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observation. The entire problem setting encompasses the solution of a local PDE and some
averaging formula for the quantity of interest in such domain. There are relatively standard
methods in the literature to completely determine the formulation except for two choices:
i) the local domain itself and the ii) boundary conditions. Hence, the modelling errors

Ié?:;fl:f;mnal homogenisation are governed by the quality of these two choices. The choice i) relates to the degree of
Deep Neural Networks representativeness of a microscale sample, i.e., it is essentially a statistical characteristic.
Reduced basis method Naturally, its reliability is higher as the size of the observation window becomes larger
Boundary conditions and/or the number of samples increases. On the other hand, excepting few special cases

there is no automatic guideline to handle ii). Although it is known that the overall effect
of boundary condition becomes less important with the size of the microscale domain,
the computational cost to simulate such large problem several times might be prohibitive
even for relatively small accuracy requirements. Here we introduce a machine learning
procedure to select most suitable boundary conditions for multiscale problems, particularly
those arising in solid mechanics. We propose the combination Reduced-Order Models and
Deep Neural Networks in an offline phase, whilst the online phase consists in the very
same homogenisation procedure plus one (cheap) evaluation of the trained model for
boundary conditions. Hence, the method allows an implementation with minimal changes
in existing codes and the use of relatively small domains without losing accuracy, which
reduces the computational cost by several orders of magnitude. A few test cases accounting
for random circular and elliptical inclusions are reported aiming at proving the potentials

of the DeepBND method.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Multiscale methods can be regarded as theories that link the macroscopic behaviour of continua to phenomena occurring
at smaller spatial scales, a situation found in a large range of applications such as porous media or composites, to name
a few. Early developments in solid mechanics date back at least from the mid-twentieth century, with the estimation of
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macroscopic properties of heterogeneous materials, using the self-consistent approach [16,20,23], and methods based on
the asymptotic analysis of partial differential equations with periodic coefficients [6,38]. Despite methodological differences,
common across the range of different approaches is the fact that macroscopic continuum quantities, so-called homogenised,
are invariably linked to their microscale counterpart fields upon a solution of an auxiliary local problem defined at mi-
croscale domain followed by some kind of averaging process.

As for of the local problem, also known as microscale or corrector problem, besides very specific situations, the choice of
the boundary conditions (BCs) cannot be exactly determined. Depending on the BCs assumed, homogenised quantities can
be under or overestimated, yielding to the so-called Reuss’ and Voigt’s estimates, the lower and upper bounds, respectively
[37]. In problems involving strain localisation in solids, such choice can be even more critical, affecting the directions of
nucleation bands [35]. The most commonly known approach to mitigate the sensibility with the BCs choice is by artificially
assuming periodic BCs (even for non-periodic cells) and/or by increasing the microscopic domain size [45]. However, such an
approach also entails larger computational costs in the context of numerical approximations. Recently, some improvement
attempts have been proposed in this regard, as for example by adding specific parabolic and source terms to the original
correct problem [2], and by a generalisation of periodic BCs to stochastic media [28].

In situations of limited physical guidance, as such case of choosing the most suitable BC, data-driven and machine
learning (ML) approaches are known to be useful in providing insights. Among several ML techniques, Deep Neural Networks
(DNN) is known to be a universal approximator for several activation functions [15,27], also established in the context
of parametrised PDEs [21]. More specifically, we are interested in the coupling of ML techniques with a more compact
representation of functions provided by Reduced-Order Modelling (ROM) techniques, such as the Reduced-Basis (RB-ROM)
approach [30,18] that has been recently explored in combination with deep neural networks [17,32,39]. Indeed, we have
designed a ML strategy able to predict a ROM representation of accurate boundary conditions. In our approach, RB-ROM is
used to obtain an optimised representation of the boundary conditions, thus, substantially reducing the size of the network
to be trained. Moreover, the use of RB-ROM automatically induces an optimal choice for the cost function for the NN
training and also provides the guarantee of physically meaningful BCs predictions. The main contribution of this paper is
the definition of such methodology which is then also tested on a meaningful set of test cases. In particular, to exemplify our
technique, we consider microstructures with circular and ellipsoidal random inclusions, but several other examples could be
easily constructed.

The manuscript is organised as follows: in Section 2 we introduce necessary concepts for the sake of completeness
purposes, in particular the basic background on multiscale solid mechanics and reduced-basis for parametrised PDEs are
provided in Section 2.1 and 2.2, respectively; Section 3 deals with the formulation of the proposed method, where special
attention is devoted to cast the problem of Multiscale Solid Mechanics into the Parametrised PDE format in Section 3.1 that,
among other steps, presents the key idea of the method of finding the reduced-order description of boundary (Section 3.1.3).
The section ends with an useful overview of the method is Section 3.2. In Section 4 we propose a novel physically inspired
DNN architecture tailored to exploit particular physical symmetries in the reduced-basis generation (Section 4.2). Finally,
Section 5 and Section 6 are dedicated to the numerical implementation of the proposed methodology, concerning dataset
construction, DNN model training, and relevant numerical examples in coupled micro-macro simulations, respectively. These
last sections are primarily dedicated to the simulation case of microstructures with circular inclusions for the sake of
simplicity. In Section 6.3 additional numerical examples using for elliptical inclusions at microscale as well as randomly
positioned circular inclusions are reported to exemplify the generality of the methodology.

2. Preliminaries

As already commented, one of the main goals of this section is to set the general context of the computational ho-
mogenisation for random media, here specialised for multiscale solid mechanics (Section 2.1), which is instrumental to the
presentation of our method (Section 3). Moreover, the second goal is to review the reduced-basis setting for parametrised
PDEs (Section 2.2), which can be skipped by an expert reader.

2.1. Multiscale solid mechanics

In this section, we review the basic equations of computational homogenisation in multiscale solid mechanics. The litera-
ture in this realm is vast and dates back to the '70s with the postulation of the cornerstone Hill-Mandel Macro-homogeneity
Principle [20,23]. More recently, emerging from the applied mathematical community, the so-called Heterogeneous Multi-
scale Method (HMM) [3] has brought significant new insights into the field. Although these two methods have independent
points of departure at the first sight, it has been shown that the resulting models are coincident [9,11]. Hence our method
can be applied to both methodologies. Our presentation follows closely [8,7], that provides a natural mathematical frame-
work for the formulation of our method. Additional details that are not necessary to follow the manuscript are included in
Appendix A, for the sake of completeness.

Before digging into the formulation itself, let us consider the following conventions. As usual, the unit vectors {e,-}f’:1
refer to the canonical basis for RY. We also use the font convention a € R, A e R4 A e R%4d.d to discern between
vectors, second- and fourth-order tensors, respectively. Regular type face fonts are always used to denote components (or
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Fig. 1. Homogenisation in random media and motivation of the proposed approach.

scalars) in cartesian coordinates, e.g. a =a;e;, A= A;je; ® e; and so-forth (Einstein’s summation convention applied). Space
Rfj’,(,jn denotes symmetric real-valued second-order tensors. Finally, we also consider the following operations:

a-b:=aqb;, (1a)
A-B:= AjjBjj, (1b)
AB:= AjjiBue; ®e;, (1c)
a®5b:=%(a®b+b®a). (1d)

In the following, we present the multiscale solid mechanics computational homogenisation framework, starting with the
macroscale followed by the microscale model.

2.1.1. Setting of the homogenisation problem

Let us consider 2 c R4, d=2 or 3, the domain in which the physical problem of interest is defined as shown in the
left-hand side of Fig. 1. Thereafter, we refer to it as the macroscale domain, whose characteristic size is L, as opposed the
to microscale domains, displayed on the remaining columns of Fig. 1, whose size L, is in the same other of the magnitude
of the length-scale of material properties heterogeneities. For the sake of simplicity, the example depicted is a composite
material with two phases, the matrix (in light grey) and circular inclusions (in dark grey), although more general structures
for the heterogeneity are also allowed.

It is important to remark that the length of heterogeneities can be arbitrary small, posing computational difficulties if
one is interested in solving such problem up to that scale. Notwithstanding, it is well established in the literature that in the
scale separation limit, i.e. L“ « 1, the original problem with (fast-)varying parameters can be replaced by the so-called ho-
mogenised problem [6]. Indeed the homogenised problem have the very same mathematical nature as the original at hand,
but with effective, so-called homogenised, coefficients. The very process of finding such coefficients is called homogenisation,
which encompasses the solution of an auxiliary problem, known as corrector problem or simply microscale problem, solved
in the microscale domain, and a posterior averaging scheme using its solution, both established in Section 2.1.2 for our
problem.

In the specific setting of this work, we consider as macroscale (or homogenised) problem a standard solid continuum
mechanics model in the infinitesimal strain regime. We are interested in solving a quasi-static mechanical equilibrium
problem, in which the displacement vector field u: €2 — RY is obtained as the solution to the equilibrium problem once
suitable BCs and constitutive equations are provided. Associated with the field u, the symmetric gradient tensor field & :=
Viu: Q — R‘Sjj,% is the strain measure of choice. We adopt the linear elasticity constitutive model, hence the Cauchy stress

tensor ¢ € R%%, is given through the Hookean law o = Ce, where C € L®(Q)%¢4 s a fourth-order positive-definite
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elastic tensor, with symmetries Cijy = Cjiy = Cijik = Cijj. In the context of this work, we aim at obtaining C via the
homogenisation procedure. Using the notation of the left part of Fig. 1, the macroscale problem is read as below!

divo =0 in Q
o=Ce in
u=up on QP ’
on=t on QN

(2)

where 3QP and 9QV are the Dirichlet and Neumann boundaries, respectively, forming partition of <2, with the associated
prescribed displacement uip and traction t. It is worth noticing that the computational implementation via FEM of the
above problem follows standard procedures, apart from the evaluation of the o (or C) at the integration point level.
For each integration point, there is an associated microstructure which should be coupled kinematically and energetically
with the macroscale quantities at that point. This defines the corrector problem, which however lacks boundary condition
information that needs to be chosen properly. This choice lies behind the very idea of the proposed method, to be explored
in Section 3.

2.1.2. Micro-macro coupling

For each macroscale (integration) point X € € we associate a microscale domain (MD)? Qy C RY. It is considered that
L,/L « 1, being L and L;, the characteristic lengths related to the macroscale and microscale, respectively. The characteristic
size L, is chosen such that €, should have meaningful numbers and type of material heterogeneities but also keeping the
compromise in terms of computational cost. Thereafter, for the sake of simplicity, we use the notation u = u(x), € = &(X)
and o = o (x), to represent point-valued vectors or tensors at a point X € €, rather than vector or tensor fields in 2. On the
other hand, objects associated with €2, are denoted by the subindex .

