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Abstract

Accurate predictions of how vortices grow, evolve, and separate from aerodynamic objects are desirable for various applica-
tions ranging from autonomous aerial vehicles to wind turbines. Here, we present an experimental characterisation of the
formation process of vortices created by the rotation of a thin rectangular flat plate. The plate is rapidly accelerated from rest
up to a constant rotational velocity that was varied to explore the effect of the Reynolds number on the limit strength and the
timing of successively generated vortices at the tip of the plate. The total non-dimensional positive circulation released at
the tip of the plate during the entire rotation varies solely as a function of the angular position of the plate. Initially, all this
circulation accumulates in a primary or starting vortex until this vortex separates after a constant non-dimensional time for
all rotational velocities and different plate dimensions tested. An empirical model of the prediction of the limit strength of
the primary vortex based on the constant non-dimensional formation is presented. The limit strength of the primary vortex
is independent of the Reynolds number. After the primary vortex separates, a series of smaller secondary vortices form at
the tip of the plate. These secondary vortices are discretely released at increasing time intervals. The timing of the release
of the secondary vortices and their non-dimensional strength depend on the Reynolds number, and an empirical prediction

model is presented.

1 Introduction

Large-scale vortex-dominated flows are ubiquitous in nature
and engineering applications. For example, we think of bluff
bodies wakes (Thompson et al. 2020), the wake of natural
and robotic swimmers (Triantafyllou et al. 2000; Linden
and Turner 2001; Dabiri 2009), leading-edge vortices on
the wings of pitching, heaving, and flapping wings (Eldredge
and Jones 2018), aerial vehicles encountering large gusts
(Greenblatt and Williams 2021; Jones et al. 2021), etc. In
such vortex-dominated flows, the forces experienced by the
objects in the flow are mainly influenced by the circulatory
forces created by the generation and shedding of vortices
(Gehlert et al. 2023). Accurate prediction of the strength,
time of separation, and trajectory of vortex forming on aero-
dynamic objects are desirable to create more accurate force
prediction models.
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When an object is accelerated from rest, vorticity is gen-
erated at the surface of the object (Morton 1984). If the
object is an airfoil at a low angle of attack, the vorticity at
the wall accumulates near the trailing edge and forms a pri-
mary or starting vortex in its wake (Luchini and Tognaccini
2002; Xu and Nitsche 2015; Sattari et al. 2012; Pullin and
Perry 1980). If the angle of attack is high, vorticity can also
accumulate near the leading edge and form a primary lead-
ing edge or stall vortex (Eldredge and Jones 2018; Muijres
et al. 2008). A comparable scenario is observed when fluid
is impulsively ejected through a circular nozzle or orifice.
Here, vorticity accumulates in the shear layer between the
fluid jet and the surrounding fluid, which rolls up into a pri-
mary vortex ring (Krueger and Gharib 2003; Shusser et al.
2002; Limbourg and Nedi¢ 2021; Krueger 2008).

These primary or starting vortices do not grow indefi-
nitely but reach a limit strength beyond which they will not
take up additional circulation (Gharib et al. 1998; de Guyon
and Mulleners 2021; Gao and Yu 2010; Mohseni and Gharib
1998). The vortex formation number is the non-dimensional
time at which the primary vortex reaches its limit strength.
Vortex formation numbers close to 4 are found in many
natural and laboratory configurations. Onoue and Breuer
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(2016) found that the circulation of the leading edge vortex
formed on a pitching plate reaches its maximum at a forma-
tion number of 3.7 + 0.3. A similar value was also found
by Ringuette et al. (2007), who observed the vortex pinch-
off from an accelerating flat plate at a formation number
of approximately 4. These values of the formation number
are the same order of magnitude as those found by Gharib
et al. (1998); Milano and Gharib (2005); Dabiri (2009) for a
vortex ring ejected by a piston-cylinder apparatus. Limbourg
and Nedic¢ (2021) unified the formation number for orifice-
generated vortex rings to values around 4 when adapting
the non-dimensional time to account for the contraction of
the flow.

Various studies also report different formation numbers.
Dabiri and Gharib (2005) increased the formation number
of the vortex ring by varying the nozzle exit diameter of
a piston-cylinder apparatus in time. Shusser et al. (2006)
increased the formation number by changing the piston
velocity profile from a constant velocity profile to a profile
with a constant acceleration. Krueger et al. (2006) reduced
the formation number by putting the piston-cylinder appa-
ratus in a uniform co-flow.

The vorticity released after the primary vortex has
reached its limit strength will accumulate into smaller sec-
ondary vortices within a trailing shear layer. We refer to
secondary vortices as the smaller coherent structures formed
and shed after a larger primary or starting vortex. These sec-
ondary vortices are composed of the same signed vorticity
as the primary vortex.

An essential difference between the primary and second-
ary vortices is their size and associated frequencies. Bloor
(1964) observed that the ratio between the characteristic
frequencies of primary and secondary vortices shed in the
near-wake of cylinders varies with Reynolds number accord-
ing to fy/fg = Re'/?, where f, and f, are the shedding
frequencies of the primary and secondary vortices. How-
ever, there is no consensus about the exponent value of the
proposed relationship. Prasad and Williamson (1997) indi-
cated that an exponent value of 0.67 works for Re up to 10°
and Wei and Smith (1986) found 0.87 in the range from
Re = 1200 to 11000. No clear relationships are established
in the situation of an isolated primary vortex. Based on the
flow visualisation around a submerged flat plate, Grift et al.
(2019) identified shedding frequencies of secondary vor-
tices in the range from 13 Hz to 20 Hz for different values
of acceleration, velocity, and immersion depth. This range
corresponds to a Strouhal number around 0.2, according to
the plate geometry and kinematics used by the authors. The
secondary vortex shedding frequency behind a vertical flat
plate increases with an increasing acceleration of the flat
plate (Rosi and Rival 2017).

