φt|2 − |φx|2

)
φ+ a(x)φt,(2)

throughout this paper the continuous function a(x) is fixed and satisfies:

(3) a(x) ≥ 0 in S1, supp a ⊂ ω, a 6= 0.

Throughout this paper, we denote by E the energy of the system:

(4) E((φ, φt)(t, ·)) :=

∫
S1

(
|φx|2 + |φt|2

)
(t, x)dx, ∀t > 0.

By slightly abusing the notations when there is no risk of confusion, we also denote E((φ, φt)(t, ·))
by E(φ[t]) or simply E(t).

Direct energy estimates indicate that the damping effect dissipates the energy:

d

dt
E(t) = −2

∫
S1
a(x)|φt|2(t, x)dx ≤ 0.
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Moreover, it is further proved in [12] that the energy decays exponentially towards 0 provided
that the initial value of the energy is strictly smaller than 2π, see Proposition 1.1 (i) for de-
tails. This stabilization technique has been heavily adapted to the study of control problems of
dispersive equations including linear and defocusing wave equations, KdV, Schrödinger equa-
tions, among others. Such an exponential stability property is typically related to the so-called
observability inequalities,

E(0) ≤ c
∫ T

0

∫
S1
a(x)|φt|2(t, x)dxdt, ∀φ[0].

More precisely, the following results concerning semi-global controllability and stabilization
are demonstrated in [12]:

PROPOSITION 1.1. ([12, Theorem 1.1 and Theorem 1.3]) Let ν > 0. Consider the wave
maps equation from R× S1 to Sk, k ≥ 1.
(i) (Semi-global stabilization of the damped wave maps equation) There exist some effectively
computable C and c > 0 such that for any initial state φ[0] : S1 → TSk satisfying

E(0) ≤ 2π − ν,
the unique solution of the damped wave maps equation (2) decays exponentially:

E(t) ≤ Ce−ctE(0), ∀t ∈ (0,+∞).

(ii) (Semi-global exact controllability of the wave maps equation) There exist some effectively
computable T ≥ 2π and C > 0 such that, for any pair of initial and final target states u[0] and
u[T ] : S1 → TSk satisfying

‖u[0]‖2
Ḣ1

x×L2
x
, ‖u[T ]‖2

Ḣ1
x×L2

x
≤ 2π − ν,

we can explicitly construct a Rk+1-valued control f(t, x) compactly supported in [0, T ]× ω and
satisfying

‖f‖L∞t L2
x([0,T ]×S1) ≤ C

(
‖u[0]‖Ḣ1

x×L2
x

+ ‖u[T ]‖Ḣ1
x×L2

x

)
,

such that the unique solution of the inhomogeneous wave maps equation (1) with initial state
u[0] satisfies φ[T ] = u[T ].

Regarding these semi-global control results, where the word “semi-global” refers to the fact
that states are restricted below the first critical energy level 2π, several questions arise naturally:

(Q1) As remarked in [12], the 2π-energy level in Proposition 1.1 (i) is optimal in the sense
that harmonic maps appear as non-trivial stationary states of the damped wave maps equa-
tion. Because harmonic maps (for example an equator) are not minimizers of the energy,
they are not stable stationary states. One may pose the question whether this energy level
is a threshold for uniform asymptotic stabilization with arbitrary stationary feedback law
f(t, x) = F (φ(t, x), φt(t, x)) or even time-varying feedback law f(t, x) = F (t;φ(t, x), φt(t, x)).
Specifically, is it possible to construct a continuous time-varying feedback law,

(5)
F : R×H1

x × L2
x(S1;TSk) → L2

x(S1)
(t; (φ, φt)) 7→ F (t; (φ, φt))

satisfying
supp F (t; (φ, φt)) ⊂ ω, ∀t ∈ R, ∀(φ, φt) ∈ H1

x × L2
x(S1;TSk)

such that the closed-loop system

(6) 2φ(t, x) =
(
|φt|2 − |φx|2

)
(t, x)φ(t, x) + (F (t; (φ, φt)(t, ·))(x))φ(t,x)⊥

is uniformly asymptotically stable with a large basin of attraction? To quantify the basin of
attraction, we introduce the following definition.
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DEFINITION 1.2. Let e > 0. Let us denote by H(e) the set of states

(7) H(e) := {u[0] : u[0](x) ∈ TSk, ∀x ∈ S1, E(u[0]) ≤ e}.
The closed-loop system (6) is called uniformly asymptotically stable in H(e) if there exists a KL
function h, i.e. (see, for example, [7, Def. 24.2, page 97]) a continuous function h : R+×R+ →
R+ satisfying

∀t ∈ R+, h(·, t) is strictly increasing and vanishes at 0,

∀s ∈ R+, h(s, ·) is decreasing and lim
t→+∞

h(s, t) = 0,

such that the energy of the system decays uniformly as follows:

(8) E(φ[t]) ≤ h(E(φ[0]), t), ∀t ∈ (0,+∞), ∀φ[0] ∈ H(e).

REMARK 1.3. In fact, instead of (8), the usual definition of uniform asymptotic stability
(see, for example, [7, Def. 36.9, page 174]), requires that, for every τ ∈ R,

(9) E(φ[t]) ≤ h(E(φ[τ ]), t− τ), ∀t ∈ (τ,+∞), ∀φ[τ ] ∈ H(e).

However (8) is sufficient for the obstruction given in Theorem 1.6.

(Q2) Is it possible to remove the semi-global restriction in Proposition 1.1 (ii) to obtain
the stronger global controllability result? Of course, global controllability is impossible when
the target is S1, since the curve φ(t)(·) : S1 → S1 has a degree which does not depend on t.
However, when the target is a higher dimensional sphere, harmonic maps are homotopic to
trivial states (any point state). This inspires us to expect such a global controllability result for
k > 1. It is conjectured in [12] that for a general Riemannian manifold target the controllable
space (accessible space) is equivalent to its first homotopy class.

DEFINITION 1.4. Let (M, g) be a Riemannian manifold. The controlled wave maps equation
φ : R × S1 → M is said to be globally exact controllable in homotopy class if for any
pair of initial and final target states (u[0], u[T ]) in H1

x × L2
x(S1; Sk) both with finite energy and

such that u(0, x) and u(T, x) are homotopic, there exists a control f0 ∈ L2
t,x([0, T ] × S1) with

some T > 0 depending on the given pair of states and having a support included in [0, T ] × ω
such that, the unique solution of the controlled wave maps equation with initial state φ[0] = u[0]
and control f0 satisfies φ[T ] = u[T ].

Conjecture 1.5. Let (M, g) be a Riemannian manifold. The controlled wave maps equation
φ : R× S1 →M is globally exact controllable in homotopy class.

This conjecture is the strongest possible one in the sense that as time t changes, φ(t) always
lives in the same homotopy class in [S1,M].

(Q3) Finally, observe from Definition 1.4 that the time period T may depend on the initial
and final states; one may further wonder about the possibility of controlling the system in
homotopy class within some fixed time period T , or even within short time intervals, instead
of the large-time controllability result presented in the preceding proposition. Of course, due
to the finite speed of propagation, the minimum time for exact controllability should be at
least 2π − |ω| (see [3, Chapter 2.1 and Chapter 2.4] for a heuristic explanation on this type of
minimum time based on transport equations and wave equations).

This paper is devoted to the study of these questions leading to the following answers:
First, we show that 2π-energy is a strict threshold for (time-varying) uniform asymptotic

stabilization by means of continuous feedback laws indicating that Proposition 1.1 (i) is sharp,
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also for k > 1. Its proof is based on a topological observation concerning the evolution of the
flow that connects the uniform asymptotic stability and degree theory. We observe that vari-
ous topological conditions necessary for uniform asymptotic stabilization of finite dimensional
systems are discussed in the literature, for example the criterion based on homotopy groups
found by the first author [2]. To the best of our knowledge, this is the first time that such an
important topological property appears in the context of stabilization of PDE based models.

THEOREM 1.6. For any time-varying feedback law F satisfying conditions (P1)− (P4) (the
precise conditions will be given in Section 2)

F : R×H1
x × L2

x(S1;TSk)→ L2
x(S1),

the closed-loop system (6) is not uniformly asymptotically stable in H(2π).

REMARK 1.7. In the above theorem there is no condition on the support of F (t, (φ, φt)): this
obstruction to uniform asymptotic stability holds even for ω = S1.

REMARK 1.8. It is natural to ask whether for any time-varying feedback law F satisfying
conditions (P1)− (P3) (namely, we remove the Lipschitz condition concerning the uniqueness
of solution to the closed-loop system) the closed-loop system (6) is not uniformly asymptotically
stable in H(2π).

The second result answers Conjecture 1.5 for the spherical target case. We hope that this
framework can further inspire a complete proof of the conjecture for general Riemannian man-
ifold targets.

THEOREM 1.9 (Global exact controllability for Sk-target). Let k ≥ 2 and M > 0. There
exist some effectively computable T > 0 and C > 0, such that for any initial state u[0] and final
target state u[T ] both in H(M), there exists some control term f0 ∈ C([0, T ];L2(S1)) compactly
supported in [0, T ] × ω such that the unique solution of the controlled wave maps equation (1)
with initial state u[0] and control f0 satisfies φ[T ] = u[T ].

After this result on the global exact controllability property without any control period
restriction, we try to seek global controllability results within optimal control time. Again,
starting by working with the one-dimensional target, we show that T = 2π is sufficient to
control the system when the target is S1. Under this circumstance, the controlled wave maps
equations can be transformed into a controlled linear wave equation for which the controllability
properties are well-known. This gives the following theorem.

THEOREM 1.10 (Global exact controllability within sharp time for S1-target). The con-
trolled wave maps equation φ : R × S1 → S1 is globally exactly controllable in homotopy class.
Moreover, this controllability holds in every time T > T0 with

(10) T0 := max
x∈T
{min{α ≥ 0 : x+ α ∈ ω}} ≤ 2π.

and T0 is optimal for this property.

However, for the more complicated Sk-target case this technique is no longer valid. This
problem becomes much more delicate in the sense that the nonlinear term plays a leading role
for large states, especially for states that are far away from geodesics. Indeed, such a sharp
control period problem still remains open for wave maps equations for general target M. For
1D semilinear wave equations, let us mention [18] by E. Zuazua which gives the optimal time.

This paper is organized as follows. We first present some preliminary results concerning the
well-posedness issues of the wave maps equations and the controlled wave maps equations in
Section 2. Then, Section 3 is devoted to the proof of Theorem 1.6 concerning generic obstruction
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on uniform asymptotic stabilization at 2π-energy level. In Section 4 we show that the controlled
wave maps equation is indeed globally exact controllable, namely Theorem 1.9. Lastly, some
discussion on sharp control time, which is related to Theorem 1.10, is contained in Section 5.

2. Some preliminary results

In this preliminary section we recall some well-posedness and continuous dependence results
that will be used later on. First of all, thanks to direct energy estimates, there exists some
effectively computable Q > 1, depending only on the value of ‖a(x)‖L∞ , such that any solution
of the damped wave maps equation (2) satisfies

(11) Q−1E(−16π) ≤ E(0) ≤ E(−16π).

We stress that throughout this paper we work with the energy based regularity, namely (φ, φt)(x) ∈
H1 × L2(S1), while the wave maps equation is known to be well-posed in the less regular Hs

space with s > 3/4 [8]. For readers’ convenience, let us start by giving the definition of the
inhomogeneous wave maps equations:

DEFINITION 2.1. Let T1 ∈ R, T2 ∈ (T1,+∞). Let (g0, g1) ∈ L2(S1;TS1) and f ∈
L2(T1, T2;L2

x(S1;Rk+1)). A solution to the Cauchy problem of the inhomegeneous wave maps
equation

(12)

{
2φ =

(
|φt|2 − |φx|2

)
φ+ fφ

⊥
, ∀(t, x) ∈ (T1, T2)× S1,

(φ, φt)(T1) = (g0, g1),

is a function (φ, φt) : [T1, T2] × S1 → TSk that belongs to C([T1, T2];H1 × L2(S1;TSk)) such
that, for every τ ∈ (T1, T2], for every ϕ(t, x) ∈ C1([T1, τ ]× S1) one has∫ τ

T1

∫
S1

(
φx · ϕx − φt · ϕt + (|φt|2 − |φx|2)φ · ϕ+ fφ

⊥ · ϕ
)

(t, x)dtdx

=

∫
S1
φt · ϕ(T1, x)dx−

∫
S1
φt · ϕ(τ, x)dx.(13)

Similarly, one can define a solution of the damped wave maps equation by replacing f by
a(x)φt. Concerning the inhomogeneous wave maps equation and the damped wave maps equa-
tion, one has the following well-posedness results:

LEMMA 2.2 (Well-posedness of the inhomogeneous wave maps equation and the damped
wave maps equation: [12]). Let T̄ > 0. Denote the domain [−T̄ , T̄ ]× S1 by D.