We also consider the notation (~)Q)L = IQL;A[QM(') A, (-)asz,l = ‘QLM‘[BQM(.) dog2,, to denote microscale domain and
boundary averages respectively. Also, we consider a local coordinate system at €2,,, with points denoted y € ,, and such
that fQIl yd2,, =0 (centred at the centroid). Accordingly, the symmetric gradient operator in the microscale coordinates
becomes &, (-) := V;(-).

The basic idea of the multiscale mechanics approach is to be able to describe the microscopic displacement u,, : €, —
R4 which is related to the macroscale kinematics but not entirely determined by it. We assume that u and & dictate affine
deformations at the microscale while the so-called microscale displacement fluctuations field u, : €, — R? (supposedly
u, € [H! (Qu)]d) is responsible for higher-order terms. This yields to the decomposition

u,(y)=u+ey+u,y), vy e Q. (3)
Following some natural physical constraints (see Appendix A for the interested reader), fluctuations u,, should live in
vili={n et @1 g, =0 (ne* n),, =0}, (4)

the so-called Minimally Constrained Space for fluctuations, also known as uniform traction model. Variations of this model
are possible considering subspaces of V l’f’ . Remarkably, popular models (subspaces) in the literature are

V) =1{0} (Taylor Model), (5a)
Vi=meV):nle, =0} (Linear Boundary Model), (5b)
Vi=meV)inyh =ny") v oy} (Periodic Model), (5¢)

where the notation (-)* denotes opposite boundary/points, e.g., left(-)/right(+) or bottom(-)/top(+) in a unit square Q. Fig. 2
depicts the kinematical effect of the different classical models, where V; constrain the admissible displacements to affine

transformations, whilst in VlLL just the boundary deforms affinely and models Vl’f’ and Vﬁ allow non-affine displacements on
9<2,,. Excepting the space V;, the other three classical spaces will be useful for different reasons in the proposed method.
It is worth noticing that V,ﬁ C Vﬁ C Vl’f’, where VILL and Vl’f' are known to deliver upper and lower bounds in terms of
homogenised stress respectively [45]. In turn, in the absence of physical guidance, Vﬁ is the standard choice even if the
microstructure is not periodic since it delivers a more balanced response. In this work, we seek an affine subspace V,, C Vl’f’
that outperforms V£, by exploiting a priori knowledge provided by RB-ROM and ML techniques. For convenience, thereafter

we denote simply as V,, C V{Y’ , the choice of one of these subspaces. The notation V,(£2,) may be used to avoid ambiguity
in the domain of definition.

1 For the sake of simplicity, but without loss of generality, we are disregarding body forces (see [8]).
2 We decided to use the acronym MD, instead of Representative Volume Element (RVE), to avoid discussions of statistical nature that go beyond the
scope of this work. Other possible nomenclature, preferred by some authors to avoid this confusion, is SVE (Statistical Volume Element) [25].
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Underformed €2,

Fig. 2. Comparison of classical multiscale models of kinematical constraints.

It is also helpful for the subsequent sections to introduce an auxiliary space VﬁA (from zero-average) as

ViR = [n et @01 (g, =0}, (6)

"

which differs from V! only by relaxing the restriction on the boundary. From the definition V' c V£A.

In terms of material constitutive behaviour at microscale, we also consider a Hookean material characterised by the
fourth-order micro-elasticity tensor C, € Lm(Qﬂ)d*d’d*d positive-definite and with the symmetries (C)iju = (Cp0)jit =
(Cijik = (Cp)uij» which defines the microscopic stress state as o, = C &, (uy,).

As result of balance of virtual powers in macro- and microscale (see details in Appendix A), the corrector (or microscale
equilibrium) problem and the homogenisation read as follows.

Problem 1 (Microscale). Given & € Rf}’,‘;, solve:
C(I) Corrector (or microscale equilibrium): find @, € V,, such that
(Cpe@ay) - eﬂ(\”m»% =—(Cpe- eu(ﬁu))gu Y, €V (7)
C(II) Stress homogenisation: let u,, € V,, be the solution of (7), then

4 :(Cu(e"‘eu(ﬁu)))gﬂ- (8)

Instead of computing the stress homogenisation through (8), it is convenient to obtain the homogenised elasticity tensor
C and then evaluate 0 = Ce. This can be easily performed by solving Problem 1 replacing & by the unitary strains Ey =
e, ®5e, with k,I=1,...,d, and then averaging as follows

~E
C = (CpuBu+ e, ®E. ©)
%
where and ﬁ,E[’ denotes the solution of (7) for a given & = Ey,.

Remark 1. As already commented, the theory developed so far is consistent for any choice of V, C Vl"{’ . Moreover, varia-

tionally, we are also allowed to choose different subsets of Vl’f’ to work as trial set or test spaces. This property is explored
in Section 3.1 to reduce the MD size of problem.

Remark 2. As already commented, the choice of BCs is not readily defined in the case of random media. The only case in
which this choice is straightforward if for periodic cells, i.e. periodic BCs. Particularly, the material is periodic if we can
identify a microscale domain which is repeated throughout (unique up to a translation). If microstructures are not periodic,
the corrector problem, although valid and useful, is inexact for several reasons as discussed next.

Remark 3. It is worth noticing that Problem 1 does not depend on the macroscale displacement u itself, but rather on its
gradient, already taken into account with &. As consequence, in terms of macroscale kinematical dependence, ¢ is invariant
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to u and only depends on &. In other words, the zero-average constraint in (4) has merely the role of eliminating rigid-body
movements and can be replaced by any other equivalent strategy. We use this property in Section 3.1. The dependence with
u is important in dynamics problems and for non-uniform body forces at the macroscale [8].

Remark 4. Instead of adopting displacement fluctuations @, as primal variables, some authors prefer adopting the full mi-
croscale displacement u,, [37], which is an equivalent framework. Nevertheless, the formulation in terms of u,, is convenient
since the kinematical constraints become homogeneous.

2.2. Reduced basis method for parametrised PDEs

In this section, we aim at providing fundamental concepts of the RB-ROM technique for parametrised PDEs. The presen-
tation focuses on a generic problem to set a suitable notation before linking it to the specific PDE concerned, which is the
focus of Section 3.1. For a deeper understanding of the method, we refer to [18,30].

Consider a vector space YV, where the solutions of a parametrised PDE live (in our case a multiscale solid mechanics
boundary value problem described in Section 2.1), equipped with the inner product (-, -)yy) with the induced norm || - |lyy.
Let P ¢ RN» be a manifold of admissible parameters and let £: 7P — W be the mapping from parameters onto the
solutions of the parametrised PDE at hand. Let P = {p®;i=1,..., Ns € P} be a set containing Ns samples of P, so-called
sampling set, and the associated images upon £, so-called snapshots, collected in the set S := £(P) = {w(p®) = L(pD) €
W;pDeP,i=1,...,Ns}

Note that spanS is an approximation of £(P), which becomes better accordingly to how well P samples P and depends
upon the complexity of the mapping £. We are interested in finding the orthonormal basis By,, := {§; € spanS i\i’; with
N;p << N, so-called Reduced Basis (RB), which is optimal in the sense that among all possible basis choices, By,, is chosen
such that Nis Z?’;l [w® — Ty, w? |2, is minimised, where Ty, (-) = Zf\iﬁ (&;, )&; is the orthogonal projection of a function
on the space spanned by the RB.

This task can be performed by the Proper Orthogonal Decomposition (POD) procedure detailed in Algorithm 1, yielding
the POD-error

N N
1 s . . s
Eop(Nrw) =5~ D_IW? — Ty, WISy = 37 4;, (10)
5 i=1 j=Npp+1
which is related the ordered eigenvalues Aj, for j=1,..., N, of the correlation matrix defined in (11). The size Ny, is

selected to attain a given tolerance tolpop € (0, 1) in terms of relative POD-errors.

Given S, tolpop € (0, 1), do:
1. Correlation matrix:

Ns
1 . .
C=N ijz_l(w(p“)),w(p‘”))vvef ®e; (11

2. Eigenvalues analysis:

cvi=rv Vi=1,2,...,N;, (12

where the order A1 > Ay > --- > Ay, is assumed.
3. Basis determination: The i-th basis vector is constructed as

N
: 1 S .
= > viwpY) Vi=1,2,...Ns. 13
& N, yoi § ®") s (
S
4. RB construction: choose the first Ny, << N such that 1 — ’N; < tolpgp and define

i=1 M

g = o] (14

i=1"

Algorithm 1: Proper Orthogonal Decomposition procedure to obtain the Reduced Basis with a given error tolerance.

In the remaining of the manuscript, we target an RB representation of the traces of solutions on an internal boundary
I" (properly specified later). Therefore we always set W = [L%(I")]¢ with the [L%(T")]%-inner product as our ambient Hilbert
space.
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Fig. 3. Larger and smaller microscale domains and boundary where the enhanced boundary condition is imposed.

Remark 5. Note that POD procedure format in Algorithm 1 is independent of discretisation. As result, the RB can be obtained
even using snapshots with heterogeneous discretisation. Just for computational purposes, e.g., speed-up calculations, we use
coincident meshes on BQZ (see Section 5).

3. Formulation of the method

Before formulating the method itself, it is worth remembering that in order to have a computable microscopic cell
problem, we need to truncate a problem posed essentially in an infinite domain, intrinsically connected to the choices
below:

1. Boundary condition: As already commented, there is no inherently correct boundary condition to the corrector problem
apart from periodic geometries. Notwithstanding, the error arising from the artificial imposition of BCs fades according
to the MD size [45,22].

2. Microscale domain size: regarding the window of observation as a realisation of an underlying random variable that
dictates the microstructure, the larger is such window, the better the heterogeneities are sampled. As result, as the
microscale domain gets larger, the homogenised coefficients tend to the infinite cell values [26,22].

Concerning the microscale domain size decision, we have to leverage two competing characteristics, namely the computa-
tional cost and the accuracy in the two senses above. The remaining option to increase the accuracy without interfering the
computational cost is improving the BCs choice. Therefore, the main contribution of this work is to bring errors due to BCs
choices in small MDs down to the same levels of larger domains.