We conducted experiments with a rotating rectangular flat
plate to systematically study differences in the nature and the
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formation process of primary vortices and their secondary
successors. We focused on the rotation motion because it is
a basic but fundamental two-dimensional motion. Any two-
dimensional motion can be decomposed into a pure rotation
and a translation. An extensive body of literature can be
found that discusses the vortex formation behind translat-
ing objects (de Guyon and Mulleners 2021; Fernando and
Rival 2016; Rosi and Rival 2017; Paraz et al. 2016). The
vortex formation process on a rotation object has received
less attention.

For a range of maximal rotational velocities that lead to
a Reynolds number ranging from 2500 to 12000, the typi-
cal flow development induced by the rotation from rest of
a thin flat plate is characterised by the formation of a large
primary or starting vortex followed by the discrete release of
significantly smaller secondary vortices. In Francescangeli
and Mulleners (2021), we described the trajectories of these
vortices by a modified Kaden spiral. Here, we focus on the
limit strength and timing of the separation of the primary
and secondary vortices.

2 Experimental methods

Experiments have been conducted in an octagonal tank
filled with water (Fig. 1a). The tank had an outer diameter
of 0.75 m. In the centre of the tank, we placed a rectangular
flat plate that was connected to a rotation mechanism. The
attachment point was in the middle of the shorter side of the
rectangle. The rotation mechanism rotated the plate around
the central longitudinal axis for 180° in quiescent water at
21 °C.

We conducted a first series of measurements with a rec-
tangular flat glass plate with length [ = 8 cm, width or span
s = 16 cm, and thickness # = 2 mm. The distance between
the centre of rotation and the tip of the plate is referred to as
the chord length c. We increased the thickness of the plate
to & = 4 mm for the second set of measurements. This sec-
ond set allowed us to study the influence of the thickness
on the formation of vortices. A third set of measurements
included a plate with a longer length [ = 12 cm, yielding a
chord length of ¢ = 6 cm. This third set provided insight into
the influence of the chord length on the vortex formation.

The rotation mechanism was fastened to an outer alu-
minium frame such that the mid-span of the plate was in
the centre of the tank to limit wall interference effects. A
servo motor (Maxon RE 35) was connected to a stainless
steel shaft, and the motion kinematics were transferred
to the flat plate through a 1 : 1 conical coupling. A 1: 19
gearbox was mounted on the motor to ensure high torque,
speed, and acceleration. The rotational angle, speed, and
acceleration were controlled via a motion controller (Galil
DMC-40), which allowed for accurate control of arbitrary
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motion profiles. The rotation programme was a trapezoidal
rotational velocity profile with a fixed rotational amplitude
of 180° (Fig. 1b). The error between the motor input signal
and the motor response measured by the encoder remained
below 0.1° throughout the entire motion for all parameter
variations considered.

To ensure a continuous acceleration profile, the corners
of the velocity trapezoid were smoothed. The maximum
rotational speed Q,, .. was varied from 100 °/s to 400 °/s.
This led to a Reynolds number Re = (R,,,,¢*)/v ranging
from 2790 to 11150. Here, v is the kinematic viscosity of
the water and the chord c is defined as the distance between
the centre of rotation and the tip of the plate. The rotational
acceleration Q was fixed at 6000° /s2.

The velocity field in the cross-sectional plane at the
model mid-span was measured using planar particle image
velocimetry (PIV). A high-power pulsed light-emitting
diode (LED Pulsed System, ILA_5150 GmbH) was used
to create a light sheet that forms the measurement plane.
The applicability of high-power LED for PIV has been
demonstrated previously by Willert et al. (2010); Krishna
et al. (2018). Time-resolved PIV images were recorded
with a Photron FASTCAM SA-X2 high-speed camera. The
camera was equipped with a 35 mm lens (Canon EF f/2 IS
USM), and the camera was aligned carefully such that the
optical axis of the lens was aligned with the rotational axis
of the plate and perpendicular to the light sheet (Fig. 1a).
The frame rate and the exposure time were varied depending
on the maximum rotational speed. A frame rate and exposure
time of 250 Hz and 1 ms were selected for a rotational speed
of 30°/s. They were adapted to 2000 Hz and 0.5 ms for the
highest tested speeds. Each case was repeated 5 or 6 times.
The frame rate of the camera was high enough to capture the
dynamics of the motion, and the LED was set to continuous
mode. The camera resolution was 1024 px X 1024 px, which
corresponded to a field of view of 20 cm X 20 cm.

|
0 45 90 135 180
a ]

The raw data were processed by the commercial software
PIVview (PIVTEC GmbH, ILA 5150 GmbH) using a cor-
relation model based on minimum squared differences and a
multi-grid interrogation algorithm with three iterations. The
final interrogation window size was 32 px X 32 px with an
overlap of 68%. A third-order B-spline interpolation method
for sub-pixel image shifting was performed on all passes.
The resulting physical resolution was 1 mm, or 0.025¢ with
c=4cm.

The total displacement error for PIV data is the sum
of a random error or measurement uncertainty and a bias
error. We measured an average particle displacement of
4 px between two subsequent frames, which led to a global
random error of 0.175 px or 4.3% according to Raffel et al.
(2018); Nobach and Bodenschatz (2009). The bias error is
mainly determined by peak locking, a phenomenon describ-
ing the tendency of the displacements to be biased toward
integer pixel values. Histograms of subpixel displacement
showed that peak locking was successfully avoided, and the
remaining bias error was assumed to be significantly less
than the random error (< 0.05 px).

3 Results

The typical flow topology that we observe when we rotate a
rectangular plate with a chord-based Reynolds number rang-
ing from 2790 to 11170 is presented in Fig. 2a-c. The forma-
tion of a large primary vortex is followed by the occurrence
of smaller secondary vortices that move along a spiralling
trajectory. The secondary vortices are discretely released
from the plate tip, and we refer to this tested range of Reyn-
olds number as the discrete shedding regime (Francescangeli
and Mulleners 2021).

