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A B S T R A C T   

Interactions between the tide and sloping sea boundary make watertable fluctuations in coastal unconfined 
aquifers complicated. Based on a perturbation method, we derived a new analytical solution to predict 
watertable fluctuations for coastal unconfined aquifers with a sloping sea boundary. Following validation with a 
numerical model, the analytical solution was used to explore the effects of the vertical flow (in the saturated 
zone) and dynamic effective porosity on watertable fluctuations. Results show that the new analytical solution 
accurately predicts watertable fluctuations for coastal unconfined aquifers with a sloping sea boundary. 
Compared with sand coastal unconfined aquifers, both vertical flow and dynamic effective porosity effects on 
watertable fluctuations are more pronounced for loam coastal unconfined aquifers. Vertical flow has a minor 
influence on the fluctuation amplitude while it significantly decreases the phase lag of the watertable fluctuation 
at a given location. In contrast to vertical flow, accounting for the dynamic effective porosity not only decreases 
the phase lag, but also significantly amplifies the fluctuation amplitude for a given location, which enables 
watertable wave propagation further inland. Increasing the beach slope weakens the effects of the vertical flow 
and dynamic effective porosity on watertable fluctuations. Furthermore, including either the vertical flow or 
dynamic effective porosity effects leads to a lower watertable overheight. These results highlight the importance 
of vertical flow and dynamic effective porosity effects in models of watertable fluctuations.   

1. Introduction 

Coastal unconfined aquifers are hotspots for land-ocean interactions. 
Subject to oceanic oscillations (e.g., tides and waves), water periodically 
flows into or drains out of coastal unconfined aquifers, leading to 
watertable fluctuations that directly impact a range of groundwater- 
dependent processes such as beach erosion, seawater intrusion, sub-
marine groundwater discharge, solute transport and chemical loading to 
the ocean (e.g., Parlange et al. 1984, Li et al. 1999, Moore 2010, Xin 
et al. 2010, Bakhtyar et al. 2011, Werner et al. 2013, Robinson et al. 
2018). An accurate prediction of watertable fluctuations is essential for 
understanding these groundwater-dependent processes. 

Previously, substantial efforts were devoted to predicting watertable 
fluctuations in coastal unconfined aquifers (e.g., Parlange et al. 1984, 

Nielsen 1990, Barry et al., 1996, Raubenheimer et al. 1999, Li et al. 
2000a, b, Robinson et al. 2006, Heiss and Michael 2014, Shoushtari 
et al. 2016, Luo et al. 2023). Most of these studies investigated watert-
able fluctuations based on the one-dimensional Boussinesq equation 
since it is computationally efficient and reveals explicit relations be-
tween parameters that affect watertable fluctuations. Initially, the 
Boussinesq equation was used to describe groundwater flow in the 
saturated zone (e.g., Parlange et al. 1984, Nielsen 1990, Bear 2012). 
With time, more laboratory and field data were presented, and it was 
found that the predictions of the classical Boussinesq equation deviate 
from measurements. Therefore, the Boussinesq equation was extended 
to account for different factors including the vertical flow (in the satu-
rated zone) (e.g., Nielsen et al. 1997, Li et al. 2000b), unsaturated flow 
(e.g., Parlange and Brutsaert 1987, Barry et al., 1996, Li et al. 1997, 
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Jeng et al. 2005b, Kong et al. 2013, 2015) and hysteresis (e.g., Kong 
et al. 2016a). Watertable fluctuations in coastal unconfined aquifers 
predicted using Boussinesq-based equations show an asymptotic 
amplitude decay rate and zero phase lag increase rate (standing wave 
behavior) of watertable waves with increasing neωD/Ks (where ne [-] is 
the static effective porosity, ω = 2π/T [T− 1] is the angular frequency 
with T [T] being the fluctuation period, D [L] is the mean sea level 
height and Ks [LT− 1] is the saturated hydraulic conductivity) (e.g., 
Barry et al., 1996, Nielsen et al. 1997, Li et al. 2000a, Kong et al. 2013, 
2015). However, this limiting behavior was not found in the laboratory 
experiments of Shoushtari et al. (2016), in which fluctuation period 
effects (i.e., neωD/Ks) on watertable wave propagation in the unconfined 
aquifer with a vertical sea boundary were considered. Shoushtari et al. 
(2016) observed an increase of both the amplitude decay rate and phase 
lag increase rate of watertable waves with increasing neωD/Ks and hence 
concluded that all existing Boussinesq equations cannot predict experi-
mental results correctly. 

Effective porosity is the volume of water that an aquifer drains or 
imbibes per unit surface area of aquifer per unit change of the watertable 
height (Childs, 1960). It is usually treated as a constant (e.g., Barry et al., 
1996, Nielsen et al. 1997, Li et al., 2000a, Kong et al. 2013, 2015). 
Nevertheless, experimental, field and numerical evidence show that the 
effective porosity depends on the porewater velocity during watertable 
fluctuations (e.g., Cartwright et al. 2005, Rabinovich et al. 2015, 
Pozdniakov et al. 2019). More recently, Luo et al. (2023) developed a 
modified Boussinesq equation that includes vertical flow and dynamic 
effective porosity effects, and showed that its predictions compare well 
with a wide range of experimental data compiled from Parlange et al. 
(1984), Cartwright et al. (2003), Shoushtari et al. (2016) and Kong et al. 
(2016a), i.e., the modified Boussinesq equation accurately predicts 

watertable fluctuations for coastal unconfined aquifers with a vertical 
sea boundary, including for large neωD/Ks. 

