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Summary

In this Master thesis we explore the convex integration method by S. Miiller and V. Sverdk
and its applications to partial differential equations. In particular, we use it to build
very irregular solutions to elliptic systems. We also apply this method to build very
weak solutions to elliptic scalar-valued partial differential equations. For this, we also
use staircase laminates invented by D. Faraco.

Résumé

Dans ce projet de Master, nous explorons la méthode d’intégration convexe de S. Miiller et
V. Sverék et Papplication de celle-ci aux équations différentielles partielles. En particulier,
nous construisons des solutions tres irrégulieres a des systemes elliptiques. Nous appliquons
également cette méthode afin de construire des solutions tres faibles a des équations
différentielles scalaires elliptiques. Pour ce faire, nous utilisons les staircase laminates
inventés par D.Faraco.
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Chapter 1

Introduction

Two decades ago, S. Miiller and V. Sverdk published a groundbreaking paper with the title
” Convex integration for Lipschitz mappings and counterexamples to regularity”, where they
introduced a general method for constructing solutions to partial differential equations
(PDE), known as convex integration. Since then, the field of convex integration has
continued growing and many open problems have been solved using these methods.

In the first part of the thesis (Chapters 2 - 5) we will explore the convex integration method
by Miiller and Sverak. We will investigate their work in which they show existence of very
irregular solutions to elliptic systems as well as the subsequent work by L. Székelyhidi in
2004. In a second part (Chapter 6), we will go through the method known as LP-convex
integration, invented by D. Faraco. We use this method to prove existence of very weak
solutions to elliptic scalar valued boundary value problems. Below, we give a chapter-by-
chapter account of the content of the present thesis.

Chapter 2: We begin by introducing some notations and conventions. We also present the
notion of rank-one convexity and laminates.

Chapter 3: In this chapter, we introduce the basic building blocks of the convex integration
scheme by Miiller and Sverak [21]. This scheme is used to solve differential inclusions.

Chapter 4: The aim of this chapter is to prove existence of very irregular solutions to
elliptic systems. For this, we use the convex integration scheme from Chapter 3 and the
notion of T-configurations. We are particularly interested in the Euler-Lagrange equation
generated by a quasiconvex functional. We also address Evans’ partial regularity theorem
and the necessity of some of the assumptions in this result. The main reference for this
chapter is [21].

Chapter 5: Here we investigate the case of polyconvex functionals. In the same way as
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we proved existence of very irregular solutions in Chapter 4, we prove existence of very
irregular solutions to the Euler-Lagrange equation generated by a polyconvex functional.
We follow the work from Székelyhidi [24].

Chapter 6: In this chapter, we address another convex integration scheme known as LP
convex integration. It is based on the notion of staircase laminates invented by Faraco in

[11]. We use this method to prove existence of very weak solutions to elliptic scalar-valued
PDE’s.

Chapter 7: We conclude the thesis by recalling the central observations.



Chapter 2

Preliminaries

The goal of this chapter is to introduce some basic notions which will be used throughout
the thesis.

2.1 Notation and conventions

We first specify some notation:

e () : throughout the entirety of this document, unless stated otherwise, 2 C R”
denotes an arbitrary convex domain (e.g. a ball),

e P(S) : denotes the set of all probability measures on a set S,
e L" : denotes the n-dimensional Lebesgue measure,

e Given two measurable spaces (X,G), (Y,H), a measure p on X and a measurable
map T': X — Y, the pushforward measure 7%y (which is a measure on Y') is defined
as

Tyn(A) = (T~ (A)) VA€,
e Du : denotes the gradient of the map u,
e Oy : denotes the derivative with respect to the variable y,

e diam (Q2) : denotes the diameter of the set 2, i.e.

diam (Q) := sup |z — y|,
z,yef)

e ¢; : denotes the j-th vector of the canonical basis of R or R™, i.e. the vector taking
the value 1 in its j-th entry and 0 in all other entries,

3
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e Proj, : denotes the orthogonal projection onto a linear subspace A,
e M™*™ : denotes the set of m x n matrices,
e S™*" . denotes the set of n x n symmetric matrices,

e CY(Q) : denotes the set of continuous functions, endowed with the norm

Hu”co Q) ‘= sup u()],
) r
e

e C%(Q) : denotes Holder spaces (0 < o < 1), endowed with the norm

||U||ca(§) = HUHcO(ﬁ) + [U]Ca(ﬁ)
where ju() — uy)]
u(xr) —u(y
[Wgagy == sup
z,yEQ x#y ‘$ y’

e [P(Q) : denotes LP spaces (1 < p < o), endowed with the norm

1
p
p . < )
[l ooy = (/Q ju(@)| dﬂﬁ) if 1 <p < oo;

esssup |ul if p = oo;

where
esssupv := inf{a € R: v(z) < « for a.e. z € Q},

° Wk’p(Q) : denotes Sobolev spaces (k > 1 integer, 1 < p < o0) , endowed with the
norm

lullwrs) = [10attlrr(g)-

|| <k
and

o I/VIIZf(Q) denotes the space of measurable functions u such that v € W*?(w) for all

w E (.

All the functional spaces have their vector-valued counterpart and will be denoted by
an extra ;R™. For example, the Sobolev space of R"-valued maps will be denoted by
WHP(Q,R™). The notation of the norms remains the same as in the scalar-valued case.
For more details about functional spaces such as the set of continuous functions, Holder
spaces, LP spaces and Sobolev spaces, we refer to [4, 10].

To finish this section, we also clarify some conventions:
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e For a product

acA
when A is empty we will mean
[[a=
acA
e For a vector-valued map u:  C R” — R™ we denote its components as u', ..., u™,
meaning that u = (u!,...,u™). Moreover, unless stated otherwise, we take as a

convention that a vector-valued map is a function from a subset of R™ to R™.

2.2 Rank-one convexity

Here we present the notion of rank-one convexity. We say that two distinct matrices A and
B are rank-one connected if rank(A — B) < 1. When this is the case, the segment

[A,B] :={tA+(1—-t)B:te|0,1]}

is called a rank-one segment.
Definition 2.2.1. Let f: M™*" — R. We say that [ is rank-one convez if for all A, B €
M™ ™ where rank(B) = 1, we have that

t— f(A+tB) is conver.

This definition allows us to define rank-one convex hulls of sets in M™*"™.

Definition 2.2.2. Let K be a compact subset of M™*™. The rank-one convex hull K™ C
M™*" of K is defined as

Ke={X e M™":Vf: M™*" — R rank-one convez f <0 on K implies f(X) < 0}.
For an open set O C M™*™ we define the rank-one convex hull

0r¢ = U Kre.

Kis a compact subset of O

A consequence of this definition is that the rank-one convex hull of an open set is open.
Before going further, we point out the following fact: the rank-one convex hull of a set K
is not the smallest set containing all rank-one connections of K. In fact, even though a set
K contains no rank-one connections, its rank-one convex hull may be larger than K. An
example of this is provided in Section 4.4.
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2.3 Laminates

In this section we introduce the concept of laminates, which is a special class of probability
measures.

Definition 2.3.1. The barycenter of a probability measure v € P(M™*™) is

V—/ X dv(X) € M7,
men

Definition 2.3.2. A measure v € P(M™*™) is a laminate if

f(r) < /M ) fdv Yf: M™" — Rrank-one conver.

Moreover, we denote the set of all laminates supported in a compact set K by P"(K).

Definition 2.3.3. Let O C M™*™ be an open subset. Assume v = Z;Zl Ajda,, Aj € O,
Aj # Ay if j # k. The measure v/ € P(M™*™) can be obtained from v by an elementary
splitting in O if, for some j € {1,...,r} and some \ € [0,1], there exists a rank-one
segment [B1, Ba] C O containing Aj with (1 — s)By + sBy = A; such that

vV =v+ )\)\j[(l — S)(SB1 + 8(532 — (5,4].].

Remark 2.3.4. In the definition above, if v is a laminate, then the measure V' obtained
as an elementary splitting of v is also a laminate.

Definition 2.3.5. We say that v is a laminate of finite order in O if there exists vi,...,Vm
such that

e 11 =04 forsome Ae€O,;
e vy, =V and
e vj1 can be obtained from v; by an elementary splitting in O, Vj=1,...,m— 1.

When O = M™ ", laminates of finite order in O are simply called laminates of finite
order. We denote laminates of finite order in O by L(O).

The following result is a consequence of [17, Corollary 4.11] and provides a characterisation
of rank-one convex hulls.

Proposition 2.3.6. For any compact set K it holds that K™ ={v:v € P"°(K)}.

Finally, we state the following result which allows us to approximate laminates by laminates
of finite order.
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Theorem 2.3.7. Let K be a compact subset of M™*™ and let v € P"(K). Let O C M™*"
be an open set such that K™ C O. Then there is a sequence {I/j}?il C L(O) of laminates

of finite order in O such that v; = v for all j and v; = v.

Proof. We refer to [21, Theorem 2.1] for a proof. O
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Chapter 3

Building blocks of convex
integration

In this chapter we introduce the main building blocks of the convex integration techniques
developed by Miiller and Sverdk in [21]. The goal of the techniques presented in this
chapter is to solve a differential inclusion of the form

DueFE

where £ C M™*" is some set. To be precise, we are interested in finding Sobolev functions
u: £ = R™ such that
Du(z) € E for a.e. x € ().

We begin by stating and proving some basic and fundamental results in Section 3.1. Then,
we investigate the case where E is open in Section 3.2. Finally, we consider the more
complicated case when the set E is compact in Section 3.3. The main reference for this
chapter is the paper by Miiller and Sverak [21].

3.1 Basic building blocks

Definition 3.1.1. A Lipschitz mapping u: Q — R"™ is called piecewise affine if there exists
a countable system of mutually disjoint open sets ; C §, such that L™ (02;) = 0 for all
J, which cover € up to a set of measure 0, and the restriction of u to each of the sets §2;

s affine.

The following lemma is crucial for the whole chapter. All results in the remainder of this
chapter follow from this lemma. Essentially, it says that affine maps whose gradient is
contained in a rank-one segment [A, B] (meaning A and B are rank-one connected) can be

9
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approximated by a piecewise affine map u with gradients close to A or B. In addition, the
lemma gives an idea of how the values of Du are distributed, meaning it gives a good idea
of what the measure (Du)xL" |q looks like.

Lemma 3.1.2. Let A,B € M™"™ with rank(A—B) =1, b € R™, 0 < A < 1 and
C=(1—-XNA+AB. Then, forany 0 < é <|A—DB|/2,0<a <1 ande > 0, there is a
piecewise affine Lipschitz mapping u: Q — R™ such that

o u(z) =Cz+bondQ and

o dist (Du(x),{A,B}) < a.e. in Q.

In addition,

£ ({z € Q,|Du(z) — Al < 8}) = (1 — \L"(Q) and
£ ({z € Q,|Du(z) — B < 6}) = A" (Q).

The proof of this lemma starts with strong additional assumptions. Under these assump-
tions, we first see that the proof can be carried out in the case where € is a special domain.
We use a Vitali covering argument to generalise the result to arbitrary 2. Then we relax
the assumptions further to get the result.

Proof. Step 1: (We begin by proving the result under very strong additional assumptions.)
Assume A = —Xa ® ej and B = (1 — A)a ® e; for some fixed j = 1,...,n, a € R™ and
C = 0. Define the functions h: R — R and w: R” — R™, by

h(s) = |s| + (22)\ —1)s

and
n

w(z) =amax [ 0,1 — Z |zg| — h(z;)
k=1,k#j

From the definition of w, it is clear that
n
w(z) = w(y)| < lal Y |z — yxl-
k=1

Take ¢’ small (to be chosen later) and set

T
— 4 J
v(z) 5w(:1c1,...,:cj_1, 5/,:cj+1,...,xn>.
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Define the set A = {z € Q : |v(z)| > 0}. We observe that, for all z,y € A,

n

[o(@) — o)l < lald" | > |ze =yl | +lal J2; — il
N—_——

=LhA 25 PR
—A(1-=X
n 6/ 11—«
!/ e} R [e
< 2|alé E |zk — yi|“ + |al <)\(1 — )\)> |z — y;°.

k=1,k#j

It follows from this inequality that by taking ¢’ small enough, we get [v] co(®) < e/4 and
[v]| Lo () < €/4. Now, we compute the partial derivatives of v. For i # j, we have

—d'asign (x;) for ae. z € A;

Or0() = { 0 for a.e. x & A.

For ¢ = j, we have

sign (z;/8") + (2X — 1)
Oz;v(z) = ¢ 2
0 for a.e. x & A.

for a.e. x € A;

In other words,

—Aa for a.e. z € A such that sign (x;) > 0;
Oz;v(w) = ¢ (1= Aa forae. z € Asuch that sign(x;) <O0;
0 for a.e. x & A.

The computations of d;,v (for i # j) and J,;v above imply that
dist (Dv(z), {4, B}) < (n —1)]ald’ a.e. in A.
Now we may take ¢’ small enough to obtain (n — 1)|a|é’ < 6. Notice that the two sets
Ay :={x € A,|Dv(z) — Al <6} and Ap:={zx €A, |Dv(z)— B| <}

are disjoint. To get an idea of what the sets A, Ay and Ap look like, Figure 3.1 provides
an example. We would now like to compute the size of these two sets. In order to do that,
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Ay Ap

Figure 3.1: Illustrative example of the sets A, A4 and Ap in the two-dimensional case with
A approximately equal to 3/4. This drawing in based on [22, Figure 9.4].

we notice that x = (z1,...,z,) € A if and only if

n
2]+ (2N — Dy < 20" (1= > |y (3.1)
k=1,k#j

=M (21,0, —1,Tj415,Tn)

where M is the function defined in (3.1). Notice that the positive part of the interval in
(3.2) is equal to (1 — ) times the length of the entire interval, while the negative part of
this interval is equal to A times the length of the entire interval. Then, for a.e. point z € A,
only the value of 0, jv(az) determines whether € A4 or x € Ap. Recalling the formula for
0z;v(r) above we see that for a.e. z € A,

which is equivalent to

rEAy S 2; >0,
JJEAB<:>$j<0.

Thus, by Fubini’s theorem

Y

,Cn (AA) = / 1A dr = / (/2)\ 1d$]> d.Tl . .dl‘jfld:l/‘j+1 .. dCCn
A {2kt hpy Tl <1} 0

= / (1 — )\) > 1 dﬂ?j dﬂ?l e d$j,1d$j+1 e d:En
{2k g |l <1} -

2(A—1)

:(1—)\)/A1d:c:(1—)\)£”(A)

=

S
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and it follows that
LY (Ap)=L"(A) = L" (Aa) =L (A).

In other words, we have proved

L" ({z € A, |Du(z) — A < 8}) = (1 — )L™ (A) and
L™ ({z € A, |Dv(z) — B] < 6}) = AL" (A).

as wished. This proves the result in the special case where 2 = A and b = 0 because v =0
on OA and ||v||sa @ < £/2. To finish this step, we know from the Vitali covering theorem
(see [22, Theorem A.15]) that there exists {a;}3°; and {r;}32, C (0, 1) such that with

N=a;+mA Vi>1,

the sets A; are mutually disjoint and

o (Q\[‘jAZ) “o
=1

Then define u: & — R™ by

T

u(x) = rv (a:— ai) +b forxzeA;.

Since the sets {A;}5°, are mutually disjoint and v = 0 on OA, u is continuous. From the
fact that [v]qex) < €/4, we deduce that [u — bl x;) < €/4 for all i. Now all the desired
properties of u follow directly from the properties of v, except the fact that ||u — b|| -« @
is small enough. To prove it, let x,y € 2. Then there are i;,i, > 1 such that z € A;,,
y € Ay, If iy =iy, then

fu() = u(y)| < <le =yl (3.3)

Now assume i, # i,. Consider the straight line from x to y and denote its intersection
with JA;, as z, and its intersection with 9A;, as z,. Then, since u(z,) = u(z,) = b,
[z—y|*. (3.4)

u(z) —u(y)] < |u(@) —ulz)[+|u(y) —ulzy)] < 7 (Jz = 2" + |y = 2,[%) <

NG
N ™

Thus by (3.3) and (3.4), [u = b]ge ) < /2 and since |[u — b|[ 1~ () < /4, we have
[u = bllcam) <€

as wished. This finishes Step 1.
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Step 2: (Now we slightly relax the assumptions.) Assume A= —-da®z B=(1-A)a® z
for some a € R™, z € R” and C' = 0. Actually, then the result follows immediately from
the previous step by bilinearity of the tensor product.

Step 3: (We relax the assumptions further to treat the general case.) We no longer assume
that A and B have specific forms as in Step 1 and 2. Since rank(A — B) = 1, there are
w € R™ v € R" such that B— A = w®wv. Define A/ = A—-C and B = B—-C. We
immediately see that A’ = —Aw ® v and B’ = (1 — A\)w ® v. Applying the previous step
gives us a piecewise affine mapping u and the mapping = +— Cxz + u(x) finishes the proof
in this case. O

Before going further, let us point out the following:

Remark 3.1.3. In the paper by Miiller and Sverdk [21], Lemma 3.1.2 is stated in a different
way, using the notion of C°-approzimations. This is also the case of several of the following
results which originate from the same paper. Moreover, in the paper by Miiller and Sverdk,
this lemma and the corresponding following results never mention the Hélder bound as done
in e.g. [25] and in this document.

Lemma 3.1.4. Let v € P(M™*") be a laminate of finite order and let A = v be the
barycenter of v. Write v as

v=> Xda,
j=1
with A\j > 0 for all j and A; # Aj whenever i # j. Let

51:min{|Ai_2Aj|:1§i<j§r}.

Then for each b € R™, each 0 < 6 < 61, 0 < a < 1 and each € > 0, there is a piecewise
affine mapping u: 2 — R™ such that

o |lu— (Aa:+b)\|ca(§) <e,
e u=Ax+b on 0 and
o dist (Du(x),{A1,...,A;}) < a.e. in Q.

In addition,

L" ({x € Q:dist (Du(x),Aj) <}) =ML (), Vi=1,...,r

Proof. This follows by induction from Lemma 3.1.2. ]
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3.2 Open inclusions
In this section we are interested in differential inclusions into open sets. The two next
results answer the following vague question:

If U is an open set and v: Q@ — R™ satisfies Dv(x) € U™ for a.e. x € ), does there exist
w: €2 — R™ arbitrarily close to v with respect to the C* norm such that Du € U on a
large portion of the 2 7

The answer is yes as the following results show. Lemma 3.2.1 proves it in the case where u
is affine and Corollary 3.2.2 generalizes it to the case where u is a piecewise affine Lipschitz

mapping.

Lemma 3.2.1. Let K ¢ M™*™ be a compact set and let U C M™*™ be an open set
containing K. Let v € P"(K) and denote A = 0. Let b € R™. Then, for any given
€,0 >0 and 0 < a < 1, there is a piecewise affine mapping u such that

o [lu—(Az + )|l o) <e,

o u=Ax+b on 01,

o Du(x) € U™ a.e. in Q and

o L"({x e Q: Du(x) e U}) > (1—-9)L™ ().

Proof. Since U™ is open and K¢ C U"¢, Theorem 2.3.7 gives us that there exists a laminate
w of finite order supported in U™ such that i = v and

u(U) >1—0. (3.5)

We may write it as u = Z§:1 Ajda; where the matrices A; are assumed to be distinct.
Define
2

Choose 0 < § < 07 so that for each Ay belonging to U we have dist (Ax, 0U) > § and for
all Ay, we have dist (Ag, 0(U")) > 0. From (3.5) we know that

> A >1—0. (3.6)

ke{l,...,r} such that A,cU

61:min{Ai_Aj|:1§i<j§7‘}>0.

From Lemma 3.1.4 we know that the mapping x — Az + b admits an approximation given
by a piecewise affine mapping u satisfying

o flu—(Az+ b)”ca(ﬁ) <&,
e u= Az +bon 0f) and
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o dist (Du(x),{A1,...,A;}) <d ae. in Q.

In addition, we know that
L" ({x € Q:dist (Du(x),Aj) <0}) =NL"(Q), Vi=1,...,7
Hence, Du(x) € U™ for a.e. x € Q2 and by (3.6) we have
L"{ze€Q:Du(x)eU}) > (1-9)L" (Q)
as desired. This finishes the proof. O

Corollary 3.2.2. Let O C M™*" be an open bounded set. Let u:  — R™ be a piecewise
affine Lipschitz mapping such that Du(x) € O™ for a.e. x € Q. Then for any ,6 > 0,
there is a piecewise affine Lipschitz mapping v: @ — R™ such that

° HU_UHCa(ﬁ) <g,

e v =1u on Jf,

e Du(z) € O™ a.e.  in Q and

o L"({xeQ:Duv(x) € O}) > (1—-06)L" ().

Proof. Since u is a piecewise affine Lipschitz mapping, there is a countable collection of
mutually disjoint open sets {€2;};cs such that

crlanJo| =0 (3.7)
jeJ

and wu is affine on each €2;. Thus, for all j € J, there is A; and b; such that
U ’Qj: ij + bj.

Due to the fact that Du(z) € O™ for a.e. z € §, we have A; € O™ for all j € J. By
definition of rank-one convex hulls, for each j, there is a compact set K; € O such that
Aj € Ki°. By Proposition 2.3.6, there exists v; € P"(K;) such that 7; = A;. Applying
the previous lemma, we get a piecewise affine Lipschitz mapping v;: {1; — R™ satisfying

o [lvj = (Ajz + bj)ll e, <€/2,

e Duj(xz) € O™ a.e. in §j,

o u=Ajz+b; on JQ; and

o L ({x €8y Dvj(x) € O}) > (1 —-9)L" ().
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Define v: @ — R™ as v(z) = v;j(x) whenever x € Q;. By (3.7), v is well-defined up
to a set of measure 0 and since v is piecewise affine on each 2;, v is a piecewise affine
Lipschitz mapping. Finally, it follows from the properties of each v; described above that
the piecewise affine Lipschitz mapping v satisfies the properties in the statement of the
corollary. With one exception, all the properties follow directly from the properties of
each v;. Indeed, only the fact that the Hélder norm |ju — v (@) is small is not a direct

consequence of the properties of each v;. In order to prove that [lu — v]|car < €, we
proceed in the exact same way as in the proof of Lemma 3.1.2. This finishes the proof. [

Given the question stated in the beginning of the section that we have answered with the
two previous results it is natural to ask the following more demanding question:

If U is an open set and v: Q@ — R™ satisfies Dv(x) € U™ for a.e. x € Q, does there exist
u: Q@ — R™ arbitrarily close to v with respect to the C* norm such that Du(z) € U for
ae. x€N?

