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Abstract

The electronic density of states (DOS) quantifies the distribution of the energy levels that can
be occupied by electrons in a quasiparticle picture and is central to modern electronic struc-
ture theory. It also underpins the computation and interpretation of experimentally observable
material properties such as optical absorption, electrical conductivity, and heat capacity. It
can be accurately computed through expensive first-principle calculations, limiting the size of
the problems that can be simulated easily to a few thousand atoms. Machine-learning (ML)
techniques are a promising alternative to these calculations, as they were successfully applied
to study many atomic-scale problems by generalising information from small configurations
to large and complex structures. However, most efforts focused on learning the ground-state
Born-Oppenheimer energies and the atomic forces, which are scalar quantities, unlike the
DOS, which is a multivariate function of the energy.

In this thesis, we discuss the inherent challenges in constructing an ML framework that pre-
dicts the DOS as a combination of local contributions that depend, in turn, on the geometric
configuration of neighbours around each atom. We compare different approaches to represent
the DOS as a learning target and the accuracy of predicting quantities such as the Fermi level,
the electron density at the Fermi level, or the band energy, either directly or as a side product
of the evaluation of the DOS.

As a first benchmark, we evaluate our model on a challenging case study that includes con-
figurations of silicon spanning a broad set of thermodynamic conditions, ranging from bulk
structures to clusters and from semiconducting to metallic behaviour.

Then, we leverage the atom-centredness of the model to compute the DOS of large amorphous
silicon samples, for which it would be prohibitively expensive to compute the DOS by direct
electronic structure calculations. Besides the size transferability, we show that this decompo-
sition of the DOS can extract physical insights into the connections between structural and
electronic features to describe their transitions in disordered silicon phases.

Finally, we explore two approaches to using the DOS in integrated ML frameworks to model the

properties of materials, where the DOS is used to incorporate the effect of thermal excitations
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of electrons. We propose to combine simulations from well-established ML interatomic
potentials with band energy calculations extracted from DOS predictions on the already-
produced trajectories. This procedure successfully describes the heat capacity of molten
nickel and is in agreement with the experiments. However, we show that this method is
only valid when the dynamics of the ions are, to a large extent, not affected by the electronic
excitations, and it would fail in conditions with higher temperatures, such as those found in
astrophysical settings. Therefore, we introduce an integrated ML framework that includes
these thermal effects in constructing the interatomic potential. The novelty of this method is
that the electronic temperature is an external parameter of the simulation because one only
needs access to ground-state energies, forces and DOS. We successfully apply our model to
study metallic hydrogen in the conditions of a young Jupiter core. We reconstruct its equation
of state and its heat capacity and find that they are compatible with their first-principle-
derived counterparts. The work of this thesis demonstrates the impact of a physics-inspired
universal model describing structural and electronic properties inexpensively and its ability to

enable more accurate and predictive materials modelling and design.

Keywords: machine-learning, multivariate, electronic structure, density of states, finite tem-

perature
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Résumé

La densité d’états électroniques (DOS) quantifie la distribution des niveaux énergétiques
qui peuvent étre occupés par les électrons dans une image de quasi-particule et est au coeur
de la théorie moderne de la structure électronique. Elle sous-tend également le calcul et
l'interprétation des propriétés matérielles observables expérimentalement, telles que I'ab-
sorption optique, la conductivité électrique et la capacité thermique. Elle peut étre calculée
avec précision par des calculs ab initio cotliteux, ce qui limite a quelques milliers d’atomes
la taille des problemes qui peuvent étre simulés facilement. Les techniques d’apprentissage
automatique (ML) constituent une alternative prometteuse a ces calculs, car elles ont été
appliquées avec succes a I'étude de nombreux problemes a I’échelle atomique en généralisant
les informations provenant de petites configurations a des structures larges et complexes.
Cependant, la plupart des efforts se sont concentrés sur I’apprentissage des énergies de Born-
Oppenheimer a I’état fondamental et des forces atomiques, qui sont des quantités scalaires,
contrairement a la DOS, qui est une fonction multidimensionnelle en I'énergie.

Dans cette thése, nous discutons les défis inhérents a la construction d'un cadre ML qui
prédit la DOS comme une combinaison de contributions locales qui dépendent, a leur tour,
de la configuration géométrique des voisins de chaque centre atomique. Nous comparons
différentes approches pour représenter la DOS comme cible d’apprentissage et la précision de
la prédiction de quantités telles que le niveau de Fermi, la densité d’électrons au niveau de
Fermi ou I'énergie de bande, soit directement, soit comme produit secondaire de I'évaluation
dela DOS.

Comme premier point de référence, nous évaluons notre modele sur une étude de cas diffi-
cile qui comprend des configurations de silicium couvrant un large éventail de conditions
thermodynamiques, allant du comportement semi-conducteur au comportement métallique.
Ensuite, nous tirons parti de la centralité atomique du modele pour calculer la DOS de grands
échantillons de silicium amorphe, pour lesquels il serait excessivement cotiteux de calculer la
DOS par des calculs directs de structure électronique. Outre la transférabilité de la taille, nous

montrons que cette décomposition de la DOS permet d’extraire des informations physiques
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sur les connexions entre les caractéristiques structurelles et électroniques afin de décrire les
transitions dans les phases désordonnées du silicium.

Enfin, nous explorons deux approches de I'utilisation de la DOS dans des cadres ML intégrés
pour modéliser les propriétés des matériaux, ou la DOS est utilisée pour incorporer I'effet des
excitations thermiques des électrons. Nous proposons de combiner des simulations a partir
de potentiels interatomiques ML bien établis avec des calculs d’énergie de bande extraits des
prédictions de la DOS sur les trajectoires déja produites. Cette procédure décrit avec succes la
capacité thermique du nickel fondu et est en accord avec les expériences. Cependant, nous
montrons que cette méthode n’est valable que lorsque la dynamique des ions n’est, dans
une large mesure, pas affectée par les excitations électroniques, et qu’elle échouerait dans
des conditions de températures plus élevées, telles que celles rencontrées dans les milieux
astrophysiques. Par conséquent, nous introduisons un cadre intégré ML qui inclut ces effets
thermiques dans la construction du potentiel interatomique. La nouveauté de cette méthode
est que la température électronique est un parametre externe de la simulation car il suffit
d’avoir acces aux énergies, forces et DOS de I'état fondamental. Nous appliquons avec succes
notre modele pour étudier I'hydrogéne métallique dans les conditions d'un jeune noyau
de Jupiter. Nous reconstruisons son équation d’état et sa capacité thermique et constatons
qu’elles sont compatibles avec leurs équivalents dérivés des premiers principes. Le travail
de cette these démontre I'impact d'un modele universel inspiré de la physique décrivant les
propriétés structurelles et électroniques de maniére peu cofiteuse et sa capacité a permettre

une modélisation et une conception des matériaux plus précises et prédictives.

Mots clefs : apprentissage automatique, fonction multivariée, structure électronique, densité

des états, temperature finie
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|§ Introduction

Computational materials science is an interdisciplinary field that combines physics, chemistry,
computer science and data analysis to study and design materials using modelling, simulation
and theory. It aims to acquire complete insight into materials’ microscopic and macroscopic
behaviour, leading to a better understanding of the processing challenges, experimental
feasibility, and conditions necessary to optimise specific properties. In general, computer
simulations both provide explanations for experimentally observed phenomena [1], and can
make experimentally-verifiable discoveries like the effect of dopants on hydrogen adsorption
on CeO, surfaces [2], the stability and functional properties of inorganic materials like TaCoSn

and TaCo»Sn [3] or proton exchange on water membrane catalysis [4].

Computational approaches to materials design avoid problems associated with experimental
methods, such as the high setup cost or handling of poisonous substances. These techniques
also aim to guide manufacturing processes by providing insight into how a material would
behave in certain situations or by determining the optimal conditions to enhance a particular
property. Depending on the demands and design of our system, available computational
power, and the length and time scales of the studied system, there are many appropriate
options for computational theory and software. As a rule of thumb, the larger the system is,
the more approximations we need to make in order to simulate a material due to the lack of
computational resources, even despite the extraordinary development of computing platforms
and hardware. The different needs of simulating different length scales led to the development
of different categories of methods. If a method leverages the atomic behaviour of a material
in order to infer its properties, it falls under the so-called atomistic methods. Examples of
atomistic techniques include molecular dynamics (MD), Monte Carlo (MC) and kinetic Monte
Carlo. If the method is interested in systems of the size of real-world devices, they fall under the

continuum methods, such as the finite-element solvers. A schematic representation including
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Figure 1.1: An overview of the length scale and time scale of some of the techniques used
in computational materials science ranging from the study of the electronic structure to
the mechanical properties and reactions at a human time scale. The continuum figure (top
right corner) is adapted from Ref. [5]. Original figure published under the CC-BY 4.0 license
(https://creativecommons.org/licenses/by/4.0/)

some of these methods, the length/time scales and examples of possible applications is given
in Fig. 1.1.The combination of atomistic and continuum methods can lead to the development
of multi-scale modelling, where the properties and behaviour of materials at the atomic scale
are used to inform and improve the predictions made at the macroscopic scale. This allows
for a more accurate and comprehensive understanding of the behaviour of materials across

multiple scales.

This thesis focuses on the first set of methods: the atomistic techniques. Their goal is to
understand and model the motion of individual atoms, as their collective behaviour can
describe a material’s macroscopic response to deformation and phase transition, for example.
They are usually paired with an interatomic potential that can describe the nature of the
interactions between the individual atoms with different levels of accuracy. Historically,
interatomic potentials have a functional form with a restricted number of parameters that
can be tuned to reproduce an experimental observable like the shear viscosity of the pair

correlation function. These parameters usually have physical interpretations, such as the case
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of the bond equilibrium distance in Lennard-Jones or Morse potentials. They can also be
tuned to reproduce quantities derived from a quantum mechanical (QM) calculation, like the
lattice constant or the cohesive energy. More complicated and non-parametric, i.e. potentials
with hundreds of parameters or more, are tuned nowadays using machine learning algorithms
that we introduce later in this chapter. One objective of these potentials is to be transferable in
the broad sense of the term. The transferability of an interatomic potential can be expressed
in terms of system size, system chemical composition, system thermodynamic conditions and
chemical reactions as well. Some of these problems can be circumvented if one leverages QM
calculations to compute the interatomic forces instead of fitting a few parameters, performing

ab initio or first-principle simulations.

Ab initio methods solve the Schrédinger equation with various levels of approximations, lead-
ing to a wide range in approaches, ranging from a simple parameterisation of the electronic
interactions like the local combination of atomic orbitals (LCAO) and tight binding [6] meth-
ods to the post-Hartree-Fock methods like the coupled cluster approach [7].

The most famous of such techniques is density functional theory (DFT), an elegant solution to
the ground-state many-body time-independent Schrédinger problem. DFT is relatively cheap
computationally, compared to higher-level-theory QM calculations such as Quantum Monte
Carlo, and has been optimised for modern high-performance computing and with scalable
implementations. DFT is a ground-state formulation of the many-body problem, which lever-
ages the Born-Oppenheimer approximation that decouples the ionic and electronic degrees
of freedom, based on the existence of a mapping between the atomic coordinates of a system
and its electronic structure. With DFT, we can perform many sophisticated applications and
compute numerous properties of materials ranging from vibrational [8, 9], thermodynamic [10,
11], electrical [12] and mechanical [13, 14] properties. The conditions of these numerical
experiments cover a wide range of pressures and temperatures ranging from those similar
to the surface of the earth up to the core of exoplanets, where the temperature and pressure
are several orders of magnitude higher than we live in. However, we are limited in the system
sizes and time scales we can probe using DFT (a few thousand atoms and tens of picoseconds
of trajectories), as most current implementations of DFT scale cubically with the number of
particles in the system.

The basics of DFT rely on the Hohenberg-Kohn [15] and Kohn-Sham [16] theorems that reduce
the many-body problem into a system of non-interacting quasi-particles “swimming” in an
average field of interactions from the other particles. The parameterisation of DFT often
occurs in the choice of the exchange-correlation functional. These functionals are either fitted
to certain empirical data or are constructed to comply with theoretical constraints, such as

reproducing properties predicted from Quantum Monte Carlo. One of the first attempts to
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solve the exchange-correlation problem is the local density approximation (LDA) [16], where
a system of homogenous gas approximates the electron cloud. Later, different techniques
emerged, such as the Perdew-Burke-Ernzerhof [17] (PBE) functional, which is a general-
purpose functional because it is a non-empirical functional with reasonable accuracy over
a wide range of systems [18]. There is also a range of hybrid functionals targeted to specific
electronic properties, such as the Heyd-Scuseria-Ernzerhof [19, 20] (HSE06) functional, which
usually predicts the energy band gap accurately [21]. These functionals are usually derived to
satisfy physical constraints or to reproduce properties computed from a higher-level theory
calculation. The development of this myriad of exchange-correlation functionals raised the
question of the conformity of the calculations and the subsequent property predictions. This
uncertainty and these discrepancies led to the development of the ensemble Bayesian error
estimation functional (BEEF) [22] as a method to make the best compromise between the

target properties of the included functionals.

In the Kohn-Sham DFT framework, it is possible to consider the total energy of an atomic
system as a functional of two primary quantities of the electronic structure theory, the charge
density (p) and the electronic density of states (DOS). p is an experimental observable and
is defined as the modulus of the wavefunction. It describes the probability of finding an
electron at a specific coordinate in space. Experimental techniques such as X-ray diffraction or
transmission electron microscopy (TEM) [23] are used to measure this electron density. These
measurements locate the atomic positions, identify chemical bonds or indicate molecular size
and shape [24].

The DOS is a measure of the number of electronic states available for occupation by the
electrons within a given energy range. Beyond its utility in computing the total energy, the
DOS allows us to determine the material’s metallicity and electrical conductivity at the ground
state. When the transition rates are known, it is possible to determine the optical electron
transitions via the Fermi golden rule. The DOS also allows one to evaluate the contribution of
thermally activated electronic states by examining its value near the Fermi energy, which can
then be used to quantify the contribution of electrons to the specific heat capacity of a system.
In a textbook example, this can be directly seen from the Sommerfeld approximation, where
the heat capacity, entropy, and band energy are a function of fundamental constants and the

value of the DOS at the Fermi level.

As mentioned earlier, DFT suffers from cubic scaling, making its use limited to a few thousand
atoms. One possible approach to avoid performing expensive calculations is to build surrogate
models. A popular choice to perform this task is Machine learning (ML). It can be defined as
the set of statistical methods employed to extract trends and laws from a set of data in order

to make automated inferences about new observations. ML techniques can use structural
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Figure 1.2: A representation of the three main ingredients in an ML workflow for atomistic
modelling and the construction of MLIPs: (a) the label input structures or molecules (b) the
structural representation, and (c) the learning algorithm.

properties of materials, like chemical composition, atomic positions, or volume, to build and
train models able to reproduce target properties like the ionisation energy, chemical shifts
or bulk modulus. The ML models can also accelerate atomistic simulations when trained on
QM data like DFT energies and/or forces by fitting machine-learning interatomic potentials
(MLIP)s. It becomes possible to perform MD or MC simulations with quantum-mechanical
accuracy at a fraction of the cost [25, 26, 27] or design molecules and materials with specific
properties using generative algorithms [28, 29]. This is possible due to the linear scaling of
MLIPs with system size, expressed by the additivity of locally-defined quantities and based
on the assumption of nearsightedness of matter [30] in contrast with the cubic scaling of QM
methods, and one usually expects three to four orders of magnitude speed-up per calculation
step. These gains opened the door to performing more efficient high-throughput screening
of materials with the desired thermal or dynamical properties [31, 32, 33]. Nowadays, it is
becoming common to read about works involving millions of atoms simulating nano-scale
devices [34, 35, 36] or studying phenomena requiring a large length scale and hence a high
number of atoms, e.g. ice nucleation [37] and amorphous silicon compression [38].

The other family of ML models is known as the unsupervised techniques, which are helpful
in identifying trends, studying similarities and evaluating patterns and clustering in the data.
We also see newly applied methods that combine supervised and unsupervised approaches
to guide the construction of maps that are aware of target properties and the geometrical

correlations or bias target properties with the geometrical features of the training data [39].
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There are three key ingredients one should keep in mind when constructing MLIPs for atom-
istic modelling and ML models in general, as illustrated in Fig. 1.2. The first significant
ingredient is the training data. The goal of building an MLIP is to sample a potential energy
surface (PES), which implies the need to reproduce not only the energy values of a structure
but also the atomic forces and the stress tensor since they are gradients of the energy. Depend-
ing on the chemical nature of the system and the target property, there are several datasets
and repositories organised by class of materials and data sources, including the QM9 [40]
and the Cambridge Structural Database [41]. However, they are not always sufficient to build
an accurate ML model, e.g. they may lack the necessary information to capture the effect of
thermal fluctuations. A typical approach is to add structures from an MD trajectory driven
targeting several conditions. In recent years, different systematic strategies have been pro-
posed to reduce human intervention to tackle the augmentation issue. Some of them rely
on uncertainty quantification by training MLIPs iteratively or by biasing the models towards

some areas of the phase space [33].

The second essential ingredient is the encoding of the atomic configuration, also known as
features or descriptors. These descriptors transform a structure into a vector in a feature space
and then be used as inputs for the MLIPs. While many end-to-end algorithms take only the
atomic Cartesian coordinates as inputs, this is inefficient as the prediction of energies and
forces will depend on the Cartesian reference and the order of the atoms. However, this does
not mean that these features cannot be derived from any physical or structural considerations.
In fact, it is important to select the descriptors that provide a comprehensive description of the
atomic arrangements and correlate well with the target properties. For MLIPs, it is important
to choose a descriptor that respects the smoothness and the symmetries of the potential
energy surface. Also, it is essential to provide a unique description to every structure to ensure
the reliability of the predictions made by the MLIPs. Density-based descriptors are a promising
class of descriptors that are able to encode the rotational and translational symmetries of a
structure by acting on the Cartesian coordinates of atoms. Examples of this class of features
include radial distribution function, the smooth overlap of atomic positions (SOAP) [42],
the Behler-Parrinello symmetry functions [43] and the atomic cluster expansion (ACE) [44].
One common aspect between these atomic descriptors is that they allow for atom-centred

representation of a system, which results in a natural size extension formulation.

The last ingredient of the ML workflow is the learning algorithm itself. These algorithms
try to establish the mapping between the inputs, like the atomic descriptors, and the labels,
like the DFT energies or the DOS, in the case of supervised learning or identify patterns in
unlabeled data in the case of unsupervised learning. Regardless of the task at hand, they

usually have a set of hyperparameters that need to be optimised in order to guarantee the
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main objective of ML, which is the generalisation of the rules identified during the training
phase to new cases (or atomic structures). Depending on the task at hand, some approaches
are more suitable than others. Examples of supervised ML models include artificial neural
networks [45], graph neural networks [46], Gaussian Processes [47] and decision trees. Among
unsupervised learning, we can mention support-vector machines and principal component

analysis.

The recent developments in the use of ML methods to circumvent the expensive costs of
QM calculations focus on modelling the potential energy surface and its gradients, i.e. the
atomic forces and the stress tensor, since they are necessary to run MD simulations. These
surrogate ML models successfully overcome the drawbacks of both classical interatomic
potentials (low accuracy) and quantum mechanical calculations (high cost). The use of ML in
materials modelling goes beyond the total energies and forces to other electronic structure
properties such as the positions of the Wannier centres [48], the exchange-correlation energies
since they are responsible for the accuracy of the DFT approach [49], or the kinetic energy
functional [50, 51], in an orbital-free DFT approach. We also see efforts tackling surrogate
models for primary outputs of a DFT calculation, such as the local density of states resolved in
energy and space [52, 53], the electron density p [54, 55, 56, 57], and the electronic DOS [58,
59, 60, 61, 58, 62, 63]. Learning these quantities yields predictions that can also be used to
calculate some quantities of interest indirectly, in a physics-inspired approach, like the band
energy or the exchange-correlation energy, sometimes providing better accuracy than models
targeting these quantities directly [64]. Most of these surrogate models rely on additivity
from atom-centred terms, which has implications for the interpretability of the correlations
between structural features and target properties. In particular, there have been works that
define surrogate models for DOS based on additivity from individual atoms and use these
fingerprints to characterise atomic environments further, contributing to more comprehensive
structure-property relations [65, 66, 38]. Finally, it is worth mentioning a new trend in atomistic
ML techniques, which focuses on modelling the Hamiltonian [67, 68]. The latter holds the
necessary information to compute the different electronic structure properties, like the DOS,
hence reducing the number of surrogate ML models while maintaining the highest levels of
fidelity to the QM description of the material.

1.1 Summary

The development and use of universal models describing structural and electronic properties
inexpensively set the foundations for more accurate and predictive materials modelling and

design and removing barriers between physics and data-driven modelling. This thesis aims to
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bridge a gap in the modelling of the fundamental electronic structure properties using ML
techniques. In particular, we focus on modelling the electronic density of states and explore

how it can be used within ML workflows to assist with their predictions.

This thesis is organised as follows: Chapter 2 introduces the general machine learning frame-
work that allows us to model the electronic density of states as a vector-valued function of
the energy, utilising the similarity measure between atomic environments introduced by the
SOAP representation. Chapter 3 describes the numerical experiments used to validate the ML
model for the electronic DOS in a challenging data set of silicon structures describing several
thermodynamic conditions and structures ranging from distorted bulk snapshots to clusters.
It also explores the use of the DOS as a fingerprint to identify the possible geometrical features
of local environments to describe structural and electronic transitions in disordered phases.
Chapter 4 introduces a theoretical framework to perform finite temperature modelling of
condensed matter using the DOS without recomputing data sets with expensive QM methods
and based only on a single temperature calculation, usually the ground state. It also discusses
different levels of possible approximations and an application of this model to study hydrogen

in the high-pressure/high-temperature regime. Conclusions are drawn in Chapter 5.
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2.1 Introduction

Machine-learning (ML) is the field of study interested in building methods to infer knowledge
from data. This means that ML focuses on constructing statistical methods and algorithms
to analyse datasets and potentially identify patterns and trends. This acquired knowledge
is then used to predict the behaviour of future (test) cases, even those that have not been
considered during the learning or training phase. This aspect of generalisation, without
explicit knowledge about the analytical relations and correlations between the data, makes
ML techniques intriguing and compelling. They require minor human intervention and
constraints in the training phase. The generalisation is also an important metric to evaluate

the quality of the training data and the ML algorithm.

Generally, the more data we add, the more accurate the ML model is and the more generalis-
able it becomes. However, the raw input data, e.g. atomic coordinates in atomistic systems,
is rarely a suitable candidate for building the training datasets. Let us consider a molecule
in a vacuum. Its cohesive energy should remain constant under any rotation or translation,
although these operations will affect the atomic coordinates. This thought experiment justifies
the need for proper descriptors, also known as fingerprints or representations, that encode
the symmetries of the problem and correlate with the modelled observation. Needless to say
that the representation must be unique for every point in the data set because, otherwise, the
ML models would assign the same target property like the cohesive energy for two different

configurations, which makes the ML models unreliable.

Depending on the available data, there are two main families of ML techniques: unsupervised
and supervised learning. The significant difference between the two families is the labelling of

the data. The first set focuses on unlabelled data by exploring hidden correlations between
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input points and finding rules to cluster them. The second set deals with labelled data by

training models that classify the observations or predict the outcomes accurately.

This chapter focuses on two fundamental blocks in the ML workflow in materials science
and atomistic simulations. First, we are interested in structure representation as a method to
increase the robustness of the model to symmetry operations. In particular, we go over the
basics of density-based descriptors. Next, we dive deeply into one of supervised MLs widely-
used algorithms, Gaussian Process regression (GPR). We focus on its kernel formulation and
its extension to vector-valued functions. The latter is considered the backbone of modelling

and learning the electronic density of states (DOS).

2.2 Density based descriptors

We begin by providing a brief overview of some of the strategies to build atomic descriptors and
representations. The field of geometrical descriptions of atomic arrangements has experienced
very rapid growth in the past decade. Even though dozens of alternative descriptors have
been proposed, most of the atomic descriptors ranging from Behler-Parrinello symmetry
functions [43], first introduced in 2007, till the latest descriptors such as the Atom Cluster
Expansion [44] (ACE) or NICE [69], can be derived from the same considerations [70].