The very central rationale behind the method is the reduction of the computational domain in the local problem, as
depicted on the rightmost column of Fig. 1. First, according to the final accuracy desired and the computational effort we
can afford, two given sizes of microscale domains should be chosen (see Fig. 3). The larger cell is denoted Q! and is
used for the computation of reference solutions, so-called High-Fidelity (HF) solutions, by using a chosen classical BC. On
the other hand, Qﬁ is the smaller MD (reduced) where the corrector problem is solved with an enriched, non-classical, BC.
Instrumental for formulation of the admissible space that encodes such novel BC is the parametrised PDE setting, introduced
in the following section. Such a structure is an essential step towards the use RB-ROM framework, which justification is also
provided along this section.

3.1. Reformulation of the multiscale problem in terms of parametrised PDE

In this section, we aim at providing a parametrised PDE structure to the corrector problem for solid mechanics. It
is worth mentioning that the conversion of the general problem into its parametrised format encompasses necessarily a
simplification. The practical effect is a new problem with a finite number of parameters that spans a controlled scenario of
randomness, representative of the problem at hand. However, the general idea of the method remains true independently
of the particular parametrisation chosen.

We are interested in approximating the fluctuation @', solution of Problem 1 in an enlarged domain 2, which depends
on some parameters p € P C RN, with Np the number of parameters. Noticing that the triple (e, C,,, V) fully defines the
latter problem, the role of p is to parametrise each of these objects, as respectively detailed in the following subsections.
Importantly, we reserve the word parameter, and notation p, to designate non-fixed properties, i.e., those that should be
sampled. For other numbers helping to define the problem, but that are fixed, we omit their explicit dependence. Impor-
tantly, the space V,, stands for different spaces depending if the problem is formulated on Qﬂ or Qﬁ. For QL’ due to lack

of previous information, we fix V,(Q}]) =V (Q}), leading to Problem 1 rewritten as follows.

7
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Problem 2 (High-fidelity parametrised corrector PDE). Given p € P, find @)} € V[ (R/}) such that

a(p;aj, v) =b"(p;v) WweV (@), (15)
where

a” (p: &}, v) = (CL @ Vi, VW) 2 o). (16a)

b (p1v) = —~(Cu(@)E®). V)12 o). (16b)

To reduce the problem into QF, we choose v e V[ (Qf) such that Vigr € vi(QR) and Vigiqk = 0, inducing the follow-
ing trial set for the fluctuations

V() = Vu@)(Q) = {n e H' @D gy = (@), : Tagpn = Tyggf (p)} , (17)
W

where the dependence on p is made explicitly and T : [H'(Q)]9 — [L2(0QR)]" is a trace operator. Using the previously
defined spaces, the constrained version of Problem 2 on Ql’i read as:

Problem 3 (Reduced parametrised corrector PDE). Given p € P, find ﬁﬁ € VM(Qﬁ)(p) such that

a*(p:uf,v) =b"(p;v) Wwe V(). (18)
where

GR(E ﬁﬁv V) = (CM(P)VSﬁﬁ, VSV)LZ(QE)y (19&)

b¥ (V) = —~(CL(P)ED)., V*V) 2 gt (19b)

Importantly, we should notice that ﬁl’jlgﬁ = ﬁﬁ holds by construction and, as already commented in Remark 3, the
homogenised stress is invariant upon translations. Therefore, it is convenient to define

Vi@ =Vi® @f) = |n e VEARD: Ty =wm)]. (20)
where w(p) € L2(3Qﬁ) denotes
W(p) = Tyor ) (p) — (ﬁﬂ (p)>QR : (21)
"

Notice that Problem 3 can be rephrased replacing Vu(p)(Qﬁ) by V;(p)(Ql’i). As commented, the new solution is mechani-
cally equivalent (leads to the same homogenised stress). As a result, the only information needed coming from the solution
of Problem 2 is its trace to the internal boundary aszﬁ and the necessary translation to obtain a zero-averaged fluctuation
field in Qﬁ. For convenience, we rearranged this operation in the goal solution w, as above.

The key idea of proposed method is the following: Instead of solving the larger Problem 2 to obtain w, we aim at
obtaining an approximation wV by a method that combines RB-ROM and DNN. This approximation yields to the definition
of the novel set Vﬁ[(Qﬁ)(p) (or just Vﬁ[). Our final goal is to show that Vljtv outperforms the classical choices of BCs.

Finally, before proceeding with the parametrisation of C, and & in Sections 3.1.1 and 3.1.2, respectively, it is useful
to assume the split p = (p¢, pe), where C,(p) = C,(p.) and &(p) = e(pe). The explicitly definition of V{L\f(Qﬁ)(p) is
postponed to Section 3.1.3

3.1.1. Parametrisation of C,

In our context, parametrising the constitutive law is intrinsically linked with the parametrisation of microstructural
geometrical features of material constituents. In this work, since the number of parameters have a direct impact on the
quality of sampling, if we want to keep the number of samples limited, we aim at keeping the geometry and number of
materials simple.

We admit a partition of two materials on Qﬂ where those properties are constant by parts. Let be QﬂJ, Qﬂ’z be

such that 52’1 UﬁZ’z =§Z and Q"' N Q1 =4, ie, a partition of Q)i (see Fig. 3). Each of these materials are linear
isotropic and thus modelled by the Hookean law characterised by the two spatially varying Lamé coefficients A, and G,
or conversely the pair Young modulus and Poisson ratio. It reads

Cpu) =1 WIRT+2G,(WI° ., Vye Q). (22)
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Let us assume A, and G, are linked with QL“ and Qﬂ’z via a constant y > 0. It is useful to define x, : QI — R as
follows

y, ifye Qﬂ’z

. (23)
1, otherwise

Xy ) =

50 2u(¥) == Xy WAy, Gu®) = xy )G, ie, Cuy) = xy WCT),.

To exemplify the parametrisation, for the sake of simplicity, let us consider an elastic matrix containing elastic circular
inclusions in the two-dimensional setting. Let Qﬂ = (0,1)2 and Qﬂ’z composed by union of disjoint balls, distributed
on a lattice. Let Np the number of balls, y{ and r;, i =1,2,..., N, the centre positions and radii, respectively. Hence

QZ’Z = Uf]:’q B(y{.ri), where B(yo.7):={y € RY; |y — yoll <1} denotes the ball centred in yo with radius r. Furthermore,
we assume a regular grid of \/Nj x +/N} balls, for N}, a perfect square number, with positions as follows

2
. B . . .
y(FwN_WH_W(2]—1,2z—1), i,j=1,2,...,y/Np. (24)

Regarding other properties used in the model, for the sake of simplicity, let us take AL, GL, and y fixed. Notice that each

element of ()\}L, G}t, Y, yg, el y?’b) has fixed value and is not considered as a parameter of the problem. In turn, the de facto
parameters ruling (CM are pc = (1,72, ..., TNy)-

3.1.2. Parametrisation of &
Differently as in the last section, the parametrisation of macroscale strain is straightforward and we do not need to
assume any simplification, besides the symmetry of e. Focusing on d = 2, we introduce pg = (Pe.1, De.2, Pe,3) and the

1
mapping pe > €(pPe) = [ ]p;J pr€*3:|. This choice of parametrisation is not unique, but it turns out that in this specific
7Pe3 e,2

choice each component of p, is physically meaningful: i) pe 1,2 is the axial strain along the 1, 2 directions and ii) pe 3 is the
shear strain. Indeed, p corresponds to the so-called Voigt's notation of &, here represented by the mapping Voigt : R?ﬁn —
R3, such that & — pe = Voigt(e) = (e11, €22, £12 + £21). Finally, the extension for d = 3 is immediate, but will not be used
in this manuscript.

Taking advantage of the problem structure in the right-hand side of (15), we can exploit its linearity with respect to pe
by writing

3
b (p; v) =) pe.ib™ (pc, €); V). (25)
i=1

Accordingly, it is easy to see that linearity is also valid for w as follows

3
w(p) =) pe.iw’ (po), (26)
i=1

where w® (p,) := nguﬁﬂ((pc, e;))), for i =1,2,3. We exploit this decomposition in Section 4.2 to reduce the number of
RB constructions.

3.1.3. Parametrisation of Vﬁ/

By defining a learning-based set Vﬁ[ , the goal is to characterise the set where fluctuations live as accurate as possible
(not necessarily as large as possible) based on the prior knowledge decoded in the RB-ROM and DNN model. Indeed,
we must recall that Vﬁ/ aims to approximate VM(QIS) in Problem 3. To this end, let us assume we dispose of an N;,-

dimensional RB By, = {£;; &; € LZ(BQZ), i=1,---, Ny} and the mapping N : RN» — RNn_ We postulate

Nrp
VD) = ne VA Tygen =D IN®& { =V +&) @), (27)

i=1

where ﬁl/y(p) € VﬁA is a continuous extension of Zfﬁ"l [N (p)]i§; € L2(asz,’j) to Q8 whose construction is detailed next.

Solving Problem 3 with solutions in V,(p) involves finding ﬁg P € Vb and the explicit form of ﬁﬁ/ Pp) € VN such that
ﬁz ») + ﬁﬁ/ (p) € V. (p). Hence, Problem 3 encompasses the solution of two sub-problems: i) find ﬁg (p) € VIJLV such that

a®(p: ), v) =b"(p;v) WweV], (28)

and ii) find @) (p) € V£ such that
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a*(p: ) (p).v)=0 wweVk. (29)

This decoupling is possible thanks to the linearity of the problem.

Remark 6. It is worth mentioning that in general V{L\f is not a subset of Vﬁ” . In Appendix B we prove this does not impose

any limitation to the method and that, in fact, we can equivalently rewrite the original problem using a set (VIJL\/ ) C (V}‘{’ )
just by incorporating a new term on the right-hand side of the variational formulation in Problem 3.

Remark 7. In practice, it is more convenient to solve Problem 3 (using Vl/}/ ) at once rather (28) and (29) separately. However,
this split motivates and justifies the structure V{L\[ postulated in (27).

3.2. Overview of the method

Before digging into methodological details of (Deep) Neural Networks (Section 4), it is useful to start a short overview
of the method we propose. For easiness of notation, thereafter we denote our method as DeepBND, which stands for Deep
Boundary, as reference of a deep learning methodology to enrich multiscale problems with more accurate BCs. It is worth
highlighting that the basic requirements behind the development of DeepBND and the strategies adopted to address each
of them are the following:

1. Computational efficiency: coupled multiscale simulations are computationally demanding by their very nature. Since the
local-problem solving is embarrassingly parallel, this step is the most critical regarding the optimisation of the method.
Therefore, such speed-up is mandatory and our main strategy is to reduce the microscale domain.