The timing of the discrete shedding of the individual
secondary vortices is estimated using the swirling strength
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Fig.2 Temporal evolution of vorticity and swirling strength A
at the angular position (a, d) a = 30.0°, (b, ) a = 83.0° and (c, f)
a = 111.0°. The black curve is the modified Kaden’s spiral defined
in Francescangeli and Mulleners (2021). The dashed line represents
the plate tip trajectory. The grey rectangles in d—f indicate the prob-

ing area for the local average swirling strength. g Evolution of I,l.p

criterion introduced by Zhou et al. (1999). A vortex is con-
sidered a connected region when the value of the swirling
strength 4, is positive (Fig. 2d-f). The evolution of the local
average swirling strength, denoted by Etip’ in a small rectan-
gular probing area close to the tip of the plate for Re = 8380
is presented in Fig. 2g. The probing area is indicated in
Fig. 2d-f by the grey rectangle centred around x/c = 1.02
and y/c = 0.29. The location and size of the average tip
swirling strength probing region were selected after a sensi-
tivity analysis (Francescangeli and Mulleners 2021).

The temporal evolution of En-p has a global maximum and
first peak, followed by six clearly distinguishable smaller
peaks. The initial peak corresponds to the passage of the
primary vortex through the probing area, and the subsequent
smaller peaks mark the shedding of individual secondary
vortices. The local maxima of the six smaller peaks is used
to mark the shedding timing of the secondary vortices and
can be expressed in terms of @ or in terms of the non-dimen-
sional convective time ac/h.

The timing of the shedding of subsequent secondary vor-
tices for Re = 8380 in terms of a is presented in Fig. 2h.
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as a function of the angular position of the plate. The dotted lines
mark the separation angle of subsequent secondary vortices. h Delay
between the successive shedding of secondary vortices as a function
of the shedding order n for Re = 8380. The solid line is the power law
fit

Different markers with the same vortex number correspond
to multiple repetitions of the experiment. Secondary vortices
are not released at constant intervals during the rotation. The
timing between subsequently released vortices increases the
more secondary vortices have been previously released. As
shown at the end of our previous paper (Francescangeli and
Mulleners 2021), the timing can be described by a power
law:

a(n) =ap(1+ x)" 1))

where a(n) indicates the angular position at the shedding of
the n-th secondary vortex and «, and y are fitting param-
eters. The timing dynamics for all Reynolds numbers in the
discrete shedding regime can be represented by the power
law given by Eq. (1). The fitting parameters a,, and y are pre-
sented in Fig. 3 as a function of the Reynolds number. The
influence of the location and size of the probing region on
the fitting parameter is minor and is discussed in appendix
A. The data presented in Fig. 3 is also provided in form of
a table in appendix B.
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Fig.3 Fitting parameters a a, and b y as a function of the Reynolds number. The solid grey line in b is the power law fit given in Eq. (2). The

data presented here is also provided in form of a table in table 1

The mean value of « across different experiments does
not vary significantly with the Reynolds number and we find
an average value of ¢, = (31 = 2)° for all rotational motions
using the plate with # = 2mm and ¢ = 4 cm (Fig. 3a). Based
on Eq. (1), &, corresponds to the angular position at which
n = 0. We will confirm in the next section that this corre-
sponds indeed to the location at which the primary vortex
separates.

The value of y strongly depends on the Reynolds number
and decreases when the plate rotates faster (Fig. 3b). The
decrease of y with Reynolds number can again be described
by a power law

7 =aRe™?, 2

with a and b fitting parameters. For the tested range of Reyn-
olds numbers from 2500 to 12000, we find a = 11.7 and
b = 0.418 for the best fit indicated by the solid grey line in
Fig. 3. By rearranging Eq. (1), we can write:

_a(n+1)_

Lower values of y thus indicate a faster succession of sec-
ondary vortices and the shedding of more secondary vortices
over a constant 180 ° rotation.

3.1 Primary vortex growth and separation

Here, we focus on the growth and subsequent separation of
the primary vortex from the rotating plate. As a first step,
we want to verify that the value of «;, found as the result of
fitting Eq. (1) to the experimental data indeed corresponds
to the location at which the primary vortex separates from
the feeding shear layer. To do so, we concentrate on the
evolution of the flow topology for rotational angles around
a = a,. For a Reynolds number of 8380, we find a;, = 30.4°

(Fig. 2h). Positive (pFTLE) and negative finite-time Lyapu-
nov exponent (nFTLE) fields (Haller 2001, 2015) have been
calculated for rotational angles below and above «; and the
ridges in the FTLE fields are presented in Fig. 4. The ridges
help identify the boundaries of coherent structures and the
intersections between the ridges of the positive and negative
FTLE fields mark the location of a saddle point. The emer-
gence of saddles points indicate vortex detachment (Mul-
leners and Raffel 2012; Huang and Green 2015; Rockwood
et al. 2017; Krishna et al. 2018). The saddle point closest
to the wing tip is highlighted by circles in Fig. 4. When the
plate is at an angular position a < aj, the negative ridges are
not yet well-formed (Fig. 4a). At this stage, no clear intersec-
tions between positive and negative FTLE ridges that mark
the location of a saddle point are detected. This suggests that
the feeding process of the primary vortex is still in progress.
At @ = 33°, the negative ridges are now clearly delineated
(Fig. 4b). An intersection between the negative and the posi-
tive FTLE ridges emerges close to the tip of the plate and is
located along the shear layer that feeds the primary vortex
(Fig. 4b). When the plate rotates beyond «,, the distance
between the saddle point and the tip increases as the saddle
point moves away together with the primary vortex (Fig. 4c).