Again, the answer is yes and this is the content of the following theorem.

Theorem 3.2.3. Let O C M™*"™ be an open bounded set. Let ug: Q — R™ be a piecewise
affine Lipschitz mapping such that Dug(x) € O™ for a.e. © € Q. Then, for each e > 0 and
0 < a < 1, there exists a piecewise affine mapping u: @ — R™ such that

o [jug — “Hca(ﬁ) <¢,
e u=ugy on 0L and
e Du(x) € O a.e. in S

The idea of the proof is to apply the previous results inductively. We build a sequence of
mappings {ux}3,; such that

LY({x € Q: Dug(z) € 0™\ O}) = 0 (3.8)

as k — oo. For each k, we build ugy; from ug by applying the previous results to ug
restricted to the set of points z € Q such that Dug(xz) € O™\ O. This yields (3.8).
Therefore, we expect that the limit function of this sequence should satisfy the desired
properties.

Proof. Let 6 > 0 be close to 0. To prove the theorem, we construct a sequence of piecewise
affine Lipschitz mappings {uy}32,, from © to R™ such that for all £ > 1:

° Huk — uk_cha(ﬁ) < 2_k€,

e up = ug on Of),

o Duy(z) € O™ for a.e. x € Q and
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e L"({x € Q: Du(z) € O}) > (1 - 6F)L™ ().

The existence of u; follows from Corollary 3.2.2. To complete the inductive step, assume
that there is a function uy, satisfying the conditions above and build a function w1 with the
desired properties. Since uy, is piecewise affine, there is a collection of open sets {Q ; }jc s,
such that

cr o\ | =0

Jj€Jk
and wuy, is affine on each €, ;. Then let jk C Ji, be the collection of indices j such that

Dugla,, € 07\ 0.

For future arguments, define

By the assumptions on uy, we obtain that

£ g | <6t 2m ().
J€Tk
By applying Lemma 3.2.1 to each U/k‘Qk’j where j € jk, we can build a piecewise affine
Lipschitz mapping uy, ;: €0 ; — R"™ such that

(h+2).

ks — vkl oy <27

® Uk j = Ui O 8Qk7j,

Duy, j(x) € O™ for a.e. x € §, ; and
L"({x € Qj: Dug(x) € O}) > (1 —0)L" (U j)-

By defining the mapping ug11: @ — R™ by

_ ug j(x) if x € Qi ; for some j € jk;
k() { up(z)  otherwise;

we get the desired function. In particular, to prove that

(k1)

Y

k1 — vkl o) <27

we proceed in the exact same way as in the proof of Lemma 3.1.2. The other properties
follow directly from the properties of the functions uy ; and u,. We now have a sequence
{uy}72 | with the desired properties. It follows from the above properties that this sequence



3.3. COMPACT INCLUSIONS 19

converges in C®(2;R™) to some u € C*(£2;R™) and that [u—uoll g < €. Since up = ug
on 0} for all k, we get that u = ug on 0f). Now let us prove that u is piecewise affine.
By the construction above u = uy on €. Since each wy is piecewise affine and the sets €2
cover ) up to a set of Lebesgue measure 0, we deduce that u is piecewise affine. Finally,
let us show that Du(x) € O for a.e. x € Q. From the construction above, Dug(z) € O for
a.e. x € ). Since, as we have already said, the sets €, cover 2 up to a set of Lebesgue
measure 0, we deduce that Du(z) € O for a.e. x € Q. Thus u satisifies all the desired
properties and this finishes the proof. O

Finally, the following lemma follows from Theorem 3.2.3, Lemma 3.1.4 and Lemma 3.2.1.

Lemma 3.2.4. Let v € P(M™*"™) be a purely atomic laminate i.e.

V= Z Ajda;
j=1
with A\j > 0 for all j and A; # A; whenever i # j. Let A = v the barycenter. Let

(51:min{‘Ai_2Aj|:1§i<j§r}.

Then, for each b € R™, each 0 < § < d1, eache > 0, and 0 < a < 1 there exists a piecewise
affine mappings u satisfying

[ H’I,L — (Ax+b)‘|ca(ﬁ) < g,
e u=Ax+b on 99,
o dist (Du(x),{A1,...,A;}) <6 ae. inQ, and

L" ({z € Q:dist (Du(x),A;) <0}) =ML (Q), Vi=1,...,r

3.3 Compact inclusions

In this section, we investigate the case where the set is compact. Let us first heuristically
explain why this case is more complicated than when the set is open. Recall that Lemmas
3.1.2 and 3.1.4 are the starting point of all the results in the previous section. Notice
that in these two results we obtain a piecewise affine Lipschitz mapping whose gradients
is contained in small sets around the support of the laminate. Moreover, the size of this
set can be made as small as one wishes. Since for points in open sets we may find small
neighbourhoods contained in the open set, it is no surprise that the previous results gave
us Theorem 3.2.3. Indeed, by taking the small sets around the support of the laminate to
be sufficiently small, the gradient must belong to the open set. For the same reason, we
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can also convince ourselves that the case of a compact set (possibly with empty interior)
is more involved. To overcome this difficulty, we introduce the notion of in-approximation
coming from M. Gromov [14] which allows to approximate compact sets by open sets in
such a way that the results from the previous section can be applied inductively to obtain
results for compact sets.

Definition 3.3.1. Assume K compact. We say that a sequence of equibounded open sets

{Ui}s2, is an in-approzimation of K if Uy C Uj{, for all i > 1 and

sup dist (X, K) -0 asi— oc. (3.9)
XeU;

Remark 3.3.2. Condition (3.9) in the definition above can be replaced by the following
statement: for any sequence {X;}5°, such that X; € U; for all i > 1, every accumulation
point of {X;}5°, is in K.

To conclude this section and the current chapter, we will prove the following theorem:

Theorem 3.3.3. Assume that a compact set K C M™*™ admits an in-approximation by
open sets {U;}32, in the sense above. Then for any e > 0 and any v € C1(; R™) satisfying
Dv(x) € Uy in Q there exists a piecewise affine mapping u such that

o [ju— UHoa(ﬁ) <&
e u=1v on I and
e Du(x) € K a.e. in Q.
Before proving this theorem, we need the following approximation result:

Proposition 3.3.4. Let u € C*(Q;R™). Then, for any 0 < a < 1 and £ > 0 there is a
piecewise affine Lipschitz mapping v: Q@ — R™ such that

o [[u—7vlcam <&
o u=1uv on JN and
e [[Du— Dvl[req) <e.

Remark 3.3.5. In the previous proposition, if we make the additional assumption that
U C M™*™ 4s an open set such that Du(z) € U for all x € ), then we deduce also that
Du(x) € U a.e. in .

Proof. Step 1: (We begin by proving a preliminary result) We prove that: for any ,6 > 0,
there exists v: {2 — R" such that

° HU_UHca(ﬁ) <g,
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e v = on 0f),

e there exists an open subset Q C Q such that £" (8@) = 0 satisfying

L) > (1—0)L" ()
such that v |5 is piecewise affine and
® [[Dv — Dul[pq) < €.

We see directly that by using a Vitali covering argument, we can reduce ourselves to the
case where © = (0,1)". Let g9 be small (to be selected later). Then split  into smaller
n-dimensional open mutually disjoint cubes {Q;}¥; such that each Q; is centered in a

point p; and
N
Lr (Q\UQ,») =0.
i=1

Moreover, we select these cubes sufficiently small so that for all ¢ = 1,..., N and all
T,y € Qs

o |u(z) —u(y)| < <o,

o |u(x) —u(y) — (Du(y), = — y)| < eolz — y| and

o |Du(z) — Du(y)| < eo.
Before going further, we introduce the following notation: for an n-dimensional open cube

n

Q =[] (@ b),

i=1
we denote by ()7 the following set:

n

Q" = [J(ai + 7. = 7).

i=1
Then for each ¢ = 1,..., N, define the affine map F;: QQ; — R™ by
Pi(x) = u(pi) + (Du(pi), © — pi).
Take
Yi = K
for some large K (to be chosen later). For each i, let ¢; € C§°(Q;) be such that

i (pizlon sz
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iy
e o, =00nQ;\Q,,and

c
o |Dy;| < - for some C' independent of +; and 7.

)

Define
vi = @i+ (1 — pi)u

for all 1 <7 < N. Then,
vi(z) — w(z)| = |pi(z) Pi(z) — pi(z)u(z)] < |Pi(x) — u(z)| < eolz — pil
Moreover,

Dv; — Du = P,Dyp; + p; DP; — uDy; — p; Du

Therefore,

K
Dv; — Du| < C—— ¢ di :
| Dv; u\_Cdiam(Qi)e?odlam(Qz)‘f‘@o

=CKeg+eyg= (CK + 1)50.

Take K sufficiently large to guarantee £ (Q)") > (1 — §)L™ (Q;) for all i. Then select gy
sufficiently small to obtain (CK + 1)eg < €. Then by defining v: @ — R™ as

v(x) =wvi(x) forall z € Q;

the claim is proved with

Step 2: (We now prove the proposition) It suffices to apply the previous claim inductively
to obtain a sequence of functions {vy}32, satisfying

[ ] HUk; - Uk;_]HCa(ﬁ) < 2ik5, for all k 2 2, ||U1 - u”ca(ﬁ) < 2716,
e v = u on 0f),

e for all £ > 1, there exists an open subsets Q; C Q such that £" (0€) = 0 satisfying
L) > (1 - 0527 ()

such that vy |, is piecewise affine and

o |[Dvg — Dvj_1|| 100y < 27Fe, for all k > 2, |[Dvy — Dul| o) < 27 'e.



3.3. COMPACT INCLUSIONS 23

The case k = 1 follows from step 1. Now assume we have vy satisfying the properties above
and prove the existence of vgy1. Apply the claim to the function vy |Q\Qk in order to get
a function w € C1(Q\ Q, R™) such that

® W = Vi On 8(Q\Qk),

e there exists an open subset QcQ \ Qk such that £" ((")(Z) = 0 satisfying

£(Q) > (1= 9)L"(\ %)
such that w |5 is piecewise affine and
o |Dw— ka”Loo(Q\Qk) < 2= (k+2)¢,

To finish, it suffices to define vgy1: 2 — R™ as

] oup(z) itz e Qg
Ukt1(7) = { w(z) i zeQ\ Q.

Then

|Vpg1 — UkHca(ﬁ) < 9= (k1)
by the same argument as in the proof of Lemma 3.1.2. We see that the sequence {v}72,
converges in C%(;R™) to some v € C*Q;R™). Finally, we have the other desired
properties because

lu — UHca(ﬁ) < klglgo [lu — Uk”ca(ﬁ) <¢,

| Du — D’UHLDO(Q) < klim | Du — D’UkHLoo(Q) <e
—00
and v = u on 0f) because v = u on OS2 for all k. O

We can now prove Theorem 3.3.3. There are two main ideas which make up this proof. On
one hand, we use the fact that we have an in-approximation combined with Theorem 3.2.3
to build a sequence of functions {u;}:°; such that Du; € U; a.e. for all i. On the other hand,
to guarantee that we obtain the differential inclusion in the end, we will build the sequence
in such a way that Du; — Du in L'. To obtain such convergence, we use convolutions.
For each i, we select &; small enough to satisfy ||[Du; — Du;  pe,||11(q) < 27%. Finally, by
using the fact that D(u; — u) * ps, = (u; — u) * Dp,,, we see that it suffices to ensure that
|u; — ul| o () converges to 0 in a suitable way.
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Proof of Theorem 3.3.3. Step 1 (Construction): Let p: R™ — R be smooth, nonnegative,
supported in By (0) such that [, pdz = 1. Define p.: R" — R as

1 T
pe) = en? <5> )

In this proof, we will use convolutions between mappings u from €2 to R” with u = v on
00 and mollifiers p.. With the standard definition of convolutions, this is not well defined
and therefore we introduce the following convention. Let w: R™ — R™ be a compactly
supported Lipschitz mapping such that w = v on Q. Then when writing u * p., we use the
standard definition of convolution on R™ where u is extended by w outside Q. We also want
to point out that in some cases in this proof we use convolutions between mappings from
Q to R™ which vanish on 9 and mollifiers p.. In these cases, we extend the mappings
by 0 outside © and use the classical definition of convolution. Now, let us start with the
proof. Choose g (to be determined later) and by Proposition 3.3.4 and Remark 3.3.5, we
find a piecewise affine Lipschitz uy: Q — R™ with

o [Jur = vl[ga(m) < €0 in £,
e 11 = v on 0f) and
e Duy(z) € Uy a.e. in (.

Then choose 0 < &1 < min(271,&9) so that || Duy % pe; — Duy || 1) < 27", Since Uy C Us*,
Theorem 3.2.3 guarantees that there exists a piecewise affine Lipschitz mapping us: £ —
R™ such that

€1 .
o [Juz —uilcam) < 5 in Q,
e uy = v on JN and

o Duy(z) € Uy a.e. in Q.

Then select 0 < e < min(272,¢1) such that
HD’LLQ * Peg — DUQHLl(Q) < 2_2.

By applying Theorem 3.2.3, in the same manner as we just did above, we can find a
sequence of piecewise affine Lipschitz mappings {u;}°; from Q to R™ and a decreasing
sequence {e;}2°, such that

o 0<g <278,
Du;(z) € U; a.e. in Q,

u; = v on Of),

HDul * Pe;, — Du1||L1(Q) < 2% and
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° Hui-i-l — ulHCa(ﬁ) < 2_i€i.

We see that the sequence {u;}$2; converges in C%(Q;R™) to some u € C*(Q;R™). It is
clear that the mappings u; are uniformly Lipschitz (because the sets U; are equibounded,
see Definition 3.1.1). Thus, u: Q@ — R™ is Lipschitz. Moreover, by selecting the elements
of the sequence {¢;}72, small enough, we get ||u — v|ca ) < €. In addition, since u; = v
on Of) for all i, we get u = v on Of). This achieves the first step.

Step 2 (Proof that Du € K ): Now we prove that Du(z) € K for a.e. x € Q2. We begin by
proving that Du; — Du in L'(€2). First, we see that we have

|Dui — Dullpiqy < | Du; — Du; * pe, || 1) +1|Dui % pe; — Du* pe, || 1)

<2-1—0 as i—00

+ [[Du * pe; — Dul| 11 (q),

—0 as i—00

so it suffices to prove that the second term converges to 0 as ¢ — oco. Inside €2, we have
D(ui — u) * pe; = (ui — u) * Dpe;,
and thus the remaining term can be estimated by

[(ui —u) * Dpe, || 110
<|| Dpe;llLrmyllwi — ull )

C1
< —Jui — ull (o)
&

for some C depending only on 2 and the choice of p. In addition,

o
—g >
lui = ullpooqe) < O lujrn — ugllpe(e) < D277, < 22*2--
i>i j=i
Therefore,
2C, i

1Du;  pe; — Du* pe; || 11() < =7 = 2170y
which converges to 0 as i — co. This proves that Du; — Du in L'(£2). Then notice that
for a.e. x € Q,

dist (Du(z), K) < |[Du(x) — Du;(x)| + dist (Du;(x), K) for all i > 1.
Now realise that since {U;}7°, is an in-approximation we have

sup dist (X, K) -0 asi— co.
XeU;
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Thus dist (Du;(x), K) — 0 uniformly in  as i — co. Combined with the fact that
Du; — Du in L'(Q),

we get
/ dist (Du(x), K) dr =0 which implies Du(z) € K for a.e. z € ,
Q

as wished. This finishes this step and the proof. O

To conclude, let us make a comment about the proof above. When reading the proof, it is
easy to think of {u;}?°, as a simple approximating sequence which approximates u. It is
useful to point out that while it is true that {u;}32, approximates u, the construction of the
sequence {ug}7°, is much more subtle than a standard approximating sequence. Indeed,
for a general approximating sequence ux — u in C*(Q;R™) we do not get Dup — Du
in L1(€; M™*™). Why do we obtain this in the proof above and how it is related to the
fact that {uy}72, is a more subtle construction than a standard approximating sequence?
Briefly put, this comes from the fact that for any given wuy, in the sequence and any small
7, we are able to construct the rest of the sequence (i.e. the sequence {uy}r>k, ) in such
a way that the limit function u satisfies |lug, — u[| ) < 1. More precisely, in the proof
above, we want to make || Duy, * Pery — Du = Per, HLOO(Q) — 0 as kg — 0o. As we can see in
the proof above, in order to guarantee this, we need to show that

C

oo ko = ullzo=(@) 0.
This is where the fact of being able to make [|uy, — u| 7 (q) as small as one wants becomes
useful. Indeed, we choose the rest of the sequence (i.e. the sequence {uy}r>k, ) in such a
way that [|ug, — ullpe(q) < 21=kog, . The fact that 2175 — 0 as kg — oo then allows to
conclude.



Chapter 4

Application to quasiconvex
functionals

In this chapter we are going to apply the techniques from the previous chapter to quasicon-
vex functionals. In Section 4.1 we introduce the notion of quasiconvexity. In particular, we
state Evans’ partial regularity theorem [9, Theorem 1] which applies to the minimization
problem

ntinI(u) Z:/QF(D’LL) dz (4.1)

where u belongs to a Sobolev space and F' is uniformly quasiconvex. In particular, Evans’
theorem in particular states that if ' € C°°(M"™*™) then the minimizer of (4.1) is smooth
except possibly in a subset of null Lebesgue measure. In addition, it is a fact that all
stationary points of the functional Z solve the Euler-Lagrange equation

div DF(Du) = 0. (4.2)

The objective of the remainder of the chapter is to show that there are very irregular
solutions to the equation (4.2) (which are also stationary points to Z). This shows that
the assumption of being a global minimizer in Evans’ theorem is essential. In particular,
the assumption that u is a stationary point of Z is not sufficient. Indeed, we prove the
following theorem from [21]:

Theorem 4.0.1. There exists a smooth, strongly quasiconvex function Fy: M?**? — R,
with D*Fy uniformly bounded in M?*2, four matrices Ay, Ay, A3, Ay € M?*? and 6, > 0
such that the following is true: Let F: M?*? = R be a C? function satisfying

DF(A;) = DFy(4;) and |D*F(A;) — D*Fy(A;)| <6 for all j =1,2,3,4.  (4.3)

27



28 CHAPTER 4. APPLICATION TO QUASICONVEX FUNCTIONALS

Then for each piecewise C! function v: Q — R? satisfying |Dv| < n a.e. in Q and any
e > 0, there exists a piecewise affine Lipschitz mapping u: 8 — R™ satisfying the following
properties:

o [[u—vlgag <&
o u=10v on 0N and

o u is not C' on any open subset of Q and is a weak solution of the equation

divDF(Du) =0 in . (4.4)

The main idea behind the proof is to see the Euler-Lagrange equation (4.2) as a differential
inclusion. Indeed, in Section 4.2 we show that the equation can be seen as a differential
inclusion. In Section 4.3, we present some preliminary tools. Then, we introduce the notion
of Tn-configuration in Section 4.4. This is a set of N points in M™*" which has particular
geometric properties. In Section 4.5, we build the function Fy of Theorem 4.0.1. Finally,
we prove Theorem 4.0.1 in Section 4.6. The main reference for this chapter is [21] and
unless explicitly stated otherwise, all results and proofs come from this paper.

4.1 Quasiconvexity

In this section we introduce the notion of quasiconvexity and some of its properties. For
more information about quasiconvexity, we refer to [22, Chapter 5].

A C2%function F: M™ " — R is said to be quasiconvex if
/Q [F(A+ Dy) — F(A)]dx >0 VAe M™" Vi e C5°(Q,R™).
Moreover, F' is uniformly quasiconvex if there is v > 0 such that
/Q [F(A+ Dy) — F(A)] de > v/ﬂ |Dy|*dx YA € M™™, Yy € C5°(Q, R™).
It is a well-known fact that under the growth assumption

[F(A)] < COL+[AP) vAe M™™,

the functional

I(u):/QF(Du)d:E

is weakly lower semicontinuous on W12(Q, R™) if and only if F is quasiconvex. We refer
the reader to [22, Theorem 5.16 and Proposition 5.18] for a proof of this.
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We can also define quasiconvexity for functions defined on S*** (for some k > 1). Let
F: Skxk s R. Then we say that F': S¥** — R is quasiconvex on S*** if

/ [F(A+D*)) — F(A)] dz >0 VAe S vy e C5o(Q).
Q
In addition, we say that F is strongly quasiconvex on S*** if
/ [F(A+ D*)) — F(A)] dz > 7/ |D%p|2dx YA € Sk v e C(Q).
Q Q

We also state the following characterisation of quasiconvexity [21, Lemma 2.1]:

Lemma 4.1.1. Let T" be a flat n-dimensional torus. A function F: M™*"™ — R is
quasiconvex if and only if

/ [F(A+ Dy) — F(A)] >0 YA€ M™™" Yy C°(T",R™).

Finally, we recall Evans partial regularity theorem (see [9, Theorem 1] and [22, Theorem
5.22.]).

Theorem 4.1.2. Suppose F € C?*(M™*™), uniformly quasiconvez, satisfying
|ID*F(A)| < C.

Let u € WH™(Q,R™) be a minimizer of Z. Then there exists a relatively closed subset
Y C Q of null Lebesgue measure such that

Du € C*(Q\ Sy, M™<™)

for each 0 < a < 1. In addition, if F' € C®°(M™*™) then u € C*°(Q\ X,,R™).

4.2 The Euler-Lagrange equation as a differential inclusion

In this section we reformulate equation (4.2) as a differential inclusion to be able to apply
the convex integration techniques from the previous chapter. In fact, we will show that
this equation is equivalent to the differential inclusion into the set

Kp = {<DF€(X)J> X € MM} c M2, (4.5)

Let F' € C1(M?*2). We consider the equation (4.2) and notice that it implies

curl (DF(Du)J) =0, where J:<(1) _01>. (4.6)
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Since 2 is assumed to be convex (e.g. a ball), and (4.6) holds, we get that there exists
u: Q — R? such that
Du = DF(Du)J.

w=(1).
Dw = @%) - (DFZ%)J) € Kr

as wished. We now prove the reverse implication. Assume we have a Lipschitz function
w: Q — R* such that

Define the function w: Q — R* by

Then clearly

Dw(x) € Kp for a.e x € Q.

= w! nd u= w?
e a =)

We obtain that Du = DF(Dw)J and conclude that

Then let

div DF(Du) = curl (DF(Du)J) = curl (Du) = 0.

Thus, we have proved that equation (4.2) is equivalent to the differential inclusion (4.6).