(i) For any initial state φ[0] : S1 → TSk in H1
x × L2

x and any source term f(t, x) : [−T̄ , T̄ ]×
S1 → Rk+1 in L2

t,x(D), the inhomogeneous wave maps equation (1) admits a unique solution

φ[t] on the time interval t ∈ [−T̄ , T̄ ]. This solution takes values in the target TSk:

(φ, φt)(t, x) ∈ TSk.
Moreover, there exists some effectively computable constant Cw > 0 depending only on the value
of T̄ such that this unique solution verifies the energy estimates1

‖φ[t]‖Ḣ1
x×L2

x
≤ Cw

(
‖φ[0]‖Ḣ1

x×L2
x

+ ‖f‖L2
t,x(D)

)
, ∀t ∈ [−T̄ , T̄ ],

‖φv‖L2
vL
∞
u ∩L∞u L2

v(D) + ‖φu‖L2
uL
∞
v ∩L∞v L2

u(D) ≤ Cw
(
‖φ[0]‖Ḣ1

x×L2
x

+ ‖f‖L2
t,x(D)

)
.

1We use the notation on the standard null coordinates u = x+t, v = t−x. Note that under the null coordinates
of (u, v) the diamond-shaped region D is not a standard rectangular-shaped region, thus the L2

uL
∞
v (D)-norm

(resp. L2
vL
∞
u (D)-norm, L∞u L

2
v-norm, L∞v L

2
u-norm and L2

uL
2
v-norm ) of a function f can be understood as

‖f̃‖L2
uL∞

v (D̃), where we extend D to a rectangle region D̃ under (u, v)-coordinate and extend f to f̃ trivially as

zero in the region D̃ \D.
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(ii) For any initial state φ[0] : S1 → TSk in H1
x × L2

x, the damped wave maps equation (2)
admits a unique solution φ[t] for t ∈ R This solution takes values in the target Sk:

(φ, φt)(t, x) ∈ TSk.
Moreover, this unique solution verifies the energy estimates

‖φ[t]‖Ḣ1
x×L2

x
≤ Cw‖φ[0]‖Ḣ1

x×L2
x
, ∀t ∈ [−T̄ , T̄ ],

‖φv‖L2
vL
∞
u ∩L∞u L2

v(D) + ‖φu‖L2
uL
∞
v ∩L∞v L2

u(D) ≤ Cw‖φ[0]‖Ḣ1
x×L2

x
.

Similar to Lemma 2.2, and using the same proof, one also has the following well-posedness
result for the free inhomogeneous wave equation.

LEMMA 2.3 (Well-posedness of the inhomogeneous wave equation). Let T̄ > 0. There exists
an effectively computable constant C = C(T̄ ) such that, for any T ∈ (0, T̄ ], for any initial state
φ[0] : S1 → Rk+1 × Rk+1 in H1

x × L2
x and any source term f(t, x) : [−T, T ] × S1 → Rk+1 in

L2
t,x(D), the inhomogeneous wave equation

(14) 2φ = f with (φ, φt)(0, x) = φ[0],

admits a unique solution φ[t] in the time interval t ∈ [−T, T ]. Moreover, this unique solution
verifies the energy estimates

‖φ[t]‖H1
x×L2

x
≤ C

(
‖φ[0]‖H1

x×L2
x

+ T
1
2 ‖f‖L2

t,x([−T,T ]×S1)

)
, ∀t ∈ [−T, T ],

‖φv‖L2
vL
∞
u ∩L∞u L2

v([−T,T ]×S1) + ‖φu‖L2
uL
∞
v ∩L∞v L2

u([−T,T ]×S1)

≤ C
(
‖φ[0]‖Ḣ1

x×L2
x

+ T
1
2 ‖f‖L2

t,x([−T,T ]×S1)

)
.

LEMMA 2.4. (Continuous dependence of the inhomogeneous wave maps equation and the
damped wave maps equation). Let T̄ > 0, let M > 0. Denote the region [−T̄ , T̄ ]× S1 by D.

(i) There exists an effectively computable constant C = C(T̄ ,M) such that, for any initial
states φ[0], ϕ[0] : S1 → TSk in H1

x × L2
x and any source terms f(t, x), g(t, x) : [−T̄ , T̄ ] × S1 →

Rk+1 in L2
t,x(D) satisfying

‖φ[0]‖Ḣ1×L2+‖ϕ[0]‖Ḣ1×L2+‖f‖L2
t,x(D)+‖g‖L2

t,x(D)≤M,

the unique solutions of the inhomogeneous wave maps equations

(15) 2φ =
(
|φt|2 − |φx|2

)
φ+ fφ

⊥
, (φ, φt)(0, x) = φ[0],

and

(16) 2ϕ =
(
|ϕt|2 − |ϕx|2

)
ϕ+ gϕ

⊥
, (ϕ,ϕt)(0, x) = ϕ[0],

satisfy the following energy estimates, where w := φ− ϕ,

‖(wx, wt, w)‖L∞t L2
x(D) + ‖wu‖L2

uL
∞
v ∩L∞v L2

u(D) + ‖wv‖L2
vL
∞
u ∩L∞u L2

v(D)

≤ C
(
‖w[0]‖H1×L2+‖f − g‖L2

t,x(D)

)
.

(ii) For any initial states φ[0], ϕ[0] : S1 → TSk in H1
x × L2

x satisfying

‖φ[0]‖Ḣ1×L2+‖ϕ[0]‖Ḣ1×L2≤M,

the unique solutions of the damped wave maps equations

2φ =
(
|φt|2 − |φx|2

)
φ+ a(x)φt, (φ, φt)(0, x) = φ[0],

and
2ϕ =

(
|ϕt|2 − |ϕx|2

)
ϕ+ a(x)ϕt, (ϕ,ϕt)(0, x) = ϕ[0],
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satisfy the following energy estimates, where w := φ− ϕ,

‖(wx, wt, w)‖L∞t L2
x(D) + ‖wu‖L2

uL
∞
v ∩L∞v L2

u(D) + ‖wv‖L2
vL
∞
u ∩L∞u L2

v(D)

≤ C‖w[0]‖H1×L2 .

Proof of Lemma 2.4. We only prove the result concerning the inhomogeneous equation, as the
same proof yields the continuous dependence result on the damped wave maps equation. The
proof is straightforward and is based on a bootstrap argument. Let T ∈ (0, T̄ ) with its value to
be fixed later on. For ease of notation, we shall denote the region (0, T )× S1 as QT , and define
the norm WT by

(17) ‖w‖WT
:= ‖(wx, wt, w)‖L∞t L2

x(QT ) + ‖wu‖L2
uL
∞
v ∩L∞v L2

u(QT ) + ‖wv‖L2
vL
∞
u ∩L∞u L2

v(QT ).

Thanks to Lemma 2.2, we know that ‖φ‖WT
and ‖ϕ‖WT

are uniformly bounded by some
constant depending on T̄ and M .

One immediately deduces from Equations (15) and (16) that

2w = (wu · φv)φ+ (wv · ϕu)φ+ (ϕu · ϕv)w + fφ
⊥ − gϕ⊥ =: F,

thus, according to Lemma 2.3 for estimates on w, one obtains

‖w‖WT
. 2‖w[0]‖H1×L2+T

1
2 ‖F‖L2

t,x(QT ).

Next, we estimate the value of F in order to close the loop. Successively there is

‖(wu · φv)φ‖L2
t,x(QT ) . ‖φv‖L2

vL
∞
u (QT )‖wu‖L∞v L2

u(QT ). ‖w‖WT

‖(wv · ϕu)φ‖L2
t,x(QT ) . ‖w‖WT

‖(ϕu · ϕv)w‖L2
t,x(QT ) . ‖w‖WT

,

and

fφ
⊥ − gϕ⊥ =f − 〈f, φ〉φ+ g − 〈g, ϕ〉ϕ

=(f − g) + 〈f, φ〉w + 〈f, w〉ϕ+ 〈f − g, ϕ〉ϕ
satisfies

‖fφ⊥ − gϕ⊥‖L2
t,x(QT ). ‖f − g‖L2

t,x(QT )+‖w‖WT
.

Therefore, by choosing T sufficiently small depending only on the values of T̄ and M , one has

‖w‖WT
. ‖w[0]‖H1×L2+‖f − g‖L2

t,x(QT ).

This ends the proof of the first property (i). �

Let us be given a time-varying feedback law F , namely a map:

F : R×H1
x × L2

x(S1;TSk)→ L2
x(S1;Rk+1),(18)

(t; (g0, g1)(·)) 7→ F (t, (g0, g1)(·))(x)|x∈S1 .
We assume that this map is a Carathéodory map in the following sense:

(P1) ∀R > 0,∃CB(R) > 0 such that
(
‖(g0, g1)‖Ḣ1×L2 ≤ R⇒ ‖F (t, g0, g1)‖L2 ≤ CB(R)

)
.

Moreover, we assume that the function CB(R) is nondecreasing.
(P2) ∀(g0, g1) ∈ H1

x × L2
x(S1;TSk), the function t ∈ R 7→ F (t, g0, g1) ∈ L2(S1;Rk+1) belongs

to L2
loc(R;L2(S1;Rk+1))

(P3) for almost every t ∈ R, the function (g0, g1) ∈ H1
x × L2

x(S1;TSk) 7→ F (t, g0, g1) ∈
L2(S1;Rk+1) is continuous.

We also assume that F is a Lipschitz map in the sense that

2Throughout this paper we use the notation a . b to indicate that a ≤ Cb where C is some effectively
computable constant.
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(P4) for every R > 0, there exists K(R) > 0 such that(
‖(φ1, φ1t)‖Ḣ1×L2 ≤ R, ‖(φ2, φ2t)‖Ḣ1×L2 ≤ R

)
⇒

(‖F (t, φ1, φ1t)− F (t, φ2, φ2t)‖L2 ≤ K(R)‖(φ1 − φ2, φ1t − φ2t)‖H1×L2) .

We are interested in the stability of the closed-loop system (6) with F as defined in (18).
First, we give the definition of solutions to this system:

DEFINITION 2.5. Let us be given a map F in form of (18) that satisfies conditions (P1)–
(P3). Let T1 ∈ R. Let (g0, g1) ∈ L2(S1;TS1). A function (φ, φt) is a solution to the Cauchy
problem
(19){
2φ(t, x) =

(
|φt|2 − |φx|2

)
(t, x)φ(t, x) + F (t, φ(t, ·), φt(t, ·))(x)φ(t,x)⊥ , ∀(t, x) ∈ (T1,+∞)× S1,

(φ, φt)(T1, x) = (g0, g1)(x),

if there exists an interval I with a non-empty interior satisfying I ∩ (−∞, T1] = {T1} such that
(φ, φt) : I × S1 → TSk that belongs to C([T1, T2];H1 ×L2(S1;TSk)) is a solution to the Cauchy
problem (12) with f(t, x) = F (t, φ(t, ·), φt(t, ·))(x). The interval I is denoted by D(φ, φt).

We say that a solution (φ, φt) is maximal if, for every solution (φ̃, φ̃t) to the Cauchy problem
(19) such that

D(φ, φt) ⊂ D(φ̃, φ̃t),

(φ, φt)(t, ·) = (φ̃, φ̃t)(t, ·) for every t ∈ D(φ, φt),

one has

D(φ, φt) = D(φ̃, φ̃t).

DEFINITION 2.6. Let us be given a map F in form of (18) that satisfies conditions (P1)–
(P3). Let I be a nonempty interval of R. A function (φ, φt) is a solution of the closed-loop
system (6) on I if, for every [T1, T2] ⊂ I, the restriction of (φ, φt) to [T1, T2]× S1 is a solution
of the Cauchy problem (19) with initial state (φ, φt)(T1, ·).