The emergence of the saddle point near a, represents
the instant at which the primary vortex pinches-off from
the plate tip. When the primary vortex separates from the
feeding shear layer, the vortex circulation stops increasing.
To measure the primary vortex circulation, we first need to
identify its boundaries. We use both the swirling strength
A; criterion and the dimensionless Galilean invariant scalar
function I', (Graftieaux et al. 2001) to identify the bounda-
ries of the primary vortex. The primary vortex circulation
is obtained by integrating the positive vorticity inside the
selected boundary contour. The influence of the different
vortex boundary identification criteria on the measure of the
vortex circulation is discussed in appendix C.
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point

The temporal evolution of the primary vortex circula-
tion is presented by markers in Fig. 5 for Re = 4190 and
Re = 8380. The solid lines in Fig. 5 indicate the evolution
of the total circulation obtained by integrating all positive
vorticity released from one side of the plate. The bottom
x-axis indicates the rotational angle of the plate, which
corresponds to the ratio between the travelled arc length
I(f) = Q(f) t ¢ = a(t)c and the chord length c. The chord of
the plate is defined as the distance between the point of rota-
tion and the plate tip. An alternative convective time meas-
ure can be calculated as the ratio between the travelled arc
length I(r) = Q(#) t ¢ and the thickness of the plate &, which
is indicated by the top x-axis.

The total circulation associated with the positive vorticity
released on one end of the plate continuously increases in
time. The rate of increase changes during the rotation and is

ac/h
0 10 20 30 40

=QQ0000000Pu = Ih(Re = 4190)

0 30 610 9IO 150 150
a [
Fig.5 Temporal evolution of the a dimensional and b dimensionless
primary vortex and total circulation for Re = 4190 and Re = 8380.

The solid grey line in b indicates the theoretical temporal evolution of
I'/(Qc?) as predicted by inviscid theory. ¢ Non-dimensional circula-
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higher at the beginning of the motion. The rotational accel-
eration for our measurements is kept constant at 6000° /s,
which leads to increasing acceleration times for increasing
maximum rotational speeds. For the largest rotational speed
tested, the acceleration phase ends at & = 24°, which is still
well before the primary vortex separates at .

When the plate starts rotating, all positive vorticity accu-
mulates in the primary vortex and the primary vortex circu-
lation I, indicated by the markers, matches the total circula-
tionT,,, (Fig. 5). When the plate has travelled approximately
31°, the primary vortex circulation ceases to increase while
the total circulation keeps increasing. The angular position
at which the primary vortex circulation reaches its maximum
value coincides with the emergence of a saddle point in the
flow field (Fig. 4b) and matches the value indicated by the
fitting parameter a,,.

ac/h
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r/(£2c%) « o'/?
© Re=4190
@® Re=8380

- 1.4

1 %0
|
o
oo
PU /I
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a ]
tion of the primary vortex, I,/ (Qc?), measured at a = a, as a func-

tion of the Reynolds number. The dashed line in ¢ is the prediction of
the maximum primary vortex circulation following Eq. (6)
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When the vortex pinches-off, circulation is no longer
entrained in the primary vortex and the additional cir-
culation accumulates in the form of secondary vor-
tices that will be discretely released during the rest of
the motion. The overall growth of the circulation and
final dimensional value of the primary vortex circula-
tion increases with increasing Reynolds number. We
measure final values of Iy =0.0032 +0.0001 m?/s
and Ty = 0.0062 + 0.0002m? /s for Re = 4190 and Re =
8380, respectively (Fig. 5a). The evolution of the non-
dimensional circulation, expressed as ['(f)/(Q(f)c?), is
independent of the Reynolds number (Fig. 5b). Across
the Reynolds number range tested, we find a constant
maximum non-dimensional primary vortex strength of
[,/ (Qc?) = 0.81 + 0.02 for all rotational motions using
the plate with 2 = 2mm and ¢ = 4 cm (Fig. 5¢).

The initial growth in circulation reduces once the primary
vortex has separated. For a > «, the increase in the total
non-dimensional circulation is described by

r/(Qc) = Ka3, @)

where the fitting constant K = 1.0 for our experimental data
if @ is expressed in radians. The fit is shown by the thick
grey line in Fig. 5b. The increase in the dimensionless total
circulation with @!/3 is similar to the behaviour observed by
Pullin et al. for a two-dimensional plate moving at a constant
speed (Pullin 1979; Pullin and Wang 2004; Pullin and Sader
2021). This result is also experimentally and numerically
confirmed by Rival et al. (2014) and Xu and Nitsche (2015).

Pullin (1978) derived the temporal evolution of the total
circulation shed by a translating wedge that is started from
rest by assuming a potential flow and a power law transla-
tion profile given by U(¥) = Uof“m, with U, a velocity con-
stant and 7" the non-dimensional time. By considering a zero
wedge angle and a constant velocity, the expression for the
total dimensionless circulation derived by Pullin (1978) sim-
plifies to:

r@ =Jgrs o)

for a vertical flat plat that is impulsively translated hori-
zontally from rest. Here, [" and 7 are the dimensionless cir-
culation and time based on U, and J is the dimensionless
shed circulation constant. The shed circulation constant [/
depends on the wedge angle and the power coefficient m of
the velocity profile. For a flat plat that is impulsively started
from rest to a constant velocity Uy, Pullin found J = 2.4.
Recently, Pullin and Sader (2021) extended the prediction of
the circulation of the starting vortex for flat plates subjected
to a translating start-up motion coupled to a plate rotation.
They show how the shed circulation constant varies with the
rotational-to-translational velocity ratio. Unfortunately, no
solution for a purely rotational motion is available and no

direct comparison with our experimentally determined value
can be made. The spatial velocity gradient experienced at the
tip of the plate due a rotational motion differs from the gradi-
ent experienced when the plate is translated, which would
yield different shed circulation constants. Yet, the temporal
evolution of the circulation is governed by the same power
law coefficient in both cases.