4.3 Preliminary tools

In this section we introduce some tools which will be of great value in the following sections.
We start with a lemma which allows us to extend quasiconvex functions defined on S2*?
to quasiconvex functions defined on M?*2. Let us introduce the following notation: for
any X € M*** (for some k > 1), we define its symmetric part as

X+ XxT
Xsym - T
We also define the antisymmetric part as
X -XxT
Xasym = T

Lemma 4.3.1. Let f: S?*2 — R be a smooth function such that |D*f| < ¢ in S%*2.
Assume that f is strongly quasiconvez on S**? in the sense that for some v > 0 we have

[ A+ %) = 5(a)) de 2 [ (0% o
R2 R?
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for A € S2*2 and all smooth, compactly supported ¢: R?2 — R. Then for sufficiently large
k > 0, the function f: M?*? — R defined by f(X) = f(Xsym) + k| Xasym|® is strongly
quasiconvex on M?*2.

To prove this lemma, we need the following proposition. Let us introduce the following

notation:
Dty =JDy, where J= <(1) _01) .

Proposition 4.3.2 (Helmholtz Decomposition). Let T? be the two-dimensional torus
R?/7Z2. Let ¢: T2 — R? be a smooth vector field. Then there are two smooth scalar
functions ¢,n € C*(T?), and a vector a € R? such that

¢ =D¢+ D'+ a. (4.7)

In addition, the following equality is satisfied
/ |D|? dx :/ |D%)? dx +/ |D%n|? da. (4.8)
T2 T2 T2

Proof. We write the functions ¢, ¢ and 7 as Fourier series on T?:

1 )
(p(;];) = Z (ig) e27rw-m?
v

VEZL?
¢($) — Z ¢V627ril/~w
veZ?
and
ww) = 3 metrie
vEZ?

where ¢, € C? and ¢,,n, € C for all v € Z?. Then

D¢(x) = 2mi Z <2> BT

vEZ?
and
Dtn(z) = 2mi Z (;?) 1,2V,
vEZ?

Thus, in order for (4.7) to be satisfied, we need to choose a = ¢y and the following system
to be satisfied for all v € Z2 \ {0}:

1 .
® = 27”(’/1(2511 - V2nu)§
4 . 4.9
{ 9012, = 27i(ve, + v1my). (4.9)
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This means that

_ 1 1 2 .

¢V - 27_”/(]/% + 7/22) (Sol/yl + SOVVQ)’
(4.10)

_ 1 2 1 .

M = 27”.(1/% +l/22) (Souyl SOVVQ)’

for all v € Z2 \ {0}. By choosing the coefficients ¢, and 7, so that the system above is
solved, (4.7) holds. Let us now prove that ¢,n € C°°(T?). Since ¢ is smooth, we obtain
that (for instance by [12, Corollary 2.11])

Z lpl] < o0 and Z |p2| < 0.
vezZ? veZ?

By the equations in (4.10), this means that
Z |pp| < 0o and Z Iny| < o0
vez? veZ?

Thus, (by e.g. [12, Corollary 2.10]) we obtain that ¢, € C(T?). This argument can be
applied to derivatives of ¢, ¢ and n. Thus, in the end we obtain ¢,n € C>(T?).

Finally, it remains to prove (4.8). First, we notice that

1 1 ,
D(p((l?) — omi Z <SOVV1 901/1/2> eQﬂw-z’

2 2
131 19
g v v
2 . V% L SLe) 2miv-x
D*¢p(x) = 2mi E 57 | pve
140 %] 15
vEZ?

and

2
D2 ) = 27TZ Vl V1V2> eQ7riV~$‘
(CREDY (A, ")
Then, by the Parseval identity (in the first and last equality),

L 1De dx = x5 (b + leboalt + b + Il

vEZ?
(4.9)
= (277)2 Z (V12 + VQQ)"/I(bV - V277V|2 + (277)2 Z (V12 + VQQ)‘V%ZSV + 1/1771,’2

veZ? veZ?

= (2m)? Z (Vil + 20303 + u§) |pu |2

vEZ?

+ (27)? Z (Vil + 20303 + V§) |2
vEZL?

:/ |D2¢|2d:z—|—/ |D?n|? da.
T2 T2
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This proves (4.8) and finishes the proof. O

Proof of Lemma 4.3.1. We will prove that for k large enough we get
/ (f(A+ Dy) — f(A))dz > ;/ |Dg|?dz, VAe M*? Vpe C®(T?,R?). (4.11)
T2 T2

Take ¢ € C*(T? R?) arbitrary. By Proposition 4.3.2, there are two functions ¢,n €
C>(T?) and a vector a € R? such that

¢ =D¢é+ D n+a.

Then Dy = D¢ + DD*n. Define Y: T? — §2*2 as Y = (DD19) 5. We find that

1
/ yYdeZQ/ \D2n|2da;:/ |(DD* ) asym|? da. (4.12)
T2 T2 T2

In order to establish (4.11), we write the left-hand side as the sum of three integrals:

[ (Fa+ Do) = F) = [ 1A+ D6+ Y) = f(Auym + D*0)] da
=I
+ / [f(Asym + D2¢) - f(ASym)] dx
’I[‘Q
=II

+ /2 K| Agsym + (DDJ‘vy)asyml2 — /@]Aasym\Q dx .
T

=111

Now we look at each of these integrals individually. Thanks to Proposition 4.3.2 we see
immediately that

II> 7/ |D?¢|? dz
T2
because f is quasiconvex on S$2*2. Then we see that

I =k | |Y]*d.
']I‘Q
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Finally, we take care of I for which we obtain the following;:
I= [ [+ D% +Y) = [(Agm+ D0) = Df (Auym + D*)Y] do
T2
- / [Df(Asym + D?¢) — Df(Agym)] Y da
T2
> —/ Sy Pdr— / ¢|D?¢||Y | dz
'H‘Q 2 '[FQ
c c? v
>— [ Z|Y)P+ Y2+ 2| D%*| d.
> [ VR4 VP + 1D da
In the end we obtain (by taking x large enough)

2
I+II+IIIZ¥/ D2¢|2dx+<f<a—g—2c)/ V|2 da
T2 Y/ J12

(4.8) v 2 v 2 12 C ? 2
D DplPde — 2L | |D*)%d e c Y|2d
2 [ et as=2 [ 1% x+(n ‘ 27) [ vPas

This proves the result. O

4.4 Ty-configurations

Now let us introduce the notion of T-configurations.
Definition 4.4.1. We say that X1,..., Xy € M™*" form a Tx-configuration if
rank(X; — X;) > 1 forall i,j=1,...,N,

and if there exist rank-one matrices C1,...,Cn satisfying
> Cp=0, (4.13)
k
K1,---,6N > 0 and a matriz P € M™*™ such that the following equalities hold:
X1 =P+ rCh,

Xo =P+ C1 + k205,

(4.14)
n—1

Xn =P+ Ci+rnCp, V1<n<N.
=1
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Figure 4.1: Example of a T-configuration (in this case N = 5). Notice that all segments
joining two points represent a rank-one connection.

Subsequent to this definition, we notice that the following four matrices {Xlo}f:l form a
Ty-configuration:

30 10 -3 0 -1 0
0 —1 0 3 0 1 0 -3

0 _ 0 __ 0 __ 0 _

xt=1, (| =1, 5] X=|, (| xP=|, 5| @15
30 10 -3 0 -1 0

This particular Tx-configuration will be particularly frequent in the remainder of this
chapter. For future reference, we also define {A;}}_; as

3 0 10 -3 0 -1 0
A1—<0 _1), A2_(0 3>, A3—<0 1> and A4—<O _3). (4.16)

See Figure 4.1 for an illustration of the definition of T-configurations. Moreover, we define
P,forn=1,...,N as

P,=P+> C; (4.17)

In the next lemma we prove that Tn-configurations have very special geometric structure.
Indeed, from the definition, we see that T-configurations contain no rank-one connections.
Despite this, Tn-configurations have a nontrivial rank-one convex hull, as the following
lemma shows.
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Lemma 4.4.2. If Xq,..., Xy form a Tn-configuration, the rank-one convexr hull of the
set {X1,..., XN} contains the points {P;}Y,.

Proof. For any rank-one convex function f: M™*™ — R such that f <0on {Xy,..., XN},
we have

FP) < L)+ (1= ) £ < (1= 1) 1)

i i 7

where the indices are considered to be modulo N. By induction we get that f(P;) < 0 for
alli=1,...,N. O]

Remark 4.4.3. In the previous lemma, when X equals one of the points P;, we can compute
the laminate p supported in {X1,..., XN} such that i = X. Notice that such a laminate
exists by Proposition 2.3.6. Since we will be particularly interested in Ty-configurations,
we consider the specific case N = 4. Moreover, without loss of generality, take i = 1 and
notice that for each j modulo 4, we have (with f; =1 —1/k;)

Pip1 = (1= 5)X; + B F;.
Continuing this argument further yields

4

_ (1—8i)B1B2BsBs
b= .Z By Bl = BuBafaBr)

=1
Thus, the desired laminate p is

4

B (1 — B:)B1B23P4
H= Z B ... Bi(1 = B1B23304) %

=i

=1

By direct computations, when X; = XZO for all i, defined in (4.15), we have

16 1
— = =23,4. 4.1
> L for alll ,3, (4.18)

Proposition 4.4.4. Recall the matrices X?, X9, X3, X9 defined in (4.15). In a neigh-
bourhood of (XY, X9, X9, X90) € (R¥2)4, there exists a 24-dimensional smooth manifold
whose elements are Ty-configurations. We denote this manifold M. In addition, there are
well-defined smooth maps mp: M — M*>2% (k =1, ..., 4) such that for all

(X1, X2, X3, X4) € M,

P, = 7 (X1, Xo, X3, X4) corresponds to the Py defined in (4.17) for the Ty-configuration
X17X27X37X4-
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The strategy of the proof of this proposition is to parametrise a set of T-configurations
close to XY, X9, X{, X9. To this end, we let C¥,C3,C9,CY be the rank-one matrices of
the Ty-configuration X{), XS, Xg,Xff. Then, we parametrise the set of rank-one matrices
C1,Cy, C3,Cy near to CY, CY, Cg, C9 which also satisfy (4.13). We use this parametrisation
combined with the equations (4.14) to parametrise a set of Ty-configurations close to
X9, X9, Xg, X?. By making sure that the parametrisation is locally a homeomorphism,
we show existence of the smooth maps m: M — M**2. We also deduce that M is 24-
dimensional because the dimension of the space of all parameters in the parametrisation is
24-dimensional.

Proof. Begin by observing that the rank-one matrices CY, CY, Cg, CY of the Ty-configuration
(X9, X9, X9, XJ) can be written as

C)=fivwe, CY=fr®e, C)=-fi®e, and Cf=—fr® ey,

where f1 = (2,0,0,2), fo = (0,2,2,0). Then notice that any 4-tuple of rank-one matrices
in a neighbourhood of (CY,CY,CY, CY) can be parametrized by

Ci=(fi+ta)® (e1+ Brea), (4.19a)
Cy = (f2 + a2) ® (e2 — Baen), (4.19b)
Cs = (—f1 + a3) ® (e1 + Psez) and (4.19¢)
Cy = (—f2+ a4) ® (e2 — faer), (4.19d)
where ay,...,aqs € R, B1,..., 5, € R. Since the 4-tuple (Cy,...,Cy) must also satisfy the
closing condition
4
> Ci=0, (4.20)
i=1
the parameters ay,...,aq, 51,... 54 must also satisfy the following two equations:

4
(Z Ci) er = a1 +az+ (B4 — B2) f2 — f2az — Bras = 0 and

i=1

i=1

4
(Z Cz’) ez = az + ag + (B1 — B3) f1 + Brar + Bzaz = 0.

Hence a3 and a4 can be written as

az = —a1 — (Ba — B2) fa + Poaz + Paas and
ay = —az — (f1 — B3)f1 — Pra1 — Bzas.
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Therefore, the set of 4-tuples of rank-one matrices satisfying (4.20) can be parametrized
by a1,as € R*, B1,...,54 € R as in (4.19) but where a3 and a4 have been replaced by the
expressions above. In other words,

f1+a1) ® (e1 + Brea),

f2 +az) @ (e2 — B2e1),
Ji—a1 — (Bs — B2) fo + Paaz + Bras) ® (e1 + Bze2) and
fo —az — (B1 — B3)f1 — Pra1 — Bszaz) ® (e2 — Baer).

= (
= (
_C (4.21)
= (-

Now we would like to parametrize the set of Ty-configurations by plugging (4.21) into
(4.14). To be precise, we define the map

O MP2x(RY)2xRYXRY — {(X1,..., Xy) € (MPH)*: {X};_, forms a Ty-configuration}

as

P+Ii101
P+ C1 + k20
P+ Cy+ Cy+ r3Cs
P+C’1+C2+03+I€4C4

O (P, a1, az, b1, P2, B3, 1, k1, K2, K3, K4) =

Then we compute the differential of ® at (0,0,0,0,0,0,0,2,2,2,2):

©(07 O) O) O) Oa 07 07 27 27 27 2) [P7 ai, az, /817 BQ? /83) 547 K1, R2, K3, ﬁ4]'

Using Maple, we show that the differential has full rank (i.e. 24). In particular, this means
that in a neighbourhood of
(0,0,0,0,0,0,0,2,2,2,2)

® is an immersion. Since every immersion is locally an embedding, we conclude that by
taking U € M**2 x (R*)? x R* x R* small enough, M := ®(U) is the desired manifold.
Finally, we prove the existence of the smooth maps 7. Indeed, the homeomorphism
d~1: M — U allows us to recover the matrices P, Ci, C, C3 and C4 and thus also the
matrices P, for all k. More precisely, we define 7, = 7, o ®~1, in which

Te: MP2 x (RY)? x R x RY — M2
is defined by

Tk (P, a1, az, By, B2, B3, Ba, ki1, iz, ki3, k) = P+ Y G,

where each C; is the expression defined in (4.21). O
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We conclude this section by defining some more maps. We define the projections
¢k:M—>M4X2 as ¢k(X1,...,X4):Xk

for all k =1,...,4. We also define the maps 7} : M — (Txg)K)L such that 7 (X1,..., X4)
is the orthogonal projection of (X1, ..., X4) onto (TX]?K)J-. In other words,

/ .
T = PI'O‘](TXOK)L o7
k

4.5 Construction of a special quasiconvex function

The objective of this section is to build the function Fy of Theorem 4.0.1. To do so,
the crucial point is to have Tj-configurations whose elements are all contained in the set
Kp, (see (4.5) to recall the definition of Kf,). Therefore, we define the 16-dimensional
manifold

/CF:KFXKFXKFXKF.

embedded in (R**2)%. To be more precise, we will build an Fjy such that the T)-configuration
given by (4.15) is contained in Kpg,. Unfortunately, this is not enough. We also need a
non-degeneracy condition to be satisfied. Before stating it, we introduce the notion of
transversality (the following definition and theorem come from [19, Chapter 6)):

Definition 4.5.1. Let A be a smooth manifold and consider two embedded smooth subman-
ifolds, S, 8" € A. Then we say that S and S’ intersect transversely if at each p € SNS’,
the tangent spaces T,S and T,S' together span TpA.

Let us now make a few remarks.

Remark 4.5.2. If for some p € SNS’ the tangent T,S and T,S’ together span TpA, we
will say that S and S’ intersect transversely at p.

Remark 4.5.3. In this section, the manifold denoted A in the previous definition will
always be (M**?)*,

Remark 4.5.4. Notice that in Definition 4.5.1, the condition that the tangent spaces T),S
and T,S’ together span T, A is an open condition. In other words, if for some p € SNS’,
T,S and T,S' together span T, A then there is an open neighbourhood d C SNS' of p such
that for all p' € U, TyS and TyS' together span Ty A. In particular, this means that if S
and S’ intersect transversely at some point p then S and S’ intersect transversely locally
around p.

A nice feature of manifolds that intersect transversely is that their intersection is also a
manifold. Indeed, the following result holds (see [19, Theorem 6.30] for a proof).
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Theorem 4.5.5. Suppose S,8' C A are embedded submanifolds. If S intersects S’
transversely, then S NS’ is an embedded submanifold of A with

dim(S§ NS’ = dim(A) — dim(S) — dim(S").

We can now state the non-degeneracy condition:
Definition 4.5.6. We say that condition (C) is satisfied if
(i) M and K intersect transversely at (X9, X9, X9, X9) and

(ii) after replacing M with a small neighbourhood of (X9, X9, X9, X9) in M, the map
(¢r, ) is, for each k, a nondegenerate diffeomorphism from MNKpg to a neighbour-
hood of (X}, m (X7, X3, X3, X)) in K x (TxoK)*.

Remark 4.5.7. By Theorem 4.5.5 and Remark 4.5.4 , the condition (i) in the definition
above implies that M N K is locally a manifold around (X9, X9, X9, X?).

Before stating the main result of this section, we introduce the map 6: M?*2 — M?*?
defined by

. T (0 1 (0 -1
0(X)=TXJ" where T(l 0) and J(l 0>.

Now, the goal of the remainder of this section is to prove the two following lemmas:

Lemma 4.5.8. There ezists a smooth, strongly quasiconvez function Fy: M?*? — R with
uniformly bounded D?Fy which satisfies F1(6(X)) = Fi(X) and

DFy(Ay) = <(1) g) .

Remark 4.5.9. It should be noted that Fy has the property DFy(0(X)) = 0(DFy(X)). As
a consequence, Lemma 4.5.8 implies that the set Kp, contains the Ty-configuration X?,
X9, Xg and X3. However, as mentioned in the beginning of this section, we also need the
non-degeneracy condition (C) to be satisfied. We will see that whether (C) is satisfied or
not depends only on the values of the second derivatives D2F(Aj) of the function F'. The
following lemma tells us for which values D*F(4;), (C) is satisfied.

Lemma 4.5.10. Assume that DF(Ay) = DFy(Ag) for k=1,...,4. Then condition (C)
above is satisfied for generic values of D*F(Ay), k = 1,...,4, i.e. there is a residual
set such that for all j-tuples (D*F(A1), D?F(Ay), D?F(A3), D?°F(A4)) belonging to this
residual set, (C) is satisfied.
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This lemma in particular tells us that if the function F; given by Lemma 4.5.8 does not
satisfy (C), then we may take a smooth, compactly supported, function V: M?*? — R
such that Fp := F; 4+ V is smooth, strongly quasiconvex and satisfies (C'). Indeed choose a
smooth V' such that [|[V|[o(azx2y is small, DV (A;) = 0 for all j and D?V (A;) such that Fy
satisfies (C) in virtue of Lemma 4.5.10. Since DV (A;) = 0 for all j, K, still contains the
Ty-configuration given by X9, X9 Xg and X). The fact that [y is strongly quasiconvex
follows from the fact that ||V||c(ps2x2) is small and F} is strongly quasiconvex.

Proof of Lemma 4.5.8. We begin by defining fy: $2*? — R by

[ det(X) if X is positive definite;
fo(X) = { 0 otherwise.

We claim the following which we will prove later:
Claim: fo is quasiconvex.
Now take w to be a non-negative smooth function that satisfies the following properties:

(i) w is supported in By g,

(i) / wdX =1,
SQXQ

(iii) XwdX =0 and

52x2
(iv) / det Xw(X) dX = 0.
SQXQ

To show that such a function exists, it suffices to check that there exist two positive
functions wy,ws € C§°(By/g) such that,

Xwi(X)dX =0 and (—1)i/ det Xw;(X)dX <0 fori=1,2.

S2X%2 S2X2

Then, by considering convex combinations of the form Aw;j + (1 — \)ws, we find a function
w such that

Xw(X)dX =0 and / det Xw(X)dX = 0.
S2X2

S2X2

Finally, it then suffices to normalise the function w to get property (ii) and hence the
desired function. Let us therefore verify that wy and wy exist. To show wq exists, it suffices
to take some arbitrary ¢ smooth, non-negative, radially symmetric, function centred at
the origin. Then consider the function of the form wy(X) = (X — Y1) + ¢(X — Y2) where
3 0
Y1 = (32 1) and Yy =-Y7.
0 3
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Under the assumption that ¢ is supported in a sufficiently small ball around the origin, it
is clear that

/ det (X w1 (X) dX > 0.
52><2

It only remains to check that (iii) holds, which however follows from the fact that w;
is even. The construction of wo is similar. This proves existence of w with the desired
properties. Then define a new function f;: $?*? = R as

f1(X) = max(fo(X), |X|? — 100).

The fact that f; is quasiconvex on S2*2 follows from the fact that the maximum of
quasiconvex functions is quasiconvex. Then define fo: S22 — R by f = f1 *w. Note that
f2(X) = fo(X) when |X| < 9 and B;g(X) is contained in the set of symmetric positive
definite matrices. The fact that fo is quasiconvex on S?*? follows from the fact that a
convolution between a positive mollifier and a quasiconvex function is quasiconvex. Take
v > 0 (to be chosen later) and define f3: S22 — R as f3(X) = fo(X) + 7|X|?, so that
f3 is strongly quasiconvex on S?*2. Then let f3 be the strongly quasiconvex extension to
M?*2 given by Lemma 4.3.1. Finally, define fy: M?*?2 — R as

~ 5
fa(X) =" f3(07F(X) — H) where H = (3 _05) :
Now, by definition of fy, we have f4(0(X)) = f4(X). From this it follows that
Df4(0(X)) = 6(Dfa(X)). (4.22)

Finally, D f4(A1) can now be computed explicitely and after long but simple computations,

we find that .
= 7+ 14y 0
_ (1

Then we consider functions F,, g: M 2x2 5 R of the form
1
Fop5(X) = §oz|X|2 + Bfi(X) (where a, 5 > 0).

Now we can find «, 8,7 > 0 such that
10
prsan= (1 1)

Notice that, due to (4.22), we have

DFop(0(X)) = 6(DFo (X))
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so F, g is the required function. This finishes the core of the proof and only the proof of
the claim remains:

Proof of the Claim: Let B1(0) denote the ball of radius 1 centered in 0. We wish to prove
that

[ oA+ D%)— oAl dr 20, VAESPRVpECE@).  (42)
Bi1(0)

We begin by the specific case where I = A. Define ug: B1(0) — R as

_ 2P

uo () 9

and u: B1(0) — R as
u(z) = uo(z) + ¢(z).
Then we define ¢: B1(0) — R as ¢ = Du and the set

E = {x € B1(0) : Dy is positive definite} C B;(0).

Equation (4.23) is then equivalent to

/ det(Dy) dz > £ (B1(0)). (4.24)
E

It suffices to verify that B1(0) C ¢(F) because

/Edet(Dgp) dx = /E | det(Dyp)| dx = /SO(E) ldx = L" (p(E)).