For such a closed-loop system we have the following global well-posedness and continuous
dependence result, the proof of which we put in Appendix A.

PROPOSITION 2.7. Let us be given a map F in form of (18) that satisfies conditions
(P1)–(P4).

(i). For every R ∈ (0,+∞), there exists a time T (R) > 0 and a constant L(R) > 0 such
that,

• for every T1 ∈ R and for every initial state (g0, g1) satisfying ‖(g0, g1)‖Ḣ1×L2 ≤ R, the
Cauchy problem (19) has one and only one solution on [T1, T1 + T (R)].
• for every T1 ∈ R, for every (g0, g1) (resp. (g̃0, g̃1)) satisfying ‖(g0, g1)‖Ḣ1×L2 ≤ R

(resp.‖(g̃0, g̃1)‖Ḣ1×L2 ≤ R), the unique solution of the Cauchy problem (19) with initial

state (g0, g1)(resp. (g̃0, g̃1)) on [T1, T1 + T (R)], (φ, φt) (resp. (φ̃, φ̃t)) satisfies

‖(φ, φt)− (φ̃, φ̃t)‖H1×L2(t) ≤ L(R)‖(g0, g1)− (g̃0, g̃1)‖H1×L2 , ∀t ∈ [T1, T1 + T (R)].

(ii). For every T1 ∈ R, for every initial state (g0, g1) ∈ H1×L2(S1;TSk), the Cauchy problem
has one and only one maximal solution (φ, φt). If D(φ, φt) is not equal to [T1,+∞), then there
exists some τ ∈ R such that D(φ, φt) = [T1, τ) and one has

lim
t→τ−

‖(φ, φt)‖H1×L2 = +∞.
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3. 2π-energy threshold for uniform asymptotic stabilization

As stated in the introduction, in this section we explore global stabilization of the closed-
loop system (6). Instead of the classical damping feedback one is allowed to use any other
time-varying continuous feedback law (5). An intuitive idea is to construct a feedback law such
that a given harmonic map, denoted by (Q, 0), is no longer a stationary state and hope that
the energy dissipates around this state. This may bypass the obstruction caused by (Q, 0).

3.1. Damping and harmonic maps. Damping stabilization, a standard tool for stabiliza-
tion, has been extensively studied in the literature for both linear and nonlinear dispersive
equations including the wave equations, Schrödinger equations, KdV among others. In this
special circumstance, the feedback law is chosen as

F (t;φ[t]) := a(x)φt(t, x) with a(x) ≥ 0, supp a ⊂ ω, a 6= 0.

Typically, it relies on the so-called compactness-uniqueness method and provides nearly opti-
mal theoretical results, while the drawback of this method is usually the lack of a quantitative
description. Recently, the first two authors have studied the quantitative control of some ba-
sic dispersive models, namely KdV [11] and the radial focusing Klein–Gordon equation [10],
and have provided a more quantitative description. Another important property of damping
stabilization is that it sometimes leads to global stabilization results, notably for defocusing
dispersive equations like nonlinear wave equations [14] among others, in contrast to other sta-
bilization techniques usually limited to local results such as backstepping [6] and spectral type
methods [13, 17]. In [12], the last two authors found that the damping stabilization technique
leads to semi-global exponential stabilization of the wave maps equation. As explained in the
introduction, the energy restriction comes from harmonic maps and cannot be improved.

3.2. Topology and obstruction to stabilization.

Proof of Theorem 1.6. We argue by contradiction. We assume the existence of a time-varying
feedback law (which is not necessarily linear) F satisfying conditions (P1)− (P4),

F : R×H1
xL

2
x(S1;TSk)→ L2

x(S1),

such that the closed-loop system (6) is uniformly asymptotically stable in H(2π). Let us define
the flow for solutions of the closed-loop wave maps system with initial time equal to 0:

Φ = (Φ1,Φ2) : R×H1
xL

2
x(S1;TSk) → H1

xL
2
x(S1;TSk)

(t, u[0]) 7→ φ[t],

where φ[t] is the unique solution of

2φ =
(
|φt|2 − |φx|2

)
φ+ F (t;φ[t])φ

⊥
, (φ, φt)(0) = u[0].

Indeed, the existence of such a unique solution is given by Proposition 2.7. By Definition 1.2
and the asymptotic stability assumption, there exists a KL function h such that

(20) E(Φ(t, (φ, 0))) ≤ h
(∫

S1
|φx|2dx, t

)
,

∀t ∈ (0,+∞), ∀φ ∈ H1(S1; Sk) such that

∫
S1
|φx|2dx ≤ 2π.

In particular, for every δ > 0 there exists T = T (δ) > 0 such that ∀φ ∈ H1(S1; Sk) satisfying∫
S1
|φx|2dx ≤ 2π,

there is

(21) |Φ1(T, (φ, 0))(x1)− Φ1(T, (φ, 0))(x2)| < δ, ∀x1, x2 ∈ S1.
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• Case k = 1. Let φ ∈ H1(S1; S1). Observe that, for any given time t, Φ1(t, (φ, 0)) is in
C0(S1;S1) and hence has a degree. Since t 7→ Φ1(t, (φ, 0)) ∈ C0(S1;S1) is continuous, this
degree does not depend on time. Note that (21) implies that (see the case k = 2 for more
details)

(22) deg(x ∈ S1 7→ Φ1(T (δ = 1), (φ, 0))(x) ∈ S1) = 0.

We take

(23) φ(x) := x.

Then ∫
S1
|φx|2dx = 2π and deg(x ∈ S1 7→ Φ1(0, (φ, 0))(x) ∈ S1) = deg(φ) = 1,

which leads to a contradiction due to (22) and concludes the proof of Theorem 1.6 in the case
k = 1.

REMARK 3.1. The above proof to the obstruction of asymptotic stabilizability comes in fact
from the following obstruction to controllability: it is not possible to move from (φ, 0), with φ
defined in (23), to (u0, u1) ∈ H1

xL
2
x(S1;TS1) if the deg(u0) 6= 1.

• Case k = 2. In this case the system is globally controllable thanks to Theorem 1.9. Thus
the topological properties of S2 cannot provide any obstruction to controllability. However, the
topological aspect for asymptotic stabilization is different from the one of controllability: there
is a topological property of S2 (namely the non triviality of the homology group H2(S2)) which
leads to an obstruction to uniform asymptotic stabilization as we are going to see now.

In [12] it is shown that 2π is an energy threshold for damping stabilization. Let us show that
2π is exactly the energy threshold for uniform asymptotic stabilization whatever the feedback
used. Here we have chosen to work with the S2-target to simplify the notations, leaving the
situation of higher dimension targets Sk to the next case. Let A : S1

s × S1
x → S2 be defined by

(24) A(s, x) :=

{
(sin s cosx, sin s sinx, cos s)T , ∀s ∈ [0, π],

(− sin s cosx, sin s sinx, cos s)T , ∀s ∈ (π, 2π).

In (24) and until the end of Section 3.2 we identify S1 with R/2πZ. This A, as one can easily
check, leads to a γ ∈ C0(S1

s;C
1(S1

x;S2)) if one requires that

(25) γ(s)(x) := A(s, x).

A key observation is that the degree of A is not 0. More precisely, one has the following lemma.

LEMMA 3.2. The degree of A is 2.

Proof. Observe that p := (1, 0, 0) is a regular point of the map A such that

A−1(p) = {(π/2, 0), (3π/2, 0)}.

Around the point (π/2, 0), more precisely for the region s ∈ (0, π), the Jacobi matrix of A is
given by

JA := (∂sA, ∂xA,A) =

cos s cosx − sin s sinx sin s cosx
cos s sinx sin s cosx sin s sinx
− sin s 0 cos s

 ,

which leads to

detJA = sin s > 0.
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Around the point (3π/2, 0), more precisely for the region s ∈ (π, 2π), the Jacobi matrix of A is
given by

JA := (∂sA, ∂xA,A) =

− cos s cosx sin s sinx − sin s cosx
cos s sinx sin s cosx sin s sinx
− sin s 0 cos s

 ,

which leads to
detJA = − sin s > 0.

Therefore, the degree of the map A is

deg(A) = 1 + 1 = 2.

�

Note that

E((γ(s), 0)) =

∫
S1

(sin s)2dx = 2π(sin s)2 ≤ 2π, ∀s ∈ S1.

Moreover, thanks to (21), by taking T = T (δ = 2) one has

(26) |Φ1(T, (γ(s), 0))(x)− a(s)| < 2, ∀s ∈ S1, ∀x ∈ S1,

with

(27) a(s) := Φ1(T, (γ(s), 0))(0) ∈ S2.

Note that, by Lemma 2.4 and (27), a ∈ C0(S1; S2). Indeed, thanks to Proposition 2.7, there
exists some L > 0 such that for every s1, s2 belong to S1, and for every t ∈ [0, T ], we have

‖Φ1(t, (γ(s1), 0))(·)− Φ1(t, (γ(s2), 0))(·)‖H1 ≤ L‖(γ(s1), 0)(·)− (γ(s2), 0)(·)‖H1×L2 ,

≤ CL‖γ(s1)(·)− γ(s2)(·)‖C1 .

This implies that

Φ1(t, (γ(s), 0))(x) ∈ C0
(
S1
s ;C0([0, T ];H1(S1

x;S2))
)
↪→ C0

(
S1
s ;C0([0, T ];C0(S1

x; S2))
)

Now we are able to define a continuous map

(28)
H1 : [0, T ]× S1

s × S1
x → S2

(t; s, x) 7→ Φ1(t, (γ(s), 0))(x)

Extend H1 to t ∈ [T, T + 1] as

(29) H1(T + r; s, x) :=
(1− r)H1(T ; s, x) + ra(s)

|(1− r)H1(T ; s, x) + ra(s)|
∈ S2.

Note that the denominator appearing in (29) never vanishes as one can see by using (26) and the
fact that bothH1(T ; s, x) and a(s) are in S2. Clearly,H1 : [0, T+1]×S1

s×S1
x → S2 is a continuous

map which shows that H1(t = 0) : S1
s × S2

x → S2 is homotopic to H1(t = T + 1) : S1
s × S1

x → S2.
In particular

(30) deg((s, x) ∈ S1
s × S1

x 7→ H1(0; s, x) ∈ S2) = deg((s, x) ∈ S1
s × S1

x 7→ H1(T + 1; s, x) ∈ S2).

On the one hand, by Lemma 3.2, we know that

(31) deg((s, x) ∈ S1
s × S1

x 7→ H1(0; s, x) ∈ S2) = degA = 2.

On the other hand,
H1(t = T + 1) = B : (s, x) 7→ a(s).

Since the value of B(s, x) = a(s) only depends on one variable, its degree is 0. This is in
contradiction with the fact that, by (30) and (31),

2 = degA = degB.

This concludes the proof of Theorem 1.6 in the case k = 2.
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• Case k ≥ 3. Let us start with the case k = 3. One defines A2 : S1 × S1 × S1 → S3 and
γ2 ∈ C0(S1 × S1;H1(S1; S3)) by

(32) A2(s1, s2, x) :=

{
(sin s1A(s2, x)T , cos s1)T , ∀s1 ∈ [0, π],

(− sin s1A(s2, x)T , cos s1)T , ∀s1 ∈ (π, 2π),

and

(33) γ2(s1, s2)(x) := A2(s1, s2, x).

We have

E((γ2(s1, s2), 0)) = 2π sin s1
2 sin s2

2 ≤ 2π,deg(A2) = 4 6= 0.

As in the case k = 2, this gives the proof of Theorem 1.6 for k = 3. For k > 3 one defines by
induction on k Ak : (S1)k+1 → Sk+1

(34) Ak(s1, s2, . . . , sk, x) :=

{
(sin s1Ak−1(s2, . . . , sk, x)T , cos s1)T , ∀s1 ∈ [0, π],

(− sin s1Ak−1(s2, . . . , sk, x)T , cos s1)T , ∀s1 ∈ (π, 2π).

and define and γk ∈ C0((S1)k;H1(S1; Sk+1)) by

(35) γ(s)(x) := A(s, x).