Taking one step back, atomic fingerprints are not a new idea that appeared with the emergence
of machine-learning techniques for atomistic modelling. In particular, empirical potentials
included some sort of atomic descriptors in their functional forms to describe the nature of
interactions between the different atomic species present in a system, including the Lennard-
Jones potential or the Gupta empirical potential [71] that use the pairwise distances as descrip-
tors. The most basic atomic descriptor is the set of Cartesian coordinates of atoms in space.
This approach requires a feature space of 3N dimensions, with N the number of atoms in a
particular frame, to describe the atoms’ arrangement. Despite being simple, this descriptor is
used as a fingerprint for several applications, including the challenging characterisation of
structural motifs in biomolecular complexes [72]. However, it presents multiple disadvantages.
First, it is linked to a fixed Cartesian reference. So it would produce different fingerprints for
the same atomic arrangement if we rotate the reference or translate ins origin. For instance,
if one considers two water molecules where one is obtained by rotation of the other around
its principal axis, we will get two different sets of atomic positions. Also, we obtain different
fingerprints if we permute the labels of the two hydrogen atoms in the water molecule. Second,
it does not provide a systematic way to compare structures with different types and numbers
of atoms. Finally, depending on the nature of the studied problem, some properties might

not be invariant, i.e. their value depends on the orientation of the molecule. Suppose one is
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interested in modelling the dipole moment of the water molecule. The descriptor should be
able to encode how a given quantity changes when a rigid transformation is applied to the
global system. In that case, one does not need to explore all the possible molecule’s rotations
to find the corresponding dipole moment. In fact, they should have the same magnitude but
differ only in direction.

This simple example highlights certain essential aspects needed for designing structural de-
scriptors. They must respect the internal symmetries of a structure, including translational,
rotational and permutational symmetries. While doing so, it must also be ensured that the
representation is smooth with respect to the atomic displacements since most of the physical
observables are also smooth with respect to these perturbations. Some of these issues have
already been solved in the empirical potential community by moving to internal coordinates,

like pairwise distances and dihedral angles.

They should also provide a natural system size extension, which is usually achieved by assum-
ing the additivity of local or atomic fingerprints. The locality assumption is also justified by
the nearsightedness of matter [30], a key assumption in several branches of physical sciences,
including the theory behind the linear scaling density functional theory [73], and also in
machine-learning approaches for atomistic modelling. It is this underlying assumption that
we will use throughout this manuscript. In practice, the locality assumption can be tested for
atomic properties like the forces by considering an atomic environment defined by a centre
and a radial cutoff. The procedure consists in measuring the variance of the atomic property
computed for the central atom by randomly displacing atoms outside the environment as a
function of the radial cutoff. Finally, one other important property should be completeness,
i.e. an atomic fingerprint must be unique for every structure, and two different arrangements
of atoms must yield different fingerprints by the descriptor. This assumption turns out to
be the most difficult to achieve. In atom-density descriptors, one must have access to high

body-order correlations to ensure the uniqueness of fingerprints [74].

In general, the atomic descriptors used in the context of atomistic modelling can be classified
into two main groups: global and local. Global descriptors include the Coulomb matrices [75],
bag of bonds [76], many body tensor representation [77] and the mixture of local environ-
ments [78]. It has been shown in Ref. [70] that they are projections on different basis sets of
the same algebraic object, i.e. the atomic density field p. We use the notations first introduced
in Ref. [70], mimicking the Dirac notations (bra-ket) used in quantum mechanics. The rea-
soning behind this choice is that they highlight the basis-independence of the atom-density
representations.

We define | A) as the object holding all the information about a structure A and the atoms it

contains, including the chemical composition and the spatial arrangement of the atoms. It

11
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is possible to complement the indication in |A) with the nature of the representation, and
we write the abstract object |A;rep.), where “rep.” is a shorthand that describes the kind
of correlations that underlies the featurisation. For example, we use the | A; p) notation to
emphasise the nature of the atom density field used to describe the structure A. Examples of
this class of descriptors are the smooth overlap of atomic position (SOAP) [42], the features
of the moment tensor potential [79], or the features of the SNAP [80] architecture. We pro-
ceed by decomposing the global representation of the structure A into a sum of its atomic

representations:

14;0) =) Iri;8), 2.1)
ieA

where |r;; g) is the representation of the ith atomic centre placed at r;, and g is usually a
smooth localised function at the atomic centres, e.g. a Gaussian. The general expression of
Eqg. (2.1) highlights these structural representations should be regarded as formal/abstract
mathematical objects independent of the basis, e.g. real space or plane waves, or the smooth
function g. In the case of a projection of the ket | A; p) on real space represented by the bra (x|,

we obtain the following:

x|A;py =) (Xlr;;8)=) gx—r;). 2.2)

i€eA i€eA
By taking the limit of the smooth function g to a delta Dirac function ¢ at every atom, we
recover the Cartesian coordinates of the atoms within the structure A. In general, the change
of basis is obtained following the same formulas introduced in most quantum mechanics

courses, also known as the completeness relation:

(T1A) = fdQ<T|Q><Q|A>, (2.3)

where | T) is a basis of projections and the set of smooth functions |Q) forms a complete basis.

The equality holds for sums over countable discrete indices if the basis is not continuous.

Eqg. (2.2) is not translationally invariant as it relies explicitly on the atomic positions. The
first step towards translation symmetry is to integrate the density over all the possible R3
translations 7 in our bra-ket notations [ d(x|#|A;p). This operation is known as the Haar
integration, and its objective is to symmetrise an operator with respect to elements in a
particular group. One problem that arises from performing the symmetrisation on the global
field | A; p) is the integration of all the spatial degrees of freedom, and the final result is a
constant proportional to the total number of particles in the simulation box. A similar problem
would occur if we consider the Haar integration over the SO(3) group of elemental rotations

and lose all the angular information.

12
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One possible method to mitigate these issues is to consider the tensor product of density fields

instead of the density. The #-symmetrised two-point correlation function is

(a1X1; axX2|{p ® P)gs) =fdf<a1xllflp><azleilp>cx Y Ba1a;0a,a (X1 —X)|(rj —1,);8), (2.4)
ij

where we write | A; p) = |p) to simplify the notations a bit, g is the cross-correlation of two
localised density functions, a; and a, are the chemical species of the atomic centres, x;and x;
are the position operators of the same centres, and § is the Kronecker symbol and vanishes
if the chemical elements in the subscript are different. We can formally define F =(p®p),
the averaged tensor product of the density. This expression of Eq. (2.4) allows us to define
translationally invariant features, and as a bonus, these features are local. In fact, Eq. (2.4) can

be re-written as:

{(a1X1; azXzIW) = Sapa a1 (X1 —X2)|4; 04), (2.5)
icA

where | A, p;) is an abstract object describing the local density field, or environment of the ith
atom:

(ax|A,pi) = Y 8 aq, fout(rj —1;)XIr; —ri; 8) (2.6)

JEA
In this expression, we introduce a (radial) cutoff function f.,(r) that depends on the distance
between the ith and jth atoms to emphasise further the local aspect of translationally invariant
|A, p;). Alternatively, we can hide the dependence on the cutoff function in the definition of

the local environments A; and we write:

(ax|A,pi) = ) Baa;(XIrj—ri58), @2.7)

JeA;
where the sum is performed over all atoms j defined by the cutoff function f.u: (7). One should
note that this construction of the translationally invariant (ax|A, p;) is equivalent to using

displacement vectors as done in the standard SOAP implementation [42], for example.

The next step in the feature construction is to force rotational invariance. As mentioned earlier,

we are looking into performing Haar integration over the O(3) symmetry group. However, this

time we perform the symmetrisation on the local density field | 4; p;). To make notations less

heavy, we use this simplified version |p;) = | 4; p;). We may perform the tensor product opera-

tion (v) times, and we define IF) =|(p; ® - ®pi)o)) as the (v +1)-body-order symmetrised
—_—

v times
field. And then we symmetrise this new averaged tensor product by using the expression in
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Figure 2.1: Summary of the steps in symmetrised field construction. This figure is
reproduced from Ref. [81]. Original figure published under the CC-BY 4.0 license
(https://creativecommons.org/licenses/by/4.0/)

Eq. (2.2), allowing us to obtain the following:

(arx - ayxy|p®)y = ) dR¢ax11i*RIp;) - (ayx,li*Rlp;), (2.8)
k=0,1/S0@3)  © ~ g
v times

where the sum over k describes the inversion symmetry. Fig. 2.1 is an illustration of the
symmetrised local field for the two-body order case (v = 1). Since we are working with
rotation operators, one easy (and fast) method to evaluate these integrals is to involve spherical
harmonics. We can project Eq. (2.6) on an orthonormal basis of radial functions R, (x) = (x|n)
and a basis of spherical harmonics Y,ﬁl (%) = (X|Im), making sure to use the completeness
relation of Eq. (2.3). The expansion coefficients of the localised density field on the basis of

orthonormal radial functions and the spherical harmonics are:

(anlm|A;pi) = )" Saa,(nlmir;—r;;g)
jEAl‘

=de<n|x><lmIi><aXIA;pi> (2.9

=fden(x)Y,il(f<) Y gx—(rj-r1y)

jEAi
where (nlm|r; —r;; g) is the expansion coefficient of a Gaussian centred on the interaction
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between the atoms i and j. The use of spherical harmonics |/m) makes the evaluation of the

integrals involving the rotation operator R easy, like in Eq. (2.8), using Wigner-D matrices:
(ImIRII'm'y =6,y (R). (2.10)

This is because the Wigner-D matrices are an irreducible representation of the group of ele-
mentary rotations SO(3). We obtain explicit expressions for the symmetrised fields for different
values of v or body-orders. In particular, the SOAP power spectrum representation [42], which
we use as the main atomic representation in the later chapter of this manuscript, is obtained
for v = 2 as we can write from Eq. (2.8):

2
<a1n1l1M1,aznzlzm2|P®2>—51,lz5m1m221 Z( D™ (aym Ly slpiylaynalo(—$)1pi),

(2.11)
which can be rearranged as follows to obtain the final form of the power spectrum:
(a1ny; azny; lIF) = il > =D ayny lmlp;)(aznal(=m)lp;)
]' Z i ,ay ( i ,ap )*
2l +1 5% nllm nzlm
where cill“m = (anlm|A; p;). From this construction, we can prove that the power spectrum is

a 3-body-order representation of atomic environments. At this level, one could affirm that
the SOAP power spectrum presents several hyperparameters that need optimising depending
on the studied problem: the number of radial channels 7,4, the maximum of the angular
channels I ax and mpay, the radial cutoff of the local density field, and any other parameters
linked to the Gaussian density smearing function |g). In particular, one could be inspired by
the locality of most target quantities from a simulation and the contribution of neighbours
to the structure-property relation and introduce a radial scaling of the SOAP (or any other
representation) features that is implemented as an additional weighting to the radial cutoff

function fi¢ of the contributions from the neighbours:

c
u(rij) = W (2.13)
where ¢, m and ry are parameters to be optimised with respect to the target property of the
learning scheme. An optimised radial scaling can substantially improve the performance of a
model, similar to what can be obtained by the use of multiple kernels with different length
scales [82].
A different, but equivalent formulation of the density representation, especially in the limit of

lpy — |6), reveals that this class of representations can be seen through a set of all pairwise
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distances and angles between the different atomic species in the structure. We can thus
formally prove that many atomic descriptors used in the field of machine-learning atomistic
modelling, like the DeepMD kit [83] or the Behler-Parrinello symmetry functions [43], are
equivalent to the SOAP power spectrum, as all of these representations arise from v = 2. Using
similar arguments, considering the case of v = 3 would lead to constructing the SOAP bi-
spectrum, and we can confirm it arises from 4-body correlations arguments. Needless to
mention that projections over the radial and spherical harmonics basis sets are not the only
way to exploit these local features. One could, as mentioned eatlier, utilise a basis set of plane

waves | k).

Despite being successful in providing robust fingerprints for atomistic modelling applications
and structure stability, these representations do not meet the completeness requirement,
including the SOAP bispectrum [74]. In fact, the formulation of these descriptors in terms
of internal coordinates, i.e. pairwise distances and dihedral angles, reveals that it is possi-
ble to construct two different atomic arrangements with the same features. This becomes
problematic when the two configurations have different energies, creating “confusion” for the
machine-learning algorithm and hindering its accuracy in the small dataset regime. Also, this
behaviour affects generative models, where the goal is to find the atomic configurations from
their geometrical fingerprints. Possible solutions might include going higher in the body-order
correlations. Notable approaches include the NICE [69] construction and the ACE representa-
tion [44], which is known to be complete for high body-orders as v — +o0o. Determining the
optimal body-order v is still an open question at the moment of writing this manuscript. The
uniqueness problem also affects different architectures, deemed complete, like graph neural
networks [84]. Although the picture seems a bit gloomy, this particular problem appears
to have limited impact in most real-world applications, where usually labelling the atomic
centres with their chemical species and the possibility of using representations centred on
multiple atoms in the structures usually helps (but might not be enough) to the lift of the
degeneracy of the atomic descriptors. These options should be explored further in order to

assess their viability for machine-learning workflows for atomistic modelling applications.

2.3 GPR for scalar-valued functions

One of the goals behind the use of machine-learning techniques in atomistic modelling is to
establish a mapping between the configurational phase space of molecules and materials,
in the broader sense, and their physical observables, e.g. cohesive energy of a molecular
compound or the electronic bandgap of a semiconductor, or to construct ML interatomic

potentials by learning their energies and atomic forces. Formally, this problem belongs to
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the class of supervised machine-learning methods, and in particular of regression. It can be
formulated as follows: we want to find the functional relationship f between an input space
2, that could be RY or of infinite dimensions, and an output space that we consider to be
R. In this section, we present the basics of a well-known method to perform regressions, i.e.
Gaussian process regression, applied to learning scalar (or single output) properties. We also

discuss the different ways to interpret Gaussian processes.

2.3.1 Function space point of view

A Gaussian Process (GP) is a stochastic process that is a collection of random variables. The
particularity of a GP is that the distribution of any finite collection of its random variables
follows a multivariate Gaussian distribution. It is fully characterised by a mean function
m: % — Rand a covariance function k: & x & — R that is symmetric and positive definite,
and we usually note:

f~%P(m,k), (2.14)

where for any X € & we have m(X) = E[f(X)] and for any X, X' € & we have k(X,X') =
EL(f(X) — m(X))(f(X") — m(X"))]. Note, that the covariance between the outputs, despite
describing similarities between the random processes f(X), is usually written as a function of
the inputs [47]: cov (f(X), f(X)) = k(X, X). The covariance function k may be referred to as
the kernel function. For atomistic modelling applications, k could be a measurement of the
similarity between two data points X and X'. Without any loss of generality, we can assume
that m(X) = 0 since we can subtract the mean function, which does not affect the covariance.
This procedure is common for machine-learning applications. In what follows, we assume we
have a finite dataset 2 {(X;, i)y} = 2 {X,Y)} collecting N input-observation pairs, where
the X; € Z and the y; e R.

The GP, as defined in Eq. (2.14), can be used as a prior distribution within the Bayesian
inference framework. This leads to performing function regression, thus defining the Gaussian
process regression (GPR). Since the mean function and the covariance completely specify the
GP, the collection of random variables {f(X;)}x,ea follows a Gaussian distribution and we

write the prior distribution as follows:
fX) ~ A (mX),K), (2.15)

where f(X) = [f(X1),.., f(Xn)] is a vector containing the GP prior for every observation in the
dataset 2, m(X) = [m(Xy),.., m(Xn)] a vector containing the mean predictive function of every

observation and K is the kernel matrix of size N x N, and whose elements are [K];; = k(X;, X;).
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The notation of Egs. (2.14) and 2.15 is a shorthand for the multivariate Gaussian probability of
FX):

p(f) = ;exp L (fX) —mX) K (fX) - mX)]|. (2.16)

V(2mNdet(K) 2

The GP formally specifies the prior belief about the properties of the function f. These beliefs
are updated in the presence of the training data 2. This is achieved via a likelihood function
relating the prior assumptions and the true observations. The result of this approach is a
posterior distribution that we use to infer on, potentially, unseen test cases. To illustrate this
idea, we assume that our observations y; are noisy. This assumption usually helps with the
robustness of the model. In addition, noise-free modelling is not interesting in itself because
we would only get observations drawn from a known distribution.The incorporation of the
noise in the modelling of the observations is typical for modelling using “real life” data. It can
be explained physically by uncertainties in the measuring methods, for example. This noisy

model is formulated as follows:
yi=f(Xi)+¢;, withe; ~A(0,09), (2.17)

where the noise components ¢; are independent and identically distributed (i.i.d) with vari-
ance O'? and they can be assigned to each observation individually. However, in practice,
it is possible to assign the same value for all the 0% = ¢®. Examining Eq. (2.17) reveals an
interesting result. The observations y; form themselves a GP with the same mean function
m(X) of f and with a different kernel matrix K, = K+ O’?ﬂ N, Where [y is the identity matrix of
size N x N. This can be deduced thanks to the additivity property of the Gaussian distributions

of f and the noise. The Gaussian likelihood function of the single noisy observations reads:

pilf, Xi,07) = N (f(X3),0%). (2.18)

Let us introduce a new input-observation pair (Xy+1, ¥n+1) and propose to find the model
linking them according to the dataset 2. The joint distribution for the test case and the training
data Y is such that:

Y mX) K+ 02l k(Xn+1,9)
- , , (2.19)
fXn+1) mXn+1)| | k(Xn+1,9)"T  k(Xn+1, Xn+1)

where k(Xn+1,9) is a vector of size N containing the kernel function value between the new

data point X, and the data points in the training set and its elements are [k(Xy+1,2)]; =
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k(Xn+1,X;). Utilising the law of conditional probability:

p(f(Xn+1),Y)

X = ,
p(f(Xn+1)IY) fp(f,Y)df

(2.20)

the joint distribution gives access to the conditional probability of the observation of the test

point X1, and we obtain the updated posterior that is also a Gaussian:

P(f(XN+1)|@rXN+1,0'§) =N (f(Xn+1),var(f (Xn+1))), (2.21)
where
FXn+1) =K (Xn41,2) - (K+ 02y 1Y (2.22)
and
var(f(Xn+1)) = k(Xn+1, Xn+1) — K (Xn+1,2) - (K+ UZUN)_1 ‘k(Xn+1,9). (2.23)

Based on this last definition, k(Xx+1, Xjv+1) is simply the variance associated with new data

point X1 as implied from the kernel function k and we can write k(Xy+1, Xy+1) = Uf\, 1

A closer inspection of Eq. 2.22 shows that the mean predictive function of a GP is nothing
more than a linear expansion over the covariance function of the inputs in the training set 2

and the new input:
N

FXne) =) aik(Xns1, Xi), (2.24)
i=1

where the linear expansion coefficients are

a=K+o%ly) Y. (2.25)

Eq. 2.23 reveals one crucial aspect of GPs: they incorporate information about the uncertainty
of their modelling capabilities since they are a distribution over functions. The variance of
a GP does not depend on the observations but only on the input training data X; and the
new point Xy41. However, it is possible to influence the uncertainty by choosing kernel
functions that correlate strongly with the outputs. This shifts the burden of designing a
solid ML framework to constructing suitable covariance functions for the input data, whose
parameters (i.e. the covariance function) can be regarded as hyperparameters of the GPR
model. The community developed several kernel functions to provide initial starting points

for GPR. Notable general-purpose examples include:

* the Gaussian kernel, or the squared exponential (to avoid confusion with Gaussian
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Process), also known as the radial basis function (RBF) kernel:

X_X/ 2
kX, X" = szexp(u),

2
207
where s and 0'% are hyperparameters of the model describing the magnitude and the
variation scale desired between the features and should be tuned according to the

problem. This kernel function is used by default by many ML and GPR users.

¢ the linear kernel or the dot product kernel:
kX, X=X X,

and by substituting the linear kernel in Egs. (2.25) or (2.29), we should recover the

well-known expression of linear ridge regression.

¢ the polynomial kernel:
k(X, X") = (X-X"¢ where { > 1,

and from this family, one can expand towards piecewise polynomial kernels.

Other interesting kernels could be formulated when one realises that the sum or the product
of two kernels is also a kernel. In atomistic modelling, this observation resulted in interesting
constructions, like the multi-scale kernels [85] where one builds a different kernel for different
ranges of separation between the atomic centres.

In addition to the hyperparameters introduced by the kernels, we may also consider the
variance of noise components for the training data 012. as hyperparameters of the GPR mod-
els. All of the free parameters could be tuned by maximising the log marginal likelihood
log(p(Y|2, 0?)) given the training set or by N-fold cross-validation to test the generalisation of
the model, for example. These techniques are representatives of the field of model selection,
whose aim is to make sure that the ML models are practical tools in real-world applications,
in particular, making sure that the models are able to generalise to new unseen test cases
and avoid overfitting on the training data. Our objective is to infer, based on the training set,
the parameters of the covariance function and compare models based on clear performance

metrics.

This approach, demonstrated by Eq. (2.25), shows the importance of the Gaussian noise ¢;
as it assures that the kernel matrix is not singular and we can compute its inverse, in case of
degeneracy in the training data. It also highlights the data-driven nature of GPs as a linear

combination of input information that entirely determines the posterior distribution. In
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the world of ML, this point of view of interpreting GPR is called the function space point of
view. The linear combination has as many elements as the dataset 2 and scales with the
size of the training data, earning this approach the name of full GPR. Also, this highlights
the non-parametric aspect of GPR, as they leverage all the data provided to the model. We
calculate the covariance of the entire dataset with itself. One can immediately see that this
approach is expensive as it requires inverting the matrix (K+o?ly) of size N x N. The inversion
of this matrix scales as @ (N3) and also poses some limitations on the computer memory. In
order to mitigate against this problem, we discuss a widely-used approximation to the full

GPR framework, and we refer to it the sparse GPR.

The sparse GPR formalism is represented by several approximations, such as the Nystrém
approximation or the projected process (PP) approximation. They all share the idea of pro-
jecting the entire function space on a latent space generated by a subset of fixed functions.
The PP approximation has the particularity of making use of the whole dataset as it is based
on minimising the likelihood over all the data points. This is equivalent to choosing M « N
representatives to form a subset ./, also called the sparse points or the active set, from the

training set Yand expressing the predictive mean of the GP in their basis:

M

fXniD) = ) amk(Xns1, Xp). (2.26)

m=1

In this approximation, one no longer needs to compare all the data points with themselves
but with only a sub-selection. Hence, it significantly reduces the computational cost of GPs.
However, as the training set size increases, M should also increase in order to maintain the
accuracy of the model. This is because a larger training set contains more information about
the underlying distribution of the data, and a larger number of sparse points is needed to

capture this information accurately. The predictive mean and the variance are:
fXn) =K Xy, M) - KK}, Y (2.27)
and
var(f(Xn+1)) = k(Xn+1, XN+1) = Qxyr X + K (X1, M) - K 'k(Xn41, M), (2.28)

where K,y is a matrix of size (M x N) whose elements are the kernel function values between
the training data and the active set, k(X .1, M) is the kernel vector between the new data point
and the active set, K= (K}V wKnm + o’Kym), K is a kernel matrix of the active set elements
and Qx,,,,xy,1 = K (Xn+1, MKy}, k(Xn41, M). We notice that all the matrices within the

sparse GPR framework are smaller than the ones in full GPR. We only need to invert matrices
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of size M x M, in contrast to N x N in the previous case, reducing the computational cost
significantly. Within these notations, we can write the linear expansion coefficients a,, under
the form:
1 2 -1
a =K"'K},,Y = K}, Knvm +0°Kyn) 'K}y, Y- (2.29)

Considering the limit of M — N, we recover the expression of the linear expansion for the full
GPR of Eq. (2.25) by exploiting the fact that Ky = Kand K" =K.

The selection of the sparse points is always a debate, and a quick check of the literature reveals
many methods discussing this particular problem [47]. In a materials science context, greedy
and stochastic methods are the norm. We can cite the furthest point sampling (FPS) [86]
and the CUR decomposition [87, 88]. These methods can also be used to reduce the size
of the feature vectors of the density-based descriptors discussed in Section 2.2. Hence, the
optimisation is achieved at two levels of the ML workflow: the feature generation and the ML

algorithm.