Thus, let b € B;1(0) be arbitrary and a € B1(0) be a point where the function x — u(z)—b-x
attains the minimum in Bj(0). The minimum is negative and on 9B1(0) the map is strictly
positive. Thus a € B;(0). Since the minimum is attained in a, ¢(a) = b and a € E. Thus
B1(0) C ¢(F) as desired. This proves (4.24). Thus (4.23) holds for A = I. This means
that, for any open domain €' C S?*2, we have (by the same argument as in the proof of
[22, Lemma 5.2])

| o+ D%) = fo(D)do 2 0, Ve € GE(8) (4.25)

Now we prove the general case. If A is not positive definite, then (4.23) holds because
fo = 0 and fy(A) = 0. If A is positive definite, then (4.23) follows from the following
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computation:
[ [h(d+ Do) - fo(a)] do
B1(0)

= det(4'/?) / [folI + AT D*¢(x)) — fo(I)] det(A"/?) dx

B1(0)
—der(a'”?) [ [foll + A7 D?0(A™22)) — fo(1)] de
Al/2(By(0))
(4.25)
— det(AY/2) /A ey O+ D) = o] =",

where 77: AY2(B;1(0)) — R is defined by

n(x) = (A~ a)

and A'/? denotes the symmetric positive definite matrix such that A'/241/2 = A (and
A~1/2 is its inverse). O

We will now prove Lemma 4.5.10. The strategy of the proof is to find a nontrivial
polynomial @ in the values of D?F(A;) such that whenever @ # 0, it implies that (C)
is satisfied.

Proof of Lemma 4.5.10. First we must compute the tangent spaces T(X97Xg7X§7X2)M and
Tix0 x9,x9,x9)K. We find that the tangent space T(xo yo yo x0)M can be identified with
4-tuples (Zy,...,Z4), where each Z; is a 4 by 2 matrix of the form

P11+ 2a11 + K] pr2 + 26

g P21 + 2a21 P22
| =
p31 + 2as31 D32
pa1 + 2a41 + K} paz + 25
p11 + a1l p12 + a1z + 3
Zy = | P2 + ag1 — 265 paa + a2 + K
P31+ a1 — 205 ps2+azg+ry |’
P41 + a4y P4z + asa + 3]
P11 — 11 — Kj P12 + a2 — 2685 + B
_ Y
Zy— | P21 a2t 5? 251/1 P22 + a2 and
P31 —asy + 52 — 2/34 P32 + asz

P41 — aq1 — Kj P4z + as2 — 205 + B
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P11 p12 — a2 + /3;/3 - /31
pa1+ By po2—ax — K
pa1+ By p32—as — k)

Pa1 paz — as2 + 55 — B

The tangent space T{xo xo xo y0)K consists of 4-tuples of the following form

<(D2F(A£)M1J> ’ (DQF(]XZQ)MQJ> ’ <D2F(]£)M3J> ’ (DQF(]\Z:)M4J>>

where M, My, Mz, My € M?*2. Now we claim the following which we shall prove later:

Claim: If the following system of equations

_ M; .
(p31 p32) _ DQF(Al) <p11 p12> T and (4.27)
P41 P42 P21 P22
My =0, (4.28)

has no nontrivial solutions, then M and K intersect transversely at (X9, X9, Xg, X?0) and
the map (¢1, 7)) is locally a nondegenerate diffeomorphism from MNKp to a neighbourhood
of (X0, (X0, X9, X, X9)) in K x (TyoK)*.

This system is equivalent to a linear system with 40 equations and 40 unknowns. The
determinant of the matrix of this linear system is a polynomial in the entries of D?F (4;),
j=1,2,3,4. We call this polynomial Q1. We can prove that Q)1 is not identically zero by
noticing that with

D?F(A)) =1, D*F(Ay) =1, D?F(A3)=0, and D?*F(A4) =1

the system admits no nontrivial solution. In a similar way, for each k = 2, 3,4 there is a
polynomial Q in the entries of D2F(A;) such that Qx # 0 implies that M and Kp intersect
transversely at (X{, X9, X9, X{) and the map (X1,...,Xa) — (Xp, 7}, (X1, Xo, X3, X4)) is
a nondegenerate diffeomorphism between a neighbourhood of (X¥,...,XY) € M N Kp
and a neighbourhood of (XP, 7} (X7, X9, X9, X?)) € K x (TXQK)L. Finally, define Q =
Q1Q2Q3Q4. We notice that  # 0 implies (C). Since @ is a polynomial in the entries of
D?F(A;) that is not identically zero, we have finished the proof once the claim is proved.

Proof of the Claim: First we prove that if the system does not have any nontrivial solutions
then M and K intersect transversely. We would like to show that T yo xo xo x0)M and

T(X?7XS,X??7X2)ICF Span (M4><2)4 Deﬁne

W .= {(Zl,ZQ,Zg,Z4) S T(X?,XQO,X:.?,XE)M . (427) holds and Zl = 0}
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It is enough to prove that W' + T xo xo xo x0)KF spans (M**2)4, Since
dlm(W) + dim(T(X?,XS,Xg,XE)K:F) =32

and both W and T{yo xg xo x0)Kr are linear spaces, it suffices to show that all vectors
belonging to W' are linearly independent from all vectors in T(xo yo x9 x0)Kr. In other
words, we would like to find that (4.26) has no nontrivial solutions. To this end, we
assume that (4.26) holds and we prove that the solution is the trivial one. Notice that (4.27)
already holds by definition of W and since we assume (4.26), Z; = 0 implies (4.28). Thus all
equations (4.26), (4.27) and (4.28) hold. By the claim, we get that the solution is the trivial
one. Thus, M and K intersect transversely at (X7, X9, X9, X?) and by Theorem 4.5.5
and Remark 4.5.4, M N Kg is locally an 8-dimensional manifold in a neighbourhood of
(X9, X9, X9,XJ) . Now we prove that the system having no nontrivial solutions also
implies that the map

(Xl,...,X4) — (X1,7T/1(X1,X2,X3,X4)) (429)

is a nondegenerate diffeomorphism between a neighbourhood of (X?,...,X?) € MNKp
and a neighbourhood of (X, (P))") € K x (TX?K)L. Since the neighbourhood around

(X9, X9, X9, X7) may be taken as small as we wish it suffices to show that the differential
of the map in (4.29) is bijective. Since both M N K and K X (TX?K)L are 8-dimensional
manifolds, it suffices to verify that the differential is injective. First notice that the
differential is given by

D7T/1 = Proj(TX?K)L OD7T1. (430)

To prove that the differential is injective, we assume that
Zy =0, Dny(Z1,Z2,73,24) =0
for some (71, Zy, Z3,Z4) € T(X%X&X&XS)M N Kr and show that this implies
W=y =J3=74=0.
From D7(Zy, Zs, Z3, Zy) = 0, we deduce that
Dm(Z1, Za, Z3,Zy) € TX?K. (4.31)

Since the differential of the map m; is

P11 P12
Dmy(Zy, Zs, Z3, Zy) = pa1 b2 |
P31 P32

P41 P42
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(4.31) gives us that (4.27) holds. Then we choose Mj, Ms, M3, My such that (4.26) holds

(this is possible since Z; € T'xyo K for all j = 1,2,3,4). Finally (4.28) holds since Z; = 0.
J

Since all equations (4.26), (4.27) and (4.28) hold, we conclude that

1=y =73=274=0
as desired. ]

We recall that this last lemma implies that there exists a strongly quasiconvex function Fjy
which satisfies (C) such that Kp, contains the Ty-configuration given by X9, X9, X9 and
X9

4.6 Proof of the main theorem

Finally, in this last section of the chapter, the goal is to prove Theorem 4.0.1 stated at the
beginning of this chapter. First, however, we build a suitable in-approximation.

Lemma 4.6.1. Using the notation above, assume that condition (C) is satisfied. Letr > 0.
Then there exists an in-approximation {U;}2, of the set

4
K, = | J{X e M2 |X - X)| <r}nKp
j=1

such that Uy contains a small neighbourhood of the rank-one convex hull of the points
PP, ..., PY.

Before proving this we need the following result from linear algebra (see [26, Chapter 0]
for a proof and other related results):

Lemma 4.6.2. Let A, B,C,D be four k x k matrices and suppose that D is invertible.
Then the determinant of the block matriz

v=(e o)

det(M) = det(A — BD'C) det(D). (4.32)

18

Proof of Lemma 4.6.1 . We consider maps @2: MpNK — M*¥>2 for k =1,...,4 and
A € (0,1) defined by
D = (1 — N + Aoy

We begin with the following claim which we prove later:
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Claim: There exists 0 < A < 1 and an open set O C M N Kg such that CD% lo is an open
map for allk=1,...,4 and A < A < 1.

Now take a sequence of open sets {O;}32, such that O; C O for all j > 1 and O; C O
for all j > 1. Then take an increasing sequence of numbers {\; };";1 such that A\; = 0 and
Aj > A for all j > 2. Then, for each k =1,...,4 and j > 0, define

)\.
U, = { D) (X1, X2, X3, Xy) 1 (X1, X2, X3, Xy) € Oy}

and
4
Uy =ty
k=1

By the claim, U; is open for all j > 1 and since the map 71 is an open map, U/ is open too.
The fact that U; C U9, for all j > 1 is the content of the following lemma. The fact that

sup dist (X, K;) — 0
Xel;

follows from the definition of the maps ®;. Thus {Z/lj}Jo-’;l is an in-approximation of the
set K,. Finally, since U; contains P{, Py, PY, P) and Uy C U5¢ we have that U3¢ contains
a neighbourhood of the rank-one convex hull of {P}, P, PY, P)}. Replacing U; by this
neighbourhood gives us the desired in-approximation.

Proof of the Claim: Without loss of generality, we take £ = 1. Take O to be a small
neighbourhood of (XY, X9, X, X?) in M N Kp. Notice that for all (X7, Xa, X3, X4) € O,
X7 and P; can be written as

X1 = X7+ X(X1) +£(X1) (4.33)
where X (X) € Tq, K and £(X(X1)) € (T4, K)*, and
PI(X17X27X3a X4) = ]DlO + 77(X17X27X3, X4) + Y(X17X27 X37X4)

where Y (X1, X2, X3,X4) € (T4, K)* and 1(X1, Xo, X3, X4) € Ta, K. Tt is clear that X
is a diffeomorphism when taking O small enough. Moreover, from condition (C) we see
that the map (X1, X9, X3, X4) — (X1,Y (X1, Xo, X3, Xy)) is a diffeomorphism (provided
O is small enough) Since X is a diffeomorphism the previous observation implies that
(X1, X2, X3, X4) = (X(X1),Y (X1, X2, X3, X4)) is also a diffeomorphism. Thus (X,Y)
can be taken as coordinates in O (provided it is small enough). In these coordinates, the
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map @7 takes the form
PHX,Y) = (1 - NP +Y +n(X,Y)) + A(X] + X +£(X))
= (1-NP) 42X
FAX + (1= Mp(X,Y)
€T, K
+ (1= )Y +A(X)

G(TAl I()L

and its differential in matrix form with respect to (X,Y) is

()\I +(1—=XNoxn (11— A)&m)
AOx§ 1=M1 )"

To show that the map <I>{‘ |o is an open map, we show that the determinant is nonzero in
O (where O does not depend on A). Observe that

g (M (1= Naxn (1- Ny
A0x €& (1—-MI
U252 et(AT + (1 = N)dxn — Adyndx€) det((1 — A)I).
—_——
#0
Therefore, it suffices to show that

det(A(I —0ynox€) + (1 —X)0xn) #0 in O.

Define!
M = 2max(|0yn(0,0)|sc, |0x1(0,0)]s0, 1).

Then there is §; > 0 such that
Oy n(X,Y)|oo <M and [0xn(X,Y)|ec <M forall (X,Y) e Bs(0)x Bs,(0).

Before going further, we prove that dx£(0) = 0 in coordinates. From (4.33) we obtain

X, — X9 1 1
X1 — X9 Xy — XY ) | X1 — X7 (%)
—vely, K €Ta, K €(Ta, K)*
and therefore X
lim (X = 0.

X1—>X? ‘Xl — X?’

e
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This is equivalent to dx&(0) = 0 in coordinates. Therefore, for any € > 0 (to be chosen
later) there is d2 > 0 such that |0x&(X)| < € for all X € By, (0). Define 6 = min(dy, d2).
Taking some A (to be chosen later), we get for all A > A and all (X,Y) € Bs(0) x Bs(0)
that

|0y n(X,Y)OxE(X, Y )|oo <eM and [(1 —XN)Ixn(X,Y)|e < (1 —A)M.

Finally, taking e = (8M)~! and A = 1 — (8M)~!, we get that for all A > A and all
(X,Y) € Bs(0) x Bs(0)

Oy n(X, Y)OxE(X,Y)|oo < 1/8 and |(1 — N)dxn(X,Y)|se < 1/8.

Thus,
det(A(I — dynox§) + (1 — A)dxn) # 0

for all (X,Y) € Bs(0) x Bs(0) and A > A. This proves that the map ® |0 is an open map
as wished. O

Lemma 4.6.3. Using the notation introduced in the previous proof, the following is true.
For each integer j > 0, the set U; is contained in U;$, and each A € U, is the center of
mass of a laminate p = Z?:l widy; with Y, € Uy jy1. In addition, when \; is sufficiently
close to 1 and O 1is sufficiently small (but independent of j), the following is true:

e = 1= (Ajr1 = Aj), (4.34)
[V, — Al < 2|X) — P2|(M\js1 — Aj)  and (4.35)
> (Njp1—A;)/8  foralll # k. (4.36)

Proof. Without loss of generality, assume that A € U/ 1. Then there exists
(X1, X2, X3, X4) € Oj

such that
A= (1 — )\j)ﬂl(Xl,XQ,X3,X4) + )\le.

Since {X;}}, forms a Ty-configuration there exists P € M**2 {k;}* | and rank-one
matrices {C;}1_; € M**% such that

i—1
Xi=P+> Ci+rCi foralli=1,... 4
=1

Then, for each i =1,...,4 set

Y; = (1 — )\j+1)71’i(X1,X2,X3,X4) + )\j+1Xl'
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This means

i—1
}/i :P'f’zcl‘i‘)\j-i-lﬁici for all i = 1,...,4,
=1

which shows that {Y;}#_, forms a Tj-configuration. Now define
Pl =T (X17 X27 X37 X4)

and see that Y} and P; are rank-one connected. Therefore, the following probability
measure is a laminate of finite order:

- Aj Aj
fi= "0y, + <1 -5 >5P1. (4.37)
J+1 J+1

We compute its barycenter:

DY A
— Y, 1--2 )P
© \ 1+< h ) il

J+1 7+1
Aj Aj
= N ((1- )\j+1)P1 + )\j.:,_le) +(1- Mot P
] J
=(1- )\j)P1 + A Xy

= A.
Before going further we notice that (4.35) holds due to the following computation:
Vi — Al = (1= X)) P+ A Xa — (1= A)) P+ A X
= X1 = Pil(Ajr = Ag) < 2X7 = PPV — )
where the last inequality hold due to the fact that O is assumed to be sufficiently small.

Since {Yi}?zl forms a Ty-configuration, Proposition 2.3.6 guarantees that there is a laminate
o supported in {Y;} | such that @ = P;. By Remark 4.4.3 and (4.18), « takes the form

4
o = E al(SYl
=1

where

16 1
oy > '8 for all [ = 2,3, 4, (4.38)

under the assumption that \; is sufficiently large and O is sufficiently small. To define the
desired laminate p, we need to replace dp, in (4.37) by a. Set

Aj Aj
= Sy, + (1 - ) Q
S VITRCE ( Aj+1
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The fact that u is a laminate comes from the fact that i is a laminate, « is a laminate with
barycenter Py and rank(P; —Y7) = 1. From (4.38) and the assumption that \; is close to
1, we conclude that (4.36) holds. Moreover, (4.34) holds from a direct computation. [

We can now prove Theorem 4.0.1. Let us first briefly present the idea behind the proof.
We will build a sequence {u;}3°; such that Du; € U; a.e. for all i. For each i, we build
uiy1 from u; by adding more oscillations at each step. We expect the limit of this sequence
to be the desired function. Take V' C € such that u;|y is affine. Let A = Du;|y € U;. By
Lemma 4.6.3, there exists a laminate p supported in U4 with @ = A and (U i41) > 0 for
all [ (provided i is large enough). By applying Lemma 3.2.4, we get a function w: V — R4
such that instead of being affine, the gradient takes values in all of the sets U4 ;4. This
adds oscillations and by applying the same argument to each affine part of u;, we get a
function w;41 with more oscillations. By imposing the sets V' to become smaller and smaller
as i — 00, we expect the limit function to not be C! on any open set.

Proof of Theorem 4.0.1. Let F' be an arbitrary function satisfying the assumptions in the
statement of the theorem. Since DF(A;) = DFy(A;) for all j, we know that M and
Kp intersect in the same point as M and Kg, (i.e. in (X{, X9 X9 X9)). Then we see
from the proof of Lemma 4.5.10 that condition (C') is preserved under small perturbations
of the value of the second derivatives of Fy. Thus, there is a 6 > 0 such that for all
F € C?(M?*?) satisfying (4.3) the condition (C) still holds. Let r > 0, then Lemma 4.6.1
gives us an in-approximation {Uf;}5°; of the set

4

K, = | J{x e M2 |X - X]| <r} N Kp.

j=1
The lemma also gives us that the set {/; contains the origin and therefore there exists € > 0
such that B.(0) C U;. We could already now invoke Theorem 3.3.3 to get a solution to the
differential inclusion

Dw(z) € K, for a.e. x € (),

and hence a solution to the PDE under consideration. However, this does not automatically
gives us a solution which is nowhere C'. To get such a solution, we revisit the proof of
Theorem 3.3.3 and make a more explicit construction. Let {A;}72; be a sequence as in the
proof of Lemma 4.6.1. We may assume that it satisfies

—_

ﬁ(l (A= X-1)) 2 5

=

Let r > 0 be small. Now, let ¢: M**2 — R be a continuous function which is identically
equal to 1 in By, (0) and vanishes outside Bs,(0). Then, for each | = 1,2,3,4, define
o(X) = ¢(X — XP). To prove the theorem we would like to find a piecewise affine
w: Q — R? such that
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HU_UHca(ﬁ) <g,
e u = v on 0f),

u is not C'!' on any open set and

e u is a weak solution to the equation div DF(Du) = 0.

Let v be a function as in the statement of the theorem and define w by

G- (Y
={o)-
We now define a sequence of functions w;: Q — R* and a sequence of families F; of open

subsets of €2 satisfying the following properties:

(i) The sets in F; are open, mutually disjoint, contained in €2 together with their closures,
and cover € up to a set of measure 0.

) Each set in Fj,, is contained in a set of F; for all j,1 > 1.
) sup{diam (V) : V € F;} = 0 as j — oo.
(iv) Dwj is constant on each V' € Fj for all j > 1.
) Dw; € Uj a.e. in Q,
) e s - Bllgem, < 2/2

o [[wjt1 — willge) < 2=+ Vj > 1 and

o w; =won I Vj>1
In addition, the following properties hold for j large enough:
(vii) we have

/Q |Dwji1 — Dwj|da < L(Ajp1 — Aj)L% ().

and

(viii) for each V' € F; and each | = 1,2,3,4, we have

—_

[ D) de = 0 =0 V), (4.39)

oo

/¢l Dwjir)dz > (1 — (Nj+1 — /gbl Duwyj) dz. (4.40)
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In order to build {w;}72, and {F;}32,, we proceed by induction. The existence of w; and
JF1 follow from Theorem 3.2.3. Now, to take care of the inductive step, assume that we
are already given w;, F; and wish to build w;11 and Fjy1. Let V € F; be arbitrary and
assume Dw; = A € U; in V. Let k € {1,2,3,4} be such that A € U, ;. By Lemma 4.6.3

there exists a laminate A

n= Z/Ll(Syl with Y} € Uljj+1 (4.41)
=1

such that @ = A. Moreover, when \; is close enough to 1 (i.e. j is large enough), we have

e = 1= (Ajr1 = Aj), (4.42)
Vi, — A] < 2|Xp — P|(\j+1 — )j) and (4.43)
> (Aj1 — Aj)/8  for all | # k. (4.44)

Then by Lemma 3.2.4 we can define a new function w}/H: V — R? such that

° ngV—H — Wjllgaqp) < 20+,

° Dw}ﬂrl@) €Ujyq forae z eV,
° w}fﬂ = w; on OV and

o [? ({:1; eV: Dw;-/_H € ul,jH}) = mL? (V) for each | = 1,2,3,4.

We choose a family fj‘frl of mutually disjoint open sets of radius less that ]ﬁ which cover
V up to a set of measure 0 and such that Dw]Vle is constant on each of these sets. We can
now define
./_"j+1 = U f}{f—l
VE]'—]'

and wjt1: Q — RY by wjyi(z) = w;/ﬂ(x) if x € V for all V € F;. Finally, we check that
all the properties (i) - (viii) hold. We realise that the properties (i) - (vi) hold directly
from the above construction. To prove (vii), we observe that for any j > 1 and V € F;
(where we take k to be such that Dwj;|y € Uy ; as in the construction above)

/ |ij+1 — DU)]‘ dr = / |ij+1 — DU}]‘ dx
\% {ZBGV:ij_‘_l(l')Guk,ijl}

+ / ]ij_,_l — ij\ dx
{zeV:Dwji1(x)EUp,j41}

(4.42),(4.43) 0 0 )

< 4‘X1 — P ’()‘j+1 - /\j)ﬁ (V)

0 0| p2
+ (ANjr1 — Aj)  ax, 1 Xi — X51L5 (V)



4.6. PROOF OF THE MAIN THEOREM 95

so by taking L = 4|XY{ — PP| 4+ maxi<; j<4|X? — X]Q], we get (vii). Finally, we prove (viii).
Let j > 1 and V € F; be arbitrary. When j is large enough, inequalities (4.42) and (4.44)
imply
1
/ ¢Z(ij+1) dx > g()\j_H — )\j)/.:2 (V) Vil = 1, 2, 3,4.
1%

This proves the first inequality of (viii). Now, let us prove the second one. Take k such
that Dwj|y € Uy, j. Then (4.42) implies

/ gf)k ij+1)dx > (1 — j+1 / Ok Dw]

This inequality is also true if we replace k with some [ # k, which follows from the fact
that

/ P1(Dw;) dz =0
v

and ¢; > 0. Thus (viii) holds. Now that we have established the (i) - (viii), we conclude the
proof of the theorem. Let wo, = lim;_,o wj. We notice that due to (vii) and the fact that
Aj = 1, Dw; — Dweo in L(€; M**2). From the fact that {U;}52, is an in-approximation,
(v) and the fact that Dw; — Dwe in LY(€; M4*?), we deduce that Dws(z) € KF for a.e.
x € © and hence wy is also Lipschitz. Finally, for j sufficiently large and for all V' € F;,

/qbl(Dwoo)dm: lim ¢1(Dwy,) dx
\%

m—0o0 v

> Jim (1= (= Ae) - (1= (a2 = Ar) | an(Duyi) da

m—ro0
>z / ¢1(Dwijy1) d
> 16 ()\]H ML2(V)>0 foralll=1,...,4.