Most of abovementioned work regarding watertable fluctuations 
assumes a vertical sea boundary, although sloping beaches are common 
(Vos et al., 2020). Nielsen (1990) developed an analytical approxima-
tion to predict watertable fluctuations in coastal unconfined aquifers 
with a sloping sea boundary using a perturbation method. However, this 
analytical solution only matches the time-varying sea boundary condi-
tion approximately. To overcome this shortcoming, Li et al. (2000a) 
revisited the same linearized Boussinesq equation and derived an 
analytical solution using a coordinate transformation that enables in-
clusion of moving boundary effects. Kong et al. (2011) obtained an 
analytical solution based on a nonlinear Boussinesq equation by a 
perturbation method with two perturbation parameters, alleviating 
high-order term problems in the analytical solutions of Nielsen (1990) 
and Li et al. (2000a). In addition to solutions based on the Boussinesq 
equation, Teo et al. (2003) and Jeng et al. (2005a, b) derived analytical 
solutions based on Laplace’s equation for coastal unconfined aquifers 
with a sloping sea boundary. They did not, however, consider the ver-
tical flow and dynamic effective porosity that, for a vertical sea 
boundary, affect watertable fluctuations (Luo et al., 2023), as mentioned 
above. 

Here, based on a modified Boussinesq equation that includes vertical 
flow and dynamic effective porosity effects (Luo et al., 2023), an 
analytical solution is derived for coastal unconfined aquifers with a 
sloping sea boundary by a perturbation method. After comparison with a 
well-validated numerical model, the new analytical solution is used to 
explore the effects of vertical flow and dynamic effective porosity on 
watertable fluctuations for coastal unconfined aquifers with a sloping 
sea boundary. 

Fig. 1. Conceptual model of coastal unconfined aquifers with a sloping sea 
boundary (MRQ). MN is the atmospheric boundary, and both QP and PN are no- 
flow boundaries. 

Table 1 
Definitions of Mj, Nj, Vj, Wj and Pj.  

j Mj Nj Vj Wj Pj 

1 
− Ak1

̅̅̅̅̅̅̅̅̅̅̅̅
KsDω
2nt

√

− Ak2

̅̅̅̅̅̅̅̅̅̅̅̅
KsDω
2nt

√
− k1 2ω − k2 

2 
Ak1

̅̅̅̅̅̅̅̅̅̅̅̅
KsDω
2nt

√

Ak2

̅̅̅̅̅̅̅̅̅̅̅̅
KsDω
2nt

√
− k1 0 − k2  

Table 2 
Soil Parameters.  

Soils ne Ks (m 
s− 1) 

α 
(m− 1) 

n α1 

(m− 1) 
n1 Hψ 

(m) 

Laboratory 
sanda 

0.3 1.32 ×
10− 4 

1.7 9 1.63 8.27 0.61 

Sand 0.4 3 × 10− 3 11 6 10 5.23 0.1 
Loam 0.23 4.27 ×

10− 5 
4.37 2.22 1.58 1.34 0.66  

a Sand used in the experiment of Cartwright et al. (2004). 

Fig. 2. Comparison between the VG and MVG models for different soils listed 
in Table 2. 
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2. Theory 

2.1. Governing equation 

To account for the vertical flow and dynamic effective porosity ef-
fects, watertable fluctuations in homogeneous coastal unconfined 
aquifers with a sloping sea boundary (Fig. 1) can be described by a 
modified Boussinesq equation (Luo et al., 2023), 

nt
∂h
∂t

= KsD
∂2h
∂x2 + KsD3∂4h

∂x4 (1a)  

with 

nt = ne

[

1 − exp

[

−

(
a
τω

)b
]]

(1b)  

τω =
neHψ/Ks

1/ω =
neωHψ

Ks
(1c)  

Hψ =

∫ ∞

0

θ − θr

θs − θr
dψ (1d)  

where h [L] is the watertable elevation relative to the mean sea level, t 
[T] is time, x [L] is the horizontal distance from the origin, nt [-] is the 
dynamic effective porosity, τω [-] is a dimensionless parameter related to 
the watertable fluctuation frequency and soil properties, a [-] and b [-] 
are fitting parameters, Hψ [L] is a measure of the equivalent saturated 
height of the unsaturated zone, θ [-] is the soil water content related to 
the capillary suction ψ [L], and θs and θr are the saturated and residual 
soil water contents, respectively. Note that the fourth-order term in the 
right-hand side and nt in Eq. (1a) represent vertical flow and dynamic 

effective porosity effects, respectively. 
Various models have been proposed to describe the relation between 

θ and ψ. Among these, van Genuchten (1980)’s model (VG model) is 
widely used and can be written as, 

θ = (θs − θr)Se + θr = (θs − θr)[1 + (αψ)n
]
− 1+1/n

+ θr (2)  

where α [L− 1] and n [-] are the fitting parameters related to soil prop-
erties, and Se [-] is the effective saturation. However, substituting Eq. (2) 
into Eq. (1d) does not lead to simple analytical expression, but requires 
numerical treatment. Therefore, a modified van Genuchten model (MVG 
model) is adopted to describe the relation between θ and ψ (Troch, 1993; 
Kong et al., 2016b; Luo et al., 2019), 