2.3.2 Weight space point of view and links to RKHS

The function space interpretation of GPs is not the only way to derive an expression for the
GPR predictions. We can also rely on a definition closer to another popular method within the
ML community, the kernel ridge regression (KRR). We express the predictive mean of the GP
as a linear expansion on the basis set of the kernel function k(Xy1, X;) evaluated between

the new point Xy and a subset of the X; in the training set 2 with size U < N :

U
FXne1) =) cik(Xne1, Xi). (2.30)
i=1

The coefficients c; are obtained from the minimisation of a loss function

1
£ == IfX)-YIP+R, (2.31)
g

in which R = g cik(X;, Xj)c;j is the Tikhonov regularisation term. It can be interpreted as the
norm of the clé)]efﬁcients vector c in the space of the kernel functions of the environments X;.
It ensures that the model does not overfit. The functional form of the predictive mean of GP is
potentially very flexible. In fact, if we ignore the regularisation and assume a full-rank kernel,
the minimised loss will find the coefficients c; constructing a function that passes by all the
training observations y;. This usually leads to poor performances when tested on new input

data, which defeats the purpose of building an ML model.
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One should notice that the linear expansion coefficients, despite not arising from the same
considerations, lead to equivalent interpretations of a GP. This observation also applies to the
noise ¢; and their variance 012.. One should note that the loss in the regularisation/weights point
of view represents the cost we pay when predicting "wrong" outputs. In the Bayesian/function-
space point of view, on the other hand, the loss does not affect the inference of the posterior
distribution and weighs the incorrect decisions given their uncertainties. Also, the loss only

appears at a later step in the workflow.

One last thing we should mention when presenting (sparse) GPR is the design of the kernel or
the covariance k(X, X’) and how it is linked to reproducing kernel Hilbert space (RKHS). An
RKHS with a reproducing kernel k is a Hilbert space #% of functions on a non-empty set &

equipped with an inner product <., -) #, if the following conditions are satisfied:

1. for every X € & we have k(-, X) € #%

2. the reproducing property: for every X € & and f € A we have f(X) = (f, k(-, X)),

As a reminder, k(X, X') is a function that measures the similarity between two reference
data points X and X’. We call it a kernel because it satisfies the conditions of a kernel, i.e.
k(X, X") is symmetric and positive definite. The Moore-Aronszajn theorem [89] states that
every symmetric and positive-definite kernel defines a unique RKHS, i.e. the kernel function
defines an RKHS.

From the definition of the RKHS, in particular the reproducing property, we can write the

kernel of two data points X and X’ as:
k(X, X") = cov(f(X), f(X") = (k(-, X"), k(, X)) 7, (2.32)

We immediately notice that the covariance is defined by a dot product between two functions
in the Hilbert space #%. In ML terminology, the ¢x : X' — k(X’, X) is known as the feature
map of X and has potentially infinite dimensions. Without any loss of generality, we can write

the kernel function as a function of the feature maps:

k(X, X") = (px, px1) 2, (2.33)

The consequences of such a result are crucial: we can embed infinite features and transform
them into similarity measures with values in R as long as we are able to find the appropriate
dot product and Hilbert space. This operation is known as the kernel trick. The structural
representations discussed in Section 2.2 are an example of these feature maps.

These observations hint at a strong link between (sparse) GPR and regression in the Hilbert
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space /. In fact, the minimisation solution of the loss, as defined in Eq. (2.31), can be
obtained through the representer theorem and allow us to write the predictive mean of GPR
as a linear expansion of functions of the form (X — k(-, X)):
N
fX) =) aik(X,X;), (2.34)
i=1
where the sum runs over all the training data points X;. We obtain the same solution as the

weight space interpretation of GPs of Eq. (2.30).

2.3.3 GPRin atomistic modelling

The GPR framework applies naturally to several problems in the materials science community,
including establishing mappings between materials classes and some physical observables
like the prediction of NMR chemical shifts [90] and the molecular orbital energy [91].

However, it is mainly used in one of the fundamental problems in atomistic modelling: con-
structing surrogate models for the potential energy surface (PES), i.e. the energies of configura-
tions and its gradients, i.e. atomic forces and global stress tensors, creating machine-learning
interatomic potentials (MLIPs). This is manifested by the popularity of the Gaussian Ap-
proximation Potential (GAP) [92] approach in studying multiple systems [26, 93, 94, 95, 96],
especially when paired with kernels constructed using atom-centred features like the SOAP
representations but not only [97]. The GAP approach is based on decomposing the total energy

of an atomic system Ey(A) into contributions from its local atomic energies E(A;):

Eiot(A) = Y E(A)).
ieA
We can re-write this equation using the bra-ket notations from Section 2.2, by considering the
energy as an operator |E) on which we project the object holding the structural information
|A):

Eiot(A) =(E|A) = ) E(A)) = ) (E|A)). (2.35)
ieA i€eA

One should notice that the concept of local energy is ill-defined, despite its popularity in the
field of classical interatomic potentials (or force fields), and that it does not translate to a
physical observable. However, there are a few efforts to use ML local energies (and other ill-
defined local quantities) as fingerprints to characterise local environments [39] or to optimise

some hyperparameters of structural representations like the radial cutoff [93].

Sometimes, one does not model the total energy from a quantum mechanical calculation,

such as the different flavours of density functional theory or post-Hartree-Fock methods, but
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usually the difference between the energy computed from a “cheaper” calculation and the
quantum mechanical one. This approach can be referred to by delta learning or baselining.
The baseline potential provides numerical stability to the machine-learned PES, and it can be
computed from empirical potentials, other machine-learning models, or another quantum
mechanical calculation. The use of a many-body descriptor, like the SOAP representation, is
found to fail to describe the repulsive interaction between dimers [93]; hence, the ML potential
fails to describe the short-range energies and forces and leads to unphysical structures. The
difference between the baseline potential calculated on a training set and the reference
(quantum mechanical) potential becomes the target of the machine-learning workflow, and
that is the Eyyt in Eq. (2.35).

GAP can be built using the full GPR, but this presents a significant computational problem:
the training of the model might scale unfavourably with the training set size (we mentioned
earlier that the cost of inverting the kernel matrix scales as @ (N?)). To mitigate against this
issue, we may recourse to the sparse GPR framework and select a subset .# of atomic (and
local) environments constituting the sparse points, of size M < N, and we write the energy of

a single environment A; treating the chemical species a; in separate channels:

(ElA) = ) Saya,(E;arlMpk(A;, Mp), (2.36)
Iet

where M is the I'th sparse point and k(A;, M) is the kernel evaluated between the represen-
tation of the local environment A; and the sparse point M;. Please note that, formally, there
is no restriction on how the sparse points are chosen or whether they should be drawn from
the training set, but usually, they are selected from the training environments. As we stated
earlier, the sparse GPR scales more favourably with training set size when training the model
(as @(M?)). Reducing the number of parameters might hinder the quality of the model and
increase prediction errors, but in practice, this rarely occurs. The choice of a minimal sparse

point basis results in an insignificant decrease in the model’s performance.

The formulation of Eq. (2.36) allows us to easily access, at least formally, the gradients of the
PES, i.e. the atomic forces F; by taking the gradient with respect to atomic displacements of
the jth atom

Fj=-Vi(ElA)=—- ) (EaiMp) ) 644,Vjk(Ai, Mp) (2.37)
let i€eA

and the virial stress tensor by computing the derivative with respect to a deformation 7 of the

simulation cell

)
—(ElA)= ) (Ea;lMp )_6a,a, ) 1ji®Vjk(A;, M)), (2.38)
on Iel i€cA jeA
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where r;; = r; —r; the direction vector between the ith and the jth atoms. Both expressions
depend on the gradients of the kernel elements with respect to the neighbours of every atomic
centre, making the evaluation of these gradients computationally expensive. However, the
final expressions are simple because of their independence of the structural representation,
the kernel function, and the ML algorithm used to perform the regression. This observation
makes kernel methods and the GAP formulation an elegant approach to creating physically-
motivated ML models for the PES as we would see in Section 4.2. Finally, it is worth mentioning
that it is possible to construct GAP by learning exclusively from the derivatives of the total
energy, i.e. atomic forces and stress tensor. This is possible due to the kernel formulation of
GAP and the fact that taking derivatives is a linear operation on the total energy and, therefore,

on the kernels. Details of this construction can be found in Refs. [92, 98].

2.4 Extension to vector-valued functions

Scalar properties are not the only physical invariant observables we are interested in modelling.
This extends to vector-valued properties, i.e. the properties that depend on an external variable,
usually independent from the input space of configurations. Some of these properties, that
do not depend on the orientation of the piece of a material, are the photo-emission spectra
of molecules and the electronic density of states of semiconductors and metals. We call
them vector-valued functions to make the distinctions with “true” vectors that obey strict
mathematical formalism and transformation rules. The modelling of vector-valued functions
has been treated extensively, especially in the context of geostatistics, where GPR models are
referred to by kriging [99]. In a deeper dive into the general machine-learning literature, one
notices the interchangeable use of terms like multi-output and multitask learning. However,
they should not be equivalent. Multi-output learning refers to the general class of modelling
vector-valued functions, while multitask learning deals with vector-valued functions where
each entry has its own (distinct) input space. We can also classify these models depending
on how they are trained: isotopic learning is used when the outputs share the same inputs
and heterotopic learning is when some inputs have their own input space, similar to multitask

learning.

We should state at this level that there are different approaches applied within the machine-
learning community to tackle the problem of multivariate learning, e.g. adding the dimension
of the output space to the training data [100] or decomposing the modelling of the D outputs
into independent single-output problems and proceeding with the GPR for scalar-valued
functions as in Section 2.3 with or without independent training sets for every output channel.

The latter approach disregards potential correlations between the dimensions but could
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Figure 2.2: A schematic representation of the difference between the single task and multitask
approaches to tackle the multivariate learning problem.

outperform models with knowledge transfer between the output processes [101]. Fig. 2.2

illustrates the general problem of multitask learning.

In this section, we present an overview of GPR applied to learning vector-valued functions and
how they are linked to the case of scalar properties. Formally, the problem we are interested in
is learning an unknown functional relationship f between an input space &, similar to the
one treated in Section 2.3, and an output space {1, ..., D} of multi-output functions that we

can consider to be R”, with potentially D > 1 where D is the number of processes.

2.4.1 Function space and RKHS

GPs for vector-valued functions follow the same approach as in the case of scalar targets of
Section 2.3, with a slight difference in the definitions of the mean function of the GP and the
kernel function. The former becomes vector-valued, with the same dimension as the output
space, and the latter becomes kernel-valued, i.e. the covariance between two realisations
f(X) and f(X') of the GP is a kernel matrix of size D x D. In this subsection, we re-visit the
main steps for the derivation of the full and sparse GPR predictor of vector-valued functions.
To avoid unnecessary repetition, we just provide the function-space point of view and the

construction of the RKHS.
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Function space

The vector-valued functions can be viewed as a collection of random processes {f;}4ec1,p
organised in a vector. A vector-valued function f follows a GP if there exists a mean function

RP*D and we can use

m: % — RP and reproducing kernel that is matrix-valued: K: & x & —
similar notations to Section 2.3:

f~%2m,K), (2.39)

where m € R? is a vector containing the mean function of every output process and K is a
covariance matrix describing the similarity between two outputs associated with two different
processes d and d'. The elements [K(X, X')] 4 4 of the covariance are matrices, in contrast
with the GPs for scalar properties where they were just scalars, and they describe the similarity
between the processes f;(X) and f(X’). The assumption of zero mean m can also be applied.
Then, we follow the same procedure as the GP for scalar-valued functions. We assume a finite
dataset 2 {(Xi, i)y} = 2{(X, Y)} collecting collecting N input-observation pairs where the
X; € % and they; e RP.

The GP defines a Gaussian prior distribution over the random variables {f(X;)} x,c as we note:

fX) ~ A (m, KX, X)), (2.40)

where f(X) = [f(X}),...,f(Xn)] a matrix containing the GP prior for every observation in the
dataset 2, m(X) = (m(X;),...,m(Xy)] a matrix containing the mean predictive function of

every observation, and K is block partitioned kernel matrix of size (ND x ND), and it is written

as:
KX, X111 ... KX, Xp)h,p
K(X2, X1))21 ... K(X2,Xp))2,p
KX X) = . . ) (2.41)
(K(Xp,X1)p1 ... KXp,Xp))pp

where every block (K(X;, X)) 4,4 is a matrix of size N x N. In this expression, we assume that

every dimension d has its own training set.

We assume that our observations y; are corrupted, and we model this behaviour by an in-
dependent and identically distributed Gaussian noise {€4}4=1,p and we write the model as
follows:

Via = fa(Xi) +€,q, with &4 ~ A (0,07 ). (2.42)

In order to perform a regression, we write the Gaussian likelihood function for a single obser-
vationy; as follows:
plyilf, X;, Z) = N (f(X;), %), (2.43)
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where X is a D x D diagonal matrix, whose elements are the afi. We can obtain the predictive
mean of the GP and its variance by introducing a new data point made of a pair of input-
observation (Xy+1,yn+1)- Following the same reasoning in Section 2.3.1, we find the predictive

mean of the multioutput regression:

N
f(Xn+1) = ) aiK(Xn+1, Xi), (2.44)
i=1
where the linear expansion coefficients are matrices and have the same formal form as
Eq. (2.25):
a=KXX+2)'Y. (2.45)

The sparsification of this full GPR approach follows the same logic as the case of the scalar-
valued functions. In particular, we can apply the same methodology of the projected process
approximation and project the processes on a subset of active set points and end up with

another linear expansion expression for the predictive mean.

RKHS for vector-valued functions

Similar to the case of scalar-valued functions, the RKHS of vector-valued functions is charac-
terised by its matrix-valued kernel, and we note the reproducibility condition for any function
fin the RKHS # as:

K X)) =f(X)" ¢, (2.46)

where the notation (-, -) 7, refers to the inner dot product of the RKHS. The kernel trick can also
be applied in this case, and one can extend the definition of features maps ¢ to vector-valued
functions. In particular, and depending on the nature of the processes f;, one can assign

different maps ¢4 to different processes.

If we follow the regularisation route of the scalar-valued functions as shown in Eq. (2.31), the

regression problem can be formulated as a minimisation of a loss function:
& = < lIFX) -yl + AU (2.47)
N i)~YVi o .

The solution to this problem can be obtained thanks to the representer theorem [102]:

N
f(X) = ) KX, X)-¢i, (2.48)

i=1

where ¢ = (KX, X) + ANIyp)~'Y is the vector holding the linear expansion coefficients of
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size ND. It is obtained by concatenating the expansion coefficients vectors of size D, c;
C
asc=| : [.If we dispose of a new test point Xy, the corresponding expression for the
CN
regressor is given by:
f(Xn+1) = K(Xn+1,9) ¢, (2.49)

where K(Xn+1,2) is a matrix of dimensions ND x D, and whose entries are (K(Xn+1, Xi)) 4,4’

2.4.2 Kernel design for vector-valued functions

Designing kernels for vector-valued functions is delicate and is heavily influenced by the
nature of the processes and their intrinsic correlations. It is possible only to consider the
most general case and build a different GPR model for every dimension by ignoring possible
correlations and potentially requiring an increasing number of training sets. However, it is
advantageous to model connections between the different processes. Let us consider the case
of learning a continuum spectrum like the electronic density of states or the photoemission
spectrum. These spectra are usually constructed by convoluting the discrete spectrum with a
smooth function and stored as a collection of discrete values. The resulting “vector”, or more
appropriately, array, contains several adjacent points that are highly correlated. It would be

ideal if one could establish a strategy to leverage and model these “hidden” correlations.

We showcase an elegant approach to designing kernels for vector-valued functions based on
decoupling the information from the input space & and the output space {1,..., D}, known
as separable kernels. The starting point is writing the matrix-valued kernel function of the
multi-output GP as a product between a kernel function of the input space and another one
for the output space. The general form of an element of this matrix within this class of kernels
is written as follows:

KX, XN a,a = kX, Xkr(d,d"), (2.50)

where k: & x ¥ — Rand kr:{1,...,D} x{1,...,D} — R are the two scalar kernel functions.
Equivalently, we can consider the matrix representation of these kernels, exploiting the fact

the output space is fixed for a given problem:
KX, X") = k(X, X")B, (2.51)

where B, also known as coregionalisation matrix, is a symmetric semidefinite matrix, with D x
D dimension, and it is the matrix representation of k7. The link between the two expressions

can be visualised if we consider the training set Zand inject Eq. (2.50) into Eq. (2.41) to obtain:
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KX X) =kX,X)®B

X1, X9)B --- X1, Xn)B
k(Xy1,X1) k(X1, XN) 2.52)

k(Xn, X1)B  --- k(Xn,Xn)B
where k(X,X) is the kernel matrix of input space associated with the dataset 2.

We can recover the general case of independent output values by setting the covariance matrix
B to the identity [ or equivalently have the kernel function of the form: kr(d,d’) = 644,
where 64 4 is the Kronecker symbol. The kernel matrix associated with 2 becomes equivalent

to:
k(X1, X1)lp (0)

KX, X) = R (2.53)
0) k(Xn, XN)lp

which is the same as the kernel matrix from the scalar-valued functions. Intuitively, we can
deduce that the off-diagonal terms of the matrix B encode the dependencies among the output
processes, and ensure the knowledge transfer between the outputs. However, even within this
simple approach, the correlation between the outputs still exists, implicitly because we set the
same hyperparameters for all the outputs, including those of the kernel matrix, from all the

data provided in the training set 2.

The key question that needs to be addressed is how one should design the matrix B. As a
reminder, for atomistic modelling problems, we can use kernels based on the atomic rep-
resentations discussed in Section 2.2. The most straightforward approach can be found in
standard geostatistics literature [99], in particular, by adopting the weight-space point of
view. The method consists of evaluating, in a separate inference step, the matrix B from the
covariance matrix of the outputs of the training data y;. Alternatively, we can achieve the same
interpretation of the covariance matrix within an intrinsic regionalisation model (ICM) [103]
point of view, one of the wide-spread formulations for multivariate learning with applications
in geology [104, 105] or environmental studies [106, 107]. Its main idea consists in drawing R
independent realisations u" (X) of the same process u(X) following a GP: u(X) ~ 4% (m, k),

and expressing every process f; as a linear combination of the drawn samples as:
R
faX) =} aju’(X), (2.54)
r=1
where the a/, are the linear expansion coefficients. Here we emphasise that all the independent
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processes u’ (X) are drawn using the same kernel function k. The covariance of the function f
is:
cov(f(X),f(X")) =AATk(X, X) =Bk(X, X"), (2.55)

where A is a matrix holding the linear expansion coefficients with elements [A] . ; = a;. And we
obtain the same formulation as the separable kernels in Eq. (2.51). The covariance matrix B has
arank equal to R because the processes u” (X) are independent. This formulation highlights
that we can express the outputs f; as a linear expansion of independent and orthogonal
latent functions, the u". In particular, it is possible to choose a representative set of R < D
latent functions in order to reduce the computational costs of the inference step. Doing so
requires extra inductive bias to the model, which could be regarded as a method to make
the model more data efficient by imposing a certain “structure” on the data. As mentioned
earlier, the most straightforward option is to use the covariance matrix of the outputs y; of
the training set 2. The latent functions, in this case, can be chosen to be the eigenvectors of
the D x D covariance matrix, and then a low-rank approximation can then be employed. For
example, we visit the case of projecting B on a subset of its eigenvectors, which is equivalent to
defining a new coordinate system in which B becomes diagonal. We assume the mean value
of every output is 0; otherwise, it may be necessary to remove them. We write the eigenvalue
decomposition of B as:

B=UAU", (2.56)

where A is a diagonal matrix holding the (ordered from highest to lowest) eigenvalues Ay of the
matrix B, and U is the matrix holding the eigenvectors, also known as principal components.
They coincide with the vector form u, of the latent functions u” of Eq. (2.54). At this level,
we can apply a low-rank approximation, which is a projection on the R non-degenerate
principal components. We denote by C the matrix holding the coefficients c; of Eq. (2.48):

C = (cy,...,cy). We define new expansion coefficients ¢4 = (c; - ug,...,cy - ug) and write

D . D
C= Y ¢?®uy. Similarly, we re-write the target outputs as Y= Y. ¢ ® ug with ¢ = (y; -
d=1 d=1

Ya,---, YN -Ug). These transformations can be simply seen as rotations in the output space.

From these (re)definitions, we can write the linear system to solve for the linear coefficients as:

D
C=KXX) +ANIN 'Y= ) BekXX) +ANN) ¥ eu,
d; (2.57)
= Y (AgkXX) + ANIN) ' ®uy.
d=1

The (eigen)vectors u, are orthogonal, and this allows us to solve this problem as independent
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R problems:

éd=(k(XX)+iﬂ )_lﬂ d=1 R (2.58)
4 Ad N Adr Yoy . .

Fig. 2.3 summarises the training of the model with this approach using the matrix representa-
tion of the problem. This derivation shows that, within the separable kernels approximation,
one could reduce the dimensionality of the (potentially correlated) outputs by projecting them
on a basis set of orthogonal functions, e.g. the principal components of the outputs of the
training set. The projection coefficients become the targets of our learning scheme. This
means that the problem becomes that of learning independent-by-construction tasks; hence,
we can utilise all the tricks from the scalar-valued GPR framework. The independent basis
functions, on which we project the outputs, hold information about all the outputs, therefore
allowing for an efficient transfer of “knowledge” between them and significantly reducing the
computation cost. In Section 3.1, we encounter the same result of decomposing the outputs
on a basis set of principal components, but from considerations coming from the correlated
nature of the outputs, and not from kernel design considerations as we encountered in this

section.

To wrap up this discussion, it is possible to extend the ICM to cases where the different latent
functions are drawn from distinct kernel functions. This class of models is known as the
linear regionalisation models (LCM) [103, 108], and we write the covariance of f as a linear

combination of coregionalisation matrices B, and kernel functions k;:

cov(f(X), f(X") = f B, kq(X, X"). (2.59)

q=1
The LMC amounts to represent the outputs variables as linear combinations of sets of uncorre-
lated latent variables. This approach has the advantage of making use of several input spaces
and potentially offering a better knowledge transfer between the outputs. In an atomistic
modelling context, one could imagine applying LMC within a multi-scale kernels approach
(as discussed in Section 2.2), where each kernel pair (kq, B4) is built to target a portion of the

outputs.
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Figure 2.3: A matrix representation of the separable kernels approach with a low-rank approxi-
mation as described in Eq. (2.54)
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states!

The electronic density of states (DOS) is a fundamental quantity in the electronic structure
theory. It describes the distribution of the energy levels that can be occupied by electrons
in a quasiparticle picture. It can be used to calculate the electronic contribution to the heat
capacity in metals, the density of free charge carriers in semiconductors, and is an indirect
proxy for properties such as the energy band gap, the band energy, and also the optical
absorption spectrum. All of these “derived” properties justify the efforts for building surrogate

models to a quantum-mechanically computed DOS.

In this chapter, we present a machine-learning (ML)-based atom-centred model for the
electronic DOS using the geometrical descriptors and the multivariate fitting algorithms
presented in Chapter 2. We also assess the relative performance of models that directly
predict electronic properties, such as the band energy and the optical absorption spectrum,
with those of models that use the DOS as an intermediate quantity. We use as a benchmark
a challenging data set of silicon structures that includes different solid phases, liquid and
amorphous configurations, and gas phase clusters, spanning a wide range of behaviours from
metallic to semiconducting. Finally, we demonstrate the transferability of the model to predict
the DOS of large amorphous configurations, exploiting the local description to link atomic
environments to their contributions to the overall density of energy levels and describe the

electronic transitions in disordered phases of silicon.

I This chapter is an adaptation of my contributions to Refs. [109, 38]. It also includes some unpublished results
and analysis. Sections 3.1 and 3.2 are adapted from Ref. [109]. I contributed to running the reference DFT
calculations, building the ML models, and performing the analysis. Section 3.3 is an adaptation of the contribution
to Ref. [38], where I trained the DOS models, including performing the hybrid-DFT calculations and performed
the analysis leading to the construction of the features/properties maps.
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3.1 Atom-centred model for the DOS

We define the DOS as a sum of Dirac distributions centred around the eigenvalues of the
single-particle Hamiltonian, ¢, (k) describing the energy levels that the electrons can occupy

at each point k of the electronic Brillouin zone (BZ):

2 bands
DOS(e) = — ) Y 8e—e,k),
Nk n k

where “2” accounts for the spin degeneracy of the electrons in case of the absence of an
external magnetic field and Ny is the number of k points used to sample the BZ. This def-
inition approximates the integral over the BZ and extends readily to a-periodic systems
by removing the summation over the k points. In order to obtain a continuous distribu-
tion, the Dirac distributions are broadened with a Gaussian broadening g,: d(€ —€,(k)) —
(8b N exp[—(e— enk)?/ (2g§)]. The choice of g}, should reflect the level of the fine struc-
ture of the DOS curve that one wants to keep: a small value of g, would lead to more sharp
peaks and describe more accurately the conductivity/metallicity or the band gap of a structure,
while a large value of g, would lead to a "featureless” DOS curve and underestimate the band
gap by accumulating more states near the Fermi energy. For ML applications, it is possible
to optimise the value of g, using Bayesian optimisation by maximising a log-likelihood, for
example. The Gaussian broadening is a popular option to construct the continuous DOS
spectrum, but it is not the only option. Other approaches could use Fermi-Dirac broadening

or a combination of polynomials and Lorentzian functions as presented in Refs. [110, 111].