For a > «, the evolution of the total circulation is gov-
erned by Eq. (4) and the maximum circulation of the pri-
mary vortex equals the total circulation at @ = «j,. The limit
strength of the primary vortex can thus be estimated by:

1
Iy/(Qc*) = Ka, (©)
with K = 1.0 and « = 31 + 2° the empirically determined
values for the Reynolds numbers ranging from 2790 to
11170 that were tested here (Fig. 5c).

3.2 Primary vortex formation number and analogy
with translational vortex ring generation

When a volume of fluid is ejected through a circular noz-
zle in otherwise quiescent fluid, a vortex sheet is created
at the outlet of the nozzle. This vortex sheet rolls up into a
coherent primary or starting vortex ring (Pullin 1979; Glezer
1988; Shariff and Leonard 1992). The vortex ring will not
grow indefinitely and a few convective times after the vor-
tex sheet is created, the self-induced velocity of the vortex
ring exceeds the velocity of the shear layer that feeds it, and
the vortex pinches off (Shusser and Gharib 2000). After the
vortex pinches off, its circulation ceases to increase and its
non-dimensional energy reaches a characteristic minimum
value that depends on the velocity distribution in the ejected
fluid (Gharib et al. 1998; Mohseni et al. 2001; Limbourg and
Nedié¢ 2021). The convective time at which these propulsive
vortex rings simultaneously pinch off, reach a minimal non-
dimensional energy, and outpace their feeding shear layer
is referred to as the vortex formation number (Gharib et al.
1998; Mohseni and Gharib 1998).

A commonly used approach to estimate the vortex for-
mation number for piston-generated vortices is the asymp-
totic matching procedure (Limbourg and Nedic 2021b).
In this procedure, values of the circulation, impulse, and
energy of the fluid ejected by the piston are predicted by a
slug-flow model (Mohseni and Gharib 1998; Shusser et al.
1999; Linden and Turner 2001). The formation number
is identified as the formation time at which the estimated
invariants match the equivalent asymptotic values for an
isolated vortex ring that corresponds to a certain family of
vortex rings. The vortex ring invariants can be combined
to estimate the translational velocity of a vortex ring (Saff-
man 1975) and the asymptotic matching procedure can be
formulated as a kinematic argument for vortex pinch-off.
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The formation number is then identified as the forma-
tion time at which the translational velocity of the vortex
exceeds the shear layer velocity. This approach requires
an accurate estimation of the shear layer velocity. A rough
approximation is to consider the shear layer velocity to be
half of the piston velocity (Mohseni and Gharib 1998).
More accurate approximations use the spatial velocity
profile at the nozzle exit or take the contraction ratio of
the starting jet into account (Weigand and Gharib 1997;
Limbourg and Nedic 2021a).

For vortices that form in the wake of translating or
rotating bodies, the self-induced velocity of the vortex
cannot be estimated based on the slug-flow model as the
volume and the velocity of the fluid injected in the vorti-
ces are not known a priori. Here, we can use the approach
proposed by de Guyon and Mulleners (2022) that is based
on the self-similar vortex sheet roll-up or directly measure
the velocity of the vortex centre. We chose the later option.

The primary vortex that forms due to the rotation of
our flat plate moves on a circular trajectory following the
plate’s tip, indicated by the dotted line in Fig. 6a (Frances-
cangeli and Mulleners 2021). The angular position of the
primary vortex core with respect to the plate is indicated
by f. The temporal evolution of f is solely determined by
the plate’s rotational angle a and does not vary with the
Reynolds number for a given plate geometry (Fig. 6b). The
relative speed of the primary vortex U, with respect to the
plate is given by
dfo) _ dpda _ . dp

- —on¥
@ Caaar ey, @

Uy(®) =

To facilitate calculations, we approximate the variation of f
with a by a second order polynomial.

0 0.5 1 30 60 90

z/c a [

Fig.6 a Definition of the angle f indicating the angular position of
the primary vortex with respect to the plate. b Evolution of § as a
function of the plate’s rotation angle « for different Re. ¢ Normalised
speed of the primary vortex centre as a function of the plate’s rotation

@ Springer

The evolution of the calculated primary vortex speed U,
normalised by the maximum plate’s tip speed Uy,
is presented in Fig. 6¢ for different Reynolds numbers.
During the acceleration of the rotational motion, the
curves corresponding to the different Reynolds numbers
are separated because the vortex speed is normalised by
the maximum tip speed. The different Reynolds numbers
correspond to rotational motions with different maximum
rotational velocities with the same rotational acceleration,
which leads to larger durations of the acceleration phase
for the higher Reynolds number cases. After the accelera-
tion phase, the U,/U,, curves of the different cases col-
lapse as f depends solely on « for a given plate geometry.
When the primary vortex separates around aj, the primary
vortex centre follows the tip with a velocity that is slightly
higher than half of the plate tip’s velocity which matches
the conditions of vortex separation for piston-generated
vortices (Mohseni and Gharib 1998).

To determine a vortex formation number for the primary
vortex by analogy with piston-generated vortices, we need
to select the non-dimensional convective timescale that is
most suitable to describe the vortex formation process. The
two most obvious choices for non-dimensionalising time are
defining the convective time as the ratio between the arc
length travelled by the plate tip and the chord length which
is a; or as the ratio between the arc length travelled by the
plate tip and the thickness of the plate which is ac/h. To
determine which scaling is more appropriate to characterise
the age of the primary vortex generated by the rotating plate,
we now consider results for different plate geometries.