θ = (θs − θr)Se + θr = (θs − θr)[1 + (α1ψ)n1 ]
− 1− 1/n1 + θr (3)  

where α1 [L− 1] and n1 [-] are fitting parameters (different from α and n). 
The comparison between the VG and MVG model will be presented in 
the following section. By comparison, the difference between the MVG 
model and VG model is the exponent, which makes the MVG model 
integrable to attain simple analytical expression, i.e., substituting Eq. (3) 
into Eq. (1d) gives (Luo et al., 2019), 

Hψ =
1
α1

(4)  

2.2. Analytical derivation 

In contrast to aquifers with a vertical sea boundary, sea level oscil-
lations on a sloping beach generate a moving boundary condition, 

h[cot(β)η(t), t] = η(t) (5)  

where η [m] is the sea level relative to the mean sea level and β [-] is the 
beach slope. Following Li et al. (2000a), the moving boundary is 
considered by transforming the coordinate as, 

z = x − cot(β)η(t) (6) 

For simplicity, a driving head modeled as a cosine function is 
assumed at the sea boundary, 

h(0, t) = η(t) = Acos(ωt) (7)  

where A [L] is the amplitude of the driving head. Combining Eqs. (6) and 
(7) and substituting into Eq. (1a) gives, 

∂h
∂t

=
KsD
nt

∂2h
∂z2 +

KsD3

3nt

∂4h
∂z4 − Aωcot(β)sin(ωt)

∂h
∂z

(8) 

The perturbation parameter used in approximating the solution to 
Eq. (8) subject to Eq. (7) is: 

Table 3 
Parameters adopted in numerical simulations.  

Case Base 1 2 3 4 

Beach slope (◦) 11.7 11.7 11.7 11.7 11.7 
A (m) 0.204 0.204 0.204 0.204 0.204 
T (s) 348 1800 7200 21,600 43,200 
Aquifer length (m) 9 50 50 50 50 
Aquifer height (m) 1.5 1.5 1.5 1.5 1.5 
D (m) 1.01 1.01 1.01 1.01 1.01 
Mesh size (m) 0.02, 

0.0071–0.015a 
0–9 m: the same as the base 
case 
9–50 m: 0.2, 0.015 

0–9 m: the same as the base 
case 
9–50 m: 0.2, 0.015 

0–9 m: the same as the base 
case 
9–50 m: 0.2, 0.015 

0–9 m: the same as the base 
case 
9–50 m: 0.2, 0.015 

Time step (s) 4 4 8 15 30 
Soilb Laboratory sand Laboratory sand Laboratory sand Laboratory sand Laboratory sand 
Residual water 

saturation 
0.05 0.05 0.05 0.05 0.05  

a Vertical distance of the mesh varies from the sea to the inland. 
b Soil parameters listed in Table 2. 

Fig. 3. Comparison of simulated (lines, SUTRA) and measured watertable 
(circles, Cartwright et al., 2004) at x = 0 m (red), 0.4 m (blue), 1.4 m (black), 
2.4 m (green) and 3.4 m (pink). All locations are 0.1 m from the bottom 
boundary in the vertical direction. 
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ε = A
̅̅̅̅̅̅̅̅̅̅̅
ntω

2KsD

√

cot(β) (9) 

Compared with the perturbation parameter adopted in previous 
studies (Nielsen, 1990; Li et al., 2000a), nt, rather than ne is involved in 
Eq. (9). Therefore, the modified ε is less than or equal to the original one 
because of a smaller nt. Note that ε is required to be less than unity when 
using the perturbation approach. Physically, ε is the ratio of tidal 
excursion to the wavelength of primary wave (Li et al., 2000a). 

Combining Eqs. (8) and (9) gives, 

∂h
∂t

=
KsD
nt

∂2h
∂z2 +

KsD3

3nt

∂4h
∂z4 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2KsωD

nt

√

εsin(ωt)
∂h
∂z

(10) 

Consistent with Li et al. (2000a), we seek a solution of the form, 

h = h0 + εh1 + O
(
ε2) (11)  

where h0 and h1 are the zeroth and first-order solutions, respectively. 

2.3. Zeroth-order solution 

By substituting Eq. (10) into Eq. (11), the following zeroth-order 
perturbation equation is obtained, 

∂h0

∂t
=

KsD
nt

∂2h0

∂z2 +
KsD3

3nt

∂4h0

∂z4 (12) 

The corresponding boundary condition is, 

h0(0, t) = Acos(ωt) (13) 

The solution of Eq. (12) subject to Eq. (13) is (Nielsen et al., 1997; 
Luo et al., 2023), 

h0 = Aexp(− k1z)cos(ωt − k2z) (14a)  

with 

kD = (k1 + k2i)D =

̅̅̅
3
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
4
3

ntωD
Ks

i
√√

(14b)  

where k = k1 + ik2 is the watertable wave number with i =
̅̅̅̅̅̅̅
− 1

√
. The real 

(k1D) and imaginary (k2D) parts represent the amplitude decay rate and 
phase lag increase rate of the zeroth-order wave, respectively. 