Therefore the essential oscillation of Dws, over any open set is at least

X7 — X7
max ———.

1<i,j<4 2

Thus we is not C'' in any open subset of 2. Finally, viewing wes as

()

where u,u: Q — R?, we see that u solves the equation (4.4) and is not C! in any open set.
This proves the theorem. ]
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Chapter 5

Application to polyconvex
functionals

In this chapter we will apply the convex integration techniques from Chapter 3 to polycon-
vex functionals. In particular, we will prove the following theorem from Székelyhidi [24,
Theorem 1].

Theorem 5.0.1. Let Q be the unit ball in R%. There exists a smooth, strongly polyconvex
function F': M?*? — R with bounded second derivatives, such that the corresponding elliptic
system

div DF(Du) =0 (5.1)

admits weak solutions u: Q0 — R?, which are Lipschitz, but not C' in any open subset of
Q. Moreover, F' can be chosen so that these weak solutions are weak local minimizers of
the functional

I(u):/QF(Du) dx,

which means that T(u) < Z(u+ ) for all o € WH>(Q) such that [pllwroe ) < € for some
small €.

The notion of polyconvex functions is recalled in Section 5.1. Then, we prove Theorem 5.0.1
in Section 5.2. The main reference for this entire chapter is the paper by Székelyhidi [24].
We would also like to state that we reuse the same notation as in the previous chapter.
In particular, M is some manifold consisting of T-configurations, Kr = (Kr)" and the
maps ¢, T remain the same.

o7
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5.1 Polyconvexity

In this section, we introduce the concept of polyconvexity.

Definition 5.1.1. A function F: M?*? — R is called polyconvez if there exists a convex
function G: M**? x R — RU {+oo} such that

F(X)=G(X,det X) VX € M?**2

Remark 5.1.2. Due to the fact that M?*? x R = R®, the function G in the definition
above will be interpreted as a function from R5 to R.

It is a well-known fact that polyconvexity implies quasiconvexity under the assumption
that F' never takes the value +o0o. As a consequence, the results stated for quasiconvex
functionals in the previous chapter remain true for polyconvex functionals.

Finally, we say that a function F: M?*? — R is strongly polyconvex if there exists a
polyconvex Fy: M?*? — R and € > 0 such that

F(X) = Fo(X) + ;X\Q-

For more about polyconvexity, we refer to [22, Chapter 6].

5.2 Proof of the main theorem

The goal of this section is to prove Theorem 5.0.1. The proof is very similar to the one of
Theorem 4.0.1 from the previous chapter. However, in the opinion of the author, the proof
presented in this section, due to Székelyhidi, offers another perspective.

As in the previous chapter, we need a nondegeneracy condition.

Definition 5.2.1 (Condition (C)). Suppose F € C?(M?*2) is such that Kp contains
a Tx-configuration {Zl}f\il In addition, suppose that M is a manifold whose elements

are Tn-configurations and (Zy,...,Zy) € M. If M and Kp intersect transversely at
(Z1,...,ZN) and for each k =1,...,N, the maps

T M — M2

are local submersions on M N K, then F is said to satisfy condition (C) at (Z1,...,2ZN).

For the moment, we assume that the nondegeneracy condition (C') is satisfied and prove
that under the simple condition that Kz contains a Tn-configuration, we can build a very
irregular solution the equation (5.1).
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Proposition 5.2.2. Suppose F € C?(M?*2) is such that K contains a Ty-configuration
{29,...,Z8} and suppose F satisfies condition (C) at (ZY,...,Z%). Then there exists
another Ty-configuration {Z?,...,ZJOV} arbitrarily close to {Z9,...,Z%} such that the
following holds. Let

Bie (2. 2
as defined in (4.17). Then for any € > 0 there exists a Lipschitz map w: Q — R* with the
following properties:

o Du(z) € Kr 0 (Uily B-(Z9)) ae. in @,

o the function u = (w',w?) is a weak solution of (5.1),

o |[w— ﬁlx“ca(ﬁ) < e, w(z) =Pz on 09 and

o Dw has essential oscillation of order 1 in any subdomain of 2, so that w is nowhere
Ct.

Remark 5.2.3. Notice that the above proposition has no assumption on F other than
it satisfying (C) and being of C?-regularity. This means that once we have proved this
theorem, it only remains to prove that there exists a polyconvex function F satisfying (C)
such that the set Kg contains a Ty -configuration.

The proof of this proposition is similar to that of Theorem 4.0.1.

Proof. The proof will be split into 3 steps.

Step 1 (Define the preliminary notions): Due to condition (C') and using similar arguments
as in the proof of Theorem 4.0.1 we can prove that there is a Tiy-configuration {Z9, ..., Z%}
arbitrarily close to {Z9,..., Z$} for which there is a neighbourhood

OCMNKpn (B(ZY) x ... x BAZY)) (5.2)
and 0 < A < 1 such that the maps
®F = A + (1 = Ny,

are submersions when restricted to O, for all Kk = 1,...,N and A < XA < 1. Then, let
{)\j}‘;‘;l be an increasing sequence such that A\; = 0, A\; > A for all j > 2 and A\; — 1.

Then define the maps <I>f fori>land k=1,...,N as

Finally, let {O;}$°, be a sequence of open sets such that

0;C 01 COCMNKEN(BA(ZY) % ... x B.(Z%))



60 CHAPTER 5. APPLICATION TO POLYCONVEX FUNCTIONALS

foralli > 1. Foralli > 1, k=1,...,N, define U; ;, = ®¥(0;) and U; = UY_,U; 1. Since
the maps @f are submersions, they are open maps, hence all the sets i; ,, and U; are open.
We wish to show that {U4;}5°, is an in-approximation of the set

N
KpN (U BE(Z,S)> .
k=1

Due to the openness of the sets U;, (5.2) and the fact that A\; — 1, it only remains to show
that for any point A in U;, there is a laminate supported in U;4; with barycenter A. This
will be done in Step 2. Notice that by definition of A\, P; € Uj“.

Step 2 : We now describe a process of choosing laminates and, with the use of Lemma 3.2.4,
we modify functions. Assume that A € U;. Without loss of generality, we assume A € U; ;.
By definition of the sets U; and U; , in the previous step, there exists a T-configuration
(Z1,...,ZN) € O; such that A is contained in [Py, Z;] with

A=N\N71+ (1 — )\Z)Pl
Consider N points {Zg}é\f:l defined as
Zy = X\is1Zk + (1= Aig1) P

for all kK = 1,...,N. Then, by definition, Ek € Uiyr for all & = 1,..., N, since
(Z1,...,ZN) € O; C O;1. We see that {Z1,...,2Zn} is a Ty-configuration such that
mx(Z1,...,Zn) = Py for all k =1,..., N. Thus, there is a laminate

N
V= E Vk(52k
k=1

with barycenter P;. The fact that v, > 0 for all k = 1,..., N follows from computations
similar to the ones in Remark 4.4.3. Then we define

A A
=4z 11—
. i1 2 * ( )\z‘+1> Y

We see that p is a laminate supported in ;41 with barycenter A. This proves that {U;}°,

is an in-approximation of
N
KF N (U BE(ZIQ)> :

k=1

Note that
Ai

Ait1

pUigz1,1) >

For any subdomain @ C €, Lemma 3.2.4 proves that there exists a piecewise affine
Lipschitz function w: @/ — R* such that
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e w(z) = Az on 9 and Dw(z) € Ui+ in

o ||w— A:CHCQ(W) < 2~ (g,

o L2({z e : Dw(x) €Uiz11}) > )\)\i L2 (Q) and
i+1

° |Dw — Al dz < C(Aig1 — i) L2 (Q’) for some C' independent of 7 and V.
Q/

The first three properties follow from Lemma 3.2.4 and the fact that the sets f; ;, are open.
To prove the last property, we notice that (for some constants C, C, Co):

|Dw—A|dx:/ |Dw—A|d$+/ |Dw — Al dz
Q UN{Dweldjy1,1} Q' N{DwglUiy1,1}

< CLL2 () (i1 — M) + CoL? () <1 _ N > (5:3)

Ait1
<CL () i1 — i)

Step 8 (Description of the inductive scheme): In this step, we define a sequence of functions
using Step 2. Define wp: @ — R? as wg(z) = Piz. In order to define an inductive
scheme, assume that we have a piecewise affine Lipschitz function w;: Q — R? such that
Dw;(z) € U; for a.e. x € 2. Hence, there exist open sets {Q;}‘;‘;l such that

clanJaoi|=o
j=1

and for all j > 1, wl|Q; is an affine function. Without loss of generality, we may assume
that diam(Qé) < 1/i for all 5 > 1. Moreover, as in the proof of Theorem 4.0.1, the sets
{Qz 521 can be chosen in such a way that for each j there is k such that Qg C Q;;l. Now
we apply Step 2 to each wZ|Q; to get a new function w;y1: @ — R* in the same way as

in the proof of Theorem 4.0.1. By construction, the sequence {w;}$, converges to some
w € C*(;RY). Now we prove that the sequence {w;}2; converges in Whi(Q;R?). In
order to show it, we prove that it is a Cauchy sequence. For each i let {Q; ]O-‘;l be the
collection of open sets given above. By Step 2, and more precisely by (5.3), we have

/m [Dwisy — Dwil de < CL* (2) (i1 = Ao).

J

Since the sets Q; cover () up to a set of measure 0, we have

/ |Dw;y1 — Dw;| dx < CL(Q) (Nit1 — Mi).
Q
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Since \; — 1, this shows that w € WH(Q;R*) and Dw; — Dw in L'(Q; M**2). By the
construction described above, w also satisfies

o w(x) = Pyx on 9N and Dw(z),

o [w— Pzl cag < and

o Dw(z) € Kpn (Ugil BE(Z?)) for a.e. z € Q.

Finally, we show that Dw has essential oscillation of order 1 in any open set. Take an
arbitrary open subset ' C Q. By taking ig sufficiently large, there exists a j such that
Q% c Q. By construction of the function w1, there exists an & > 0 such that for all
k=1,....N

L? ({:c € Qé-o t Dwjgy1(x) € Z/{i0+1’k}) > e'L? (Q;()) . (5.4)

This follows from the choice of laminates in Step 2. Now for all 7 > 4y and any [ such that
O c Q;-O, we have

i/ﬁ ({x c Q% : Dw;(z) € Ulk}) . (5.5)

r2 ({ZC € Q; : Dwi+1(.7}) S z/[i+17k}) > N

This inequality holds because wj; is affine on Q} If Dwi|9;- € U, , then (5.5) holds by the
construction described in Step 2. If Dw;| Y & U, 1, then the right-hand-side of (5.5) is zero

and the left-hand-side is strictly positive by the construction described above. Thus, (5.5)
holds. Since there is a collection {§}};c; of open sets Q) C Q;.O which cover Q;-(’ up to set
of measure 0, we get that

A \; ;
£? <{$ € Q;»O : Dwi+1(a?) S ulqu’k}) > )\'+1 £? ({QZ S Qjo : Dw,(w) € Uz,k}) .

Applying this inequality inductively and then (5.4), we obtain that

i Ai— Ai i
£2 ({x € Qjo : Dwz(x) S Ul7k}> > ! e Oi—i_lﬁ? ({1‘ S Qjo : Dwi0+1(x) S ui+17k})

Ai Nig+2
Aie1 igtl 1 02 (i) . Niot+l s 02 ( vio

Letting ¢ — oo yields
L2 ({x € : Dw(z) € BE(Z;?)}) > Niga1e' L2 (Q;0> 7

for all k = 1,...,N. Since this holds for any open subsets ' C Q, we conclude that Dw
has essential oscillation of order 1 in any subdomain of 2. This finishes the proof. O
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As already mentioned in Remark 5.2.3, we need to prove that there exists a polyconvex
function F' such that the set K contains a Tn-configuration. We will show that in fact
there exists a polyconvex F' such that Kp contains a Ts-configuration. Note that there is
no polyconvex function F' such that K contains a Tj-configuration (see [18, Proposition
3.11]).

Lemma 5.2.4. There exists a smooth, strongly polyconvex function F: M?**? — R and a
Ts-configuration {Z;}>_; C M**? such that {Z;}2_, C Kp. Moreover F can be chosen so
that D*F(X;) is positive definite for each i, where

X
o (5)

The main idea of the proof of this lemma is to prove that the existence of F' follows from
a system of inequalities being solvable.

Proof. Let us introduce the following notation: X = (X,det X) € R® for X € M?2*2. By
definition, K contains a T5-configuration {Zi}?zl where

Z; = (ii) . Xie MP2 Y e M
(2

if and only if
Y;=DF(X;)J Yi=1,...,5. (5.6)

In addition, F': M?*2 — R is strongly polyconvex if there is a convex function G: R®> — R
and some ¢ > 0 such that

F(X) = %\X\Q + G(X, det X). (5.7)
Hence, (5.6) is satisfied if and only if
axG(Xi, det XZ) + 8dG(X,~, det Xz) cof X; = -Y,J — X, (58)

where 0y is the derivative with respect to the determinant term in G. We claim the
following:

Claim 1: If we have real numbers {¢;}?_; C R and {B;}}_;, {)Z'Z}le C R® such that
¢; > ¢+ (B, X; — X;) for all i # j, (5.9)
then there exists a smooth convex function G: R®> — R such that

G(X;)=¢ and DG(X;) = B (5.10)
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forallz=1,...,5.

Now we use this claim to prove the existence of a convex function G and a T5-configuration
satisfying (5.8). By combining (5.8), (5.9) and (5.10), we obtain

(5.9) IO
¢ > ¢+ <Bi,Xj — Xl>
(5.10) N =
=" ¢+ (DG(X;), X; — X;) (5.11)
= ¢i + (0xG(X)), Xj — X;) + 04G(X;)(det X; — det X;)
O (VT + eXi + 84G(Xy) cof Xy X; — X;) + 8aG(X;)(det X; — det X),
for all i # j. Writing d; = 8,G(X;), we get!
¢ —c¢j+ d; det(Xj - Xz) + <X1 - Xj, Y;J> < €<Xi,Xi — X]> Vi 75 7 (512)
Thus, if
Ci—Cj+didet(Xj—Xi)+<Xi—Xj,}/iJ> <0 (513)

for all ¢ # j, then we can select € > 0 small enough to get (5.12). This shows that if we
can find {¢;}?_;,{d;}?_; C R and a Ts-configuration {Z;}?_; such that (5.13) holds, then
there exists a smooth, strongly polyconvex function F: M?*? — R such that {Zi}?zl is
contained in Kp. Indeed, if (5.13) holds, then there exists € > 0 such that (5.12) holds. By
(5.11) and Claim 1, there exists a convex function G such that (5.8) holds. The quantities
{ei}2_1,{di}3_; C R and {Z;}3_; can be found with the help of a computer. We refer to
[24, 20] for an example of a solution. Now, it still remains to show that the function F' can
be chosen in such a way that for alli = 1,...,5, D?F(X;) is positive definite. This follows
from the next claim:

Claim 2: In Claim 1, the function G can be chosen in such a way that for alli =1,...,5,
D?F(X;) is positive definite, where F is defined by (5.7).

Now it only remains to prove Claim 1 and Claim 2.

Proof of Claim 1: Assume {¢;}?_; C R and {B;}?_,, {X;}>_, C R® such that
cj > ¢+ <B¢,)A§;j —X;) foralli#j.

Define Gy: R> — R by

Go(X) = max (ci + (B, X — )E)) . (5.14)

i=1,...,

'Here we use the fact that the following formula holds for all A, B € M?*2:

det(A — B) = det A — det B — (cof B, A — B).
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Due to (5.9), Gy is affine and thus differentiable in a neighbourhood of X;. In particular,
DGy(X;) = B;. Then select a mollifier ¢ € C§° (R®) supported in a small ball around 0
such that

$(Y)dY =1 and Y(Y)dY = 0. (5.15)
R5 R5

Then the mollified function (¢ * Gp) is smooth and, in a neighbourhood of X;, we have
(04 Go) (D) = [ o(T)Go(X - V)d¥
R
= | ¢(Y)(ci+ (Bi, (X —Y) — X;))dY
R5

= [ o(Y)(ci+ (B;, X — X))dY — | ¢(Y)(B;,Y)dY
RS R5

=0
=c; + <BZ,X - XZ> == Go()z)

Thus G = ¢ * Gy is the desired function and this proves Claim 1.

Proof of Claim 2: The proof of this second claim is similar to the proof of the first claim.
However, we define the function G in a different way. First, we define ¥: M?*2 — R by

_ L XP X <
w(X) = { 78| X| otherwise;

for some v, 6 > 0 to be chosen later. Define Gp: R% — R as

Go(X) = max (c,- V(B X — X))+ U(X — X;) — ¢ \y<o)) . (5.16)

i=1,...,5

Since Gy is the maximum of convex functions, Gq is convex. Since (5.9) holds, for any
~v > 0, there exists § > 0 such that

¢;>ci+ (B, X;— X)) +U(X — X;) Vi (5.17)

Then, define G = ¢ * Gy. In the same way as in the proof of the previous claim, now due
to (5.17), in a neighbourhood of X;

G(X)=ci+ (B, X — X;) + ¢ (X — X;) — ¢ % U(0).
Thus, _
G(X;)=ci+¢xT(0) — o xV(0) = ;.
In a neighbourhood of )~(i,

DG(X)=B;+ ¢+« D¥ (X — X;) = B,
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since D¥(X) = 27X in a neighbourhood of 0 combined with (5.15). By definition of F
(see (5.7)), in a neighbourhood of X;, we have

F(X) = §|X|2 + G(X, det X)
= g\X|2+ <Bi7)?_)?i> +ox V(X — X;)— px¥(0)
= %\X|2 + <8XG()?i)7X - Xi) + 8dG()zi)(detX —det X;) + ¢ x ¥ (X — X;)

— ¢ % ¥(0)
_ §|X|2 F (YT 4+ eXi, X — X3) +didet(X — X;) + ¢+ U(X — X;) — ¢+ T(0).

Finally, we only have to prove that D2F(X;) is positive definite for all i. After standard
computations, we find that

D*F(X:)[Z,Z) = e|Z|* + 2d; det Z + 2v|Z|* = 2d; det Z + (2 + €)|Z|*.

By choosing v > max;—1,_5|di, D?F(X;) is positive definite for all 4. This finishes the
proof of Claim 2 and therefore also finishes the proof of the lemma. O

In addition to the results that we have already proved, we need to be able to build the
function F' such that (C) is satisfied. As in the previous chapter, in the case of polyconvex
functions, it suffices to show that for any function Fp such that Kp, contains a Ty-
configuration, perturbing it infinitesimally is enough to get a function which satisfies (C').
This is the content of the following theorem and provides us with the remaining piece of
the proof of Theorem 5.0.1.

Theorem 5.2.5. Suppose Fy € C*(M?*2) is such that K, contains a Ty-configuration.
Then for any 6 > 0, there exists ' € C*(M?**?) with | D*F — D*Fp||co(azx2y < 0 such
that K contains the same Tyn-configuration and moreover F satisfies the non-degeneracy
condition (C).

We do not prove this result here (we refer to [24] for a proof), but we give the ideas of the
proof. Let Z1,..., Zy be the Tx-configuration in the statement of the theorem and

Z = @) , X; € MY e M2,

As for Lemma 4.5.10, the main point is that we can perturb Fy with some V satisfying
DV (X;) = 0 for all i and D?V (X;) chosen suitably. Then K, where F = Fy + V, still
contains the T-configuration Zy,...,Zy. The goal is to prove that for generic values of
second derivatives D?F(X;) we have

Tz, .z0Kr + Tz, zyM = (MY and

.....
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By dimension-counting arguments, this turn out to be equivalent to showing
Tiz....20)KF + ker Dy, = (MP2)N

for all k. We can restrict our attention to the case k = 1. Recall that T(z, 7 \Kr =
Vi x ... x Vn where

i — M; . . 2% 2 .
‘//L_{<D2F(Xi)Mi)'Ml€M } foralle=1,...,N.

Finally, we show that ker D7y contains a 4N-dimensional subspace L such that for generic
values of D?2F(X;)
LN(Vix...xVy)=10.

This implies L + (V4 x ... x Vy) = (M**?)" which allows us to conclude.

We are now in position to prove the main theorem stated at the beginning of this chapter.
The proof is short because all the groundwork has been carried out in the other results in
this section.

Proof of Theorem 5.0.1. First, by Lemma 5.2.4, there is a polyconvex smooth function such
that Kp contains a Ts-configuration {Z;}?_;. Moreover, we may suppose that D?F(X;) is
positive definite for each ¢ = 1,...,5. In virtue of Theorem 5.2.5, we may suppose that
(C) is fulfilled. Finally, we conclude by applying Proposition 5.2.2. Notice that by taking
€ > 0 small enough, the solution obtained from Proposition 5.2.2 is a weak local minimizer
of the functional Z. O
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Chapter 6

Nonenergetic solutions to PDE’s

In the previous chapters, convex integration techniques have been used to build very
irregular Lipschitz functions which solve some PDE. As we could see in the previous
chapters, this is achieved by introducing more and more oscillations at each step. However,
convex integration techniques can also be used to build mappings which solve some PDE
such that the gradient belongs to some LP space but not to LY for some ¢ > p. This
technique is called LP-convex integration and was invented by Faraco in [11] using so-
called staircase laminates. In this chapter we will use the technique invented by Faraco
and subsequently further developed and used by Astala-Conti-Faraco-Maggi-Székelyhidi
[2, 6, 7, 11]. In this chapter we are interested in equations of the form

divDf(Du) =0 (6.1)

where f € C°°(R?) is uniformly convex and has uniformly bounded Hessian. In other
words, there are 0 < A < A < oo such that

M < D?f(z) < AI Vz € R (6.2)

Under these assumptions, it is a well known fact from De Giorgi’s theorem [8] that for
u € WH2(Q) being a solution to (6.1) is equivalent to it being a minimizer of the following
energy functional

£(u) = /Q F(Du) da

in W2(Q). However, equation (6.1) when intended weakly makes sense for u € WhH1(Q)
under the assumption that f € C*°(R?) and (6.2) holds, whereas the functional £ requires
u to belong to W1H2(Q). In this chapter, we prove that there are very weak solutions to
(6.1) belonging to u € W1(Q) but not to W12(Q). Since the energy functional £ requires
u to belong to W1H2(€Q), this justifies the notion of nonenergetic solutions:

69
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Definition 6.0.1. Let f € C*°(R?) be a uniformly convex function with uniformly bounded
Hessian. For 1 < p < 2, we call u € WYP(Q) a nonenergetic solution to (6.1) if it solves
(6.1) in a distributional sense but does not belong to the Sobolev space W12(Q). To be
precise, u € WHP(Q) \ WH2(Q) is a nonenergetic solution if

/Df(Du)~D<pd:c:0 Vo € C5°(Q).
Q

The main theorem that we shall prove in this chapter is

Theorem 6.0.2. There is a uniformly convex function f € C°°(R?) with uniformly bounded
Hessian, i.e. there exists 0 < A < A so that

M < D?*f < AI

for which the equation (6.1) admits a nonenergetic solution.