2. Accuracy: To keep the same accuracy of more computationally demanding larger microscale domains, our strategy focuses
on the choice of a more precise BCs for smaller microscale domains.

3. Exploitation of a priori knowledge: To be able to enrich the corrector problem with more suitable BCs, we exploit pre-
vious knowledge from pre-computed accurate solutions, also called high-fidelity (HF) solutions, which are necessarily
more computationally demanding. This is performed by fully exploiting the potential of Reduced Order Modelling using
Reduced Basis Method (RB-ROM) in combination with (Deep) Neural Networks (DNN). The use of RB-ROM allows for a
more compact representation of the BC, reducing the size of the needed DNN, by automatically ranking the basis in a
meaningful order of importance, which will be also exploited to suitably calibrate the training process of the DNN in
next section.

4. Easiness of implementation: The very mathematical structure of the local problem is unchanged, only the BCs are
touched. Our method leads to non-homogeneous Dirichlet BCs, not leading to any additional difficulties in terms of
implementation.

As usual in RB-ROM strategies, DeepBND can be structured into offline and online phases. Having chosen some meaningful
microstructural parametrisation for the HF problem at hand, the main goal of the offline phase is to find a mapping that
translates parameters from the high-fidelity problem into an accurate BC of the problem solved in the online phase. It
consists in the following pipeline: i) the dataset acquisition by simulating those models for some representative sampling
of the parameter space, ii) the RB construction using the previous dataset, iii) extraction of relevant features of the dataset
through the orthogonal projections onto this RB and, iv) the training of a DNN model aiming to predict these projections.
Mathematically, this procedure results in a) By,, = {§; € [H1/2(89M)]d}1&ﬁ, a RB with N;, functions and b) the mapping
N :RN> — RN where N is the number of parameters of the high-fidelity model. As for the online phase, we can predict
the Dirichlet-like BC encoding these two previous outputs into Vﬁ/ for a given parameter of the HF problem p € RNr,
Finally, we proceed by solving the reduced corrector problem followed by some homogenisation post-processing. The general
outline of the method is depicted in Algorithm 2.

Offline phase: Online phase:

1. Dataset generation 1. Given a microstructure and a micro-strain: Prediction of BC using the DNN
2. Reduced Basis Construction 2. Solving the microscale problem (Problem 3) using the BC of step 1.

3. Features extractions (Input-Output) 3. Homogenisation of the obtained solution

4. DNN training

Algorithm 2: General workflow of the DeepBND method detailing Offline and Online phases.

It is worth mentioning that the RB-ROM and DNN concentrate most of the computational efforts in the offline phase rather
than in the online phase. To generate the dataset, some parametrisation of the microstructure should be chosen, together
with the range of these parameters, their probability distributions, and sample strategy. This is a problem-dependent choice

10
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Fig. 4. Multilayer Perceptron Neural Network with N; hidden layers.

and we discuss in Section 5 the examples treated in the manuscript. In turn, the final cost added in comparison to a
standard coupled multiscale simulation is the evaluation of a DNN model to determine the BC that feeds the corrector
problem solver. The DNN evaluation step (prediction) is many orders of magnitude less computationally demanding than
the corrector problem numerical solution, by using FEM for example.

4. Designing the neural network

In this section, we introduce the DNN model to predict the BCs. As mentioned before, we aim at characterising the
nonlinear mapping from the parameter space into RB coefficients A : RN» — RNn_ In terms of DNN architecture, our
model is based on two instances of the standard fully connected Multilayer Perceptron (MLP) model, which is revisited in
Section 4.1, combined seamlessly to exploit: i) the splitting between macro-strain and microscale constitutive parameters
and ii) the problem symmetries. We also explore such principles for dataset and RB generation (Section 4.2), which, in fact,
naturally leads to a specific format for combining MLP submodels, as explained in Section 4.3. Regarding the loss function,
we also adopt a non-standard setting motivated from the RB-ROM (see Section 4.4).

4.1. Basic notation for Deep Neural Networks

Here we review some basic concepts and notation for supervised learning using DNN. For the interested reader, we refer
to [19,14] for a deeper presentation.

Let D = {(@®, D) e R™ x R":i=1,...,Ns} be a dataset with N; samples (or snapshots). We aim at finding the
mapping N'(0; ) : R™ — R" such that it minimises the regularised empirical risk

N
1 X , .
; 0] (i)
min N izgl LN@;a'), ") +AR(0), (30)

where £:R™ x R™ — R is the so-called cost or loss function, and R : RP x R™ — R™ is a regularising function controlled
by an intensity factor A € R™*. The vector # should be understood as a collection of parameters that defines the mapping
N(8; ), which is taken accordingly with the usual definition of the MLP architecture for DNN [14]. The size of 6, and thus
the complexity of the DNN, depends on the pre-fixed number of hidden layers N; and the quantity of neurons in each layer
(see Fig. 4 to help with the interpretation).

Moreover, concerning the practical implementation of the training, i.e., the optimisation procedure to solve (30), we use
the ADAM version of the stochastic gradient with mini-batches, and, as regularisation techniques, we make use of dropout
[42], I regularisation, and early stop based on the validation error [14]. The exact numerical values used in our examples
are specified in the appropriate section.

4.2. Dataset and RB construction strategies

As seen in Section 3.1.2, the trace w of the fluctuations on HQﬁ. is the linear combination of auxiliary solutions obtained

to each load direction (w("), for I =1, 2, 3. Obtaining them involves fewer parameters, since the loads are fixed in unitary
directions, which lead to a reduced parameter space to sample. In other words, exploiting this property in the dataset
generation means that for a fixed number of high-fidelity snapshots, we can sample better a smaller parameter set P, ¢ RN

11
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Fig. 6. DeepBND-NN architecture: exploiting the physical structure of the problem using a combination of MLP submodels and RB functions.

instead of 7 c RN», where Np = Np+3 (in 2D). In this regard, it is also important to maximise the covering of P, by using

a smart sampling strategy, for example one of the Quasi-Monte Carlo Family such as the Latin Hypercube Sampling (LHS)
used in this work.

Furthermore, in terms of mechanical load, solutions w and w® as in (26) are equivalent in the sense one can be
obtained by rotation of another, as depicted in Fig. 5. Hence, choosing N7, basis functions to satisfy some accuracy criteria,
N/
. ()] _ ()] Tl . ) _ . . .. .
we obtain BN;—b = {g,. }i=1 associated to w'” for I =1, 3, by applying the POD procedure of Algorithm 1. The missing basis

BI(VZ,) can be obtained by B’(VZ,) = Q% B,(V],), where the anti-clockwise rotation of 7 /2rad is applied for each function in the
rb rb rb

basis by means of the orthonormal matrix Q%. On the other hand, for a given p. € RNc, the solution w® (p.) transforms
according to

W (pe) = W(pe, €2) = Qg W(( 7' (B). €1) = Qe W (7 (B0)), (31)

where ;! denotes a permutation on the parameter vector entries to reflect a clockwise rotation of 7 /2rad on the mi-

2
crostructure pattern (see Fig. 5). The actual format for the permutation is problem- and implementation-dependent. In the
next section, we retake these ideas to construct the DNN model that predicts the BCs.

4.3. DeepBND-NN model: definition and combination of the axial and shear DNN submodels

As already commented, before defining the DNN model, we need to obtain a DNN submodel for the axial unitary macro-
strain (without loss of generality, chosen here as the horizontal one) and another DNN submodel for shear unitary macro-
strain. Following the previous conventions, we denote them as N, A’® : RNs — RN, for the axially horizontal and shear

loading, respectively. In turn, for the axially vertical loading, we invoke (31) to define N'@ (p) = N'(D <7t _%1 (p)).

12



F. Rocha, S. Deparis, P. Antolin et al. Journal of Computational Physics 479 (2023) 111996

Finally, the BC prediction for some p € RN» reads as

3 Ny
@) @)lygs = et | 2NV @€ | € 2O (32)
=1 j=1

It is important to mention that by taking into account the physical structure of the problem into the DNN architecture
(reviewed in Fig. 6), we are able to: i) minimise the size of datasets needed since the size of parameter space (input)
is smaller for each submodel; ii) use fewer number of neurons and layers (smaller complexity of the DNN architecture)
since the prediction of directional load-wise solutions are also less complex; iii) profit from the full advantage of the RB
representation due to their specialisation according to the load; iv) use fewer RB modes for the same accuracy; v) naturally
take into account symmetries concerning horizontal and vertical loads and vi) training of 2 instead of 3 submodels. All
points mentioned here are intrinsically related and overall render better accuracy and smaller computational burden in the
dataset generation and training.

4.4. DNN-POD error analysis and loss function choice

In this section, we precisely define the total error committed in the BC prediction, which accounts for the intrinsic
truncation error when a RB is chosen (POD error) and also the error due to the DNN prediction. The latter naturally yields
to the natural choice for the loss-function £ used in (30). All notation here should be understood for one specific load, axial
or shear, with indices omitted for convenience.

First, let us consider some By,, and S given. For some i =1,..., Ny and target HF solution wdeSc Lz(aszﬁ), let us

denote its projection upon spanBy,, as II Nrbw(i) = 2721 ﬁj@‘.;' j» Where ﬂj(.i) represents its projection along & ;. Analogously,
we denote the DNN prediction of w® as w(® := 3" B;DE j € span By,,, where /31@ follows the same interpretation of /3]@.
A natural choice to measure the expected error is to consider the empirical averaged error over all elements of S namely

1 &

2 - A ()2

EF(Nm) = - 2; I = wOlE G on) (33)

i=
where the sub-index (-)7 stands for total error, as opposed to the contributions to the POD and DNN errors defined next.

To this aim, using the fact that w® — Iy, (W) € (spanBy,,)* and that By, is orthonormal, it yields

W — WO, o) = I —w® + Ty, W) — T, W o
By - . -
— WD Ty, (W(l))”mmﬁ) 4w — Ty, (w(z))”LZ(mﬁ)
= 18" = BY2 + jw® — Iy, (w2 fori=1,...,N;. (34)

12(3QR)’

The boldface notation for B(D and ﬂ“) simply mean the component-wise collection for their respective projections for a
snapshot i. Note that the second term of the above expression when averaged over the N snapshots corresponds to the
POD mean squared error (SIZ,OD) already defined in (10). On the other hand, the first term accounts for the DNN error, in
which the mean squared version is defined below

N
1 o 50 i
Ebnn(Nm) = =D I8 — VI3, (35)
5 i=1
The expression above provides a physically-based formula for the loss function to be considered in (30). More precisely,
Nrp

A (i . 1 2 i
B By = N eiB) =B, (36)
L

_ )— gmin o . . . .

where we have used the min-max scaling (-) = % (both for ﬁ;') and ﬁ}')). where: g = min; ,3;'), B = max; ﬂj(.l),
(R

wj = (B™ — BTN, for j=1,..., Nyp.