Fig. 4. Watertable predicted by SUTRA with homogenous and heterogeneous soils and the present analytical solution at x = (a) 1.4 m, (b) 2.4 m, (c) 4.4 m and (d) 
47.55 m for T = 1800s. 
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2.4. First-order solution 

Similarly, substituting Eq. (10) into Eq. (11) gives the following first- 
order perturbation equation, 

∂h1

∂t
=

KsD
nt

∂2h1

∂z2 +
KsD3

3nt

∂4h1

∂z4 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2KsωD

nt

√

sin(ωt)
∂h0

∂z
(15) 

The corresponding boundary condition is, 

h1(0, t) = 0 (16) 

Since the amplitude of the first-order wave is much less than that of 
the zeroth-order wave, the second term on the right-hand side of Eq. (15) 
can be ignored and hence Eq. (15) is approximated as, 

∂h1

∂t
=

KsD
nt

∂2h1

∂z2 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2KsωD

nt

√

sin(ωt)
∂h0

∂z
(17) 

Substituting Eq. (14a) into Eq. (17) yields, 

∂h1

∂t
=

KsD
nt

∂2h1

∂z2

−
∑2

j=1

[
Mjexp

(
Vjz

)
sin

(
Wjt+Pjz

)
+Njexp

(
Vjz

)
cos

(
Wjt+Pjz

)]
(18)  

where j = 1 or 2 and expressions for Mj, Nj, Vj, Wj and Pj are given in 
Table 1. 

Since Eq. (18) is linear, h1 can be divided into, 

h1 = h11 + h12 (19) 

The solution to h1j (j = 1 or 2) is, 

h1j = Yexp
(
Vjz

)
cos

(
Wjt + Pjz

)
− Yexp(Fz)cos

(
Wjt + Fz

)

+Γexp
(
Vjz

)
sin

(
Wjt + Pjz

)
− Γexp(Fz)sin

(
Wjt + Fz

) (20a)  

with 

E =
KsD
nt

(20b)  

Fig. 5. Watertable predicted by SUTRA with homogenous and heterogeneous soils and various analytical solutions at x = (a) 1.4 m, (b) 2.4 m, (c) 4.4 m and (d) 
47.55 m for T = 7200 s. 
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Y =

(
V2

j E − P2
j E

)
Nj −

(
2PjVjE − Wj

)
Mj

(
V2

j E − P2
j E

)2
+
(
2PjVjE − Wj

)2
(20c)  

Γ =

(
2PjVjE − Wj

)
Nj +

(
V2

j E − P2
j E

)
Mj

(
V2

j E − P2
j E

)2
+
(
2PjVjE − Wj

)2
(20d)  

F = −

̅̅̅̅̅̅
Wj

2E

√

(20e) 

Substituting Eqs. (14), (19) and (20) into Eq. (11) gives the analytical 
expression of h. Note that Eqs. (14a) and (20a) include the independent 
variable, z. To obtain the analytical solution in the original x-coordinate, 
one only needs to substitute Eq. (6) into Eqs. (14a) and (20a), 
respectively. 

3. Analytical validation 

In contrast to various existing laboratory experiments concerning 
watertable fluctuations in coastal unconfined aquifers with a vertical 
beach (e.g., Parlange et al. 1984, Cartwright et al. 2003, Kong et al. 

2016b, Shoushtari et al. 2016), experimental measurements with a 
sloping beach are scarce. Therefore, we first validate the numerical 
model by a laboratory experiment and then compare the analytical so-
lution with the validated numerical model. 

3.1. Comparison between measurements and numerical simulations 

Cartwright et al. (2004) conducted laboratory experiments of 
watertable wave propagation in the coastal unconfined aquifer with a 
sloping beach of 11.7◦. In their experiment, the sand flume had di-
mensions of 9 m (length) × 0.12 m (width) × 1.5 m (height). The mean 
sea level was set to 1.01 m from the aquifer bottom. A driving head with 
an amplitude of 0.204 m and a period of 348 s was imposed on the sea 
boundary, creating a moving boundary because of the sloping beach. 
The sand used in the experiment had an average saturated hydraulic 
conductivity of 1.32 × 10− 4 m s− 1 and a static effective porosity of 0.3. 
The VG model fitting parameters were 1.7 m− 1 and 9. Fitting the MVG 
model to the VG model gives α1 = 1.63 m− 1 and n1 = 8.2 with which the 
MVG model matches well with the VG model (Table 2 and Fig. 2). The 
saturated and residual soil water contents were 0.38 and 0.08, respec-
tively. Based on the experimental setup, ε was 4.44 without considering 
the dynamic effective porosity. A smaller ε results for the dynamic 

(a) (b)

(c) (d)

Fig. 6. Watertable predicted by SUTRA with homogenous and heterogeneous soils and various analytical solutions at x = (a) 1.4 m, (b) 2.4 m, (c) 4.4 m and (d) 
47.55 m for T = 21,600 s. 
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effective porosity, but it was still close to unity with the a and b values 
determined in the next section. Thus, the new analytical solution cannot 
be used to predict the experiment of Cartwright et al. (2004) directly. 

A 3-D variable-saturation and variable-density groundwater model, 
SUTRA (Voss and Provost, 2010), was used to simulate the experiment 
of Cartwright et al. (2004) using the setup in Fig. 1. In the numerical 
simulations, MRQ was treated as a time-varying boundary condition. 