Now, we present a selection of existing results about very weak solutions to PDE’s. In
1964, Serrin [23] proved:

Theorem 6.0.3. For all p > 1, there exists A € C(R™, M™*™) elliptic such that the
equation
div(A(z) - Du(z)) =0, ze€R" (6.3)

admits solutions u: R™ — R belonging to WHL(R™) but not to WHP(R™).

One corollary of Serrin’s result is the optimality of De Giorgi’s strategy in [8]. In 2008,
Brezis [3, 1] proved:

Theorem 6.0.4. Assume A € CO(Q, M™ ") and u € WIP(Q) for some p > 1. Ifu is a
weak solution of

div(A(z) - Du(x)) =0, z€Q
then u € T/Vlig(Q) for every q < co. Moreover,
HUHWL'J(w) < CHUHWLP(Q)

for every w € 1, where C' depends only on N, A\, p,q,w,$ and A.

Related results can be found in [5, 13, 15, 16]. In 2008, Astala, Faraco and Székelyhidi [2]
proved:

Theorem 6.0.5. For every a € (0,1) there exists a measurable mapping

% 0 VK 0
{05 3)
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and a function u € C1*(Q) such that u € W24(Q) for all ¢ < Ig—i{l,

(A(x), D*u) =0 (6.4)

in the sense of distributions, but for every disc B = B(xg,r) C

2K
/ | D?u| %+ da = oo.
B

Despite the fact that the proof of Theorem 6.0.5 by Astala, Faraco and Székelyhidi [2] is
close to our proof of Theorem 6.0.2 and the fact that in the classical case the two equations
(6.1) and (6.4) coincide when A = D?f(Du), we could find no trivial way to pass from
one to the other. Therefore, from the point of view of the PDE’s under consideration, our
result is different and new. However, we will see that the differential inclusion used to prove
Theorem 6.0.2 is extremely similar to the one used by Astala, Faraco and Székelyhidi.

We point out that contrary to the results by Serrin and Astala-Faraco-Székelyhidi where
the PDE under consideration is linear, the PDE in Theorem 6.0.2 is nonlinear.

In Section 6.1 we state some preliminary results. Then we define the geometric setup in
Section 6.2. In Section 6.3 we go through the strategy of the proof of Theorem 6.0.2.
Finally, we prove Theorem 6.0.2 in Section 6.4.

6.1 Preliminary results

As in Theorems 4.0.1 and 5.0.1, a central part of the proof of Theorem 6.0.2, is to
reformulate equation (6.1) as a differential inclusion. By the arguments of Section 4.2
we find that the PDE (6.1) is equivalent to the differential inclusion

Du(zx) € { (abf?(% b) _aa;)(m b)) ta,be R} for a.e. x € Q.

We take f to be in the form
1
F(a,b) = pla) + 51 (65)

for some uniformly convex ¢ € C*°(R). Then the differential inclusion becomes

a b
Du(x) € a,beRy = K forae xze€(
e{ () e er)
Notice that the set K is a subset of $?*2. More precisely, K is a 2-dimensional manifold
embedded in S22 (which is 3-dimensional). This makes the set K possible to visualize.
We also see that the variable b makes no difference in K in the sense that

a bo . . a 0
<b0 gp’(a)) € K for some by if and only if <O go’(a)) € K.
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Therefore, we can visualise K as the 1-dimensional manifold
{(a, ~¢'(a)) € R*:a € R}

embedded in R2. We will take ¢ to be of the form

(1
501’ if 2 € (5, 00);
{1
wlr) = 502362 if z € (—00,0); (6.6)
[ smooth extension if z € [0, %],

for constants C;, Cy such that 0 < C; < 1 and Cy > 1. Since K is contained in S%*2, we
state some convex integration results for symmetric matrices. The following two results
come from [2]. Due to their similarity to the results in Chapter 3, we choose not to present
the proofs here. The following lemma is very similar to Lemma 3.1.2.

Lemma 6.1.1. Let a € (0,1), ,0 > 0 and let Q& C R"™ be a bounded domain. Let
A, B € S™*" with rank(A — B) = 1 and suppose C = AA + (1 — X\)B for some A € (0,1).
Then there exists a piecewise affine Lipschitz mapping u:  — R™ such that

o [[u—Czlcag <,
o u(x)=Cuz if v € 09,
o the following equalities hold:

LM ({z € Q: |Du(z) — A] < 6}) = AL" (),
LM ({z € Q: [Du(z) — B| < 8}) = (1— AL (Q),

and

(Cz,x)

e there is an f € W*>(Q) piecewise quadratic such that u = Df and f = 5

of.

on

What distinguishes Lemma 6.1.1 from Lemma 3.1.2 is the existence of a piecewise quadratic
mapping f € W2>>(Q) in Lemma 6.1.1. The idea behind the proof of this lemma is to
construct a sequence of functions {f,}52; C W2°°(€) such that the gradients are always
close to the segment [A, B] and

£ ({z € Q: dist (Dfi(z), {A, B}) > §}) — 0.
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as k — co. Then we take f to be the limit of the sequence {f,,}°; in W2°(£2). The only
subtle point now is that we can not yet guarantee that

L ({z € Q: [Du(z) — Al < 8}) = AL (Q),
L0 ({z € Q: |Du(z) — B| < 8}) = (1—N)L" (Q).

Indeed, at this point, we only have these equalities up to some small error. To solve this
issue, we use the same argument as above but by either replacing A by some nearby A or
replacing B by some nearby B. This allows us to prove Lemma 6.1.1. The next proposition
is similar to Lemma 3.1.4 (the existence of a piecewise quadratic f distinguishes them) and
follows from Lemma 6.1.1 by induction.

Proposition 6.1.2. Let p = Zfil a;da, € L(S™™) be a laminate of finite order such that
{AN € 8™ and with barycenter i = A. Then, for any a € (0,1),

A — A
0<d< min M
1<i<j<N 2

and every bounded open set 0 C R™, there exists a piecewise affine Lipschitz mapping
u:  — R"™ such that

o [[u—Czlcag <,
o u(z) =Cuz if x € 09,

e the following equalities hold:

L"({x € Q:|Du(x) — Aj| <0}) =L (Q)  foralli=1,...,N,

and
(Cz, )

e there is an f € W2™(Q) piecewise quadratic such that w = Df and f = 5

of.

on

Remark 6.1.3. The last point in each of the two previous results implies that Du(z) €
S™N for a.e. x € Q.
6.2 (Geometric setup

In this section, we define some sets which will be used in the proof of Theorem 6.0.2.
We refer to Figure 6.1 for an illustration of all the sets that we define below. Recall the
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A
H; Yy E

0

H Es

\ A

Ls

0

Figure 6.1: Illustration of the sets L, H, E, Ls,, Hs,, Es, with respect to the variables x
and y.

constants C7 and Cy from (6.6). We define

e{(5 )
-2
SIEE
For future reference, for all R > 0, we define

ER;:{(z Z) :m2+y2<R2,—1<b<1}.

v

1
5,y:—01$,—1§b§1},

8

A
=
IN

y=—C0Cox,—1<b< 1} and

o] =

v

1
5,y x,—lgbgl}.

Define K’ := L U H. In the proof of Theorem 6.0.2, we will build solutions to
Du(x) € K’ for a.e. z € Q. (6.7)
By definition of the sets L and H, we have K’ C K so that (6.7) implies that

Du(z) € K for a.e. x € Q.
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For all 6g > 0, we define the sets

z b
E50:2{<b y):
b
L(;O::{<z y>:$>
H50:2{<3£ Z>:$<0,

6.3 Strategy of the proof

S

> —,y=(1+d)x for some 6 € (—dp,dp), —1 <b< 1},

Ol = O =

1
,y = (0 — Cy)x for some § € (250,25(]) ,—1l<b< 1} and

(S

<y =—(Cy+ d)z for some ¢ € <;50,250> ,—1l<b< 1}.

In this section we briefly give an intuition behind the proof of Theorem 6.0.2. To do this,
we first present an incorrect attempt at a proof which gives the main ideas. Then we
discuss how we can adapt this attempt at a proof to turn it into a correct working proof.
We take A to be the matrix
Ao (1 0>
0 1)°

In order to try to build a solution to (6.7), we use Proposition 6.1.2. First, however, notice
that the rank-one directions of the set of diagonal matrices are

o) = (7))

We split the matrix A into two other rank-one connected matrices. Indeed, notice that

A:>\<1 0>+(1—)\)(1 0> with » = 21

0 2 0 —-Cy 2—1—01‘

Notice that the second matrix in the sum above belongs to the set K’. Then we split the
first matrix into two other rank-one connected matrices as follows:

10y (20 -& 0 oy +2
(0 2)‘”(0 2)+(1 n)( 0 2> where 1= 50 o

Here again the second matrix belongs to the set K’. We could go on like this by splitting
the first matrix in the same way as we split A. From now on, let us for simplicity denote
matrices of the form
z 0
<0 y>

by (z,y). Using this notation, we have proved the following: there exists a laminate of
finite order p such that @ = A which takes the form

SR %L1 PSR S SRR S B
H a0, +22+4 0" T g " T aG, v 22+ € &

Actually, the following result can be proved using the same approach as above:
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Proposition 6.3.1. Let a > 0. Then there is a laminate of finite order p taking the form

Cy+2 140y Y N Cy, 1+0y
2Cy + 22+, w20 T o T a Ce=Cia) T on o9 L0 (-8 20)

Ha =
such that i = (a,a). In addition, we have

W (Cy+ Cy P +2)(1+Cy) +2C, +2
Pq _ 2
/S l” dpia () 2+ C1)(2Cs + 2)

2P(1+ Cy) + CF
P4 _
/S ol dug(e) = 252

la|? and

Hal?.

Using this result, we can build a sequence of laminates {/L(k)}iozl with interesting proper-
ties:

Proposition 6.3.2. There exists a sequence of laminates of finite order {u(k)}zo:o such
that for all k > 0, p*+t1) is obtained from p'® by two elementary splittings and p(®) = d(1,1)-
Moreover, the sequence can be chosen so that the following holds: for all p > 1 we have

f—
C' +21+C

P k) / P qu 2 L
/52><2‘x11‘ pE @), [ el pt g 205+ 22+ C;

asymptotically' as k — oc.

Proof. First we define p(® = d(1,1) and pM) = 4 defined in the previous result. Then

assume we are given a laminate of finite order u(*) which can be written in the form

Cy+2 1+C1\"
(k) _ 2 1
W v+ (202+22+01> 5(2k’2k)

for some measure v with v({(2¥,2%)}) = 0. Then, we define p*+1) as

k
(k+1)zy+<02+2 1+Cl) i

1

205 +22+ C4
Thus,
Cy+21+C4 k
P gy D) :/ P du® (2) — 2 okp
/52><2 |$11’ H (;U) §2x2 |$11| H (l‘) 205 +22+C4

"When writing that ax ~ by, asymptotically as k — oo for two sequences {ax}3>; and {bx}32,, we mean
that
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Co+21+C01\" »
d
+<202+22+01> /52x2 o[ dpre ()
— [ lenP du® (@)
SQ><2

ok ( Co +2 1+01>’f (2P(Co + Ca 7P 4 2) — (205 + 2))(1 + C4)
20,4+ 22+ C (24 C1)(2C2 +2)

and

Co+21+C4 k
P gD () — / P g, () — [ £2 okp
/S2><2 fezalf dps (z) 52x2 [aal? dp () 205+224+C4

Cy+21+01\" )
d
+ <202 +22+01> /52><2 (22" dproe ()
= [ el u®(a)
52><2

+2kp 02—|-2 1—}—01 k 2p(1—|—01)+0f_1
205 +22+ C4 2+ C '

0

Remark 6.3.3. The sequence of laminates built as in the proof above (or similarly) are
known as staircase laminates.

A nice feature of the sequence of laminates constructed in the previous proposition is that
as k — 0o, more and more mass of the measure belongs to the set K’. Now let {uy}?2, be
the sequence of piecewise affine Lipschitz functions generated by the sequence of laminates
{p®1}%2 . Tn an ideal world, we would have

(Dur)#L%la _ 1

) (6.8)

for all K > 1, Then, under suitable assumptions on the constants C and Cs, the limit
function is such that
Du(z) € K' for a.e. z € Q.

Figure 6.2 illustrates this situation. However, Proposition 6.1.2 does not really give us (6.8).
Indeed, given a laminate of finite order u, then the function given by Proposition 6.1.2 is
not such that the gradient only takes values that belong to the support of y. We can
only say that the function can be taken so that the gradient belongs to arbitrary small
balls around the support of p. This is illustrated by Figure 6.3. Thus, the problem of
the approach suggested up to now in this chapter is that there is no way to guarantee
that
Du(z) € K for a.e. x € Q.
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T
\

Figure 6.2: In an ideal world, the gradient takes values only belonging to the support of
the measure, i.e. the dots in the drawing above.

z
\S\NS\

Figure 6.3: We only know that the gradient takes values arbitrarily close (marked in gray)
to the support of the measure.
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As already said, in general we can only say that for some arbitrarily small ¢,
dist (Du(z), K') <e for a.e. z € Q.

In the remainder of the section, we propose a way to correct the suggested approach in
order to obtain a working proof. This remains on an heuristic level and the rigorous
proof is carried out in the next section. As in the case of compact inclusions in Section
3.3, we approximate the set K’ by open sets and use an inductive scheme. To do it, we
take a decreasing sequence {J;}7°, which converges to 0. In addition, we assume that all
elements of this sequence are small. The first step consists in taking the laminate p; given
by Proposition 6.3.1 but where C has been replaced by Cy — §; and Cy by Cy + §;. Then
apply Proposition 6.1.2 together with this laminate ;1 to get a function u1: Q — R? such
that
Duy(x) € Es, ULs, UHgs, forae. zeQ.

By Proposition 6.1.2, we can assume u1 to be such that the measure

(Du1) Lo
£2(Q)

looks similar to the laminate p; mentioned earlier. Since this laminate is equal to the
laminate ;! given by Proposition 6.3.2, we obtain that

(Du1) Lo
L£2(Q)

looks similar to u(M). We also point out that the sets Ls, and Hs, are close to our desired
set K'. The next step consists of two parts:

Part 1 (main iteration): We consider the open set Q' C Q on which Duy € Ej, ae.
Then for each affine part of the mapping u1|g we do the following: let Q C Q' be an
open set such that u;[g is affine. Assume that

b
Pula = (gg y)

This means that y = (1 + d)x for some § € (—d1,01). Then let u be the laminate of
the form
p= A0z, + A20z, + N30z,

given by the same reasoning which allowed us to prove Proposition 6.3.1 but where

(2 b e b (-5 b
Zl_<b 2.%)’ ZQ_(b —(C1—52)$>’ Z3_< 12) ’ 2 ’



80

CHAPTER 6. NONENERGETIC SOLUTIONS TO PDE’S

such that 7 = Duy|g. By assumption Dui|g is close to (2,2) and therefore p looks
similar to ug2 given by Proposition 6.3.1. In addition, we see that u is supported in
Es, U Ls, U Hs,. Then, by applying Proposition 6.1.2 we get a mapping v: @ — R?
such that

Du(z) € Es, U Ls, U Hy,

for a.e. x € Q. Moreover, the measure

(Dv) 4 L35

L£2(9)

looks similar to py. Doing this for all affine parts of u;|qs we get a piecewise affine
function v: Q' — R? such that the measure
(D’U)#/.,Q‘Q/
L2(QY)
looks similar to puo.

Part 2 (correction procedure): We consider the open set ” for which Duy € Ls, UH;,
a.e. As in Part 1, we consider subsets Q C Q" such that u;|g is affine. Without loss

of generality, assume that
x b
Duq|g = € Ls, .
tla (b y) 1

This means that y = (§ — Cy)z for some § € (§1/2,261). We consider a laminate u of
the form
n= )\(521 + (1 — /\)(522

Zy = <Jl§ i) S <UZ (52 —bcl)x) |

Notice that under our assumption that the elements 5 are small, A is small. Due to
Proposition 6.1.2, we get an approximation w: € — R? of u | g such that

where

Dw € Es, U L,

and the measure )
(Dw) L%

L£2(92)

looks similar to p. Since A is small and the matrix

(b o-ce)
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T b
by
(Dw)4L?|5
L£2(Q)
turns out to look similar to the measure
(Dup|g)# L%

£2(92)

is close to the matrix

the measure

except for very little mass. The case when Dui|g € Hs, is analogous. In the end,
this gives us a function w: ©” — R? such that the measure

(Dw) L2
L2 (Q//)
looks similar to the measure )
(D)L
L2 (Q//)
except for very little mass. On a heuristic level, we assume that this mass is negligible.

Then we define the function us such that us = v on Q' and us = w on Q”. Finally, from

the fact that the measure )
(D) L2

L2(QY)

is close to pa and that the measure

(Dw)#£2|9//
£2(Q//)
looks similar to )
(Dug) 4L
£2(Q//) ’

we see, by recalling the proof of Proposition 6.3.2, that the measure

(Dug)4 Lo
£2(Q)

must look similar to the laminate x(2). Then we do the same thing for us and so on. This
gives us a sequence of mappings {uy}>,. We expect (at least on an heuristic level for the
time being) that the measures
(Dup)L%|o
£2()
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will look similar to the measures %) described in Proposition 6.3.2. Therefore, we expect
to be able to choose C; and Cy such that the limit function u! belongs to W1(Q) but not
to Wh2(Q). In addition, since £2 ({z € Q: Dug(x) € Es,}) — 0 as k — oo and Ls, U Hy,
approach K’ in some sense, we expect that

Du(z) € K' for a.e. x € Q.

6.4 Proof of the main theorem

In this section we prove Theorem 6.0.2. However, before going to the proof, we first
rigorously define the main iteration (Part 1 in the previous section) of the proof as well as
the correction procedures (Part 2 in the previous section). These concepts were introduced
in the previous section on an heuristic level.

Main iteration

We define a few quantities. For all 1 < p < 2 we define

» Co+2 1+ C4
ap =2 ,
205 +22+C4
1 CyP 1+ C
Bp == 4 2P 2 R and
2+ C4 209 4+22+ C4
c? Co 1+C
Tp = L yor 2 L
2+ C4 205 +22+C4
For future reference, we define
i Co+21+C4 >
Co == inf a,=
CT 212 P 20 +224+C T
Co+2 1+ C
Co:=2 sup a, =8——— < 00,
o 13022 P 205 +22+C4

1
= — inf
cg 5 1%1;9 Bp >0,

Cp:=2 sup 3, < oo,
1<p<2
N f > (0 and
Cy =g 1%29% an

Cy =2 sup 7y, < 0o.
1<p<2
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The use of these constants will for example be that we will be able to say that for a «,
close to «,, for any p € [1,2], we have

ca < op < Cy.

The main iteration of the proof is contained in the following lemma:

Lemma 6.4.1. Let 0 < §; < 89/10 and u: Q — R? a piecewise affine Lipschitz map such
that B
Du(z) € Es,NBr  for a.e. x € Q)

for some R > 0. Then there exist 6 > 0 and B > 0 such that if 59 < 6, then for any e > 0
there exists a piecewise affine Lipschitz map v: Q — R? satisfying:

o [v—ullcag <&
e v=u on J) and,
e Du(z) € (Es, ULgs, UHs,)N Byg for a.e. x € Q.

In addition, there are two open sets (1 and o covering Q up to a set of measure 0 such
that

Dv(z) € Es, for a.e. x € Qy,
Dv(z) € Ls, UHgs, for a.e. x € Qa,

for which we have

/Q [0 do = 50 /Q 0, P da, (6.9)
/92 |0, 0P da = Ep/ﬂ |0y, ul P de, (6.10)
/Ql |00, 0* P dz = G /Q |8, u [P da, (6.11)
/Q2 |0, 02 P d = %/Q |0, u?|P da, (6.12)

for some &él), 541(,2), Ep, vp which satisfy

’&g(al) — Qpl, |&1(92) — apl, |Bp = Bpl, [Fp — ¥l < Bdo.

Remark 6.4.2. When applying this lemma, in addition to having a piecewise affine map-
ping u, we will also have a specific collection of mutually disjoint open sets F covering 2
up to a set of measure 0, such that for all V € F, u|y is affine. In addition to the above
lemma giving us a mapping v, it also yields a new collection of mutually disjoint open sets
F' such that for all V' € F', v|y: is affine and there is some V € F such that V' C V.
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Remark 6.4.3. By definition of the sets Ls,, Hs,, Es, and the fact that
DU(HJ) € L51 U H51 U E51
it follows that |0, v*|| Lo (), [|02,0" || oo (@) < 1 in the previous lemma.

Remark 6.4.4. In the remainder of this section, whenever writing 8 or B, we intend the
quatities given by this lemma.

Proof. Assume u: Q — R? is affine and let
xz b
Du:Z:<b y>€E50

where y = (14-0)x for some § € (—dp, dp). Using the same argument as for Proposition 6.3.1,
we can prove that there exists a laminate of finite order p of the form

n = )\1521 + )\2522 + )\3(523

where
_(2x b [z b B —CQfé b
%—(b2J=éﬁ—Q 4a—am» %_< b 2x)

and

\ = Co4+014+2 14+06+C1—6

YT20, 42642 2+4C1 -6,

1—-6
ST

. Oy+61 140+C1—6
2094201 4+2 24CL -6

3

By choosing & small enough and imposing dy < § and 6; < 6y/10, we have

Co+2 1+C
- = < Byé
YT ac, 122+ 0| =0
1
Ao — < Bsd, d
2 240y = 200 an
Cy 1+C4
A3 — < Bsd,
BT a0, r22+ 0| = 2

for some Bi, Bo, B3 which depend only on C and Cs.
By Proposition 6.1.2, there is a piecewise affine Lipschitz map v:  — R? such that
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o [[v—ullgag) <,
e v = on Jf) and
e Du(x) € (Ls, U Hgs, U Es,) N Byp for a.e x € Q.