The smooth DOS gives us access to several “derived” quantities. In particular, we will be

interested in these quantities:

¢ The Fermi energy (er)
ep :fde DOS(e) frple —€p, T = 0) = Nyq), 3.1)

where frp(e —€r, T = 0) is the occupation of the energy level according to Fermi-Dirac
statistics at T = 0, which only describe the occupied states, and Ny, is the number of

valence electrons.
* The density of states at the Fermi energy (DOS(ef))

¢ The band energy
€band = fde DOS(e)e frple—€r, T =0).
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Figure 3.1: Schematic representation of the workflow of the ML DOS model. A indicates full
atomic configurations, A; represents the atomic environments in these structures, the blue
curves are the DOS from DFT calculations and the red dots are the targets of the ML models.

M A

¢ The distribution of excitations

A(A) =ffde de’ DOS(e) fip(e—€p, T =0)

DOS(€") (1 - frpe—€r, T=0)5(e—€' —A).

A(A) mimics the adsorption spectrum, where A corresponds to the absorbed photon’s
energy and we ignore the amplitude of the transition. The shape of A(A) for small

excitation energies reveals the presence and the magnitude of a band gap.

These quantities demonstrate the usefulness of modelling the DOS, because a single inference
step leads to estimating several important properties of an atomic configuration. We en-
counter in Chapter 4 other use cases for DOS-based surrogate models within a physics-driven

modelling approach of materials.

In the following paragraphs, we introduce the different components of our strategy to predict
the DOS based on a regression model trained on a small number of reference configurations.
Fig. 3.1 is a summary of our strategy and the workflow used to build and evaluate the ML DOS

model.
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We aim to build a model of the DOS for a structure A by decomposing the total DOS into a

sum of local contributions from each of its atomic environments A;, i.e.,

DOS(A,¢) = Z LDOS(A;,¢). (3.2)

icA
Implementing such a model requires the definition of a framework to parameterise the shape
of the LDOS, and a framework to represent the structure and the composition of the environ-
ment surrounding each atom. Given these, one can determine the parameters x of the LDOS

model by minimising a loss function of the form:

2

DOS(4,€) — ) LDOSx(A;,€)| . (3.3)

P%(AX) = f de
ieA

The model can then be used to make predictions for new, possibly more complex, struc-
tures. We model LDOSx(A;,€) using the Projected Process (PP) approximation of the Gaussian
Process Regression (GPR) [47], presented in Section 2.3. We use the most diverse M atomic
environments, selected according to a Farthest Point Sampling (FPS) scheme [88] among the
training structures, as the active set that defines the basis on which the target is expanded in
local contributions:

LDOSx(A;,€) = Y. xj(€)k(A;, M), (3.4)

jeM

where k(A;, Mj) is a positive-definite kernel basis function that expresses the similarity be-
tween the environment A; and an environment from the active set M;. We use a polynomial
kernel constructed from the power spectrum of the smooth overlap of atomic positions (SOAP)
representation. Given the additive nature of the DOS model, as introduced in Eq. (3.2), we
define the kernel between entire structures as the sum of the kernels between the atomic
environments that constitute the structures, k(A, A’) = . ; ,k(Ai,A’l.,). The linear expan-
sion coefficients x;(¢) depend on the energy and shouldlgz ldei:cretised in a way that reflects
the representation of the DOS, which is discussed in the next paragraph. We optimise the
coefficients x)/(€) by minimising the following empirical loss function, in the same spirit of

ridge regression models, based on knowledge of the targeted DOS for the training structures:

Lixm) = Y, LAAXM) + X, KymXu (3.5)

Actrain

Here, A is the regularisation parameter and Kj;y, is the kernel matrix, whose entries are the
kernel functions between the active-set environments. The optimal solution to this problem

is obtained as a function of the kernel matrix of the active set Kjs5; and the kernel matrix of
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the training structures and the active set Ky s:
xm(€) = (A* Ky + Kun Ky ) ™ Kunyn e), (3.6)

where yyy is a vector containing the values of DOS(A, ¢) for the N training structures. Once we
find the optimal solution for our problem, usually using a k-fold cross-validation scheme, the

DOS of a new structure A, can be obtained as a simple dot product:
DOS(Ax,€) =k, ;- xum(e), 3.7)

where k4, s is the vector that contains the kernels between the structure A, and the M active

set environments.

Uncertainty estimation

GPR models have a built-in variance estimator that makes it possible to assess the statistical
uncertainty — and hence the reliability — of the prediction for a specific structure, as discussed
in Section 2.3. For computational efficiency and to simplify the propagation of uncertainty
from the atom-centred decomposition to the full density of states of a structure, we build
instead a committee of Ngg GPR models of size n < N, as discussed in Ref. [112]. If the
models are built based on the PP approximation, keeping a fixed active set for all the models,
each model corresponds to a different weight vector xg\? (€), and predictions can be obtained
inexpensively as the kernel vector in Eq. (3.7) must be computed only once for each new
structure. The average of the predictions DOS®) (A, €) made by the models in the committee

is taken as the best estimate:

1
DOSgs(A+,€) = — ) DOS(A,,e),
Ngs s

while their variance is taken as a measure of the uncertainty

985 ¥ (DOS® (A.,6) ~ DOSgs (A, ). (3.8

Ohs(As,€) =
RS — 1 s

The factor ags(e) serves to compensate for the correlations that are present between the
training points and between the different resampled models; ags(€) can be determined by
calibrating the uncertainty estimate with a likelihood maximisation criterion, using a valida-

tion set or an internal reference [112]. We obtain an unbiased estimator [113] for the rescaling
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factor agg(e):

1 Ngs—3 < |DOS¥(A,e)~DOSgs(4,€)|’
+
NRS NRS - 1 Aeval 02 (A) 6)

aprs(e) =— ) 3.9
where o2 (A, €) is the variance of the prediction of the DOS(A, €) and can be obtained from
variance of the predictions of the committee of models or from the built-in variance of the
GPR as in Eq. (2.23). Note that it is possible to realise this calibration process by rescaling the

predictions around the mean, i.e.

DOSY(A,,€) —DOSgs(Ax,€)+

R ’ RS ’ .

We can use this calibrated ensemble of predictions to perform post-processing tasks, such as
the assembly of atom-centred predictions, in a way that automatically incorporates correla-

tions between the predictions of different models.

DOS representation

As discussed earlier in Section 2.4, we have already encountered several strategies to build
kernel functions for multivariate GPR. We concluded that, for some of them, designing a kernel
function is equivalent to projecting the target property on a different basis.

In this paragraph, we explore some approaches to represent the space of the (L)DOS. In order
to build a practical model of the DOS, one needs to represent the (L)DOS as a set of discrete
values, y;(A), that can then be used to construct a multivariate regression model. A pointwise
trivial approach is to discretise the energy axis over a finite range [eg, €9 + (Npos — 1)d¢], and

take the smooth DOS computed at each energy point as a regression target,
y;" (A) =DOS(A, €0 + j&e). (3.11)

In the Gaussian process regression model we use, each regression task is independent of
the others, which means that the number of these descriptors can become arbitrarily high
depending on the level of complexity (defined by the Gaussian broadening) and the density
of the considered energy points (linked to the discretisation width d¢), which results in an
increase in the number of prediction models.

This pointwise representation is not necessarily the most efficient: it potentially requires
training and evaluating hundreds of ML models. It ignores the fact that variations in the
DOS between different structures and different energy levels are correlated, both because

of physical reasons and because of the Gaussian broadening. We should note here that in a
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regression scheme, it is possible to ensure the smoothness of the predicted DOS by utilising
a smooth regularising function of the energy channels A(¢) in Eq. (3.5), in contrast with the

approach of optimising A(e) for every energy channel € independently.

It is possible to reduce the degrees of freedom of the problem by projecting the DOS on an
orthogonal basis set of latent functions and learning the expansion coefficients, as presented
in Section 2.4.2 when discussing the implications of the separable kernel approach. In order
to capture the correlations between the variations of the DOS at different points, we construct
a data-adapted basis by evaluating the principal components (PC) of the DOS within the
training set. In practice and given that we aim to build a predictor for the LDOS, but we only
have information on the total DOS of a structure, we normalise the DOS of each structure by

the number of electronic states and construct the matrix

_ oy (A"
Yai= - . (3.12)
A Ny Nirain ; Ny

We then compute the eigendecomposition of the covariance matrix
Y'Y=UAU". (3.13)

The columns of the unitary matrix U that are associated with the largest (non-zero) eigenvalues
A describe uncorrelated modes of variation of the (L)DOS. The truncation of the expansion
to a small number of PCs determines the error one makes in approximating the DOS and
corresponds effectively to an additional smoothing of the DOS. Building a model in the PC

representation amounts to computing the projection of the DOS on the basis functions

FRE(A) =Y yi(A) Uy, (3.14)
7

training a regression model on each of the j/ic coefficients and then reconstructing the

prediction in terms of the principal vectors,

yiA) =Y 7.°A) U, (3.15)
k

A third approach to represent the DOS can be derived to address the fact that a loss of the
form Eq. (3.3) cannot discriminate between distributions that differ by the position of peaks
that have negligible overlap — a problem that is frequently encountered when comparing
spectral functions. The Wasserstein distance (also known as earth mover’s distance) is a
metric to compare distributions designed to address this problem, and that can be easily

computed as the norm of the pointwise difference between the inverse cumulative distribution
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functions [114]. Inspired by the Wasserstein metric, we propose to represent the DOS in terms
of the associated cumulative distribution function (CDF), which can be computed as partial

sums over the pointwise representation, which approximates the integral over the energy:

yePhA) = i yi(A). (3.16)

j=0
Even though a Euclidean norm that uses this vector is not a precise implementation of the
earth mover’s distance (that is based on the Euclidean distance between inverse CDFs), it is
still sensitive to shifts in peak position. It also preserves the additive construction of the total
DOS based on atom-centred contributions — a physical constraint that would be lost by using

a metric based on the inverse CDE

3.2 Benchmarks on silicon data set

Data set

We use, as a training and validation data set, a challenging combination of 1039 silicon
structures containing configurations that correspond to elastically and thermally distorted
bulk diamond and S-tin structures, snapshots from molten silicon simulations, amorphous
configurations obtained at different quenching rates, as well as some cluster configurations.
We extract these structures from the training data set used to build an ML interatomic potential
for silicon [26]. Fig. 3.2 demonstrates the heterogeneity of the data set, showing a projection
on the two largest principal components of the average SOAP power spectrum vectors of
the different configurations. The parameters of the SOAP representation are the same as
those used for the regression models discussed below. The map reflects the presence of
several distinct groups of structures that have been obtained with simulations performed at
different temperatures and pressures. In what follows, we randomly selected 800 structures
that we used to train the different models and used the remainder of the data set for testing.
The random selection ensures approximately uniform sampling of the different portions of
the configuration space. Unless otherwise specified in Sections 3.2 and 3.2, test errors are
averaged over 16 random splittings of the overall data set. We compute the single-particle
energy levels for this system by running density functional theory (DFT) calculations using
the FHI-aims all-electrons code [115]. We use the “tight” settings, and the Perdew—Burke-
Ernzerhof (PBE) [17] exchange-correlation functional. We keep a constant k-point spacing
of 0.01A~! for the periodic structures. The energy levels are aligned by zeroing the vacuum
level of the Hartree potential for isolated structures, and its constant, G = 0 component for

periodic structures. As discussed below, we compute the density of states by summing over
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Figure 3.2: Clustering of the structures in the silicon data set based on the first 2 kernel
principal components of every configuration. These components hold = 94% of the variance in
features space. The different subsets are well separated in features space, except for a few liquid
structures computed at high pressure, that partly overlap with §-tin phase configurations. We
also plot, on the same axes, the position of carefully-equilibrated, large amorphous silicon
supercells (discussed in Section 3.3) and of one Si(100) slab (discussed in Fig. 3.8), used to
assess the extrapolative capabilities of the model.

the single-particle eigenvalues, using different levels of Gaussian broadening. In appendix A.1,
we discuss a few strategies for the energy reference for the DOS representations and how they

affect the ML model’s performance.

Model hyperparameters and training

As introduced in Section 2.2, the SOAP representation has several hyperparameters that need
to be tuned depending on the training data and the target property. Given that, as discussed
above, we aim to compare the performance of the model with a different representation of the
DOS and different target properties, one would need to perform hundreds of separate optimi-
sation procedures for these hyperparameters. Instead, we performed a single optimisation
using the cohesive energy as the target property; this avoids biasing explicitly our comparison
towards one of the DOS learning protocols and is representative of a scenario in which one
wants to re-use the features that underlie an ML interatomic potential to estimate additional
electronic-structure properties.

We use the metric induced by a preliminary set of SOAP features to select, by farthest point
sampling (FPS) [88], 3000 environments out of ~22000 training environments to use as an
active set for the PP approximation. As shown in Fig. 3.3, increasing the active set size further

leads to a negligible prediction error reduction when using the PW representation of the DOS
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Figure 3.3: Evolution of the errors in the pointwise DOS prediction as a function of the active
set size. The reference DOS is constructed using g, = 0.3eV.

and a Gaussian broadening of gi, = 0.3eV of the target DOS. In particular, we notice that the
reduction of prediction errors between an active set of size 3000 and an active set of size 10000
is smaller than 0.1%. A discussion of the effect of g}, on the performance of the ML models will
follow in this Section and is summarised in Fig. 3.9. We then select the best hyperparameters
using a 5-fold cross-validation regression scheme and a grid search, using a single random or-
dering of the full data set. We obtain the smallest prediction errors for the cohesive energy for
the following set of parameters in the notations of librascal [116] for the SOAP representation:
intemction_cutoﬁ:GA, max_radial=12, max_angular=9, and gaussian_sigma_constant=0.45,
and for the radial scaling: rate=1A, exponent=5, and scale=3.0A. This choice of parameters
leads only to a marginal degradation of performance in comparison to a model that has been
specifically optimised to reproduce the PW representation of the DOS, as shown in Fig. 3.4).
For consistency, given that the change of hyperparameters modifies the kernel, and the kernel-
induced distance, we then re-select 3000 active environments using these optimal values. It
should be noted, however, that selecting new active points leads to negligible improvement in

the accuracy of the model.

We build eight models using the same active set but different 50% subsampling of the 800 train
structures. We report the mean of the model as our best prediction (which has an accuracy
comparable to that of a single model trained on the full 800 structures), and rescale the
spread of the models around the mean, as discussed in Section 3.1, to obtain an ensemble of
predictions based on which we can easily propagate our uncertainty quantification. In order
to investigate the impact of the representation of the DOS on the performance of the model,

we consider three values of the Gaussian broadening g,: 0.1eV, 0.3eV and 0.5eV. We discretise
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Figure 3.4: Comparison between the average errors in the DOS prediction over 8 train/test
split using the hyperparameters optimized for the DOS prediction and the hyperparameters
optimized for the binding energy prediction. The error bars represent the standard error of
the mean. The Gaussian broadening of the reference DOS is g, = 0.3eV.
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Figure 3.5: (Left) Distribution of the first 200 eigenvalues of the covariance matrix of the DOS
ata gp = 0.3 eV. The 3 small panels on the right represent the shape of the average DOS in the
data set, the 1! principal component and the 16 principal component. (Right) The reference
DOS curve of a silicon diamond structure at 0.3eV broadening and its reconstruction from
the first 80 PCs. The lower panel shows the errors at every energy level. The total error for this
structure is =~ 5.11 x 1073 eV~1/atom.
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Figure 3.6: Evolution of the systematic errors in the Fermi energy €r due to the truncation
of the DOS (in blue) and the ML errors of e predicted from truncated DOS (in orange). The
prediction error saturates starting from 38 PCs used to build the DOS. The reference DOS is
built using gy, = 0.1eV.

the DOS on a grid where the points are spaced by 6¢ = 0.05eV, which ensures that we are able
to sample the fine structure of DOS(¢) when using a g, = 0.1eV Gaussian broadening. We use
this representation as the pointwise representation from Eq. (3.11). We use the same grid to
compute the cumulative integral of the DOS and obtain the CDF representation of Eq. (3.16).
We recover the DOS from the CDF representation by taking the derivative of the CDF with
respect to the energy axis. In practice, we use a central derivative approach to determine

DOS(¢):
CDF(e + 6€) — CDF(e — d¢)

DOS(e) = 5e

(3.17)

where ¢ is the energy discretisation step.

For the PC representation, Eq. (3.14), we select the principal eigenvectors of the covariance
matrix computed for the 800 training structures. The left panel in Fig. 3.5 demonstrates
the rapid decay of the eigenvalues of the covariance for g, = 0.3eV, and the shape of the
average DOS of the data set, the 15! and the 16" eigenvectors. One notices that the principal
components corresponding to the high eigenvalues contribute to the general structure of
the DOS curve, while the ones corresponding to lower eigenvalues describe its fine structure.
We choose the number of PCs to retain 99.999% of the variance, which corresponds to 200,
80 and 35 PCs for g, = 0.1,0.3,0.5eV, respectively. Even though the error resulting from this
approximation is visually very small, as shown in the right panel of Fig. 3.5, it leads to non-

negligible errors when using the DOS to compute the Fermi energy, as shown in Fig. 3.6.
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Benchmarking the models

Having discussed the details of the ML DOS model, we now turn to assess its performance
on the database of silicon structures. We begin by comparing the accuracy as a function of
the broadening of the density of states, and its representation, and proceed to determine how
the error in the prediction of DOS(e) translates to the error in quantities that can be obtained

from it, such as the band energy or the Fermi level.

To facilitate the comparison of the model performance between different properties and
scenarios, we normalise the root mean squares error (RMSE) by the standard deviation of the
target property, expressed as a percentage. This is particularly important because reducing the
Gaussian broadening substantially increases the complexity of the DOS, measured in terms of

the variance over the full data set (c.f. Table3.1). For scalar properties, the expression reads:

\/% Zi(yll;red - yi)Z
Vo Zi(y - )2

This expression is easily extended to cover the properties that have an energy dependence

RMSEqcqlar = 100 *

(3.18)

(such as the DOS and the distribution of excitations), that require the simultaneous regression
of multiple coefficients, by comparing the L? distance to the deviation from the average vector

representing the target property of the training set:

\/% Zi f(yli)red _yi)Z
VaZi/y -9?

where ¥ is the vector containing the average of each coefficient in the y’. We will use either of

RMSEyec = 100 *

(3.19)

the definitions as appropriate and indicate the error simply as %RMSE.

Comparison of the DOS representations

We begin by showing, for the pointwise representation of the DOS and g}, = 0.3eV, a plot of
the model DOS(e) for the diamond and liquid structures with the lowest, median and highest
predicted uncertainty (Figure 3.7). The figure demonstrates that a single model is capable
of predicting the behaviour of Si across the semiconductor-to-metal transition and that the
uncertainty quantification correctly identifies the most problematic test structures. As an
example of the stability of the model when performing extrapolative predictions, we estimate
the DOS of a 96-atom Si(100) slab, with one surface truncated to the bulk geometry, and the

other reconstructed with a c4 x 2 geometry (Fig. 3.8, geometry from Ref. [117]), using the
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Figure 3.7: Representative examples of DOS predictions for the silicon data set. The four
panels represent one of the subsets in the data set: diamond, liquid, §-tin structures and
clusters. Every panel shows three cases corresponding to the best, median and worst predicted
uncertainty in the test set, compared to the reference DFT DOS (left to right). The reference
DOS is constructed using g, = 0.3eV. The shaded areas indicate the uncertainty estimates of
the ML model at every energy level based on a committee of 8 GPR models. The lower section
of each plot depicts the residuals, colour-coded in the same way as the plot of the prediction.
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Figure 3.8: Comparison of DFT and ML DOS of 96-atom slab model of the Si(100) — c4 x 2
surface reconstruction. The reference DOS is constructed using gy, = 0.3eV. The ML model
uses the pointwise representation of the DOS. The shaded area represents the uncertainty of
the ML model at each energy level.

broadening (eV) 0.1 0.3 0.5

DOS (states/atom) 0.435 0.335 0.297
er (eV) 0.849 0.834 0.814
DOS(er) (eV~!/atom) | 0.064 0.072 0.082
€band (€V) 2.483 2477 2474
A(A) 0.267 0.272 0.278

Table 3.1: Standard deviation of the density of states curve, the Fermi energy, the DOS value at
the Fermi energy, the band energy and the excitation distribution over the entire silicon data
set.

pointwise representation and a target Gaussian broadening of g, = 0.3eV. As shown in Fig. 3.2,
this structure is isolated in phase space, which results in both the predicted uncertainty and
the actual error being large, comparable to the worse-case scenarios in Fig. 3.7. Even in this
challenging example, however, the qualitative features of the DOS are correctly reproduced,
and the large uncertainty could be used in an active learning setting to signal the need to refine
the training set. This prediction could be useful to investigate, visually, the main features of
the DOS of this 2D structure, but it may not be sufficient to extract derived quantities from
the DOS like the DOS(ef) or the band energy because of the high predicted uncertainty. This
result shows the extrapolative capabilities of the ML DOS model trained on 3D structures to
2D structures. Also, it highlights the need to tune the ML models with respect to the phase

space region of interest. We investigate this aspect further in Section 3.3.

In order to assess more quantitatively the accuracy of the model for different values of broad-
ening gy, and different representations of the DOS, we then compute the %RMSE of predictions
(Eq. (3.19)) using the full training set of 800 structures, shown in Fig. 3.9. To account for the
dependency of the accuracy on the test/train split, we repeat the regression and testing on 16

random splits and report the mean and standard error of the mean over the different splits.
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Figure 3.9: Average errors in the DOS over 16 train/test splits in the Si data set using 3 different
representations of the DOS curves: the pointwise approach, the decomposition on a basis set of
principal components, and the DOS derived from the learnt CDE and for 3 different Gaussian
broadening values: 0.5eV, 0.3.eV and 0.1eV. Different representations lead to comparable
errors, that grow systematically with decreasing gy,. The error bars represent the standard
error of the mean. Errors for the PC decomposition due to the truncation of the PC basis are
negligible.

Even though we have renormalised the error on the intrinsic variance of the data, which
is larger for the smaller values of the Gaussian broadening (c.f. Tab. 3.1), the error in the
predicted DOS is clearly much larger for the finer g,,. The errors jump from roughly 8% for
the 0.5eV broadening and 11% for the 0.3eV broadening to 22% for the 0.1eV broadening. The
representation of the DOS has a small impact on the accuracy of the model, with the CDF
showing a slight but systematic advantage over the pointwise and the PC representations. The
projection errors for the latter representation (i.e. the PC representation) are too small to affect
the errors of the DOS predictions, unlike what we will encounter later when we discuss the

derived quantities in Section 3.2.

We also investigate the relevance of the error estimation method we utilise in this work.
In Figure 3.10, we report the parity plots between the integrated uncertainty based on 8
committee models and the RMSE of the pointwise DOS for different values of broadening
gp = 0.5eV, 0.3eV and 0.1eV. We define the integrated uncertainty of a DOS curve of a structure

oA :Mfa;s(A,e)de,

where a%s(e) is the uncertainty of DOS(A,€). We notice that, on average, the uncertainty

A as follows:

increases when we decrease g,. We also notice that higher uncertainty correlates well with

higher prediction error of the pointwise DOS.
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Figure 3.10: Parity plot in log-log scale of the integrated uncertainty vs the integrated RMSE of
the pointwise ML DOS of single structures in the data set. The reference DOS are constructed
using g, = 0.5eV, 0.3eV and 0.1eV, respectively. The dashed black line represents the parity line

y=x.