We have

E((γk(s1, . . . , sk), 0)) = 2π sin s1
2 . . . sin sk

2 ≤ 2π and deg(Ak) = 2k 6= 0,

which, again, leads to a contradiction.
�

REMARK 3.3. We may consider the stronger “state uniform asymptotic stabilization” prop-
erty for which the solution converges to some given stationary state (p, 0), with p ∈ Sk. Then
(8) is replaced by

(36) ‖φ[t]− (p, 0)‖H1
x×L2

x
≤ h(‖φ[0]− (p, 0)‖H1

x×L2
x
, t), ∀t ∈ (0,+∞), ∀φ[0] ∈ H(e).

Obviously, this type of stabilization is stronger than the former one given in Definition 1.2.
If the energy is sufficiently small, then there exists some point p ∈ Sk such that the state is close
to (p, 0) in H1

x×L2
x. The difference between these two types of stabilization comes from the fact

that, for the former stabilization, solutions with different initial states can converge to different
points. It turns out that there is an obstruction to state uniform asymptotic stabilization already
with e = 0. It suffices for that to consider γ : Sks → H1(S1

x; Sk) defined by

(37) γ(s)(x) = s, ∀s ∈ Sk, ∀x ∈ S1.

Then

E((γ(s), 0)) = 0,(38)

deg(s ∈ Sk 7→ γ(s)(0) ∈ Sk) = 1.(39)

Moreover, from (36) one has, for T > 0 large enough,

deg(s ∈ Sk 7→ Φ1(T, (γ(s), 0))(0) ∈ Sk) = 0.(40)

However, since

[0, T ]× Sks → Sk,
(t, s) 7→ Φ1(t, (γ(s), 0))(0)
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is continuous, there is

(41) deg(s ∈ Sk 7→ γ(s)(0) ∈ Sk) = deg(s ∈ Sk 7→ Φ1(0, (γ(s), 0))(0) ∈ Sk)

= deg(s ∈ Sk 7→ Φ1(T, (γ(s), 0))(0) ∈ Sk),

which leads to a contradiction with (39) and (40).

4. Global controllability of the wave maps equation for Sk-target, k ≥ 2

4.1. The three-step strategy for controllability to constant states. By constant states
we mean states (φ1, φ2) ∈ H1

xL
2
x(S1;TSk) such that φ2 = 0 and there exists p ∈ Sk such that

φ1(x) = p. Due to the time-reversal property of the inhomogeneous wave maps equation it
suffices to establish the exact controllability to a given constant state to prove Theorem 1.9,
namely, for any given state and given constant state, prove the existence of a control that steers
in finite time the control system from this given state to the given constant state. For this
purpose we perform a three-step strategy:

• Firstly, we show that the damping effect dissipates the system’s energy such that the
unique solution converges asymptotically to harmonic maps, namely its energy must
converge to some critical value 2πN2. This generalizes Proposition 1.1 (ii) for which
the energy is strictly limited from above by 2π. See Theorem 4.2 for details.
• Secondly, we continue to decrease the system’s energy by designing explicit controls such

that it becomes strictly smaller than the preceding critical value 2πN2. Subsequently,
we again perform the damping technique to make the energy converge to 2πN2

1 with
N1 < N , and design precise controls to decrease it below this value. We iterate these
two steps until the energy of the solution is smaller than 2π. See Theorem 4.3 for details.
• Lastly, we use the low-energy exact controllability result Proposition 1.1 (ii) to conclude

the proof of exact controllability to the given constant state.

To be more precise, the following two theorems exactly correspond to the above-illustrated
strategy. To better formulate the results, we introduce the so-called “ε-approximate harmonic
maps”:

DEFINITION 4.1. Let 0 < ε < 1. We call “ε-approximate harmonic maps” the states
(u, ut)(x) ∈ TSk that belong to the set

(42) Qε :=
⋃

φ̄(x): a harmonic map

{
(u, ut) : ‖(u, ut)− (φ̄, 0)‖H1

x×L2
x
≤ ε
}
.

The first result shows that for any given ε and any given initial state, the unique solution of
the damped wave maps equation becomes a “ε-approximate harmonic map” after a long time
evolution.

THEOREM 4.2. Let ε > 0 and M > 0. There exists some effectively computable Tε,M >

0 such that for any initial state u[0] ∈ H1
xL

2
x(S1;TSk) in H(M), there exists some time

t0 ∈ [0, Tε,M ] such that the unique solution of the damped wave maps equation enters the “ε-
approximate harmonic maps” region:

φ[t0] ∈ Qε ∩H(M).

In the second stage, for any “ε-approximate harmonic maps” we construct an explicit control
to lower its energy below the critical value provided ε is sufficiently small:

THEOREM 4.3. Let T = 2π, M > 0. There exist some effectively computable constants
ν1 > 0, ε1 > 0, C1 > 0 such that, for any initial state u[0] such that

u[0] ∈ Qν1 ∩H(M),
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we can construct an explicit control f̄(t, x) compactly supported in [0, T ]× ω satisfying

‖f̄‖L∞t L2
x([0,T ]×S1) ≤ C1,

and find some integer N satisfying

2πN2 ≤M,

such that the unique solution of{
2φ =

(
|φt|2 − |φx|2

)
φ+ fφ

⊥
,

φ[0](x) = u[0](x),

verifies

E(T ) ∈ (2πN2 − 10ε2
1, 2πN

2 − ε2
1).

Armed with the preceding theorems, we can easily prove Theorem 1.9, while the rest of this
section is devoted to the proof of the two preceding theorems.

Proof of Theorem 1.9. This is a direct consequence of Theorems 4.2–4.3 and the low-energy
exact controllability property, Proposition 1.1 (ii). �

4.2. Proof of Theorem 4.2: the damped wave maps flow convergences to harmonic
maps. We first focus in this section on the proof of Theorem 4.2 showing that for any given
initial state the damped wave maps flow converges to some harmonic map. Indeed, the required
result is a direct consequence of Proposition 1.1 (i) and the following intermediate result.

PROPOSITION 4.4. Let M > 0. There exist some effectively computable integer p > 0 and
constants ε0 > 0 and C0 > 0 such that for any ε ∈ (0, ε0), if some wave map φ[t]|t∈[0,32π],
solution of the system (2), verifies

1 ≤ E(0) ≤M,

then, either

(43)

∫ 32π

0

∫
S1
a(x)|φt|2(t, x)dxdt ≥ δ1 with δ1 = δ1(ε) := C0ε

4p,

or

(44) ∃ t̄ ∈ [0, 32π] such that φ[t̄] ∈ Qε.

Before giving the proof of Proposition 4.4 we shall recall the following lemma demonstrated
in [12]. Actually, in [12] the authors only proved the result for the special case that M = 2π,
while the same method also works for the general energy upper bound M .

LEMMA 4.5 ([12], Proposition 2.2). Let M > 0. There exist some effectively computable
integer p > 0 and constant Cp > 0 such that, for any δ ∈ (0, 1), if some solution of the damped
wave maps equation (2) verifies

E(0) ≤M,(45) ∫ 16π

−16π

∫
S1
a(x)|φt|2(t, x)dxdt ≤ δE(0),(46)

then

(47) ‖φt‖2L∞x (S1;L2
t (0,3π)) ≤ e0E(0),

where e0 = e0(δ) = Cpδ
1/p.
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Proof of Proposition 4.4. Let us assume that the inequality (43) is false for some δ > 0 with its
value to be chosen later on, therefore,

(48)

∫ 32π

0

∫
S1
a(x)|φt|2(t, x)dxdt < δ

In the following we show that by selecting δ sufficiently small depending on the value of ε, the
alternative (44) ought to be true. One immediately infers from the assumption (43) and the
energy identity

E(t) = E(0)− 2

∫ t

0

∫
S1
a(x)|φt|2(s, x)dxds,

that

E(0)− E(t) ≤ 2δ, ∀t ∈ [0, 32π].

Using in particular (11),

Q−1 ≤ Q−1E(0) ≤ E(16π) ≤ E(0) ≤M,

which, together with (48), gives∫ 32π

0

∫
S1
a(x)|φt|2dxdt ≤ δ ≤ (Qδ)E(16π).

Then, according to Lemma 4.5, by regarding t = 16π as the initial time, we know that

(49) ‖φt‖2L∞x (S1;L2
t (I)) ≤ e0(Qδ)E(16π) ≤MCpQ

1
p δ

1
p ,

where the time interval I is defined as

(50) I := [16π, 19π].

Now, following the argument in [12] the proof is composed of 4 steps. As we shall see later,
the first 3 steps remain as in [12], while a major difference appears in the last step.

Step 1. Let ψ(t) be a smooth non-negative bump function satisfying∫
R
ψ(t) dt = 1, supp(ψ) ⊂ I.

Then

−
∫
I

∫
S1

[
∣∣φt∣∣2 +

∣∣φx∣∣2]ψ(t) dxdt+ E(0) =

∫
I
ψ(t)(−E(t) + E(0)) dt ≤ 2δ.

The preceding inequality, when combined with (49), implies that∣∣∣ ∫
I

∫
S1

∣∣φx∣∣2ψ(t) dxdt− E(0)
∣∣∣ . δ 1

p .

Thus, thanks to the intermediate value theorem, one obtains the existence of some x̄ ∈ S1 such
that ∣∣∣ ∫

I

∣∣φx∣∣2(t, x̄)ψ(t) dt− E(0)

2π

∣∣∣ . δ 1
p .(51)
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Step 2. Now, we claim that such a bound in (51) can be “propagated” to arbitrary x1 ∈ S1, in

a slightly weaker form with δ
1
p replaced by δ

1
2p . In fact, for any given x1 ∈ S1, we observe that

−
∫
I

∣∣φx∣∣2(t, x̄)ψ(t) dt+

∫
I

∣∣φx∣∣2(t, x1)ψ(t) dt

= 2

∫ x1

x̄

∫
I
φxx · φxψ(t) dtdx

= 2

∫ x1

x̄

∫
I

[
φtt + a(x)φt

]
· φxψ(t) dtdx

= 2

∫ x1

x̄

∫
I

[
− φt · φxψ′(t)− φt · φtxψ(t) + a(x)φt · φxψ(t)

]
dtdx.

Then, we can individually bound∣∣∣2 ∫ x1

x̄

∫
I
φt · φxψ′(t) dtdx

∣∣∣ . ∥∥φt∥∥L∞x L2
t (I)

∥∥φx∥∥L2
xL

2
t (I)
. δ

1
2p ,∣∣∣2 ∫ x1

x̄

∫
I
a(x)φt · φxψ(t) dtdx

∣∣∣ . ∥∥φt∥∥L∞x L2
t (I)

∥∥φx∥∥L2
xL

2
t (I)
. δ

1
2p ,

as well as (using integration by parts with respect to x variable),∣∣∣2 ∫ x1

x̄

∫
I

(φt · φtx)ψ(t) dtdx
∣∣∣ =

∫
I
|φt(t, x1)|2 − |φt(t, x̄)|2dt

.
∥∥φt∥∥2

L∞x L2
t (I)
. δ

1
p .

Combining these bounds, we infer that

(52) sup
x1∈S1

∣∣∣ ∫
I

∣∣φx∣∣2(t, x1)ψ(t) dt− E(0)

2π

∣∣∣ . δ 1
2p .

Step 3. In this step we show that the following time-independent function is close to a harmonic
map:

φ̃(x) :=

∫
R
φ(t, x)ψ(t) dt.

We know that for any t1 ∈ I∫
I
φ(t, x)ψ(t) dt = φ(t1, x) +

∫
I
[φ(t, x)− φ(t1, x)]ψ(t) dt

= φ(t1, x) +

∫
I

(∫ t

t1

φt(s, x)

)
dsψ(t) dt.

Then, thanks to (51) and (49), we find

(53)
∣∣∣φ̃(x)− φ(t1, x)

∣∣∣ . ‖φt‖L∞x L2(I) . δ
1
2p , ∀t1 ∈ I, ∀x ∈ S1.

Thus ∣∣∣φ̃(x)
∣∣∣ = 1 +O

(∥∥φt∥∥L∞x L2
t (I)

)
= 1 +O(δ

1
2p ).(54)

Therefore, there exists some effectively computable number δs1 > 0 such that∣∣∣φ̃(x)
∣∣∣ ∈ [1

2
,
3

2

]
, ∀x ∈ S1,
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provided that δ is smaller than δs1.