The existence of the open sets 21 and 29 in the statement comes from the fact that v is
piecewise affine. Now it remains to prove that the equalities (6.9), (6.10), (6.11) and (6.12)
hold. By Proposition 6.1.2, v can be chosen such that

/ |0, 01 P d — Ny |22 [P L2 (Q)' <n
951

2z
Co + 01

P
/ |0y, v} |P da — ()\g\x]p + A3 ) L2 (Q)‘ <n
Qo

/ |05, 0% [P dz — Ay |22 |P L2 (Q)' <
Q1

/ 00302 dz — (Mal(Cy — 61)af? + Ag|22]?) 2 (Q)' <n
Qo
for some arbitrarily small > 0. Then, we notice that

|2z PL%(Q) = 2PN\ |zPL? (Q) = 2P\ / |0, ul [P dex,
Q
2x

P 2P\
<)\2|x|p + A3 c s > £2(Q) = <>\2 + (Cﬁzl)p) |lz[P L2 ()

<)\2+ C+(51 >/|ax1u’ dx

2P\ 2P \
|2z [PL% () = 2PN\ |z[PL? (Q) = a +§)p|y]p£2 Q) = i +(; / |0, u?|P da and
Cy—61\? 2P\
ul(@ = e+ o) @) = (G5t ) e+ ey ) P22 @

C((C =8\ %)\ -
_<< 15 ) )\2+(1+5)p>/ﬂlﬁmu\ dzx.

We see that for § small enough we have

|2p)\1 — Oép’ S 2pBl50 S 43150,

2P \g
Ny =28 )
‘(2+(02+51)”> Pr
2P \q

i -

< Bado + 47 B3dg < (16B3 + Bz) do,

Qp S 4pBl(5() S 163150 and
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C; —61\? 2P \g
‘(( 146 > A2+(1+5)P ~

Then, take B to be

< 2PBydg + 4P B3dy < (4Bg + 16B3)dy.

B = 2max {431, 16 B3 + B2,16B1,4B5 + 1633} .

Since By, Bo, Bs depend only on C and C9, B depends only on (' and Cs. Finally, by
taking 7 small enough, we have that

/ |00, 0" P dz = GV / |0y ut |P da,
951 Q

/ lﬁmlvl\p do = Bp/ lﬁmlullp dz,
Qo Q

/ |0, 0* P d = 61(,2) / |0, u?|P da and
951 Q

/ |0, 0* [P dax = %/ |0y u?|P du,
Q0 Q

for some &;,1), &;,2), ~p, vp which satisfy

’ag(al) — Qpl, |&1(92) — qpl, ‘gp = Bpl; 17 — 1| < Bdo.

This proves the result in the case where u is affine. In order to prove this result in the
general case where we only know u to be piecewise affine, we apply the argument above to
each affine part of u. This finishes the proof. Ol

Correction procedures

The correction procedures are described by the following two lemmas. The first one corrects
vertical elementary splittings and the second one corrects horizontal elementary splittings.
Figure 6.4 illustrates Lemma 6.4.5, i.e. a vertical correction procedure.

Lemma 6.4.5. Let 0 < 01 < 80/10 and u: Q — R? a piecewise affine Lipschitz mapping
such that N
Du(z) € Lsy " Br  for a.e. x € Q

for some R > 0. For any & > 1, there exists ¢ > 0 such that if 5 < d¢ then for any e >0
there exists a piecewise affine Lipschitz map v: Q — R? satisfying:

o [jv— uHca(ﬁ) <&

e v=u on Jf,
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e Du(z) € (Es; ULs, )N Bsg for a.e. © € Q and
o |0, v (z)] > (1 —2680)|0z,ut ()] for a.e. x € Q.

87

In addition, there are two open sets 01 and Qo covering ) up to a set of measure 0 such

that

Du(z) € Es, for a.e. x €y,
Du(z) € Ly, for a.e. x € Qa,

for which we obtain
L£2(Q) > (1 —200)L%(Q)

and the following inequalities are fulfilled:

|0, 0! [P dx < 250/ |0, ul|P da,
o Q

(1—250)/ |8$1u1]pda:§/ ]8x101|pdx§/ 10y, ul P da,
Q Qo Q
45
|822122|pdx < Cg/ |0x2u2|pdx,
1 JQ

Q1

(1—2(50)/ |8$2u2]pda:§/ ]8$202|pdx§§/ |05, u? [P dzx.
Q Qo Q

Proof. Assume that u:  — R? is affine and let

Du—Z—(x b) € Ls,

(6.13)

(6.14)
(6.15)
(6.16)

(6.17)

where y = (§ — C) for some ¢ € (dp/2,200). We notice that there is a laminate of finite

order p satisfying @ = Z of the form

1= Aoz, + (1— N,

) ol e

. 0—01
- 1-61+0C1

where

and

A
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y= (0 —Cr)x

Figure 6.4: Illustration of the vertical correction procedures: the dots represent the
distribution of the gradients of some function w. Then the vertical correction procedure
given by Lemma 6.4.5 is applied. Visually, this consists in splitting each dot along vertical
lines between the sets Ls, and Es,. This gives us a new function v. It is clear that for a
very large portion of the € Q such that Du(x) € Ls,, we then have Dv(z) € Ls,. The
distribution of the gradients of v is represented by squares in this figure.

Using the fact that § € (Jo/2,2d), we deduce that (since we already may choose d¢ so
small that it implies 1 — 6; + Cy > 1):

200 — 01
<A< ——— == < 26).
0< —1-6+Cy — 0

By applying Proposition 6.1.2 we obtain a piecewise affine Lipschitz mapping v: Q — R?
satisfying:

llv — “”oa(ﬁ) <g,
e v = on 0,

Du(z) € (Es, U Ls,) N Bag for ae. 2 € Q and

|02, 01 ()] > (1 — 280)|0s, ul (z)] for ae. z € Q.

The existence of the open sets €27 and {29 in the statement follows from the fact that v
is piecewise affine. The fact that £2(€s) > (1 — 260)£2 (2) comes from Proposition 6.1.2
combined with the fact that A < 20p. Now it remains to prove that the inequalities (6.14),
(6.15), (6.16) and (6.17) are fulfilled. From Proposition 6.1.2, it follows that v can be
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chosen such that

90y 0' P die — AP <n>\ <n
Q
D0t P e — (1 NP2 <Q>\ <n,
Q2
[ 10l e = Nape? <Q>\ <
Q1
Ot P di — (1 — N)| (81 — Ch )P L2 <Q>] <n,
Qo

for some arbitrarily small n > 0. Then we notice that
MalPL2 () = A / O ulPde and
Q
(1= N)|zPL* () = (1 - )\)/ |0p, u' |P da.
Q

This proves that (6.14) and (6.15) are fulfilled. For the remaining inequalities to prove, we
notice that

Y
0—Cy

p P by
MNz[PL?(Q) = )\' L£%(Q) = ALPLQ Q) = (01—5)1”/9 |0, u?|P dz and

(C1 —9)

p

(1= 2|01 = Cr)aPL? (2) = (1 = N)(C1 — 61)" £2(Q)

Cl_(sl p 2
=(1-— e, u”|P da.
( A)(Cl_é) /Qlagu\d:c

—_———
>1

0—Cy

From these computations, it follows that by choosing 35 small enough, we obtain

A 409
< — < —
0*(01—5)13*0{’ and
Ci—01\”
1—20p) < (1-— <&
(1 - 260) < ( A)(Cl_é) <¢

This proves (6.16) and (6.17). This finishes the proof when w is assumed to be affine. The
case when wu is piecewise affine follows from the affine case by applying the above argument
for each affine part of w. This finishes the proof. O

We also have a similar result for the horizontal correction procedure. Since the strategy of
the proof is similar to the previous one, we do not present a proof for this lemma.
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Lemma 6.4.6. Let 0 < §; < 80/10 and u: Q — R? a piecewise affine Lipschitz mapping
such that B
Du(x) € Hs, "N\Br  for a.e. © €}

for some R > 0. For any £ > 1, there exists 35 > 0 such that if g < 55 then for any e > 0
there exists a piecewise affine Lipschitz map v: Q — R? satisfying:

o l[v—ullgag <e
e v=1u on J and
e Du(z) € (Es, UHs,)N Bsg for a.e. x € Q.

In addition, there are two open sets 2y and Qo covering  up to a set of measure 0 such
that

Dv(z) € Es, for a.e. x € Qy,
Dv(z) € Hs, for a.e. x € Qa,

for which we obtain
00,01 ()] > |0, ut (2)| for a.e. x € Qg,
L% (Q2) > (1—200) L7 ()

and the following inequalities are fulfilled:

/ |0, 0! P dx < 4(50(75/ |0, ut|P dz,
o Q
1— 26 Oy ut P dx < Oy, 0P da < € Oy, ul P d,
1 1 1
Q Qo Q
/ |0, 0% P dz < 250/ |0z, u?|P de,
o Q

(1_250)/ |8$2u2|pdx§/ |6mv2|pd:v§/ |0y u? [P di.
Q Qo Q

To simplify the proof of the main theorem we present the following corollary which al-
lows to perform both correction procedures simultaneously. Combining Lemma 6.4.5 and
Lemma 6.4.6, we obtain:

Corollary 6.4.7. Let 61 < 60/10 and u: Q — R? a piecewise affine Lipschitz mapping
such that

Du(zx) € (Ls, U Hs,) N Br  forae z€Q

for some R > 0. For any £ > 1, there exists 35 > 0 such that if 6o < 35 then for any e > 0,
there exists a piecewise affine Lipschitz map v: Q — R? satisfying:
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o [[v—ullcag <&
e v=u on JN) and
e Du(z) € (Es, UHgs, ULs, )N Byg for a.e. € Q.

In addition, there are two open sets (1 and 9 covering Q up to a set of measure 0 such
that

Dv(z) € Es, for a.e. x €y,
Duv(x) € Ls, U Hs, for a.e. x € Qo
for which we obtain
10,01 ()] > (1 = 200)|0p,ul ()] for a.e. z € Qa, (6.18)
L2 () > (1 —260)L2 () (6.19)

and the following inequalities are fulfilled:
/ 0, v} P da < 45005/ |0, u! P dox,
0 Q
(1— 250)/ |0, ul [P da < / |0y, v} P da < 5/ |0y, ul [P dex,
Q Qo Q

44
|0, 0P d < g/ |0, u?|P de,
921 1 Jo

(1—250)/ |8z2u2|pdx§/ |8x2v2|pda:§§/ |0, u2 [P du.
Q Qo Q

Remark 6.4.8. As for Lemma 6.4.1, when applying this corollary, in addition to having
a piecewise affine u, we will also have a specific collection of mutually disjoint open sets
F covering Q2 up to a set of measure 0 so that for oll V € F, uly is affine. We will also
assume that when applying this corollary, it is applied to each uly, V € F individually.
This in particular means that in addition to (6.19) being satisfied we also have

L2V NQ) > .(1-25)L% (V) foral V € F. (6.20)

Moreover, this corollary then yields a new collection of mutually disjoint open sets F' such
that for all V' € F', v|ys is affine and there is some V € F such that V' C V.

Remark 6.4.9. In the corollary above, by definition of the sets Es,, Ls, and Hs, and that
fact that
Du(z) € Ls, U Hs, U E5, for a.e. x €,

it follows that ||0z,v?(| o (q), |0z, 0" | Lo () < 1.
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Remark 6.4.10. From now on, whenever we write 55 for some & > 1, we intend the 55
given by Corollary 6.4.7.

We can now prove the main theorem.

Proof of Theorem 6.0.2. Step 1 (Setup): To lighten the notation, we assume £2(Q) = 1.
As in the proof of Theorem 3.3.3, let p: R — R be smooth, nonnegative, supported in
By (0) such that [, pdz = 1. Define p.: R — R as

1 T
pelx) = 5"p <s> '
We will use convolutions between mappings v from  to R? with u = Cz on 02 for some
C € 5§2*2 and mollifiers p.. With the standard definition of convolutions, this is not well
defined and therefore we introduce the following convention. When writing u * p., we use
the standard definition of convolution on R? where u is extended by Cz outside . We
now define some needed ingredients of the proof. Recall that we defined the quantity a,

as
_op Co+21+C,

ST 205 4+22+C)

for all p € [1,2]. We fix the constants 0 < C} < 1 and 1 < Cy < oo such that a4 < 1 for
some 0 < v < 1 and ag > 1. The existence of such constants C and C5 follows from the
fact that for any p € [1,2], oy, depends continuously on C and Cs, the fact that aq — 1 if
C1,Cy — 1and ag — 1/2if C; — 0, Co — 0o. Therefore, we can find C; and Cs such that
a1 < 1 and ap = 21 > 1. Finally the fact that a4, = 27aq allows us to find a 0 <~y <1
such that a4, < 1. Then, take

10
A= (O 1) |

1- —1
0 < § < min < Gliy X2 ) (6.21)

Qp

Let

2B ' 2B
and so small that the following implications hold for all p € [1,2]:

|y — ap| < BO = ¢ < ap < Cly, (6.22)
Wp - 5p| < B6 = cp < 5}0 < Cﬁa (6.23)
Vp — Wl < Bo = ¢y <7p < Cy. (6.24)

Let {&;}72, be a sequence such that §; > 1 for all j > 1 and

[T <2 (6.25)
j=1
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Finally, choose a sequence {J; };?‘;0 in such a way that the following properties are satisfied:

5, <27@+D yj >0, (6.26)
8; <d¢;., V520, (6.27)
§; <min(6,0) Vj >0, (6.28)
> 1
[T -25)> 5 (6.29)
j=1
= 1)t
s< Gn D — Vi>1, (6.30)
8C22 Cs Zgzl Ca
2¢. j+1
5; < Cilén — Dea Vi > 1. (6.31)

ey e

Step 2 (First iteration of the scheme): In this step, we build the function u; of our sequence
{ur}72 ;. We will describe the properties that we would like this sequence to have in the
next step of the proof. Let 0 < g < 27!'. By Lemma 6.4.1, there exists a piecewise affine
Lipschitz map uq: © — R? such that

[ur = Az|[ca(m) <€ and u; = Az on Q.
In addition, there are two open sets €2y 1, 21 2 covering {2 up to a measure 0 set i.e.
L2\ (11U ) =0
such that

Duy € Es, N §4 for a.e. x € Q11 and
Duy € (Ls; UHs, ) N B, for ae. x € Q9.

Moreover, by Lemma 6.4.1, for all p € [1,2], the following equalities are fulfilled

1
/Q Byl ? = 0,
1,1
/Q Ol P = By,
1,2
2 2
/Q B2 = 0,
1,1

[ 1o =
Q1,2
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for some agi, Bp.1s 0‘1(72%’ Yp,1 Which satisfy

‘&;511) — qpl, ’&1(72) — apl, |8y — Bpls p — | < Bdo < BJ.

Lemma 6.4.1 also gives us a collection F; of mutually disjoint open sets covering 2 such
that u;|y is affine for all V' € F; (see Remark 6.4.2).

Then select 0 < &1 < min(eg,272) such that ||[Duy * pe, — Duy|| 1) < 27"

Step 8 (Description of the inductive scheme): In this step we describe the properties of
the sequence of functions {uy}32, that we want to build. In Step 4, we will then show
that there is an inductive step such that for all £ we can build ugy; from ug. We will
build a sequence of piecewise affine Lipschitz mappings {uj}32,, two sequences of open
sets {Q1}72, and {4 2}72, such that the following holds for all k£ > 1:

L2 (N (1 U 2)) = 0,
Duy(x) € Es5, N Boiy1 for ae z € 1,
Duy(x) € (Ls, U Hs, ) N Boii1 for ae z € Qp 2.

(2)

In addition, for all p € [1,2], there are sequences {ozp]}j 1 {Bpg b5 {ap 520 {mitsa

such that the following inequalities are satisfied for all k£ > 1:

k
1
Haé,])- S/ |0, u|P d:U<H£J p], (6.32)
j=1 Qi1 j=1
k—1 k j— .
[1a-25) Zﬁp,yHa(, < [ i ae < H@ Zﬁp,gHaﬁ,} . (639
7=1 J=1 Q, J=1
k
2 2
Ha](w) < / |0p,uz|P da < Hfja;}’ (6.34)
j=1 Qp1 j=1
k—1 k )
H (1—2¢5) ZVP,JHO‘;,I) §/ |0y |P dx<H ZVP»JHO‘pl , (6.35)
j=1 j=1 Qk, j=1 j=1
and B
@51) — o, |85) = apls Bpg = Bol, Fps — 7l < BS W5 > 1.
We also have
10, || oo () | Oyt ll Lo () < 1,VE > 1. (6.36)

Moreover, for each k > 1 there exists a collection of mutually disjoint open sets Fj, that
cover € up to a set of measure 0 and so that for each V' € Fy, ug|y is affine. We build the
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sequences {uy}7°, and {F;}72, in such a way that for j > [ every set in Fj is contained
in a set of F;. In addition, for any V' € Fj, such that V' C €29, we will have that
L2 (VN Qpy12) > (1-26,)L% (V)  and

X X (6.37)
|0z up 1 ()] > (1 = 208) |0 up ()| forae. o€ VN Qpqqo.

Finally, we also build the sequence {u;}?°, in such a way that for another decreasing
sequence {e5}7°, (which satisfies 0 < &, < min(2-*+1) g5 _1)) we have

Huk — uk_lﬂca@) < 2_(k_1)€k_1 and HD’LLk * Py — Duk||L1(Q) < 2k

for all k& > 2.

Now we have described all the properties that we would like our sequence {uy}7° ; to fulfill.
In the next step, we will show that such a sequence indeed can be constructed by showing
the existence of an inductive step which allows to build wgq from ug. The reader who
would first like to see why the sequence described above allows us to prove the theorem
can skip Step 4 and pass directly to the conclusion in Step 5.

Step 4 (Inductive step): We assume that we are given uy: Q — R? piecewise affine and
.1, Q2 such that they cover € up to a set of measure 0 such that

Duy(z) € Es5, N Boii1 for ae z € Qe 1,
Duk(x) € (L(sl€ U Hgk) N §2k+1 for a.e x € QkVQ.

hﬁ addition, we also assume the existence of {am}] 1 {Bpj }] 1 {a }j 1 {fyp]}] 1 such
that

k
1
I g/ 10, ul P dw<H§] all), (6.38)
j=1 , j=1
k—1 k j—1 k j—1
1 1
[Ta-20) (Y a[[al) | < [ fonulide< I (et ] 6
j=1 =1 =1 2,2 =1 \y=1 =1
i 2
[T g/ |0, U2 |P dx<H§] o (6.40)
i=1 e,
k—1 7j—1 ) )
[T 265 Zyp,]Ha;l) g/ |0y} P da;<H§J Zyp,]Ha;l) . (6.41)
j=1 =1 Q, j=1
and

1 2 .
o) — apl, o) — apl, 1B — Byl 1oy — 7 < BS V1<j<k.
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Moreover, we assume that Fj, is a collection of mutually disjoint open sets that cover €2 up
to a set of measure 0 and for all V' € Fy, uk|y is affine. Finally, we also assume that we
have a decreasing sequence {¢; }§:1 such that

||uj - Ujfl”ca(ﬁ) < 2_(j_1)€j,1 and ||Du] * Pe; — Duj||L1(Q) <277

for all 2 < j < k. Now we can begin constructing the new function ug, . It will be done
in two parts as described in Section 6.3. Let F,gl) be the collection of all V' € Fj, such
that ugly € Q1 and FL2) the collection of all V € F such that uyy € Q. Firstly, by

applying Lemma 6.4.1 to uy|q, ,, we obtain a piecewise affine Lipschitz map v: €1 — R?
with
—(k
o= willonmy <27 e (6.42)
v=u on 0, (6.43)

and two open sets Q] and Q) such that

L2 Q1 \ (L UD) =0,
Du(x) € Es, ., N Boiro for a.e z € Q)
Dv(z) € (Ls,,, UHs, )N Bysz for a.e z € Q.

Moreover, by Lemma 6.4.1, the following equalities hold:

/Q r, 0! da = ol /Q |0, ul|P da, (6.44)
1 k,1
| onet e =y [ lonubp s, (6.45)
Q) Qs
/Q/ |02, 0% |P da = a;?,1+1/9 |0y, uz|P da, (6.46)
1 k,1
| e de =i [ o (6.47)
Q Q1
for some ozg,)gﬂ, O‘SI)HD Bp.k+1s Vp,k+1 Which satisfy

1 2
|a1()7])g+1 - O5p|a |a1()7]2;+1 - O‘p|a ’/Bp,k+1 - 6p|a |’Yp,k—|—1 - ’Yp| < By < Bo.

Finally, as we mentioned in Remark 6.4.2 we get a collection G; of mutually disjoint open
sets covering €2 ;1 such that for all V' € Gy, v|y is affine and every set in G; is contained in
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a set belonging to .7-",21). Secondly, by applying Corollary 6.4.7 to ug|a, , and, we obtain a
piecewise affine Lipschitz map w: {2 — R? such that

1w = upll ga ey < 27 * ey, (6.48)
w=up on 02 (6.49)
and two open sets Qf and Q) such that
L2 (e \ (2 UQ3)) =0,
Duw(zx) € Es, ., N Boiy for ae z € QY
Dw(x) € (Ls,,, UHs,, )N Byt for a.e z € Q.

By Corollary 6.4.7 and (6.20), for all V' € F, such that V C Q5 (ie. for all V € F\2)),

£2(VnQy) > (1—26)L*(V) and

6.50
|0y g1 ()] > (1= 205) |0, up(z)] for ae. € VNQS. (6.50)

Moreover, by Corollary 6.4.7 and the fact that §; < g&k .1, the following inequalities hold
for all p € [1,2]:

/ 10y, WP dar < 46,C? / 10, ul P da, (6.51)
QY Qp o
(1— 25;,0/ |0, up|P da < / |0, w [P dx < fk-s—l/ |0, up|P diz, (6.52)
Qp.2 Qf Qp.2
21p 46k 21p
|0z, w|P dx < Yol |0z, uj|P de, (6.53)
Q&’ 1 Qk’g
(1 25) / 100,02 |P dz < / 100, 0P dz < €51 / 100,02 |P da. (6.54)
Qp.2 Qf Qp.2

Finally, as mentioned in Remark 6.4.8 we get a collection G2 of mutually disjoint open sets
covering €, o such that for all V' € Go, w|y is affine and every set in G, is contained in a

set belonging to f,gQ).