In order to understand the limitations of our data set and to validate the training set size we use
in this work, we examine the learning curves (LC) for the different representations of the DOS,
as shown in the left panel of Fig. 3.11 for the most challenging case of g, = 0.1 eV. For training
sizes less than = 100 structures, we notice that all the LCs are decreasing algebraically, and for
larger sizes, the rate decreases, and we can see that the LCs start to saturate, which indicates
that adding more data to train the ML models does not result in a significant improvement of
the models’ performance. Despite small differences at the smaller train set sizes, the three
representations show similar convergence behaviour. The same observation holds even when
looking at the LCs of the pointwise representation, in the central panel of Fig. 3.11 for different
Gaussian broadening values g, = 0.5, 0.3, and 0.1eV. However, the LC associated with the
largest broadening of g, = 0.5eV seems to saturate for a larger train set size compared to the
smaller broadening values. The PC representation can provide some insight into the origin
of the plateau. The right panel of Fig. 3.11 shows the LCs of the first, third and sixteenth
projections of the DOS on the PC basis, with the fractional error referring to the variance
of each component. The first two elements are well-learnt: errors are around 10% for 100
structures in the training set, and the corresponding LCs saturate at low validation errors,
2% and 8%, respectively. In contrast with the first few principal components, the learning is
slower and more difficult for lower-variance components. The error is below 60% for the 16
component only for the full training data set. In general, we observe that the convergence
of these individual errors gets slower as we consider higher PCs of the DOS. As shown in
Fig. 3.5, these smaller-variance PCs are associated with high-frequency, “noisy” modes that are
necessary to describe the fine structure of the DOS. For many applications, a large Gaussian

broadening does not hinder using the density of states — and indeed, previous attempts at
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Figure 3.11: Learning curves for (Left) the 3 different representations of the DOS curve where
the reference DOS is computed with g, = 0.1 eV, (Centre) for the pointwise representation the
reference DOS is computed with g, = 0.5, 0.3, and 0.1eV, and (Right) the projection on the
15¢, 3™ and 16 PC as a function of the training structures. All the errors are normalised with
respect to the standard deviation of the training set.

using ML to predict the DOS used large broadening values (e.g. 0.2 eV in Ref. [52]). Whenever
a higher resolution is needed (e.g. to identify the position of individual defect states or to
determine precisely the band gap), a higher density of data, possibly in combination with
more complex models, is needed. In Section 3.3, we show that - when focusing on a more
restricted set of configurations - it is possible to achieve quantitative accuracy with a fine DOS

broadening by a relatively minor tuning and an extension of the training set.

Learning from the DOS

Besides its intrinsic interest as a description of the single-particle energy levels in a condensed-
phase system, the DOS(¢) can be used as the starting point to derive other quantities that
relate to experimental observables. We consider four quantities: the Fermi energy (¢r), the
density of states at the Fermi energy (DOS(eF)), the band energy (€pang), and the distribution of
excitations (A(A)) because they are easily extracted from a smooth DOS curve. The definition
of these quantities was given at the beginning of Section 3.1. For each of these properties,
we build an ML model using the same kernel parameters and train set, minimising a loss
function analogous to Eq. (3.3). We compare these direct predictions to indirect models built
by first predicting DOS(¢) and then using it to compute €, DOS(€F), €pand, A(A). Whenever
an expression depends on €r, we use the value computed consistently from the predicted
DOS. We build different models with various values of g, and representation of the DOS, as

discussed in the previous paragraph.
The average prediction errors for the four properties and for the different models are illustrated
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Figure 3.12: Average errors in the derived quantities over 16 train/test splits in the Si data
set using three different representations of the DOS curves: the pointwise approach, the
decomposition on a basis set of principal components and derived from the learnt CDE and
for three different gy, values: 0.5 eV, 0.3 eV and 0.1 eV. The error bars represent the standard
error of the mean, and hatched areas represent the average systematic errors due to the
projection on the basis of PCs. The test errors grow systematically when we decrease the value

of gp,.

in Fig. 3.12. Similar to what we observe for the DOS learning, the prediction errors increase
as we decrease the value of gy, including the direct method. The truncation errors in the PC

decomposition representation contribute significantly to the overall errors.

Let us focus on each individual quantity, starting with the Fermi energy, whose accurate
determination is particularly important, as it enters the definition of the other three quantities.
The prediction errors for the direct models are low, between 3.5% and 4.5%. They increase,
although less dramatically than in the case of the DOS, for decreasing values of the Gaussian
broadening gi,. Errors for the indirect predictions are comparable at g, = 0.3 eV and g, =
0.5 eV, except for the PC decomposition, for which the errors are almost twice as large. The
truncation of the DOS contributes to the larger error. As shown in Fig. 3.6, a large number
of PC components is necessary to obtain an accurate estimate for . In combination with
difficulty in learning the fine-grained components, this explains the poor performance of
the PC approach. Similarly to what was observed for the DOS modes, the error increases
substantially for the smallest broadening value, and the direct prediction outperforms, by

nearly a factor of 2, all the indirect predictions.

The prediction errors of the DOS(ef) of the direct model follow the same trend as the DOS,
where they grow from 9.5% for gy = 0.5eV to 23% for g, = 0.1eV. In contrast to the case of
the Fermi energy, here the errors of the indirect models are significantly lower for gy, = 0.5eV
(= 5% error) and gy, = 0.3eV (= 7% error) and comparable between the three approaches, with

a minor advantage for the CDF scheme. For gy = 0.1€V, errors increase substantially, but
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the indirect models still outperform a direct prediction, except for the PC decomposition,
where the errors are close to 29%. The DOS truncation error contributes partly to the poor
performance of the PC scheme, similar to what was observed for the Fermi energy — whose

internally-consistent prediction is used as the point at which the DOS is computed.

The prediction errors of the direct model of the band energy are low compared to the intrinsic
variability, below 1% and largely independent of the value of gi,. The fact that the error in the
predicted band energy is largely independent of the broadening suggests that the averaging
procedure that is associated with the evaluation of ey,,q reduces the sensitivity to the fine
details of the DOS and that the large error that is observed on the prediction of DOS(¢) for
gb = 0.1eV is not reflected in coarser-grained features of the distribution of energy levels.
The prediction errors of the indirect models are slightly lower than those of the direct model,
once again with the exception of the PC decomposition, where the errors jump to 2% for
8b = 0.5eV to 3% for g, = 0.1eV. Even though the use of PCs does help improve the accuracy of
the predicted DOS marginally, this is clearly not reflected in the accuracy of derived quantities,
because of the presence of high-frequency components in the DOS that contribute to the
value of €, epang and DOS(er) and are either discarded or very difficult to learn. Finally, the
direct prediction errors of A(A) are usually low (between 2% and 4.5%), with errors that grow
gently as gy, is reduced. The errors of the indirect models are systematically lower than the

direct model, with the CDF model consistently showing the best performance.

Overall, these examples show that using a model of the DOS as an intermediate step in the
calculation of electronic-structure properties can outperform, marginally or substantially, a
direct prediction. The improvement is most noticeable when learning properties such as the
excitation density A(A) or the DOS at the Fermi level that clearly depend in a non-trivial way
on non-locality —i.e. the presence of a localised defect can change in a non-additive manner
the value of the property for the entire system. Another advantage of an indirect model is
that, based on a single prediction, one can compute a multitude of physical observables — in
addition to those we mention here, the electronic contributions to a material’'s heat capacity
or Gibbs free energy, the band gap, etc. — and that these predictions are consistent with each
other, rather than affected by independent model errors. Contrary to what we observed when
building a model of DOS(e), the strategy used to represent the target function has an important
effect on the accuracy of the indirect predictions. In particular, learning the separate principal
components in the data set leads consistently to degraded performance, in part because
of the error incurred by truncating the PC expansion, but also in part because higher-order
components have very poor learning rates, at least when using a single set of features for all the
components. The CDF-based model is consistently the best of the indirect models, suggesting

that a Wasserstein-type metric is the most relevant way to assess the quality of a predicted DOS.
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variability/eV~1/2 RMSE/eV—1/2

VEZSG =92 | REi S Wheq — ¥
gp/eV 0.5 0.3 0.1 0.5 0.3 0.1 | 7Mgest
diamond 0.118 0.149 0.22 | 0.02 0.036 0.103 | 79
B-tin 0.092 0.105 0.13 | 0.017 0.025 0.057 | 61
liquid 0.122 0.139 0.163 | 0.021 0.032 0.074 | 16
clusters 0.095 0.181 0.418 | 0.010 0.020 0.087 | 60
amorphous | 0.02 0.029 0.063 | 0.018 0.028 0.07 23
TOTAL 0.254 0.295 0.393 | 0.017 0.029 0.084 | 239

Table 3.2: Overview of the test set intrinsic variability and RMSE for the pointwise prediction
of the DOS, for one of the 16 random train/test splits and for different values of g, = 0.5€V,
0.3eVand 0.1eV.

It is worth noting that the three approaches are simple linear transformations of the same
data, which is, in a multivariate kernel regression framework, equivalent to the choice of a non-
diagonal regularisation of the regression weights that couples different target properties. One
could envisage explicitly optimising the regularisation to improve the accuracy in the desired
derived quantities, by choosing the regularisation value that reduces the (cross-)validation

error on the derived quantity of interest instead of minimising the validation error of the DOS.

3.3 Electronic fingerprints in amorphous silicon

We use carefully-equilibrated large-scale configurations of amorphous silicon [118] to demon-
strate two advantageous features of a local machine-learning model, such as the one we use
here. On the one hand, it allows predicting properties of large structures with a cost that scales
linearly with system size; on the other, it provides a data-driven decomposition of the DOS in

local contributions that can be used to analyse structure-property relationships.

Large-scale evaluation of the DOS

We consider a series of larger amorphous silicon structures, with a size ranging between 216
and 4096 atoms, that were obtained by slowly annealing a molten Si configuration using
an ML interatomic potential, following the protocol described in Ref. [118]. For all but the
largest size, we compute DFT reference values following the same scheme we used for the
train set. As can be seen in Fig. 3.2, the larger size and careful equilibration lead to structures
that are quite different from the 64-atom amorphous silicon, but very similar to each other,
concentrated in a narrow region close to that occupied by liquid configurations. As shown

in Fig. 3.13, the general-purpose model we benchmark in Section 3.2 achieves an accuracy
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Figure 3.13: Comparison of DFT and ML electronic DOS of (a) a 216-atom structure where the
ML DOS is based on the general-purpose ML model discussed in Section 3.2, (b) a 216-atom
structure where the ML DOS is based on an ML model that has been further tuned for this
class of structures (c) an average of ten 216-atom structures with the tuned ML model (d) a
4096-atom structure with the tuned ML model. For all panels, the reference DOS is constructed
using g, = 0.1eV, and ML models use the CDF representation. The shaded area indicates the
uncertainty in the ML prediction.
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comparable to that observed for liquid configurations — exhibiting clearly the qualitative
features of the reference DOS. However, as noted earlier, a more finely-tuned training set is
needed to achieve quantitative prediction accuracy with a high-resolution, g, = 0.1eV DOS
reference. To demonstrate that this fine-tuning can be easily achieved when focusing on a
targeted application, we modify the training set by eliminating the cluster configurations that
occupy a completely disconnected portion of phase space, exhibit very large variance, and are
built using a different band alignment reference with respect to bulk structures (see Fig. 3.2
and Tab. 3.2). We also add 10 amorphous structures of 128 atoms each, generated by the
same potential as the other large structures, to ensure that the train set contains disordered
configurations that are more representative of the large, slowly quenched configurations. We
represent the DOS using the CDF approach and with a Gaussian broadening g, = 0.1eV. We
also use the same SOAP parameters we adopted for the benchmarking of the ML DOS models

from Section 3.2.

When computing the properties of materials in realistic thermodynamic conditions, it is neces-
sary to average over multiple configurations, to compute a mean value that is consistent with a
(quasi)-equilibrium probability distribution. We observe that this ensemble average smooths
the DOS, and that, as a result, the agreement between ML predictions and DFT reference val-
ues improves substantially (Fig. 3.13). The features of the DOS are well reproduced, including
the presence of a small peak around the Fermi energy (i.e near = —5.7eV). The cost of an ML
prediction of the DOS is several orders of magnitude smaller than that of a DFT calculation,
even for the smaller system sizes. Furthermore, the cost of a multivariate GPR prediction
scales linearly with system size as opposed to the cubic scaling of DFT. We report in Fig. 3.14
the representative timings for calculating the DOS of amorphous silicon samples of increasing
size. The ML model allows computing inexpensively the DOS of the largest structure of 4096
atoms (bottom right panel of Fig. 3.13), for which an explicit DFT calculation would require
the application of a linear-scaling approach at still substantial cost, as a cubic-scaling DFT
simulation using the same setup we applied to smaller structures would require more the 1
million CPU hours and 20 TB of RAM. The DOS predicted for this structure is consistent with
the average DOS of the smaller structures — which indicates that this larger sample contains

motifs that are found, with similar probability, in smaller simulations.

Interpreting the local machine-learning DOS

Having shown that the ML model accurately reproduces the total DOS of the sample, we
assess whether the local contributions can be given a meaningful interpretation. The atom-

centred decomposition of the DOS that underlies our model can yield LDOS contributions
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Figure 3.14: CPU time needed to produce the DOS for amorphous silicon structures of different
sizes ranging from 64 atoms to 512 atoms when performing a DFT calculation and from 64
atoms to 4096 atoms when using the tuned ML model from Section V.A. In the latter case, the
time of the SOAP representation is included. The dashed line near the blue curve represents
the linear scaling with the number of atoms in the structure. The dashed line near the orange
curve represents the cubic scaling with the number of atoms in the structure.

that are negative over some energy ranges. These negative contributions, which might appear
unphysical, are a consequence of the fact that each atom-centred term reflects information
from all of the atoms within the cutoff distance, so that atoms with large positive and negative
LDOS(er) combine to yield the observed total DOS, which is the only physical observable
given as target. As discussed in Refs. [119, 120], in the absence of an explicit, physics-based
local learning target, atomic ML predictions reflect the interplay between structures and
properties mediated by the choice of representation. This is particularly relevant in light of the
recent observation that 3-body correlation features are incomplete [74], and that learning
of global properties relies on neighbouring atoms to disambiguate pairs of environments
that have different structures but the same features (and hence the same ML-predicted local

properties).

To investigate how the ML predictions of the LDOS can be used to analyse the structural motifs
found in the 4096-atom amorphous silicon structure, we use the recently-developed kernel
principal covariates regression technique (KPCovR) [39] to obtain a visually-interpretable
description of the structure-property relations. KPCovR finds a low-dimensional projection of
the kernel-induced features that correlate linearly with a set of target properties — in this case,

the energy-resolved LDOS. It can be seen as a modified kernel principal-component analysis
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Figure 3.15: KPCovR map [39] of the Si environments in the 4096-atom amorphous configu-
ration, built based on a combination of SOAP kernels and LDOS predictions, with a mixing
parameter a = 0.05. Points are coloured according to (a) the RMSE of the LDOS and (b) the
local charge computed based on the LDOS. Snapshots of selected environments are also
shown, with highly-distorted Si-Si-Si angles highlighted in dark red. (c) Comparison between
the LDOS of selected configurations compared to the DOS of bulk Si. From top to bottom, the
panels correspond to B, N, and O type environments (respectively, the 10 environments with
the lowest, highest and median local charge).
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Figure 3.16: Pair correlation functions between Si atoms, resolved according to the classifica-
tion between N (negatively-charged, Q < —0.05), P (positively charged, Q > 0.05), O (neutral,
—0.05 = Q < 0.05) atoms, introduced in the text.

in which one uses a modified kernel with a scaling parameter @ combining the structural

information encoded in K with the target properties (more precisely, their best GP estimate) Y:
K=aK+(1-a)¥Y' (3.20)

As shown in Fig. 3.15a, KPCovR constructs a purely structure-based latent space that correlates
well with the ML LDOS, and identifies environments that have a DOS similar to bulk silicon,
and defective environments with substantially different (local) electronic properties. We can

further analyse the link between geometric and electronic structure by computing a “local
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charge” indicator, defined as
Q(Aj) = Nyg —fdG LDOS(A;,€) frp(€ — €F)|T=0, (3.21)

where Ny, is the number of valence electrons. This local charge correlates strongly with the
KPCovR map (see Fig. 3.15b). Type N environments (to the left of the plot) are negatively
charged, type P environments (to the right of the plot) have a net positive local charge, and
type O environments (in the middle, having a DOS most similar to bulk Si structures) are
approximately neutral. By visualising the environments with the interactive structure analyser
Chemiscope [121] (input available in the Supplemental Material of Ref. [109]), we can recognise
the structural features associated with the principal axes of the KPCovR latent space. Type N
environments have a distorted structure, with tetrahedral angles that approach 180 degrees.
Type P environments have a relatively regular distribution of nearest neighbours, but their
neighbours have a highly distorted configuration, similar to that observed for environments
at the right end of the map. Environments at the centre of the plot (type O) have both the
central atom and its neighbours in a regular tetrahedral structure, and often with the same
relative orientation, as one would find in crystalline Si structures. Looking more closely at
the LDOS associated with these structures (Fig. 3.15c), one sees that, as anticipated above,
the atom-centred ML predictions exhibit strongly unphysical features, with large negative
values of the LDOS being associated with P environments. The fact that physical values of
the total DOS can arise by combining unphysical predictions is also apparent in the fact that
the positions of N and P environments are strongly correlated. As shown in Fig. 3.16, N and P
atoms are less often found as first neighbours of an environment of the same type, while N-P
pairs are encountered more often than one would expect from a random distribution. One
possibility to recover a more physically-interpretable prediction is to compute local averages
of the ML LDOS. In other terms, since each atom appears in multiple environments, it should
get a share of the prediction for each of the environments it contributes to. This suggests the
following expression for a locally-averaged DOS (LADOS) leveraging the radial scaling function

u(r) from Eq. (2.13) of the SOAP representation:

cut\’jj i'LDOS VAj
LADOS(Ai,e):Zf 7)) ulri)LDOS(E, 4;)

(3.22)
jeA kgAfcut(rjk)u(rjk)

in which we use a weighting of the contributions that corresponds to that used to construct
the local density features. This formulation also ensures that the same prediction for the
global DOS of the structure can be obtained by summing over the LADOS values, as well as
over the raw LDOS (i.e. pre local averaging). As shown in Fig. 3.17, local averaging reduces

the variability in the atom-centred predictions and leads to largely positive-(semi)-definite
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Figure 3.17: (left) KPCovR map [39] of the Si environments in the 4096-atom amorphous
configuration, built based on a combination of SOAP kernels and LADOS predictions, with a
mixing parameter @ = 0.05. Points are coloured according to (a) the RMSE of the LADOS and
(b) the local charge computed based on the LADOS. Snapshots of selected environments are
also shown, with 5-rings highlighted in blue, and 7-rings highlighted in red. (c) Comparison
between the LDOS of selected configurations compared to the DOS of bulk Si. From top
to bottom, the panels correspond to P, N and O type environments (respectively, the 10
environments with the lowest, highest and median local charge).

values of the local density of states — which is consistent with the fact that averages over large
portions of a structure tend to a well-defined total DOS. The principal axis of the KPCovR map
is still largely correlated to a local charge value Q(A;) computed based on the LADOS, but
the structural features that are associated with the local charge are less apparent and more
delocalised than those we found for the ML LDOS. We observe that structures with a large
positive local charge tend to be associated with rings of 7 Si atoms, while structures with a
large negative charge tend to be close to many 5-membered rings. Furthermore, the LDOS
and LADOS-based values of Q(A;) correlate poorly with each other and with commonly-used
structural descriptors, such as the tetrahedrality index [122, 123] (for an interactive view, see
the Chemiscope input in the Supplemental Material of Ref. [109]), and do not show strong
signals for the over- and under-coordinated structures that are found to exhibit a localised

band gap state in physics-based local DOS calculations [124].

Another direction to interpret the L(A)DOS-based values of Q(A;) is to compare them to
physics-based atomic charges. We were provided with the atom-projected DOS as calculated
by the Local Orbital Basis Suite Towards Electronic-Structure Reconstruction (LOBSTER) [125]
software of a 512-atom amorphous silicon structure. These atom-projected DOS can be
interpreted as the LDOS within our atom-centred approach to model the DOS (Eq. (3.2)).
We compare these LDOS to the ones obtained by our ML approach. In Fig. 3.18, we show
examples of the LDOS defined by the LOBSTER analysis and our ML approach for three atomic

environments. We notice that our ML LDOS is able to recreate the physical LDOS in the lower-
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Figure 3.18: Examples of ML LDOS predictions compared to their LOBSTER counterpart
for three environments in a 512-atom amorphous silicon structure. The Fermi energy ¢r is
set as the energy zero. The reference ML DOS is constructed using g, = 0.1eV. The reference
LOBSTER LDOS is constructed using gp, = 0.05eV.

energy regions but usually fails to describe the behaviour near the global Fermi energy of the
structure. In particular, our ML LDOS model cannot predict the localised highly occupied
state in the band gap. This can be explained by the fact that the ML model is only trained on
the global DOS, which does not present these trends. In our tests, the ML LADOS suffers from
the same issues as the ML LDOS. We can use the LDOS of LOBSTER to define local-atomic-
based charges Q(A;), and we call them the LOBSTER charges. We compare these values of the
LOBSTER charges to the values of LADOS-based values of Q(A;) computed from three cutoff
radii: 0.0A corresponding to no local averaging, 3.0A corresponding to averaging over the first
neighbours as described by the pair distribution function, and 6.0A corresponding to the SOAP
representation cutoff and to what we used for Fig. 3.17. We report the result of this comparison
in Fig. 3.19. In particular, the “best” match between the two sets of locally defined charges
occurs for an average over the first shell of neighbours. However, the local charge predictions
for the under-coordinated (3-fold) and over-coordinated (5-fold) atoms are not in agreement
with their reference values from the LOBSTER analysis. This behaviour can be explained by the
fact the locally averaged ML LDOS are not able to recreate the localised state at the band gap, a
characteristic of these environments according to the LOBSTER analysis, because the ML DOS
model is not explicitly trained to reproduce these electronic features. Further investigation of
the effect of the DOS representation on the local atomic charges, without local averaging, can

be found in Appendix A.3.

An analysis of the atom-centred ML DOS, in combination with a hybrid supervised/unsuper-

vised learning method such as KPCovR, facilitates the identification of the impact of structural
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Figure 3.19: Parity plots of the atomic charge as computed from a LOBSTER [125] analysis
of a 512-atom amorphous silicon structure and the locally averaged charge with different
averaging cutoffs in Eq. (3.22) where the cutoff radius is (Left) 0.0A corresponding to no local
averaging, (Centre) 3.0A corresponding to averaging over the first neighbours as described by
the radial distribution function, and (Right) 6.0A. The red and black dots correspond to the
under-coordinated and over-coordinated atoms within the structure, respectively.

heterogeneity on the electronic structure of disordered materials, but one should not over-
interpret an analysis that is also influenced by the details of the ML representation and the

regression scheme.

3.4 Application: Origins of electronic transitions in disordered sili-

con

The study of disordered phases of materials is challenging for computer simulations at a
quantum mechanical level because it requires access to large system sizes and long simulation
times. ML interatomic potentials are a powerful tool to address these challenges because of
their transferability, as one could train a model on small configurations and let the model
generalise the mapping to much larger systems. In particular, we collaborated with a group of
researchers on a study of the structural and electronic transitions while compressing a large

box of 100,000 atoms of amorphous silicon with ML models, and it resulted in Ref. [38].

The main focus of this publication is to describe the mechanisms of structural transitions
of amorphous silicon under high pressure. Diamond anvil cell experiments have indicated
an amorphous-amorphous transition upon compressing amorphous silicon to several gi-
gapascals, evidenced by the sudden disappearance of high-frequency Raman fingerprints

and by a concomitant sharp increase of the electrical conductivity (a semiconductor-metal
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Figure 3.20: Amorphous silicon at high and very-high pressure. Colour coding indicates
coordination numbers, N (spatial cut-off = 2.854) (a-e) Structural snapshots during isothermal
compression at 500K using the GAP model, showing the coexistence of LDA-like (N = 4) and
HDA-like (N > 4) regions up to 11GPa, the collapse into a transient VHDA phase (N > 4) at
12-13 GPa, and finally the formation of sh crystallites.

transition), both indicative of a major change in atomistic structure [126, 127, 128]. Increasing
the pressure even further, to about 14 GPa, was seen to induce crystallisation of the simple
hexagonal (sh) phase of silicon (thereby demarcating the existing limit of dense disordered
phases) [129, 130]. Although experiments made it possible to identify the transition in the first
place, they can provide relatively little insight into the atomistic structure of the amorphous
high-density phase(s). Until this work, there were no atomistic simulations that successfully
reproduced the pressure-induced crystallisation of amorphous silicon. Our collaborators
carried out GAP-driven [92] simulations of the 100,000-atom amorphous silicon system under
isothermal compression. Hydrostatic pressure was applied at a constant rate of 0.1 GPa ps~!
while the temperature was held at 500 K, which is high enough to overcome local energy
barriers but below the melting line. A description of the behaviour of amorphous silicon when
compressed is summarised by Fig. 3.20. Up to 11GPa (c.f. Fig. 3.20a), most atoms remained in
fourfold-coordinated environments, similar to the low-density amorphous (LDA) phase. A
striking result is the coexistence of LDA and high-density amorphous (HDA)-like regions at the
same temperature and pressure; that is, the simulations indicate the presence of polyamor-
phism over a range of several GPa, rather than an abrupt transition to an almost completely
fivefold-coordinated single HDA phase. Upon further compression, beginning at around
12GPa (c.f. Fig. 3.20b), regions with much higher coordination (= 7) suddenly emerged. These
highly coordinated regions rapidly coalesced into a dense form that is distinct from both LDA
and HDA (c.f. Fig. 3.20c). We refer to this phase as very-high-density amorphous (VHDA).
The rapid structural collapse during VHDA formation reduced the volume from around 18 to
around 14A3 per atom. Importantly, this VHDA phase was transient, and crystalline regions
rapidly nucleated (c.f. Fig. 3.20d). The key finding of the present work is not just the formation
of sh silicon at high pressure, but the observation of a multistep crystallisation process that

proceeds through an entirely distinct VHDA precursor contrasting with the assumptions in
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previous works of direct HDA — crystalline transitions [129, 130]. Having reached 20GPa,
the system had fully transformed into a polycrystalline (“pc”) phase exhibiting hexagonally

packed layers, stacked to form an sh structure (c.f. Fig. 3.20e).