We now deduce that φ̃ approximately solves the harmonic map equation, which has important
implications on its structure. Note that

φ̃xx =

∫
R
φxxψ(t) dt

=

∫
R

(
φtt − |φx|2φ+ |φt|2φ+ a(x)φt

)
ψ(t) dt

=

∫
R

(
− |φx|2φψ(t)− φtψt + |φt|2φψ(t) + a(x)φtψ(t)

)
dt

(55)

All terms involving at least one factor φt are small thanks to (49). In particular, we obtain∣∣∣ ∫
R

(
− φtψt + |φt|2φψ(t) + a(x)φtψ(t)

)
dt
∣∣∣ . δ 1

2p

uniformly in x ∈ S1.

Taking advantage of (52) and (53), we find that∣∣∣ ∫
I
|φx|2(t, x)φ(t, x)ψ(t) dt− φ̃(x) · E(0)

2π

∣∣∣ . δ 1
2p

for all x ∈ S1. Indeed, by picking some point t0 ∈ I we obtain∣∣∣∣∫
R
φψ|φx|2dt− φ(t0)

∫
R
ψ|φx|2dt

∣∣∣∣ . ‖φt‖L∞x L2
t (I) . δ

1
2p ,∣∣∣∣E(0)

2π
·
∫
R
φψdt− E(0)

2π
· φ(t0)

∣∣∣∣ . ‖φt‖L∞x L2
t (I) . δ

1
2p .

In conclusion, the preceding bounds and (55) imply that the function φ̃ satisfies the following∣∣∣φ̃xx(x) +
E(0)

2π
· φ̃(x)

∣∣∣ . δ 1
2p(56)

for all x ∈ S1.

Step 4. We can now show that the value of E(0) is close to the discrete set A := {2πn2 |n ∈ N},
with the distance depending on the value of δ. Denote

(57) δ∗ := dist
(
E(0),A

)
≥ 0.

Since E(0) is smaller than M , so is δ∗. Writing

f(x) := φ̃xx(x) +
E(0)

2π
φ̃(x), ∀x ∈ S1,

we can develop the functions f and φ̃ into Fourier series

(58) f(x) =
∑
n∈Z

fne
inx and φ̃(x) =

∑
n∈Z

ane
inx,

where we have the straightforward bounds∣∣fn∣∣ ≤ ∥∥f∥∥L1(S1)
. δ

1
2p , ∀n ∈ Z.(59)

Moreover, since both φ̃(x) and f(x) are real valued,

f−n = fn and a−n = an.
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By comparing the coefficients of the preceding equation, the value of an in turn satisfies

(60) an
(E(0)

2π
− n2

)
= fn.

Since the value of M is fixed, we know from the assumption E(0) ≤M that

δ∗n
2 . |E(0)− 2πn2|, ∀|n| ≤M,

δ∗n
2 . |E(0)− 2πn2|, ∀|n| > M.

Hence,

δ∗n
2 . |E(0)− 2πn2|, ∀E(0) ≤M, ∀n ∈ Z.

Therefore, by taking advantage of (57),

(61)
∣∣an∣∣ . ∣∣fn∣∣

δ∗n2
.

δ
1
2p

δ∗n2
.

Recalling that
∣∣∣φ̃(x)

∣∣∣ ∈ [1
2 ,

3
2 ], this implies that

1

2
≤
∣∣∣φ̃(x)

∣∣∣ ≤∑
n∈Z

∣∣an∣∣ . δ
1
2p

δ∗
, ∀x ∈ S1.

Hence

(62) dist
(
E(0),A

)
= δ∗ . δ

1
2p .

In the following we shall let δ be smaller than some effectively computable constant δs2 such
that δ∗ is smaller than 1/5.

Now let us assume that E(0) is close to 2πn2
0 for some non-zero integer n0. Thus from our

assumption on δ∗ we derive ∣∣∣∣E(0)

2π
− n2

∣∣∣∣ ≥ 1, ∀n 6= ±n0.

Observe that, from (59) and (60),

(63) |an| .
δ

1
2p

n2
, ∀n 6= ±n0.

Hence ∑
n6=±n0

∣∣an∣∣ . ∑
n6=±n0

δ
1
2p

n2
. δ

1
2p ,

which, in conjunction with (54) as well as (58), gives∣∣∣∣∣ ∑
n=±n0

ane
inx
∣∣− 1

∣∣∣ . δ 1
2p .

Recalling that an and a−n are conjugate, we write

an0 = α0 + iβ0 and a−n0 = α0 − iβ0, with α0 and β0 in Rk+1.

This gives

φ̃(x) = 2α0 cosn0x− 2β0 sinn0x+O
(
δ

1
2p
)
.(64)

Thus

|2α0 cosn0x− 2β0 sinn0x| = 1 +O
(
δ

1
2p
)
, ∀x ∈ S1.
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We easily infer from the preceding equation that∣∣α0

∣∣ =
∣∣β0

∣∣+O(δ
1
2p ) =

1

2
+O(δ

1
2p ),

α0 · β0 = O(δ
1
2p ).

It follows that there exist µ0 ∈ Rk+1 and ν0 ∈ Rk+1 satisfying

µ0 = 2α0 +O(δ
1
2p ), ν0 = 2β0 +O(δ

1
2p ),

such that

|µ0| = |ν0| = 1, µ0 · ν0 = 0.

Indeed, it suffices to select

µ0 :=
2α0

|2α0|
and ν0 :=

2β0 − 2(β0 · α0) α0
|α0|2∣∣∣2β0 − 2(β0 · α0) α0
|α0|2

∣∣∣ .
Concerning such a selected pair we know that the curve

γ0(x) := µ0 cosn0x− ν0 sinn0x

is a geodesic, since it satisfies the harmonic maps equation

γ0xx + |γ0x|2γ0 = 0.

Moreover, thanks to Equation (64), it also satisfies the proximity condition

(65)
∣∣∣φ̃(x)− γ0(x)

∣∣∣ . δ 1
2p .

The preceding formula, together with (53), gives the L∞-closeness of φ(t, x) to the geodesic
γ0(x):

(66) |φ(t, x)− γ0(x)| . δ
1
2p , ∀t ∈ I, ∀x ∈ S1.

We claim also that there exists some t̄ ∈ I such that φ(t̄, ·) is a O(δ
1
4p )−approximate harmonic

map, namely,

‖(φ[t̄]− (γ0(x), 0)‖H1
x×L2

x
. δ

1
4p .

In fact, observe that∫
I
‖φx − φ̃x‖2L2

x(S1)ψ(t) dt = −
∫
I

∫
S1

(φ− φ̃) · (φxx − φ̃xx)ψ(t) dxdt

= −
∫
I

∫
S1

(φ− φ̃) ·
[
φtt + (|φt|2 − |φx|2)φ+ a(x)φt − φ̃xx

]
ψ(t) dxdt.

Then, we estimate∣∣∣ ∫
I

∫
S1

(φ− φ̃) · φttψ(t) dxdt
∣∣∣ ≤ ∣∣∣ ∫

I

∫
S1

(φ− φ̃) · φtψ′(t) dxdt
∣∣∣+
∣∣∣ ∫

I

∫
S1
|φt|2ψ(t) dxdt

∣∣∣
. δ

1
p ,

and further, also keeping (53) in mind, we find∣∣∣ ∫
I

∫
S1

(φ− φ̃) ·
[
(|φt|2 − |φx|2)φ+ a(x)φt − φ̃xx

]
ψ(t) dxdt

∣∣∣
≤
∥∥φ− φ̃∥∥

L∞t,x(S1×I) ·
[∥∥∇t,xφ‖2L∞t L2

x
+
∥∥φt‖L∞t L2

x
+
∥∥φ̃xx∥∥L2

x

]
. δ

1
2p .
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The conclusion is that ∫
R
‖φx − φ̃x‖2L2

x(S1)ψ(t) dt . δ
1
2p .

This, when combined with the inequality (49), gives∫
R

(
‖φx − φ̃x‖2L2

x(S1)ψ(t) + ‖φt‖2L2
x(S1)

)
dt . δ

1
2p ,

which entails the existence of tδ ∈ I with the property that

(67) ‖φt(tδ, ·)‖L2
x(S1) + ‖(φx − φ̃x)(tδ, ·)‖L2

x(S1) . δ
1
4p .

Coming back to (58) and using (63), we also easily obtain∥∥∥φ̃(x)−
∑

n=±n0

ane
inx
∥∥∥
H1(S1)

. δ
1
2p ,

and the discussion preceding the choice of γ0 then entails that

‖φ(tδ, ·)− γ0(·)‖H1(S1) ≤ ‖φ(tδ, ·)− γ0(·)‖L2(S1) + ‖φx(tδ, ·)− γ0,x(·)‖L2(S1),

= O(δ
1
4p ) + ‖φ̃x(·)− γ0,x(·)‖L2(S1),

= O(δ
1
4p ) + ‖

∑
n=±n0

inane
inx − γ0,x(·)‖L2(S1),

. δ
1
4p .

This, together with (67), implies that there exists some effectively computable constant c0 such
that ∥∥∥φ[tδ]− (γ0, 0)

∥∥∥
H1(S1)×L2(S1)

≤ c0δ
1
4p .

Hence, it suffices to set ε0 > 0 in such a way that

(68)

(
ε0

c0

)4p

≤ min{δs1, δs2},

and

C0 :=
1

c4p
0

for the definition of δ1(ε). This ends the proof of Proposition 4.4. �

4.3. Proof of Theorem 4.3: dissipation of the energy around harmonic maps. Armed
with Theorem 4.2 we shall only deal with the wave maps solutions around harmonic maps, since
otherwise one may add a localized damping force and let the solution dissipate towards some
harmonic map. One easily observes that in our framework the harmonic maps are not local
minimizers of the energy, due to the simple geometry of the sphere. As proved in the preceding
section, with the help of the damping term the unique solution of the wave maps equation
becomes sufficiently close to some harmonic map. As a direct consequence, its energy also
approximates 2πN2 for some integer N and converges toward this value from above. In this
section we show that with the help of some other well-designed control the energy of an “ap-
proximate harmonic map” can be decreased and become strictly less than 2πN2. Then, we
are able to iterate the preceding procedure: a damping control forces the energy to dissipate
toward 2π(N − 1)2 or a lower value, which, when combined with another well-designed control,
will become strictly less than 2π(N − 1)2.
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In order to simplify the notations, in the rest part of this section we only deal with the
simplest case: assume that the target is S2 and that the initial state φ[0] is close to the geodesic
ū[0] = (ū(x), 0) with

(69) ū(x) := (cosx, sinx, 0).

REMARK 4.6. Actually, the wave maps equation, the damped wave maps equation as well as
the inhomogeneous wave maps equation are invariant under the action of the orthogonal group.
More precisely, suppose that (φ, f) is a solution of the inhomogeneous wave maps equation,{

2φ =
(
|φt|2 − |φx|2

)
φ+ fφ

⊥
,

(φ, φt)(0, x) = φ[0],

then, for any matrix A belongs to O(3), the pair (φ̄, f̄) := (Aφ,Af) is also a solution of the
inhomogeneous wave maps equation:{

2φ̄ =
(
|φ̄t|2 − |φ̄x|2

)
φ̄+ f̄ φ̄

⊥
,

(φ̄, φ̄t)(0, x) = Aφ[0].

One also observes that for every harmonic map x ∈ S1 7→ v(x) ∈ S2 ⊂ R3 having energy 2πN2,
there exists an orthogonal matrix A ∈ O(3) such that

Av(x) = ū(Nx), ∀x ∈ S1.

A straightforward variational point of view.
Recall the definition of the energy E: Equation (4). Around the harmonic map state ū[0]

the controlled wave maps equation satisfies

1

2

d

dt
E(t) =

1

2

d

dt

∫
S1
|φx|2 + |φt|2dx

=

∫
S1
〈φx, φxt〉+ 〈φt, φtt〉dx

= −
∫
S1
〈φt, fφ

⊥〉dx.(70)

Therefore, the first derivative of E(t) at the point ū[0] is zero. We continue by computing its
second derivative. We get

1

2

d2

dt2
E(t) = −

∫
S
〈φtt, f̄〉+ 〈φt, ft〉dx

=

∫
S
〈f̄ , f̄ − φxx〉 − 〈f̄t, φt〉dx,

where f̄ refers to fφ
⊥

. Hence at the point ū[0] there is E′′ ≥ 0. This naive variational
observation seems to be preventing us from getting local controllability around ū[0].