MN was the atmospheric boundary while QP and PN were no-flow 
boundaries. Initially, the pressure distribution was hydrostatic relative 
to the sea level. The seepage face on MRQ was implemented into the 
numerical model following the method of Xin et al. (2010). The model 
domain was discretized with a horizontal distance of 0.02 m (450 col-
umns) and vertical distance varying from 0.0071 to 0.015 m (100 layers) 
(Case Base in Table 3). The numerical simulation was run to get 
quasi-steady state with a time step of 4 s. Different mesh sizes and time 
steps were tested to ensure grid-independent numerical results. 

Fig. 3 compares simulated and measured watertables at different 
locations. In general, the numerical predictions are in good agreement 
with the measurements of Cartwright et al. (2004), especially during the 
watertable raising stage. However, there are deviations between pre-
dicted and measured results during the falling watertable stage, sug-
gesting the numerical model cannot capture the seepage face accurately. 
This is likely because truncation of the unsaturated zone in the sloping 
beach area may have introduced errors in predicting the watertable 
dynamics based on the original Richards’ equation (Zheng et al., 2022). 
Overall, the comparison between the numerical model and experiment 
enhances the confidence to adopt numerical results of SUTRA as 
benchmarks. 

 

 

(a) (b) 

(c) (d) 

Fig. 7. Watertable predicted by SUTRA with homogenous and heterogeneous soils and various analytical solutions at x = (a) 1.4 m, (b) 2.4 m, (c) 4.4 m and (d) 
47.55 m for T = 43,200 s. 

Fig. 8. A log-normal hydraulic conductivity field with a mean value of 1.32 ×
10− 4 m/s, a variance of 1 and a horizontal correction length of 5 m. 
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3.2. Comparison between numerical simulations and analytical solutions 

After being validated by the experiment, we used the numerical 
model to evaluate the new analytical solution. Previous studies indi-
cated that the fluctuation period plays an important role in affecting 
watertable wave propagation in coastal unconfined aquifers (e.g., Li 
et al. 2000a, Shoushtari et al. 2016, Luo et al. 2023). Therefore, based on 
the experimental setup of Cartwright et al. (2004), four different fluc-
tuation periods were considered: 1800, 7200, 21,600 and 43,200 s. As 
the fluctuation period increases, the watertable wave propagates further 
inland. To decrease possible reflection effects from the inland boundary, 
the length of the sand flume was extended to 50 m which allows the 
amplitude of watertable wave at the inland boundary to be damped to 
within 1% of the amplitude of the driving head. Other parameters were 
the same as those in the experiment of Cartwright et al. (2004). 

For all numerical simulations, the grid size was the same as the base 
case for the first 9 m from the sea, whereas it became 0.2 m (horizontal) 
× 0.015 m (vertical) for the rest of the model domain. The time step was 
4, 8, 15 and 30 s when the fluctuation period was 1800, 7200, 21,600 
and 43,200 s, respectively. All parameters adopted in numerical simu-
lations are summarized in Table 3. 

Before applying the new analytical solution to predict watertable 
fluctuations, the two fitting parameters a and b must be determined. Due 
to a lack of measured data relating nt and ω, a and b were determined by 
fitting the present analytical solution to the numerical results for period 
T = 1800s. Fig. 4 shows watertable predicted by the numerical simu-
lation and the present analytical solution with a = 0.0335 and b =
0.7444 for this case. The results of the present analytical solution are 
generally in good agreement with the numerical predictions at four lo-
cations. Nevertheless, there are deviations between the analytical and 
numerical predictions, especially during the watertable falling stage. 
One possibility for this mismatch is that Eq. (1d) is proposed based on 
one-dimensional sand column experiments for which the fluctuation 
amplitude is constant and only vertical flow occurs. This is contrary to 
the watertable wave propagation in coastal unconfined aquifers with 
both horizontal and vertical flows and amplitude decay along the inland. 
In addition, watertable wave propagation becomes more complicated 
because of the nonlinear interactions between the driving signal and 
sloping beach, i.e., truncation of the unsaturated zone and seepage face 
development. These nonlinear interactions are ignored when deriving 
the present analytical solution. 

Subsequently, a = 0.0335 and b = 0.7444 were substituted into the 
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Fig. 9. Predicted watertable elevation distributions of sand coastal unconfined aquifers based on the analytical solutions with (solid lines) and without (Li et al., 
2000a; dashed lines) considering vertical flow at five typical time slots: 0 (blue), T/8 (orange), T/4 (green), 3T/8 (purple) and T/2 (gray). Each plot corresponds to a 
different sloping sea boundary: (a) 30◦, (b) 45◦, (c) 60◦ and (d) 90◦. 
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new analytical solution to predict watertable fluctuations with T =
7200, 21,600 and 43,200 s (Figs. 5–7). The results from the analytical 
solutions of Nielsen (1990) and Li et al. (2000a) are included for com-
parison. As can be seen, the new analytical solution performs well in 
reproducing the numerical results, while the Nielsen (1990) and Li et al. 
(2000a) analytical solutions significantly deviate from numerical pre-
dictions for all three cases (Figs. 5–7). This is because the analytical 
solutions of Nielsen (1990) and Li et al. (2000a) are derived from the 
original Boussinesq equation. When predicting watertable fluctuations 
from analytical solutions based on the original Boussinesq equation, the 
amplitude decay rate is equal to the phase lag increase rate for the 
zeroth-order fluctuation. This is contrary to the evidence from both field 
observations and laboratory experiments where the amplitude decay 
rate is different from the phase lag increase rate (Raubenheimer et al., 
1999; Shoushtari et al., 2016; Luo et al., 2023). Moreover, neglecting the 
dynamic effective porosity leads to larger ε, which can increase errors of 
the analytical solution. Without the dynamic effective porosity, ε was 
calculated to be 0.9764, 0.5637 and 0.3986 for T = 7200, 21,600 and 
43,200 s, respectively, whereas it decreased to 0.2026, 0.1777 and 01, 
616 after considering the dynamic effective porosity. Note that pre-
dictions from the analytical solutions of Nielsen (1990) and Li et al. 