Among the experimental indicators for the amorphous—amorphous transition in silicon is a
sudden increase in the electrical conductivity [127]. We studied the electronic structure of our
100,000-atom systems by leveraging the ML DOS approach of this Chapter. We developed a
regression model for the DOS in disordered silicon, requiring only atomic coordinates as input.
The new parameterisation is fitted to hybrid-DFT data for representative structural models
of all relevant polyamorphs, including VHDA, as well as the pertinent crystalline phases. In
particular, we use SOAP features with radial scaling and sparse Gaussian processes to build
an ML model for the total DOS of a given atomistic structure. We represent the DOS as a
target of the machine learning models by its cumulative distribution function (CDF). As a
reminder, this approach yielded systematically lower prediction errors than models using the
DOS curve directly for the silicon data set, because it is sensitive to shifts in peak positions. The
SOAP cut-off radius was 6.0 A; the smoothness parameter was set to 0.5 A. The radial scaling
parameters used for the SOAP representation of Eq. (2.13) are ¢ = 1, ry = 3.0A and the exponent
m = 5. We selected 3000 reference atomic environments by farthest point sampling (FPS)
for the sparse GPR. The training data consisted of 658 structures supplemented by 100 small
amorphous silicon snapshots (64 atoms per cell) at 0GPa from the data set investigated in this
Section 3.2, and 30 small dense disordered silicon structural models (64 atoms per cell) that
were drawn from the new reference data set used to fit an ML interatomic potential used to
validate the findings of this study, over a range of pressures between 11 and 20 GPa. The latter
part serves to represent the high-density phases and their electronic DOS properly. Electronic
structure calculations to extract the DOS for labelling the input data were performed using
the FHI-aims package [115] with the intermediate convergence settings. The HSE06 hybrid
functional [19, 20], which is known to usually provide reliable estimates of the band structure
of systems with small band gaps [21], was used to determine the self-consistent Kohn—-Sham
eigenvalues. The latter were then used to compute the reference DOS. The k-point spacing
was 0.01A. We also performed uncertainty quantification of the ML DOS model by building a
committee of 8 models, each containing a subset of 394 structures randomly selected from the
training set. The average prediction of the DOS from the committee of models was taken as the
final prediction, and their variance as the uncertainty estimate. The models of the committee
are correlated, and so we rescaled the variance around the mean, determining the calibration

coefficient with a likelihood-maximisation criterion.

With this model in hand, we are able to make hybrid-DFT-quality predictions for the electronic

DOS of large simulation cells within minutes alongside the ML model’s uncertainty estimate as
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Figure 3.21: Electronic fingerprints of structural transitions. (a-d), Electronic densities of
states (DOS) at various stages of the compression run (compare with Fig. 3.20a-e). Black
lines indicate the result of a machine learning model for hybrid DFT data using the HSE06
functional; grey shading indicates the associated uncertainty quantification. Blue dashed
lines show the result of direct tight-binding computations for the 100,000-atom systems.
We note that the tight-binding basis set is minimal (one s and three p valence orbitals per
atom), and therefore states above the Fermi level, €, are less well represented because of
incompleteness effects. Details about the tight-binding calculations can be found in the
methods section of Ref. [38]. A red arrow marks the filling-in of the pseudo gap upon VHDA
formation, as discussed in the text. In all plots, ¢ is set as the energy zero. (e), Evolution of
the atomic environments during our compression simulation, visualised using KPCovR. The
axes (components) provide the two-dimensional projection of the SOAP kernel features that
give the best balance between discriminating the structural diversity of the environments,
and linearly predicting the locally averaged machine learning DOS(ef). The latter quantity,
as a fingerprint of electronic structure and metallisation, is used to colour-code the points
associated with individual atomic environments. Contour lines indicate the distribution
of atomic environments in the KPCovR space and emphasise the structural and electronic
transition upon VHDA formation.
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shown in Fig. 3.21; direct electronic-structure computation at this high level would have been
restricted to system sizes of a few hundred atoms at most. The value of the DOS at the Fermi
level, DOS(eF), is a primary signature of electrical conductivity [131], and its increase during
compression (Fig. 3.21a-c) indicates metallisation in the transient VHDA phase, qualitatively
consistent with the rapid conductivity increase between 10-12GPa that is observed in dia-
mond anvil cell experiments [127]. At 13GPa-when the VHDA formation was complete in our
simulation-the pseudo gap was entirely filled in (marked by an arrow in Fig. 3.21c). The pre-
diction of this distinct electronic feature might be tested by ultrafast spectroscopy techniques,
which have been previously applied to the liquid-liquid phase transition in silicon [132] and
can access timescales that indeed correspond to those in our simulations. Machine learning
models for the DOS, as shown in Fig. 3.21, might have a key role in this regard, by giving access
to experimentally relevant system sizes (unlike DFT). Another implication of the onset of
metallicity is a possible link to superconductivity, analogous to what has been observed for
the metallic high-pressure form of the heavier congener, amorphous germanium [133], and
indeed for crystalline sh silicon (with a critical temperature of about 8K at 14.8GPa) [134]. This

question, however, requires further experimental study.

Finally, by combining the structural information from the SOAP representation and the
machine-learned local electronic fingerprints LDOS, we may construct structure-property
maps for atomic environments using kernel principal covariates regression (KPCovR) [39]. In
particular, we use the locally averaged DOS (LADOS) as defined in Eq. (3.22) and restricted to
the [—4,4]eV energy interval to highlight the correlation between the local environments and
their corresponding (LA)DOS in the vicinity of the Fermi energy €. These LADOS values are
used, together with the same kernel used to regress the DOS, to build a map of the KPCovR
map (represented in Fig. 3.21e) that reflects both structural diversity (dissimilarity) and the
correlations between structure and the LADOS. This approach yields two-dimensional slices
that map out the atomic environments arranged so as to reflect structural diversity and also
the relationship between structure and metallicity, for which the LADOS(¢eF) is used as a
proxy. The two principal components used to draw the maps in Fig. 3.21e were determined
by training the KPCovR model on 164,000 environments selected by FPS from 41 structures
at pressures ranging from 0 to 20 GPa. All remaining atomic environments were then pro-
jected on these two coordinates and used for further analysis. We then arranged the slices
in three dimensions to study their evolution through the transitions, with pressure as the
third coordinate (Fig. 3.21e). We observed a unimodal distribution of data points in LDA
silicon at 0GPa, reflecting the coexistence of locally ordered semiconducting environments
and highly defective environments that contribute to the DOS in the electronic band gap. The

distribution gradually shifted and broadened towards environments with higher local DOS(eF)
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as polyamorphic HDA regions developed up to 11GPa. The structural collapse at 12GPa led
to a new maximum in the map: this indicates a transition between two distinct phases, also
seen in Fig. 3.20b. The VHDA phase was localised in a very different region of the map than
the LDA/HDA environments, consistent with the marked increase in coordination numbers
(Fig. 3.20c) and local DOS(eF) contributions. For the sh crystallites (at 20GPa), the data points
remained in an overall similar region of the map but became more sharply focused compared
to VHDA silicon and shifted slightly to a region of lower DOS(¢eFr), indicative of the formation
of a small pseudo gap (also seen in Fig. 3.21d). We expect that such maps, in both two and
three dimensions, will become useful tools for studying structural and electronic transitions

in diverse phases of matter.

3.5 Conclusion

In this Chapter, we presented an ML framework based on sparse Gaussian process regression,
a SOAP-based representation of local environments, and an additive decomposition of the
electronic density of states to learn and predict the DFT-computed DOS for a diverse data
set of silicon structures, covering a broad range of thermodynamic conditions and different
phases. We discussed the effect of the Gaussian broadening values usually used to smooth the
DOS curves on the prediction process. We also compare 3 different methods to represent the
DOS that can be linked to the use of different metrics to assess the error in the predictions:
the pointwise discretisation approach, a decomposition on the basis of selected principal
components, and the description of the DOS as a derivative of its associated cumulative
distribution function. We find that the different representations are fairly compatible, with a

slight advantage to the latter independently from the broadening values.

We also investigated the accuracy of derived properties, that can be computed from the
predicted DOS, against a direct ML model. In particular, we considered the Fermi energy, the
DOS value at the Fermi energy, the band energy and the excitation spectrum. In general, we
find that the indirect models lead to small but consistent improvements over direct predictions.
This improvement is remarkable because a direct model has the possibility to focus on the
structure-property relations that are more relevant to the target. The fact that going through
the DOS improves predictions indicates that the density of states is more amenable to an
additive, local decomposition with respect to properties like e that depend on the global

imposition of charge neutrality.

We demonstrated an application of our ML model to the prediction of the DOS of some
amorphous silicon configurations, including one containing 4096 atoms for which a brute-

force DFT calculation would be prohibitively expensive. We observe excellent accuracy in
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the ML predictions and that the averaging over multiple configurations — which is necessary
to obtain predictions consistent with experimental observations — considerably reduces the
discrepancy between the ML model and the DFT reference. A data-driven analysis of the local
density of states reveals the interplay between structural motifs and electronic structure in
amorphous silicon, but a physical interpretation of the local DOS contributions computed
by an ML model should not disregard the role played by choice of structural features and
regression scheme, which affects the atom-centred predictions in the absence of explicit

reference values for the LDOS.

We showed that the ML model for the DOS was a powerful tool for studying electronic transi-
tions in disordered phases by leveraging its generalisation capabilities. We trained a model on
a higher theory level of DFT and on small snapshots and applied it on the ultra-scale necessary
to describe the transition mechanisms when compressing amorphous silicon. This model
provided consistent observations with experimental observables while giving insights into the

structural/electronic fingerprints interplay.

Our ML framework makes it possible to estimate, based exclusively on atomic configurations,
one of the most essential descriptors of the electronic structure. Combining it with one of
the well-established potential energy models makes it possible to compute the electronic
contributions to macroscopic properties, such as the heat capacity of metals, to perform simu-
lations that take into account finite-electronic-temperature effects [135], and provides another
brick in the construction of a full surrogate ML model of the properties of molecules and
materials. The possibility of computing atomic charges by enforcing global charge neutrality
and then using local DOS to determine charge partitioning provides an interesting line of
investigation to realise a “grand-canonical ML’ framework that combines a local model with a

physics-based charge equilibration scheme.
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Thermal excitations!

In this chapter, we explore two methods to leverage the electronic density of states to account
for the electronic contribution to physical observables. First, we use the Born-Oppenheimer
approximation to decouple the electronic and ionic degrees of freedom and compute the elec-
tronic contribution as an a posteriori correction to the observable derived from the dynamics
of the ions. Second, we derive a framework where the thermal excitations of the electrons are
taken into consideration when constructing the finite-temperature potential energy surface
and its gradients. In both cases, we utilise the atom-centred machine-learning (ML) model
for the electronic density of states from Section 3.1, trained on ground-state data. These
results show the power of physics-inspired modelling, where combining different ML models
for structural and electronic properties of materials leads to more accurate modelling of the

properties of materials across a wide range of conditions.

4.1 Electronic thermal excitations as an a posteriori correction

As a first step to address the question of modelling condensed matter at high temperatures, we
propose to study a nickel over a wide range of temperatures up to its melting temperature, as
reported in Ref. [136]. This work is a collaboration, where the author’s contribution consisted
in building the ML model for the density of states and using the model to compute thermody-
namic properties. The main objective of this study is to build an accurate machine-learning
interatomic potential to study the structural, mechanical and thermodynamic properties of
nickel. This is achieved by using sampling techniques at finite temperatures to compute bulk
and interfacial properties of nickel from cryogenic temperatures up to above the melting
point. The ion-based predictions are complemented by taking into account the effect of the

electronic excitations without performing extra electronic structure calculations with respect

I This chapter is an adaptation of my contributions to Refs. [136, 137]
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Figure 4.1: Constant pressure heat capacity C), as a function of temperature. Triangles indicate
experimental observations. The solid magenta line represents the heat capacity computed in
this work with path integral molecular dynamics. The dark yellow solid line represents the
heat capacity computed, including electronic corrections based on an ML model of the DOS.
The solid black line describes the classical prediction for heat capacity.

to the training phase, as described below.

We propose to incorporate the electronic degrees of freedom, i.e. the thermal excitation effects,
as a posteriori correction to the thermodynamic averages, heat capacity in this case, obtained
from the dynamics of ions. In particular, we can use the DOS model of Section 3.1 to compute
the electronic contributions to several thermodynamic properties, such as the Helmholtz free
energy at finite temperature

F(1) = U1 - TS(T) (4.1)

which is decomposed in a contribution from the hot electrons to the band energy

(o] EF
Uel(T) :f eDOS(¢) frp(e — €, T)ds—f eDOS(e)de 4.2)

—00

and an entropy term

$1) = [~ DOS(@)| fin e~ er, Tlog(fin e —er, T)-

(1-frp(e—€F, T))1og(1 - frp(e —€F, 1)) |de, (4.3)
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and the electronic contribution to the high-temperature heat capacity

oUe(T)

aT (4.4)

el _
ColT) =

These expressions are written in a “non-self-consistent” approximation, where we consider
the density of states to be fixed to that computed from the Kohn-Sham eigenvalues obtained
self-consistently at 7¢ = 0, and the temperature dependence is due to the occupation of the
energy levels, which is given by a Fermi-Dirac distribution frp(e — €f, T), and by the Fermi
energy €r(7T) which can be computed for the DOS at each temperature T by enforcing charge
neutrality as described in Eq. (3.1). Given a molecular dynamics trajectory, one could predict
the electronic DOS for every frame, then use them to estimate the electronic energy U¢’. The

electronic contribution to heat capacity C), can be obtained by finite differences, for example.

In this work, the thermodynamic averages of the ions are deduced from molecular dynamics
simulations driven by an interatomic potential, in this case, a neural network potential (NNP)
using the Behler-Parrinello symmetry functions [43] and trained on several classes of struc-
tures covering bulk configurations, point defects and interfaces. The NNP was then validated
on static lattice properties by computing the stability of the fcc, hep and bee phases of bulk
nickel. It showed good agreement with the DFT results in calculating mechanical properties
like elastic constants, the bulk modulus and the formation energy of point defects, which
requires performing simulations on large systems. Through finite temperature simulations,
we computed several finite temperature properties from thermodynamic averages. In low-
temperature simulations, it is important to account for quantum nuclear effects. While in the
high-temperature regime, it is necessary to account for magnetic and electronic excitations,
making a direct comparison to DFT results difficult, and this explains the choice of comparing
the NNP results to existing classical force fields [138] and experiments when possible. Despite
its success in describing several properties of nickel, it fails to describe the heat capacity
of nickel near the melting temperature, as shown in Fig. 4.1, despite providing satisfactory
results and in agreement with experiments, below the Curie temperature. This approach
underestimates the heat capacity by =20% compared to the experimental observations at
high temperatures. The discrepancy (which is also observed in explicit first-principles molec-
ular dynamics [139] and in simulations that use the reference classical force field) is due to

electronic contributions.

To train a model of the DOS, we use a subset containing 1069 structures of the data set used
to train the NNDP, while discarding those corresponding to solid-liquid, liquid-vacuum and
solid-vacuum interfaces, and we complement it with 123 independent structures extracted

from liquid and solid trajectories at the melting temperature. We use the radial cutoff ry = 6.A
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Figure 4.2: Evolution of the prediction errors in the validation set as a function of the training
set size for the pointwise representation of the ML DOS (in black), as well as for quantities
derived from the DOS prediction for thermal excitations computed at T}, = 1700K (namely,
the band energy U el(T,), the electronic entropy term T,,,Se(T,,), the free energy Fei(T,,), and
the heat capacity T,Cp(Ty,) written in energy units).The reference DOS is generated with a
Gaussian broadening of 0.1eV. The arrows point to the axis on which the errors can be read.

and an atomic density smoothing 0.45 for the SOAP features. The active set contains 15000
environments selected by FPS out of the = 127000 that are present in the training set. We
determine the regression weights x), using a regularisation parameter that is optimised by a

10-fold cross-validation scheme in order to ensure the model is not in the over-fitting regime.

The learning curves, computed by reporting errors on a fixed test set of the predictions of
models trained on an increasing fraction of the remaining 1000 structures, are shown in Fig. 4.2.
The figure shows both the error on the DOS, computed as the integrated root mean square
error (RMSE) of the ML DOS and DFT DOS normalised by the integrated standard deviation
of the reference DFT DOS, as well as errors for the quantities in Eqgs. (4.1-4.4), computed
on the predicted DOS and checked against those obtained from the reference DFT curve.
Learning curves are not saturating, indicating that a more accurate model could be obtained,
if needed, by increasing further the train set size. In practice, this model is sufficiently accurate:
even though the normalised error on the DOS is large (%RMSE=14.71% for the largest train
set size), this translates into sub-meV errors for the key properties at the melting tempera-
ture Ty, = 1700K. For the band energy U’ E’l(Tm): %RMSE=3.30% and RMSE=0.12meV/atom;
for the entropy T}, S (T},): %RMSE=5.81% and RMSE=0.32meV/atom; for the free energy
Fe(T,,): %RMSE=9.04% and RMSE=0.32meV/atom and for the heat capacity Tngl(T m):
%RMSE=4.25% and RMSE=0.36 meV/atom.
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meV/at. U (T,,) TS (T;) AF°Y(T,)
solid 66.59+0.07 155.37+0.11 —88.78+0.06
liquid  69.55+0.08 157.76+0.27 —88.21+0.25
Alig-sol  2.96+0.15  2.39+0.36 0.57+0.29

Table 4.1: Average band energy, entropy contribution and free energy of solid and liquid
phases at the melting temperature of Nickel T,, = 1700K, together with their difference. The
values are computed from the ML DOS estimated for = 15000 snapshots extracted from
an NNP simulation of the liquid and solid phase at T;,. The uncertainties are derived by
separately computing each quantity using a separate prediction of the calibrated DOS model,
and computing the standard deviation of the end results.

The dark yellow line of Fig. 4.1 confirms our hypothesis that the discrepancy between the
computational and experimental values of C,, is due to the “hot” electrons. This cheap ML
model is also in agreement with much more elaborated and accurate simulations using
density functional theory and quasi-harmonic simulations [139]. We should acknowledge that,
despite these remarkable achievements, our integrated modelling approach has poor results
in the region around the Curie temperature, where magnetic excitations become important.
Even though we do not include them in this model, adding a description of magnetism
constitutes an interesting direction for future studies. This could be achieved by incorporating
the magnetic moments into the structural fingerprints or building ML models for up-spin
and down-spin atoms. As for the DOS, one could also build two independent models for the

spin-up and spin-down electronic systems obtained from spin-polarised calculations.

We can also use the ML model of the DOS to compute the contributions to the free energy
associated with electronic excitations, Eq. (4.1), averaged over trajectories of the bulk solid and
liquid phases at temperatures around the melting temperature T;,. The melting temperature
can be calculated from the dynamics of the ions by using the interface pinning technique [140],
which works by applying a harmonic bias potential to a two-phase system, which couples
to an order-parameter ® that discriminates between the two phases of interest. The Gibbs
free energy difference between the phases is determined by the average force that the pinning
potential exerts on the system and allows us to extract a difference in the chemical potentials
of the phases Apyg. By performing multiple simulations at different temperatures, one can
identify the dependence of A on T. The temperature at which Apg = 0 identifies the melting

point Ty, and the slope is equal to the entropy of melting.

Applying the adiabatic approximation, one could argue that the difference AF el() = Flel(T) -
Fsel(T ) between the electronic free energies of the liquid phase Ffl(T) and the solid phase
Fsel( T) could contribute to shifting the chemical potential, and hence leading to a change

in the predicted Tj,. As shown in Table 4.1, even though the electronic excitations give a
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Figure 4.3: Average predicted DOS curve for the solid and liquid trajectories at the melting
temperature Tj, = 1700K. The shaded area represents the standard deviation of DOS(E) over
the considered trajectories, and the inset shows a close-up of the region around the Fermi
energy. The dashed curve represents the Fermi-Dirac function frp(€ —€f, Trn)

very substantial contribution to the free energy of Ni around T, the contributions from the
solid and the molten phases cancel out almost perfectly, so that the impact on the melting
temperature is less than 10K — in agreement with the observations made in Ref. [141]. It
should also be noted that converging these quantities to the level required to resolve the small
difference between solid and liquid phases is far from trivial — both in terms of the statistical
error over an MD trajectory and in terms of the ML error computed following Ref. [112], by
first generating a committee of predictions for the DOS, and then using each curve to obtain a

separate estimation of AF®'(T).

The averaged DOS over the solid and liquid phases at T,,, shown in Fig. 4.3, demonstrate that
the cancellation between Ffl(T) and F¢'(T) is to be expected, given the minor differences,
particularly in the vicinity of the Fermi level. More significant effects could appear in sys-
tems that, upon melting, undergo a substantial change in electronic properties, e.g. from

semiconducting to metallic like in Section 3.4.

Here, we have discussed our attempt to incorporate electronic excitations directly into ML
simulations. It consisted of predicting the single-particle density of states and using it to
evaluate a-posteriori corrections to the thermodynamic quantities, e.g. heat capacity or
melting temperature, extracted from the MD of ions whose machine-learning interatomic
potential is trained on ground-state data. However, we show in the next sections that this

approach is limited to condensed matter well below the Fermi temperature, where atomic
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forces are almost unaffected by the electronic excitations.

4.2 Approximating the finite temperature free energy

Having demonstrated the impact of using an ML model for the density of states to compute
better estimates for thermal properties of nickel, we move to discuss the challenges of building
a “universal” model that incorporates the thermal excitations of electrons in the machine-
learning interatomic potential (MLIP). Current ML strategies are usually designed to reproduce
the ground state Born-Oppenheimer (BO) potential energy surface, and do not account for
the temperature-dependent electronic excitations which play a significant role in metallic
matter at planetary conditions, like warm dense matter (WDM) [142, 143, 144, 145, 146]. These
fluctuations introduce subtle but important corrections in the thermophysical properties of
ordinary metals [147, 148]. The most common strategy to treat finite electron temperature
is to replace the BO potential with a temperature-dependent electronic free energy A(T).
In traditional ML interatomic potentials (MLIPs) frameworks that rely exclusively on nuclear
coordinates as inputs, switching from the BO potential to A(T®") would require training a
separate model for every target electronic temperature T, recomputing also the training set
— although the temperature can be included as an input of the model, which yields MLIPs
that are explicitly temperature-dependent, and interpolate between training data at different

electron temperature [149].

Our objective is to construct a framework that allows us to construct temperature-dependent
MLIPs, beyond the ground-state BO approximation. In this section, we prove that within a
density functional theory frameworlk, it is possible to rigorously approximate the total free
energy, atomic forces and the stress tensor of an atomic system, the three ingredients needed
to reconstruct the finite temperature free energy surface, as the sum of a T° = 0K contribution
and a finite- T® correction depending exclusively on the ground-state electronic density of
states (DOS). This general result underpins a framework that relies only on ground-state
calculations to learn A(T®) and its derivatives in the presence of thermally-excited electrons.
Thus, a consistent ground-state training set and model can be generated and used to sample

the finite-electron-temperature distributions, using 7¢ as an external parameter.