Figure 7 summarises the temporal evolution of the total
circulation (Fig. 7a) and the primary vortex circulation as
a function of the chord-based convective time (Fig. 7b) and
the thickness-based convective time (Fig. 7c) for three plates
with 2 cm or 4 mm thickness and 4 cm or 6 cm chord length

=Q .C

ac/h

1 0.75

-0.25

1
1
1
1
1
1
1
1
1
:
L 1l L L
120 150 0 30 60 90 120

[

angle for different Re. The vertical dashed line in ¢ indicates the angle
a, at which the primary vortex separates. The horizontal dashed line
in ¢ indicates the normalised vortex speed at separation
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Fig.7 Comparison of the evolution of the circulation of the rotation of three different plate geometries at Re =8380. a Evolution of the total cir-
culation as a function of the plate’s angle of rotation. b Primary vortex circulation as a function of « and ¢ as a function of ac/h

at Re = 8380. The total circulation for all three plates is gov-
erned by the plate’s rotation angle and follows the inviscid
theoretical prediction where I'/(Qc?) « a!/3. Deviations
from the theoretical curve occur during the acceleration
phase of the plate.

Initially, all circulation accumulates into the primary vor-
tex and the primary vortex circulation closely matches the
total circulation when presented as a function of a (Fig. 7b).
Small discrepancies are due to the identification of the pri-
mary vortex boundaries. For our reference plate with a
chord length of 4 cm and a thickness of 2 mm, the vortex
separates around a = 31° and reaches a maximum non-
dimensional circulation of [,/(Qc?) = 0.81 + 0.02. When
the chord of the plate is increased from 4 cm to 6 cm for a
constant thickness, the primary vortex circulation ceases to
increases earlier at « = 21° and reaches a lower final value
of [y /(Qc?) ~ 0.7. When we increase the thickness of the
plate from 2 mm to 4 mm for a constant chord length, the
primary vortex circulation continues to increase longer until
a =~ 58° and reaches a higher final value of I\;/(Qc?) ~ 1.0.
The final value of the primary vortex is given by the angle
at which the vortex separates, which is not constant for the
different plate geometries. The convective time defined using
Qc as the characteristic velocity and c¢ as the characteristic
length scale thus provides a measure for the vortex strength
but is not suitable to predict the primary vortex saturation
and separation.

In Fig. 7c, we present the evolution of the primary vortex
circulation for the three plates as a function of the convective
time ac/h. Now, the convective time at which the primary
vortex circulation ceases to increase for all plate geom-
etries occurs at the same non-dimensional time and yield
a constant vortex formation number of ac/h = 10.9 + 0.6.
The convective time defined using Qc as the characteristic
velocity and / as the characteristic length scale provides a
measure for the age of the primary vortex or how far it is
away from saturation and separation and is suitable to define
a vortex formation number.

The thickness and the chord length have a different effect
on the vortex formation process that we try to explain here
by analysing its effect on the vorticity distribution in the
vortex. Vorticity is generated at the surface of the plate and
predominantly at the plate tip where the velocity is highest.
The vorticity then spreads across the shear layer at the tip
that has a thickness that scales with the thickness of the
plate. The shear layer rolls-up into the primary vortex and
the tightness of this roll-up is governed by the chord of the
plate. The tightness of the roll-up refers to the degree of
compactness of the spiral created by the shear layer roll up.
A tighter roll-up leads to a smaller and more compact spiral
with less variation in the local curvature between succes-
sive windings, which leads to a more uniform distribution of
vorticity in the core. The thicker the shear layer and tighter
the roll-up, the more uniform the vorticity distribution in
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the core of the vortex, which is quantified by its non-dimen-
sional energy (Saffman 1975; Weigand and Gharib 1997,
de Guyon and Mulleners 2021). More uniform distributions
of vorticity are characterised by lower values of the mini-
mum non-dimensional energy, and higher non-dimensional
circulation (Shusser et al. 1999; Mohseni et al. 2001; de
Guyon and Mulleners 2022). Therefore, the vortex created
by the thicker plate with the shorter chord is expected to
have the lowest non-dimensional energy and highest circu-
lation. The thinner plate with the longer chord has a higher
concentration of vorticity in the shear layer which rolls up
in a less tight spiral creating a vortex with a higher gradient
of vorticity in the core, higher non-dimensional energy, and
lower circulation.

Based on our experimentally determined constant for-
mation number of ac/h = 10.9 + 0.6 and the relationship
between the primary vortex strength and the angle of the
plate at separation given by Eq. (6), we can estimate the pri-
mary vortex strength for a large range of rotating flat plates
by

[,/(Qc?) =2.22(h/c)'/. (8)

For the three plates tested this gives us I'y/(Qc?) = 0.71,
0.82, and 1.0, which are indicated by the horizontal dashed
lines in Fig. 7.

3.3 Secondary vortex strength

This section is dedicated to the circulation of the secondary
vortices. The circulation of the secondary vortices is indi-
cated by I',, with n referring to the order in which they have
shed. The circulation is calculated following the same proce-
dure used for the primary vortex which relies on the swirling
strength criterion to determine the vortex boundary. Fig. 8a
represents the evolution of I', as a function of the shedding

I,/0c?

wl=

0.06 -

— (T%) (1+x)5 [l~(1+x)’%] 1

order n for the plate with a chord length of 4 cm and a thick-
ness of 2mm at Re = 5589. The secondary vortices have
median circulation values that range from 0.07 to 0.12,
which makes them smaller than 20% of the primary vortex.
Contrarily to what we hypothesised in Francescangeli and
Mulleners (2021), the strength of the subsequent second-
ary vortices is not constant, but increases in time whereas
the timing between the subsequent shedding of secondary
vortices decreases.