Finally, we can rewrite (33) as

EF(Nip) = EANN(Nrb) + E3 o p (Nip), (37)

where we should notice that while 81%013 has a monotonous decreasing (w.r.t. N,,) estimation given by (10), the S%NN
depends on the DNN architecture, initialisation, optimisation algorithm, etc. Therefore, to assess an optimal N,;, for a given
DNN architecture we should study the trade-off between these two errors. This is explored in Section 5.

13



F. Rocha, S. Deparis, P. Antolin et al. Journal of Computational Physics 479 (2023) 111996

Table 1

From left to right: the two Lamé coefficients (1}, and G},) for the
matrix and the multiplicative constant factor () in the inclusion
applied for both previous coefficients. The values for )L}L and GL
corresponds to E = 1.0 (units disregarded), the Young modulus,
and v = 0.3, the Poisson ratio, using standard transformation ex-
pressions for Hookean isotropic media.

1 1
AM Gu y
0.576923 0.384615 10

It is worth highlighting that the RB-based strategy adopted also induces a specific choice of weighted mean-squared error,
where weights are given by eigenvalues found in the POD procedure, which are ranked by magnitude. This choice also leads
to a natural total estimator in the Lz(aﬂl’i)—norm, which is the intrinsic choice to measure the BC discrepancies, that links
the loss function reached in the training and the error committed by POD truncation itself. Importantly, each submodel can
be trained separately and be put together only for prediction purposes, which is interesting from the computational point
of view.

5. DNN model construction: datasets, RB, and training

In this section, we specify the choice of numerical parameters adopted to assess our method. We choose to constrain the
more general setting of Sections 3.1 and 4. As for the size High-fidelity and Reduced domains with respect to the number
of inclusions, we take QZ containing 36 circular inclusions arranged in a 6 x 6 grid, with and Qﬁ restricted to the central
2 x 2 grid. We refer to the Remarks 9 and 8 to comments about this particular choice. The fixed coefficients used in all
simulations are presented in Table 1, while the random sampling of the inclusion sizes, which are the random parameters
of the problem, are shown next.

Concerning the inclusions, they are placed in a 6 x 6 grid (see (24)), so N, = 36, with radii computed as follows

r) =exp@+0"b) € [Fmin, Tmax], ~ j=1,....Np, i=1,..., N, (38)
L L L Lt 0) . .
where a = 10g(rmaxImin), b = log(?:ﬁ), Tmax = 0.4J—[‘;7 = 15 and rpip = 0.1\/—1'37 = 5o and 9]. €[—1,1] is a random variable

detailed next. The strategy (38) is used by [28] in a similar scenario and has the advantages of being empirically inspired and
also a simple manner to constrain the value range for the radii. Regarding the sampling, we use the LHS with an underlying
uniform distribution to sample 91(") for j=1,...,Np, i =1,..., Ns. Notice that the LHS requires a priori knowledge of
Ns and Np, since it aims at achieving an optimal coverage of the high-dimensional parameter while keeping the number
of samples small. Indeed, each realisation is not independent from each other. We use the default LHS implementation
provided scikit-opt library [4], with three different seeds for random generation and sample sizes according to Table 2,
yielding the samples P, P2 and P®), Examples of some realisations of microstructures are found in Fig. 7.

As already discussed, the DNN model construction encompasses the RB extraction and the training of a DNN for a given
dataset, denoted here as training/RB dataset, with size Ngm"" = 51200. Moreover, from the point of view of DNN training, we
also need to simulate auxiliary datasets for validation and testing reasons, in which the size is assumed to be respectively
20% (N;’al = 10240) and 10% (N = 5120) of the training/RB dataset size. Importantly, each dataset is considered for the
axial and shear loads separately, as summarised in Table 2. y

It is widely known in the multiscale solid mechanics literature that the volume fraction ¢ = % is a random variable
that plays a crucial role in the final solution. Consequently it is worth looking at how this variable is indirectly sampled
by the assumed random generation algorithm, which focuses only on individual radii. In Fig. 8, checking the histograms
of ¢ for P, P®@ and P®, we can observe that, although not implicitly enforced, the resulting underlying probability
distribution seems to be consistent along the several datasets. We can also perfectly use another sample strategy, provided
that the resulting volume fractions remain close to the range that the model was designed for.

For obtaining the HF solutions, we use the FEM with quadratic polynomials in triangular meshes. For the mesh generation
using gmsh [13], we have imposed 20 equally spaced divisions for each internal boundary segment (bottom, right, top and
left of aszﬁ ), making a total of 160 degrees of freedom on the boundary, for all snapshots. The overall unstructured mesh on
QZI is then generated using the corresponding characteristic length size of the internal boundary. Accordingly, the number
of functions in the RB will be at most the total number of degree of freedom on the boundary, and the associated POD-
error should vanish close to this value. Indeed, the largest RB considered here is 140, which actually gives practically zero
POD-error.

Concerning the computational time, all simulations were performed in a cluster with 80 (160 threads) Intel(R) Xeon(R)
Gold 6148 CPU @ 2.40 GHz cores and the results of solving each HF simulation are resumed in Table 3. The Total Time
displayed is an estimate based on the statistics computed over all snapshots, i.e., the number of snapshots times the mean
time spent per snapshot. The Wall Time is computed supposing the use of 32 cores and such that the Total Time is split

14
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Table 2
Summary datasets for the different combinations of “Load/Use” scenarios. Each “Use” is
associated with one LHS run for a given seed and number of samples.

Index Load Use Size (N;) Sample

1 Axial Training/RB NIb = 51200 P® (LHS(N?, seed =1))
2 Shear Training/RB N = 51200 P® (LHS(N"” seed =1))
3 Axial Validation NYa = 10240 P® (LHS(NY, seed =2))
4 Shear Validation NYa = 10240 P@ (LHS(NV“’, seed =2))
5 Axial Testing N =5120 P® (LHS(NES, seed =3))
6 Shear Testing Nies =5120 P® (LHS(N, seed = 3))

(a) p(63 c ]P)(l) (b) p£24567) c ]P)(l) (C) p(4231) c P(2)

Fig. 7. Some realisations of microstructures for the high-fidelity model showing the different phases of Qﬂ: Qﬁ’l in blue and Qﬂ'z in red (for interpretation
of the colours in the figures, the reader is referred to the web version of this article).

Histogram for Datasets Training/RB (P(!)) Histogram for Datasets Validation (P(2))

—— N(0.271942,0.017898)

—— N(0.271942,0.017933)

Probability Density
Probability Density

0.22 0.24 0.26 0.28 0.30 0.32
Volume Fraction Volume Fraction

0.24 0.26 0.28 0.30 0.32 0.34

Histogram for Datasets Test (P())

—— N(0.271942,0.018055)

)
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—
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e

0.22 0.24 0.26 0.28 0.30 0.32 0.34
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Fig. 8. Volume fraction histograms of three different types of datasets. The notation N(-,-) represents the fitted Normal distribution (do not mix with a
DNN).

equally. These estimates make sense only in embarrassingly parallel scenarios, as it is the case of the problem at hand.
Notwithstanding, the ultimate time expended depend on many other factors, which are out of the scope of our analysis,
such as the implementation, number of cores/threads, memory available, etc. Furthermore, the time expended in the RB-
ROM steps and the mesh generation is negligible compared to the Wall Time for the training/RB dataset, and for this reason,
we do not report them.
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Table 3
Computational cost of the dataset generation.
Training/RB Validation Test
Time per snapshot(s) 4316 +5.34 45.11 +10.60 47.91 +12.96
Total Time (h) 613.8 128.3 68.14
Wall Time (h) (32 Cores) 19.18 4.009 2.129

RB-POD Approximation Error
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Fig. 9. Error committed in the RB-ROM approximation.

Finally, by applying POD procedure of Algorithm 1 to the datasets 1 and 2, we can evaluate the committed error in the
sense of (10), as shown in Fig. 9. This error represents the best expected approximation of the BC in the sense of Lz(an’i),
i.e., with no error due to the DNN approximation. We can verify these two errors are comparable, with a slight advantage to
the shear over the axial model, for a given number of RB functions. As result, we have adopted the same DNN architecture
and number of RB in both models, since they have comparable complexity.

To define the models N and N'®| it is worth studying the sensibility of the total error &7 with the number of RB (see
(33)). It is reasonable to expect that at some point the decreasing of £ppp may not compensate the increasing of Epyy as
N;b gets larger. Therefore, we have considered N;b € {5, 10, 20, 40, 80, 140} and have trained 6 different DNN architectures
(one for each N7, ), which do not differ regarding the hidden layers, but only the number of entries on the output. Also,
we have considered a DNN architecture of 3 hidden layers with 300 neurons each. As activation functions, we have used
the Swish [31] in the hidden layers followed by a linear activation in the output layer. To regularise the model, we have
used the dropout with probability of retention p = 99, 5% in all hidden layers and A = 10~8 for I? regularisation for all
weights and biases. The DNN has been trained using the ADAM optimiser with default parameters and mini-batches of 32
samples. An adaptive learning rate has been employed, decreasing linearly from 5.0 x 10~# until 5.0 x 10~ in epoch 5000
(last). It is worth mentioning that we reached these values by systematically testing combinations of smaller architectures,
regularisation values, and activation functions. Therefore, such values should be understood as guidance for problems with
similar complexity and dataset sizes, although there might be still room for small tunings. Finally, we used Tensorflow
[1] for the implementation, and the final model is assumed to be the one yielding to the least loss function value in the
validation dataset.

In Figs. 10(a) and 10(b) we can see the loss function history (S%NN) for the axial DNN model using N/, =5 and N, =
140, respectively. Loss function values are naturally larger for N, = 140, since the output has more entries. The loss function
evaluated on training and validation differ considerably as result of regularisation, which is not used in validation, the latter
turning out to be smaller. For the last epochs, the validation reaches a plateau while the training error continues to decrease
slightly. This indicates that the model reached its full capacity while avoiding overfitting. The very same comments apply to
Figs. 11(a) and 11(b), for the shear DNN model. For the results with different N;,, check Appendix C.