Framework derivation

Let us start by considering the standard representation of the DFT energy:

E = Epand — Edc + Eion (4.5)
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Figure 4.4: (Upper panel) Relative deviation of Hellmann-Feynman atomic force versus the
electronic temperature with respect to the ground state force for a given ion and a Cartesian
direction. (Lower panel) Root mean square errors (RMSE) of 10 force components computed
with Eq. (4.32) compared to their Hellmann-Feynman counterparts. Solid lines: using the DOS
from T® = 0K calculations. Dashed lines: using the DOS from finite- T®' calculations. Blue:
aluminium; orange: hydrogen; green: nickel.
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Figure 4.5: The sketch represents the decomposition of the finite- 7! atomic force component
within our framework
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as a sum of the electrostatic interactions between the ions Ejqp, the band energy Epang = Y- fi€i,
i
expressed in terms of the Kohn-Sham (KS) eigenvalues €; and level occupations f;, and the

“double-counting term"

_1[ p)p(r)

Egc = > R drdr’ — Exc[p] +foc[p](r)p(r)dr. (4.6)

Here Ej. is the exchange-correlation (XC) functional, Vi[p](r) = d Exc/dp(r) is the XC potential,
and p(r) = Y; fil¢; (1)|? is the DFT density, expressed in terms of the KS eigenfunctions ¢; (r)

and occupations f;.

Whenever an electronic temperature T¢ is introduced, the fi become fractional, and the

correct energy functional becomes the Helmholtz free energy [150, 135, 111]
A(T®) = E0) + AE(T®) - TES(T®), (4.7)

where E(0) is the ground-state energy, AE(T®) is the finite- T® contribution to the energy, and
S(T*®) is the KS electronic entropy. From Eq. (4.7) one can obtain the finite- T Hellmann-
Feynman forces [151], whose relative deviation with respect to T¢ = 0K-forces becomes
significant at large T, as reported in the upper panel of Fig. 4.4. In principle, a T®'-dependent
XC functional should be employed [152]. However, it is often possible to rely on the Zero
Temperature Approximation (ZTA), where the XC functional depends on T¢' only through the
T¢l-dependence of the density: Ex.[p(T®)]. The ZTA performs well at both low and high T¢!
and also satisfies exact conditions as discussed in Ref. [153], and we adopt it as the basis of our

framework.

A change in the occupation of the levels, e.g. as a consequence of thermal excitations, de-
termines a change in the density, and thus, self-consistently, in the KS eigenenergies and

eigenfunctions. For instance, the functional derivative of Eyanq with respect to f; is

5E'b—and—€.+2f.&
=€; i

(4.8)
5 =5 f;

Nonetheless, it can be proved, following reasoning similar to that used in Ref. [154], and in
Ref. [155] for the energy variation due to infinitesimal atomic displacements, that the second
term in Eq. (4.8) cancels exactly with the variation of the double-counting term, 6 E4./0 f;.

Therefore, the change in E due to a finite change in the occupations can be approximated by

AE=AEp,.q =2 € Afi, (4.9)
1
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where e(i) = ¢; {Afx = 0}) are the unperturbed Kohn-Sham eigenenergies computed at vanish-
ing variation on all the fi. The “0” superscript labels quantities obtained from unperturbed
eigenenergies computed a reference electronic temperature, which we consider for the re-

mainder of this discussion to be T¢ = 0K.

Mathematical proof of Eq. (4.9)

In order to prove the equality of Eq. (4.9), we start with the variation of the band energy due to

a change in the occupation of the j-th level:

6Eband Oe;
iy (4.10)
Sfi Z '5f;
In first-order perturbation theory, we have
0p(r)
22 - P01 =: pf(m), (4.11)
0f lat=o

with no change in the eigenfunctions due to further self-consistent cycles. The eigenenergy of
the i-th KS state is
€i = (pil T+ Vion + Victl i), 4.12)

where Viop, is the ion potential and

Veet(®) = / . d r' + Viclpl(x) (4.13)

Therefore, the variation of €; under a change in the occupation of the j-th KS state is

661 scf 1 5‘/;«:[[7]) PN
6f] = (i | 57, lpi) f P; ()( + 50" p;)dr'dr (4.14)

61/!0“ 5T 2
since both X and = 5F vanish <, and

04/ /
p-()dr V.
O Vet (1) :f j N 6 Viclpl 0( )dr'. (4.15)

o fj [r—r'| dp(')

2The first step in Eq. (4.14) is justified by the Hellmann-Feynman theorem even without the approximation
of Eq. (4.11). The ZTA enters Eq. (4.14), where we neglect the explicit dependency of V¢ upon the electronic
temperature.
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In conclusion, the variation of the band energy due to a change in f; is

5Eband Pi ( ,)p]( r
j 4.16
6f [/f drdr +ff6 ) (r)p](r)drdr ( )

For the double-counting term, we have

_6Edc __5EH + 5Exc ap(r) dr— 0
5fi  of; J opw ofi = of
H/_J\VJ
Vaelpl(r) U

foc[P](l‘)Zflp (r)dr
(4.17)

where

_ %ff p(r)p(r) drdr’ (4.18)

[r—r'|

is the Hartree energy. Therefore,

O0En ff 0; Or ')Pl( r) ' ff p; (l‘/)p](l‘)
YA i drdr drdr/, (4.19)
5fj af] ;fol Z

r—r'|

while

0 Vxelpl ap(l") 0 ,
af]foc[p](r)ZflP (X)dr = — fvxc p1m)p})dr — ff 5o af] ——— > fip{@dr'dr.

i
p?(r’)
(4.20)

Therefore, the first-order derivative of the double-counting term is

6Edc Pi ( ,)P (l‘) xc[p] 0
= 4.21
Uf ff p(e) 1P Edrdr|, (42D

which exactly cancels ; fi g—;}f when Eq. (4.14) is used, thus proving Eq. (4.9). This derivation
is based on variations of f; with respect to given reference values, which need not neces-
sarily be those at T = 0, which provides a way to extend further the range of applicability
of the approximation at very high T by computing data at a few self-consistent reference

temperatures.

Specific case of Fermi-Dirac occupation

We now focus on the specific case where the set of f; are Fermi-Dirac distributed, f; = frp(e; —

(T, T, u(T®) being the chemical potential of the electron system at a temperature 7'
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and kp the Boltzmann constant. Here, we define the Fermi-Dirac function as:

1
fFD(X, T)= —
1+eksT

From Eq. (4.9), the finite- T®! correction to the DFT energy is

+00
A1) = [~ eD0S"@) [ i (e~ (7, 7¢) = i (e - pu0), T=0%) | de, @.22)

(e o]

where DOS%(¢) = Z 1) (6‘—6‘?) is the electronic DOS. In order to finish building the approximation
of Eq. (4.7), one nel:eds to find the expressions of the chemical potential of the electron system
,u(Tel) and the entropy contribution S(T). In particular, should we use the zero-T¢ or the
finite-T¢! values to compute such approximations?

Notice that since the energy eigenstates do not enter directly (but only through the occupa-
tions), the order is higher than in the case of the internal energy. What we aim at is a good

approximation of a possible correction

~-167s=-1(sT(1)-8°(1)] (4.23)
where
ST(T) =—kp }_f7 (N)Inlf (D] + 1= f7(D]In[1 ~ £ (T)] (4.24)
and
I = fep (€] —p" (D), T) (4.25)

Here €] is the i-th eigenenergy computed at temperature 7, while u’(T) is the chemical
potential obtained from the normalisation relation when the employed states are €] but the
temperature used to populate the states is T. The symbol §* denotes a change, at fixed
population temperature T, due to a variation 7 of the temperature used in the calculation of

the eigenstates:
8" fi(T) = fip (€] — u' (1), T) - fip () — (D), T). (4.26)

At the first order in 67 f(T) we obtain

8" f;(T)
1)

1-f(T)
M
== (] —p*(T)S" fi(T)

0S
-T6'S=-TY —
235,

= —kB TZIH

1

)5Tf,~(T) (4.27)
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Taking 7 = T, the term — Y. e?[f;7 (T) — f(T)] cancels with an analogous term arising in AE, as
i

it is evident when we add and subtract f(T) in Af; = f(T) - f2(0) used in Eq. (4.9), while
Y u0(T)6" fi(T) = 0 because the total number of electrons is fixed.

i
This derivation proves that it is sufficient to use the zero- T levels, i.e. the zero-T¢ DOS, and

hence justify the use of DOS? in the charge conservation relation to determine p(T®):
+oo
N= f DOS(€) fi (e — (T, T) de, (4.28)
—00

and the electronic entropy S(T¢):

+00

S(T® =~ 8°(1¢) = f DOS’(¢) s(e— (T, Tel) de, (4.29)

—00

where N is the number of valence electrons and s(x,T) = fgpIn frp + (1 — frp) In(1 — frp).

Therefore, our approximation for the free energy yields a Mermin-like functional:
AT = E(0) + AEL, (T — TS0 (7). (4.30)

Our derivation directly translates to the calculation of derivatives of the free energy, i.e. the
atomic forces and the stress tensor. For instance, according to the Born-Oppenheimer approx-

imation, the force acting on the /—th nucleus in the DFT ensemble is
F;(T%) = —VA(T®) = F;(0) + AFX(T®), 4.31)

where

F,(0) = — V,E(0) w2
AFY(T®) = -V [ABY, (T — TS0 (1], '

In this decomposition, the electronic temperature T enters as an external parameter. Fig. 4.5

is a schematic representation of this framework, using the atomic force as a representative.

These equations would be of limited practical value if the end goal were to compute A(T®)
for a given structure and temperature by means of a self-consistent electronic structure
calculation. However, they become very useful in the context of data-driven modelling, as
they provide a rigorous basis for the development of a ML framework to learn finite- 7!
interatomic forcefields without the need to train on finite-7¢ calculations. The T¢ = 0K
quantities, E(0) and F;(0), can be modelled by any of the widely used MLIPs [92, 43, 83, 46,
156]. The hot-electron correction, Eq. (4.32), can be accessed by training an ML model for the
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DOS.

Our derivation justifies other approximations made in the literature, such as the fixed-DOS
approximation of Refs. [157], which assumes that the electronic DOS is approximately indepen-
dent of T®'. In fact, the cancellations ensure the validity of Eq. (4.9), even if the self-consistent

energy levels (and thus the DOS itself) changed substantially by changing 7.

What about using the finite- 7¢' DOS?

If one wanted to go beyond this ground-state approximation, it would not be sufficient to
obtain the finite-7¢! DOS and to use it in expressions similar to Egs. (4.22), (4.28) and (4.29).
Without access to the self-consistent finite-temperature Eq., doing so would lead to worse
results, as shown in the lower panel in Fig. 4.4. Also, any mixture of the finite-T¢ and zero-
T¢ DOS in the terms of Eq. (4.30) would lead to worse predictions of the free energy and
the atomic forces as well as shown in Fig. 4.6 in an aluminium supercell, a liquid hydrogen
structure and a liquid nickel structure. Figure 4.7 shows, in particular, the use of the DOS
computed at 7 = 50,000K and trying to recover the free energy and force of lower temperature
calculations compared to the finite temperature DFT. The relative errors are larger at low
temperatures, which indicates that the approximation of this work is better used when the
reference calculation is done at low temperatures. This behaviour occurs despite a minimal
change in the DFT DOS computed at T¢' = 0K and T®' = 50, 000K. Fig. 4.8 shows the DOS of a

liquid hydrogen structure computed at the mentioned temperatures.

This observation opens the door to a general approach. Suppose one was prepared to perform
self-consistent calculations at multiple temperatures. In that case, our perturbative expres-
sions could also be applied to a reference temperature different from T¢' = 0 and serve as the
basis of more accurate temperature-interpolation schemes. We consider five different cases
for a single force component of a liquid hydrogen snapshot, which is the same one used to

illustrate the approximation developed in this work in Figs. 4.6 and 4.7:
¢ the force extrapolation from this work’s approximation, with reference calculation done
at the ground-state Ty = 0K, F To—Tmax (el

* the force extrapolation from this work’s approximation, with reference calculation done
at Tax = 50,000K, FTmax—To (Tel)

* alinear fit between the ground-state force and the finite- T® force computed at 7' =
50,000K

¢ alinear combination of the previous two predictions in a way to approximate the finite-
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T correction to the total energy and the atomic force, computed for a single force component
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function of the electronic temperature.

85



Chapter 4 Thermal excitations
Al Al
——————— - —————~__ e ————— 9,
- ~=-e_ - el
0.14 05 .
0.12 s
L]
0.4 \
0.10
'§ o— TeMref=50,000K N =z —e— TeXtref=50 000K \‘\
% 008 Textref oK ¥ S 03 Textref=oK A
. V g o
2 -e- Tetref=50 000K-- using finiteT DOS \ 2 -~ Teref=50,000K~ using finiteT DOS p
JCA \ 'S \
: 0.06 Textref= 0K~ using finiteT DOS \ < 02 Texref=50,000K~ using finiteT DOS \
\\ g ‘\\
0.04 \ \
\ 3 \
0.02 \ 01 \
- ".\.\‘ \‘ . \‘\ \\
0.00 — 0.0 —
103 10* 103 10*
H H
0.175
*——————— - P *—————— -
—--e_ T
~ 2.0 “~e
0.150 ~
“
0.125 \
\ 1.5 \
— \
E (100 | —o— T=50,000K . = —e— Terref=50 000K N
o Textref—oK \ ; Textref-oK ¥
g Y
% 0075 | ~®- To=50,000K- using finiteT DOS ‘\‘ f’ 1.0 [ e~ T=¢=50,000K~ using finiteT DOS \
: Textref=0K-- using finiteT DOS \ < Textref=0K-- using finite T DOS \
\
0.050 \ \
\ 0.5 ‘\\
0.025 \ \
\ \
\ \
kY
0.000 e 0.0 —
103 104 103 104
Ni Ni
14
*—————— *-—— ' 35 - e
-~ 35 o . PR S
-e R
12 N .
3.0 A ]
\\
10 25 \\
-
€ o— Terref=50,000K = —e— Toref=50,000K \
o 8 < Y
E Textref= QK 1Y > 20 Textref=0K e
y Y
2 -e- Texref=50,000K-- using finiteT DOS \ 2 -~ Teef=50,000K~ using finiteT DOS y
L 6 \ Lo \
: Textref=0K-- using finiteT DOS \ < - Textref=0K~ using finiteT DOS \
\ \
\ \
4 \ 1.0 \
\ \
\ \
2 ' 0.5 Y
- \ — \o\\\_‘;
e
0 — 0.0
103 10* 103 10*

temperature (K)

temperature (K)
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86



Thermal excitations Chapter 4

15 ~
T¢'=50,000K L ‘i
@ Te'=0K Neadl t
= 10 4 . \:"
; Y E
- ,\x’/"
% 5 4 (//\,‘ﬁr\ |
(o) Rﬂ«/ E
[a]
f \
04 - |
—— difference
v 101
c
=}
s 0.5 A
)
8 0.0 A
(=]
_05 -
-20 0 20 40 60

energy (eV)

Figure 4.8: (Upper panel) The DOS of a liquid hydrogen structure using two electronic temper-
atures. Blue: ground-state, orange: T7¢'=50,000K. The Gaussian broadening used to construct
the DOS is 0.3eV. (Lower panel) The residual between the two DOS computed at 7¢ = 0K and
T¢ = 50,000K.

T*! force with the better approximation according to the following mixing:

1 1
T - T, FTO—’TmaX(Tel) N Tmax — T€

Ftwo—point ( Tel) —

FTmaxﬁ T() (Tel)’

* a cubic fitting using the two previous predictions F 0~ Tmax(T¢l) and FTmax—To(Tel) ysing

our approximation

Tel -To

Ftwo—pomt,cublc ( Tel) —
max — TO

FTmax_) T() (Tel),

T - T,
12| ——20
Tmax_TO

FTo= Tmax (el m(

where A(x) is the cubic polynomial that satisfies 1(0) =0, A(1) =1, A'(0) = A/(1) =0

We report our findings about the errors of these methods compared to finite- T® computed
forces in Fig. 4.9. The simple linear fit yields worse results than all the other methods, except
at the extremes (0K and 50,000K). Our Mermin-like functional used as a single-point extrap-
olation seems to be a good approximation on its own when using a round-state reference,
while the high- T reference leads to high errors at low temperatures. A linear mixing of the
high and low-temperature extrapolations improves the accuracy in the high-temperature limit

and can be further improved by considering that in our Mermin-functional expansion, the
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Figure 4.9: Calculation errors compared to the finite-T¢ force in a liquid hydrogen structure.

error has zero first derivative close to the edges and that this property can be preserved by

using a mixing function that has zero derivatives at the edges.

Derivation of finite- T° gradients

As mentioned earlier, our derivation for the Mermin-like functional is compatible with most
MLIPs and ML DOS models presented in the scientific literature. We show a general deriva-
tion of the different finite- 7 force components in Eq. (4.32): AF)(T®) = -V, [AE) (T -
T¢180(Th)]. Also, we demonstrate that if one opts for a kernel model for the DOS, like the one
presented in Chapter 3, it is possible to derive simple expressions for the force components in

order to make the implementation simpler, regardless of the representation of the DOS.

From the definitions of the band energy, in Eq. (4.22), and the entropy in Eq. (4.29), we notice
that taking the gradient of these components requires the determination of the gradient of the
Fermi level u(T) with respect to the atomic positions because of the chain rule. One easy way
to determine this gradient is by taking the derivative of Eq. (4.28) at a fixed total number of

electrons is unaffected by perturbing the system and we obtain:

1 +00
Vip(h) =-————= f de frp(e — u(T), T)V,DOS (e). (4.33)
[ deDOS(e)5; /o

In the limit of T = 0K, the Fermi level becomes the Fermi energy ((0) = ¢ and we obtain:

1

Viep=m——
B T D0 ep)

EF
f de V;DOS%(e).
—0o0

The thermal band energy of Eq. (4.22) is the difference between two similar terms, which is why
we only focus on the first term depending on T > 0, E,(T) = fde eDOS? (€) frp (e — ,u(TEI), Td),

since it is the general case of the T = OK term. In order to make notations easier to follow, we
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write f = fgp(e — u(T), T). We start by writing the gradient of E;,(T):

VI Ep(T) = f de e fV;DOS () + f de eDOSO(e)gVW. (4.34)

ou
By plugging Eq. (4.33) in the previous equation and rearranging terms, we obtain the following
expression for the gradients of the band energy as a function of the gradient of the electronic

density of states:

VI Ep(T) = f de (e - Z) fV;DOS(e), (4.35)
where
J de eDOS° (e)%
T =
JdeDOS (@)%

is an average shift term appearing due to the conservation of the Fermi level. In the T = 0 limit,

this shift is the Fermi energy of the electron system: (T =0) = €.
We follow the same logic in determining the gradient of the entropy S°(T):

V,8%(T) = —kade [flog(f) + (1 - Nlog(1 - )]V, DOS(e)

3 kade [ flog(f) + (;; flog(1 - f)]

Vip. (4.36)

In this expression, we need to simplify the derivative with respect to p in the second integral
and we obtain:
O[flog(f)+ (1 — fHlog(1l - )] :log( f )af

o -7 @Z—ﬁ(e—ﬂ)

0
—f. (4.37)
ou

We plug this expression alongside Eq. (4.33) in Eq. (4.36), rearrange terms and obtain the

following expression for the gradient of the entropy:

VSU(T) = —kade [flog(f) + (1 — flog(1 — £)1V;DOS’ () + %(,u—Z)fde FVDOS%(e),
(4.38)

where we notice that the shift term X appears again, acting on the Fermi level of the electron
system. This derivation proves that we can write the hot electron forces just in terms of the
gradients of the DOS, which can be computed easily within the kernel-based ML model, e.g.
Eq. (3.7). In fact, if one considers the pointwise representation of the DOS(A, E) = kL XM (E),
the weights matrix x,; only depends on the energy grid and is independent of the atomic
positions. Hence, we can take the kernel vector out of the integrals in Eq. (4.35) and Eq. (4.38).

For the remainder of this short discussion, we use Eq. (4.35) as a demonstration and the same
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result that we obtain from the derivation also holds for the entropy in Eq. (4.38). The gradients

of the band energy of Eq. (4.35) become:

VIEp(T) =V (K], U de (e - ) fxum(e) |. (4.39)

The practical implementation of the CDF representation, as shown in Eq. (3.17), makes the
implementation of the gradients of the DOS also straightforward. One only needs to replace, in
Eq. (4.39), the weights matrix at E by the average of the matrix values at (E—0E) and (E + 6 E):

xp(E) — xM(E+§E2)g§M(E—6E) )

The implementation of the gradients in the PC decomposition approach is slightly more
delicate than the previous two representations. The DOS of a structure A can be decomposed
as DOS(A, E) =Y cx(A)Ur(E), where the c(A) are the linear expansion coefficients and U (E)
are the values OIfC‘ the principal components (or latent functions) at the energy level E. Each
coefficient cy is a target for a regression model and we write ¢ (A) = kl‘ A - Wk, where the wy

are the regression weights. In this case, the DOS model becomes

DOS(A,E) = ) (kK)},, - wi)Ur(E),
k

where only the U hold the dependence on the energy levels. Therefore, Eq. (4.35) can be

implemented as:

VIEp(T) = Y (Vi(KT,,) - Wi) - Ude €3 fUr©]. (4.40)
k

One should notice that these derivations can be extended to the case of the gradients of the
free energy A(T®) with respect to the cell vectors in order to obtain the stress virial. One
only needs to replace the gradients of the DOS with respect to the atomic positions with the

gradients of the DOS with respect to the variations of the cell vectors.

4.3 Hydrogen in planetary conditions

We demonstrate the practicality of our theoretical framework in ML workflows incorporating
the electronic finite temperature effects in atomistic simulations by constructing the EOS of
metallic liquid hydrogen at conditions similar to those found in the core of a young Jupiter
[158], and we compare our ML approach to explicit first-principles molecular dynamics
(FPMD) simulations results at finite-T¢!. We build a training set made of ~ 28,000 structures,
each containing 128 atoms, and densities ranging between 0.6g cm™ and 1.77g cm™3. It

consists of configurations from Ref. [159], complemented by snapshots obtained from MD
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from Ref. [158]

from FPMD

from iterative ML models

Figure 4.10: Clustering of the structures in the hydrogen data set based on the first 2 principal
components of the SOAP representation of every configuration.

simulations performed with preliminary versions of the MLIP. Fig. 4.10 is a map of the first
two principal components of the SOAP features of the structures in the dataset showing its
diversity. We employ QUANTUM ESPRESSO [160, 161, 162] (QE) for DFT calculations of the
data set, using the Optimized Norm-Conserving Vanderbilt pseudopotential [163] version
1.2, which is shown to perform well even at ~TPa pressures [164]. Dispersion interactions
are included via a van der Waals density functional [165, 166, 167, 168]. We use a plane-wave
energy cutoff on wave functions of 100Ry. We use the Marzari-Vanderbilt cold smearing [169]
of 0.01Ry, which yielded similar energies and forces to calculations done at higher k-point
density and with a Fermi-Dirac smearing of 10K. The self-consistency accuracy in the electron
density is 1 x 10~1?Ry. We use dense k-point mesh targeting at least 0.01A~! spacing to ensure
the convergence of the DOS and the stress tensor. We perform these convergence tests
on a hydrogen structure containing 64 atoms and of density 0.733g cm™3. The results of
the convergence tests with respect to the k-point grid for the DOS (to the left) and the Sy
component of the stress tensor (to the right) are shown in Figure 4.11. In our calculations, we
make sure to compute a sufficient number of bands to accommodate the tail of the distribution,
which reaches high energies at large T¢.. In practice, we choose to compute 3 bands per atom,
which results in the computation of 6 electronic states per atom. This choice ensures that the
Fermi-Dirac occupation of the highest energy level is below 1 x 10~° when T®' = 50,000K. We

find that this value is sufficiently low not to affect the values of the atomic forces.