Define Qk—‘rl,l = Qll U Qlll, Q]H_LQ = Ql2 U Qg and upy1: Q — R? as

g1 (x) = v(z) ifxeQpq;
R w(a) if 2 € Q.

This in particular means that

Duk+1(m) S E5k+1 N §2k+2
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for a.e. x € Q41,1 and
DUk_A,_l(l‘) € (L5k+1 U H5k+1) N BQ’“+2

for a.e. @ € Qj41,2. Define
Frt1:=G1UGo.

From (6.50), for all V' € F, such that V' C € 2, we have

L2 (VN Qpy12) > (1—26)L% (V)  and

|0y g1 ()] > (1= 26) |00, up ()| for ace. © € VN Qpgr 0. (6.55)
This proves (6.37) for u,41 By (6.42) and (6.48)
[uk+1 — ullca(g) < 27 %z, (6.56)
Then, select 0 < g1 < min(2~#+2) ¢,) such that
[ Dugy1 * peyy — Dupsallpi) < 9~ (k+1), (6.57)
By Lemma 6.4.1 and Corollary 6.4.7 (see Remarks 6.4.3 and 6.4.9), we have that
191 1| oo (29 10 w1 | Lo () < 1. (6.58)

Now, in order to prove that w1 satisfies the inequalities (6.32), (6.33), (6.34) and (6.35),
we estimate the following four quantities:

O [ Wl ds
Qk41,1
@) [ fnukrd
Qri1,2
iii Oy, u P dz and
2 WEk4+1
Qri11

CON T
Q1,2
All these estimates are based on the fact that
Qk+1’1 = Qll U Qlll and Qk+1’2 = Q/2 U QIQ/

are disjoint unions combined with the inequalities obtained from Lemma 6.4.1 and Corol-
lary 6.4.7, i.e. (6.44), (6.45), (6.46), (6.47), (6.51), (6.52), (6.53) and (6.54). In these
estimates, we will see that the effect of the correction due to Corollary 6.4.7 is, in some
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sense, negligible. This is due to (6.30) and (6.31) which give us that J; is small. Recall
that in the inequalities given by Corollary 6.4.7, i.e. (6.51), (6.52), (6.53) and (6.54), both
0 and &1 appear. Since we already know that &1 is close to 1, by taking J; small

enough, we expect the influence of the correction procedure to be negligible.

For (i), we have:

/ |0y Uty 1 [P d = / |0, 0! [P d + / |0, w! [P daz.
Qk+1,1 Q/l Qlll

Therefore,

6.44),(6.51) 1)

(
/ |8xlu,1€+1\p dx < W hi / |0, up|P da + 46kC§/ |0, ui P dac
Qpt1,1 Qg Q.2

(6.38),(6.39)

(6.30)

k+1
< O‘p,k+1 Hgﬂ PJ + (&1~ Dea
7=1
(6.22) )
< O‘p,kHHgﬂ pJ + (k1 — 1) pk+1H£J Apj
7=1
k+1 W
1
< H §i%,;
i=1
and
( ) (6 k?-‘rl
/ |0y U1 [P d > k+1/ |00 u P dx > Ha L
Qk41,1 Qp, j=1
Thus,
k+1 0 k+1 "
1 1 1
[Tot)< [ 1onubaapds < J[ gl
j=1 Qg1 j=1

For (ii), we have:
/ |0y upy 1 |P doe :/ ]8$1v1|pd3:+/ |0, w! [P dux.
Qpyi1,2 Q) Qf

Therefore

(6.45),(6.52)

/ OuubalPde S By / Ol P d + €y / Ol do
Qry1,2 Qp1

Qp.2

< abin H &ap,) +46,CY H & Z Br.i H ap)
7=1

(6.59)
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(6.38),(6.39)
< Bprn H §ja p] )+ & H §j (Z Bp.j H Qi )
7j=1

k . k+1

11 (6 Ha;,;) Big (zﬂm H)
Jj= j=1 j=1
k+1 k+1 Jj—
Sig (z it )

j=1 j=1
and

) (6.45),(6.52) . .
ouikaPar © T s [ ke (26 [ ol
Q1,2 Qk,l Qp2

(6.38),(6 kol
MHH%] (1—26) [J (1 —25)) Zﬁm H%l

Jj=1 Jj=1

| \/

j=1 =1

k+1 J

k j—1
= e [T+ 1T -20 (zﬁm )
7=1

k
o) (zﬁmnas})

j=1 j=1

Thus,
k k+1 Jj— k+1 k+1 j— .
[T -26)) Zﬂmn%, _/ |0y Up 1 [P da < ng Z@”Ha“ .
j=1 j=1 Qpt1,2 j=1

(6.60)

For (iii), we have:
/ |0y 1 |P d = / |0, 0* [P dx + / |0z, w? [P d
Q1,1 Q) QY

Therefore

(6.46),(6.53) 46},
/ Opyuf 1 [Pdz < a;;H/ |0, u2|P dz + Cp/ |0, u2|P da
Qpy11 Q1

(6.41),(6.40) 45
< p,k+1 H §io, (2) + : H & (Z Vp.j H 0‘(2)>
7=1
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k+1

(6.22)

= ap’k“HgJ + (&1 — 1) pk+1H£J 7]
Jj=1 Jj= 1
k+1 o
2
< H §i0p ]
j=1
and
(2) ( k-i—l
2
/ O iy P d > ankﬂ/ |0, uz|P da > Ha o
Q1,1 Q. iy
Thus,
ktl @ k1 (
2 2
[Tey; < / Oyt 1 P de < T] &5007). (6.61)
j=1 Qk+1,1 j=1

For (iv), we have:

/ |0y [P da = / |0, 0% P dx +/ |0z, w? [P da
Qk+1’2 Q/2 Q,QI

Therefore

, (647650 , ,
/Q Opyupq[Pde < 7ch+1/ |0y P d$+§k+1/ |0y up|P da
k41,2

Qk,l Qg2

(6.40),(6

g 7p7k+1 H 1Y pJ 2+ Skt1 H & Z’Ym H O‘p,
7j=1

k k k+1
<II& | wwsr [Tep) | + H & Z’Ym H apt
j=1 j=1 J=1
k+1 k+1 Jj—
< &j Z p.j H «a
j=1 j=1

and

2y (647650 ) )
ol de = v [ 0P det (1-28) [ (oo
Q1,2 Q1

Qp.2
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k;—l

k+1 Jj—

k
= [T -20) {3 T8

Thus,

2
T]a - 25) Z%Ha;; <[ lontap dx<H§j vaJHa
=1 =1 Qpy1,2 j=1
(6.62)

Finally, by (6.55), (6.56), (6.57), (6.58), (6.59), (6.60), (6.61) and (6.62), uj,1 satisfies the
desired properties described in Step 3. As a consequence, we also deduce that we can build
a sequence {uy}7°, of mappings which satisfies the properties stated in Step 3.

Step 5: (Conclusion) In this step we conclude the proof. From the previous steps, we now
have a sequence of mappings {uy}32, two sequences of open sets {Q 1}7°; and {€;2}7°
such that the following holds:

L2 (2N (1 UQp2)) =0,

Duy(z) € Es5, N E2k+1 for a.e x € Q1 and

Duy(x) € (Ls, U Hs,) N Boiy1 for ae z € Qp 2.

for all £ > 1. By (6.32),(6.33), (6.34) and (6.35) combined with (6.25) and (6.29), the
following inequalities are satisfied for all £ > 1 and all p € [1,2]:

k
1
I« ,g;g/g 10, uk\pdx<2Hap], (6.63)
j=1 J=1
k —1
>3 TT ol < Oy Ul P d <225 H 6.64
) Bp.j Apl = | xﬂ%‘ x P.J apl’ (6.64)
j=1 =1 ., j=1
k
2
H%(m)'ﬁ/g |0, 2P dx<2HapJ, (6.65)
k,1

7j=1
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k J—1 k j—1
1 2 2
52w [J gl < /Q Oeui e <23 75 [T ot (6.66)
=1 k,2 =1

j=1 j=1

Since sup;>; aglﬁ%j < 1 (which follows from the fact that a4 < 1 and the choice of §),

the inequalities above imply

sup (102, uil[ 21+ 0y + [10n,uill 21+ (0)) < o0.

Combined with the the fact that [|8,, uZ || oo (), |0asuill Lo (o) < 1 for all k > 1 (see (6.36)),
we deduce that there is a constant @ such that

sup || Dug |1+ () < Q- (6.67)
k>1

In addition, it follows from the construction that there is an u € C®(€2;R?) such that
up — u in C*(Q;R?). By (6.67), {ux}3>, converges weakly in WH7(Q;R?) to some
function v € WHH7(Q; R?), up to a subsequence. Thus, u = v, which proves that u €
W1,1+7(Q; RQ).

Now, we claim the following, which we will prove later.
Claim 1: Du(z) € K’ for a.e. x € ().

By the claim we deduce that u! solves the equation (6.1) since K’ C K. Due to the fact
that u € WHIHY(Q; R?), we have u! € WH1(Q;R?) as desired.

Now, we claim the following which we will prove later.
Claim 2: u' ¢ WH2(Q).

This claim allows us to conclude that u! is a nonenergetic solution of (6.1) as wished. It
only remains to prove Claim 1 and Claim 2.

Proof of Claim 1: We begin by showing that Duy — Du in L'(Q) as k — co. To prove
it, we use the same strategy as in the proof of Theorem 3.3.3. We have

[Dug — Dul[ 1) < || Duk — Dug, * pe, || 11 () +I[ Duk * pe, — Dux pe, |10

<271—0 as i—00

+ || Du * pey, — Dul|p1(q),

—0 as k—oo

so it suffices to prove that the second term converges to 0 as k — oco. Inside €2, we have

D(ug — u) * pe, = (ug —u) * Dpe,
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and thus the remaining term can be estimated by

[ (ug — u) * Dpe, |11 (q)

< || Dozl syllur — ull o)
Q1

< ?Huk —ullL=(q)

for some ;. In addition,

o0

_- £k

luk = ull ooy < D lujer — ujllpe@) < D278, < 255
Jjzk Jj=k

Therefore,

20 _
HDuk * Pey, — Du pEkHLl(Q) < ok < 2! le
which converges to 0 as k — co. This proves that Du; — Du in L'(£2; M?*?). Now, we
will use this fact to show that Du(z) € K' U E for a.e. x € Q. For each k > 1, define the
sets _
Uy = (E(gk U Ls, U H(;k) N Bok+1.

It follows from the construction described earlier in the proof that
Duy(x) € Uy, for a.e. x € Q

for all £ > 1. In addition, by direct computations, we notice that

(6:26) 1
sup dist (X, K'u E) < oF 25, < o
Xely, 2

—0

as k — oo. As in the proof of Theorem 3.3.3, this allows us to conclude that
Du(z) e K'UE for a.e. z € Q.

Now, it only remains to show that Du(z) € K’ for a.e. = € Q. In order to prove this,
it suffices to show that £2({z € Q: Du(x) € E}) = 0. Notice that for £ > 0 sufficiently
small, we have for any k£ > 1:

{xr € Q: Du(z) € E}
C {x € Q: |Dug(z) — Du(x)| > e, Du(z) € E}
U{z € Q: |Dug(z) — Du(z)| <e,Du(x) € E}
C{x € Q: |Duy(x) — Du(z)| > e} U{z € Q: |Dug(z) — Du(z)| < €, 9y, up, Oppus > 0}
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C {x € Q: |Dug(x) — Du(z)| > e}y U{x € Q: Oy up, Opyui > 0}
C{z € Q: |Dug(xz) — Du(x)| > e} U Q.

Thus

L?({zx € Q: Du(z) € E})
< L2 ({x € Q: |Dug(z) — Du(x)| > }) + L2 (1) -
The first term converges to 0 as k — oo because Dug — Du in measure. The second term

converges to 0 as k — oo by combining (6.63) with the fact that ,,u) > 1/5 a.e. on Qy
for all k > 1. Thus £2 ({x € Q : Du(x) € E}) = 0 which proves that

Du(z) € K’ for a.e. x € Q.

This proves the Claim 1.
Proof of Claim 2: Let k > 1 and V' € F, such that V C 9, ie. V € .7:,52). By (6.37),

L2V N Qr2) > (1—28)L% (V).

Then since the open sets of Fi1 cover 2 and every set of Fi1 is contained in a set of Fy,
we deduce that there exists a countable subset of Fj11 consisting of open sets which cover
V N Qo up to a set of measure 0. Then again, by applying (6.37) to each one of these
sets, we deduce that

L2 (V N Q]H_LQ N Qk+272) > (1 — 25k)(1 — 25k+1)£2 (V) .

By induction, we have

L2 (V NN Qm) > ﬁ(1 —26)L% (V).

>k i=k

Due to (6.29), we have
1
L2 (V N QQZ,2> > §£2 (V).

Define
W=V () Qe
I>k

By (6.37)

|8$1u}+1(:n)| > (1— 25j)|3x1uj1-($)| for a.e. z € W and all j > k.
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As a consequence, by (6.29),

-1
1
10w, uf ()] = | T (1 —265) | 02, ub(z)] = ilaxlwlg(fﬁ)! (6.68)
j=k

for a.e. z € W‘]}, for all I > k. Since Du; — Du in L' (Q; M?*?), there exists a subsequence
such that the gradients converge a.e. on 2. Therefore, due to (6.68),

1
|0, ut ()] > 5\6x1u,1€(3:)] for a.e. z € Wi

Thus,

1
/Wk |0, ut|? da > 4/W’“ |0, up|* da.

Vv 14

Finally, since W} C V, 0,,u}, is constant on V and £2 (W) > £% (V) /2, we obtain

1 1
/ \&clullzdx 2/ \8$1u1]2dx > 4/ \8m1u,1€\2d:c > 8/ \&Ulu}g\Qdm.
1% Wk wk %

\%4

Since this last inequality holds for all V' € Fj, such that V' C € 5 and because )}, 5 can be
covered by mutually disjoint open sets in Fj up to a set of measure 0, we deduce that

k i—1
/ |0, ut? da > / |0, ut|? da > 1/ |0, up|? da (6£4) LZ/BQ ']1_[04(1).
o 1 - Qk,2 1 =3 Qkyz 1 = 16 5] = 2,1

j=1

As infj>q agj). > 1 and 32; > cg > 0, we obtain
/ 0p, up > de — o0 as k — oo.
k,2

Thus,

/ |0, ut|? dz = oo
Q

and hence u! ¢ W12(Q). This proves Claim 2 and finishes the proof of the theorem.

0

Finally, we point out two corollaries of the scheme introduced in the proof above. First, we
see that by choosing C and C5 in an suitable fashion, we can prove the following:
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Corollary 6.4.11. For any p € [1,2), there is an f € C°°(R?) uniformly convexr and with
uniformly bounded Hessian, i.e. there exists 0 < A < A such that

M < D?f(x) < AT Vo e R%

for which the equation
divDf(Du) =0
admits a nonenergetic solution belonging to the Sobolev space W1P(Q).

The scheme can be adapted to prove:

Corollary 6.4.12. There is an f € C*(R?) uniformly convex and with uniformly bounded
Hessian, i.e. there exists 0 < A < A such that

M < D?*f(z) < AI Vz € R

for which the equation
divDf(Du) =0

admits infinitely many nonenergetic solutions.
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Chapter 7

Conclusion

We summarise the main points of the thesis in this chapter. In Chapter 3, we introduced
the convex integration method by Miiller and Sverdk. This methods allows us to solve

differential inclusions
Du e K.

Subsequent to this, in Chapter 4, we applied the convex integration method to elliptic sys-
tems, in particular to the Euler-Lagrange equation generated by a quasiconvex functional,
i.e
div DF(Du) =0

where F' is quasiconvex. In particular, we proved the existence of very irregular solu-
tions in Theorem 4.0.1. Important aspects of the proof of this result were to write the
Fuler-Lagrange equation in the form of a differential inclusion and the notion of Tn-
configurations. Then in Chapter 5, we proved the same result for the Euler-Lagrange
equation generated by a polyconvex functional. Finally, in Chapter 6, we introduced LP-
convex integration invented by Faraco. A central concept of this method are staircase
laminates. We applied this method to the following scalar-valued elliptic PDE:

divDf(Du) =0

where f has uniformly bounded Hessian and is uniformly convex. In Theorem 6.0.2, we
proved the existence of very weak solutions.

To summarise this thesis in one sentence: we have explored the convex integration method
and how we can use it to build counterexamples to regularity and integrability ques-
tions.

109



110 CHAPTER 7. CONCLUSION



Acknowledgement

First, I would like to thank Prof. Maria Colombo for allowing me to carry out my master
thesis in her group. I would also like to thank Dr. Riccardo Tione for supervising my work
and for always being happy to answer my questions which allowed me to understand the
subject better. Finally, I would like to thank the whole AMCYV group for making me feel
welcome.

111



112 CHAPTER 7. CONCLUSION



Bibliography

[1]

Alano Ancona. Elliptic operators, conormal derivatives and positive parts of functions
(with an appendix by Haim Brezis). Journal of Functional Analysis, 257(7):2124-2158,
20009.

Kari Astala, Daniel Faraco, and Laszlo Szekelyhidi, Jr. Convex integration and the
LP theory of elliptic equations. Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze, 7(1):1-50, 2008.

Haim Brezis. On a conjecture of J. Serrin.  Rendiconti Lincei Matematica e
Applicazioni, 19(4):335-338, 2008.

Haim Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Universitext. Springer, New York, 2011.

Yazhe Chen and Lancheng Wu. Second order elliptic equations and elliptic systems,
volume 174 of Translations of Mathematical Monographs. American Mathematical
Society, Providence, R.I, 1998.

Sergio Conti, Daniel Faraco, and Francesco Maggi. A new approach to
counterexamples to L' estimates: Korn’s inequality, geometric rigidity, and regularity
for gradients of separately convex functions. Archive for Rational Mechanics and
Analysis, 175(2):287-300, 2005.

Sergio Conti, Daniel Faraco, Francesco Maggi, and Stefan Miiller. Rank-one convex
functions on 2x2 symmetric matrices and laminates on rank-three lines. Calculus of
variations and partial differential equations, 24(4):479-493, 2005.

Ennio De Giorgi. Sulla differenziabilita e I'analiticita delle estremali degli integrali
multipli regolari. Mem. Accad. Sci. Torino Cl. Sc. Fis. Mat. Nat, 3(3):25-43, 1957.

Lawrence C. Evans. Quasiconvexity and partial regularity in the calculus of variations.
Archive for Rational Mechanics and Analysis, 95(3):227-252, 1986.

113



114

[10]

[11]

[12]

[13]

[14]

BIBLIOGRAPHY

Lawrence C. Evans. Partial differential equations, volume 19 of Graduate studies in
mathematics. American Mathematical Society, Providence, R.I, 2nd repr. with corr.
edition, 2015.

Daniel Faraco. Milton’s conjecture on the regularity of solutions to isotropic equations.
Annales de UInstitut Henri Poincaré C, Analyse non linéaire, 20(5):889-909, 2003.

Irene Fonseca and Stefan Miiller. A-quasiconvexity, lower semicontinuity, and young
measures. Siam Journal On Mathematical Analysis, 30(6):1355-1390, 1999.

Mariano Giaquinta. Introduction to Regularity Theory for Nonlinear Elliptic Systems.
Lectures in mathematics / ETH Ziirich. Birkhduser Verlag, Basel, 1993.

Mikhael Gromov.  Partial Differential Relations, volume 9 of FErgebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in
Mathematics. Springer, Berlin, Heidelberg, 1986.

Richard Hager and James Ross. A regularity theorem for linear second order elliptic
divergence equations. Annali Della Scuola Normale Superiore di Pisa - Classe Di
Scienze, 26(3):283-290, 1972.

Tianling Jin, Vladimir Maz’ya, and Jean Van Schaftingen. Pathological solutions to
elliptic problems in divergence form with continuous coefficients. Comptes Rendus
Mathematique, 347(13):773-778, 2009.

Bernd Kirchheim. Rigidity and geometry of microstructures. Habilitation thesis,
University of Leipzig, 2003.

Bernd Kirchheim, Stefan Miiller, and Vladimir Sverdk. Studying nonlinear pde by
geometry in matrix space. In Stefan Hildebrandt and Hermann Karcher, editors,
Geometric Analysis and Nonlinear Partial Differential Equations, pages 347-395.
Springer, Berlin, Heidelberg, 2003.

John Lee. Introduction to Smooth Manifolds, volume 218 of Graduate Texts in
Mathematics. Springer, New York, 2nd edition, 2012.

Camillo De Lellis, Guido De Philippis, Bernd Kirchheim, and Riccardo Tione.
Geometric measure theory and differential inclusions. Annales de la Faculté des
sciences de Toulouse : Mathématiques, Ser. 6, 30(4):899-960, 2021.

Stefan Miiller and Vladimir Sverdk. Convex integration for Lipschitz mappings and
counterexamples to regularity. Annals of Mathematics, 157(3):715-742, 2003.

Filip Rindler. Calculus of Variations. Universitext. Springer International Publishing,
Cham, 2018.



BIBLIOGRAPHY 115

23]

[24]

[25]

[26]

James Serrin. Pathological solutions of elliptic differential equations. Annali della
Scuola Normale Superiore di Pisa - Classe di Scienze, 18(3):385-387, 1964.

Laszlé Székelyhidi, Jr. The regularity of critical points of polyconvex functionals.
Archive for Rational Mechanics and Analysis, 172(1):133-152, 2004.

Laszlo Szekelyhidi, Jr. Counterexamples to elliptic regularity and convex integration.
In Victor I. Burenkov and Tadeusz Iwaniec and Sergei Konstantinovich Vodopyanov,
editor, [Interaction of Analysis and Geometry, volume 424 of Contemporary
Mathematics Series, pages 227-245, 2007. International School-Conference on Analysis
and Geometry, Novosibirsk, Russia, 2004.

Fuzhen Zhang. The Schur Complement and Its Applications. Numerical Methods and
Algorithms. Springer, New York, 2005.



	Introduction
	Preliminaries
	Notation and conventions
	Rank-one convexity
	Laminates

	Building blocks of convex integration
	Basic building blocks
	Open inclusions
	Compact inclusions

	Application to quasiconvex functionals
	Quasiconvexity
	The Euler-Lagrange equation as a differential inclusion
	Preliminary tools
	TN-configurations
	Construction of a special quasiconvex function
	Proof of the main theorem

	Application to polyconvex functionals
	Polyconvexity
	Proof of the main theorem

	Nonenergetic solutions to PDE's
	Preliminary results
	Geometric setup
	Strategy of the proof
	Proof of the main theorem

	Conclusion
	Bibliography