Lastly, the final trained DNN models are compared in terms of the DNN, POD, and total errors (in test datasets) in
Figs. 12(a) and 12(b) for the axial and shear cases, respectively. For the axial case we observe the least total error for
N/, =140 while in the shear case both N/, =80 and N;, =80 give equivalent quantities. Therefore, we choose to keep
N;b = 140 to the numerical examples of next section.

Remark 8. It is worth remembering since we are using relatively small MDs (Qﬁ and Qﬁ) if compared to the size for
a Representative Volume Element (RVE) [40], homogenised quantities can significantly vary according to the specific mi-
crostructural random realisation [22,26], and also due to the applied BC influence [22,45]. The gap between Qﬂ and Qﬁ is
motivated by the idea of weighted or truncated average [45] and aims at decreasing, practically eliminating, the bias of the
classical BCs applied in aszﬂ. The subsequent physically-based learning-prediction process derives a most suitable adaptive
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Fig. 10. Historic for the loss function minimisation in Axial model A/). Training loss evaluated with regularisation (dropout and [?), while validation loss
in prediction mode (regularisation disabled).
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Fig. 11. Historic for the loss function minimisation in Shear model A/®. Training loss evaluated with regularisation (dropout and I2), while validation loss
in prediction mode (regularisation disabled).

BC for aszﬁ, which lies in the manuscript’s core contributions. On the other hand, the usual remedy for the subsampling
assumption is to resort to stochastic finite element techniques [22,44,29]. In the examples of Section 6.1 and 6.3.1, we miti-
gate the effect of subsampling by comparing results in terms of means and standard deviation values among several random
microstructural realisations. However, the rigorous treatment of subsampling altogether with the BCs will is out of the scope
of this contribution.

Remark 9. It should be mentioned that disregarding factors such as the DNN training and database sizes, in a broader sense,
the chosen sizes for Qﬂ and Qﬁ sets a theoretical lower bound for the accuracy of the method. As already mentioned, it is

known that this error decays with the MD size [45] in a ratio of L17 with proportionality constants dependent on the type

of classical BCs. A deterministic study for periodic media can easily be performed by replicating unit cells. Nevertheless, for
non-periodic media, a precise statistical analysis that also accounts for the dispersion of heterogeneity is more challenging,
and performing it is out of the scope of this work (see for instance [43,40]).

6. Numerical examples

In this section we aim at assessing the DeepBND method in practice, i.e., in coupled two-scale simulations, also known
as FE2 [10]. Two kinds of problems are considered (recall the notation of Fig. 1): i) the first with a strong scale separation,
i.e,, the size of heterogeneities is several orders of magnitude smaller than the dimension of the body such that L, «L;
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Fig. 12. Mean Squared Prediction error (test datasets) for the [H”Z(aQ,L)]d: DNN and POD contributions yields to the Total error.

and ii) the second with L, < L with about one or two orders of magnitude of difference. As already commented, the
computational homogenisation approach is best suited for the i)-kind-problem, however due practical reasons ii)-kind-
problem is also interesting since only in this situation direct numerical simulations (DNS) are feasible. The two kinds of
problems differ substantially in terms of how the microstructures are generated at integration points. We postpone the
presentation of further details to Section 6.1 and Section 6.2.

Before digging into the numerical results, it is worth mentioning that we aim at answering the following questions:

1. How does DeepBND compare in terms of accuracy with the periodic condition using the high-fidelity solution as refer-
ence?

2. How does DeepBND compare in terms of computational cost the high-fidelity model?

3. How does DeepBND compare in terms of accuracy with the periodic and high-fidelity approaches using the DNS as the
reference solution?

Here, it is worth recalling that the DeepBND and periodic models refer to local problems posed in Qﬁ, thus with the BC

imposed on 9%, while high-fidelity stands for local problems 2, with periodic conditions imposed on 39,’1. We decided
to choose periodic BCs for comparisons, since it is widely accepted that this model usually leads to more accurate results
in contrast with classical models for BCs. As a natural choice, we answer questions 1 and 2 above using a i)-kind-problem
(Section 6.1), and question 3 using a ii)-kind-problem (Section 6.2).

As a proof-of-concept, we also reconsider the i)-kind-problem with different kinds of inclusion patterns, such as ran-
domly oriented ellipses and circular inclusions with random positions. The details of the database generation and results
obtained are presented in Section 6.3.

Concerning the computational framework, in all numerical examples we use the micmacsfenics library [33], an open-
source Fenics-based library for the implementation classical BCs in the FE? setting, which can be alternatively found as part
of multiphenics [5]. As for the DeepBND part, we have used deepbnd [34].

6.1. Cook membrane

In this example for i)-kind-problem we apply the DeepBND to the so-called Cook Membrane, a classical benchmark in
solid mechanics normally used to test numerical methods for incompressible material [41], but also used in computational
homogenisation [37] and to test ML-based surrogate models [24]. It consists in a solid structure with dimensions as in
Fig. 13(a) subjected to an homogeneous distributed vertical load t on the rightmost face. The magnitude of t and the
material model itself varies among the literature considered. Therefore, for the sake of simplicity, we decided to consider
the very same material as used in the dataset construction of Section 5 and t = (0, 0.05), which gives approximately the
same vertical displacement of the tip A found in [41].

We aim at comparing the results obtained using the boundary conditions i) DeepBND and ii) Periodic against our refer-
ence solution, obtained from high-fidelity microstructures. For the sake of simplicity, we choose the MDs randomly from the
validation and test datasets from Section 5, already at hand. They are sorted among the elements without repetition, which
is possible since there are fewer integration points in the finer mesh than the pre-simulated structures microstructures
available. To obtain more reliable results, we always report results considering the average over 10 realisations, where each
realisation should be understood as a different sorting of MDs along the integration points. Importantly, also notice that due
the scale separation, the MDs choices keeps no neighbouring relation.
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Fig. 14. Convergence of the vertical displacement at the tip (A) in averaged values for 10 realisations of the MDs sorting.

As first study, we consider the convergence of the vertical displacement of the tip A (Fig. 13(a)) with respect to the
mesh divisions in the vertical direction. The coarser mesh looks like the one depicted in Fig. 13(b), with 5 regular divisions
along the vertical direction and a the horizontal number of divisions such as we keep the same characteristic length of the
rightmost side. We then build the other finer meshes with 10, 20, 40, and 80 divisions. We can see the results in Fig. 14,
where a clear advantage of DeepBND against the periodic can be observed when compared with the high-fidelity results. In
numerical terms, for the finest mesh we have gained between one and two orders of magnitude in the mean relative error
norm (see Table 4). Moreover, the variability in the relative error is also decreased, corroborating that DeepBND introduces
less boundary layer spurious biases on the results if compared with periodic condition.

It is worth remarking that the average procedure to report the results has been adopted to increase the confidence of
the obtained results, mitigating the effect of the microstructure subsampling with small MDs (see Remark 8). We should
also note that the reference case (High-Fidelity) is itself homogenised in QZ, hence our comparisons focus exclusively on
the effect of the BCs choice, being worthwhile regardless of the subsampling assumption, which is equally present for all
the cases simulated (DeepBND, periodic and High-Fidelity).

As a second comparison, Fig. 15 shows the von Mises equivalent stress field for the different models, where we can
notice that the results for the periodic case (rightmost plot) are considerably noisier, which means worse, compared to
the DeepBND simulation (central plot) that visually presents identical results to High-fidelity solution (leftmost plot). Such
discrepancies become clearer by plotting errors of the Von Mises stresses, as depicted Fig. 16, in which DeepBND performs
about 3 orders of magnitude better than the periodic case. Similar conclusions for the stress are also retrieved component-
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Table 4
Relative errors in the finest mesh.
DeepBND Periodic
Vertical Displacement A 7.923 x 1074 £1.091 x 10~* 1.417 x 1073 £ 5.496 x 104
Von Mises B 2.185 x 1074 £ 1.758 x 10~ 3.126 x 1072 4+ 1.722 x 1072
Von Mises C 2.444 x 107% £1.799 x 10~ 1.096 x 1072 £1.060 x 102
Von Mises D 1.288 x 1074 £9.262 x 107> 6.096 x 1073 +4.362 x 103

Table 5

Computational cost for the simulations using DeepBND and High-Fidelity cases. To a fairer
comparison in terms of computational times, note that the values reported for the High-
Fidelity corresponds to the case that is implemented via homogeneous Dirichlet BCs (Linear
BC space), thus differing from those from Table 3, implemented with periodic BCs.

DeepBND HF MD (Linear BC)
Time per snapshot(s) 0.5148 + 0.09548 30.56 +7.238
Total Time Finer Mesh (h) 1.831 108.6
Wall Time Finer Mesh (h) (32 Cores) 0.05722 3.394
Speed-up (ratio time per snapshot) 59.36x 1x

vonMises
vonMises
vonMises

@ oym - (b) o © ot

Fig. 15. Comparison for the Von Mises Stress (oym) in the Cook membrane.

wise in Fig. 17. Analysing Fig. 15, 17, and 13(a), we can see that points B, C and D were placed where extreme values for
stresses are retrieved. Comparing the Von Mises stress along all realisations, DeepBND gains between one and two orders
of magnitude in accuracy with respect to the periodic case, depending on the point considered, as also seen in Table 4.

In terms of computational times, we can see in Table 5 that the computational speed-up reached by DeepBND with
respect to HF with linear BCs was about 59x. This number refers only to the embarrassingly parallel part of the problem,
which in this case is the assembly of FEM matrices for the macroscale problem, specifically the solution of the local prob-
lems. The remaining fixed time for solving the macroscale problem is the same, hence no reason of including it here. Also,
the mesh generation is not taken into account, but if taken, the speed-up would be even higher. The DeepBND was not
compared directly with periodic BCs times, since due to the more efficient native Fenics/Multiphenics implementation of
enforcing Dirichlet BCs with DeepBND, instead of the periodicity which is imposed by Lagrange Multipliers with additional
pure Python routines.

In contrast, an approach combining ROM and DNN aiming at fully replacing constitutive laws with surrogate models
reports 20x speed-up (comparing with the same authors’ customised implementation of the FE2) [12]. Although not directly
comparable, the aforementioned contribution and the DeepBND show the same order of magnitude for speed-ups, which
at least corroborates positively with the competitiveness of our approach. On the other hand, the computational gains we
reported previously are fairer in the sense the same computational implementation is concerned and it compares strategies
targeting the same goal.
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Fig. 16. Comparing DeepBND and periodic simulations in terms of absolute and relative errors of the Von Mises Stress (oym) for the Cook membrane.