(2000a) are close to each other even though the latter captures moving 
boundary effects while the former does not. 

Given that aquifers are usually heterogeneous, we further generated 
a log-normal hydraulic conductivity field with a mean value of 1.32 ×
10− 4 m/s (Fig. 8). Consistent with Yu et al. (2023), the variance and 
horizontal correction length of the log-normal hydraulic conductivity 
field were 1 and 5 m, respectively. Based on this log-normal hydraulic 
conductivity field, Cases 1–4 were re-simulated with other parameters 
kept the same. As can be seen from Figs. 4–7, the heterogeneity has 
minor influence on watertable for all cases. Consequently, the new 
analytical solution matches well with the numerical simulation even 
though the heterogeneity is considered. 

The good performance of the new analytical solution confirms the 
applicability of Eqs. (1a) and (1d) even for the aquifer with a sloping sea 
boundary. Here, a = 0.0335 and b = 0.7444 were adopted to predict 
watertable fluctuations for the aquifer with a sloping beach of 11.7◦. 
This differs from Luo et al. (2023) who found that Eq. (1a) with a =
0.0335 and b = 0.4444 can predict watertable wave propagation in 
coastal unconfined aquifers with a vertical sea boundary. This difference 
in the value of b occurs because the nonlinear interaction between the 
driving head and sloping beach affects watertable wave propagation and 
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Fig. 10. Predicted watertable elevation distributions of loam coastal unconfined aquifers based on the analytical solutions with (solid lines) and without (Li et al., 
2000a; dashed lines) considering the vertical flow at five typical time slots: 0 (blue), T/8 (orange), T/4 (green), 3T/8 (purple) and T/2 (gray). Each plot corresponds 
to a different sloping sea boundary: (a) 30◦, (b) 45◦, (c) 60◦ and (d) 90◦. 
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the water exchange between the saturated and unsaturated zones, thus 
leading to a different dynamic effective porosity. Despite this, with the 
groundwater level measured at a single location, a and b values can be 
readily determined by fitting the present analytical solution to watert-
able measurements. Therefore, the analytical solution presented here 
could be useful in real applications. 

4. Hypothesized scenarios 

Hypothesized scenarios were designed to illustrate the effects of the 
vertical flow and dynamic effective porosity on watertable fluctuations 
in coastal unconfined aquifers with a sloping sea boundary. In reality, 
tides usually have an amplitude ranging from several centimeters to a 
few meters and a period of several hours. Therefore, a driving head with 
an amplitude of 1 m and a period of 12 h was imposed on the sea 
boundary. The mean sea level was set to 5 m from the aquifer bottom. 
Since the response time of the unsaturated zone is related to soil prop-
erties, two different soils were considered: sand with a weak capillarity 
and loam with a strong capillarity (Table 2). Again, the MVG model 
matches well with the VG model for these two soils (Fig. 2). Four 
different beach slopes were assumed: 30◦, 45◦, 60◦ and 90◦. Based on the 

above parameters, ε was calculated to be less than unity even with the 
static effective porosity, and thus both the previous and present 
analytical solutions are applicable for all scenarios. 

5. Results and discussion 

5.1. Vertical flow effects on watertable fluctuations 

Compared with previous analytical solutions (Nielsen, 1990; Li et al., 
2000a), the new analytical solution involves not only vertical flow, but 
also the dynamic effective porosity. Therefore, we first examined ver-
tical flow effects on watertable fluctuations based on the new analytical 
solution by assuming nt = ne. Fig. 9 displays watertable elevation dis-
tributions calculated by different analytical solutions at five typical time 
slots (i.e., t = 0, T/8, T/4, 3T/8 and T/2) for sand coastal unconfined 
aquifers with different sea boundary slopes. Note that only the results 
from the analytical solution of Li et al. (2000a) (without accounting for 
the vertical flow) are presented for comparison since the predictions 
from the analytical solution of Nielsen (1990) are similar to those from 
the analytical solution of Li et al. (2000a). As anticipated, whether 
considering vertical flow or not, the fluctuation amplitude attenuates as 
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Fig. 11. Watertable elevation time series calculated from the analytical solutions with (solid lines) and without (Li et al., 2000a; dashed lines) considering vertical 
flow at x = 5 m (left panel) and 50 m (right panel) for sand (top panel) and loam (bottom panel) coastal unconfined aquifers with a different sloping sea boundary: 
30◦ (blue), 45◦ (orange), 60◦ (green) and 90◦ (purple). 
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the watertable waves propagate inland, eventually becoming negligible. 
At the same time, watertable overheight (the average inland watertable 
elevation during one period is larger than the mean sea level) occurs 
(Fig. 9). Note that both analytical solutions predict a zero overheight for 
β = 90◦ because a linearized governing equation describes watertable 
fluctuations (Todd and Mays, 2004). By comparison, predictions with 
the vertical flow are almost identical to the predictions of the Li et al. 
(2000a) approximation for all beach slopes, suggesting that effects of the 
vertical flow on watertable elevations are negligible for sand coastal 
unconfined aquifers. 