Again, we can attempt a phenomenological explanation
based on changes in the vorticity distribution in the shear
layer. The strength of the shear layer at the tip of the plate
is related to the velocity difference across the shear layer
(Rosi and Rival 2017). When the plate is rotating at the
constant rotational velocity, the temporal variation of the
velocity difference across the shear layer is only influenced
by the induced velocity due to the previously shed vorti-
city (Gehlert and Babinsky 2021; Gehlert et al. 2023). In
time, the shed vorticity increases and the induced velocity
decreases the strength of the shear layer, which also leads
to a decrease in time in the total rate of increase of the cir-
culation (I" « 1/3a~%/3). If we assume that the thickness
of the shear layer scales with the thickness of the plate,
then a decreases in the shear layer strength leads to a more
uniform vorticity distribution, which are characterised by
lower minimum values of the non-dimensional energy, and
higher non-dimensional circulation of the individually shed
vortices (Pullin 1978; de Guyon and Mulleners 2022). For
all Reynolds numbers, we indeed observe an increase of
the non-dimensional circulation of the subsequently shed
vortices (Fig. 8b). The primary vortex has a constant non-
dimensional maximum circulation for this range of Reyn-
olds numbers (Fig. 5¢), but the circulation of the secondary
vortices decreases with increasing rotational velocity based
Reynolds number (Fig. 8b).

T T T

b. Re °

.l o

2,500 7,000

11,000

1 2 3 4 5 6

n

Fig.8 a Comparison between circulation of all secondary vortices at Re = 5589 measured with the swirling strength criterion and predicted by
Eq. (11). b Values of circulation computed with Eq. (11) for various Reynolds numbers
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We can now use our previous results to estimate the evo-
lution of the circulation of subsequently shed secondary
vortices at different Reynolds numbers. The evolution of
the total circulation is described by Eq. (4), with K = 1.0
independent of the plate dimensions. The timing of vortex
shedding is given by Eq. (1), where «, depends on the plate
dimensions a, = Th/c with T the vortex formation number
of the primary vortex, such that

a,(n) = ay(l + x)" = T%(l + )" . 9)

The circulation of the n™ secondary vortex is estimated by:

r, T@) T@,,)
Q2 Q2 Qc?

10)

=(T§)§(1+;()§[1—(1+;()‘§] an

For all experiments presented here, we found 7" = 10.9 + 0.6.
The parameter y depends on the Reynolds number and
decreases when the plate rotates faster according to Eq. (2).

The estimated circulation values determined using Eq.
(11) are compared with the experimentally determined val-
ues in Fig. 8a for Re = 5589 . The secondary vortices are
much smaller than the primary vortex and their resolution
within the same region of interest is lower. Due to the limi-
tations in the spatial resolution, there is substantial scatter
in the data. To increase the statical significance we have
combined here results from ten repetitions at Re = 5589
, combining the data for angular accelerations of 3000° /s>
and 6000° /s%. The timing of the shedding of the secondary
vortices is easier to measure than their circulation. Still, the
median measured values of the circulation of the secondary
vortices are in good agreement with the estimated circula-
tion computed with Eq. (11). Both confirm the increase in
circulation with increasing order number.

4 Conclusions

The growth and timing of primary and secondary vortices
generated by a rotating rectangular flat plate was investigated
experimentally. Particular focus was directed towards the
identification and prediction of the limit strength and forma-
tion number of primary and secondary vortices.

The total non-dimensional positive circulation generated
at the tip of the rotation plate increases with a'/3 regardless
of the geometry or the rotational speed of the plate. Initially,
all circulation accumulates into the primary vortex which
separates at @ = ;. The angle a,, varies when the dimensions
of the plate change. A constant vortex formation number

or non-dimensional time delay 7' = ayh/c = 10.9 + 0.6 was
found for all experiments presented.

The maximum non-dimensional limit value of the pri-
mary vortex circulation matches the total non-dimensional
circulation at @ = @, and can be estimated using inviscid
theory. The non-dimensional primary vortex strength is
independent of the rotational velocity based Reynolds num-
ber but varies depending on the plate’s dimensions. The use
of thicker plates leads to the formation of primary vortices
that separate at higher values of a and reach higher non-
dimensional limit circulation values. The use of longer plates
leads to the formation of primary vortices that separate at
lower values of a and reach lower non-dimensional limit
circulation values.

The separation of the primary vortex is followed by the
discrete release of secondary vortices for the tested range
of Reynolds numbers from 2790 to 11170. The secondary
vortices are considerably smaller in size and strength than
the primary vortex. The non-dimensional strength of the sec-
ondary vortices is smaller than 20% of the primary vortex
for all configurations tested. The non-dimensional strength
of the secondary vortices is not constant but increases the
more secondary vortices have been previously released and
decreases with increasing Reynolds number. We proposed
empirical predictions of the timing of shedding of subse-
quent secondary vortices as a function of the shedding order
and Reynolds number. Combined with the experimentally
determined constant primary vortex formation number of
T = ayh/c = 10.9 + 0.6, we presented predictions of the
strength of secondary vortices for a range of rotating plate
motions that agree with the experimental observations.

Further measurements with more complex geometries
and arbitrary motions are necessary to determine the range
of validity and necessary adaptation of the proposed empiri-
cal model.

Appendix A Sensitivity analysis
of the location and size of the average tip
swirling strength probing region

The local average swirling strength Eﬂp reaches a local maxi-
mum value when most of the vortex fills the selected rectan-
gular region. We performed a variational analysis to select
the most suitable position and dimension of the rectangular
region which is discussed here.

The trajectories of the secondary vortices follow the
modified Kaden’s spiral introduced in Francescangeli and
Mulleners (2021). Therefore, we decided to place a rectan-
gular probing region of 0.25¢ X 0.15¢ (width x height) along
the spiral at 0.24c¢ above the tip. The height of the probing
region was large enough to fully include secondary vortices

@ Springer



128 Page 12 of 15

Experiments in Fluids (2023) 64:128

y/c
-

0.5 -
[
i
max(h/c) -
min(h/c) } &
0
-0.5 0 0.5 1
xz/c
. : : " T
35 -
do 30 - '/.\'/.\:\./‘
:
25 - !
i
1 L
0.15 0.2 0.25 0.3
h/c

Fig.9 a Snapshot of the scalar swirling strength field at & = 115°
for Re =8380 including the locations of a the probing region at the
maximal and minimal distance away from the tip (y,/c = 0.35 and
¥,/c¢ =0.15). b Temporal evolution of the average swirling strength

but small enough not to include the swirling strength associ-
ated with the plate and the previous or following secondary
vortices. The width of the region was as small as possible
but sufficiently large to capture the secondary vortices even
when small deviations to the predicted spiralling trajectory
occurred.