We train a GAP model, to learn and predict the T®' = 0 contribution to the total free energy on

the total DFT energies and a single Hellmann-Feynman force component per structure. We
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Figure 4.11: Convergence of some key quantities with respect to the k point grid for a 64-atom
liquid hydrogen structure. Left: electronic density of states constructed using a Gaussian
broadening value of 0.3eV. Right: the Sy, component of the Hellmann-Feynman stress tensor.
In both cases, 8 x 8 x 8 corresponds to the targeted k-point spacing of 0.01A7%.

use a two-body baseline for the GAP, as discussed in Section 2.3.3. As a reminder, we write:
E=Ez+EyB

where E»p is a baseline two-body term and Ej;p is a many-body term. The baseline potential is
fitted on dissociating hydrogen dimers placed in a large box of length 15A. The distances range
from 0.075A to 0.73A, which corresponds to the repulsive part of the pair interaction. This
2-body term ensures the stability of our molecular dynamics simulations at high temperatures
(>20,000K). In a preliminary study using only the many-body term of the GAP model, we
found that the MLIP could not recreate the binding curve of a hydrogen dimer and favoured
configurations where the two hydrogen atoms were superposed. This behaviour of the many-
body term of GAP is also observed in other studies, such as in Ref. [93]. In practice, we tabulate
the repulsive potential values and use LAMMPS [170] to handle the calculations of the atomic
energies and forces of the two-body interactions. The many-body term is obtained from the
Smooth Overlap of Atomic Positions (SOAP) [42] representation with radial scaling [70]. The
SOAP representation requires the optimisation of several hyperparameters that we achieve
using a grid search. We select the parameters that minimise the prediction error on the total
energy in a subset of 5000 structures using a 2-fold cross-validation regression scheme. The
best SOAP parameters are (in the notation of librascal [116]): max_radial=8, max_angular=6,
interaction_cutoﬁ‘:ZA, gaussian_sigma_constant=0.1 and the best radial scaling parameters
are: rate=1.0, scale=2.0 and exponent=4. It is worth noting that in a preliminary study, we
tried to use 2-body MLIP, with a large radial cutoff (>7A), to model the pair interaction of the

hydrogen dimer. We found that this operation resulted in an increase in the variance of the
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RMSE
E(0) 11.05meV/atom
AEga{l G(TH = Te80(1¢) | 13.43meV/atom
A(T® 12.22meV/atom
F;(0) 0.87eV/A
AF; (T 0.66eV/A
F; (T 0.81eV/A

Table 4.2: Table of the validation root mean square errors (RMSE) of the ML models on the
energies and forces compared to the reference DFT data, at the same level of theory introduced
in Egs. (4.30) and (4.32). The electronic temperature is T = 35,000K. The training set consists
of 28,000 structures and the errors are reported for a validation set of 2,500 configurations.

total energies learned by the many-body SOAP MLIP; hence, the performance of the final

model was poor.

We follow a similar approach to the many-body term to construct an atom-centred model for
the electronic density of states (DOS), as explained in Chapter 3. We build the DOS from the
Kohn-Sham eigenenergies of the same calculations for the total energies using a Gaussian
broadening gy, of 0.5eV. We also build a single DOS-gradient component, computed by finite
displacement of a single atom by 1 x 10~3A. The model also relies on the SOAP representation.
We use a grid-search on the same subset to find the optimal hyperparameters that minimise
the prediction errors on the DOS: max_radial=12, max_angular=8, interaction_cutoff=4A,
gaussian_sigma_constant=0.1 and the best radial scaling parameters are rate=1.0, scale=1.0

and exponent=2.

Before moving towards the validation of the ML workflow with the finite-T¢ approximation,
it is important to address one last issue of learning the DOS. The alignment of the energy
bands is, in principle, irrelevant to the definition of the finite- T correction, according to
Eqg. (4.22). While the gradients of the DOS with respect to the atomic positions or the cell
vectors may depend on the chosen alignment, the finite- T®! correction to the forces and stress
involving them do not. We only need to make sure that the alignment is done consistently
when computing the energy terms and the DOS gradients. While there are several strategies to
align the DOS, like aligning with respect to the deep core levels, the valence band minimum
(VBM) or the Fermi energy, the choice of the alignment should only depend on the quality of
the ML prediction. In this case, we find that aligning the DOS with respect to the VBM yields
the lowest prediction errors because it uniformises the energy range on which the DOS is
defined. This strategy helps create uniform targets. In Appendix A.2, we discuss further the
challenges of building an ML DOS for this data set containing structures spanning a wide

density interval, and the need to numerically fit states in the conduction band.
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Figure 4.12: Root mean square error (RMSE) as a percentage of the total variance of the
energies and forces as a function of the size of the training set. Left: from the GAP model; right:
from the GAP and the finite- T®! correction at T¢! = 35,000K.

We use the Projected Process approximation of the Gaussian process regression framework to
train the two ML models. The idea is to select a subselection of the training environments and
use them as a basis to expand the target quantities (energy or DOS). We select 7000 environ-
ments for the GAP model and 5000 environments for the DOS model. These environments
are chosen by a greedy algorithm, the furthest point sampling [88]. We validate our two ML
models on a validation set containing 2500 structures. Figure 4.12 shows the learning curves
(LCs) of the energies and forces obtained from the GAP model (left) and the full framework, i.e.
GAP and the thermal electronic correction (right) at T¢ = 35,000K. The LCs are still linear for
all the considered quantities in the log-log plots and suggest that the accuracy of the models
can be enhanced by training on more configurations. Table. 4.2 shows the root mean square
error (RMSE) of the different (free) energies and forces for T® = 0K and at T®' = 35,000K. The
ML models are in good agreement with the corresponding DFT calculations and the RMSE of
the total free energy is well below the typical thermal energy at the temperatures we consider
in this study, and comparable to the values observed in previous simulations of liquid systems

at high ionic temperatures [93].

In order to gauge the importance of finite- T® effects, and to obtain accurate reference calcula-
tions consistent with our computational setup, we run two sets of FPMD trajectories targeting
the pressures 400GPa, 800GPa, 1,200GPa, and 1,600GPa for each of the ionic temperatures
T = 10,000K, 20,000K, 35,000K, and 50,000K. The electronic temperature of the first set is
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Figure 4.13: Hydrogen isotherms of different equations of state (EOS). The empty circles
correspond to the EOS computed with “cold”-electron-I"-point DFT. The empty diamonds
correspond to the EOS computed with finite-electron-temperature-I'-point DFT. The dashed
lines correspond to the EOS computed with ML trained on T¢ = 0K data. The solid lines
correspond to the EOS computed with finite temperature ML framework, where T¢ = T?.
The temperatures range from 10,000K to 50,000K are denoted by the different colours as
shown in the legend. The statistical error bars computed by block averages are smaller
than the size of the markers. The small inset represents the radial distribution functions of
hydrogen at P = 400GPa and T' = 50,000K computed from the ML trajectories. The dashed
line corresponds to T¢ = 0K and the solid line to 7¢ = T,
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T¢' = 0K, while T¢ = T is in the second set. The DFT calculations are performed with QE and
I'-point sampling. We evolve the ion dynamics with i-PI for at least 8ps, after an equilibration
phase of 1ps, with a time step of 0.1fs. T" is controlled by stochastic velocity rescaling [171]
with a time constant T = 5fs, and an isotropic barostat [172] with a time constant T = 20fs,
thermalised with an optimal-sampling generalised Langevin thermostat [173]. Due to the high
temperature and the fast intrinsic time scale of hydrogen, such relatively short simulations are
sufficient to obtain converged results with small statistical uncertainty. We report the results of
these simulations in Fig. 4.13, by the empty symbols. The differences due to the finite electron
temperature grow steadily between 10,000K and 50,000K, and at the highest temperature, they
range between 4% at 1,600GPa and 10% at 400GPa, providing an indication of the impact of

finite-T¢ in this range of pressure and density.

We then run two analogous sets of trajectories based on the finite- T°' MLIP, temperatures as
for the FPMD, and pressures spanning the range between 400GPa and 1,600GPa in intervals
of 100GPa. As for the case of FPMD, the first set of simulations does not include any finite
temperature effects (dashed lines in Fig. 4.13), while the second incorporates them (solid
lines). Our ML EOSs are in excellent agreement with the reference curves obtained with
explicit finite- T FPMD, up to the statistical uncertainties. We also observe a small shift in
the radial distribution at the lower pressure and higher temperature range, corresponding
to the difference in particle densities. As an additional demonstration of the importance of

incorporating finite- T effects, we compute constant-pressure heat capacities, Cp= (g—?)
p

that we obtain as finite differences of the enthalpy H = (K) + (A(T®Y)Y + Te(SO(Teh) + p(Vy,
Here K is the kinetic energy of the ions, and the averages (...) are computed over finite- 7!
NpT sampling. Fig. 4.14 compares the heat capacity computed from T¢ = 0K simulations
(blue) with that computed including the electronic contributions (green) - which amounts
to almost 50% at the highest temperature considered. DFT and ML simulations agree with

each other within their statistical uncertainty. The a-posteriori incorporation of electronic

6AEband
oT

in Ref. [136] and explained in Section 4.1, cannot reproduce accurately the finite- T® results.

excitation by adding C,; = ( ) (orange) on top of the T®' = 0K ionic contribution, as done

These results demonstrate the accuracy of an ML model based on the ground-state DOS ap-
proximation in sampling the finite- T®! thermophysical properties of hydrogen in a challenging
portion of its phase diagram. By treating explicitly the ionic and electronic degrees of freedom,
our ML models eliminate one of the most glaring limitations of traditional MLIPs, which are
restricted to performing simulations at a single (usually zero) electron temperature. We remark
that no restriction occurs in applying our machinery to a two-temperature model where the
electrons and the nuclei are thermalised at different temperatures, i.e. Te # T even though a

more realistic scenario would incorporate some coupling term between the electronic and
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Figure 4.14: Specific heat capacity C), of hydrogen from NpT simulations at 400GPa. The solid
lines represent the DFT calculations and the dashed lines represent the ML calculations. Blue:
Cp from the fluctuations of the ions’ enthalpy at T¢! = 0K; orange: Cp same as the blue curves
in addition to a correction term computed from the average band energy of the electrons over
the trajectories; green: C, from the finite- T¢' sampling. The error bars are computed from
standard block analysis.

the nuclear subsystems. Our approach can be easily extended to any electronic structure
method based on the Kohn-Sham mapping and can be naturally used also for multiple-species
systems, opening the possibility of studying the complex phase diagram of metallic mixtures at
high-pT conditions, which dictates the evolution of giant planets [174]. On a conceptual level,
the idea of using a physical approximation in synergy with data-driven predictions emerges
as a promising research direction to further extend the scope of applicability of predictive

atomic-scale simulations.
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The electronic density of states (DOS) is a central quantity in the electronic structure theory.
It can be used to estimate several properties of materials, including thermal and optical
properties. Traditionally, the DOS is determined by performing expensive first-principle
calculations, which significantly limits the size of problems that can be investigated, even with
modern computing platforms. This makes the development of cheap and accurate models a
necessity for large-scale calculations. Machine-learning approaches are a good candidate for
building these surrogate models, as one only needs to perform calculations on a small number

of structures. Then the model performs the generalisation to other configurations.

In this thesis, we tried to tackle some of the issues linked to building machine-learning for
the DOS, including the optimal methods to represent it as a target for a machine-learning
algorithm, in order to reduce the complexity of the learning task. The success of the model led
us to explore its use as a building block in integrated machine-learning approaches, where we

used the DOS to account for the effects of the (thermally-excited) electrons.

However, constructing machine-learning models for the DOS can be challenging because the
DOS of a material is a smooth vector-valued function of the energy levels. The dimension of the
output space can become arbitrarily large when accurately representing the DOS variations.
Nevertheless, the smooth construction of the DOS hints towards possible correlations between
the values of the DOS. In particular, we investigated three approaches to represent the DOS
while keeping in mind the smoothness condition for the machine-learned DOS. We found
that it is possible to leverage the correlations between the values of the DOS to increase the
accuracy of the model by first predicting its cumulative distribution function when applied to

a challenging silicon dataset.

Alongside the proposed representations for the DOS, we introduced an atom-centred model
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and applied it to different classes of materials ranging from semiconductors, metals and matter
in extreme conditions. Its additivity property guarantees the scalability of the model trained
on small atomic configurations to larger and more complex structures. We demonstrated its
generalisation ability by predicting the electronic fingerprints in large silicon structures. The
atom-centred approach also gave us access to locally-defined DOS that, despite not being a
physical observable, provided us with insights into the electronic transitions in disordered

silicon phases and their interplay with the structural transitions.

Then, we explored how to use the DOS models in an integrated machine-learning framework,
arising from a physics-inspired modelling approach, to compute macroscopic properties of
materials. As a first step, we combined the DOS model with traditional ML potentials to com-
pute the heat capacity of nickel near its melting temperature, by assuming that the thermal
excitations of electrons do not affect the dynamics of the ions. Hence, we were able to estimate
the electronic contribution to the heat capacity of molten nickel, which explained the dis-
crepancy between the experimental and computational values. This approach was successful
because the difference between finite temperature forces and the ground state forces used to
train the potential energy surface model was negligible at the temperature regime investigated.
However, this assumption could not be maintained at higher temperatures, like in warm
dense matter conditions. In these cases, the finite temperature electronic free energy must
be used to perform finite temperature Born-Oppenheimer simulations. Machine-learning
techniques could reduce computational costs, but prior to our work, traditional approaches to
constructing the potential energy surface suffered from non-transferability between electronic

temperatures.

This thesis proposed a framework to approximate the electronic free energy from ground-
state data exclusively, which solved the temperature transferability problem. We combined
over-the-shelf machine-learning interatomic potentials with DOS models in a Mermin-like
expression for the electronic free energy and its gradients. In our framework, the electronic
temperature is an external parameter independent of the training phase of the models. There-
fore, it is guaranteed that the approximated free energy can be used over a wide range of
temperatures. We implemented these models in existing atomistic modelling software and
showcased them on metallic hydrogen in warm dense matter conditions. We successfully
recovered the equation of state and the heat capacity, both computed from first-principle
molecular dynamics, with our machine-learning framework at a fraction of the cost. This
is a powerful example of the potential of physics-driven modelling of materials combining

structural and electronic descriptions of atomic configurations.

Moving forward, one could think of different ways to enhance the atom-centred models of the
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DOS. One possible approach is to exploit the freedom in defining the local density of states
and, subsequently, the local atomic charges. They can be used within a self-consistent scheme
to align the local DOS so that the atomic charges can reconstruct a particular global field like
the Hartree potential within the simulation box. This charge equilibration scheme might be
useful to construct models for charge flow when two materials with different Fermi energies
are in contact, like semiconductors heterojunctions. Another aspect that could benefit from
accelerating the electronic DOS is two-temperature experiments mimicking light shining on
metals that can excite electrons to higher temperatures while keeping the ions “cold”. This
model can be combined with nonadiabatic simulation techniques to study several phenomena
like thermal transport across metal/non-metal interfaces [175] for example. Finally, one
could explore further the underlying assumption of decomposing the DOS of a structure into
contributions from atomic centres since the DOS is a global property of the entire structure.
The locality investigation of the DOS is part of an effort to study the locality effects of the
machine-learning models used in atomistic modelling. While these local contributions are the
result of a modelling exercise, they may be linked to experimental observables, hence, validate

our (machine-learning) models.

More broadly, this thesis demonstrates the advantages of combining ML predictions with
physics-based approximations, providing an example of hybrid modelling paradigm that
combines the flexibility of data-driven techniques with the transferability and interpretability

of physical models.
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In these three sections, we present and discuss some of the technical challenges in building
machine-learning (ML) models for the electronic density of states (DOS). In particular, we look
into the effect of the energy reference on the indirect learning of some derived quantities from
the DOS, and on the principal component (PC) representation of the DOS. We will use the
two data sets of silicon (Section 3.2) and hydrogen (Section 4.3) as examples to illustrate these
challenges and provide general guidelines for learning strategies for the DOS. Also, we provide
extra results about the interpretation of the local atomic charges defined from the local density

of states (LDOS) obtained from the DOS representations introduced in Section 3.1.

A.1 Alignment of the DOS

In this paragraph, we discuss some methods one could use to align the DOS as a target for an
ML approach and their effect on the calculation of the value of the DOS at the Fermi energy
(DOS(ep)), the Fermi energy (¢r) and the band energy.

The diversity of structures in the silicon dataset used in Section 3.2, in terms of densities and
type of structures (bulk vs clusters), presents one main challenge for modelling the DOS, that
is the choice of the energy reference to construct the DOS of the training set. We refer to this
problem as the DOS alignment.One could state that this problem is purely a mathematical
issue, as we see in Section 4.2, where the finite-temperature correction is independent of the
alignment of the DOS, i.e. the only constraint here is to have a consistent method to perform
the alignment for the entire data set. Therefore, the optimal choice should be left to the data

and the machine learning models.

In particular, we are interested in four strategies: aligning to the G = 0 component of the

Hartree potential (MH), the Fermi energy, the deepest core level (DS), and the valence band
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Figure A.1: Average errors in the density of states over 8 splits in the silicon dataset for different
band alignment strategies. The reference DOS is constructed using a Gaussian broadening
gy = 0.1eV. MH stands for average Hartree potential, ez stands for Fermi energy, DS stands for
the deepest core state, and VBM stands for valence band minimum.
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Figure A.2: Examples of the DFT and ML-predicted DOS of two silicon structures: (left) a liquid
structure; (right) a cluster structure. The energy reference is the deepest core level.
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minimum (VBM). We test these four strategies on the silicon data set of Section 3.2 using
the pointwise representation of the DOS targeting a Gaussian broadening of g, = 0.1eV. We
compute the errors by performing 8 train/test splits of the data set and report the test errors
only. We estimate the uncertainty of each strategy by computing the standard error of the
mean from the 8 splits. The top left panel of Fig. A.4 shows that the best method to align the
DOS is the G = 0 component of the Hartree potential used by default in FHI-aims, followed by
the Fermi energy and the VBM alignments. The DS alignment performs the worst in this data
set, even though the intuitive understanding states that these core levels should be isolated
from external effects; hence, they should provide a robust energy reference. Fig. A.2 might
provide an explanation for the high errors. We see that this model is prone to predicting
non-zero occupation for states in the conduction band while their DFT reference is zero. In
Section A.2, we discuss this problem further.

In the other panels of Fig. A.4, we report the prediction errors for up-mentioned derived
quantities from the different aligning strategies. We find that the DS alignment yields the
worst prediction errors for all the properties calculated, especially for the Fermi energy and
the band energy. However, it seems that MH alignment is the best approach to use with the
lowest errors in all quantities, followed by the VBM alignment. The latter has a straightforward
implementation from the eigenenergies themselves and does not require “hacking” DFT
packages to extract the mean Hartree potential value. As expected, we find that the alignment
to the Fermi energy performs the best in predicting the Fermi energy. This is explained by the
fact the Fermi energy is now a constant of the learning problem and is expected to be close to
zero. In fact, the RMSE of the Fermi energy, in this case, is lower than the energy grid spacing
of ¢ = 0.05eV.

Another direction to tackle this problem is to adjust the DOS in such a way that it has the
minimum possible variance at each energy channel without changing its shape, within a rigid
DOS approximation. This approach could be useful in situations where it is necessary to align

the DOS with certain physical constraints or requirements.

A.2 Unphysical unoccupied states

In Section A.1, we saw that the alignment of the DOS could play an important role in the
accuracy of the ML DOS models, and it could also affect the quantities that we compute with
DOS. One problem that we noticed was the prediction of non-zero DOS(e) when its reference
DFT value is zero, as seen in Fig. A.2. The ML DOS model predicts the existence of the non-zero
DOS(e) towards the edge of the computed conduction band. One could argue that this arises

from the construction of the reference DFT DOS. When performing DFT calculations on the
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Figure A.3: Left: Example of the unfitted DFT DOS of two hydrogen structures at different

densities computed using 3 bands per atom. Blue: density is 1.57g cm~3; orange: density is

0.91g cm 3. Right: Example of the effect of unphysical discontinuity of the DFT DOS on the
ML DOS (in blue) and the stabilised model after fitting the missing bands (in orange).

training set, one only provides the number of bands to be computed by the software and not
their energy range. This means that if we performed DFT calculations with more electronic
states per atom, the zero-occupation region in the right panel of Fig. A.2 would have states
that can be occupied. Therefore, we could say that these zero-values of the reference DOS are

not physical.

As mentioned earlier, we would like to assess the effects of these unphysical discontinuities
of the DFT DOS on the PC representation of the DOS and on the indirect learning of the
DOS-dependent quantities: the Fermi energy, the DOS(¢f), and the band energy for the silicon
data set. We use the VBM alignment and a Gaussian broadening of g, = 0.3eV. We truncate the
DOS to an energy level in the conduction band on which the DOS(¢) is non-zero because we
are not able to fit a function for the missing bands. We also compare to the models trained
on DOS presenting the unphysical discontinuities, that we truncate after obtaining the ML
predictions. We report in Fig. A.4 the evolution of the prediction errors as a function of the
number of principal components used to construct the DOS. These results are obtained by
performing the same 8 splits of train/test of the data set from Section A.1. We notice that all
prediction errors are saturated after using = 15 PCs. Both strategies to train the DOS yield
compatible results on the derived quantities, which hints that the effect of the “unlearnable”

PCs, discussed in Section 3.2, is more important in this indirect learning approach.

We also see the same problem of the non-physical zero-DOS when dealing with the hydrogen

data set of Section 4.3. The data set contains configurations at different volumes and hence
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their DOS can span a different energy range, even after VBM alignment, for the same number of
the calculated electronic states (c.f. left panel of Figure A.3). The calculated DOS drops to zero
above the highest computed energy level. Even though the chosen number of energy levels is
always such that the Fermi-Dirac occupation of the highest level is negligible even at the largest
T¢! considered, a sudden, unphysical drop in the DOS may negatively affect the learning, as
discussed in Section A.1. To solve this issue, we fit the values of the missing (empty) states
to a square root behaviour, where we use a «x /€ — € filling of the unphysically-zero DOS(e),
to ensure that the targets for our ML DOS model do not involve unphysical discontinuities.
The right panel of Figure A.3 shows an example of the effect of such discontinuities on the
learning of the DOS in a liquid hydrogen structure and how fitting the missing bands provides
much-needed stability to the ML DOS model. We want to stress that these fitted occupations
do not contribute to the finite-T® correction, even at T¢ = 50, 000K, despite the long tail of
the Fermi-Dirac distribution at this temperature. The RMSE of the finite-T® correction to
the atomic forces computed with the DFT fitted and unfitted DOS is 0.00037eV/A and can be

neglected.

We also perform a similar study using the hydrogen data set. We include the finite-temperature
correction to the electronic free energy A(T®) at T° = 50,000K for the hydrogen data set. We
use the VBM alignment and a Gaussian broadening of g, = 0.5eV. We compare the performance
of the pointwise and the PC representations of the DOS. We also include results from one extra
strategy for building the DOS, which is dividing each the DOS of every structure A, DOS(A4, €),
by the volume of the structure. In a preliminary study, we found that this approach might
be justified by the fact the slope of the DOS in the conduction band was strongly dependent
on the volume. Due to the large size of this set (= 28,500 structures), we only perform these
predictions on a single train/test split. The train set size is 26,500 structures. We report the
results in Fig. A.5. We find that the derived quantities are almost insensitive to the model’s
building strategy, even though one would prefer to scale by the structures’ volume as a first
step in the fitting process and also fit the missing states from the DOS. In this example, the PC

representation of the DOS seems to outperform the pointwise representation.

A.3 Effect of the representation of the atomic charges

In Section 3.3, we show that the different representations of the DOS yield different ML LDOS
compared to the LOBSTER-defined LDOS. Consequently, the differences in the predicted
ML LDOS lead to different values of the atomic charges Q(A;). In Fig. A.6, we report three
scatter plots of the atomic charges for a 512-atom amorphous silicon structure obtained

from the pointwise, principal components, and CDF representations of the DOS. On one
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constructing the ML models. (Red curves) The evolution of the variance explained by the
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Figure A.5: Prediction errors of several strategies to represent the VBM-aligned DOS. The
quantities shown are the DOS, the Fermi energy €, the DOS(er), the band energy, and the
finite-temperature correction to the electronic free energy A(T®= 50,000K). Transparent
colours: the pointwise representation. Opaque colours: the PC representation. Blue: no fitting
of the missing band and no normalising by the volume of the structures. Orange: no fitting
of the missing band and normalising by the volume of the structures. Green: fitting of the
missing band and no normalising by the volume of the structures. Red: fitting of the missing
band and normalising by the volume of the structures

side, we notice that the charges obtained from the pointwise and CDF representations are
correlated. Conversely, the charges from the PC representation show little correlation with
their counterpart from the pointwise or the CDF representations. This could be explained by
the difficulty in learning several PCs, which results in a predicted LDOS that is different from

the one obtained from the pointwise or the CDF representations.
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Figure A.6: Scatter plots of atomic charges defined from the LDOS of a 512-atom amorphous
silicon structure: comparison of atomic charges computed from (a) CDF and PW representa-
tions, (b) CDF and PC representations, and (c) PW and PC representations. The reference DOS
is constructed using g,=0.1eV. We notice that PW and CDF yielded correlated charges. Both
are not correlated with charges derived from the PC representation.
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