In contrast to sand aquifers, watertable elevation distributions pre-
dicted by the analytical solution with the vertical flow greatly differs 
from that predicted by the analytical solution without vertical flow for 
loam coastal unconfined aquifers, regardless of the beach slope (Fig. 10). 
According to Li et al. (2000b), the effects of the vertical flow depend on 
the value of neωD/Ks. Specifically, the greater neωD/Ks is, the more 
significant are the vertical flow effects. For sand and loam coastal 
aquifers considered here, neωD/Ks is 0.1 and 6.19, respectively, con-
firming the observed increased importance of vertical flow for loam 
coastal unconfined aquifers. Compared with the predictions of Li et al. 
(2000a), including the vertical flow leads to a smaller overheight. These 

results imply that neglecting vertical flow effects may lead to an inap-
propriate estimate of watertable elevations, especially for aquifers with 
large neωD/Ks. 

To further illustrate vertical flow effects, the predicted watertable 
elevation time series at x = 5 and 50 m for both sand and loam aquifers 
are presented in Fig. 11. As expected, the watertable wave propagates 
inland with amplitude decay and phase lag, regardless of whether ver-
tical flow is included. Moreover, both watertable elevation and over-
height decrease with increasing the beach slope. This is because 
increasing the beach slope leads to a decrease of the moving boundary 
range, which inhibits watertable wave propagation (Li et al., 2000a; Teo 
et al., 2003). Compared with sand aquifers, the fluctuation amplitude is 
smaller at a given location for loam aquifers whether predicted by the 
present analytical solution or that of Li et al. (2000a). However, the 
predicted overheight is greater for loam aquifers. Again, the difference 
between the predictions from the previous analytical solution and the 
present analytical solution can be ignored at both locations for sand 
coastal unconfined aquifers. Nevertheless, it becomes significant for 
loam coastal unconfined aquifers. Specifically, the vertical flow has a 
mild impact on the fluctuation amplitude, while it significantly de-
creases the phase lag at x = 5 m. Consequently, the watertable elevation 
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Fig. 12. Predicted watertable elevation distributions of sand coastal unconfined aquifers based on the analytical solutions with (dashed lines) and without (solid 
lines) considering the dynamic effective porosity at five times: 0 (blue), T/8 (orange), T/4 (green), 3T/8 (purple) and T/2 (gray). Each plot corresponds to a different 
sloping sea boundary: (a) 30◦, (b) 45◦, (c) 60◦ and (d) 90◦. 

Z. Luo et al.                                                                                                                                                                                                                                      



Advances in Water Resources 178 (2023) 104491

12

peaks earlier with vertical flow included. In other words, vertical flow 
can accelerate watertable wave propagation. As the beach slope in-
creases, the deviation between the predictions with and without ac-
counting for vertical flow decreases. This implies that increasing the 
beach slope weakens vertical flow effects on watertable fluctuations. 
Furthermore, for loam coastal unconfined aquifers at x = 50 m, the 
difference between overheights predicted with and without including 
vertical flow decreases with increasing of the beach slope. 

5.2. Dynamic effective porosity effects on watertable fluctuations 

We investigated dynamic effective porosity effects on watertable 
fluctuations based on the new analytical solution. Luo et al. (2023) 
recommended a = 0.0335 and b = 0.4444 for coastal unconfined aqui-
fers with a vertical sea boundary, and the same values are used here. 
Fig. 12 compares the watertable elevation distributions for sand coastal 
unconfined aquifers calculated with the new analytical solution with 
and without the dynamic effective porosity. Similarly to the case of 
vertical flow, there is no discernible difference between the predictions 
with and without the dynamic effective porosity at the five times 
considered (i.e., t = 0, T/8, T/4, 3T/8 and T/2) for all beach slopes. 

However, for loam coastal unconfined aquifers, the predicted 
watertable elevation distributions with and without consideration of the 
dynamic effective porosity noticeably deviate (Fig. 13). This emphasizes 
the critical role played by the dynamic effective porosity in predictions 
of watertable wave propagation. Compared with the results that ignore 
the dynamic effective porosity, the fluctuation amplitude is larger at the 
same location and watertable waves propagate further inland (by a 
factor of approximately 2) with the dynamic effective porosity included. 
In addition, including the dynamic effective porosity results in a smaller 
watertable overheight. As mentioned earlier, a zero overheight for β =
90◦ results from using a linearized governing equation to describe 
watertable fluctuations. 