6.2. Clamped bar using DNS

The last test of the new multiscale methodology aims at assessing its performance in terms of accuracy and computa-
tional cost with respect to other multiscale methods in comparison to direct numerical simulations (DNS). In this second
numerical example, for easiness of microstructures constructions, we adopt a rectangular bar Q = [0, Ly =4] x [0, L, = 1]
as macroscopic domain such that it is clamped on the left and loaded with a uniform shear on the right t= (0, —0.2), as
in Fig. 18. The material is organised by a NPNS x NPNS grid of HPNS = L,/NPNS = L, /NDNS squared blocks in which each
block contains a random sized circular mclusmn. The mesh for the DNS simulations is generated with the characteristic
length h ~ HPNS /15, which is similar to the one used in the dataset generation. We consider N?Ns € {24, 72}, to study two
different approximations with respect to the DNS, which is expected to be more suitable for larger N }‘,)N $_ Just for visuali-
sation purposes, we show in Fig. 19 one realisation of a structure with NJL,’N S = 7. Moreover, it is worth remarking that the
mesh generation for larger N J’?NS becomes cumbersome and computationally costly. Finally, it is also worth mentioning that
the bar geometric dimensions were inspired by [24], however as in that reference the results presented were merely visual,
we decided to compare DeepBND against HF and periodic models only.

Concerning the multiscale simulations, we use a regular triangular mesh with 100 divisions vertically and 400 horizon-
tally. Notice that this mesh is several orders of magnitude coarser than the DNS, which makes the FE? simulations still
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Fig. 17. Comparison Cauchy stress components in the Cook membrane.
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Fig. 18. Clamped bar scheme showing geometric dimensions and loads. The integration point is represented by (x) and underlying HF cell centres by
circles. Colours indicate the correspondence between the centres and respective window.

Fig. 19. Realisation of bar with NPN$ =7 and NPN® =28.

appealing, despite its also elevated cost. As usual, one MD should be associated at each integration point. Differently from
the previous case (Cook’s Membrane, Section 6.1), now the microstructures have to keep some relation with its neighbour-
hood. Given an integration point, we choose the associated MD as the 6 x 6 window having the closest centre point, and
then we proceed as before by identifying the reduced 2 x 2 window and predicting the BCs. This strategy is depicted in
Fig. 18, where the dashed windows are associated with the respective centre (circles) of the same colour. Notice that in total
the number of different MDs are (NPN* —5) x (NDN® — 5), which makes 1729 and 18961 for N)NS =24 and N)NS =72,
respectively.

Concerning the results, each structure has been solved using quadratic polynomial elements for the DNS mesh (DNS
solution) and using the multiscale approach, with the MDs selected as aforementioned, for the DeepBND, periodic, and the
HF cases. The latter cases have been compared with the DNS solution with respect to the L2 norm, and the Euclidean norm
for displacements at points A and B (see Fig. 18). We can see in Fig. 20(c) that relative errors for the NJ’?NS =24 case
are of order 1%, with slight advantages for the HF and DeepBND contrasted with the periodic case. On the other hand, for
the NJN® =72 case, DeepBND model reaches 0.05% in relative error for the L?(2)-norm while the periodic model attains
0.2% in the same norm, i.e., a factor 4 of improvement. Similar gains were found for the point-wise displacement norms.
Unexpectedly, comparing with the HF case, DeepBND performs even better, which shows that our approach does not only
interpolate the HF targets, in the sense of averaging results taking close inputs, but it is also capable of learning more
general relations associated to the whole assemble of data.

6.3. Cook membrane with different microstructural patterns

In the previous examples we have specialised the method framework for the case of microstructures composed of circular
inclusions. The present example aims at showing that the DeepBND method can be seamlessly applicable to other kinds
of microstructures, in our case: i) ellipsoidal inclusions and ii) misaligned circular inclusions. Such microscopic constitutive
law parametrisations follow analogously as in Section 3.1.1. To shorten notation, we refer to Ellipsoidal Inclusions Dataset
(EID) and Misaligned Circular Inclusions Dataset (MCID) for the datasets generated using two different parametrisations,
in contrast with Circular Inclusions Dataset (CID) used in the previous examples. Note that in terms of BCs homogeneity,
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Fig. 20. Comparison errors for DNS solution as reference for the clamped bar problem.
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Fig. 21. Examples of ellipsoidal inclusions microstructures.

the EID and MCID give rise to less homogeneous fluctuations on the boundary when compared to CID, yielding to a more
challenging situation for the method.

6.3.1. Ellipsoidal inclusions

Here, we have considered randomly oriented ellipsoidal inclusions of constant shapes, arranged in a 6 x 6 grid, as
depicted in Fig. 21. As for the random generation, we have sampled the orientation of each ellipse uniformly in [—7 /2, 7 /2],
also using the Latin Hypercube Sampling (LHS). To keep the number of parameters compared with the CID, we have fixed
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Table 6
Relative errors in the finest mesh for the case of elliptical inclusions.
DeepBND Periodic
Vert. Disp. A 112 x 1073 £4.27 x 10> 2.32x1073+£9.18 x 1074
Von Mises B 522x1074+£1.17 x 1074 1.03x1072+1.80 x 1073
Von Mises C 2.84x1074+£1.97 x 1074 3.82x 1073 £1.98 x 1073
Von Mises D 3.67 x 1074 +£6.68 x 107> 138x 1073 +1.26 x 1073

0.141Lﬂ and 0'0707LZ as the major- and minor-axis sizes, respectively. These choices lead to a volume fraction close to
mean values of CID (see Fig. 8) and ellipses with sufficient eccentricities to yield to a reasonably level of anisotropic response
but also in such a way that the mesh is not degenerated. Hence, since only one parameter per ellipse is random, i.e., its
orientation, the resulting parameter space is 36-dimensional. As the dimensions of the CID and EID parameter spaces are
the same, we create datasets with the same number of samples accordingly to Table 2.

Concerning the DNN model, given the same size of databases and the supposedly similar complexity of the nonlinear
mapping between geometric features and RB projections, we have used similar NN architectures regarding the hidden and
output layers parts as in Section 5 (see comments in next paragraph concerning the input layer). Also, same analogy applies
for the regularisation and optimisation algorithm employed. Moreover, the aforementioned setting is applied for both axial
and shear modes submodels in the framework of Fig. 6. For the training of 5000 epochs, we have attained validation DNN
errors of 3.23 x 10~ and 2.15 x 107>, for the axial and shear models, respectively, which are between 2 to 3 times higher
than for CID for both cases (see Fig. 10(b) and 11(b) respectively).

Finally, we should mention two small changes in how the NN inputs are structured. Firstly, we have used the mapping
0; — (cosb;,sin6;), for i =1,...,36, where 6; is the orientation of the ith ellipse, yielding to 72-dimensional inputs (neu-
rons). This change, which yields to automatically normalised values in [—1, 1], has led to slightly better training errors when
contrasted with the use of orientations directly as input. Secondly, the clockwise permutation n%l (see (31)) should be re-

defined to include the rotation as follows 7’y 1 (Pe) == Jtzl Pc — %). As for the output layer, we have taken 140 (number of
2 2

RB) neurons, which is largely sufficient to surpass the point at which the DNN error becomes prevalent to the POD error
(remember Fig. 12 for the CID which is qualitatively for EID).

As for the numerical results, we measure relative errors for vertical displacement of point A and stresses at points B,
C, and D compared to High-Fidelity solutions as shown in Table 6. For all metrics, DeepBND performs better than using
periodic BCs, both for the mean and standard deviation values perspective. By comparing with the results for CID in Table 4,
we have obtained slightly smaller accuracy gains for EID, which still accounts for improvements between 1 and 2 order
of magnitude for stress, while for the vertical displacement, the error is halved. On the other hand, the results for coarser
meshes display same qualitative behaviour as Fig. 14, therefore it is not repeated in the present section.

The slight decrease in performance can be attributed to the use of the same number of snapshots in the training
database, and also to the choice of an almost identical DNN model and training, to a problem which is inherently slightly
more complex, although the same number of parameters. Further tuning of the DNN model and training can be investigated
to ameliorate such errors. Moreover, one can easily exploit data augmentation strategies by generating new snapshots at
no cost by rotating one or more ellipses by an angle of =, i.e.,, by manipulating the input in multiple ways that leads to
the same geometry and results. Notwithstanding, the DeepBND method has still been proved useful, by providing the same
speed-ups as CID while the accuracy is considerably improved concerning naive imposition of periodic boundary model.

6.3.2. Misaligned circular inclusions

For this example, we have generated randomly positioned circular inclusions of constant radius. More specifically, each
MD has 36 randomly placed circular inclusions of radius ;—OLI’j. We have also constrained inclusions to be at least G]—OLl’f
apart from each other (inclusion-to-inclusion distance), and accordingly, such tolerance is halved to inclusions neighbouring
the MD boundary. This is practically performed by uniformly sampling the coordinates (x and y) of each inclusion within
disjoints squared subregions naturally matching these tolerances. For the sake of simplicity, for the example shown, we
define the allowed subregions via a 6x6 grid, although other configurations are possible. Examples of microstructures are
displayed in Fig. 22. Note that we have chosen a much smaller volume fraction of inclusions than CID and EID, allowing for
larger ranges for moving inclusions without intersection.

As for the sampling, the above description yields 72-dimensional parametric input space, which was sampled using the
LHS to generate 60000 snapshots for each loading scenario (axial tension and shearing). From the former dataset, training
and validation partitions were also used to feed the training of a DNN model following the same guidelines of previous
examples for architecture, regularisation, splitting, etc. For the training of 10000 epochs, we have attained validation DNN
errors of 1.02 x 107> and 7.41 x 1078, for the axial and shear models, respectively, which are practically the same order
of errors in the CID for both cases (see Fig. 10(b) and 11(b) respectively). As for the output layer, we have used 160
(number of RB) neurons, which is largely sufficient to surpass the point at which the DNN error becomes prevalent to the
POD error (remember Fig. 12 for the CID which holds qualitatively for MCID). Finally, the clockwise permutation of input
parameters that allows the cheap evaluation of the axial model in its perpendicular direction is easily achieved by rotation
of coordinates.
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Fig. 22. Examples of misaligned circular inclusions microstructures.