This distance to the tip was the result of a compromise.
If the distance between the probing region and the tip of the
plate is larger than 0.35c¢, the first two secondary vortices
are not clearly distinguishable. The peak that corresponds to
the presence of the primary vortex cannot be distinguished
from the smaller peaks that correspond to the presence of the
first two secondary vortices (Fig. 9a). If the probing region
is too close to the tip of the plate, with the base at a distance
lower than 0.12¢ from the tip, the signal is too noisy due to
the presence of the bound vorticity accumulation at the tip
(Fig. 9b).

We gradually moved the probing region in the range
0.15¢ <y, < 0.35¢ and computed a, and y at each location,
to evaluate the influence of our choice. The coefficients
and y are the empirical fitting coefficients that predict the
timing of the vortex shedding given by Eq. (1). When we
move the probing region further away from the tip from
0.15 to 0.35 c, a delay in the identification of the vortices is
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ficients cayand d y

introduced and the values of «; increase slightly from 29.9°
to 32.8°. A correction to compensate for the delay could
be applied but requires an estimation of the vortex speed
between the moment of separation and the moment the vor-
tex passes through the probing region and would introduce
another empirical parameter. As the variations are relatively
small compared to the overall fluctuations between runs in
identifying «,, we have not applied such a correction here.
The influence of the location of the probing region on y is
not significant. The dashed line in Fig. 9e, f marks the loca-
tion of the probing region used for the bulk of the results,
which corresponds to the most robust choice for our test
cases.

Appendix B Variation of @, and y
with Reynolds number

To facilitate readers to compare their results with those pre-
sented in this paper, we present in table 1 the empirical fit-
ting coefficients & and y of Eq. (1) that predicts the timing
of the vortex shedding. The same data is visually presented
in Fig. 3.
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Table 1 Values of &, and y R Mi Medi M Mi Medi M
determined by fitting Eq. (1) to ¢ (@) edian(a,) ax(a) (o) edian(y) ()
the experimentally determined 2792 30.1 31.9° 33.6° 0.39 0.40 0.42
timings of subsequent vortex . R
shedding from the plate tip at 4189 30.7 31.2 31.3 0.35 0.38 0.39
different Reynolds numbers 5585 30.5° 32.2° 33.7° 0.29 0.31 0.33
8377 27.7° 30.4° 32.0° 0.25 0.27 0.29
11170 27.6° 30.4° 33.4° 0.21 0.24 0.26
018+ M I'= //wdA J
B = % ddl
0.14 + J
0.1 J
0.06 r J
1 2 3 4 5 6

o []

Fig. 10 a Comparison between dimensionless circulation of the pri-
mary vortex as a function of a, computed with the swirling strength
and I', criteria. Continuous lines and dots represent circulation com-
puted by integrating vorticity inside the contours. Dashed lines and
diamond marks represent circulation computed by integrating the
velocity around the contours. b Vorticity flow field at « = 90° for
Re = 8380, overlapped with the swirling strength and I", contours

Appendix C Computation of the vortex
circulation

To determine the circulation of the primary and secondary
vortices shown in the results we have used the swirling
strength criterion. Here, we compare the results using the
swirling strength criterion (Zhou et al. 1999) with those
obtained using the I', criterion (Graftieaux et al. 2001) to
identify the vortex boundaries. The vortex circulation is
determined by integrating either the vorticity within these
boundaries or the velocity along the boundaries. An exem-
plary result of the comparison of the different methods
is presented in Fig. 10a which shows the temporal evo-
lution of the primary vortex circulation for the rotating
reference plate at Re = 8380. The different colours refer
to the swirling strength and the I, criterion to identify the
vortex boundaries. The swirling strength criterion defines
a vortex as compact region of negative swirling strength.
We take the zero contour as the vortex boundary. The I',

Fig. 11 Evolution of the circulation the secondary vortices at Re =
5589 as a function of the shedding order n. The larger values cor-
respond to the surface integration of the vorticity and the lower val-
ues to the line integration of the tangential velocity along the vortex
boundaries identified using the swirling strength criterion

criterion considers the vortex core area as the region where
I’y > 2/x and the I", = 2/z contour is taken as the vortex
boundary. A comparison between the different contours
for the primary and secondary vortices at &« = 90° is pre-
sented in Fig. 10b. The solid lines in Fig. 10a correspond
to results obtained by a surface integral of the vorticity and
the dashed lines correspond to results obtained by a line
integral of the tangential velocity. Both identification tech-
niques provide similar results and discrepancies between
the various methods never exceed 5%.

For the larger primary vortex, little variation is observed
between the surface integral of vorticity and the line integral
of the velocity. For the smaller secondary vortices, the rela-
tive resolution of the velocity field measurements is lower
and larger variations might be observed. In Fig. 11, we com-
pare the evolution of the secondary vortices as a function of
the shedding order using both integrations options for our
reference plate at Re = 5589 . The vortex contours are iden-
tified using the swirling strength criterion which are slightly
larger than the boundaries obtained from the I, criterion
(Fig. 10b).
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The area integrals of the vorticity yield slightly higher
values of the circulation for all secondary vortices with
larger variations between runs (grey box plots in Fig. 10).
The larger variations are due to larger uncertainties that
can occur when computing the velocity gradients for the
vorticity. The line integrals of the velocity are less affected
by outliers in the velocity field measurements and yield
slightly lower values than the surface integrals. Overall,
there is still a good agreement between both integration
methods and both reveal the same increase of the circula-
tion with increasing order of shedding.
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