The effective porosity reflects the vertical water exchange between 
the saturated and vadose zones. During watertable fluctuations, the 
dynamic effective porosity is usually less than the static effective 
porosity since the vadose zone has insufficient time to reach equilib-
rium. A smaller effective porosity corresponds to reduced vertical water 
exchange between the saturated and vadose zones, and hence watert-
able waves can propagate further landward (Li et al., 1997; Luo et al., 
2023). For sand coastal unconfined aquifers considered here, neωHψ/Ks 
is calculated to be 0.002, which gives a dynamic effective porosity of 
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Fig. 13. Predicted watertable elevation distributions of loam coastal unconfined aquifers based on the analytical solutions with (dashed lines) and without (solid 
lines) considering the dynamic effective porosity at five time: 0 (blue), T/8 (orange), T/4 (green), 3T/8 (purple) and T/2 (gray). Each plot corresponds to a different 
sloping sea boundary: (a) 30◦, (b) 45◦, (c) 60◦ and (d) 90◦. 
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0.39, almost equal to the static effective porosity (0.4). However, for 
loam coastal aquifers, neωHψ/Ks is 0.82 and the dynamic effective 
porosity (0.059) is much less than the static porosity (0.23). This means 
that, due to capillarity, the vadose zone has insufficient time to respond 
to watertable fluctuations for loam coastal unconfined aquifers. There-
fore, the dynamic effective porosity plays a more important role in 
affecting watertable fluctuations for loam coastal unconfined aquifers. 
This result is consistent with the finding of Luo et al. (2023) who indi-
cated that the effects of the dynamic effective porosity depend on the 
value of neωHψ/Ks. The greater neωHψ/Ks is, the more significant dy-
namic effective porosity effects are. 

Similarly, to further examine the effects of the dynamic effective 
porosity on watertable fluctuations, watertable elevation time series at 
x = 5 and 50 m are plotted for both sand and loam coastal unconfined 
aquifers (Fig. 14). As can be seen, the difference between the predictions 
from the analytical solutions with and without considering the dynamic 
effective porosity can be ignored for both locations of sand coastal un-
confined aquifers, while it is pronounced for loam coastal unconfined 
aquifers. At x = 5 m, the dynamic effective porosity not only decreases 
the phase lag, but also significantly amplifies the fluctuation amplitude 
for loam coastal unconfined aquifers, regardless of the beach slope. 

Consequently, watertable fluctuations can propagate further inland if 
the dynamic effective porosity is accounted for. This differs from the role 
played by the vertical flow, which mainly alters the phase lag. In gen-
eral, the deviation between the predictions with and without consider-
ation of the dynamic effective porosity decreases with increasing beach 
slope, implying that a steep beach slope weakens dynamic effective 
porosity effects on watertable fluctuations. Additionally, at x = 50 m for 
the loam coastal unconfined aquifer, the difference between overheights 
calculated with and without the dynamic effective porosity decreased 
with increasing beach slope. 

6. Conclusions 

This study evaluated the effects of the vertical flow and dynamic 
effective porosity on watertable fluctuations in coastal unconfined 
aquifers with a sloping sea boundary. Using a perturbation method, we 
derived an analytical solution to the modified Boussinesq equation 
developed by Luo et al. (2023) for coastal unconfined aquifers with a 
sloping sea boundary. After comparing with a well-validated numerical 
model, this analytical solution was used to explore the effects of the 
vertical flow and dynamic effective porosity on watertable fluctuations. 
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Fig. 14. Watertable elevation time series calculated from the analytical solutions with (dashed lines) and without (solid lines) considering the dynamic effective 
porosity at x = 5 m (left panel) and 50 m (right panel) for sand (top panel) and loam (bottom panel) coastal unconfined aquifers with a different sloping sea 
boundary: 30◦ (blue), 45◦ (orange), 60◦ (green) and 90◦ (purple). 
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The following conclusions can be reached: 

(1) The new analytical solution accurately predicts watertable fluc-
tuations in coastal unconfined aquifers with a sloping sea 
boundary, highlighting the importance of vertical flow and dy-
namic effective porosity effects.  

(2) Vertical flow has a minor influence on the watertable fluctuation 
amplitude while it significantly decreases the phase lag at a given 
location, regardless of the beach slope. Compared with sand 
coastal unconfined aquifers, vertical flow effects on watertable 
fluctuations are more significant for loam coastal unconfined 
aquifers.  

(3) In contrast to the vertical flow, considering the dynamic effective 
porosity not only accentuates the fluctuation amplitude, but also 
decreases the phase lag at a given location. Compared with sand 
aquifers, due to capillarity the dynamic effective porosity plays a 
more important role in affecting watertable fluctuations for loam 
coastal unconfined aquifers.  

(4) Increasing the beach slope weakens the effects of the vertical flow 
and dynamic effective porosity on watertable fluctuations.  

(5) Including either the vertical flow or dynamic effective porosity 
leads to a lower phase-averaged watertable overheight. More-
over, the difference between overheights for sand and loam 
aquifers calculated with and without the vertical flow/dynamic 
effective porosity decreases with increasing the beach slope. 

In reality, coastal unconfined aquifers are expected to have complex 
geometries that lead to three-dimensional groundwater flow. In addi-
tion, the sea boundary is subject to waves rather than a regular signal 
considered here, which makes watertable fluctuations more complicated 
(Nielsen, 2009). Despite this, the new analytical solution can be used as 
a simple tool to predict watertable fluctuations that are fundamental for 
understanding many groundwater-dependent processes in coastal un-
confined aquifers with sloping sea boundaries. 
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