Table 7
Relative errors in the finest mesh for the case of misaligned circular inclusions.
DeepBND Periodic
Vert. Disp. A 1.37 x 107> £7.96 x 1077 1.01 x 1074 £+ 3.50 x 10~>
Von Mises B 3.65x 107> +4.33 x 10~ 1.45x 1073 +8.93 x 1074
Von Mises C 2.66 x 1075 +£2.16 x 1075 1.15x 1073 +8.12x 1074
Von Mises D 1.75x 107> +8.67 x 1076 6.51 x 1074 +£8.90 x 104

Concerning the performance in the Cook’s membrane problem, Table 7 shows relative errors at four selected points in
terms of displacements and stresses (as used in the previous examples). We can see that DeepBND has improved perfor-
mance with respect to periodic BCs by 1 to 2 orders of magnitude in all metrics. Moreover, by comparing with the results
for CID in Table 4, we have obtained even more accurate results (by one order of magnitude), although the same tendency
applies for the periodic case such that the relative gains are kept the same. The results shown are for the finest mesh tested,
but the same conclusions were observed for coarser meshes.

Contrarily to the case EID case, in the MCID scenario we have observed more accurate results than in CID, even doubling
the input parameter space. This suggests that the role played by the quality and density of sampling into the final accuracies
is problem-dependent, such that the trade-off between number of parameters and dataset size is not the determinant for
final accuracy. Our a posteriori interpretation is that as the volume fraction of inclusions is considerably lower and constant
in this case, the mechanical response is less dominated by the hard inclusions, which leads to generally smaller errors, even
though the microstructures have richer dispersion of material coefficients and we need more random variables to describe
them.

Finally, it is also important to mention the strategy of subregions is important to create unequivocally geometrical mean-
ings for the input parameters, i.e., each MD is associated to only one vector in the parameter space. Subregions can be
freely placed in the MD and not necessarily should be distributed in a grid-like manner as in the example. Notwithstand-
ing, the grid-like manner adopted is already sufficient to generate representative microstructures fibre reinforced material
cross-sections, which a certain homogeneity in the fibre spatial density is desired.

7. Concluding remarks

In this work, we have introduced a novel ML-based technique, so-called DeepBND, to predict more suitable BCs for
multiscale problems. Exploiting the combination between ROM-RB and DNN, our method delivers physically admissible BCs
and can learn from previous HF simulations. As result, numerical examples have shown that DeepBND reaches improvements
in accuracy up to two orders of magnitude, keeping the same computational cost, compared to classical methods. While the
construction of the DeepBND model might be computationally expensive (offline phase), we reached speed-up gains of
approximately 60 times in the real-use FE2 case (online phase) when compared to HF simulations, which justifies the fixed
additional effort. Indeed, as seen in Algorithm 2, DeepBND method only adds one new step to the online phase, namely
the DNN model evaluation, which is negligible in terms of additional computational complexity concerning the standard
methodologies. Consequently, DeepBND can be straightforwardly implemented in already existing FE% codes.

It is worth mentioning that our method presents clear advantages concerning FE2 approaches with classical BCs and also
those in which surrogate models replace the constitutive law. Concerning the former approach, as already discussed, the
main asset is the computational speed-up by keeping similar accuracy. As for those using surrogate models, our method
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is naturally more precise since we still solve the physical problem. Indeed, DeepBND can be understood as an hybrid
methodology, in the sense that it lies between the standard computational homogenisation with relatively large MDs and its
complete replacement by surrogate models. Up to the best of authors’ knowledge, our approach is unique in the literature.
Our examples do not aim at generality but rather serve as a proof of concept that DeepBND is a viable technique to
substantially increase accuracy versus computational effort ratio.

Finally, future developments should focus on extending the method to possible sharp parametric dependencies in the BCs
descriptor, for example, in the case of composites where the inclusions cross the micro-cell boundary. As it is well known
in the literature [30], RBs have poor performance for non-smooth parametric dependence and they should be replaced by
another ROM with proven capabilities for dealing with this task, e.g., autoencoders. Moreover, less data-hungry alternatives
to DNN, such as Gaussian processes, are worth exploring for larger problems, in particular tridimensional applications. Note
that modifications in the ROM and ML methods are still covered, with minimal changes, by the generic framework set in
this contribution.

As for the physics, it is worth remarking that although we have particularly focused on problems arising in multiscale
solid mechanics, our method is sufficiently generic and remains essentially the same for other boundary value problems at
the microscale. Other possible examples of applications are porous media with random porosity fields or fluid mechanics
with random obstacles.
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Appendix A. Multiscale modelling (additional details)

Here, for convenience, we provide some additional details concerning of the multiscale model of Section 2.1.2. For the
interested reader, our presentation follows closely the Principle of Multiscale Virtual Power (PMVP) introduced in [8,7],
which can be seen as a generalised version of the Hill-Mandel Principle [23].

To fully characterise kinematically admissible fluctuations, yielding to definition of the Minimally Constrained Space for
fluctuations in (4), we need to consider two kinematical compatibility hypotheses below:

i) Compatibility of microscale displacements:

u= (uu)ﬂﬂ : (A1)

The equivalent restriction on the fluctuation follows from (3) straightforwardly as

(“M)sz =(ugq, +ely)q, + (ﬁll)sz,t

n
=u+ <ﬁu>9u ’
which yields
(ﬁu>szu =0.

ii) Compatibility of microscale strains:

e=(eu(uy)g - (A2)
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The equivalent restriction on the fluctuation follows from (3) and using standard vector calculus identities
— s — s S
(eu(“lﬁ»szu =(e)q, + (eﬂ(uu))gu =e+(0,® n>aszu ,
which yields®
- _
(@, ® “)aszﬂ =0,
where n is the outward unit vector along 9€2,.

Finally, to derive Problem 1, we enunciate the PMVP which states the virtual power balance between scales, as follows.

Problem 4 (PMVP). For a given € € R‘sjﬁn, the pair (o,1,) € R‘Sjﬂn x V,, is such that

0 -E=(0u-&u)g, . Vée R V€ Vy, (A3)

where &, =& +¢€,(V,) and 0, = C, (e + €,(1,)). The tensors & and o denote the macroscale strain and stress respec-
tively.
As a result of the principle above we have the following variational consequences that constitute the microscale problem

1. Corrector problem: Taking & =0 in (A.3), it yields

(o) éu(ﬁu))gu =0, W, eV,

which corresponds to (7).
2. Stress homogenisation: Taking v, =0 in (A.3), it yields

o-é=(o, ’é>9u Z(U“>Qu .8, Vé eRfyX,S,
=0 =(0),

which corresponds to (8).
Appendix B. Remark on the admissibility of V,’LV

Let us retake the discussion initiated in Remark 6. Note that the functions of a given RB are generally such that
(;®n),r #0, for all i =1,..., Npp. Recalling the definition Vl/}/ in (27), from the former observation we have that
"

Vﬁf ¢ VM which renders Problem 3, just in principle, not consistent with (7). However, Problem 3 is still valid, since
it derives from Problem 2 using well grounded variational arguments. To transform V{L\f (p) into a subset of VM, we should
consider rearranging ﬁﬁ/ (p) as follows

ﬁf[(p)(y) = (ﬁﬁ/(p)(y) - <ﬁﬁ[ ® n>39,’§ y)+ <ﬁf[ ® n)asz,‘i , forye Qﬁ. (B.1)

Defining &(p) := (ﬁﬁ[(p) ®n> and (ﬁﬁ/)/(p) = ﬁﬁ/(p)(y) — &(p)y, we can see that (ﬁﬁ/)’ € VﬁA and satisfies

aQk

((ﬁﬁ/)’(p) ®n)aQR =0, so (ﬁﬁ[)’ € Vl’f’ by construction. Applying the very same idea to each of RB &;, i=1,..., Ny,
s

we define the auxiliary basis By = {&; =& — (& “)39,’3 y € L2(0R})}, yielding to

Nrb
VI @ ={neViTyoen =Y IN®LE { = V) + @), (B2)
i=1

such that (V{}f)*(p) C V}f’. It is also useful to rewrite (3) as follows
w,(y) =u+tey+a + i) =u+ (e +Ey+a), + @), (B.3)
3 This constraint is valid if and only if the MD has no voids crossing 92, On the contrary, a generalisation for this condition only accounting for integrals
on the solid part of the boundary is necessary [36].
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where the dependence on p has been omitted for the sake of simplicity. Note that the final product in the process of
converting V;JX ® ¢ V}f’ to (Vﬁ[ (p)* C Vl"] is an additional term added into the homogenised macroscale strain. The
variational formulation of Problem 3 should be modified accordingly, resulting in the problem: find u, € (V,(p))* such
that

' (p: i1, v) =b'(p;v) WeV, (B.4)
where

@' (P i, V) = (CL(@) Vi, VW) 2gp ) = aF (Pr L, V), (B.5a)

bl(P? V) = _((C;L(P)(e + é)(p)v VSV)LZ(QIIE) = bR(P; V) — ((C/L(p)é(p)s VSV)LZ(QIIi)- (B-5b)

In practical terms, Problem 3 can be still solved with no modifications. The homogenised stress also remains unchanged
since the final microscale displacements in both formulations are the same by comparing both sides of (B.3).

Appendix C. Additional plots (training)

Here we provide, for the sake of completeness, additional plots concerning the training of the different architectures of
Section 5 (see Figs. C.23 and C.24).

Loss Minimisation - Axial Model NV - N/, = 10 1072Loss Minimisation - Axial Model NV - N/, = 20
—— Training Loss —— Training Loss
——— Validation Loss ——— Validation Loss
—3
10 10—3 4
@ @
107 5
10744 \
103 -
T T T T T T 1075 E T T T T T T
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Epochs Epochs
(a) For N/, = 10. (b) For N/, = 20.
Loss Minimisation - Axial Model NV - N/, = 40 Loss Minimisation - Axial Model NV - N, = 80
10724 1024
Training Loss Training Loss
—— Validation Loss —— Validation Loss
1073 4 103 4
Q Q
s \\ |
10744 104 4 \\\-
-5 |
10 1075 4
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Epochs Epochs
(¢) For N/, = 40. (d) For N/, = 80.

Fig. C.23. Historic for the loss function minimisation in Axial model A"V, Training loss evaluated with regularisation (dropout and [?), while validation loss
in prediction mode (regularisation disabled).
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Loss Minimisation - Shear Model N'®) - N, = 20
|

| | | | |
—— Training Loss —— Training Loss
10-3 —— Validation Loss | 10-3 —— Validation Loss |
% 10—4 % 4
= = 10
107° 4 1054
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Epochs Epochs
(a) For N/, = 10. (b) For N/, = 20.
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Fig. C.24. Historic for the loss function minimisation in Shear model A'®. Training loss evaluated with regularisation (dropout and [?), while validation
loss in prediction mode (regularisation disabled).
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