However, from a geometric point view, by ignoring the fact that the flow has to satisfy the
wave maps equation, one can easily construct a deformation that passes through the harmonic
map. Indeed, this is a consequence of the fact that such a geodesic is not a local minimizer of
the energy. Thus it becomes essential to understand whether it is the geometric structure of the
wave maps equation that forms an obstruction. To explore this question, we first assume that
the control is acting on the whole circle S1 (i.e. that ω = S1) to see whether there exist solutions
of the wave maps control system starting from ū[0] whose energy goes below the energy of ū[0].

Control of the energy around critical values: a special example with control acting
on the whole circle S1.
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It is natural to consider a symmetric trajectory of the form

φ(t, x) =
(√

1− α2(t) cosx,
√

1− α2(t) sinx, α(t)
)T

,

where α(0) = α′(0) = 0, as this can lead to a trajectory having energy strictly less than 2π for
some positive time. It remains to see whether such a trajectory can be a flow of the controlled
wave maps equation.

By replacing α(t) by sin θ(t) one may also describe the trajectory as

(71) φ(t, x) = (cos θ(t) cosx, cos θ(t) sinx, sin θ(t))T .

In this circumstance the control f(t, x) can be chosen in forms of

f(t, x) = (g(t) cosx, g(t) sinx, h(t))T ,

which is orthogonal to φ(t, x) provided that

g(t) cos θ(t) + h(t) sin θ(t) = 0.

Inspired by the preceding equation one may further restrict the choice of f(t, x) as follows:

(72) f(t, x) = (−w(t) sin θ(t) cosx,−w(t) sin θ(t) sinx,w(t) cos θ(t))T .

It remains to see whether with an appropriate choice of w(t) and θ(t) the above constructed
pair (φ, f) as in (71) and (72) is a solution of the controlled wave maps equation. By simple
calculation one obtains

φt =

− sin θθt cosx
− sin θθt sinx

cos θθt

 , φtt =

− (cos θθ2
t + sin θθtt

)
cosx

−
(
cos θθ2

t + sin θθtt
)

sinx
− sin θθ2

t + cos θθtt

 ,

φx =

− cos θ sinx
cos θ cosx

0

 , φxx =

− cos θ cosx
− cos θ sinx

0

 ,

which implies that

|φt|2 − |φx|2 = θ2
t − (cos θ)2.

Thus, (φ, f) is a trajectory of the controlled wave maps equation if and only if(cos θθ2
t + sin θθtt

)
cosx− cos θ cosx−

(
θ2
t − (cos θ)2

)
cos θ cosx(

cos θθ2
t + sin θθtt

)
sinx− cos θ sinx−

(
θ2
t − (cos θ)2

)
cos θ sinx

− cos θθtt + (cos θ)2 sin θ

 =

−w sin θ cosx
−w sin θ sinx

w cos θ

 ,

which is further equivalent to{
sin θ(θtt − sin θ cos θ) = −w sin θ,

− cos θθtt + (cos θ)2 sin θ = w cos θ.

Therefore, it suffices to set

w(t) := −θtt + sin θ cos θ = −1

2
(2θtt − sin 2θ) .

In conclusion we observe that for any given time dependent function θ(t) the pair (φ, f) given
by

φ(t, x) =

cos θ(t) cosx
cos θ(t) sinx

sin θ(t)

 and f(t, x) =

−w(t) sin θ(t) cosx
−w(t) sin θ(t) sinx

w(t) cos θ(t)


is a solution of the controlled wave maps equation

2φ = (|φt|2 − |φx|2)u+ fφ
⊥
.
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More importantly, even with the constraint θ(0) = θ′(0) = 0, for any T > 0, there exists θ(t)
such that u[T ] < 2π. Indeed, since

E(t) = 2π
(
θ2
t + (cos θ)2

)
(t),

it suffices to choose θ ∈ C1([0, T ];R) such that θ(0) = θ′(0) = θ′(T ) = 0 and θ(T ) ∈ (0, π). In
conclusion we have constructed a radial solution starting at time 0 from ((cos(x), sin(x))T , (0, 0)T )
whose energy at a given time T > 0 is strictly less than 2π.

The above construction of radial solutions indicates that the critical energy value 2π is not
a local minimum value with respect to time for the controlled wave maps equation. It remains
to understand the system with localized control, namely with control which is supported on a
maybe small non empty open subset ω of S1.

A power series expansion argument to decrease the energy.

Now, we are in position to prove Theorem 4.3, where it suffices to show the following propo-
sition concerning the simplest harmonic map ū[0]. The proof is based on the so-called power
series expansion method which is introduced in [4] for the local exact control of KdV equations
with critical length. (Note that this method can be used together with a change of time-scale
in connection with the WKB method as shown in [5].)

PROPOSITION 4.7. Let T = 2π. There exist some effectively computable ε0 > 0, ν0 > 0,
C0 > 0, and an explicit control f̄(t, x) compactly supported in [0, T ]× ω verifying

‖f̄‖L∞t L2
x([0,T ]×S1) ≤ C0,

such that for any A ∈ O(3), for any initial state u[0] verifying

(73) ‖u[0](x)−Aū[0]‖H1
x×L2

x
≤ ν0,

the unique solution of {
2φ =

(
|φt|2 − |φx|2

)
φ+ (Af̄)φ

⊥
,

φ[0](x) = u[0](x),

satisfies

(74) E(T ) ∈ (2π − 10ε2
0, 2π − ε2

0).

Proof of Proposition 4.7. To simplify the notations, thanks to Remark 4.6, in this proof we only
deal with the case that A = Id, keeping in mind that the choice of ε0, ν0 and C0 is independent
of the rotation A. More precisely, the proof is composed of two steps: first, we assume that the
initial state is exactly ū[0] and, based on the power series expansion method, we construct an
explicit control, f̄(t, x), to decrease the energy of the system below the critical level 2π; then,
a standard perturbation argument based on Lemma 2.4 implies that for initial state that is
sufficiently close to ū[0] (even if the energy is strictly larger than 2π), the preceding designed
control f̄(t, x) still allow to decreases the energy below the critical level 2π.

Step 1. A power series expansion argument to dissipate the energy for harmonic
maps.

PROPOSITION 4.8. Let T = 2π. There exist an effectively computable constant ε0 > 0 and
an explicit function f1(t, x) supported in [0, T ]× ω satisfying

‖f1‖L∞t L2
x([0,T ]×S1) ≤ C,
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such that for any ε ∈ (0, ε0], the unique solution of the inhomogeneous wave maps equation

(75)

{
2φ̄ =

(
|φ̄t|2 − |φ̄x|2

)
φ̄+ (εf1)φ̄

⊥
,

φ̄[0](x) = ū[0](x),

satisfies

E(T ) ∈ (2π − 3πε2, 2π − πε2).

Proof of Proposition 4.8. Considering that Equation (75) is a semilinear equation with geomet-
ric constraint, we perform a formal power series expansion on φ̄ and f :

φ̄ = φ̄0 + εφ̄1 + ε2φ̄2 + ... and f := εf1,(76)

and further denote

(77) φ̄i = (φ̄1
i , φ̄

2
i , φ̄

3
i )
T and f1 = (0, 0, f3

1 )T .

For the zeroth order, we immediately get

(78) 2φ̄0 =
(
|φ̄0t|2 − |φ̄0x|2

)
φ̄0, (φ̄0, φ̄0t)(0) = ū[0],

thus φ̄0[t] = ū[0].
For the first order, the equation of φ̄1 reads as

2φ̄1 =
(
2φ̄0tφ̄1t − 2φ̄0xφ̄1x

)
u0 +

(
|φ̄0t|2 − |φ̄0x|2

)
φ̄1 + f1 − (f1 · φ̄0)φ̄0

= −2(φ̄0x · φ̄1x)φ̄0 − φ̄1 + f1 − (f1 · φ̄0)φ̄0,

φ̄1[0] = (0, 0).

(79)

Thanks to the choice of f1 we know that
2φ̄1

1 + φ̄1
1 + 2

(
−(sinx)(φ̄1

1)x + (cosx)(φ̄2
1)x
)

cosx = 0,

2φ̄2
1 + φ̄2

1 + 2
(
−(sinx)(φ̄1

1)x + (cosx)(φ̄2
1)x
)

sinx = 0,

2φ̄3
1 + φ̄3

1 = f3
1 ,

thus φ̄1
1(t) = φ̄2

1(t) = 0. Concerning the third direction φ̄3
1, we recall the following classical

lemma.

LEMMA 4.9. Let T = 2π. There exists a control g ∈ L∞(0, T ;L2(S1)) such that the unique
solution v̄ of the scalar wave equation

(80) 2v̄ + v̄ = g with (v̄, v̄t)(0) = (0, 0)

satisfies

(81) (v̄, v̄t)(T, x) = (−1, 0), ∀x ∈ S1.

Armed with the preceding lemma, in the following we shall directly set f3
1 := g leading to

φ̄3
1(t, x) = v̄(t, x), thus φ̄3

1[T ] = (−1, 0).

It is natural to calculate the energy of the first two terms in the power series expansion

(φ̄0 + εφ̄1)(t, x) = (cosx, sinx, εv̄(t, x))T ,

which turns out to be exactly 2π at time T (and it is even larger than 2π for some t ∈ (0, 2π)).
Hence, it is not clear whether the energy of the full controlled system dissipates or not. Recall
the energy estimate given by (70):

E(T )− E(0) = −2

∫ T

0

∫
S1
φ̄t · (εf1)φ̄

⊥
dxdt.
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Since

φ̄t · (εf1)φ̄
⊥

= (φ̄0t + εφ̄1t + ε2φ̄2t + ...) ·
(
εf1 − 〈εf1, φ̄0 + εφ̄1 + ...〉(φ0 + εφ1 + ...)

)
= ε2φ̄1t · f1 +O(ε3)

= ε2v̄t · g +O(ε3),

at least formally, we obtain

(82) E(T )− E(0) = −2ε2

∫ T

0

∫
S1
v̄tgdxdt+O(ε3).

Together with the precise error estimates that will be proved later on, it suffices to estimate
the integral of v̄tg, which can be calculated by considering the scalar wave equation (80)–(81).
Let

F (t) :=

∫
S1

(|v̄x|2 + |v̄t|2 − v̄2)(t, x)dx, ∀t ∈ [0, T ].

Then

1

2

d

dt
F (t) =

∫
S1
v̄xv̄xt + v̄tv̄tt − v̄v̄tdx

=

∫
S1
v̄t(v̄ − g)− v̄v̄tdx

= −
∫
S1
v̄tgdx,

which implies that

− 2

∫ T

0

∫
S1
v̄tgdxdt = F (T )− F (0) = −2π.

As a direct consequence, using also (82), we know that

E(T )− E(0) = −2πε2 +O(ε3).

Suppose that the formal energy estimate (82) holds, then we are able to find some effectively
computable ε0 such that for any ε ∈ (0, ε0] the unique solution of (75) with f := ε(0, 0, g)T

satisfies

(83) E(T ) ∈ (2π − 3πε2, 2π − πε2).

To finish the proof, it only remains to present the explicit error estimates on (82). Let us
define the higher order remainder

w := φ̄− φ̄0 − εφ̄1.

First, thanks to Lemma 2.2 and Lemma 2.3, we have the following basic estimates on φ̄, φ̄0, φ̄1

and w in the domain D := [0, T ]× S1:

‖(φ̄, φ̄0, φ̄1, w)‖L∞t,x . 1,

‖(φ̄v, φ̄0v, φ̄1v, wv)‖L2
vL
∞
u ∩L∞u L2

v
+ ‖(φ̄u, φ̄0u, φ̄1u, wu)‖L2

uL
∞
v ∩L∞v L2

u
. 1.

In order to improve the estimates on w, we define φ̄, φ̄0, and φ̄1 to be the solutions of the
following Cauchy problems:

2φ̄ =
(
φ̄u · φ̄v

)
φ̄+ (εf1)φ̄

⊥
, (φ̄, φ̄t)(0) = ū[0],

2φ̄0 =
(
φ̄0u · φ̄0v

)
φ̄0, (φ̄0, φ̄0t)(0) = ū[0],

2φ̄1 =
(
φ̄1u · φ̄0v + φ̄0u · φ̄1v

)
φ̄0 − φ̄1 + f1 − (f1 · φ̄0)φ̄0, (φ̄1, φ̄1t)(0) = (0, 0),
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Then w satisfies the following Cauchy problem:

w[0] = (0, 0),

2w = 2φ̄−2φ̄0 − εφ̄1

=
(
φ̄u · φ̄v

)
φ̄+ (εf1)φ̄

⊥ −
(
φ̄0u · φ̄0v

)
φ̄0

− ε
( (
φ̄1u · φ̄0v + φ̄0u · φ̄1v

)
φ̄0 − φ̄1 + f1 − (f1 · φ̄0)φ̄0

)
= 〈φ̄0u + εφ̄1u + wu, φ̄0v + εφ̄1v + wv〉(φ̄0 + εφ̄1 + w)− 〈φ̄0u, φ̄0v〉φ̄0

− ε
( (
φ̄1u · φ̄0v + φ̄0u · φ̄1v

)
φ̄0 + (φ̄0u · φ̄0v)φ̄1

)
− ε〈f1, w + φ̄0 + εφ̄1〉(w + φ̄0 + εφ̄1) + ε〈f1, φ̄0〉φ̄0

=
(
wu · wv + wu · (φ̄0v + εφ̄1v) + wv · (φ̄0u + εφ̄1u)

)
φ̄+ 〈φ̄0u + εφ̄1u, φ̄0v + εφ̄1v〉w

− ε(f1 · φ̄)w − ε(f1 · w)(φ̄0 + εφ̄1) + ε2
(

(φ̄1u · φ̄1v)φ̄0 + (φ̄1u · φ̄0v + φ̄0u · φ̄1v)φ̄1

+ ε(φ̄1u · φ̄1v)φ̄1 − (f1 · φ̄1)φ̄0 − (f1 · (φ̄0 + εφ̄1))φ̄1

)
= N(w) +R,

where

N(w) :=
(
wu · wv + wu · (φ̄0v + εφ̄1v) + wv · (φ̄0u + εφ̄1u)

)
φ̄+ 〈φ̄0u + εφ̄1u, φ̄0v + εφ̄1v〉w

− ε(f1 · φ̄)w − ε(f1 · w)(φ̄0 + εφ̄1),

R := ε2
(

(φ̄1u · φ̄1v)φ̄0 + (φ̄1u · φ̄0v + φ̄0u · φ̄1v)φ̄1 + ε(φ̄1u · φ̄1v)φ̄1 − (f1 · φ̄1)φ̄0

− (f1 · (φ̄0 + εφ̄1))φ̄1

)
.

In analogy to the proof of Lemma 2.4, we use a bootstrap argument to estimate w. Recalling
the notations of QT1 andWT1 given in the proof of Lemma 2.4, thanks to Lemma 2.3, we obtain

‖w‖WT1
. ‖w[0]‖H1×L2 + T

1
2

1 ‖N(w) +R‖L2
t,x(QT1

),

. ‖w[0]‖H1×L2 + T
1
2

1

(
‖w‖2WT1

+ ‖w‖WT1
+ ε‖w‖WT1

)
+ T

1
2

1 ε
2,

. ‖w[0]‖H1×L2 + T
1
2

1 ‖w‖WT1
+ T

1
2

1 ε
2.

Hence, by choosing T1 small enough, we obtain

‖w‖WT1
. ‖w[0]‖H1×L2 + T

1
2

1 ε
2.

By iterating this argument, we get

(84) ‖w‖WT
. ε2.
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Now we come back to the strict estimate for the variation of the energy. Observe that

φ̄t · f φ̄
⊥ − ε2φ̄1t · f

φ̄⊥0
1

= φ̄t · f φ̄
⊥ − ε2φ̄1t · f1

= (φ̄0t + εφ̄1t + wt) ·
(
εf1 − 〈εf1, φ̄0 + εφ̄1 + w〉(φ̄0 + εφ̄1 + w)

)
− ε2φ̄1t · f1

= (εφ̄1t + wt) ·
(
εf1 − 〈εf1, εφ̄1 + w〉(φ̄0 + εφ̄1 + w)

)
− ε2φ̄1t · f1

= εwt · f1 − 〈εf1, εφ̄1 + w〉(εφ̄1t + wt) · (φ̄0 + εφ̄1 + w).

Thus

|
∫
S1
φ̄t · f φ̄

⊥ − ε2φ̄1t · f1dx| . ε3‖f1‖L2 + ‖εf1‖L2ε(ε2 + ε‖φ̄1t‖L2) . ε3,

for ∀t ∈ [0, T ]. Therefore,

|
∫ T

0

∫
S1

(
φ̄t · f φ̄

⊥ − ε2φ̄1t · f1

)
dxdt| . ε3.

In conclusion,

E(T )− E(0) = −2

∫ T

0

∫
S1
φ̄t · f φ̄

⊥
dxdt,

= −2ε2

∫ T

0

∫
S1
φ̄1t · f1dxdt+O(ε3)(85)

= −2ε2

∫ T

0

∫
S1
v̄t · gdxdt+O(ε3)

= −2πε2 +O(ε3).

�

REMARK 4.10. It is noteworthy that the energy is lower at time T than at time 0 since the
geodesic is not a local minimiser (for the Dirichlet functional): this comes from the fact that the
linearized system is 2v+v = g. On the other hand, if the geodesic were a local minimiser, then
we would obtain a linearized system like 2v − v = g, which would force the energy to increase.

Step 2. Decrease of the energy near harmonic maps.

Let T = 2π and f = ε0f1 as given in Proposition 4.8. It is shown that the energy at time
T is strictly smaller than 2π if one starts from ū[0] at time 0; see Equation (83). In this part,
we perform a standard perturbation argument to show that for initial states sufficiently close
to ū[0], the above designed control still decreases the energy below the critical value 2π.{

2φ =
(
|φt|2 − |φx|2

)
φ+ (ε0f1)φ

⊥
,

(φ, φt)(0, x) = u[0](x).

By comparing the preceding equation with Equation (75), thanks to the continuous depen-
dence property of the inhomogeneous wave maps equation, Lemma 2.4, the difference w := φ−φ̄
satisfies

‖(wx, wt, w)‖L∞t L2
x(D) + ‖wu‖L2

uL
∞
v ∩L∞v L2

u(D) + ‖wv‖L2
vL
∞
u ∩L∞u L2

v(D) ≤ C‖w[0]‖H1×L2 .

In particular, there exists some effectively computable constant ν0 such that the energy estimate
(74) holds provided the condition (73) is satisfied. This finishes the proof of Proposition 4.7,
and further the proof of Theorem 1.9.

�
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4.4. A remark on decreasing the energy around harmonic maps in small time. In
this section, we continue the study of decreasing the energy of the system around harmonic
maps. Recall that when the (spatial) controlled domain is the whole domain we are able to
decrease the energy in an arbitrarily small time period, while if the (spatial) control domain
is small the same task can be fulfilled in a relatively large time i.e. T = 2π. It remains to
understand the same problem for arbitrary control domain and in small time.

Let T > 0. We restrict ourselves to the case where the control is small, which is equivalent
to considering the control in the form

f(t, x) = εf1(t, x) with ‖f1‖L∞(0,T ;L2(S1)) ≤ C0

for some fixed positive constant C0, where f1
1 and f2

1 are not necessarily zero. Actually, for any
given control such that ‖f‖L∞(0,T ;L2(S1)) ≤ εC0, it suffices to set

f1(t, x) :=
1

ε
f(t, x),

which satisfies

‖f1‖L∞(0,T ;L2(S1)) ≤ C0.

Thanks to (79), we know that φ̄1 satisfies
2φ̄1

1 + φ̄1
1 + 2

(
−(sinx)(φ̄1

1)x + (cosx)(φ̄2
1)x + f1

1 cosx+ f2
1 sinx

)
cosx = f1

1 ,

2φ̄2
1 + φ̄2

1 + 2
(
−(sinx)(φ̄1

1)x + (cosx)(φ̄2
1)x + f1

1 cosx+ f2
1 sinx

)
sinx = f2

1 ,

2φ̄3
1 + φ̄3

1 = f3
1 ,

φ̄1[0] = 0,

or, equivalently,

(86)

{
−φ̄1tt + φ̄1xx + φ̄1 = −2(φ̄0x · φ̄1x)φ̄0 + f1 − (f1 · φ̄0)φ̄0,

φ̄1[0] = 0.

Moreover, according to the estimates between Equations (83)–(85) (which remain the same
for the general case when f1

1 and f2
1 are non-zero functions), one has

E(T )− E(0) = −2ε2

∫ T

0

∫
S1
φ̄1t ·

(
f1 − (f1 · φ̄0)φ̄0

)
dxdt+O(ε3).

Let us define

(87) F̄ (t) :=

∫
S1
|φ̄1t|2 + |φ̄1x|2 − |φ̄1|2dx.

Using Equation (86), one gets

d

dt
F̄ (t) = 2

∫
S1
φ̄1t ·

(
φ̄1tt − φ̄1xx − φ̄1

)
dx,

= 4

∫
S1

(φ̄0x · φ̄1x)(φ̄0 · φ̄1t)dxdt− 2

∫
S1

(φ̄1t · (f1 − (f1 · φ̄0)φ̄0))dxdt,

which implies that

(88) ε2(F̄ (T )− F̄ (0)) = −2ε2

∫ T

0

∫
S1

(φ̄1t · (f1 − (f1 · φ̄0)φ̄0))dxdt

+ 4ε2

∫ T

0

∫
S1

(φ̄0x · φ̄1x)(φ̄0 · φ̄1t)dxdt.
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We also notice that

0 = φ̄ · φ̄t,
= (φ̄0 + ε̄φ1 + w) · (φ̄0t + εφ̄1t + wt),

= εφ̄0 · φ̄1t + (εφ̄1 + w) · εφ̄1t + φ̄ · wt.
Hence

ε
∫ T

0

∫
S1(φ̄0x · φ̄1x)(φ̄0 · φ̄1t)dxdt =

∫ T
0

∫
S1(φ̄0x · φ̄1x)(φ̄0 · εφ̄1t)dxdt

= −
∫ T

0

∫
S1(φ̄0x · φ̄1x)

(
(εφ̄1 + w) · εφ̄1t + φ̄ · wt

)
dxdt

= O(ε2),

and

ε2(F̄ (T )− F̄ (0)) = −2ε2

∫ T

0

∫
S1

(φ̄1t · (f1 − (f1 · φ̄0)φ̄0))dxdt+O(ε3).

The preceding equations imply that

(89) E(T )− E(0) = ε2(F̄ (T )− F̄ (0)) +O(ε3).

Therefore, it becomes a problem on decreasing the energy of φ̄1 which is governed by a
linear controlled equation: Equation (86). In the following proposition, a “non-trivial control”
f1 ∈ L∞(0, T ;L2(S1)) infers to some control f1 such that the unique solution of (86) satisfies
φ̄1[T ] 6= 0.

PROPOSITION 4.11. (i) Suppose that the controlled domain is (−a, a) with a < π
2 , then for

any non-trivial control f1 ∈ L∞(0, T ;L2(S1)) with T < (π/2) − a, the unique solution of (86)
satisfies F̄ (T ) > 0.

(ii) Suppose that the controlled domain is (−a, a) with a > π
2 , then, for any T > 0, there

exists a non-trivial control f1 ∈ L∞(0, T ;L2(S1)) such that the unique solution of (86) satisfies
F̄ (T ) < 0.

Proof of Proposition 4.11. (i) By the “non-trivial control” assumption, we know that either
φ̄1(T ) 6= 0, or φ̄1(T ) = 0 and φ̄1t(T ) 6= 0. If it is the latter case, i.e, φ̄1(T ) = 0 and φ̄1t(T ) 6= 0,
then we immediately get F̄ (T ) > 0. It remains to consider the case where φ̄1(T ) 6= 0.

Thanks to the finite speed of propagation, we know that φ1[t] remains to be zero in the light
cone

x ∈ (a+ t, 2π − a− t) =: D(t) for any t ∈ [0, T ] .

Indeed, it suffices to consider the energy inside this light cone:

El(t) :=

∫
D(t)
|φ̄1t|2 + |φ̄1x|2 + |φ̄1|2dx,

which, thanks to direct energy estimates, satisfies

d

dt
El(t) . El(t).

Therefore, since T < (π/2) − a, there exists δ ∈ (0, π/2) such that φ̄1(T, x) = 0 for every
x ∈ [(π/2)− δ, (3π/2) + δ]. Let us define a0 := π − 2δ > 0. Note that

(90)

∫ a0

0
|f ′(x)|2dx ≥ a2

0

π2

∫ a0

0
|f(x)|2dx, ∀f(x) ∈ H1

0 (0, a0).

Indeed, every function f(x) from H1
0 (0, a0) can be written as

f(x) =
∑
n∈N∗

fn sin

(
nπx

a0

)
.
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One has ∫ a0

0
|f(x)|2dx =

∑
n∈N∗

f2
n

a0

2
,

∫ a0

0
|f ′(x)|2dx =

∑
n∈N∗

f2
n

(
nπ

a0

)2 a0

2
.

which gives (90).
Note that the support of φ̄1(T ) is included in the interval (−a0/2, a0/2), which is of length

a0 < π. Together with (90), this implies that

F̄ (T ) ≥
(

1− a2
0

π2

)
‖φ̄1x(T )‖2L2(S1) > 0.

This concludes the proof of Statement (i) in Proposition 4.11.
(ii) This part is based on an explicit construction. Let a1 := a + (π/2). We define the

2π-periodic function ϕ0(x) as

(91) ϕ0(x) :=

{
cos(πxa1 ), ∀x ∈ (−a1

2 ,
a1
2 ),

0, elsewhere.

This function ϕ0 satisfies∫
S1

((ϕ0x)2 − (ϕ0)2)(x)dx =
a1

2

(
π2

a2
1

− 1

)
< 0.

By a standard mollifying procedure, one obtains a smooth 2π-periodic function ϕ1, supported
in (−a, a), such that ∫

S1
((ϕ1x)2 − (ϕ1)2)(x)dx < 0.

For any given T > 0, we can find an explicit time-dependent function b(t) of class C2 such
that

(92) b(0) = b′(0) = 0, b(T ) = 1, b′(T ) = 0.

Now, we find an explicit trajectory (φ̄, f1) of the controlled equation (86): for any t ∈ [0, T ]
and any x ∈ S1,

φ1
1(t, x) = φ2

1(t, x) = 0,

φ3
1(t, x) = b(t)ϕ1(x),

f1
1 (t, x) = f2

1 (t, x) = 0,

f3
1 (t, x) =

(
−(φ̄3

1)tt + (φ̄3
1)xx + φ̄3

1

)
(t, x).

This trajectory, which starts from (0, 0) at time 0, is supported in [0, T ]× (−a, a), and satisfies

F̄ (T )− F̄ (0) < 0.

This concludes the proof of Statement (ii) in Proposition 4.11. �

5. Sharp control time: S1-target case

In this section we focus on the wave maps equation for S1 → S1. Since, for every solution φ
of the wave equation (1), φ(0) is homotopic to φ(T ), their degree (simply the rotation number)
must coincide.
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(1) We first try to control between states having zero degree. As usual we characterize the
function φ by the polar coordinate,

φ(t, x) = (cos θ, sin θ)T with θ = θ(t, x) ∈ R,

as well as the control term

fφ
⊥

(t, x) = h(t, x)(− sin θ, cos θ)T with h(t, x) ∈ R and supp h ⊂ [0, T ]× ω.

Because φ(t, x) is continuous with respect to the variables t and x, the function θ(t, x) can also
chosen to be continuous. Meanwhile, since φ(t) has zero degree, we have

(93) θ(t, 0) = θ(t, 2π), ∀t ∈ [0, T ].

Direct calculation yields

φt = (− sin θ, cos θ)T θt, φx = (− sin θ, cos θ)T θx,

φtt = (− cos θ,− sin θ)T (θt)
2 + (− sin θ, cos θ)T θtt,

φxx = (− cos θ,− sin θ)T (θx)2 + (− sin θ, cos θ)T θxx.

Thus, the controlled wave maps equation (1) becomes the controlled linear wave equation on
T = R/2πZ:

(94) 2θ = h with control h satisfying supp h ⊂ [0, T ]× ω.

According to the classical control theory on 1-D wave equations, this system is exact control-
lable within any time T > T0, where the value of T0 is given by (10) and is optimal for this
controllability property.

(2) Next, we turn to consider states with an arbitrary given degree N ∈ Z, namely, the polar
coordinate satisfies

θ(t, 2π) = θ(t, 0) + 2πN, ∀t ∈ [0, T ].

Under the polar coordinate, the wave maps control problem turns out to be a boundary control
problem for θ on the interval [0, 2π]:

(95)


2θ(t, x) = h(t, x), supp h ⊂ [0, T ]× ω,
θ(t, 2π) = θ(t, 0) + 2πN,

θx(t, 2π) = θx(t, 0).

By considering instead the function,

θ̄(t, x) = θ(t, x)−Nx, ∀t ∈ [0, T ], ∀x ∈ [0, 2π],

again, it satisfies the controlled wave equation (94) in T. Hence, the system is exactly control-
lable between states having the same degree within every time T > T0, where the value of T0

is given by (10) and is optimal for this controllability property. This completes the proof of
Theorem 1.10.

Appendix A. Proof of Proposition 2.7

Proof of Proposition 2.7. Recall the basic energy estimate

d

dt
E(t) = −2

∫
S1
φt(t, x) · F (t, φ(t, ·), φt(t, ·))(x)φ(t,x)⊥dx.

This implies that the function b(t) := (E(t))1/2 ,∀t ∈ D(φ, φt) satisfies

ḃ(t) ≤ CB(b(t)),∀t ∈ D(φ, φt).
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In the following, we only present the proof of Property (i), while Property (ii) is a direct con-
sequence of Property (i) and the preceding energy estimates.

First, we prove the first part of Property (i) concerning the well-posedness of the closed-loop
system in a small time. Assume that T1 = 0. Define T0(R) as

T0(R) :=
R

CB(2R) + 1
,

where the constant CB(2R) is given in the condition (P1). Then, a priori, if there is a solution
(φ, φt) on [0, T0(R)], then it satisfies

‖(φ, φt)(t, ·)‖H1×L2 ≤ 2R,∀t ∈ [0, T0(R)].

Otherwise one may select

t0 := inf{t : ‖(φ, φt)(t, ·)‖H1×L2 = 2R} < T0(R).

By the choice of t0, we know that

b(t) = ‖(φ, φt)(t, ·)‖H1×L2 < 2R,∀t ∈ [0, t0],

b(t0) = ‖(φ, φt)(t0, ·)‖H1×L2 = 2R,

ḃ(t) ≤ CB(b(t)) ≤ CB(2R),∀t ∈ [0, t0].

Thus,

b(t0) ≤ b(0) + t0CB(2R) < 2R.

This leads to a contradiction.
Let T ∈ (0, T0(R)] that will be chosen later on. Define

BT := {(φ0, φ1) ∈ C([0, T ];H1 × L2(S1;TSk)) : ‖(φ, φt)‖Ḣ1×L2 ≤ 2R},

which can be regarded as a closed subset of the Banach space C([0, T ];H1×L2(S1;Rk+1)). We
consider a map ST from BT to C([0, T ];H1 × L2(S1;TSk)) as follows:

ST : BT → C([0, T ];H1 × L2(S1;TSk)),
(φ0, φ1) 7→ ST (φ0, φ1),

where ST (φ0, φ1) is the unique solution of the inhomogeneous wave maps equation (12) with
initial state (g0, g1) and control term f(t, x) := F (t, φ0(t, ·), φ1(t, ·))(x). Thanks to the choice
of T0, we know that

ST (φ0, φ1) ∈ BT .

We also know that

‖F (t, φ0(t, ·), φ1(t, ·))(x)‖L2
x(S1) ≤ CB(2R), ∀t ∈ [0, T ].

It suffices to show that for a good choice of T the map ST is a contraction. Denote the region
[0, T ]× S1 by D. Taking (φ0, φ1) and (φ̃0, φ̃1) from the set BT , we define φ and φ̃ as the unique
solutions of the inhomogeneous wave maps equations

2φ =
(
|φt|2 − |φx|2

)
φ+ F φ

⊥

0 ,

(φ, φt)(0, x) = (g0, g1)(x),

F0(t, x) := F (t, φ0(t, ·), φ1(t, ·))(x)
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and

2φ̃ =
(
|φ̃t|2 − |φ̃x|2

)
φ̃+ F̃ φ̃

⊥

0 ,

(φ̃, φ̃t)(0, x) = (g0, g1)(x),

F̃0(t, x) := F (t, φ̃0(t, ·), φ̃1(t, ·))(x).

In other words,
(φ, φt) := ST ((φ0, φ1)) and (φ̃, φ̃t) := ST ((φ̃0, φ̃1)).

Since

(96) ‖φ[0]‖Ḣ1×L2+‖φ̃[0]‖Ḣ1×L2+‖F0‖L2
t,x(D)+‖F̃0‖L2

t,x(D)≤M = 2R+ 2
√
T0(R)CB(2R),

according to Lemma 2.4, there exists some effectively computable constant Ccd(R) only de-
pending on the value of R, such that,

‖ST ((φ0, φ1))− ST ((φ̃0, φ̃1))‖C([0,T ];H1×L2(S1;Rk+1))

≤ Ccd(R)‖F0 − F̃0‖L2
t,x(D),

≤ Ccd(R)K(2R)T
1
2 ‖(φ0, φ1)− (φ̃0, φ̃1)‖C([0,T ];H1×L2(S1;Rk+1)).

Therefore, by choosing

T = T (R) := min

{
T0(R),

(
1

2Ccd(R)K(2R)

)2
}
,

we conclude from Banach fixed point theorem that the map ST admits a unique fixed point in
BT . This function is indeed the unique solution of the Cauchy problem (19) in [0, T (R)].

Next, we show the second property of (i), the continuous dependence of the solutions of the
closed-loop system. Assume that T1 = 0. Suppose that (φ, φt) is the unique solution of the

Cauchy problem (19) with initial state (g0, g1) and (φ̃, φ̃t) is the unique solution of the Cauchy
problem (19) with initial state (g̃0, g̃1). Thanks to the first part of Property (i), we have

‖(φ, φt)(t, ·)‖Ḣ1×L2 ≤ 2R,∀t ∈ [0, T (R)],

‖(φ̃, φ̃t)(t, ·)‖Ḣ1×L2 ≤ 2R,∀t ∈ [0, T (R)].

Since

‖φ[0]‖Ḣ1×L2+‖F (t, φ0(t, ·), φ1(t, ·))(x)‖L2
t,x((0,T (R))×S1)≤

M

2
= R+

√
T0(R)CB(2R),

‖φ̃[0]‖Ḣ1×L2+‖F (t, φ̃0(t, ·), φ̃1(t, ·))(x)‖L2
t,x((0,T (R))×S1)≤

M

2
= R+

√
T0(R)CB(2R),

thanks to the choice of Ccd(R), there is

‖(φ, φt)− (φ̃, φ̃t)‖C([0,T (R)];H1×L2(S1;Rk+1)),

≤ Ccd(R)
(
‖(g0, g1)− (g̃0, g̃1)‖H1×L2 + ‖F (t, φ0(t, ·), φ1(t, ·))(x)− F (t, φ̃0(t, ·), φ̃1(t, ·))(x)‖L2

t,x((0,T (R))×S1)

)
,

≤ Ccd(R)
(
‖(g0, g1)− (g̃0, g̃1)‖H1×L2 +K(2R)‖(φ0(t, ·), φ1(t, ·))− (φ̃0(t, ·), φ̃1(t, ·))‖L2(0,T (R);H1×L2(S1))

)
≤ Ccd(R)

(
‖(g0, g1)− (g̃0, g̃1)‖H1×L2 +

√
T (R)K(2R)‖(φ0, φ1)− (φ̃0, φ̃1)‖C([0,T (R)];H1×L2(S1))

)
≤ Ccd(R)‖(g0, g1)− (g̃0, g̃1)‖H1×L2 +

1

2
‖(φ, φt)− (φ̃, φ̃t)‖C([0,T (R)];H1×L2(S1;Rk+1)).

Hence

‖(φ, φt)− (φ̃, φ̃t)‖C([0,T (R)];H1×L2(S1;Rk+1)) ≤ 2Ccd(R)‖(g0, g1)− (g̃0, g̃1)‖H1×L2 .



GLOBAL CONTROLLABILTY/STABILIZATION OF THE WAVE MAPS EQUATION FROM S1 TO Sk 35

This completes the proof of Proposition 2.7.
�
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